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The robustness of topological properties, such as quantized currents, generally depends on the existence
of gaps surrounding the relevant energy levels or on symmetry-forbidden transitions. Here, we observe
quantized currents that survive the addition of bounded local disorder beyond the closing of the relevant
instantaneous energy gaps in a driven Aubry-André-Harper chain, a prototypical model of quasiperiodic
systems. We explain the robustness using a local picture in configuration space based on Landau-Zener
transitions, which rests on the Anderson localization of the eigenstates. Moreover, we propose a protocol,
directly realizable in, for instance, cold atoms or photonic experiments, that leverages this stability to
prepare topological many-body states with high Chern numbers and opens new experimental avenues for
the study of both the integer and fractional quantum Hall effects.
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I. INTRODUCTION

A key feature of topological phases is the robustness
to local perturbations that leads to quantized physical
observables characterized by a bulk topological invariant,
a famous example being the integer quantum Hall effect
[1,2]. Topological phases can also be realized in dynamical
systems, where time is interpreted as an additional virtual
dimension. The canonical example is Thouless pumping
[3,4], where a slow time-periodic modulation of a typically
one-dimensional (1D) Hamiltonian generates quantized
charge transport indexed by virtual two-dimensional (2D)
Chern numbers [5,6]. Experimentally, Thouless pumps
have been realized within various platforms including pho-
tonic waveguides [7] and ultracold atoms [8—11]. They
are typically considered in the context of periodic sys-
tems, where the pumped charge is only quantized when
the pumping time is an exact multiple of the pump period.
In contrast to periodic systems, however, Thouless pump-
ing in quasiperiodic systems [5,12,13] can exhibit constant
quantized pumped charge and currents at all times during
the pump cycle [12].
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The stability of quantized Thouless pumping to disor-
der remains a topic of active research [4,14,15]. It has
long been proven that the adiabatic theorem does not
require a spectral gap [16], even in open quantum sys-
tems [17]. For experimentally accessible observables such
as the pumped charge, however, topological quantization
typically remains stable to generic perturbations only up to
the closing of spectral or mobility gaps between delocal-
ized eigenstates [18] or the breaking of explicit symmetry
protections [19—22]. In particular, it was shown that Thou-
less pumps in periodic systems break down under closing
of the energy gaps by disorder [23-25].

In this paper, we report on an experimentally accessi-
ble Thouless pump for quasiperiodic systems characterized
by persistent quantized pumping in the presence of large
bounded local disorder, surviving the disorder-induced clo-
sure of spectral gaps. We discuss how the robustness can
be readily probed within existing cold-atom experiments,
and leveraged to prepare many-body states with arbitrary
Chern number.

To explain this counterintuitive robustness, we develop
a perturbative argument based on local Landau-Zener
(avoided-crossing) transitions, and derive approximate
critical disorder strengths using a configuration-space pic-
ture. The enhanced stability results from two special
properties of 1D quasiperiodic Hamiltonians: First, its
eigenstates can be Anderson localized [26] even in the
absence of additional disorder. Second, the spectra of these
quasiperiodic operators form bounded Cantor sets. Each
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spectrum contain a fractal hierarchy of gaps [27] whose
integrated density of states (IDOS) is quantized by the
gap-labeling theorem [28-30], giving rise to their unusual
topological properties.

While our results generalize to other short-range,
bounded, analytic quasiperiodic Hamiltonians, where
eigenstates are Anderson localized and the gap-labeling
theorem holds [26,28], we focus on the prototypical
Aubry-Andre-Harper (AAH) model. This model is realized
experimentally in, for instance, optical lattices [31,32],
photonic systems [5], or with cavity polaritons [33] and is
known as the almost Mathieu operator in the mathematical
physics literature

Al (@) = Vi) —J. (1)

It consists of a nearest-neighbor hopping term
J =3I @k a+aja) &)
i
and an onsite cosine potential

D) =" 2VcosQmpi+ p)a] a;, A3)

1

where i € Z denotes the lattice sites and a; (al.T) are the
corresponding annihilation (creation) operators for single
particles on site i. For irrational 8 € R\Q, f/(go) breaks the
translation invariance of J and the resulting eigenfunctions
are Anderson localized for |V/J| > 1 [26] and extended
for |V/J| < 1 [34], as a result of self-duality [35] around
the critical point V/J = 1. We restrict 8 € (0, 1) without
loss of generality and set 8 = +/2/2 in all figures. Thouless
pumping is implemented by linearly increasing the phase
¢ in time at a constant pumping rate ¢ > 0.

II. AAH: ENERGY GAPS AND CONFIGURATION
SPACE

In periodic systems, the Brillouin zone offers a suit-
able base manifold on which to calculate topological
invariants and band structures. To circumvent the lack
of a Brillouin zone for quasiperiodic lattices, we con-
struct a configuration-space representation of the clean
AAH chain, see Fig. 1(b). This representation offers a
powerful language to discuss such quasiperiodic systems
and enables a simple perturbative argument to derive the
positions of the energy gaps, their labels, and exact expres-
sions for their respective integrated densities of state. It
is based on the observation that the only degree of free-
dom that differentiates one lattice site from another is the
local value of the phase 6 of the quasiperiodic modula-
tion in Eq. (3). Therefore, labeling the sites with the local
phase of the modulation offers a convenient description of
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FIG. 1. Perturbative derivation of the AAH energy spectrum:
(a) AAH chain where the gray line denotes the quasiperiodic
modulation of onsite energies, and circled dots are lattice sites.
Solid lines indicate sites connected by the tunneling J. Reso-
nances between nth nearest neighbors (colored ellipses, blue for
n = 1) are mediated by an exponentially decreasing effective tun-
neling rate Je(;'f) o J"/P"~1. (b) We map the AAH chain onto a
uniformly dense unit circle referred to as configuration space. In
this representation, nth-order neighbors are separated by an angle
0;+n — 0; = n2mB. Vertical direction denotes energy, and the res-
onances occur at fixed angles 8, where two nth-order neighbors
have the same height. Blue lines connect sites involved in n = 1
resonances. (¢) The resonances result in a dense set of infinitely
many pairs of energy gaps labeled by the integer », which for
V> J lie at energies E*™ (we mark gaps up to n = 3, but all
gaps are open for all values of V/J). Sets of states surrounded by
two selected gaps acquire a Chern number C fixed by the labels
of the surrounding gaps. Parameters: = ~/2/2.

the problem. In this configuration-space representation, the
position of site 7 is mapped to the angle 6; on the unit circle
according to

6, =2mBi+¢ mod 2, @)

see Fig. 1(b). Since g is irrational, this map is ergodic and
the set of all possible 6;, {6;}icz, densely and uniformly
populates the unit circle [36], implying that every site is
identified by a unique value of 6.
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The Hamiltonian in Eq. (1) can then be re-expressed on
the densely populated unit circle:

IA‘IX’AVH = ZVZ cos b &2&9 —-J Z(a;fl9+2nlg + h,C,),

0 0
)

where @y is the annihilation operator for a particle at
coordinate 0 in configuration space, and the second term
reflects the fixed phase relation between real-space near-
est neighbors: 0,11 — 6; = 27 8. Importantly, sites that are
close in configuration space can be arbitrarily far away in
real space. However, due to the continuity of the cosine
function, they will not only have similar energies but will
also be surrounded by similar local configurations of lattice
sites in real space.
In the absence of tunneling (J/V = 0), the spectrum

o (Haan) = | @V cos(6) (6)

i€Z

is dense on the interval [—2V,2V] [see right-hand side
of Fig. 1(c)], and every eigenstate is localized on a
single lattice site. Turning on a small tunneling ampli-
tude (J/V « 1), resonant neighbors, i.e., nearest neigh-
bors whose onsite energy difference is small §F =
2Vicos 2Qu B+ 1) + ¢) — cos 2nBi + ¢)| <« J [marked
in blue in Fig. 1(a)] hybridize and form (anti)symmetric
dimers, separated by the energy AE") = 2J. Nearly reso-
nant neighbors with similar onsite energies will be affected
similarly.

These resonances happen at fixed positions in config-
uration space, namely where neighboring sites at 6 and
6 + 278 have similar onsite energies, i.e.,

cos 0V ~ cos(0V + 27 8), (7)

and the involved sites are connected by blue lines in
Fig. 1(b). The resulting level repulsion opens a pair of
spectral gaps of size AE(D & 2J at energies £2V cos 8
that split the spectrum into three first-order bands [indi-
cated by blue arrows in Fig. 1(c)]. The IDOS of each of
these bands is equal to the angle spanned by the band
in configuration space. For instance, the lowest and high-
est first-order bands therefore contain, for g > 1/2, (1 —
B) states each, while the middle band contains (28 — 1)
states, where we normalize the total number of states to 1.

This perturbative analysis can directly be extended by
looking for pairs of resonant sites at increasing distances
n > 1. In nth order, tunneling causes hybridization of
resonant nth nearest neighbors, mediated by an effective
tunneling amplitude of order J;;’f) o J"/ V"1 see Ref. [37]
for a rigorous perturbative expansion. The corresponding

resonance conditions are
cos 0 a2 cos(0™ + n2np), 8)

which cause the opening of pairs of gaps of size AE™
2J" /"1 at energies [38]

if [nB] even

e _ {:I:2Vcos (ntB) ! ‘ )
if [nB] odd

F2Vcos (nf)

Here, [nf] refers to the integer part of n8. Equation (9)
shows that the AAH spectrum contains an infinite hierar-
chy of pairs of gaps—forming a dense set—labeled by the
integer Chern numbers £n, where the two branches of the
equation ensure consistency between the gap labels and
the direction of quantized currents (see Appendix A for
details). By the gap-labeling theorem, every band, that is
the set containing all states between two selected energy
gaps, is indexed by a virtual Chern number [6] fixed by
the difference between the two surrounding gap labels
[Fig. 1(c)]. This Chern number is referred to as “virtual” in
the sense that it is defined by treating ¢ as a virtual dimen-
sion of the system. It arises from the noncommutativity of
x,d, translations in configuration space analogous to the
noncommutativity of x,y translations responsible for the
integer quantum Hall effect [6,39,40].

While the above gap construction relies on the hierarchy
of effective tunnelings Jr*" « J&% to generate a hierar-
chy of spectral gaps, it was shown that the spectrum indeed
forms a nowhere-dense Cantor set with constant IDOS for
all V/J # 1 [27,29], extending the results of the above
analysis to any value of V/J > 1 and by self-duality to
V)J < 1.

III. THOULESS PUMPING IN THE AAH MODEL

Thouless pumping is a special case of adiabatic transport
that occurs under a continuous, slow, and periodic modu-
lation of the Hamiltonian. If the path in parameter space
encloses a nontrivial topological charge, and the modula-
tion is slow enough to not induce excitations out of the
occupied subspace, the pumping gives rise to a quantized
current proportional to the value of this charge [3].

The Hamiltonian ﬂXAVH(go) is smooth and periodic in
¢ and its spectrum forms a Cantor set independent of ¢.
Since a Cantor set is nowhere dense, the spectrum can be
separated into arbitrarily many “bands”

B o (M), (10)
isolated by spectral gaps AE™ AE™ at energies
E™ E® independent of ¢ € [0,27). This guarantees the

existence of smooth contours y,,,(¢) in the complex
energy plane containing all of B for all @, which in
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turn guarantees adiabatic transport in the ¢ — 0 limit
[41]. Thus, the 1D system evolving under I:IXXH (¢(®)) with
@(t) = ¢t + @y and (h2V¢)'/? <« min(AE™, AE™) con-
stitutes a Thouless pump with period 7 = 27 /¢ and results
in a quantized current proportional to the band’s Chern
number. The current

. L
IS 14 At A AT A
Iy =7 §4_1 @] & — afage) (11)

is the spatial average of the current operator over the sys-
tem (of length L), and is equal to the derivative of the total
pumped charge / = 9,0 averaged over the entire system.
In our numerics, we extract the pumped charge by fit-
ting the evolution of the center-of-mass during pumping.
In contrast to periodic systems, where the current is time
dependent and only the pumped charge per pump cycle
is quantized, in the quasiperiodic case the current itself is
time independent and quantized [12] due to the invariance
of the spectrum with respect to ¢.

For a given pump rate ¢, the Cantor-set spectrum can be
approximated to consist of finitely many larger (adiabatic)
gaps with (AE)? > h2V¢ that are traversed adiabatically
during the pumping, and infinitely many smaller (dia-
batic) gaps with (AE)? « h2V¢ that are irrelevant for the
pumping dynamics. Hence only the adiabatic gaps need
be considered. For decreasing pump rates, more and more
gaps become adiabatic and the effective bands split into
new bands indexed by typically larger Chern numbers. For
instance, once the second-order gaps become adiabatic, the
central C = —2 first-order band splits into three bands with
C = —3,+4, —3, which together add up to C = —2 [see
Fig. 1(¢)].

The above division into adiabatic and diabatic gaps
is particularly powerful in the regime V/J > 1, where
the separation in energy gaps AE™/AE®*D is largest.
Moreover, in this regime, Anderson localization permits
an effective model (with exponential precision in V/J) in
which eigenstates are completely localized on a single site.
In this regime, the configuration space representation offers
a convenient geometric view of adiabatic pumping, see
Fig. 2: an increase in ¢ acts as a clockwise rotation in
configuration space [Figs. 2(c) and 2(d)] and by contin-
uously varying ¢, every single-site localized state even-
tually reaches a resonance, A, where it resonates with
another state localized » sites away. The dynamics of the
two resonant sites is well approximated (see Appendix B
for details on the validity of the approximation) by an
effective 2-by-2 Hamiltonian

n (n)
s I

H, (1) = ( ) (12)
22 Jm sy /2

(a) (b) |
_ | TAVAYAYA

Energy/2V

0; = [27Bi + ¢t] mod 27
Configuration space

FIG. 2. Thouless pumping in the clean AAH chain: (a) Thou-
less pumping of a single strongly localized state in the upper
C = +1 band, shown in real space. (b) Due to adiabaticity
with respect to the first-order gaps, the state remains confined
within its energy band. Blue curve shows the projection of the
wave function onto the instantaneous eigenstates shown in black.
(c) The Thouless pump can be understood by noting that the par-
ticle undergoes an adiabatic Landau-Zener [light blue curve in
()] every time it crosses in energy with a resonant nth neigh-
bor (here we show n = 1). (d) In the configuration-space picture,
pumping acts as a rotation (blue arrow); and particles in the top
C = +1 band undergo one Landau-Zener transition (blue dashed
arrow) for every A = 27 (1 — B). The same argument can be
extended to any of the energy bands. Parameters: p = +/2/2.
J=1LV=75W/Q2V)=0.¢=5x10"2,

whose detuning
8" (1) = ZV[ cos (0 + ¢(1))

— cos (9(") + n2n B + (p(t))] (13)

varies continuously, with one site going up in energy while
the other goes down with ¢, see the inset Fig. 1(a). If the
gap is adiabatic ((AE)? > h2Vg), i.e., the pump rate ¢
is slow compared to the corresponding tunneling process
Je(;’f) o J"/ V"1 the state adiabatically follows an eigen-
state of Hz(% and undergoes a Landau-Zener transition to
the resonant nth-order neighbor—giving rise to the quan-
tized transport. In configuration space, this Landau-Zener
tunneling translates into a discrete jump of n2m 8.

The quantized current for a given filled band (in the case
B > 1/2) can be inferred as follows: In the upper first-
order band, indicated by the shaded sector in Fig. 2(d),
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states are rotated along the blue arrow and will undergo
a Landau-Zener transitions every time the phase winds
by Ap =2x(1 — B). Since in this band the transition is
to the neighboring site (n = 1), every state is transported
by on average 1/(1 — ) sites per pump cycle. Com-
bined with the fraction (1 — 8) of states in this band,
the total pumped charge per pump cycle in this band is
C,=0-p8)@1/1— B)) =+1, from which we extract
C = +1. The cases where 8 < 1/2 can be treated by send-
ing B — 1 — B. The Chern number of any other filled band
B™" can be extracted analogously from this local picture
by assuming that the band contains only diabatically small
gaps and is enclosed by two adiabatically large spectral
gaps.

Finally, this configuration-space picture directly con-
firms that the Chern number (gap label) of an nth-order
gap AE™, i.e., the quantized current arising from filling
all states up to this gap, must be equal to £n, since the
fraction of states below a given gap is exactly equal to the
phase Ag between consecutive Landau-Zener transitions,
which will transport the state by » sites. For determining
the sign we refer the reader to Appendix A.

The configuration-space picture matches an alternative,
global computation of the quantized current using the
smooth projector

A R —1
P () = ?g dz <z - H,{}&(w)) ) (14)
Ym,n (®)

see Ref. [41] for further details. In the absence of disorder
(see below), the adiabatic transport resulting from both the
projector and the local Landau-Zener picture are equiva-
lent by Theorem 1.2 in Ref. [42]. However, the proof of
quantized currents in the projector picture depends on a
global condition, namely the existence of sufficiently large
spectral gaps in the spectrum of I:I/{;ZH(@. By contrast,
the Landau-Zener transitions in the configuration-space
picture depend only on local resonance conditions. This
key difference allows the configuration-space picture to be
extended to strong disorder.

IV. ROBUSTNESS TO SPATIAL DISORDER

We will now add local disorder

W= waa, (15)
i

where the w,, € [—W, W] are independent, identically dis-
tributed random variables. The full disordered Hamiltonian
is then

H VW (@) = B (0) + W. (16)

Its eigenfunctions are all Anderson localized both by the
disorder W [43] and, for V' > J, by the famous Aubry-
André duality mentioned above [26].

It was shown in Ref. [44] that the resulting spectrum
o (ﬁj ’V’W(go)) is the span of the pairwise sum of elements

in the unperturbed spectrum o (ﬁl/{fH ((p)) with elements
from the disorder distribution [— W, W],

U ) = oD xo (Hu()). (A7)

Intuitively, this means that the disordered energy spectrum
can be obtained by convolving the clean spectrum with
the spectrum of the disorder term. Therefore, it follows
that the disorder closes all unperturbed spectral gaps that
are smaller than the bandwidth of the disorder strength
AE®™ < 2W.

We numerically compute the pumped charge as the
average displacement, that is the average number of sites
traveled, per pump cycle from a linear fit to the center-
of-mass motion for a single particle initially localized
at a configuration-space position, which corresponds to
a band with Chern number C = 41 [Fig. 3(a)] and +4
[Fig. 3(f)] in the clean case W = 0. For small disorders
below the closing of the relevant gaps (blue shaded area),
the extracted values agree as expected with the above
quantized predictions in the presence of global gaps, see
Figs. 3(e) and 3(j). However, the quantized currents sur-
vive far beyond the closing of the clean energy gaps
(dashed blue lines), and break down only at larger criti-
cal disorder strengths. In the quantized regimes, it is worth
noting that the observed stability holds for each individual
disorder realization, and not only after disorder averaging.
In the C = +4 band shown in Fig. 3(j), we find that the
critical disorder strength for this particular band exceeds
the size of the clean AE®? gaps by more than an order of
magnitude.

Once more, configuration space provides a simple pic-
ture for the stability of the quantized current. In the clean
case, the phase winding A¢ between two consecutive
Landau-Zener processes for a given localized state is con-
stant [Figs. 4(a) and 4(b)] and corresponds to the angle
spanned by the corresponding band on the unit circle, see
Fig. 2(d). In the presence of disorder, this phase fluctuates
randomly, giving rise to a distribution of spatially depen-
dent and randomly distributed Ag; = Ag + S¢;. This is
reflected in the fluctuating size of the plateaus in Fig. 3(c).
As long as the disorder is below a critical value, these
fluctuations J¢; average to zero and leave the quantized
current unaffected [Figs. 4(c) and 4(d)]. Once the disorder
becomes strong enough to shrink one or more of the Ag;
down to 0 [Figs. 4(e) and 4(f)], the order of resonances may
change, which results in the breakdown of the quantized
current as the particle starts being back reflected.

The above analysis rests on the assumption that the
pumping rate is high enough to prevent the occurrence of
Landau-Zener tunneling over longer ranges than desired.
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Stability and breakdown of quantized currents under onsite disorder. Left side shows results for the lower C = +1 first-

order band, while the right side depicts the C = +4 second-order band. (a),(f) Thouless pumping of a particle in the clean case W = 0,
resulting in a quantized displacement per cycle. (b),(g) The particle stays confined within its energy band surrounded by open gaps
throughout the Thouless pump. Blue curve shows the projection of the wave function onto the instantaneous eigenstates plotted in
black. (c),(h) In the disordered case, the displacement per cycle remains quantized, despite the energy gaps being closed (d),(i) by
the disorder. (e),(j) Average displacement per pump cycle after two (e) or one (j) pump periods, showing quantization also past the
closing of the clean energy gaps (blue regions). Notably, the standard deviation indicated by the error bars vanishes in the quantized
regime. The critical disorder strength for C = 44 is more than an order of magnitude larger than the clean gaps. Horizontal dotted lines
indicate the current expected in the clean limit for an infinite pump period. Each point is obtained after averaging over 1000 disorder
realizations. Parameters: B = ~/2/2,J =1,V =175, =5 x 1072 for C = +1, and ¢ = 10~* for C = +4.

To illustrate this necessary condition, we investigate the
impact of the pumping rate on the critical disorder strength
for destroying the quantized currents in the C = +1 bands.
Figure 5 shows the relative error in the quantization of the
displacement per cycle of the right-moving part of an ini-
tial state consisting of a product of 20 local Fock states on
neighboring sites, see Fig. 6 for reference. The red dotted
line shows the configuration-space estimate

weH =2V sin® () (18)
of the disorder strength necessary for the condition Ag; =
0, see details in Appendix C.

The quantized current emerges for pumping rates low
enough to be adiabatic with respect to the largest spec-
tral gaps of order J, i.e., for ¢ ~ O(2J?/V). The quan-
tization breaks down again when the pumping becomes
adiabatic with respect to the next spectral gap of order
J(fzf), i.e., ¢ ~ O(2J*/1?), and hence enables undesired

[

longer-range tunneling. Consistent with Ref. [15], the pro-
tection of the quantization to disorder closing spectral gaps
is not expected to hold in the full adiabatic limit, where
Landau-Zener transitions can take place over arbitrary dis-
tances. Interestingly, we observe that for slow pumping
the addition of weak disorder induces a stabilization of
the quantization, owing to the suppression of pumping
via longer-range resonances. The critical disorder strength
observed in Fig. 5, where the initial state is a product
state of many particles, is in good agreement with the
single-particle results shown in Fig. 3(e).

Thus, provided that the pumping rate is set correctly
to suppress undesired longer-range tunneling processes,
the robustness of the quantized current is not limited by
the size of the clean energy gaps, but instead depends on
the ordering of consecutive local resonances. In the clean
case, these resonances are all aligned in energy, giving
rise to global gaps. Increasing onsite disorder shifts each
resonance independently and thereby closes the global
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FIG. 4. Local picture for the stability and breakdown of quan-
tized currents. Colored lines in the left column panels denote
onsite energies of three consecutive sites for V' > J. The thick
colored line illustrates the adiabatic trajectory of the state under
pumping. The right column shows the corresponding real-space
density. (a),(b) In the clean case, the phase Ag separating two
consecutive Landau-Zener transitions is the same for each tran-
sition and the particle undergoes successive adiabatic transitions
to neighboring sites at a constant rate (blue curve). (c),(d) The
addition of not-too-large onsite disorder induces fluctuations in
the phase Ag between transitions but preserves the order of reso-
nances and leaves the pumped current quantized. (e),(f) When the
disorder strength exceeds a critical value, the order of successive
Landau-Zener processes can change, causing the particle to be
back reflected. The argument is shown here for the top C = +1
first-order band. Parameters: 8 = ~/2/2.

energy gaps, but does not necessarily modify their order-
ing. As long as the order between consecutive local reso-
nances remains unaffected, quantized currents can subsist,
even in the complete absence of global energy gaps in the
system.

In conventional 2D disordered topological systems,
studied in the context of the integer and fractional quan-
tum Hall effects [18], robustness beyond the closing of
the spectral gap is explained by a persistent mobility
gap between the (topological) extended states, even as
localized states close the spectral gap [45], and is often
described using real-space topological invariants called
Chern markers [46]. While this picture cannot directly
apply to the 1D AAH Hamiltonian, as it only hosts
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FIG. 5. Effect of pumping rate on the quantization of the cur-

rent in the C = +1 band. Color denotes the average relative error
in the quantization of the displacement per cycle (extracted from
the slope of the right-moving part of the density | ¥ (x > 0)|? of
an initial state consisting of a product of 20 local Fock states
on neighboring sites, cf. Fig. 6). Black contour lines indicate
the regions with less than 5% error. Blue dotted line indicates
the closing of the first-order energy gaps due to disorder. Red
dotted line indicates the configuration-space estimate for the crit-
ical disorder strength [Eq. (18)]. For very low pumping rates,
current stops being quantized once unwanted longer-range tun-
neling processes become relevant. These additionally increase
the sensitivity of the pump to the disorder. The increasing sep-
aration of timescales between the first- and second-order gaps
for larger V/J allows for a better protection of the quantiza-
tion for large V/J. Parameters: (a) V/J =7.5. (b) V/J = 15.0.
(c) V/J = 30.0. Pumped angle is 157. Each point is obtained
after averaging over 20 disorder realizations.

insulating states for V' > J, the notion of extended states
can be restored by treating ¢ as a virtual dimension in
H7"7 () and applying the famous mapping of the 1D
AAH Hamiltonian to the 2D Hofstadter Hamiltonian [35],
see Sec. V. However, the 1D onsite disorder operator W
only generates a striped disorder pattern under this map-
ping to 2D and hence cannot localize states along the
virtual dimension, meaning that all states are extended and
that the traditional mobility gap closes.
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FIG. 6. Preparing states with desired Chern numbers. The ini-
tial state is prepared as a product of local Fock states with unit
filling and the pumping rate ¢ is chosen to be adiabatic with
respect to the first-order gaps only. The atom cloud splits into
a left- and a right-moving part that move at different speeds, sep-
arating the middle band with Chern number C = —2 from the
top and bottom bands with C = +1. The desired Chern num-
ber can be selected by, e.g., eliminating the remaining other

branches with a resonant laser pulse. Parameters: B = ~/2/2,
J=1,V=175W/Q2V)=03.¢=5x1072

One notable feature in the numerical experiments is the
direct breakdown of higher-order quantized topological
pumping with no detectable intermediate plateaus asso-
ciated with lower Chern numbers, see Fig. 3(j). This is
a distinct deviation from the standard examples of topo-
logical Anderson insulators (TAls), where transitions can
be analytically shown to occur sequentially [47,48] from
(C=N)—-> (C=N-1)— ...— (C=0). Even with-
out quasiperiodicity, however, striped disorder changes the
expected behavior of the TAI transition. For example, con-
sider the model in Ref. [47]—N vertically stacked infinite
Su-Schrieffer-Heeger (SSH) chains with chirality preserv-
ing random-bond disorder—in the special case where dis-
order between chains is completely correlated (vertically
striped disorder) such that translation invariance is restored
along the vertical direction. The quasi-1D system [49]
decouples into N identical 1D SSH chains after Fourier
transforming along the vertical direction, each of which
have winding number y = 1. Thus, as disorder strength
increases, all chains simultaneously undergo a topological
phase transition from y = 1 to x = 0, and the full quasi-
1D system undergoes a transition from y = N — x = 0Oat
a single critical disorder threshold instead of the consecu-
tive winding number transitions y =N - N —1 — ...0
derived for generic disorder in [47]. From this perspective,
the direct breakdown of quantized transport observed in
our numerics is consistent with the existing literature for
topological order in the presence of striped disorder.

Interestingly, the Landau-Zener formalism above implic-
itly depends on the finite pumping period 7' to limit
long-range resonances in the presence of strong disorder
[15], see Fig. 5. This period also appears in the 1D to
2D mapping when considering the full Schrédinger opera-
tor, K = i9, — H”""""(¢(¢)). Since H”-"" (¢(1)) is periodic
in time with period 7, only discrete frequencies w = ¢y
with j € Z appear when Fourier transforming K along
the time coordinate, forming a discrete virtual dimension
[7,50]. The Fourier transform furthermore exchanges the
time-derivative for a linear potential proportional to the
pumping rate ¢, K = 2 ez o] — HQHE —-We® I; [51], see
Eq. (20) for definition of HQHE.

The eigenfunctions of the Schrédinger operator, i.e.,
those states satisfying K1/, = Ay, form a diagonal basis
for the unitary U(T) describing the stroboscopic time evo-
lution of states in the 1D Thouless pump. Thus, a possible
reconciliation is that the finite pumping rate introduces
a nonvanishing electric field (the linear potential) along
the Fourier-transformed virtual ; direction and induces
Wannier-Stark localization along this direction [52]. The
mix of Wannier-Stark and Anderson localization localizes
topologically trivial states and generates a hybrid mobil-
ity gap. This suggests the existence of finer definitions for
mobility gaps in the Thouless pumping of quasiperiodic
systems. Determining whether or not these two pictures
are indeed equivalent constitutes a promising direction for
future work.

V. EXPERIMENTAL SIGNATURES AND
QUANTUM STATE PREPARATION

The robustness of the quantized currents can not only
be directly observed experimentally, but can also be lever-
aged to turn the Thouless pump into a robust protocol for
preparing quantum states with desired Chern numbers. We
propose here an instance of the protocol that is directly
implementable within existing cold-atom experiments.

The one-dimensional AAH model can be realized
by superimposing one strong (primary) optical lattice
with another weaker incommensurate lattice [12,24,31,32],
where deep lattices in the transverse directions confine the
atoms to 1D chains. The depth of the primary lattice sets
J and the depth of the secondary lattice depth provides
control over V/J. The same model can also be realized
by independently controlling the depths of the individual
lattices in an optical quasicrystal [53—55]. For large sys-
tems, the initial phase ¢ of the quasiperiodic modulation
is irrelevant. The initial state can be prepared, for instance,
as a unit-filling band insulator of spinless fermions or hard-
core bosons in a projected optical-box potential [56]. Such
a state naturally samples the energy spectrum uniformly.

In contrast to periodic systems, the AAH system can be
realized in the regime V > J, where all eigenstates are
strongly localized. In this regime, the only motion stems
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from the pumping, and the atomic cloud will not undergo
any free expansion, such that no additional trap is required.

States in different bands become spatially separated as
¢ is pumped. For example, if the pumping rate is set
to be adiabatic with respect to the first-order gaps only,
the Thouless pump splits the cloud in two parts (Fig. 6).
The right-moving part corresponds to atoms populating the
lower and upper bands with C = 41, while the left-moving
part contains the atoms in the middle band with C = —2.
Note that the center-of-mass position of the entire cloud
remains constant at all times, since the total Chern number
of the entire spectrum vanishes (C = 0). To prepare a state
with the desired Chern number, it then suffices to select the
desired branch by clearing out atoms in the (spatially sepa-
rated) undesired branches by, for example, exposing them
to resonant laser light.

The Thouless pump can be made sensitive to increas-
ingly smaller gaps, and hence higher Chern numbers, by
reducing the pumping rate ¢, leading to successive branch-
ings of the final density, see Fig. 7. The robustness of the
Thouless pump to onsite disorder ensures that this state-
preparation protocol is robust even when the energy gaps
surrounding the targeted energy bands are small. This pro-
tocol can be directly extended to the interacting regime by
using fermionic spin mixtures or real bosons and tuning the
onsite interaction strength via a Feshbach resonance [57].

The above procedure generates a 1D many-body state
with an associated virtual Chern number. To generate a
state with a well-defined “real” 2D Chern number, the pro-
tocol can in principle be extended to a 2D lattice consisting

10° T . 1.0
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FIG. 7. Effect of pumping rate. Final density after five pump

cycles for various pump rates ¢. The initial state is a Fock state
with one atom per site within a selected region. By decreasing
the pump rate ¢, the Thouless pump becomes sensitive to smaller
gaps, characterized by increasingly higher Chern numbers. This
is reflected in the successive branchings of the final density as the
pumping rate is decreased, highlighted by the dashed guidelines.
Parameters: B = \/5/2,J =1V=5 WwW/2V) =0.01.

of an array of n, AAH chains with increasing phase ¢(j) =
2mj /n, along a second spatial dimension y. This results in
a 2D Hamiltonian given by

. 2 at
H2D = Z 2V cos (27T,3i + I’l_]) aZjai,j
(i) Y

= (@, + ) (19)

whose spectrum is the same as that of the 1D AAH
Hamiltonian [35,58]. Under Fourier transforming j — j,
Eq. (19) is equivalent to the 2D Harper Hamiltonian

2 _ RrBist A
Houe =) V(e a ., a; + h.c.)
)

AT N
_J (amjai e h.c.) : (20)

which describes a square lattice with magnetic flux 278
per plaquette. Therefore, by stacking multiple copies of
the one-dimensional state-preparation protocol, we prepare
a state with a desired Chern number of the 2D Harper
Hamiltonian, albeit in a mixed real-momentum space con-
figuration. The chains (momentum classes) can be coupled
by introducing small tunneling elements between neigh-
boring chains without altering the Chern number of the
state, provided that the spectral gaps remain open [59].

Interestingly, onsite interactions effectively appear as
local momentum-space interactions along the / coordinate
[60]. This mixed real-momentum space system presents
novel opportunities to probe new quantum Hall physics
inaccessible to traditional condensed-matter systems by,
for example, engineering scalar potentials in momentum
space to reproduce dispersion relations corresponding to
long-range real-space hopping models that have been used
to generate exact fractional quantum Hall (FQH) phases
on a lattice via topological flat bands [61]. Similarly, non-
local real-space interactions have been used to stabilize
non-Abelian fractional Chern insulator (FCI) phases in
numerics [62]. Moreover, numerical studies of fractional
Chern insulators have long noticed enhanced stability of
the FCI phase in higher Chern number bands [63] along
with new phases of matter with no FQH analogs [64]. As
such, the above state-preparation protocol could become
a new experimental platform for exploring numerous the-
oretical proposals involving large Chern numbers, flat
bands, and nonlocal interactions.

VI. DISCUSSION AND CONCLUSION

We present a novel example of topological protection in
quasiperiodic systems that does not depend on the presence
of spectral gaps [41], symmetry protections [20], or even
traditional mobility gaps [18]. By tracking the fate of quan-
tized currents in the disordered Aubry-André chain (1D
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almost Mathieu operator), we find that the combination of
quasiperiodic Anderson localization and the gap-labeling
theorem results in a robustness to bounded local disorder
far beyond the closing of the relevant spectral gaps. We
furthermore develop a local picture to explain quasiperi-
odic Thouless pumping both in the clean and disordered
case to explain the observed robustness.

As mentioned in the main text, determining whether or
not the local picture developed here and the global break-
down of mixed linear and disorder potential mobility gaps
are indeed equivalent constitutes a promising direction for
future work. In particular, for weak disorder, where (large)
spectral gaps of the 1D AAH Hamiltonian remain open,
the infinite-range quasiperiodic resonances do not obstruct
quantized pumping in low-order bands as ¢ — 0, despite
the continued bifurcations into smaller bands. For strong
disorder, on the other hand, finite pump frequencies play
an important role in protecting the quantized currents by
truncating long-range Landau-Zener transitions and possi-
bly establishing a hybrid mobility gap, consistent with the
picture in Ref. [15]. This change in the role of long-range
resonances with increasing disorder suggests a potentially
interesting region of parameter space for future study
where the character of the 1D eigenstates is preserved, but
the topological invariants of the 2D Hamiltonian are not
protected by a mobility gap. Furthermore, coupling many
of these 1D chains into a 2D system presents novel oppor-
tunities to probe new quantum Hall physics inaccessible to
traditional condensed-matter systems.

The outlined mathematical relations to ergodicity and
the Dry Ten Martini problem [27,29,30] present another
direction for future work. It would, for instance, be worth
exploring the case of several incommensurate frequen-
cies, which are likely to result in enhanced stabilization
mechanisms that in turn should lead to novel measurable
signatures. These pursuits can also be followed in the con-
text of the Dry Ten Martini problem without dualities or
with hidden dualities [29,30,65], where localization phase
transitions may be richer.

In two-dimensional quasiperiodic systems, i.e., sys-
tems that are quasiperiodic along both dimensions, the
presence of second Chern numbers and a richer set of
topological invariants could lead to more examples of
gap-independent topological protection. For example, in
ultracold atomic systems, the scheme could be extended
to the two-dimensional Aubry-André model or optical
quasicrystals [53—55], where pumping could be realized
along multiple dimensions. The recent advent of moiré van
der Waals structures, in which pumping can be achieved
upon applying periodic external gauge fields, provides an
exciting solid-state platform in which these new mech-
anisms might both occur and help explain experimental
observations.

In summary, our results uncover a novel protec-
tion mechanism for Thouless pumping in quasiperiodic

systems, highlighting an unexplored richness of topology
in quasiperiodic systems and motivating a re-examination
of topological protection in the absence of translation
invariance. They furthermore enable novel experimental
applications, notably in the preparation of quantum states
with high Chern numbers.
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APPENDIX A: SIGN OF GAP LABELS FROM
PERTURBATION THEORY

We showed in Sec. I how resonant pairs of lattice sites
coupled by the effective nth-order tunneling element Je(;'f)
give rise to pairs of energy gaps in the spectrum of the
AAH chain at energies +2V cos (nrf8). According to the
gap-labeling theorem, each of these gaps is characterized
by a Chern number, whose sign dictates the direction of
the current arising under adiabatic pumping when all states

below that gap are occupied.
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FIG. 8. Dependence of the signs of the gap labels on the parity
of [nB]. In the circle forming configuration space, the Landau-
Zener transition for states below the gap always goes from left
to right. However, depending on [nf], the position of left- and
right-hand neighbors on the circle can switch. Figures (a) and
(b) show two different gaps at similar energies to illustrate the
two cases. (a) When [nf] is even, the associated Landau-Zener
transition involves transport from the right-hand resonant neigh-
bor to the left-hand one. The resulting quantized current flows in
the negative direction and is therefore associated with a negative
Chern number. (b) When [nf] is odd, the situation is reversed,
and the quantized current flows in the positive direction such that
the associated Chern number is positive. Note that in contrast to
Fig. 2, we are here considering states below the gap.

In the case [n] even, let us, for instance, fill up all states
up to the energy —2V cos (n8), see Fig. 8, which for the
case discussed in Fig. 2 (n = 1, 8 > 0.5) is positive. For
states below this gap, the pumping induces Landau-Zener
hoppings in the negative direction, where each Landau-
Zener transition transfers the states from the right-hand
resonant neighbor to the left-hand one, see Fig. 8(a). In
this case we can ignore all other gaps, as they do not
influence the overall current since their adjacent bands are
either both filled or both empty. The pumping thus results
in a quantized current in the negative direction and this
gap is therefore associated with a negative Chern number.
The same reasoning can be applied to the state filled up to
2V cos (nmB), leading to a positive gap label.

In the case [nB] odd, the resonant neighbors are
flipped, see Fig. 8(b), and when filling all the states up
to —2V cos (nB), the adiabatic Landau-Zener transition
transfers the states from the left- to the right-hand neigh-
bor. In this case, the quantized current flows in the positive
direction and is therefore associated to a positive Chern
number.

Therefore, for the sign of the gap labels to match the
direction of the quantized current, one has to treat the even
and odd cases of [nf] separately, as done in Eq. (9).

APPENDIX B: VALIDITY OF THE
LANDAU-ZENER PICTURE

In Eq. (12), we describe the dynamics of the
pumped particle undergoing a hopping process as being
well approximated by an effective 2 x 2 Hamiltonian

describing the coupling to a single almost-resonant nth-
order neighbor. This effective picture rests on the assump-
tion that the dynamics of the particle is decoupled from
all other sites in the system. This decoupling of reso-
nances was formally shown (in the clean case W = 0)
first for large V/J via KAM theory in Ref. [37] and then
extended to all V/J > 1 via an almost-reducibility argu-
ment in Ref. [66]. However, we present a more pedestrian
argument here, which is agnostic to the presence of finite
on-site disorder I # 0.

To show that the decomposition to an -effective
2 x 2 Hamiltonian describing an almost-resonant pair
of nmth-order neighbors is valid, we first take advan-
tage of the quasiperiodic potential to restrict the num-
ber of resonances—the resonance condition cos (6) =
cos (8 + m2m B) is only satisfied by two pairs of points in
configuration space 61, = +mn 8 and Oy, = w £ mnf
for each m € N, such that resonances only ever connect
exactly the two sites forming a resonant pair. Now, for
a resonant pair at distance n, let us group the remaining
couplings into two groups: either higher-order couplings to
sites further than n away, or lower-order coupling to sites
fewer than n away.

The higher-order couplings m > n are irrelevant due to
our assumption of a pumping rate that is too fast com-
pared to their associated couplings of order J;/;V-’), ie.,

when Je(g’) < ((thb/Z))l/2 for m > n. And, lower-order
couplings m < n may be neglected because they are asso-
ciated with energies £ that cannot be degenerate with
E™ as long as the disorder strength W < |E™ — E™)|,
Hence, provided that W is sufficiently small and that as
above Je(;f") < (WV/2)"? for m > n, in the vicinity of
the nth-order energy gap, the only relevant coupling is of
order n.

Finally, away from the remaining resonant values
O1m» Ormir for m < n, single-site localized wave functions
are almost eigenfunctions up to exponential corrections by
Anderson localization. The on-site disorder only strength-
ens the Anderson localization, and is diagonal in the
single-site localized wave-function basis. Thus, even at
finite disorder strength, the full particle pumping dynamics
decouples into independent nth-order resonance processes,
which can each be treated directly by the Landau-Zener
formalism, producing the corresponding 2 x 2 Hamilto-
nian in Eq. (12).

APPENDIX C: ESTIMATION OF CRITICAL
DISORDER STRENGTHS FOR FIRST-ORDER
C = +1 BANDS

We use the configuration space pictures to estimate the
critical disorder strength for the two first-order bands with
C = +1, defined by the n = &1 gaps, in the case § > 1/2.
Note, the cases 8 < 1/2 can be obtained by sending § —
1 — B and inverting the sign of all Chern numbers.
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Let us consider three consecutive sites with indices i =
—1,0, 1, each being offset by an onsite disorder of strength
w;. The phase ¢_; 9, where the —1 and O sites are resonant,
is given by

2Vcos (p_10) +w_1 = 2Vcos (p_1,0 + 27 B) + wy,
(CDH
and the corresponding condition for sites 0 and 1 is
2V cos (§00,1) + woy = 2V cos ((PO,I +2n8) +w;. (C2)

The shifted resonance conditions ¢_; o and ¢ ; can thus be
written as

. Wwo — Wi
_1o0=m(l — _— C3
w_10 =7( B) + arcsin <4Vsin (nﬁ)) (C3)
. w1 —Wo
=—n(l — _ C4
®o.1 7( B) + arcsin <4Vsin (nﬁ)) (C4)
for the top C = +1 band and
B + arcsin | —2 =1 (C5)
_l0=T arcsin | ——
$-10 4Vsin (7 B)
. w1 — Wo
= — _— C6
®o.1 7B + arcsin <4Vsin (nﬁ)) (Co)

for the bottom C = +1 band.

As discussed in Sec. 1V, the breakdown of quan-
tized transport occurs once Ag = ¢_19 — ¢, = 0. For
bounded local disorder this becomes possible as soon as
the disorder is strong enough to shift the individual res-
onances to ¢_j 0 = ¢o1 = 0. This condition leads to the
following estimate for the critical disorder strength for the
top and bottom C = +1 bands:

W=l = 2V sin’ (nB).

crit
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