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Quantum phase estimation plays a central role in quantum simulation as it enables the study of spectral
properties of many-body quantum systems. Most variants of the phase estimation algorithm require the
application of the global unitary evolution conditioned on the state of one or more auxiliary qubits, posing
a significant challenge for current quantum devices. In this work, we present an approach to quantum phase
estimation that uses only locally controlled operations, resulting in a significantly reduced circuit depth.
At the heart of our approach are efficient routines to measure the complex phase of the expectation value
of the time-evolution operator, the so-called Loschmidt echo, for both circuit dynamics and Hamiltonian
dynamics. By tracking changes in the phase during the dynamics, the routines trade circuit depth for
increased sampling cost and classical postprocessing. Our approach does not rely on reference states and
is applicable to any efficiently preparable state, regardless of its correlations. We provide a comprehensive
analysis of the sample complexity and illustrate the results with numerical simulations. Our methods offer
a practical pathway for measuring spectral properties in large many-body quantum systems using current
quantum devices.
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I. INTRODUCTION

Quantum simulation is a promising application of quan-
tum computing, enabling the study of many-body quan-
tum systems beyond classical computational capabilities
[1–7]. Efficiently simulating quantum processes on quan-
tum hardware is expected to drive advances in condensed
matter physics, quantum chemistry, and materials science
[8,9], providing insights into strongly correlated materials,
molecular structures, and non-equilibrium dynamics. A
widely considered approach is quantum phase estimation
(QPE), which enables precise estimation of eigenvalues
and serves as a foundation for quantum algorithms in
simulation and metrology [10–12].

The QPE algorithm relies on two key components. First,
one must prepare a quantum state with significant over-
lap with the eigenstates of interest, which depends on the
specific application. Second, the phase information must
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be extracted. To obtain the phase, both textbook QPE
and more hardware-efficient alternatives such as statistical
QPE or virtual filtering [13–18] require globally con-
trolled operations. Concretely, the latter approaches rely
on measuring the complex expectation values of the time-
evolution operator, which can be obtained with the use of
a Hadamard test [Figs. 1(a) and 1(b)]. The Hadamard test
proceeds by conditioning the evolution of the system on
the state of an auxiliary qubit, which incurs substantial cost
in terms of the circuit depth. As a result, implementing
quantum phase estimation remains highly challenging on
current devices.

In this work, we introduce three methods to measure
the expectation value of a unitary operation for entangled
quantum states without requiring global control operations
[Fig. 1(b)]. The first method applies to arbitrary unitaries
defined in terms of a quantum circuit, while the latter two
methods concern Hamiltonian dynamics, which are partic-
ularly relevant for quantum simulation. All three methods
monitor the change in phase as a function of the evolu-
tion time, which can be achieved with the use of only local
control or no controlled gates at all. The algorithms return a
time series of the phase, which can be followed by classical
postprocessing to probe spectral properties of the quantum
system, as prescribed by, for instance, statistical QPE or
virtual filtering [Fig. 1(c)].
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FIG. 1. (a) The complex Loschmidt echo quantifies the over-
lap of an initial state |ψ〉 with the state obtained after a unitary
evolution. The evolution can be generated by a Hamiltonian H ,
as illustrated here, or by a quantum circuit. (b) While the stan-
dard Hadamard test requires global control to measure g(t), our
methods extract its phase φ(t) using only local control, thereby
reducing circuit depth at the expense of increased sampling.
(c) By applying a Fourier transform to the time series of the
Loschmidt echo, we obtain a broadened local density of states,
shown in front of gray spectral lines.

Our approach overcomes several limitations of other
methods that avoid the controlled application of the full
time-evolution operator. One such method uses a set of
controlled Pauli operators to conditionally flip the sign of
the Hamiltonian in a fashion similar to decoupling tech-
niques [19,20]. While the controlled Pauli operators may
be easier to implement than the conditional evolution,
it is still necessary that they act on the entire system.
This challenge can be avoided with the use of control-
free strategies that rely on interference with a reference
state for which the value of the Loschmidt echo is known
[15,21–24]. However, such reference states are not gener-
ally available, and even if they are, the preparation of a
superposition with the state of interest may be challeng-
ing. Simpler schemes exist for the special case of product
states. These include a sequential interferometric proto-
col that only requires the creation of local superpositions
[15,25] and a method based on short imaginary-time evo-
lution (ITE) [25], although the utility of these methods is
restricted by the fact that product states may not have a
significant overlap with the eigenstate of interest. A differ-
ent avenue for control-free estimation of Loschmidt echoes
was recently taken in Ref. [26], where the authors use clas-
sical phase reconstruction techniques. While the approach
may be powerful in practice, it currently lacks a full char-
acterization of its sample complexity. Our methods require
no reference states nor assumptions on the initial state, and
we provide rigorous bounds on the sample complexity.

This paper is structured as follows. In Sec. II, we present
a summary of our main results, consisting of three methods
for measuring the expectation value of a unitary operator.

The methods are described in detail in Sec. III, where we
provide upper bounds on the sample complexity, discuss
practical considerations, and describe simplifications for
special cases. In Sec. IV, we present a numerical case
study of the non-integrable quantum Ising model with
an entangled initial state. In the simulations, we account
for sampling errors and the mitigation of errors due to
hardware noise. We conclude the paper by discussing the
broader implications of our work in Sec. V.

II. SUMMARY OF RESULTS

We present our main result, a family of three methods
for estimating the complex expectation value of a unitary
operation without global control. The first method, which
we refer to as the sequential Hadamard test, applies to arbi-
trary quantum circuits composed of Ngates local gates. The
method proceeds by executing shorter circuits involving
1 ≤ L ≤ Ngates gates, where only a single gate is controlled
in each circuit. By sampling from each circuit, one can
estimate the Loschmidt echoes

gL = rLeiφL = 〈ψ |UL|ψ〉, (1)

where UL is the unitary corresponding to the first L gates.
The second and third methods (direct phase gradient

and ITE phase gradient) concern the Loschmidt echo asso-
ciated with the unitary U(t) = exp(−iHt), generated by
a Hamiltonian H . We assume that the Hamiltonian is a
sum of local terms, which, without loss of generality,
may be expressed as H = ∑K

j =1 λj Pj . Here, each Pj is a
Pauli operator acting non-trivially on a constant number of
qubits and λj is a real coefficient bounded in magnitude
by a constant. We further assume that there are K = O (n)
terms in the sum, as is the case for any finite-ranged inter-
action on a lattice in d dimensions. The Loschmidt echo is
a continuous function of time, defined by

g(t) = r(t)eiφ(t) = 〈ψ |U(t)|ψ〉. (2)

The two methods rely on the insight that the derivative
of the phase, dφ(t)/dt, can be measured without global
control. In the direct phase gradient method, we accom-
plish this by controlled application of individual local
Hamiltonian terms. In the ITE phase gradient method, we
instead apply a short ITE. In contrast to previous work
[25], we realize the ITE using local block encodings, which
allows us to extend the approach beyond product states to
arbitrary initial states. Both methods additionally require
unconditional evolution under the Hamiltonian, which may
be implemented with the use of analog or digital quantum
simulation techniques.

A visual overview of our methods is presented in Fig. 2.
We note that all three methods can be readily generalized
to compute the expectation value of products of unitaries
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FIG. 2. Overview of three methods to obtain the complex Loschmidt echo without global control. Left: The sequential control
method relies on implementation of as many different circuits as there are gates, where a single gate is controlled in each circuit. It
works for arbitrary circuits and is well suited for digital devices. Middle: The direct phase gradient method applies to Hamiltonian
dynamics, which makes it compatible with hybrid analog-digital devices. The method separately computes the derivative of the phase
dφ(t)/dt for each local Pauli term Pj of a Hamiltonian H = ∑

j hj = ∑
j λj Pj . Right: Alternatively, we can obtain the phase gradient

by applying imaginary-time evolution (ITE) to an arbitrary initial state using auxiliary qubits. The imaginary-time evolution is realized
for each Hamiltonian term hj separately, using a single auxiliary qubit per term.

[25], which also provides access to quantities of the form
〈ψ ′|U|ψ〉 for different states |ψ〉 and |ψ ′〉. The general-
ized form allows us to compute the expectation values
of observables of eigenstates, in addition to the eigenen-
ergies obtained from phase estimation [15]. Below, we
describe the methods in detail and analyze the sampling
cost to compute the phase φL or φ(t) within additive error
ε. To compare the methods, we consider a product for-
mula approximation to the Hamiltonian evolution for the
sequential Hadamard test. The results are summarized in
Table I. Each method yields not only the final phase but
also its value at intermediate times. The intermediate times
depend on the method, but in each case the number of
points grows at least linearly with t.

As the comparison shows, the sequential Hadamard
test is competitive with the two Hamiltonian-specific
approaches, and its broad applicability makes it the pre-
ferred method for circuit-based simulations. For ana-
log quantum simulation, one may choose between the
two Hamiltonian-specific methods. If auxiliary qubits are
scarce, the direct phase gradient method provides the sim-
plest and most resource-efficient implementation. When a
sufficient number of auxiliary qubits is available, the ITE
phase gradient offers an alternative with a better depen-
dence on the magnitude of the Loschmidt echo, although
at the expense of a slightly less favorable dependence on t
and ε.

For sufficiently small errors, the uncertainty in the
Loschmidt echo g is related to the uncertainty in the

phase φ by |�g|2 = (�r)2 + (r�φ)2, where the ampli-
tude r can be estimated with uncertainty �r ≤ ε with
the use of O (

1/ε2
)

samples (see Appendix A). There-
fore, the sample complexity required to compute the phase
with additive error ε is also sufficient to compute the
full Loschmidt echo g within the same error. For com-
parison, determining the phase with error ε using the
Hadamard test requires O (

1/(εr)2
)

samples. To obtain
the phase for O (t) time points, the sample complexity is

TABLE I. Overview of methods for estimating the phase of
a Loschmidt echo without global control operations. We con-
sider the total sample complexity to compute the phase of the
Loschmidt echo at time t for a system of n qubits within addi-
tive error ε. Phases are also computed at intermediate times,
which depend on the method. The quantity rmin denotes the
smallest amplitude encountered during the evolution, i.e., rmin =
minl∈[1,Ngates]{rl} for the sequential Hadamard test and rmin =
mint′∈[0,t]{r(t′)} for the direct phase gradient. The imaginary-
time evolution (ITE) phase gradient includes an imaginary-
time evolution for small τ , with which r±,min = mint′∈[0,t]{r(t′ +
iτ), r(t′ − iτ)}. The integers p and s denote, respectively, the
order of the product formula and the numerical integration
method (s = 2 for Simpson’s rule).

Method Sample complexity

Sequential Hadamard test O (
(nt/ε)2+2/p r−2

min

)

Direct phase gradient O (
(nt/ε)2+1/sr−4

min

)

ITE phase gradient O (
n2+1/s(t/ε)3+3/2sr−2

±,min

)
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O (
t/(εrmin)

2
)
, where rmin = mint′∈[0,t]{r(t′)}. The depen-

dence on rmin arises because estimating the phase of a small
quantity requires resolving its magnitude. The Hadamard
test avoids this dependence when the goal is to estimate g
with additive error ε, for which O (

t/ε2
)

samples are suf-
ficient. The dependence on rmin is unavoidable with our
methods even when g is being estimated as the methods
proceed by tracking the phase throughout the evolution.

III. LOCAL MEASUREMENT SCHEMES

A. Sequential Hadamard test

Our first method can be applied to any unitary of the
form

U = uNgates · · · u2u1, (3)

where each ul is a local gate. In the context of quan-
tum simulation, the circuit may approximate the evolution
under a Hamiltonian, although this is not necessary. For
instance, the method also applies to Floquet dynamics with
large time steps, where an explicit Hamiltonian represen-
tation may not be available [27,28]. The method is also
compatible with other methods of digital quantum sim-
ulation, including randomized compiled circuits, which
may be advantageous for quantum chemistry applications
[29–31]. To minimize the circuit depth, fermion-to-qubit
mappings that preserve locality may further be useful in
this context [32,33].

The sequential Hadamard test proceeds iteratively. We
begin by applying only the first Trotter gate u1, con-
trolled by an auxiliary qubit. Then, the first Trotter gate u1
is applied without control, followed by the second Trot-
ter gate u2 with control. Next, the third Trotter gate is
controlled, and so forth. The complex Loschmidt echo
is obtained recursively from the information from each
previous step as summarized in the left panel of Fig. 2.

More explicitly, the Lth iteration consists of repeated
measurements of the output of the circuit shown in Fig. 3.
Projection of the state register onto the initial state and
measurement of the auxiliary qubit yields [34]

〈σ x ⊗ |ψ〉〈ψ |〉 = Re(gLg∗
L−1), (4)

〈σ y ⊗ |ψ〉〈ψ |〉 = Im(gLg∗
L−1), (5)

where gL is the Loschmidt echo in Eq. (1) with UL =
uL · · · u2u1. The projection onto the initial state can be real-
ized by reversing the preparation of |ψ〉 and performing
a computational basis measurement (see Appendix A for
details). Hence, these measurements allow us to recon-
struct the Loschmidt echo as

gL = gLg∗
L−1

g∗
L−1gL−2

gL−2g∗
L−3

g∗
L−3gL−4

· . . . · g2g∗
1

g∗
1

. (6)

FIG. 3. Circuit diagram for the Lth iteration of the sequential
Hadamard test.

Here we used the fact that g0 = 1 and assumed that L
is even, although a similar expression holds for odd L.
We emphasize that each numerator and denominator is
measured separately, requiring only local control.

We observe that the complex argument of gLg∗
L−1 is

equal to the phase difference δφL = φL − φL−1. We may
thus also compute the phase of the Loschmidt echo directly
as φL = ∑L

l=1(−1)L−l δφl, which is equivalent to taking
the complex argument of Eq. (6). In practice, the finite
number of measurements leads to a statistical uncertainty
in the values of the observables in Eqs. (4) and (5),
which in turn results in an uncertainty in the phase differ-
ence δφl = tan−1[Im(glg

∗
l−1)/Re(glg

∗
l−1)]. Assuming that

we measure each observable Ml times, the variance in the
phase difference is given by (see Appendix B 1 for details)

(�[δφl])2 ≤ 1
2Ml

(
1

r2
l−1

+ 1
r2

l

)

. (7)

Since the samples obtained from separate measurements
are statistically independent, the phase error of the
Loschmidt echo is given by (�φL)

2 ≈ ∑L
l=1(�[δφl])2. We

choose the number of measurements for a given value of
L as Ml = L(1/r2

l−1 + 1/r2
l )/2ε

2 such that each term in
the sum contributes ε2/L and the error in φL is bounded
from above by ε. We thus require Mtot = ∑L

l=1 Ml ≤
(L/ε rmin)

2 samples to determine φL within additive error
ε, where rmin = minl{rl}. The total sample complexity is
thus bounded by

Mtot = O
(

N 2
gates ε

−2 r−2
min

)
. (8)

We highlight that this number of samples is sufficient to
determine not only the final phase but also all intermediate
phases φL and amplitudes rL with the same additive error ε.

While this approach works for any circuit, we con-
sider the particular application to Hamiltonian dynamics,
allowing us to compare the sample complexity with that
of the subsequent two methods (see Table I). Given a
local Hamiltonian H acting on n qubits, the time-evolution
operator exp(−iHt) may be implemented with the use
of a pth-order Suzuki-Trotter decomposition, requiring
Ngates = O (

(nt)1+1/p/ε1/p
)

gates [35,36]. This results in
the sample complexity Mtot = O (

(nt/ε)2+2/pr−2
min

)
.
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As a generalization of the above approach, it is possi-
ble to sequentially add the gates to the circuit in any order.
Whenever a new gate is added, it is inserted into the cor-
rect location of the circuit and its application is controlled
by an auxiliary qubit, while all previously added qubits
are applied unconditionally. This freedom can be used to
reduce the sample complexity, in particular, when the ini-
tial state is a product state. If we remove all gates of the
circuit that entangle two subsystems, we can effectively cut
the circuit in half along the time dimension. Continuing to
cut the remaining system, eventually, we are left with com-
puting the complex Loschmidt echo of a few-qubit system,
which can be done on a classical computer. In particular,
for translationally invariant systems, the remaining sub-
systems can be identical, leading to significant resource
savings. This circuit cutting technique may also be useful
for initial states with exponentially decaying correlations,
such as a matrix product state with a constant bond dimen-
sion, or for states prepared with the use of shallow circuits.
We refer to Appendixes C and D 1 for more details.

When a reference state with known Loschmidt echo
is available, it can be combined with the sequential
Hadamard test to track the change of the phase informa-
tion from the reference state to the initial state. We provide
details for this approach in Appendix E. In addition, we
show that it is possible to avoid auxiliary qubits entirely to
obtain the complex expectation value 〈ψ |uLU|ψ〉, where
uL = eiθLPL is a Pauli rotation and 〈ψ |U|ψ〉 is known. By
choosing Pauli matrices such that P1P2 = PL and measur-
ing amplitudes |〈ψ |eiθPU|ψ〉|2 and |〈ψ |eiθ1P1eiθ2P2U|ψ〉|2
with appropriately chosen angles, one obtains a variant
that does not require any controlled operations or auxiliary
qubits (see Appendix F for details).

B. Direct phase gradient

The second method pertains to the complex Loschmidt
echo

g(t) = 〈ψ |e−iHt|ψ〉 . (9)

The method is agnostic to the implementation of the time-
evolution operator. The Hamiltonian dynamics may be
realized with the use of any digital quantum simulation
method or by means of analog simulation, rendering this
approach ideally suited to emerging hybrid analog-digital
quantum platforms [37,38].

If the Loschmidt echo is non-zero, its complex phase
may be expressed as φ(t) = Im[ln g(t)], where the branch
of the logarithm can be chosen such that φ(t) is continuous
and differentiable. Direct differentiation yields

dφ(t)
dt

= − 1
2r(t)2

〈ψ | eiHt{H , |ψ〉〈ψ |}e−iHt |ψ〉 , (10)

where {A, B} = AB + BA denotes the anti-commutator.
Since {H , |ψ〉 〈ψ |} is Hermitian, the right-hand side can

FIG. 4. Circuit diagram for the direct phase gradient method.
The measurement yields the expression in Eq. (11).

be viewed as the expectation value of an observable. To
measure it using local operations, we use the local decom-
position of the Hamiltonian. In particular, by measuring the
expectation value 〈σ x ⊗ |ψ〉〈ψ |〉 at the end of the circuit
shown in Fig. 4, we obtain

aj (t) = 1
2

〈ψ(t)| {Pj , |ψ〉〈ψ |} |ψ(t)〉 . (11)

By implementing this circuit for each term in the Hamilto-
nian and separately measuring r(t), we are able to com-
pute the phase gradient dφ(t)/dt = −∑

j λj aj (t)/r(t)2.
The phase is finally obtained by our numerically integrat-
ing the phase gradient using intermediate measurements
at small time intervals with the initial condition φ(0) = 0.
The complete procedure is summarized in the middle panel
of Fig. 2.

In practice, we can perform measurements only for a dis-
crete set of times {tl} with l ∈ {1, 2, . . . , Ntimes}, for which
we define the shorthand notation φ′

l = dφ(t)/dt|t=tl , aj ,l =
aj (tl), and pl = r(tl)2. The variance of φ′

l can be expressed
in terms of the variance of the measured quantities as

(
�φ′

l

)2 ≈ 1
p2

l

K∑

j =1

λ2
j�a2

j ,l + (
φ′

l

)2 �p2
l

p2
l

. (12)

The uncertainties �aj ,l and �pl depend on the number of
measurements M (a)

j ,l and M (r)
l used to estimate aj ,l and pl,

respectively. As shown in Appendix B 2, the number of
measurements Ml = ∑K

j =1 M (a)
j ,l + M (r)

l = O (
(n/ηpl)

2
)

in
time step l is sufficient to compute the phase gradient φ′

l
with additive error η.

In addition to the statistical uncertainty in the phase
gradient, the estimation of the final phase incurs a numer-
ical integration error. If we denote the integration error by
�φI , the total error satisfies �φ ≤ N 1/2

timesη +�φI , where
we chose the same statistical error η at each time step
and used the fact that the statistical errors are uncorre-
lated. For the Newton-Cotes formula [39], the integration
error is �φI = O (

nt(t/Ntimes)
2s
)
, where s is an integer

that depends on the order of the formula (s = 1 for the
trapezoidal rule, s = 2 for Simpson’s rule) [40]. By choos-
ing Ntimes = O (

(nt/ε)1/2st
)

and η = O
(
ε/N 1/2

times

)
, we find

that �φ ≤ ε with the total number of measurements
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bounded by

Mtot =
Ntimes∑

l=1

Ml = O (
(nt/ε)2+1/sr−4

min

)
, (13)

where rmin = mint′∈[0,t]{r(t′)}. We compare this result with
the sample complexity of the other methods in Table I.

The direct phase gradient method can be used without
auxiliary qubits if the states |ϕ±

j 〉 = (|ψ〉 ± Pj |ψ〉)/√2
can be efficiently prepared. This is the case, for
instance, if |ψ〉 is a product state. The quantities aj
can be obtained from 2aj = | 〈ψ | exp(−iHt)|φ+

j 〉 |2 −
| 〈ψ | exp(−iHt)|φ−

j 〉 |2, where the two terms on the right-
hand side can be measured by evolving |φ±

k 〉 and per-
forming a projective measurement onto |ψ〉. Instead of
decomposing the Hamiltonian into local Pauli terms, it can
be beneficial in some cases to prepare the states |ϕ±〉 =
(|ψ〉 ± |ψH 〉)/√2, where |ψH 〉 = H |ψ〉/‖H |ψ〉‖. While
this can generally be achieved with global block-encoding
techniques [41,42], these techniques are highly demand-
ing in practice. For some special cases, however, there are
relatively simple ways to prepare |ϕ±〉. In particular, for a
geometrically local, one-dimensional system, these states
can be written as a matrix product state of constant bond
dimension. Then, the states |ϕ±〉 can be prepared exactly
with a sequential quantum circuit in O (n) depth [43]. This
allows us to effectively reduce the sample complexity by a
factor of O (

n2
)

at the expense of a slightly deeper circuit.
The direct phase gradient method can also be real-

ized without a control qubit, similarly to the sequential
Hadamard test. This allows us to obtain the phase of
〈ψ |Pj U(t)|ψ〉 using only amplitude measurements, from
which we can compute aj (t) with Eq. (11). We include the
details of this control-free variant in Appendix F.

C. ITE phase gradient

Our third method also applies to the continuous
Loschmidt echo g(t). Instead of local control of the
Hamiltonian terms, it uses a short ITE to measure the
phase gradient. This approach was originally proposed in
Ref. [25], where the initial states were, however, restricted
to states with only short-ranged correlations. We gener-
alize this result to arbitrary initial states by realizing the
ITE with local block encodings. Like the direct phase gra-
dient, this method is independent of the implementation
of the real-time dynamics and is thus suitable for hybrid
analog-digital devices.

The method relies on promoting the time t to a complex
variable z = t − iβ. If the Loschmidt echo does not vanish,
then ln g(z) = ln r(z)+ iφ(z) is an analytic function for
any finite-sized system. The Cauchy-Riemann equations
then allow us to relate the phase gradient to the derivative

of ln r(z) with respect to imaginary time according to

dφ(t)
dt

= ∂ ln r(t − iβ)
∂β

∣
∣
∣
∣
β=0

. (14)

We will approximate the right-hand side by the finite
difference [ln r(t − iτ)− ln r(t + iτ)]/2τ for a small imag-
inary time step τ . Hence, the phase gradient can be com-
puted from the quantities r(t ± iτ)2 = |〈ψ |e−iHte±Hτ |ψ〉|2,
which correspond to survival probabilities following a
short initial ITE.

It was shown in Ref. [25] that if |ψ〉 is a product state,
the state e±Hτ |ψ〉 can be approximately prepared (up to
normalization) with the use of a constant-depth unitary
circuit. For entangled states with longer-ranged correla-
tions, however, this approach becomes intractable. Here,
we instead implement e±Hτ by acting jointly on the sys-
tem and a set of auxiliary qubits before postselecting a
specific outcome of a measurement of the auxiliary qubits.
The postselection probability can be made large because
the imaginary time τ is small. The key steps of the ITE
phase gradient method are summarized in the right panel
of Fig. 2.

To realize the ITE, we use the first-order Trotter decom-
position e±Hτ ≈ ∏

j e±Pj λj τ . Each term in the product is
implemented with the use of the circuit in Fig. 5, which
may be viewed as a special case of a block encoding
[41,42] and as a linear combination of unitaries in particu-
lar [44]. After postselection on the auxiliary qubit being in
the |0〉 state, the circuit prepares the (unnormalized) state

[cos2(θ/2)I ± sin2(θ/2)Pj ] |ψ〉 . (15)

By comparing this expression with the identity

e±Pj λj τ = cosh(λj τ)I ± sinh(λj τ)Pj , (16)

we can see that the postselected circuit thus implements
the non-unitary operation e−|λj |τe±Pj λj τ if we choose θ
such that cos2(θ/2) = e−|λj |τ cosh(λj τ) and sin2(θ/2) =
e−|λj |τ sinh(|λj |τ). The prefactor e−|λj |τ is accounted for
in classical postprocessing by simply rescaling the data.
The success probability of each measurement is given by

FIG. 5. Circuit used to apply the local imaginary-time evo-
lution operator ∝ exp(±Pj λj τ) to an initial quantum state |ψ〉
using Ry = exp(−iθσ y/2) rotations on the single auxiliary qubit,
where θ depends on λj (see the main text). The imaginary-
time evolution is successfully applied when the auxiliary qubit
is measured to be in the |0〉 state at the end of the circuit.
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the norm squared of the state in Eq. (15). For small values
of τ , the probability that all measurements succeed is thus
given by

Psucc = 1 − 2τ
∑

j

(|λj | ∓ λj 〈ψ |Pj |ψ〉) + O (
τ 2) . (17)

Since there are O (n) Hamiltonian terms, the failure prob-
ability Pfail for a short ITE is O (nτ). If any one of the
auxiliary qubits heralds failure, the protocol is restarted.
To achieve a constant success probability, independent of
system size, we require that the imaginary-time duration
decreases with system size, τ = O (1/n).

As for the previous method, shot noise leads to a statis-
tical uncertainty in the phase gradient φ′

l = dφ(t)/dt|t=tl .
With the shorthand p±

l = r(tl ± iτ)2, the expected variance
of φ′

l is given by

(�φ′
l)

2 ≈ 1
(4τ)2

[(
�p+

l

p+
l

)2

+
(
�p−

l

p−
l

)2
]

. (18)

Using the above implementation of the imaginary-
time evolution, we obtain p±

l by performing a projec-
tive measurement onto |ψ〉. The corresponding uncer-
tainty satisfies (�p±

l )
2 ≤ p±

l /M
±
l , where M±

l denotes
the respective number of measurements. Hence, M±

l =
O (

1/(τ 2η2p±
l )

)
samples are sufficient to ensure that

the error �φ′
l due to shot noise is bounded from

above by η. The total number of samples is given
by Mtot = ∑Ntimes

l=1 (M+
l + M−

l ) = O (
(Ntimes/τεr±,min)

2
)
,

where r±,min = mint′∈[0,t]{r(t′ ± iτ)}.
Following the discussion in Sec. III B, we numerically

integrate the phase gradient and choose η = O
(
ε/N 1/2

times

)

to bound the accumulated statistical uncertainty by ε. In
addition to the statistical uncertainty and numerical inte-
gration error, the ITE phase gradient incurs a systematic
error due to the first-order Trotter decomposition of the
imaginary-time evolution and the finite-difference approx-
imation of the derivative in Eq. (14). Assuming that the
Loschmidt echo and a closely related quantity do not van-
ish, both errors can be shown to be of size O (

nτ 2
)

[25],
which may accumulate during the numerical integration
to O (

Ntimesnτ 2
)
. By choosing τ = O (

(ε/t)(1+1/2s)/2/n
)
,

we ensure that this total error is bounded by ε while sat-
isfying the above requirement τ = O (1/n). By plugging
Ntimes and τ into the expression for Mtot, we finally obtain

Mtot = O (
n2+1/s(t/ε)3+3/2sr−2

±,min

)
. (19)

As can be seen from the comparison in Table I, the ITE
phase gradient compares favorably to the direct phase gra-
dient in terms of the dependence on the magnitude of the
Loschmidt echo, although the dependence on t and ε is
slightly worse.

We note that our approach is compatible with other
methods of implementing ITE, such as double-bracket
algorithms [45]. For product states, short ITE can be
implemented without any auxiliary qubits, as proposed in
Ref. [25]. We further remark that a simplified implemen-
tation is possible when the Hamiltonian can be split into
two as H = H1 + H2 and the initial state is an eigenstate
of H1 with eigenvalue ζ1. Then, at a first-order Trot-
ter decomposition, the ITE yields only a global prefactor
exp(−ζ1τ):

e−Hτ |ψ〉 ≈ e−H2τe−H1τ |ψ〉 = e−ζ1τe−H2τ |ψ〉 . (20)

This simplification is particularly interesting when the
Hamiltonian can be split such that H2 contains only single-
qubit operators. This is the case for Ising-type Hamilto-
nians, including the Hamiltonian describing neutral atoms
interacting via Rydberg interactions, as discussed in detail
in Appendix J. Similar simplifications apply to the direct
phase gradient method since the contribution from H1 in
Eq. (10) is −ζ1. It thus suffices to measure aj for the terms
appearing in H2.

IV. NUMERICAL CASE STUDY

In this section, we numerically showcase the sequential
Hadamard test for a simple spin model, including sampling
and hardware noise. We consider the non-integrable, one-
dimensional Ising model with both a longitudinal field and
a transverse field [Fig. 6(a)]:

HIsing = J
∑

i

σ z
i σ

z
i+1 + Bx

∑

i

σ x
i + Bz

∑

i

σ z
i . (21)

We parametrize a family of Hamiltonians by λ, H(λ) =
(1 − λ)H0 + λH1, which interpolates between H0 =
HIsing(J = 0, Bx = 1, Bz = 0) and H1 = HIsing(1.5, 1, 1).
The spectrum of H(λ) is shown in Fig. 6(a), along
with curves indicating the optimized energies using two
probe states: a product state and a depth-2 variational cir-
cuit. Details of the ansätze are included in Appendix G.
Although the product state ansatz attains relatively low
energies in this Ising model, in general, preparing an entan-
gled initial state is crucial for accessing lower-energy
states. We choose the Hamiltonian H(λ = 0.5) and sim-
ulate the sequential Hadamard test using both optimized
initial states.

The time evolution is implemented with the use of a
second-order Suzuki-Trotter decomposition of Hamilto-
nian evolution exp(−iHt) with a Trotter step of 0.25. We
show the amplitude r(t) and the reconstructed phase φ(t)
of the complex Loschmidt echo for both initial states in
Figs. 6(b)–6(e). While the amplitude can be estimated
without control, the phase information is obtained with
use of the sequential Hadamard test. In the absence of

040348-7



BENJAMIN F. SCHIFFER et al. PRX QUANTUM 6, 040348 (2025)

(a)

(b)

(d) (e)

(c)

2000

2000
10 000
50 000

FIG. 6. (a) Numerical case study of the sequential Hadamard
test for a one-dimensional Ising model with a longitudinal field
(Bz) and a transverse field (Bx) on 19 spins. For the family of
Hamiltonians H(λ) introduced in the main text, the gray lines
depict the energy differences E − EGS for the low-energy states
above the ground state. We include the lowest achievable ener-
gies for both a product state ansatz and a depth-2 variational
ansatz. Panels (b)–(e) apply to the point λ = 0.5 in the vicin-
ity of the critical point, highlighted by markers. We show the
exact amplitude r(t) of the Loschmidt echo as a line in (b) for the
product state and in (c) for the entangled state. Shaded areas are
estimated with a fixed shot number per measurement—as speci-
fied in the legend—and indicate 1 standard deviation above and
below the mean, estimated with 50 independent datasets. The
phase φ(t), reconstructed with use of the sequential Hadamard
test, is shown in (d),(e) for the two states. The contributions of
the respective mean energies to the phase have been subtracted
for clarity.

sampling noise, our method reconstructs the exact phase
for the Trotterized circuit.

To quantify the influence of sampling noise, we sim-
ulate the measurement outcomes for a fixed number
of shots per measurement [46]; the resulting sampling
error—estimated from 50 independent datasets—is shown
as a shaded region around the estimated mean. As
errors accumulate over time, the uncertainty in the phase
increases over time and more samples are required for
accurate estimation. The accumulation of errors is par-
ticularly pronounced when the amplitude becomes small,
which occurs for the product state at around t = 5. The
sampling error is much less pronounced for the entangled
initial state, owing to its large overlap with the ground state
and correspondingly large value of the amplitude.

(a)

(c)

(b)

5000 samples plus noise

10 000 samples

50 000 samples

2000 samples

Exact

FIG. 7. Application of the complex Loschmidt echo to com-
puting the broadened local density of states in the presence of
noise. We perform circuit simulations with 5000 samples per
measurement considering the entangled initial state from Fig. 6
and include depolarizing noise after every multi-qubit gate. The
noise strength is γ2 = 2 × 10−3 for each two-qubit gate and
γ3 = 3γ2 for the controlled two-qubit gate. (a) The amplitude
signal is exponentially damped, which can be effectively miti-
gated. (b) The error in the reconstructed phase is not significantly
affected by the additional hardware noise, which we attribute to
an inherent noise robustness of the phase gradient. (c) We com-
pute the local density of states with a Gaussian filter of width
δ = 0.25, comparing the exact signal with noisy data. Markers
are reconstructed from the data in (a),(b). Shaded regions show
the uncertainty when only shot noise is included.

We incorporate hardware errors by applying depolar-
izing noise at a noise strength of γ2 = 2 × 10−3 after
every two-qubit gate, and for the single three-qubit gate
choose γ3 = 6 × 10−3, as defined in Appendix G, reflect-
ing current device performance [47]. The Loschmidt echo
is highly sensitive to such noise. The amplitude decays
swiftly from the exact values, as the data in Fig. 7(a) illus-
trate. The noise generally steers the dynamics away from
the target state, causing the amplitude r to decay expo-
nentially compared with the noiseless value [25,27]. We
mitigate this decay by rescaling the amplitude by exp(�t),
where the rate � is obtained by our fitting an exponential
function to the survival probability of a trivial forward and
backward evolution (see Appendix G for details).

Remarkably, no such explicit error mitigation is required
to estimate the phase gradient. This can be readily
seen from Eq. (10), where both the numerator and the
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denominator are subject to a similar exponential decay.
The effect of noise thus cancels to a large extent, although
the variance of the estimation increases when the numer-
ator and denominator become very small. We observe the
robustness of the phase gradient in the presence of noise
in the numerical simulation in Fig. 7(b), where the phase
recovered for the depth-2 ansatz state without any explicit
error mitigation aligns very well with the exact value.

Moreover, relative to the global (standard) Hadamard
test, our sequential variant exhibits a significantly slower
decay of the Loschmidt echo. In the global Hadamard test,
each gate is promoted to a controlled operation, which typi-
cally decomposes into several two-qubit gates—depending
on the Hamiltonian and the available gate set—thereby
increasing the effective noise per time step. By avoiding
controlling every gate, the sequential Hadamard test accu-
mulates less noise and permits the probing of longer times
for the Loschmidt echo. A numerical comparison of the
two protocols is provided in Appendix H.

As an application, we use the time series of the
Loschmidt echo g(t) to compute the (broadened) local
density of states (LDOS),

D(E) = 〈ψ |Pδ(E)|ψ〉 ≈
∞∑

m=−∞
cmeiEtmg(tm), (22)

using a discretization of the Gaussian energy filter
Pδ(E) = exp[−(H − E)2/(2δ2)] with width δ = 0.25. The
definition of the coefficients cm and the discrete times
tm and details of the implementation are included in
Appendix G. The uncertainty in the LDOS combines
uncertainties from both the amplitude and the phase.
Together, the LDOS derived from the noisy data is in
good agreement with the exact results for the entangled
initial state, accurately identifying the ground state energy
[Fig. 7(c)]. We calculate the number of samples required
for computing the LDOS in the presence of hardware
noise, as shown as a dotted line in Fig. 7(c), by multiply-
ing the length of the gate sequence (720) by the number of
samples for both basis measurements of the auxiliary qubit
(5000 each), and we conclude that the few million sam-
ples can be obtained on a current superconducting qubit
chip within minutes [47]. When an exponentially damped
Loschmidt-echo amplitude is not mitigated, this leads to
an additional effective line broadening in the LDOS, as
detailed in Appendix I.

Beyond spectral properties such as the LDOS, access
to complex Loschmidt echoes also allows us to compute
the expectation value of physical observables for both
microcanonical and canonical ensembles [15]. Concretely,
for an observable A we can consider its microcanonical
expectation at energy E by

Aψ(E) = lim
δ→0

〈ψ |Pδ(E)APδ(E)|ψ〉
〈ψ |Pδ(E)2|ψ〉 , (23)

provided the initial state has non-zero overlap with the
eigenstate(s) at that energy. In direct analogy to the LDOS
in Eq. (22), the microcanonical expectation value admits a
representation in terms of (generalized) Loschmidt echoes
〈ψ |e−iHt|ψ〉 and 〈ψ |eiHt′Ae−iHt|ψ〉. Without loss of gen-
erality, A can be written as a sum of unitaries so that the
latter amounts to evolving for a time t, applying a local
unitary, and then evolving backwards for a time t′. The
phase information of these Loschmidt echoes may be eval-
uated without globally controlled operations by means of
our proposed protocols.

V. DISCUSSION AND OUTLOOK

We have presented a toolbox of three methods to mea-
sure the phase of the Loschmidt echo without the need for
a global Hadamard test. Our methods require only a single
controlled gate per circuit (or a single layer of controlled
gates for the ITE method), resulting in a near-optimally
shallow circuit. The reduction of the circuit depth comes at
the cost of an increased sampling overhead, which we have
rigorously bounded; the asymptotic scaling of the sam-
ple complexity is summarized in Table I. Our methods are
generally applicable to arbitrary quantum circuits and gen-
eral many-body Hamiltonians [48] and our approach does
not require a Hamiltonian symmetry or a reference state
for which the complex Loschmidt echo is known. Instead,
we leverage the relation between the Loschmidt echo
at successive times. This strategy is particularly suitable
for spectroscopy applications, which require a complete
time series of the complex Loschmidt echo. We further
highlight that our methods can be applied to any quan-
tum computation platform, including hybrid analog-digital
devices. Previous algorithms relying on globally controlled
dynamics are not compatible with the analog Hamiltonian
dynamics on quantum simulators.

On quantum computers with fixed qubit connectivity,
the need for auxiliary qubits may necessitate a number of
SWAP operations or may restrict the connectivity of Hamil-
tonians that can be efficiently implemented in the near
term. Platforms with a more flexible connectivity, such as
trapped ions or neutral atom arrays, largely avoid this lim-
itation [49–52]. Our methods therefore yield the largest
resource savings when qubit connectivity is limited. In
the global Hadamard test—where a single qubit coher-
ently controls operations at multiple, spatially separated
sites—the necessary swap operations introduce a multi-
plicative depth overhead. Typically, each controlled gate
must also be decomposed into the native gate set, con-
tributing a further factor to the depth. By turning these
overheads into additive terms, our methods can signifi-
cantly reduce the depth. Since, prior to fully fault-tolerant
quantum computation, hardware imperfections impose a
practical ceiling on the executable depth [53], this depth
reduction enables the probing of complex Loschmidt
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echoes up to longer evolution times—which translates into
more precise phase estimation.

As with all quantum phase estimation techniques, our
approach requires an initial state with sufficient overlap
with the eigenstates of interest—a condition that typi-
cally necessitates entanglement. Hence, a key strength of
our methods is their applicability to arbitrary quantum
states, rather than being limited to product states. This
is particularly relevant for local Hamiltonians, for which
the Loschmidt echo amplitude of generic product states
decays to an exponentially small value in a short time t ∼
1/

√
n [54–56]. In contrast, states with a significant over-

lap with an eigenstate can maintain a robust Loschmidt
echo amplitude, rendering phase integration more efficient.
Our method is compatible with all reversible state prepa-
ration methods, in particular with Trotterized quantum
adiabatic algorithms [57], variational quantum algorithms
[58], or with circuits preparing a Hartree-Fock ansatz,
a widely used choice for the initial state for quantum
chemistry applications [59]. If the state preparation can-
not be uncomputed, our methods can be adapted into a
two-copy protocol where the state projection is realized
with a destructive SWAP test, requiring only local Bell state
measurements (see Appendix A).

While our numerical case study has focused on the
conceptually simplest case of estimating energy eigenval-
ues, access to the complex Loschmidt echo also opens
up an avenue to compute observables in thermal equilib-
rium for any Hamiltonian, including those afflicted by the
sign problem in quantum Monte Carlo methods [15,60,61].
This capability is relevant for a broad range of applica-
tions, including studies of topological order [62,63] and
strongly correlated models such as the Fermi-Hubbard
model [64–66]. Current quantum computers have recently
demonstrated the ability of carrying out quantum simula-
tion tasks at or beyond the boundary of classical computers
[28,38,67–69]. Since our methods require few additional
quantum resources, they are immediately applicable to
these settings. By recovering the phase of the Loschmidt
echo, which is an inherently nonlocal quantity, our meth-
ods may push quantum computers further beyond the reach
of classical computation. The non-locality enters our pro-
tocols through the projective measurement onto the initial
state, which renders classical simulation tailored for local
observables impractical [70–74]. Our work thus creates an
avenue toward performing quantum phase estimation in
classically intractable regimes.
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APPENDIX A: IMPLEMENTING THE STATE
PROJECTION

We comment on the realization of projection onto
the initial state, which is required for all three proto-
cols presented in Sec. III. Quantum devices are generally
initialized in an unentangled, computational basis state,
e.g., |init〉 = |0〉 ⊗ |0〉 ⊗ · · · ⊗ |0〉. After initialization, the
probe state for quantum phase estimation |ψ〉 needs to
be realized by a state-preparation method of choice, e.g.,
a variational quantum algorithm [58], or adiabatic state
preparation [76,77]. The action of these methods can then
be described by a unitary transformation |ψ〉 = U |init〉.
Hence, the projection onto the initial state |ψ〉 can be
realized by the reverse transformation U† before a com-
putational basis measurement:

|ψ〉〈ψ | = U|init〉〈init|U†. (A1)

The computational basis projection is performed by simply
taking snapshots in the computational basis and counting
the occurrences of the all-zero state |init〉.

For some scenarios, the state preparation cannot be
reversed. One such case is non-unitary state preparation,
using dissipation [78,79] or measurements [80]. Also,
when a not purely adiabatic sweep is being implemented
on an analog simulator, the inverse operation U† is often
not available. In this case, a two-copy protocol can be
used implementing a destructive SWAP test using Bell pair
measurements on pairs of qubits [81]. Mathematically, this
projection allows one to compute Tr[σρ] with σ and ρ the
density matrices of two quantum states.

APPENDIX B: DETAILS OF THE ERROR
ANALYSIS

In the derivation of the sample complexity for the three
methods described in the main text, some details have been
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omitted for brevity of the presentation. We include them
here.

1. Error of the sequential Hadamard test

We include details of the derivation of the sampling
error for the sequential Hadamard test. In each iteration of
the protocol, we consider the circuit in Fig. 3. For the error
analysis, we define the observables Aα = σα ⊗ |ψ〉〈ψ |,
with α ∈ {x, y}. The first and second moments of Aα are
given as

〈Ax〉l = 〈σ x ⊗ |ψ〉〈ψ |〉l = Re[glg∗
l−1], (B1)

〈Ay〉l = 〈σ y ⊗ |ψ〉〈ψ |〉l = Im[glg∗
l−1], (B2)

〈A2
α〉l = 〈I ⊗ |ψ〉〈ψ |〉l = (r2

l + r2
l−1)/2. (B3)

We compute the variance of the phase difference

δφl = tan−1[Im(glg
∗
l−1)/Re(glg

∗
l−1)]. (B4)

First, we define the shorthand notation xl = 〈Ax〉l and yl =
〈Ay〉l and note that x2

l + y2
l = r2

l r2
l−1. The variance of the

phase difference δφl is expressed as

(�[δφl])2 = (∂xφl)
2(�Ax)

2 + (∂yφl)
2(�Ay)

2

Ml
, (B5)

where the variance of the observables is given by

(�Aα)2 = 〈A2
α〉l − 〈Aα〉2

l

= (r2
l + r2

l−1)/2 − 〈Aα〉2
l . (B6)

We recall that d
dx tan−1(x) = (1 + x2)−1 and state the par-

tial derivatives

∂xφl = ∂φl

∂xl
= − yl

x2
l + y2

l
= − yl

r2
l r2

l−1
, (B7)

∂yφl = ∂φl

∂yl
= xl

x2
l + y2

l
= xl

r2
l r2

l−1
. (B8)

Insertion of the derivatives into the expression for the error
in Eq. (B5) yields

(δφl)
2 = y2

l (r
2
l + r2

l−1 − 2x2
l )+ x2

l (r
2
l + r2

l−1 − 2y2
l )

2Mlr
4
l r4

l−1

≤ r2
l r2

l−1(r
2
l + r2

l−1)

2Mlr
4
l r4

l−1

= r2
l + r2

l−1

2Mlr
2
l r2

l−1
. (B9)

Hence, we arrive at the bound

(�[δφl])2 ≤ 1
2Ml

(
1
r2

l
+ 1

r2
l−1

)

. (B10)

Alternatively to considering the phase separately from
the amplitude, we could also proceed by directly recon-
structing the complex Loschmidt echo, as prescribed by
Eq. (6). Then, instead of adding and subtracting the phase
difference δφl, one multiplies and divides the quantities
glg∗

l−1. Hence, to analyze the propagation of the sam-
pling error, we consider the multiplicative error of glg∗

l−1.
The squared error (�[glg∗

l−1])2 follows as the sum of the
variance of Ax and Ay :

�[glg∗
l−1]2 = 1

Ml

(
〈A2

x〉l + 〈A2
y〉l − 〈Ax〉2

l − 〈Ay〉2
l

)

= 1
Ml

(
r2

l + r2
l−1 − r2

l r2
l−1

)
. (B11)

Then, for the squared multiplicative error of glg∗
l−1 we

obtain

(�[glg∗
l−1])2

(rlrl−1)2
= r2

l + r2
l−1 − r2

l r2
l−1

Mlr
2
l r2

l−1

= 1
Ml

(
1
r2

l
+ 1

r2
l−1

− 1

)

≤ 1
Ml

(
1
r2

l
+ 1

r2
l−1

)

. (B12)

Hence, both approaches yield a similar scaling of the error.
For the rest of the derivation we refer to the main text.

2. Error of the direct phase gradient method

The output of the quantum circuit in Fig. 4 yields the
quantity

aj ,l = 1
2

〈ψ | exp(iHtl){Pj , |ψ〉〈ψ |} exp(−iHtl) |ψ〉 ,

(B13)

at a time tl, where l ∈ {1, 2, . . . , Ntimes}. The Hamiltonian
is H = ∑

j λj Pj , with λj a scalar and Pj a Pauli string.
For the error analysis we write the probability pl = r2

l =
|〈ψ | exp(−iHtl)|ψ〉|2 for a successful projection onto the
initial state. The phase gradient is then given as

φ′
l = dφ(t)

dt

∣
∣
∣
∣
t=tl

= −
∑

j λj aj ,l

pl
(B14)
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and the error in the phase gradient is expressed as

(�φ′
l) ≈ (φ′

l)
2

⎡

⎢
⎣

⎛

⎝
λj�

(∑
j aj ,l

)

∑
j aj ,l

⎞

⎠

2

+
(
�pl

pl

)2

⎤

⎥
⎦

= (
∑

j aj ,l)
2

p2
l

⎡

⎢
⎣

(∑
j λj�aj ,l

)2

(∑
j aj ,l

)2 + (�pl)
2

p2
l

⎤

⎥
⎦

=
(∑

j λj�aj ,l

)2

p2
l

+ (φ′
l)

2 (�pl)
2

p2
l

≈ 1
p2

l

K∑

j =1

λ2
j (�aj ,l)

2 + (
φ′

l

)2 (�pl)
2

p2
l

, (B15)

where we assumed that all errors are sufficiently small for
the error propagation formula to apply [82].

To compute the error term (
∑

i�aj ,l)
2, we consider the

first two moments of the observable Ax:

〈Ax〉2
j ,l = 〈σ x ⊗ |ψ〉〈ψ |〉2

j ,l = a2
j ,l, (B16)

〈A2
x〉j = 1

2
〈I ⊗ |ψ〉〈ψ |〉j ,l

= 1
2
(
pl + |〈ψ |Pj exp(−itlH)|ψ〉|2) . (B17)

If we run M (a)
j ,l repetitions of the circuit in Fig. 4, the

variance of aj ,l is given by

(�aj ,l)
2 = 〈A2

x〉j ,l − 〈Ax〉2
j ,l

M (a)
j ,l

= 1

2M (a)
j ,l

(
pl + ∣

∣〈ψ |Pj e−iHtl |ψ〉∣∣2 − 2a2
j ,l

)
.

(B18)

To measure pl, we remove the auxiliary qubit and the con-
trolled Pauli operation from the circuit. The probability
that the projection onto |ψ〉 succeeds is equal to pl, and
�pl follows from the variance of the corresponding bino-
mial distribution. With M (r)

l measurements, it is given by
(�pl)

2 = pl (1 − pl) /M
(r)
l .

To arrive at more transparent expressions, we bound
these variances by (�aj ,l)

2 ≤ 1/M (a)
j ,l and (�pl)

2 ≤
pl/M

(r)
l . We further note that |φ′

l | = O (n), assuming that
the Loschmidt echo is non-vanishing [25]. Hence, the
measurement numbers M (r)

l = O (
n2/(η2pl)

)
and M (a)

j ,l =
O (

n/(η2p2
l )
)

are sufficient to compute the phase gra-
dient �φ′

l with additive error η. The total number of

measurements for a single time step then satisfies Ml =
∑K

j =1 M (a)
j ,l + M (r)

l = O (
(n/ηpl)

2
)
.

In addition to the statistical uncertainty in the phase
gradient, the estimation of the final phase incurs a numer-
ical integration error. If we denote the integration error by
�φI , the total error satisfies �φ ≤ N 1/2

timesη +�φI , where
we chose the same statistical error η at each time step
and used the fact that the statistical errors are uncor-
related. For the Newton-Cotes formula [39], the inte-
gration error is �φI = O (

nt(t/Ntimes)
2s
)
, where s is an

integer that depends on the order of the formula (s = 1
for the trapezoidal rule, s = 2 for Simpson’s rule) [40].
Hence, Ntimes = O (

(nt/ε)1/2st
)

discrete time points and
Ml = O (

(nt/ε)2+1/2st−1p−2
l

)
respective measurements are

sufficient to ensure that �φ ≤ ε. The total number of
measurements is thus bounded by

Mtot =
Ntimes∑

l=1

Ml = O (
(nt/ε)2+1/sr−4

min

)
. (B19)

3. Error of the ITE phase gradient method

We start the discussion of the error in the ITE phase
gradient method from the circuit in Fig. 5. After postselec-
tion on the auxiliary qubit being in the |0〉 state, the circuit
prepares the (unnormalized) state

[
cos2(θ/2)I ± sin2(θ/2)Pj

] |ψ〉 . (B20)

By comparing this expression with the identity

e±τλj Pj = cosh(τλj )I ± sinh(τλj )Pj , (B21)

we can see that the postselected circuit thus implements
the non-unitary operation e−τ |λj |e±τλj Pj if we choose θ
such that cos2(θ/2) = e−τ |λj | cosh(τλj ) and sin2(θ/2) =
e−τ |λj | sinh(τ |λj |). By applying a similar circuit to each
term in the Hamiltonian, we are thus able to apply the
operation

∏
j e−τ |λj |e±τλj Pj ≈ e−τ∑j |λj |e±Hτ .

To determine the sample complexity, we first analyze
the postselection overhead from the local block encodings.
The success probability of each measurement is given by
the norm squared of the state in Eq. (B20). For small values
of τ , the probability that all measurements succeed is thus
given by

Psucc =
∏

j

e−2|λj |τ 〈ψ |e±2τλj Pj |ψ〉

= 1 − 2τ
∑

j

(|λj | ∓ λj 〈ψ |Pj |ψ〉) + O (
τ 2) .

(B22)

As there are O (n) Hamiltonian terms, the failure proba-
bility Pfail for a short ITE is O (nτ). If any one of the
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auxiliary qubits heralds failure, the protocol is restarted.
To achieve a constant success probability, independent of
system size, we require that the imaginary-time duration
decreases with system size, τ = O (1/n). This is consis-
tent with the requirement that τ be small to limit the Trotter
error, which we discuss in more detail below.

As for the previous method, shot noise leads to a statis-
tical uncertainty in the phase gradient φ′

l = dφ(t)/dt|t=tl .
With the shorthand p±

l = r(tl ± iτ)2, the expected variance
of φ′

l is given by

(�φ′
l)

2 ≈ 1
(4τ)2

[(
�p+

l

p+
l

)2

+
(
�p−

l

p−
l

)2
]

, (B23)

assuming the uncertainties �p±
l are sufficiently small

[82]. With use of the above implementation of the
imaginary-time evolution, it is possible to measure q±

l =
e−2τ

∑
j |λj |p±

l by performing a projective measurement
onto |ψ〉. Since the measurement outcomes follow a
binomial distribution, the corresponding uncertainty sat-
isfies (�q±

l )
2 ≤ q±

l /M
±
l , where M±

l denotes the respec-
tive number of measurements. It follows that (�p±

l )
2 ≤

e2τ
∑

j |λj |p±
l /M

±
l . The exponential prefactor can be

ignored as τ = O (1/n). Hence, M±
l = O (

1/(τ 2η2p±
l )

)

samples are sufficient to ensure that the error �φ′
l due to

shot noise is bounded from above by η.
As in Sec. III B, we numerically integrate the phase

gradient using a Newton-Cotes formula with Ntimes =
O (

(nt/ε)1/2st
)
, such that the integration error is less than

ε. Accordingly, we choose η = O
(
ε/N 1/2

times

)
to bound the

accumulated statistical uncertainty by ε. In addition to
the statistical uncertainty and numerical integration error,
the phase gradient incurs a systematic error due to the
first-order Trotter decomposition of the imaginary-time
evolution and the finite-difference approximation of the
derivative in Eq. (14). Assuming that the Loschmidt echo
and a closely related quantity do not vanish, both errors
can be shown to be of size O (

nτ 2
)

[25], which may accu-
mulate during the numerical integration to O (

Ntimesnτ 2
)
.

By choosing τ = O (
(ε/t)(1+1/2s)/2/n

)
, we ensure that this

total error is bounded by ε while satisfying the above
requirement τ = O (1/n). Combining these results yields
the total number of samples

Mtot =
Ntimes∑

l=1

(M+
l + M−

l ) = O
(

N 2
times

τ 2ε2r2
±,min

)

, (B24)

where r±,min = mint′∈[0,t]{r(t′ ± iτ)}. By plugging in the
bound for τ , we finally obtain

Mtot = O (
n2+1/s(t/ε)3+3/2sr−2

±,min

)
. (B25)

APPENDIX C: OPTIMIZED SEQUENTIAL
HADAMARD TEST

We include a discussion of the optimized sequence
for the sequential Hadamard method. In the main text,
we mention that there is a freedom how to choose the
sequence of gates in the sequential Hadamard test to com-
pute the Loschmidt echo. An optimized sequence allows
us to reduce the total number of samples and can also
reduce the circuit depth. The key observation is that in the
sequential control technique, starting from the full circuit
with a single controlled gate, we effectively remove the
controlled gate from the circuit for the next iteration and
control another gate. This process is repeated until there
are no gates left in the circuit.

Let us consider a one-dimensional brick-wall circuit
that approximates the dynamics of a geometrically 2-local
Hamiltonian H = HA + HB. The Hamiltonian terms of
HA = ∑

j odd hj ,j +1 act on the sites (1, 2), (3, 4), etc., while
those of HB = ∑

j even hj ,j +1 act on (2, 3), (4, 5), etc. We
consider a second-order Trotter decomposition to approxi-
mate the dynamics. The circuit is composed of alternating
layers implementing the gates corresponding to HA and
HB, respectively. When a gate is removed from the cir-
cuit, we can often merge neighboring gates by multiplying
the two unitaries. This reduces the total number of gates
and may also lower the number of entangling gates when
we are considering a decomposition into a native gate set.
Each layer comprises two moments, in which all odd or
all even gates are applied simultaneously. Let the circuit
depth D be the number of layers. Our optimization pro-
ceeds by removing, one gate at a time, all gates from every
second moment until all moments corresponding to HA are
eliminated. At that point only the HB gates remain—which
is effectively half of the total number of gates – and they
can be fully merged into a single moment. Whereas the
original sequence required on the order of ND circuits, the
optimized sequence reduces this number to about ND/2
circuits.

We note that if we seek to compute the time series of the
Loschmidt echo, e.g., for spectroscopy applications, then
the sequence should be optimized so that its intermediate
circuits correspond to proper evolution times. At some par-
ticular time t = 3ν, this evolution may be implemented by
the circuit

e−iHt ≈ U1/2
A UBUAUBUAUBU1/2

A , (C1)

where UA = exp(−iHAν) and UB = exp(−iHBν), with a
small Trotter step ν. Each of these layers is composed of
local two-qubit gates in our case. A simple strategy that
preserves proper times while reducing the gate count is to
start from the full circuit at the longest time t and remove
a full Trotter layer UAUB in the middle of the circuit: First,
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we remove a central UB moment, which yields the circuit

U1/2
A UBU2

AUBU1/2
A . (C2)

We thereby merge gates from the previous or subsequent
layer, wherever possible. Next, we remove the adjacent UA
moment, such that we are left with the circuit that realizes
the dynamics for an earlier time step t′ = t − ν:

e−iHt′ ≈ U1/2
A UBUAUBU1/2

A . (C3)

This is the approach we use for the numerical case study
of the Ising model in Sec. IV.

The above method effectively cuts the circuit along the
spatial direction. Another approach is to optimize the gate
sequence by slicing along the time direction. This can also
yield significant savings in the sample cost if the initial
state is a product states or prepared by a shallow circuit, as
detailed below in Appendix D 1.

APPENDIX D: ADDITIONAL REMARKS FOR
INITIAL PRODUCT STATES

When the initial state |ψ〉 is a product state, substan-
tial simplifications of our protocol are possible. For some
methods, the simplifications also apply for special classes
of weakly entangled states.

1. Sequential Hadamard test

The sequential Hadamard method allows us to optimize
the order of the controlled gates, which we exploit here
to reduce the sample complexity when the initial state is
a product state. If we remove all gates of the circuit that
entangle two subsystems, we can effectively cut the circuit
in half, by cutting along the time dimension. Repeatedly
cutting the remaining system, we are eventually left with
computing the Loschmidt echo of a few-qubit system,
which can be done on a classical computer.

By our assuming translational invariance, the remain-
ing subsystems are identical, allowing us to save signifi-
cant resources. For one-dimensional systems the length of
the cut, i.e., the number of gates that we need to remove to
perform a single cut, is O (D) for circuit depth D. Hence,
it is independent of the system size. With the use of bi-
sections, the number of cuts that are required until the
remaining circuit can be classically simulated is a logarith-
mic function of the system size. Hence, in one dimension,
we have O (D ln[n]) circuits that we need to execute to
compute the Loschmidt echo up to time t.

In more than one dimension, the length of the cut gen-
erally depends on the system size. For a translationally
invariant Hamiltonian on a d-dimensional regular lattice,
with a side length of n1/d, a hyperplane cut has a bound-
ary O (

n(d−1)/d
)
. The number of circuits in the sequential

Hadamard test is therefore O (
tn(d−1)/d

)
. Then, the total

sample complexity is given by

Mtot, product = Õ (
(n(d−1)/dD/ε)2r−2

min

)
, (D1)

where the Õ-notation includes the logarithmic dependence
on the system size.

We highlight that this technique can also be applied if
the initial state is prepared by a shallow circuit V, such
that V |init〉 = |ψ〉. Instead of 〈ψ |U|ψ〉, one simply also
computes the Loschmidt echo for the transformed unitary
〈init|V†UV|init〉, slightly increasing the length of each cut.

2. Direct phase gradient method

We explain in the main text that when the initial state is a
product state, the direct phase gradient method can be used
without auxiliary qubits. As an alternative to preparing
both states |ϕ±

j 〉 = (|ψ〉 ± Pj |ψ〉)/√2, only one of them
can be used. We can see how the controlization of the gate
can be avoided by considering the superposition

|ϕ+
j 〉 = 1√

2
(|ψ〉 + hj |ψ〉). (D2)

This state can be easily prepared by a local gate. Note that
we may directly consider hj , instead of Pj . We can measure
the probability

|〈ϕj |ψ(tl)〉|2 = 1
2
|〈ψ |ψ(tl)〉|2 + 1

2
|〈ψ |hj |ψ(t)〉|2

+ 1
2
〈ψ(tl)|{hj , |ψ〉〈ψ |}|ψ(tl)〉, (D3)

writing |ψ(tl)〉 = exp(−iHtl) |ψ〉. Hence, this approach
also allows us to evaluate the phase gradient

dφ(t)
dt

∣
∣
∣
∣
t=tl

= 1
2r2

l

∑

j

(
2|〈ϕj |ψ(tl)〉|2 − |〈ψ |hj |ψ(tl)〉|2

)

− 1
2

(D4)

by measuring only the survival probabilities without con-
trolled operations.

3. ITE phase gradient method

For product states, the ITE phase gradient method as
proposed in Ref. [25] can be used. For the sample com-
plexity to obtain the Loschmidt echo g(t) within additive
error ε we obtain

Mtot,product = O (
n1+1/s(t/ε)3+3/2sr−2

±,min

)
, (D5)

with s the integer depending on the order of the numer-
ical integration formula (s = 1 for the trapezoidal rule,
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s = 2 for Simpson’s rule) [40]. This result differs slightly
from the result in Ref. [25]: besides including the inte-
gration error, we obtain a lower sample complexity in the
time t, because we use the fact that the statistical noise is
uncorrelated.

APPENDIX E: REFERENCE-STATE METHOD
WITHOUT GLOBAL SUPERPOSITIONS

Our methods do not require a reference state with a
known complex Loschmidt echo. However, our approach
can also be beneficial when such a reference state is
available. In particular, instead of tracking the phase of
the initial state during the evolution, we can apply our
approach to track the change of the phase of the Loschmidt
echo during the preparation of the initial state from a given
reference state. Unlike conventional reference-state meth-
ods, this does not require the preparation of a superposition
of the initial state and the reference state.

Concretely, consider a state |ψ〉 prepared from a state
|0n〉 with M gates as

|ψ〉 = W|0n〉, W = wM · · · w2w1. (E1)

Each gate wL is assumed to act locally on neighboring
qubits. Here, |0n〉 acts as a reference state, where the phase
of the Loschmidt echo is known. We define the notation
for the intermediate state

|ψL〉 = wL · · · w1|0n〉, (E2)

such that |ψM 〉 = |ψ〉. Our goal is to compute the
Loschmidt amplitude

gM = 〈ψM |U|ψM 〉 = rM eiφM . (E3)

We may then relate gL = 〈ψL|U|ψL〉 to gL−1 = 〈ψL−1|
U|ψL−1〉 using the sequential Hadamard test. We pro-
ceed by first considering a circuit where we control the
gate wL with an auxiliary qubit to obtain gL〈ψL|U|ψL−1〉∗.
As a second step, we control the gate w†

L and compute
〈ψL|U|ψL−1〉g∗

L−1. Both steps can be combined such that
the two gates are controlled in one circuit, which yields the
quantity gLg∗

L−1. By repeating the procedure for all M gates
{wL}L, we obtain the full sequence gM g∗

M−1, . . . , g1g∗
0 .

Here, the Loschmidt echo of the reference state g0 =
〈0n|U|0n〉 is known by assumption.

While the sample complexity depends on the ampli-
tudes of the intermediate states {|gL|}L, the reference-state
approach might be particularly useful when the number of
gates M for preparing the initial state is much smaller than
the number of gates in the decomposition of the unitary U.

APPENDIX F: CONTROL-FREE VARIANT FOR
PHASE-SENSITIVE MEASUREMENTS

We describe a protocol without controlled operations
or auxiliary qubits for computing the complex Loschmidt
echo 〈ψ |Pj U|ψ〉 for a Pauli operator Pj and a uni-
tary U when 〈ψ |U|ψ〉 is known. The Loschmidt echo
then directly provides the coefficients aj for the direct
phase gradient method. Similarly, knowledge of 〈ψ |PU|ψ〉
allows us to realize the sequential Hadamard test with-
out an auxiliary qubit: instead of controlling the gate uL =
eiαP, we obtain 〈ψ |uLU|ψ〉 via the relation

〈ψ |eiαPU|ψ〉 = cos(α)〈ψ |U|ψ〉 + i sin(α)〈ψ |PU|ψ〉.
(F1)

We restrict the analysis to multi-qubit Pauli rotation gates,
as it is possible to expand any Hermitian operator in the
Pauli basis.

We assume that the non-zero Loschmidt echo 〈ψ |U|ψ〉
is known, and we seek to obtain 〈ψ |PU|ψ〉. We consider
the two expressions

x(θ) = 〈ψ |eiθPU|ψ〉, (F2)

y(θ1, θ2) = 〈ψ |eiθ1P1eiθ2P2U|ψ〉. (F3)

The exponentials are Pauli rotations with the respective
Pauli strings P, P1, and P2. One may choose different
angles for the two rotations in the expression for y; how-
ever, a single angle will suffice for our purposes. Crucially,
the Pauli strings are chosen such that they factor as

P1P2 = P. (F4)

The Loschmidt echo r = 〈ψ |U|ψ〉 �= 0 may be chosen
real, as we can arbitrarily redefine the global phase. We
further use the notation

p = 〈ψ |PU|ψ〉, (F5)

p1 = 〈ψ |P1U|ψ〉, (F6)

p2 = 〈ψ |P2U|ψ〉 (F7)

for the other Loschmidt echoes in the calculation. In our
protocol, we allow for measurements of the parametrized
amplitudes |x(θ)|2 and |y(θ)|2. Expanding Eq. (F2), we
define the shorthand notation c = cos(θ) and s = sin(θ)
and obtain

|x(θ)|2 = c2r2 − 2csr Im[p] + s2|p|2. (F8)

From Eq. (F8), by measuring |x(π/4)|2 and |p|2 =
|x(π/2)|2, we can immediately obtain

Im[p] = 1
2r

(
r2 + |p|2 − 2|x

(π

4

)
|2
)

. (F9)

From this, we can also obtain Re[p] = ±
√

|p|2 − Im[p]2,
where the sign is, however, unknown.
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To resolve the sign information, we consider the information gained from |y(θ1, θ2)|2. Expanding Eq. (F3) with
ci = cos(θi) and si = sin(θi), we obtain

y(θ1, θ2) = c1c2r + ic2s1p1 + ic1s2p2 − s1s2p . (F10)

The full expansion of the amplitude |y(θ1, θ2)|2 is given as

|y(θ1, θ2)|2 = c2
1c2

2r2 + c2
2s2

1|p1|2 + c2
1s2

2|p2|2 + s2
1s2

2|p|2 + 2c1c2s1s2 Re[p1p∗
2 ]

− 2c1c2s1s2 r Re[p] − 2c1c2
2s1 r Im[p1] − 2c2

1c2s2 r Im[p2] − 2c2s2
1s2 Im[pp∗

1 ] − 2c1s1s2
2 Im[pp∗

2 ]. (F11)

We first consider the following four sign variants of a single angle θ , using the shorthand q± = p1 ± p2:

|y+,+|2 = |y(+θ , +θ)|2 = c4r2 + c2s2|q+|2 + s4|p|2 − 2c2s2r Re[p] − 2c3sr Im[q+] − 2cs3 Im[pq∗
+], (F12)

|y−,−|2 = |y(−θ , −θ)|2 = c4r2 + c2s2|q+|2 + s4|p|2 − 2c2s2r Re[p] + 2c3sr Im[q+] + 2cs3 Im[pq∗
+], (F13)

|y+,−|2 = |y(+θ , −θ)|2 = c4r2 + c2s2|q−|2 + s4|p|2 + 2c2s2r Re[p] − 2c3sr Im[q−] − 2cs3 Im[pq∗
−], (F14)

|y−,+|2 = |y(−θ , +θ)|2 = c4r2 + c2s2|q−|2 + s4|p|2 + 2c2s2r Re[p] + 2c3sr Im[q−] + 2cs3 Im[pq∗
−]. (F15)

By combining the measurement results and choosing θ =
π/4, we obtain the relation

K0 = 1
2

(|y+,+|2 + |y−,−|2 − |y+,−|2 − |y−,+|2)∣∣
θ=π/4

= 1
4 (|q+|2 − |q−|2 − 4r Re[p])

= Re[p1p∗
2 ] − r Re[p]

= Re[p1] Re[p2] + Im[p1] Im[p2] − r Re[p]. (F16)

The imaginary parts Im[p1] and Im[p2] can be computed
by measuring |y(π/4, 0)|2 with |p1|2 = |y(π/2, 0)|2, and
|y(0,π/4)|2 with |p2|2 = |y(0,π/2)|2, respectively; simi-
larly to how Im[p] is obtained. Therefore, Im[p], Im[p1],
and Im[p2] are fully known, while Re[p], Re[p1], and
Re[p2] are known up to a sign. Rearranging Eq. (F16) and
squaring the resulting expression, we obtain

⎛

⎜
⎝K0 − Im[p1] Im[p2]
︸ ︷︷ ︸

=M0

+r Re[p]

⎞

⎟
⎠

2

= Re[p1]2Re[p2]2.

(F17)

Therefore, Re[p] is fully determined as

Re[p] = Re[p1]2Re[p2]2 − M 2
0 − r2Re[p]2

2r M0
, (F18)

unless M0 = 0. In this case, we may choose another com-
bination of the amplitudes |y±,±|2. Terms with p1 can be

isolated by combining as

K1 = 1
2

(|y+,+|2 − |y−,−|2 − |y−,+|2 + |y+,−|2)∣∣
θ=π/4

= − r
2 (Im[q+] + Im[q−])− 1

2

(
Im[pq∗

−] + Im[pq∗
+]

)

= − (
r Im[p1] + Im[pp∗

1 ]
)

= − (r Im[p1] + Im[p] Re[p1] − Re[p] Im[p1]) ;
(F19)

and similarly for p2:

K2 = 1
2

(|y+,+|2 − |y−,−|2 + |y−,+|2 − |y+,−|2)∣∣
θ=π/4

= r
2 (Im[q−] − Im[q+])+ 1

2 (Im[pq∗
−] − Im[pq∗

+])

= − (
r Im[p2] + Im[pp∗

2 ]
)

= − (r Im[p2] + Im[p] Re[p2] − Re[p] Im[p2]) .
(F20)

Equation (F19) or Eq. (F20) alone is also sufficient to fully
determine Re[p] unless M1 = K1 + r Im[p1] = 0 or M2 =
K2 + r Im[p2] = 0, respectively.

We comment on the edge case, where M0 = M1 = M2 =
0. If Mi = 0 ∀i and Im[p] �= 0, we can insert Eqs. (F19)
and (F20) into Eq. (F16), which gives

Re[p] = Re[p]2 Im[p1] Im[p2]/(r Im[p]2). (F21)

If Mi = 0 ∀i and Im[p] = 0, but either Im[p1] �= 0 or
Im[p1] �= 0, then Eq. (F19) or Eq. (F20) directly provides

Re[p] = (Ki − r Im[pi])/Im[pi]. (F22)
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If, however, Mi = 0 ∀ i and also Im[p] = Im[p1] =
Im[p2] = 0, then we cannot resolve the sign of Re[p] from
Eqs. (F16), (F19), and (F20).

Except for this case, we can obtain p = 〈ψ |PU|ψ〉 from
the measured amplitudes |x(θ)|2 and |y(θ1, θ2)|2 together
with the known Loschmidt echo r = 〈ψ |U|ψ〉. The edge
case, which we expect to be rare in practice, may be over-
come by choosing a different pair of operators P1 and
P2.

For a concrete application, we may consider a phase gate
where P = Z1 ⊗ Z2. Then, a simple decomposition such
that P1P2 = P is found by choosing P1 = Z1 and P2 = Z2.
For single-qubit P, a construction via the two-qubit gates
is possible: P = Z1 ⊗ I, P1 = Z1 ⊗ Z2, and P2 = I ⊗ Z2.
Similar decompositions can be found for all Pauli strings.
This technique completely avoids auxiliary qubits, which
is particularly beneficial when the qubit connectivity is
limited. We leave a more detailed analysis and comparison
with other methods for future work.

APPENDIX G: DETAILS OF THE NUMERICAL
SIMULATION

We provide additional information on the numerical
case study shown in Figs. 6 and 7. The one-dimensional
Ising Hamiltonian is decomposed into odd and even
terms HIsing = Hodd + Heven with the use of a second-order
Trotter-Suzuki decomposition [35]. The sequence of gates
that we consider is the one described in Appendix C.
Whenever possible, we merge consecutive two-qubit
gates.

When considering hardware noise, we assume depolar-
izing noise on all multi-qubit gates, i.e., on all circuit gates
implementing the Ising model dynamics and on the con-
trolled gate, which is a three-qubit operation. Single-qubit
operations, which appear in the product state preparation
and unpreparation and in the basis transformations on the
auxiliary qubit, are simulated without noise, as current
hardware can implement them with much higher fidelity
than entangling gates. The k-qubit depolarizing channel
acting on a state ρ is defined as

D(k)
γ [ρ] = (1 − γ )ρ + γ

4k − 1

∑

P∈P×
k

P ρ P, (G1)

where γ ∈ [0, 1] is the depolarizing noise strength and
P×

k = {I, σ x, σ y , σ z}⊗k \ {I⊗k} denotes the set of all non-
identity Pauli strings on k qubits. Thus, with total prob-
ability γ one of the 4k − 1 non-identity Pauli strings is
applied, each occurring with equal likelihood. We choose
a noise strength γ2 = 2 × 10−3 in the simulation for the
two-qubit gates, corresponding to current hardware [47].
For the controlled two-qubit gate, we consider a depo-
larizing noise strength of γ3 = 6 × 10−3, approximately 3
times the two-qubit noise level. This choice is motivated

FIG. 8. We consider the Ising model H(λ = 0.5) = 0.75∑
j σ

z
j σ

z
j +1 + ∑

j σ
x
j + 0.5

∑
j σ

z
j on 19 spins with a depolar-

izing noise strength γ = 2 × 10−3 for multi-qubit gates. Noise
is also applied during state preparation affecting the variational
ansatz; hence, at t = 0 the amplitude r deviates from 1. We fit
this deviation as Av . For each time point, we average over 2000
samples.

by the decomposition of a double-controlled phase gate
as three controlled phase gates and single-qubit rotations.
For simplicity, we assume that connectivity with the aux-
iliary qubit incurs no additional routing or swap-network
cost. The numerical simulation is implemented using Cirq
[83,84].

We include the data for error mitigation in the numer-
ical benchmarks of the Ising model. As described in
Refs. [25,27], we perform the evolution forward and back-
ward in time, such that a noiseless circuit returns the
initial state with perfect fidelity. Hardware imperfections
introduce deviations from this trajectory, resulting in an
exponential decay in the survival probability. The decay
can be seen in Fig. 8, where we fit an exponential func-
tion r(t) = A exp(−�t) for both the product state and the
depth-2 ansatz. Note that the depth-2 ansatz has an initial
amplitude Av < 1 at time t = 0, as the state preparation is
subject to noise. We observe very good agreement with an
exponential fit.

As variational ansätze we consider a product state and a
depth-2 ansatz. The product state has two parameters, one
for the odd sites and one for the even sites,

|p(θo, θe)〉 = |φ(θo)〉 ⊗ |φ(θe)〉 ⊗ · · · ⊗ |φ(θo)〉 , (G2)

where the state on each site is prepared by a σ y-rotation as

|φ(θ)〉 = exp(−iσ yθ/2) |0〉
= cos(θ/2) |0〉 − sin(θ/2) |1〉 . (G3)
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FIG. 9. Optimized parameters for the variational ansatz states.
The product state ansatz (upper panel) has two parameters (P-
1 for odd sites and P-2 for even sites, respectively) and the
depth-2 ansatz (lower panel) has eight variational parameters.
The first two parameters (D2-1 and D2-2) correspond to the first
layer of single qubit rotations U1, D2-3 is the duration of the U2
entangling layer, etc., as described in Appendix G.

For the depth-2 ansatz, we combine a layer of single-qubit
rotations

U1(θo, θe) = exp(−iσ yθo/2)⊗ exp(−iσ yθe/2)⊗ · · ·
(G4)

with an entangling layer, which is a time-dependent evolu-
tion with the classical part of the Ising Hamiltonian:

U2(β) = exp[−iHIsing(1.5, 0, 1)β]. (G5)

The depth-2 ansatz consists of alternating three U1 lay-
ers and two U2 layers, with eight parameters in total. We
include the optimized parameters in Fig. 9 and as a public
dataset [75].

For the Gaussian filter Pδ(E) to compute the local den-
sity of states D(E) = 〈ψ |Pδ(E)|ψ〉, we replace the con-
tinuous integral by a sum over 2R + 1 equally spaced
times:

D(E) ≈
R∑

m=−R

cmeitmEg(tm). (G6)

Here, the spacing between the times is �t = tmax/R,
and the Loschmidt echoes need to be computed for
the discrete times tm = m�t. The coefficients cm =
�t δ√

2π
exp(−t2mδ

2/2) are computed classically.

APPENDIX H: NUMERICAL COMPARISON WITH
THE GLOBAL HADAMARD TEST

We perform a numerical benchmark of the sequen-
tial Hadamard test against the global Hadamard test. The
model and the initial state are the same as in Fig. 7. In the
global Hadamard test, every two-qubit gate is promoted
to a controlled gate. The implementation of a controlled
gate depends on the available gate set of the quantum com-
puter; however, it will generally have a lower fidelity than
its uncontrolled gate.

Limited qubit connectivity yields additional overhead in
the global Hadamard test when the controlling qubit is not
a direct neighbor of the controlled gate. The precise num-
ber of additional swapping or shuttling operations depends
on the device architecture and the Hamiltonian. We there-
fore intentionally exclude such swaps and assume all-to-all
connectivity, which strongly favors the global Hadamard
test.

Despite excluding swaps, we can clearly observe
the existence of a favorable regime for the sequential
Hadamard test in our simulations. We consider a two-
qubit-gate depolarizing noise rate of γ2 = 2 × 10−3 and
two different noise rates γ3 = 3γ2 and γ3 = 6γ2 for the
controlled two-qubit gate. For a fair comparison, we
allow 20 times as many samples per circuit in the global
Hadamard test, such that the total sample count of both
methods is approximately the same.

We include the numerical results in Fig. 10. The ampli-
tude data are included only as a reference; in an exper-
iment, one directly estimates the amplitude without con-
trolled operations (green markers). As expected, the decay
of the amplitude depends on the noise strength γ3, with
larger noise leading to a faster decay. For the higher
noise rate γ3 = 6γ2, the phase information in the global
Hadamard test is completely scrambled for times t � 10,
corresponding to the regime where the shot noise in the
amplitude becomes larger than the amplitude itself. For the
sequential Hadamard test, we find that the fluctuations in
the phase are significantly smaller at later times than in
the global Hadamard test for realistic parameters. Hence,
there is a relevant regime where the sequential Hadamard
test allows one to obtain the complex Loschmidt echo at
longer times than with previous methods.

APPENDIX I: EFFECT OF LOSCHMIDT ECHO
AMPLITUDE DAMPING ON THE LOCAL

DENSITY OF STATES

We note that if noise can be modeled as exponential
damping of the amplitude r(t), and we do not mitigate the
error, then the hardware errors lead to an effective broaden-
ing of the reconstructed LDOS. For concreteness, we may
consider that we obtain damped Loschmidt echoes

g̃(t) = g(t) exp(−�t). (I1)
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FIG. 10. Numerical comparison of the global (standard) Hadamard test (left) and the sequential Hadamard test (right). The upper
panels show the amplitude r(t) and the lower panels the phase φ(t) of the Loschmidt echo (after subtraction of the phase contribution
of the initial state’s mean energy). Solid lines denote exact values, while markers represent estimated values. The green markers (direct
estimation) show the amplitude obtained without any controlled gates from 5000 samples per data point. Blue and red markers consider
two noise strengths γ3 for the three-qubit gates, with a two-qubit depolarizing rate γ2 = 2 × 10−3. Each circuit is repeated 100 000
times for the global Hadamard test and 5000 times for the sequential Hadamard test, such that the total sample budget for the two
methods is comparable. Higher γ3 accelerates the decay of the amplitude, rendering the computation of the phase unreliable at late
times for the global Hadamard test.

The LDOS is D(E) = 〈ψ |δ(H − E)|ψ〉, with δ(H − E) a
δ-function centered at an energy E. Therefore, we obtain

D(E) =
∫ ∞

−∞
dt g̃(t)eiEt =

∫ ∞

−∞
dt g(t)ei(E−i�)t, (I2)

implying that the exponential damping of the ampli-
tudes yields a convolution of Gaussians and Lorentzians,
where the Lorentzians correspond to an additional line
broadening.

APPENDIX J: CONSIDERATIONS FOR THE
RYDBERG HAMILTONIAN

We consider Ising-type models, which can be split into
a classical part and a quantum part H = Hc + Hq, with
Hq ∝ ∑

i σ
x
i . Then, a classical initial state is an eigenstate

of Hc, and at a first-order Trotter decomposition, the ITE
gate yields only a global prefactor exp(−ζcτ):

e−Hτ |ψ〉 ≈ e−Hqτe−Hcτ |ψ〉 = e−ζcτe−Hqτ |ψ〉 . (J1)

This simplification applies, in particular, to the many-body
Rydberg Hamiltonian defined on a graph G = (V , E) with
vertices V and edges E as

HRyd =
∑

(i,j )∈E

V0ninj

|ri − rj |6 −�
∑

i∈V
ni + �

2

∑

i∈V
σ x (J2)

with ni = |1〉〈1|i. The model can be natively implemented
on neutral atom arrays, which have emerged in recent years
as a powerful hardware platform for quantum computation
allowing both analog simulation and high-fidelity digital
gates [37]. Realizing the ITE for the quantum part Hq is
particularly straightforward in this case, as exp(−Hqτ) can
be implemented with local σ y-rotations.

Interestingly, in the strong-interaction limit of the so-
called PXP model [85], short ITE can be realized for
arbitrary product states with local σ y-rotations, instead of
only classical product states. The PXP model is obtained
in the strong-interaction limit of the Rydberg Hamilto-
nian, ignoring contributions from the long-range interac-
tion tails. We rewrite the local blockade constraint as a
global constraint as

H = �

2

∑

j

Pj −1σ
x
j Pj +1 −�

∑

j

nj

= P
⎛

⎝
∑

j

�

2
σ x

j −�
∑

j

nj

⎞

⎠P

= P
⎛

⎝
∑

j

hj

⎞

⎠P . (J3)

For the PXP model, any initial state in the subspace can be
used for implementing ITE with single-site rotations. We
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consider an initial state ansatz parametrized by an angle α.
For each spin on sublattice A, we choose the initial spin
as |φ(α)〉 = cos(α/2) |0〉 + sin(α/2) |1〉 and the full initial
state is

|ψ(α)〉 = |φ(α)〉 ⊗ |0〉 ⊗ |φ(α)〉 ⊗ · · · ⊗ |φ(α)〉 . (J4)

The Hamiltonian for a single spin can be written as

h =
(

0 �/2
�/2 −�

)

= �

2
σ x −�n

= �eff [sin(θ)σ x − 2 cos(θ)n] , (J5)

where the effective Rabi frequency �eff = √
�2 +�2/2

and tan(θ) = �/�, i.e., �eff sin(θ) = �/2 and �eff cos(θ)
= �/2. Then, we compute that a σ y-rotation is sufficient
to realize short ITE under this model. We can see this by
explicitly computing

(h − 〈h〉) |φ(α)〉

=
⎛

⎝
−�

2 sin(α/2) cos(α)+ �
2 sin(α/2) sin(α)

�
2 cos(α/2) cos(α)− �

2 cos(α/2) sin(α)

⎞

⎠

= 1
2

[−� cos(α)+� sin(α)]
(

sin(α/2)
− cos(α/2)

)

= �eff sin(α − θ)

(
0 1

−1 0

)

|φ(α)〉

= iaσ y |φ(α)〉 , (J6)

where we define a(α, θ) = �eff sin(α − θ). Hence, in the
PXP model, imaginary-time evolution for initial classical
states can be implemented with local σy-rotations.
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