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Achieving high-fidelity single- and two-qubit gates is essential for executing arbitrary digital quantum
algorithms and for building error-corrected quantum computers. We propose a theoretical framework for
implementing quantum gates using frequency- and amplitude-modulated microwave control, enabling the
systematic analysis and design of frequency modulation alongside conventional amplitude modulation.
Our approach operates on fixed-frequency qubits, converting the need for qubit frequency tunability into
drive frequency modulation. Using Floquet theory, we analyze and design these drives for optimal fidelity
within specified criteria. Our framework spans adiabatic to nonadiabatic gates within the Floquet
framework, ensuring broad applicability across gate types and control schemes. Using typical transmon
qubit parameters in numerical simulations, we demonstrate a universal gate set—including the X,
Hadamard, phase, and cz gates—with control error well below 0.1% and gate times of 25-40 ns for single-
qubit operations and 125-135 ns for two-qubit operations. Furthermore, we show an always-on cz gate
tailored for driven qubits, which has gate times of 80-90 ns.
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I. INTRODUCTION

High-fidelity single- and two-qubit gates are required
to implement arbitrary digital quantum algorithms and
for realizing error-corrected quantum computers [1-4].
Among the available hardware platforms, superconducting
qubits stand out as a leading candidate, featuring sufficient
gate fidelity to enable prototype demonstrations of quan-
tum error detection [5—14]. Despite significant advances in
superconducting qubits, continued efforts aim to further
improve gate fidelities, as higher fidelities directly trans-
late to deeper executable circuits and reduced overhead
requirements to achieve a desired error rate via error-
correction protocols.

In transmon-based devices, quantum gates, especially
two-qubit entangling gates, can be broadly classified as
either microwave activated or baseband flux controlled.
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Microwave-activated gates [15-19] are typically imple-
mented with fixed-frequency qubits, which exhibit longer
coherence times and reduce control overhead, but are
limited by potential frequency crowding issues as system
size increases. Baseband-flux-controlled gates [14,20-26],
implemented with tunable qubits and baseband magnetic
flux pulses, enable faster gate execution with generally
higher fidelity and mitigate frequency-collision issues, but
increase hardware and calibration complexity as well as
sensitivity to flux noise. Most of these gates that use
analytical waveforms are implemented with a fixed carrier
frequency (microwave-activated) or no carrier frequency
(baseband-flux-controlled), while the amplitude envelope
of the control pulse is deliberately shaped to achieve high
fidelity. Other approaches exist where numerical methods
such as quantum optimal control [27-32] or learning-
based approaches [6,33-38] are used to directly design or
optimize the control pulses.

The concept of frequency modulation for cz gates in
superconducting qubits was proposed in Ref. [39], where
changing the drive frequency in frequency-modulated
gates can be viewed as an analog of changing the qubit
frequency in baseband-flux-controlled gates. In this work,
we generalize this idea to realize a high-fidelity universal
gate set, and, more importantly, develop a unified and
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systematic framework that includes frequency-modulated
quantum control. We present a theoretical framework that
enables the systematic analysis and design of frequency
modulation alongside conventional amplitude modulation,
expanding the accessible regimes for both adiabatic and
nonadiabatic gate design. Floquet theory is used as the
foundation for constructing this framework. This frame-
work provides a general description spanning both adia-
batic and nonadiabatic regimes and enables systematic
pulse design within a single control paradigm. Using
numerical simulations with typical transmon parameters,
we construct a universal gate set—including the X,
Hadamard, phase, and ¢z gates—achieving control error
below 0.1% with gate durations of 25-40 ns for single-
qubit gates and 80—135 ns for two-qubit gates. In addition,
we present an always-on version of the ¢z gate for driven
qubits, which substantially shortens the gate time relative
to the standard cz gate. Our simulations only account
for dynamical control errors and there is no decoherence.
We note that, because the present work is based on an
architecture with fixed-frequency qubits, one can expect
longer coherence times compared with architectures that
require frequency-tunable qubits. Overall, this work estab-
lishes frequency modulation as a general control method-
ology, rather than a gate-specific technique. These findings
indicate that microwave control schemes based on both
amplitude and frequency modulation provide a promising
approach for implementing high-fidelity quantum gates,
affording greater flexibility in gate design.

The paper is organized as follows. In Sec. II, we
introduce the general theoretical framework and provide
a qualitative overview of the gate principles for both
the adiabatic and nonadiabatic gates. We also present an
explicit pulse-optimization strategy for designing both
types of gates. Section III presents examples of adiabatic
gates, including the ¢z and Z gates, while Sec. IV
discusses examples of nonadiabatic gates, including the
X and Hadamard gates. Finally, we conclude and discuss
the directions of future extensions in Sec. VI.

II. GENERAL THEORETIC FRAMEWORK

In this section, we present the fundamental principles
underlying frequency- and amplitude-modulated gates
within a standard qubit-coupler-qubit transmon architec-
tural primitive. We first provide a qualitative description of
the theoretical framework for analyzing gate dynamics
and summarize the key aspects of Floquet theory that form
the foundation of this framework. Finally, we outline a
quantitative optimization strategy for control parameters
that achieves both high-fidelity and fast gates.

A. Preliminaries

We consider the qubit-coupler-qubit transmon-based
circuit illustrated in Fig. 1(a). The qubits (QBa, QBb)

are fixed-frequency, while the coupler (CPLRc) is fre-
quency-tunable by an external magnetic flux to frequen-
cies suitable for implementing the desired gates. The gate
schemes we propose rely exclusively on all-microwave
drives, avoiding the need for baseband, fast-flux pulses and
their associated challenges. Single-qubit gates are imple-
mented by driving the target qubit through its charge line.
For two-qubit cz gates, we instead drive the coupler
through its charge line, inducing a nonzero ZZ interaction.
We model each qubit and coupler as a Kerr nonlinear
oscillator, a common model for anharmonic multi-level
qubit systems such as the transmon [40], with Hamiltonian
(h:=1):

PN
a;a;a;, (1)

where @; and a; are the frequency and anharmonicity of
mode j, respectively, and ?1; (a;) are the corresponding
raising (lowering) operators. Here, j€{a,b,c} denotes
QBa, QBb, and CPLRc, respectively. There is capacitive
coupling between each pair of modes, and the interaction
terms between the modes are of the form

A

Hy = —gu(a; — &;)(&k - &Z), 2)

where gj; is the coupling rate between mode j and k. The
system Hamiltonian is then taken to be

J

J#k

Note that by j#k we mean (j,k)€{(a,b),
(b,c),(c,a)}. The time-dependent drive Hamiltonian is
modeled by

H (1) = Q(2) cos[0(1)la, @
where 71; = i (&; — a;) represents the charge operator of
the mode j to which the drive is applied. We adopt the
standard experimental representation of a synthesized
microwave drive, parametrized by a nonnegative ampli-
tude envelope Q(7) and a drive angle 6(¢). The instanta-
neous drive frequency is defined as wj,(t) = 6(t) so that
0(t) = [} Wi (7)dz. In this work, we focus on designing
®ins (1), from which 6(7) is obtained by integration. For
example, for fixed-frequency drives with @y, () = @y, the
drive angle is 6(7) = w,,. Throughout this paper, we refer
to the design of Q(¢) and ;. () as amplitude modulation
and frequency modulation [41], respectively, following the
standard terminology for microwave signal synthesis. In

simulations, we report control error 1 — F, where F is the
coherent average gate fidelity defined in Appendix D 1.
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FIG. 1. Overview of the gate protocol. (a) Qubit-coupler-qubit transmon-based circuit with two fixed-frequency qubits (QBa, QBb)

and a flux-tunable coupler (CPLRc). Each qubit (coupler) has a microwave charge drive line. Proposed gates are implemented using
microwave control only. (b) The staged gate protocol manifested in the w;,g () — Q(#) parameter space. In stages ®, ®, we turn on/off
the drive amplitude while keeping wi, (f) = w,. In stages @, @, we modulate the drive frequency while keeping Q(7) = Q. In stage @,
we hold at Q(t) = Q,, w;,(f) = ;. (c) Mapping between the original Hilbert space H and the extended Hilbert space /C, where the
example system is driven by a frequency-modulated microwave pulse. Stage @: turn on the drive, mapping from H to K. Stages @, ®,
@: state evolution can be best analyzed and designed in IC where the dynamics are simpler. Stage ®: turn off the drive, mapping from /C
back to H. (d) High-level illustrations of adiabatic gates (purple trajectory, e.g., Z and Cz gates) and nonadiabatic gates (orange
trajectory, e.g., X gate). (e),(f) Descriptive profiles of Q(7) and w;, (¢), and the segmentation with time parameters corresponding to the

staged gate protocol.

B. Qualitative picture of the gate-design principles
1. Floquet theory overview

We first briefly summarize the extended Hilbert space
representation of generalized Floquet theory [42-52]
and introduce the basic notations used throughout this
work (see Appendix A for more details). Consider the
system Hamiltonian H(r) = H, + H,(1), where the drive
Hamiltonian is H, = Q(t) cos[0(r)]iz; in the original
Hilbert space H. We promote 6(¢) to a 2z-periodic quan-
tum degree of freedom & whose conjugate variable is
m = —idy, satisfying [3), im] = i. Then, we can write the
Floquet Hamiltonian in the extended Hilbert space K as

ﬁp(t) = Hy+Q(1) cos(@)ﬁj + Wi ()0, (5)

where cos(§) =13, |m+ 1)(m| +Hc. and 7=
> . m|m)(m| in the /m-basis, with m € Z. Here, m can
be interpreted as the number of photons subtracted or
added from the drive field when a transition is driven. We
denote the instantaneous eigenenergies and eigenstates of
H (1) by €n.q(t) and [u,, (7)), which are also referred to
as quasienergies and Floquet modes, respectively. A more
mathematical construction of the extended Hilbert space

can be found in Appendix A. When the drive amplitude Q
is zero, the Floquet modes |i,, ,) = |m) & |a) are product
states with eigenenergies ¢, , = E, + mwi,y, with E,
being the energy of the (undriven) qubit basis state |a)
in H. Then, at nonzero drive amplitudes Q > 0, the
Floquet modes |it,, ,) = |m. @) are no longer product states
due to the hybridization between the qubit and the driving
field. The quasienergies of different Floquet modes vary
parametrically as a function of Q(#) and wj,(f), and
therefore can become close and form avoided crossings.
We leverage such avoided crossings to design gates in our
protocol.

2. Staged gate protocol

The proposed gate protocol is divided into five stages in
the @y, (7) — Q(¢) parameter space shown in Fig. 1(b).
Figure 1(c) depicts the evolution during the five stages in
‘H and /. Figures 1(e) and 1(f) show descriptive profiles of
Q(1) and w;, (1) corresponding to the five stages:
® t€0,1,]: Amplitude ramp of duration #, for Q(7) to
go from 0 to Q; > 0, while holding w;, (1) = wy.

® r€t,, t, + t,]: Frequency chirp of duration ¢, for
O (1) to go from w, to w;, while hold-
ing Q(1) = Q.
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®ret, + ty, t, +t, + t;]: “Hold” stage of duration 7,
between stages @ and ®, where Q(7) =Q; and
winst(t) = .

@ tet, +1t,+ ty t, + 2t, + t,]: Frequency chirp of
duration ¢, for w;,,(#) to go from w; to w,, while
holding Q(1) = Q,.

® telt, +2t, + t,,2t, + 2t, + t,]: Amplitude ramp
of duration 7, for Q(7) to go from Q; to 0, while
holding w;, () = wy.

Since the gates we show are by design symmetric, we
have introduced the time parameters f,,1,,?, as the
durations for stages @®/®, @/®, and ®, respectively. The
time parameters are labeled in Figs. 1(e) and 1(f). Note that
the relative ordering of w, and @, depends on the specific
gate. This staged control strategy allows us to separate the
roles of amplitude and frequency modulation: amplitude
modulation ensures that the mapping between H and / is
adiabatic, while frequency modulation activates desired
interactions for the gate operation. While this is a restricted
mode of operation compared with the full generality of
simultaneous amplitude and frequency control that is
possible, we choose to operate within these restrictions
to make the potential experimental implementation sim-
pler. Future studies may extend this work to incorporate
general frequency and amplitude modulation through all
stages O-0.

As depicted in Fig. 1(c), the process of turning the drive
on (stage ®) maps from H to K. Similarly, turning the
drive off (stage ®) is the inverse mapping. Provided that
the magnitudes of Q(7) and @,y (f) are much smaller than
®ing (1), the main evolution (stages @, ®, @) can be
accurately and clearly described in /C, as illustrated in
Fig. 1(b) by the comparison between the evolution
trajectories of |i()) in I and |u(7)) in H. The key idea
is that the fast oscillatory components at frequency ;g ()
are absorbed into the instantaneously changing basis,
and therefore a slowly varying wj,(f) is necessary to
maintain the integrity of the desired evolution in K. In
the examples we show in Secs. III and IV, we choose
max{[S(1)!. [y (1) }/ min{wieq (1)} < 0.01.

s

3. Adiabatic and nonadiabatic gates

We further classify the proposed gates into two catego-
ries: adiabatic and nonadiabatic, as illustrated in Fig. 1(d).
The adiabatic gate operates by closely following the
instantaneous Floquet modes throughout the entire gate
duration, whereas the nonadiabatic gate deliberately indu-
ces transitions between Floquet modes and exploits inter-
ference to complete the operation. We discuss the unitary
propagator during the gates for both adiabatic and non-
adiabatic gates leveraging the extended Hilbert space
representation K in Appendix B. High-fidelity ¢z and
Z gates in Sec. III manifest the adiabatic approach, while
the X and Hadamard gates in Secs. IV and Appendix D 6
illustrate the nonadiabatic case.

At a high level, the Z and cz gates rely on an inten-
tionally engineered avoided crossing between specific
Floquet modes that arises due to frequency modulation.
By carefully tuning the drive frequency, the system is
brought near this avoided crossing in a controlled, adia-
batic fashion. As shown by the purple trajectory in
Fig. 1(d), the system adiabatically follows a Floquet mode
to the avoided crossing and back, thereby accumulating a
phase determined by both the drive parameters and the
crossing structure. In the Z gate, this phase directly
implements a rotation about the Z axis. In the cz gate,
the same mechanism is extended to a two-qubit system,
where the phase accumulation depends on the control
qubit’s state, yielding a conditional phase. In both cases,
the gate fidelity hinges on maintaining adiabatic evolution
and achieving the desired phase.

In contrast, nonadiabatic gates relax the requirement of
adiabaticity, enabling potentially much faster operations.
As illustrated by the orange trajectory in Fig. 1(d),
transitions between Floquet modes are deliberately driven.
The trade-off is a stronger demand on the timing precision
of the control waveforms to ensure that the intended
transitions occur without residual nonadiabatic error.
This approach is particularly effective for gates involving
population exchange between states, such as the X and
Hadamard gates. It is worth emphasizing that the non-
adiabatic part of the nonadiabatic gates takes place during
the frequency modulation (stages ®@, ®, @), while the
amplitude modulation (stages @, @) still takes the adiabatic
approach for the purpose of mapping between H and K.

C. Pulse optimization strategy
1. Adiabatic gate

Before further optimization for other parameters, we
first choose a set of appropriate control parameters, Q;, ®.
Let w* be the frequency at which the exact intended
avoided crossing takes place for the Floquet mode of
interest during the frequency modulation. As a general
guideline, these control parameters should be determined
so that the quasienergy spectrum during the gate is away
from unintended avoided crossings to ensure adiabaticity.
The initial drive frequency w, is chosen based on two
criteria: (1) During stages @, ®, when wj, (1) = @y, the
quasienergy spectrum remains distant from avoided cross-
ings as a function of Q(7), ensuring adiabaticity during the
amplitude modulation; (2) During stages ®, ®, when
Wins (1) goes from w, to @*, the spectrum should remain
distant from any other avoided crossings near the path,
except for the intended one at *. The drive amplitude Q,
is chosen to trade off two competing considerations. On
the one hand, increasing €; requires a longer time ¢, to
maintain the same level of adiabaticity during amplitude
modulation. On the other hand, decreasing Q; reduces
the strength of the ac Stark shift (for the Z gate) or ZZ
interaction (for the cz gate) during the frequency
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modulation, leading to a longer time 2t,, + t;, required to
accumulate the desired phase. Depending on application
requirements and other system constraints, an intermediate
value of ; may offer a suitable balance. In the always-on
cz gate in Sec. [II A 2, Q; (along with @) is determined
such that the idling ZZ interaction is zero.

We proceed to design both the amplitude- and fre-
quency-modulation profiles, characterized by the control
parameter @, and time parameters ?,, t,,, and ¢,. To con-
struct the time-dependent drive profiles Q(7) and w;,(7) in
stages ©, ® and @, @, we employ the fast quasiadiabatic
(FAQUAD) protocol [53-56]; see Appendix C for details.
In FAQUAD, the rate of change of the control parameter is
adapted dynamically: it slows down when the gap between
eigenstates is small (such as near avoided crossings) and
speeds up when the gap is large. This produces a trajectory
that maintains uniform adiabaticity and reduces the total
gate time. Specifically, we identify a subspace of instanta-
neous eigenstates of the Floquet Hamiltonian A (other-
wise referred to as Floquet modes), denoted {|it,, ,(7)) }.
which are most relevant to the intended gate operation. We
then apply the multi-level FAQUAD protocol to this
subspace. The time parameters 7, t,, are chosen to facili-
tate local maxima of population overlap of the intended
Floquet modes. One could also optimize ¢,, ,, to meet a
target adiabaticity threshold during their respective stages.
The time parameter ¢, is determined by minimizing the
control error 1 — F of the intended gate seeking to only
constrain unwanted level transitions. Throughout this
procedure, the control parameter ), is treated as a hyper-
parameter to be iterated over. In the end, a specific value of
w; is selected to yield a high-fidelity gate taking into
account the desired phase.

2. Nonadiabatic gate

The nonadiabatic gate follows the same five-stage struc-
ture as the adiabatic gate, but both the control principles
and the optimization strategy during the frequency modu-
lation are fundamentally different. We begin by selecting a
set of control parameters: €, ®,. Since stages ®, ® still
employ adiabatic amplitude modulation, the choices of
Q, and w, are guided by similar considerations as in the
adiabatic case described in Sec. II C 1, with necessary
modifications for the nonadiabatic regime. Besides con-
sidering the adiabaticity and interaction strength, Q; (with
t,) also serves as an outer-loop control knob to tune the
gate fidelity landscape.

We now turn to the design of the amplitude- and
frequency-modulation profiles. The time-dependent drive
amplitude Q(7) during stages @, ® is constructed using the
multi-level FAQUAD protocol. During stages @, ®, @,
three key parameters are w;, t,, and t,. The objective is
to engineer the evolution such that the state in the rele-
vant subspace of K transitions from |ii,, ,(7,)) to
|ty o (t,—1,)) (with some phase) at the end of the

ALGORITHM 1. Pulse Optimization Procedure (Adiabatic).

Require: Specific desired gate (and desired phase ¢* if
applicable) (e.g., phase gate with ¢* = x)
Require: Pre-determined control parameters Q, w,
Ensure: Optimized control parameters {w;, f,, t,, t;, } and time-
dependent drive profiles Q(#) and wj,g(7)
1: Construct subspace {|ii,, ,(t))} of Hp relevant to the intended
gate
2: Apply multi-level FAQUAD to design Q(¢) and optimize ¢, for
local maxima of adiabaticity
3: for each candidate @, along the frequency path from w,
to * do
4:  Apply multi-level FAQUAD to design wj,(#) and optimize
t,, for local maxima of adiabaticity
5:  Optimize 7, to minimize control error 1 — F without
considering the desired phase ¢*
6: Compute the final control error 1 — F considering the
desired phase ¢*
7: end for
8: Find the optimized @, to minimize the final control error
1 — F considering the desired phase ¢*
9: return Optimized {w,, t,,t,,1,}, Q(t) and w;,,(t)

(O]

ALGORITHM 2. Pulse Optimization Procedure (Nonadia-
batic).

Require: Specific desired gate (e.g., X, Hadamard)

Require: Pre-determined control parameters Q;, w

Require: Ansatz parameters x for () = f(;x)

Ensure: Optimized control parameters {w, f,, f,,, #;,} and time-
dependent drive profiles Q(7) and wj,g(7)

1: Construct subspace {|it,, ,(¢))} of Hp relevant to the intended
gate

2: Numerically scan {w,1,,1,} and x for top candidates in
terms of desired population transfer among relevant Floquet
modes

3: for a range of ¢, do

4:  Apply multi-level FAQUAD to design Q(7) and 7, and
compute the final control error 1 — F

: end for

6: Find the optimized Q(7) and 7, to minimize the final control
error 1 —F

7: return Optimized {w1, 7, 1,,, 1, }, Q(t) and @;q (1)

W

frequency modulation. In principle, one could optimize
the full profile w;, () directly. To reduce computational
cost while preserving gate fidelity, we instead use a
parametrized model wy, (1) = f(#;x) and optimize the
ansatz parameters X along with w, ¢,, and ¢,.

3. Summary

We summarize the pulse optimization procedures
employed in this work for the design of both adiabatic
and nonadiabatic gates.
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III. ADTABATIC GATES

In this section, we present three representative examples
of adiabatic gates: the cz gate, its always-on variant, and
the single-qubit Z gate, all constructed using the proposed
framework. These examples illustrate the flexibility of
the framework while highlighting the trade-offs between
speed and control errors that characterize adiabatic
protocols.

A. Two-qubit gate

As a first example, we apply the principles of adiabatic
gates to the two-qubit CPHASE gate, with a particular
focus on the cz gate. The cz gate is represented in matrix
form as

100 0
010 0

=10 01 o ©
000 -1

We consider a system described by the Hamiltonian

+ Q(1) cos[0(1)] ., (7

where the cz gate is implemented by applying a micro-
wave drive to the coupler. As the drive frequency is
modulated, a significant ZZ interaction is activated, lead-
ing to the accumulation of a controlled phase. We simulate
the cz gate up to single-qubit rotations. We propose two
methods for implementing such a ¢z gate. The first is a
standard cz gate, where the drive is turned on and off at the
beginning and end of the gate. The second is an always-on
cz gate, where the drive remains on as part of the idling
system, and gate activation is solely achieved through
frequency modulation. The latter can be regarded as a
special case of the former and offers the advantage of
eliminating the time overhead associated with amplitude
modulation, resulting in a shorter overall gate duration.
We will use the notation |QBa, CPLRc, QBb) to denote
the eigenstates of the system, with QBa, CPLRc, QBb e
{g,e,f,h,...}. The ZZ interaction is defined as

$zz = (gm,ege + Em.ggg — Em.gge — 8m,egg)/27[9 3)
where ¢, gpa.cpLre.QBb 18 the quasienergy of the Floquet
mode |m, QBa, CPLRc, QBb), expressed in the explicit
notation that identifies both the Floquet photon number m
and the bare basis state |QBa, CPLRc, QBb).

1. ¢z gate

We begin by demonstrating the ¢z gate in the qubit-
coupler-qubit system. The device parameters used in this
example are summarized in Table I in Appendix D 2.
We design the drive amplitude and initial drive frequency
to be Q;/2z = 125 MHz and w,/2n = 5.745 GHz, fol-
lowing guidance given in Sec. IIC 1. As we ramp up the
drive amplitude Q(¢), the quasienergy spectrum of the
computational Floquet mode |0, ege) and its closest non-
computational Floquet mode |—1,gef) is shown in
Fig. 2(a). As depicted in Fig. 2(b), the ZZ interaction
vanishes at = 0 (red dot) for this set of device param-
eters and gradually departs from zero with increasing Q(7).
Figures 2(c) and 2(d) show the quasienergy spectrum and
the ZZ interaction as a function of w;,, (7). As |0, ege) and
|—1,gfe) get closer in quasienergy during the frequency
modulation, the ZZ interaction becomes larger. The
frequency w*/2x = 5.771 GHz is where the exact avoided
crossing takes place, resulting in a maximum ZZ inter-
action of about —9.61 MHz since we require that
®ingt (1) < @*. We design both Q(7) and w;,g(t) following
the protocols outlined in Sec. II C 1. Figures 2(e) and 2(f)
show the cz gate phase accumulation ¢ by the state |eeg)
and control error 1 —F as a function of samples of ®;.
The best cz gate of the samples shown is indicated by the
purple star where w;/27z =5.7615 GHz, whose cz
gate control error approaches 0.03% and total gate dura-
tion is 135.6 ns. The optimized Q(#) and w;,(t) are
shown in Figs. 2(g) and 2(h). We note that the phase
accumulation ¢ in Fig. 2(e) is expected to be a continuum,
and therefore there exists some @, that exactly hits ¢ = .
The same argument is true for the other gates shown in
Secs. Il A2 and III B. More details can be found in
Appendix D 2.

2. Always-on cz gate

Compared to the cz gate presented above, a key feature
of the always-on Cz gate is that the drive remains an
essential component of the system even during idle
periods. The control of driven qubits has been the subject
of extensive study [57-65]. The computational basis states
in driven qubits are defined to be the Floquet modes of the
driven system. Each Floquet mode can be mapped to the
bare eigenstates of the undriven system by adiabatically
ramping down the drive amplitude.

We present an example of the always-on cz gate
using the device parameters summarized in Table II in
Appendix D 3. Under this set of device parameters, the
static ZZ interaction (without drive) is —0.368 MHz,
which leads to unwanted phase accumulations if not
properly addressed. Therefore, we design the always-on
drive amplitude and frequency to be Q, /27 = 254.1 MHz
and wy/27 = 5.85 GHz so that the idling ZZ interaction
(with drive) vanishes. Note that these two parameter
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FIG. 2. cz gate. (a),(c) Quasienergy spectrum of the computational Floquet mode |0, ege) and non-computational Floquet mode

|—1, gef) as a function of drive amplitude €(7) and instantaneous frequency w;, (7). ®*/2zx = 5.771 GHz indicates where the closest
point in quasienergy takes place, which also dictates the maximal allowed ZZ interaction —9.61 MHz. (b),(d) interaction as a function
of drive amplitude €(7) and instantaneous frequency i, (). (e),(f) Phase accumulation ¢ and control error of cz gates as a function of
instantaneous frequency endpoint @,. Purple star indicates the best cz gate among the samples shown. (g),(h) The optimized control

waveforms Q(7) and wy,,(f) for the best cz gate.

choices are not unique, but the final gate fidelity may
depend on the parameter choices. In the always-on Cz gate,
there is no explicit amplitude modulation, i.e., stages ©, ®
do not exist. As shown in Figs. 3(a) and 3(b), the Floquet
modes |0, ege) and |—2,ghe) come into an avoided
crossing as i, (#) is modulated, during which the ZZ
interaction increases. The dashed vertical line indicates the
exact avoided crossing at w*/2zx = 5.982 GHz, where we
have maximum ZZ interaction of about 12.3 MHz since we
limit w;, () < w*. We note that in the single excitation
manifold, the Floquet modes |0, gge), |0, egg) are also
relatively close in quasienergies to |—2, gfe), |—2, ghg),
which we include in the multi-level FAQUAD design for
1, 1,,t, and (7). Figures 3(c) and 3(d) show the cz
gate phase accumulation ¢ by the Floquet mode |0, eeg)
and control error 1 — F as a function of samples of w;.
The best cz gate of the shown samples is the one with
/27 = 5.8875 GHz [purple star in Figs. 3(c) and 3(d)],
which has a cz gate control error of 0.04% and a total
gate duration of 86.8 ns. The optimized w;,(?) is

e 19/2 0

Rz(¢) = [ 0 ei®/2 (©))

In particular, we focus on the Z gate, which corresponds
to the special case ¢* = z. We numerically simulate the
Z gate up to a global phase. It is worth noting that the S and
T gates are other special cases of the phase gate, and the
gate principles are the same as the Z gate, but the durations
of the S and T gates are shorter.

We consider a system of a driven transmon qubit with
Hamiltonian

H

=w,ata +

. gawaa Q1) cos[o(n)]a. (10)

The corresponding Floquet Hamiltonian H(¢) in the
extended Hilbert space I can be found as in Eq. (5).
To illustrate the working principles of the Z gate, we

consider the lowest three energy levels for the transmon
qubit |g),|e),|f) and specifically analyze the {|1,g),

shown in Fig. 3(¢). Additional details can be found in  |0-¢).|=1.f)}-subspace of A(r) with Hamiltonian
Appendix D 3.
a)inst(t) %t) 0
B. Single-qubit gate a Faub(f) = % Wy ﬂ?m
1. Phase gate (Z, S, T) 0 ﬁ?m 20, + a — ipg (1)

Single-qubit phase gates can be implemented in a
similar manner using adiabatic principles. The phase gate
imparts a relative phase ¢ between the qubit |g) and |e)
states, and is represented as

(I

The reasoning behind this is that all the other
Floquet modes {|m + 1, g), |m, e),|m — 1, )}, m # 0 can
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FIG. 3. Always-on cz gate. (a) Quasienergy spectrum of the

computational Floquet mode |0, ege) coming into avoided cross-
ing with non-computational Floquet mode |—2, ghe) as a func-
tion of instantaneous frequency i, (?).w*/27x = 5.892 GHz
indicates where the closest point in quasienergy takes place,
which also dictates the maximal allowed ZZ interaction
12.3 MHz. (b) ZZ interaction as a function of instantaneous
frequency wj, (). (c),(d) Phase accumulation and control error
of always-on €z gates as a function of instantaneous frequency
endpoint @,. Purple star indicates the best cz gate among the
samples shown. (¢) The optimized control waveform w;, () for
the best cz gate.

be considered as replicas of this subspace due to the
degeneracies of different Floquet-Brillouin zones (see
Appendix A 1).

As shown by the black curve in Fig. 4(a), the Z gate is
implemented in a way where w;,(?) is varied close to (but
not across) the avoided crossing region and just enough to
accumulate a desired phase. We present an example using
the device and (partial) control parameters summarized
in Table III in Appendix D 4. We proceed to design the
remaining parameters—;, t,, t,, t,—and the time-
dependent drive profiles Q(7) and w;,(?), following the
adiabatic pulse optimization procedure outlined in
Sec. IIC 1. Figures 4(b) and 4(c) show the phase accu-
mulation ¢ by the state |e¢) and the Z gate control error
1 — F as a function of samples of @;. The best Z gate of
the shown samples is the one with w, /27 = 4.7442 GHz
[purple star in Figs. 4(b) and 4(c)], which has a Z-gate
control error below 3 x 107 and total gate duration of
35.5 ns. The optimized control waveforms Q(z) and

ing (1) are shown in Fig. 4(d). Additional details can be
found in Appendix D 4.

IV. NONADIABATIC GATES

In this section, we present nonadiabatic examples
constructed using the proposed framework to complete
a universal gate set based primarily on frequency modu-
lation. Although the resulting protocols are more intricate
than conventional Rabi-drive gates, they demonstrate the
possibility of harnessing nonadiabatic transitions within
the Floquet framework and may find applications where
fast, nonadiabatic control offers advantages.

A. X gate

As a representative example of the nonadiabatic gate,
we simulate the X gate, whose resulting operation is
represented by the matrix:

0 eid)l
X¢17¢2 = |:ei¢2 0 :| (12)

Similar techniques can be used to implement any X/Y
gate with arbitrary rotational phase.

The system Hamiltonian A and Floquet Hamiltonian
Hp(t) are the same as in Sec. Il B. Figure 4(e) shows
the quasienergy spectrum of the Floquet {|1,g¢), 0, e),
|—1, f)}-subspace as a function of ;g (7). The red curves
indicate the evolution of the qubit population if it was
initialized in |g). The goal of the frequency modulation
during the X gate is to drive a complete population transfer
between |1,g) and |0,e) while minimizing leakage to
|—1, f) at the end of the evolution. We use the device and
(partial) control parameters summarized in Table IV in
Appendix D 5. In particular, for a given set of device
parameters (wq, @), there exist multiple viable choices for
control parameters Q; and (@, w;) that, together with the
remaining pulse parameters, yield a fast and high-fidelity
X gate.

The time parameter 7, and the amplitude modulation
profile Q(¢) are designed using the multi-level FAQUAD
protocol [53-56]. For the design of the frequency modu-
lation profile w;,(#), we use a simple model parametrized
by w, t,,, t;. The instantaneous frequency w;, () follows
a piecewise-defined symmetric trajectory: it goes from w,
to w; over a duration ¢, using a half-cosine profile,
remains at w; for a hold time ?,, and finally goes from
w; to @, over a duration #, using another half-cosine
profile. Note that during the frequency modulation there
can be population leakage to |—1, f), but eventually the
population will mostly be in the computational subspace.
We define an average overlap quantity as the average of the
final population overlap in |0, e) if initialized in |1, g) and
the final population overlap in |1, g) if initialized in |0, ¢).
We scan ¢, t,, ; for the best average overlap. Figure 4(f)
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FIG. 4. Z gate (a)—(d) and X gate (e)—(h). (a) Quasienergy spectrum of the Floquet modes {|1, g), |0, e), |—1, f) }-subspace as a
function of wy,(#) for the Z gate. The black curve indicates that the population stays in |1, g) during the Z gate if initialized in |g).
(b),(c) Phase accumulation and control error of Z gates as a function of instantaneous frequency endpoint w;. Purple star indicates the
best Z gate among the samples shown. (d) The optimized control waveforms Q(r) and w;,g () for the best Z gate. (e) Quasienergy
spectrum of the Floquet modes {|1, g}, |0, e), |—1, /) }-subspace as a function of w, () for the X gate. The red curves (solid, dashed,
dash-dot line) show the population transitions during the frequency modulation of the X gate if initialized in |g). Part I: the population
remains in |1, g). Part II: the population transfers to |1, g), |0, e) and |—1, f). Part III: the population goes to |0, e). (f) Average overlap
as a function of ¢,, 1, when w /27 = 5.24 GHz at the end of the frequency modulation during the X gate. Red area in the middle
indicates top candidates for potential high-fidelity X gates. (g) The X gate control error as a function of ¢, for one specific set of

ty, Iy, @y among the top candidates in (f). (h) The optimized control waveforms Q(z) and ;. (f) for the best X gate.

shows the average overlap as a function of ¢, t;, when
w1 /27 = 5.24 GHz near the optimal region. We then pick
the top candidates within the region (indicated by the red
area) and simulate the X gate as a function of different
amplitude ramp-up times ¢, and the corresponding ampli-
tude profile Q(¢). The X gate control errors for a specific
set of ¢, t,, w; are shown in Fig. 4(g), where the red dot
indicates an optimized value of ¢, that gives the best X
gate. We find that this best X gate has a control error of
0.07% and a total gate duration of 30.1 ns. The optimized
control waveforms Q(¢) and ;. (f) are shown in Fig. 4(h).
Additional details can be found in Appendix D 5.

B. Hadamard gate

An example of the Hadamard gate, obtained using the
same procedure as for the X gate, is presented in
Appendix D 6. The best Hadamard gate we find has a
control error of approximately 0.07% and a total gate
duration of 37.4 ns.

V. DISCUSSION

The Floquet-based framework developed here is com-
plementary to existing analytical, semi-analytical, and
numerical pulse-design methods. Analytical approaches
such as Derivative Removal by Adiabatic Gate [66],
perturbative treatments, and frame transformations provide

compact and efficient descriptions when a suitable small
parameter or target correction exists, while numerical
methods offer flexible optimization at the cost of reduced
physical transparency and larger computational overhead.
The contribution of the present work is not the introduction
of frequency modulation itself, which has previously been
used in quantum control, but rather the development of a
Floquet-based framework that makes the analysis and
design of frequency-modulated microwave gates system-
atic. The present Floquet framework is most useful when
the gate mechanism is governed by driven dressed-state
dynamics, particularly under frequency-modulated micro-
wave control. In this regime, quasienergies and Floquet
modes provide an interpretable way to identify avoided
crossings, phase accumulation, and leakage pathways,
making it possible to understand why particular frequency
trajectories produce high-fidelity gates and to design such
trajectories in a systematic manner. More broadly, Floquet
analysis plays a somewhat different role from perturbative
methods or analytical frame transformations. It can be
viewed as a systematic way to organize periodically driven
dynamics in an extended Hilbert space, where the resulting
structure may simplify the dynamics and thereby provide a
useful starting point for further perturbative treatments or
frame transformations. In this sense, the Floquet frame-
work should be viewed as a complementary analysis and
design tool rather than a competing replacement for
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existing pulse-shaping approaches. Although the frame-
work is general and can also describe purely amplitude-
modulated protocols, its principal advantage in the present
work is providing a systematic framework for the design
and physical interpretation of high-fidelity frequency-
modulated microwave gates.

In addition, frequency modulation provides extra con-
trol flexibility that can help alleviate frequency-crowding
constraints, since the desired dressed-state interaction can
be accessed dynamically. Rather than relying on a single
fixed activation frequency, a frequency-modulated pulse
traces a time-dependent trajectory through the Floquet
quasienergy spectrum, allowing desired interactions to be
accessed dynamically. This does not eliminate frequency
crowding, and poorly chosen sweeps may still induce
leakage or crosstalk, but it helps mitigate the problem by
enlarging the available design space and changes the
problem from static resonance selection to dynamical
spectral engineering. In terms of speed and fidelity, fre-
quency modulation provides additional flexibility to nav-
igate the driven dressed-state spectrum and access stronger
effective interactions than conventional fixed-frequency
microwave gates, but the available interaction strengths
may still be weaker than those in flux-tunable gates.

VI. CONCLUSION AND OUTLOOK

In this work, we develop a general Floquet-based theo-
retical framework for high-fidelity quantum gate design
using frequency- and amplitude-modulated microwave
drives. The framework enables the systematic analysis
and design of frequency modulation alongside conven-
tional amplitude modulation and accommodates the design
of both adiabatic and nonadiabatic gates. Numerical
simulations with realistic transmon parameters demon-
strate that this framework supports a universal gate set—
including the X, Hadamard, phase, and cz gates—with
control errors below 0.1%. The resulting gate durations are
25-40 ns for single-qubit X, Hadamard and Z gates, and
80-135 ns for two-qubit Ccz gate and its always-on version.
The feasibility of hardware implementations of these
control schemes is discussed in Appendix E.

Beyond the specific examples of different gate oper-
ations presented, the proposed framework expands the
toolbox of microwave-based quantum control and provides
a systematic optimization strategy for parameters of gate
design. In principle, this framework supports fully general
gate protocols that trace arbitrary trajectories in the
®ingt (1) — Q(t) parameter space. In our work, amplitude
and frequency modulation are applied in separate stages,
providing a structured approach that is simpler to under-
stand and implement while still capturing the essential
features of the broader framework. While our analysis
focuses on transmon qubits modeled as Kerr nonlinear
oscillators, the proposed framework can be readily
extended to capture the full transmon nonlinearity and

is potentially applicable to other qubit modalities, such as
fluxonium qubits, neutral atoms, or trapped ions, where
frequency-modulated control is feasible.

Looking ahead, the framework can be extended to
develop optimized control protocols for larger qubit
systems, since the underlying extended Hilbert space
representation naturally accommodates multiple qubits
and couplers with multiple control channels, as briefly
discussed in Appendix A 3. However, the computational
cost and memory requirements of calculating Floquet
modes in the extended Hilbert space grow rapidly with
system size. Incorporating robustness against noise and
parameter variations is another important direction.
Importantly, the identification of nonadiabatic gate imple-
mentations using frequency modulation suggests new
possibilities for faster two-qubit gate operations beyond
the adiabatic approaches shown. We anticipate that fre-
quency- and amplitude-modulated control will provide
valuable perspectives for quantum gate design and
control in the pursuit of scalable, high-fidelity quantum
processors.
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APPENDIX A: FLOQUET THEORY

Floquet theory is a mathematical framework used to
analyze differential equations with periodic coefficients
[42] and is especially common in quantum systems under
time-periodic driving.

1. Basic idea

We shall be interested in quantum systems with Hamil-
tonians that are periodic in time: A(t + T) = H(t). Here,
T is the time period. We can equivalently define the drive
frequency @ = 2z/T. The system is described by the
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Schrodinger equation

S (e) = B0 (1). (A1)

According to Floquet theory, there exist solutions to
Eq. (A1) of the form

Wa(t)) = e |uq (1)),

where |u,()) is periodic in time, i.e., |u,(t+T)) =
|u,(7)). Here, ¢, is real-valued and referred to as the
quasienergy. |u,(z)) is referred to as the Floquet mode,
while |y, (1)) is referred to as the Floquet state. Here, « is
an index denoting the qubit state ranging from O to N — 1,
where N is the dimension of the Hilbert space considered.
The Floquet modes {|u,())} form a complete basis and
therefore the general solution to Eq. (A1) can be written as
a linear combination of the form:

(A2)

(1)) = calwalt)) = cae ! uy(1)).  (A3)

We note that for each index a, there exists a class of
degenerate Floquet modes

|tma(1)) =

indexed by (m,a) for m € Z, which yield an identical
solution for the Floquet state |y, (7)) in Eq. (A2), but with
shifted quasienergies

g (1))e™ ", (A4)

Ema = € + M. (AS)
Thus, all non-degenerate Floquet modes can be found

by restricting the corresponding quasienergies in a

“Floquet-Brillouin zone,” where epg < €, < €pg + .

72

LSO I ~ () B 1)

Hp = 252 F(CIV>1()
B3 e B (VI

B4 -3 f-2)

Here, we use |~) to denote state vectors in the extended
Hilbert space and ~ to denote operators operating on the
extended Hilbert space. Once we diagonalize H for ¢,
and |it,), we can reconstruct Floquet modes |u,(¢)) and
solve for evolution in the original Hilbert space. It is worth

2. Extended Hilbert space representation

In this section, we briefly summarize two approaches to
constructing the extended Hilbert space representation
[43-49]. The first adopts a semiclassical viewpoint, in
which the qubit is treated quantum mechanically while the
drive field is treated classically. Here, the extended Hilbert
space representation serves as a purely mathematical tool,
enabling the transformation of the Schrodinger equation
with a time-dependent Hamiltonian into an equivalent
equation with a time-independent Hamiltonian. The sec-
ond approach is motivated by physical considerations. We
also note a comprehensive construction in which both the
qubit and the drive field are treated as quantized can be
found in [50-52].

We show the first approach. If we substitute Eq. (A2)
into Eq. (A1), we get

[ﬁ(r) - %} a0 = ealua0)).  (A6)

and the task is to find an algebraic way to solve this
equation.

Using a Fourier series, we can write H(r) =
Z;:;m F®) pikot an4q lug (1)) = ;r:oioo e—ila)l|uy)>'

Putting these two equations into Eq. (A6), we will get

+00
Z ﬁl(l_”’>|ug)> — n’a)|ug,")) = e(,|u£,n>>,

|=—

(A7)

for n' € Z.

Grouping these equations into a matrix form, we will
have the following eigenproblem in the extended Hilbert
space

FIF|”:Z(1> = €(l|ﬁ(l>’ (AS)
where
: : >
(3) 7@ Jui>)
@ e ul ™y
() e c i) = | (A9)
—w H |u((,1>>
- (O )

mentioning that the Floquet Hamiltonian H, in the
extended Hilbert space is of infinite dimension. When
performing numerical calculations, Hy needs to be trun-
cated to some finite dimension satisfying convergence
checks.
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Next, we adopt a more physics-motivated perspective.
As an example, we consider a charge-driven qubit system
H(1) = Hy + Haive (1), where  Hugye (1) = Qcos (1)
with Q and @ the drive amplitude and frequency, respec-
tively. Let 0(r) = wt and promote 6(t) to a 2z-periodic
quantum degree of freedom 9 whose conjugate variable is
m — —idy, satisfying [9, ] = i. Therefore, we can write
H(t) —id/ot in Eq. (A6) as

Hp = H(9) + om = Hy + Qcos(8)i + wim,  (A10)

where we have used d/0t = 9/09 - d09/0t = wiir. We then
represent Eq. (A10) in the /m-basis. Since 9is 2r-periodic,
/m must be quantized to have eigenvalues meZ,
ie, m=Y, mm)(m|. We can also write cos(d) =
23 lm + 1)(m| + H.c.. If we plug these into Eq. (A10),
we will explicitly recover Eq. (A9). An advantage of this
perspective is that there is some similarity in Eq. (A10)
to that of a system coupled to a quantized harmonic
oscillator mode, and we can borrow some terminology.
Equation (A10) describes a coupled system of two modes
consisting of qubit and drive, with the pair of quantum
numbers (m, ) for the drive and the qubit, respectively.
Here, a is an index for the qubit system eigenstates in both
the original and expanded Hilbert spaces, and m represents
the “photon number” of drive photons that get added or
subtracted. When the drive amplitude is zero, the eigen-
states of Hp are product states |ii,, ,) = |m) ® |a), with
eigenenergies ¢, , = E, + mw, where E, are the energies
of the physical states |@) in the original Hilbert space.
When the drive amplitude is nonzero, the eigenstates
|ityy.q) = |m,a) of Hg are no longer product states due
to the hybridization between the qubit and the drive, and
the corresponding eigenenergies are the aforementioned
quasienergies &, ,.

3. Generalized Floquet theory

We can further generalize the extended Hilbert space
representation to a scenario where H(r) is not strictly
periodic but has a quasi-periodic structure. Suppose
the Hamiltonian A() can be written in the form H(6, 1),
where the periodicity is with respect to 6, i.e., H(6,t) =
H(6 + 2x,1). Similar analysis as in Appendix A 2 can be
done and the Floquet Hamiltonian will take the following
form

~ A

Hp(t) = H(S, 1) + O, (A1)

where @ = d@/dr. Written in the 7-basis explicitly, we
have

+00 +o0
He()= Y [In+kn|@HO 1)+ > klk)(kl @61,
n.k=—oco k=—c0

(A12)

where A%™(r) are the coefficients in the Fourier
decomposition of the Hamiltonian, i.e., H 0,1) =

2 HO (1)e. )

We note that the Floquet Hamiltonian Hy presented in
Appendix A 2 is time-independent; whereas the Floquet
Hamiltonian H (1) considered here retains explicit time
dependence. This residual time dependence arises from
variables that evolve in time but are not encapsulated
within the fast-varying 8. When these additional variables
vary slowly compared to the rapid change in 6, the
construction of the Floquet Hamiltonian effectively sep-
arates the system’s dynamics into fast and slowly varying
components. In our implementation, this separation is both
valid and useful, as the remaining time-dependent param-
eters evolve on a much slower timescale than 6, and our
objective is to design these slowly varying components.

This generalization leads to the capability of treating
more complicated systems with multiple incommensurate
quasi-periodicities. For example, consider a multi-qubit
system with multiple drives:

H(t) = "Hy; + Q;cos(0;);. (A13)

In this case, the Floquet Hamiltonian will take the
following form

Hp() = H{8:}, 1) + ) 0. (Al4)

Formulated this way, it is then possible to co-design
multiple gates in the same framework.

APPENDIX B: UNITARY PROPAGATOR

We discuss the unitary propagator during the gates for
both adiabatic and nonadiabatic gates leveraging the
extended Hilbert space representation /C.

1. Adiabatic gates

In adiabatic gates, the key is to keep the state in the
intended instantaneous Floquet mode as much as possible.
At t =0, we prepare the initial state |u(0)) = |a) in H,
which maps to [, ,(0)) =|m) @ |a) in K. When
0 <t <t, where t, is the total gate duration, we can
derive the evolution propagator according to the standard
adiabatic theorem, assuming that there are no quasienergy
degeneracies and the control parameters vary slowly,
A(t) = [Q(1), @i (1)]T. The desired propagator in K for
0 <1 <1, can be written as
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O(r) = Y bt (2(0)) (20, BD)
where we choose the gauge condition

(Bt a(2(1)) |V 4l (A(2))) - A(f) = O to account for geomet-
ric phases during the evolution [67]. At 7 =t,, we have
|17tm,a(lg)> = U(tg) |it,,(0)). Finally, we map back to H by

u(t,)) = (0(1,)|itma(t,)), Where (8(2,)| = 3, €00 (m].

2. Nonadiabatic gates

In the nonadiabatic gate approach, we no longer require
the quantum state to remain in the instantaneous eigen-
state of the system throughout its evolution. Instead, we
intentionally engineer nonadiabatic transitions during the
gate, especially the frequency modulation, to steer the
system toward a desired final state. The key idea is that
even if the state departs from its initial eigenstate during
the gate, the overall evolution can still yield a high-fidelity
operation, provided the final state aligns with the target.
At t =0, we prepare the initial state |u(0)) = |a) in H,
which corresponds to |it,, ,(0)) = |m) ® |a) in K. The
goal is to design the time-dependent control vector A(¢) =
[Q(1), wing (1)]" such that the system’s unitary propagator
at t =1, in K takes the desired form

f](tg) = Ze_iqu’.a’(j(t_z/))

m,a

itm’,(x’ (ﬂ(tg)» <ﬁm,a(’1(0)) |’ (Bz)

where |it,, ,(A(t, ))) is the desired final Floquet mode
evolved from the initial mode |, ,(4(0))), and ¢,/ , is the
accumulated phase and {m',a'} # {m,a}. Note that
Eq. (B2) generally only holds at ¢ = 7,. Finally, the state
is projected back to H.

APPENDIX C: FAST QUASIADIABATIC
DYNAMICS

We adopt the FAQUAD protocol and its generalized
version [53-56] to accelerate adiabatic dynamics by
shaping the temporal profile of the control parameter
according to the instantaneous energy gap. FAQUAD
redistributes the rate of change in the control parameter
to slow down in regions where the gap between eigenstates
is small (e.g., near avoided crossings) and speed up where
the gap is large. This results in a time-dependent trajectory
that maintains homogeneous adiabaticity while reducing
total gate duration.

Specifically, in a simplified two-level example with
Hamiltonian A(¢) = H[A(t)] where A(f) is the control
parameter, FAQUAD imposes the condition

‘ (@1(1)|9,92(1))

| @0l 0)]
E\(1) — Ea(1) “ (D

(Er(1) = Eo(1))* |

where ¢ is a constant set by the desired adiabaticity level,
¢;(t) and E;(t) are instantaneous eigenvectors and eige-

nenergies of H(r). Following Eq. (C1), applying the chain
rule yields

di | | Ey(2) - Ey(2) (E1(4) — E2(4))

dr ic‘ <¢1(l)|01¢2(l)>‘ - C‘ (¢1(2)]0,H b2 (4))
(€2)

where =+ indicates the monotonous increase or decrease of
A(t). The differential equation in Eq. (C2) can be solved for
A(t) given the boundary conditions 4(0) and A(z,) where
is the total duration of the specified process.

In practice, to ensure that the designed control param-
eter A() is smooth at both the beginning and the end of the
protocol, thus complying with hardware constraints such
as finite bandwidth, we introduce a smoothness envelope
function s(7) that is multiplied on the right-hand side of
Eq. (C2). An example choice for s(t) is

forO<r<rt,

)
forrt, <t < (1—r)t,,

(1 +cos(w)> for (1—-r)t,<t<t,

rtg

s(t) =

N—= = =

(C3)

where 0 < r < 1/2 determines the duration of the initial
and final regions that we would like to enforce smooth-
ness. In this work, we have used r = 0.05 in all examples
to obtain a sufficiently smooth pulse shape without
compromising the gate speed. Then, instead of Eq. (C2),
we solve

@ _
dr

. (Ei(4) —AE2(/1))2
(¢1(2)]0,H |y (4))

for A(f). This choice ensures that A(f) vanishes at both
endpoints, ¢ = 0 and ¢ = 1, resulting in a smooth At) at
boundary points.

A generalized multi-level extension of the FAQUAD
method can be defined to account for the adiabatic
evolution of multiple pairs of instantaneous eigenstates.
Let O ={(p;,q;)} be a set of index pairs denoting the
relevant transitions between instantaneous eigenstates
¢, (1)) and |, (1)). Let W = {w;} be a corresponding
set of positive weights that assign relative importance to
each pair in Q. The adiabatic constraint is then imposed via

(b, (DO, (1))
(E, (1) — E, (1)) ‘} ©)

For instance, in a three-level system where adiabaticity
between the pairs (1,2) and (1, 3) are emphasized equally,

s(t) (C4)

c= max{w,-
L
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we obtain

Cc = max{

A(t) can be solved similarly as in the original FAQUAD
method. This generalization enables flexible control strat-
egies in multi-level quantum systems by tailoring the
adiabatic condition to prioritize the most critical adiaba-
ticity while still accounting for others.

(1 (1)|0,H|h3(1))
(Ei(1) — E5(1))?

(¢1(1)]0,H (1))
(Ei(t) — Ex(1))

9’

b

(Co)

APPENDIX D: SIMULATION DETAILS

1. Definitions

We use QuTiP [68] to perform the time-dependent gate
simulations in this work and use jaxquantum [69]
for the construction and diagonalization of the Floquet
Hamiltonians. In order to efficiently track the dressed
eigenstates of the Floquet Hamiltonian as we vary the
control parameters, we utilize the state labeling procedure
developed in Ref. [70]. The average gate fidelity F is
computed as [71]:

Te(M" M) + [ Tr(Ulyeu M)

F= nn+1)

: (D)

where M is the system propagator of the designed gate in
the computational basis, Ui geq is the ideal unitary propa-
gator of the desired gate, and n is the dimension of the
subspace. M is not necessarily unitary; it is constructed by
evolving each computational basis state under the full
system dynamics and projecting the resulting states back

TABLE I. Device parameters for the cz gate.

w,/2x w,/2x w.[2n
5.111 GHz 5.612 GHz 5.431 GHz
a,/2x a,/2n a./2n
—231.5 MHz —249.9 MHz —294.7 MHz
gac/zﬂ ghc/Zﬂ: gab/zﬂ
75.2 MHz 82.5 MHz 7.2 MHz

onto the computational basis, so that any leakage outside
the computational subspace is reflected in its nonunitarity.
To avoid confusion, we report control error 1 —F in
this paper.

2. cz gate

The device parameters we use to simulate the example
in Sec. Il A1 are summarized in Table I. Figure 5(a)
shows the static ZZ interaction as a function of w,, which
is picked to be w./27 = 5.431 GHz so that the ZZ inter-
action vanishes when static. Figures 5(b) and 5(c) show the
quasienergy spectrum of the computational Floquet modes
|0, gg9), |0, gge), |0, egg), |0, ege) as a function of Q(r)
and w;, (1), respectively. We use these to calculate the ZZ
interaction in Figs. 2(a) and 2(c). It is worth noting that the
77 interaction during the amplitude ramp up decreases
despite a slight increase in the quasienergy of |0, ege). This
occurs because the other three computational Floquet
modes also experience an upward shift in their quasi-
energies. In contrast, during the frequency modulation,
the bending down of the |0, ege) quasienergy leads to a
significant reduction in the ZZ interaction. The maximum
ZZ interaction in this example is roughly —9.61 MHz,

(b) 10.80 (©) 10.80
’ — 10,999) 10,eg9) ’ — 10.999) 10, egg)
— 10.g9e) —— |0, ege) — 10,gge) —— |0, ege)
() 10.75 10.75
209w 2n=5431 GHz
104 / 10.70 ':N; 10.70
I 0 T 56+ € 56+
Z 10 2 8
&0 3 5.4 g 544
—309 i 5.2 g 527
45 48 51 54 57 6.00O
we/2m (GHz) >0 >0
0.1+ 0.1
0.01 0.0+
_0-1 T T T T T T _0-1 T T T T T T
0 25 50 75 100 125 5.745 5.750 5.755 5.760 5.765 5.770
Q/2n (MHz) Winst/21T (GHZ)
FIG. 5. cz gate. (a) Static ZZ interaction as a function of coupler frequency w.. We choose w./2x = 5.431 GHz to have a vanishing

77 interaction. (b),(c) Quasienergy spectrum of the computational Floquet modes |0, ggg), |0, gge), |0, egg), |0, ege) as a function of
drive amplitude Q(7) and instantaneous frequency wy, (t), respectively.
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which restricts the cz gate duration to be at least over
100 ns in a adiabatic gate by rough estimation. The key in
finding a fast cz gate is to be able to identify a large ZZ
interaction region; the caveat is that the Floquet modes
may come closer to one another, leading to more leak-
age error.

The remaining errors should be understood as coherent
control error from operating the gate in a fast regime. It
mainly arises from residual nonadiabatic leakage during
the modulation segments and small deviations of the accu-
mulated phase from the target value. These errors could in
principle be further reduced by using slower, more adia-
batic pulses or additional pulse-shaping parameters, but
this may increase the gate duration and hence the expected
decoherence error. We therefore choose experimentally
reasonable pulse parameters that keep the gate short while
maintaining low coherent leakage and phase error.

3. Always-on Cz gate

The device parameters we use to simulate the example
in Sec. I A2 are summarized in Table II. Figure 6(a)
shows the static ZZ interaction (without drive) as a func-
tion of coupler frequency .. We choose w, = 5.95 GHz
for the static ZZ interaction to be nonzero. We then choose
an appropriate set of always-on drive amplitude €; and
frequency w, such that the idling ZZ interaction is zero.
Figure 6(b) shows the idling ZZ interaction as a function of
Q; when wq/27z = 5.85 GHz. The red dot indicates that
the idling ZZ vanishes at Q; = 254.1 MHz. We emphasize

(a) (c)

TABLE II. Device parameters for the always-on Ccz gate.
w,/2x w,/2x w.[2n
5.111 GHz 5.612 GHz 5.950 GHz
a,/2x a,/2n a./2n
—231.5 MHz —249.9 MHz —298.7 MHz
gac/zﬂ ghc/Zﬂ: gab/zﬂ
72.3 MHz 79.2 MHz 7.2 MHz

that this choice of device and control parameters is not
unique. With the fixed device parameters in Table II,
different control parameter sets can meet the basic require-
ments for implementing a ¢z gate. However, different
choices may yield different gate fidelities and durations
due to variations in ZZ interaction strength and spectral
structure. Figure 6(c) shows the quasienergy spectrum of
the computational basis states consisting of Floquet modes
|0, g99). 10, gge). |0, egg), |0, ege) as a function of Q.
Although the drive amplitude remains constant during the
always-on Cz gate, we require an adiabatic mapping
between the computational states and the bare eigenstates
of the undriven system to enable proper readout. Figure 6(d)
shows the quasienergy spectrum as a function of @j,g (7).

4. 7. gate

We show additional details about the Z gate. The device
parameters we use to simulate the example in Sec. III B are

(d)

201 - w.2m=5.95 GHz 10.8

— 10,999) l0.e99) | 10.8- =r=10.900) 10. egg)
101 — |0,gge) —— |0, ege) — l0.gge)  —— 10.ege)
T o 10.74 10.7+
s
=~ -10- 10.6 1
UD{—ZO‘ 10.6 ;:,\T 56
-30] N 5.6- —_— e
T T T T T T >
45 48 51 54 57 602 S 5.4
(b) we/2m (GHz) &> 5.44 o
S 9]
01 [ 2
° ZeroZZ s -
_SA ero % 52_ g 52
o © ©
L 10 o]
£ 5.0 5.0
N —151
W —20 0.0 e R 0.0+
—251 H ; H i H H -0.1 T T T T T T -0.1 W
0 50 100 150 200 250 0 50 100 150 200 250 5.85 5.86 5.87 5.88 5.89 5.90

Q1/2n (MHz) /21 (MHz) Winst/21 (GHz)

FIG. 6. Always-on cz gate. (a) Static ZZ interaction (without drive) as a function of coupler frequency .. We choose w./27 =
5.95 GHz to have a small nonzero ZZ interaction. (b) Idling ZZ interaction (with drive) as a function of drive amplitude Q; when
instantaneous frequency is fixed at w;,(7)/27 = wy/27x = 5.85 GHz. Red dot at Q,/27 = 254.1 MHz is where we operate with
vanishing idling ZZ interaction. (c),(d) Quasienergy spectrum of the computational subspace consisting of Floquet modes
0, 999), |0, gge), |0, egg), |0, ege) as a function of drive amplitude Q, and instantaneous frequency wj, (), respectively. Note that
in the always-on €z gate the drive amplitude remains a constant, but (c) indicates an adiabatic mapping between the Floquet modes and

bare eigenstates of the undriven system.
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FIG. 7. Z gate. (a),(b) Quasienergy spectrum of the Floquet
modes {|1, g), |0, e}, |1, f) }-subspace as a function of Q(¢) and
Dingt (7). We show wj, (1) up to @*. (c),(d) ac Stark shift as a
function of Q(#) and Wi, (7).

summarized in Table III. Figures 7(a) and 7(b) show the
quasienergy spectrum as a function of Q(z) and @;,g(?)
respectively. Figure 7(a) shows a very separated spectrum
because the initial drive frequency w, is further off-
|

wp+w,; wy—w) (t—t,)
7 T3 cos( N

winst(t> W

wy+w; | —my a(t—ty—t,—1)
7 T3 cos( -

w

Figure 8(a) shows the quasienergy spectrum as a function
of Q(¢), which is considerably separated so that we can
ramp up and down the amplitude in 6 ns without
introducing much nonadiabatic error. Segments of the full
pulse Q(7) cos[0(z)] are shown in Fig. 8(b). It is easy to see
the change of amplitude and instantaneous frequency
during the beginning, middle, and final stages of the pulse.
To illustrate what the evolution during the X gate looks
like, we prepare the initial state in |g) and plot the
population overlap in |g), |e),|f) in Fig. 8(c). We also
show the trajectory on the Bloch sphere in Fig. 8(d). As
expected, the state leaks outside the computational sub-
space during the middle of the gate but eventually mostly
ends up in the desired final state |¢). We also show the
trajectory of the state evolution the X gate on the initial
state |0) in the rotating frame. In this example, we restrict

TABLE IV. Device and control parameters for the X gate.

w,/2n
5 GHz

a/2n
—150 MHz

Ql / 2r
200 MHz

wo /27
4.5 GHz

TABLE III. Device and control parameters for the Z gate.
w,/2n a/2x Q2% [@g, 0*] /27
5 GHz —150 MHz 190 MHz [4.0,4.78] GHz

resonant with the qubit frequency w,. Therefore, the
amplitude ramp up and down is even faster (under 4 ns)
for comparable drive amplitudes. There is some flexibility
in adjusting @, to balance the duration of the amplitude
and frequency modulation. The exact avoided crossing
between |l,g) and [0,e) is found to be w*/2z =
4.78 GHz. We restrict w; < ™ to maintain the adiabaticity
during the frequency modulation. As shown in Figs. 7(c)
and 7(d), the ac Stark shift is weak during the amplitude
modulation. In contrast, the spectrum changes signifi-
cantly with w;,(f), leading to a stronger ac Stark shift
during the frequency modulation.

5. X gate

We show more simulation details about the X gate. The
device parameters we use to simulate the example in
Sec. IVA are summarized in Table IV. The simple para-
metrized model we use for w;,(7) is

fort, <t<t,+1,

fort, +1, <t<t,+t,+1, (D2)
) forta+tw+th<t§ta+2tw+th
[
(a) ()
= 5.40 1.00
5
2515 5075 —
= k] — e
04.90{ — 1. € 0.50
o — 00 3 — "
¥ 4.65 =10 a 0.25
=3
© 440k : - 0.00 , : :
0.0 0.1 0.2 0 10 20 30
(b) Q/2mn (GHz) (d) t (ns)
N 200] 2
I
=
< 1004
g
s o
o
g 100
& —200/ - L
2 315 1628 29
Time t (ns)
FIG. 8. X gate. (a) Quasienergy spectrum of the Floquet modes

{I1, 9),10, ¢€),|—1, f)}-subspace as a function of Q(¢). (b) Seg-
ments of the full pulse Q(7)cosd(z). (c) An example of the
population overlap evolution in |g), |e), |f) during the X gate if
initialized in |g). (d) Trajectory of the state evolution of the X
gate on the Bloch sphere.
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the optimization of w;,(7) to a subspace of the cosine-and-
hold pulse shape, as the resulting control error is compa-
rable to that of state-of-the-art X gates in experiments.
Further improvement of control error can be done by
enlarging the optimization subspace with more degrees of
freedom.

6. Hadamard gate

We implement the Hadamard gate based on the non-
adiabatic gate principles. The simulated operation has the
following matrix representation:

H _ ik 1 0 1 |1 1 1 0
brprps — € 0 et 7§ 1 =1 0 et |”
(D3)

We consider the same system, with device and control
parameters identical to those summarized in Table IV
for the X gate in Sec. IVA. The gate principle of the
Hadamard gate is highly similar to that of the X gate,
except for the change of the goal during the frequency
modulation. Here, the objective of frequency modulation
is to drive a partial (50%) population transfer, thereby
creating an equal superposition of the two Floquet modes,
1,g) and |0, e), regardless of the initial Floquet mode,
while simultaneously minimizing leakage to |—1, f). The
design of control parameters t,, @i, t,,, t, as well as Q(t)
and w;,(7) follows the same procedure as in Sec. IVA.
Figure 9(a) shows the average overlap as a function of
ty, 1, When o, /2z = 5.2 GHz near the optimal region. We

a c
(@), 5 1 0(©)2001
0.4 L0.9 = 150
703 L0.8 =
=02 0.7 & 1001
0.1 0.6 & 501
0.0 0.5
54 56 58 6.0 6.2 6.4
(b) £, (ns) (d)s,
—2.851 _
N
o —2.911 @ 5.01
|
L ~2.971 §4.8
S -3.031 £
[e)] 1]
o £
= _3.091 S46
-3.15 , . 7 7 ; ;
123 127 131 135 s ) 22 Y
ta (ns) Time t (ns)

FIG. 9. Hadamard gate. (a) Average overlap as a function of
ty,t, when /27 =52 GHz at the end of the frequency
modulation during the Hadamard gate. Red area in the middle
indicates top candidates for potential high-fidelity Hadamard
gates. (b) The Hadamard gate control error as a function of ¢, for
one specific set of t,,1,, ®, among the top candidates in (a).
(¢),(d) The optimized control waveforms Q(#) and w;, () for the
best Hadamard gate.

then pick the top candidates within the region (indicated by
the red area) and simulate the Hadamard gate as a function
of different 7, and its corresponding Q(z), as shown in
Fig. 9(b). The best Hadamard gate we find has control
error of approximately 0.07% and a total gate duration of
37.4 ns. The optimized control waveforms Q(z) and
®ing (1) are shown in Figs. 9(c) and 9(d).

APPENDIX E: DISCUSSION ON HARDWARE
IMPLEMENTATION

We discuss the hardware requirements necessary to
implement the control pulses proposed in this work,
focusing in particular on bandwidth and sampling rate.
In superconducting qubit platforms, microwave control
pulses are typically synthesized using single-sideband
(SSB) modulation. Direct digital synthesis may be a more
flexible choice if possible. For the pulses proposed in this
work, we show that they can be readily implemented using
the same SSB modulation technique without requiring
significant modifications to existing experimental setups.

We use the pulses designed in Sec. III A 1 as a concrete
example. The eventual pulse we would like to gene-
rate is Q(r) cos 6(z), where 6(¢) = f(;" @ipgt (). The pro-
files of Q(7) and wi,,(f) are depicted in Fig. 2(f). The
ranges for Q(7)/2z and w;(t)/27 are [0,125] MHz
and [5.745,5.7615] GHz, respectively. We can specify
the rf tone to be, for instance, w./27 = wy/2n =
5.745 GHz. Then the baseband pulse will be I(t)=
Q(1)cos (0(t) — wyt) =Q(1) cos (f(;” (@insi (1) —wy5)1), With
the instantaneous frequency in the range of [0, 16.5] MHz.
We then estimate the bandwidth of x(z) to be less than
60 MHz using a —40 dB cutoff. Therefore, a standard off-
the-shelf AWG (e.g., Keysight M3202A with 1 GSa/s
sampling rate and 400 MHz bandwidth) is expected to
generate this pulse accurately.

For the pulses designed in Secs. IV and Appendix D 6, a
more sophisticated AWG may be needed (e.g., Key-
sight M5300A with 4.8 GSa/s sampling rate and 2 GHz
bandwidth). This is mainly because the frequency modu-
lation range is significantly larger—exceeding 700 MHz—
resulting in a baseband pulse bandwidth estimated at
approximately 800 MHz using a —40 dB cutoff. We note
that such a large frequency modulation range is not
necessary to implement single-qubit gates, whose require-
ments are generally less stringent. The frequency modu-
lation range can be reduced to lower the required
bandwidth and alleviate hardware demands while main-
taining desired gate fidelity.
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