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Accurate measurement of vector magnetic fields is critical for applications including navigation, geo-
science, and space exploration. Nitrogen-vacancy (NV) center spin ensembles offer a promising solution
for high-sensitivity vector magnetometry, as their different orientations in the diamond lattice measure
different components of the magnetic field. However, the bias magnetic field typically used to separate sig-
nals from each NV orientation introduces inaccuracy from drifts in permanent magnets or coils. Here, we
present a novel bias-field-free approach that labels the NV orientations via the direction of the microwave
(MW) field in a variable-pulse-duration Ramsey sequence used to manipulate the spin ensemble. Numeri-
cal simulations demonstrate the possibility to isolate each orientation’s signal with subnanotesla accuracy
in most terrestrial fields, even without precise MW field calibration, at only a moderate cost to sensitiv-
ity. We also provide proof-of-principle experimental validation, observing relevant features that evolve
as expected with the applied magnetic field. Looking forward, by removing a key source of drift, the
proposed protocol lays the groundwork for future deployment of NV magnetometers in high-accuracy or
long-duration missions.

DOI: 10.1103/zcdm-5qq3

I. INTRODUCTION

Magnetic sensor development often focuses on preci-
sion, the ability to sense as small a change as possible.
Nevertheless, in some contexts, accuracy or long-term
stability can prove more important. Accurate maps of
Earth’s magnetic field are critical to navigation [1–4], geo-
science [5–8], and resource exploration [9–11]; sensors
that retain calibration over months or years are essential
to exploratory space missions [12]. While scalar atomic
magnetometers can exhibit absolute accuracy down to ∼50
pT [13,14], vector mode operation remains a challenge,
with field-deployed vector-mode atomic magnetometers
reaching only approximately nanotesla accuracy [15,16].
Even hybrid solutions using a scalar atomic magnetome-
ter for in situ calibration of a vector fluxgate sensor attain
only slightly better accuracy, with the additional cost of
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complex calibration procedures and reduced performance
in high field gradients [17,18].

Nitrogen-vacancy (NV) centers in diamond offer an
appealing alternative for accurate vector magnetometry
because they combine the long spin coherence time and
Hamiltonian-defined response of atomic magnetometers
with intrinsic vector measurement capabilities arising from
their site symmetry [19,20]. Each of the four possible
NV center orientations in the diamond lattice [see Fig.
1(a)] is most sensitive to fields along its symmetry axis,
permitting vector field measurement. To reconstruct the
magnetic field, one must know which signals come from
which NV orientation. The most common solution applies
a bias field of a few milliteslas using permanent magnets
or coils to separate the spin transition frequencies of differ-
ent orientations, allowing orientation-labeled measurement
of small shifts due to the external magnetic field [21,22].
This approach has enabled NV magnetometers with suffi-
cient accuracy for selection as a finalist in the MagQuest
Challenge [23,24], signaling the potential for NV mag-
netometers to outclass existing magnetometers for Earth
field mapping. However, at the nanotesla accuracy level,
the bias field becomes problematic because it is indistin-
guishable from the external field, such that drifts in bias
due to thermal [25], mechanical, or hysteresis [26] effects
induce systematic errors. Removing large bias fields could
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FIG. 1. (a) The four possible directions of the NV symme-
try axis (N-to-V axis) in the conventional diamond crystal unit
cell. (b) Variable-pulse-duration Ramsey sequence with two
microwave pulses of duration t separated by free evolution time
τ . (c) Dynamics in the bright-dark basis. (d) Population in |0〉
(P0(t, τ)) after application of the pulse sequence in (b) in the
�/ωL → ∞ limit, with constant microwave phase, no detuning,
no dephasing, and an axial magnetic field. The pulse duration
t is given in units of the Rabi period and the evolution time
τ is given in units of the Larmor period. (e) Magnitude of the
two-dimensional Fourier transform of the population in (d), with
discrete frequencies illustrated with dots of area proportional to
their magnitude. The quantitative values given in the legend are
|anm| in the Fourier expansion P0(t, τ) = ∑

n
∑

m anmeiνnteiωmτ .
The frequency associated with the pulse duration (free evolu-
tion time) is given in units of the Rabi frequency � (Larmor
frequency ωL).

also aid materials research applications, as millitesla fields
are incompatible with some target samples [27]. Bias-field-
free operation is thus desirable to enable high-accuracy NV
vector magnetometry and expand its range of applications.

Indeed, there has been a recent surge of interest in
bias-field-free schemes. Several groups have explored the
use of optical anisotropy, labeling orientations via distinct
spatial emission patterns [28–30] or excitation and emis-
sion polarization [31–34]. When applied to NV ensembles,
however, these schemes incompletely isolate the contri-
butions from different orientations, such that any drifts
in the optical calibration will degrade accuracy, particu-
larly when two orientations experience similar magnetic
field projections such that their spin transitions nearly
coincide and relevant features overlap. Microwave (MW)
polarization has also been suggested to discern vector

fields from a single orientation [35] or label orientations,
in the latter case either on its own [36] or combined with
optical polarization [32]. These proposed implementations
using MW polarization exhibit accuracy issues similar
to those of optical polarization schemes. While circu-
lar MW polarization in combination with optimal control
could in principle provide better isolation of each orienta-
tion’s signal [37], robust implementation over a terrestrial-
magnetic-field range remains to be demonstrated. Pulsed
biasing [38] could improve accuracy if a sufficiently pre-
cise control system can be realized, but it would not
function for samples requiring a low field. Thus, it remains
an open challenge to identify a robust, crosstalk-free,
drift-free mechanism for labeling NV orientations in the
absence of a bias field.

Here, we examine a novel method to label NV orien-
tations via the MW field. By appropriate adjustment of
the MW field angle relative to the diamond crystalline
axes, each NV orientation experiences a distinct Rabi fre-
quency. While Rabi labeling has been proposed before
[39], we identify a technique that permits effective use of
the Rabi-frequency label without relying on knowledge
of the exact MW direction or a calibrated model of the
NV spin resonance line shapes. In particular, we use a
Ramsey-like protocol with MW pulses of variable duration
[see Fig. 1(b)], separating the labeling dimension (pulse
duration) from the sensing dimension (interpulse delay)
to enable true isolation of signals originating from each
orientation. Crucially, the variable-pulse-duration Ramsey
(VPDR) protocol allows us to identify drifts in the MW
field separately from changes in the target dc field, such
that precise calibration of the MW magnitude and direction
is not required. In addition, the VPDR sequence probes
double-quantum (DQ) spin transitions, which increases
stability in the presence of temperature fluctuations and
eliminates dephasing from axial strain inhomogeneities
[20]. The scheme requires only a single MW frequency,
easing experimental implementation; while it cannot oper-
ate at true zero field, for reasonable parameters it has
a range exceeding requirements for sensing in terrestrial
fields.

The paper is structured as follows. In Sec. II we ana-
lytically model the response of a single NV center to the
VPDR pulse sequence and analyze it in the frequency
domain. This model provides insight into different regimes
of operation and allows estimation of the sensitivity cost
relative to more standard measurements. We then test the
VPDR protocol on numerical simulations of an ensem-
ble of NV spins in Sec. III, with open-source code for
the simulator provided [40]. We demonstrate that it is
possible to suppress crosstalk between signals from dif-
ferent orientations to reach subnanotesla accuracy across
an Earth-magnetic-field range, apart from discrete dead
zones that we identify and discuss. Moreover, we show that
similar accuracy is retained even for factor-of-2 changes in
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MW magnitude and ±4◦ MW direction fluctuations, such
that accuracy is not constrained by MW calibration pre-
cision. Finally, in Sec. IV we show a proof-of-principle
experimental demonstration, comparing observed features
with those expected from the analytic theory, illustrating
the feasibility of Rabi-labeled, bias-field-free vector field
measurements.

II. THEORETICAL PRINCIPLES

A. Single NV center response

The VPDR pulse sequence [see Fig. 1(b)] comprises two
MW pulses of duration t separated by a free evolution time
τ , where the second MW pulse has a phase shift φ of 0◦
or 180◦ with respect to the first. We begin by analyzing
the effect of the VPDR sequence on a single NV center
modeled as a spin S = 1 system with a zero-field split-
ting �/(2π) that we set to 2.87 GHz [41]. We assume that
the NV spin is initially polarized into the ms = 0 Zeeman
projection (|0〉), and that a small axial field Bz (to be mea-
sured) splits the ms = ±1 states (| ± 1〉) by energy 2�ωL =
2gμBBz. A MW field BMW cos (νMWt + φ) is applied to the
spin. By choosing the ẑ coordinate axis along the NV sym-
metry axis and the x̂ coordinate axis along the projection of
the MW field in the plane perpendicular to ẑ (BMW,⊥), we
can write the NV spin Hamiltonian in the rotating frame
and rotating wave approximation as

H = −�δŜ2
z + �ωLŜz

+ ��

2

(
cos φŜx + sin φ

(
Ŝy Ŝz + ŜzŜy

))
, (1)

where � = gμBBMW,⊥/� is the Rabi frequency, δ =
νMW − � is the MW detuning from the zero-field splitting
(unless otherwise specified, we assume δ = 0), and Ŝx, Ŝy ,
and Ŝz are the spin-1 matrices. Note that the MW phase φ

is not analogous to the MW direction for a spin-1 system.

1. The high-Rabi-frequency limit

By propagating a |0〉-initialized spin through the three
intervals of the pulse sequence, we can obtain an
expression for the final ms = 0 population P0(t, τ) (see
Appendix A). In the hard-pulse limit �/ωL → ∞ and
�/δ → ∞,

lim
�/ωL→∞
�/δ→∞

P0(t, τ) ≈ cos4 �t
2

+ cos (τδ + φ)

2
sin2 �t cos ωLτ

︸ ︷︷ ︸
SQ

+ sin4 �t
2

cos2 ωLτ
︸ ︷︷ ︸

DQ

. (2)

An illustration of this signal for δ = 0, φ = 0 is shown in
Fig. 1(d). From examination of Eq. (2), two of its terms
exhibit oscillations with τ that can be used to deduce the
Larmor precession frequency (and thus the magnetic field).
The second term oscillates at ωL [a single-quantum (SQ)
Ramsey signal], while the third term oscillates at 2ωL (a
DQ Ramsey signal).

Only single-quantum terms are sensitive to the detun-
ing or phase of the microwaves. In particular, changing the
phase of the second pulse by 180◦ reverses the sign of the
SQ term, similarly to techniques used for double-quantum
Ramsey in a bias field [42]. Thus, by two applications
of the pulse sequence, once with φ = 0◦ and once with
φ = 180◦, and addition of the resulting signals, the SQ
contribution can be canceled. Isolating the DQ signal is
beneficial because of its insensitivity to detuning (and
thus to variations in temperature and axial strain); more-
over, DQ transitions do not suffer from dephasing due to
axial strain inhomogeneities, offering an opportunity for
improved magnetic sensitivity [43–46].

Because P0(t, τ) is a sum of oscillations, it is
natural to examine its Fourier transform P0(ν, ω) =∫

dt
∫

dτe−iνte−iωτ P0(t, τ). In the absence of dephasing,
P0(ν, ω) is a sum of Dirac delta functions; Fig. 1(e)
shows P0(ν, ω) in the �/ωL → ∞ limit, with the mag-
nitude of the area under each two-dimensional (2D)
delta function represented by the area of the circle cen-
tered at its frequencies (ν, ω). This Fourier domain rep-
resentation enables a simple conceptual interpretation
of data: the vertical location of a Fourier peak shows
the Rabi frequency (which will be used to label the
orientation), while its horizontal location indicates the
free precession frequency associated with that Rabi fre-
quency, thus revealing information about the projec-
tion of the magnetic field on that Rabi-labeled NV
axis.

For quantitative field estimation, we will focus on the
DQ term at ν = �, ω = 2ωL. The origin of this term can
be understood in the bright state–dark state picture [see
Fig. 1(c)]. The pulsed MW drive couples |0〉 to the so-
called bright state |B〉 = 1√

2
(| + 1〉 + | − 1〉), producing

oscillations between |0〉 and |B〉 at the Rabi frequency �.
During free evolution, the axial magnetic field induces
oscillations between |B〉 and the orthogonal dark state
|D〉 = 1√

2
(| + 1〉 − | − 1〉) at twice the Larmor preces-

sion frequency 2ωL. Whenever the pulse duration t is
an odd integer multiple of π/�, each pulse will trans-
fer all the population into or out of the {|B〉, |D〉} sub-
space, leading to a final |0〉 population that oscillates
strongly with τ; whenever t is an even multiple of π/�,
the {|B〉, |D〉} subspace will not be populated during the
free evolution period and the Larmor precession signal
vs τ will be suppressed. We thus expect the final ms = 0
population to contain an oscillation with τ at frequency
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2ωL modulated by an oscillation with t at the Rabi fre-
quency �.

It is straightforward to extract this DQ term of interest
from a dataset acquired at a range of pulse durations t and
one or more free evolution times τ . By taking the inner
product of P0(t, τ) with cos �t along the pulse-duration
dimension, one obtains the double-quantum Ramsey signal

lim
�/ωL→∞
�/δ→∞

T→∞

1
T

∫ T

0
2 cos �t P0(t, τ)dt = 1

4
(1 − cos 2ωLτ) ,

(3)

from which the magnetic field along the NV axis can be
inferred.

The theoretical sensitivity of the VPDR protocol is
negatively impacted by taking measurements at pulse dura-
tions t that are not optimal. To quantify the sensitivity cost,
we compare the VPDR protocol (performed for a given
free evolution time τ ) to a more standard DQ Ramsey
experiment realized by applying two pulses of duration
t = π/� separated by the same free evolution time τ ,
which would produce a ms = 0 population cos2 ωLτ . For
VPDR data in the hard-pulse limit, analyzed via a cosine
inner product on the pulse-duration dimension, sampling
at many pulse durations worsens the sensitivity by only
a factor of 2

√
2 relative to the DQ Ramsey experiment.

While this result holds even in the presence of dephasing
during free evolution, it is valid only in the high-Rabi-
frequency limit. For moderate Rabi frequencies, dephasing
during MW pulses can further degrade VPDR sensitivity
(see Appendix B for details).

2. Finite �/ωL considerations

The simple expression in Eq. (2) is valid only in the
�/ωL → ∞, �/δ → ∞ limit. While we can impose δ =
0, it is important to understand the effect of finite �/ωL.
The Larmor precession of the spin during the pulse mod-
ifies the response of the system in two ways: First, the
|0〉 → |B〉 population oscillations occur at the effective

Rabi frequency �eff =
√

�2 + 4ω2
L; secondly, new oscil-

lations with t emerge at ν = ±�eff/2 and ν = ±3�eff/2.
The full analytic expressions for δ = 0 are given in
Appendix A, and the resulting signals can be understood
conceptually in the Fourier domain as illustrated in Fig.
2(a). Note that ν is given in units of �eff (not �), while
ω is given in units of ωL. Figure 2(a) clearly shows the
emergence of new Fourier peaks, as well as changes to the
magnitudes of the original peaks seen in Fig. 1(e).

Perhaps surprisingly, the new Fourier components per-
sist to fairly large values of �/ωL. Figure 2(b) shows
the Fourier amplitudes of the DQ terms in the first quad-
rant, as indicated by arrows in Fig. 2(a), as a function of

(a)

(b)

FIG. 2. (a) P0(ν, ω) for � = 5ωL, no detuning or dephasing,
and constant microwave phase. The area of the dots is propor-
tional to the magnitude of the discrete Fourier components as in
Fig. 1(e). The pulse duration frequency ν is given in units of the

effective Rabi frequency �eff =
√

�2 + 4ω2
L, while the free evo-

lution frequency is given in units of the Larmor frequency ωL.
(b) Amplitude of the positive-quadrant double-quantum Fourier
components, corresponding to the four components indicated
with arrows in (a), as a function of �/ωL. The dotted line indi-
cates the value of �/ωL for which the Fourier components in (a)
are evaluated.

�/ωL. In particular, the ν = �eff/2 term remains appre-
ciable even at �/ωL = 50. In contrast, the term of interest
at ν = �eff (green line) approaches its saturating value for
�/ωL � 10. This behavior implies that analysis will be
simpler when � exceeds ωL by an order of magnitude or
more.

Despite the additional signal complexity at finite �/ωL,
it remains possible to cancel the SQ peaks at ω =
ωL by adding 0◦- and 180◦-phase-shifted signals (see
Appendix A). Since the DQ signals are unaffected by the
MW phase, this SQ cancellation procedure does not impact
sensitivity, but implies a refresh rate reduction by a factor
of 2.

3. Dephasing

Spin dephasing does not substantially change the inter-
pretation of VPDR signals. In an analytic approximation
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valid for � 
 ωL, we ignore spin dephasing during the
short pulses and focus on dephasing during the longer
free evolution period. Modeling of the environmental noise
as Lorentzian-distributed inhomogeneous variations in the
local magnetic field [47] produces an exponential decay
of all SQ signals as e−τ/T ∗

2 and all DQ signals as e−2τ/T ∗
2

(see Appendix A for details). In the high-Rabi-frequency
approximation of Eq. (2), an inner product of the dephased
signal with cos(�t) yields 1/T

∫ T
0 2 cos �t P0(t, τ)dt ≈

1
4

(
1 − e−2τ/T ∗

2 cos 2ωLτ
)

, which is half of the signal from
a standard double-quantum Ramsey experiment, with the
same decay term. As long as the dephasing during the
pulses is negligible, a similar post-inner-product result can
be obtained even at finite �/ωL; however, SQ cancella-
tion will be necessary, and the magnitude of the DQ signal
will vary with �/ωL. Dephasing during the MW pulses
does not lend itself to simple analytic treatment; as shown
numerically in Appendix B, it further reduces the ampli-
tude of the post-inner-product signal, worsening sensitivity
but not impacting the functional dependence on τ (nor the
resulting accuracy).

4. Hyperfine structure

Finally, NV centers have hyperfine structure associ-
ated with the host nitrogen nuclear spin. We consider the
dominant I = 1 isotope 14N, as the I = 1

2
15N isotope

would introduce additional modulation due to its lack of
quadrupole splitting [48]. In the secular approximation,
the 14N nuclear spin adds an axial magnetic field propor-
tional to its projection on the NV symmetry axis. When
the nuclear spin is in Zeeman sublevel mI , the effective
Larmor frequency is ωL = ωext

L + mI A, where ωext
L is the

Larmor precession frequency associated with an external
axial magnetic field, and A/(2π) = 2.16 MHz [49]. Since
the nuclear spin sublevels are approximately equally pop-
ulated at room temperature and low magnetic field, we can
account for hyperfine structure by averaging P0(t, τ) over
the three possible values of mI . Qualitatively, hyperfine
structure leads to a tripling of the Fourier-domain peaks
in P(ν, ω) along the horizontal ω axis, corresponding to
ω = m(ωext

L + mI A) with m = {−2, −1, 0, 1, 2} and mI =
{−1, 0, 1}. With this additional complication, it becomes
especially beneficial to cancel the SQ contribution by
adding a 180◦-phase-shifted signal, such that only m =
{−2, 0, 2} Fourier components are present in the signal. For
the remaining theoretical and numerical analysis, we will
work with such SQ-canceled signals.

Hyperfine structure also induces variation of the
effective Rabi frequency with nuclear spin projection,
�eff(mI ) = √

�2 + 4(ωext
L + mI A)2. Extraction of all three

hyperfine signals from an inner product with a single
cosine requires � 
 A, further motivating the use of high
Rabi frequency in an experimental realization.

B. Ensemble signals

When all four orientations of NV centers are present,
each species i will have its own Rabi frequency �i =
(gμB/�)|BMW × ẑi| set by the perpendicular projection
of the MW magnetic field BMW on the ith symmetry
axis ẑi. Figure 3(a) shows an example of the Fourier trans-
form of a numerically calculated ensemble VPDR signal
(see Sec. III) with SQ cancellation for a magnetic field
|Bdc| ≈ 0.35 mT slightly canted from the 〈111〉 direc-
tion. As expected, the signals coming from the 〈111〉
subensemble occur at significantly higher free evolution
frequency than signals from the other three orientations.
Within the first quadrant, each orientation i exhibits 12
DQ Fourier components occurring at ν = n�eff,i for n ∈
{ 1

2 , 1, 3
2 , 2} and ω = 2|ωext

L,i + mI A| for mI ∈ {−1, 0, 1}. The
bare Rabi frequencies �i (as well as their harmonics) are
illustrated with arrow-tipped horizontal lines, identifying
each orientation.

A few features of Fig. 3(a) are worth noting. Owing
to the large Bdc value, �eff,i differs from �i, especially
for the 〈111〉 orientation. The relatively small value of
�i/(ω

ext
L,i + mI A) is also responsible for the weak mag-

nitude of the 〈111〉 peaks at ν = �eff,〈111〉. Both these
effects would be strongly suppressed for smaller Bdc within
the range of Earth’s field. More importantly, Fig. 3(a)
demonstrates an advantage of the VPDR protocol over
previous polarization-based approaches to bias-field-free
orientation labeling [28,31,32]. For a field direction near
〈111〉, the three off-axis orientations have nearly commen-
surate spin transition frequencies, such that their optically
detected magnetic resonance (ODMR) features would
overlap. By separating the orientations’ signals along the
pulse duration dimension, the VPDR protocol ensures that
their transition frequencies can be independently mea-
sured.

To fully isolate each orientation’s signal, the Rabi fre-
quencies �i should be well separated, such that, for exam-
ple, taking an inner product of the signal with cos �it
picks out the DQ signal from orientation i with minimal
crosstalk from other orientations. Qualitatively, the best
results will be obtained when the orientations’ Rabi fre-
quencies and their harmonics [arrows in Fig. 3(a)] do not
come too close to each other, which can be controlled
with the MW direction. We optimize the MW direction
by calculating the smallest separation |�i − n�j | for i �= j
with n ∈ { 1

2 , 1, 3
2 , 2} while varying the polar and azimuthal

angles of BMW relative to the conventional diamond unit
cell. Figure 3(b) shows a plot of this smallest separation
expressed as a percentage of the maximum Rabi frequency
�max = (gμB/�)|BMW|. Minimum separations just over
8% of �max are possible, but they are achieved by making
one of the �i much smaller than the others, which could be
problematic for experiments with limited �max. The local
maximum near θMW = 13.74◦, φMW = 30.05◦ with 6.8%
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(a)

(b)

FIG. 3. (a) Discrete Fourier transform (positive-frequency
quadrant only) of a simulated Variable-pulse-duration Ram-
sey signal with single-quantum cancellation for a NV ensem-
ble. �max/2π = 100 MHz, T ∗

2 = 2 µs, B = (185, 204, 223) µT
in the conventional diamond crystal coordinates, and BMW ‖
(0.2054, 0.1188, 0.9714) corresponding to the locally optimal
orientation indicated in (b). Thick arrow-tipped lines indicate
each orientation’s bare Rabi frequency �i, while thin arrow-
tipped lines indicate �i/2, 3�i/2, and 2�i. (b) Optimization
of the microwave magnetic field direction. The minimum sep-
aration between �i and n�j for NV orientations i �= j and
n ∈ { 1

2 , 1, 3
2 , 2} is given as a function of the direction of the

microwave magnetic field BMW relative to the conventional dia-
mond unit cell. For directions inside the white contour, one of
the �i is less than �max/2; the white arrow indicates an optimal
orientation outside the contour.

minimum separation (white arrow) may prove a better
candidate because all four �i exceed 0.65�max. For Fig.
3(a) and the numerical analysis in Sec. III, we use this MW
orientation.

In an ensemble, off-axis dc magnetic fields are generally
present for each NV orientation. The off-axis components
of the field will partially hybridize the eigenstates of

the free-evolution Hamiltonian and shift their eigenval-
ues. In particular, the evolution with τ will now occur
at the frequency difference �ωi between the ms = ±1-
like eigenstates of the ith orientation. Nevertheless, it is
meaningful to extract the �ωi as they can be used to recon-
struct the magnetic field via least-squares fitting [22,50],
linearized Hamiltonian inversion [51], or machine learn-
ing techniques [52]. Indeed, vector magnetometers based
on continuous-wave ODMR also measure eigenvalue dif-
ferences, so when evaluating the performance of the VPDR
protocol, we will focus on accurately extracting the �ωi
values. While the effects of off-axis fields are expected
to be negligibly small in terrestrial fields [suppressed
by ∼ (gμBB⊥/��)2], we include them in the numerical
simulations discussed below.

III. NUMERICAL SIMULATIONS

Our motivation for the VPDR protocol is the elimination
of bias magnets for reduced drift and increased accuracy.
It is thus essential to evaluate (1) the feasibility of accu-
rately extracting �ωi from VPDR data without crosstalk
from other orientations and (2) the robustness of this inver-
sion regarding drifts in MW field amplitude or orientation.
To these ends, we numerically simulate the response of an
ensemble of NV centers. After projecting the external dc
and MW magnetic fields onto each of the four possible
NV coordinate systems, we solve the master equation for
each spin species (see Appendix C for calculation details),
including off-axis magnetic fields, Markovian dephasing
throughout the pulse sequence, and hyperfine interactions
in the secular approximation; the code is publicly available
[40]. The simulation returns a SQ-canceled signal

SVPDR(t, τ) = Ptotal
0 (t, τ , φ = 0) + Ptotal

0 (t, τ , φ = π),

where Ptotal
0 (t, τ , φ) is the probability for an ms = 0-

initialized spin in the ensemble to end up in |0〉 after a
VPDR pulse sequence with relative MW pulse phase φ,
averaged over NV orientation and nuclear spin projection.
In particular, SVPDR(t, τ) should be proportional to the sum
of signals from fluorescence-based readout of the ensemble
after the φ = 0 and φ = π VPDR sequences.

A. Extraction of transition frequencies for each
orientation

First, we examine whether we can accurately extract
each orientation’s ms = ±1 transition frequency {�ωi}
from a simulated dataset SVPDR(tj , τk) calculated at a dis-
crete set of N pulse durations tj and M free evolution times
τk. For simplicity, we work with evenly spaced times along
both dimensions.

The most straightforward inversion approach uses a
frequency-domain analysis. Since the DQ term of inter-
est has the form cos �efft cos �ωτ [as can be found by
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expanding powers in Eq. (2)], we consider a frequency-
domain signal I(ν, ω) obtained from a double-cosine inner
product of SVPDR given by

I(ν, ω) =
∑

k

(
f (τk, ν) − f̄ (ν)

)
cos ωτk

∑
k cos2 ωτk

, (4)

f (τk, ν) =
∑

j SVPDR(tj , τk)W(tj ) cos νtj
∑

j cos2 νtj
, (5)

where we subtract the mean value f̄ (ν) = 1/M
∑

k f (τk, ν)

and allow different window functions W(tj ). Figure 4(a)
shows I(ν, ω) for a boxcar window W(tj ) = 1, for a range
of ν restricted to show only the ν = �eff features for each
orientation; �eff for the 〈1̄11〉 orientation is highlighted in
white. The spectral peaks show fringing, particularly in the
vertical dimension, which occurs because SVPDR(t, τ) does
not fully decay over the probed values of tj and τk (espe-
cially in the pulse duration dimension tj ). These fringes
pose a challenge because they lead to crosstalk between
the different orientations’ signals: the fringes from one ori-
entation overlap the signal of another. We therefore switch
to a Blackman window function [53] that suppresses the
fringes at the cost of a slightly wider and shallower cen-
tral lobe [see Fig. 4(a) right inset for the associated filter
function]. With a Blackman window, we take a cut along
the effective Rabi frequency (white line) to obtain the
frequency-domain Ramsey signal I

(√
�2 + ω2, ω

)
for

the 〈1̄11〉 orientation of interest [lower inset in Fig. 4(a)].
By fitting with a sum of Lorentzians, one might seek to
estimate the ms = ±1 transition frequency.

However, I(�eff, ω) is not exactly the sum of
Lorentzians, even for ideal exponentially decaying sinu-
soidal signals in the time domain. Owing to the finite
spacing in free evolution durations τk, there is a small
deformation near zero frequency that distorts the fit and
leads to systematic inaccuracies in the estimated transi-
tion frequencies [at the ∼10 nT level in the example in
Fig. 4(a)]. We thus consider the time-domain Ramsey sig-
nal f (τk, ν = �i), where �i is the Rabi frequency for the
orientation of interest. Figure 4(b) shows f (τk, �〈1̄11〉) for
the 〈1̄11〉 orientation with a Blackman window, fit to the
sum of three exponentially decaying sinusoids. This time-
domain analysis provides a significantly better estimate of
the transition frequencies [54]. Comparing the extracted
�ω for the highest-frequency sinusoid with the exact tran-
sition frequency �ωexact, we find the fit in Fig. 4(b) has
an error of �ω − �ωexact ≈ 20 Hz, limited by residual
crosstalk from the other orientations. By conversion to an
equivalent axial magnetic field error �B = �/2gμB(�ω −
�ωexact), we extract �B ≈ 0.35 nT.

While the time-domain inversion via fitting f (τk, �i)

offers good accuracy, other approaches may prove superior
depending on instrument goals. Acquiring data over a full

(a)

(b)

FIG. 4. Inner-product-based inversion. All plots in this figure
analyze the same simulated single-quantum-canceled dataset
SVPDR(tj , τk) performed for Bdc = (−38.4, 25.7, 19.1) µT in
conventional diamond unit cell coordinates, at the optimum
microwave angle from Fig. 3, with �max = 100 MHz, T ∗

2 =
2 µs, a maximum pulse duration tj of 397.5 ns, and a pulse
step size of 2.5 ns. (a) Boxcar-windowed two-dimensional inner
product I(ν, ω) as defined in Eqs. (4) and (5). Right inset: Filter
functions F(ν) ∝ ∑

j W(tj ) cos νtj for boxcar (blue) and Black-
man (orange) windows. Lower inset: I(ν, ω) evaluated along
the white line in (a), with a Blackman window, fit with three
Lorentzians. (b) Blackman-windowed τ -domain Ramsey sig-
nal f (τk) ∝ ∑

j SVPDR(tj , τk)W(tj ) cos (�〈1̄11〉tj ). The signal is fit
with the sum of three exponentially decaying sinusoids with
commensurate decay times, frequencies constrained to �ω =
2|ω0 + mI A| for mI ∈ {−1, 0, 1}, and variable phase (due to an
inner product at fixed � rather than �eff).

set of MW pulse durations and free evolution times leads
to sensitivity that is roughly 30 times worse than the sen-
sitivity of single-τ DQ Ramsey measurements, depending
on acquisition details (see Appendix B). Moreover, acqui-
sition of the 48 000 measurements used for the example
in Fig. 4 would require more than 1 s in typical systems,
limiting bandwidth. Acquisition time could be reduced
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by more than an order of magnitude by sampling only
at free evolution times when all of the hyperfine signals
rephase, τs = 2πs/(2A) for s ∈ N; such sampling would
improve sensitivity but limit dynamic range (gμBBz/� <

A/2). Bayesian adaptive schemes [55,56] as well as non-
adaptive phase estimation algorithms [57,58] could also be
applied in the context of the VPDR protocol.

In particular, if the goal is to sense small deviations
from a known field, which is the context in which sensi-
tivity is usually defined, one would measure only at the
optimal free evolution time τ

(i)
opt for each orientation i. In

this scenario, the cost to sensitivity of the VPDR protocol
is minimal: the sensitivity for measuring a single orienta-
tion at τ

(i)
opt is only 2

√
2 worse than that of standard DQ

Ramsey measurement in the hard-pulse limit, and approx-
imately 6 times worse for the conditions considered in
Figs. 5 and 6 (see Appendix B). Furthermore, even though
the evolution time is not optimal for them, some informa-
tion is gained about other nontargeted orientations from
VPDR signals, such that sequential VPDR measurements
at all τ

(i)
opt hold some advantage over sequential DQ Ram-

sey measurements. Even in this scenario, the refresh rate is
reduced by the number of pulse durations sampled, but it
may be possible to devise sparse-sampling approaches in
both t and τ dimensions. Here, we focus on the question
of inversion accuracy and leave optimization of sensitivity
and refresh rate to future development.

B. Inversion accuracy

We examine the accuracy of the time-domain inversion
by simulating and analyzing VPDR signals over a range
of magnetic fields. Figure 5 shows the systematic inver-
sion error for a typical Earth magnetic field magnitude
of 50 µT, expressed as the equivalent error �B in the
axial field along each NV orientation. Subnanotesla accu-
racy is achieved for most dc field angles, with the 〈111〉
orientation showing the smallest systematic error because
it enjoys the best spectral isolation from the other orien-
tation’s Rabi frequencies and harmonics. Away from the
large-error contours discussed below, we observe detailed
patterns in �B that vary with the field magnitude. If we
increase the maximum Rabi pulse duration or eliminate
nontarget orientations from the simulation, these errors are
reduced by orders of magnitude, thus demonstrating that
they are caused by crosstalk from other orientations.

Each orientation exhibits zones of poor accuracy when
the dc field is perpendicular to its axis; the dashed-dotted
line in the 〈11̄1〉 panel in Fig. 5 shows its perpendicular-
field contour. These dead zones are associated with van-
ishing sensitivity of a cosine-like Ramsey signal at zero
field, which is ultimately caused by the fixed direction
of the applied MW field (see Appendix B 2 for further
discussion). The loss of sensitivity exacerbates crosstalk
effects and leads to poor accuracy. Fortunately, the dead

FIG. 5. Systematic inversion error for a Bdc = 50 µT field
with varying direction relative to diamond crystalline axes. Sim-
ulations are run with �max = 100 MHz, T ∗

2 = 2 µs, microwave
direction as shown in Fig. 3(b), pulse durations up to 797.5 ns
in 2.5 ns steps, and free evolution times up to 2.98 µs in 20
ns steps. The time-domain Ramsey signal f (τ , �) is calculated
for each orientation with the use of a Blackman window and
fit to extract the ms = ±1 transition frequency of the highest-
frequency hyperfine line. The error compared with the exact
eigenvalue difference is expressed as the equivalent error in the
axial field, with plots for each orientation labeled by their crys-
tallographic direction and approximate Rabi frequency �. The
dashed-dotted white line shows the region of vanishing axial
field for the 〈11̄1〉 orientation. Dotted boxes indicate regions in
which the indicated rms errors are calculated; the cyan cross
marks the field and orientation for which simulations in Fig. 4
are calculated.

zone angular extent is small; furthermore, the dc field can
be reconstructed from three orientations’ signals, meaning
that true dead zones are encountered only when the dc field
is perpendicular to two NV axes simultaneously.

While we only show 50 µT data, we have also found
similar performance in numerical simulations over terres-
trial fields of 20–70 µT. The dynamic range is limited by
the Nyquist frequency for sampling in τ , with the require-
ment that 2(ωL + A)/2π < 1/(2�τ) where �τ = τk+1 −
τk; for 20 ns sampling, the dynamic range exceeds 350 µT.
Even with faster sampling, there will also be an upper limit
on the range as ωL approaches �i: for �i/ωL < 2, there
is a steady fall-off in sensitivity as the |±〉 states are too
far detuned to be effectively driven [see Fig. 2(b)]. Since
�max cannot be significantly increased within the regime
of validity for the rotating wave approximation, we can
estimate an upper limit on the range of ωL ∼ 30 MHz or
|B| ∼ 1 mT.

C. Robustness regarding microwave drift

Up until this point, we have performed inversions
assuming known MW amplitude and direction. However,
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(a)

(b)

FIG. 6. Robustness regarding drift in microwave (MW) exci-
tation parameters. (a) Inversion error vs microwave amplitude.
(b) Inversion error vs microwave direction for �max/(2π) =
100 MHz. Cyan crosses show the direction used in (a); red
lines indicate coincidence of 3�〈111〉/2 with �i. Yellow regions
exceed 10 nT error. In (a),(b), simulations are run for Bdc =
(−38.4, 25.7, 19.1) µT (cyan cross in Fig. 5) with T ∗

2 = 2 µs,
pulse durations up to 797.5 ns in 2.5 ns steps, and free evolution
times up to 2.98 µs in steps of 20 ns. We perform inversions
without prior knowledge of precise microwave parameters by
estimating �i from

∑
k f (τk, ν) and then fitting f (τk, �i) for each

orientation.

a primary strength of the VPDR protocol is that it does
not require perfect calibration of the MW field; it is
robust regarding slow drifts in MW amplitude and direc-
tion because the Rabi frequency for each orientation can
be determined from the signal. In some sense, the label-
ing of NV orientations is self-calibrating. Qualitatively, by
integrating I(ν, ω) [see Fig. 4(a)] over ω, one obtains a
Rabi spectrum whose features permit estimation of �i. In
practice, we calculate

∑
k f (τk, ν), which exhibits peaks

near ν = �i. Provided the drifts in MW excitation are
sufficiently small that the features retain their ordering,
�i can thereby be estimated for each NV axis. Further-
more, slightly imperfect Rabi-frequency estimation does
not significantly impact the frequencies in the time-domain

Ramsey signal. Thus even fairly large drifts in the MW
“label” do not cause concomitant systematic errors in the
magnetic field measurement.

Figure 6 illustrates the robustness of the VPDR protocol
regarding variation in MW power and direction when Rabi
frequencies are estimated from simulated data. Inversions
in Fig. 6 assume a known ordering of Rabi frequencies,
corresponding to an approximate MW direction, but do
not otherwise use a priori knowledge of MW parame-
ters. As the MW amplitude increases, the inversion error
�B decreases because the different orientations’ signals
become better separated and crosstalk is reduced [see Fig.
6(a)]. At some point, the Rabi frequencies become so high
that aliasing in the data becomes an issue, leading to the
wild variations for �max/2π � 145 MHz; this could be
mitigated by reducing the pulse duration step size �t =
tj +1 − tj in SVPDR(tj , τk). Regardless, Fig. 6(a) illustrates
robustness regarding factor-of-2 variations in MW ampli-
tude. Variations in MW direction [see Fig. 6(b)] produce
acceptable errors over at least 8◦ ranges in the polar and
azimuthal angles between the diamond crystalline axes and
the MW field. The large range of tolerable MW angles
and magnitudes seen in Fig. 6 is representative of typi-
cal results in terrestrial fields, though detailed crosstalk-
induced features in the errors vary. In all cases, the angular
limits are constrained by the 3�〈111〉/2 harmonic, which
produces significant crosstalk as it approaches the other
orientations’ Rabi frequencies (red lines).

The above analysis concerns quasistatic changes to the
MW field, which are an essential consideration for long-
term accuracy. MW intensity fluctuations on timescales
faster than a measurement could elongate features along
the pulse duration frequency axis, potentially increasing
crosstalk [see Fig. 4(a)]. Nevertheless, some noise is toler-
able provided that the associated Rabi broadening is small
compared with the dephasing rate or the inverse of the
maximum pulse duration. It is also worth noting that our
analysis implies robustness regarding drifts in MW detun-
ing due to, for example, temperature fluctuations. Detuning
does not impact the double-quantum transition frequency,
and the typical changes it induces in the effective Rabi fre-
quency are tiny compared with the range that the VPDR
protocol can tolerate.

Ultimately, these numerical investigations demonstrate
the possibility to accurately extract NV spin transition fre-
quencies along the four diamond bond directions, without
relying on precision calibration of the MW direction used
to label the NV orientations.

IV. EXPERIMENTAL FEASIBILITY STUDY

To probe the experimental feasibility of realizing the
VPDR protocol and verify its qualitative features, we per-
formed preliminary tests with an improvised device. Figure
7(a) illustrates the key capabilities of the system, which
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we constructed by adapting an existing continuous-wave
ODMR magnetometer prototype. The diamond sample is
mounted on a rod within a three-dimensional (3D) MW
resonator [59] between two bow-tie pillars that deter-
mine the direction of the MW field, while permitting
relatively high Rabi frequencies in the tens of megahertz
range. Rotation of the rod enables partial control of the
orientation of the diamond crystal axes relative to the
driving MW field. NV centers in the sample are illumi-
nated with a 520 nm laser (approximately 100 mW), and
fluorescence is detected by a photodiode below the dia-
mond. MW pulses are generated with a voltage-controlled
oscillator gated by a field-programmable-gate-array-based
(FPGA-based) controller. The entire device can be placed
inside a uniaxial solenoid coil within high-permeability
shielding to explore variation with the external magnetic
field.

As the diamond is rotated relative to the MW resonator,
the Rabi frequencies for each orientation vary. Figure 7(b)
shows the fast Fourier transform (FFT) of the ensemble
Rabi oscillation as a function of the rotation angle, clearly
illustrating four distinct Rabi frequencies (split by hyper-
fine interactions, particularly at lower Rabi frequency).
While we can reach angles that adequately separate the
bare Rabi frequencies �i of the four NV orientations, the
ideal angle shown in Fig. 3(b) is not attainable, and some
of the Rabi harmonics overlap. Furthermore, in this pro-
totype we do not have a priori knowledge of the absolute
diamond orientation, so we cannot assign Rabi frequencies
to specific crystallographic directions.

At a diamond rotation angle of approximately 73◦, we
perform the VPDR protocol as a function of the voltage
sent to the uniaxial coil to verify that anticipated fea-
tures are observable and move with the field as expected.
Because the MW delivery system did not have dynamic
phase control capabilities, we identify the DQ signals by
averaging data over detuning. Unlike DQ signals, SQ sig-
nals occur at free evolution frequencies that change with
detuning, so the detuning-averaged SQ signals are smeared
out horizontally in the Fourier domain, whereas the DQ
signals remain pointlike.

Figure 7(c) shows a sample Fourier-domain dataset
obtained from an average over three detunings at a
solenoid coil voltage of 4 V. The Fourier representa-
tion uses a mean-subtracted double inner product given
by Eqs. (4) and (5) with complex exponentials replac-
ing the cosines [60], using a cosine window function.
Local peaks in the Fourier-domain VPDR data at large
free-evolution frequencies can be attributed to DQ sig-
nals from each of the four NV orientations. Crosses
mark local extrema associated with an mI = +1, DQ fea-
ture from each orientation. We find a local maximum
in the inner product magnitude to obtain the extrema
locations (ωmax,i, νmax,i) along with their inferred har-
monic n (where νmax,i = n�eff,i), and thereby extract the

bare Rabi frequency �i =
√

ν2
max,i/n2 − ω2

max,i, approxi-
mate field projection |Bz,i| = �|ωmax,i − 2A|/(2gμB), and
expected locations of other DQ features from the same ori-
entation (marked with dots of the same color). While the
agreement is not perfect, we do observe features at or near
many of the expected locations, particularly for the orienta-
tions marked in green, blue, and orange. The poor visibility
of the fourth orientation (red) could be explained by optical
polarization selection rules. The numerous peaks at mod-
erate free evolution frequency are attributed to SQ signals,
which are horizontally tripled owing to the three detunings
over which we average the data.

We perform the analysis illustrated in Fig. 7(c) for a
range of solenoid coil voltages, extracting the Rabi fre-
quency [Fig. 7(d)] and axial field projection [Fig. 7(e)]
for each orientation. The Rabi frequencies �i remain rel-
atively constant with voltage, and occur at values com-
patible with the Rabi FFT data considering that several
days elapsed between the Rabi and VPDR data acquisi-
tions [see Fig. 7(b), dotted white line]. In contrast, the field
projections evolve significantly with the coil voltage. To
determine whether our observations are consistent with a
uniaxial field that increases linearly with the coil voltage,
we fit our data to field projections from a linear model [see
Fig. 7(f) and Appendix D]. With no absolute knowledge
of the diamond orientation in our resonator, we could not
unambiguously match the ordering of Rabi frequencies to
an ordering of known NV orientations, although such iden-
tification could be achieved by calibration in triaxial coils
[61,62]. We also do not know the sign of the field pro-
jection on each NV axis (which could be determined by
pulsing a small magnetic field with approximately known
direction). As a consequence, the inversion in Figs. 7(e)
and 7(f) is not unique (different permutations and signs
of the field projections can yield the same result), but the
good correspondence between the fit and the data indicates
that our measurements follow the expected linear behavior
and that the projection on the fourth orientation is com-
patible with the projections on the other three orientations.
The offset in the field at zero coil voltage can be explained
by magnetic components in the rotation stage holding the
diamond.

While the qualitative features of the data behave as
expected, we leave quantitative tests of accuracy to future
experiments. In Fig. 7(e), we observe rms deviations of
0.7 µT between the data and the fit, but these likely arise
from nonidealities of our apparatus. The coil was not cal-
ibrated, and the voltage source used has an accuracy of
0.05% + 10 mV, corresponding to 0.3–0.4 µT over the
field range inferred from the fit. Furthermore, the magne-
tometer used for these tests presented additional sources
of systematic error. The diamond support rod blocked the
access path for detecting transmitted laser light, which
normally would be used as a reference to account for
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MW magnetic field

dc magnetic field(a)

(b)

(d) (e) (f)

(c)

FIG. 7. Experimental feasibility study. (a) Top view of the device illustrating the ability to rotate the diamond relative to the
microwave (MW) magnetic field. (b) Fast Fourier transform (FFT) of Rabi oscillation data as a function of diamond angle in the
absence of an applied dc field. The angle chosen for experiments is indicated by the dashed white line. (c) Example Fourier-domain
dataset at a coil voltage of 4 V. Variable-pulse-duration Ramsey data are acquired at pulse durations from 50 ns to 1.995 µs in 5 ns
steps and free evolution times from 50 ns to 2.99 µs in 30 ns steps, and are averaged over acquisitions at microwave frequencies of
2.867, 2.8674, and 2.8678 GHz. Local maxima associated with a double-quantum signal are marked with a cross and used to infer
expected locations of other double-quantum peaks for the same orientation, indicated by dots of the same color. (d) Inferred bare Rabi
frequency found from inner-product maxima [crosses in (c)] as a function of coil voltage. Different symbols are associated with distinct
but unknown NV orientations. (e) Inferred projections of the magnetic field on each orientation’s axis. Solid lines show field projection
magnitudes from a fit to a magnetic field that varies linearly with voltage. (f) Field components, expressed in crystal coordinates, of
the linearly varying field fit to the inferred field projections in (e). Note that this field is not unique.

fluctuations in laser power; there was also observable elec-
tronic crosstalk, mechanical vibration, and thermal drift.
These issues added significant systematic uncertainty, but
they are straightforward to remedy. Similarly, adding a
phase-control circuit would suppress the SQ features that
complicate the analysis presented. Nevertheless, even with
poor data quality, it was possible to interpret VPDR
features and extract magnetic field estimates that are con-
sistent with the linearly increasing applied field, providing
a proof-of-principle demonstration of the VPDR protocol.

One notable shortcoming of our device was its
microwave resonator, which was not purpose-designed and
could reach only ∼30 MHz Rabi frequency. Future devices

could be optimized to increase both MW strength and MW
homogeneity. While planar resonators have reached 165
MHz Rabi frequencies [63] and coil-based MW antenna
designs can exhibit 60 MHz Rabi frequency over a homo-
geneous volume of order ∼1 mm3 [64], 3D re-entrant cav-
ities with bow-tie posts [59] offer excellent homogeneity
and spatial field confinement, and we anticipate that careful
optimization of post geometry [65] will permit 100 MHz
to be reached. Indeed, the fundamental limit on the Rabi
frequency set by the resonator Q, frequency f , effective
volume V, and input power Pin permits Rabi frequencies
of ∼330 MHz at Q = 100, V = (1 mm)3, and Pin = 10 W
[66]. Additionally, our simulations show subnanotesla rms

040364-11



LILIAN CHILDRESS et al. PRX QUANTUM 6, 040364 (2025)

errors for �max down to 60 MHz. Taken together, these
considerations show the feasibility of future quantitative
experimental tests of VPDR accuracy.

V. CONCLUSION

The VPDR protocol offers a new paradigm for bias-
field-free vector NV magnetometry, using Rabi labeling
to isolate the signal from different orientations in a NV
ensemble with minimal crosstalk. Our analytic model-
ing provides a resource for understanding and interpreting
VPDR data, as well as identifying optimal regimes of oper-
ation. Numerical simulations of the protocol demonstrate
its compatibility with high-accuracy field estimation, even
when the MW field used to label NV orientations is only
approximately known. Practically, the scheme requires
only a single MW frequency, and is not sensitive to slow
changes in detuning. The primary design requirement for
experimental implementation is a relatively strong and
homogeneous MW drive field, and VPDR data could be
measured and interpreted even with an improvised device.
The protocol avoids the use of additional hardware, and
permits bias-field-free vector field measurements in a com-
pact geometry.

There remain some challenges to working with the
VPDR protocol instead of a bias field. A mechanism to
determine the sign of the magnetic field projection on
each NV axis is still required, e.g., by pulsing a coil to
add a known magnetic field shift and observe how each
orientation’s signal changes. Note that the direction and
magnitude of such a pulsed field need only be known
approximately to obtain the sign information. In addi-
tion, sensitivity dead zones will occur where the external
field is perpendicular to two NV axes, requiring multi-
ple sensors or piezoelectric actuation, similar to designs
for atomic magnetometers [67,68]. Finally, the simple
data acquisition and inversion proposed here precludes
high-bandwidth sensing, although it is likely that faster
approaches exist.

Indeed, there are opportunities for refinement of the
VPDR protocol as well as its numerical modeling and
experimental implementation. MW resonator design tar-
geting power and homogeneity would greatly simplify
data interpretation and inversion. More sophisticated the-
ory including internal electric fields [69,70] and nonsecular
hyperfine terms [71] may be required for high-accuracy
interpretation of experimental data in low fields. Increased
bandwidth and improved sensitivity can likely be achieved
with different sampling approaches and inversion meth-
ods, and it may be advantageous to incorporate existing
sensitivity-enhancement techniques such as P1 driving
[46]. It may also be possible to adapt our approach to other
defect magnetometer technologies such as the VSi in SiC
[72]. With a recent surge of interest in low-field [27,73,74]
and high-accuracy [75,76] NV magnetometry, the VPDR

protocol provides a timely opportunity to eliminate bias
fields and improve the accuracy of NV vector-field sensors.
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APPENDIX A: ANALYTIC MODEL AT FINITE
�/ωL AND WITH DEPHASING

The probability for an ms = 0-prepared spin to end up
in ms = 0 after application of the VPDR pulse sequence
is given by P0(t, τ). For a coherently evolving single NV
center in an axial magnetic field, we can analytically cal-
culate this probability by solving the Schrödinger equation
with a piecewise-constant Hamiltonian given by H1 from
time x = 0 to x = t, H0 from x = t to x = t + τ , and
H1φ from x = t + τ to x = 2t + τ . H1, H0, and H1φ are
derived from H given in Eq. (1) as follows: In the � →
∞ limit, we set H1 = H(φ = 0, δ = 0, ωL = 0), H0 =
H(� = 0), and H1φ = H(δ = 0, ωL = 0), for which sim-
ple analytic solutions can be found. For finite-�/ωL
calculations, we set H1 = H(φ = 0, δ = 0), H0 = H(� =
0, δ = 0), and H1φ = H(δ = 0), allowing for finite ωL dur-
ing all time segments; we restrict our calculations to zero
detuning because it keeps the expressions relatively simple
and reflects conditions under which the protocol is likely to
be run.

At finite �/ωL and zero detuning δ = 0, the VPDR
signal for a single NV center without hyperfine struc-

ture comprises oscillations at νn = n
√

�2 + 4ω2
L = n�eff

and ωm = mωL in t and τ , respectively, where n =
{−2, − 3

2 , −1, − 1
2 , 0, 1

2 , 1, 3
2 , 2} and m = {−2, −1, 0, 1, 2}.
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In the absence of dephasing, the ms = 0 population after
the VPDR pulse sequence can be found analytically and
expressed as

P0(t, τ) =
∑

n

∑

m

an,meiνnteiωmτ . (A1)

The coefficients an,m depend only on the ratio α = �/ωL
and the relative phase φ of the second MW pulse, and
an,m are given in Table I for n ≥ 0. Since P0(t, τ) is real-
valued, the remaining coefficients can be found from the
relationship a−n,−m = an,m.

To include dephasing in the model in an analytically
tractable manner, we ignore spin dephasing during the
pulses because we expect max(t) � max(τ ) in experi-
ments using high Rabi frequency � 
 1/T ∗

2 . We also
assume that the spin dephasing is quasistatic and mag-
netic in nature, and we model it using a random internal
axial magnetic field B0

z parameterized by a Lorentzian
probability distribution of the associated Larmor frequen-
cies g(ω0

L) = T ∗
2 /π

(
(T ∗

2 ω0
L)

2 + 1
)

[47]. In this quasistatic
model, each spin evolves according to Eq. (A1) with a
Larmor precession frequency ωL + ω0

L, with ω0
L randomly

chosen from the distribution g(ω0
L), such that the total aver-

age probability of observing the spins in ms = 0 is the
convolution of P0(t, τ) (as a function of ωL) and g. The
average signal is thereby given by

P0(t, τ) =
∑

n

∑

m

an,mein�efft
∫ ∞

−∞
g(x − ωL)eimxτ dx

=
∑

n

∑

m

an,me−|m|τ/T ∗
2 ein�effteimωLτ , (A2)

where n and m are summed over the ranges given for Eq.
(A1). Here we have ignored the impact of ω0

L on �eff,
which is consistent with our ignoring dephasing during
the pulses and is an approximation appropriate for � 

ωL, 1/T ∗

2 .
Note that even in the finite-�/ωL regime with dephas-

ing, the coefficients of the SQ terms (corresponding to
m = ±1) are proportional to cos φ, indicating that the SQ
terms can be eliminated by addition of two signals acquired
with (1) φ = 0◦ and (2) φ = 180◦ relative phases for the
MW pulses.

APPENDIX B: SENSITIVITY ANALYSIS

1. Comparison with standard double-quantum
Ramsey measurements

a. Hard-pulse limit �/ωL → ∞
Here, we analyze the sensitivity cost of the VPDR pro-

tocol relative to a more typical double-quantum Ramsey
experiment performed at fixed pulse duration t = π/�

in near-zero field. For simplicity, we imagine a situation TA
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where there is only a single NV orientation since low-field
“standard” DQ Ramsey measurements would work only
in this scenario. We assume that we are operating in the
�/ωL → ∞ limit such that simple analytic expressions
apply, and we assume the readout is characterized by Gaus-
sian noise independent of the readout value (as appropriate
for low-contrast fluorescence readout). Since sensitivity is
usually defined in the context of a known initial field (from
which one senses a small change), we consider measure-
ments at a single free evolution time τ that is the same for
the DQ Ramsey and VPDR schemes.

For the VPDR measurement, we consider an exper-
iment comprising N 
 1 measurements of P0(tj , τ) at
pulse durations t0, . . . , tN−1, producing a fluorescence sig-
nal S = a + bP0(tj , τ), where a and b depend on the details
of the measurement scheme. The signal is analyzed via
an inner product with cos �tj , possibly with a window-
ing function W(tj ) applied. This procedure defines the
analyzed signal

fVPDR(τ ) =
∑N−1

j =0 W(tj ) cos �tj (a + bP0(tj , τ))
∑N−1

j =0 cos2 �tj
, (B1)

whose uncertainty can be found via standard Gaussian
uncertainty propagation as

�fVPDR = �S

√∑N−1
j =0 W2(tj ) cos2 �tj
∑N−1

j =0 cos2 �tj
, (B2)

where �S is the uncertainty in each fluorescence measure-
ment (assumed constant as appropriate for low contrast).
In the limit that the tj are evenly spaced over a range much
larger than 2π/� with a spacing much smaller than 2π/�,
these sums can be approximated by integrals, such that
∑N−1

j =0 cos2 �tj → N/2. If we can also assume that W(t)
varies slowly compared with the oscillations at frequency
�, then in the numerator we can divide the sum up into M
chunks where W(t) is approximately constant during each
chunk, and the sinusoidal signals can still be approximated
by their average values integrated over many oscillations.
In particular, if tj = j �t and M evenly divides N , this
chunking would look like

N−1∑

j =0

W(tj ) cos �tj (a + bP0(tj , τ))

≈
M−1∑

j =0

W(tj N
M

)

N/M−1∑

i=0

cos �tj N
M +i(a + bP0(tj N

M +i, τ))

︸ ︷︷ ︸
(

N
M

)
b
4 sin2 ωLτ

,

where we have used

lim
T→∞

1
2T

∫ T

−T
dt cos �t P0(t, τ) = 1

4
sin2 ωLτ (B3)

(in the �/ωL → ∞ limit) to approximate the inner sum.
Since the inner sum no longer depends on j , we can
approximate the outer sum by MW, where W is the mean
value of the windowing function. Ultimately, including the
factor of 2/N from the denominator of Eq. (B1), we obtain

fVPDR(τ ) ≈ b
2

W sin2 ωLτ , (B4)

and, by similar reasoning,

�fVPDR ≈ �S

√
2
N

√

W2. (B5)

We compare this analyzed VPDR signal with the sig-
nal obtained from averaging N repetitions of a standard
double-quantum Ramsey experiment,

fR = a + b cos2 ωLτ , (B6)

�fR = �S
1√
N

. (B7)

The sensitivity of each experiment is given by

η = �B
√

T = �

gμB
�ωL

√
T = �

gμB

�f
|df /dωL|

√
T, (B8)

where T is the total time required for an experiment that
results in magnetic field uncertainty �B. For � 
 ωL, the
time required for the Rabi pulses is negligible compared
with the free evolution and measurement time, so we can
approximate that T is the same for both protocols. Thus,
we can compare the sensitivity of the VPDR and double-
quantum Ramsey experiments by finding the ratio of their
signal to noise:

ηVPDR

ηR
= �fVPDR

|dfVPDR/dωL|
|dfR/dωL|

�fR
(B9)

≈ �S
√

W2
√

2/N
bWτ | sin 2ωLτ |/2

bτ | sin 2ωLτ |
�S/

√
N

(B10)

≈ 2
√

2

√
W2

W
. (B11)

If no windowing function is needed, we attain the best
VPDR sensitivity at 2

√
2 times the standard double-

quantum Ramsey sensitivity.
Equation (B11) is derived in the �/ωL → ∞ limit, and

as the weight of the relevant VPDR Fourier peaks varies
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with �/ωL, so too will the sensitivity. If we consider finite
� at δ = 0, with SQ subtraction, analyzed by an inner
product with cos �eff, the only modification to the above
analysis is a reduced weight of the inner-product-extracted
DQ Ramsey signal, yielding

ηVPDR

ηR
≈ 2

√
2

√
W2

W

(
α2 + 4

)4

|α4
(
α4 − 16α2 − 192

) | , (B12)

where α = �/ωL. Unsurprisingly, Eq. (B12) is well
approximated by Eq. (B11) for �/ωL � 10.

b. Numerical simulations of sensitivity

Equation (B11) holds in the presence of dephasing dur-
ing free evolution, but the sensitivity is also affected by
dephasing during the MW pulses. To elucidate this effect,
we performed Monte Carlo estimates of the ηVPDR/ηR
ratio as a function of the maximum MW pulse duration
used in the VPDR protocol, assuming that the VPDR
and DQ Ramsey experiments were both performed at
the same optimal free evolution time τopt. Specifically,
we simulated the SQ-canceled signal SVPDR(tj , τopt) for a
single NV orientation (such that standard low-field DQ
Ramsey measurements will also work) both with and
without hyperfine structure, and extracted fVPDR(τopt) [via
Eq. (5)] and fR(τopt) = SVPDR(tπ , τopt). We calculated the
slopes df /dωL for each by performing the simulation at
slightly different magnetic fields (differing in magnitude
by 1 nT). Then, we added randomly generated Gaussian
noise with standard deviation σ = 10−4 to SVPDR(t, τopt)

(σ corresponds to few-nanotesla field excursions, well
within the linear regime), from which we obtain a noisy
value of fVPDR(τopt) via Eq. (5). The uncertainty �fVPDR
is estimated by the standard deviation of our results. The
corresponding uncertainty in fR(τopt) is σ/

√
N , where N

is the number of MW pulse durations used to calculate
fVPDR(τopt), effectively averaging over N noisy measure-
ments of SVPDR(tπ , τopt). The uncertainty in fVPDR(τopt)

and fR(τopt) is converted to uncertainty in the magnetic
field by dividing it by the respective slope df /dωL, yield-
ing �Bopt

p for each protocol p ∈ {VPDR, R}. The resulting
ratio of magnetic field uncertainties �Bopt

VPDR/�Bopt
R is a

good approximation to the axial field sensitivity ratio
ηVPDR(τopt)/ηR(τopt) in the limit that the spin initializa-
tion, readout, and free evolution take significantly more
time than the MW pulses (which is well satisfied in typical
ensemble experiments).

As an example [see Fig. 8(a)], we show Monte Carlo
estimates of ηVPDR(τopt)/ηR(τopt) for the 〈11̄1〉 orientation
with T ∗

2 = 2 µs, detuning δ = 0, the same dc magnetic
field as for Figs. 4 and 6, and the same MW field as for
Figs. 4 and 5; the 〈11̄1〉 orientation’s 79.2 MHz Rabi fre-
quency yields a π pulse of 6.32 ns, and we used τopt = 862
ns for mI = 0 only and τopt = 1.157 µs when all three

(a)

(b)

FIG. 8. Sensitivity cost associated with multiple microwave
pulse durations and multiple free evolution times. Simulations
are performed for the same magnetic field as in Fig. 6, and
a microwave drive as in Fig. 5, considering solely the 〈11̄1〉
orientation. See the text for additional details. (a) Sensitivity
cost of many microwave durations. Monte Carlo estimates of
ηVPDR(τ )/ηR(τ ) for τ = τopt are shown as a function of the max-
imum pulse duration used in the variable-pulse-duration Ramsey
(VPDR) scheme, both with (blue) and without (red) a Blackman
window on the pulse duration dimension, and both with (crosses)
and without (circles) hyperfine (HF) structure. Dashed and dot-
ted lines show the hard-pulse limit with and without a Blackman
window, respectively. (b) Sensitivity cost of many free evolution
times. For each protocol, Monte Carlo simulations estimate the
ratio of the sensitivity from fitting signals fp(τ1, τ2, . . .) obtained
at free evolution times τk < τmax to the sensitivity at the optimal
free evolution time ηp(τopt), where p ∈ {VPDR, R}. Evolution
both with (green) and without (blue) hyperfine structure is con-
sidered. Dashed (dotted) lines show τopt in the absence (presence)
of hyperfine structure.

hyperfine lines are included (both τopt values are found
from analytic expressions for the ideal Ramsey signal in
the hard-pulse limit; numerical optimization of simulated
slopes yielded similar sensitivity ratios). For the VPDR
scheme, the pulse durations tj were evenly spaced by 2.5
ns, and included all tj strictly less than the maximum pulse
duration on the x axis of Fig. 8(a). This analysis was
repeated for both boxcar and Blackman window functions.

Figure 8(a) quantifies the sensitivity cost of sampling
at many MW pulse durations in the presence of dephas-
ing. While the sensitivity ratio approaches the hard-pulse
limit 2

√
2
√

W2/W when the pulse durations are much
shorter than T ∗

2 , for the long pulse durations up to 800
ns included in the analysis of Figs. 5 and 6, we observe a
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sensitivity cost that is roughly 50% higher. Similar results
are observed with and without hyperfine structure; we
also see similar results for different NV orientations, mag-
netic fields, and MW pulse step sizes. This sensitivity
ratio is an apples-to-apples comparison of the VPDR and
DQ Ramsey schemes, both under the same assumption of
an approximately known external field such that single-τ
measurements are meaningful.

For the full two-dimensional (2D) spectral analysis per-
formed for Figs. 4–7, the VPDR sensitivity is worsened
by an additional factor arising from sampling at many
nonoptimal free evolution times τk. Figure 8(b) shows
an example of this factor as a function of the maximum
free evolution time, assuming evenly spaced τk starting
from 0 with τk < τmax. We again consider the 〈11̄1〉 ori-
entation with the same parameters as in Fig. 8(a) and a
Blackman window function. We add Gaussian noise to
SVPDR(tj , {τk}) with σ = 10−4 and use it to find noisy ver-
sions of fVPDR({τk}) and fR({τk}), again reducing the noise
in fR({τk}) by

√
N , where N is the number of MW pulse

durations used for the VPDR signal. Next we fit the noisy
signals fVPDR({τk}) and fR({τk}) to exponentially decaying
sinusoids, using a single sinusoid when only mI = 0 is
included and using three sinusoids when the full hyper-
fine triplet is simulated; these fits allow us to extract a
(noisy) estimate of the Larmor frequency ωL. We perform
the Monte Carlo calculation 100 times for each τmax and
estimate the axial magnetic field uncertainty �Bfit

p from
the standard deviation in ωL. Finally, we take the ratio
�Bfit

p

√
M/�Bopt

p , rescaling the noise to account for the
number M of free evolution times used in the fit.

Unsurprisingly, the sensitivity cost to fitting many free
evolution times (rather than measuring only at τopt) is
the same for VPDR and DQ Ramsey measurements—as
expected, since they have the same functional depen-
dence on τ . The cost is higher when hyperfine structure is
included, reaching ∼5 times for the free evolution ranges
used in Figs. 4–6. The free-evolution-range cost to sensi-
tivity shown in Fig. 8(b) is representative of what we see
for different NV orientations and different magnetic fields
(except near the dead zones, where the cost increases). To
compare the sensitivity of a full 2D spectrum with that of
a DQ Ramsey measurement at τ = τopt, one would need to
multiply the factor from Fig. 8(a) by the factor from Fig.
8(b); in this example, the sensitivity would be roughly 30
times worse. Nevertheless, the factor from Fig. 8(a) alone
is arguably the fairer comparison, since it makes similar
assumptions about the context for VPDR and DQ Ramsey
measurements.

Finally, it is worth emphasizing that Eqs. B11–B12
and the results shown in Fig. 8 are specific to the inner
product analysis along the t dimension. For example, one
might conceivably improve the sensitivity by performing
multiple inner products on the same dataset to pick out the
double-quantum signals modulated by both � and 2�, and

extract information from both results. Thus, there is room
for future optimization of inversion strategies in both the t
dimension and the τ dimension.

2. Sensitivity loss as ωL → 0

As shown in Appendix B 1, the signal sensitivity to
changes in the magnetic field depends on df /dωL ∝
s(τ ) = e−2τ/T ∗

2 τ sin 2ωLτ , where we have now included
an exponential dephasing rate as appropriate for typical
ensemble samples. As ωL → 0, s(τ ) → 0 and the protocol
becomes insensitive to changes in the magnetic field.

Practically, the reason for loss of sensitivity as ωL → 0
is that we have not allowed dynamic control over the
direction of the MW field. To shift the phase of the sinu-
soidal oscillation in fVPDR(τ ) from cos 2ωLτ to sin 2ωLτ

(which would retain sensitivity at vanishing ωL) requires
one to change the phase of the bright-state superposition
|B〉 targeted by the second microwave pulse relative to
the first. While double-quantum Ramsey protocols in a
large bias field can spectrally isolate the |0〉 → | + 1〉 and
0〉 → | − 1〉 transitions, allowing dynamic control over the
bright-state phase [42], in the absence of a bias field both
transitions are targeted by the same MW frequency, and the
bright-state phase is determined by the MW polarization.
For example, if we changed the direction of the linearly
polarized MW field (written in the NV coordinate frame)
from x̂ during the first pulse to cos θ x̂ + sin θ ŷ during the
second pulse, then Eq. (2) would be modified to

P0(t, τ) ≈ cos4 �t
2

+ cos (δτ + φ)

2
sin2 �t cos (ωLτ − θ)

+ sin4 �t
2

cos2 (ωLτ − θ). (B13)

For θ = π/4, we would regain optimal sensitivity at van-
ishing ωL. However, given the practical challenge of
implementing such a shift in direction while maintaining
a constant Rabi magnitude for each orientation, we have
restricted our calculations to a constant MW direction.

We can use the limiting behavior of s(τ ) as ωL →
0 to estimate the size of the associated dead zone.
While for large ωL 
 1/T ∗

2 the maximum value of s
occurs near τ = T ∗

2 /2 with a typical magnitude of T ∗
2 /2e,

at small ωL � 1/T ∗
2 it vanishes linearly with ωL, i.e.,

s(τ ) ≈ 2τ 2ωLe−2τ/T ∗
2 , with a maximum value s(T ∗

2 ) ≈
2(T ∗

2 )2ωL/e2. If we require that the magnetometer signal
df /dωL stay within a factor of ε of its value for large ωL,
we are restricted to operating with ωL > ε(e/4T ∗

2 ). For a
T ∗

2 value of 2 µs, we thus require an axial magnetic field
� 2ε µT, which is much less than Earth’s magnetic field
(25–65 µT). For ε = 0.25, the ẑ component of a 50 µT
magnetic field violates this bound only for angles within
±0.6◦ of the x-y plane. Numerical simulations also support
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the conclusion that the angular dead zones are small for
magnetic field magnitudes in the range of Earth’s field.

APPENDIX C: SIMULATOR APPROXIMATIONS

We consider simulated datasets comprising hundreds
to thousands of values of t and τ , corresponding to
104–106 (t, τ) pairs, and compute them for many values
of the external magnetic field. To permit the simulations
to run in reasonable time on standard computing hardware,
we make several approximations that greatly speed up the
execution time.

First, we ignore the nonsecular terms of the hyperfine
interaction with the 14N nuclear spin. In the absence of a
bias field, the transitions driven by the nonsecular terms
are strongly suppressed by ∼ A⊥/�, where A⊥/(2π) =
2.7 MHz [71] and �/(2π) = 2.87 GHz is the zero-field
splitting. While the resulting small shifts in eigenvalues
could impact accurate conversion of �ωi to the magnetic
field (especially near level anticrossings), such considera-
tions are shared by all magnetometer schemes that detect
spin transition frequencies. By ignoring off-axis terms,
we can then treat the hyperfine interaction as an effec-
tive magnetic field �AmI/gμB along the NV symmetry
axis ẑ of each orientation, where A/(2π) = 2.16 MHz [49]
is the parallel component of the hyperfine tensor. In the
secular approximation, the 14N nuclear spin evolves neg-
ligibly during the pulse sequence since Larmor precession
about the external field is suppressed by the quadrupolar
splitting, so we approximate mI as a random constant uni-
formly distributed between {−1, 0, 1}. This approximation
reduces the dimensionality of the matrix describing the
Hamiltonian for each NV orientation from 9 × 9 to 3 × 3.

Next, we approximate the driven evolution in the pres-
ence of an off-axis magnetic field by making the rotating
wave approximation in the free Hamiltonian eigenbasis.
In the laboratory frame, the Hamiltonian for a given NV
orientation and nuclear spin projection mI is

Ĥ lab =
Ĥ0

︷ ︸︸ ︷

��Ŝ2
z + (

gμBBdc + �AmI ẑ
) · Ŝ

+ gμBBMW cos (νMWt + φ) · Ŝ, (C1)

where the external dc (Bdc) and MW (BMW) magnetic
fields are written in a coordinate system with ẑ|| NV
symmetry axis and we have indicated the free Hamilto-
nian terms as Ĥ 0. The Schrödinger equation (or master
equation) for Ĥ lab can be solved by numerical integration
in the laboratory frame, but for νMW 
 � it is very ineffi-
cient. Instead, we perform the rotating wave approximation
as follows: We first diagonalize Ĥ 0, obtaining the matrix
of eigenvectors V̂ such that V̂†Ĥ 0V̂ = D, with D diagonal.
We then perform a transformation to a rotating frame in the

diagonal basis,

Ĥ D
rot = Û†V̂†Ĥ labV̂Û − iÛ† dÛ

dt
, (C2)

using a diagonal matrix Û with entries e−iνMWt at posi-
tions corresponding to ms = ±1-like eigenvectors and 1
at the position corresponding to the ms = 0-like eigen-
vector of the free Hamiltonian (these assignments are
well-defined because we are working in very small mag-
netic fields gμBBdc � ��). We then ignore the remaining
time-dependent terms in Ĥ D

rot. This step ignores counterro-
tating terms whose effects may become appreciable at the
high Rabi frequencies considered, causing Bloch-Siegert
shifts of order �2/4� ∼ MHz. We nevertheless drop them
because the VPDR protocol is insensitive to detuning. We
thus obtain a 3 × 3 constant-coefficient matrix Ĥ D

RWA rep-
resenting the rotating-wave-approximation Hamiltonian in
the free Hamiltonian eigenbasis.

Finally, we include dephasing within a Lindblad mas-
ter equation description. While quasistatic noise would
be a better approximation of experimental conditions, the
convolutions its calculation entails are prohibitively slow;
Markovian noise is faster to compute and it produces the
same exponential Ramsey decay observed in experiments,
so we use it to estimate the impacts of dephasing on the
protocol. Note, however, that it will not generate the phase
shifts observed from quasistatic baths [60], which is why a
cosine inner product is sufficient for inversion of numerical
simulations, whereas a complex exponential inner product
is used for experimental data analysis. For the simulation,
we assume Markovian magnetic noise, corresponding to
the jump operators c0 = | + 1〉〈+1|, c1 = | − 1〉〈−1| with
equal dephasing rates γi = √

2/T ∗
2 ; we represent the jump

operators in the free Hamiltonian eigenbasis. Each NV
orientation and nuclear spin projection thus obeys

dρ

dt
= − i

�

[
Ĥ RWA, ρ

]
+

∑

i

γi

(

ciρc†
i − 1

2

{
c†

i ci, ρ
})

,

(C3)

where ρ is the density matrix. Recasting ρ as a vector,
we can rewrite Eq. (C3) as a matrix equation dρ/dt = Lρ,
with L a 9 × 9 constant-coefficient matrix.

By constructing the simulator to solve first-order lin-
ear differential equations, we allow fast simulation of
experiments performed over an evenly spaced range of N
pulse durations tj and M interpulse delays τk. For each
pulse duration tj = j �t, with j = 0, 1, . . ., we can find
the propagator URabi(tj ) = (eL�t)j corresponding to evo-
lution under MW driving for duration tj . Since we wish
to calculate all of the URabi(tj ) to simulate all of the
pulse durations, we can do it very efficiently by calculat-
ing URabi(t1) = eL�t once and then recursively multiply-
ing matrices to find URabi(tj +1) = eL�tURabi(tj ). Similarly,
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we can recursively find all of the URamsey(τk) = (eL0�τ )k

where L0 lacks driving terms. For speed, we do these
calculations in the diagonalized basis. Once the propaga-
tors are calculated, P0(tj , τk) can be determined from the
appropriate component of URabi(tj )URamsey(τk)URabi(tj ).

This calculation is performed for each NV orientation
and nuclear spin projection mI ; averaging over the 12 sig-
nals, equally weighted, yields the ensemble outcome Ptotal

0 .
Finally, having computed Ptotal

0 with φ = 0, we repeat the
calculation with φ = π and add the results to obtain the
SQ-canceled signal SVPDR fed into our data analysis.

APPENDIX D: EXPERIMENTAL FIELD
RECONSTRUCTION

In this appendix, we describe how we fit the measured
VPDR signals to extract a magnetic field in crystal coor-
dinates that is linearly increasing in coil voltage. From
the locations of the inner-product maxima in Fig. 7(c), we
obtain (ωmax,i, νmax,i) for one of the mI = +1 features of
each orientation i. We estimate the magnitude of the field
projection on the ith orientation’s symmetry axis |βexp

i | by
calculating

|βexp
i | = |�(ωmax, i − 2A)/(2gμB)|, (D1)

where we subtract the hyperfine splitting to account for our
using the mi = +1 feature. This is an approximation valid
for small off-axis fields β⊥ relative to the zero-field split-
ting, with corrections of order (gμB)β2

⊥/��, which even
for β⊥ = 100 µT is ∼0.1 µT. We obtain |βexp

i (Vn)| for the
range of coil voltages Vn at which we perform experiments.

Next, we parameterize the external field in the con-
ventional diamond unit cell coordinates (x̂ ‖ 〈100〉, ŷ ‖
〈010〉, ẑ ‖ 〈001〉) as B(C)

a (V) = ba + sa × V, where a ∈
{x, y, z}, (C) indicates that we are working in crystal coor-
dinates, V is the coil voltage, and {bx, by , bz} and {sx, sy , sz}
are offset fields and slopes that we seek to determine. The
projections of this linear field on each NV axis ẑi can then
be found via Bi(V) = ẑi · �B(C)(V). Finally we minimize

χ2 =
∑

n,i

(|βexp
i (Vn)| − |Bi(Vn)|

)2 (D2)

to obtain the offsets ba and slopes sa that best fit a lin-
ear voltage dependence for the magnetic field. The best-fit
offsets and slopes permit us to calculate both |Bi(Vn)| [as
shown in Fig. 7(e)] and B(C)

a (V) [as shown in Fig. 7(f)].
Note that this procedure does not have a unique solution;
we arbitrarily pick one choice of the possible permutations
of NV axes and magnetic field projection signs by virtue
of the initial guesses that we provide to the fit. Neverthe-
less, even with this degeneracy, the fact that we can find
a good fit to all four orientations’ signals with three vec-
tor field components demonstrates that the VPDR data are
mutually consistent.
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