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Advancing quantum information processors and building fault-tolerant architectures rely on the ability
to accurately characterize the noise sources and suppress their impact on quantum devices. In practice,
noise often drifts over time, whereas conventional noise characterization and decoding methods typically
assume stationarity or provide only a time-average behavior of the noise. This treatment can result in
suboptimal decoding performance. In this work, we present a rigorous analytical framework to capture
time-dependent Pauli noise, which is designed to use only syndrome data obtained from quantum
error correction experiments. We validate this framework through numerical simulations. We propose a
sliding-window estimation method which allows us to recover the frequency components of the noise, by
using optimal window sizes that we derive analytically. We prove the noise-filtering behavior of sliding
windows, linking window size to spectral cutoff frequencies, and provide an iterative algorithm that
captures multiple drift frequencies. We further introduce an overlapping window algorithm that enables us
to capture rapid multi-frequency noise drifts in a single-pass fashion. Simulations for both phenomeno-
logical and circuit-level noise models validate our framework, demonstrating robust tracking of multi-
frequency drift. The logical error rate obtained from our estimated models consistently aligns with the
ground-truth logical error rate, and we find suppression of logical errors compared to static error models.
Our window-based estimation methods and adaptive decoding offer new insights into noise spectroscopy
and decoder optimization under drift using only syndrome data.

DOI: 10.1103/z1hc-nqw5

I. INTRODUCTION

Building useful quantum computing architectures
requires precise manipulation of quantum processors and
protection of the information they carry from unwanted
error sources. Quantum error correction (QEC) deals with

the noise by using multiple physical qubits to encode
logical information, making it less sensitive to the impact
of the noise. Several recent works have demonstrated the
success of QEC in achieving below threshold performance
[1–3], or realizing logical magic state distillation [4–6].
QEC experiments demand accurate and fast decoders to
decode the errors and yield reduced logical error rates.
Optimal decoding performance can be achieved by feeding
the decoder information about the noise profile of the
device such as drifts [7], noise bias [8–11], or device
correlations [12,13].
A major issue across all quantum computing platforms

is that noise can drift over time [14–18]. Time-varying
fluctuations arise from naturally occurring experimental
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instabilities such as magnetic field and temperature var-
iations [19,20], or spectral diffusion, which leads to
fluctuating relaxation times [21]. Other sources of errors,
such as calibration drift in control electronics, heating
from cryogenic wiring, further introduce time-dependent
gate errors [22]. These drifts manifest differently across
frequency regimes. At low frequencies (<1 Hz), 1=f noise
typically originates from TLS in superconducting qubits
and from defect motion in spin qubits [23]. In the
intermediate range (1 Hz–100 kHz), noise spectra often
follow 1=f2 or Lorentzian forms, which arise from charge
fluctuators and flux noise [24,25]. At high frequencies
(>1 MHz), noise approaches a white spectrum, primarily
driven by photon shot noise and Johnson-Nyquist proc-
esses [26]. While noise drifts can be in part suppressed by
regular calibration routines, those cannot be run in parallel
with QEC experiments, making noise drift an issue for the
logical error performance. Hence, if drifting noise is not
accounted for, the decoding performance degrades.
Certain noise characterization methods can identify

noise drifts, for example quantum process tomography
[15,27] or randomized benchmarking [16,28]. However,
these experiments increase the experimental and computa-
tional overhead in their effort to provide a good model for
decoding QEC experiments. A more effective solution is to
estimate directly the noise based on syndromes. While
several works have pursued this direction assuming static
noise [29–32], it still remains an open question whether
drifts in the error rates relevant to decoders can be captured
in a similar manner using only the syndrome history.
In this work, we address the challenge of learning time-

dependent error rates using only the syndrome history of
QEC experiments. Unlike the approach in Ref. [33], our
framework can capture an arbitrary number of frequency
components in the noise spectrum. Our methods can be
applied to any quantum error-correcting code or physical
Pauli error model and allow us to create directly a noise-
aware detector error model, compressing thus the infor-
mation that needs to be provided to the decoder. The first
technique we develop is based on sliding windows that we
apply on the syndrome data to capture frequency compo-
nents below a certain frequency cutoff. We prove that this
method acts as a low-pass filter with frequency cutoff
determined by the window size. By iterating the sliding
window process with varying window sizes, we can
capture multiple frequency components. We further sup-
plement this method with analytical results regarding
optimal window sizes for accurate estimation, and the
expected statistical uncertainties in the error rates. Our
analytical results can further explain time-lag decoding
issues which have been observed previously in Ref. [33].
Additionally, we develop a relative window estimation
method which allows us to capture more rapidly drifting
error rates. This technique is a single-pass procedure,

meaning we do not need to iterate it multiple times to get
all relevant frequency components. Through these meth-
ods, we successfully estimate a wide variety of noise drift
profiles and demonstrate that the resulting logical error
rate is consistent with logical error rate obtained from
the ground truth model. Additionally, we find that our
estimated detector error models suppress logical errors
better than approximate static detector error models. Our
approach is general and captures time-dependent noise
without extra experimental cost and without relying on
machine learning or heuristic methods.
The paper is structured as follows. In Sec. II, we review

noise estimation based on syndrome history for static error
rates. In Sec. III, we introduce our sliding-window and
relative-window estimation methods which capture time-
dependent error rates. In Sec. IV, we show our simulations
results for various noise-drift scenarios. In Sec. IV E, we
study how noise-drifts impact the decoding performance.
In Sec. V, we apply our methods to 1=f noise. In Sec. VI,
we discuss the limitations inherent in existing approaches,
followed by potential extensions of our framework and
avenues for future investigation. Finally, in Sec. VII we
conclude our results.

II. OVERVIEW OF NOISE ESTIMATION BASED
ON SYNDROME HISTORY

In QEC experiments, noise models can be described by
detector error models (DEM) based on detectors that track
parity changes in repeated measurements of the same
stabilizer across adjacent time steps [34,35]. Graphically, a
DEM can be represented by a decoding graph (or hyper-
graph). In this work, we consider only decoding graphs. A
decoding graph is a weighted graph with detectors as
nodes, and error mechanisms as edges. If two detectors are
connected by an edge, the detectors are flipped if the error
mechanism corresponds to the edge is triggered. These
edges connecting two detectors are called bulk edges.
Additionally, we introduce an artificial boundary node. If
an edge connects a detector and the boundary node,
the corresponding error mechanism can only flip this
particular detector. Such edges are called boundary edges.
The weight associated to each edge is given by w ¼
lnðð1 − pÞ=pÞ where p is the probability that this error
mechanism occurs. Alternatively, a DEM can be repre-
sented using a list of independent error events that flip
subsets of detectors, together with the probabilities that
these errors happen. Typically, the DEM is generated by a
circuit error model (qubit or gate error model) for example
via Stim [35]. By abstracting away the circuit-level details
of the noise channel, the DEM supplies the statistical
information needed for the decoder to infer the most likely
error based on the observed syndrome history. Therefore,
an optimal decoder and error correction strategy requires
knowledge of the DEM.
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Recently, the problem of learning the error rates of a
DEM using the syndrome history of QEC experiments
[13,31–33] has received significant attention as a noise
characterization method that avoids the need of extra
benchmarking or characterization experiments. At the
same time, knowing the DEM can enhance decoding
performance via noise-aware decoding [31].
To learn the DEM probabilities, syndromes from several

syndrome extraction cycles and repetitions of the same
experiment are collected. Based on the syndromes, one can
count the average number of times a detector fires,
coincidences of detectors, or even higher-order correlators
(which are relevant only for decoding hypergraphs), and
use them to estimate the error rates.
Reference [33] showed that in the case of independent

event probabilities (which holds for DEM models under-
going Pauli noise), the probability pij of a bulk error (a
bulk edge incident to detectors vi and vj in the graph) is
given by:

pij ¼
1

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
− hvivji − hviihvji
1 − 2ðhvii þ hvjiÞ þ 4hvivji

s
; (1)

whereas the probability pii of a boundary edge (an error
that flips a boundary detector vi) is given by:

pii ¼
1

2
þ hvii − 1=2Q

j≠ið1 − 2pijÞ
: (2)

Here, h·i denotes the expectation value: hvii counts the
number of times a single detector fires, and hvivji counts
how often two detectors fire together, each normalized by
the total number of experimental shots (number of QEC
experiments). Thus, by using the entire syndrome history
from multiple experimental trials, one can obtain the error
rates of the DEM.
When the above equations are evaluated using the full

syndrome history, only time-average error rates can be
obtained. As a result, the time-dependent noise profile is
effectively lost. Assuming that the error rates remain
approximately constant across syndrome extraction cycles
or experiments might not always be a valid assumption in
practice, and might lead to suboptimal decoding perfor-
mance. Thus, capturing the time-dependent profile could
provide insights into the device’s performance and its
connection to decoding performance.
So far, previous works that studied the estimation of

Pauli error rates from syndromes [31–33] did not consider
temporal variations for the error rates. In other words, the
full syndrome history was used to obtain the estimated
probabilities based on Eqs. (1) and (2). In what follows
next, we show how to estimate the time-dependence of
error rates, via new post-processing methods we propose,
but still using the syndrome data like previous works.

III. CAPTURING TIME-DEPENDENCE
OF ERROR RATES

In this section, we will describe our three methods to
estimate detector error models with time-dependent error
rates. All these methods are based on the same principle of
using windows that capture part of the syndrome history.
By processing detection events within specified windows
and not across the full syndrome history, we are able to
retain the time-dependent signal. The three methods which
we will analyze shortly below are summarized in Fig. 1,
with their characteristics listed in Table I.

A. Sliding window estimation

We begin with the first method we developed that we
term sliding window estimation. The key feature of this
approach is that we use expectation values of detection
events within a fixed time window of W syndrome extrac-
tion cycles, namely in some time interval ½tl −WΔt; tlÞ, as
shown in Fig. 1. Here, the time index tl refers to the time
instance where the syndrome has been obtained from the
l-th syndrome extraction cycle. Given the time interval
between two syndrome extraction cycles is Δt, we label the
syndrome extraction times as tn ¼ nΔt, with n∈ ½0; N − 1�
denoting the syndrome extraction cycle number.
Applying Eqs. (1) and (2) for a time window

½tl −WΔt; tlÞ gives us the estimated probability at tl,
pest
ij ðtlÞ. Thus, by choosing a different time tl, and sliding

the window of the same size W, we can estimate the error
rates at various points in time and space. In Appendix A,
we prove that the estimated probability relates to the true
probabilities via the expression:

pest
ij ðtlÞ ¼

1

W

XW−1

k¼0

pijðtl −WΔtþ kΔtÞ; (3)

where k indexes the syndrome extraction cycles within the
window. This result shows that pest

ij ðtlÞ is the temporal
average of ground-truth event probabilities pijðtÞ within
a specified window. As per the structure of our proof,
the relation in Eq. (3) holds for Markovian time-
dependent noise.
Since the sliding window estimation is based on

statistics of detection events, the estimated probabilities
have an associated statistical uncertainty. In Appendix B,
we show that the standard deviation of pest

ij ðtlÞ within a
window of size W is given by:

σW ¼ 1

W

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXW−1

k¼0

pijððl−WþkÞΔtÞ�1−pijððl−WþkÞΔtÞ�
vuut :

(4)
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This expression accounts for the binomial variance of
each sample in the window, scaled by the squared window
size due to averaging.
We can gain further insight of how the sliding window

estimation method behaves if we turn our attention to
the frequency-domain representation of the error rates.
Applying the discrete Fourier transform (DFT) to Eq. (3)
we find:

pest
ij ðωmÞ ¼

1

W

XN−1
n¼0

XW−1

k¼0

pijðn −W þ kÞe−i2πmn=N: (5)

Here, ωm ¼ 2πm=ðNΔtÞ (form ¼ 0;…; N − 1) denotes
the discrete angular frequency, N is the total number of
syndrome extraction cycles, and W is the window size.
This expression captures the spectral characteristics of the

FIG. 1. Schematic overview of our methods for estimating time-varying noise from syndrome data of memory QEC experiments.
(a) Sliding window estimation: Awindow of fixed size slides along the temporal axis of the syndrome data. Time-varying error rates,
pest
ij ðtÞ, are estimated from the syndromes within the window at each position. (b) Iterative sliding window estimation: The sliding

window estimation process iterates over a range of window sizes. Starting with an initial window, the method sequentially uses the
output of one iteration as a prior for the next, refining the estimate with each step. This method aggregates information across multiple
windows to estimate the error rate signal pest

ij ðtÞ. (c) Relativewindow estimation: Two overlapping windows of sizesW andW þ 1 slide
simultaneously along the temporal axis. The differential information between the two windows is analyzed to estimate the time-varying
error rates.

TABLE I. Summary of the characteristics of our methods for estimating time-dependent noise. We list approximate bounds on the
fastest drift period each method can handle, whether or not the window needs to be optimized, and what types of noise each method can
handle. The sliding window and iterative methods act as low-pass filters, with frequency cutoffs determined by the window sizes. The
relative sliding window method can track more rapid drifts and arbitrary spectra, as long as the drift periods are longer than 200 QEC
cycles. Δt is the time duration for one QEC cycle. BL stands for band-limited noise.

Sliding window (single-pass)
Iterative sliding window

(multi-pass)
Relative sliding window

(single-pass)

Drift period resolution ⪆1000Δt ⪆1000Δt ⪆200Δt
Window sizes Needs optimization, can create

damping and lag
No optimization, each window

captures a frequency band
No optimization, captures

arbitrary frequencies
Noise Single tone Pink, brown, black, BL white Pink, brown, black, BL white
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probability estimator through its dependence on the sliding
window. The frequency-domain representation of the
estimator further simplifies to:

pest
ij ðωmÞ ¼

1

W

�
1 − e−i2πmW=N

1 − e−i2πm=N

�
pijðωmÞ; (6)

This can be expressed in standard magnitude-phase
form as:

pest
ij ðωmÞ¼

1

W

����sinðπmW=NÞ
sinðπm=NÞ

���� ·eiπmðW−1Þ=N ·pijðωmÞ (7)

revealing the spectral modulation introduced by the
sliding-window averaging process. The magnitude term
in Eq. (7) represents the window’s frequency response,
while the phase factor accounts for the temporal shift.
The frequency analysis in Eq. (7) reveals how the

accuracy of noise estimation depends on window size
W. The magnitude response of the estimated Fourier
spectrum follows the standard Dirichlet kernel form
which exhibits characteristic sidelobe attenuation at higher
frequencies (ωm ¼ 2πm=NΔt form ≫ 1). This means that
our sliding-window estimation on syndrome data acts as a
discrete low-pass filter, suppressing high-frequency noise
in the estimated probabilities. The filter introduces a phase
shift, ϕ ¼ πmðW−1Þ

N , as derived in Eq. (7). For a given
window sizeW, the time-lag introduced by the estimator is
periodic with respect to the noise spectrum frequencies,
ωm. Figure 2 illustrates both the magnitude roll-off and
phase characteristics based on Eq. (7), demonstrating the
trade-off between estimation error suppression (governed
by W) and temporal resolution.
Based on this frequency analysis, we can also identify

the optimal window size for frequency-selective estima-
tion. Given a target cutoff frequency ωc ¼ 2πmc=ðNΔtÞ
and maximum allowable estimation error ϵ, the optimal

window size Wopt satisfies the constraint:���� sinðπmcWopt=NÞ
sinðπmc=NÞ

���� ¼ 1 − ϵ: (8)

Using numerical methods we can further simplify this
equation to the approximate solution:

Wopt ≈
cðϵÞN
mc

; (9)

where cðϵÞ is an ϵ-dependent prefactor. The inverse
relationship between Wopt and mc shows the trade-off
between frequency resolution and estimation accuracy.
The prefactor cðϵÞ in Eq. (9) is a positive constant bounded
by 0 < cðϵÞ ≤ mc, which encodes the error tolerance ϵ in
frequency estimation. For ϵ ¼ 0.05, numerical solution of
the transcendental equation yields cð0.05Þ ≈ 0.12.
By carefully selecting the window size W using the

derived formulae, one can balance out the trade-off in
accuracy and frequency resolution. From Eq. (9), we
further note that the standard deviation in estimating
pijðtÞ depends on both the error rates and the window
size W. Minimizing this deviation thus requires suffi-
ciently large windows, but we cannot use extremely large
windows since this would restrict our estimation to very
slowly drifting noise. Nevertheless, as we will verify later
with our simulations, our sliding-window estimation can
still capture reasonably fast noise drifts. Existing studies
[15] further suggest that noise drift predominantly com-
prises low-frequency components (N=m > 103) that our
method can easily handle.
Although the sliding-window estimation can properly

capture single frequency noise drift, an additional com-
plication arises from the phase shift it induces, as quanti-
fied in Eq. (7). This phase shift implies that merely
optimizing W is insufficient when the noise spectrum

FIG. 2. Impact of window size on noise spectrum estimation. (a) Ratio of the estimated noise spectrum, PestðωmÞ, to the true noise
spectrum, PðωmÞ, across different frequencies, demonstrating the damping introduced by various window sizesW. (b) Log-log plot of
the phase spectrum, ϕðωmÞ, against frequency, ωm, for different window sizes. Window sizes are defined as fractions of the total
syndrome extraction cycles, N.
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contains multiple frequency components, because it can
create a lag in the estimated time signal. For noise drift
dominated by a single frequency, a viable strategy is to
employ a large window for estimation and subsequently
apply the phase and magnitude corrections from Eq. (7) to
recover the ground-truth signal. This approach not only
mitigates estimation variance but also resolves lag fea-
tures. Our analytical expressions also explain the time lag
observed for large window sizes in Ref. [33], aligning our
theoretical proof with empirical results. While the above
correction strategy can resolve time lag features when a
single frequency dominates in the noise spectrum, this is
not the case for multi-frequency drifts. In the latter case,
the direct application of phase and magnitude corrections
becomes inaccurate, since these corrections are inherently
frequency-dependent. To address this limitation, we intro-
duce next an iterative sliding-window approach.

B. Iterative sliding window estimation

To estimate a DEM whose error rates drift with
multiple distinct frequencies, we propose an iterative
sliding-window approach, illustrated in Fig. 1(b), that
leverages the inherent low-pass filtering behavior of a

sliding-window. The main idea of this method is that we
initially use a large windowW0 ∼OðNÞ, which is designed
to capture low-frequency components, and iteratively
reduce the window size (Wk > Wkþ1) to resolve higher-
frequency bands. Here k labels the iterative window sizes
we pick, with k ¼ 0 being the largest window size. Each
window size captures frequencies below a cutoff, but can
still have small contributions from higher frequency
components. These contributions, however, will be negli-
gible for larger windows and can be further captured by
smaller window sizes. To control this feature, we set a
threshold of μ ¼ 1 − ϵ, where we typically select
μ∈ ½0.05; 0.2�, to effectively discard frequency compo-
nents whose magnitude is below this threshold.
In more detail, we initially start with a large window size

W0 and estimate the error rates via Eqs. (1) and (2). By
sliding this window size across the syndrome history,
we then obtain the estimated pest

ij ðtlÞ values for various
times tl, which obey Eq. (3). Based on the window sizeW0

and the threshold μ we set, we obtain a cutoff frequency,

ωðk¼0Þ
c , based on Eq. (8) by rounding up that equation. This

means that we can then write the time-dependent proba-
bilities we estimate for the particular window as:

pest
ij ðtlÞ ¼

1

W

Xmðk¼0Þ
c

m¼0

�
sinðωmW=2Þ
sinðωm=2Þ

��
pam sin

�
ð2tl − ðW − 1ÞΔtÞωm

2

�
þ pbm cos

�
ð2tl − ðW − 1ÞΔtÞωm

2

�	
: (10)

The reason why we can truncate the above formula to

mðk¼0Þ
c is because the contribution of higher frequencies

will be negligible for this window size. Given the fact that
we know the estimated values across various time steps,
and the fact that the frequencies on the right hand side are
discrete, we can apply the least squares method to obtain
the solutions for the ground-truth probabilities pa;m and
pb;m. After finishing this procedure, we utilize a new
window W1, such that W0 > W1. Once again, we deter-

mine the frequency cutoff, ωðk¼1Þ
c , for the new window

size; because of the low-pass action of the sliding-window

method, it holds that ωðkþ1Þ
c ≥ ωðkÞ

c . If after rounding up,
the new frequency equals the previous cutoff frequency,
then we repeat the estimation procedure we mentioned
above and take the average of the pam and pbm solutions
from both windows. If the new cutoff frequency is larger
than the previous one, then we feed the previous pam’s and
pbm’s we know for frequencies up to the previous cutoff,
and then solve for the new pam’s and pbm’s that remain
unknowns for the smaller window size of this step. This
procedure is iterated till we reach some final minimal
window size, below which we cannot proceed due to very
high statistical uncertainty in the error rates. This size is
typically 500–1000 syndrome extraction cycles.

This iterative strategy balances spectral resolution
and estimation precision and allows us to discriminate
multiple frequencies. Due to the fact that we relate the
estimated probabilities to the temporal averages, we addi-
tionally eliminate time-lag issues. These features will
become apparent later on when we present our simulation
results.

C. Relative window estimation

While iterative sliding window estimation provides fine
resolution of individual frequency components, yielding
valuable insight into device noise sources, it comes at the
cost of multiple passes and is limited to noise that is not
drifting too rapidly (N=mc > 103). In situations where
resolution of individual frequency components is less
critical, we present an alternative method to estimate
the drifting error rates, that we term relative window
estimation. This method allows us to estimate even rapidly
drifting error rates, without having to optimize for window
sizes. In other words, it is a single-pass method through
which we can capture the instantaneous error rates, which
could comprise of multiple frequency components. To
estimate pijðtlÞ at time tl, we analyze two overlapping
windows:
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(i) Window of size W: Covers W cycles in time
interval t∈ ½tl −WΔt; tlÞ

(ii) Window of size W þ 1: Covers W þ 1 cycles in
time interval t∈ ½tl −WΔt; tl þ ΔtÞ

Based on Eq. (3), by selecting a window of size W that
we use to obtain pest

ij ðtÞ, we capture the temporal average
of pijðtÞ. Crucially, the relative information captured by
the larger window W þ 1 compared to W isolates the
instantaneous probability at tl. This is because the addi-
tional time step in W þ 1 introduces only pijðtlÞ as new
information, while the overlapping interval ½tl −WΔt; tlÞ
contributes identically to both windows.
Thus, the instantaneous probability is derived as:

pijðtlÞ ¼ ðW þ 1Þpest
ij;Wþ1ðtl þ ΔtÞ −Wpest

ij;WðtlÞ; (11)

where pest
ij;WðtlÞ and pest

ij;Wþ1ðtl þ ΔtÞ are the estimates
from each window. Figure 1(c) illustrates this mechanism.
To estimate the instantaneous pijðtÞ at arbitrary times, both
overlapping windows of size W and W þ 1 slide by a
discrete time stepΔt. In what follows next, we will explore
via numerical simulations the accuracy of the noise
estimation methods we developed, as well as the decoding
performance we obtain from the estimated DEMs.

IV. RESULTS

In this section we perform numerical simulations to
test our estimation methods. All our simulations were
performed using Stim [35]. For simplicity, we will be
considering a repetition code memory and surface code
memory, although our methods can be straightforwardly
applied to other codes as well.

A. Application of sliding window estimation
to a phenomenological noise model

We begin by investigating the low-pass filtering behav-
ior inherent to sliding window estimation. To demonstrate
this, we consider a distance-3 repetition code under a
phenomenological noise model. We assign time-varying
single-qubit depolarizing errors at the start of each
syndrome extraction cycle to all data and ancilla qubits,
with the noise channel given by:

EðρÞ ¼ ð1 − gðtÞÞρþ gðtÞ
3

ðσxρσx þ σyρσy þ σzρσzÞ;
(12)

where σx, σy, σz are the Pauli matrices. We further define
gðtÞ as:

gðtÞ ¼ g0 þ
X
m∈M

gm sinðωmtÞ; g0; gm ∈ ½0; 1�: (13)

Here, M denotes a set of discrete frequencies. In
the limit of ωm ¼ 0; ∀m, we recover a time-independent
error rate given by g0. The continuous-time probability gðtÞ
is discretized by taking the time difference between
consecutive syndrome extraction cycle to be Δt, such that
tn ¼ nΔt, where n is the syndrome extraction cycle index.
We consider 5 × 104 syndrome extraction cycles

where a single drift frequency is considered for all qubits,
with parameters g0 ¼ 0.1, g1 ¼ 0.05, and frequency
ω1 ¼ 2π=ð104ΔtÞ. In Fig. 3, estimated and ground-truth
DEM error rate of the bulk edge is shown as a function of
syndrome extraction cycles. The ground-truth error rate is
shown by the red line, while the blue line represents the
average estimated error rate obtained via the sliding-
window approach. In Fig. 3(a) we consider a window
size of W ¼ 1500, in Fig. 3(b) a size of W ¼ 5000, and in

FIG. 3. Estimating DEM error rates using the sliding window approach, for a distance-3 repetition code under phenomenological
noise model. Data and ancilla qubits experience depolarizing noise per syndrome extraction cycle with parameters g0 ¼ 0.1,
g1 ¼ 0.05, and frequency ω1 ¼ 2π=ð104ΔtÞ. (a) Estimated DEM error rate of bulk edge averaged over all qubits, as a function of the
syndrome extraction cycles, for a window size of W ¼ 1500. The red curve shows the ground truth error rate, and the blue curve
the estimated error rate. (b) Same as in (a) for a window size W ¼ 5000. (c) Same as in (a) for a window size W ¼ 12000. For the
estimated signal, we repeat the simulation five times to plot the average behavior and display the standard deviation with the
error bars.
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Fig. 3(c) a size of W ¼ 12000. In each case, we repeat the
estimation experiment five times using the same para-
meters, in order to get the average behavior and show the
error bars (standard deviation). For the smallest window
size, W ¼ 1500, we see that we capture the frequency
of the signal with good accuracy. The estimated error
rate’s component, g1, corresponding to frequency ω1, is

damped by a factor of 0.964 ¼ 1
1500

j sinð3π=20Þsinðπ=ð104Þ j and is phase
shifted by 3π=20 ≈ πð1499Þ

104
. The estimated error rate’s

spread, especially at the maxima, is pronounced. This
behavior can be understood based on Eq. (4). The term
pijðtÞð1 − pijðtÞÞ in Eq. (4) is a concave function that
achieves its maximum at pijðtÞ ¼ 0.5. Given the assump-
tion that error rates are below 0.5, this term is monoton-
ically increasing in this regime. Thus, the standard
deviation of the estimate is higher for local maxima of
the error rate function pijðtÞ. However, since the standard
deviation is also inversely proportional to

ffiffiffiffiffi
W

p
, a larger

window size W mitigates this effect, capturing the error
rate over the entire interval with approximately uniform
deviation. As we increase the window size to W ¼ 5000,
we observe that the spread reduces, and we again estimate
the correct frequency, but the component, g1, is damped

by a factor of 0.636 ¼ 1
5000

j sinðπ=2Þ
sinðπ=ð104Þ j and phase shifted

by π=2 ≈ πð4999Þ
104

. Finally, for the largest window size,
W ¼ 12000, as expected, we almost obtain the mean value
of the sinusoidal signal accompanied by weak oscillations.
Precisely, the component, g1, is damped by a factor of
0.156 ¼ 1

12000
j sinðπ=5Þ
sinðπ=ð104Þ j and phase shifted by π=5 ≈

πð1999Þ
104

.

These results verify the mathematical framework of sliding
window estimation we introduced in the previous sections
in terms of frequency response, time-lag features and
statistical uncertainties in the estimated error rates.
Next, we analyze a rotated surface code with code

distance d ¼ 3 under a phenomenological noise model.

The time-varying single-qubit depolarizing channel is
defined analogously to Eqs. (12) and (13). We measure
only the X-stabilizers and estimate the corresponding
X-DEM, since for a surface code under the phenomeno-
logical noise model, the X-DEM and Z-DEM are equiv-
alent. We simulate 5 × 104 syndrome extraction cycles,
assuming a single drift frequency that is common to all
data and ancilla qubits. The noise parameters are set to
g0 ¼ 0.1, g1 ¼ 0.05, and frequency ω1 ¼ 2π=ð104ΔtÞ.
Figure 4 presents the estimated and ground-truth

X-DEM error rate of the bulk edge as functions of the
syndrome extraction cycle. The ground-truth error rate is
shown in red, while the average estimated error rate,
obtained using the sliding-window approach, is shown in
blue. To account for statistical variation, each simulation is
repeated five times, and the resulting error bars are plotted
accordingly. Figures 4(a)–4(c) display the estimation
results for sliding-window sizes of 1500, 5000, and
12000, respectively. As anticipated, the sliding-window
estimation method captures the ground-truth X-DEM error
rate with the g1 component exhibiting a similar damping
and phase shift factors as observed for the repetition code.
This consistency demonstrates the general applicability of
the sliding-window estimation framework across different
quantum error-correcting codes.
Next, we consider the case of a more complicated

time-varying signal that consists of two different drift
frequencies. We set g0 ¼ 0.1, g1 ¼ 0.05, g2 ¼ 0.04, and
frequencies ω1 ¼ 2π=ð104Δt), ω2 ¼ 2π=ð2 × 103ΔtÞ. The
total number of syndrome extraction cycles in this case is
set to 5 × 104. We also repeat the simulation five times to
plot the error bars. In Fig. 5(a) we show again the ground-
truth (red) and estimated DEM error rate of bulk edge
(light blue) as a function of syndrome extraction cycle, for
a window size ofW ¼ 2200. We also show with yellow the
first ground-truth frequency component at ω1, and with
dark blue the second ground-truth frequency component at
ω2. The window size we selected captures the frequency

FIG. 4. Estimating X-DEM error rates using the sliding window approach, for a distance-3 rotated surface code under
phenomenological noise model. Data and ancilla qubits experience depolarizing noise per syndrome extraction cycle with parameters
g0 ¼ 0.1, g1 ¼ 0.05, and and frequency ω1 ¼ 2π=ð104ΔtÞ. (a) Estimated X-DEM error rate of bulk edge averaged over all qubits, as a
function of syndrome extraction cycle, for a window size of W ¼ 1500. The red curve shows the ground truth error rate, and the blue
curve the estimated error rate. (b) Same as in (a) for a window sizeW ¼ 5000. (c) Same as in (a) for a window sizeW ¼ 12000. For the
estimated signal, we repeat the simulation five times to plot the average behavior and display the standard deviation with the error bars.
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component that drifts less rapidly, but we see that the
estimated signal experiences a time-lag. In Fig. 5(b), we
consider a small window size ofW ¼ 500, which creates a
higher uncertainty in the estimated error rate, but captures
to an overall good agreement the full time signal of the
DEM error rates. Note that with the sliding window
method, we cannot resolve the faster component on its
own. If we naively subtract the estimated signal of the first
component from the full estimated signal, we obtain the
signal shown in Fig. 5(c). Note that to construct the
estimated signal in Fig. 5(c), we have added the estimated
g0 component we obtain from the window sizeW ¼ 2200,
since this approximately the same for the signals of
Figs. 5(a) and 5(b). The signal we obtain in Fig. 5(c) is
a good approximation of the ground-truth frequency com-
ponent but still suffers from statistical uncertainty and
time-lag features. These arise from the individual estima-
tions using window sizesW ¼ 500 andW ¼ 2200, respec-
tively. The statistical uncertainty is large for W ¼ 500,
as per Eq. (4), while the time lag is large forW ¼ 2200 due
to the phase shift induced in the estimation process,
described by Eq. (7).

B. Application of iterative sliding-window estimation
to a phenomenological noise model

In practical scenarios, we will be completely unaware
of the frequencies that exist in the time-signal, and hence
we can employ the iterative sliding-window estimation
method. We perform a simulation where we consider 104

syndrome extraction cycles. We further set the threshold
μ ¼ 1 − ϵ ¼ 0.22 and examine two representative test
cases. First, we assume a two-frequency noise spectrum
with parameters g0 ¼ 0.06, g1 ¼ 0.02, g2 ¼ 0.025 and
frequencies ω1 ¼ 2π=ð104Δt), ω2 ¼ 2π=ð7 × 103ΔtÞ.
These parameters are assumed to be the same for all

qubits. The iterative algorithm detailed in Sec. III B is
applied here by varying the window size from W ¼ 104

down to W ¼ 103 with a step size of 103. Figure 6(a)
shows with red line the ground-truth DEM error rate
of bulk edge and with blue line the average estimated
DEM error rate of bulk edge. The blue shade corresponds
to the standard deviation. In Fig. 6(b) we consider an
extended three-frequency spectrum by adding a compo-
nent g3 ¼ 0.015, with frequency ω3 ¼ 2π=ð5 × 104ΔtÞ.
The estimated signal in both cases is again obtained by
averaging the results of 5 independent estimation trials
using the same parameter. The iterative procedure was
terminated at a window size of W ¼ 1000, as smaller
windows exhibit a higher standard deviation in their
estimates, making them less reliable. In both cases of
Fig. 6 we see good agreement between the estimated and
ground-truth error rates. Deviations are attributed to the
fact that we use only 10 windows to obtain the estimated
DEM error rates, but the accuracy can be improved using a
finer step size for selecting window sizes.

C. Application of relative window estimation
to a phenomenological noise model

We now discuss our numerical results when using
the relative window estimation method, as detailed in
Sec. III C. By rearranging Eq. (11) we get:

pijðtlÞ ¼ W
�
pest
ij;Wþ1ðtl þ ΔtÞ − pest

ij;WðtlÞ
�

þ pest
ij;Wþ1ðtl þ ΔtÞ: (14)

The first term in Eq. (14) represents a discrete differ-
entiation of the estimated probability function in the time
domain, scaled by the window size W. Since pest

ij;WðtÞ is a
statistical average, it is inherently non-differentiable and

FIG. 5. Low-pass and band-pass filtering behavior of sliding window estimation, for a d ¼ 3 repetition code under phenomenological
noise. All data and ancilla qubits experience uniform depolarizing per syndrome extraction cycle, with time varying error rate gðtÞ
defined by g0 ¼ 0.1, g1 ¼ 0.05, g2 ¼ 0.04, and frequencies ω1 ¼ 2π=ð104ΔtÞ, ω2 ¼ 2π=ð2 × 103ΔtÞ. (a) Estimated DEM error rate of
bulk edge (light blue), averaged over all qubits, as a function of syndrome extraction cycle, for a window size of W ¼ 2200. Only the
low-frequency component (yellow) ω1 ¼ 2π=ð104ΔtÞ is captured, meaning that the sliding window acts as a low-pass filter. The red
line shows the full ground-truth signal consisting of two frequencies and the dark blue line shows the more rapidly drifting component.
(b) Same as in (a) for a window size of W ¼ 500, which is able to capture the full time signal. (c) DEM error rate obtained by
subtracting the signals of (a), (b) to isolate the component drifting with frequency ω2 ¼ 2π=ð2 × 103ΔtÞ.
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exhibits local peaks due to statistical fluctuations. To
address this, we apply the Savitzky-Golay [36] filtering
to ensure the functions pest

ij;WðtÞ and pest
ij;Wþ1ðtÞ are at least

C1 differentiable by fitting polynomial functions to smooth
the local peaks.
We demonstrate the effectiveness of our method through

a series of test cases, summarized in Fig. 7. For all test
cases, the overlapping windows used in relative window
estimation are W1 ¼ 2000 and W2 ¼ 2001 respectively.
All panels follow the same convention: the red line
represents the ground-truth DEM error rate of bulk edge,
and the blue line shows the estimated DEM error rate of
bulk edge. The estimated signal is obtained by averaging
the results of 5 independent estimation trials. Figure 7(a)
presents the estimation results for a noise profile with
a single drift frequency, parameterized by g0 ¼ 0.06,
g1 ¼ 0.03, and frequency ω1 ¼ 2π=ð104ΔtÞ. Figure 7(b)
shows results for a spectrum with three frequencies, using
parameters g0 ¼ 0.06, g1 ¼ 0.02, g2 ¼ 0.025, g3 ¼ 0.015
and frequencies ω1 ¼ 2π=ð104ΔtÞ, ω2 ¼ 2π=ð7 × 103ΔtÞ,
ω3 ¼ 2π=ð5 × 103ΔtÞ. In both cases, the estimated error
rates approximate well the ground-truth signal. We further
test the method’s robustness in the case of rapidly drifting
noise profile in Fig. 7(c), where we define the para-
meters g0 ¼ 0.06, g1 ¼ 0.02, g2 ¼ 0.025, g3 ¼ 0.015 and
frequencies ω1 ¼ 2π=ð3 × 103ΔtÞ, ω2 ¼ 2π=ð2 × 103ΔtÞ,
ω3 ¼ 2π=ð103ΔtÞ. Despite the high-amplitude, rapid oscil-
lations, our estimation method continues to perform well.
Finally, Fig. 7(d) presents an even more challenging
case where much higher frequencies (ω1 ¼ 2π=ð500ΔtÞ,
ω2 ¼ 2π=ð700ΔtÞ) cause the ground truth error rate to
drift significantly on a timescale of only a few syndrome
extraction cycles, parameterized by g0 ¼ 0.06, g1 ¼ 0.02,

g2 ¼ 0.025. Here, the estimated error rate still matches the
ground truth at most time instances; however the standard
deviation of the estimate increases noticeably at the local
maxima and minima. In summary, the relative window
estimation method proves capable of accurately recon-
structing a wide variety of noise drift profiles, from slow,
gradual drifts to rapid, high-amplitude oscillations.

D. Estimating circuit-level noise

To test our methods against a more complete noise
model where gates can also fail, we assume a circuit-level
noise model. For simplicity we assume that all ancilla
and data qubits as well as the gates experience single-
frequency noise drift. However, we change our previous
setup and assume non-uniform parameters gðtÞ for qubits
and gates. Ancilla and qubit errors appear as horizontal
and vertical edges in the DEM, whereas non-zero gate
errors give rise to diagonal edges in the DEM. For d ¼ 3
repetition code memory that we consider again, there are
four CNOTs per round which are used to extract the
syndromes of Z1Z2 and Z2Z3 stabilizers. The two-qubit
errors are modeled as two-qubit depolarizing noise. We
assume that the g0 and g1 parameters are the same for all
CNOTs. We set a drift frequency for the first two CNOT
errors to be the same that measure Z1Z2, and another drift
frequency for the last two CNOTerrors that measure Z2Z3.
All the noise parameters that we set for qubits and gates are
summarized in Table II.
We perform a simulation of 5 × 104 syndrome extrac-

tion cycles and use the relative window estimation method
with two overlapping windows of size W1 ¼ 2000 and
W2 ¼ 2001 to estimate all types of edges. Our results are
shown in Fig. 8. We repeat the estimation experiment five

(a) (b)

FIG. 6. Estimating DEM error rates using iterative sliding window approach with μ ¼ 0.22, for a d ¼ 3 repetition code under
phenomenological noise model. Both data and ancilla qubits experience depolarizing noise with time-varying parameters gðtÞ per
syndrome extraction cycle. (a) Estimated DEM error rate of bulk edge (blue), averaged over all qubits, as a function of syndrome
extraction cycle in two-frequency noise spectrum. The time-dependent noise, gðtÞ, is defined by parameters g0 ¼ 0.06, g1 ¼ 0.02,
g2 ¼ 0.025 with frequencies ω1 ¼ 2π=ð104ΔtÞ, ω2 ¼ 2π=ð7 × 103ΔtÞ. (b) Estimated DEM error rate of bulk edge (blue), averaged
over all qubits, as a function of syndrome extraction cycle, for a three-frequency noise spectrum. The first two frequency parameters are
the same as in (a) with an additional high-frequency component defined by parameters g3 ¼ 0.015, ω3 ¼ 2π=ð5 × 104ΔtÞ. In both
cases, the ground-truth signal is shown with red curve.
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times using the same parameters, in order to get the
average behavior and show the standard deviation. In each
panel of Fig. 8, we show the standard deviation as a shaded
region, the average of our estimated error rate with a blue
or orange line, and the ground-truth signal with red line.
Figure 8(a) presents the estimated error rate for horizontal

(timelike) edges in the decoding graph. For a d ¼ 3
repetition code, which utilizes two ancilla qubits, there
are two corresponding timelike edges per syndrome
extraction cycle. The estimated error rates for these edges,
shown in blue and orange, demonstrate strong agreement
with the ground truth values. Figure 8(b) shows the
estimated error rate for the unique vertical bulk (spacelike)
edge in the same code. The estimated value, in blue, tracks
the ground-truth, in red, consistently, with deviations
observed mainly at local maxima. Figure 8(c) displays
the results for the two vertical boundary edges. The
boundary edge error rates are calculated using Eq. (2).
The uncertainty from estimated bulk edge error rates
propagates to the boundary estimates, resulting in a more
pronounced statistical uncertainty for boundary edges.
Finally, Fig. 8(d) presents the unique diagonal edge, which
arises from gate errors in the spacetime graph. The ground-
truth error rate for this edge, shown in red, exhibits a
complex, multi-frequency oscillation with a decaying
envelope. This behavior is a direct result of the interference
between the independently drifting noise parameters of the
ancilla qubits, data qubits, and gates. While the estimated

, , , , , ,

,,,,, , , , ,

, , , ,

(a) (b)

(d)(c)

FIG. 7. Estimating DEM error rates using the relative window approach for a d ¼ 3 repetition code under phenomenological noise
model. All data and ancilla qubits experience uniform depolarizing noise with time varying parameter, gðtÞ, per syndrome extraction
cycle. (a) Estimated (blue) and ground-truth (red) DEM error rates of bulk edge averaged over all qubits, as a function of syndrome
extraction cycle in a single-frequency spectrum. The time-dependent noise, gðtÞ, is defined by parameters g0 ¼ 0.06, g1 ¼ 0.03 with
frequency ω1 ¼ 2π=ð104ΔtÞ. (b) Estimated DEM error rate of bulk edge averaged over all qubits, as a function of syndrome extraction
cycle in a three-frequency spectrum. The noise parameters are g0 ¼ 0.06, g1 ¼ 0.02, g2 ¼ 0.025, g3 ¼ 0.015 with frequencies
ω1 ¼ 2π=ð104ΔtÞ, ω2 ¼ 2π=ð7 × 103ΔtÞ and ω3 ¼ 2π=ð5 × 103ΔtÞ. (c) Estimated DEM error rate of bulk edge averaged over all
qubits, as a function of syndrome extraction cycle in a high-frequency dominated spectrum. The amplitudes are the same as in (b), but
the frequencies are higher and defined by ω1 ¼ 2π=ð3 × 103ΔtÞ, ω2 ¼ 2π=ð2 × 103ΔtÞ and ω3 ¼ 2π=ð103ΔtÞ (d) Estimated DEM
error rate of bulk edge averaged over all qubits, as a function of syndrome extraction cycle in a high-frequency spectrum composed
of two frequencies. The noise parameters are g0 ¼ 0.06, g1 ¼ 0.02, g2 ¼ 0.025, and the frequencies are ω1 ¼ 2π=ð500ΔtÞ and
ω2 ¼ 2π=ð700ΔtÞ.

TABLE II. gðtÞ Parameters used for the circuit-level noise
model for a d ¼ 3 repetition code in Fig. 8. Amplitudes (g0, g1)
and drift frequencies (ω1) are shown for each data qubit (q.), and
each ancilla qubit (q.), as well as the error parameters for the
CNOT gates.

Qubit/gate g0 g1 ω1

Data qubit d1 0.07 0.035 2π=ð104ΔtÞ
Data qubit d2 0.07 0.035 2π=ð8 × 103ΔtÞ
Data qubit d3 0.06 0.03 2π=ð9 × 103ΔtÞ
Ancilla qubit a1 0.04 0.025 2π=ð9 × 103ΔtÞ
Ancilla qubit a2 0.04 0.03 2π=ð6 × 103ΔtÞ
CNOT errors for Z1Z2 0.045 0.03 2π=ð9 × 103ΔtÞ
CNOT errors for Z2Z3 0.045 0.03 2π=ð104ΔtÞ
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error rate, shown in blue, successfully captures the overall
decaying oscillatory trend, mismatches occur due to the
estimator’s inability to fully capture the high-frequency
components which cause decay in the ground-truth signal.

E. Decoding results

We now turn our attention to the the decoding perfor-
mance under drifting noise. Here, we will compare the
decoding performance of our estimated DEM against the
ground-truth DEM. Since our estimation methods track
drifting noise across a large number of syndrome extrac-
tion cycles in the same QEC experiment, we adopt the
following approach to calculate the logical error rate. After
learning the error rates and reconstructing the estimated
DEM, we decode both ground-truth and estimated DEMs
for some specified number of syndrome extraction cycles,
using the same detection events to compare them fairly. To
quantify the logical error mismatch, we define the relative
logical error rate, Δ, as:

Δ ¼
�
ϵestL

ϵstimL

�
− 1 (15)

where ϵestL is our estimated logical error rate per cycle, and
ϵstimL represents the logical error rate per cycle obtained by
decoding the ground-truth DEM.
We consider the single-pass sliding-window esti-

mation and analyze how the error metric Δ varies with
the window size. We consider a phenomenological
noise model for a d ¼ 3 repetition code memory with

uniform parameters for the ancilla and data qubits, selected
as g0 ¼ 0.1, g1 ¼ 0.05, and a single drift frequency ω1 ¼
2π=ð104ΔtÞ. We further use n ¼ 103 cycles and 5 × 104

shots for the logical error rate calculation. In Fig. 9(a) we
show the logical error rate as a function of the window size.
Larger window sizes introduce greater estimation errors
due to the pronounced damping factors and time-lags
predicted by our spectral analysis leading to a larger
mismatch between the estimated and ground-truth logical
error rates. In the opposite regime, very small windows
lead to increased statistical uncertainty in the error rates.
Also, we note that jΔj attains higher values for larger
window size in comparison to smaller window sizes. This
shows that time-lag and damping errors might be more
detrimental compared to statistical uncertainty errors. The
trade-off between these competing features is balanced by
a clear minimum at W ¼ 1250, matching very closely to
our theoretically predicted optimum of Wopt ¼ 1228� 42

when calculated from Eq. (8) with ϵ ¼ 0.05. The close
agreement between theory and numerical simulation dem-
onstrates the effectiveness of our window-based optimi-
zation framework and how it can inform decoders about
noise drifts, leading to optimal decoding performance.
As a next example, we evaluate the decoding perfor-

mance under complex noise spectra by analyzing test cases
containing multiple frequency components. We now con-
sider the case where the error rates are obtained based
on the relative-window estimation method. Figure 9(b)
presents the results for both phenomenological and circuit-
level noise models, with test cases we previously presented

FIG. 8. Estimating DEM error rates with the relative window approach, for a d ¼ 3 repetition code under circuit-level noise with
inhomogeneous error rates for qubits and gates defined in Table II. (a) Estimated and ground truth DEM error rates for the time-like
edges. (b) Estimated and ground truth DEM error rates for bulk space edge. (c) Estimated and ground truth DEM error rates for the
boundary space edges. (d) Estimated and ground truth error rates for diagonal edge.
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in Figs. 7 and 8. Using again 103 syndrome extraction
cycle and 5 × 104 shots for the logical error rate calcu-
lation, we observe that our relative window estimation
method can achieve remarkable relative precision in the
logical error rate to the order of ∼10−4 – 10−3. This perfor-
mance persists even under cases when significant drift in
noise occurs within just a few syndrome extraction cycles,
demonstrating the robustness of our approach. The small
magnitude of Δ indicates that our estimation technique
successfully tracks the time-varying error rates while
maintaining decoding accuracy comparable to ground-
truth knowledge of the noise parameters.
We now analyze the behavior of the logical error rate

per cycle (l) across different physical error rates for
both phenomenological and circuit-level noise models
in the repetition code. The estimation in both noise
models is done using relative window estimation with two

overlapping windows of size 2000 and 2001 respectively.
In the phenomenological noise model, the time-varying
error probability gðtÞ has a single-frequency component
with parameters g0 ¼ g�, g1 ¼ g�=2, and frequency
ω1 ¼ 2π=ð104ΔtÞ. For simplicity, we assume the same
error rates for all qubits. The physical error rate, g�, is
varied to study its effect on the logical error rates. For each
configuration, we use 102 cycles and 5 × 105 shots to
compute the logical error rates. Figure 10(a) compares the
logical error rate performance of three different decoders.
The first decoder is adapted using our estimated DEM
(blue line), the second decoder uses ground-truth DEM
(red line), and the third uses a static DEM that assumes no
drift (black line). The static DEM is configured with the
parameters g0 ¼ g� and g1 ¼ 0. The results demonstrate
that our adaptive decoder consistently achieves logical
error rates that match the ground truth across the entire

(a) (b)

FIG. 9. Relative logical error rate jΔj, defined as the relative error between the logical error rate obtained from the estimated DEM
and the one obtained from the ground-truth DEM. (a) jΔj versus window size for a d ¼ 3 repetition code under a phenomenological
noise model. The time-varying noise parameters are uniform across all data and ancilla qubits, defined by g0 ¼ 0.1, g1 ¼ 0.05, and a
single drift frequencyω1 ¼ 2π=ð104Δt). To estimate the DEMwe use the sliding windowmethod and a fixed window size for each data
point. (b) jΔj Across five distinct test cases. Test cases 1–4 correspond to estimations performed under the phenomenological noise
model, using the specific parameter sets detailed in Figs. 7(a)–7(d), respectively. Test case 5 corresponds to estimation under a circuit-
level noise model, with parameters as described in Fig. 8.

FIG. 10. Comparing the logical performance of estimated versus ground-truth and static DEMs, for a d ¼ 3 repetition code.
(a) Logical error rate as a function of the physical error rate for a d ¼ 3 repetition in phenomenological noise model, with parameters
g0 ¼ g� and g1 ¼ g�=2, where g� (physical error rate) is varied. The blue line corresponds to the estimated DEM, the red line to the
ground-truth DEM, and the black line to the static DEM. The curve for the estimated DEM overlaps with the one of the ground-truth
DEM. (b) Logical error rate of estimated, ground-truth and static DEMs as a function of the physical error rate in circuit-level
noise model. The ancilla and gate error parameters are defined in Table II. The physical error rate that is varied is the parameter
g� ¼ g0 ¼ 2g1 of the data qubits, whereas the drift frequency of data qubits is found in Table II.
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range of physical error rates. In contrast, the decoder based
on the static DEM exhibits significantly higher logical
error rates. This comparison further validates the robust-
ness of our method in effectively tracking time-varying
noise, regardless of the underlying physical error rate.
Figure 10(b) presents the logical error rate performance

for of d ¼ 3 repetition code in circuit level noise model
with decoders utilizing our estimated DEM, the ground-
truth DEM, and a static DEM (configured with g0 ¼ g�,
g1 ¼ 0).The decoder using our estimated DEM maintains
good agreement with the ground truth, though slight
deviations are observed at certain physical error rates.
These deviations are primarily due to increased statistical
uncertainty when estimating the boundary and diagonal
edge weights, as discussed in Sec. IV D. The decoder with
the static DEM again exhibits a higher logical error rate
compared to the decoder based on our estimated DEM.
Now we present the logical error rate per cycle across

different physical error rates for a d ¼ 3 rotated surface
code in phenomenological noise model. In this case, we
measure only the X-stabilizers and the corresponding
X-DEM is decoded to get the logical error rate. The
time-varying parameters are defined as g0 ¼ g�, g1 ¼ g�,
which are applied uniformly to all data and ancilla qubits.
The drift frequencies for data and ancilla qubits are
specified in Table III. The physical error rate, g�, is varied
to study its effect on the logical error rates. Estimation is
again done using the relative window estimation method
with two overlapping windows of size 2000 and 2001,
respectively. We use 50 cycles and 106 shots to compute
the logical error rates. Figure 11 shows the logical error
rate when the decoder uses our estimated DEM (blue), the
ground-truth DEM (red), or the static DEM (black).
The static DEM is again configured with the parameters
g0 ¼ g� and g1 ¼ 0. The results show that the decoder
adapted using our estimated DEM achieves improved

logical error suppression relative to the static DEM, which
assumes stationary error rates. Furthermore, the estimated
DEM yields logical error rates that closely match those
obtained with the ground-truth DEM across the full range
of physical error rates.
It is important to note that these logical error rates were

calculated using only ∼102 cycles. Given that the ground-
truth error rate drifts with a frequency of 2π=ð104ΔtÞ, we
anticipate that the performance gap between the static and
adaptive decoders will become even more pronounced
when cycles on the order of 103 or 104 is used for bench-
marking. Overall, our adaptive decoder improves decoding
performance over static decoders by consistently matching
the ground-truth logical error rates.

V. APPLICATION OF OUR ESTIMATION
METHODS TO 1=f NOISE

In this section we apply our relative window estimation
method to 1=f noise. Since this method is agnostic to the
noise spectrum and avoids the multi-pass cost of the
iterative sliding window method, we choose this approach
to illustrate its applicability to more complicated noise
spectra. Without loss of generality, we consider here 1=f
noise, which is the most common type of noise across
qubit platforms. We note, however, that we expect our
method to apply to other 1=fα spectra.
Following Cywiński et al. [37], we model 1=f noise

via a longitudinal Hamiltonian coupling between the
qubit and an ensemble of two-level fluctuators (TLFs).

TABLE III. Drift frequencies used for the phenomenological
noise model in Fig. 11, for a d ¼ 3X-memory rotated surface
code. Drift frequencies are shown for each data and ancilla qubit.

Qubit ω1

Data qubit d1 2π=ð5800ΔtÞ
Data qubit d2 2π=ð9800ΔtÞ
Data qubit d3 2π=ð4800ΔtÞ
Data qubit d4 2π=ð8800ΔtÞ
Data qubit d5 2π=ð12800ΔtÞ
Data qubit d6 2π=ð7800ΔtÞ
Data qubit d7 2π=ð11800ΔtÞ
Data qubit d8 2π=ð6800ΔtÞ
Data qubit d9 2π=ð10800ΔtÞ
Ancilla qubit a1 2π=ð5800ΔtÞ
Ancilla qubit a2 2π=ð9800ΔtÞ
Ancilla qubit a3 2π=ð4800ΔtÞ
Ancilla qubit a4 2π=ð8800ΔtÞ

FIG. 11. Comparing the logical performance of estimated
versus ground-truth and static DEMs, for a d ¼ 3 rotated surface
code in phenomenological noise model. The logical error rate is
calculated using only the X-type stabilizers, and decoding is
performed using the X-DEM. The blue line shows the perfor-
mance of the estimated DEM, the red line the performance of the
ground-truth DEM, and the black line shows the performance of
the static DEM. The error rates are set to g0 ¼ g� and g1 ¼ g�,
where g� (the physical error rate) is varied uniformly for all
data and ancilla qubits. The drift frequencies for all qubits are
provided in Table III.
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The stochastic switching of the TLFs produces a random
telegraph signal, which causes fluctuations in the qubit’s
energy splitting. As we discuss in Appendix C, this
undriven qubit noise model produces a time-dependent
dephasing channel.
During a QEC experiment, data qubits stay idle the

longest. Ancilla qubits are measured (and typically reset)
in every syndrome extraction cycle, meaning their idling
time from initialization to measurement is much shorter
compared to that of data qubits. As such, the effects of
noise drift are expected to be more pronounced for data
qubits (which are only measured at the end of the
experiment). Without loss of generality we then consider
time-varying dephasing (extracted from the 1=f noise
model described above) for the data qubits, and static
depolarizing for the ancilla qubits.
We choose as an example an X-memory (phase-flip)

repetition code in phenomenological noise model. Errors
on all qubits are sampled per syndrome extraction cycle,
with the data-qubit dephasing pZðtÞ profile provided in
Appendix C. We simulate N ¼ 5 × 104 syndrome extrac-
tion cycles of a distance-d ¼ 3 repetition code and
examine two noise profiles: a Gaussian approximation
[pG

Z , Eq. (C16)] and an exact non-Gaussian treatment
[pNG

Z , Eq. (C23)], both using Nf ¼ 20 fluctuators with
γmin ¼ 1=N and γmax ¼ 30=N. Here γ refers to the switch-
ing rate of one fluctuator. The lower cutoff γmin sets the
slowest fluctuator timescale in the ensemble. For a
typical syndrome cycle duration of Δt ≈ 1 μs [25] for
superconducting qubits, the full experiment spans
NΔt ≈ 50 ms, placing the physical minimum frequency
at fmin ¼ γmin=Δt ≈ 20 Hz. This lies within the 1=f noise
band of superconducting qubits, which extends from sub-
Hz to several kHz and is dominated by flux and charge
fluctuators [23,25,37]. The noise amplitude A (i.e., in
SðωÞ ¼ A=ω) in the Gaussian case is chosen so that peak
of pZ is approximately 0.06. The coupling strength

between qubit and fluctuators, v0, in the non-Gaussian
case is set so that pZ achieves a peak of approximately
0.04. Using the dephasing rate formula for 1=f flux noise
from Krantz et al. [25] with the quasi-universal amplitude
AΦ ¼ 10−6Φ0=

ffiffiffiffiffiffi
Hz

p
and a flux sensitivity j∂ω01=∂Φj≈

2π × 130 MHz=Φ0, yields pZ ≈ 0.06 at the maximum
syndrome extraction cycle considered for the Gaussian
case. This ensures that the selected parameters are relevant
to experimental superconducting qubit noise levels. In both
cases the relative window method (Sec. III C) with W1 ¼
2000 and W2 ¼ 2001 is applied to the syndrome data.
Figure 12 shows the estimated and ground-truth DEM

error rates of the bulk space-like edge, for the Gaussian
and non-Gaussian case. The red curve represents the
ground-truth error rate, and the blue curve represents
the estimated error rate. Note that the DEM error rate
starts from 0, since pZðtÞ ¼ ð1 − W̃ðtÞÞ=2, and the coher-
ent function, W̃ðtÞ is equal to 1 for t ¼ 0. In both cases the
estimator accurately tracks the dephasing error rate across
the experiment, with the mean estimated error rate follow-
ing closely the ground truth and the standard deviation
over five independent trials remaining small throughout.
These results confirm that our relative window estima-

tion framework extends naturally to physically motivated
1=f noise. The parameters we chose here are specific to
superconducting qubits, however our methods could cap-
ture this type of noise in other platforms, as long as it is
drifting with a time period longer than 200 QEC cycles.
Discussion on generic applicability to other platforms is
provided in Sec. VI.

VI. DISCUSSION

Our results show that the proposed estimation and
decoding methods remain robust across a wide range of
error rates. Within realistic regimes, the sliding-window
framework provides both accuracy and adaptability, mak-
ing it a promising tool for scalable characterization of QEC

FIG. 12. Estimating DEM error rates using the relative window approach for a d ¼ 3 X-stabilizer repetition code under 1=f noise.
Data qubits experience time-varying Z dephasing with probability pZðnÞ per syndrome cycle, ancilla qubits experience static
depolarizing noise with qanc ¼ 0.02, and all gates are error-free. (a) Estimated and ground-truth DEM error rates for the bulk space-like
edge under the Gaussian approximation of the dephasing error rate [WG, Eq. (C16)]. (b) Estimated and ground-truth DEM error rates
for the bulk space-like edge under the non-Gaussian treatment of the dephasing error rate [WNG, Eq. (C23)]. In both panels the
overlapping window sizes are W1 ¼ 2000 and W2 ¼ 2001, and N ¼ 5 × 104 syndrome extraction cycles are simulated with an RTN
ensemble of Nf ¼ 20 fluctuators, PðγÞ ∝ 1=γ, γmin ¼ 1=N, γmax ¼ 30=N, and v0 chosen to give a peak pZ ≈ 0.06 in Gaussian case and
pZ ≈ 0.04 in non-Gaussian case approximately.
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experiments. It is further possible to extend the sliding-
window analysis to overlapping windows that move back-
wards in time intervals ½t − ðW þ 1ÞΔt; tÞ to estimate
errors for early cycles, thereby enabling full estimation
of arbitrarily long experiments. Additionally, our frame-
work generalizes naturally to consecutive experimental
runs, where noise may vary across shots, instead of
syndrome extraction cycles we considered in this work.
Other works have developed methods for tracking noise

drift; however, these approaches come with certain lim-
itations. Reference [7] addresses the issue of noise drift by
tracking the occurrence of edges from matchings and the
correlations between edges obtained from multiple experi-
ments. This is done via heuristic methods which, as the
authors mention, may prove ineffective in cases where
edges associate with numerous correlated counterparts.
Additionally, Ref. [7] employs neural network models that
require gradient-based optimization. Such methods often
depend on the initial guess and might require parameter
tuning to obtain good solutions. In another work, the
authors of Ref. [38] used low-rank tensor approximations
and Monte Carlo methods to estimate time-dependent
noise from syndromes. However, the low-rank approxi-
mation causes systematic bias in the estimation and
requires optimization of hyperparameters to achieve accu-
racy in the estimation. Further, the tensor network simu-
lation assumes that the syndrome extraction is noise-free,
hindering the applicability of this method to realistic noise
scenarios. Reference [39] presents a machine-learning
framework employing kalman and regression-based filters
to predict qubit dynamics under dephasing noise, each
exhibiting trade-offs in accuracy and robustness. Among
all these filters, the autoregressive kalman filter performs
best in prediction, but it requires extensive pre-training.
Other filters exhibit reduced robustness to measurement
noise and poor forward prediction. Overall, while these
methods offer a solution to tracking time-dependent noise,
the trade-offs impose constraints on their applicability in
general noise settings. Finally, Ref. [40] utilizes Gaussian
process regression methods to predict time-dependent
error rates, but the methods they propose are approximate,
leaving an open question as to whether these methods can
be accurate enough in general noise settings.
We now qualitatively discuss the applicability of our

methods to existing experimental QEC datasets, with
particular reference to the recent data released by
Google on their Willow processor [1]. These include
surface code memory experiments for d∈ ½3; 5; 7�, for
up to 250 syndrome extraction cycles, and up to 5 × 104, or
6 × 104 shots. Additionally, these data include d ¼ 29

repetition code, with up to 103 cycles, and 105 shots. In our
estimation simulations we considered N ¼ 5 × 104 syn-
drome extraction cycles with window sizes of ∼2000
cycles, and given that our method can equivalently track
drift over the number of shots, such data sets would be

ideal to benchmark the techniques developed in this paper.
As such, our method is feasible and directly applicable to
current QEC experiments. It is also generically applicable
to any QEC code, which can include DEM hyperedges as
we already established in Ref. [31], and was also explored
in Ref. [13].
We note that recently the Google team [41] proposed

a protocol based on reinforcement learning (RL) that
tracks drift and calibrates the device in real-time using
QEC syndromes. In one of their examples, they executed
1.8 × 109 QEC cycles, divided into 103 training epochs,
where every epoch consists of a batch of 50 policy
candidates, with each candidate receiving 3.6 × 104

QEC cycles. This means, that 50 different policies were
evaluated on 3.6 × 104 QEC cycles, which are used to
update the RL-model, with each policy proposing an
adjustment to the controls of the hardware. Once again,
we see that the QEC cycles (or equivalently shots) and
time-scales we consider in this paper to track noise drift are
motivated by today’s QEC experiments, and the relevant
work of Ref. [41] offers the interesting perspective of
using such drift-tracking methods to develop new device
calibration techniques. A natural extension of our work
would be to use it for device calibration, besides decoder
calibration we demonstrated here, potentially reducing the
cost incurred by RL or other machine learning techniques.
Furthermore, given that syndrome-driven calibration has
potential for real-time application, this also places our
techniques as good candidates for real-time tracking of
drift, given that the time cost of our algorithms (especially
for the relative sliding window method) is low.
The continuous time-dependent noise is sampled

every Δt due to QEC cycles, yielding a Nyquist limit
of fmax;Nyq ¼ 1=ð2ΔtÞ. Our relative window estimation
method is mostly effective over the frequency range
[0, ð200ΔtÞ−1], while frequencies f in the regime
ð200ΔtÞ−1 ≤ f ≤ fmax Nyq cannot be reliably captured.
Since Δt is platform-dependent, these bounds provide
general guidance for identifying the drift frequencies that
can be estimated using our methods. Thus, we note that our
methods are best suited to platforms whose noise drifts
on timescales greater than 102 QEC cycles, due to high
statistical uncertainty caused by small windows. Super-
conducting qubit devices, with cycle times of ∼1 μs and a
1=f noise band extending from sub-Hz to ∼1 kHz [23,25],
fall naturally into the regime of noise we can capture. For
trapped ion devices, typical QEC cycles are to the order of
1–100 ms [42,43], whereas for neutral atoms they can be a
few ms [44,45]. Thus, for Δt ¼ 1 ms, we can capture
frequency drifts of less than 5 Hz, and for Δt ¼ 10 ms,
we can capture frequency drifts of less than 0.5 Hz.
Because for trapped ions and neutral atoms the coherence
times are longer than in superconducting qubits, it is
possible that drifts in the error rates have longer periods
(see for example a very slow drifting noise profile in
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Ref. [15]), making our methods potentially applicable to
those platforms.
Looking forward, there are several avenues that can be

explored based on our proposed methods. Building on
the computational efficiency of our analytical framework,
incorporating advanced pre- and post-processing tech-
niques such as Kalman filtering [46] could further improve
the ability to track rapid drift and high-frequency fluctua-
tions. If our method combined with such post-processing
techniques is applied to device calibration, then it can
potentially expand the regime under which the device is
real-time steerable (see Ref. [41]). Experimental validation
will be an essential next step, particularly for testing
adaptive estimation and decoding across different plat-
forms and for various QEC codes. Finally, extending
the methodology to non-Markovian noise regimes offers
an intriguing direction, as it would test the limits of
window-based estimation under more complex temporal
correlations.

VII. CONCLUSION

Syndrome data from QEC experiments provide a rich
source of information which can benefit decoders. Noise
characterization based on the syndrome history is particu-
larly useful in scenarios where conventional methods such
as tomography become impractical, especially for large
devices. The ability to track noise drift during QEC
experiments is critical for understanding and improving
the performance of error-corrected architectures. Our
framework demonstrates that we can reliably estimate
drifting error rates to inform decoders. Our sliding window
estimation methods enable frequency filtering, providing a
valuable insight into individual frequency components that
are present in real devices. Additionally, our relative
window estimation method allows us to estimate error
rates in the more challenging scenario of rapid drifts.
Remarkably, our methods incur no additional experimental
cost, besides the syndrome collection, and very low
computational sources. The techniques we introduced
establish a foundation for adaptive decoding strategies
that respond in real time to evolving environments. Our
framework points toward a new paradigm where noise is
not only corrected but also continuously monitored and
understood during QEC experiments.
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APPENDIX A: DERIVATION OF ESTIMATED
ERROR RATES USING SLIDING WINDOW

Here we explain in detail how Eqs. (1) and (2) in
the main text are adapted to capture time-varying noise.
We consider a time window of width, W, defined by
t∈ ½tl −WΔt; tlÞ, and focus on the edge state eijðtÞ (we
follow the same notation as in Ref. [33]). This edge state is
a binary variable; when it attains the value 1, it denotes the
error event that flips vertices viðtÞ and vjðtÞ at time t. We
record the outcome of eijðtÞ across syndrome extraction
cycles in the window, W, into the bitstring:

BW ¼ b0b1b2 � � � bW−1;

where

bk ¼ eijðt0 −WΔtþ kΔtÞ; k∈ ½0;W − 1�

is the instantaneous value of eijðtÞ at some particular time
within the time window (see Fig. 13).
The expectation value, heijðtÞi, over time interval

t∈ ½tl −WΔt; tlÞ, can then be obtained from:

heijðtÞi ¼
1

W

XW−1

k¼0

bk; (A1)

where the sum counts the number of 1 s in the string,
with n∈ f0; 1;…;Wg.
Under the assumption of statistical independence

between error events, the expectation value of a bulk edge:

heiji ¼
1

2
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
− hvivji − hviihvji
1 − 2ðhvii þ hvjiÞ þ 4hvivji

s
; (A2)

and the expectation value of a boundary edge:

heiii ¼
1

2
þ hvii − 1=2Q

j≠ið1 − 2pijÞ
; (A3)

can be used for both static or drifting error rates [33]. In the
case of static noise model, heiji ¼ pij and heiii ¼ pii. We
then arrive at Eqs. (1) and (2).
When the estimation under noise drift is done using

Eqs. (A2) and (A3) a crucial question arises: what
information does heijðtÞi, computed over a finite window
W, capture about the true error rate pijðtÞ? In the
following, we denote pest

ij ðtlÞ ¼ heijðtÞi and subsequently
show how pest

ij ðtlÞ is related to the true error rate pijðtÞ.
Using Eq. (A1), heijðtÞi is related to the number of 1 s in
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the bitstring BW , defined by n ¼PW−1
k¼0 bk. Under drifting

noise, n is a random variable. The randomness in n
originates from the probabilistic occurrence of the bitstring
BW . This probabilistic occurrence of bitstring captures
the information about true error rate pijðtÞ. Formally the
probability of getting a bitstring BW relates to the true error
rates pijðtÞ as:

PðBWÞ ¼
YW−1

k¼0



pijðtl −WΔtþ kΔtÞbk

·
�
1 − pijðtl −WΔtþ kΔtÞ�1−bk�; (A4)

where bk ∈ f0; 1g.
The occurrence of a specific bit string BW among all

possible 2W configurations is a stochastic event with
probability PðBWÞ. Using the central limit theorem, the
expectation value of n (number of ‘1‘s), scaled by a factor
of 1=W in a sufficiently large window of size W, equals
heijðtÞi and pest

ij ðtlÞ. The expectation value of n in a
window of size W is given by:

E½n� ¼
X2W−1

i¼0

nBðiÞ
W
· P
�
BðiÞ
W



; (A5)

where BðiÞ
W represents the i-th possible bit string of length

W, n
BðiÞ
W
∈ f0; 1;…;Wg counts the ‘1‘s in BðiÞ

W , and PðBðiÞ
W Þ

is the probability of observing BðiÞ
W . Substituting the

expression for PðBðiÞ
W Þ we get

E½n� ¼
X2W−1
i¼0

nBðiÞ
W
·

 YW−1

k¼0

pijðtl −WΔtþ kΔtÞbðiÞk

·
�
1 − pijðtl −WΔtþ kΔtÞ�1−bðiÞk

!
: (A6)

We proceed by mathematical induction to generalize the
structure for E½n� to arbitrary window sizes. Assuming
the expectation E½nW� is known for window size W under
the induction hypothesis, we derive E½nWþ1� for the
extended window by incorporating the additional time
step tl.
For a window of size W þ 1, the 2Wþ1 possible bit

strings emerge from augmenting each existing W-length
string BW with an additional bit bW ∈ f0; 1g. Formally, the
extended string space BWþ1 is generated through the
Cartesian product BW × f0; 1g, where each BW ∈BW bran-
ches into two new configurations: ðBW; 0Þ and ðBW; 1Þ.
The addition of a new bit increments each existing count

nBðiÞ
W

by either 0 or 1. Consequently, the expectation for

window size W þ 1 decomposes as:

E½nWþ1� ¼
X2W−1

i¼0

h
ðnBðiÞ

W
þ 1Þ · PðBðiÞ

W Þ · pijðtlÞ þ nBðiÞ
W

· PðBðiÞ
W Þ · ð1 − pijðtlÞÞ

i
(A7)

where the first term accounts for bit strings ending with 1,
and the second for those ending with 0.

(a) (b)

FIG. 13. Schematic of the sliding window method on the space-time graph. (a) A window of fixed duration WΔt slides along the
temporal axis. The error rate pest

ij ðtlÞ at time tl is estimated from the syndrome data within the interval t∈ ½tl −WΔt; tlÞ. (b) Detailed
view of the window contents, showing the dynamical vertex state viðtÞ and an edge eijðtÞ overW time steps, which are used to estimate
error rate pest

ij ðtlÞ.
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Simplifying, we obtain:

E½nWþ1� ¼
X2W−1

i¼0

nBðiÞ
W
PðBðiÞ

W Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
E½nW �

þ pijðtlÞ
X2W−1

i¼0

PðBðiÞ
W Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

1

; (A8)

yielding the recursive update as

E½nWþ1� ¼ E½nW� þ pijðtlÞ: (A9)

Now we use a small window, W ¼ 2, to evaluate E½n2�.
The window of sizeW ¼ 2 spans two syndrome extraction
cycle with time stamps as tl − Δt and tl − 2Δt, where
pijðtl − 2ΔtÞ ¼ p1 and pijðtl − ΔtÞ ¼ p2 denote the
probabilities of observing errors eijðtl − 2ΔtÞ ¼ 1 and
eijðtl − ΔtÞ ¼ 1, respectively. Assuming Markovian tem-
poral noise events, eijðtl − ΔtÞ and eijðtl − 2ΔtÞ are
statistically independent. For a window size W ¼ 2, the
expectation value of the number of 1 s in the bit string BW ,
as given by Eq. (A5), is:

E½n2� ¼ ½0 · ð1 − p1Þð1 − p2Þ
þ 1 · ½p1ð1 − p2Þ þ ð1 − p1Þp2�
þ 2 · ðp1p2Þ�:

(A10)

Here, we enumerate all possible bit strings BðiÞ
W for

W ¼ 2, namely 00, 01, 10, 11, with their respective
probabilities:

ð1 − p1Þð1 − p2Þ; p1ð1 − p2Þ; ð1 − p1Þp2; p1p2:
(A11)

Simplifying the expectation value yields:

E½n2� ¼ p1 − p1p2 þ p2 − p2p1 þ 2p1p2

¼ p1 þ p2

¼ pijðtl − ΔtÞ þ pijðtl − 2ΔtÞ: (A12)

Using Eq. (A1), heijðtÞi for W ¼ 2 is given by E½n2�
2
.

Using the recurrence relation in Eq. (A9) and the expect-
ation value of n in Eq. (A12) for window of sizeW ¼ 2, we
get the estimated error rate pest

ij ðtlÞ and heijðtÞi for window
of arbitrary size W as

pest
ij ðtlÞ ¼

1

W

XW−1

k¼0

pijðtl −WΔtþ kΔtÞ; (A13)

which is the temporal average of the ground truth error
rates in the window.

APPENDIX B: DERIVATION OF STANDARD
DEVIATION USING SLIDING WINDOW

We now derive the standard deviation for the sliding
window estimator of size W. For the random variable n
defined in Appendix A, the variance is given by:

VarðnÞ ¼ E½ðn − E½n�Þ2�: (B1)

Since the estimated error rate using a window is the
expectation value of n normalized byW, the variance in the
estimated error rate is given by:

σ2 ¼ E½ðn − E½n�Þ2�
W2

: (B2)

This expectation can be expressed as a summation over
all possible bit strings BðiÞ

W :

σ2 ¼ 1

W2

X2W−1

i¼0

ðnBðiÞ
W
− E½n�Þ2PðBðiÞ

W Þ; (B3)

where nBðiÞ
W

is the number of 1 s in bit string BðiÞ
W , and

PðBðiÞ
W Þ is its probability as defined in Appendix A.

Expanding the squared term Eq. (B3) yields:

σ2 ¼ 1

W2

X2W−1

i¼0

�
n2
BðiÞ
W

PðBðiÞ
W Þ þ E½n�2PðBðiÞ

W Þ

− 2nBðiÞ
W
E½n�PðBðiÞ

W Þ



¼ 1

W2

��X
i

n2
BðiÞ
W

PðBðiÞ
W Þ þ E½n�2 − 2E½n�2

�
: (B4)

Now we use the relations
P

i nBðiÞ
W
PðBðiÞ

W Þ ¼ E½n� from
Eq. (A5) and

P
i PðBðiÞ

W Þ ¼ 1. Equation (B4) simplifies to:

σ2 ¼ 1

W2
ðE½n2� − E½n�2Þ: (B5)

Using the mathematical induction approach again, we
evaluate E½n2� as:

E½n2� ¼
XW−1

k¼0

pijðtl þ ðk −WÞΔtÞ

þ 2
XW−2

k¼0

pijðtl þ ðk −WÞΔtÞpijðtl þ ðk −WÞΔtÞ;

(B6)

while E½n�2 ¼ ðPW−1
k¼0 pijðt0 þ ðk −WÞΔtÞÞ2. The vari-

ance therefore becomes:
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σ2 ¼ 1

W2

"XW−1

k¼0

pijðtl þ ðk −WÞΔtÞ − pijðtl þ ðk −WÞΔtÞ2
#

¼ 1

W2

XW−1

k¼0

pijðtl þ ðk −WÞΔtÞ�1 − pijðtl þ ðk −WÞΔtÞ�:
(B7)

The standard deviation of the windowed estimator is consequently given by:

σW ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

W2

XW−1

k¼0

pijðtl þ ðk −WÞΔtÞ�1 − pijðtl þ ðk −WÞΔtÞ�
vuut : (B8)

APPENDIX C: DERIVATION OF THE 1=f
NOISE CHANNEL

1. Physical motivation and Hamiltonian

1=f noise arises from an ensemble of Nf two-level
fluctuators (TLFs), which are bistable defects that couple
to the qubit by modulating its transition frequency,
producing a noise spectrum whose power spectral density
scales as 1=f over a broad frequency range [23]. Following
Cywiński et al. [37], we model the qubit-fluctuator
interaction via a longitudinal Hamiltonian, meaning the
coupling is along the qubit’s quantization axis (σz direc-
tion in the energy eigenstate basis) rather than transverse
to it. For completeness, we describe this model from
Ref. [37] here.
In the frame rotating with the bare frequency, the

effective Hamiltonian is:

HðtÞ ¼ δωðtÞ
2

σz; δωðtÞ ¼
XNf

i¼1

vi ξiðtÞ; (C1)

where vi is the coupling strength of the i-th fluctuator
and ξiðtÞ∈ f−1=2;þ1=2g is a symmetric random tele-
graph process that switches between its two states at a
switching rate γi.
The two-time correlator of each fluctuator is:

hξiðtÞξiðt0Þi ¼
1

4
e−γijt−t0j: (C2)

The single-fluctuator power spectral density, obtained as
the Fourier transform of Eq. (C2), is the Lorentzian:

SiðωÞ ¼
Z þ∞

−∞
hξið0ÞξiðτÞie−iωτ dτ ¼

v2i γi
2ðγ2i þ ω2Þ : (C3)

To obtain a 1=f total PSD the switching rates are drawn
from the log-uniform distribution:

PðγÞ ¼ 1

γ lnðγmax=γminÞ
; γ∈ ½γmin; γmax�; (C4)

where γmin and γmax are the minimum and maximum
switching rates of the fluctuator ensemble, setting respec-
tively the lowest and highest frequencies over which
the 1=f spectrum extends. PðγÞ is normalized so thatR
γmax
γmin

PðγÞdγ ¼ 1. Under this distribution the total PSD of
δωðtÞ, assuming equal couplings vi ¼ v0 is:

SðωÞ ¼
Z

γmax

γmin

SiðωÞPðγÞ dγ ≈
A
ω
; ω∈ ½γmin; γmax�;

(C5)

where A is a noise amplitude set by v0 and the density of
fluctuators [23,37,48].

2. Derivation of the channel

Over one syndrome extraction cycle of duration Δt (the
time between consecutive ancilla measurements), the qubit
Hamiltonian in Eq. (C1) drives the time evolution via the
Schrödinger equation. The time-evolution operator is:

UðΔtÞ ¼ T exp
�
−i
Z

Δt

0

Hðt0Þdt0
�

¼ T exp
�
− i
2
σz

Z
Δt

0

δωðt0Þdt0
�
; (C6)

where T denotes time ordering. Since σz commutes
with itself at all times, ½σz; σz� ¼ 0, and therefore
½Hðt0Þ; Hðt0Þ� ¼ 0, so the time ordering is trivial and the
exponent collapses to a simple integral:

UðΔtÞ ¼ e−iϕσz=2; (C7)

where ϕ is the total random phase accumulated during the
cycle:
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ϕ ¼
Z

Δt

0

δωðt0Þdt0 ¼
XNf

i¼1

vi

Z
Δt

0

ξiðt0Þdt0: (C8)

For an initial state ρð0Þ ¼ 1
2
ðI þ xσx þ yσy þ zσzÞ, the

exact time-evolved density matrix is:

ρðtÞ ¼ U ρð0ÞU†∶
�
ρ��ðtÞ ¼ ρ��ð0Þ;
ρþ−ðtÞ ¼ e−iϕ ρþ−ð0Þ: (C9)

Populations (diagonal elements) are exactly preserved
by the longitudinal coupling; only the coherences
(off-diagonal elements) acquire the random phase ϕ.
Averaging over noise realizations gives:

hρþ−ðtÞi ¼ W̃ ρþ−ð0Þ; W̃ ¼ E½e−iϕ�: (C10)

The quantity W̃ is known as the coherence function. For
zero-mean symmetric fluctuators (hξii ¼ 0), the distribu-
tion of ϕ is symmetric about zero, so W ∈R. Reading off
the Bloch-vector transformation ðx; y; zÞ → ðWx;Wy; zÞ,
the Pauli Transfer Matrix (PTM) is:

R ¼ diagð1; W̃; W̃; 1Þ; (C11)

which corresponds to a pure dephasing channel for any
noise model, regardless of whether ϕ is Gaussian or not. In
Kraus operator form this is:

EðρÞ ¼ ð1 − pZÞρþ pZ σzρσz; pZ ¼ 1 − W̃
2

: (C12)

The only quantity that differs between the Gaussian and
non-Gaussian treatments is the value of W̃, which we now
compute in each case.

3. Gaussian approximation

When Nf is large and each fluctuator satisfies vi ≪ γi
(motional-narrowing regime), the accumulated phase ϕ ¼P

i vi
R
n
0 ξiðt0Þdt0 is a sum of many weakly correlated

contributions. By the central limit theorem, ϕ is approx-
imately Gaussian with zero mean, so W̃G ¼ e−σ2=2 where
σ2 ¼ VarðϕÞ. We compute σ2 from the two-time corre-
lator. For a single fluctuator:

σ2i ¼ v2i

Z
t

0

Z
t

0

hξiðt0Þξiðt00Þidt0 dt00

¼ v2i
4
· 2
Z

t

0

Z
t0

0

e−γiðt0−t00Þdt00 dt0: (C13)

Evaluating the inner integral and then integrating
over t0:

σ2i ¼
v2i
2γi

Z
t

0

ð1 − e−γit0 Þdt0 ¼ v2i
2γ2i

ðγit − 1þ e−γitÞ:
(C14)

Summing over all Nf independent fluctuators [37]:

σ2ðtÞ ¼
XNf

i¼1

v2i
2γ2i

ðγit − 1þ e−γitÞ: (C15)

For PðγÞ ∝ 1=γ this reduces to σ2ðtÞ ≈
ðA=πÞt2 lnð1=γmintÞ for γmint ≪ 1 [37]. The coherence
function and dephasing probability are given by:

W̃GðtÞ ¼ e−σ2ðtÞ=2; pG
Z ðtÞ ¼

1 − W̃GðtÞ
2

: (C16)

4. Non-Gaussian treatment

For a single RTN fluctuator with coupling v0 and
switching rate γ, we derive W̃iðtÞ following Refs. [23,49].
Following Ref. [49] (Sec. 3.2), we split the probability
distribution of the accumulated phase ϕðtÞ into partial
contributions from each fluctuator state [49]:

pðϕ; tÞ ¼ pþðϕ; tÞ þ p−ðϕ; tÞ; (C17)

where p�ðϕ; tÞ is the probability density to find phase ϕ at
time t when the fluctuator is in state �1=2. These satisfy
the coupled master equations [49] [Eq. (32) therein, with
v → v0=2]:

ṗþ ¼ −γpþ þ γp− þ v0
2
∂ϕpþ; (C18)

ṗ− ¼ −γp− þ γpþ − v0
2
∂ϕp−: (C19)

Combining Eqs. (C18) and (C19) into a single equation
for p ¼ pþ þ p− yields the telegraph equation [49]
[Eq. (33) therein]:

p
:: þ 2γṗ ¼ v20

4
∂2ϕ p: (C20)

Multiplying Eq. (C20) by e−iϕ and integrating
over ϕ, the coherence function WðtÞ ¼ he−iϕðtÞi ¼R
dϕ e−iϕ pðϕ; tÞ satisfies [49] [Eq. (34) therein]:

W̃
::

þ 2γ ˙̃W þ v20
4

W̃ ¼ 0; (C21)

with initial conditions W̃ð0Þ ¼ 1 and ˙̃Wð0Þ ¼ 0, obtained
by averaging over the fluctuator initial state [49]. The
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solution with Ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − v20=4

q
is [49] [Eq. (35) therein]:

W̃iðtÞ ¼ e−γit
�
coshðΩitÞ þ

γi
Ωi

sin hðΩitÞ
	
: (C22)

ForNf independent fluctuators, the independence of the
ξi processes means the total phase ϕ ¼Pi ϕi has char-
acteristic function equal to the product of the individual
characteristic functions, giving the continued product [37]:

W̃NGðtÞ ¼
YNf

i¼1

W̃iðtÞ; pNG
Z ðtÞ ¼ 1 − W̃NGðtÞ

2
: (C23)
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