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Dedicated to the centenary of quantum mechanics.
In this paper, we introduce a novel and general framework for the variational quantum simulation of Lind-
blad equations. Building on the close relationship between the unraveled Lindblad dynamics, stochastic
Magnus integrators, and variational quantum simulation, we propose a high-order scheme for solving the
quantum state diffusion equation using exponential integrators. This formulation facilitates the simulation
of wavefunction trajectories within the established framework of variational quantum algorithms for time
evolution. Our algorithm significantly enhances robustness in two key aspects: the stability of the simula-
tion with large time steps, and the reduction in the number of quantum trajectories required to accurately
simulate the Lindblad dynamics in terms of the ensemble average. We demonstrate the effectiveness of
our algorithm through numerical examples in both classical and quantum implementations, including the
transverse-field Ising model (TFIM) with damping, the Fenna-Matthews-Olson (FMO) complex, and the
radical pair model (RPM). The simulation accuracy can be systematically improved, and the algorithm
remains reliable even in highly oscillatory regimes. These methods are expected to be applicable to a

broader class of open quantum systems beyond the specific models considered in this study.

DOI: 10.1103/yyln-q22s

I. INTRODUCTION

The dynamics of systems governed by Lindblad equa-
tions (or Lindblad master equations, LMEs) [1-3] give
rise to a range of unique physical phenomena, which have
attracted considerable theoretical and experimental interest
in recent studies. In contrast to unitary dynamics described
by the Schrédinger equation, Lindblad dynamics accounts
for the interaction between the system and its environ-
ment through the introduction of a set of Lindblad jump
operators (or bath operators). Due to its versatile modeling
capability, Lindblad dynamics can describe a wide range
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of non-Hermitian quantum behaviors arising in diverse
fields. Notably, it can be employed to model processes
such as light-harvesting in photosynthesis [4], charge and
energy transfer in quantum dots and molecules [5], and
radical pair dynamics in magnetic resonance [6,7]. In
addition to its applicability for simulating realistic system-
bath interactions, recent advancements have shown that
Lindblad dynamics can be a powerful tool for approxi-
mation of non-equilibrium dynamics [8,9], quantum error
correction [10,11], and efficient preparation of quantum
Gibbs states and ground states on quantum computers
[12—15]. These developments have generated significant
interest across the fields of quantum information, quantum
algorithms, quantum many-body physics, and quantum
chemistry.

Given the extensive and significant applications of the
Lindblad equation, we aim to develop robust numerical
methods for simulating Lindblad dynamics, which have
the potential to benefit various fields. However, since the
many-body density operator has the dimension that scales
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exponentially with the system size, it can be prohibitively
expensive to solve the Lindblad equation using classical
numerical methods [16—19]. From the perspective of quan-
tum computing, Lindblad evolution describes a completely
positive and trace-preserving (CPTP) map, also known as
a quantum channel, potentially enabling efficient simula-
tion on quantum computers. While theoretical quantum
algorithms that attain near-optimal complexity have been
developed [20-23], their implementation is typically much
more complicated than that of Hamiltonian simulation
[24,25], mainly owing to the non-Hermitian nature of the
problem [23]. Furthermore, there has been a limited inves-
tigation into the potential for developing robust near-term
quantum algorithms that can effectively simulate Lindblad
dynamics [26].

Existing near-term approaches include techniques such
as unitary decomposition of operators [27,28], Sz.-Nagy
unitary dilation [29—31], hybrid quantum channel approach
[32,33], quantum imaginary time evolution (QITE) [34],
singular value decomposition-based quantum simulation
[35,36], and variational quantum simulation (VQS) of
quantum dynamics [37-39]. Among these, the first five
algorithms correspond to either vectorized superoperator
formulation or Kraus-form formulation of the Lindblad
equation. These two formulations both operate within a
Hilbert space of dimensionality 47, where L is the number
of qubits, which corresponds to the size of the many-body
density operator [Fig. 1(a)]. As a result, these methods
are computationally expensive and less suitable for near-
term quantum devices. In contrast, variational simulation
methods, which only require simulating a wavefunction of
dimension 2%, are more efficient in this context.
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The central concept of the variational simulation
algorithm for Lindblad dynamics is to unravel the Lind-
blad equation and reformulate it as a stochastic differential
equation (SDE) for the wavefunction [16,40—42]. This for-
mulation primarily includes two algorithms: quantum state
diffusion (QSD) and quantum jump (QJ). Following this
reformulation, we obtain a Monte Carlo-type wavefunction
trajectory algorithm for numerical solution of the Lindblad
equation. This idea can also be integrated with variational
quantum algorithms to solve the stochastic non-Hermitian
dynamics for multiple wavefunction trajectories, and the
ensemble average of these pure-state trajectories will con-
verge to the exact many-body density operator. However,
due to the variance of the samplings of the random pro-
cesses, many existing algorithms based on unraveled Lind-
blad dynamics require a large number of wavefunction
samples, extremely small time steps, or other hyperparam-
eters that need careful tuning to achieve a high simulation
fidelity. As a result, these algorithms often lack robustness,
particularly when high accuracy is required for simulating
the Lindblad equation [Fig. 1(b)] [37-39].

In this paper, we introduce a novel implementation
of the QSD-based variational simulation. Our algorithm
exploits the deep connection among McLachlan’s
variational principle for quantum dynamics, the stochastic
Magnus expansion for the QSD equation, and exponential
integrators for solving SDEs. Specifically, as illustrated in
Fig. 1(c), we derive a new high-order numerical scheme for
the linear and nonlinear QSD equations using the stochas-
tic Magnus expansion. A hallmark of such numerical
scheme is that it takes the form of an exponential integra-
tor, making the variational simulation feasible [Fig. 1(d)].
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Conceptual illustration of our algorithm and its advantages. (a) Solving the Lindblad equation with the superoperator formu-

lation is faced with a formidable dimensionality of 4* (the size of the many-body density operator). (b) Unraveled Lindblad dynamics
(e.g., QSD) offers a Monte Carlo trajectory-based method that reduces dimensionality quadratically, but its original version has only
first-order accuracy and suffers from sampling variance. (c) High-order stochastic Magnus expansions systematically improve precision
and robustness. (d) The form of exponential integrators makes them suitable for variational quantum simulation.
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By incorporating numerical schemes of arbitrarily high
order, our approach offers a systematic means to enhance
the robustness of variational quantum simulation com-
pared to other variational methods, both in terms of ensem-
ble averages and time step management. This enables
accurate and stable simulation results at a relatively low
cost, while preserving the qubit efficiency inherent to the
variational algorithm. Furthermore, the form of Magnus
expansion can be explicitly characterized through the eval-
uation of multiple stochastic integrals, calculated via the
Fourier expansion of Brownian bridges, which facilitates
the easy derivation of higher-order precision schemes, and
the time evolution based on the variational algorithm can
be naturally extended to time-dependent scenarios.

The remainder of this paper is organized as follows.
In Sec. II, we provide some preliminaries on QSD meth-
ods, introduce key notations, and explain the connection
between the SDEs and the Lindblad equation. Addition-
ally, we outline the framework of VQS for non-Hermitian
quantum dynamics, and clarify its relationship with expo-
nential integrators. Section III presents the fundamen-
tal concepts of stochastic Magnus integrators and details
our main approach for constructing high-order numeri-
cal schemes to solve the QSD equation. The effective-
ness of the proposed algorithm is demonstrated through a
series of numerical experiments in Sec. IV. Additionally,
Appendix A provides a detailed comparison between lin-
ear and nonlinear unraveling. Appendix B provides some
insights on the conceptual difference between the stochas-
tic Magnus expansion and other approaches for deriving
high-order schemes for SDEs. The technical derivations
supporting our numerical schemes can be found in Appen-
dices C and D. An illustrative derivation of the Magnus
integrators for each order is given in Appendix E. The
implementation details of our numerical tests and further
numerical results are presented in Appendices F to H.

II. PRELIMINARIES

Throughout the paper, we use |) for (£2-) normal-
ized state vectors and i for unnormalized state vectors
in quantum dynamics. For a vector ¢ € C”, || denotes
the ¢2-norm. For a matrix 4 € C"*", 4* and AT denote the
complex conjugation and conjugate transpose (or adjoint)
of A respectively. ||4] is the operator 2-norm (or spectral
norm) of 4. We use ¥’ and 4%/ to denote the ith entry of the
vector ¢ and the (7,j)-entry of the matrix 4 respectively
when the context is clear.

A. Quantum state diffusion unraveling of Lindblad
equation

With the Born-Markov and rotating wave approxima-
tions [16], the dynamics of an open quantum system can

be described by the Lindblad master equation (LME)

. 1
4 = Llel = —ilHo pl 4+ 3 LipLy = 5 D (LiLi. p).
k k

(D

where p is the system many-body density operator, H;
is the system Hamiltonian, {L;} are bath operators, and
{a,b} = ab + ba denotes the anticommutator. For simplic-
ity, here the dissipation rate I'; has been absorbed in
bath operator like /T;L; — L. Directly propagating the
density operator p under Eq. (1) encounters substantial
difficulties due to the intricate structure of the superop-
erator (also known as Lindbladian) £, as well as the
4"-exponential scaling of the underlying Hilbert space
dimension. An alternative approach is based on the
stochastic unraveling of LME, in which the density oper-
ator is represented by the ensemble mean over pure state
projection operators,

p=Ewyh. 2

There are various types of pure state dynamics for ¥
that are consistent with the LME in the sense of ensemble
averaging, which means that E(y v ) could reproduce the
Lindblad dynamics Eq. (1) as

dEGyh _
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k

For instance, the QJ unraveling, as introduced by
Carmichael [43], corresponds to propagating the wave-
function trajectories according to an SDE driven by Pois-
son process. In this paper, the QSD approach governed
by continuous stochastic process is employed, where v
satisfies the following It6-type SDE:

L

1 .
dy = —iHydr+ Y (DL — Lile = S (L)L) vrde
k

+ ) (Li = L))y A, )
k

Here, (-) = ¥7(-)y denotes the (unnormalized) expecta-
tion value of the corresponding operator, and stochastic
fluctuation {de} are independent Wiener (or Gaussian)
processes satisfying the conditions

Edw$) =0, E(dW?) = dr,
E@WE dw,) =0 (k # ). (5)

In fact, within the scope of QSD, we can omit the nonlinear
term (L!) and (L;) to obtain a much simpler linear QSD
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scheme, as has been used in many existing works [23,37,
38,44]:

dy = —iHydt — % ZL,thwdt + Zkadef
k k
= ~iHerpdt + ) Liydiy. (©)
k

Here H.y is the non-Hermitian effective system Hamilto-
nian defined as Hey = Hy — % > LZL;(. This notation will
also be used later in this paper. Using It6’s formula for
YT and taking the expectation, one can verify that both
nonlinear and linear QSD unraveling satisfy Eq. (3).

The linear SDE Eq. (6) is more concise in form. How-
ever, when implementing time discretization to develop a
Monte Carlo trajectory-based algorithm, it can be proved
that the norm of individual wavefunction v is not pre-
served up to O(A) in the linear unraveling. This leads
to an ensemble weighted by the changing norm, induc-
ing large fluctuations and increasing variance. Despite the
fact that the variance of the ensemble average of the tra-
jectories remains independent of the specific unraveling
method prior to time discretization, this property is gen-
erally not preserved after discretization [45]. While there
are effective variance-reduction techniques based on adap-
tive low-rank approximations, these methods are relatively
complex and less suited for implementation on quantum
devices [45]. On the contrary, we adopt a more straight-
forward approach by turning to nonlinear formulation in
some cases. Although the nonlinear QSD Eq. (4) seems
more complex at first glance, the norm-preserving prop-
erty of the nonlinear scheme ensures that the ensemble
is not dominated by samples with large norms, prevent-
ing the variance from growing excessively at discrete time
steps. For a more detailed discussion, we refer the reader
to Appendix A.

B. Sketch of numerical schemes for SDEs

After reformulating the Lindblad dynamics, solving
SDEs Eq. (4) or Eq. (6) becomes the central component
of the algorithm. In this paper, we consider the stochastic
Magnus expansion for robust numerical simulation of the
unraveled dynamics.

In this section, we will give a brief introduction to some
well-developed numerical schemes for solving SDEs. Here
we only discuss the explicit numerical scheme, since it has
a more direct implementation in quantum computing. It is
worth noting that both the nonlinear QSD Eq. (4) and the
linear QSD Eq. (6) are autonomous SDEs, meaning that the
equations do not explicitly depend on the time variable and
only involve the wavefunction . In general, we consider
the following general autonomous It6-type SDE:

dX; = a(X)dr + b(X)dW,. (7

Comparing with the ordinary differential equations
(ODEs), there are subtleties in treating stochastic models
owing to the Wiener increments d,. As in the determinis-
tic case, the numerical simulation of the SDE also requires
discretizing total time 7T into finite steps N = T/A [46,
47]. There are different convergence criteria for the time-
discretization approximation, including weak and strong
convergence. For a stochastic process X;, the correspond-
ing time-discretization approximation Y;(k =0,1,...,N)
is said to converge weakly with order 8 € (0, oo] if there
exists a finite constant C and a positive constant 7y such
that

IE(g(X7)) — E(€(Yy))| < CAP ®)

for any polynomial g and A € (0, p). On the other hand,
the strong convergence requires the approximation trajec-
tory be sufficiently close to the sample path such that

E(lXr — YyI) = CA®, ©)

where o denotes the strong convergence order, and the rest
is the same as above. To establish a numerical scheme with
ideal convergence order, a natural approach is to extend
the deterministic single-step methods, commonly used for
ODEgs, into the stochastic scenarios. The simplest scheme
among them is the Euler-Maruyama method, resembling
the explicit Euler method for deterministic ODEs. Specif-
ically, we take the linearly unraveled Lindblad equation
Eq. (6) as an example, then the corresponding Euler-
Maruyama scheme is given by

Vit = Y — Heg¥u A + Y L/ AWE. (10)
k

Here, {W*}; are independent standard Gaussian random
variables (with zero mean and unit variance), and /A W*
can be viewed as the time discretization of de. This
numerical scheme can provide the solution with a weak
convergence of order O(A) [23,48,49], thus leading to

IEWunv), ) —E@yhHl = 0)). (1)

However, it has been proved that the methods using only
Wiener increments can not give rise to strong convergence
of order higher than one. Therefore, to achieve a robust
and precise simulation of SDEs, higher order approxi-
mation which contains more information about Wiener
process must be employed [50]. Such approximations can
be obtained by truncating the stochasitc Taylor expansion.
For example, the Milstein scheme, which contains one
additional term in expansion, has correspondingly higher
accuracy than Euler-Maruyama by half an order of strong
convergence.
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Although the stochastic Taylor expansion provides a
feasible method, it still faces the following issues:

(a) The derivation of expansion is complex and not
compact enough, especially for higher order expan-
sion and multiple dimension SDEs;

(b) As in the classical Taylor expansion, it involves
the derivatives of the coefficients a and b, which is
intolerable in nonlinear case;

(c) The inappropriate truncation may disrupt the geo-
metric structures and dynamic properties in physical
system.

For detailed conceptual comparison between the stochastic
Taylor expansion and the stochastic Magnus expansion, we
refer interested readers to Appendix B.

We note that, in the previous discussion, only single-
step methods are considered. While typical multi-step
methods, for example, the Runge-Kutta method in stochas-
tic version, provide higher accuracy and better stability,
they often come with tedious coefficients and inherit the
above drawbacks of single-step methods. Therefore, in
our algorithm, we use an alternative approach based on
Lie group, referred to as the stochastic Magnus expan-
sion. In the deterministic case, the Magnus expansion has
shown a more efficient convergence performance [51],
and the truncated series very often shares important qual-
itative properties with the exact solution. To mitigate
the errors induced by nonlinear terms in SDEs, we also
employ a straightforward multi-step approximation based
on Magnus expansion, avoiding the complicated deriva-
tions or tedious coefficient matrices in stochastic Runge-
Kutta methods. The details of the algorithm are provided
in Sec. 1L

C. Variational quantum simulation algorithm

Propagating Lindblad dynamics on quantum circuits
entails many challenges, whether utilizing vectorized
superoperator and Kraus-form formulation or employ-
ing stochastic unraveling. Many algorithms often require
continuously extending the length of the quantum cir-
cuit during evolution [30,37], which means that long-term
simulations are not feasible on existing noisy intermediate-
scale quantum (NISQ) computers through them. In this
work, we employ the variational quantum simulation
(VQS) algorithm to evolve the single trajectory |v) in
QSD unraveling on the quantum device. VQS combines
classical optimization techniques with quantum computing
to approximate the dynamics and properties of complex
quantum systems, including imaginary time evolution and
other non-Hermitian quantum dynamics [52—55]. While
the performance of VQS is dependent on the ansatz design
and classical optimization algorithm, it is straightforward
to implement on NISQ hardware compared to many other
types of algorithms, as the quantum resources it requires

are fixed during the entire simulation. Specifically, in the
VQS algorithm, a parametrized quantum circuit

W (©) = U©(1))|0)%",
O = 011,00, ...,0,) (12)

is used as a variational wavefunction ansatz in advance,
where U(®(?)) is the product of unitary operators corre-
sponding to quantum gates. In this work, we focus on the
Hamiltonian variational ansatz (HVA), which is a natu-
ral ansatz for solving quantum many-body Hamiltonian.
It has been shown that the parameters in HVA can be con-
strained to avoid barren plateaus [56]. After decomposing
a given Hamiltonian H = ), ¢;H;, where {c;} are coef-
ficients and {H;} are Pauli strings, the corresponding HVA
can be represented as

m

Y (©®)) = [ (7w e tHt0n1s .

p=1

+e %) ).
(13)

Here, m is the number of blocks, and n is the number
of layers in each block, leading to a total of mn parame-
ters in HVA. Notably, this variational ansatz-based method
is applicable for non-Hermitian quantum dynamics while
it does not rely on the tomography-based procedures or
quantum Monte Carlo [57,58].

In this work, we aim to propagate the wavefunction
trajectory according to

U1 = exp(Q(A) Y, = exp(—=iHA) Y. (14)

Here €(A) is the Magnus integrator defined in
Sec. III. H = i2(A)/A denotes the non-Hermitian effec-
tive Hamiltonian derived from the Magnus integrator
Q(A). According to the theory of variational quantum sim-
ulation [53], the evolution of states in Hilbert space then
can be projected onto the tangent space of the variational
ansatz by

2

dy (©(9) B
b HT =0, (15

>+iH|W(®(Z)))

which is the well-known McLachlan’s variational princi-
ple. The equation of motion (EOM) can be derived as

MO = V(©), (16)
where the matrix elements

Y (O(n) ‘ 3¢(®(¢))>
36; 06, |’

A/[i,j :Re<

0 (®
= Im<%‘%|w<®m)> (17)
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can be measured on quantum circuits utilizing the
Hadamard test technique directly. The detailed measure-
ment procedure and derivation are provided in Appendix F.
Thereafter, the EOM Eq. (16) can be solved numerically
with a classical device. Moreover, since the circuit state
remains normalized, we need to track the norm classically
in order to recover the unnormalized state, especially along
the evolution of linear QSD. The time derivative of the
norm I' is given by

. r
= Z(W((@(t))IH—HTIl//(@(Z))), (18)

which could be solved in the same manner as the EOM.

In our case, we employ the fourth-order Runge-Kutta
(RK4) method, and update the parameters in the varia-
tional ansatz (along with the norm, if necessary) iteratively
according to the above equations. The parameterized quan-
tum circuit obtained at each step will serve as the initial
state for the next step, and the parameters will be updated
sequentially. Notably, the original HVA may exhibit redun-
dancy in its expressibility, especially for systems with a
large number of Hamiltonian terms, where the HVA cir-
cuit can become prohibitively deep. Therefore, in some
cases, we could employ a simplified HVA by removing
some quantum gates without compromising the task.

J

III. LINDBLAD SIMULATION VIA STOCHASTIC
MAGNUS EXPANSION

A. Overview

The stochastic Magnus expansion lies at the heart of
this study, providing a systematic way to solve non-
commutative systems of SDEs, as in QSD unraveling
of LME. To facilitate the discussion, we begin with a
brief overview of the classical Magnus expansion in the
deterministic version. For the linear ordinary differential
equation of the form

o =AY,

” Y(ty) =Yy (19)

with 4(f) a n x n coefficient matrix, the solution can
be easily obtained as Y(¢) = exp( fO' A(s)ds)Yy when
the matrix-valued continuous function A(f) satisfies
[4A(t)),A(2)] = 0 for any values of #,#. However, in
most cases, this condition does not hold. It was Mag-
nus [59] who first wrote down the general solution Y(¢) =
exp(2(¢)) Yy for Eq. (19) in the non-commutative case as
the “continuous analog” of the Baker-Campbell-Hausdorff
(BCH) formula, where 2(¢) is expressed as an infinite
series with its pth partial sum denoted by Q1 i.e.,

Q) = lim QPI(). (20)
p—00

The explicit expressions of first four partial sums are as follows [60]:

Q) 2/ A (s1) dsy,
0

t S1
QP =l + %/ / [A(s1), A(s2)]ds2ds1,
0 JO

1 t S1 52
QPl(r) = sz[z](t)+g / / f ([AGs1), [A(s2), A(s3)]] + [[A(s1), A(52)], A(s3)]) dszdsadsy,
0 0 0

1 t S1 52 53
9[4](t)29[3](t)+E/0/0 /0 /0 ([[[A(s1), A(s2)], A(s3)], A(s4)] + [A(s51), [[A(s2), A(s3)], A(s4)]]

+ [A(s1), [A(s2), [A(s3), A(s4)]]] + [A(s2), [A(53), [A(54), A(s1)]]]) dsads3dsrdsi. 21

Undoubtedly, there exist several alternatives to provid-
ing exact solutions formally of Eq. (19). For example,
the Neumann expansion, commonly known in physics as
the Dyson series, offers an exponential-free framework for
ODEs. However, for numerical simulations, the truncated
Neumann series fails to preserve the Lie-group structure

[61], which could be a considerable drawback. Moreover,
other Lie-group-based expansions, such as Fer expansion
[60], are often complicated and challenging to implement,
whereas the Magnus expansion lends itself to systematic
improvements and can be directly generalized to stochastic
scenarios.
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In this context, we now turn our attention to the follow-
ing general multi-dimensional Stratonovich-type SDE of
the form:

dX, = GoX,dr + Z G;X, 0 dW,. (22)
j=1

Here, X, € C" is a n-dimensional random process, the hol-
low circle o denotes the Stratonovich interpretation of the
SDE, {I/V,}]'?l:1 are d independent real-valued Wiener pro-
cesses, and Gy, Gy - -- , Gy € C"™" [48,49,62]. Analogous
to the deterministic ODE case Eq. (19), the solution of the
SDE Eq. (22) can also be formulated in the framework of
an exponential integrator. Conceptually, this formulation
involves replacing the deterministic integrals in Eq. (21)
with their stochastic counterparts. Specifically, we could
formally define

d
A(Ddt = Godt + ) Gy o di?, (23)

j=1

and plug it back into the deterministic expression Eq. (21)
to derive the stochastic version. This approach, known as
the stochastic Magnus expansion, yields the correspond-
ing Magnus operator €2 (¢) as established in Refs. [48,49],
which is given by

Q(t)_ZG 4= ZZ[GI,G Ji)

i=0 j=i+1

d d d
+2.2. D [G:1G; Gl
i=0 k=0 j=k+1
1 1
X g(kai —Jiki) + EJi(ij —Jiy) | +
(24)

Here Jj ,..;, denote the Stratonovich multiple integral,
where the integration is taken with respect to dz if j; = 0

or dW’; if j; = j. That is to say,

' 53 P8 ) )
lejz---jksf = / / / OdVVSll © dVVf o dVWS];c’
0 0 0

d? = dt. (25)

To put it concisely, for a multi-index «, the Stratonovich
integral J, is just a certain Brownian random process. It
is worth highlighting that {J,} are inherently interdepen-
dent of one another, governed by a set of interrelations.
Each can be systematically computed through the Fourier
expansion technique of the Brownian bridge, as discussed
in Ref. [47]. A comprehensive discussion of the stochastic

Magnus expansion and multiple Stratonovich integrals is
provided in Appendix D.

The convergence of Magnus expansion is crucial, and
was studied by several previous works [63—65]. In the
deterministic case, to the best of our knowledge, it has been
proved that the sharpest bound of radius of convergence is
given by

t
:sup{tZO‘/ ||A(s)||ds<7r}. (26)
0
Moan and Niesen [63] proved the case where A(f) is a
real matrix, while Casas [64] extended it to all bounded
linear operator in Hilbert space. For the stochastic Mag-
nus expansion, similar results could also be obtained, as
established by Kamm et al. [65]. Therefore, in numeri-
cal simulations, we cannot take overly large step sizes,
especially when the matrix has a large spectral radius. In
practice, we typically choose the time step A of order

(’)(r;l).

B. Magnus exponential integrators for solving QSD
equations

Since we need to derive high-order exponential integra-
tor schemes for solving the QSD equations, it is helpful for
us to transform the Ito-type SDEs in Egs. (4) and (6) into
the equivalent Stratonovich-type SDEs. This conversion
can be achieved by applying results from Kunita [44,66].
The resulting Stratonovich SDE takes the form [67]

dy = —iHpdr+ Y [2Re((Lk))Lk - %(Lk + LZ)Lk} wdt
k

+ > Ly o dWf @7
k

for nonlinear QSD, and

. 1 ;
dy = —iHydr— 2 zk:(Lk + LD Lyydr + ;Lkw o dW,
(28)

for linear QSD. A comprehensive derivation of these
transformations is provided in Appendix C.

Based on the truncated stochastic Magnus expansion,
one can establish our explicit single step numerical meth-
ods. Recall that the Stratonovich integrals J;, Ji;, Ji, . - .
are Brownian random processes. To apply the numerical
schemes discussed in Sec. IIT A, we denote

Gojinear = —iH — = Z(Lk + L)Ly,

: 1 :
GO,nonlinear = —1H + Z 2Re(<Lk>)Lk - E(Lk +Lk)Lk 5
k

29
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Gk,linear = Gk,nonlinear = Lk (k = 1) (30)

Hence at each time step with step length A, we can first
sample J,, A according to Appendices D and E. Thanks
to the independent increment property of the underlying
Wiener process, this sampling procedure does not require
retaining the full history of previous increments. The first-
order truncation becomes

d
Q) =) "G, 31
j=0

and we denote this format as Scheme I. It is worth
mentioning that even Scheme 1 is different from the
Euler-Maruyama method for QSD, due to the conversion
between It6- and Stratonovich-type SDE. Similarly, we
construct Schemes II, III and IV as [68]

1 d d
Q) = M(A) + 23 0 Y 161G — Ty, (32)

i=0 j=it1

d d d
QA =Py +> " > GG, Gil

i=0 k=0 j=k+1

1 1
X <§(ka1‘ — Jiwi) + EJi(ij = ka)) , (33)

d

2(a) =)+ Y [[16, 616G, 6]
ij Ji=0
1
X <E(Jlkji — Jyjit + Jjint +Jz‘klj)> . (34)

We would like to point out that, although the higher-
order truncation seems to include a larger number of addi-
tional commutators of H and L;, the sampling cost of the
effective Hamiltonian does not grow without bound. Dur-
ing algorithm implementation, the effective Hamiltonian is
classically decomposed into non-redundant Pauli strings.
Consequently, despite the apparent complexity of higher-
order schemes, the measurement cost remains upper
bounded by a system-size-dependent quantity. Specifi-
cally, in a system of size N, where [log, N1 qubits are
used for simulation, the number of Pauli strings that need
to be measured is at most 4M°&2¥1 < N2 Although this
upper bound may initially appear comparable to the com-
plexity of superoperator-based propagation as illustrated in
Fig. 1(a), the actual computational cost is fundamentally
different. In contrast to the superoperator approach—which
may involve substantial hidden overhead—the Pauli mea-
surements can be executed efficiently in parallel, greatly
reducing the practical burden of implementation. For sys-
tems with specific forms of jump operators and Hamilto-
nians, the number of additional measurement terms intro-
duced by higher-order commutators may be quite limited,

as observed in the radical pair model. Furthermore, the
higher-order nested commutators always appear alongside
higher powers of A. As a result, when A lies within the
convergence radius of the expansion, some of the addi-
tional Pauli strings may carry coefficients with negligible
contributions, allowing the sampling cost to be further
reduced by discarding them.

C. Runge-Kutta-Munthe-Kaas (RKMK)-type
nonlinear correction

In one-step methods, the numerical solution at the next
step depends only on the current value. In the nonlin-
ear QSD, the standard approach to deal with the non-
linear term (L;) = ijkl/ft is to apply the approxima-
tion (Li)sers,i0+a] ~ (Li)i=q- That is, we first compute
GO,nonlinear in Eq. (29) using Yo as

GO,nonlinear - GO,nonlinear ( WO )

1 &
= —iH, + Z [2Re(¢§Lkwo)Lk — E(Lk + L/L)ij| (35)
k

and then use this Goponlinear(¥0) to derive the Magnus
integrators, denoted as 2(A; vy), according to Egs. (31)
to (34). However, this approximation may lead to sub-
stantial cumulative errors, particularly when the dynamics
undergoes significant variations within the chosen step size
interval A. To mitigate this potential drawback, we pro-
pose an alternative scheme for nonlinear QSD employing a
nonlinear correction with a form that resembles the Runge-
Kutta-Munthe-Kaas (RKMK) Heun method. This correc-
tion also appears quite straightforwardly in the explicit
Magnus expansions for nonlinear equations demonstrated
in Casas and Iserles [69]. Next we will outline the theory
behind this type of nonlinear correction.

Without loss of generality, we assume an initial state
Yo and a time interval [0, A]. We formally define the
non-Hermitian Hamiltonian as

A(t, yrdt = —1H (¢, ¥,)dt. (36)

Note that the evolution involves only Wiener random pro-
cesses. Consequently, for a given wavefunction trajectory,
‘H(t, ;) can be sampled and realized, and the sampled path
is almost surely continuous. Therefore, upon sampling, we
treat the non-Hermitian Hamiltonian H as a deterministic
operator dependent on ¢ and v, for ¢ € [0, A], while the
wavefunction ¥, can be regarded as a deterministic vector
expressed in an integral form. Specifically, up to O(A?),
we obtain

= o — i /O H(s, Yo ds. (37)
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Applying the two-point trapezoidal rule for discretization,
we obtain

iA
Va = o — 17 (H(O, o) + H(A, ¥a) Yo  (38)

At first glance, determining the explicit form of ¥a
appears necessary. However, to construct a numerical
scheme with accuracy O(A?), it suffices to employ a first-
order approximation of it. For instance, by applying the
Euler method, we derive an alternative explicit scheme of
order O(A?) that depends only on v,

iA .
Va = o — 17 (H (0, %0) + H(A, e A0 y0)) vy
+ O(A?) = exp(Q(A)) Y + O(AY). (39)

Here,

QA) = = (Q(A; ) + Q2(A; 20 y0)) . (40)

N —

Then, we can update ¥ to ¥4 using the corrected expo-
nential integrator 2(A)

Ya ="y, (41)
It is important to note that higher-order schemes can yield
more accurate results, but they often involve increased
computational complexity, such as additional exponential
calculations (in classical algorithms) or more variational
steps (in quantum algorithms). In some cases, this may
be less efficient than simply reducing the length of the
time step and a trade-off must be considered. Nonethe-
less, in most cases, the one or two-step method is already
practically adequate. The improvement provided by the
RKMK-type nonlinear correction is numerically verified
in Sec. IV.

IV. NUMERICAL RESULTS

In this section, we employ the proposed algorithm to
precisely simulate the dynamics of three distinct systems.
For the transverse field Ising model (TFIM) with damping,
we first demonstrate that higher-order Magnus methods
significantly improve accuracy for larger time steps and
extended simulation durations. Leveraging nonlinear QSD,
both the TFIM and the Fenna-Matthews-Olson (FMO)
complex exhibit exceptional numerical stability and sub-
stantial variance reduction compared to linear schemes.
Furthermore, through the precise simulation of the FMO
complex, we illustrate the strong corrective effect of the
multi-step method on the nonlinear characteristics of the
equations. Finally, we conduct a preliminary validation
of our approach on the radical pair model (RPM) model,
where the higher-order Magnus methods also demonstrate

their advantages. The corresponding variational circuit
implementations are detailed in Appendix F, and parame-
ter settings used for our numerical experiments are sum-
marized in Appendix H. Our codes for the numerical
experiments are available via GitHub [70].

Unless otherwise stated, the exact calculations of Lind-
blad equations in the following numerical experiments are
performed using QuTiP. In each simulation, we sam-
ple and propagate the wavefunction trajectory ensemble
{wk(t)}gff with a total of Ny, trajectories and compute
the ensemble-averaged expectation values of observables
of our interest, such as the overlap with specific quantum
states. Obviously, this is equivalent to using the ensemble
average of the wavefunctions to approximate the many-
body density operator under the evolution of Lindblad
equations

N traj

PR AGIAGN
=1

p(t) ~ (42)

N, traj

and evaluating the expectation value Tr(pO) for some
certain observable O.

A. Transverse field Ising model (TFIM) with damping

We start by examining the performance of our algorithm
on dissipative dynamics of TFIM with two sites. The
general Hamiltonian of TFIM is given by

HS=JE olo/tt —h E oy,
i i

where J is the coupling strength and /4 is the transverse
magnetic field. The jump operator L; for site k is set to
Ly = JTi(of +i0})/2. The corresponding HVA can be
expressed as

(43)

i

m
i 1.2 1 i 2 i 1
Urrpm(©(9) = l_[ e 19700292 03%p 0z o= 205092 o~ 20400

p=1

i 2 i i 2
x e 2%32% g7 302p% o= 301905 (44)

In our simulation, we setJ = 1,I"; = 0.1 for all &, and
the number of layers in HVA is m = 3. The initial system
is chosen as the pure state |11) where both spins are in
the spin-up state. We propagate the system dynamics using
a time step of A = 0.25 tJ, which is considerably larger
compared with Luo et al. [38]. We adopt the number of tra-
jectories Ni,j = 103 and simulate the system dynamics up
to the stopping time of 7' = 25 tJ. In order to reduce statis-
tical bias and better demonstrate robustness, we repeat the
experiment 10 times with different random seeds. We track
the population evolution of the |00), |01), and |11) states,
with the results obtained using Scheme I and Scheme II for
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FIG. 2. Performances of the numerical methods based on linear QSD (the upper panel) vs nonlinear QSD (the lower panel) and
also Scheme I vs Scheme II Magnus integrators. Noisy test results obtained from quantum circuit executions on the FakeBelemv2
fake backend, both with and without error mitigation using the M3 package, are also shown. All results from the IBM fake backend
are obtained with 2'? shots. We plot the evolution of each state population Tr(p |00)(00]), Tr(p |11)11]) and Tr(p |01)01|), where

o= ﬁmj 2’:}] Y 1/1Z . We set the step length A = 0.25 tJ, trajectory number Ny,j = 10° and the stopping time 7 = 25 tJ. We repeat

the experiment for 10 times and evaluate the average error of the populations at each step throughout the simulation. The inset shows

the average error for each scheme and each state, with error bars representing the 99% confidence interval.

both linear (upper panel) and nonlinear QSD (lower panel)
presented in Fig. 2. Additionally, we evaluate the average
error in the overlap with the states at each step through-
out the dynamics, with the results displayed in the insets
of the respective panels. Our observations indicate that, in
both the linear and nonlinear cases, Scheme II achieves
better agreement with the exact solution than Scheme
I. Moreover, the nonlinear unraveling exhibits superior
accuracy compared to the linear approach, validating the

advantage of the norm-preserving property of nonlinear
QSD discussed in Sec. II A and Appendix A.

To further validate the applicability of our algorithm on
near-term quantum devices, we perform additional simu-
lations under settings of realistic noisy quantum hardware.
An instructive observation is that, owing to the inherently
stochastic nature of our unraveling-based approach, the
result is obtained by averaging over multiple wavefunc-
tion trajectories evolved according to stochastic differential
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equations. Consequently, the impact of noise is effectively
averaged out, which imparts the method with an intrinsic
robustness to noise.

In our experiments, we adopt a setup similar to that in
Chen et al. [37]. In their setup, the variational parame-
ters of the time evolution are computed classically, after
which the quantum circuits are executed on a real quan-
tum computer to measure observables. Following this
methodology, we utilize the fake backend provided by
the Qi skit-IBM-Runtime package, which mimics the
behavior of IBM Quantum systems using system snap-
shots. These system snapshots record the essential infor-
mation about the quantum system and can be used to
perform noise simulations. Our simulations are run on
FakeBelemv2, a fake 5 qubit backend with a T-shaped
coupling topology. We also apply readout error mitiga-
tion using the matrix-free measurement mitigation (M3)
package, which provides effective correction of noisy mea-
surement samples. For each measurement task, we perform
219 shots. We also repeat the experiment 10 times, each
consisting of 10° trajectories, as in the noiseless scenario.
The population evolution trajectories and average errors
are also shown in Fig. 2. The simulation results show great
agreement with the exact solution, indicating that the QSD
method is relatively noise-tolerant. Moreover, the applied
readout error mitigation scheme proves to be effective in
correcting measurement errors.

B. Fenna-Matthews-Olson (FMO) complex

The Fenna-Matthews-Olson (FMO) complex is a well-
studied pigment-protein complex (PPC) found in green
sulfur bacteria, playing a crucial role in photosynthetic
light-harvesting. It functions as a quantum wire, facilitat-
ing the transfer of excitation energy from large chlorosome
antennae to the membrane-embedded bacterial reaction
center, where charge transfer is initiated. Structurally,
FMO exists as a trimer complex, with each monomer con-
taining seven bacteriochlorophyll chromophores. As con-
ceptually illustrated in Fig. 3, excitation typically occurs
at chromophore 1 or 6 and is transported to chromophore
3, which is tightly connected with the reaction center.
This energy transfer is influenced by environmental inter-
actions, including neighboring excitations and the protein
scaffold, and follows multiple quantum pathways, ensur-
ing efficient exciton transport. While extensively studied
both theoretically and experimentally, quantum algorithm-
based investigations remain limited, and simulating the full
7-site system along with long-time dynamics remains a
challenge.

The Hamiltonian of FMO complex is

4
H, = Z wio o7 + ZJ,-]- (ai+aj_ + aj+ai_). (45)
i=0 J#

Chlorosome

~
\,.’\q
PN
1 SR

\'\,q
HM
&N  © &
5 g\ ~ A
% © 2
b /-‘
3 <

Reaction Center

FIG. 3. Conceptual illustration of the FMO model. In the FMO
complex, the chromophores 1 to 7 facilitate the transfer of excita-
tion energy from the chlorosome antennae to the reaction center.
We consider the simplified 3-site system and model this quantum
dissipative dynamics using Lindblad equation, with Hamiltonian
defined in Egs. (45) and (46) and jump operators defined in
Eqgs. (47) to (49).

Here w; is the energy of the state |7), J;; is the coupling
strength of the states |i) and |j), and crl-+, o; denote the
Pauli raising operator and Pauli lowering operator with
respect to the state |i), respectively. In this paper, we
adopt the parameters in Hu et al. [30] (see Appendix H
for details), which gives a Hamiltonian with the following
explicit matrix form in the unit of eV:

0 0 0 0 0
0 0.0267 —0.0129 0.000632 0
Hy=| 0 —0.0129 00273 0.00404 0
0 0.000632 0.00404 0 0
0 0 0 0 0

(46)

For the set of jump operators {L;}/_, in the FMO complex
model, L, through L; are the dephasing operators
Laepns = Ve liYil, i=1,2,3. (47)

L4 through Lg are dissipation operators that describe the
transition from |7) to the ground:

Laissi = /B 10)il,

Finally, L; = Lgy is the sink operator that describe the
transition from the state |3) to the sink |4), i.e.,

Lk = /¥ 14)3] . (49)

i=1,2,3. (48)
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FIG. 4. Examining the performance of the numerical schemes based on linearly and nonlinearly unraveled Lindblad dynamics. We
use Scheme I for both tests and track the evolution of the expectation values Tr(p |i)(i]) for p ~ ﬁa} 2]:‘1) Wy 1//2r of the states |1)(1]

(site 1), |2)2] (site 2), |3)3] (site 3), |4)4| (sink) and |0)0| (ground). In each simulation, we use Ny,j = 103, A = 5 fs and the stopping
time 7 = 500 fs. We repeat the experiment 10 times with different random seeds, and the shaded area represents the 99% confidence

interval obtained from this sample.

We initialize the system in the state pg = |1)(1| and propa-
gate the wavefunction ensemble using a time step of A = 5
fs, up to a stopping time of 7 = 500 fs. In each test,
we sample and simulate Ni,j = 10° wavefunction trajec-
tories and repeat the experiment 10 times with different
random seeds to ensure statistical robustness. Scheme I
is employed for both tests, and we track the evolution
of the expectation values Tr(p |i)i]), where the density

3.5 Site 1 —— Site 1 With Correction

---- Site2 —— Site 2 With Correction i
3.01 ---- site3 —— Site 3 With Correction /'
---- Sink — Sink With Correction y

Ground

Population Error (1072)

0 100 200 300 400 500
Time (fs)

FIG. 5. The test of the performance of the RKMK-type nonlin-
ear correction demonstrated in Sec. III C. We use Ny, = 10* for
each test. We can observe that the error in the population of each
interested state is significantly reduced, and the rapid growth of
error with step number is mitigated effectively.

.. . Niraj .
matrix is approximated as p & 1/Nyaj Yoy Ve lﬁg ,fori=

0,1,2,3,4.

By comparing the graphs on the left and right of
Fig. 4, we observe that the nonlinear QSD-based Mag-
nus integrator yields significantly more accurate results
for each state population than the linear approach. This
confirms the robustness ensured by the norm-preserving
property discussed in Sec. I A and Appendix A, while
also demonstrating the effectiveness of the stochastic
Magnus expansion-based numerical scheme. We can also

Light

Electron transfer

A

3 A Singlet-Triplet
Interconversion

T~01pus

Triplet products Singlet products

FIG. 6. Conceptual illustration of the radical pair model. The
fast interconversion between the singlet and triplet radical pairs
driven by the external geomagnetic field together with the inter-
nal hyperfine effect exhibits a highly oscillatory behavior with
T~ 0.1 ps.
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FIG. 7. Numerical tests of Schemes I to IV using the RPM system. We set the angle to 0 and /2 and track the evolution of

Tr(p |SXS]) (i.e., singlet yield) and Tr(p |T)XT|) (i.e., triplet yield) for p ~ %
traj

M traj

1 Ve 1[/; with each scheme and the same step size

A =1 x 1077 for all the simulations up to the stopping time 400 ps. In each test, we adopt Ny,j = 10*. We compare the error of
each scheme throughout the dynamics. The y axis is plotted in the logarithmic scale. We repeat the experiment 20 times with different
random seeds, and the shaded area represents the 99% confidence interval obtained from this sample.

observe that Scheme I is already sufficient to provide a
good agreement with the exact solution in the nonlinear
case.

In fact, the nonlinear QSD results can be further
enhanced by applying an RKMK-type correction to the
single-step method for solving nonlinear dynamics, as
introduced in Sec. III C. As shown in Fig. 5, incorporating
this correction reduces the error in each state population.
Additionally, we observe that in the absence of correc-
tion, the error grows significantly with the number of
steps. However, with the RKMK-type nonlinear correc-
tion, this issue is effectively mitigated, further improving
the stability and accuracy of the method.

C. Radical pair model (RPM) for avian compass
dynamics

As a non-trivial quantum effect in biology, avian com-
pass exemplifies a remarkable natural phenomenon in
which spin-selective radical pair dynamics enable highly

sensitive magnetic perception, facilitating birds’ abil-
ity to detect the geomagnetic field for orientation and
navigation [71,72]. In a nutshell, the radical pair mech-
anism comprises the following sequence: a photon ini-
tially excites a photosensitive molecule in the bird’s eyes,
initiating an electron transfer reaction that generates a
singlet radical pair. This radical pair subsequently under-
goes interconversion between singlet and triplet states,
governed by the interplay of the external geomagnetic
field and intrinsic hyperfine interactions. Radical pairs in
distinct spin configurations give rise to chemically dis-
tinguishable signals, enabling birds to infer directional
information based on the geomagnetic field. This process
is conceptually illustrated in Fig. 6. To analyze the quan-
tum effects underlying radical pair reactions, we can model
their dynamics using a Lindblad equation incorporating
two additional shelving states to quantify singlet and triplet
yields, as demonstrated in Gauger et al. [73].

Following Poonia et al. [6], we provide a concise intro-
duction to the RPM model. The system Hamiltonian of
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RPM is

1
Hs=ﬁ[ﬂBgB'(Sl-i-Sz)-l-I'A'Sz],

(50)
where the first term represents the coupling between the
electron spin and the geomagnetic field, while the sec-
ond term accounts for the coupling between the nuclear
spin and the electron spin. Here S; and S, are Pauli
spin operators S; = (a)f,a;,az"), I is the nuclear spin
operator, and A = diag(ay,a,,a;) denotes the hyperfine
tensor. The geomagnetic field is characterized by B =
By(sin 6 cos ¢, sin 6 sin ¢, cos 0). h, up and g denotes the
reduced Planck constant, Bohr magneton and the electron-
spin g-factor. The angle 6 denotes the orientation of
magnetic field. The jump operators are defined as follows:

Ly = [8)(s, 1],  La=I[S)(s, I,
L3=|T><t031\|3 L4=|D <t07\L|7 (51)
Ls = |T) (t+, 1], Le =1T) (11,11,

Ly =1T) (¢, 1|, Lg=IT)(t-,{l.

It is worth noting that the effective Hamiltonian Hg =
Hy,—1i/2) ", L};Lk has a real part with a norm of 107 order
of magnitude. Intuitively, this suggests that the system is
highly oscillatory. It resembles a harmonic oscillator with
a very large “undamped frequency,” resulting an oscilla-
tion period of approximately 7~ 10~7 s. Consequently,
due to the issue imposed by the radius of convergence in
Eq. (26), it is necessary for us to adopt a relatively small
time step, specifically A = 1 x 10~ s. Moreover, the pro-
nounced oscillatory nature of this system implies that the
expectation values (L;) of the jump operators can change
rapidly even within a single time step. As a result, the non-
linear unraveling approach is not applicable for achieving
an accurate simulation.

There are also some additional structures in RPM that
are helpful for the derivation of each scheme. RPM pos-
sesses the properties that

Span (IS), [To) , |T+),|T-)) L Span(ls, 1), s, ), lto, 1),
|t09 \L)a't-H T>9|t+’ J/>,|t—7 T>>|t—s ‘L>) (52)

Therefore, for any pair of jump operators L;,L; (i,j =
1,2,...,8), we have L;L; = L;L; = 0 and thus [L;,L;] =
0. In other words, in terms of the notations in Eq. (24),
we have [G;,G;] =0 for any i,j > 1. This commuta-
tion property allows us to focus solely on the coefficients
of the commutators [Go, G;] (j > 1) in Scheme II, and
the coeflicients of the nested commutators [Go, [G;, Gol],
[[[Gj,Go], Go] , Go] (j = 1) in Schemes III and IV. This
significantly simplifies the expressions of high-order
schemes. We provide an illustrative demonstration of the

E E Exact Yield
045 I Scheme I
Scheme 1T
E Scheme IIT
0.40 ¢ Scheme IV
3 :
~ 0.35
z t
R
% 0.30 $
0.25 : $
0.20

FIG. 8. Numerical tests of Schemes I to IV for calculating
the steady state properties using the RPM system. The density
operators p, at the stopping time 400 ws calculated using each
scheme are considered as the approximation of the exact steady
state. We compare the final singlet yield Tr(p, |S)S|)(or the sen-
sitivity) vs the angle 6 for & = 0°,...,90° obtained using each
order scheme. We repeat the experiment 20 times with different
random seeds, and the error bar represents the 99% confidence
interval.

each order scheme and present the explicit form of the
Magnus integrators Q1 (i = 1,2, 3,4) in Appendix E.

The initial state is chosen as py = %I ® |s) (s, and the
simulation is performed using Schemes I to IV up to 7' =
400 ps. Each simulation incorporates 10* trajectories, and
the numerical experiment is repeated 20 times to ensure
statistical reliability. We analyze the evolution of the error
in the overlaps with the singlet state |S) and the triplet
state |T) across different scheme orders. As illustrated in
Fig. 7, the error systematically decreases from Scheme I to
Scheme IV. Notably, Scheme IV exhibits excellent agree-
ment with the exact solution for both singlet and triplet
yield as well as 0 = 0° and 6 = 90°, demonstrating its
superior accuracy.

To further test the robustness, we examine the steady
state properties of the Lindblad dynamics. Specifically, we
consider the sensitivity of the avian compass versus the
angle 6. Here the sensitivity is characterized by the final
singlet yield i.e., the overlap between the singlet state and
the steady state of the Lindbladian. In our simulations,
the density operator at the stopping time is taken as an
approximation of the exact steady-state solution p,, and we
evaluate the overlap Tr(p, |SXS|) accordingly. As shown
in Fig. 8, Scheme IV demonstrates significantly improved
agreement with the exact solution in capturing the sensi-
tivity across all considered angles 6 = 0°,10°,...,90°.
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V. DISCUSSION AND OUTLOOK

To the best of our knowledge, this paper presents the first
variational quantum simulation algorithm for Lindblad
equations with high-order precision. We employ stochas-
tic Magnus expansion to explicitly derive the single-step
method of arbitrarily high order for solving the unraveled
Lindblad dynamics. This method, formulated as an expo-
nential integrator, is well-suited for NISQ-friendly varia-
tional implementation. Compared to previous methods, our
wavefunction trajectory-based approach circumvents the
formidable dimensionality challenge [27-36], while the
incorporation of high-order schemes enhances simulation
robustness and accuracy [38,39], even in highly oscillatory
regimes such as RPM.

Our new algorithm bridges the gap between the vari-
ational quantum simulations of Lindblad equation with
the high-precision numerical SDE solvers. Moreover, this
work introduces a new class of quantum dynamics prob-
lem, characterized by the presence of nonlinear terms
and multiple groups of stochastic processes within the
SDE formalism. The identification of suitable classical
and quantum simulation methodologies presents a com-
pelling direction for future research. For instance, we
may introduce an appropriate change of variables based
on the interaction-picture framework, also known as the
right correction Magnus series (RCMS) [74], thereby fur-
ther enhancing the efficiency and accuracy of simulations
for nonlinear and highly oscillatory SDEs in quantum
dynamics.

Compared to the quantum simulation of unitary dynam-
ics, where a variety of algorithms have been extensively
developed for both near-term and fault-tolerant quantum
computing, the simulation of Lindblad dynamics and more
general non-Hermitian quantum processes, such as non-
Markovian open quantum system dynamics, remains in
its early stages of research. This work introduces a novel
framework to the field, and Schemes III and IV may
already be practical effective. Furthermore, we hope this
study has the potential to advance the development of
methodologies for simulating complicated quantum sys-
tems using realistic quantum devices, coinciding with the
100th anniversary since the initial development of quan-
tum mechanics.
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APPENDIX A: NORM VARIATIONS IN
NONLINEAR AND LINEAR QSD

In the generic nonlinear QSD Eq. (4), the change in
norm can be evaluated as

dly|* = dTr(yyh)
=Tr ((dy)y" + v dy)' + (dy)(dy))

= Tr (E[px//]dt + ) (L= L)py W]
k

+ Yy (L] - <L,i>)dWi‘*>
k

=0, (AD)
where we use the rule d#? = dr according to It6 calcu-
lus and ignore the deterministic terms with order higher
than O(d#?). Here p, denote the initial density opera-
tor ¥, and the Lindblad evolution is trace-preserving,
which implies Tr(L[py ]df) = Tr(dpy) = 0.

For linear QSD Eq. (6), it can also be derived that

d|w|2 =Tr (Z Lk,Ox//de + Z ,0¢,LZdWF>
k k

= D (LW + Y LpdwE £0, (A2)
k k

and the weight of single trajectory is given by the changing
norm. However, the discretization of time still introduces
changes in the norm for nonlinear quantum state diffu-
sion (QSD), leading to non-Hermitian dynamics that are
disturbed by certain Gaussian noise. In our work, the prop-
agation of state is implemented on quantum circuits, and
the norm remains unit.

APPENDIX B: UNDERSTANDING THE
CONCEPTUAL DISTINCTIONS BETWEEN
STOCHASTIC MAGNUS AND TAYLOR
EXPANSIONS

In this section, we provide a conceptual comparison
between the stochastic Magnus expansion and the stochas-
tic Taylor expansion [47]. While both of these two methods
can be used to derive the high-order numerical schemes
for solving the QSD equation, the derivation and imple-
mentation of high-order schemes based on the stochastic
Taylor expansion can be rather intricate, especially for
higher order expansion and multiple dimension SDEs.
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Specifically, for general multi-dimensional SDEs, the
stochastic Taylor integrator admits the form

DL 6 Y,

acAy

A, = (@ € M| l(@) +n(e) <2y},

Yip1 =

(BI)

where M denotes the set of all multi-indices, /(c) is the
length of «, n(«) counts the number of zeros in «, and y
specifies the order of the integrator. The terms J,, are iter-
ated Stratonovich integrals, and the coefficient functions
j:a are defined recursively by

f () =0,

L vy t@=1, 2

where I/ = ZZZI b*73/3x* and —a denotes the multi-
index obtained by removing the first element of «.

The recursive nature of the coefficient construction,
together with the combinatorial complexity of the multi-
index set 4,, renders the stochastic Taylor expansion
increasingly cumbersome at higher orders. By contrast, the
stochastic Magnus expansion offers a more algebraically
structured framework.

APPENDIX C: DERIVATION OF
STRATONOVICH-TYPE LINEAR AND
NONLINEAR QSD EQUATIONS

In this section, we provide a sketch of the results of
Kunita [66] to demonstrate the transformation of Egs. (4)
and (6) into Stratonovich-type SDEs.

For a general It6-type SDE

dXt - a(Xt, t)dt + b(X[, t)dW[ (C])

a(yt) = =iy + Yy (LD)Li —

k=1

b(Yi, 1) = (L1 — (L), (L2 —

Now we could compute a as follows:

( n L;{u

where X; € C" is a n-dimensional random variable and
W; € C™, the corresponding Stratonovich-type SDE can
be obtained by the transformation

ai(Xta t) = c_li(Xl‘a t)

ab'k(x,z)
=d'(X,0) — > Z Z — (X0,
k—l] 1 8X

b(X,, 1) — b(X,, 1) = b(X,,1). (C2)

In this way, we have X, also solves the equivalent
Stratonovich-type SDE:

dX; = a(X;, 0)dt + b(X;, 1) o dW,, (C3)

where the small circle o before the Brownian differential
denotes the Stratonovich format.

We begin with the derivation of the Stratonovich-type
linear QSD equation Eq. (6). We assume that there are m
Jjump operators {Lt};.,, hence
1 m

2
5 2 Live
k=1

a(y, 1) = —iHegyy; —

' 1 m
= i = 5 ) (L + LoL, (C4)
k=1

b, 1) = b(Yr, 1) = (L1, LoWs, ., L) € €

(C5)

Hence we obtain the following linear Stratonovich-type
QSD equation:

. 1 ;
dy = —iydr — 5 Zk:(Lk + L) Lyydr + ;Lkw o dw,.

(Co)
For the nonlinear QSD Eq. (4), we have
| | -
ELkLk - E(Lk”Lk))‘/fta (C7)
LoDty -« o s L — (L)) € TP (CB)

— o)

dWnt) =d W0 -5 ZZ

Y
1L§€u‘pxu - Zﬁ:l Z;j:l W*Li’y WW;)

(L — (L)Y

=a(wh>——ZZ (

(L — (L)Y

)
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) 1 m n . n . ) ]
=ﬂﬂ%ﬁ—§§:Z:GZ—z:WLﬁW—%Uw)QWr%MWN
x=1

k=1 j=1

m

1
E Z (Li‘pt -

k=1

=d W, -

2L L, + (2(Ly)?

— L), (C9)

where the notation v/ denotes the ith entry of the vector y» € C" and 4"/ denotes the (i, )-entry of the matrix 4 € C"™ ",

Here the property ;/f’h/f = 0 derived from Cauchy-Riemann equations is used. Therefore,
partialyr;
1 m
(1) = a0 — 5 3 (L = 2L Lx + 24Le)* — (L)Y
k=1
= —iH, + Z |:(2Re (Li)Li — —((Lk +L )Lk)> v+ Ck,wﬁzi| , (C10)
where
1 1
Chy = =5 LHLR) = (L) + S (L) (C11)
Therefore, the nonlinear stratonovich-type QSD equation is
. 1 ;
dyr = —iHyde + Z [2Re((Lk))Lk — E(Lk + L)L + ck,,,,] Ydt + Z(Lk — (L)Y o dWi‘. (C12)
k k

We note that in differential equations, terms like
CryWedt or (Lg)i o dW, (G =1,...,n), where cry, (L)
are complex numbers, only introduce a factor like
exp[ Y [(crydr — (Ly) o dWF)] in the solution. These
terms do not alter the structure of the equation except for
introducing a scaling, which is irrelevant in the nonlinear
QSD since the norm of state is preserved, as proved in
Appendix A. Therefore, in practice, we can equivalently
disregard these terms and evolve only the remaining part,
while apply normalization at each step [41]. Then with
some abuse of notation, this amounts to design the sin-
gle step method for the following QSD equation up to the
normalization at each step:

dy = —iH,yrdt + Z [2Re( (LN Ly — —(Lk +L )Lk] wdt

+ Y Ly o divE, (C13)
k

It is worth noting that on quantum circuits, normaliza-
tion of the state is automatically ensured. Therefore, in
VQS implementation we only need to update the param-
eters based on the variational principle in each step and no
additional normalization operation is required.

APPENDIX D: STOCHASTIC MAGNUS
EXPANSION AND MULTIPLE STRATONOVICH
INTEGRALS

As in the main text, we begin with the following general
multi-dimensional Stratonovich-type SDE:

d
dX, = GoXdt + Y G;X, 0 W),

(D1)
j=1
Moreover, we define formally that
d .
A@Ddt = Godt + ) Gj o dWF,. (D2)

Jj=1

Then we can plug this into deterministic Magnus expan-
sion Eq. (21), and after considerable derivations [48,49],
it can be shown that the solution to the SDE Eq. (D1) is
given by

X; = exp(£2(0)Xo, (D3)
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where €2 (#) has been given in Eq. (24). The time-dependent Stratonovich multiple integral is defined as

t 53 52 ) )
Jivjo it E/(; ./o /(; odW{}l o dW{? . odW"’;, dW? = dr. (D4)

We provide details about how to evaluate these stochastic integrals in Appendix E.
We next demonstrate how to derive the explicit expression of the Scheme IV Magnus integrator Q[*!, Recall that

1 t s ) 53
Q@) = E/ dSl/ dSz/ dSa/ dss ([[[4(s1),4(s2)], A (s3)], A(54)]
0 0 0 0
+ [A(s1), [[A(s2), A(s3)], A(sa) 1] + [A(s1), [A(s2), [A(s3), A(sa)]]] + [A(s2), [A(s3), [A(s4), A(sD]ID . (D5)

For the sake of notation simplicity, we define
t 51 52 53
= [ sy [ [ [ asaf[e0. AL AGO] AG]. (D6)
0 0 0 0
where {i,], k, [} is a permutation of {1, 2, 3, 4}. Therefore, using the properties of the commutator, we have

1
Q¥ = T (1234 — D3ar + Baz1 + 14132) (D7)

Thus, we could now directly derive the fourth term in stochastic Magnus expansion. As a demonstration, we consider only
the case of RPM, where the jump operators satisfy some commutative relations, as discussed in Sec. IV C. We expand
A(s;) and A(s;) formally according to Eq. (23) [or Eq. (D2)], yielding

[[[A(Si),A(Sj)],A(Sk)],A(Sl)]dS1dSzdS3dS4

= [ (146, 4051, A0, AGsp) | dsds; sy

d d
= [[(Gods; + 3 G 0 A2, Godsy + > G0 AW 1, (s, A1) |dsidsy

m=1 m=1

d
= > [[(Go. Gul AGs0)], A(s»]oddemdskdsl+Z[ (Gas Gol )], A(sp) | © dWdsydsedsy. (DS)

m=1 m=1

Note that for any G,, in RPM, we can simplify each nested [[[G»> Gol, A(s)], A(s1)] o AW ds; dsds;
commutator as follows [see Eq. (52)]: l
= [[[Gn, Gol, Gol, Go] 0 dWlds;dsgds;.  (D13)

(G, Go] = GnGo — GoGm = GuGo, (DY) e are now at the place to evaluate each term in Eq. (D7).

[[Gm» Gol, Gy] = [GnGo, G,] =0, (D10)  From Eq. (D6), we first note that
[([[Gm, Gol, Gol, Gul = [[GnGo, Gol, Gi] J
= [GuG3, G,] = 0. (D11)  hose = Y [[[Gn, Gol, Gol, Gol Gooom — Joomo)-  (D14)
m=1
Therefore,

By permuting the indices, we have

[[[Go, G], A(s)], A(s1)] o dsidW dsds; d
— _[[[G,). Go]. Gol. Go o ds,dW dseds;  (D12) L3y = Z [[[Gm> Gol, Gol , Go] (Joomo — Jomoo), (D15)

m=1
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d
Ly = Z [[[Gm, Gol, Gol » Gol (Jomoo — Jmo0o), (D16)
m=1
d
Iz = Z [[[Gm> Gol, Gol, Gol (Jmooo — Jooom). (D17)

m=1
Thus in RPM, we arrive at

QM@ = bl

1 d
+ = 2 LG, Go, Gol, Gol Gomoo = Joomo)-
m=1

(D18)

APPENDIX E: ILLUSTRATIVE DERIVATION OF
MULTIPLE STRATONOVICH INTEGRALS

There is a systematic approach to represent the multiple
Stratonovich integrals. The derivation details of Eq. (E1)
are fully described in Kloeden and Platen [47] and we only
recite part of these results.

In the forthcoming discussion, we assume j,ji,j2 €
{1,2,...,m}. Applying the Fourier expansion to the Brow-
nian bridge process {W; — ﬁWA, 0 <t < A} on the time
interval [0, A], we have

w, 1 2t . 2mrt
Jj’t:Tt—l—zajo—l—;(aj,cos A +b; ,sin A )
(ED)

Here, {W,} are a set of independent Gaussian ran-
dom variables with zero mean and variance A, a;o ~
N (0, A/3), and the pairwise independent stochastic coef-
ficients a; , b; , are N'(0, A /27%r?) distributed.

For integrals with multi-indices of length 1 or 2, we have

Jo=A, J =W, (E2)
and
1, 1
Joo = EA , Joj = EA(WA —ajo),
1 .
Jio = EA(WIA +a;p), (E3)
1 . .
i = Wl Wz (ajz,OVVAl — 4.0 Wﬁ) + A4, (E4)

respectively, where

o0
T
i = 5 > @y, pbjyr — bjy sy ). (ES)

r=I1

For integrals with multi-indices of greater length, where at
most one index is non-zero, we have

1 1 |
Jooo = 6A3, Jojo = 8A2WA — ;Azbj, (E6)
1 ZVV" 1 2 1 2
JjOO:g A+ZA aj,O‘f‘EA by,
1 1 1
JOQ,-_6AW—ZAa]0+2—Ab, (E7)
and
b = Zr*lbj,. (ES)

r=1

For more complex stochastic integrals of the forms like
Jojijn>Jj10j25 - - - »Jj1jnj3» WE refer the reader to Kloeden and
Platen [47].

With these above, we are ready to provide the detailed
computational procedure for part of coefficients in stochas-
tic Magnus expansion. For Scheme I, it is straightforward
to write down the corresponding terms through Eq. (E2).
For the coefficients of [Gy, G;] in Scheme II, we can derive

that

1 1 1 A3
S0 =Jo) = ;AlGj0 +aj0) = 5Aa;0 ~ N (0, )

(E9)
and for [G;, G;] (i # 0), we have

1 1 |
: ,-,-—Jl,)—2(a]0W‘ — oWy +244;) . (E10)

Similarly, for the coefficients of [Gy, [G;, Go]],

1 1
§(J010 —Jioo) + EJO(JjO —Joy)

A2 A2b N A2
1290 T 2 T Y

A? A3
=——b ~N(0,— ).
2 N( ’720)

Here we use the fact that the sum of a set of independent
Gaussian random variables is still Gaussian, and

(E11)

o0

1 4
Var(b;) = Z Var(b; ,) = 772 Z " 2512) A
A
=120 (E12)

Here ¢ denotes the Riemann-Zeta function.
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To illustrate the derivation of stochastic coefficients for higher-order schemes, we need to evaluate Jy,,00 — Joomo, Which
appears in Scheme IV and is used in the numerical simulation of RPM, as Appendix D shows. Utilizing the Fourier
expansion Eq. (E1), we could derive that

A S \Y) 83
Jomoo = / / / / o ds4dW dsydsy
o Jo Jo Jo
A S1 K
= f / / §3 O dVV;’;dSQdS]
2 2 2
f / / 53 ( Zr (—am,r sin nArS3 + by, cos n;”)) dszds,ds;

- 2 2 2
(BB e one )
21 e 422 27mrs;3 . 2mrss
/0 2%; A2 ( A, COS A — by, sin A )dS3]dS2ds1, (E13)

and

A S1 52 $3
Joomo :/ / / / o dsqds;dWg ds,
0
/ / —S2 ] dVVm dS1

ST Wwn 2 27r . 2mrsy 27rs)
= /0 /0 ES% ( AA + Z T (_am,r sin A + bm,r cos A )) ds,ds;. (E14)

r=1

Note that for » € N, we have

2nr  pz o py 2ar pz ey
/ / / x?sinxdxdydz = 0, / / / x? cosxdxdydz = —24mr, (E15)
0 o Jo 0 o Jo

thus

o0

2 2}’2 2 2 3A3
Jomoo — Joomo = z / / / 53 <aerOS ek + by, sin nArS3>dS3dS2dSl =—Zzn—2r2“m,r. (ET6)

r=1

Recall that {a,,},>1 are mutually independent and a,,, RV (0, A/27?r?) (see Appendix D). Therefore, similar to
Eq. (E12), we have

1 AS 1 A 1 ATee) A
var [ = Uomoo — Jooms) ) = ~Var(ay,) = - = = . E17
ar (6( om0 00 0)> 1674 ; rt aleims) 3276 ; b 32m6 30240 E17)

Then for the coefficients of [[[G,., Go], Go], Go] in Q*, we have

1(J Joomo) ~ N [0 AT (E18)
6 0m00 00m0 ,30240 .
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(b)

FIG. 9.

In practice, we often truncate the infinite stochastic
series in these integrals and retain only the first p terms.
The mean-square error between the approximation J5 and
Jy where a = (ji, /2, - . . ,jx) can be estimated as [47]

2

2n?p’

E(J2 — Jo|?) < (E19)

Fortunately, under most situations, computing higher-order
integrals is not strictly necessary, as accuracy of Scheme II
is sufficient.

APPENDIX F: DETAILS OF VARIATIONAL
QUANTUM SIMULATION FOR THE QSD
DYNAMICS

Based on the parameter shift rule [75], the matrix M and
vector V where

My, = Re<81/x(®(t))‘81ﬁ(®(z))>’
00; 00;

0 (O
Vi=lm<%‘mw(®(m> (F1)

can be directly measured from the quantum circuits. To
reduce the measurement complexity for quantum devices,
we restricted the parametrized quantum gates to single-
qubit rotation gates Rp(6) in HVA ansatz such that

i0
Ro(0) = e 79, (F2)
where QO € {oy,0,,0.} is a Pauli matrix. This can be
achieved by decomposing the standard HVA ansatz into
basic quantum gates and appropriately adjusting the varia-
tional circuit. For convenience, we write the ansatz state as

i0; (1)

N
@) =[]e = Y1), (F3)
j=1

where non-parametrized quantum gates, for example,
CNOT, are all omitted. Specifically, we now examine the
differential of the ith variable. As illustrated in Fig. 9(a), we
place the products of quantum gates on the left and right of

The quantum circuits that represent the states [ (©(¢))) and |&;(©(¢))), respectively.

the corresponding rotation gate Ry, (6;), denoted as Uy ;_;
and Ui n respectively. Then the partial derivative of the
wavefunction ansatz can be expressed as

0y (©®)\ _ AU ine™ 79U, 1)
- o)

30, 20,
i g,
=3 irinQie” 22U i—1|¥)

= —%I&(@)(t)))-

(F4)

We see that the partial derivative of such a state is simply
obtained by adding a Pauli gate in front of (or behind, since
they commute in this case) the corresponding parameter-
ized rotation gate. Then we can directly obtain the entries
of M and V via Hadamard test circuits, simulated using
Qiskit [76]. To be more specific, we illustrate how the
matrix elements of M can be obtained from measurements

[40)

FIG. 10. The general Hadamard test quantum circuit to mea-
sure (a) (Y|Pel¥r); (b) (&1&); (¢) (¥|Pxl&). Here H denotes
the Hadamard gate, S denotes the phase gate and the binary
integer b € {0,1} determines whether the measurement result
corresponds to the real or imaginary part. Similar to Fig. 9,
U,; represents the set of parameterized quantum gates from the
ith to the jth, and Q;, O; are Pauli gates. Here, P, denotes the
Pauli string, which is obtained by performing the decomposition
H =Y cxPy on the operator to be measured.
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The comparison between the linear and nonlinear QSD evolution obtained by the exact wavefunction vector treatment

(solid line) and the variational quantum time evolution (dashed line) with the same random seeds. For illustration, we employ the
Scheme I Magnus integrator in each numerical simulation, which is implemented using Qiskit. (a) A single trajectory evolution of
the state populations in the TFIM with damping. (b) A single trajectory evolution of the state populations in the FMO system.

on quantum circuits. The diagonal elements of M are %

since

(Gil&) 1
4

(F5)

M, = Re<31ﬁ(®(t)) ‘ 31/f(®(t))>
: 36; 36,

7

To evaluate the off-diagonal element M;; with i #j via
the Hadamard test, we first prepare the following quantum
state:

10)anc ® 1§;) + [1)anc ® |&i)
ﬁ b

i) = (F6)

where “anc” stands for the ancilla qubit. This prepara-
tion can be achieved by inserting a Controlled-Q; gate

after the gate Ry, (¢). An X gate on the ancillary qubit
is inserted between the two controlled gates to invert the
coupling to the ancillary qubit, as illustrated in Fig. 10(b).
The measurement of V is based on a similar procedure. In
addition, we also need to measure the expectation value of
jump operators {L;}. The corresponding quantum circuit is
illustrated in Fig. 10.

Note that we focus solely on ideal, noise-free qubits
in this work. To mitigate computational costs, we choose
to perform classical propagation directly via ¥, =
exp{(2(A))}y, instead of performing variational sim-
ulations on the quantum circuit. The viability of this
alternative approach has been verified at the single-
trajectory level. Figure 11 illustrates that the results
obtained via variational simulations using Qiskit [76]
are fully consistent with those from direct classical
evolution.
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FIG. 12. The comparison of the performance between Euler-Maruyama method (three bars on the left) and the Magnus integrator
method (two bars on the right) for solving the dynamics of TFIM with damping. We set the step length A = 2.5 x 1073, 2.5 x 1072,
and 2.5 x 107! tJ for Euler-Maruyama and A = 2.5 x 10~ t] for the Magnus integrator. We repeat the experiment for 10 times and
evaluate the average error of the populations at each step throughout the simulation. The error bars represent the 99% confidence

interval.

APPENDIX G: ADDITIONAL NUMERICAL
COMPARISON OF MAGNUS INTEGRATOR AND
EULER-MARUYAMA METHOD

As sketched in Sec. II B, the simplest numerical scheme
for solving the QSD equation is the Euler-Maruyama
method Eq. (10), which has a weak convergence order
O(A). We point out that even the Scheme I Magnus
integrator performs significantly better than the Euler-
Maruyama method, which is also consistent with the
findings of some previous relevant studies [44].

To facilitate an at-a-glance comparison, we conduct
additional numerical experiments on the TFIM with damp-
ing (see Sec. IV A). Following the setup of the main text,
we simulate Ny,j = 10° trajectories with a final time of
T = 25 tJ. For the Euler—Maruyama simulations, we adopt
time steps A = 2.5 x 1073,2.5 x 1072, and 2.5 x 10~ tJ,
corresponding to 10*, 103, and 107 steps, respectively. The
Magnus integrator simulations are carried out using a sin-
gle time step size of A =2.5 x 107! tJ (i.e., 10% steps).
Each configuration is repeated 10 times with different ran-
dom seeds, and we evaluate the mean overlap error with
respect to the basis states |00), |01), and |11) at each step,
with error bars denoting the 99% confidence interval.

The results are showcased in Fig. 12. We observe
that in the linear unraveling, the Euler-Maruyama method
even fails to produce meaningful results when using time
steps of A =2.5x 107! tJ or 2.5 x 1072 tJ. Even at a
much smaller time step of A =2.5 x 1073 tJ, its accu-
racy remains substantially inferior to that of the Scheme

I Magnus integrator at a large step size of A =2.5 x
107! tJ. A similar trend is observed for nonlinear unrav-
eling: both Scheme I and Scheme II Magnus integrators,
using a large step size of A =2.5 x 107! tJ, yield sig-
nificantly better results than the Euler-Maruyama method,
even though the latter is carried out with smaller by orders
of magnitude step size of A = 2.5 x 1073 tJ.

In classical exact wavefunction treatment, the over-
head introduced in the Magnus expansion compared to
the Euler-Maruyama method mainly lies in evaluating the
action of the matrix exponential on a state vector at each
propagation step. However, this operation can be per-
formed efficiently using Krylov subspace methods [44].
In the context of quantum implementations, the advan-
tages of the Magnus integrator are even more pronounced,
in the sense that unlike the Euler-Maruyama method, the
stochastic Magnus approach preserves an exponential inte-
grator structure and admits a variational formulation via
the McLachlan projection principle Eq. (15), making it
more suitable for implementation on quantum devices.

APPENDIX H: PARAMETER SETS USED IN THE
NUMERICAL EXPERIMENTS

In this section, we present the parameter values used
for the numerical tests in Sec. [V. We adopt the parame-
ter settings from Hu ef al. [30] for FMO model (Sec. IV B)
and from Poonia et al. [6] for RPM (Sec. IV C). All the
parameter values are summarized in Table 1.
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TABLE I. Parameter value used in the numerical experiments.
Symbol Description Values
o dephasing rate in FMO 3x 1073 fs
B dissipation rate in FMO 5x 1077 fs
Y sink in FMO 6.28 x 1073 fs
ay x-component of the hyperfine tensor in RPM 0.345 G
a, y-component of the hyperfine tensor in RPM 0.345G
a; z-component of the hyperfine tensor in RPM 9G
h reduced Planck constant 1.05457 x 1073 J - s
Iy Bohr magneton 9.27401 x 10°2' G
g the electron-spin g-factor used in RPM 2
By the magnetic induction intensity of the geomagnetic field 047G
¢ angle between the x-axis of the radical pair and the magnetic field 0
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