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Subharmonic Control of a Fluxonium Qubit via a Purcell-Protected Flux Line
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Protecting qubits from environmental noise while maintaining strong coupling for fast high-fidelity
control is a central challenge for quantum information processing. Here, we demonstrate a control scheme
for superconducting fluxonium qubits that eliminates qubit decay through the control channel by sup-
pressing the environmental density of states at the transition frequency. Adding a low-pass filter on the
flux line allows for flux-biasing and, at the same time, coherently controlling the fluxonium qubit by
parametrically driving it at integer fractions of its transition frequency. We compare the filtered to the
unfiltered configuration and find a 5-times-longer T1, and a 10-times-improved T2-echo time in the fil-
tered case. We demonstrate coherent control with up to 11-photon subharmonic drives, highlighting the
strong nonlinearity of the fluxonium potential. Measured Rabi frequencies and drive-induced frequency
shifts show excellent agreement with numerical and analytical models. Furthermore, we show the equiv-
alence of a 3-photon subharmonic drive to an on-resonance drive by benchmarking subharmonic gate
fidelities above 99.94%. These results open up a scalable path for full qubit control through a single
Purcell-protected channel, providing strong suppression of control-induced decoherence and enabling
wiring-efficient superconducting quantum processors.

DOI: 10.1103/yx15-jyl7

I. INTRODUCTION

Superconducting circuits are a promising platform for
scalable error-corrected quantum processors [1–3]. This
potential has been enabled by collective efforts in improv-
ing circuits based on transmon qubits [4], culminating
in demonstrating quantum algorithms close to practical
utility [5]. One of the main limitations for current super-
conducting quantum processors is decoherence [2], which
sets an upper bound on achievable gate fidelities. To
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improve further, it is crucial to understand, characterize,
and close all channels contributing to the loss of quantum
information [6,7].

Decoherence channels can be classified into two cat-
egories: internal and external losses [8]. Internal losses
arise from material imperfections such as two-level sys-
tems (TLSs) that couple to the qubit [6,9,10]. By opti-
mizing designs and fabrication processes, it is possible
to significantly reduce both the coupling to TLSs and
their density [11,12]. In this regard, the fluxonium qubit
[13,14] stands out, demonstrating record-high coherence
times [13,15,16] among superconducting qubits, attributed
to its weaker coupling to TLSs at low transition fre-
quencies of a few hundred megahertz [17]. Recently, the
single-qubit and two-qubit gate performance of fluxonium
qubits [16,18,19] has surpassed that of the more widely
used transmon qubits, thus providing a viable alternative
for superconducting quantum processors [20].
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External sources of decoherence result from signal
lines that are required to control the qubits [21–24].
One approach to mitigate their impact is to reduce the
coupling between the qubit and the control lines, while
compensating with increased drive power. However, this
strategy is ultimately constrained by the limited cooling
power available in state-of-the-art cryogenic systems [23].
As a result, fast and high-fidelity control necessitates a
finite sufficiently strong coupling to a control line [25].
However, since linear couplings are reciprocal, the control
line inevitably acts as a decay channel for the qubit. Ide-
ally, one would like to independently engineer the coupling
for qubit control from the qubit dissipation into the control
channel [25]. Breaking the reciprocity of these processes
requires exploiting nonlinear effects such as multiphoton
processes, which are observed in nonlinear media where
driven systems interact with higher harmonics [26–28], or
with subharmonics at integer fractions of the transition
frequency [29–34]. Fluxonium qubits, with their strong
nonlinear potential, are well suited for multiphoton con-
trol processes. Interestingly, such multiphoton processes
can be driven directly via an inductively coupled flux-bias
line. This same line serves to maintain the fluxonium at
its ideal operation point, where it is first-order insensi-
tive to flux noise. In addition to minimizing the number of
control elements, resonant flux control has been shown to
yield higher single-qubit-gate fidelities than charge-based
control in fluxonium qubits, making it especially attrac-
tive for implementing multiphoton gates [35]. To suppress
noise at the qubit transition frequency and reduce decoher-
ence introduced by the control line, a low-pass filter can
be inserted into the flux line. In this configuration, sub-
harmonic control enables full qubit control over a single
filtered channel, eliminating the need to resonantly drive
the qubit at its transition frequency over a separate charge
line.

In this work, we demonstrate subharmonic control of
a fluxonium qubit using a control channel with a low-
pass filter below the fundamental qubit frequency. We
confirm that the low-pass filter isolates the qubit from
external noise when idling, resulting in a fluxonium pri-
marily limited by internal losses and readout-resonator
population. Subsequently, we demonstrate coherent con-
trol of the fluxonium qubit through the filtered channel
using subharmonic driving. This results in single-qubit
gates with fidelities above F > 99.9%.

II. PURCELL PROTECTION

Qubit dissipation into its environment is described by
Fermi’s golden rule. For an environment with power spec-
tral density S(ω) coupling to the qubit via the transition
operator Â, the relaxation rate γeg between the qubit ground

state |g〉 and the first excited state |e〉 is given by [4,22,36]

γeg = 1
�2 |〈g|Â|e〉|2S(ωeg), (1)

where �ωeg is the energy separation of the qubit states.
The power spectral density of an environment induc-
tively coupled to a superconducting circuit is given by the
fluctuation-dissipation theorem [36,37],

S(ω) = �ω
R(ω)

|Z(ω)|2
[

1 + coth
(

�ω

2kBT

)]
. (2)

Here, the first term describes spontaneous emission and
the second term induced emission and absorption pro-
cesses. We model the environment without loss of gen-
erality as a parallel-current noise source with impedance
Z(ω). Similarly, the environment can be modeled as a
parallel-noise voltage source with capacitive coupling [21,
38]. The impedance consists of a resistive component
R(ω) = Re[Z(ω)] at temperature T and reactive compo-
nents X (ω) = Im[Z(ω)]. The latter can be composed of
inductive and capacitive elements, leading to a frequency-
dependent reactance and, therefore, a filter transfer func-
tion.

According to Eq. (1), qubit dissipation is suppressed
when the matrix element 〈g|Â|e〉 vanishes, as is the case
in protected circuits such as the zero-pi [39] or induc-
tively shunted transmon [40]. In circuits with nonvanishing
matrix elements, qubit dissipation can instead be reduced
by lowering the noise spectral density S(ωeg) according
to Eq. (2). This reduction can be achieved by lowering
the temperature, since the coth term approaches unity for
T → 0, minimizing stimulated emission. This is typically
achieved in qubits with transition frequencies above 5
GHz by state-of-the-art dilution cryostats at millikelvin
temperatures [23]. For fluxonium qubits with transition
frequencies below 1 GHz, this approximation is no longer
valid due to the exponential increase of the coth term for
�ω/2kBT < 1.

However, the inclusion of reactive elements offers
another possibility to suppress environment-induced qubit
relaxation by modifying the complex impedance Z(ω) at
the qubit frequency ωeg. This approach affects both the
stimulated- and spontaneous-emission terms in Eq. (2) and
is referred to as Purcell protection [41]. We can achieve
a vanishing power spectral density at the qubit frequency
S(ωeg) → 0 by either R(ωeg) → 0 for finite |Z(ωeg)| or
|Z(ωeg)| → ∞ for finite R(ωeg). The former describes a
low-pass filter above the cutoff frequency and the latter a
high-pass filter below the cutoff frequency. As fluxonium
qubits require a dc bias for their ideal operation point, we
will focus on low-pass filters in the following. Intuitively,
the reduction of the decay rate for low-pass filters occurs
because a vanishing resistance results in smaller fluctua-
tions according to the fluctuation-dissipation theorem.
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While a low-pass filter below the qubit frequency ωeg
results in a vanishing contribution of the control line to γeg,
it prevents direct driving of the qubit at ωd = ωeg. How-
ever, through subharmonic control, as described below in
Sec. III, we decrease the drive frequency ωd to a regime
well below the cutoff frequency of the filter, restoring qubit
control capabilities while retaining low qubit dissipation.

We first demonstrate the suppression of qubit dissipa-
tion through filtering at the qubit frequency on a fluxonium
qubit consisting of a single junction with Josephson energy
EJ , shunted by capacitive pads with a charging energy EC
and an inductance with inductive energy EL, as shown
in Fig. 1(a). The fluxonium circuit is described by the
Hamiltonian [42]

Ĥ = 4ECn̂2 − EJ cos ϕ̂ + EL

2
[
ϕ̂ − φ(t)

]2 , (3)

with the reduced phase and charge operators ϕ̂, n̂ and the
external flux φ(t) = 2π�(t)/�0 in units of the magnetic
flux quantum �0. A false-color micrograph of the device
is shown in Fig. 1(b) and further details of the circuit and
its parameters are listed in Appendix A. We include both
an inductively coupled flux line to control the external flux
and the qubit states as well as an auxiliary weakly cou-
pled microwave (MW) line as a reference for controlling
the qubit states. The flux line couples to the fluxonium
via the phase operator ϕ̂ and the MW line via the charge
operator n̂. Since the MW line is only weakly coupled
and is strongly attenuated, we neglect it in the following
discussion.

In order to modify the impedance of the flux line, we
insert a low-pass filter (Minicircuits VLFX780+) with a 3-
dB cutoff frequency at 950 MHz, which is well below the
qubit frequency ωeg/2π = 1.32 GHz [Fig. 1(c)]. The filter
decreases R(ωeg)/|Z(ωeg)|2 to reduce relaxation according
to Eq. (2). Below the cutoff frequency, it is maintained at
R(ωeg)/|Z(ωeg)|2 ≈ 1/50 � to enable fast control opera-
tions. To assess the effect of the filtered environment on
qubit performance, we excite the qubit resonantly over
the MW line and measure the relaxation (T1), the Ramsey
coherence (T∗

2), and the Hahn-echo times (Te
2) of the fluxo-

nium qubit separately for the unfiltered (UF) and low-pass-
filtered (LP) flux-line configurations. Our setup includes a
cryogenic microwave switch [Fig. 1(a)], to change in situ
between both configurations. We measure the coherence
times in both configurations for several hours. The results
are plotted as integrated histograms in Fig. 1(d), with the
median values depicted in Table I. Adding the filter signif-
icantly increases average relaxation times by a factor of 5,
up to T1 = 168(20) µs, and dephasing times by a factor of
3 and of 10, up to T∗

2 = 75(9) µs and Te
2 = 223(37) µs,

respectively.
In addition, we extract the effective qubit tempera-

ture Teff from single-shot measurements (for details, see

(a)

(b)

(d)

(c)

FIG. 1. The setup and the relaxation times. (a) The setup at
the low-temperature stages of the cryostat (the 1-K and 100-mK
stages are left out and are displayed in Appendix 6), including
the readout resonator and two switchable flux-line configura-
tions [unfiltered (UF) and low-pass filtered (LP)]. An additional
microwave (MW) line is added for comparison and benchmark-
ing. (b) A false-color micrograph of the fluxonium (blue) with
a galvanically coupled flux line (red) and a capacitively coupled
readout resonator (yellow). The additional MW line is located
outside of the micrograph cut-out shown here. (c) A sketch of the
power spectral density S(ω) for the resonant (blue) and subhar-
monic drive (red) setups. The shaded area indicates the pass band
of the low-pass filter. (d) Integrated histograms for the T1 (solid),
T∗

2 (dashed), and Te
2 (dotted) for unfiltered (blue) and filtered (red)

flux-line configurations. The vertical lines with shaded areas
illustrate the median and standard deviation, with values given
in Table I.

Appendix D). We observe a decrease in the effective tem-
perature from Teff = 245(25) mK without the LP filter
(UF) to Teff = 28.9(5) mK with the filter (LP). These
results confirm that the relaxation time for the unfiltered-
line setup is dominantly limited by stimulated emission
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TABLE I. The decoherence times and the effective qubit tem-
perature for the filtered and unfiltered setups. The energy relax-
ation T1, the Ramsey coherence T∗

2, the Hahn echo Te
2, and

the effective temperature Teff are listed for the unfiltered and
low-pass-filtered flux-line configurations.

Unfiltered LP filtered Improvement

T1 31(5) µs 168(20) µs × 5 (1)
T∗

2 22(4) µs 75(9) µs × 3 (1)
Te

2 22(8) µs 223(37) µs × 10 (4)
Teff 245(25) mK 28(1) mK × 9 (1)

due to thermal photons, with T1 ∝ 1/(2nth + 1) [43]. For
further verification, we extract the coupling of the qubit
to the flux line, represented as a bath at different temper-
atures. With the measured power transmission factor of
approximately −35.5 dB for the low-pass filter at ωeg and
assuming that the lowest-temperature attenuator of the flux
line is well thermalized to 3 K, we determine a coupling
rate of γflux = 1/3.6(5) ms for the flux line, as detailed in
Appendix D. This value agrees well with the design value
of γflux = 1/3.4 ms.

Furthermore, in the unfiltered configuration, we observe
almost equal values for the Ramsey coherence T∗

2 and
Hahn-echo times Te

2. This suggests that high-frequency
noise is the dominant source for decoherence in this
configuration, since it cannot be compensated by the
low-frequency-noise-insensitive Hahn-echo sequence. In
the low-pass-filtered case, we observe a large difference
between Te

2 and T∗
2, pointing toward low-frequency noise

as the primary decoherence mechanism [44]. Given that
the fluxonium qubit is first-order insensitive to flux noise at
its sweet spot, we attribute the observed dephasing primar-
ily to thermal photons in the readout resonator. By using a
dispersive model for the qubit-resonator system described
in Appendix C, we estimate an effective resonator tempera-
ture of 51(1) mK, which is in good agreement with temper-
atures reported in other works [13,45–47]. This indicates
that coherence is not limited by flux noise through the
passband of the low-pass filter but, rather, by the strong
coupling between the readout resonator and the qubit.

III. PARAMETRIC SUBHARMONIC DRIVING

While filtering is an effective method to protect the
idling qubit from relaxation caused by control lines, it
impedes control over the qubit state using drive pulses at
its transition frequency ωeg. This limitation is overcome
by driving the qubit at an integer fraction ωeg/n of its fre-
quency, i.e., an n-photon subharmonic drive, which excites
the qubit.

To investigate this process for fluxonium qubits, we
bias the qubit at its lower sweet spot and apply a time-
dependent drive to the flux line. The corresponding Hamil-
tonian in Eq. (3) can be separated into a time-independent

part Ĥ0 and a time-dependent drive term Ĥd, given by

Ĥ0 = 4ECn̂2 + EJ cos ϕ̂ + EL

2
ϕ̂2, (4)

Ĥd(t) = −ELφ(t)ϕ̂, (5)

where we have omitted global energy offsets (the sign
change in Eq. (4) results from operating the qubit at
its half-integer flux sweet spot, where cos(ϕ̂ + π) =
− cos ϕ̂). The time-dependent flux modulation has the
form

φ(t) = 2π
�

�0
E(t) cos(ωdt), (6)

with drive frequency ωd, pulse amplitude �, and a nor-
malized pulse envelope E(t). In experiment, we probe the
excitation spectrum using pulsed qubit spectroscopy, by
sweeping the drive frequency ωd from ωeg/8 to ωeg/3 and
measuring the excited-state population P(|e〉), as shown
in Fig. 2(a). This frequency range is selected to probe the
most dominant multiphoton transitions by using a flat-top
Gaussian pulse with drive amplitude �/�0 = 0.083 and a
pulse length of 850 ns. We observe multiple signal peaks at
frequencies close to integer fractions of ωeg. However, all
transitions show a systematic shift to higher frequencies,
making it challenging to unambiguously identify signal
peaks with their respective photon number.

To quantitatively assess the drive-induced frequency
shift, we repeat the spectroscopy with varying drive ampli-
tude � around the frequency of the third subharmonic, as
well as for a lower frequency range in which transitions
with higher photon numbers are expected. The result-
ing spectroscopy for the third subharmonic, displayed in
Fig. 2(c), shows that the frequency shift increases mono-
tonically with� and converges to ωeg/3 at low drive pow-
ers. The low-frequency spectroscopy shown in Fig. 2(b)
features similar transitions that increase monotonically
with amplitude, as well as various transitions that exhibit
a nontrivial dependence on the amplitude. We attribute
these transitions to the drive-induced coupling of the qubit
to other systems, such as the readout resonator, defects
on the surface of the chip [48], or other parasitic reso-
nances. A detailed study of the origin of the transitions
is, however, beyond the scope of this work. We identify
the spectral lines corresponding to a multiphoton drive by
comparing the spectrum to numerical simulations of the
time evolution of the ground state |g〉 under the Hamilto-
nian Ĥ0 + Ĥd(t) (see Appendix E). Remarkably, we find
spectral lines for 9-, 11-, 13-, and 15-photon transitions
(dashed red lines in Fig. 2), which highlights the strong
nonlinearity of the fluxonium potential. All measured spec-
tral resonances show a distinct shift in frequency compared
to the power scaling predicted in simulations.
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(a)

(b) (c) (d)

FIG. 2. Pulsed subharmonic qubit spectroscopy. (a) Qubit spectroscopy at a fixed amplitude. We observe qubit excitation at its
transition frequency ωeg and at fractions 1/n of ωeg. The frequency range around ωeg is measured by driving over the auxiliary MW
line at −30 dB reduced power. (b),(c) The measured excited-state population of the qubit under subharmonic driving for varying drive
amplitude and frequency ranges aroundωeg/3 (c) and belowωeg/9 (b). The dashed lines indicate the simulated resonant drive frequency
of the subharmonic transitions. (d) The resonant drive frequency of the third subharmonic as a function of the drive amplitude for data
(blue circles), the model (dashed orange line), and simulations (dashed red line). Including a frequency-dependent attenuation of the
flux-bias line results in good agreement between the model and the data (solid orange line).

In order to better understand the observed behavior, we
derive an effective analytical model for the n-photon sub-
harmonic drive. We start with Eq. (4) and express the
undriven Hamiltonian Ĥ0 in terms of its eigenstates |m〉:

Ĥ0 = �ωegb̂†b̂ + �α

2
b̂†b̂†b̂b̂ + · · · , (7)

where we have introduced the ladder operator b̂, defined as
b̂|m〉 = √

m|m − 1〉, and the anharmonicity α of the qubit
[49]. We emphasize that infinitely many terms in Eq. (7)
are needed to adequately describe the fluxonium spectrum.
Given that our fluxonium is less anharmonic than conven-
tional implementations (cf. Appendix A), we neglect all
but the first two terms, resulting in a three-level approxi-
mation, which is equivalent to numerical simulations that
include the lowest 20 states and is sufficient to explain the
observed 3-photon behavior quantitatively. Expressing the
flux operator ϕ̂ in terms of b̂† and b̂, Ĥd(t) takes the form

Ĥd = −φ(t)ELϕ̂

= −φ(t)[β1(b̂ + b̂†)+ β2(b̂†b̂b̂ + b̂†b̂†b̂)], (8)

with the coefficients β1 = EL〈g|ϕ̂|e〉 and β2 = (
EL/

√
2
)

〈e|ϕ̂|f 〉 − β1, which determine the drive strength.
The emergence of n-photon transitions from Ĥ0 + Ĥd(t)

is described perturbatively by a Magnus expansion [50] of
the time evolution

Û(0, tpulse) = T exp
(

−i
∫ tpulse

0
dtĤ(t)

)
, (9)

where T denotes the time-ordering operator. Each expan-
sion order is proportional to time integrals over the times ti
of the nested commutators [Ĥ(t1), [Ĥ (t2), [· · · ]]]. A mul-
tiphoton drive arises only if Ĥ(t) contains terms where
the nested commutator is proportional to b̂ or b̂† and
its oscillation period is on resonance with the shifted
transition ωeg + δ of the driven fluxonium. When using
bosonic operators, one can easily identify two operator
pairs that satisfy these conditions for a drive frequency
ωd ∼ ωeg/n. The first noncommuting pair is the α term
in Ĥ0 and the linear β1 term in Ĥd, i.e., when n = 3,
β3

1 [b̂†, [b̂†, [b̂, (α/2)b̂†b̂†b̂b̂]]] ∝ b̂†. It can be understood
as the drive term interacting with the anharmonicity of
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the fluxonium. Furthermore, the second pair contains two
drive terms proportional to β1 and β2 from Ĥd, i.e., when
n = 3, β2

1β2[b̂†, [b̂, b̂†b̂†b̂]]] ∝ b̂†. It can be interpreted as
a self-interaction term of the drive operator. The result-
ing effective Hamiltonian for the n-photon drive, derived
in detail in Appendix F, is given by

Ĥeff,n

�
= (ωeg + δn − nωd)b̂†b̂ + α + αn

2
b̂†b̂†b̂b̂

+�n(b̂†+b̂). (10)

The drive induces a frequency shift on all energy eigen-
states, here visible as δn and αn for the first and second
excited states |m = 1〉 and |m = 2〉, respectively. Addition-
ally, Ĥeff,n contains an effective coupling term �n equal
to the Rabi frequency when driven at the subharmonic
frequency ωd = (ωeg + δn)/n. The leading-order contribu-
tion to the frequency shift, denoted as δ(2)n , arises from
a second-order process related to self-interaction and its
proportionality is given by

δ(2)n ∝ n
(n − 1)2ωd

[
〈g|ϕ̂|e〉2 − 1

2
〈e|ϕ̂|f 〉2

](
�

�0

)2

.

(11)

Thus, we can determine the sign of δn from the matrix
elements of the drive operator ϕ̂ and for our device we
expect positive frequency shifts. Note that for more anhar-
monic fluxonium qubits, δn increases strongly since ωd
decreases and the matrix-element asymmetry, here β2,
increases. In comparison, the matrix asymmetry vanishes
in transmon qubits, where 〈e|ϕ̂|f 〉 = √

2〈g|ϕ̂|e〉 or, equiv-
alently, β2 = 0; thus only higher order contributions deter-
mine the frequency shifts. In general, the Rabi frequency
for an n-photon process �n scales with the drive ampli-
tude � according to a power law �n ∝ �n, as derived
in Appendix F. Similar to the expression for the fre-
quency shift δ(2)n , the dominant contribution to the scaling
of �n with respect to � in our system arises from a
matrix-element asymmetry β2. This enables subharmonic
transitions to appear at lower amplitudes compared to
transmon qubits, which suggests that the fluxonium is a
more suitable circuit for the application of subharmonic
driving.

To confirm the predicted amplitude-dependent fre-
quency shift as a function of the drive amplitude, we
measure the qubit frequency at a fixed drive amplitude and
optimize the drive parameters using an iterative tune-up
procedure, as described in detail in Appendix G. The mea-
sured amplitude-dependent frequency shift [Fig. 2(d), blue
circles], increases to first order quadratically as predicted.
Its curvature is, however, smaller, which we attribute to
the frequency-dependent transfer function of the flux line
caused by the skin effect in the stainless-steel coaxial

wiring. The signal amplitude �qubit arriving at the qubit
can be approximately characterized by an attenuation fac-
tor a0 quantifying the length, thickness, and conductiv-
ity of the inner conductor �qubit = �/(1 + a0

√
ωd/2π)

[51,52]. We achieve good agreement between the model
and the data with an attenuation factor of a0 = 9.49(8)×
10−5 Hz−1/2, resulting from a least-squares fit with a0 as
the single free parameter. The model predicts a power loss
of 6.0(1) dB at 1 GHz, consistent with the specified total
power loss of approximately 5.7 dB at 1 GHz for the signal
line used in the experiment, as described in Appendix B. It
is important to note, however, that the actual transfer func-
tion may be more complex due to additional distortions
caused by dielectric losses and impedance mismatches in
the flux line [53].

IV. n-PHOTON RABI FREQUENCIES

Following the characterization of the frequency shift,
we quantify the Rabi frequency �n of the subharmonics
n = 3, 5, 7, and 11 as a function of the drive amplitude �.
For a fixed drive amplitude, varying the drive frequency
and pulse length reveals characteristic chevron patterns for
each subharmonic drive, as shown in exemplary form for

(a)

(b)

FIG. 3. Rabi frequencies for n-photon subharmonic drives. (a)
The excited-state population as a function of the time and detun-
ing for the third subharmonic at a drive amplitude of 41.5 m�0
(left panel) and for the 11th subharmonic at a drive amplitude
of 160.5 m�0 (right panel). The detuning denotes the offset of
the drive from the calibrated center frequency. The drive ampli-
tudes are chosen to obtain similar Rabi frequencies of �/2π ∼
2.5 MHz. (b) The Rabi frequencies �n as a function of the
pulse amplitude � for different subharmonic drives, compared
to numerical simulation and the analytical model. The extracted
error bars are smaller than the marker size.
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the 3- and 11-photon transitions in Fig. 3(a). We extract
�n for each amplitude using an iterative gate tune-up rou-
tine as described in Appendix G. The resulting amplitude
dependence of the Rabi frequency [Fig. 3(b)] agrees well
with the analytical no-free-parameter model and numerical
simulations for the third subharmonic when including the
attenuation due to the skin effect discussed above. We use
the same value of a0 for all the subharmonic modes, which
we have extracted from the frequency shift of the third
subharmonic. The strong agreement between experiment,
simulation, and theory highlights the validity of our model
including the skin effect. Also for the fifth subharmonic,
a comparison of the analytical solution and the experi-
mental data shows good agreement at low drive powers,
which demonstrates that the perturbative approach can be
extended beyond the 3-photon processes. The three-level
approximation of the fluxonium remains valid for describ-
ing higher photon processes. However, a clear discrepancy
emerges between the experimental data and the model at
higher amplitudes for the fifth subharmonic due to the lim-
ited order of the Magnus expansion. In contrast, the numer-
ical simulation matches the experimental data qualitatively
up to the 11th photon process. We attribute residual devia-
tions between experiments and simulations to a nontrivial
transfer function for the flux line caused by standing waves
due to impedance mismatches (see Appendix H). After
accounting for the influence of the skin effect, we fit the
power scaling of each subharmonic with a leading-order
exponent and find 2.81(1), 3.87(1), 4.73(1), and 5.78(1)
for n = 3, 5, 7, and 11, respectively. This differs from the
intuitive expectation that an n-photon process scales with
�n. In fact, the derivation in Appendix F demonstrates
that a �n scaling is only valid for small driving ampli-
tudes. At higher drive amplitudes, correction terms such as
�n+2 become significant, indicating the presence of addi-
tional coupling paths. The number of these paths can grow
exponentially with increasing n [54], thereby modifying
the simple power-law dependence of the Rabi rates and
frequency shifts.

V. BENCHMARKING SINGLE-QUBIT GATES

To benchmark the performance of subharmonic driving
for single-qubit gates, we compare three different configu-
rations: a third subharmonic drive through the LP-filtered
flux line (LP), a conventional resonant drive through the
unfiltered flux line (UF) and a conventional resonant drive
via the MW line. We use the third subharmonic as it shows
a higher Rabi frequency for similar drive power compared
to subharmonics with higher photon numbers, resulting in
faster gate speeds at equal power levels (Fig. 3).

For gate calibration, we set a constant pulse ampli-
tude of a pulse with a flat-top Gaussian envelope and
optimize the frequency and time of the pulse. Addition-
ally, we calibrate virtual-Z rotations to correct for phase

(a)

(b)

FIG. 4. The randomized benchmarking of resonant and sub-
harmonic single-qubit gates. (a) The ground-state population as
a function of the number of random Clifford gates averaged over
24 h. Each point is averaged over 1440 random sequences. (b)
The time-resolved average gate fidelity measured over 24 h.
Each data point shows the average gate fidelity obtained from
30 random sequences. The shaded region indicates one standard
deviation.

changes acquired due to the power-dependent frequency
shift during the pulse (Fig. 2). A detailed description of the
tune-up procedure is provided in Appendix G. Similarly,
we calibrate the on-resonance gate implemented using a
derivative removal by adiabatic gate (DRAG) pulse [55].
All gates are set to an equal length of 64 ns to ensure that
qubit coherence affects all gates similarly. We determine
the gate fidelities of all three implementations through
interleaved randomized benchmarking [Fig. 4(a)], where
we use a gate set G = {I , X±π , Y±π , X±π/2, Y±π/2}, result-
ing in an average of 1.875 gates per Clifford [56]. To
test the stability of the subharmonic gate to setup-related
drifts that might affect the Rabi frequency �n and subse-
quently the frequency shift δn [33,57], we conduct repeated
randomized-benchmarking experiments over a time period
of 24 h. The averaged and time-resolved randomized-
benchmarking experiments shown in Figs. 4(a) and 4(b)
result in gate fidelities FUF = 99.878(5)% for the unfil-
tered flux-line configuration (UF) and in the LP-filtered
configuration in FSH = 99.941(4)% for the subharmonic
implementation, and FMW = 99.969(2)% for the MW-line
implementation.

Using the measured T1 and T∗
2 times shown in Table I,

we compare the obtained gate fidelities to the coherence
limit [16,58]

F coh = 1 − tg
3

(
1

Tφ
+ 1

T1

)
, (12)
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which results in coherence limits of F coh
UF = 99.87(2)%

and F coh
LP = 99.965(4)% for the unfiltered and LP-filtered

flux-line configuration, respectively, showing that both on-
resonance gates are close to the coherence limit of the
device. While the subharmonic gate shows a significantly
improved fidelity compared to the unfiltered configuration,
it does not reach the coherence limit. Numerical simula-
tions of the subharmonic gate show an infidelity due to
leakage into noncomputational states smaller than 10−5

(see Appendix E), suggesting that the observed infidelity
is currently not limited by this effect. Instead, we identify
three potential sources of infidelity arising from strong flux
modulation, signal-line distortions of the pulse, and the
dynamic frequency shift during the gate. First, strong low-
frequency flux modulations have been demonstrated in
theory [59] and experiment [60] to affect qubit coherence
by creating Floquet quasienergy eigenstates, where the
contribution of noise is averaged out over one modulation
period. As strong modulations enhance coherence only
within a narrow range of drive amplitudes and frequencies,
we consider it likely that the strong pulsed drive applied
in our experiment leads to a reduction in qubit coherence
not benefiting from the noise cancellation effect, thus neg-
atively impacting gate performance. Second, signal-line
distortion is a common problem detected in experiments
[53]. In our experimental setup, we observe a signal echo
10 ns after the pulse, reducing the fidelity of consecutive
gates. To reduce this effect, we include a 24-ns and 32-
ns delay subsequent to the π and π/2 pulses within the
64-ns gate duration. To address this source of infidelity
more directly, one can predistort the input pulse shape
to account for the transfer function of the flux line after
characterizing the step response with a cryoscope exper-
iment [53]. Third, the gate fidelity could potentially be
improved by accounting for the dynamic frequency shift
during the gate operation. During the rise time of the flat-
top Gaussian pulse, the qubit frequency shifts gradually,
causing the drive frequency ωd to become resonant with
the subharmonic transition only after the rise is complete.
By tracking this frequency shift, the drive could remain
on resonance throughout the entire gate duration, thereby
improving both the gate speed and the fidelity.

We assess the stability of the different gate implementa-
tions by the variance of the gate fidelity shown in Fig. 4(b),
where the average gate fidelity is obtained from 30 ran-
dom Clifford sequences for 24 h, with a cadence of 30
min. Using the variance of the MW gate as a reference,
we calculate the relative variance of the other gates to be
σ 2

SH/σ
2
MW = 2.3 for the subharmonic gate and σ 2

UF/σ
2
MW =

19.9, showing that the subharmonic gate exhibits almost
equal stability compared to the on-resonance MW gate
and a close to one-order-of-magnitude improvement to the
resonant flux-line implementation without a filter, which
is more sensitive to temperature fluctuations due to the
T1 ∝ 1/(2nth + 1) dependence [43].

VI. CONCLUSIONS AND OUTLOOK

In conclusion, we have demonstrated that a single
low-pass-filtered flux-control line is sufficient to real-
ize universal high-fidelity control of a fluxonium qubit
via subharmonically driven multiphoton transitions, while
simultaneously suppressing relaxation and dephasing due
to control-line noise. We have developed a theoretical
model for subharmonic driving in strongly anharmonic
systems that accurately predicts drive-induced frequency
shifts and Rabi frequencies. The model reveals enhance-
ment of the subharmonic Rabi frequency arising from
matrix-element asymmetries, emphasizing that subhar-
monic control is intrinsically more effective in fluxonium
qubits than in weakly anharmonic systems such as trans-
mons. Experimentally, we have demonstrated qubit control
ranging from 3- to 11-photon processes, confirming that
subharmonic control is particularly effective in fluxonium
qubits. The use of optimized flat-top Gaussian pulses leads
to gate fidelities exceeding 99.94%, approaching the fideli-
ties achieved via conventional on-resonant driving, which
are close to the coherence limit of the device. By fur-
ther optimization using closed-loop schemes [61,62] and
predistorted pulses to correct for signal distortions in the
coaxial cable [53], we expect that the performance of sub-
harmonic gates will equal that of on-resonance gates in the
near future.

The on-chip integration of reflective low-pass filters
will mitigate the remaining decay attributed to losses in
the flux-line segment that connects the chip to the filter.
Moreover, the strong amplitude dependence of multipho-
ton transitions offers increased flexibility in choosing the
drive frequency, which can be used to mitigate crosstalk
[63]. Off-resonant driving of neighboring qubits is further
reduced due to the higher-order amplitude dependence of
the Rabi frequency compared to on-resonance driving.

By combining dc flux biasing and high-fidelity transver-
sal control into a single Purcell-protected channel, our
approach establishes a scalable and hardware-efficient con-
trol architecture for fluxonium-based processors, matching
fixed-frequency transmons in terms of wiring simplicity.
Beyond fluxonium qubits, subharmonic control exploits
the presence of higher-lying energy levels to enable transi-
tions that are otherwise forbidden by selection rules or sup-
pressed by frequency filtering, provided that appropriate
matrix elements exist. This makes it a promising strategy
for controlling other strongly anharmonic qubit circuits,
such as qudits and protected qubits, where transitions
between computational states are exponentially suppressed
but transitions to higher levels remain accessible.

ACKNOWLEDGMENTS

We thank Jacquelin Luneau and Peter Rabl for insight-
ful discussions and helpful comments. This work received
financial support from the German Federal Ministry of

030315-8



SUBHARMONIC CONTROL OF A FLUXONIUM QUBIT. . . PRX QUANTUM 6, 030315 (2025)

Education and Research via the funding program “Quan-
tum Technologies—from Basic Research to the Market”
under Grant No. 13N15680 (German Quantum Com-
puter based on Superconducting Qubits, GeQCoS) and
under Grant No. 13N16188 (Munich Quantum Valley
Quantum—Computer Demonstrators, MUNIQC-SC), by
the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) via Grant No. FI2549/1-1, and
via Germany’s Excellence Strategy EXC-2111-390814868
“MCQST,” as well as by the European Union (EU) through
the EU Flagship on Quantum Technology HORIZON-
CL4-2022-QUANTUM-01-SGA Grant No. 101113946
(OpenSuperQPlus100). The research is part of the Munich
Quantum Valley, which is supported by the Bavarian State
Government with funds from the Hightech Agenda Bayern
Plus.

DATA AVAILABILITY

The data that support the findings of this paper are
openly available [64].

APPENDIX A: DEVICE PARAMETERS

In Fig. 5(a), we show a lumped-element circuit of the
qubit used in this work, including characterization mea-
surements for the device in Figs. 5(b) and 5(c). We realize
the qubit with a niobium ground plane on a high-resistivity
silicon substrate and with Al/AlOx/Al Josephson junctions
for both the phase-slip junction and the inductance. The
inductance is split into two arrays, allowing for galvanic
connection of the flux line [18,65]. The coupling of the
flux line to the qubit is given by their shared inductance
M . Both the readout resonator as well as the MW drive line
are coupled capacitively, predominantly to one of the two
qubit islands. From qubit spectroscopy of the fundamental
mode, depicted in Fig. 5(b), and comparing to eigenen-
ergy simulations of the equivalent circuit obtained using
the ScQubits software package [66,67], we determine the
circuit parameters EJ /h = 1.69 GHz, EL/h = 1.07 GHz
and EC/h = 0.68 GHz, resulting in a qubit frequency
ωeg/2π = 1.32 GHz and an anharmonicity α/2π = 0.81
GHz. The mutual inductance value M = 3.4 pH is deter-
mined following a calculation given in Appendix D. In
Fig. 5(c), we show exemplary single-trace measurements
for the energy relaxation time T1 (left) and the Ramsey-
coherence time T∗

2 of the device. For a more detailed
analysis, see Sec. II.

APPENDIX B: EXPERIMENTAL SETUP

The sample is mounted at the mixing-chamber stage of
a dilution refrigerator (Bluefors XLD1000sl). In Fig. 6, we
display the full electronic setup up to the room-temperature
control. We employ two devices for qubit control. A Zurich

(a)

(b)

(c)

FIG. 5. Device characterization. (a) The equivalent circuit of
the fluxonium qubit, realized with a Josephson junction with
energy EJ , a split inductance with inductive energy EL, and a
total capacitive energy EC. (b) Pulsed spectroscopy of the funda-
mental fluxonium mode as a function of the external flux. The red
line represents the transition frequency obtained from circuit sim-
ulations. (c) Exemplary decay (left panel) and coherence (right
panel) measurements of the device using subharmonic driving.

Instruments quantum controller (SHFQC) is used for driv-
ing the qubit at microwave frequencies and for readout
of the qubit state, while a single channel of a Zurich
Instruments arbitrary waveform generator (HDAWG) is
utilized for dc-flux biasing and ac-flux control. 50 dB of
attenuation combined with a 2-GHz low-pass filter (KL
6L250-2000) ensure a low-noise MW control line. The
SHFQC generates and digitizes the readout signal. With a
HEMT (LNF-LNC4_8C) and a room-temperature ampli-
fier (Qotana DBLNA104000800F), we achieve a state-
assignment fidelity of Freadout ≈ 94%. We use a high-pass
filter (Minicircuits VHF-5050+) at the input and out-
put ports of the readout line, in combination with two
dual-junction isolators (LNF-ISISC4_12A) at the output
to protect the qubits from unwanted noise photons in res-
onators. Flux control is achieved with a single line that is
attenuated by 20 dB at the 3-K stage. Through a switch
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FIG. 6. The experimental setup. The qubit chip is mounted
inside two Cryoperm shields to protect it from stray magnetic
fields (for details, see the main text).

(Radiall R573423600), we test different filter configura-
tions at the 7-mK plate. The chip is packaged and mounted
inside two Cryoperm shields. To estimate the losses of the
flux line, we characterize the 3-m room-temperature coax-
ial cable using a vector network analyzer (VNA), resulting
in 2.5 dB of attenuation at 1 GHz. Inside the cryostat,
we assume a total length of 1.05 m, with attenuation of
around 3 dB at 1 GHz, extracted from the Bluefors spec-
ification sheet [23]. This results in a total power loss of
around −5.7 dB at 1 GHz, which agrees well with the value
of −6.0(1) dB predicted from the skin effect described in
Sec. III.

APPENDIX C: T2-LIMIT

There are two main sources of noise that lead to dephas-
ing and subsequently to a reduction of the coherence time
[68]. On the one hand, low-frequency noise that exhibits
the characteristic 1/f behavior in the power spectral den-
sity over the frequency is present in the system [44]. On
the other hand, fluctuations of the photon number in the
readout resonator dispersively shift the frequency of the

qubit and lead to dephasing of the qubit. We can express
the effect of thermal-resonator photons nth < 1 on the qubit
dephasing time Tϕ as [69]

1
Tϕ

= κ (2χ)2

κ2 + (2χ)2
nth. (C1)

Here, κ is the resonator linewidth, χ is the dispersive shift,
and nth is the average thermal-resonator population. The
dephasing rate decreases the maximum coherence time as

1
T2

= 1
2T1

+ 1
Tϕ

. (C2)

By measuring T1 and T2, and assuming that the fluxonium
is first-order protected from flux noise at its sweet spot,
we extract the resonator population and calculate an effec-
tive resonator temperature using Eq. (C1) and Eq. (C2). For
our experimental parameters κ/2π = 1.2 MHz, 2χ/2π =
5.3 MHz, ωR/2π = 6.9 GHz, T2 = 75(9) µs and T1 =
168(20) µs (see Table I), resulting in an effective resonator
temperature of 51(1) mK.

APPENDIX D: QUBIT TEMPERATURE AND
BATH COUPLING

We extract the effective qubit temperature from single-
shot measurements of the thermal population of the qubit,
shown in Fig. 7. The qubit temperature is approximated
by [70]

Teff = −�ω

kB
ln

(
P(|e〉)
P(|g〉)

)−1

, (D1)

where � is the reduced Planck’s constant, kB is the Boltz-
mann constant, and P(|e〉) (P(|g〉)) is the probability of
finding the qubit in the ground state |g〉 (excited state |e〉),
respectively. In Fig. 7, we show the measured ground-state
population P(|g〉) for the filtered [Fig. 7(a)] and unfiltered
[Fig. 7(b)] configurations. By fitting the data with a dou-
ble Gaussian and extracting the relative magnitude of the

(a) (b)

FIG. 7. Thermal-state measurements of different filter configu-
rations. The thermal state projected onto the state discrimination
axis: (a) filtered configuration; (b) unfiltered configuration.
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peak heights, we extract effective qubit temperatures of
T = 28.9(5) mK and T = 245(25) mK for the filtered and
unfiltered case, respectively. In the following, we provide
an estimate for the qubit-bath coupling via the flux line.
The average thermal-bath photon number at a frequency ν
and temperature T is given by the Bose-Einstein statistic:

nth =
[

exp
(

�ω

kBT

)
− 1

]−1

. (D2)

We calculate the decay rate caused by baths i coupled to
the qubit with a coupling rate γi by [43]

γ (T) =
∑

i

γi[2nth,i(T)+ 1]. (D3)

By adding a filter on the line, we reduce the coupling
rate to the bath by the attenuation of that filter. Thus we
can extract the initial bath coupling rate γ0 by taking the
difference of the decay rates between the filtered (f) and
unfiltered (uf) cases:

(1/T1,LP − 1/T1,UF) = γ0(A − 1)(2nth + 1), (D4)

where A is the power attenuation factor of the filter at the
qubit frequency and γ = 1/T1. Using experimental values
stated in Sec. II, an attenuation factor A = 10−3.55 of the
filter at the qubit frequency, and a bath temperature of 3
K, we estimate a decay time into this channel of 1/γ0 =
3.6(5) ms. From this result, we can extract the mutual
inductance M between the qubit and the flux line. The
equation relating γeg and M can be derived from Fermi’s
golden rule, following [4,36]

γeg = ωeg

2π
RQR
|Z|2

M 2

L2 |〈g|ϕ̂|e〉|2
[

1 + coth
(

�ωeg

2kBT

)]
,

(D5)

where Z is the impedance of the flux line, L is the induc-
tance of the qubit, and RQ = h/(2e)2 is the superconduct-
ing resistance quantum. Using the qubit parameters from
Appendix A and solving Eq. (D5) for M , we obtain MExp =
3.1(2) pH in the limit of T = 0, which is close to the
design value of 3.2 pH simulated using the 3D-MLSI soft-
ware package [71]. Equivalently, using MDesign in Eq. (D5)
gives γ0 = 1/3.4 ms. We simulate the relevant matrix ele-
ments for our circuit using the ScQubits software package
[66,67].

APPENDIX E: NUMERICAL SIMULATIONS

To extract the position of subharmonic drive frequen-
cies ωd and their respective Rabi frequencies� at different
drive amplitudes �, we use a discretized approach for the
simulation of the time dynamics of our system. We start

with the Hamiltonian with an applied static flux bias of
0.5�0:

Ĥ(t) = 4ECn̂2 + EJ cos ϕ̂ + EL

2
[ϕ̂ − φ(t)]2. (E1)

We then diagonalize numerically for zero applied flux,
yielding the eigenstates |ψi〉, which we truncate to the
20 lowest-energy eigenstates to reduce computation time,
while maintaining very good numerical precision. We then
discretize the pulse shape

φ(tj ) = 2π
�

�0
E(tj ) cos(ωdtj ), (E2)

where E(t) is the pulse envelope and ωd is the drive fre-
quency. We use a time resolution of tj +1 − tj = 0.1 ns such
that the oscillation frequency of the drive is slow compared
to the time interval. The time evolution of the system is
simulated by iteratively applying the time-evolution oper-
ator. For each time slice tj , the state after discretized time
evolution is given by

|ψ(tj +1)〉 = exp

(
−i

Ĥ(tj +1)tj
�

)
|ψ(tj )〉, (E3)

with the initial condition |ψ(0)〉 = |g〉. After completion
of the time evolution at the pulse length tpulse, we extract
the excited-state population from the overlap 〈e|ψ(tpulse)〉.
We find the transitions corresponding to subharmonic pro-
cesses with an iterative optimization. For a fixed drive
amplitude, we perform an interleaved optimization of
the drive frequency and pulse time for applying an on-
resonance π rotation, optimizing one parameter while
keeping the other fixed.

g

e

f

FIG. 8. The simulated state overlap versus the pulse duration.
We simulate the time evolution of the fluxonium qubit driven at
ωd = 480 MHz with a drive amplitude of � = 5.25 m�0, while
varying the duration τ of the flat section of a flat-top Gaussian
pulse. The state populations of the computational states |g〉, |e〉,
and |f 〉 are shown as a function of τ . The inset illustrates the
relation between τ and the overall pulse shape. The total rise and
fall times of the pulse sum to 16 ns.
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To assess the coherent error of the subharmonic single-
qubit gate shown in Sec. V, we simulate the time evolution
atωd = 480 MHz, corresponding to a drive amplitude� =
5.25 m�0 for different pulse lengths, as shown in Fig. 8. At
the optimal pulse time for a π pulse, the fidelity is limited
by leakage into the |f 〉 state to 7.4 × 10−6, which is well
below the experimentally observed gate fidelity.

APPENDIX F: MODEL

In this appendix, we derive an analytical model describ-
ing the subharmonic driving of a fluxonium qubit at its
third subharmonic. Higher-order harmonics can be per-
formed analogously. The analytical expressions for fifth
subharmonics are used in Fig. 3, even though not explicitly
stated here.

A flux-driven fluxonium, biased at flux sweet spot
0.5�0, is described by the following Hamiltonian (� = 1)
[60]:

Ĥ(t) = 4ECn̂2 + EJ cos ϕ̂ + EL

2
[
ϕ̂ − φ(t)

]2 , (F1)

with parameter definitions the same as those for Eq. (3).
By expanding the square, we can remove a time-dependent
global energy shift from the system and find that the result-
ing drive part of the Hamiltonian is actually linear in
φ(t).

By diagonalizing the rest-frame Hamiltonian Ĥ0 =
Ĥ |φ=0 and utilizing the ladder operators, b̂ and b̂†, in the
energy basis of the fluxonium, i.e., b̂|n〉 = √

n|n − 1〉, the
system takes the form

Ĥ(t) = Ĥ0 − φ(t) ELϕ̂, (F2)

Ĥ0 = ωegb̂†b̂ + α

2
b̂†b̂†b̂b̂ + · · · , (F3)

where the qubit frequency isωeg and α is its anharmonicity.
The terms proportional to higher powers of b̂ are sup-
pressed for the moment and are subrelevant for the Rabi
oscillation.

The next step is to express the drive term linear in ϕ̂
in the same basis. For that, we realize that Ĥ0 in its for-
mulation, given in Eq. (F1), is symmetric in ϕ; hence
its eigenfunctions |m〉 need to be either symmetric or
asymmetric in ϕ. Therefore, the matrix elements 〈m|ϕ̂|m′〉
can only be nonvanishing if m − m′ is odd. Given that
in our application the matrix elements are sufficiently
small for m − m′ ≤ 3, the driven part of the Hamil-
tonian can be fully characterized by

∑m
n βn = EL〈m −

1|ϕ̂|m〉/√m. Without loss of generality, we can therefore
express

ELϕ̂ = β1(b̂ + b̂†)+ β2(b̂†b̂b̂ + b̂†b̂†b̂)+ · · · . (F4)
We note again that terms with powers of b̂ higher than
3 exist but are not relevant to accurately describe Rabi
oscillations.

We are interested in the effective dynamics of the model,
given by

Û(0, tpulse) = T exp
(

−i
∫ tpulse

0
dtĤ(t)

)
, (F5)

denoting the time-ordered exponential. To study the nth

subharmonic drive, it is useful to go into a frame that
rotates at n times the driving frequency, ωd. The frame
change is achieved by the unitary transformation R̂(t) =
exp(itnωdb̂†b̂). Further, to work with unitless quantities,
we rescale the rotating system by t 
→ τ = 2tωd and
Ĥ(t) 
→ ˆ̃H(τ ) := (R̂Ĥ(t)R̂† − R̂ ˙̂R†)/(2ωd). Here, we are
focusing on the third subharmonic and thus express the
Hamiltonian in a rescaled 3-photon frame as

ˆ̃H(τ ) = �

2ωd
b̂†b̂ + α

4ωd
b̂†b̂†b̂b̂ − φ̄

2ωd
E(t)

(
(eiτ + ei2τ )(β1b̂ + β2b̂†b̂b̂)+ h.c.

)
+ · · · , (F6)

where we denote the detuning between the qubit frequency
and the triple-drive frequency by � = ωeg − 3ωd and use
φ(t) = φ̄E(t) cos(ωdt), where E(t) is an envelope function
with unit amplitude.

Working in the dispersive regime, we assume the fol-
lowing quantities to be small:

�/(2ωd) � 1, α/(4ωd) � 1, βmφ̄/(2ωd) � 1.
(F7)

In the regime in which Eq. (F7) holds, one expects that the
time evolution can be well approximated by a power series

with respect to those small quantities, with a convergence
rate given by Eq. (F7). Hence, we denote ˆ̃H ≡ O(ω−1

d ).
We want to stress at this point that the device is not in
the low-frequency fluxonium regime and α/(4ωd) ∼ 0.5.
For heavy fluxonia α � ωd, the approximation by a power
series in Eq. (F7) no longer holds. It is possible to reformu-
late the equations to account for general α/ωd; however,
this requires a more careful investigation, which is beyond
the scope of this paper [54].

A well-known procedure to perturbatively obtain the
finite-time evolution operator from a time-dependent
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Hamiltonian is the Magnus expansion [50]. Further, for a
periodically driven system, the extended Floquet-Magnus
expansions can be used to obtain an effective Hamiltonian,
which is already implemented in time-modulated cold-
atom systems [72]. The aim of Floquet-Magnus expan-
sions is to move into a frame in which the Hamilto-
nian becomes independent of the fast-rotating contribu-
tions, i.e., we aim for a unitary transformation Û(τ ) =
exp(iK̂(τ )) such that

Ĥ eff = Û ˆ̃HÛ†−iÛ∂τ Û† (F8)

becomes independent of terms of the form exp(ikτ). Note
that the time dependence of the envelope function E(t)
remains, which can be assumed to be slow since the time
length of Ė(t) is negligible compared to the pulse time.
To eliminate rapidly oscillating terms, we generate K̂(τ )
iteratively by powers of Eq. (F7), i.e., we define

ˆ̃H =
∑

k

eikτ Ĥ k, Ĥ k ≡ O(ω−1
d ),

Ĥ eff =
∑

n

Ĥ (n)
eff , Ĥ (n)

eff ≡ O(ω−n
d ),

K̂(τ ) =
∑

n

K̂ (n), K̂ (n) =
∑
k �=0

eikτ K̂ (n)
k ,

Ĥ (n)
k ≡ O(ω−n

d ).

(F9)

Expanding Eq. (F8) in powers of 1/ωd, we obtain the
defining equation for Ĥ (n)

eff and K̂ (n)
k . At first order, it reads

Ĥ (1)
eff = ˆ̃H(τ )− ∂τ K̂ (1) (F10)

and by defining K̂ (n) such that it collects all τ depen-
dency inside it, the Hamiltonian becomes effectively time
independent,

Ĥ (1)
eff = Ĥ 0, K̂ (1)

k = Ĥ k

ik
. (F11)

One proceeds similarly for higher orders:

Ĥ (2)
eff = [iK̂ (1), ˆ̃H ] − 1

2
[iK̂ (1), ∂τ K̂ (1)] − ∂τ K̂ (2)

⇔ Ĥ (2)
eff =

∑
k �=0

[Ĥ k, Ĥ−k]
2k

,

K̂ (2)
k = [Ĥ k, Ĥ 0]

ik2 +
∑
k′ �=0

[Ĥ k′ , Ĥ k−k′]
2ik′k

,

(F12)

Ĥ (3)
eff = [iK̂ (2)(τ ), ˆ̃H(τ )] + 1

2
[iK̂ (1)(τ ), [iK̂ (1)(τ ), ˆ̃H (τ )]]

− 1
2

[iK̂ (2)(τ ), ∂τ K̂ (1)(τ )] − 1
2

[iK̂ (1)(τ ), ∂τ K̂ (2)(τ )]

− 1
6

[iK̂ (1)(τ ), [iK̂ (1)(τ ), ∂τ K̂ (1)(τ )]] − ∂τ K̂ (3)(τ )

⇔Ĥ (3)
eff =

∑
k �=0

[[Ĥ k, Ĥ 0], Ĥ−k]
2k2

+
∑

k,k′ �=0
k−k′ �=0

[[Ĥ k′ , Ĥ k−k′], Ĥ−k]
4k

(
1
k′ + 1

3(k′ − k)

)

· · · (F13)

Note, that we omit the definition of K̂ (3) as it is not relevant
in order to obtain the effective Hamiltonian at third order.

It can be shown that K̂ (n) always depends on the enve-
lope function, such that exp(iK̂(τ = 0)) = exp(iK̂(τ =
2ωdtpulse)) = 1 for an envelope function that vanishes at
the beginning and the end of the pulse, e.g., a flat-top
Gaussian. Therefore, the effective Hamiltonian captures
the dynamics of the full gate.

Explicitly for the 3-photon process described by ˜̂H in
Eq. (F6), we obtain the effective Hamiltonian

Ĥ (1)
eff,3 = �b̂†b̂ + α

2
b̂†b̂†b̂b̂, (F14)

Ĥ (2)
eff,3 = −3β2(2β1 + β2)

8ωd
E2φ̄2b̂†b̂, (F15)

Ĥ (3)
eff,3 = 5(α(β1 + β2)

2 + β2(2β1 + β2)�)

32ω2
d

E2φ̄2b̂†b̂ + β1β2(2β1 + β2)

32ω2
d

E3φ̄3(b̂†+b̂), (F16)

Ĥ (4)
eff,3 = −21β2

2 (7β
2
1 + 10β1β2 + 4β2

2 )

512ω3
d

E4φ̄4b̂†b̂ − 9(α(β1 + β2)
2(α + 2�)+ β2(2β1 + β2)�

2)

128ω3
d

E2φ̄2b̂†b̂

+ β1(6α(β1 + β2)
2 + 13β2(2β1 + β2)�)

768ω3
d

E3φ̄3(b̂†+b̂), (F17)
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Ĥ (5)
eff,3 = αβ2(313β1 + 527β2)(β1 + β2)

2

2048ω4
d

E4φ̄4b̂†b̂ + 107β2
2 (7β

2
1 + 10β1β2 + 4β2

2 )�

2048ω4
d

E4φ̄4b̂†b̂

+ 17(α(β1 + β2)
2(α2 + 3α�+ 3�2)+ β2(2β1 + β2)�

3)

512ω4
d

E2φ̄2b̂†b̂

+
(
β1(29β2(2β1 + β2)�

2 + 6α(β1 + β2)
2(α + 3�))

3072ω4
d

E3φ̄3 + β1β
2
2 (29β2

1 + 38β1β2 + 14β2
2 )

1024ω4
d

E5φ̄5
)
(b̂†+b̂).

(F18)

Computing the effective Hamiltonian up to the fifth order
provides a good match with the experimental data of the
device. If one were to delve deeper into the fluxonium
regime, i.e., increasing the ratios in Eq. (F7) of the relevant
quantities versus ωeg, higher orders of the power series
would be necessary. On the other hand, high-frequency
devices (such as transmon qubits) are found to have very
low ratios and will, in general, require much lower orders

to be captured accurately (e.g., enabling tools such as the
rotating-wave approximation).

Next to �b̂†b̂ in Eq. (F14), we see that the higher
orders of the effective Hamiltonian also contain diagonal
terms. The collection of those additional terms propor-
tional to b̂†b̂ in Eqs. (F15)–(F18) is called the subharmonic
drive-induced Stark shift:

δ3 = −3β2(2β1 + β2)

8ωd
E2φ̄2+ 5(α(β1+β2)

2+β2(2β1+β2)�)

32ω2
d

E2φ̄2− 9(α(β1+β2)
2(α+2�)+β2(2β1+β2)�

2)

128ω3
d

E2φ̄2

+ 17(α(β1 + β2)
2(α2 + 3α�+ 3�2)+ β2(2β1 + β2)�

3)

512ω4
d

E2φ̄2 − 21β2
2 (7β

2
1 + 10β1β2 + 4β2

2 )

512ω3
d

E4φ̄4

+ (αβ2(313β1 + 527β2)(β1 + β2)
2 + 107β2

2 (7β
2
1 − 10β1β2 + 4β2

2 )�)

2048ω4
d

E4φ̄4. (F19)

To avoid detuned Rabi oscillations, the effective Hamilto-
nian should not contain any contributions proportional to
b̂†b̂. This results in the resonance condition �+ δ3(�) =
0 for subharmonic driving to fix � and by that ωd.

For the present parameters, we realize that the large
anharmonicity α suppresses leakage into the second
excited state and therefore we truncate the effective model
to a two-level system. Finally, the time evolution is well
described by the zeroth-order contribution of the Magnus

expansion [50,73]:

Û(0, tpulse) = exp
(

−i
∫ tpulse

0
dtĤ eff,3(t)

)

= exp(−itpulse�3σ̂x), (F20)

with the effective Rabi rate

�3 = 1
tpulse

∫ tpulse

0
dt E(t)3

(
−β1(6α(β1 + β2)

2)

768ω3
d

+ β1(6α(β1 + β2)
2(α + 3�))

3072ω4
d

)
φ̄3

+ 1
tpulse

∫ tpulse

0
dt E(t)3

(
β1β2(2β1 + β2)

32ω2
d

− 13β1β2(2β1 + β2)�

768ω3
d

+ 29β1β2(2β1 + β2)�
2

3072ω4
d

)
φ̄3

+ 1
tpulse

∫ tpulse

0
dt E(t)5

β1β
2
2 (29β2

1 + 38β1β2 + 14β2
2 )

1024ω4
d

φ̄5. (F21)
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From the structure of the commutators in Eq. (F13) which
contribute to the Rabi rate, it becomes obvious that only
odd powers of φ can contribute, with the lowest power
possible being φn for an n-photon drive. Higher powers
in drive amplitude exist as well, �n ∼ c1φ̄

n + c2φ̄
n+2 +

. . . ; however, the convergence of the power series in the
experimental-parameter regime results in less dominant
prefactors for larger powers in φ. In total, the Rabi fre-
quency scales polynomially with the drive power, which
matches the experimental data of Fig. 3.

APPENDIX G: TUNE-UP

To tune up the subharmonic gates, we track the qubit
frequency with a local oscillator set at a fraction of the
qubit frequency ωeg/n, where n is the photon number of
the subharmonic used for driving. Translating between the
X and Y drives therefore requires changing the pulse phase
by π/2n, as opposed to π/2 for on-resonance driving. As
the qubit frequency is shifted upward during driving (see
Fig. 2), a phase shift between the qubit rotating frame and
the local oscillator of the arbitrary waveform generator

(AWG) arises, which is described by

�ϕ = 1
n

∫ tpulse

0
�ωeg(t)dt, (G1)

for a pulse length tpulse. Here, the shift in qubit frequency
�ωeg(t) includes the varying pulse amplitude over time,
i.e., it includes ring-up and ring-down of the pulse. The
prefactor 1/n in Eq. (G1) copes with setting the local oscil-
lator of the AWG at ωeg/n to ensure a consistent phase
relation between the local oscillator and the rotating frame
of the qubit. We correct for the total phase shift in Eq. (G1)
acquired during a subharmonic gate by shifting the phase
of consecutive pulses by �ϕ, which is equivalent to a
virtual-Z rotation.

Each pulse parameter is calibrated using a two-step
tune-up procedure, comprising a rough calibration pass
[see Figs. 9(a)–9(d)] and a fine calibration pass [see
Figs. 9(e)–9(h)]. We denote gates gate applied to the qubit
by Ri(θ), with the rotation angle θ induced around a given
axis i ∈ {x, y, z}. First, the pulse length is calibrated with a
Rabi experiment while sweeping the pulse time, followed

(a) (b) (c) (d)

(e) (f) (g) (h)

FIG. 9. The tune-up routine for single-qubit gates. The pulse is first (a)–(d) rough calibrated and subsequently (e)–(h) fine calibrated
using error-amplification sequences, using different pulse sequences and subsequent measurement of the excited-state population.
The pulse duration and detuning from ωeg/n are calibrated with a Rabi experiment, changing the (a) time and (b) frequency of the
drive pulse. (c) The qubit frequency is calibrated using a Ramsey experiment. (d) Calibration of the added pulse phase is performed
separately for π and π/2 gates, also using a Ramsey-type experiment with an additional virtual-Z rotation before the second π/2 gate.
(e)–(h) The error-amplification sequences shown are for (e) the pulse amplitude, (f) the frequency, )g) the π/2-pulse phase, and (h) the
π -pulse phase.
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by a frequency calibration with a Rabi experiment, sweep-
ing the pulse frequency instead. To increase the precision
of the calibration, both steps are repeated multiple times
until ωd converges. These two steps are used to obtain
the data shown in Figs. 2(d) and 3(b). Subsequently, the
qubit frequency ωeg while idling is calibrated using a Ram-
sey pulse sequence. To correct the additional phase added
by the π and π/2 pulses, it is calibrated separately using
a Ramsey-type sequence. Starting with the π/2 pulse, a
Ramsey sequence with zero wait time and a virtual-Z rota-
tion with a variable phase ϕ before the second pulse is used
for the calibration. Finding the qubit in its excited state
P(|e〉) = 1 determines the correct value of the compensa-
tion phase ϕ. To calibrate the π pulse, an Ry(π) rotation is
inserted into the Ramsey sequence, making it sensitive to
the added phase of the π pulse. In this configuration, the
sequence is insensitive to the amplitude of the π pulse and
the virtual-Z gate again compensates the added phase cor-
rectly P(|e〉) = 1. Following the rough calibration, error-
amplification sequences are performed to iteratively fine
tune each pulse parameter. Each sequence keeps the qubit
at an excited-state population of 0.5 for a perfectly cali-
brated pulse. Deviating from the optimal pulse parameter
causes the excited-state population to oscillate, where the
oscillation frequency indicates the magnitude of the error
and the oscillation phase indicates the sign of the error.
First, an Rx(π/2) pulse, followed by N sequences of Rx(π)

or 2N sequences of Rx(π/2) pulses for π and π/2 pulses,
respectively [74], amplifies the over- and under-rotation
error, which is corrected by optimizing the pulse length.
Note that the AWG has a sampling time of ts = 0.5 ns,
necessitating a pulse duration of multiples of ts and setting
an upper bound on the precision of the gate. This limitation
is circumvented by allowing the duration of the pulse shape
to change independently of the sampling rate and filling the
remaining time to the next sample with a zero-amplitude
pulse, greatly increasing the pulse flexibility. Next, the fre-
quency of the pulse is fine tuned using a phase-sensitive
error-amplification sequence consisting of N consecutive
Rx(π) and Rx(−π) rotation pairs [55]. After frequency
calibration, the fine time-calibration steps are repeated.
Finally, the phase of the π/2 and π pulse is calibrated with
a sequence amplifying the error of the virtual-Z rotation
[74]. In the sequence for the π pulse, the qubit is first pre-
pared on the equator of the Bloch sphere using a Rx(π/2)
rotation, followed by a R(π) rotation perpendicular to the
prepared state, followed by another Rx(π/2) rotation. This
sequence is repeated for Ry rotations and in total repeated
N times. Note that sequence shown in Figs. 9(f), used for
calibrating the pulse frequency, is sensitive to changes in
the phase shift of the virtual-Z gate. Therefore, the calibra-
tion routine must be executed in the exact order presented
to avoid circular dependencies. In total, starting from an
uncalibrated pulse, the tune-up process is completed within
10 min.

FIG. 10. The frequency shifts δ and Rabi frequencies � for
the nth subharmonics: the Rabi frequencies as a function of
drive-induced frequency shifts, as obtained from the theoreti-
cal model, numerical simulations, and experimental data. The
expected dependence of �(δ) (solid lines) from theory shows
good agreement with the third subharmonic. The measurement
errors are within the symbol size.

APPENDIX H: DRIVE-AMPLITUDE DISTORTION

Due to the long signal path from the room-
temperature control electronics into the dilution cryostat,
the microwave signals are attenuated and distorted, mak-
ing it challenging to determine the exact drive power
at the qubit. This distortion is given by the frequency-
dependent transfer function of the signal line as a direct
cause of impedance mismatches and the skin effect in the
cables [51]. However, we find that for a subharmonic n,
the drive-induced frequency shift δ and therefore the on-
resonance drive frequency ωd = (1/n)(ωeg + δn) are direct
measures of the applied drive power. In Fig. 10, we com-
pare experimentally obtained Rabi frequencies versus the
drive-induced frequency shift for different subharmonics
with numerical simulations and theoretical predictions.
Both the simulations and our model agree well with the
experiments, strengthening our conclusion in Sec. IV that
the transfer of the signal is the primary cause for devia-
tions between theory and experiment. We also note that
in comparing simulated versus measured frequency shifts
as a function of the applied power, one can extract the
frequency-domain transfer function of the flux line at the
qubit.
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