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Product formula (PF), which approximates the time evolution under a many-body Hamiltonian by the
product of local time-evolution operators, is one of the central approaches for simulating quantum
dynamics by quantum computers. It has been of great interest whether the errors of PFs can be expressed
by commutators among local terms, since it brings the substantial suppression of the computational cost in
the system size reflecting the locality of Hamiltonians. Although recent studies have revealed such error
bounds for generic time-independent systems, it remains to be a difficult problem for time-dependent
Hamiltonians except for low-order PFs. In this paper, we derive an error bound of generic PFs for smooth
time-dependent Hamiltonians, which is expressed explicitly by nested commutators and their time
derivatives. It indicates the substantial error suppression in the system size for generic local Hamiltonians,
thereby giving a much better estimate of gate counts. Our derivation employs Floquet theory originally
developed for time-periodic systems, with which we analyze the time-dependent PF errors by mapping
them to those for time-independent PFs defined on an infinite-dimensional space. This approach is also
applicable to a family of time-dependent PFs, such as the one for non-unitary dynamics. In particular,
we clarify the error bound of a time-dependent multi-product formula, with which we can achieve
exponentially better scaling with respect to the target accuracy than the PF. Our results will shed light on
applications of near-term and future quantum computers, ranging from quantum simulation of non-
equilibrium materials to faster algorithms exploiting time-dependent Hamiltonians such as adiabatic state
preparation.

DOI: 10.1103/ywv1-7fhf

I. INTRODUCTION

Simulating time evolution of quantum many-body
systems, called Hamiltonian simulation, is one of the
most promising tasks of quantum computers with the
essential quantum speedup. Owing to its broad application
to physics and chemistry, various quantum algorithms
such as Trotterization [1] and quantum singular-value

transformation (QSVT) [2–4] have been vigorously devel-
oped. Trotterization has been one of the central approaches
for a long time, which constructs an approximate time-
evolution operator under a HamiltonianH ¼Pγ Hγ by the
product of those under simple Hamiltonians fHγg based
on the product formulas (PFs) [1]. It guarantees accuracy
and also provides a simple construction of quantum
circuits by local quantum gates without using any ancilla
qubits, making it being a promising approach both for
near-term and long-term quantum computers.
The error of the PFs from the exact time-evolution

operator is the most significant issue that determines the
computational cost of Hamiltonian simulation. For time-
independent Hamiltonians, there have been much develop-
ment in understanding the error bounds of the PFs for
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generic orders. Firstly, the pth order PF has been proven to
have an error bound OðPγ kHγktÞpþ1, which is called the
1-norm scaling [5–7]. However, there exists a better bound
having so-called the commutator scaling, which states that
the coefficient of the pth order PF error Oðtpþ1Þ is
proportional to the summation of ðpþ 1Þ-fold commuta-
tors among fHγg. The commutator scaling plays a sig-
nificant role in reducing the cost of Hamiltonian
simulation by PFs since it can substantially suppress the
error with respect to the system size reflecting the locality
of Hamiltonians. It has been well known for the low-order
PFs from the context of Lie algebra [8], and a series of
studies have revealed it also for higher-orders [9,10].
Importantly, Ref. [11] has derived the error bound of
generic time-independent PFs explicitly expressed by
nested commutators among the terms fHγg, which is
applicable to various local Hamiltonians having finite-
or long-ranged interactions. This reveals that the time-
independent PFs has better cost with respect to system size
than the post-Trotter algorithms like QSVT for generic
local Hamiltonians [12–15].
On the other hand, it is contrasting for time-dependent

Hamiltonians. Error bounds of low-order time-dependent
PF errors have been well understood [12,16–20]. However,
it remains to be a difficult problem whether generic time-
dependent PFs have an error bound expressed by nested
commutators such that it can bring the substantial reduc-
tion of the cost. Ref. [21] shows an error bound for generic
order PFs corresponding to the 1-norm scaling. Although it
can be applied to generic smooth local Hamiltonians, the
scalings of the error and the resulting cost with respect to
size are larger than those of the commutator scaling.
Reference [10] shows an generic error bound involving
commutators, but the reduction in size can be obtained
only for Hamiltonians with finite-range interactions.
In this paper, we derive an error bound of generic time-

dependent PFs composed of nested commutators and time
derivatives and prove that it brings substantial reduction
of their cost in size for generic local Hamiltonians. We
consider two types of time-dependent PFs, called the
standard and generalized PFs [16,22] for generic orders.
To deal with their error bound, we introduce Floquet
theory [23,24], with which we can map the time evolution
under time-dependent Hamiltonians to the one under a
time-independent Hamiltonians on an infinite-dimensional
space. We reveal that the errors of the time-dependent PFs
can be expressed by those of time-independent PFs. This
allows us to make use of the theory of time-independent
PF errors. Using Floquet theory in the inverse direction
with carefully dealing with the infinite-dimensionality, we
obtain the error bounds of generic time-dependent PFs
explicitly expressed by commutators and time derivatives.
Remarkably, our error bound shows substantial reduction
in the system size for generic local Hamiltonians with

finite-, short-, and long-range interactions reflecting the
locality. The scalings of the error bound and the resulting
cost are substantially smaller than the known 1-norm
scaling [21], and as small as the best results for generic
time-independent PFs derived by their commutator-scaling
errors [11]. Our results positively establish that time-
dependent PFs can simulate generic local time-dependent
Hamiltonians more efficiently than the post-Trotter algo-
rithms with respect to system size, owing to the locality of
Hamiltonians.
Our formalism based on Floquet theory also applies to

various families of time-dependent PFs, such as the time-
dependent multi-product formula (MPF) and the time-
dependent PF for non-unitary dynamics. In particular,
MPF is a promising approach that can exponentially
improve the gate counts with respect to the allowable
error ε [25,26]. While the commutator scaling of MPF
error has recently been proven for time-independent
Hamiltonians [27–29], that for time-dependent ones has
been an open problem [30]. Our approach reveals the error
bounds of the time-dependent MPFs composed of nested
commutators and time derivatives, which can experience
the reduction with respect to size reflecting the locality. We
prove that the time-dependent MPFs are simultaneously
efficient in system size and accuracy with their error
bounds. Our results will contribute to various tasks of
quantum computation. Simulation of nonequilibrium
materials is a typical example. In addition, it will have
a potential impact on simulating time-independent sys-
tems. For instance, time-dependent Hamiltonian simula-
tion plays a central role in the realization of eigenstates via
adiabatic state preparation [31–33] and the simulation
of quantum dynamics based on the interaction picture
[34–36]. Our results will shed light on the application of
near-term and future fault-tolerant quantum computers
toward simulation of quantum physics and chemistry.
The rest of this paper is organized as follows. In Sec. II,

we briefly review time-independent PFs and their com-
mutator-scaling errors. We also provide the construction of
time-dependent PFs. In Sec. III, we summarize our main
results on the time-dependent PF errors and the substantial
improvement of the cost. Its derivation ranges from
Sec. IV to Sec. V. In Sec. VI, we derive the gate count
estimates for generic local Hamiltonians, in which we
confirm the efficiency brought by the commutator scaling
for time-dependent cases. Section VII extends our result to
time-independent MPFs. We conclude our paper in
Sec. VIII. We provide Appendixes that include known
results for completeness and detailed proofs of our results.

II. PRELIMINARY

In this section, we introduce some notations used in this
paper (Sec. II A) and briefly review the errors of the time-
independent and time-dependent PFs (Secs. II B and II C).
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A. Notation

(i) Norm: kAk for an operator A denotes its operator
norm. kc⃗k1 for a vector c⃗ ¼ ðc1; c2;…Þ represents
its 1-norm

P
j jcjj.

(ii) Product of operators: For a series of operators
U1; U2;…; UK, we define their product with
arrows by

YK
k¼1

Uk ¼ UK � � �U1;
Y1
k¼K

Uk ¼ U1 � � �UK:

(1)

(iii) Tuple of indices: An index vγ denotes a pair of
indices ðv; γÞ. When v and γ are respectively chosen
from f1; 2;…; Vg and f1; 2;…;Γg, we align the
indices in the order, 11; 12;…; 1Γ; 21; 22;…; VΓ.
The notation vγ ≺ v0γ0 means that vγ precedes v0γ0
in this order, and the symbols ⪯;≻;⪰ are defined
similarly. The index vðγ þ 1Þ in the case of γ ¼
Γþ 1means ðvþ 1Þ1. The index vðγ − 1Þ for γ ¼ 1
means ðv − 1ÞΓ as well.

(iv) Commutators: For operators A and B, we use ½A; B�
or adAB to represent their commutator AB − BA.
We also note that eadAB ¼P∞

n¼0
1
n! ðadAÞnB ¼

eABe−A holds if ðadAÞnB is bounded for each n∈N.
(v) Derivative: For a time-dependent operator AðtÞ, its

derivative AðpÞðtÞ means dp
dtp AðtÞ.

(vi) Time evolution: For a time-dependent Hamiltonian
HðtÞ, its time-evolution operator from t0 to tþ t0 is

Uðtþ t0; t0Þ ¼ T exp
�
−i
Z

tþt0

t0

dt0Hðt0Þ
�
: (2)

The symbol T denotes a time-ordered product.
(vii) Landau symbol: The symbols O·, oð·Þ, and Ωð·Þ

denote the Landau symbols defined by

O
�
fðxÞ

�
¼
�
gðxÞj lim

x→0 or∞

���� gðxÞfðxÞ
���� < ∞

�
; (3)

oðfðxÞÞ ¼
�
gðxÞj lim

x→0 or∞

���� gðxÞfðxÞ
���� ¼ 0

�
; (4)

ΩðfðxÞÞ ¼
�
gðxÞj lim

x→0 or∞

���� fðxÞgðxÞ
���� < ∞

�
: (5)

The symbols Õð·Þ, õð·Þ, and Ω̃ð·Þ allow poly-
logarithmic corrections in the variables.

B. Time-independent product formula

We briefly review the PFs for time-independent systems
and their errors following the commutator scaling.

Consider a time-independent Hamiltonian H given by

H ¼
XΓ
γ¼1

Hγ: (6)

The partition γ is determined so that the time-evolution
operators fe−iHγτg are easily implemented by local quan-
tum gates for any τ. The aim of the PF is to approximate
e−iHt under sufficiently small time t by the product of
fe−iHγτg. To be precise, the pth-order PF is defined by

TðtÞ ¼
YVp

v¼1

YΓ
γ¼1

e−iHπvðγÞαvγt; (7)

satisfying the order condition TðtÞ ¼ e−iHt þOðtpþ1Þ
in t → 0. The symbol πv denotes the permutation of
the indices f1; 2;…;Γg depending on the stage v∈
f1; 2;…; Vpg. The number of stages Vp is an Oð1Þ
constant under p∈Oð1Þ, while it is usually large expo-
nentially in p.
The most famous example is so-called Lie-Suzuki-

Trotter formula [22]. The first- and second-order formulas
are given by

T1ðtÞ ¼
YΓ
γ¼1

e−iHγt; T2ðtÞ ¼ T1ð−t=2Þ†T1ðt=2Þ: (8)

Higher-order formulas T2qðtÞ for q∈N are obtained by
the recursive relation,

T2qðtÞ ¼ T2q−2ðaqtÞ2T2q−2ðbqtÞ†T2q−2ðaqtÞ2: (9)

The positive factors aq and bq are respectively defined
by aq ¼ ð4 − 41=ð2q−1ÞÞ−1 and bq ¼ 4aq − 1. We have
Vp ¼ 1 (for p ¼ 1) and Vp ¼ 2 · 5q−1 (for p ¼ 2q). The
permutation πv is designated by

πvðγÞ ¼
�

γ ðv∶ oddÞ;
Γþ 1 − γ ðv∶ evenÞ: (10)

Throughout this work, TðtÞ without a subscript repre-
sents an arbitrary time-independent PF. On the other hand,
TpðtÞ having a subscript p denotes the pth-order Lie-
Suzuki-Trotter formula.
The error of the PF, ke−iHt − TðtÞk, is of great interest

since it determines the gate counts for Hamiltonian
simulation. The prototypical form of the PF error is so-
called the 1-norm scaling [5–7], expressed by

ke−iHt − TðtÞk∈O
�X

γ

kHγkt
�

pþ1

: (11)

However, this formula overestimates the error since it
becomes nonzero even when fHγg mutually commutes.
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There exists a better bound resolving such a problem,
given by

ke−iHt − TðtÞk∈O
�
αcom;ptpþ1

�
: (12)

It is called commutator scaling since the factor αcom;p is
given by

αcom;p ¼
XΓ

γ0;…;γp¼1

k½Hγp ; ½Hγp−1 ; � � � ; ½Hγ1 ; Hγ0 ���k: (13)

While this better bound has been well known for
low-order cases over the past decades [8], the one for
generic time-independent formulas has been proven
recently [9–11]. The form like Eq. (13) is important in
that it brings substantial reduction in size N reflect the
locality of Hamiltonians. Indeed, the quantity αcom;p is
bounded by

αcom;p ≤ p!ð2kgÞpNg (14)

for generic k-local Hamiltonians, where g denotes the
energy scale per site (See Sec. VI A for the exact
definitions of k and g). This gives a much better error
bound on the PFs than the known 1-norm scaling, whose
coefficient amounts to OðNgÞpþ1.
When considering large evolution time t, the query

complexity r in the PF is determined so that the desirable
error ε∈ ð0; 1Þ can be achieved by

ke−iHt − fTðt=rÞgrk ≤ ε: (15)

The number r is called the Trotter number. The
improved N-scaling brought by the commutator-scaling
error in the form of Eq. (12) results in the better complexity
r. In particular, the error scaling like Eq. (14) has proven
that the time-independent PFs can have better cost in size
N than the post-Trotter algorithms like LCU and QSVT for
various local Hamiltonians [12–15].

C. Time-dependent product formula

In this section, we introduce time-dependent PFs. Let
us consider a time-dependent Hamiltonian HðtÞ, decom-
posed by

HðtÞ ¼
XΓ
γ¼1

HγðtÞ; (16)

and construct the approximation of the time-evolution
operator Uðtþ t0; t0Þ. We set t0 ¼ 0 without loss of
generality since we can reproduce the results for t0 ≠ 0
by shifting the time by t0. In contrast to time-independent
systems, there are various candidates for time-dependent

PFs, originating from the existence of the time-ordered
product. Throughout this paper, we focus on the following
two formulations.
Standard PFs. The standard PF is composed of time-

evolution operators under instantaneous Hamiltonians as

S̄ðt; 0Þ ¼
YVp

v¼1

YΓ
γ¼1

e−iHπvðγÞðβvγtÞαvγt; (17)

where the coefficients αvγ; βvγ ∈R are determined by
the order condition S̄ðt; 0Þ ¼ Uðt; 0Þ þOðtpþ1Þ [22].
Each time evolution under the instantaneous
Hamiltonian HπvðγÞðβvγtÞ is implemented by local gates
as well as time-independent cases. As the simplest con-
struction, the Lie-Suzuki-Trotter formulas are given by

S̄1ðt; 0Þ ¼
YΓ
γ¼1

e−iHγð0Þt; S̄2ðt; 0Þ ¼ S̄1ðt=2; tÞ†S̄1ðt=2; 0Þ:

(18)

The higher-order formulas are obtained by the recursive
relation,

S̄2qðt; 0Þ ¼ S̄2q−2ðt; t − aqtÞS̄2q−2ðt − aqt; t − 2aqtÞ
× S̄2q−2ð2aqt; t − 2aqtÞ†
× S̄2q−2ð2aqt; aqtÞS̄2q−2ðaqt; 0Þ; (19)

with aq ¼ ½4 − 41=ð2q−1Þ�−1. The error bound of the stan-
dard PFs has been vigorously investigated in the past
decade, while the one for low orders is well-established
[22,37]. For generic orders p∈N, it is shown to have the
error bound,

kUðt; 0Þ − S̄ðt; 0Þk∈O
�n

max
τ∈ ½0;t�

½α1-norm;pðτÞ�t
o
pþ1
�
;

(20)

α1-norm;pðτÞ ¼
X
γ

max
q¼0;…;p

�				 dqdτq
HγðτÞ

				 1
qþ1

�
; (21)

which is a counterpart of the 1-norm scaling by Eq. (11)
[21]. Another study [10] has revealed the error bound
expressed by nested commutators. While it can provide
size-efficient cost for generic local Hamiltonians with
finite-range interactions, it includes matrix exponentials
which are difficult to be evaluated for Hamiltonians with
long-range interactions.
Generalized PFs. The other time-dependent PF is

called the generalized PF, which is organized by the
time-evolution operators,
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Uγðtþ t0; t0Þ ¼ T exp
�
−i
Z

tþt0

t0

dt0Hγðt0Þ
�
: (22)

The pth-order generalized PF Sðt; 0Þ is defined by

Sðt; 0Þ ¼
YVp

v¼1

YΓ
γ¼1

UπvðγÞðβvγtþ αvγt; βvγtÞ (23)

satisfying the order condition, Sðt; 0Þ ¼ Uðt; 0Þ þOðtpþ1Þ
[16]. The factors fαvγ; βvγg are not necessarily the same as
those for the standard PF in Eq. (17). The time-ordered
integral in each time evolution Uγðt; 0Þ can be efficiently
computed by classical computers since each HγðtÞ is
composed of mutually commuting terms. As a result, with
using the Solovay-Kitaev algorithm [38,39], the general-
ized PF Sðt; 0Þ can be implemented by local gates as
simply as the standard PF S̄ðt; 0Þ. The Lie-Suzuki-Trotter
formulas in this case are given by

S1ðt; 0Þ ¼
YΓ
γ¼1

Uγðt; 0Þ; S2ðt; 0Þ ¼ S1ðt=2; tÞ†S1ðt=2; 0Þ;

(24)

for the orders p ¼ 1; 2, and the higher-orders are obtained
recursively in the same way as Eq. (19). The error bound of
the generalized PFs is investigated only for low orders. For
instance, the first-order Lie-Suzuki-Trotter formula
S1ðt; 0Þ has the commutator-scaling error in the form of

kUðt; 0Þ − S1ðt; 0Þk ≤
Z

t

0

dt2

Z
t2

0

dt1k½H1ðt1Þ; H2ðt2Þ�k;
(25)

for a Hamiltonian HðtÞ ¼ H1ðtÞ þH2ðtÞ.
Throughout this paper, we make several assumptions on

the coefficients fαvγ; βvγg, which do not essentially lose
the generality. First, we assume that the relations

jαvγj ≤ 1;
XVp

v¼1

X
γ0∶ πvðγ0Þ¼γ

αvγ0 ¼ 1 (26)

are satisfied for every γ ¼ 1; 2;…;Γ. The former one
comes from that each evolution time jαvγjt is smaller than
t. The latter one means that the total evolution time under
Hγð·Þ is t for every γ. In addition, we assume�

0 ≤ βvγ ≤ 1 for S̄ðt; 0Þ
0 ≤ βvγ; βvγ þ αvγ ≤ 1 for Sðt; 0Þ ; (27)

which means a natural expectation that the time evolution
Uðt; 0Þ can be reproduced by the Hamiltonian HγðτÞ
during τ∈ ½0; t�. Finally, for making the calculation simple,

we assume

β11 ¼ 0 (28)

throughout this paper, which means that the approximation
begins with the origin of the time. Although β11 can be
nonzero in general, the results for β11 ≠ 0 are essentially
the same as those for β11 ¼ 0 (See Appendix B 2).
As a special case, we also define the PF with the uniform

coefficients as follows.
Definition 1. (PF with uniform coefficients) If a standard

or generalized PF has the coefficients fβvγg independent
of γ, i.e.,

βvγ ¼ βv ∈R; for v ¼ 1;…; Vp; (29)

it has uniform coefficients.
Since each γ equally contributes the Hamiltonian, many

of the existing PFs such as the Lie-Suzuki-Trotter formula
and the Forest-Ruth-Suzuki formula [40,41] satisfy the
uniformity. Like time-independent cases, S̄ðt; 0Þ and
Sðt; 0Þ denote arbitrary standard and generalized PFs
satisfying the order condition. On the other hand,
S̄pðt; 0Þ and Spðt; 0Þ mean those with the uniform coef-
ficients, while we often focus on the Lie-Suzuki-Trotter
formulas as their particular examples without loss of
generality.
It is an important but unresolved problem whether they

have an error bound expressed by nested commutators,
which is applicable to generic orders q and generic local
Hamiltonians. It plays a central role for determining
whether PFs can simulate time-dependent systems with
the cost favorable in the system size like the time-
independent cases [10].

D. Floquet theory

We briefly review Floquet theory and pick up some
relation which are frequently used in the proof. Floquet
theory is developed for analyzing time-periodic
Hamiltonians whose form is given by a Fourier series,

HðtÞ ¼
X
m∈Z

Hme−imωt; Hm ¼ 1

T

Z
T

0

dtHðtÞeiωt:

(30)

The quantities ω and T ¼ 2π=ω denote the frequency
and the period respectively. Each Fourier coefficient Hm

satisfies H†
m ¼ H−m due to the hermiticity HðtÞ† ¼ HðtÞ.

We assume kHmk∈oðjmj−1Þ for the absolute and uniform
convergence of the Fourier series, which is naturally
satisfied by the smoothness of HðtÞ (See Appendix A).
In Floquet theory, we consider an infinite-dimensional

space (Floquet-Hilbert space), defined by
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HFH ¼ l2ðZÞ ⊗ H; (31)

where l2ðZÞ denotes a square-summable space over Z. A
Floquet Hamiltonian HF is an operator acting on HFH,
which is defined by

HF ¼
X
l∈Z

�X
m

jlþmihlj ⊗ Hm − lωjlihlj ⊗ I
�
: (32)

The ancilla system jli contains the Fourier index
l∈Z. The Floquet Hamiltonian HF is hermitian due to
H†

m ¼ H−m, originating from the hermiticity of HðtÞ. It is
often separated into two terms as HF ¼ HAdd −HLP with

HAdd ¼
X
m

Addm ⊗ Hm; Addm ¼
X
l∈Z

jlþmihlj;

(33)

and the linear-potential term,

HLP ¼
X
l∈Z

lωjlihlj ⊗ I: (34)

Floquet theory dictates that the time evolution under the
time-periodic Hamiltonian HðtÞ can be expressed by the
one under the time-independent operator HF as

Uðtþ t0; t0Þ ¼
X
l∈Z

e−ilωðtþt0Þhlje−iHFtj0i; (35)

which is absolutely and uniformly convergent under
kHmk∈ oðjmj−1Þ [42,43]. Instead of discarding the diffi-
culty by time dependence,HF is an unbounded operator on
the infinite-dimensional system.
We introduce the translation symmetry in Floquet

theory, which will be frequently used in the proof. We
can immediately check the invariance under the shift of the
Fourier index,

hlþ l0jHAddjl0i ¼ hljHAddj0i; (36)

hlþ l0jHLPjl0i ¼ hljHLPj0i þ l0ω; (37)

for any l; l0 ∈Z from their definitions, Eqs. (33) and (34).
We also have the relation,

hlþ l0je−iHFtjl0i ¼ eil
0ωthlje−iHFtj0i; (38)

for any l; l0 ∈Z and any time t∈R. It can be confirmed in
the following way [43]. We use the interaction picture in
HLP and the Dyson series expansion, the operator e−iHFt is
given by

e−iHFt ¼ eiH
LPt
X∞
n¼0

ð−iÞn
Z

t

0

dtn � � �
Z

t2

0

dt1

×
Yn
n0¼1

ðe−iHLPtn0HAddeiH
LPtn0


: (39)

Since the matrix element of the interaction-picture
Hamiltonian hlþ l0je−iHLPtn0HAddeiH

LPtn0 jl0i is invariant
under the shift by l0 due to Eqs. (36) and (37), we obtain
Eq. (38).

III. SUMMARY OF RESULTS

A. Setup

We first specify the setup in this section. The central
assumption is that the time-dependent HamiltonianHðtÞ ¼P

γ HγðtÞ, defined on a finite-dimensional Hilbert space
H, smoothly varies in time. To be concrete, when we are
interested in a pth order PF during the time interval ½0; t�,
we assume that each HγðτÞ is of class Cpþ2 in τ∈ ½0; t�.
Therefore, our results are applicable to broad types of time
dependence as well as some previous studies [10,21].
When each HamiltonianHγðtÞ is smooth, we can embed

it into a time-periodic Hamiltonian. Namely, there are
series of time-periodic Hamiltonians fHex

γ ðtÞg satisfying
the following conditions (See Appendix A).

(i) Periodicity: There exists a γ-independent period T,
larger than the time of interest t, such that Hex

γ ðτÞ ¼
Hex

γ ðτ þ TÞ for any τ∈R. Each Hex
γ is expressed by

a Fourier series,

Hex
γ ðτÞ ¼

X
m∈Z

Hex
γme−imωτ; ω≡ 2π

T
; (40)

where the Fourier coefficient Hex
γm satisfies

kHex
γmk∈O

�jmj−p−2
: (41)

(ii) Coincidence: Each Hex
γ ðτÞ is equivalent to HγðτÞ in

the interval ½0; t� by

HexðqÞ
γ ðτÞ ¼ HðqÞ

γ ðτÞ; for τ∈ ½0; t�; (42)

for each q ¼ 0; 1;…; pþ 2.
The smoothness of HðtÞ appears as the decay of Hex

γm by
Eq. (41), which is required for the absolute and uniform

convergence of the Fourier series of HexðqÞ
γ ðτÞ for every

q ¼ 0; 1;…; p. This embedding enables us to employ the
theory for analyzing time-periodic Hamiltonians, called
Floquet theory [24], in order to obtain the error bound of
the time-dependent PFs as we will discuss below.
While we will use the time-periodic Hamiltonian

HexðτÞ ¼Pγ H
ex
γ ðτÞ during the derivation, the resulting

error bound includes the information only in the interval
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½0; t�, which is equivalent to that for the original
Hamiltonian HðtÞ. Therefore, without loss of generality,
we omit the superscript “ex” and deal with a generic
smooth Hamiltonian HðtÞ as if each HγðtÞ is a time-
periodic Hamiltonian satisfying

HγðtÞ ¼
X
m∈Z

Hγme−imωt; kHγmk∈O
�jmj−p−2
 (43)

with some period T ¼ 2π=ω. We note the Fourier series for
its time derivatives,

HðqÞ
γ ðtÞ ¼

X
m∈Z

ð−imωÞqHγme−imωt; (44)

is absolutely and uniformly convergent for any finite t up
to q ¼ p. We use the notations for Floquet theory in
Sec. II A.

B. Error bound and improved cost

We summarize the central results of this paper, i.e., the
error bound for time-dependent PFs explicitly organized
by commutators among fHγðtÞg and their time derivatives,
and the improved cost reflecting the locality based on it.
We begin with the derivation of the time-dependent PF

error. The central strategy is to employ Floquet theory
developed for time-periodic Hamiltonians. The proof is
divided into three steps. First, we find a mapping of the
time-dependent PF error to a time-independent one.
Floquet theory states that the time evolution Uðt; 0Þ can be
expressed simply by the one under the time-independent

Hamiltonian HF [See Eq. (35)]. We find that a similar
relation holds for the time-dependent PF errors in general.
For instance, we prove that the error of the standard PF
S̄ðt; 0Þ is expressed by

Uðt; 0Þ − S̄ðt; 0Þ ¼
X
l∈Z

e−ilωthlj½e−iHFt − T̄FðtÞ�j0i; (45)

where T̄FðtÞ is a time-independent PF for e−iHFt defined on
the infinite-dimensional space HFH. The same goes also
for the generalized PF Sðt; 0Þ. As the second step, we
employ the theory of the time-independent PF errors [11]
for the mapped error like e−iHFt − T̄FðtÞ. We note that this
does not immediately give a meaningful bound due to the
summation over l∈Z in Eq. (45) and the unboundedness
of HF. In the last step, we reduce the time-independent
PF error on the infinite-dimensional space to the time-
dependent PF error by carefully taking this summation. We
obtain the following error bounds as a first main result.
Theorem 2. (Main results, informal) The pth-order

standard and generalized PFs S̄ðt; 0Þ and Sðt; 0Þ have
the following error bounds,

kUðt; 0Þ − S̄ðt; 0Þk∈O
�
max
τ∈ ½0;t�

ᾱcom;pðτÞ · tpþ1
�
; (46)

kUðt; 0Þ − Sðt; 0Þk∈O
�
max
τ∈ ½0;t�

αcom;pðτÞ · tpþ1
�
; (47)

where the factors ᾱcom;pðτÞ and αcom;pðτÞ are defined by

ᾱcom;pðτÞ ¼
XΓ
γ0¼1

XΓþ1

γ1;…;γp¼1

				
"Yp
q¼1

D̄γqðτÞ
#
Hγ0ðτÞ

				; D̄γðτÞ ¼
�
adHγðτÞ ðγ ¼ 1;…;ΓÞ
Γ d

dτ ðγ ¼ Γþ 1Þ ; (48)

αcom;pðτÞ ¼
XΓ
γ0¼1

XΓþ1

γ1;…;γp¼1

				
"Yp
q¼1

DγqðτÞ
#
Hγ0ðτÞ

				; DγðτÞ ¼
�
adHγðτÞ þ i d

dτ ðγ ¼ 1;…;ΓÞ
Γ d

dτ ðγ ¼ Γþ 1Þ : (49)

These error bounds are composed of nested commuta-
tors among fHγðtÞg and their time derivatives, while the
latter one is inherent in time-dependent cases. The advan-
tage of our result is that they have many vanishing terms in
the nested commutators when the Hamiltonian has the
locality of interactions. Indeed, we show that our error
bounds achieve much better scaling in the system size N
for generic time-dependent local Hamiltonians than the
previous one with the 1-norm scaling [21].
A better error bound of a quantum algorithm implies

better complexity of running it with a target accuracy. We
prove the improved cost of the time-dependent PFs based
on the above error bounds as the second part of our main

results, which is summarized in Table I. Our result
achieves better scaling in the system size N than the
known results by the 1-norm scaling error [21]. We also
note that it can be applied to generic local time-dependent
Hamiltonians with finite-, short-, and long-ranged inter-
actions in contrast to Ref. [10], which is valid only for
finite-range interactions. Furthermore, they can reproduce
the best known results for the time-independent PFs
obtained by the commutator-scaling errors [11].
Finally, we also emphasize that our approach based on

Floquet theory applies to a family of various time-
dependent PFs. The one for non-hermitian time-dependent
Hamiltonians is the simplest example (See Appendix D).
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In particular, the time-dependent multi-product formula
(MPF), which uses a linear combination of time-dependent
PFs, is a promising extension, with which we can expo-
nentially improve the scaling in the desirable accuracy
[26,28,29]. As one of the main results, we derive the error
bounds of the time-dependent MPFs which can reflect the
locality of the Hamiltonian via nested commutators, and we
prove the improved cost based on them as shown in Table I.
The time-dependent MPFs achieve the good N-scaling as
small as the PFs and also achieve the good scaling in t and ε
like the post-Trotter algorithms such as LCU and QSVT.

IV. RELATIONSHIP BETWEEN TIME-
INDEPENDENT AND TIME-DEPENDENT

PRODUCT FORMULAS

In this section, we map the time-dependent PFs into the
time-independent one in the infinite-dimensional Floquet-
Hilbert space.

A. PF in Floquet-Hilbert space

We begin by defining the time-independent PF in the
Floquet-Hilbert space which can reproduce the time-depen-
dent PF. As introduced in Sec. III, the time evolution under
HðtÞ can be organized by the Floquet HamiltonianHF [See
Eq. (35)]. We note that, for smoothly varying Hamiltonians

HðtÞ discussed in Sec. III A, the infinite series forUðt; t0Þ in
Eq. (35) is uniformly and absolutely convergent [43].
We similarly construct a Floquet Hamiltonian HF

γ for
each term HγðtÞ by
HF

γ ¼ HAdd
γ −HLP; HAdd

γ ¼
X
m

Addm ⊗ Hγm; (50)

and then, the time evolution under HγðtÞ is expressed by

Uγðtþ t0; t0Þ ¼
X
l∈Z

e−ilωðtþt0Þhlje−iHF
γ tj0i: (51)

We define two kinds of time-independent PFs for HF,
which correspond to the standard and generalized PFs,
respectively.
Definition 3. (PFs for Floquet Hamiltonian) We define

time-independent PFs T̄FðtÞ and TFðtÞ, acting on the
Floquet-Hilbert space HFH, respectively by

T̄FðtÞ ¼
YVp

v¼1

YΓ
γ¼1

�
eiH

LPðβvðγþ1Þ−βvγÞte−iH
Add
πvðγÞαvγt

�
; (52)

TFðtÞ ¼
YVp

v¼1

YΓ
γ¼1

�
eiH

LPðβvðγþ1Þ−βvγ−αvγÞte−iH
F
πvðγÞαvγt

�
; (53)

where we set βvðΓþ1Þ ¼ βðvþ1Þ1 and βVpðΓþ1Þ ¼ 1.

TABLE I. Number ofOð1Þ-local quantum gates for Hamiltonian simulation with the system sizeN, the evolution time t, and the error
tolerance ε. The extensiveness g defined by Eq. (135) satisfies g∈Oð1Þ for finite-range interactions or Eq. (136) for long-range
interactions. The quantity f represents the local scale of time-dependency by Eq. (137), which can be anOð1Þ constant for a broad class
of local Hamiltonians in practice. The number of partitions in PFs, Γ, depends on the range of interactions as discussed in Sec. VI C.
The notation Õð·Þ contains polylogarithmic corrections with respect to N, t, or 1=ε. See Definition 1 for the definition of uniform PFs.

Algorithm (error type) Finite-/Short-ranged Hamiltonians Long-ranged Hamiltonians Ancilla qubits

Standard PF, uniform
(1-norm, Ref. [21]) O

�
N2t
h
ðgþfÞpgt

ε

i1
p

�
O
�
Nkþ1t

h
ðgþfÞpgt

ε

i1
p

�
0

Standard PF
(commutator, Ref. [10]) O

�
Nt
h
ðgþfÞpgNt

ε

i1
p

�
� � � 0

Standard PF
& generalized PF

(commutator, this work)

O
�
Nt
h
ðgþfÞpgNt

ε

i1
p

�
O
�
Nkt
h
ðgþΓfÞpgNt

ε

i1
p

�
0

Standard PF, uniform
(commutator, this work) O

�
Nt
h
ðgþfÞpgNt

ε

i1
p

�
O
�
Nkt
h
ðgþfÞpgNt

ε

i1
p

�
0

Standard MPF, uniform
(1-norm, Ref. [30])

Õ
�
N2t½ðgþ fÞpg� 1

pþ1

�
Õ
�
Nkþ1t½ðgþ fÞpg� 1

pþ1

�
O
�
log log NðgþfÞt

ε

�
Standard MPF & generalized MPF

(commutator, this work) Õ
�
Ntf½ðgþ fÞpgN� 1

pþ1 þ fg
�

Õ
�
Nktf½ðgþ ΓfÞpgN� 1

pþ1 þ Γfg
�

O
�
log log NðgþΓfÞt

ε

�
Standard MPF, uniform
(commutator, this work) Õ

�
Ntf½ðgþ fÞpgN� 1

pþ1 þ fg
�

Õ
�
Nktf½ðgþ fÞpgN� 1

pþ1 þ fg
�

O
�
log log NðgþfÞt

ε

�
LCU [34,44] O

�
N2gt logðNgt=εÞ

log logðNgt=εÞ
�

O
�
Nkþ1gt logðNgt=εÞ

log logðNgt=εÞ
�

O
�
logðNgt=εÞ

�
QSVT [43,45] O

�
N½Ngtþ ft logðft=εÞ�

�
O
�
Nk½Ngtþ ft logðft=εÞ�

�
O
�
logðNgt=εÞ

�
HHKL [46,47] ÕðNgtÞ Õ

�
NgtðNgt=εÞ 2d

ν−d
�

(Only for ν > 2d)

O
�
log logðNgt=εÞÞ

�
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We show that the time-independent PFs T̄FðtÞ and TFðtÞ
are related to the time-dependent PFs as follows.
Theorem 4. (Bridging PFs for original and Floquet

Hamiltonians) The standard and generalized PFs S̄ðt; t0Þ
and Sðt; t0Þ by Eqs. (17) and (23) are related to the time-
independent PFs, Eqs. (52) and (53), by absolutely con-
vergent series

S̄ðt; 0Þ ¼
X
l∈Z

e−ilωthljT̄FðtÞj0i; (54)

Sðt; 0Þ ¼
X
l∈Z

e−ilωthljTFðtÞj0i; (55)

when the coefficients fαvγ; βvγg satisfy Eqs. (26)–(27).
Proof. We focus on the standard PF. We begin with

showing that the time-evolution operator e−iHγðβtÞαt for real
α; β is expressed by

e−iHγðβtÞαt ¼
X
l∈Z

e−ilωβthlje−iHAdd
γ αtj0i: (56)

We note that the right-hand side is absolutely and
uniformly convergent, which immediately follows from

khlje−iHAdd
γ αtj0ik∈ oðjlj−1Þ by Lemma A4, which is shown

in Appendix A. Regarding αt and βt as independent
variables and fixing βt, we obtain

d
dðαtÞAðtÞ

X
l∈Z

e−ilωβthlje−iHAdd
γ αtj0i

¼ −iX
l∈Z

e−ilωβthljHAdd
γ e−iHAdd

γ αtj0i

¼ −i X
l;m∈Z

Hγme−ifðl−mÞþmgωβthl −mje−iHAdd
γ αtj0i

¼ −iHγðβtÞ
X
l∈Z

e−ilωβthlje−iHAdd
γ αtj0i; (57)

in which the exchange of the summation and the differ-
entiation is allowed by the uniform convergence.
The second equality comes from Eq. (50). In the last
equality, we use the Fourier series Eq. (43) and its
absolute convergence, which leads to

P
l;m∈Z ¼P

m∈Z
P

l−m∈Z. We arrive at Eq. (56) by solving the
differential equation Eq. (57). Using the translation sym-
metry of HAdd

γ by Eq. (36), we obtain

S̄ðt; 0Þ ¼
YVp

v¼1

YΓ
γ¼1

 X
lvγ ∈Z

e−ilvγωβvγt
* X

v0γ0⪯vγ
lv0γ0
����e−iHAdd

πvðγÞαvγt
���� X
v0γ0≺vγ

lv0γ0

+!

¼
YVp

v¼1

YΓ
γ¼1

 X
lvγ ∈Z

* X
v0γ0⪯vγ

lv0γ0
����e−iHLPβvγte−iH

Add
πvðγÞαvγteiH

LPβvγt

���� X
v0γ0≺vγ

lv0γ0

+!

¼
X
l∈Z

�
l

����e−iHLPβVpðΓþ1Þt
YVp

v¼1

YΓ
γ¼1

�
eiH

LPðβvðγþ1Þ−βvγÞte−iH
Add
πvðγÞαvγt

�
eiH

LPβ11t

����0


; (58)

where we used the completeness
P

l∈Z jlihlj ¼ I in the
last equality. We note that this calculation is validated by
the absolute convergence of the infinite series, Eq. (56),
which allows us to change the way of taking the summa-
tion over flv0 ∈Zg. This completes the proof of Eq. (54) by
the definition of T̄FðtÞ, Eq. (52). We note that the absolute
convergence of Eq. (52) immediately follows from that
of (56) and the above derivation.
The proof of Eq. (55) is parallel to the above calculation.

We substitute the expression of Uγðt; 0Þ by Eq. (51), and
then we use the translation symmetry of e−iHFt by Eq. (38).
We arrive at Eq. (55) as the expression of the generalized
PF Sðt; 0Þ. ▪
Theorem 4 shows a simple relation between time-

independent and time-dependent PFs. Instead of
discarding the time dependence, the PFs acquire infinite
dimensionality as well as the exact time evolution,
Eq. (35). Consequently, the errors of the time-dependent

PFs can be attributed to those of the time-independent PFs
e−iHFt − T̄FðtÞ or e−iHFt − TFðtÞ like Eq. (45). This is the
origin of the time-dependent PF errors composed of nested
commutators and time derivatives, inheriting the commu-
tator scaling in time-independent PFs. However, we
emphasize that whether such formulation can provide a
meaningful bound on the time-dependent PF errors is
nontrivial at the present stage due to the infinite-dimen-
sionality. The Hamiltonians HF

γ and HLP are both
unbounded, and we have to show the convergence of
the summation over l∈Z. The explicit computation of
Eq. (45) in Sec. V is essential for concluding the improved
error bound composed of nested commutators and time
derivatives.
We remark several points before finishing this

section. First, in order to satisfy the order condition
S̄ðt;0Þ¼Uðt;0ÞþOðtpþ1Þ or Sðt;0Þ¼Uðt;0ÞþOðtpþ1Þ,
we will demand that T̄FðtÞ or TFðtÞ become pth-order
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time-independent PFs for e−iHFt. The difference between
the standard and generalized PFs lies in the way of the
decomposition of the Floquet Hamiltonian,

HF ¼
XΓ
γ¼1

HAdd
γ −HLP (59)

¼
XΓ
γ¼1

HF
γ þ ðΓ − 1ÞHLP: (60)

The decomposition by the first line corresponds to the
standard PF, which employs the time-evolution operators
under HAdd

γ and HLP in T̄FðtÞ. Similarly, the one by the
second line corresponds to the generalized PF. These
decompositions will be used for determining the proper
coefficients fαvγ; βvγg.
We also note that the assumption β11 ¼ 0 affects the

construction of the operators T̄FðtÞ and TFðtÞ via this order
condition. Equations (52) and (53) cannot provide a pth-
order time-independent PF for e−iHFt under β11 ¼ 0. When
we have β11 ≠ 0, the operator T̄FðtÞ is replaced by

YVp

v¼1

YΓ
γ¼1

�
eiH

LPðβvðγþ1Þ−βvγÞte−iH
Add
πvðγÞαvγt

�
eiH

LPβ11t (61)

and so does the operator TFðtÞ similarly. The calculation in
the following sections is a little bit modified, while the
scalings of the error bounds and the computational cost do
not essentially alter. See Appendix B 2 for the detailed
discussion.
Finally, we provide the translation symmetry of the

time-independent PFs T̄FðtÞ and TFðtÞ like Eq. (38), which
will be necessary for the calculation in the next section.
Lemma 5. (Translation symmetry of PFs) The time-

independent PFs T̄FðtÞ and TFðtÞ by Definition 3 satisfy
the translation symmetry,

hljT̄FðtÞjl0i ¼ eil
00ωthl − l00jT̄FðtÞjl0 − l00i; (62)

hljTFðtÞjl0i ¼ eil
00ωthl − l00jTFðtÞjl0 − l00i; (63)

for every l; l0; l00 ∈Z.
Proof. Suppose that operators AF and BF, acting on the

Floquet-Hilbert space HFH, satisfy the symmetry,

hljAFjl0i ¼ eil
00ahl − l00jAFjl0 − l00i; (64)

hljBFjl0i ¼ eil
00bhl − l00jBFjl0 − l00i; (65)

for every l; l0; l00 ∈Z with certain values a; b∈C. Then,
we have

hljAFBFjl0i ¼
X
l000 ∈Z

hljAFjl000ihl000jBFjl0i

¼
X
l000 ∈Z

eil
00ðaþbÞhl − l00jAFjl000 − l00i

× hl000 − l00jBFjl0 − l00i
¼ eil

00ðaþbÞhl − l00jAFBFjl0 − l00i: (66)

We repeat this relation based on the symmetry of HAdd
γ

and HLP by Eqs. (36) and (37) for the standard PF T̄FðtÞ,
which results in

hljT̄FðtÞjl0i ¼ eil
00ω
PVp

v¼1

P
Γ
γ¼1

ðβvðγþ1Þ−βvγÞt

× hl − l00jT̄FðtÞjl0 − l00i
¼ eil

00ωthl − l00jT̄FðtÞjl0 − l00i: (67)

We used β11 ¼ 0 and βVpðΓþ1Þ ¼ 1 in the last equality.
The symmetry for the generalized PF TFðtÞ is shown by
using that for e−iHFt by Eq. (38) in a similar manner. ▪
While the PFs T̄FðtÞ and TFðtÞ are constructed as

approximate formulas of e−iHFt, Lemma 5 implies that
the translation symmetry of e−iHFt is exactly inherited.
This relation will be used to obtain the error representation
of the time-dependent PF errors.

B. Example: Lie-Suzuki-Trotter formula

In this section, we consider the Lie-Suzuki-Trotter
formulas as a concrete example, and we show that those
for time-dependent systems are completely expressed by
those for time-independent cases via Theorem 4. We begin
with the first-order formulas S̄1ðt; 0Þ and Sðt; 0Þ, in which
we have V1 ¼ 1, αvγ ¼ 1, and βvγ ¼ 0. The corresponding
time-independent PFs based on Definition 3 are given by

T̄FðtÞ ¼ eiH
LPt
YΓ
γ¼1

e−iHAdd
γ t; (68)

TFðtÞ ¼ e−iHF
Γ t
YΓ
γ¼1

ðe−iHLPte−iHF
γ tÞ: (69)

The former one is just the first-order Lie-Suzuki-Trotter
formula with the decomposition, HF ¼ HAdd

1 þ � � � þ
HAdd

Γ −HLP. The latter one comes from the decomposi-
tion, HF ¼ HF

1 þHLP þHF
2 þ � � � þHLP þHF

Γ . These
relations hold for generic orders p, which is described
by the following theorem.
Theorem 6. We define the time-independent PF T̄F

pðtÞ
by Eq. (68) for p ¼ 1, T̄F

2 ðtÞ ¼ T̄F
1 ð−t=2Þ†T̄F

1 ðt=2Þ for
p ¼ 2, and
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TF
2qðtÞ ¼ ½TF

2q−2ðaqtÞ�2TF
2q−2ðbqtÞ†½TF

2q−2ðaqtÞ�2 (70)

for q∈Nþ 1. The pth-order Lie-Suzuki-Trotter formula
S̄pðt; 0Þ is expressed by

S̄pðt; 0Þ ¼
X
l∈Z

e−ilωthljT̄F
pðtÞj0i: (71)

We also have

Spðt; 0Þ ¼
X
l∈Z

e−ilωthljTF
pðtÞj0i; (72)

where TF
pðtÞ is constructed recursively beginning with

Eq. (69) in a similar manner.

Proof. We focus on the standard PF with the order
p ≥ 2. Based on the definition of S̄2ðt; 0Þ by Eqs. (17)
and (18), we have V2 ¼ 2, α1γ ¼ α2γ ¼ 1=2, β1γ ¼ 0, and
β2γ ¼ 1. The permutation πv is given by Eq. (10). The
time-independent PF defined by Eq. (52) is equal to

T̄FðtÞ ¼
 Y1

γ¼Γ
e−iHAdd

γ t=2

!
eiH

LPt

 YΓ
γ¼1

e−iHAdd
γ t=2

!

¼ T̄F
1 ð−t=2Þ†T̄F

1 ðt=2Þ: (73)

Thus, Theorem 4 implies the satisfaction of Eq. (71) for
p ¼ 2. Next, we assume Eq. (71) for p ¼ 2q − 2. The
recursive relation Eq. (70) implies

½r:h:s: of Eq: ð71Þ�
¼

X
l;l1;l2;l3;l4 ∈Z

e−ilωthljT̄F
2q−2ðaqtÞjl1ihl1jT̄F

2q−2ðaqtÞjl2ihl2jT̄F
2q−2ðbqtÞ†jl3ihl3jT̄F

2q−2ðaqtÞjl4ihl4jT̄F
2q−2ðaqtÞjl0i

¼
X

l;l1;l2;l3;l4 ∈Z

e−iðl−l1Þωthl − l1jT̄F
2q−2ðaqtÞj0ie−iðl1−l2Þωð1−aqÞthl1 − l2jT̄F

2q−2ðaqtÞj0i

× ðe−iðl3−l2Þωð1−2aqÞthl3 − l2jT̄F
2q−2ðbqtÞj0iÞ†e−iðl3−l4Þωð2aqÞthl3 − l4jT̄F

2q−2ðaqtÞj0ie−il4ωaqthl4jT̄F
2q−2ðaqtÞj0i

¼ S̄2q−2ðt; t − aqtÞS̄2q−2ðt − aqt; t − 2aqtÞS̄2q−2ð2aqt; t − 2aqtÞ†S̄2q−2ð2aqt; aqtÞS̄2q−2ðaqt; 0Þ; (74)

where we used the completeness in the first equality, and
translation symmetry by Lemma 5 in the second equality.
The definition of S̄2qðt; 0Þ by Eq. (19) completes the proof
of Eq. (71) by induction. The same discussion goes also for
the generalized PF. ▪
To summarize, Theorem 6 implies that the Lie-Suzuki-

Trotter formulas for time-dependent Hamiltonian are
completely translated into those for time-independent
Hamiltonians. The appearance of the different types of
the PFs, i.e., the standard PF S̄ðt; 0Þ and the generalized PF
Sðt; 0Þ, can be attributed to the ways of the decomposition
of HF.

V. ERROR BOUND OF TIME-DEPENDENT
PRODUCT FORMULAS

We derive the error bounds for the time-dependent PFs
consisting of commutators and time derivatives. As
shown in the previous section, the time-dependent PF
error can be translated into the time-independent one for
the Floquet Hamiltonian. We first clarify the error
representation by applying the technique for time-inde-
pendent systems [11] in Sec. VA. We have to be aware
that the time-independent counterpart is defined on the
infinite-dimensional Floquet-Hilbert space, and that this
does not immediately provide a meaningful error bound.
In Sec. V C, we explicitly compute the summation over
l∈Z and show a convergent error bound, which results in

a meaningful bound explicitly expressed by fHγðtÞg and
their time derivatives. Section V B is devoted to comput-
ing commutators appearing in the errors in Sec. V C,
which gives the origin of the errors expressed by the
nested commutators and their time derivatives.
Throughout this section, we concentrate on deriving
the error bound of the standard PF S̄ðt; 0Þ. While we
briefly discuss the results for the generalized PF Sðt; 0Þ,
we provide their detailed derivation in Appendix B.

A. Error representation

Section IV proves that the error of the time-dependent
PF can be translated into the one of the time-independent
counterpart by Eq. (45) defined on HFH. Next, we apply
the theory of PF errors for time-independent Hamiltonians
[11] to this. Focusing on the standard PF S̄ðt; 0Þ, we
assume that its counterpart T̄FðtÞ by Eq. (52) formally
gives a pth-order time-independent PF for e−iHFt. We
associateHAdd

γ and −HLP respectively withHγ andH0 of a
Hamiltonian H ¼PΓ

γ¼0 Hγ, and then it is equivalent to
consider the time-independent PF,

T̄ðtÞ ¼
YVp

v¼1

YΓ
γ¼1

ðe−iH0ðβvðγþ1Þ−βvγÞte−iHπvðγÞαvγtÞ; (75)
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satisfying the order condition T̄ðtÞ ¼ e−iHt þOðtpþ1Þ.
The error e−iHFt − T̄FðtÞ can be represented completely
in the same way as e−iHFt − T̄ðtÞ.
We introduce some useful notations before give the error

representation based on the above strategy. The time-
independent PF T̄FðtÞ by Eq. (52) can be rewritten as

T̄FðtÞ≡YVp

v¼1

Y2Γ
γ̃¼1

e−iH̃vγ̃ α̃vγ̃t; (76)

where H̃vγ̃ and α̃vγ̃ are respectively given by

ðH̃vγ̃; α̃vγ̃Þ ¼
� ðHAdd

πvðγÞ; αvγÞ ðγ̃ ¼ 2γ − 1Þ
ð−HLP; βvðγþ1Þ − βvγÞ ðγ̃ ¼ 2γÞ :

(77)

The coefficient α̃vγ̃ has an absolute value smaller than 1
owing to Eqs. (26)–(27). We also define the partial product

of T̄FðtÞ by

T̄F
≺vγ̃ðtÞ≡

Yvðγ̃−1Þ
v0 γ̃0¼11

e−iH̃v0 γ̃0 α̃v0 γ̃0 t: (78)

With these notations, we obtain the following error
representation.
Lemma 7. (Error representation) Suppose that the

coefficients fαvγ; βvγg are chosen so that the time-
independent PF T̄ðtÞ by Eq. (52) can satisfy the order
condition T̄ðtÞ ¼ e−iHt þOðtpþ1Þ for a Hamiltonian
H ¼PΓ

γ¼0Hγ. The difference e−iHFt − T̄FðtÞ is given by

e−iHFt − T̄FðtÞ ¼ −i
Z

t

0

dτe−iHFðt−τÞT̄FðτÞΔ̄FðτÞ; (79)

where the operator Δ̄FðτÞ is defined by

Δ̄FðτÞ ¼
XVp

v¼1

X2Γ
γ̃¼1

X
qvγ̃ ;���;qVp2Γ≥0∶
qvγ̃þ���þqVp2Γ¼p;

qvγ̃≠0

Z
τ

0

dτ1
ipðτ − τ1Þqvγ̃−1τp−qvγ̃

ðqvγ̃ − 1Þ!qvðγ̃þ1Þ! � � � qVp2Γ!
C1ðHFÞ

−XVp

v0¼1

X2Γ
γ̃0¼1

X
vγ̃⪯v0 γ̃0

α̃v0 γ̃0
X

qvγ̃ ;���;qv0 γ̃0≥0∶
qvγ̃þ���þqv0 γ̃0¼p;

qvγ̃≠0

Z
τ

0

dτ1
ipðτ − τ1Þqvγ̃−1τp−qvγ̃

ðqvγ̃ − 1Þ!qvðγ̃þ1Þ! � � � qv0 γ̃0!
C2ðH̃v0 γ̃0 Þ; (80)

C1ðHFÞ ¼ T̄F
≺vγ̃ðτÞ†eiH̃vγ̃ α̃vγ̃ τ1

" Yvγ̃
v00 γ̃00¼Vp2Γ

ðα̃v00 γ̃00adH̃v00 γ̃00
Þqv00 γ̃00HF

#
e−iH̃vγ̃ α̃vγ̃ τ1 T̄F

≺vγ̃ðτÞ; (81)

C2ðH̃v0 γ̃0 Þ ¼ T̄F
≺vγ̃ðτÞ†eiH̃vγ̃ α̃vγ̃ τ1

" Yvγ̃
v00 γ̃00¼v0 γ̃0

ðα̃v00 γ̃00adH̃v00 γ̃00
Þqv00 γ̃00 H̃v0 γ̃0

#
e−iH̃vγ̃ α̃vγ̃ τ1 T̄F

≺vγ̃ðτÞ: (82)

Proof. Since the representation Eq. (76) is essentially the same as Eq. (7), we can directly apply the approach for time-
independent cases (See Theorem 5 in Ref. [11]). We begin by noticing that the difference is represented by

e−iHFt − T̄FðtÞ ¼ −e−iHFt

Z
t

0

dτ
d
dτ

eiH
FτT̄FðτÞ: (83)

This implies that we have Eq. (79) with

Δ̄FðτÞ ¼ −iT̄FðτÞ†e−iHFτ d
dτ

eiH
FτT̄FðτÞ ¼ T̄FðτÞ†HFT̄FðτÞ −XVp

v0¼1

X2Γ
γ̃0¼1

α̃v0 γ̃0 T̄F
v0 γ̃0 ðτÞ†H̃v0 γ̃0 T̄F

v0 γ̃0 ðτÞ: (84)

In the above equation, both of the two terms have the form, YK
k¼1

eτadAk

!
B ¼ eAKτ � � � eA1τBe−A1τ � � � e−AKτ; (85)
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with some operators fAkg and B. We repeatedly use the Taylor’s theorem,

eτadAk B ¼
Xp−1
q¼0

ðτadAk
Þq

q!
Bþ

Z
τ

0

dτ1e
τ1adAk

ðτ1adAk
Þp

p!
B; (86)

for k ¼ 1;…; K so that the Taylor’s reminder can be Oτp. This results in the following formula, which is used for time-
independent PFs [11],

 YK
k¼1

eτadAk

!
B ¼

Xp−1
q¼0

Aqτ
q þ

XK
k¼1

X
q1þ���þqk¼p

qk≠0

Z
τ

0

dτ1
ðτ − τ1Þqk−1τp−qk

ðqk − 1Þ!qk−1! � � � q1!

 YK
k0¼kþ1

eτadHk0

!
eτ1adHk

 Yk
k0¼1

ðadHk0 Þqk0B
!
:

(87)

When we apply this formula to the first and the second
terms in Eq. (84), the first term of Eq. (87) vanishes due to
the order condition T̃ðtÞ ¼ e−iHFt þOðtpþ1Þ just like the
time-independent PF. The remaining second term of
Eq. (87) gives Eq. (80) as the form of Δ̄FðτÞ, which
completes the proof. ▪
In the case of the time-independent PFs, the counter-

parts of Eqs. (81) and (82) directly give the commutator-
scaling error in the form characterized by Eqs. (12) and
(13) [11]. We have a certain operator ΔðτÞ similar to
Eq. (80), such that

e−iHt − TðtÞ ¼ −i
Z

t

0

dτe−iHðt−τÞTðτÞΔðτÞ: (88)

This immediately implies the error bound,

ke−iHt − TðtÞk ≤
Z

t

0

dτkΔðτÞk; (89)

and the operator norm kΔðτÞk characterizes the error
bound. The representation of ΔðτÞ similar to Eq. (80)
indicates the scaling ΔðτÞ∈OðτpÞ and the commutator
scaling by the counterpart of Eqs. (81) and (82). As a
result, the time-independent PF error of Oðαcom;ptpþ1Þ is
obtained.
In time-dependent cases, Eqs. (81) and (82) are the

origins of the improved bound on the time-dependent PF
errors, but its evaluation is not so simple. The difficulty
mainly comes from the fact that the error e−iHFt − T̄FðtÞ is
defined on the infinite-dimensional space. Namely, we
have to consider the infinite summation over l∈Z to
reproduce the error in contrast to the time-independent
cases. We show the following theorem as the first step.
Theorem 8. The additive error of the time-dependent PF

error is expressed by

Uðt; 0Þ − S̄ðt; 0Þ

¼ −i
Z

t

0

dτUðt; τÞS̄ðτ; 0Þ
�X

l∈Z

hljΔ̄FðτÞj0i
�
; (90)

where the operator Δ̄FðτÞ is given by Eqs. (80)–(82).
Proof. Using the error representation by Eq. (79), the

error of interest is computed as follows;

Uðt; 0Þ − S̄ðt; 0Þ
¼ −iX

l∈Z

e−ilωt
Z

t

0

dτhlje−iHFðt−τÞT̄FðτÞΔ̄FðτÞj0i

¼ −i X
l;l1;l2 ∈Z

Z
t

0

dτe−ilωthlje−iHFðt−τÞjl1i

× hl1jT̄FðτÞjl2ihl2jΔ̄FðτÞj0i
¼ −i X

l;l1;l2 ∈Z

Z
t

0

dτe−iðl−l1Þωthl − l1je−iHFðt−τÞj0i

× e−iðl1−l2Þωτhl1 − l2jT̄FðτÞj0ihl2jΔ̄FðτÞj0i;
(91)

where we use the translation symmetry [Eq. (38)]
and Lemma 5] in the third equality. In the last line, we
employ the absolute convergence of the infinite seriesP

l∈Z e−ilωthlje−iHFðt−τÞj0i, Pl∈Z e−ilωτhljT̄FðτÞj0i, andP
l∈Z hljΔ̄FðτÞj0i. We have already mentioned that the

former two series absolutely converge to Uðt; τÞ and
S̄ðτ; 0Þ in Eqs. (35) and (54) respectively, coming from
the smoothness of HðtÞ The absolute convergence of the
last one

P
l∈Z hljΔ̄FðτÞj0i is confirmed also by the

smoothness, as discussed in Appendix A 2. We obtain
Eq. (90). ▪
As a consequence, the operator norm of the PF error is

bounded by
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kUðt; 0Þ − S̄ðt; 0Þk ≤
Z

t

0

dτk
X
l∈Z

hljΔ̄FðτÞj0ik (92)

for time-dependent cases instead of Eq. (89), and this
difference brings the difficulty of dealing with time
dependence. While each matrix element of ΔFðτÞ amounts
to OðτpÞ and has a coefficient consisting of nested
commutators, it is nontrivial whether these properties
are maintained after infinite summation over l∈Z. We
also note that the time-dependent PF error is an infinite
series composed of the nested commutators among fHAdd

γ g
and HLP via Eqs. (81) and (82). It should be examined
whether it provides a meaningful bounded value since the
latter one is unbounded, and it is also of importance how it
is related to nested commutators among fHγðtÞg. To solve
these problems, we have to compute the explicit form
of
P

l∈Z hljΔ̄FðτÞj0i.

B. Commutators in the Floquet-Hilbert space

The next step for the explicit error bound is to
compute the operator

P
l∈Z hljΔ̄FðτÞj0i in detail. In

this section, we calculate nested commutators defined
on the infinite-dimensional Floquet-Hilbert space,
which appear in Δ̄FðτÞ. After that, we show that they
are converted to the nested commutators among fHγðtÞg
and their time derivatives when we take the summation
over l∈Z.
Let us consider the following term appearing in

Eqs. (81) and (82),

Yvγ̃
v00 γ̃00¼v0 γ̃0

ðα̃v00 γ̃00adH̃v00 γ̃00
Þqv00 γ̃00 H̃; (93)

for vγ̃ ⪯ v0γ̃0, where H̃ is chosen from either fHAdd
γ g or

−HLP. Since each H̃v00 γ̃00 is chosen from the same set by
Eq. (77), it is the nested commutator among fHAdd

γ gγ or
−HLP. We show that it can be related to nested commu-
tators among fHγðtÞg and their time derivatives as follows.
Lemma 9. We define an operation D̄vγ̃ðtÞ by

D̄vγ̃ðtÞ ¼
� adHπvðγÞðtÞ ðγ̃ ¼ 2γ − 1Þ
i d
dt ðγ̃ ¼ 2γÞ ; (94)

for γ ¼ 1;…;Γ. We also use ðfðtÞÞm to represent the
Fourier coefficient of a time-dependent function fðtÞ,
given by

ðfðtÞÞm ¼ 1

T

Z
t

0

dt0fðt0Þeimωt0 : (95)

The commutators with H̃vγ̃ are given by

adH̃vγ̃
HAdd

γ0 ¼
X
m∈Z

Addm ⊗ ðD̄vγ̃ðtÞHγ0 ðtÞÞm; (96)

adH̃vγ̃
HLP¼

8<
:
P
m∈Z

Addm⊗
�
i
d
dt
HπvðγÞðtÞ

�
m

ðγ̃¼2γ−1Þ
0 ðotherwiseÞ

;

(97)

for γ ¼ 1;…;Γ.
Proof. We first consider Eq. (96). For an odd integer

γ̃ ¼ 2γ − 1, we have

adH̃vγ̃
HAdd

γ0 ¼ ½HAdd
πvðγÞ; H

Add
γ0 �

¼
X

m;m0 ∈Z

Addmþm0 ⊗ ½HπvðγÞm;Hγ0m0 �

¼
X
m

Addm ⊗
X
m0

½HπvðγÞðm−m0Þ; Hγ0m0 �:

¼
X
m

Addm ⊗ ðadHπvðγÞðtÞHγ0 ðtÞÞm: (98)

The last equality is based on the fact that the
Fourier coefficient of the commutator ½HγðtÞ; Hγ0 ðtÞ� is
expressed by

ð½HγðtÞ; Hγ0 ðtÞ�Þm ¼ 1

T

Z
T

0

½HγðtÞ; Hγ0 ðtÞ�eimωtdt

¼
X
m0

½Hγðm−m0Þ; Hγ0m0 �: (99)

For an even integer γ̃ ¼ 2γ, we have

adH̃vγ̃
HAdd

γ0 ¼ ½−HLP; HAdd
γ0 �

¼ −X
m

X
l∈Z

lω½jlihlj;Addm� ⊗ Hγ0m

¼
X
m

Addm ⊗ ðmωHγ0mÞ

¼
X
m

Addm ⊗
�
i
d
dt
Hγ0 ðtÞ

�
m
: (100)

This completes the proof of Eq. (96). It is easy to
confirm Eq. (97). We have adH̃vγ̃

HLP ¼ −adHLPHAdd
πvðγÞ for

odd γ̃ ¼ 2γ − 1, which is similar to Eq. (100). It is trivially
0 for even γ̃ due to H̃vγ̃ ¼ −HLP. ▪
This lemma indicates that the commutator with HAdd

γ in
the Floquet-Hilbert space is replaced by the one with
HγðtÞ, defined on the original space. The commutator with
HLP is converted to the time derivative. We next consider
the expression of Eq. (93). Lemma 9 states that the
application of adH̃vγ̃

to HAdd
γ ¼Pm Addm ⊗ ðHγðtÞÞm

merely transforms its Fourier coefficient ðHγðtÞÞm.
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Thus, we can use this lemma again when further applying
adH̃vγ̃

. Equation (80) for H̃ ¼ HAdd
γ is expressed by

Yvγ̃
v00 γ̃00¼v0 γ̃0

ðα̃v00 γ̃00adH̃v00 γ̃00
Þqv00 γ̃00HAdd

γ

¼
X
m∈Z

Addm ⊗
�
Cfqg;γ
vγ̃;v0 γ̃0 ðtÞ

�
m
; (101)

Cfqg;γ
vγ̃;v0 γ̃0 ðtÞ ¼

Yvγ̃
v00 γ̃00¼v0 γ̃0

ðα̃v00 γ̃00D̄v00 γ̃00 ðtÞÞqv00 γ̃00HγðtÞ: (102)

In the case of H̃ ¼ −HLP, let us define the maximal
nontrivial index by

ðvM; γ̃MÞ ¼ max ½ðv00; γ̃00Þ s:t: qv00 γ̃00 ≠ 0�: (103)

Using Eq. (97), we arrive at

Yvγ̃
v00 γ̃00¼v0 γ̃0

ðα̃v00 γ̃00adH̃v00 γ̃00
Þqv00 γ̃00 ð−HLPÞ

¼
X
m∈Z

Addm ⊗
�
Cfqg;LP
vγ̃;v0 γ̃0 ðtÞ

�
m
;

(104)

where the operator Cfqg;LP
vγ̃;v0 γ̃0 ðtÞ is defined by

Cfqg;LP
vγ̃;v0 γ̃0 ðtÞ ¼

Yvγ̃
v00 γ̃00¼vMðγ̃Mþ1Þ

ðα̃v00 γ̃00D̄v00 γ̃00 ðtÞÞqv00 γ̃00

× ðα̃vM γ̃MD̄vM γ̃MðtÞÞqvM γ̃M
−1
�
−i d

dt
HγMðtÞ

�
(105)

for an odd integer γ̃M ¼ 2γM − 1 and Cfqg;LP
vγ̃;v0 γ̃0 ðtÞ ¼ 0 for an

even integer γ̃M ¼ 2γM.
We next show that the operators Cfqg;γ

vγ̃;v0 γ̃0 ðtÞ and Cfqg;LP
vγ̃;v0 γ̃0 ðtÞ

directly appear the error bounds of the time-dependent
PFs. Namely, they are the origins of the improved bound
on the time-dependent PF errors involving the nested
commutators fHγðtÞg and their time derivative. First,
we prove the following lemma for calculation.
Lemma 10. Let S̄≺vγðt; 0Þ be the partial standard PF

defined by

S̄≺vγðt; 0Þ ¼
Yvðγ−1Þ

v0γ0¼11

e
−iHπv0 ðγ

0Þðβv0γ0 tÞαv0γ0 t: (106)

When the time τ1 is in ½0; τ�, there exists certain time
τvγ̃ðτ; τ1Þ∈ ½0; τ� such thatX

l∈Z

e−ilωτvγ̃ðτ;τ1Þhlje−iH̃vγ̃ α̃vγ̃ τ1 T̄F
≺vγ̃ðτÞj0i

¼
�
e−iHπvðγÞðβvγτÞαvγτ1 S̄≺vγ̃ðτ; 0Þ ðγ̃ ¼ 2γ − 1Þ
S̄≺vγ̃ðτ; 0Þ ðγ̃ ¼ 2γÞ (107)

is satisfied. In addition, it has the translation symmetry,

hl − l00je−iH̃vγ̃ α̃vγ̃ τ1 T̄F
≺vγ̃ðτÞjl0 − l00i

¼ eil
00ωτvγ̃ðτ;τ1Þhlje−iH̃vγ̃ α̃vγ̃ τ1 T̄F

≺vγ̃ðτÞjl0i; (108)

satisfied for every l; l0; l00 ∈Z.
Proof. We consider an odd integer γ̃ ¼ 2γ − 1. In a

similar manner to the proof of Theorem 4, we obtain the
relation,

S̄≺vγðτ; 0Þ ¼
X
l∈Z

e−ilωβvγτhljT̄F
≺vγ̃ðτÞj0i: (109)

We set the time τvγ̃ðτ; τ1Þ ¼ βvγτ∈ ½0; τ�. Using the
translation symmetry by Eq. (36) and the relation
Eq. (56) results inX
l∈Z

e−ilωτvγ̃ðτ;τ1Þhlje−iH̃vγ̃ α̃vγ̃ τ1 T̄F
≺vγ̃ðτÞj0i

¼
X

l;l1 ∈Z

e−ilωβvγτhl − l1je−iH
Add
πvðγÞαvγτ1 j0ihl1jT̄F

≺vγ̃ðτÞj0i

¼ e−iHπvðγÞðβvγτÞαvγτ1 S̄≺vγ̃ðτ; 0Þ: (110)

We next consider the case where γ̃ is an even integer by
γ̃ ¼ 2γ. We set time τvγ̃ðτ; τ1Þ ¼ βvγτ þ ðβvðγþ1Þ − βvγÞτ1,
which lies between βvγτ and βvðγþ1Þτ, and hence it is
included in ½0; τ�. The same calculation leads to the
satisfaction of Eq. (107). The symmetry by Eq. (108)
immediately follows from Lemma 5. ▪
As discussed in Eq. (92), the error bound is determined

by
P

l∈Z hljΔ̄FðτÞj0i. Using the explicit formula of Δ̄FðτÞ
by Eq. (80), it is further represented by

X
l∈Z

hljC1ðHFÞj0i ¼
XΓ
γ0¼1

X
l∈Z

hljC1ðHAdd
γ0 Þj0i

−X
l∈Z

hljC1ðHLPÞj0i; (111)

and also by
P

l∈Z hljC2ðH̃v0 γ̃0 Þj0i similarly. The first term
can be calculated as follows. For an odd integer
γ̃ ¼ 2γ − 1, we have
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X
l∈Z

hljC1ðHAdd
γ0 Þj0i ¼

X
l;l1 ∈Z

hljT̄F
≺vγ̃ðτÞ†eiH̃vγ̃ α̃vγ̃ τ1

�X
m

jl1 þmihl1j ⊗ ðCfqg;γ0
vγ̃;Vp2ΓðtÞÞm

�
e−iH̃vγ̃ α̃vγ̃ τ1 T̄F

≺vγ̃ðτÞj0i

¼
X
l;l1;m

hl −mjT̄F
≺vγ̃ðτÞ†eiH̃vγ̃ α̃vγ̃ τ1 jl1i

�
Cfqg;γ0
vγ̃;Vp2ΓðtÞ

�
m
e−imωτvγ̃ðτ;τ1Þhl1je−iH̃vγ̃ α̃vγ̃ τ1 T̄F

≺vγ̃ðτÞj0i

¼
X

l;l1 ∈Z

e−ilωτvγ̃ðτ;τ1Þh0jT̄F
≺vγ̃ðτÞ†eiH̃vγ̃ α̃vγ̃ τ1 jl1 − liCfqg;γ0

vγ̃;Vp2Γðτvγ̃ðτ; τ1ÞÞhl1je−iH̃vγ̃ α̃vγ̃ τ1 T̄F
≺vγ̃ðτÞj0i

¼ S̄≺vγ̃ðτ; 0Þ†eiHπvðγÞðβvγτÞαvγτ1Cfqg;γ0
vγ̃;Vp2Γðτvγ̃ðτ; τ1ÞÞe−iHπvðγÞðβvγτÞαvγτ1 S̄≺vγ̃ðτ; 0Þ: (112)

The first equality comes from Eq. (101). We use
Lemma 10 for the third and last equalities. As a result,
the norm of Eq. (112) is bounded by					X

l∈Z

hljC1ðHAdd
γ0 Þj0i

					 ≤
				Cfqg;γ0

vγ̃;Vp2Γðτvγ̃ðτ; τ1ÞÞ
				; (113)

which is valid also for even γ̃ due to Lemma 10. We also
obtain					X

l∈Z

hljC1ðHLPÞj0i
					 ≤
			Cfqg;LP

vγ̃;Vp2Γðτvγ̃ðτ; τ1ÞÞ
			; (114)

and the similar relations hold for the norm ofP
l∈Z hljC2ðH̃v0 γ̃0 Þj0i as well.
To summarize, all the terms included in the norm

of
P

l∈Z hljΔ̄FðτÞj0i, which determines the error bound,

can be expressed by those of Cfqg;γ0
vγ̃;v0 γ̃0 ðτvγ̃ðτ; τ1ÞÞ and

Cfqg;LP
vγ̃;v0 γ̃0 ðτvγ̃ðτ; τ1ÞÞ. This is why the nested commutators

among HγðtÞ and their time derivative appear in the error
bound of the time-dependent PFs. We remark that the time
τvγ̃ðτ; τ1Þ is always included in ½0; t�. We extrapolate the
Hamiltonian HðtÞ for Rn½0; t� as discussed in Sec. III A,

and its Floquet Hamiltonian HF contains the information
for all the time including the extrapolated domain Rn½0; t�,
which is irrelevant for the time evolution Uðt; 0Þ. The fact
τvγ̃ðτ; τ1Þ∈ ½0; t� indicates that the nested commutators and
their time derivatives only during ½0; t� determine the PF
errors independent of the extrapolation.

C. Explicit error bound

Now, we are ready to derive the concrete error bound for
generic time-dependent PFs by summarizing the results so
far. The error bound of the standard PF S̄ðt; 0Þ is given by
the following theorem.
Theorem 11. (Error of the standard PF) Suppose that the

coefficients fαvγ; βvγg are chosen so that the time-inde-
pendent PF T̄ðtÞ by Eq. (75) can satisfy the order condition
T̄ðtÞ ¼ e−iHt þOtpþ1. The standard PF error has an upper
bound by

kUðt; 0Þ − S̄ðt; 0Þk ≤ 4ðVptÞpþ1 max
τ∈ ½0;t�

ᾱcom;pðτÞ; (115)

where the quantity ᾱcom;pðτÞ is defined by Eq. (48).
Proof. Combining the discussion in Eqs. (111)–(114)

with the expression of Δ̄FðτÞ by Eq. (80), we have

					X
l∈Z

hljΔ̄FðτÞj0i
					 ≤ τp−1

Z
τ

0

dτ1
XVp

v¼1

X2Γ
γ̃¼1

X
qvγ̃ ;���;qVp2Γ≥0∶
qvγ̃þ���þqVp2Γ¼p;

qvγ̃≠0

 XΓ
γ0¼1

				Cfqg;γ0
vγ̃;Vp2Γðτvγ̃ðτ; τ1ÞÞ

				þ
				Cfqg;LP

vγ̃;Vp2Γðτvγ̃ðτ; τ1ÞÞ
				
!

þ τp−1
Z

τ

0

dτ1
XVp

v0¼1

X
γ̃0∶odd

X
vγ̃⪯v0 γ̃0

X
qvγ̃ ;���;qv0 γ̃0≥0∶
qvγ̃þ���þqv0 γ̃0 ¼p;

qvγ̃≠0

				Cfqg;γ̃0þ1
2

vγ̃;v0 γ̃0 ðτvγ̃ðτ; τ1ÞÞ
				

þ τp−1
Z

τ

0

dτ1
XVp

v0¼1

X
γ̃0∶even

X
vγ̃⪯v0 γ̃0

X
qvγ̃ ;���;qv0 γ̃0≥0∶
qvγ̃þ���þqv0 γ̃0 ¼p;

qvγ̃≠0

				Cfqg;LP
vγ̃;v0 γ̃0 ðτvγ̃ðτ; τ1ÞÞ

				: (116)

MIZUTA, IKEDA, and FUJII PRX QUANTUM 7, 033061 (2026)

033061-16



Owing to τvγ̃ðτ; τ1Þ∈ ½0; τ�, the integral in the above
equation can be replaced by

τp−1
Z

τ

0

dτ1fðτvγ̃ðτ; τ1ÞÞ ≤ τp max
τ1 ∈ ½0;τ�

fðτ1Þ; (117)

where fðτ1Þ denotes the summations appearing in the
integrand.
We first focus on the summation of Cfqg;γ0

vγ̃;Vp2Γðτ1Þ,
which appears in the first term of Eq. (116). Since
the indices qvγ̃; � � � ; qVp2Γ satisfy the constraint

qvγ̃ þ � � � þ qVp2Γ ¼ p, each of Cfqg;γ0
vγ̃;Vp2Γðτ1Þ by Eq. (102)

has the form

"Yp
q¼1

α̃vq γ̃qD̄vq γ̃qðτ1Þ
#
Hγ0 ðτ1Þ (118)

with some indices fvqγ̃qgpq¼1. Since all the terms appearing
in the summation over the indices qvγ̃; � � � ; qVp2Γ are
covered by the one over all the possible indices fvqγ̃qg,
we obtain

XVp

v¼1

X2Γ
γ̃¼1

X
qvγ̃ ;���;qVp2Γ≥0∶
qvγ̃þ���þqVp2Γ¼p;

qvγ̃≠0

				Cfqg;γ0
vγ̃;Vp2Γðτ1Þ

				

¼
X

q11 ;���;qVp2Γ≥0∶
q11þ���þqVp2Γ¼p

				Cfqg;γ0
11;Vp2Γðτ1Þ

				

≤
XVp

v1;…;vp¼1

X2Γ
γ̃1;…;γ̃p¼1

					
"Yp
q¼1

D̄vq γ̃qðτ1Þ
#
Hγ0 ðτ1Þ

					; (119)

where we use jα̃vγ̃j ≤ 1 as discussed in Eq. (77). Since the
Γ copies of the derivative d

dτ1
by even γ̃ can be replaced by

D̄Γþ1ðτ1Þ ¼ Γ d
dτ1
, we obtain

XVp

v¼1

X2Γ
γ̃¼1

X
qvγ̃ ;���;qVp2Γ≥0∶
qvγ̃þ���þqVp2Γ¼p;

qvγ̃≠0

XΓ
γ0¼1

				Cfqg;γ0
vγ̃;Vp2Γðτ1Þ

				 ≤ ðVpÞpᾱcom;pðτ1Þ;

(120)

according to the definition, Eq. (48). The same goes also

for the summation of C
fqg;γ̃0þ1

2

vγ̃;v0 γ̃0 ðτ1Þ, which results in

XVp

v0¼1

X
γ̃0∶odd

X
vγ̃

⪯v0 γ̃0

X
qvγ̃ ;���;qv0 γ̃0≥0∶
qvγ̃þ���þqv0 γ̃0 ¼p;

qvγ̃≠0

				Cfqg;γ̃0þ1
2

vγ̃;v0 γ̃0 ðτ1Þ
				

≤ ðVpÞpþ1ᾱcom;pðτ1Þ: (121)

The additional factor Vp comes from the summation
over v0 from 1 to Vp.

The quantity Cfqg;LP
vγ̃;Vp2Γðτ1Þ in Eq. (116) is evaluated in a

similar manner, whose summation over the indices
qvγ̃; � � � ; qVp2Γ can be replaced by the one over
fvqγ̃qgpq¼2 as well. While the last index is fixed to γM
defined by Eq. (103), we can delete it by using a trivial
relation,

				ð� � �Þ ddtHγMðτ1Þ
				 ≤

XΓ
γ0¼1

				ð� � �Þ ddtHγ0ðτ1Þ
				: (122)

As a result, the summation of Cfqg;LP
vγ̃;Vp2Γðτ1Þ appearing in

the first term of Eq. (116) is bounded by

XVp

v¼1

X2Γ
γ̃¼1

X
qvγ̃ ;���;qVp2Γ≥0∶
qvγ̃þ���þqVp2Γ¼p;

qvγ̃≠0

				Cfqg;LP
vγ̃;Vp2Γðτ1Þ

				

≤
XVp2Γ

v2 γ̃2;…;vp γ̃p¼11

XΓ
γ0¼1

					
"Yp
q¼2

D̄vq γ̃qðτ1Þ
#
d
dt
Hγ0ðτ1Þ

					;
≤
ðVpÞp−1

Γ
ᾱcom;pðτ1Þ: (123)

In the second inequality, we use d
dτ ¼ Γ−1D̄Γþ1ðτÞ and

the fact that it is covered by the summation of D̄γ1ðτÞ over
γ1 from 1 to Γþ 1. Similarly, the summation of Cfqg;LP

vγ̃;v0 γ̃0 ðτ1Þ
is bounded by

XVp

v0¼1

X
γ̃0∶even

Xv0 γ̃0
vγ̃¼11

X
qvγ̃ ;���;qv02γ0≥0∶
qvγ̃þ���þqv02γ0 ¼p;

qvγ̃≠0

				Cfqg;LP
vγ̃;v0 γ̃0 ðτ1Þ

				
≤ ðVpÞpᾱcom;pðτ1Þ; (124)

where the additional factor VpΓ compared to Eq. (123)
comes from the summation over v0 and even γ̃0.
Finally, summarizing the relations, Eqs. (116)–(124),

we obtain					X
l∈Z

hljΔ̄FðτÞj0i
					 ≤ 4ðVpτÞpþ1 max

τ1 ∈ ½0;τ�
ᾱcom;pðτ1Þ: (125)
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Equation (92) immediately leads to Eq. (115), which
completes the proof. ▪
Theorem 11 is the central result of this paper, which

gives the time-dependent PF error explicitly composed
of the commutators among fHγðtÞg and their time-
derivatives. Similarly, the error bound of the generalized
PF Sðt; 0Þ is given by the following theorem, which
completes Theorem 2 in Sec. III with Theorem 11.
Theorem 12. (Error of the generalized PF) Suppose that

the coefficients fαvγg and fβvγg are chosen so that the
time-independent PF,

TðtÞ ¼
YVp

v¼1

YΓ
γ¼1

ðeiH0ðβvðγþ1Þ−βvγ−αvγÞte−iHπvðγÞαvγtÞ (126)

satisfies the order condition TðtÞ ¼ e−iHt þOðtpþ1Þ for
H ¼PΓ

γ¼1Hγ þ ðΓ − 1ÞH0. The generalized PF error has
an upper bound by

kUðt; 0Þ − Sðt; 0Þk ≤ 5ðVptÞpþ1 max
τ∈ ½0;t�

αcom;pðτÞ; (127)

where the quantity αcom;pðτÞ is defined by Eq. (49).
We provide the detailed proof in Appendix B. The

difference from the standard PF is the usage of TFðtÞ by
Eq. (53) rather than T̄FðtÞ. In terms of the order condition,
we demand that TFðtÞ becomes a pth-order PF of e−iHFt

with the Floquet Hamiltonian HF ¼PΓ
γ¼1 H

F
γ þ ðΓ −

1ÞHLP as shown in Eq. (60). Associating H0 and Hγ

respectively with HLP and HF
γ , we arrive at the order

condition of Eq. (126) for H ¼PΓ
γ¼1 Hγ þ ðΓ − 1ÞH0. In

terms of the error bound, we observe commutators with
HF

γ ¼ HAdd
γ −HLP instead of those with HAdd

γ .
Remembering that adHAdd

γ
and adHLP respectively corre-

spond to adHγðtÞ and −i d
dt in the original space, this is why

the operator D̄γðτÞ is replaced by DγðtÞ ¼ adHγðtÞ þ i d
dt for

each γ ¼ 1;…;Γ.
We also consider the standard PF S̄pðt; 0Þ with the

uniform coefficients as Definition 1. We can obtain a better
error bound in that case as a corollary of Theorem 11.
Since we have βvγ ¼ βv, the coefficient α̃vγ̃ in Eq. (77) for
even γ̃ is equal to 0 except for γ̃ ¼ 2Γ. Namely, the Γ
copies of the derivative d

dτ included in the summation over
even integers γ̃ are replaced by a single copy. This results
in the following error bound in the uniform case.
Corollary 13. (Error of the uniform standard PF) Let

S̄pðt; 0Þ be the pth-order standard PF having the uniform
coefficients as Definition 1. Its error is bounded by

kUðt; 0Þ − S̄pðt; 0Þk ≤ 4ðVptÞpþ1 max
τ∈ ½0;t�

ᾱunicom;pðτÞ: (128)

The quantity ᾱunicom;pðτÞ is defined by

ᾱunicom;pðτÞ ¼
XVp

v1;…;vp¼1

XΓþ1

γ1;…;γp¼1

XΓ
γ0¼1

					Y
p

q¼1

D̄uni
γq ðτÞHγ0ðτÞ

					;
(129)

where the operator D̄uni
γ ðτÞ is given by D̄uni

γ ðτÞ ¼ adHγðτÞ
for γ ¼ 1;…;Γ and D̄uni

Γþ1ðτÞ ¼ d
dτ.

In contrast to Theorems 11 and 12, the strength of the
above error bound is directly independent of the number of
terms Γ. As discussed in Sec. II C, it can be applied to
the common examples of the standard PFs such as the
Lie-Suzuki-Trotter formula and the Forest-Ruth-Suzuki
formula. The independence from Γ is important when
considering long-range interactions, which will be dis-
cussed in Sec. VI C.
Finally, we emphasize that better error bounds for time-

independent PFs lead to better error bounds for time-
dependent PFs. We employ the time-independent PF
error by Ref. [11] so that the error bounds for generic
time-dependent PFs can be obtained, which are expected
to be loose. On the other hand, we can exploit any type of
time-independent PF errors for evaluating e−iHFt − T̄FðtÞ
or e−iHFt − TFðtÞ in Sec. VA. If we know better time-
independent PFs, we can improve the error bounds for
the time-dependent PFs. For instance, since a smaller
coefficient of the error bounds is derived for the
time-independent Lie-Suzuki-Trotter formulas TpðtÞ
up to p ¼ 4 [11], the same goes also for the time-
dependent cases.

D. Comparison with previous error bounds

There have been various attempts to obtain error bounds
of time-dependent PFs so far, and we compare our results
with them. For low-order PFs, the explicit formulas for the
errors have been known up to the second order [16,19], as
far as we know. For instance, the first-order Lie-Suzuki-
Trotter formula has an error bounded by Eq. (25). Our
result does not strictly reproduce it while they are
qualitatively the same. As we can see in Eq. (115), the
former contains commutators of Hamiltonians at equal
time, and the latter has those at different time. Their error
scaling in the system size coincides with each other for
local Hamiltonians (See Sec. VI) as long as the local scale
of the time-dependency is reasonable.
On the analysis of higher-order PF errors,

Refs. [10,21,48] deal with the standard PFs for generic
smooth time-dependent Hamiltonians. Reference [21]
proves an error bound called the 1-norm scaling by
Eqs. (20) and (21), which does not explicitly contain
commutators. Its system-size scaling for local
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Hamiltonians is worse than ours, which will be shown in
Sec. VI B. Reference [10] shows an error bound whose
scaling in the system size can decrease for local
Hamiltonians with short-ranged Hamiltonians. However,
the explicit formula for the error is expressed by
commutators involving many matrix exponentials
expð−iαvγt adHπvðγÞðβvγtÞÞ in the middle. Such a form makes
it difficult to evaluate the system-size scaling when the
interactions are long-ranged. By contrast, our error bound
is directly expressed by nested commutators among
fHγðtÞg and their derivatives. It enables us to evaluate
the system-size dependence of PF errors and to obtain its
reduction for generic local Hamiltonians, as discussed
in Sec. VI.
In terms of the way of derivation, we remark the

approach based on time-shift operators [37,49]. The
time-shift operator is generated by the time derivative,
which corresponds to HLP in the Floquet formalism, and it
enables us to formally map the time-dependent PFs and
MPFs to those for time-independent cases. Approximating
these relations with introducing an auxiliary system that
labels the discretized time [30], as we do for the Fourier
index l∈Z, we can reproduce the time-dependent PF or
MPF errors by those in time-independent cases under the
continuous time limit. However, it is rather complicated to
examine the convergence in that case compared to the
Floquet formalism, in which the number of the discrete
frequencies labeled by fjligl∈Z goes to infinity instead.
Indeed, any error bound explicitly organized by commu-
tators has not been shown by this approach for either the
time-dependent PFs or MPFs.

VI. COMPUTATIONAL COST WITH
IMPROVED N-SCALING

In this section, we evaluate the cost for simulating
time-dependent local Hamiltonians with the standard and
generalized PFs. We show that the time-dependent PF
errors given by Theorems 11, 12, or Corollary 13 show
the substantial reduction in their N-scaling owing to the
locality of Hamiltonians. As a result, we reveal that the
cost of the time-dependent PFs is smaller with respect to
size N than expected by the known 1-norm scaling, and as
small as the best result for the time-independent PFs
derived by the commutator-scaling error.

A. Local time-dependent Hamiltonians

First of all, we define time-dependent local
Hamiltonians. We say that HðtÞ is k-local if it is
expressed by

HðtÞ ¼
X

X⊂Λ∶ jXj≤k
hXðtÞ; (130)

where each hXðtÞ denotes at most k-body interactions

acting on a domain X ⊂ Λ. We consider local
Hamiltonians having the locality k∈Oð1Þ. When con-
structing the time-dependent PFs, we split HðtÞ into Γ
terms by Eq. (16). Each HγðtÞ can be also expanded by

HγðtÞ ¼
X

X⊂Λ∶jXj≤k
hγXðtÞ; (131)

where the set of fhγXðtÞg satisfies ½hγXðtÞ; hγX0 ðtÞ� ¼ 0 and
reproduces hXðtÞ by hXðtÞ ¼

P
γ h

γ
XðtÞ. The standard and

generalized PFs are decomposed respectively by

S̄ðt;0Þ¼
Y
vγ

Y
X

ūvγX ðtÞ; ūvγX ðtÞ¼e−ih
πvðγÞ
X ðβvγtÞαvγt; (132)

and

Sðt; 0Þ ¼
Y
vγ

Y
X

uvγX ðtÞ; (133)

uvγX ðtÞ ¼ T exp
�
−i
Z ðβvγþαvγÞt

βvγt
dτhπvðγÞX ðτÞ

�
: (134)

We next define the extensiveness g by a number such
that

max
i∈Λ

sup
τ∈ ½0;t�

X
X⊂Λ;X∋i

XΓ
γ¼1

khγXðτÞk ≤ g (135)

holds, where such finding a value as small as possible for g
is preferable. It means the maximal energy scale per site
[50] and depends on the range of interactions of the
Hamiltonian. We consider finite-range interactions (those
working within finite distance), short-range interactions
(those exponentially decaying in distance), and long-range
interactions (those polynomially decaying in distance r
as r−ν). We can set the extensiveness g whose scaling is
given by

g∈

8>>><
>>>:

Oð1Þ ðfinite- or short-rangeÞ
Oð1Þ ðlong-range; ν > dÞ
OðlogNÞ ðlong-range; ν ¼ dÞ
OðN1−ν

dÞ ðlong-range; ν < dÞ

; (136)

where d denotes the spatial dimension of the lattice Λ.
As a characteristic quantity for time-dependent

Hamiltonians, we additionally define the following value
measuring the degree of time-dependency, f, by a number
satisfying

max
i∈Λ

sup
τ∈ ½0;t�

X
X⊂Λ;X∋i

XΓ
γ¼1

				 dqdτq hγXðτÞ
				 ≤ fqg (137)
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for every q ¼ 1; 2;…; p. Each time derivative HðqÞðtÞ has
the extensiveness smaller than fqg by definition. The
1-norm factor α1-norm;pðτÞ by Eq. (21) is bounded by

α1-norm;pðτÞ ≤ Ngmax
�
1; ðf=gÞ p

pþ1

�
: (138)

For standard local Hamiltonians in condensed matter
physics and quantum chemistry, where each local term
hγXðtÞ is driven locally, the strength of time-dependency f
is usually size-independent. For example, let us consider
the case where each term varies in time as
hγXðtÞ ¼ hγX sinðωγ

XtÞ, which describes typical quantum
systems subject to light with frequency ωγ

X. The strength
f∈O

�
maxX;γðωγ

XÞ


is usually a size-independent constant

as long as we do not consider highly oscillatory dynamics
such that the frequency of the light ωγ

X is macroscopically
large in the system size N. We assume f∈OðN0Þ below
considering standard local Hamiltonians in physics and
chemistry.

B. Bounds on time-dependent
nested commutators

We next evaluate the upper bounds on ᾱcom;pðτÞ and
αcom;pðτÞ by Eqs. (48) and (49). They are composed of
nested commutators and their time derivatives, character-
izing the error of the time-dependent PFs. Just like the
time-independent PFs, where the locality brings the
reduction with respect to size N as Eq. (14), we show
that these quantities also experience the reduction in the
N-scaling. Based on the locality and the extensiveness, we
obtain the following bounds.
Theorem 14. Local and extensive Hamiltonians HðtÞ

satisfy the inequalities,

max
τ∈ ½0;t�

ᾱcom;pðτÞ ≤ p!ð2kgþ ΓfÞpNg; (139)

max
τ∈ ½0;t�

αcom;pðτÞ ≤ p!ð2kgþ 2ΓfÞpNg; (140)

max
τ∈ ½0;t�

ᾱunicom;pðτÞ ≤ p!ð2kgþ fÞpNg; (141)

where the commutator factors ᾱcom;pðτÞ, αcom;pðτÞ, and
ᾱunicom;pðτÞ are defined respectively by Eqs. (48), (49),
and (129).
Proof. We focus on the quantity ᾱcom;pðτÞ. We first

evaluate the upper bound on

Γp−r XΓ
γ0;…;γr¼1

					
"Yr
r0¼1

ad
H

ðqr0 Þ
γr0 ðτÞ

#
Hðq0Þ

γ0 ðτÞ
					 (142)

for r; q0;…; qr such that rþ q0 þ � � � þ qr ¼ p. The
integer p − r mean the number of times that the derivative

D̄Γþ1ðτÞ ¼ Γ d
dτ is chosen in ᾱcom;pðτÞ. We decompose each

Hðqr0 Þ
γr0 into local terms by

Hðqr0 Þ
γr0 ðτÞ ¼

X
Xr0⊂Λ∶ jXr0 j≤k

hγr0 ðqr0 ÞXr0
ðτÞ: (143)

Let us define the union Yr0 ¼ X1 ∪ � � � ∪ Xr0−1 for
r0 ≥ 2. The nested commutator among the local terms

fhγr0 ðqr0 ÞXr0
g vanishes if there exists an index r0 such that

Xr0 ∩ Yr0 ¼ ϕ. As a result, with repeating the relation
k½A; B�k ≤ 2kAkkBk, we obtain

½Eq: ð142Þ� ≤ 2rΓp−r X
γ0;…;γr

X
X0 ;…;Xr∶
Xr0 ∩Yr0≠ϕ

Yr
r0¼0

			hγr0 ðqr0 ÞXr0
ðτÞ
			

≤ 2rΓp−rX
γ0

X
X0

			hγ0ðq0ÞX0
ðτÞ
			Yr

r0¼1

ðr0kfqr0 gÞ

≤ r!ð2kgÞrðΓfÞp−rNg: (144)

The second inequality comes from the fact that each

hγr0 ðqr0 ÞXr0
ðτÞ has the locality k and the extensiveness fqr0g by

Eq. (137), which leads to

X
Xr0 ∶ jXr0 j≤k;
Xr0 ∩Yr0≠ϕ

			hγr0 ðqr0 ÞXr0
ðτÞ
			 ≤

X
i∈Yr0

X
Xr0∶ Xr0∋i

			hγr0 ðqr0 ÞXr0
ðτÞ
			

≤ r0kfqr0 g: (145)

We use the relation jYr0 j ¼ jX0 ∪ � � � ∪ Xr0−1j ≤ r0k in
the second inequality.
The quantity ᾱcom;pðτÞ can be decomposed into terms

having the form of Eq. (142). Let Q denote a possible
subset of ð1;…; pÞ such that γq0 ¼ Γþ 1 for q0 ∈Q. This
leads to the expression of ᾱcom;pðτÞ by

ᾱcom;pðτÞ ¼
Xp
r¼0

X
Q⊂ð1;…;pÞ∶
jQj¼p−r

XΓ
γ0;…;γq¼1|fflfflfflffl{zfflfflfflffl}

q0∉Q

					
2
664Yp
q¼1

D̄γq0 ðτÞ|fflfflffl{zfflfflffl}
Γ d
dτ if q

0 ∈Q

3
775Hγ0ðτÞ

					:

(146)

Considering the Leibniz rule, the above equation con-
tains at most ðrþ 1Þp−r copies of Eq. (142) for each r and
Q such that jQj ¼ p − r. As a result, we obtain
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ᾱcom;pðτÞ ≤
Xp
r¼0

X
Q⊂ð1;…;pÞ∶
jQj¼p−r

ðrþ 1Þp−rr!ð2kgÞrðΓfÞp−rNg

≤ p!Ng
Xp
r¼0

p!
ðp − rÞ!r! ð2kgÞ

rðΓfÞp−r

¼ p!ð2kgþ ΓfÞpNg: (147)

This completes the proof of Eq. (139).
The inequalities for αcom;pðτÞ and ᾱunicom;pðτÞ are obtained

in a similar manner. Using the triangle inequality, the quan-
tity αcom;pðτÞ defined by Eq. (49) is further bounded by

αcom;pðτÞ ≤
XVp

v1;…;vp¼1

XΓþ1

γ1;…;γp¼1

XΓ
γ0¼1

					Y
p

q¼1

D0
γqðτÞHγ0ðτÞ

					;
(148)

withD0
γðτÞ ¼ adHγðτÞ for γ ¼ 1;…;Γ andD0

Γþ1ðτÞ ¼ 2Γ d
dτ.

Thus, Eq. (140) is obtained by replacing Γf in Eq. (139) by
2Γf. Similarly, replacing Γf by f results in Eq. (141). ▪
These bounds reproduce the bound on the nested

commutators Eq. (14) at f ¼ 0, achieving the same scaling
with respect to N as the one for the time-independent PFs.
Namely, it means that the time-dependent PF errors have a
structure that can exploit the locality of Hamiltonians like
the commutator-scaling error in the time-independent
cases. The resulting errors of the time-dependent PFs
for small time t are bounded by

kUðt; 0Þ − S̄ðt; 0Þk∈Oðgtþ ΓftÞpNgt; (149)

kUðt; 0Þ − Sðt; 0Þk∈Oðgtþ ΓftÞpNgt; (150)

for orders p∈Oð1Þ. When the standard PF is uniform, the
error scaling becomes

kUðt; 0Þ − S̄pðt; 0Þk∈Oðgtþ ftÞpNgt: (151)

They are substantially improved from the previous
result hosting the 1-norm scaling [21],

kUðt; 0Þ − S̄pðt; 0Þk∈O
�
max
τ∈ ½0;t�

α1-norm;pðτÞt
�
pþ1

⊂ OðNgtþ NftÞpNgt; (152)

with respect to the size N [See Eq. (20)].

C. Gate counts for time-dependent PFs

We are ready for evaluating the computational cost. For
simulating sufficiently large evolution time t, we split it
into r parts and approximate the time evolution Uðt; 0Þ by
the product of time-dependent PFs for small time t=r.
Namely, the number r, often called the Trotter number, is
the query complexity in PFs. The Trotter number r is

determined so that the desirable error ε can be
achieved. For instance, the requirement when using the
standard PF is				Uðt; 0Þ −Yr

l¼1

S̄ðlt=r; ðl − 1Þt=rÞ
				 ≤ ε: (153)

Since the left-hand side is bounded by				Uðt; 0Þ −Yr
l¼1

S̄ðlt=r; ðl − 1Þt=rÞ
				

≤
Xr
l¼1

kUðlt=r; ðl − 1Þt=rÞ − S̄pðlt=r; ðl − 1Þt=rÞk

≤ 4

�
Vpt
r

�
pþ1Xr

l¼1

max
τ∈ ½ðl−1Þt=r;lt=r� ᾱcom;pðτÞ

≤
4ð2Vpkgtþ VpΓftÞpVpNgt

rp
(154)

by Theorem 11 and Theorem 14, it is sufficient to choose
r by

r ¼ ⌈Vpð2kgþ ΓfÞt
�
4VpNgt

ε

�1
p⌉: (155)

Similar analysis applies to the generalized PF and the
standard PF in the uniform case. The scaling of the Trotter
number r is summarized as follows,

r∈

8>>><
>>>:

Θ
�
ðgþ ΓfÞt

�
Ngt
ε

�1
p

�
for S̄ðt; 0Þ; Sðt; 0Þ

Θ
�
ðgþ fÞt

�
Ngt
ε

�1
p

�
for S̄pðt; 0Þ

: (156)

We estimate the gate counts for Hamiltonian simulation.
Here, the costs are measured by the number of Oð1Þ-qubit
quantum gates. We do not assume the geometrical locality,
i.e., Oð1Þ-qubit gates between distant qubits are available.
Evaluation based on Oð1Þ-qubit gates is justified by the
Solovay-Kitaev algorithm [38,39]. Even if we measure the
number of gates from a given universal gate set, each cost
is replaced by the one with at most polylogarithmic
overhead. The standard and generalized PFs are composed
of local time evolution under hγXðtÞ, denoted by ūvγX ðtÞ and
uvγX ðtÞ as shown in Eqs. (132)–(134). The unitary operators
ūvγX ðtÞ and uvγX ðtÞ acting on at most k qubits are respectively
counted as single Oð1Þ-qubit gates. We note that, although
uvγX ðtÞ contains the time-ordered integral, we can effi-
ciently and accurately compute all the matrix elements of
the Oð1Þ-qubit gate uvγX ðtÞ by classical computation.
Namely, the presence of the time-ordered integral does
not affect the cost of implementing the generalized PF. The
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gate count per query to the standard PF S̄ðt; 0Þ or the
generalized PF Sðt; 0Þ is proportional to the number of
local terms fhγXðtÞg in the Hamiltonian HðtÞ. As a result,
the total gate count amounts toOðNrÞ for finite- and short-
ranged interacting systems and OðNkrÞ for k-local long-
ranged interacting systems. Substituting the Trotter num-
ber r by Eq. (156), we obtain the gate counts of the time-
dependent PFs summarized in Table I.
We remark theΓ-dependencyof the cost,which is present

for the standard and the generalized PFs in general but
absent for the standard PF with uniform coefficients. The
number of terms in PFs, Γ, in Eq. (16) depends on the range
of interactions. The number Γ can be Oð1Þ for generic
Hamiltonians with finite-range interactions. For instance,
we can decompose a 1d Hamiltonian with nearest-
neighbor interactions HðtÞ ¼PN−1

i¼1 hi;iþ1ðtÞ into HðtÞ ¼
H1ðtÞ þH2ðtÞ with H1ðtÞ ¼

P
i∶odd hi;iþ1ðtÞ and H2ðtÞ ¼P

i∶even hi;iþ1ðtÞ. The time-evolution operators underH1ðtÞ
orH2ðtÞ can be implemented byOðNÞ local quantum gates.
In general, we can decompose the set of finite-range
interactions into Γ∈Oð1Þ groups so that each of them is
composed of mutually commuting terms, and we can
perform such an implementation. For short-ranged inter-
acting systems, Γ can be regarded as Oð1Þ since the
exponentially small interactions can be truncated by
Lieb-Robinson bound [51]. Therefore, the number Γ is
irrelevant to the cost forHamiltonianswith finite- and short-
range interactions.
On the other hand, the quantity Γ becomes significant

for long-ranged interacting systems. Let us consider the
2-local case, whose Hamiltonian can be generally written by

HðtÞ ¼
X
i;j∈Λ
i≠j

X3
σ;σ0¼1

hσσ
0

ij ðtÞPσ
i P

σ0
j þ

X
i∈Λ

X3
σ¼1

hσi ðtÞPσ
i (157)

with some coefficients hσσ
0

ij ðtÞ; hσi ðtÞ∈R. The symbol Pσ
i

denotes the Pauli operators X; Y; Z at the site i respectively
for σ ¼ 1; 2; 3. The decomposition HðtÞ ¼PΓ

γ¼1 HγðtÞ
such that each local term in HγðtÞ commutes with one
another can be organized by a divide-and-conquer method
[52]. Figure 1 shows the decomposition of the two-body
interactions when the spatial dimension d is 1. At the γ0-th
stage for γ0 ¼ 1;…; ⌈ log2 N⌉, we split the lattice Λ into 2γ

0

blocks with the size N=2γ
0
. We consider pairwise inter-

actions between adjacent blocks Lγ0
μ and Rγ0

μ separately for
each σ; σ0 ¼ 1; 2; 3. Namely, we choose

Hσσ0
γ0 ðtÞ ¼

X2γ0−1
μ¼1

X
i∈Lγ0

μ

X
j∈Rγ0

μ

hσσ
0

ij ðtÞPσ
i P

σ0
j (158)

as each termHγðtÞwith the index γ ¼ ðγ0; σ; σ0Þ. We set the
last term by HΓðtÞ ¼

P
i

P
σ h

σ
i ðtÞPσ

i . The number of

terms amounts to Γ ¼ 9⌈log2N⌉þ 1∈OðlogNÞ. Based
on the same strategy, the partition number Γ can be
OðNk−1 logNÞ for Hamiltonians with k-local long-range
interactions on a d-dimensional lattice. Therefore, the
standard and generalized PFs are generally efficient for
Hamiltonians with 2-local long-range interactions. On the
other hand, the standard PF with uniform coefficients,
which is common with the Lie-Suzuki-Trotter or
Forest-Ruth-Suzuki formulas, is applicable to those with
generic k-local long-range interactions owing to the
Γ-independence of the cost.

D. Comparison with the previous results

We first compare our gate count estimates with the
previously obtained ones for the time-dependent PFs. The
cost of the standard PF based on the 1-norm scaling error,
Eq. (20), is shown in the first row of Table I [21], which
mainly focused on the Lie-Suzuki-Trotter formula. Our
result for the standard PF with uniform coefficients
completely overwhelms it with respect to the system size
N, giving the N times smaller cost. This improvement
comes from the substantial error reduction from Eq. (152)
to Eq. (151) based on the improved error bound composed
of commutators and time derivatives, in which the locality
of the Hamiltonian plays a central role. Our results are
also superior to those by the 1-norm scaling error for
Hamiltonians with finite-, short-, and long-range inter-
actions. We also note that our results are advantageous in
the applicability to generic local Hamiltonians in contrast
to Ref. [10], in which the same cost has been obtained for
the standard PFs simulating Hamiltonians only with finite-
range interactions. Our results provide better cost also for
Hamiltonians with long-range interactions owing to the
fact that our error bound is expressed directly by nested
commutators among fHγðtÞg and their time derivatives.
We also compare the results with linear combination

of unitaries (LCU) [53] and quantum singular-value trans-
formation (QSVT) [4], known as promising post-Trotter
algorithms. These algorithms have exponentially better

FIG. 1. Decomposition of a Hamiltonian HðtÞ ¼Pγ HγðtÞ
when the interactions are long-ranged. This decomposition is
based on Ref. [52] and can be generalized to generic dimen-
sion d.
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dependence in the inverse error 1=ε than PFs. While they
were originally invented for time-independent systems,
they have been partially extended for time-dependent
cases, such as LCU for generic time-dependent
Hamiltonians [34,44] and QSVT for time-periodic and
-quasiperiodic Hamiltonians [43,45]. Their costs are
shown in Table I. While the post-Trotter algorithms keep
the exponential advantage in the inverse error 1=ε, our
results show that the time-dependent PFs have better
scaling in the system size N for generic local
Hamiltonians with finite-, short-, and long-range inter-
actions. Such an advantage in the system size has already
been understood for time-independent PFs due to their
commutator-scaling errors [11]. By contrast, it has been
unclear for time-dependent cases since the conventional
analysis based on the 1-norm scaling error cannot predict
it. Our analysis has shown that the time-dependent PFs are
superior to the post-Trotter algorithms, LCU and QSVT,
with respect to the system size for a generic order p and
Hamiltonians with generic local interactions.

VII. TIME-DEPENDENT MULTI-PRODUCT
FORMULA

A multi-product formula (MPF) is a linear combination
of PFs [25], and a promising algorithm that can have both
the efficiency in the system size like PF and the one in
the accuracy like LCU. For time-independent cases, a
pth-based order-m MPF MðtÞ is defined by a linear
combination of the pth-order PF TðtÞ ¼ e−iHt þOðtpþ1Þ,

MðtÞ ¼
XJ
j¼1

cj½Tðt=kjÞ�kj ; (159)

satisfying the order condition MðtÞ ¼ e−iHt þOðtmþ1Þ.
The set of coefficients fcj ∈RgJj¼1 and the set of natural
numbers fkj ∈NgJj¼1 with J∈N are determined by the
order condition. With a particular choice of fcjg and fkjg,
called the well-conditioned solution, MPF can exponen-
tially improve the gate complexity in the allowable
error compared to the PF for time-independent
Hamiltonians [26,28,29].
In contrast, MPFs for time-dependent Hamiltonians are

poorly understood. Ref. [30] has provided the construction
of time-dependent MPFs and obtained their error bound
and cost. Although they imply the existence of the
commutator scaling for time-dependent cases, any formula
explicitly expressed by commutators has not been derived
yet. Thus, it still remains an open problem whether the
time-dependent MPFs can have the efficiency in size N
like the time-dependent PFs while achieving exponential
improvement in inverse error 1=ε.
In this section, we give error bounds composed of nested

commutators and time-derivatives for the time-dependent
MPFs, which leads to the simultaneous efficiency in N, t,

and 1=ε of the algorithm. We clarify the relationship
between the time-independent and time-dependent MPFs
in Sec. VII A. We give the error bound by evaluating the
one for the time-independent case with infinite-dimension
in Sec. VII B, while its detailed derivation is provided in
Appendix C. Section VII C discusses the computational
cost of the time-dependent MPF.

A. Relation between time-independent
and time-dependent MPFs

We begin by introducing time-dependent MPFs and
show that they have time-independent counterparts on
the infinite-dimensional Floquet-Hilbert space as well as
the PFs. As a natural extension of Eq. (159), we define the
standard and generalized MPFs for time-dependent
Hamiltonians.
Definition 15. (Time-dependent MPFs) The pth-based

order-m standard and generalized MPFs N̄ðt; 0Þ and
Nðt; 0Þ for time-dependent Hamiltonians are defined
respectively by

N̄ðt; 0Þ ¼
XJ
j¼1

cj
Ykj
l¼1

S̄
�
lt
kj
;
ðl − 1Þt

kj

�
; (160)

Nðt; 0Þ ¼
XJ
j¼1

cj
Ykj
l¼1

S
�
lt
kj
;
ðl − 1Þt

kj

�
; (161)

satisfying the order condition,

N̄ðt; 0Þ ¼ Uðt; 0Þ þOðtmþ1Þ; (162)

Nðt; 0Þ ¼ Uðt; 0Þ þOðtmþ1Þ: (163)

The operators S̄ð·; ·Þ and Sð·; ·Þ are the pth-order
standard and generalized PFs by Eqs. (17) and (23). We
denote the standard MPF constructed by the standard PFs
in the uniform case S̄pð·; ·Þ by N̄pð·; ·Þ.
As we will discuss later, the set of the coefficients

fcjg and the integers fkjg is common with the time-
independent cases in Eq. (159). The time-dependent MPFs
can be implemented on quantum circuits by the LCU
method [53]. We evaluate their error bounds for proving
their efficiency. The strategy is the same as the one for the
time-dependent PFs in Sec. IV. First, we show the
correspondence between the time-dependent and time-
independent MPFs as follows.
Theorem 16. (Relation of MPFs) Let M̄FðtÞ and MFðtÞ

be time-independent MPFs on the Floquet-Hilbert space,
defined by

M̄FðtÞ ¼
XJ
j¼1

cj½T̄Fðt=kjÞ�kj ; (164)
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MFðtÞ ¼
XJ
j¼1

cj½TFðt=kjÞ�kj : (165)

The operators T̄FðtÞ and TFðtÞ are the pth-order time-
independent PFs for the standard and generalized PFs
by Eqs. (52) and (53). The time-dependent MPFs are
expressed by

N̄ðt; 0Þ ¼
X
l∈Z

e−ilωthljM̄FðtÞj0i; (166)

Nðt; 0Þ ¼
X
l∈Z

e−ilωthljMFðtÞj0i: (167)

Proof. The proof is similar to the one for Theorem 4. We
focus on the standard MPF M̄ðt; 0Þ. Using the translation
symmetry of the Floquet Hamiltonian HF [See Eq. (38)]
and the absolute convergence, we obtain

X
l∈Z

e−ilωthlj½T̄Fðt=kjÞ�kj j0i

¼
X

l1 ;…;lkj
∈Z

l0¼0

e−ilkjωt
Ykj
k¼1

hlkjT̄Fðt=kjÞjlk−1i

¼
Ykj
k¼1

X
l1;…;lkj ∈Z

e−ilkωðk=kjÞthlkjT̄Fðt=kjÞj0i

¼
Ykj
k¼1

S̄ðkt=kj; ðk − 1Þt=kjÞ: (168)

We use Theorem 4 in the last equality. We obtain
Eq. (166) by taking the summation with the weight cj.
The proof for the generalized MPF is parallel to this
discussion. ▪
This theorem states that the errors of the time-dependent

MPFs can be evaluated via those for time-independent
MPFs like

Uðt; 0Þ − N̄ðt; 0Þ ¼
X
l∈Z

e−ilωthlj½e−iHFt − M̄FðtÞ�j0i:

(169)

Not only it allows the error analysis of time-independent
MPF for time-dependent one as well as PF, but also it says
that the coefficients fcjg and fkjg constructed for time-
independent cases qualify as those for time-dependent
cases. Namely, using the coefficients for the well-
conditioned MPF [26], the time-dependent MPFs can be
efficiently implemented by LCU with a small overhead.

B. Error bounds of time-dependent MPF

We discuss the error bounds of the time-dependent
MPFs while the detailed derivation is given in Appendix C.
We suppose that HðtÞ ¼Pγ HγðtÞ is a smooth
Hamiltonian such that each HγðtÞ belongs to class C∞

here. This is in contrast to the time-dependent PFs, where
class Cpþ2 is sufficient for the order p as discussed in
Sec. III A. The Hamiltonian HðtÞ is supposed to be k-local
and g-extensive [See Eq. (135)]. The degree of the local
time-dependency f is defined by a number satisfying
Eq. (137) for any q∈N, reflecting the change in differ-
entiability. We prove the following bound on the standard
MPF error.
Theorem 17. (Error of the standard MPF) Let ϵ be an

arbitrary fixed value in ð0; 1Þ. We define a quantity
expressed by nested commutators,

ᾱMPF
com;pðτÞ ¼ max

q∈N∶
p≤q≤p0ðN;ϵÞ

�
½ᾱcom;qðτÞ�

1
qþ1

�
; (170)

where p0ðN; ϵÞ and ᾱcom;qðτÞ are respectively defined by
p0ðN; ϵÞ ¼ ⌈ logð2N=ϵÞ⌉ and Eq. (48). When the time t is
small enough to satisfy

t∈Omin
�

1

p0ðN; ϵÞðgþ ΓfÞ ;
1

max
τ∈ ½0;t�

ᾱMPF
com;pðτÞ

�
; (171)

the error of the standard MPF is bounded by

kUðt; 0Þ − N̄ðt; 0Þk
≤ kc⃗k1

�
2Vp max

τ∈ ½0;t�
ᾱMPF
com;pðτÞt

�
mþ1 þ kc⃗k1kk⃗k1ϵ:

(172)

When simulating large evolution time t, the requirement
Eq. (171) should be satisfied for each Trotter step t=r.
Since the Trotter number r for the MPF will be large
enough for it, this requirement does not matter in practice.
We also note that there is an option of ϵ∈ ð0; 1Þ. For
achieving the desirable error ε, it will be chosen as
ϵ∈ oðεÞ. While we provide the proof of this theorem in
Appendix C, it is essentially parallel to the time-dependent
PFs in Sec. V. The error of the time-dependent MPFs
can be expressed by a time-independent counterpart by
Eq. (169) owing to Theorem 16. Then, we apply the
analysis for the time-independent MPF M̄FðtÞ [28,29].
We next identify the scaling of ᾱMPF

com;pðτÞ. The locality of
Hamiltonians plays a central role in the better N-scaling
than the known 1-norm scaling. For generic local
Hamiltonians, we obtain the following upper bound.
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Lemma 18. The quantity ᾱMPF
com;pðτÞ defined by Eq. (170)

is bounded by

ᾱMPF
com;pðτÞ
≤ 2p½ð2kgþ ΓfÞpgN� 1

pþ1 þ 2eð2kgþ ΓfÞp0ðN; ϵÞ

∈O
�
½ðgþ ΓfÞpgN� 1

pþ1 þ ðgþ ΓfÞ logðN=ϵÞ
�
:

(173)

Proof. Using the upper bound of ᾱcom;qðτÞ by
Theorem 14, we obtain

½ᾱcom;qðτÞ�
1

qþ1 ≤ ½q!ð2kgþ ΓfÞqNg� 1
qþ1

≤ ðqþ 1Þ
�

Ng
2kgþ Γf

� 1
qþ1ð2kgþ ΓfÞ:

(174)

Since the function xa
1
x (a > 0 : a constant) monoton-

ically decreases in x < loga and increases in log a < x,
the right-hand side becomes the largest at either q ¼ p or
q ¼ p0ðN; ϵÞ. Thus, we have

ᾱMPF
com;pðτÞ

2kgþ Γf
≤ ðpþ 1Þ

�
Ng

2kgþ Γf

� 1
pþ1

þ ½p0ðN; ϵÞ þ 1�
�

Ng
2kgþ Γf

� 1
p0ðN;ϵÞþ1

: (175)

By using the relation, N1=p0ðN;ϵÞ ≤ elogN= logð3N=ϵÞ < e,
we obtain Eq. (173). ▪
The error bounds for the generalized MPF Nðt; 0Þ and

the standard one in the uniform case N̄pðt; 0Þ are obtained
in the same way. The quantity ᾱMPF

com;pðτÞ in the error bound
Eq. (172) is replaced by

αMPF
com;pðτÞ ¼ max

q∈N∶
p≤q≤p0ðN;ϵÞ

�
½αcom;qðτÞ�

1
qþ1

�
; (176)

ᾱuni;MPF
com;p ðτÞ ¼ max

q∈N∶
p≤q≤p0ðN;ϵÞ

�
½ᾱunicom;qðτÞ�

1
qþ1

�
; (177)

respectively for Nðt; 0Þ and N̄pðt; 0Þ, in which αcom;qðτÞ
and ᾱunicom;qðτÞ are defined by Eqs. (49) and (129). As well
as the discussion for PFs in Sec. VI, their scalings can be
evaluated by substituting 2Γf [for Nðt; 0Þ] or f [for
N̄pðt; 0Þ] into Γf. We note that this replacement also
applies to the requirement on the time, Eq. (171).
Reference [30] has recently shown the error bound of

the standard MPF in the uniform case N̄pðt; 0Þ, especially
composed of the second-order Lie-Suzuki-Trotter formula.
It obeys the 1-norm scaling, which amounts to

kUðt; 0Þ − N̄pðt; 0Þk∈O
�
½ðNgtþ NftÞpNgt�mþ1

pþ1

�
:

(178)

By contrast, combining Theorem 17 and Lemma 18 for
the uniform case results in the following system-size
dependence,

kUðt; 0Þ − N̄pðt; 0Þk∈O
�
½ðgtþ ftÞpNgt�mþ1

pþ1

�
; (179)

where we neglect logarithmic terms. It is polynomially
better than the 1-norm scaling. In particular, while increas-
ing the order p does not improve the system-size depend-
ence of the 1-norm scaling, Eq. (178), the error by
Eq. (179) decreases.

C. Cost of time-dependent MPFs

We evaluate the cost of Hamiltonian simulation by using
the time-dependent MPFs for local Hamiltonians. The
algorithm runs in a similar manner to the one with the
time-independent MPFs as follows [26]. We focus on
the standard MPF. First, we split the large evolution time
t into r parts like PF. The Trotter number r is determined so
that the r-times repetition of theMPF for the small time t=r
approximates the time evolution within a desirable error as				Uðt; 0Þ −Yr−1

r0¼0

N̄
�ðr0 þ 1Þt

r
;
r0t
r

�				∈OðεÞ: (180)

It is sufficient to make the error at each step bounded by				U
�ðr0 þ 1Þt

r
;
r0t
r

�
− N̄

�ðr0 þ 1Þt
r

;
r0t
r

�				 ≤
ε

2r
; (181)

for every r0 ¼ 1;…; r. Each MPF for the time t=r is
implemented by LCU [53], where we use the controlled
operation of the time-dependent PF,

C½S̄ðt2; t1Þ� ¼ j0ih0j ⊗ I þ j1ih1j ⊗ S̄ðt2; t1Þ; (182)

with certain t1; t2 ∈R. The number of queries to
C½S̄ðt2; t1Þ� amounts to

O
�
rkc⃗k1kk⃗k1

�
: (183)

The factor kc⃗k1 represents the cost of quantum ampli-
tude amplification [54], which is required to implement the
LCU deterministically. The last factor kk⃗k1 is the number
of queries for each time evolution in the linear combina-
tion. The number of ancilla qubits for implementing the
LCU is ⌈ log2 J⌉.
We evaluate the computational cost with determining

the Trotter number r, the order m, and the number of
terms J. We set the value ϵ∈ ð0; 1Þ by ϵ ¼ ε=4kc⃗k1kk⃗k1r
in Theorem 17. Equation (181) suggests that the scaling of
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the proper Trotter number r can be obtained by solving8<
: kc⃗k1 ½ðgtþΓftÞpNgt�

mþ1
pþ1

rm ∈OðεÞ;
kc⃗k1 ½ðgtþΓftÞ log ðNkc⃗k1kk⃗k1r=εÞ�mþ1

rm ∈OðεÞ:
(184)

These inequalities are the essentially the same as those
required in the time-independent MPF (See Theorem 6 in
Ref. [29]), where N

1
pþ1 and g are replaced respectively

by fNgðgþ ΓfÞ−1g 1
pþ1 and gþ Γf, reflecting the time-

dependency. We set the order m by

m ¼ ⌈ log�Nðgþ ΓfÞt
ε

�⌉: (185)

When the coefficients fcjg and the integers fkjg are
organized as the well-conditioned MPF [26], the number J
is proportional to m and the coefficients scale as

kc⃗k1; kk⃗k1 ∈ polyðJÞ ⊂ polylogðN; gt;Γft; 1=εÞ: (186)

Then, there exists a Trotter number such that

r∈Θ
�
½ðgþ ΓfÞpgN� 1

pþ1t

þ ðgþ ΓfÞtlog2
�
Nðgþ ΓfÞt

ε

��
: (187)

The second term except for Γft in the above equation
can be absorbed into the first term or the polylogarithmic
factors in the symbol Õð·Þ. Consequently, the query
complexity in the controlled standard PF C½S̄ðt2; t1Þ�
amounts to

Õð½ðgþ ΓfÞpgN� 1
pþ1tþ ΓftÞ: (188)

The number of Oð1Þ-qubit gates is obtained by multi-
plying the query complexity with the number of gates for
the controlled PF, which is proportional to the number of
local interactions in the Hamiltonian. The number of
ancilla qubits is determined by O log J with the scaling
of J ∝ m by Eq. (185). The computational resources for
the generalized MPF Sðt; 0Þ or the standard MPF in the
uniform case S̄pðt; 0Þ are obtained similarly, in which
we replace Γf in Eq. (188) by 2Γf or f. We summarize
these results in Table I. As well as PFs, the difference
among the time-dependent MPFs appears in the appli-
cability to Hamiltonians with long-range interactions due
to the number Γ in their cost. The standard MPF in the
uniform case N̄pðt; 0Þ, which is the most commonly used,
can be employed for generic local Hamiltonians. On the
other hand, the standard MPF N̄ðt; 0Þ and the generalized
MPF Nðt; 0Þ are efficient for Hamiltonians with finite- or

short-range interactions and some classes of long-range
interactions such that the number of partitions Γ can be
small (See Sec. VI).
The time-dependent MPFs achieve the polylogarithmic

dependency in 1=ε, overcoming the shortcoming of the
PFs. While such efficiency in the allowable error has
already been predicted by the 1-norm scaling [30], we
prove that the time-dependent MPFs are efficient also in
the system size. To be precise, when we focus on the
system-size dependence, their gate counts achieve the
scaling ÕðN1þ1=ðpþ1ÞÞ (for finite-range interactions) or
ÕðNkþ1=ðpþ1ÞgÞ (for k-local long-range interactions).
These are as large as those for the pth-order time-
dependent PFs in Sec. VI, and smaller than those for
the post-Trotter algorithms like LCU and QSVT. This fact
indicates that the time-dependent MPFs can exploit the
locality of Hamiltonians via their errors consisting of
commutators and time derivatives. To conclude, the time-
dependent MPFs are simultaneously efficient in the system
size, the evolution time, and the inverse error like the time-
independent MPFs [29]. We note that MPFs require distant
local gates and some ancilla qubits in contrast to PFs.
We make comparison also with the Haah-Hastings-

Kothari-Low (HHKL) algorithm [46], which can be
efficient in N; t; 1=ε like MPF. This algorithm achieves
the near-optimal gate count ÕðNtÞ for Hamiltonians with
finite- or short-range interactions. The time-dependent
MPFs have a little worse scaling in the system size N.
However, the HHKL algorithm strongly relies on the Lieb-
Robinson bound [51] and cannot keep its efficiency in the
inverse error 1=ε for long-range interactions [47]. Since
the time-dependent MPFs only exploit the locality of
Hamiltonians, it serves as a versatile method for generic
local Hamiltonians as well as time-independent cases.

VIII. CONCLUSION AND DISCUSSION

In this paper, we derive the explicit error bounds for
the product and multi-product formulas (PFs and MPFs)
for generic smooth time-dependent Hamiltonians
HðtÞ ¼PΓ

γ¼1HγðtÞ. The error bounds are expressed by
the commutators among fHγðtÞg and their time deriva-
tives, which decreases the cost of time-dependent
Hamiltonian simulation in the system size. While the
additional error term arising from the time derivatives is
inherent in time-dependent cases, we show that various
time-dependent local Hamiltonians can be simulated as
efficiently as time-independent cases with exploiting this
commutator scaling. The derivation of the error bound
itself is insightful. We use Floquet theory and discover
that generic time-dependent PFs are mapped to time-
independent one defined on an infinite-dimensional space.
This enables us to evaluate the error bound by the
technique for the time-independent PFs, although we have
to confirm the convergence of the summation over the
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infinite-dimensional space for getting a meaningful error
bound. By the careful calculation based on the translation
symmetry appearing in Floquet theory, we obtain the error
bound explicitly expressed by the commutators of fHγðtÞg
and their derivatives.
We leave some future directions. Our results will lead

to the acceleration of various quantum algorithms relying
on time-dependent PFs, such as time-independent
Hamiltonian simulation exploiting an interaction picture
[34–36]. Since the interaction picture under local
Hamiltonians is proven to maintain the locality and the
range of interactions to some extent, it may lead to the
improvement of the error or cost. Recently, the error
analysis on PFs has diverged to various directions, such
as the low-energy subspace simulation [55–58] and the
connections to thermalization [59,60], and their extensions
to time-dependent Hamiltonians will be interesting. In
particular, concerning to the former example, the time-
independent PFs have been proven to host substantial
decrease in their errors when the initial states belong to
low-energy subspaces [55], and the commutator scaling
plays a significant role there [57,58]. If one can find the
time-dependent analog based on our formalism, it will
accelerate quantum algorithms for adiabatic state prepa-
ration [31–33], with which we can prepare various desir-
able energy eigenstates.
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APPENDIX A: PROPERTIES OF SMOOTH
HAMILTONIANS

1. Extrapolation of smooth Hamiltonians

As discussed in Sec. III A, our results apply to generic
smooth Hamiltonians. This is based on the fact that there
exists a time-periodic extrapolation for such a smooth
Hamiltonian, and here we explicitly construct it. We first
begin with defining the smoothness of time-dependency.
Definition A1. (Smoothness) A time-dependent

Hamiltonian HðtÞ is said to be of class Cp in the closed
interval ½0; t� if it has a q-th derivative HðqÞðtÞ, which is
bounded and continuous in ½0; t�, for every q ¼ 0; 1;…; p.
Note that the derivatives at the edges of ½0; t� are defined by
the left and the right derivatives respectively.

We consider the pth order PF for a smooth Hamiltonian
HðtÞ ¼Pγ HγðtÞ. While HγðtÞ is not necessarily time-
periodic, it is known that its time-periodic extrapolation
HexðtÞ can be organized by using so-called a bump
function.
Theorem A2. (Extrapolation) When HγðtÞ is a

Hamiltonian of class Cpþ2 in the interval ½t0; tþ t0�, there
exists a Hamiltonian Hex

γ ðtÞ such that the following
conditions,

(i) HexðτÞ is a class-Cpþ2 Hamiltonian in τ∈R, sat-
isfying the periodicityHex

γ ðτ þ TÞ ¼ Hex
γ ðτÞ for any

τ∈R with the γ-independent period T ¼ 2t,
(ii) Hex

γ ðτÞ ¼ HγðτÞ for any τ∈ ½t0; tþ t0�,
(iii) The Fourier series for Hex

γ ðtÞ and its derivatives
shows the uniform and absolute convergence in
½t0; tþ t0� with

dp0

dtq0
Hex

γ ðtÞ ¼ lim
M→∞

X
jmj≤M

ð−imωÞp0
Hex

γme−imωt;

(A1)

are satisfied.
Proof. We set t0 ¼ 0 without loss of generality. Using a

bump function given by

bðtÞ ¼
�
e−1=t ðt > 0Þ
0 ðt ≤ 0Þ; (A2)

we define a scalar function cðtÞ by

cðtÞ ¼
R
t
0 dτbðτÞbð1 − τÞR
1
0 dτbðτÞbð1 − τÞ : (A3)

The function cðtÞ is of class C∞ in t∈R and satisfies
cðtÞ ¼ 0 for any t ≤ 0, cðtÞ ¼ 1 for any t ≥ 1, and
cðp0Þð0Þ ¼ cðp0Þð1Þ ¼ 0 for any p0 ∈N. The extrapolation
Hex

γ ðtÞ is explicitly organized by

Hex
γ ðτÞ ¼

8>>>>>><
>>>>>>:

HγðτÞ ðτ∈ ½0; t�ÞPpþ2
k¼0

HðkÞ
γ ðtÞτk
k! c

�
7 − 6τ

t

� �
τ∈
�
t; 4

3
t
��

0
�
τ∈
h
4
3
t; 5

3
t
i�

Ppþ2
k¼0

HðkÞ
γ ð0Þτk
k! c

�
6τ
t − 11

� �
τ∈
�
5
3
t; 2t

��
:

(A4)

The period T ¼ 2t is independent of γ, and Hex
γ ðτÞ for

τ ∉ ½0; 2t� is by the periodic extension Hex
γ ðτ þ 2tÞ ¼

Hex
γ ðτÞ. Confirming the continuity at τ ¼ 0; t; 4

3
t; 5

3
t; 2t,

it is easy to check the satisfaction of (i) and (ii).
About the condition (iii), the Fourier coefficient of

Hex
γ ðtÞ is
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Hex
γm ¼ 1

T

Z
T

0

dτHex
γ ðτÞeimωτ: (A5)

Repeating the integration by part, we obtain

kHex
γmk ¼

				 ipþ2

ðmωÞpþ2T

Z
T

0

dτHex ðpþ2Þ
γ ðτÞeimωτ

				
≤

1

ðjmjωÞpþ2
max

τ∈ ½0;2t�
ðkHex

γ ðτÞkÞ (A6)

for eachm ≠ 0, and it decays as kHex
γmk∈ oðjmj−p−1Þ. This

implies the uniform and absolute convergence of Eq. (A1),
which validates the condition (iii). ▪
When HðtÞ is a smooth Hamiltonian such that each

HγðtÞ is of class C∞, the Fourier coefficient Hex
γm decays

faster than every polynomial of m.

2. Decay in the Floquet-Hilbert space

We here discuss the decay of operators on the Floquet-
Hilbert space, which will be used for proving the error
bounds. It is characterized by the smoothness, inheriting
the decaying property of the Fourier components. First, we
show the following lemma. which allows us to easily
evaluate the decay in the product of operators.
Lemma A3. When two bounded operators AF; BF acting

on the Floquet-Hilbert space satisfy

khljAFjl0ik∈oðjl− l0j−p−1Þ; khljBFjl0ik∈oðjl− l0j−p−1Þ;
(A7)

the following inequality is satisfied,

khljAFBFjl0ik∈ oðjl − l0j−p−1Þ: (A8)

Proof. Without loss of generality, we suppose

khljAFjl0ik ≤
a

ð1þ jl − l0jÞpþ1
; khljBFjl0ik ≤

b
ð1þ jl − l0jÞpþ1

; (A9)

with some constants a; b ≥ 0. Inserting the completeness
P

l00 jl00ihl00j ¼ 1, we obtain

khljAFBFjl0ik ≤
X
l00 ∈Z

khljAFjl00ik × khl00jBFjl0ik

≤
X
l00 ∈Z

a
ð1þ jl − l00jÞpþ1

×
b

ð1þ jl00 − l0jÞpþ1

≤
Cpab

ð1þ jl − l0jÞpþ1
; (A10)

where Cp denotes a positive constant dependent on p. The last inequality can be confirmed by an elementary calculation
[61]. This completes the proof of Eq. (A8). ▪
Combining the decay of the Fourier components by the smoothness and this lemma, we obtain the decay of the time-

evolution operator in the Floquet-Hilbert space as follows.
Lemma A4. When the Hamiltonian HðtÞ ¼Pm Hme−imωt has polynomially decaying Fourier coefficients as

kHmk∈ oðjmj−p−1Þ, we have

khlje−iHAddtjl0ik∈ oðjl − l0j−p−1Þ; khlje−iHFtjl0ik∈oðjl − l0j−p−1Þ; (A11)

under jl − l0j → ∞, where HAdd and HF are respectively defined by Eqs. (33) and (32).
Proof. Since HAdd ¼Pm Addm ⊗ Hm is a Toeplitz matrix [62], its norm is bounded by

kHAddk ≤ max
τ∈ ½0;T�

ðkHðτÞkÞ: (A12)

This allows us to employ the Taylor series expansion for e−iHAddt. The matrix element hlje−iHAddtjl0i is bounded by

khlje−iHAddtjl0ik ≤
X∞
n¼0

jtjn
n!

khljðHAddÞnjl0ik: (A13)
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We have khljHAddjl0ik ¼ kHl−l0k∈oðjl − l0j−p−1Þ. By repeating Lemma A3, there exists a constant Cp such that

khljðHAddÞnjl0ik ≤
½Cp max

τ∈ ½0;T�
ðkHðτÞkÞ�n

ð1þ jl − l0jÞpþ1
: (A14)

As a result, we obtain

khlje−iHAddtjl0ik ≤
eCptmaxτ∈ ½0;T�ðkHðτÞkÞ

ð1þ jl − l0jÞpþ1
∈ oðjl − l0j−p−1Þ (A15)

for any finite time t, which proves the first half of Eq. (A11).
For the matrix element hlje−iHFtjl0i, we should be careful of the unboundedness of HF. Using the interaction picture in

HLP, it is expressed by

hlje−iHFtjl0i ¼ hljeiHLPtT exp
�
−i
Z

t

0

dτe−iHLPτHAddeiH
LPτ

�
jl0i

¼ eilωt
X∞
n¼0

Z
t

0

dτn � � �
Z

τ2

0

dτ1hlj
Yn
n0¼1

e−iHLPτn0HAddeiH
LPτn0 jl0i: (A16)

The second line comes from the boundedness of
e−iHLPτHAddeiH

LPτ. We can apply Lemma A3 owing to the
relation khlje−iHLPτHAddeiH

LPτjl0ik¼ kHl−l0e−iðl−l
0Þωτk¼

kHl−l0k, and this immediately leads to the latter part of
Eq. (A11). ▪
This lemma ensures the absolute convergence of the

series,
P

l∈Z e−ilωβthlje−iHAdd
γ αtj0i and

P
l∈Z e−ilωt ×

hlje−iHFtj0i, which respectively correspond to e−iHγðβtÞαt
and Uðt; 0Þ by Eqs. (56) and (54). In addition, it gives the
absolute convergence of operators composed of these
operators. For instance, we use this fact for S̄ðt; 0Þ ¼P

l∈Z e−ilωthljT̄ðtÞj0i in Theorem 4.
We also note that the operator

P
l∈Z hljΔ̄FðτÞj0i, which

appears in the time-dependent PF error by Theorem 8, is
absolutely convergent. As shown in Eqs. (80)–(82), the
operator Δ̄FðτÞ is composed of the time-evolution oper-
ators under HF or fHAdd

γ g, and the nested commutators
among fHAdd

γ g and HLP. The time evolutions give the
decay of oðjl − l0j−p−1Þ by Lemma A4. On the other hand,
the commutator ½HLP; HAdd

γ � gives the following decay,

khlj½HLP; HAdd
γ �jl0ik ¼

				X
m∈Z

hljAddm ⊗ mωHmjl0i
				

¼ kðl − l0ÞHγðl−l0Þk∈ oðjl − l0j−pÞ:
(A17)

The commutator ½HAdd
γ ; HAdd

γ0 � gives the decay of oðjl −
l0j−p−1Þ as well. Since the operator Δ̄FðτÞ expressed by
Eq. (80) contains at most p-fold nested commutators with
HLP, we have

khljΔ̄FðτÞjl0ik∈ oðjl − l0j−1Þ: (A18)

This ensures the absolute convergence ofP
l∈Z hljΔ̄FðτÞj0i, used in the proof of Theorem 8.

APPENDIX B: PROOF OF THE ERROR BOUNDS
NOT MENTIONED IN THE MAIN TEXT

1. Proof of the generalized PF error bound

In this section, we describe the proof of Theorem 12,
which states the upper bound on the generalized PF
error, kUðt; 0Þ − Sðt; 0Þk.
Proof of Theorem 12. The proof is completely parallel to

that for the standard PF in Sec. V. The time-independent
PF in the Floquet-Hilbert space, TFðtÞ, by Eq. (53) is
expressed by

TFðtÞ≡YVp

v¼1

Y2Γ
γ̃¼1

e−iH̃vγ̃ α̃vγ̃t; (B1)

where H̃vγ̃ and α̃vγ̃ are respectively given by

ðH̃vγ̃; α̃vγ̃Þ¼
� ðHF

πvðγÞ;αvγÞ ðγ̃¼ 2γ−1Þ
ð−HLP;βvðγþ1Þ−βvγ−αvγÞ ðγ̃¼ 2γÞ

(B2)

instead of Eq. (77). The coefficient α̃vγ has an absolute
value smaller than 1 owing to Eqs. (26)–(27). In a similar
manner to Eq. (92), we obtain
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kUðt; 0Þ − Sðt; 0Þk ≤
Z

t

0

dτ

				X
l∈Z

hljΔFðτÞj0i
				; (B3)

where the operator ΔFðτÞ is equal to Eq. (80) with substituting Eq. (B2) as ðH̃vγ̃; α̃vγ̃Þ.
We next examine how the operators C1ðHFÞ and C2ðH̃v0 γ̃0 Þ in ΔFðτÞ form the nested commutators and the time

derivative. As a counterpart of Lemma 9, we prove the following lemma.
Lemma B1. Let H̃vγ̃ be an operator defined by Eq. (B2). The commutators with H̃vγ̃ are given by

adH̃vγ̃
HAdd

γ0 ¼
X
m∈Z

Addm ⊗ ðDvγ̃ðtÞHγ0 ðtÞÞm; Dvγ̃ðtÞ ¼
(
adHπvðγÞðtÞ þ i d

dt ðγ̃ ¼ 2γ − 1Þ
i d
dt ðγ̃ ¼ 2γÞ ; (B4)

adH̃vγ̃
HLP ¼

( P
m∈Z

Addm ⊗
�
i d
dtHπvðγÞðtÞ

�
m

ðγ̃ ¼ 2γ − 1Þ
0 ðγ̃ ¼ 2γÞ

; (B5)

for γ ¼ 1;…;Γ.
Proof. It is easy to check this lemma. For an odd integer γ̃ ¼ 2γ − 1, we have

adH̃vγ̃
HAdd

γ0 ¼ ½HAdd
πvðγÞ; H

Add
γ0 � − ½HLP; HAdd

γ0 � ¼
X
m∈Z

Addm ⊗
�
adHπvðγÞ

Hγ0 ðtÞ þ i
d
dt
HπvðγÞðtÞHγ0 ðtÞ

�
m
; (B6)

in which the second line comes from Lemma 9. The same goes also for the other cases. ▪
We also need to show the counterpart of Lemma 10. With using the truncated generalized PF S≺vγðt; 0Þ ¼Q
v0γ0≺vγ Uπv0 ðγ0Þðβv0γ0tþ αv0γ0t; βv0γ0tÞ like Eq. (106), we have

X
l∈Z

e−ilωτvγ̃ðτ;τ1Þhlje−iH̃vγ̃ α̃vγ̃ τ1TF
≺vγ̃ðτÞj0i ¼

(
UπvðγÞðβvγτ þ αvγτ1; βvγτÞS≺vγðτ; 0Þ ðγ̃ ¼ 2γ − 1Þ

S≺vγðτ; 0Þ ðγ̃ ¼ 2γÞ ; (B7)

where the time τvγ̃ðτ; τ1Þ is equal to βvγτ þ αvγτ1 for γ̃ ¼ 2γ − 1 and βvðγþ1Þτ1 þ ðβvγ þ αvγÞðτ − τ1Þ for γ̃ ¼ 2γ. The time
τvγ̃ðτ; τ1Þ belongs to ½0; τ� for any τ1 ∈ ½0; τ�. This relation can be confirmed easily like Lemma 10 with using Eq. (51).
Since Eq. (B7) gives a unitary operator, it is irrelevant to the error bound. As a result, the quantity characterizing the
generalized PF error is bounded by

				X
l∈Z

hljΔFðτÞj0i
				 ≤ τp−1

Z
τ

0

dτ1
XVp

v¼1

X2Γ
γ̃¼1

X
qvγ̃ ;���;qðVp;2ΓÞ≥0∶
qvγ̃þ���þqðVp;2ΓÞ¼p;

qvγ̃≠0

0
@XΓ

γ0¼1

			Cfqg;γ0
vγ̃;Vp2Γðτvγ̃ðτ; τ1ÞÞ

			þ			Cfqg;LP
vγ̃;Vp2Γðτvγ̃ðτ; τ1ÞÞ

			
1
A

þ τp−1
Z

τ

0

dτ1
XVp

v0¼1

X
γ̃0∶odd

X
vγ̃⪯v0 γ̃0

X
qvγ̃ ;���;qv0 γ̃0≥0∶
qvγ̃þ���þqv0 γ̃0 ¼p;

qvγ̃≠0

			Cfqg;γ̃0þ1
2

vγ̃;v0 γ̃0 ðτvγ̃ðτ; τ1ÞÞ
			

þ τp−1
Z

τ

0

dτ1
XVp

v0¼1

X2Γ
γ̃0¼1

X
vγ̃⪯v0 γ̃0

X
qvγ̃ ;���;qv0 γ̃0≥0∶
qvγ̃þ���þqv0 γ̃0 ¼p;

qvγ̃≠0

			Cfqg;LP
vγ̃;v0 γ̃0 ðτvγ̃ðτ; τ1ÞÞ

			; (B8)

in which we properly replace the operator D̄vγ̃ðtÞ, the coefficient α̃vγ̃, and the time τvγ̃ðτ; τ1Þ by those for the generalized
PF. We note that the range of the index γ̃0 in the third line is different from the original one, Eq. (116). This is because H̃v0 γ̃0

appearing in the second term of Eq. (80) contains HLP also for odd γ̃0 according to Eq. (B2). Finally, repeating the
evaluation from Eq. (116) to Eq. (124), we obtain the error bound of the generalized PF,
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kUðt; 0Þ − Sðt; 0Þk ≤ 5ðVptÞpþ1 max
τ∈ ½0;t�

αcom;pðτÞ; (B9)

where the quantity αcom;pðτÞ is defined by Eq. (49). The
change in the coefficient from Eq. (115) reflects that in the
range of γ̃0 discussed above.

2. Error bounds of the time-dependent
PFs with β11 ≠ 0

In the main text, we focus on the standard or
generalized PFs with setting β11 ¼ 0 in Eqs. (17) or
(23). This is just for simplifying the calculation in
Secs. IV and V, and hence we briefly discuss the case
with β11 ≠ 0 here.
We focus on the standard PF S̄ðt; 0Þ with β11 ≠ 0. The

problem of the calculation in Sec. V is that the time-
independent PF T̄FðtÞ defined by Eq. (52) cannot approxi-
mate the time evolution e−iHFt in the case of β11 ≠ 0.
Namely, the corresponding PF T̄ðtÞ by Eq. (75) cannot
satisfy the order condition T̄ðtÞ ¼ e−iHt þOtpþ1 for a
Hamiltonian H ¼PΓ

γ¼0 Hγ, which is required in
Theorem 11. To see this, let us consider the total evolution
time under Hγ included in the PF T̄ðtÞ. The evolution time
for each γ∈ f1; 2;…;Γg amounts to

XVp

v¼1

X
γ0∶ πvðγ0Þ¼γ

αvγ0t ¼ t; (B10)

which directly follows from the assumption, Eq. (26). On
the other hand, the total evolution time for γ ¼ 0 is

XVp

v¼1

XΓ
γ¼1

ðβvðγþ1Þ − βvγÞt ¼ βVpðΓþ1Þt − β11t ¼ t − β11t;

(B11)

which cannot be equal to t except for β11 ¼ 0. Thus, the PF

T̄ðtÞ cannot approximate e−iHt ¼ e−i
P

Γ
γ¼0

Hγt even within
an error OðtÞ under β11 ≠ 0, implying the impossibility of
satisfying the order condition T̄ðtÞ ¼ e−iHt þOðtpþ1Þ.
This problem is easily resolved by modifying the time-
independent PF T̄FðtÞ on the Floquet-Hilbert space HFT.
Instead of Eq. (52), we set it by

T̄FðtÞ ¼
2
4YVp

v¼1

YΓ
γ¼1

ðeiHLPðβvðγþ1Þ−βvγÞte−iH
Add
πvðγÞαvγtÞ

3
5eiHLPβ11t:

(B12)

The correspondence between the time-independent
and time-dependent PFs, i.e., the relation S̄ðt; 0Þ ¼P

l e
−ilωthljT̄ðtÞj0i, still holds under this modification

due to eiH
LPβ11tj0i ¼ j0i. Then, the corresponding PF

T̄ðtÞ is Eq. (75) multiplied by eiH0β11t on the right. The
evolution time under Hγ in T̄ðtÞ is t for every
γ ¼ 0; 1;…;Γ, and hence the satisfaction of the order
condition T̄ðtÞ ¼ e−iHt þOðtpþ1Þ is allowed.
The error bound of the time-dependent PFs should be

modified from Theorem 11 in the case of β11 ≠ 0 as well.
Section Vemploys the error analysis of the time-dependent
PF [11] for T̄FðtÞ. It is sufficient to replace the expression
Eqs. (76) and (77) by

T̄FðtÞ≡YVp

v¼0

Y2Γ
γ̃¼1

e−iH̃vγ̃ α̃vγ̃t; ðH̃vγ̃; α̃vγ̃Þ ¼

8>>><
>>>:

ðHAdd
πvðγÞ; 0Þ if v ¼ 0; γ̃ ¼ 2γ − 1

ð−HLP; β11δγ;1Þ if v ¼ 0; γ̃ ¼ 2γ
ðHAdd

πvðγÞ;αvγÞ if v ≠ 0; γ̃ ¼ 2γ − 1

ð−HLP; βvðγþ1Þ − βvγÞ if v ≠ 0; γ̃ ¼ 2γ

; (B13)

where γ is an integer in f1; 2;…;Γg for reproducing
the modified PF by Eq. (B12). It shares the structure
with the original expression by Eqs. (76) and (77)
in that they are organized by the time-evolution oper-
ators under HAdd

γ or HLP and that their coefficients
satisfy jα̃vγ̃j ≤ 1. On the other hand, the number of the
layers Vp is replaced by Vp þ 1. As a result, we obtain
the following error bound valid for the case with
β11 ≠ 0.
Corollary B2. (Standard PF error in the case of β11 ≠ 0)

Suppose that the coefficients fαvγ; βvγg are chosen so that a
time-independent PF,

T̄ðtÞ ¼
2
4YVp

v¼1

YΓ
γ¼1

ðe−iH0ðβvðγþ1Þ−βvγÞte−iHπvðγÞαvγtÞ
3
5e−iH0β11t

(B14)

can satisfy the order condition T̄ðtÞ ¼ e−iHt þOðtpþ1Þ for
the HamiltonianH ¼PΓ

γ¼0Hγ. The standard PF S̄ðt; 0Þ by
Eq. (17) has an error bounded by

kUðt; 0Þ − S̄ðt; 0Þk ≤ 4½ðVp þ 1Þt�pþ1 max
τ∈ ½0;t�

ᾱcom;pðτÞ:
(B15)
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Proof. We follow the calculation in the proof of
Theorem 11. The explicit error bound is immediately
obtained by replacing Vp in Eq. (115) with Vp þ 1. ▪
We realize that the upper bound Eq. (B15) excessively

overestimates the PF error since Eq. (B13) contains
redundant copies of HAdd

πvðγÞ for v ¼ 0. However, the above
error bound is sufficient for ensuring that the scalings of
the error bound or the computational cost in the case of
β11 ≠ 0 are exactly the same as those for β11 ¼ 0,
discussed in the main text. When the standard PF has
uniform coefficients as Definition 1, the quantity ᾱcom;pðτÞ
in Eq. (B15) is replaced by ᾱunicom;pðτÞ like Corollary 13.
The same discussion goes also for the generalized PF

Sðt; 0Þ. In the corresponding time-independent PF for a
Hamiltonian H ¼PΓ

γ¼1Hγ þ ðΓ − 1ÞH0 by Eq. (126), the
total evolution time under H0 amounts to

−XVp

v¼1

X
γ¼1

ðβvðγþ1Þ−βvγ−αvγÞt¼ðΓ−1þβ11Þt: (B16)

We use the assumption Eq. (26) for the above summa-
tion of the coefficients fαvγg. The evolution time does not
coincide with t unless β11 ≠ 0, implying the impossibility
of the order condition. In a similar manner to the standard
PF, it is sufficient to employ the modified time-indepen-
dent PF,

TFðtÞ ¼
2
4YVp

v¼1

YΓ
γ¼1

ðeiHLPðβvðγþ1Þ−βvγ−αvγÞte−iH
F
πvðγÞαvγtÞ

3
5eiHLPβ11t

(B17)

instead of Eq. (53), which satisfies the relation, Eq. (55).
As a result, we obtain the error bound of the generalized PF
Sðt; 0Þ in the case of β11 ≠ 0 as follows.
Corollary B3. (Generalized PF error in the case of

β11 ≠ 0) Suppose that the coefficients fαvγ; βvγg are
chosen so that a time-independent PF,

T̄ðtÞ ¼
2
4YVp

v¼1

YΓ
γ¼1

ðeiH0ðβvðγþ1Þ−βvγt−αvγÞe−iHπvðγÞαvγtÞ
3
5eiH0β11t

(B18)

can satisfy the order condition TðtÞ ¼ e−iHt þOðtpþ1Þ for
the Hamiltonian H ¼PΓ

γ¼1 Hγ þ ðΓ − 1ÞH0. The gener-
alized PF Sðt; 0Þ by Eq. (23) has an error bounded by

kUðt; 0Þ − S̄ðt; 0Þk ≤ 5½ðVp þ 1Þt�pþ1 max
τ∈ ½0;t�

αcom;pðτÞ:
(B19)

Proof. It is sufficient to replace Vp by Vp þ 1 in
Theorem 12 like the proof of Corollary B2. ▪

APPENDIX C: PROOF OF TIME-DEPENDENT
MPF ERROR

In this section, we provide the detailed derivation of the
error for the time-dependent multi-product formula (MPF),
discussed in Sec. VII. The time-dependentMPFs are related
to the time-independent ones by Theorem 16. As a result,
their errors are also related to time-independent ones like
Eq. (169). Throughout this appendix, we mainly focus on
the standard MPF N̄ðtÞ by Eq. (160). The derivation of the

FIG. 2. Proof sketch for an upper bound on the time-dependent MPF error.
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time-dependent MPF error is sketched in Fig. 2, which is
parallel to the time-independent case [29]. First, we intro-
duce the truncated Baker-Campbell-Hausdorff (BCH)
formula for approximating the time-independent PF and
discuss its properties in Appendix C 1. We next show that it
can approximate the time-dependentMPFwith an arbitrarily
small error in Appendix C 2, while some inequalities used in
this part are proven in Appendix C 3. Finally, by evaluating
the error between the exact time-evolution operator and the
approximate one composed of the truncated BCH formulas
in Appendix C 4, we arrive at the upper bound of the time-
dependent MPF error shown as Theorem 17.
As discussed in the beginning of Sec. VII, the

Hamiltonian HðtÞ is composed of the terms HγðtÞ in

class C∞. It is supposed to be k-local and has the
extensiveness g defined by Eq. (135). We also assume
the existence of the degree of time-dependency f satisfy-
ing Eq. (137) for any q∈N.

1. Baker-Campbell-Hausdorff (BCH) formula
and its properties

In order to evaluate the time-independent MPF
error M̄FðtÞ − e−iHFt, we first consider the error
fTðt=kjÞgkj − e−iHFt. It can be calculated based on the

BCH formula like eAteBt ¼ eðAþBÞtþ½B;A�t2þOðt3Þ. The order-
p0 (p0 ∈N) BCH formula for the time-independent PF
T̄FðtÞ is defined by

T̄BCH
p0

ðtÞ ¼ exp
�
−iHFt − i

Xp0

q¼pþ1

Φ̄F
q tq
�

¼ exp
�
−iXp0

q¼1

Φ̄F
q tq
�
; (C1)

where the order-q operator Φ̄F
q is defined by Φ̄F

1 ¼ HF and

Φ̄F
q ¼ ð−iÞq−1 X

q11 ;���;qVp2Γ≥0;
q11þ���þqVp2Γ¼q

0
@YVp

v¼1

Y2Γ
γ̃¼1

ðα̃vγ̃Þqvγ̃
qvγ̃!

1
AϕqðH̃Vp2Γ; � � � ; H̃Vp2Γ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

qVp2Γ

; � � � ; H̃vγ̃; � � � ; H̃vγ̃|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
qvγ̃

; � � � ; H̃11; � � � ; H̃11|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
q11

Þ; (C2)

ϕqðH1;…; HqÞ ¼
X
σ∈Sq

ð−1Þdσdσ!ðq − 1 − dσÞ!
q2ðq − 1Þ! ½Hσð1Þ; � � � ; ½Hσðq−1Þ; HσðqÞ���; (C3)

for q ≥ 2. The symbol Sq is the symmetric group of q
elements, and dσ is the number of adjacent pairs such that
σðiþ 1Þ < σðiÞ, i.e., dσ ¼ jfijσðiþ 1Þ < σðiÞgj. We have
Φ̄F

q ¼ 0 for q ¼ 2; 3;…; p due to the order condition of the
PF, T̄FðtÞ ¼ e−iHFt þOðtpþ1Þ. At the same time, the order
condition for the order-p0 BCH formula implies
T̄BCH
p0

ðtÞ ¼ T̄FðtÞ þOðtp0þ1Þ. Each order-q term Φ̄F
q in

the BCH formula has the following property.
Lemma C1. Each term in the BCH formula, Φ̄F

q by
Eq. (C2) is written in the form of

Φ̄F
q ¼

X
m∈Z

Addm⊗ Φ̄q;m; Φ̄q;m¼ 1

T

Z
T

0

dtΦ̄qðtÞeimωt:

(C4)

The operator Φ̄qðtÞ is bounded by

kΦ̄qðtÞk ≤ ðVpÞqᾱcom;q−1ðtÞ
≤ ðq − 1Þ!ðVpÞqð2kgþ ΓfÞq−1Ng; (C5)

where ᾱcom;qðtÞ is defined by Eq. (48).

Proof. By the definition Φ̄F
1 ¼ HF, we have Φ̄1ðtÞ ¼

HðtÞ and kΦ̄1ðtÞk ≤ Ng, which completes the proof for
q ¼ 1.We focus on the casewith q ≥ 2. Equations (C2) and
(C3) say that Φ̄F

q is composed of nested commutators
among fHAdd

γ g and HLP. Since they have the form like
Eq. (101) as discussed in Sec. V B, the operator Φ̄F

q is
also written in the same form. We next evaluate the upper
bound on kΦ̄qðtÞk. Each q-fold nested commutator
½H̃vq γ̃q ; � � � ; ½H̃v2 γ̃2 ; H̃v1 γ̃1 �� in the operator Φ̄F

q comes from
the permutation σ∈Sq such that ðσð1Þ; � � � ; σðqÞÞ ¼
ðvqγ̃q;…; v1γ̃1Þ under fixed indices q11; � � � ; qVp2Γ satisfy-
ing q11 þ � � � þ qVp2Γ ¼ q. Let us denote the set of
such permutations by S0q, and then we have jS0qj ¼
q11! � � � qVp2Γ!. The absolute value of the nested commu-

tator ½H̃vq γ̃q ; � � � ; ½H̃v2 γ̃2 ; H̃v1 γ̃1 �� is bounded by

����
�YVp

v¼1

Y2Γ
γ̃¼1

ðα̃vγ̃Þqvγ̃
qvγ̃!

�X
σ∈S0q

ð−1Þdσdσ!ðq − 1 − dσÞ!
q2ðq − 1Þ!

����
≤

1

q11! � � � qVp2Γ!

jS0qj
q2

¼ 1

q2
: (C6)
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When we move to the representation in the time domain,
the commutator adH̃vγ̃

is replaced by D̄vγ̃ðtÞ as shown
in Lemma 9. We should be careful of the parity of the
index γ̃1. For an odd integer γ̃1 ¼ 2γ1 − 1, the nested
commutator ½H̃vq γ̃q ; � � � ; ½H̃v2 γ̃2 ; H̃v1 γ̃1 �� gives rise to the

term
Qp

q0¼2
D̄vq0 γ̃q0 ðtÞHγ1ðtÞ in the operator Φ̄qðtÞ following

Eq. (96). On the other hand, when γ̃1 is even, the
commutator ½H̃v2 γ̃2 ; H̃v1 γ̃1 � survives only for an odd integer
γ̃2 ¼ 2γ2 − 1, and then it gives i d

dtHγ2ðtÞ according to
Eq. (97). Therefore, the operator Φ̄F

q ðtÞ is bounded by

kΦ̄qðtÞk ≤
1

q2
XVp

v1¼1

XΓ
γ1¼1

XVp2Γ

v2 γ̃2;…;vq γ̃q¼11

				
�Yp

q0¼2

D̄vq0 γ̃q0 ðtÞ
�
Hγ1ðtÞ

				
þ 1

q2
XVp

v1¼1

XΓ
γ1¼1

XVp

v2¼1

XΓ
γ2¼1

XVp2Γ

v3 γ̃3;…;vq γ̃q¼11

				
�Yp

q0¼3

D̄vq0 γ̃q0 ðtÞ
�

d
dt
Hγ2ðtÞ

				
≤

2

q2
ðVpÞq

XΓ
γ1¼1

XΓþ1

γ2;…;γp¼1

				
�Yp

q¼2

D̄γqðtÞ
�
Hγ1ðtÞ

				 ≤ ðVpÞqᾱcom;q−1ðtÞ; (C7)

which completes the proof of the first inequality in
Eq. (C5). The second inequality in Eq. (C5) immediately
comes from Theorem 14. ▪
We next consider the locality, extensiveness, and the

strength of time-dependency of the operator Φ̄qðtÞ as a
Hamiltonian. The operator Φ̄qðtÞ is written in the form of

Φ̄qðtÞ ¼
X
X⊂Λ

h
Φ̄q

X ðtÞ; (C8)

where each h
Φ̄q

X ðtÞ denotes a local operator nontrivially
acting on the domain X. In a similar manner to Eq. (135),
we define the extensiveness gðΦ̄qÞ by a number such that
the relation,

max
i∈Λ

sup
τ∈ ½0;t�

X
X∋i

khΦ̄q

X ðτÞk ≤ gðΦ̄qÞ; (C9)

holds. We also define the strength of time-dependency
fðΦ̄qÞ by a number such that the relation,

max
i∈Λ

sup
τ∈ ½0;t�

X
X∋i

				 dq0dτq0
h
Φ̄q

X ðτÞ
				 ≤ ½fðΦ̄qÞ�q0gðΦ̄qÞ; (C10)

holds for every q0 ∈N. We characterize these quantities
based on the counterparts of the Hamiltonian HðtÞ as
follows.
Lemma C2. The operator Φ̄qðtÞ defined by Eq. (C4) is at

most qk-local. In addition, its extensiveness and strength
of time-dependency can be chosen as

gðΦ̄qÞ ¼ q!ðVpÞqð2kgþ ΓfÞq−1g; fðΦ̄qÞ ¼ qf;

(C11)

which satisfy the relations Eqs. (C9) and (C10).

Proof. The case with q ¼ 1 is trivial, and we consider
q ≥ 2. The operator Φ̄qðtÞ is composed of q-fold nested
commutators among HγðtÞ and their time derivative. Since
each HγðtÞ is k-local and the time derivative preserves the
locality, the operator Φ̄qðtÞ is at most qk-local.
We evaluate the quantities gðΦ̄qÞ and fðΦ̄qÞ. Let us

expand the operator
Qq

q0¼2
D̄γq0 ðτÞHγ1ðτÞ by

�Yq
q0¼2

D̄γq0 ðτÞ
�
Hγ1ðτÞ ¼

X
X⊂Λ

h̄
γ1;…;γq
X ðτÞ; (C12)

with a local term h̄
γ0;…;γq
X ðτÞ nontrivially acting on a

domain X. The discussion on the locality says that
h̄
γ0;…;γq
X ðτÞ can be nonzero only for a domain X such that

jXj ≤ qk. As well as the discussion in the proof of
Lemma C1, the local terms in Φ̄qðtÞ are covered by
ðVpÞq copies of the nested commutators among fHγðtÞg
and their time derivative with a coefficient smaller than
2=q2 ≤ 1, which leads to the relations,

X
X∋i

khΦ̄q

X ðτÞk ≤ ðVpÞq
X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γq¼1

kh̄γ1;…;γq
X ðτÞk;

(C13)

X
X∋i

				 dq0

dτq0
h
Φ̄q

X ðτÞ
				

≤ ðVpÞq
X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γq¼1

				 dq0dτq0
h̄
γ1;…;γq
X ðτÞ

				: (C14)

We aim to find the quantities gðΦ̄qÞ and fðΦ̄qÞ such that
the inequalities
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ðVpÞq
X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γq¼1

kh̄γ1;…;γq
X ðτÞk ≤ gðΦ̄qÞ; ðVpÞq

X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γq¼1

				 dq0dτq0
h̄
γ1;…;γq
X ðτÞ

				 ≤ ½fðΦ̄qÞ�q0gðΦ̄qÞ (C15)

are satisfied.
We determine the quantities gðΦ̄qÞ and fðΦ̄qÞ recursively. Let us consider the extensiveness for qþ 1. The local terms

of Eq. (C12) for qþ 1 are composed of the commutators ½hγqþ1

X0 ðτÞ; h̄γ1;…;γq
X ðτÞ�, which come from the application of

D̄γqþ1
ðτÞ for γqþ1 ¼ 1;…;Γ, and the time derivative Γ d

dτ h̄
γ1;…;γq
X ðτÞ, which comes from that for γqþ1 ¼ Γþ 1. As a result,

the extensiveness is evaluated by

ðVpÞqþ1
X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γqþ1¼1

kh̄γ1;…;γqþ1

X ðτÞk

≤ ðVpÞqþ1
XΓ
γ1¼1

XΓþ1

γ2;…;γq¼1

0
B@X

X;X0⊂Λ;
X∪X0∋i

XΓ
γqþ1¼1

k½hγqþ1

X0 ðτÞ; h̄γ1;…;γq
X ðτÞ�k þ

X
X∋i

				Γ d
dτ

h̄
γ1;…;γq
X ðτÞ

				
1
CA

≤ ðVpÞqþ1
XΓ

γ1;γqþ1¼1

XΓþ1

γ2;…;γq¼1

X
X;X0⊂Λ;
X∪X0∋i

k½hγqþ1

X0 ðτÞ; h̄γ1;…;γq
X ðτÞ�k þ VpΓfðΦ̄qÞgðΦ̄qÞ: (C16)

The second term comes from the existence of fðΦ̄qÞ saturating Eq. (C15). In the first term, only the contributions from
X;X0 ∈Λ such that X ∪ X0 ∋ i and X ∩ X0 ≠ ϕ survive. Since X or X0 includes the site i, Eq. (C16) is further bounded by

½Eq: ðC16Þ� ≤ ðVpÞqþ1
XΓ

γ1;γqþ1¼1

XΓþ1

γ2;…;γq¼1

�X
X∋i

X
X0;X∩X0≠ϕ

þ
X
X0∋i

X
X;X∩X0≠ϕ

�
k½hγqþ1

X0 ðτÞ; h̄γ1;…;γq
X ðτÞ�k þ VpΓfðΦ̄qÞgðΦ̄qÞ

≤ ðVpÞqþ1
XΓ

γ1;γqþ1¼1

XΓþ1

γ2;…;γq¼1

�X
X∋i

X
j∈X

X
X0∋j

þ
X
X0∋i

X
j∈X0

X
X∋j

�
2khγqþ1

X0 ðτÞkkh̄γ1;…;γq
X ðτÞk þ VpΓfðΦ̄qÞgðΦ̄qÞ

≤ Vpðqkþ kÞ2g · gðΦ̄qÞ þ VpΓfðΦ̄qÞgðΦ̄qÞ: (C17)

In the last inequality, we use the fact that the domains of the local terms, X and X0, respectively contain at most qk and k
sites due to the locality. We also use gðΦ̄qÞ that saturates Eq. (C15). Thus, one can choose the extensiveness gðΦ̄qþ1Þ by

gðΦ̄qþ1Þ ¼ Vpf2ðqþ 1Þkgþ ΓfðΦ̄qÞ þ ΓfggðΦ̄qÞ; (C18)

which is strictly larger than Eq. (C17). The quantity Γf is added just for solving this recursive relation.
The strength of time-dependency is evaluated in a similar way. Considering the Leibniz rule, the time derivative of the

local terms is bounded by

ðVpÞqþ1
X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γqþ1¼1

				 dq0dτq0
h̄
γ1;…;γqþ1

X ðτÞ
				

≤ ðVpÞqþ1
XΓ
γ1¼1

XΓþ1

γ2;…;γq¼1

0
@X

X;X0⊂Λ;
X∪X0∋i

XΓ
γqþ1¼1

				 dq0dτq0
½hγqþ1

X0 ðτÞ; h̄γ1;…;γq
X ðτÞ�

				þX
X∋i

				Γ dq0

dtq0
h̄
γ1;…;γq
X ðτÞ

				
1
A

≤ ðVpÞqþ1
XΓ

γ1;γqþ1¼1

XΓþ1

γ2;…;γq¼1

X
X;X0⊂Λ;
X∪X0∋i

Xq0
q00¼0

q0!
q00!ðq0 − q00Þ! k½h

γqþ1ðq00Þ
X0 ðτÞ; h̄γ1;…;γqðq0−q00Þ

X ðτÞ�k þ VpΓ½fðΦ̄qÞ�q0þ1gðΦ̄qÞ

≤
Xq0
q00¼0

q0!
q00!ðq0 − q00Þ!Vpðqkþ kÞ2fq00g · ½fðΦ̄qÞ�q0−q00gðΦ̄qÞ þ VpΓ½fðΦ̄qÞ�q0þ1gðΦ̄qÞ

≤ ½fðΦ̄qÞ þ f�q0Vp½2ðqþ 1Þkgþ ΓfðΦ̄qÞ�gðΦ̄qÞ ≤ ½fðΦ̄qÞ þ f�q0gðΦ̄qþ1Þ: (C19)
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Thus, one can choose the strength of time-dependency
by

fðΦ̄qþ1Þ ¼ fðΦ̄qÞ þ f: (C20)

We immediately obtain fðΦ̄qÞ with the initial condition
fðΦ̄1Þ ¼ f. We substitute this into Eq. (C18) and solve the
resulting recursive relation gðΦ̄qþ1Þ ¼ ðqþ 1ÞVpð2kgþ
ΓfÞgðΦ̄qÞ with gðΦ̄1Þ ¼ Vpg. This results in gðΦ̄qÞ ¼
q!ðVpÞqð2kgþ ΓfÞq−1g. ▪

2. Error by the truncated
Baker-Campbell-Hausdorff formula

The next step for evaluating the error bound is to
interleave the truncated BCH formula between the exact
time-evolution operator and the time-dependent MPF.
Although the power of the time-independent PF
½T̄Fðt=kjÞ�kj in the MPF is not expressed in a simple
way, that for the truncated BCH formula can be easily
calculated as

½T̄BCH
p0

ðt=kjÞ�kj ¼ exp
�
−iHFt − i

Xp0

q¼pþ1

Φ̄F
q

tq

ðkjÞq−1
�
:

(C21)

Thus, the evaluation of the error ½T̄BCH
p0

ðt=kjÞ�kj − e−iHFt

is easier than that of ½T̄Fðt=kjÞ�kj − e−iHFt included in
Eq. (169). We leave the calculation of the former one in
Appendix C 4, and we begin with considering the error
caused by adopting T̄BCH

p0
ðt=kjÞ instead of T̄Fðt=kjÞ in this

section.
First, we focus on the error by replacing the PF for a

single step, i.e.,

X
l∈Z

e−ilωthljT̄FðtÞj0i −X
l∈Z

e−ilωthljT̄BCH
p0ðN;ϵÞðtÞj0i: (C22)

We prove the following upper bound by using the
locality of Hamiltonians.
Lemma C3. (Truncated BCH) Let ϵ be an arbitrary fixed

value in ð0; 1Þ. Suppose that the time t is small enough to
satisfy

jtj≤ 1

4e3Vpp0ðN;ϵÞð2kgþΓfÞ∈O
�

1

ðgþΓfÞ logðN=ϵÞ
�
;

(C23)

where p0ðN; ϵÞ ¼ ⌈ logð2N=ϵÞ⌉ denotes the truncation
order. The error of replacing the time-independent PF

T̄FðtÞ by the truncated BCH formula T̄BCH
p0

ðtÞ is bounded by				X
l∈Z

e−ilωthlj½T̄FðtÞ − T̄BCH
p0ðN;ϵÞðtÞ�j0i

				 ≤ ϵ: (C24)

Remark. We note that the truncation at the order
p0ðN; ϵÞ plays an essential role in the MPF. If we sets
p0ðN; ϵÞ → ∞, the error Eq. (C24) becomes exactly zero,
which seems to be preferable compared to the truncated
case. However, such a situation demands the convergence
of the BCH formula Eq. (C1). According to its
convergence radius, no bound tighter than

jtj∈O
�
½Nðgþ ΓfÞ�−1

�
is known in general, like the

time-independent case [29]. It is incompatible with the
size-efficient complexity reflecting the locality via com-
mutators since we use the time-dependent MPF for the
small time t=r∈ Ω̃ðN−1=ðpþ1ÞÞ characterized by the Trotter
number r in Eq. (187). On the other hand, this lemma
exploits the asymptotic convergence up to the order
p0ðN; ϵÞ under the locality of Hamiltonians, allowing us
to use the truncated BCH formula under the condition
looser than the convergence radius, i.e., Eq. (C23). The
time under Eq. (C23) is compatible with the Trotter
number by Eq. (187), whose system-size dependence
reflects the locality via the error bound consisting of
nested commutators and time derivatives. The necessity of
this truncation is present also in the time-independent
MPF, and see Refs. [28,29] for its detailed discussion.
Proof. Let p0 denote p0ðN; ϵÞ for simplicity. For the

N-site latticeΛ ¼ f1; 2;…; Ng, we consider its subsystem,

Λi ¼
8<
:

Λ ði ¼ 0Þ
fiþ 1; � � � ; Ng ði ¼ 1;…; N − 1Þ

ϕ ði ¼ NÞ
: (C25)

Let us define the subsystem Hamiltonians,

HΛiðtÞ ¼
X
X⊂Λi

hXðtÞ; HΛi
γ ðtÞ ¼

X
X⊂Λi

hγXðtÞ: (C26)

The extensiveness and the strength of HΛiðtÞ, which are
counterparts of Eqs. (135) and (137), are respectively
smaller than those of HðtÞ by definition. We consider the
PFs and the BCH formula for the subsystem Hamiltonian
HΛiðtÞ, for which we attach the superscript Λi. For
instance, the standard PF is defined by

S̄Λiðt; 0Þ ¼
YVp

v¼1

XΓ
γ¼1

e−iH
Λi
πvðγÞðβvγtÞαvγt; (C27)

and each term in the BCH formula Φ̄F;Λi
q is given in a

similar manner to Eq. (C2). We also define the subsystem
PF T̄F;ΛiðtÞ and the subsystem BCH formula and the
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subsystem BCH formula T̄BCH;Λi
p0

ðtÞ as well. The time-
independent PF T̄FðtÞ and the BCH formula T̄BCH

p0
ðtÞ are

respectively decomposed into

T̄FðtÞ ¼ eiH
LPt
YN
i¼1

½T̄F;ΛiðtÞ†T̄F;Λi−1ðtÞ�; (C28)

T̄BCH
p0

ðtÞ ¼ eiH
LPt
YN
i¼1

½T̄BCH;Λi
p0

ðtÞ†T̄BCH;Λi−1
p0

ðtÞ� (C29)

since we have T̄F;Λ0ðtÞ ¼ T̄FðtÞ, T̄BCH;Λi
p0

ðtÞ ¼ T̄BCH
p0

ðtÞ,
and T̄F;ΛNðtÞ ¼ T̄BCH;ΛN

p0
ðtÞ ¼ eiH

LPt.

We express the error in Eq. (C24) by the above
decompositions. First, it is easy to check that the trans-
lation symmetry like Theorem 5 holds also for the
operators T̄F;ΛiðtÞ. By calculation like Eq. (91), we obtain

X
l∈Z

e−ilωthljT̄FðtÞj0i ¼
YN
i¼1

�X
l∈Z

hljT̄F;ΛiðtÞ†T̄F;Λi−1ðtÞj0i
�
:

(C30)

We note that the above relation is ensured by the absolute
convergence of

P
l∈Z hljT̄F;ΛiðtÞ†T̄F;Λi−1ðtÞj0i, which is

easily confirmed by Lemma A3 and Lemma A4. The
translation symmetry of T̄F;ΛiðtÞ also implies the unitarity
of the operator in the above formula by

�X
l∈Z

hljT̄F;ΛiðtÞ†T̄F;Λi−1ðtÞj0i
�†�X

l∈Z

hljT̄F;ΛiðtÞ†T̄F;Λi−1ðtÞj0i
�

¼
X
l;l0 ∈Z

hl − l0jT̄F;Λi−1ðtÞ†T̄F;ΛiðtÞjlihljT̄F;ΛiðtÞ†T̄F;Λi−1ðtÞj0i ¼ I: (C31)

Similar calculation goes also for the subsystem BCH formula, T̄BCH
p0

ðtÞ, leading to the decomposition like Eq. (C30) and
the unitarity like Eq. (C31). As a result, the left-hand side of the error, Eq. (C24), is bounded by

				X
l∈Z

e−ilωthlj½T̄FðtÞ − T̄BCH
p0

ðtÞ�j0i
				 ≤

XN
i¼1

				X
l∈Z

hlj½T̄F;ΛiðtÞ†T̄F;Λi−1ðtÞ − T̄BCH;Λi
p0

ðtÞ†T̄BCH;Λi−1
p0

ðtÞ�j0i
				: (C32)

With a technique similar to the time-independent case [29], we can expand the right-hand side with respect to t under the
condition Eq. (C23) as we will prove as Lemma C5 and Lemma C6 in Appendix C 3. First, about the operator T̄F;ΛiðtÞ, we
can show the relation,

X
l∈Z

hljT̄F;ΛiðtÞ†T̄F;Λi−1ðtÞj0i ¼
X∞
q¼0

T̄i
q;p0

tq þ T̄i
p0
ðtÞ; T̄i

p0
ðtÞ∈Oðtp0þ1Þ: (C33)

Each of the operators T̄i
q;p0

and T̄i
p0
ðtÞ is bounded by

kT̄i
q;p0

ktq ≤
e
2
½2p0Vpð2kgþ ΓfÞt�q; kT̄i

p0
ðtÞk ≤ e2½2p0Vpð2kgþ ΓfÞt�p0þ1: (C34)

As well, we have a similar expansion for the operator T̄BCH;Λi
p0

ðtÞ, given by

X
l∈Z

hljT̄BCH;Λi
p0

ðtÞ†T̄BCH;Λi−1
p0

ðtÞj0i ¼
X∞
q¼0

T̄BCH;i
q;p0

tq þ T̄BCH;i
p0

ðtÞ; (C35)

where the operators T̄BCH;i
q;p0

and T̄BCH;i
p0

ðtÞ are respectively bounded by

kT̄BCH;i
q;p0

ktq ≤
1

2e2
f4e2p0Vpð2kgþ ΓfÞtgq; kT̄BCH;i

p0
ðtÞk ≤ e3=2½2e2p0Vpð2kgþ ΓfÞt�p0þ1: (C36)

We attach their detailed derivation in Appendix C 3 and continue the proof of Lemma C3.
Owing to the order condition T̄BCH;Λi

p0
ðtÞ ¼ T̄F;ΛiðtÞ þOðtp0þ1Þ, we have T̄i

q;p0
¼ T̄BCH;i

q;p0
for every q ¼ 0; 1;…; p0.

Equation (C32) can be bounded by
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				X
l∈Z

e−ilωthlj½T̄FðtÞ − T̄BCH
p0

ðtÞ�j0i
				 ≤

XN
i¼1

" X∞
q¼p0þ1

ðkT̄i
q;p0

ktq þ kT̄BCH;i
q;p0

ktqÞ þ kT̄i
p0
ðtÞk þ kT̄BCH;i

p0
ðtÞk

#

≤ N
X∞

n¼p0þ1

�
e
2
ð2e3Þ−q þ 1

2e2
e−q
�
þ e2Nð2e3Þ−p0−1 þ e3=2Nð2eÞ−p0−1

≤ N
�
eþ e−2

2

X∞
q¼p0þ1

e−q þ e−2 þ e1=2

2
e−p0

�
≤ 2Ne−p0 : (C37)

Since the integer p0 ¼ p0ðN; ϵÞ is set to ⌈ logð2N=ϵÞ⌉, this becomes smaller than ϵ. ▪
The aim of this section is to evaluate

N̄ðt; 0Þ −XJ
j¼1

cj
X
l∈Z

e−ilωthlj½TBCH
p0ðN;ϵÞðt=kjÞ�kj j0i ¼

XJ
j¼1

cj
X
l∈Z

e−ilωthljf½T̄Fðt=kjÞ�kj − ½T̄BCH
p0ðN;ϵÞðt=kjÞ�kjgj0i; (C38)

which represents the error by replacing the repeated PF ½T̄Fðt=kjÞ�kj with the corresponding truncated BCH formula
½T̄BCH

p0ðN;ϵÞðt=kjÞ�kj . It can be expressed by the single-step error discussed in Lemma C3, which results in the following
statement.
Lemma C4. The standard MPF N̄ðt; 0Þ is approximated as

				N̄ðt; 0Þ −XJ
j¼1

cj
X
l∈Z

e−ilωthlj½T̄BCH
p0ðN;ϵÞðt=kjÞ�kj j0i

				 ≤ kc⃗k1kk⃗k1ϵ; (C39)

under the same condition as Lemma C3.
Proof. The error of replacing ½T̄Fðt=kjÞ�kj in the time-dependent MPF N̄ðt; 0Þ by the truncated BCH formula

½T̄BCH
p0

ðt=kjÞ�kj is equal to

N̄ðt; 0Þ −X
j

cj
X
l∈Z

e−ilωthljfT̄BCH
p0

ðt=kjÞgkj j0i

¼
X
j

cj
Xkj
k0j¼1

X
l∈Z

e−ilωthlj½T̄Fðt=kjÞ�kj−k
0
jðT̄Fðt=kjÞ − T̄BCH

p0
ðt=kjÞÞ½T̄BCH

p0
ðt=kjÞ�k

0
j−1j0i

¼
X
j

cj
Xkj
k0j¼1

X
l∈Z

e−ilωthlj½T̄Fðt=kjÞ�kj−k
0
j j0i

×
X
l0 ∈Z

e−il0ωtk0j=kjhl0j½T̄Fðt=kjÞ − T̄BCH
p0

ðt=kjÞ�j0i
X
l00 ∈Z

e−il00ωtðk0j−1Þ=kjhl00j½T̄BCH
p0

ðt=kjÞ�k
0
j−1j0i; (C40)

where we use the completeness, the translation symmetry, and the absolute convergence like Eq. (91). With calculation
similar to Eq. (C31), we can check that the two operators appearing in the above formula,

X
l∈Z

e−ilωthlj½T̄Fðt=kjÞ�kj−k
0
j j0i;

X
l00 ∈Z

e−il00ωtðk0j−1Þ=kjhl00j½T̄BCH
p0

ðt=kjÞ�k
0
j−1j0i; (C41)

are both unitary.
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As a result, we obtain

				N̄ðt; 0Þ −X
j

cj
X
l∈Z

e−ilωthlj½T̄BCH
p0

ðt=kjÞ�kj j0i
				 ≤

X
j

jcjj
Xkj
k0j¼1

				X
l0 ∈Z

e−il0ωtk0j=kjhl0j½T̄Fðt=kjÞ − T̄BCH
p0

ðt=kjÞ�j0i
				

≤ kc⃗k1kk⃗k1ϵ; (C42)

where we use Lemma C3. ▪
Considering the triangle inequality, the error of the time-dependent MPF is bounded by

kUðt; 0Þ − N̄ðt; 0Þk ≤
				Uðt; 0Þ −XJ

j¼1

cj
X
l∈Z

e−ilωthlj½T̄BCH
p0

ðt=kjÞ�kj j0i
				þ kc⃗k1kk⃗k1ϵ: (C43)

We will evaluate the first term and complete the error bound in Appendix C 4.

3. Proof of the relations for the subsystem operators

In this section, we prove the relations Eqs. (C33)–(C36), provided by Lemma C5 and Lemma C6. First of all, we clarify
the notations of some operators nontrivially acting on the Λi. Using the subsystem Hamiltonian defined in Eq. (C26), the
time-independent subsystem PF on the Floquet-Hilbert space like Eq. (52) is precisely given by

T̄F;ΛiðtÞ ¼
YVp

v¼1

Y2Γ
γ̃¼1

e−iH̃
Λi
vγ̃ α̃vγ̃t; ðH̃Λi

vγ̃ ; α̃vγ̃Þ ¼
� ðHAdd;Λi

πvðγÞ αvγÞ ðγ̃ ¼ 2γ − 1Þ
ð−HLP; βvðγþ1Þ − βvγÞ ðγ̃ ¼ 2γÞ; (C44)

in which the operator HAdd;Λi
γ is defined by

HAdd;Λi
γ ¼

X
m∈Z

Addm ⊗ HΛi
γm; HΛi

γm ¼ 1

T

Z
T

0

HΛi
γ ðtÞeimωtdt: (C45)

Similarly, the subsystem BCH formula T̄BCH;Λi
p0

ðtÞ is precisely written by

T̄BCH;Λi
p0

ðtÞ ¼ exp
�
−iHF;Λi t − i

Xp0

q¼pþ1

Φ̄F;Λi
q tq

�
: (C46)

The Floquet Hamiltonian HF;Λi is defined for the subsystem Hamiltonian HΛiðtÞ like Eq. (32) and the operator Φ̄F;Λi
q is

obtained by replacing all of fH̃vγ̃g in Eq. (C2) with fH̃Λi
vγ̃g. We first show the relations about the subsystem PF T̄F;ΛiðtÞ,

Eqs. (C33) and (C34), as follows.
Lemma C5. Let T̄F;ΛiðtÞ denotes the subsystem PF on the Floquet-Hilbert space defined by Eq. (C44). When the time t is

small enough to satisfy

t <
1

2p0Vpð2kgþ ΓfÞ ∈O½p0ðgþ ΓfÞ�−1 (C47)

for a certain natural number p0 ∈N, the operator
P

l∈ZhljT̄F;ΛiðtÞ†T̄F;Λi−1ðtÞj0i is expanded by an absolutely convergent
series,

X
l∈Z

hljT̄F;ΛiðtÞ†T̄F;Λi−1ðtÞj0i ¼
X∞
q¼0

T̄i
q;p0

tq þ T̄i
p0
ðtÞ: (C48)

The operators T̄i
q;p0

and T̄i
p0
ðtÞ on the Hilbert space H satisfy the following relations,

kT̄i
q;p0

ktq ≤ e
2
ð4p0Vpkgtþ 2p0VpΓftÞq ∈O½p0ðgþ ΓfÞt�p; (C49)
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kT̄i
p0
ðtÞk ≤ e2ð4p0Vpkgtþ 2p0VpΓftÞp0þ1 ∈O½p0ðgþ ΓfÞt�p0þ1: (C50)

Proof. Since T̄FðtÞ is a time-dependent PF defined by Eq. (52), we can apply the calculation for the time-independent
case to the coefficient T̄F;i

q (See Lemma 9 in Ref. [29]). We define two kinds of time-dependent Hamiltonians hFi ðτÞ
and H̃F;ΛiðτÞ for the time τ∈ ½0; 2VpΓtÞ, which act on the Floquet-Hilbert space HFH. They are piecewise constant and
defined by

hFi ðτÞ ¼ α̃vγ̃ðH̃Λi−1
vγ̃ − H̃Λi

vγ̃Þ; H̃F;ΛiðτÞ ¼ α̃vγ̃H̃
Λi
vγ̃ ;

τ

t
∈ ½ðv − 1Þ2Γþ γ̃ − 1; ðv − 1Þ2Γþ γ̃Þ; (C51)

for each v ¼ 1;…; Vp and each γ̃ ¼ 1;…; 2Γ. The operator T̄F;Λi−1ðtÞ defined by Eq. (C44) is equal to the time-evolution
operator under the Hamiltonian H̃F;Λi−1ðτÞ over the time τ∈ ½0; 2VpΓt�. Considering the interaction picture in the
Hamiltonian H̃F;ΛiðτÞ, it can be also represented by

T̄F;ΛiðtÞ†T̄F;Λi−1ðtÞ¼ T exp
�
−i
Z

2VpΓt

0

dτUF;ΛiðτÞ†hFi ðτÞUF;ΛiðτÞ
�
; UF;ΛiðτÞ¼ T exp

�
−i
Z

τ

0

dτ0H̃F;Λiðτ0Þ
�
: (C52)

Deriving the series expansion, Eq. (C48). We first derive the coefficient of the series expansion T̄i
q;p0

. Applying the
Dyson series expansion to the operator T̄F;ΛiðtÞ†T̄F;Λi−1ðtÞ, we obtain

X
l∈Z

hljT̄F;ΛiðtÞ†T̄F;Λi−1ðtÞj0i ¼
X
l∈Z

X∞
q0¼0

ð−iÞq0
q0!

Z
2VpΓt

0

dτ1 � � �
Z

2VpΓt

0

dτq0 hljT →

2
4Yq0
q00¼1

UF;Λiðτq00 Þ†hFi ðτq00 ÞUF;Λiðτq00 Þ
3
5j0i;
(C53)

where the symbol T → denotes the time-ordered product, in which τ1;…; τq0 are aligned in the descending order. Owing to
the smoothness of the Hamiltonian discussed in Appendix A, we have at least khljUF;ΛiðτÞj0ik∈Ojlj−2 and
khljhFi ðτÞj0ik∈Ojlj−2 for jτj < ∞. Using Lemma A3, there exists a certain positive constant C2 such that

kð−iÞ
q0

q0!

Z
2VpΓt

0

dτ1 � � �
Z

2VpΓt

0

dτq0 hljT →

2
4Yq0
q00¼1

UF;Λiðτq00 Þ†hFi ðτq00 ÞUF;Λiðτq00 Þ
3
5j0ik ≤

ð2VpΓtÞq0 ðC2Þq0
q0!ð1þ jljÞ2 : (C54)

Thus, the infinite series by Eq. (C53) is absolutely convergent with respect to l and q0, and we can change the order of
taking the summation freely. As a result, in a similar manner to the calculation for Eq. (91), we obtain

½Eq: ðC15Þ� ¼
X∞
q0¼0

ð−itÞq0
q0!

Z
2VpΓ

0

ds1 � � �
Z

2VpΓ

0

dsq0 T →

2
4Yq0
q00¼1

 X
l∈Z

hljUF;Λiðsq00tÞ†hFi ðsq00tÞUF;Λiðsq00tÞj0i
!35: (C55)

We use the translation symmetry hljUF;ΛiðτÞ†hFi ðτÞUF;ΛiðτÞjl0i ¼ hl− l00jUF;ΛiðτÞ†hFi ðτÞUF;ΛiðτÞjl0− l00i, which is easily
obtained by Eqs. (36)–(38), and change the variables in the integral by τq00 ¼ sq00t in the above.
We next consider the expansion of the operator UF;ΛiðstÞ†hFi ðstÞUF;ΛiðstÞ in the integral. Let vðsÞ and γ̃ðsÞ denote the

indices such that s∈ ½ðvðsÞ − 1Þ2Γþ γ̃ðsÞ − 1; ðvðsÞ − 1Þ2Γþ γ̃ðsÞÞ. It can be expressed by

UF;ΛiðstÞ†hFi ðstÞUF;ΛiðstÞ¼
 Y11

v0 γ̃0¼vðsÞγ̃ðsÞ
e
iα̃s

v0 γ̃0 tadH̃Λi
v0 γ̃0

!
hFi ðstÞ; α̃svγ̃ ¼

�
α̃vðsÞγ̃ðsÞðs− bscÞ if vγ̃¼ vðsÞγ̃ðsÞ

α̃vγ̃ otherwise ; (C56)

and the coefficient α̃svγ̃ is bounded by jα̃svγ̃j ≤ jα̃vγ̃j ≤ 1. We can employ Eq. (87) with the replacement of the order p by p0,
which is the result of the Taylor’s theorem. This leads to the series expansion,
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X
l∈Z

hljUF;ΛiðstÞ†hFi ðstÞUF;ΛiðstÞj0i ¼
Xp0

q¼0

Ξi
qðsÞtq þ Ξi

p0
ðt; sÞ; (C57)

where the operators Ξi
qðsÞ and Ξi

p0
ðt; sÞ are respectively defined by

Ξi
qðsÞ ¼ iq

X
q11 ;���;qvðsÞγ̃ðsÞ≥0;
q11þ���þqvðsÞγ̃ðsÞ¼q

X
l∈Z

hlj
0
@ Y11

v0 γ̃0¼vðsÞγ̃ðsÞ

ðα̃sv0 γ̃0adH̃Λi
v0 γ̃0
Þqv0 γ̃0

qv0 γ̃0!

1
AhFi ðstÞj0i; (C58)

Ξi
p0
ðt; sÞ ¼ ðitÞp0þ1

X
vγ̃⪯vðsÞγ̃ðsÞ

X
qvγ̃ ;���;qvðsÞγ̃ðsÞ≥0;

qvγ̃≠0;
qvγ̃þ���þqvðsÞγ̃ðsÞ¼p0þ1

Z
1

0

du
uqvγ̃−1

ðqvγ̃ − 1Þ!qvðγ̃þ1Þ! � � � qvðsÞγ̃ðsÞ!

×
X
l∈Z

hlj
 Y11

v0 γ̃0¼vðγ̃þ1Þ
e
iα̃s

v0 γ̃0 tadH̃Λi
v0 γ̃0

!
e
iα̃svγ̃utadH̃Λi

vγ̃

 Yvγ̃
v0 γ̃0¼vðsÞγ̃ðsÞ

ðα̃sv0 γ̃0adH̃Λi
v0 γ̃0
Þqv0 γ̃0

�
hFi ðstÞj0i:

(C59)

The operator Ξi
qðsÞ is independent of the time t since

hFi ðτÞ is determined by the time τ modulo t according to
Eq. (C51). We note that the above calculation executes
the reordering of the infinite summation with respect to
l∈Z. It is justified by the absolute convergence of the
operators Ξi

qðsÞ and Ξi
p0
ðt; sÞ with respect to l∈Z. We

use the assumption hγXðtÞ∈C∞ for this purpose. Since
the Fourier coefficients like hljHAdd

γ jl0i and hljhFi ðstÞjl0i
decay faster than every polynomial of l as discussed at
the end of Appendix A, each term in the summation
appearing in Eq. (C58) rapidly decays at least as
oðjlj−2Þ. This implies the absolute convergence of
Ξi
qðsÞ and so does also for Ξi

p0
ðt; sÞ. If we only assume

hγXðtÞ∈Cpþ2 like the time-dependent PF, the above

series may not be absolutely convergent for
q ¼ pþ 1;…; p0, which involve differentiation more
than p times. The reason why we employ the Taylor’s
theorem in Eq. (C57) rather than the infinite series
expansion in contrast to Eq. (C53) is the absolute
convergence, too. Since H̃Λi

vγ̃ contains HLP, which is
an unbounded operator, each term in Eq. (C58) can have
a norm whose scaling is Ojljq. We cannot ensure the
absolute convergence of Eq. (C57) if q can be infinite,
which leads to the truncation at the order p0.
We substitute the expansion Eq. (C57) into Eq. (C53)

and rearrange the terms by the order in time t. The
coefficient T̄i

q;p0
comes from the collection of the products

of fΞi
qðsÞg, and it is given by

T̄i
q;p0

¼
Xq
n¼0

X
0≤q1 ;…;qn≤p0 ;
q1þ���þqn¼q−n

ð−iÞn
n!

Z
2VpΓ

0

ds1 � � �
Z

2VpΓ

0

dsn T →

"Yn
n0¼1

Ξi
qn0 ðsn0 Þ

#
: (C60)

The symbol T → means the time-ordered product that aligns s1;…; sn in the descending order. The operator T̄i
p0
ðtÞ

comes from the remaining terms involving the Taylor’s reminder Ξi
p0
ðt; sÞ, and it is given by

T̄i
p0
ðtÞ ¼

X∞
n¼0

ð−itÞn
n!

Z
2VpΓ

0

ds1 � � �
Z

2VpΓ

0

dsn T →

"Yn
n0¼1

 Xp0

q¼0

Ξi
qðsn0 Þtq þ Ξi

p0
ðt; sn0 Þ

!
−Yn

n0¼1

 Xp0

q¼0

Ξi
qðsn0 Þtq

!#
: (C61)

Upper-bounding the coefficients. We next derive the upper bounds on T̄i
q;p0

and T̄i
p0
ðtÞ respectively defined by

Eqs. (C60) and (C61). We begin with evaluating Ξi
qðsÞ and Ξi

p0
ðt; sÞ in them, which are respectively defined by Eqs. (C58)

and (C59). When the integer γ̃ðsÞ is even, we have kΞi
qðsÞk ¼ 0 due to hFi ðstÞ ¼ 0 by Eqs. (77) and (C51). When the

integer γ̃ðsÞ is odd with γ̃ðsÞ ¼ 2γðsÞ − 1, it is bounded by
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kΞi
qðsÞk ≤

X
q11 ;���;qvðsÞγ̃ðsÞ≥0;
q11þ���þqvðsÞγ̃ðsÞ¼q

					X
l∈Z

hlj
 Y11

v0 γ̃0¼vðsÞγ̃ðsÞ

�
adH̃Λi

v0 γ̃0

�
qv0 γ̃0

qv0 γ̃0!

!
hFi ðstÞj0i

					
¼

X
q11 ;���;qvðsÞγ̃ðsÞ≥0;
q11þ���þqvðsÞγ̃ðsÞ¼q

					
 Y11

v0 γ̃0¼vðsÞγ̃ðsÞ

½D̄Λi
v0 γ̃0 ð0Þ�qv0 γ̃0
qv0 γ̃0!

!
ðHΛi−1

πvðsÞðγðsÞÞð0Þ −HΛi
πvðsÞðγðsÞÞð0ÞÞ

					
≤ ðVpÞq

XΓþ1

γ1;…;γq¼1

X
X⊂Λ;X∋i

					
 Yq

q0¼1

D̄Λi
γq0 ð0Þ

!
h
πvðsÞðγðsÞÞ
X ð0Þ

					; (C62)

where the operators D̄Λi
v0 γ̃0 ðtÞ and D̄Λi

γq0 ðtÞ are defined by replacing HγðtÞ with HΛi
γ ðtÞ respectively in Eqs. (94) and (48). In

the above calculation, the second line comes from the fact that the nested commutators among fHAdd
γ g and HLP are

converted to those among fHγðtÞg and their time derivatives, as discussed in Lemma 9. In the last inequality, we use the
fact that the summation over q11; � � � ; qvðsÞγ̃ðsÞ such that q11 þ � � � þ qvðsÞγ̃ðsÞ ¼ q is covered by ðVpÞq copies of the
summation over γ1;…; γq, as discussed in Eqs. (116)–(124). We also take into account that

HΛi−1
γ ðtÞ −HΛi

γ ðtÞ ¼
X

X⊂Λi;X∋i
hγX (C63)

is covered by all the terms fhγXðtÞg nontrivially acting on the site i. When we integrate kΞqðsÞk over s∈ ð0; 2VpΓÞ, the
index πvðsÞðγðsÞÞ reproduces every index γ for Vp times, and hence we have

Z
2VpΓ

0

dskΞqðsÞk ≤ ðVpÞqþ1
XΓ
γ¼1

XΓþ1

γ1;…;γq¼1

X
X⊂Λ;X∋i

				
�Yq

q0¼1

D̄Λi
γq0 ð0Þ

�
hγXð0Þk ≤ ðVpÞqþ1q!ð2kgþ ΓfÞqg

≤ ½qVpð2kgþ ΓfÞ�qþ1: (C64)

The second inequality comes from Theorem 14, which is valid also for the subsystem HamiltonianHΛiðtÞ since it shares
the locality, the extensiveness by Eq. (135), and the scale of time-dependency by Eq. (137) with HðtÞ.
We next evaluate the upper bound of the operator Ξi

p0
ðt; sÞ given by Eq. (C59). We trivially have kΞi

p0
ðt; sÞk ¼ 0 when

γ̃ðsÞ is even. When γ̃ðsÞ is odd by γ̃ðsÞ ¼ 2γðsÞ − 1, the calculation similar to Lemma 10 ensures the existence of a certain
time τs;u ∈ ½0; t� and a unitary operator Ūvγ̃0 ðτs;uÞ such that

X
l∈Z

hlj
 Y11

v0 γ̃0¼vðγ̃þ1Þ
e
iα̃s

v0 γ̃0 tadH̃Λi
v0 γ̃0

!
e
iα̃svγ̃utadH̃Λi

vγ̃

 Yvγ̃
v0 γ̃0¼vðsÞγ̃ðsÞ

ðα̃sv0 γ̃0adH̃Λi
v0 γ̃0
Þqv0 γ̃0

!
hFi ðstÞj0i

¼ Ūvγ̃0 ðτs;uÞ†
" Yvγ̃

v0 γ̃0¼vðsÞγ̃ðsÞ
D̄v0 γ̃0 ðτs;uÞ

!
αvðsÞγðsÞ½HΛi−1

πvðsÞðγðsÞÞðτs;uÞ −HΛi
πvðsÞðγðsÞÞðτs;uÞ�

#
Ūvγ̃0 ðτs;uÞ: (C65)

The norm of the operator Ξi
p0
ðt; sÞ is bounded by

kΞi
p0
ðt; sÞk ≤ tp0þ1 max

τ∈ ½0;t�

0
B@ X

vγ̃⪯vðsÞγ̃ðsÞ

X
qvγ̃ ;���;qvðsÞγ̃ðsÞ≥0;

qvγ̃þ���þqvðsÞγ̃ðsÞ¼p0þ1;

qvγ̃≠0

X
X⊂Λ;X∋i

				
 Yvγ̃

v0 γ̃0¼vðsÞγ̃ðsÞ
D̄v0 γ̃0 ðτÞ

!
h
πvðsÞðγðsÞÞ
X ðτÞ

				
1
CA

≤ ðVptÞp0þ1 max
τ∈ ½0;t�

 XΓþ1

γ1;…;γp0þ1¼1

X
X⊂Λ;X∋i

				
 Yp0þ1

q0¼1

D̄γq0 ðτÞ
!
h
πvðsÞðγðsÞÞ
X ðτÞ

				
!
; (C66)

where the second inequality is obtained in parallel to Eq. (C62). Its integral is bounded by
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Z
2VpΓ

0

dskΞi
p0
ðt; sÞk ≤ tp0þ1½ðp0 þ 1ÞVpð2kgþ ΓfÞ�p0þ2: (C67)

as well as Eq. (C64).
We are ready to prove the upper bounds on the operators T̄i

q;p0
and T̄i

p0
ðtÞ. Using the expression of T̄i

q;p0
by Eq. (C60), its

norm is bounded by

kT̄i
q;p0

k ≤
Xq
n¼0

X
0≤q1 ;…;qn≤p0 ;
q1þ���þqn¼q−n

1

n!

Yn
n0¼1

�Z
2VpΓ

0

dskΞi
qn0 ðsÞk

�

≤
Xq
n¼0

X
0≤q1 ;…;qn≤p0 ;
q1þ���þqn¼q−n

1

n!

Yn
n0¼1

½qn0Vpð2kgþ ΓfÞ�qn0þ1

≤ 2q−1½p0Vpð2kgþ ΓfÞ�q
Xq
n¼0

1

n!
≤
e
2
½2p0Vpð2kgþ ΓfÞ�q: (C68)

We use Eq. (C64) in the second inequality and use qn0 ≤ p0 in the third inequality. This completes the proof of
Eq. (C49). We note that this bound also implies the absolute convergence of the series Eq. (C48) with respect to q under
the condition Eq. (C47). On the other hand, the norm of the operator T̄i

p0
ðtÞ expressed by Eq. (C61) is bounded by

kT̄i
p0
ðtÞk ≤

X∞
n¼0

tn

n!

Xn
n0¼1

n!
n0!ðn − n0Þ!

�Z
2VpΓ

0

dskΞi
p0
ðt; sÞk

�
n0
 Xp0

q¼0

Z
2VpΓ

0

dskΞi
qðsÞktq

!
n−n0

≤
X∞
n¼0

tn

n!

Xn
n0¼1

n!
n0!ðn − n0Þ! ft

p0þ1½ðp0 þ 1ÞVpð2kgþ ΓfÞ�p0þ2gn0
 Xp0

q¼0

tq½qVpð2kgþ ΓfÞ�qþ1

!
n−n0

:

(C69)

The condition on the time t by Eq. (C47) implies the relation,

Xp0

q¼0

½qVpð2kgþ ΓfÞt�q ≤
Xp0

q¼0

½p0Vpð2kgþ ΓfÞt�q ≤
X∞
q¼0

2−q ¼ 2:

As a result, we obtain

kT̄i
p0
ðtÞk ≤

X∞
n¼0

½2p0Vpð2kgþ ΓfÞt�n
n!

Xn
n0¼1

n!
n0!ðn − n0Þ! f½2p0Vpð2kgþ ΓfÞt�p0þ1gn0

≤
X∞
n¼0

2n

n!
½2p0Vpð2kgþ ΓfÞt�p0þ1 ¼ e2½2p0Vpð2kgþ ΓfÞt�p0þ1; (C70)

which completes the proof of Eq. (C50). ▪

We briefly explain the meaning of Lemma C5. The
subsystem PFs T̄F;ΛiðtÞ and T̄F;Λi−1ðtÞ are global operators
on Λi and Λi−1, whose sizes can be as large as the system
size N. On the other hand, the operators T̄F;ΛiðtÞ and
T̄F;Λi−1ðtÞ have different actions only around the site i by
construction, and hence T̄F;ΛiðtÞ†T̄F;Λi−1ðtÞ becomes quasi-
local around the site i. This is why the upper bounds of
kT̄i

q;p0
k and kT̄i

p0
ðtÞk, appearing in its series expansion, are

determined by the local scale of the energy g and that of

time-dependencyfwithout explicitly depending on the size
N except for logarithmic corrections by p0ðN; ϵÞ. This
property originates from the locality of Hamiltonians, and
hence it lies also in the subsystem BCH formula T̄BCH;Λi

p0
ðtÞ.

As a counterpart of Lemma C5, we prove the following
lemma corresponding to Eq. (C36) in Appendix C 2.
Lemma C6. Let T̄BCH;Λi

p0
ðtÞ denote the subsystem BCH

formula on the Floquet-Hilbert space defined by Eq. (C46)
and suppose that the time t is small enough to satisfy
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jtj < 1

4e2p0Vpð2kgþ ΓfÞ ∈O½p0ðgþ ΓfÞ�−1; (C71)

for a certain natural number p0 ∈N. The operator
P

l∈Z hljT̄BCH;Λi
p0

ðtÞ†T̄BCH;Λi−1
p0

ðtÞj0i is expanded by an absolutely
convergent series,

X
l∈Z

hljT̄BCH;Λi
p0

ðtÞ†T̄BCH;Λi−1
p0

ðtÞj0i ¼
X∞
q¼0

T̄BCH;i
q;p0

tq þ T̄BCH;i
p0

ðtÞ: (C72)

where the operators T̄BCH;i
q;p0

and T̄BCH;i
p0

ðtÞ are bounded by

kT̄BCH;i
q;p0

ktq ≤ 1

2e2
½4e2p0Vpð2kgþ ΓfÞt�q ∈O½p0ðgþ ΓfÞt�q; (C73)

kT̄BCH;i
p0

ðtÞk ≤ e3=2½2e2p0Vpð2kgþ ΓfÞt�p0þ1 ∈O½p0ðgþ ΓfÞt�p0þ1: (C74)

Proof. The proof is parallel to the one for Lemma C5. Namely, we first execute the series expansion in the time t and
obtain the expressions of the operators T̄BCH;i

q;p0
and T̄BCH;i

p0
ðtÞ. Then, we evaluate the upper bounds of them using the

locality, the extensiveness, and the strength of time-dependency discussed in Appendix C 1. In the calculation below, we
need to ensure the absolute convergence of the infinite series. However, it is essentially the same as the discussion in
Lemma C5 in that the assumption on the smoothness is sufficient to ensure it, and hence we omit the discussion for the
absolute convergence.
Deriving the series expansion, Eq. (C72). The operator T̄BCH;Λi

p0
ðtÞ†T̄BCH;Λi−1

p0
ðtÞ can be recast by a time-evolution

operator under the interaction picture like Eq. (C52). Regarding the operators
Pp0

q¼1 Φ̄
F;Λi
q tq−1 and

Pp0

q¼1ðΦ̄F;Λi−1
q −

Φ̄F;Λi
q Þtq−1 respectively as an unperturbed Hamiltonian and an interaction Hamiltonian, we obtain the relation,X

l∈Z

hljT̄BCH;Λi
p0

ðtÞ†T̄BCH;Λi−1
p0

ðtÞj0i

¼
X
l∈Z

X∞
n¼0

ð−iÞn
n!

Z
t

0

dτ1 � � �
Z

t

0

dτnhljT →

�Yn
n0¼1

�
e
iτn0
Pp0

q¼1
tq−1ad

Φ̄
F;Λi
q

Xp0

q¼1

ðΦ̄F;Λi−1
q − Φ̄F;Λi

q Þtq−1
������0i

¼
X∞
n¼0

ð−iÞn
n!

Z
1

0

ds1 � � �
Z

1

0

dsnT →

�Yn
n0¼1

�X
l∈Z

�
l

����eisn0
Pp0

q¼1
tqad

Φ̄
F;Λi
q

Xp0

q¼1

ðΦ̄F;Λi−1
q − Φ̄F;Λi

q Þtq
����0

��

:

(C75)

The second equality comes from the symmetry of the operator Φ̄F;Λi
q , which is equal to HF;Λi for q ¼ 1 and is zero or

composed of nested commutators on the Floquet-Hilbert space for q ≥ 2. We have the translation symmetry,

hl − l00jΦ̄F;Λi
q jl0 − l00i ¼ hljΦ̄F;Λi

q jl0i þ l00ωδq1; (C76)

by Lemma 9, and the second equality follows from the calculation similar to Eq. (91).
We next expand the operators appearing in Eq. (C75). Using the Taylor’s theorem on an operator exponential by

Eq. (86) up to the order p0, we obtain

X
l∈Z

hljeis
Pp0

q¼1
tqad

Φ̄
F;Λi
q

Xp0

q¼1

ðΦ̄F;Λi−1
q − Φ̄F;Λi

q Þtqj0i

¼
X
l∈Z

hlj
�Xp0

n¼0

ðisPp0

q¼1 t
qadΦ̄F;Λi

q
Þn

n!
þ
Z

s

0

ds0e
is0
Pp0

q¼1
tqad

Φ̄
F;Λi
q

ðis0Pp0

q¼1 t
qadΦ̄F;Λi

q
Þp0þ1

ðp0 þ 1Þ!
�Xp0

q¼1

ðΦ̄F;Λi−1
q − Φ̄F;Λi

q Þtqj0i:

(C77)
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The above series can be arranged in terms of the time t and expressed by

X
l∈Z

hljeis
Pp0

q¼1
tqad

Φ̄
F;Λi
q

Xp0

q¼1

ðΦ̄F;Λi−1
q − Φ̄F;Λi

q Þtqj0i ¼
X∞
q¼1

Ψ̄i
qðsÞtq þ Ψ̄i

p0
ðt; sÞ; (C78)

where we define the operators Ψ̄i
qðsÞ and Ψ̄i

p0
ðt; sÞ respectively by

Ψ̄i
qðsÞ ¼

Xp0

n¼0

ðisÞn
n!

X
1≤q0 ;…;qn≤p0 ;
q0þ���þqn¼q

X
l∈Z

hlj
�Yn

n0¼1

adΦ̄F;Λi
qn0

�
ðΦ̄F;Λi

q0 − Φ̄F;Λi−1
q0 Þj0i; (C79)

Ψ̄i
p0
ðt; sÞ ¼

Z
s

0

ds0
X
l∈Z

hljeis
0Pp0

q¼1
tqad

Φ̄
F;Λi
q

ðis0Pp0

q¼1 t
qadΦ̄F;Λi

q
Þp0þ1

ðp0 þ 1Þ!
Xp0

q¼1

ðΦ̄F;Λi−1
q − Φ̄F;Λi

q Þtqj0i: (C80)

We note that Ψ̄i
qðsÞ is equal to zero for q > ðp0Þ2 þ p0. We substitute the series expansion Eq. (C78) into Eq. (C75) and

again arrange it in terms of the time t like Eqs. (C60) and (C61). Consequently, we obtain the series expansion in the form
of Eq. (C72), in which the operators T̄BCH;i

q;p0
and T̄BCH;i

p0
ðtÞ are respectively given by

T̄BCH;i
q;p0

¼
X∞
n¼0

ð−iÞn
n!

X
q1 ;…;qn≥1;
q1þ���þqn¼q

Z
1

0

ds1 � � �
Z

1

0

dsnT →

�Yn
n0¼1

Ψ̄i
qn0 ðsn0 Þ

�
; (C81)

T̄BCH;i
p0

ðtÞ ¼
X∞
n¼0

ð−iÞn
n!

Z
1

0

ds1 � � �
Z

1

0

dsnT →

�Yn
n0¼1

�X∞
q¼1

Ψ̄i
qðsn0 Þtq þ Ψ̄i

p0
ðt; sn0 Þ

�
−Yn

n0¼1

�X∞
q¼1

Ψ̄i
qðsn0 Þtq

��
: (C82)

Upper-bounding the norm of T̄BCH;i
q;p0

. We next consider the upper bound on the norm of the operator T̄BCH;i
q;p0

. Focusing on
the operator Ψ̄i

qðsÞ given by Eq. (C79), the commutator appearing in it is expressed by

X
l∈Z

hljadΦ̄F;Λi
q0

ðΦ̄F;Λi
q − Φ̄F;Λi−1

q Þj0i ¼
X
l;l0 ∈Z

ðhljΦ̄F;Λi
q0 jl0ihl0jðΦ̄F;Λi

q − Φ̄F;Λi−1
q Þj0i − hljðΦ̄F;Λi

q − Φ̄F;Λi−1
q Þjl0ihl0jΦ̄F;Λi

q0 j0iÞ

¼
X
l;l0 ∈Z

½hljΦ̄F;Λi
q0 j0i; hl0jðΦ̄F;Λi

q − Φ̄F;Λi−1
q Þj0i� − δq1

X
l0 ∈Z

l0ωhl0jðΦ̄F;Λi
q − Φ̄F;Λi−1

q Þj0i

¼ ½Φ̄Λi
q0 ð0Þ; Φ̄Λi

q ð0Þ − Φ̄Λi−1
q ð0Þ� þ δq1

�
i
d
dt
Φ̄Λi

q ð0Þ − i
d
dt
Φ̄Λi−1

q ð0Þ
�
: (C83)

We use the translation symmetry of Φ̄F;Λi
q by Eq. (C76) for the second equality and use the operator Φ̄Λi

q ðtÞ defined by
Eq. (C4) for the last equality. Since the commutator ½Φ̄F;Λi

q0 ; Φ̄F;Λi
q − Φ̄F;Λi−1

q � has the translation invariance like

Φ̄F;Λi
q − Φ̄F;Λi−1

q , the above calculation can be repeated for the nested commutators in Eq. (C79). We obtain the relation,

Ψ̄i
qðsÞ ¼

Xp0

n¼0

ðisÞn
n!

X
1≤q0 ;…;qn≤p0 ;
q0þ���þqn¼q

AnðτÞ½Φ̄Λi
q0ðτÞ − Φ̄Λi−1

q0 ðτÞ�jτ¼0; AnðτÞ ¼
Yn
n0¼1

�
adΦ̄Λi

qn0 ðτÞ
þ δqn01i

d
dτ

�
; (C84)

for the operator Ψ̄i
qðsÞ.

We consider the norm of each operator appearing in the summation, Eq. (C84). As discussed in Appendix C 1, every
term of the BCH expansion Φ̄Λi

q ðτÞ is reproduced by ðVpÞq copies of
Qq

q0¼2
D̄Λi

γq0 ðτÞHΛi
γ1 ðτÞ. Each term with certain indices

γ1;…; γq for the subsystem Λi shares the same coefficient with the one with the same indices for the subsystem Λi−1 by
definition. As a result, we obtain
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kAnðτÞ½Φ̄Λi
q0 ðτÞ − Φ̄Λi−1

q0 ðτÞ�k

≤ ðVpÞq0
XΓ
γ1¼1

XΓþ1

γ2;…;γq0¼1

				AnðτÞ
��Yq0

q¼2

D̄Λi
γq ðτÞ

�
HΛi

γ1 ðτÞ −
�Yq0

q¼2

D̄Λi−1
γq ðτÞ

�
HΛi−1

γ1 ðτÞ
�				

≤ ðVpÞq0
XΓ
γ1¼1

XΓþ1

γ2;…;γq0¼1

				AnðτÞ
�Yq0

q¼2

D̄Λi
γq ðτÞ

�
½HΛi

γ1 ðτÞ −HΛi−1
γ1 ðτÞ�

				
þ
Xq0
q0¼2

ðVpÞq0
XΓ
γ1¼1

XΓþ1

γ2;…;γq0¼1

				AnðτÞ
� Yq0

q¼q0þ1

D̄Λi
γq ðτÞ

�
½D̄Λi

γq0 ðτÞ − D̄Λi−1
γq0 ðτÞ�

�Yq0−1
q¼2

D̄Λi−1
γq ðτÞ

�
HΛi−1

γ1 ðτÞ
				: (C85)

The last inequality comes from the triangular inequality. As discussed in Eq. (C63), all the local terms of HΛi
γ1 ðτÞ −

HΛi−1
γ1 ðτÞ are covered by the set of fhγ1X ðτÞg such that the domain X includes the site i. Similarly, the operator D̄Λi

γq0 ðτÞ −
D̄Λi−1

γq0 ðτÞ is composed of ad
h
γq0
X ðτÞ with X ∋ i for γq0 ¼ 1;…;Γ, while it vanishes for γq0 ¼ Γþ 1. Thus, Eq. (C85) is further

bounded by

½Eq: ðC85Þ� ≤ ðVpÞq0
X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γq0¼1

				AnðτÞ
�Yq0

q¼2

D̄Λi
γq ðτÞ

�
hγ1X ðτÞ

				
þ
Xq0
q0¼2

ðVpÞq0
X
X∋i

XΓ
γ1;γq0¼1

XΓþ1

γ2;…;γq0¼1

				AnðτÞ
� Yq0

q¼q0þ1

D̄Λi
γq ðτÞ

��
h
γq0
X ðτÞ;

�Yq0−1
q¼2

D̄Λi
γq ðτÞ

�
HΛi−1

γ1 ðτÞ
�				: (C86)

Using the locality, the extensiveness, and the strength of time-dependency of the operator Φ̄qðτÞ by Lemma C2, we can
obtain the following relations,

X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γq0¼1

				AnðτÞ
�Yq0

q¼2

D̄Λi
γq ðτÞ

�
hγ1X ðτÞ

				 ≤
Yn
n0¼1

�
ð2kgðΦ̄qn0 Þ þ fÞ

Xn0−1
n00¼0

qn00
�
ðq0 − 1Þ!ð2kgþ ΓfÞq0−1g; (C87)

and

X
X∋i

XΓ
γ1;γq0¼1

XΓþ1

γ2;…;γq0¼1

				AnðτÞ
� Yq0

q¼q0þ1

D̄Λi
γq ðτÞ

��
h
γq0
X ðτÞ;

�Yq0−1
q¼2

D̄Λi
γq ðτÞ

�
HΛi−1

γ1 ðτÞ
�				

≤
Yn
n0¼1

�
ð2kgðΦ̄qn0 Þ þ fÞ

Xn0−1
n00¼0

qn00
�
ðq0 − 1Þ!ð2kgþ ΓfÞq0−1g: (C88)

The quantity gðΦ̄qÞ denotes the extensiveness of Φ̄qðτÞ given by Eq. (C11). Since their derivation is too long and
essentially parallel to the calculation in Sec. VI B, we attach it at the end of this section and continue the proof of
Lemma C6 here.
Using the inequalities Eqs. (C87) and (C88), (C86) is bounded by

kAnðτÞ½Φ̄Λi
q0 ðτÞ − Φ̄Λi−1

q0 ðτÞ�k ≤ ðVpÞq0 ½1þ ðq0 − 1Þ�
Yn
n0¼1

�
ð2kgðΦ̄qn0 Þ þ fÞ

Xn0−1
n00¼0

qn00
�
ðq0 − 1Þ!ð2kgþ ΓfÞq0−1g

≤ ðVpÞq0q0!ð2kgþ ΓfÞq0−1g
Yn
n0¼1

f½qn0!ðVpÞqn0 ð2kgþ ΓfÞqn0−12kgþ f�qg

≤ ðp0VpÞqð2kgþ ΓfÞq−1gð2qÞn: (C89)

In the last inequality, we consider the indices q0; q1;…; qn such that q0;…; qn ≤ p0 and q0 þ � � � þ qn ¼ q, which
are valid relations in the summation Eq. (C84), and employ the resulting inequality q0! � � �qn! ≤ ðp0Þq0þ���þqn ¼ ðp0Þq.
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The operator Ψ̄i
qðsÞ expressed by Eq. (C79) is bounded by

kΨ̄i
qðsÞk ≤

Xp0

n¼0

sn

n!

X
1≤q0 ;…;qn≤p0 ;
q0þ���þqn¼q

ðp0VpÞqð2kgþ ΓfÞq−1gð2qÞn

≤
1

2
f2p0Vpð2kgþ ΓfÞgq

X∞
n¼0

ð2sqÞn
n!

¼ 1

2
f2e2sp0Vpð2kgþ ΓfÞgq: (C90)

Finally, substituting this relation into Eq. (C81), we arrive at the upper bound of the operator T̄BCH;i
q;p0

give by

kT̄BCH;i
q;p0

ktq ≤
X∞
n¼0

1

n!

X
1≤q1 ;…;qn≤p0 ;
q1þ���þqn¼q

Z
1

0

ds1 � � �
Z

1

0

dsn
Yn
n0¼1

�
1

2
½2e2sn0p0Vpð2kgþ ΓfÞ�qn0

�
tq

≤ ½2e2p0Vpð2kgþ ΓfÞt�q
X∞
n¼0

2q−n−1
n!

¼ 1

2e2
½4e2p0Vpð2kgþ ΓfÞt�q: (C91)

This completes the proof of Eq. (C73).
Upper-bounding the norm of T̄BCH;i

p0
ðtÞ. We consider the norm of the higher-order term T̄BCH;i

p0
ðtÞ. Using Eq. (C82), it is

bounded by

kT̄BCH;i
p0

ðtÞk ≤
X∞
n¼0

1

n!

Xn
n0¼1

n!
n0!ðn − n0Þ!

�Z
1

0

ds
X∞
q¼1

kΨ̄i
qðsÞktq

�n−n0�Z 1

0

dskΨ̄i
p0
ðt; sÞk

�
n0

: (C92)

The inequality Eq. (C90) and the assumption Eq. (C71) imply an upper bound,

Z
1

0

ds
X∞
q¼1

kΨ̄i
qðsÞktq ≤

X∞
q¼1

1

2
½2e2p0Vpð2kgþ ΓfÞt�q ≤

X∞
q¼1

2−n−1 ¼ 1

2
; (C93)

and hence it is sufficient to evaluate the upper bound on kΨ̄i
p0
ðt; sÞk.

Let us define an operator ŪΦ̄
p0
ðstÞ by

ŪΦ̄
p0
ðstÞ ¼

X
l∈Z

e−ilωsthlje−is
Pp0

q¼1
Φ̄F;Λi

q tq j0i: (C94)

Then, using the symmetry of Φ̄F;Λi
q by Eq. (C76), the operator ŪΦ̄

p0
ðstÞ is a unitary operator like Eq. (C31) and gives an

expression of Ψ̄i
p0
ðt; sÞ by

Ψ̄i
p0
ðt; sÞ ¼

Z
s

0

ds0ŪΦ̄
p0
ðs0tÞ†

�X
l∈Z

e−ilωs0thlj
ðis0Pp0

q¼1 t
qadΦ̄F;Λi

q
Þp0þ1

ðp0 þ 1Þ!
Xp0

q¼1

ðΦ̄F;Λi−1
q − Φ̄F;Λi

q Þtqj0i
�
ŪΦ̄

p0
ðs0tÞ

¼
Z

s

0

ds0ŪΦ̄
p0
ðs0tÞ†

2
664 ðis0Þp0þ1

ðp0 þ 1Þ!
Xp0ðp0þ2Þ

q¼p0þ1

tq
X

1≤q0 ;…;qp0þ1≤p0;
q0þ���þqp0þ1¼q

Ap0þ1ðτÞðΦ̄Λi
q0 ðτÞ − Φ̄Λi−1

q0 ðτÞÞjτ¼s0t

3
775ŪΦ̄

p0
ðs0tÞ: (C95)

The first equality comes from the calculation similar to Eq. (91), in which we use the translation symmetry Eq. (C76).
The second equality is obtained in a similar manner to Eqs. (C83) and (C84) while the time τ ¼ 0 is replaced by
τ ¼ s0t∈ ½0; t� due to the phase factor e−ilωs0t in the first line. Employing the upper bound Eq. (C89) under n ¼ p0 þ 1, the
operator Ψ̄i

p0
ðt; sÞ has a norm bounded by
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kΨ̄i
p0
ðt; sÞk ≤

sp0þ1

ðp0 þ 1Þ!
X∞

q¼p0þ1

tq
X

1≤q0 ;…;qp0þ1≤p0;
q0þ���þqp0þ1¼q

ðp0VpÞqð2kgþ ΓfÞq−1gð2qÞp0þ1

≤
1

2
sp0þ1

X∞
q¼p0þ1

½2e2p0Vpð2kgþ ΓfÞt�q ≤ ½2e2sp0Vpð2kgþ ΓfÞt�p0þ1: (C96)

We use the relation ð2qÞp0þ1=ðp0 þ 1Þ! ≤ e2q and the assumption Eq. (C71) respectively for the second and last
inequalities. Summarizing the relations, Eqs. (C92), (C93), and (C96), we finally obtain

kT̄BCH;i
p0

ðtÞk ≤
X∞
n¼0

1

n!

Xn
n0¼1

n!
n0!ðn − n0Þ!

�
1

2

�
n−n0

½2e2p0Vpð2kgþ ΓfÞt�p0þ1 ≤ e3=2½2e2p0Vpð2kgþ ΓfÞt�p0þ1; (C97)

which completes the proof of Eq. (C74). ▪
Proof of Eq. (C87). We first consider an upper bound of

X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γq0¼1

				
�Yq0

q¼2

D̄Λi
γq ðτÞ

�
hγ1X ðτÞ

				; (C98)

which corresponds to the case, n ¼ 0. In a similar manner to the discussion in Sec. VI B, the operator
Qq0

q¼2fD̄Λi
γq ðτÞghγ1X ðτÞ

is expanded by

Γq0−1−r
X

X2;…;Xr⊂Λi

½hγrðnrÞXr
ðτÞ; � � � ; ½hγ2ðn2ÞX2

ðτÞ; hγ1ðn1ÞX ðτÞ��; (C99)

such that rþ n1 þ � � � þ nr ¼ q0 − 1. Its summation has a norm bounded by

Γq0−1−r
XΓ
γ1

X
X∋i

X
X2;…;Xr⊂Λi

k½hγrðnrÞXr
ðτÞ; � � � ; ½hγ2ðn2ÞX2

ðτÞ; hγ1ðn1ÞX ðτÞ��k

≤ 2r−1Γq0−1−r
XΓ

γ1;…;γr¼1

X
X∋i

khγ1ðn1ÞX ðτÞk
Y2
r0¼r

0
B@XΓ

γr0¼1

X
Xr0⊂Λi ;

Xr0∩Yr0≠ϕ

khγr0 ðnr0 ÞXr0
ðτÞk

1
CA

≤ 2r−1Γq0−1−rfn1g
Yr
r0¼2

½ðr0 − 1Þkfnr0g� ¼ ðr − 1Þ!ð2kgÞr−1ðΓfÞq0−1−rg: (C100)

As discussed in Sec. VI B, Eq. (C98) is bounded by at most ðq0 − 1Þ!=fr!ðq0 − r − 1Þ!g × rq0−1−r copies of Eq. (C99).
The former factor comes from the number of ways to pick up q0 − 1 − r indices giving the time derivativeDΓþ1ðτÞ ¼ Γ d

dτ.
The latter one means the maximal number of copies when the Leibniz rule is taken into account. As a result, Eq. (C98) is
bounded by

X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γq0¼1

				
�Yq0

q¼2

D̄Λi
γq ðτÞ

�
hγ1X ðτÞ

				 ≤
Xq0−1
r¼0

ðq0 − 1Þ!
r!ðq0 − 1 − rÞ! r

q0−1−rðr − 1Þ!ð2kgÞr−1ðΓfÞq0−r−1g

≤ ðq0 − 1Þ!ð2kgþ ΓfÞq0−1g: (C101)

We next consider the case where the operatorAnðτÞ is applied. The operator AnðτÞ
Qq0

q¼2½D̄Λi
γq ðτÞ�hγ1X ðτÞ is composed of

nested commutators in the form of

X
X2;…;Xrþr0 ∈Λi

½hΦ̄
Λi
qr0 ðnrþr0 Þ

Xrþr0
ðτÞ; ½� � � ; ½hΦ̄

Λi
q1
ðnrþ1Þ

Xrþ1
ðτÞ; ½hγrðnrÞXr

ðτÞ; � � � ; ½hγ2ðn2ÞX2
ðτÞ; hγ1ðn1ÞX ðτÞ����� (C102)
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with some set of the integers n1;…; nrþr0 . The operator h
Φ̄qðn0Þ
X ðτÞ denotes the n0-th derivative of hΦ̄q

X ðτÞ, which arises from
the time derivative inAnðτÞ. The number r0 satisfies r0 ≤ n since the operatorAnðτÞ applies at most n-fold commutators to
Eq. (C99). The summation of Eq. (C102) over X ∋ i and γ1;…; γr has a norm bounded by

XΓ
γ1;…;γr¼1

X
X∋i

X
X2;…;Xrþr0 ∈Λi

k½hΦ̄
Λi
qr0 ðnrþr0 Þ

Xrþr0
ðτÞ; ½� � � ; ½hΦ̄

Λi
q1
ðnrþ1Þ

Xrþ1
ðτÞ; ½hγrðnrÞXr

ðτÞ; � � � ; ½hγ2ðn2ÞX2
ðτÞ; hγ1ðn1ÞX ðτÞ�����k

≤ 2rþr0−1XΓ
γ1¼1

X
X∋i

khγ1ðn1ÞX k
Y2
r00¼r

�XΓ
γr00¼1

X
Xr00⊂Λi ;

Xr00∩Yr00≠ϕ

khγr00 ðnr00 ÞXr00
ðτÞk

� Y1
r00¼r0

� X
Xrþr00⊂Λi ;

Xrþr00 ∩Yrþr00≠ϕ

khΦ̄qr00 ðnrþr00 Þ
Xrþr00

ðτÞk
�

≤ 2rþr0−1fn1g
Y2
r00¼r

½ðr00 − 1Þkfnr00g�
Y1
r00¼r0

��
rþ

Xr00−1
r000¼1

qr000
�
k½fðΦ̄qr00 Þ�nrþr00gðΦ̄qr00 Þ

�
: (C103)

In the last inequality, we use the fact that Yrþr00 contains at most rkþPr000<r0 qr000k sites since each Φ̄qðτÞ is qk-local. We
also use the extensiveness and the strength of time-dependency for the operator Φ̄qðτÞ given by Lemma C2. Let
Cn
r;r0;n1;…;nrþr0

denote the number of copies of Eq. (C102) in the left-hand side of Eq. (C87). For instance, we have

C0
r;r0;n1;…;nrþr0

≤ ðq0 − 1Þ!=½r!ðq0 − r − 1Þ!� × rq0−1−r × Γq0−1−r for all the possible numbers r; r0; n1;…; nr, as discussed

in Eq. (C101). Then, using the relation Eq. (C103), we obtain

X
X∋i

XΓ
γ1¼1

XΓþ1

γ2;…;γq0¼1

				AnðτÞ
�Yq0

q¼2

D̄Λi
γq ðτÞ

�
hγ1X ðτÞ

				
≤

X
r;r0;n1;…;nrþr0

Cn
r;r0;n1;…;nrþr0

2rþr0−1g
Y2
r00¼r

½ðr00 − 1Þkfnr00g�
Y1
r00¼r0

��Xr00−1
r000¼0

qr000
�
k½fðΦ̄qr00 Þ�nrþr00 gðΦ̄qr00 Þ

�
: (C104)

We evaluate the above upper bound in a recursive way. Supposing that the operator AnðτÞ
Qq0

q¼2½D̄Λi
γq ðτÞ�hγ1X ðτÞ is

expanded by Cn
r;r0;n1;…;nrþr0

copies of Eq. (C102), we focus on the operator Anþ1ðτÞ
Qq0

q¼2½D̄Λi
γq ðτÞ�hγ1X ðτÞ. When the index

qnþ1 is equal to 1, it is expanded by Cn
r;r0;n1;…;nrþr0

copies of copies of

�
adΦ̄Λi

1
ðτÞ þ i

d
dτ

� X
X2;…;Xrþr0 ∈Λi

½hΦ̄
Λi
qr0 ðnrþr0 Þ

Xrþr0
ðτÞ; ½� � � ; ½hΦ̄

Λi
q1
ðnrþ1Þ

Xrþ1
ðτÞ; ½hγrðnrÞXr

ðτÞ; � � � ; ½hγ2ðn2ÞX2
ðτÞ; hγ1ðn1ÞX ðτÞ�����

¼
X

X2;…;Xrþr0þ1 ∈Λi

½hΦ̄
Λi
1

Xrþr0þ1
ðτÞ; ½hΦ̄

Λi
qr0 ðnrþr0 Þ

Xrþr0
ðτÞ; ½� � � ; ½hΦ̄

Λi
q1
ðnrþ1Þ

Xrþ1
ðτÞ; ½hγrðnrÞXr

ðτÞ; � � � ; ½hγ2ðn2ÞX2
ðτÞ; hγ1ðn1ÞX ðτÞ������

þ i
Xrþr0

l¼0

X
X2;…;Xrþr0 ∈Λi

½hΦ̄
Λi
qr0 ðnrþr0þδl;rþr0 Þ

Xrþr0
ðτÞ; ½� � � ; ½hΦ̄

Λi
q1
ðnrþ1þδl;rþ1Þ

Xrþ1
ðτÞ; ½� � � ; ½hγ2ðn2þδl;2Þ

X2
ðτÞ; hγ1ðn1þδl;1Þ

X ðτÞ�����: (C105)

The second term comes from the Liebniz rule. We consider the summation of the norm over X ∋ i and γ1;…; γr in a
similar manner to Eq. (C103), and then it is bounded by
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XΓ
γ1;…;γr¼1

½norm of Eq: ðC105Þ�

≤ 2rþr0fn1g
Y2
r00¼r

½ðr00 − 1Þkfnr00g�
Y1
r00¼r0

��Xr00−1
r000¼0

qr000
�
k½fðΦ̄qr00 Þ�nrþr00gðΦ̄qr00 Þ

�
× jYrþr0 jgðΦ̄Λi

1 Þ

þ
Xrþr0

l¼0

2rþr0−1fn1þδl;1g
Y2
r00¼r

½ðr00 − 1Þkfnr00þδl;r00 g�
Y1
r00¼r0

��Xr00−1
r000¼0

qr000
�
k½fðΦ̄qr00 Þ�nrþr00þδl;rþr00 gðΦ̄qr00 Þ

�

≤
�
2

�
rþ

Xr00
r000¼1

qr000
�
kgðΦ̄Λi

1 Þ þ rf þ
Xr
r00¼1

fðΦ̄qr00 Þ
�

× 2rþr0−1fn1g
Y2
r00¼r

½ðr00 − 1Þkfnr00g�
Y1
r00¼r0

��Xr00−1
r000¼0

qr000
�
k½fðΦ̄qr00 Þ�nrþr00gðΦ̄qr00 Þ

�

≤
�
ð2kgðΦ̄Λi

1 Þ þ fÞ
Xn
n0¼1

qn0
�
2rþr0−1fn1g

Y2
r00¼r

½ðr00 − 1Þkfnr00g�
Y1
r00¼r0

��Xr00−1
r000¼0

qr000
�
k½fðΦ̄qr00 Þ�nrþr00gðΦ̄qr00 Þ

�
: (C106)

In the last inequality, we use the relation fðΦ̄qÞ ¼ qf by Lemma C2. We also use rþPr00
r‴¼1

qr00 ≤
P

n
n0¼0

qn0 . This
comes from the fact that r and r0 are at most q0 and n respectively so that the corresponding term Eq. (C102) can appear
in AnðτÞ

Qq0
q¼2fD̄Λi

γq ðτÞghγ1X ðτÞ.
The inequality Eq. (C106) holds also for qnþ1 ≠ 1when we replace gðΦ̄Λi

1 Þwith gðΦ̄Λi
qnþ1

Þwith similar calculation, while
it overestimates the upper bound due to the absence of the time derivative in Eq. (C105). In any case, this relation with the
common number of the copies Cn

r;r0;n1;…;nrþr0
implies the recursive relation,

½r:h:s: of Eq: ðC104Þ for nþ 1� ≤
�
½2kgðΦ̄Λi

nþ1Þ þ f�
Xn
n0¼0

qn0
�
× ½r:h:s: of Eq: ðC104Þ for n�: (C107)

By repeating this relation until the bound for n ¼ 0 appears, we obtain

½r:h:s: of Eq: ðC104Þ for n� ≤
Yn−1
n0¼0

�
½2kgðΦ̄Λi

n0 Þ þ f�
Xn0−1
n00¼0

qn00
�
ðq0 − 1Þ!ð2kgþ ΓfÞq0−1g; (C108)

where we use Eq. (C101). This completes the proof of Eq. (C87). ▪
Proof of Eq. (C88). The proof is parallel to the one for Eq. (C87). We first consider the case with n ¼ 0, i.e., the upper

bound on

X
X∋i

XΓ
γ1;γq0¼1

XΓþ1

γ2;…;γq0¼1

				
� Yq0

q¼q0þ1

D̄Λi
γq ðτÞ

��
h
γq0
X ðτÞ;

�Yq0−1
q¼2

D̄Λi−1
γq ðτÞ

�
HΛi−1

γ1 ðτÞ
�				 (C109)

In a similar manner to Eq. (C98), the above equation is bounded by at most ðq0 − 1Þ!=½r!ðq0 − 1 − rÞ!� × rq0−1−r ×
Γq0−1−r copies of

XΓ
γ1;…;γr¼1

X
X∋i

X
X2 ;…;Xr0⊂Λi−1 ;
Xr0þ1

;���;Xr⊂Λi

k½hγqr ðnrÞXγr
ðτÞ; � � � ; ½hγ1ðn1ÞX ðτÞ; ½hγr0 ðnr0 ÞXr0

ðτÞ; ½� � � ; ½hγ3ðn3ÞX3
ðτÞ; hγ2ðn2ÞX2

ðτÞ�����k (C110)

with some integers r; r0; n1;…; nr satisfying r0 < r ≤ q0 and rþ n1 þ � � � þ nr ¼ q0 − 1. This is different from Eq. (C99)
in that the domain X containing the site i appears in the middle of the nested commutator. Let Zr00 denote the union
Zr00 ¼ X2 ∪ X3 ∪ � � � ∪ Xr00−1 for r00 ¼ 2; 3;…; r0, which contains at most ðr00 − 2Þk sites. Note that it is different from the
union Yr00 ¼ X ∪ X2 ∪ X3 ∪ � � � ∪ Xr00−1. Considering the set of the domains X;X2;…; Xr such that the nested
commutators among the operators defined on them can survive, Eq. (C110) is bounded by
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½Eq: ðC110Þ� ≤ 2r−1
XΓ

γ1;…;γr0¼1

X
X∋i

khγ1ðn1ÞX ðτÞk ×
X

X2 ;…;Xr0⊂Λi−1;
Xr00∩Zr00≠ϕ;ðr

00¼2;…;r0Þ;
X∩ðXr0 ∪Zr0 Þ≠ϕ

Yr0
r00¼2

khγr00 ðnr00 ÞXr00
ðτÞk

×
Yr0þ1

r00¼r

8>><
>>:
XΓ
γr00¼1

X
Xr00⊂Λi ;

Xr00∩Yr00≠ϕ

khγr00 ðnr00 ÞXr00
ðτÞk

9>>=
>>;

≤ 2r−1 ðr − 1Þ!
r0!

ðkgÞr−r0fnr0þ1þ���þnr
XΓ

γ1;…;γr0¼1

X
X∋i

khγ1ðn1ÞX ðτÞk
X

X2 ;…;Xr0⊂Λi−1;
Xr00 ∩Zr00≠ϕ;ðr

00¼2;…;r0Þ;
X∩ðXr0∪Zr0 Þ≠ϕ

Yr0
r00¼2

khγr00 ðnr00 ÞXr00
ðτÞk: (C111)

The second inequality is obtained by the same calculation as Eq. (C103), in which we use the extensiveness and the
strength of the time-dependency for r00 ¼ r0 þ 1;…; r.
In order to evaluate the upper bound of Eq. (C111), we define the quantity Sr0 by

Sr0 ¼ max
X⊂Λ;jXj≤k

0
BB@ XΓ

γ2;…;γr0¼1

X
X2 ;…;Xr0⊂Λi−1;

Xr00 ∩Zr00≠ϕ;ðr
00¼2;…;r0Þ;

X∩ðXr0∪Zr0 Þ≠ϕ

Yr0
r00¼2

khγr00 ðnr00 ÞXr00
ðτÞk

1
CCA; (C112)

for r0 ≥ 2 and compute its upper bound. The relation X ∩ ðXr0 ∪ Zr0 Þ implies that there exists a certain domain
Xr‴ ∈ fX2;…; Xr0g such that X ∩ Xr000 ≠ ϕ, and hence Sr0 is bounded by

Sr0 ≤
Xr0
r000¼2

XΓ
γ2;…;γr0¼1

X
X2 ;…;Xr0⊂Λi−1;

Xr00∩Zr00≠ϕ;ðr
00¼2;…;r0Þ;

X∩Xr000≠ϕ

Yr0
r00¼2

khγr00 ðnr00 ÞXr00
ðτÞk

≤
Xr0
r000¼2

XΓ
γ2;…;γr0¼1

X
Xr000⊂Λi−1;
Xr000 ∩X≠ϕ

khγr000 ðnr000 ÞXr000
ðτÞk

X
X2 ;…;Xr000−1⊂Λi−1;

Xr00 ∩Zr00≠ϕ;ðr
00¼2;…;r000−1Þ;

Xr000 ∩ðXr000−1∪Zr000−1Þ≠ϕ

Yr000−1
r00¼2

khγr00 ðnr00 ÞXr00
ðτÞk

×
Yr0

r00¼r000þ1

0
B@ X

Xr00⊂Λi−1;
Xr00 ∩Zr00≠ϕ

khγr00 ðnr00 ÞXr00
ðτÞk

1
CA: (C113)

For r000 ≥ 3, the summation over X2;…; Xr000−1 can be bounded by Sr000−1 since the domain Xr000 contains at most k sites
due to the locality. The corresponding part for r000 ¼ 2 is equal to 1, and hence we set S1 ¼ 1 so that the bound by Sr000−1 can
work for any r000. The summation over Xr000þ1; � � � ; Xr0 in Eq. (C111) is evaluated in a similar manner to Eq. (C103). As a
result, the quantity Sr0 is bounded by

Sr0 ≤
Xr0
r000¼2

kfnr000gSr000−1 ×
Yr0

r00¼r000þ1

½ðr00 − 1Þkfnr00g� ¼
Xr0
r000¼2

ðr0 − 1Þ!
ðr000 − 1Þ! ðkgÞ

r0−r00fnr000þ���þnr0Sr000−1: (C114)

This results in the recursive relation,

Sr0

r0!fn2þ���þnr0 ðkgÞr0 ≤
1

r0
Xr0
r000¼2

Sr000−1
ðr000 − 1Þ!fn2þ���þnr000−1ðkgÞr000−1 (C115)
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for r0 ≥ 2. With the initial condition S1 ¼ 1, we can easily show that this implies the satisfaction of Sr0 ≤
r0!fn2þ���þnr0 ðkgÞr0−1 by induction.
We go back to the evaluation of Eq. (C111). Substituting Sr0 ≤ r0!fn2þ���þnr0 ðkgÞr0−1 into Eq. (C111), we arrive at

½Eq: ðC111Þ� ≤ 2r−1 ðr − 1Þ!
r0!

ðkgÞr−r0fnr0þ1þ���þnr
XΓ

γ1;…;γr0¼1

X
X∋i

khγ1ðn1ÞX ðτÞkSr0 ≤ ðr − 1Þ!ð2kgÞr−1fq0−1−rg: (C116)

Finally, we obtain

½Eq: ðC109Þ� ≤
Xq0−1
r¼0

ðq0 − 1Þ!
r!ðq0 − 1 − rÞ! r

q0−1−rΓq0−1−rðr − 1Þ!ð2kgÞr−1fq0−1−rg ≤ ðq0 − 1Þ!ð2kgþ ΓfÞq0−1g; (C117)

which completes the proof of Eq. (C88) for n ¼ 0. The upper bound when the operator AnðτÞ is applied is essentially the
same as Eq. (C87). The locality, the extensiveness, and the strength of time-dependency appearing in Eq. (C110) are
common with Eq. (C99). We can construct the recursive relation for the upper bound like Eq. (C107). This results in the
inequality, Eq. (C88). ▪

4. Error bounds of time-dependent MPF

Here, we complete the proof of Theorem 17, which gives the bound on the time-dependent MPF errors. We prove the
following theorem using the results of Lemma C3 and Lemma C4.
Theorem C7. (Formal version of Theorem 17) Let T̄ðtÞ ¼ e−iHt þOtpþ1 be a pth-order time-independent PF for a

Hamiltonian H ¼PΓ
γ¼0Hγ, defined by Eq. (75). We set the quantities fcj; kjgJj¼1 so that the time-independent MPF

M̄ðtÞ ¼PJ
j¼1 cjfT̄ðt=kjÞgkj can satisfy the order condition, M̄ðtÞ ¼ e−iHt þOtmþ1. For the time t small enough to satisfy

t ≤ min
�

1

4e3Vpp0ðN; ϵÞð2kgþ ΓfÞ ;
1

4Vp max
τ∈ ½0;τ�

ᾱMPF
com;pðτÞ

�
; (C118)

the standard MPF N̄ðt; 0Þ has an error bounded by

kUðt; 0Þ − N̄ðt; 0Þk ≤ kc⃗k1
�
2Vp max

τ∈ ½0;t�
αMPF
com;pðτÞt

�
mþ1 þ kc⃗k1kk⃗k1ϵ: (C119)

Proof. We begin the proof with Eq. (C43), which tells us the error bound by the triangle inequality via the truncated
BCH formula. We have already computed the difference between the standard MPF and its approximation by the truncated
BCH formula in Lemma C3 or Lemma C4, and the assumption t ≤ f4e3Vpp0ðN; ϵÞð2kgþ ΓfÞg−1 in Eq. (C118) is made
for applying them. The remaining task is to evaluate the norm of

Uðt; 0Þ −X
j

X
l∈Z

cje−ilωthlj½T̄BCH
p0

ðt=kjÞ�kj j0i ¼
X
j

X
l∈Z

cje−ilωthljfe−iHFt − ½T̄BCH
p0

ðt=kjÞ�kjgj0i: (C120)

The right-hand side comes from the expression of the time evolution by Eq. (35) and the relation
PJ

j¼1 cj ¼ 1, which is
always demanded for the order condition M̄ðtÞ ¼ e−iHt þOt.
The power of the truncated BCH formula ½T̄BCH

p0
ðt=kjÞ�kj expressed by Eq. (C21) can be seen as a time-evolution

operator under the Hamiltonian HF þPp0

q¼pþ1 Φ̄F
q tq−1=ðkjÞq−1. Regarding HF and

Pp0

q¼pþ1 Φ̄F
q tq−1=ðkjÞq−1 respectively

as unperturbed and perturbed Hamiltonians in the interaction picture, it can be represented by the Dyson series,

½T̄BCH
p0

ðt=kjÞ�kj ¼ e−iHFt þ e−iHFt
X∞
n¼1

ð−iÞn
Z

t

0

dτn � � �
Z

τ2

0

dτ1
Yn
n0¼1

�
eiτn0adHF

Xp0

q¼pþ1

Φ̄F
q tq−1

ðkjÞq−1
�
: (C121)

This series is absolutely convergent with respect to n since each Φ̄F
q is a Toeplitz matrix given by Eq. (C4) and its norm

is bounded by kΦ̄F
qk ≤ maxτ∈ ½0;T�ðkΦ̄qðτÞkÞ < ∞. Thus, the difference between e−iHFt and ½T̄BCH

p0
ðt=kjÞ�kj in Eq. (C120) is

calculated as follows,
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X
j

cjfe−iHFt − ½T̄BCH
p0

ðt=kjÞ�kjg ¼ −X
j

cj
X∞
n¼1

ð−iÞn
Z

1

0

dsn � � �
Z

s2

0

ds1
Yn
n0¼1

�
e−iHFtðsn0þ1−sn0 Þ

Xp0

q¼pþ1

Φ̄F
q tq

ðkjÞq−1
�
e−iHFts1 ;

(C122)
where we set snþ1 ¼ 1 and use

P
j cj ¼ 1. We arrange the terms with respect to the time t, which results inX

j

cjfe−iHFt − ½T̄BCH
p0

ðt=kjÞ�kjg

¼ −X
j

cj
X∞
n¼1

ð−iÞn Xðp0−1Þnþ1

q¼pnþ1

X
pþ1≤q1 ;…;qn≤p0;
q1þ���þqn¼qþn−1

tqþn−1
ðkjÞq−1

Z
1

0

dsn � � �
Z

s2

0

ds1
Yn
n0¼1

ðe−iHFtðsn0þ1−sn0 ÞΦ̄F
qn0 Þe−iH

Fts1

¼
X∞

q¼pþ1

tq
X
j

cj
ðkjÞq−1

Xbq−1p c

n¼⌈q−1p0
⌉

ð−itÞn−1 X
pþ1≤q1 ;…;qn≤p0;
q1þ���þqn¼qþn−1

Z
1

0

dsn � � �
Z

s2

0

ds1
Yn
n0¼1

ðe−iHFtðsn0þ1−sn0 ÞΦ̄F
qn0 Þe−iH

Fts1 : (C123)

The calculation in Eqs. (C122) and (C123) is exactly the same as that for the time-independent MPF [29], in which
HLP; HAdd

1 ; � � � ; HAdd
Γ are associated with H0; H1;…; HΓ in the time-independent case via the correspondence of T̄FðtÞ

[Eq. (52)] and T̄ðtÞ [Eq. (75)]. The quantities fcj; kjg established for the time-independent MPF M̄ðtÞ to satisfy the order
condition M̄ðtÞ ¼ e−iHt þOtmþ1 are chosen so that the terms with q ¼ pþ 1; pþ 2;…; m in Eq. (C123) can vanish (See
the end of Appendix C 4 for the detailed choice). Therefore, with the same choice of fcj; kjg, the error for the time-
dependent case is expressed by

½Eq: ðC120Þ� ¼
X
l∈Z

X∞
q¼mþ1

tq
X
j

cj
ðkjÞq−1

Xbq−1p c

n¼⌈q−1p0
⌉

ð−itÞn−1

×
X

pþ1≤q1 ;…;qn≤p0;
q1þ���þqn¼qþn−1

Z
1

0

dsn � � �
Z

s2

0

ds1e−ilωthlj
�Yn
n0¼1

ðe−iHFtðsn0þ1−sn0 ÞΦ̄F
qn0 Þe−iH

Fts1

�
j0i: (C124)

We note that the above series is absolutely convergent with respect to l and q, which can be easily ensured by the
smoothness of the Hamiltonian as we do for Eq. (C53). Changing the order of the summation with respect to l and q, we
focus on the operator,

X
l∈Z

e−ilωthlj
�Yn
n0¼1

ðe−iHFtðsn0þ1−sn0 ÞΦ̄F
qn0 Þe−iH

Fts1

�
j0i: (C125)

We insert the completeness
P

l∈Z jlihlj ¼ 1 and use the translation symmetry of HF by Eq. (38) and Φ̄F
q by Eq. (C76).

This results in the relation,

X
l∈Z

e−ilωthlj
Yn
n0¼1

ðe−iHFtðsn0þ1−sn0 ÞΦ̄F
qn0 Þe−iH

Fts1 j0i

¼
X

l1 ;…;lnþ1 ∈Z;
m1 ;…;mn ∈Z

e−ilnþ1ωt
Yn
n0¼1

ðhln0þ1je−iHFtðsn0þ1−sn0 Þjln0 þmn0 ihln0 þmn0 jΦ̄F
qn0 jln0 iÞhl1je−iH

Fts1 j0i

¼
X

l1 ;…;lnþ1 ∈Z;
m1 ;…;mn ∈Z

Yn
n0¼1

ðe−iln0þ1ωtsn0þ1hln0þ1je−iHFtðsn0þ1−sn0 Þj0ifΦ̄qn0 ðtÞgmn0
e−imn0ωtsn0 Þe−il1ωts1hl1je−iHFts1 j0i

¼
Yn
n0¼1

½Uðsn0þ1t; sn0tÞΦ̄qn0 ðsn0tÞ�Uðs1t; 0Þ: (C126)
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We use the expression of Φ̄F
q by Eq. (C4) in the second and the last equalities and use that of the time evolution Uðt; 0Þ

by Eq. (35) in the last equality. The unitary operators Uðsn0þ1t; sn0tÞ and Uðs1t; 0Þ do not affect the norm. We can use the
relation kΦ̄qðsn0tÞk ≤ maxτ∈ ½0;t�ðkΦ̄qðτÞkÞ since we have 0 ≤ sn0 ≤ 1 in Eq. (C124). As a result, the norm of Eq. (C120) is
bounded by

kUðt; 0Þ −X
j

cj
X
l∈Z

hlj½T̄BCH
p0

ðt=kjÞ�kj j0ik ≤ kc⃗k1
X∞

q¼mþ1

Xbq−1p c

n¼⌈q−1p0
⌉

tqþn−1 X
pþ1≤q1 ;…;qn≤p0;
q1þ���þqn¼qþn−1

1

n!

Yn
n0¼1

max
τ∈ ½0;t�

ðkΦ̄qn0 ðτÞkÞ

≤ kc⃗k1
X∞

q¼mþ1

X∞
n¼1

tqþn−1
n!

�
Vp max

τ∈ ½0;t�
ᾱMPF
com;pðτÞ

�
qþn−1 X

1≤q1 ;…;qn≤p0;
q1þ���þqn¼qþn−1

1

≤
kc⃗k1
4

X∞
q¼mþ1

�
2Vp max

τ∈ ½0;t�
αMPF
com;pðτÞt

�
qX∞
n¼1

1

n!

�
2Vp max

τ∈ ½0;t�
αMPF
com;pðτÞt

�
n−1

≤ kc⃗k1
�
2Vp max

τ∈ ½0;t�
αMPF
com;pðτÞt

�
mþ1

: (C127)

In the second inequality, we use Lemma C1 for upper-bounding kΦ̄qðτÞk by the quantity ᾱcom;pðτÞ and use the definition
of the quantity ᾱMPF

com;pðτÞ by Eq. (170). The last inequality comes from the assumption Eq. (C118). The error bound
Eq. (C119) is immediately obtained by Eq. (C43). ▪
Choice of fcj; kjg. We discuss the concrete choice of the coefficients fcjg and the integers fkjg. We always imposePJ
j¼1 cj ¼ 1 so that at least the order condition N̄ðt; 0Þ ¼ e−iHt þOt can be satisfied. On the other hand, we demand

that the term with q ≤ m in Eq. (C123) should vanish for N̄ðt; 0Þ ¼ e−iHt þOtmþ1. Thus, it is sufficient to find fcj; kjg
such that

XJ
j¼1

cj ¼ 1;
XJ
j¼1

cj
ðkjÞq−1

¼ 0; for q ¼ pþ 1; pþ 2;…; m (C128)

is satisfied. Or if the time-dependent PF S̄ðt; 0Þ has an even order p and the corresponding time-dependent PF T̄FðtÞ
satisfies the symmetric condition T̄Fð−tÞ† ¼ T̄FðtÞ, the terms with even q in Eq. (C123) are all zero due to Φ̄F

qn0 ¼ 0 for
even qn0 . In that case, it is sufficient to impose

XJ
j¼1

cj ¼ 1;
XJ
j¼1

cj
ðkjÞq−1

¼ 0; for q ¼ pþ 1; pþ 3;…; 2bm=2c − 1: (C129)

For example, this is the case for the even-order Lie-Suzuki-Trotter formula S̄pðt; 0Þ since the time-dependent Lie-
Suzuki-Trotter formula T̄FðtÞ, given by Theorem 6, satisfies the symmetric condition. The conditions Eqs. (C128) or
(C129) are exactly the same as those for the time-independent MPF [26]. While we focus on the standard MPF N̄ðt; 0Þ
here, they are valid also for the generalized MPF Nðt; 0Þ.
The well-conditioned MPF is a MPF satisfying kc⃗k1; kk⃗k1 ∈ polyðmÞ, which can be efficiently implemented on

quantum circuits by LCU. Such a solution is obtained when we consider PFs satisfying the symmetric condition [26]. We
set J ¼ m=2 for even m and demand

XJ
j¼1

cj ¼ 1;
XJ
j¼1

cj
ðkjÞq−1

¼ 0; for q ¼ 3; 5;…; 2J þ 1: (C130)

Although it is redundant by the conditions for q ¼ 3; 5;…; p − 1 compared to Eq. (C129), it allows a good choice of
fkjg given by
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kj ¼⌈K
����sin

�
πð2j−1Þ

8m

�����−1⌉; kk⃗k1∈Om2 logm:
(C131)

The scale factor K < 2
ffiffiffi
2

p
m=π is a number such that

fkjg becomes mutually different integers. The set of the
coefficients fcjg is given by

cj ¼
Y
i≠j

1

1 − ðki=kjÞ2
; kc⃗k1 ∈O logm: (C132)

When we compose of the MPF with PFs which do not
necessarily satisfy the symmetric condition, we set J ¼ m
and demand

XJ
j¼1

cj ¼ 1;
XJ
j¼1

cj
ðkjÞq−1

¼ 0; for q ¼ 2; 3;…; m:

(C133)

This reduces to Eq. (C130)whenwe replace kjwith ðkjÞ2,
and hence we can use a squared value of Eq. (C131) as kj.
The choice of fcjg is just the same as the symmetric case.

APPENDIX D: PF FOR NON-UNITARY
DYNAMICS

While we concentrate on evaluating the explicit error
for time-dependent hermitian Hamiltonians HðtÞ, our
results can be easily extended to the case when they
are non-hermitian as well as time-independent cases [11].
Such cases are useful for solving general linear differ-
ential equations [63], simulating open quantum systems
[64,65], or preparing thermal states via imaginary time
evolution [66].
Let us consider a time-dependent Hamiltonian

HðtÞ ¼PΓ
γ¼1HγðtÞ, where each term HγðtÞ is of class

Cpþ2 but not necessarily hermitian. We note that,
regardless of hermiticity of the Hamiltonian, the decay
of the transition amplitude hlje−iHFtj0i and the resulting
absolute convergence of Eq. (35) are maintained [43].
This means that Floquet analysis in the main text holds
also for non-hermitian cases. What differs from hermitian
cases is the absence of unitary operators in the error
representation. Reviewing the discussion in Sec. IV,
Eq. (90) implies that the error of the standard PF is
bounded by

kUðt; 0Þ − S̄ðt; 0Þk ≤
Z

t

0

dτkUðt; τÞk · kS̄ðτ; 0Þ
X
l∈Z

hljΔ̄FðτÞj0ik: (D1)

The operator ΔFðτÞ is defined by Eq. (80) with replacing the conjugate of matrices by their inverse. The norm of the
time-evolution operator Uðt; τÞ is bounded by

kUðt; τÞk ≤ exp
�Z

t

τ
dτ1kImHðτ1Þk

�
; (D2)

where ImH denotes ðH −H†Þ=2i. On the other hand, as shown in Eq. (112), the operator S̄ðτ; 0ÞPl∈Z hljΔ̄FðτÞj0i
includes non-unitary operators, each of which has the following norm,

kS̄ðτ; 0ÞS̄≺vγ̃ðτ; 0Þ†k · kS̄≺vγ̃ðτ; 0Þk ≤ k
YðVp;ΓÞ

ðv0;γ0Þ¼ðv;γÞ
e
−iHπv0 ðγ

0Þðβv0γ0 τÞαv0γ0 τk · k
Yðv;γ−1Þ

ðv0;γ0Þ¼ð1;1Þ
e
−iHπv0 ðγ

0Þðβv0γ0 τÞαv0γ0 τk

≤ exp
�
Vpτ

XΓ
γ¼1

max
τ∈ ½0;t�

kImHγðτÞk
�
; (D3)

or

kS̄ðτ; 0ÞS̄≺vγ̃ðτ; 0Þ†eiHπvðγÞðβvγτÞαvγτ1k · ke−iHπvðγÞðβvγτÞαvγτ1 S̄≺vγ̃ðτ; 0Þk ≤ exp
�
Vpτ

XΓ
γ¼1

max
τ∈ ½0;t�

kImHγðτÞk
�
: (D4)

Following the discussion from Eq. (116) to Eq. (124), we obtain an upper bound,

kS̄ðτ; 0Þ
X
l∈Z

hljΔ̄FðτÞj0ik ≤ 4ðVpÞpþ1τp exp
�
Vpτ

XΓ
γ¼1

max
τ∈ ½0;t�

kImHγðτÞk
�

max
τ1 ∈ ½0;τ�

ᾱcom;pðτ1Þ: (D5)

Finally, using the relation Eq. (D1), we arrive at the following error bound for non-unitary dynamics.
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Lemma D1. (Standard PF error for non-unitary dynamics) When the Hamiltonian HðtÞ is not necessarily hermitian, the
pth-order standard PF S̄ðt; 0Þ has an error bounded by

kUðt; 0Þ − S̄ðt; 0Þk ≤ 4ðVptÞpþ1 exp
�
Vpt

XΓ
γ¼1

max
τ∈ ½0;τ�

kℑHγðτÞk þ
Z

t

0

dτkImHðτÞk
�
max
τ∈ ½0;τ�

ᾱcom;pðτÞ: (D6)

This bound is parallel to the one for time-independent
cases [11] in that they have additional exponential factors
in the time t. While we hereby concentrate on the standard
PF for non-unitary dynamics, such extensions of other
variants of time-dependent PFs are straightforward. We
note that this extension also applies to the time-dependent
MPF. Namely, the error bounds of the generalized PF or
the time-dependent MPFs for non-unitary dynamics can be
obtained by upper-bounding the non-unitary time-evolu-
tion operators appearing in their error representations.
Such error bounds will have some additional exponential
factors like Lemma D1.

[1] S. Lloyd,Universal quantum simulators, Science 273, 1073
(1996).

[2] G. H. Low and I. L. Chuang, Optimal Hamiltonian simu-
lation by quantum signal processing, Phys. Rev. Lett. 118,
010501 (2017).

[3] G. H. Low and I. L. Chuang, Hamiltonian simulation by
qubitization, Quantum 3, 163 (2019).

[4] A. Gilyén, Y. Su, G. H. Low, and N. Wiebe, Quantum
singular value transformation and beyond: Exponential
improvements for quantum matrix arithmetics, in Proceed-
ings of the 51st Annual ACM SIGACT Symposium on
Theory of Computing, STOC. 2019 (Association for Com-
puting Machinery, New York, NY, USA, 2019), pp. 193–
204.

[5] D.W. Berry, G. Ahokas, R. Cleve, and B. C. Sanders,
Efficient quantum algorithms for simulating sparse Ham-
iltonians, Commun. Math. Phys. 270, 359 (2007).

[6] A. Papageorgiou and C. Zhang, On the efficiency of
quantum algorithms for Hamiltonian simulation, Quantum
Inf. Process. 11, 541 (2012).

[7] S. Hadfield and A. Papageorgiou, Divide and conquer
approach to quantum Hamiltonian simulation, New J.
Phys. 20, 043003 (2018).

[8] M. Suzuki, Decomposition formulas of exponential oper-
ators and lie exponentials with some applications to
quantum mechanics and statistical physics, J. Math. Phys.
26, 601 (1985).

[9] R. D. Somma, A Trotter-Suzuki approximation for lie
groups with applications to Hamiltonian simulation, J.
Math. Phys. 57, 062202 (2015).

[10] A. M. Childs and Y. Su, Nearly optimal lattice simulation
by product formulas, Phys. Rev. Lett. 123, 050503 (2019).

[11] A. M. Childs, Y. Su, M. C. Tran, N. Wiebe, and S. Zhu,
Theory of Trotter error with commutator scaling, Phys.
Rev. X 11, 011020 (2021).

[12] D. Wecker, M. B. Hastings, N. Wiebe, B. K. Clark, C.
Nayak, and M. Troyer, Solving strongly correlated electron
models on a quantum computer, Phys. Rev. A 92, 062318
(2015).

[13] R. Babbush, J. McClean, D. Wecker, Aán Aspuru-Guzik,
and N. Wiebe, Chemical basis of Trotter-Suzuki errors in
quantum chemistry simulation, Phys. Rev. A 91, 022311
(2015).

[14] M. Reiher, N. Wiebe, K. M. Svore, D. Wecker, and M.
Troyer, Elucidating reaction mechanisms on quantum
computers, Proc. Natl. Acad. Sci. U.S.A. 114, 7555
(2017).

[15] A. M. Childs, D. Maslov, Y. Nam, N. J. Ross, and Y. Su,
Toward the first quantum simulation with quantum
speedup, Proc. Natl. Acad. Sci. U. S. A. 115, 9456 (2018).

[16] J. Huyghebaert and H. D. Raedt, Product formula methods
for time-dependent schrodinger problems, J. Phys. A 23,
5777 (1990).

[17] T. J. Osborne, Efficient approximation of the dynamics of
one-dimensional quantum spin systems, Phys. Rev. Lett. 97,
157202 (2006).

[18] D. Poulin, A. Qarry, R. Somma, and F. Verstraete, Quantum
simulation of time-dependent Hamiltonians and the con-
venient illusion of Hilbert space, Phys. Rev. Lett. 106,
170501 (2011).

[19] D. An, D. Fang, and L. Lin, Time-dependent unbounded
Hamiltonian simulation with vector norm scaling, Quantum
5, 459 (2021).

[20] T. N. Ikeda, A. Abrar, I. L. Chuang, and S. Sugiura,
Minimum Trotterization formulas for a time-dependent
Hamiltonian, Quantum 7, 1168 (2023).

[21] N. Wiebe, D. Berry, P. Høyer, and B. C. Sanders, Higher
order decompositions of ordered operator exponentials, J.
Phys. A 43, 065203 (2010).

[22] M. Suzuki, General theory of fractal path integrals with
applications to many-body theories and statistical physics,
J. Math. Phys. 32, 400 (1991).

[23] M. Bukov, L. D’Alessio, and A. Polkovnikov, Universal
high-frequency behavior of periodically driven systems:
From dynamical stabilization to Floquet engineering, Adv.
Phys. 64, 139 (2015).

[24] T. Oka and S. Kitamura, Floquet engineering of quantum
materials, Annu. Rev. Condens. Matter. Phys. 10, 387
(2019).

[25] S. A. Chin, Multi-product splitting and Runge-Kutta-Ny-
ström integrators, Celest. Mech. Dyn. Astron. 106, 391
(2010).

[26] G. H. Low, V. Kliuchnikov, and N.Wiebe,Well-conditioned
multiproduct Hamiltonian simulation, arXiv:1907.11679.

[27] S. Zhuk, N. Robertson, and S. Bravyi, Trotter error bounds
and dynamic multi-product formulas for Hamiltonian
simulation, Phys. Rev. Res. 6, 033309 (2024).

MIZUTA, IKEDA, and FUJII PRX QUANTUM 7, 033061 (2026)

033061-56

https://doi.org/10.1126/science.273.5278.1073
https://doi.org/10.1126/science.273.5278.1073
https://doi.org/10.1103/PhysRevLett.118.010501
https://doi.org/10.1103/PhysRevLett.118.010501
https://doi.org/10.22331/q-2019-07-12-163
https://doi.org/10.1007/s00220-006-0150-x
https://doi.org/10.1007/s11128-011-0263-9
https://doi.org/10.1007/s11128-011-0263-9
https://doi.org/10.1088/1367-2630/aab1ef
https://doi.org/10.1088/1367-2630/aab1ef
https://doi.org/10.1063/1.526596
https://doi.org/10.1063/1.526596
https://doi.org/10.1063/1.4952761
https://doi.org/10.1063/1.4952761
https://doi.org/10.1103/PhysRevLett.123.050503
https://doi.org/10.1103/PhysRevX.11.011020
https://doi.org/10.1103/PhysRevX.11.011020
https://doi.org/10.1103/PhysRevA.92.062318
https://doi.org/10.1103/PhysRevA.92.062318
https://doi.org/10.1103/PhysRevA.91.022311
https://doi.org/10.1103/PhysRevA.91.022311
https://doi.org/10.1073/pnas.1619152114
https://doi.org/10.1073/pnas.1619152114
https://doi.org/10.1073/pnas.1801723115
https://doi.org/10.1088/0305-4470/23/24/019
https://doi.org/10.1088/0305-4470/23/24/019
https://doi.org/10.1103/PhysRevLett.97.157202
https://doi.org/10.1103/PhysRevLett.97.157202
https://doi.org/10.1103/PhysRevLett.106.170501
https://doi.org/10.1103/PhysRevLett.106.170501
https://doi.org/10.22331/q-2021-05-26-459
https://doi.org/10.22331/q-2021-05-26-459
https://doi.org/10.22331/q-2023-11-06-1168
https://doi.org/10.1088/1751-8113/43/6/065203
https://doi.org/10.1088/1751-8113/43/6/065203
https://doi.org/10.1063/1.529425
https://doi.org/10.1080/00018732.2015.1055918
https://doi.org/10.1080/00018732.2015.1055918
https://doi.org/10.1146/annurev-conmatphys-031218-013423
https://doi.org/10.1146/annurev-conmatphys-031218-013423
https://doi.org/10.1007/s10569-010-9255-9
https://doi.org/10.1007/s10569-010-9255-9
https://arXiv.org/abs/1907.11679
https://doi.org/10.1103/PhysRevResearch.6.033309


[28] J. Aftab, D. An, and K. Trivisa,Multi-product Hamiltonian
simulation with explicit commutator scaling, arXiv:2403
.08922.

[29] K. Mizuta, On the commutator scaling in Hamiltonian
simulation with multi-product formulas, Quantum 10, 1974
(2026).

[30] J. Watkins, N. Wiebe, A. Roggero, and D. Lee, Time
dependent Hamiltonian simulation using discrete clock
constructions, PRX Quantum 5, 040316 (2024).

[31] L.-A. Wu, M. S. Byrd, and D. A. Lidar, Polynomial-time
simulation of pairing models on a quantum computer, Phys.
Rev. Lett. 89, 057904 (2002).

[32] Án Aspuru-Guzik, A. D. Dutoi, P. J. Love, and M. Head-
Gordon, Simulated quantum computation of molecular
energies, Science 309, 1704 (2005).

[33] T. Albash and D. A. Lidar, Adiabatic quantum computation,
Rev. Mod. Phys. 90, 015002 (2018).

[34] G. H. Low and N. Wiebe, Hamiltonian simulation in the
interaction picture, arXiv:1805.00675.

[35] J. L. Bosse, A. M. Childs, C. Derby, F. M. Gambetta, A.
Montanaro, and R. A. Santos, Efficient and practical
Hamiltonian simulation from time-dependent product for-
mulas, Nat. Commun. 26, 2673 2025).

[36] K. Sharma and M. C. Tran, Hamiltonian simulation in
the interaction picture using the magnus expansion,
arXiv:2404.02966.

[37] M. Suzuki, General decomposition theory of ordered
exponentials, Proc. Jpn. Acad. Ser. B 69, 161 (1993).

[38] A. Y. Kitaev, Quantum computations: Algorithms and error
correction, Russ. Math. Surv. 52, 1191 (1997).

[39] M. A. Nielsen and I. Chuang, Quantum Computation and
Quantum Information (Cambridge University Press, Cam-
bridge, UK, 2000).

[40] E. Forest and R. D. Ruth, Fourth-order symplectic inte-
gration, Physica D 43, 105 (1990).

[41] M. Suzuki, Fractal decomposition of exponential operators
with applications to many-body theories and Monte Carlo
simulations, Phys. Lett. A 146, 319 (1990).

[42] T. O. Levante, M. Baldus, B. H. Meier, and R. R. Ernst,
Formalized quantum mechanical Floquet theory and its
application to sample spinning in nuclear magnetic reso-
nance, Mol. Phys. 86, 1195 (1995).

[43] K. Mizuta and K. Fujii,Optimal Hamiltonian simulation for
time-periodic systems, Quantum 7, 962 (2023).

[44] Mária Kieferová, A. Scherer, and D.W. Berry, Simulating
the dynamics of time-dependent Hamiltonians with a
truncated Dyson series, Phys. Rev. A 99, 042314 (2019).

[45] K. Mizuta, Optimal and nearly optimal simulation of
multiperiodic time-dependent Hamiltonians, Phys. Rev.
Res. 5, 033067 (2023).

[46] J. Haah, M. B. Hastings, R. Kothari, and G. H. Low,
Quantum algorithm for simulating real time evolution of
lattice Hamiltonians, SIAM J. Comput. 52, FOCS18 (2021).

[47] M. C. Tran, A. Y. Guo, Y. Su, J. R. Garrison, Z. Eldredge,
M. Foss-Feig, A. M. Childs, and A. V. Gorshkov, Locality
and digital quantum simulation of power-law interactions,
Phys. Rev. X 9, 031006 (2019).

[48] M. Thalhammer, High-order exponential operator splitting
methods for time-dependent Schrödinger equations, SIAM
J. Numer. Anal. 46, 2022 (2008).

[49] N. Hatano and M. Suzuki, Finding exponential product
formulas of higher orders, Quantum Annealing and Other
Optimization Methods, edited by A. Das and B. K
Chakrabarti (Springer Berlin Heidelberg, Berlin, Heidel-
berg, 2005), pp. 37–68.

[50] T. Kuwahara, T. Mori, and K. Saito, Floquet–Magnus
theory and generic transient dynamics in periodically
driven many-body quantum systems, Ann. Phys. 367, 96
(2016).

[51] E. H. Lieb and D.W. Robinson, The finite group velocity of
quantum spin systems, Commun.Math. Phys. 28, 251 (1972).

[52] G. H. Low, Y. Su, Y. Tong, and M. C. Tran, Complexity of
implementing Trotter steps, PRX Quantum 4, 020323
(2023).

[53] D. W. Berry, A. M. Childs, R. Cleve, R. Kothari, and
R. D. Somma, Simulating Hamiltonian dynamics with a
truncated Taylor series, Phys. Rev. Lett. 114, 090502
(2015).

[54] G. Brassard, P. Høyer, M. Mosca, and A. Tapp, Quantum
amplitude amplification and estimation, in Quantum Com-
putation and Information, Contemporary Mathematics 305,
(American Mathematical Society, Providence, RI, 2002),
pp. 53–74.

[55] B. Şahinoğlu and R. D. Somma, Hamiltonian simulation in
the low-energy subspace, npj Quantum Inf. 7, 1 (2021).

[56] W. Gong, S. Zhou, and T. Li, Complexity of digital quantum
simulation in the low-energy subspace: Applications and a
lower bound, Quantum 8, 1409 (2024).

[57] K. Hejazi, M. S. Zini, and J. M. Arrazola, Better bounds for
low-energy product formulas, arXiv:2402.10362.

[58] K. Mizuta and T. Kuwahara, Trotterization is substantially
efficient for low-energy states, Phys. Rev. Lett. 135, 130602
(2025).

[59] M. Heyl, P. Hauke, and P. Zoller, Quantum localization
bounds trotter errors in digital quantum simulation, Sci.
Adv. 5, eaau8342 (2019).

[60] L. M. Sieberer, T. Olsacher, A. Elben, M. Heyl, P. Hauke, F.
Haake, and P. Zoller, Digital quantum simulation, Trotter
errors, and quantum chaos of the kicked top, npj Quantum
Inf. 5, 78 (2019).

[61] Z. Gong and R. Hamazaki, Bounds in nonequilibrium
quantum dynamics, Int. J. Mod. Phys. B 36, 2230007
(2022).

[62] R. M. Gray, Toeplitz and circulant matrices: A review,
Found. Trends Commun. Inf. Theory 2, 155 (2006).

[63] D. W. Berry, High-order quantum algorithm for solving
linear differential equations, J. Phys. A 47, 105301
(2014).

[64] M. Kliesch, T. Barthel, C. Gogolin, M. Kastoryano, and J.
Eisert, Dissipative quantum church-turing theorem, Phys.
Rev. Lett. 107, 120501 (2011).

[65] H. Kamakari, S.-N. Sun, M. Motta, and A. J. Minnich,
Digital quantum simulation of open quantum systems using
quantum imaginary–time evolution, PRX Quantum 3,
010320 (2022).

[66] M. Motta, C. Sun, A. T. K. Tan, M. J. O’Rourke, E. Ye, A. J.
Minnich, F. G. S. L. Brandão, and G. K.-L. Chan, Deter-
mining Eigenstates and thermal states on a quantum
computer using quantum imaginary time evolution, Nat.
Phys. 16, 205 (2019).

THEORY OF TROTTER ERRORS FOR ... PRX QUANTUM 7, 033061 (2026)

033061-57

https://arXiv.org/abs/2403.08922
https://arXiv.org/abs/2403.08922
https://doi.org/10.22331/q-2026-01-19-1974
https://doi.org/10.22331/q-2026-01-19-1974
https://doi.org/10.1103/PRXQuantum.5.040316
https://doi.org/10.1103/PhysRevLett.89.057904
https://doi.org/10.1103/PhysRevLett.89.057904
https://doi.org/10.1126/science.1113479
https://doi.org/10.1103/RevModPhys.90.015002
https://arXiv.org/abs/1805.00675
https://doi.org/10.1038/s41467-025-57580-5
https://arXiv.org/abs/2404.02966
https://doi.org/10.2183/pjab.69.161
https://doi.org/10.1070/RM1997v052n06ABEH002155
https://doi.org/10.1016/0167-2789(90)90019-L
https://doi.org/10.1016/0375-9601(90)90962-N
https://doi.org/10.1080/00268979500102671
https://doi.org/10.22331/q-2023-03-28-962
https://doi.org/10.1103/PhysRevA.99.042314
https://doi.org/10.1103/PhysRevResearch.5.033067
https://doi.org/10.1103/PhysRevResearch.5.033067
https://doi.org/10.1103/PhysRevX.9.031006
https://doi.org/10.1137/060674636
https://doi.org/10.1137/060674636
https://doi.org/10.1016/j.aop.2016.01.012
https://doi.org/10.1016/j.aop.2016.01.012
https://doi.org/10.1007/BF01645779
https://doi.org/10.1103/PRXQuantum.4.020323
https://doi.org/10.1103/PRXQuantum.4.020323
https://doi.org/10.1103/PhysRevLett.114.090502
https://doi.org/10.1103/PhysRevLett.114.090502
https://doi.org/10.1090/conm/305/05215
https://doi.org/10.1090/conm/305/05215
https://doi.org/10.1038/s41534-021-00451-w
https://doi.org/10.22331/q-2024-07-15-1409
https://arXiv.org/abs/2402.10362
https://doi.org/10.1103/q87n-5xhz
https://doi.org/10.1103/q87n-5xhz
https://doi.org/10.1126/sciadv.aau8342
https://doi.org/10.1126/sciadv.aau8342
https://doi.org/10.1038/s41534-019-0192-5
https://doi.org/10.1038/s41534-019-0192-5
https://doi.org/10.1142/S0217979222300079
https://doi.org/10.1142/S0217979222300079
https://doi.org/10.1561/0100000006
https://doi.org/10.1088/1751-8113/47/10/105301
https://doi.org/10.1088/1751-8113/47/10/105301
https://doi.org/10.1103/PhysRevLett.107.120501
https://doi.org/10.1103/PhysRevLett.107.120501
https://doi.org/10.1103/PRXQuantum.3.010320
https://doi.org/10.1103/PRXQuantum.3.010320
https://doi.org/10.1038/s41567-019-0704-4
https://doi.org/10.1038/s41567-019-0704-4

	Theory of Trotter Errors for Time-Dependent Product and Multi-product Formulas
	I. INTRODUCTION
	II. PRELIMINARY
	A. Notation
	B. Time-independent product formula
	C. Time-dependent product formula
	D. Floquet theory

	III. SUMMARY OF RESULTS
	A. Setup
	B. Error bound and improved cost

	IV. RELATIONSHIP BETWEEN TIME-INDEPENDENT AND TIME-DEPENDENT PRODUCT FORMULAS
	A. PF in Floquet-Hilbert space
	B. Example: Lie-Suzuki-Trotter formula

	V. ERROR BOUND OF TIME-DEPENDENT PRODUCT FORMULAS
	A. Error representation
	B. Commutators in the Floquet-Hilbert space
	C. Explicit error bound
	D. Comparison with previous error bounds

	VI. COMPUTATIONAL COST WITH IMPROVED N-SCALING
	A. Local time-dependent Hamiltonians
	B. Bounds on time-dependent nested commutators
	C. Gate counts for time-dependent PFs
	D. Comparison with the previous results

	VII. TIME-DEPENDENT MULTI-PRODUCT FORMULA
	A. Relation between time-independent and time-dependent MPFs
	B. Error bounds of time-dependent MPF
	C. Cost of time-dependent MPFs

	VIII. CONCLUSION AND DISCUSSION
	ACKNOWLEDGMENTS
	APPENDIX A: PROPERTIES OF SMOOTH HAMILTONIANS
	1. Extrapolation of smooth Hamiltonians
	2. Decay in the Floquet-Hilbert space

	APPENDIX B: PROOF OF THE ERROR BOUNDS NOT MENTIONED IN THE MAIN TEXT
	1. Proof of the generalized PF error bound
	2. Error bounds of the time-dependent PFs with &beta;11&ne;0

	APPENDIX C: PROOF OF TIME-DEPENDENT MPF ERROR
	1. Baker-Campbell-Hausdorff (BCH) formula and its properties
	2. Error by the truncated Baker-Campbell-Hausdorff formula
	3. Proof of the relations for the subsystem operators
	4. Error bounds of time-dependent MPF

	APPENDIX D: PF FOR NON-UNITARY DYNAMICS
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


