PRX QUANTUM 7, 033061 (2026)

Theory of Trotter Errors for Time-Dependent Product and Multi-product Formulas

®

Kaoru Mizuta ,1’2’3 4" Tatsuhiko N. Ikeda ,3 36 and Keisuke Fuji13’4’7’8
lDepartment of Applied Physics, Graduate School of Engineering, The University of Tokyo,
Hongo 7-3-1, Bunkyo, Tokyo 113-8656, Japan
Photon Science Center, Graduate School of Engineering, The University of Tokyo,
Hongo 7-3-1, Bunkyo, Tokyo 113-8656, Japan
SRIKEN Center for Quantum Computing (RQC), Hirosawa 2-1, Wako, Saitama 351-0198, Japan
*Center for Quantum Information and Quantum Biology, Osaka University, 560-0043, Japan
5Faculty of Social Informatics, ZEN University, Zushi, Kanagawa, 249-0007, Japan
6Department of Applied Physics, Hokkaido University, Sapporo, Hokkaido, 060-8628, Japan
'Graduate School of Engineering Science, Osaka University,

1-3 Machikaneyama, Toyonaka, Osaka 560-8531, Japan
o wjitsu Quantum Computing Joint Research Division at QIQB, Osaka University,

1-2 Machikaneyama, Toyonaka 560-0043, Japan

(Received 18 November 2024; revised 22 January 2026; accepted 4 August 2026; published 21 September 2026)

Product formula (PF), which approximates the time evolution under a many-body Hamiltonian by the
product of local time-evolution operators, is one of the central approaches for simulating quantum
dynamics by quantum computers. It has been of great interest whether the errors of PFs can be expressed
by commutators among local terms, since it brings the substantial suppression of the computational cost in
the system size reflecting the locality of Hamiltonians. Although recent studies have revealed such error
bounds for generic time-independent systems, it remains to be a difficult problem for time-dependent
Hamiltonians except for low-order PFs. In this paper, we derive an error bound of generic PFs for smooth
time-dependent Hamiltonians, which is expressed explicitly by nested commutators and their time
derivatives. It indicates the substantial error suppression in the system size for generic local Hamiltonians,
thereby giving a much better estimate of gate counts. Our derivation employs Floquet theory originally
developed for time-periodic systems, with which we analyze the time-dependent PF errors by mapping
them to those for time-independent PFs defined on an infinite-dimensional space. This approach is also
applicable to a family of time-dependent PFs, such as the one for non-unitary dynamics. In particular,
we clarify the error bound of a time-dependent multi-product formula, with which we can achieve
exponentially better scaling with respect to the target accuracy than the PF. Our results will shed light on
applications of near-term and future quantum computers, ranging from quantum simulation of non-
equilibrium materials to faster algorithms exploiting time-dependent Hamiltonians such as adiabatic state

preparation.

DOI: 10.1103/ywv1-7thf

I. INTRODUCTION

Simulating time evolution of quantum many-body
systems, called Hamiltonian simulation, is one of the
most promising tasks of quantum computers with the
essential quantum speedup. Owing to its broad application
to physics and chemistry, various quantum algorithms
such as Trotterization [1] and quantum singular-value
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transformation (QSVT) [2—4] have been vigorously devel-
oped. Trotterization has been one of the central approaches
for a long time, which constructs an approximate time-
evolution operator under a Hamiltonian H = Zy H, by the
product of those under simple Hamiltonians {H,} based
on the product formulas (PFs) [1]. It guarantees accuracy
and also provides a simple construction of quantum
circuits by local quantum gates without using any ancilla
qubits, making it being a promising approach both for
near-term and long-term quantum computers.

The error of the PFs from the exact time-evolution
operator is the most significant issue that determines the
computational cost of Hamiltonian simulation. For time-
independent Hamiltonians, there have been much develop-
ment in understanding the error bounds of the PFs for
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generic orders. Firstly, the pth order PF has been proven to
have an error bound O(}, ||H,[|1)?*!, which is called the

1-norm scaling [5-7]. However, there exists a better bound
having so-called the commutator scaling, which states that
the coefficient of the pth order PF error O(t"*!) is
proportional to the summation of (p + 1)-fold commuta-
tors among {H,}. The commutator scaling plays a sig-
nificant role in reducing the cost of Hamiltonian
simulation by PFs since it can substantially suppress the
error with respect to the system size reflecting the locality
of Hamiltonians. It has been well known for the low-order
PFs from the context of Lie algebra [8], and a series of
studies have revealed it also for higher-orders [9,10].
Importantly, Ref. [11] has derived the error bound of
generic time-independent PFs explicitly expressed by
nested commutators among the terms {H,}, which is
applicable to various local Hamiltonians having finite-
or long-ranged interactions. This reveals that the time-
independent PFs has better cost with respect to system size
than the post-Trotter algorithms like QSVT for generic
local Hamiltonians [12—15].

On the other hand, it is contrasting for time-dependent
Hamiltonians. Error bounds of low-order time-dependent
PF errors have been well understood [12,16-20]. However,
it remains to be a difficult problem whether generic time-
dependent PFs have an error bound expressed by nested
commutators such that it can bring the substantial reduc-
tion of the cost. Ref. [21] shows an error bound for generic
order PFs corresponding to the 1-norm scaling. Although it
can be applied to generic smooth local Hamiltonians, the
scalings of the error and the resulting cost with respect to
size are larger than those of the commutator scaling.
Reference [10] shows an generic error bound involving
commutators, but the reduction in size can be obtained
only for Hamiltonians with finite-range interactions.

In this paper, we derive an error bound of generic time-
dependent PFs composed of nested commutators and time
derivatives and prove that it brings substantial reduction
of their cost in size for generic local Hamiltonians. We
consider two types of time-dependent PFs, called the
standard and generalized PFs [16,22] for generic orders.
To deal with their error bound, we introduce Floquet
theory [23,24], with which we can map the time evolution
under time-dependent Hamiltonians to the one under a
time-independent Hamiltonians on an infinite-dimensional
space. We reveal that the errors of the time-dependent PFs
can be expressed by those of time-independent PFs. This
allows us to make use of the theory of time-independent
PF errors. Using Floquet theory in the inverse direction
with carefully dealing with the infinite-dimensionality, we
obtain the error bounds of generic time-dependent PFs
explicitly expressed by commutators and time derivatives.
Remarkably, our error bound shows substantial reduction
in the system size for generic local Hamiltonians with

finite-, short-, and long-range interactions reflecting the
locality. The scalings of the error bound and the resulting
cost are substantially smaller than the known I-norm
scaling [21], and as small as the best results for generic
time-independent PFs derived by their commutator-scaling
errors [11]. Our results positively establish that time-
dependent PFs can simulate generic local time-dependent
Hamiltonians more efficiently than the post-Trotter algo-
rithms with respect to system size, owing to the locality of
Hamiltonians.

Our formalism based on Floquet theory also applies to
various families of time-dependent PFs, such as the time-
dependent multi-product formula (MPF) and the time-
dependent PF for non-unitary dynamics. In particular,
MPF is a promising approach that can exponentially
improve the gate counts with respect to the allowable
error € [25,26]. While the commutator scaling of MPF
error has recently been proven for time-independent
Hamiltonians [27-29], that for time-dependent ones has
been an open problem [30]. Our approach reveals the error
bounds of the time-dependent MPFs composed of nested
commutators and time derivatives, which can experience
the reduction with respect to size reflecting the locality. We
prove that the time-dependent MPFs are simultaneously
efficient in system size and accuracy with their error
bounds. Our results will contribute to various tasks of
quantum computation. Simulation of nonequilibrium
materials is a typical example. In addition, it will have
a potential impact on simulating time-independent sys-
tems. For instance, time-dependent Hamiltonian simula-
tion plays a central role in the realization of eigenstates via
adiabatic state preparation [31-33] and the simulation
of quantum dynamics based on the interaction picture
[34-36]. Our results will shed light on the application of
near-term and future fault-tolerant quantum computers
toward simulation of quantum physics and chemistry.

The rest of this paper is organized as follows. In Sec. II,
we briefly review time-independent PFs and their com-
mutator-scaling errors. We also provide the construction of
time-dependent PFs. In Sec. III, we summarize our main
results on the time-dependent PF errors and the substantial
improvement of the cost. Its derivation ranges from
Sec. IV to Sec. V. In Sec. VI, we derive the gate count
estimates for generic local Hamiltonians, in which we
confirm the efficiency brought by the commutator scaling
for time-dependent cases. Section VII extends our result to
time-independent MPFs. We conclude our paper in
Sec. VIII. We provide Appendixes that include known
results for completeness and detailed proofs of our results.

II. PRELIMINARY

In this section, we introduce some notations used in this
paper (Sec. IT A) and briefly review the errors of the time-
independent and time-dependent PFs (Secs. II B and 11 C).
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A. Notation

(i) Norm: [|A|| for an operator A denotes its operator
norm. ||¢||; for a vector ¢ = (cy, ¢, ...) represents
its 1-norm ). [c;|.

(i) Product of operators: For a series of operators
U,,U,,...,Ug, we define their product with
arrows by

K 1
[Tvi=uvk---v. [Jui=v
k=1 k=K

ey

(iii)) Tuple of indices: An index vy denotes a pair of
indices (v, 7). When v and y are respectively chosen
from {1,2,...,V} and {1,2,...,['}, we align the
indices in the order, 11,12,...,11',21,22,...,VI
The notation vy < v'y’ means that vy precedes v'y’
in this order, and the symbols <, >, > are defined
similarly. The index v(y + 1) in the case of y =
I' + 1 means (v + 1)1. Theindex v(y — 1) fory = 1
means (v — 1) as well.

(iv) Commutators: For operators A and B, we use [A, B]
or ad4B to represent their commutator AB — BA.
We also note that B =73 1(ad,)"B=

e Be holds if (ad4)"B is bounded for each n € N.

(v) Derivative: For a time-dependent operator A(?), its
derivative A(”)(z) means £ A(7).

(vi) Time evolution: For a time-dependent Hamiltonian

H(t), its time-evolution operator from #, to 7 + f; is

U(t+ty,tg) = T exp (—i/tﬂ) dt’H(t’)). (2)

The symbol 7 denotes a time-ordered product.
(vii) Landau symbol: The symbols O-, o(-), and Q(-)
denote the Landau symbols defined by

o(rw) ={atol 1im |25 <l @)
ol = {a| tim_| %51 =0l @
a(r() = {awl tim |25 <l

The symbols O(-), o(-), and Q(-) allow poly-
logarithmic corrections in the variables.

B. Time-independent product formula

We briefly review the PFs for time-independent systems
and their errors following the commutator scaling.

Consider a time-independent Hamiltonian H given by

I
H= Z H,. (6)

r=1

The partition y is determined so that the time-evolution
operators {e~#/7} are easily implemented by local quan-
tum gates for any 7. The aim of the PF is to approximate
e " under sufficiently small time ¢ by the product of
{e7H:7}. To be precise, the pth-order PF is defined by

r
— H e Hay ()%t 7)

v=1 y=1

=

satisfying the order condition 7(f) = e~ 4 O(sP 1)
in t —» 0. The symbol z, denotes the permutation of
the indices {1,2,...,I'} depending on the stage v €&
{1.2,...,V,}. The number of stages V, is an O(1)
constant under p € O(1), while it is usually large expo-
nentially in p.

The most famous example is so-called Lie-Suzuki-
Trotter formula [22]. The first- and second-order formulas
are given by

_ —iH,t
S

r=I1

Ta(t) = T1(=1/2)'T)(t/2). (8)

Higher-order formulas 7',(t) for ¢ €N are obtained by
the recursive relation,

Ty, (1) = Tayn(ayt)*Toyo(byt) Taya(a,t)®.  (9)

The positive factors aq and b, are respectively defined
by a, = (4 —41/Ca=1))~1 and b =4a,— 1. We have
V,= 1 (forp=1andV,=2- 5‘1 ! (for p =2q). The
permutation z, is designated by

ﬂu(7)={r+yl_y

Throughout this work, T(¢) without a subscript repre-
sents an arbitrary time-independent PF. On the other hand,
T,(t) having a subscript p denotes the pth-order Lie-
Suzuki-Trotter formula.

(v: odd),

(v: even). (10)

=T,
since it determines the gate counts for Hamiltonian
simulation. The prototypical form of the PF error is so-
called the 1-norm scaling [5—7], expressed by

+1
T t)||e(9<Z||H},||t)p . an
Y

However, this formula overestimates the error since it
becomes nonzero even when {H,} mutually commutes.

et —
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There exists a better bound resolving such a problem,
given by

e ~7()| € O(awm,*).  (12)

It is called commutator scaling since the factor acop, , is
given by

r

Acom,p — Z H[Hy,n[Hyp,l""7[Hy1vagm||' (13)

While this better bound has been well known for
low-order cases over the past decades [8], the one for
generic time-independent formulas has been proven
recently [9-11]. The form like Eq. (13) is important in
that it brings substantial reduction in size N reflect the
locality of Hamiltonians. Indeed, the quantity acopy , iS
bounded by

®eom,p < P!(2kg)’Ng (14)

for generic k-local Hamiltonians, where ¢ denotes the
energy scale per site (See Sec. VIA for the exact
definitions of k and g). This gives a much better error
bound on the PFs than the known I-norm scaling, whose
coefficient amounts to O(Ng)?*!.

When considering large evolution time 7, the query
complexity r in the PF is determined so that the desirable
error € € (0, 1) can be achieved by

le= ™ = {T(t/r)}]| <e. (15)

The number r is called the Trotter number. The
improved N-scaling brought by the commutator-scaling
error in the form of Eq. (12) results in the better complexity
r. In particular, the error scaling like Eq. (14) has proven
that the time-independent PFs can have better cost in size
N than the post-Trotter algorithms like LCU and QSVT for
various local Hamiltonians [12-15].

C. Time-dependent product formula

In this section, we introduce time-dependent PFs. Let
us consider a time-dependent Hamiltonian H(z), decom-
posed by

H() =Y H,(1), (16)

r=1

and construct the approximation of the time-evolution
operator U(t + fy, ty). We set fy =0 without loss of
generality since we can reproduce the results for 7y, # 0
by shifting the time by 7. In contrast to time-independent
systems, there are various candidates for time-dependent

PFs, originating from the existence of the time-ordered
product. Throughout this paper, we focus on the following
two formulations.

Standard PFs. The standard PF is composed of time-
evolution operators under instantaneous Hamiltonians as

|4
S(t,0) =

P

H e_iH”xr(V) (ﬂi'yt)a”ta (17)

v=1y=1

=

where the coefficients «,,,f,, €R are determined by
the order condition S(z,0) = U(t,0) + O(tP*) [22].
Each time evolution wunder the instantaneous
Hamiltonian H, () is implemented by local gates
as well as time-independent cases. As the simplest con-
struction, the Lie-Suzuki-Trotter formulas are given by

$1(1.0) = [ e ™", 55(1.0) = 8,(/2.1)3,(1/2.0).
y=1
(18)

The higher-order formulas are obtained by the recursive
relation,

S24(1.0) = Sy, o(t, 1 — ayt)Ss, o (t — a,t, t — 2a,t)
X Sy, 2(2a,t,t —2a,1)t
X qu_z(Zaqt, aqt)qu_2<aqt, 0), (19)

with a, = [4 —41/24=D]=1. The error bound of the stan-
dard PFs has been vigorously investigated in the past
decade, while the one for low orders is well-established
[22,37]. For generic orders p €N, it is shown to have the
error bound,

|U(2,0) = 5(2.0) | € O({ max [y somm,p (D))} ).

7€(0.1]
(20)
de 7
al_norm,p (T) = Z qg(}‘ax’p (‘ @H}’<1) >’ (21)

4

which is a counterpart of the 1-norm scaling by Eq. (11)
[21]. Another study [10] has revealed the error bound
expressed by nested commutators. While it can provide
size-efficient cost for generic local Hamiltonians with
finite-range interactions, it includes matrix exponentials
which are difficult to be evaluated for Hamiltonians with
long-range interactions.

Generalized PFs. The other time-dependent PF is
called the generalized PF, which is organized by the
time-evolution operators,

033061-4
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+lo
U,(t+ to. tg) = T exp (—i/t t dt’Hy(t’)>. (22)
)

The pth-order generalized PF S(¢,0) is defined by

V, T

S(t7 O) = H H Uﬂ,,(y) (ﬁvyt + a1)yt9 ﬁﬂ}/t) (23)

v=1y=1

satisfying the order condition, S(z,0) = U(t,0) + O(tP+1)
[16]. The factors {a,,./,, } are not necessarily the same as
those for the standard PF in Eq. (17). The time-ordered
integral in each time evolution U,(z,0) can be efficiently
computed by classical computers since each H, (1) is
composed of mutually commuting terms. As a result, with
using the Solovay-Kitaev algorithm [38,39], the general-
ized PF S(z,0) can be implemented by local gates as
simply as the standard PF S(t,0). The Lie-Suzuki-Trotter
formulas in this case are given by

$1(1.0) = [T U,(1.0).  $5(1.0) = $,(/2.1)$,(1/2.0).
y=1

(24)

for the orders p = 1, 2, and the higher-orders are obtained
recursively in the same way as Eq. (19). The error bound of
the generalized PFs is investigated only for low orders. For
instance, the first-order Lie-Suzuki-Trotter formula
S1(¢,0) has the commutator-scaling error in the form of

’

1U(£.0) = $,(2.0)] < / “ar, / " dn [, (1) Ho(n,)]
(25)

for a Hamiltonian H(r) = H,(t) + H,(1).

Throughout this paper, we make several assumptions on
the coefficients {a,,./,,}, which do not essentially lose
the generality. First, we assume that the relations

v,

| <1 Y > ay =1 (26)

v=l 7 m()=r

are satisfied for every y =1,2,...,I. The former one
comes from that each evolution time |a,,|¢ is smaller than
t. The latter one means that the total evolution time under
H,(-) is t for every y. In addition, we assume

for S(t,0)

0<p, <1
{ ’ for §(z,0)’ @7

0< /vavﬁvy + Ay <l

which means a natural expectation that the time evolution
U(t,0) can be reproduced by the Hamiltonian H,(7)
during 7 € [0, ¢]. Finally, for making the calculation simple,

we€E assume

Puu=0 (28)

throughout this paper, which means that the approximation
begins with the origin of the time. Although f;; can be
nonzero in general, the results for f;; # 0 are essentially
the same as those for f;; = 0 (See Appendix B 2).

As a special case, we also define the PF with the uniform
coefficients as follows.

Definition 1. (PF with uniform coefficients) If a standard
or generalized PF has the coefficients {f,,} independent
of y, i.e.,

By, =P, ER, forv=1,.,V (29)

sV,
it has uniform coefficients.

Since each y equally contributes the Hamiltonian, many
of the existing PFs such as the Lie-Suzuki-Trotter formula
and the Forest-Ruth-Suzuki formula [40,41] satisfy the
uniformity. Like time-independent cases, S(z,0) and
S(#,0) denote arbitrary standard and generalized PFs
satisfying the order condition. On the other hand,
5,(2,0) and S,(7,0) mean those with the uniform coef-
ficients, while we often focus on the Lie-Suzuki-Trotter
formulas as their particular examples without loss of
generality.

It is an important but unresolved problem whether they
have an error bound expressed by nested commutators,
which is applicable to generic orders ¢ and generic local
Hamiltonians. It plays a central role for determining
whether PFs can simulate time-dependent systems with
the cost favorable in the system size like the time-
independent cases [10].

D. Floquet theory

We briefly review Floquet theory and pick up some
relation which are frequently used in the proof. Floquet
theory is developed for analyzing time-periodic
Hamiltonians whose form is given by a Fourier series,

. e .
H(t)= Y H,e ™. H,=- / dtH(r)e™".

mez 0

(30)

The quantities @ and T = 2z/w denote the frequency
and the period respectively. Each Fourier coefficient H,,
satisfies Hj, = H_,, due to the hermiticity H(r)" = H(z).
We assume ||H,,|| € o(|m|~") for the absolute and uniform
convergence of the Fourier series, which is naturally
satisfied by the smoothness of H(¢) (See Appendix A).

In Floquet theory, we consider an infinite-dimensional

space (Floquet-Hilbert space), defined by

033061-5
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Hey = (Z) @ H, (3D

where [?(Z) denotes a square-summable space over Z. A

Floquet Hamiltonian H” is an operator acting on Hpy,
which is defined by

HF = Z(Zu +m)(l| @ H,, — lw|1){I| ® 1). (32)

leZ N\ m

The ancilla system |/) contains the Fourier index
l€ Z. The Floquet Hamiltonian H is hermitian due to
H}, = H_,,, originating from the hermiticity of H(r). It is
often separated into two terms as H = HAY — P with

HAW = ZAddm ® H,.  Add, =Y [I+m)
lez
(33)
and the linear-potential term,
L=l (1| @ 1. (34)

lez

Floquet theory dictates that the time evolution under the
time-periodic Hamiltonian H(z) can be expressed by the
one under the time-independent operator H' as

Ut + to.tg) = Y _eloltn) (lle=iH"|0), (35)

lez

which is absolutely and uniformly convergent under
|H,, || € o(|m|™") [42,43]. Instead of discarding the diffi-
culty by time dependence, H is an unbounded operator on
the infinite-dimensional system.

We introduce the translation symmetry in Floquet
theory, which will be frequently used in the proof. We
can immediately check the invariance under the shift of the
Fourier index,

(1+ U'HAY|T) = (1|HAY0), (36)

(I1+UH"P|I') = (I|H™?|0) + l'w, 37
for any [, I’ € Z from their definitions, Egs. (33) and (34).
We also have the relation,

<l—|— l’|e*"HFt|l’> _ eil'wt<l|efiHFt|0>, (38)
for any /, I’ € Z and any time 7 € R. It can be confirmed in
the following way [43]. We use the interaction picture in
H"P and the Dyson series expansion, the operator e~#"! is
given by

) . © t 5]
e~ iH't — giH'"t Z(—i)" / dt, - - / d,
n=0 0 0

% H ( e~ iH" 1, prAdd eiHLPtn/)' (39)
n'=1
Since the matrix element of the interaction-picture
Hamiltonian (I + I'|e” ™" 1w HAMH™ 00 |1') s invariant
under the shift by // due to Egs. (36) and (37), we obtain
Eq. (38).

III. SUMMARY OF RESULTS
A. Setup

We first specify the setup in this section. The central
assumption is that the time-dependent Hamiltonian H(7) =
>, H,(t), defined on a finite-dimensional Hilbert space
‘H, smoothly varies in time. To be concrete, when we are
interested in a pth order PF during the time interval [0, 7],
we assume that each H,(7) is of class CP*2 in €0, 1].
Therefore, our results are applicable to broad types of time
dependence as well as some previous studies [10,21].

When each Hamiltonian H,(t) is smooth, we can embed
it into a time-periodic Hamiltonian. Namely, there are
series of time-periodic Hamiltonians {H*(7)} satisfying
the following conditions (See Appendix A).

(1) Periodicity: There exists a y-independent period 7,

larger than the time of interest ¢, such that Hy* () =
H3*(t + T) for any 7 € R. Each H}* is expressed by
a Fourier series,

2
Hex Z Hex ﬂmw'r w= “ (40)

meZz

where the Fourier coefficient Hy;, satisfies
1H5 |l € O(|m|~772). (41)

(ii) Coincidence: Each H5*(7) is equivalent to H,(7) in
the interval [0, 7] by
HXD () =HY(z), force0,d,  (42)
for each ¢ =0,1,...,p + 2.

The smoothness of H(t) appears as the decay of Hy), by
Eq. (41), which is required for the absolute and uniform

convergence of the Fourier series of H;X(q) (7) for every
q =0,1,..., p. This embedding enables us to employ the
theory for analyzing time-periodic Hamiltonians, called
Floquet theory [24], in order to obtain the error bound of
the time-dependent PFs as we will discuss below.

While we will use the time-periodic Hamiltonian
H®(z) = >, Hy*(7) during the derivation, the resulting
error bound includes the information only in the interval

033061-6
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[0,7], which is equivalent to that for the original
Hamiltonian H (7). Therefore, without loss of generality,
we omit the superscript “ex” and deal with a generic
smooth Hamiltonian H(t) as if each H,(t) is a time-
periodic Hamiltonian satisfying

H},(l‘) — X:I_I},me—im(ut7

mez

15, € O(Jm[7P72) (43)

with some period T = 27/ . We note the Fourier series for
its time derivatives,

HY (1) = 3 (—imw)?H,,,e= ",

mezZ

(44)

is absolutely and uniformly convergent for any finite ¢ up
to g = p. We use the notations for Floquet theory in
Sec. ITA.

B. Error bound and improved cost

We summarize the central results of this paper, i.e., the
error bound for time-dependent PFs explicitly organized
by commutators among {H, ()} and their time derivatives,
and the improved cost reflecting the locality based on it.

We begin with the derivation of the time-dependent PF
error. The central strategy is to employ Floquet theory
developed for time-periodic Hamiltonians. The proof is
divided into three steps. First, we find a mapping of the
time-dependent PF error to a time-independent one.
Floquet theory states that the time evolution U(#,0) can be

expressed simply by the one under the time-independent
|

&com.p (T) = Z Z, H ,qu (T) H}/O (T)

Hqu (z)|H,, ()

These error bounds are composed of nested commuta-
tors among {H,(¢)} and their time derivatives, while the
latter one is inherent in time-dependent cases. The advan-
tage of our result is that they have many vanishing terms in
the nested commutators when the Hamiltonian has the
locality of interactions. Indeed, we show that our error
bounds achieve much better scaling in the system size N
for generic time-dependent local Hamiltonians than the
previous one with the 1-norm scaling [21].

A better error bound of a quantum algorithm implies
better complexity of running it with a target accuracy. We
prove the improved cost of the time-dependent PFs based
on the above error bounds as the second part of our main

Hamiltonian H" [See Eq. (35)]. We find that a similar
relation holds for the time-dependent PF errors in general.
For instance, we prove that the error of the standard PF

S(1,0) is expressed by

U(t.0) = 5(1,0) = > e~ itr(l|[e=H"t — TF(1)]|0). (45)

lez

where 77 (1) is a time-independent PF for e~*#"? defined on
the infinite-dimensional space Hgy. The same goes also
for the generalized PF S(#,0). As the second step, we
employ the theory of the time-independent PF errors [11]
for the mapped error like e="#"* — T (1). We note that this
does not immediately give a meaningful bound due to the
summation over [ € Z in Eq. (45) and the unboundedness
of H”. In the last step, we reduce the time-independent
PF error on the infinite-dimensional space to the time-
dependent PF error by carefully taking this summation. We
obtain the following error bounds as a first main result.

Theorem 2. (Main results, informal) The pth-order
standard and generalized PFs S(z,0) and S(z,0) have
the following error bounds,

— o .+l
|U(2,0) =55, 0)| € O max Zeom p(2) - #771). - (46)

— .4+l
|U(2.0) s<r,o>||ecf)(;g[aoﬁ]awm,pu)r ). @

where the factors @ ,(7) and agyn ,(7) are defined by

_ o fadg (r=1,...T)
_ Jady iy (r=1....T)

results, which is summarized in Table I. Our result
achieves better scaling in the system size N than the
known results by the 1-norm scaling error [21]. We also
note that it can be applied to generic local time-dependent
Hamiltonians with finite-, short-, and long-ranged inter-
actions in contrast to Ref. [10], which is valid only for
finite-range interactions. Furthermore, they can reproduce
the best known results for the time-independent PFs
obtained by the commutator-scaling errors [11].

Finally, we also emphasize that our approach based on
Floquet theory applies to a family of various time-
dependent PFs. The one for non-hermitian time-dependent
Hamiltonians is the simplest example (See Appendix D).
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TABLE L.

Number of O(1)-local quantum gates for Hamiltonian simulation with the system size N, the evolution time 7, and the error

tolerance e. The extensiveness g defined by Eq. (135) satisfies g€ O(1) for finite-range interactions or Eq. (136) for long-range
interactions. The quantity f represents the local scale of time-dependency by Eq. (137), which can be an O(1) constant for a broad class
of local Hamiltonians in practice. The number of partitions in PFs, I", depends on the range of interactions as discussed in Sec. VI C.

The notation @() contains polylogarithmic corrections with respect to N, ¢, or 1/¢e. See Definition 1 for the definition of uniform PFs.

Algorithm (error type)

Finite-/Short-ranged Hamiltonians

Long-ranged Hamiltonians Ancilla qubits

Standard PF, uniform
(1-norm, Ref. [21])

Standard PF
(commutator, Ref. [10])

Standard PF
& generalized PF
(commutator, this work)

Standard PF, uniform
(commutator, this work)

Standard MPF, uniform
(1-norm, Ref. [30])
Standard MPF & generalized MPF
(commutator, this work)
Standard MPF, uniform
(commutator, this work)

LCU [34,44]

(g+ )”(JNf P

O(

Nt
(’)(Nt
Nt

[
[(g-%—fz“ gNt:|
]

0( [(ﬁfi"ny ;

log(Ngt/e)

(@) (N2 gt
QSVT [43,45]

HHKL [46.47] O(Ngt)

)
)
|

loglog(Ngt/e)

o (NZ t [(mé)')m] %)

O(N((g+ f)rgl)
O(NH{I(g+ )PgN* + 1})
O(Ne{llg+ )PgNI7 + f})

)

O(N[Ngt + [t log(ft/e)])

o < NE+H {(ﬁ{)”yr} %) 0

1) <Nk[ [(y+F£)”s/Nt} %) 0
O (th [(y+f)‘”ny} 7'») 0

@(N"“t[(g + f)”g]#) O(log log Mt )’)

O(Ne{((g + TN +T7}) O (log TogMe2t0)

@(th{[(g+f)pgjv]ﬁ +f}) O(log log g+f)f)

O(Nkﬂgt%) O(log(Ngt/e))
O(Nk[Ngt—l—ftlog(ft/e)}) O(log(Ngt/e))
@(Ngt(Ngr/e)%) O<log log(Ngt/S)))

(Only for v > 2d)

In particular, the time-dependent multi-product formula
(MPF), which uses a linear combination of time-dependent
PFs, is a promising extension, with which we can expo-
nentially improve the scaling in the desirable accuracy
[26,28,29]. As one of the main results, we derive the error
bounds of the time-dependent MPFs which can reflect the
locality of the Hamiltonian via nested commutators, and we
prove the improved cost based on them as shown in Table 1.
The time-dependent MPFs achieve the good N-scaling as
small as the PFs and also achieve the good scaling in ¢ and &
like the post-Trotter algorithms such as LCU and QSVT.

IV. RELATIONSHIP BETWEEN TIME-
INDEPENDENT AND TIME-DEPENDENT
PRODUCT FORMULAS

In this section, we map the time-dependent PFs into the
time-independent one in the infinite-dimensional Floquet-
Hilbert space.

A. PF in Floquet-Hilbert space

We begin by defining the time-independent PF in the
Floquet-Hilbert space which can reproduce the time-depen-
dent PF. As introduced in Sec. I1I, the time evolution under
H(t) can be organized by the Floquet Hamiltonian H [See
Eq. (35)]. We note that, for smoothly varying Hamiltonians

H(t) discussed in Sec. III A, the infinite series for U(t, t,) in
Eq. (35) is uniformly and absolutely convergent [43].

We similarly construct a Floquet Hamiltonian HY for
each term H,(t) by

Hf _ H;&dd _ HLP, HAdd ZAdd ® Hymv (50)

and then, the time evolution under H,(¢) is expressed by

U,(t + 1, 19) = Ze*ilw(fﬁo)<l‘efiH7Fz|0>‘

lez

(D

We define two kinds of time-independent PFs for H”,
which correspond to the standard and generalized PFs,
respectively.

Definition 3. (PFs for Floquet Hamiltonian) We define
time-independent PFs T7(¢) and T (¢), acting on the
Floquet-Hilbert space Hpy, respectively by

V, T

TF(Z) — H H ( P By ﬁw)l _ZH ()aw )’ (52)
v=1y=1
Vp r
H ( /31 (r+1) ﬂw_arr)teiiH (0¥ [), (53)
v=1y=1

where we set f, 1) = i and fy i) = 1
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We show that the time-independent PFs 77 (¢) and T* (¢)
are related to the time-dependent PFs as follows.

Theorem 4. (Bridging PFs for original and Floquet
Hamiltonians) The standard and generalized PFs S(z, t,)
and S(t,ty) by Egs. (17) and (23) are related to the time-
independent PFs, Eqgs. (52) and (53), by absolutely con-
vergent series

$(1,0) =Y e~ (I|TF (1)[0), (54)
lez

S(1.0) = e (I|TF (1)[0). (55)
lezZ

when the coefficients {a,,.f,,} satisfy Eqs. (26)-(27).

Proof. We focus on the standard PF. We begin with
showing that the time-evolution operator e ~#:(#) for real
a, f} is expressed by

efiHy([)’t)ut — Zefilw/}l<l|efiH¢ddm|0>‘

lez

(56)

We note that the right-hand side is absolutely and

uniformly convergent, which immediately follows from
|

oo fifT (5

l,€Z

DA D b
v=1ly=1 \l,,€Z \Vy'=vy
r
o H By r+1fHH(

v=1y=1

I
1~

where we used the completeness Y, o, |[){l| = I in the
last equality. We note that this calculation is validated by
the absolute convergence of the infinite series, Eq. (56),
which allows us to change the way of taking the summa-
tion over {l,, € Z}. This completes the proof of Eq. (54) by
the definition of 77 (¢), Eq. (52). We note that the absolute
convergence of Eq. (52) immediately follows from that
of (56) and the above derivation.

The proof of Eq. (55) is parallel to the above calculation.
We substitute the expression of U,(t,0) by Eq. (51), and
then we use the translation symmetry of e~ by Eq. (38).
We arrive at Eq. (55) as the expression of the generalized
PF S(z,0). =

Theorem 4 shows a simple relation between time-
independent and time-dependent PFs. Instead of
discarding the time dependence, the PFs acquire infinite
dimensionality as well as the exact time evolution,
Eq. (35). Consequently, the errors of the time-dependent

>

Z)/},/511}/

. _prAdd )
e—lHLP/",;yte ’Hnl,(y)“vr’elHLpﬂw’

[|(1]e~H#7"a1|0}|| € o(]I|~!) by Lemma A4, which is shown
in Appendix A. Regarding at and ft as independent
variables and fixing ff, we obtain

Alt —ilopt (] —iHMar 0
TS AWY e e

leZ
T
leZ
= — Z Hymefi{(lfm)+m}(z)/}t<l o mle_iH;\ddm|O>
lmezZ

= —iH, (pr))_e~P(ie 1 4(0),

lez

(57)

in which the exchange of the summation and the differ-
entiation is allowed by the uniform convergence.
The second equality comes from Eq. (50). In the last
equality, we use the Fourier series Eq. (43) and its
absolute convergence, which leads to >, ,c7 =
Y omez 2 i-mez- We arrive at Eq. (56) by solving the
differential equation Eq. (57). Using the translation sym-
metry of H)% by Eq. (36), we obtain

E lv’}/>)
vy <vy

S

vy <vy

i [yAdd
l AN lH”L'(V)aWt

v'y

)
0).

PFs can be attributed to those of the time-independent PFs
e " _TF (1) or e~ "' — T (1) like Eq. (45). This is the
origin of the time-dependent PF errors composed of nested
commutators and time derivatives, inheriting the commu-
tator scaling in time-independent PFs. However, we
emphasize that whether such formulation can provide a
meaningful bound on the time-dependent PF errors is
nontrivial at the present stage due to the infinite-dimen-
sionality. The Hamiltonians Hf and H“P are both
unbounded, and we have to show the convergence of
the summation over /€ Z. The explicit computation of
Eq. (45) in Sec. V is essential for concluding the improved
error bound composed of nested commutators and time
derivatives.

We remark several points before finishing this
section. First, in order to satisfy the order condition
S(¢,0)=U(t,0) + O(¢P*1) or S(¢,0)=U(t,0)+O(t"*),
we will demand that 77 () or T7(¢) become pth-order

Add .
ﬂl (7+1) _ﬁl}/)t —iH} o For I) iH"P Byt

(58)
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time-independent PFs for e~#"’. The difference between

the standard and generalized PFs lies in the way of the
decomposition of the Floquet Hamiltonian,

r
HF =" g4 — HP (59)
y=1
r
=> HI'+ ([ —1)H". (60)
y=1

The decomposition by the first line corresponds to the
standard PF, which employs the time-evolution operators
under H3 and H“P in T7(¢). Similarly, the one by the
second line corresponds to the generalized PF. These
decompositions will be used for determining the proper
coefficients {a,,,f,,}.

We also note that the assumption f;; = 0 affects the
construction of the operators 77 (¢) and T* (¢) via this order
condition. Equations (52) and (53) cannot provide a pth-
order time-independent PF for e="#"* under f;;, = 0. When
we have f; # 0, the operator 77 (¢) is replaced by

=

) P pAdd .
[T (e 0mnpane e it o)
1y=1

<=
I

and so does the operator T* () similarly. The calculation in
the following sections is a little bit modified, while the
scalings of the error bounds and the computational cost do
not essentially alter. See Appendix B 2 for the detailed
discussion.

Finally, we provide the translation symmetry of the
time-independent PFs 77 (¢) and 77 (¢) like Eq. (38), which
will be necessary for the calculation in the next section.

Lemma 5. (Translation symmetry of PFs) The time-
independent PFs T7(¢) and T (¢) by Definition 3 satisfy
the translation symmetry,

<Z|TF(I)|II> _ eil”wt<l - l”|TF(t)|l/ - l”>, (62)
<l|TF(t)|l’> — eil”wt<l _ lulTF(t)U/ _ l"), (63)
for every 1,I',1" € Z.
Proof. Suppose that operators A" and B”, acting on the
Floquet-Hilbert space Hpgy, satisfy the symmetry,
<l|AF|l/> _ eil”a<l_l//|AF|l/_l//>7 (64)
(|BF|I") = &b (1—1"|BF|I' = 1), (65)

for every [,1',1" € Z with certain values a, b € C. Then,
we have

(UAFBF |y = S (AR 1) (1B |1
l///EZ
— Z eil”(a+b)<l _ Z/I|AF|Z/// _ l//>
II”GZ
X <l/// _ ZII|BF|ZI _ l//>
= eIt (1 — I"|AFBF|I' - 1) (66)

We repeat this relation based on the symmetry of H
and H? by Egs. (36) and (37) for the standard PF T* (z),
which results in

<Z|TF(t)|l/> = ei]”w ZT!I Z::](ﬁzr(ﬁl)*ﬁvy)l
< (I=1"TF (O = 1")
— eil//wz<l _ l//|TF(t)|l/ _ l”>. (67)

We used f;; = 0 and ﬂv,,(r +1) = 1 in the last equality.
The symmetry for the generalized PF T (¢) is shown by
using that for e=#"* by Eq. (38) in a similar manner. =

While the PFs T7(¢) and TF(¢) are constructed as
approximate formulas of ¢~/ Lemma 5 implies that
the translation symmetry of e~#"’ is exactly inherited.
This relation will be used to obtain the error representation
of the time-dependent PF errors.

B. Example: Lie-Suzuki-Trotter formula

In this section, we consider the Lie-Suzuki-Trotter
formulas as a concrete example, and we show that those
for time-dependent systems are completely expressed by
those for time-independent cases via Theorem 4. We begin
with the first-order formulas S (¢, 0) and S(t, 0), in which
we have V| =1, a,, = 1, and §,, = 0. The corresponding
time-independent PFs based on Definition 3 are given by

r
TF(I) — eiH”’t He—iH;‘ddt’ (68)
y=1
r
TF(I) — e—iHIrltH (e—iHLPte—iH,Ft)_ (69)

r=1

The former one is just the first-order Lie-Suzuki-Trotter
formula with the decomposition, HF = H} 4 ...+
HpY — HYP The latter one comes from the decomposi-
tion, H" =HY +H" + H{ +---+ H** + HE. These
relations hold for generic orders p, which is described
by the following theorem.

Theorem 6. We define the time-independent PF 7% (r)
by Eq. (68) for p=1, T{(t) = T¥(—1/2)'TE(t/2) for
p =2, and
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T3, (1) =

for g €N+ 1. The pth-order Lie-Suzuki-Trotter formula
S,(2,0) is expressed by

[Tqu—2(aqt)]2T§q—2(bqt)f[qu—z(aqt)]z (70)

$,(£.0) = > e~ (1T (1)|0). (71)
lez
We also have
Sp(1,0) = > e (1T} (1)]0), (72)
le7

where T} () is constructed recursively beginning with
Eq. (69) in a similar manner.

[r.h.s. of Eq. (71)]

Proof. We focus on the standard PF with the order
p > 2. Based on the definition of S,(z,0) by Egs. (17)
and (18), we have V, =2, a;, = ap, = 1/2, ;, = 0, and
P>, = 1. The permutation r, is given by Eq. (10). The
time-independent PF defined by Eq. (52) is equal to

1 r
TF(I) — (H eiH;*ddz/2> i (H ein}ddz/2>
r=r r=1
= T{(=1/2)'T{(t/2). (73)

Thus, Theorem 4 implies the satisfaction of Eq. (71) for
p = 2. Next, we assume Eq. (71) for p =2qg —2. The
recursive relation Eq. (70) implies

= Y T (ag ) (T (gDl (a7, (byt) 1505 T,y (a1} (1l T,y (ag)lo)

Ll €Z

—i(l-1) < l |T
L, 121314ez

( [3—12 (1)(1 —2a ) <l3 — 12|T2q z(b [)|O>)
Saga(tt

—a )8y, 5t —a,t,1—

where we used the completeness in the first equality, and
translation symmetry by Lemma 5 in the second equality.
The definition of S’zq(t, 0) by Eq. (19) completes the proof
of Eq. (71) by induction. The same discussion goes also for
the generalized PF. m

To summarize, Theorem 6 implies that the Lie-Suzuki-
Trotter formulas for time-dependent Hamiltonian are
completely translated into those for time-independent
Hamiltonians. The appearance of the different types of
the PFs, i.e., the standard PF S(z, 0) and the generalized PF
S(t,0), can be attributed to the ways of the decomposition
of HF.

V. ERROR BOUND OF TIME-DEPENDENT
PRODUCT FORMULAS

We derive the error bounds for the time-dependent PFs
consisting of commutators and time derivatives. As
shown in the previous section, the time-dependent PF
error can be translated into the time-independent one for
the Floquet Hamiltonian. We first clarify the error
representation by applying the technique for time-inde-
pendent systems [11] in Sec. VA. We have to be aware
that the time-independent counterpart is defined on the
infinite-dimensional Floquet-Hilbert space, and that this
does not immediately provide a meaningful error bound.
In Sec. V C, we explicitly compute the summation over
[ € Z and show a convergent error bound, which results in

_o(a,0)|0)e~ithi=hRoli=a,) Iy — L|T5,

2(ag1)]0)

~illly)e@a) (g — l4|T2q 2(ag1)|0) e t<l4|T2q 2(a41)[0)
2a,1)82,-2(2a,t,t —2a,1)7 S5, 2(2a,t, a,1)S2, 2(a,t,0), (74)

|

a meaningful bound explicitly expressed by {H, ()} and
their time derivatives. Section V B is devoted to comput-
ing commutators appearing in the errors in Sec. V C,
which gives the origin of the errors expressed by the
nested commutators and their time derivatives.
Throughout this section, we concentrate on deriving
the error bound of the standard PF S(¢,0). While we
briefly discuss the results for the generalized PF S(z,0),
we provide their detailed derivation in Appendix B.

A. Error representation

Section IV proves that the error of the time-dependent
PF can be translated into the one of the time-independent
counterpart by Eq. (45) defined on Hgy. Next, we apply
the theory of PF errors for time-independent Hamiltonians
[11] to this. Focusing on the standard PF S(z,0), we
assume that its counterpart 77 () by Eq. (52) formally
gives a pth-order time-independent PF for ¢=H'!, We
associate H>% and —H"" respectively with H, and H, of a
Hamiltonian H = Z}LO Hy, and then it is equivalent to
consider the time-independent PF,

<

P

r
H —lHo Buirey=Pu)t o iHM(,)a,;yt), (75)
1y=1

=
Il
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satisfying the order condition 7'(t) = e~H' 4+ O(P*1).

The error e ' — TF(r) can be represented completely

in the same way as e H'" — T(z).

We introduce some useful notations before give the error
representation based on the above strategy. The time-
independent PF T (¢) by Eq. (52) can be rewritten as

p 2r
=11 H e~ Hulyt, (76)
v=1§y=
where H ,7 and @, are respectively given by
. HAY o y=2y—1
(H,; ,5) = { ( a,,.iy; ) ( ] )

(_H vﬂv(erl) _ﬂw) (7 = 27)

(77

The coefficient @,; has an absolute value smaller than 1
owing to Egs. (26)—(27). We also define the partial product
|

of T (1) by

le//ax//t

(78)

<w

With these notations, we obtain the following error
representation.

Lemma 7. (Error representation) Suppose that the
coefficients {a,,.f,,} are chosen so that the time-
independent PF T(¢) by Eq. (52) can satisfy the order
condition 7(¢) = e ™" 4+ O(¢P*') for a Hamiltonian
H =3, H,. The difference et _TF (1) is given by

M _FF(r) = —i / "dre M T (1) AF (2), (79)

0

where the operator Af(z) is defined by

Vo p — 7 V= p—au;
i 1 )97 T 7
DD DI R )
v=17=1 qu..qv, or>0: q 7T qb(?""l) qv 20
Guyttqv,or=p,
qvf?éo
Vy ar 1.p—q.,
_ T_Tl)q17 Tp 9oy ~
— E E a’l/,]// / C2(HU/]~//), (80)
P Qe q/;>0 qw o)t duy!
q,,+ +q,// P,
q,7#0
vy
F F iH ;a7 ~ . qrsn IgF | ,—iH 5,57, T°F
C(HF) = TL ;(v) et l I (@epadg, )" H ]e e TE L (2), 81)
v"7"'=V 2T
vy
I F iH 5,7 ~ . G —iH ;a1 TF
CZ(HU';7) T<Ly( ) e (av”?”ad[-]p,,i,,) v Hv’i/ e e 1T<y}7(7)- (82)
1/”}///71)}/

Proof. Since the representation Eq. (76) is essentially the same as Eq. (7), we can directly apply the approach for time-
independent cases (See Theorem 5 in Ref. [11]). We begin by noticing that the difference is represented by

. t d .- -
e _TF(f) = —e~iH"t / drd— eI (7). (83)
0 T
This implies that we have Eq. (79) with
B B o o B B Vy or _ _
AF (1) = —iTF(7)Te T& H=TF(7) = TF(2)"HF TF (1) — iy Tl (0) H iy T (7) (84)
v'=17=1
In the above equation, both of the two terms have the form,
K
(H eTadAk>B — oAkt 1TBe—AIT . .. p—AkT (85)
k=1
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with some operators {A;} and B. We repeatedly use the Taylor’s theorem,

p—1

q=0 q:

fork=1,...
independent PFs [11],

T d P
/ deyenon, (139)” (86)
0

p!

, K so that the Taylor’s reminder can be Oz”. This results in the following formula, which is used for time-

Saney 3

=1 q1++q=p
4 #0

()

When we apply this formula to the first and the second
terms in Eq. (84), the first term of Eq. (87) vanishes due to
the order condition T(z) = e~*#"* + O(**1) just like the
time-independent PF. The remaining second term of
Eq. (87) gives Eq. (80) as the form of A’(z), which
completes the proof. m

In the case of the time-independent PFs, the counter-
parts of Egs. (81) and (82) directly give the commutator-
scaling error in the form characterized by Eqgs. (12) and
(13) [11]. We have a certain operator A(z) similar to
Eq. (80), such that

‘ ' ,
e —T(1) = —i/ dee =T (7)A(7). (88)
0
This immediately implies the error bound,

e ~70)] < [ aea@). (39)

and the operator norm ||A(z)|| characterizes the error
bound. The representation of A(z) similar to Eq. (80)
indicates the scaling A(z) € O(z?) and the commutator
scaling by the counterpart of Egs. (81) and (82). As a
result, the time-independent PF error of O(acom, ,17"") is
obtained.

In time-dependent cases, Eqs. (81) and (82) are the
origins of the improved bound on the time-dependent PF
errors, but its evaluation is not so simple. The difficulty
mainly comes from the fact that the error e=#"* — TF (1) is
defined on the infinite-dimensional space. Namely, we
have to consider the infinite summation over /€ Z to
reproduce the error in contrast to the time-independent
cases. We show the following theorem as the first step.

Theorem 8. The additive error of the time-dependent PF
error is expressed by

/‘r ar, (z— Tl)qk—lfp—qk
0 (Qk—1>!61k—1!"'41!

K k
H eTade’ PUELA H adH/ qk,B
k' =k+1 k=1

(87)

U(t,0) — 8(,0)

= A "deU(1.7)3(z.0) <Z<IIAF(T)IO>>, (90)

lez

where the operator AF (7) is given by Egs. (80)—(82).
Proof. Using the error representation by Eq. (79), the
error of interest is computed as follows;

U(t,0) — S(t,0)
= =iy et [ar(le T (A" (20

lez

= —1

/ drefilwz<l|e7iHF(tfr) |11>

L L,ez0
X <11|TF(T)|12><12|AF(T)|0>

t . -
/ dTefz(lfll)th _ ll|€71H (tfr)|0>
Ll Lez 0

x eili=boz (], — 1| TF (£)|0)(L,|AF (7)[0),
On

where we use the translation symmetry [Eq. (38)]
and Lemma 5] in the third equality. In the last line, we
employ the absolute convergence of the infinite series
Yieze "l I0), Yoz e (IIT" (1)[0), and
Y ez (IJAF(7)|0). We have already mentioned that the
former two series absolutely converge to U(t,7) and
S(z,0) in Egs. (35) and (54) respectively, coming from
the smoothness of H(r) The absolute convergence of the
last one >,c7 ({]AF(2)]0) is confirmed also by the
smoothness, as discussed in Appendix A 2. We obtain
Eq. (90). ]

As a consequence, the operator norm of the PF error is
bounded by
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0.0 =5.0) < [ WA @) ©2)

lez

for time-dependent cases instead of Eq. (89), and this
difference brings the difficulty of dealing with time
dependence. While each matrix element of A’ (z) amounts
to O(z”) and has a coefficient consisting of nested
commutators, it is nontrivial whether these properties
are maintained after infinite summation over /€ Z. We
also note that the time-dependent PF error is an infinite
series composed of the nested commutators among { H ]’,"dd}
and H™ via Egs. (81) and (82). It should be examined
whether it provides a meaningful bounded value since the
latter one is unbounded, and it is also of importance how it
is related to nested commutators among {H,(¢)}. To solve
these problems, we have to compute the explicit form

of Y2rez (I1A"(7)[0).

B. Commutators in the Floquet-Hilbert space

The next step for the explicit error bound is to
compute the operator Y,z ([|Af(7)|0) in detail. In
this section, we calculate nested commutators defined
on the infinite-dimensional Floquet-Hilbert space,
which appear in Af(7). After that, we show that they
are converted to the nested commutators among {H, ()}
and their time derivatives when we take the summation
over [€Z.

Let us consider the following term appearing in
Egs. (81) and (82),

vy

[I @padg, )8, 93)

"=

V"7 =v'y

for vy < v'¥, where H is chosen from either {H2%} or
—H". Since each f, is chosen from the same set by
Eq. (77), it is the nested commutator among {H;%}, or

—H™. We show that it can be related to nested commu-
tators among {H,(¢) } and their time derivatives as follows.
Lemma 9. We define an operation D,; (1) by

ad F=2y—1)
Dy (1) = { .dan(r)(l) ] ’ 94)
at (7 =2r)
for y=1,...,I. We also use (f(t)),, to represent the

Fourier coefficient of a time-dependent function f(¢),
given by

1 [t o
(=7 [ ars@remr. os)

The commutators with A »7 are given by

)Y =Y Add, ® (Dy(0H(1),.  (96)
mez
Add,, t y=2y—1
adHI,iHLP: sz:Z ® < ,,(y)( ))m (7=2r ),
0 (otherwise)
97)
fory=1,...,I

Proof. We first consider Eq. (96). For an odd integer
7 =2y — 1, we have
Add _ [pgAdd  pyAdd
adH H, [Hm,(r)’ H,y ]
Y Addyi @ [Hy e Hyw]

mm' €Z

_ZAdd ®Z (m—m") }/m’]'

= ZAddm ® (ady, , (Hy(1)) . (98)

The last equality is based on the fact that the
Fourier coefficient of the commutator [H, (1), H,(t)] is

expressed by
T :
/ t) H } tmwtdt
0

[H}'(mfm’)» Hy'm’]' 99)

'ﬂl—‘

([H,(1), H

Il
Qi

For an even integer 7 = 2y, we have
ad: HAdd — [—HLP HAdd]
Hy "ty Y

== ) ol

m leZ

= ZAddm ® (mwH,,,)

= ZAddm ® (z— <t>)

This completes the proof of Eq. (96). It is easy to
confirm Eq. (97). We have adj HLP —ad e HAY < for

odd 7 = 2y — 1, which is Similar to Eq. (100). It is trivially
0 for even 7 due to H,; = —H'F. "

This lemma indicates that the commutator with 24 in
the Floquet-Hilbert space is replaced by the one with
H,(t), defined on the original space. The commutator with
H is converted to the time derivative. We next consider
the expression of Eq. (93). Lemma 9 states that the
application of ady to H} =37, Add, ® (H,(1)),

merely transforms its Fourier coefficient (H,(t)),,.

m] 2 Hy’m

(100)
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Thus, we can use this lemma again when further applying
ady . Equation (80) for H = H} is expressed by

vy
H (ab//wad[_] o )q,//?u H‘},Add
1)”]///*1) }/
= {aty
— ZAddm ® (Cb}7 L/},r( )) n’ (101)
mezZ
{q} 24 )
Cv;,v"yf// (t) e (&UUT/’DU”}?” (t))q,,//;// H}/(l). (]02)
D”}’//*L 7

In the case of H = —HP, let us define the maximal

nontrivial index by

(vm. 7m) = max [(0",7") s.t. gy # 0] (103)
Using Eq. (97), we arrive at
o7
(al/” ”adH i )qUUV”( HLP)
,Ul/y//_,l) ,y (104)
=Y add, @ (Cl0) |
mez "
where the operator Ci?}uy' (¢) is defined by
{gh.LP 5
Cv;f 1)7 ( ) = ((Z "~ //Di)//y//([))qbﬂ 7
V"' =vm(Fm+1)
P l_) Gopy -1 d
X (ava/M N (t)) MM _la ]/M(t)
(105)
for an odd integer 7y = 2yy — 1 and C{?} ,LF( t) = 0 for an

even integer 7y = 2ym-

We next show that the operators C{?} 7(t) and C 7{);1}@,];?( )

directly appear the error bounds of the time-dependent
PFs. Namely, they are the origins of the improved bound
on the time-dependent PF errors involving the nested
commutators {H,(#)} and their time derivative. First,
we prove the following lemma for calculation.

Lemma 10. Let S_,,(1,0) be the partial standard PF
defined by

%) (ﬂzr// t)azr’/t

Sy(1,0) = (106)

vy'=11

When the time 7; is in [0, 7], there exists certain time
7,5(7,71) €0, 7] such that

Ze—ilmﬁ(r,rl) <l|e_iH'75’v7Tl Ti«“w (1) |0>
lez

_ { e e Pt 5 (2.0) (7 =27 = 1)
S<7(7.0) (7=2y)

is satisfied. In addition, it has the translation symmetry,

(107)

(1= 1"|eHamn T (2)|I' — 1")

e,’[“(,)z'v;,(f,ﬂ) <l|67il~1,,?&,,;‘rl Tiy? (T) | l/> , (108)
satisfied for every [, I, 1" € Z.

Proof. We consider an odd integer y =2y — 1. In a
similar manner to the proof of Theorem 4, we obtain the
relation,

Sup(£.0) = Y e (7L, (0)[0)

lezZ

(109)

We set the time 7,5(z,7,) = p,,7€[0,7]. Using the
translation symmetry by Eq. (36) and the relation
Eq. (56) results in

Z —zlarr,yrrl <l|€_1H’/a’YTlTF ( )|0>

lez

_ Z €_ilmﬂ"VT<l

Ll ez
= e*iH,,v(y)(/},,yT)(l,yT]S <7 (T 0)

Iy e ™™ o) (1, |TE,;(7)[0)
(110)

We next consider the case where 7 is an even integer by
¥ = 2y. We set time 7'-177(7'-7 Tl) = ﬁvyT + (ﬁv(y+l) _ﬂvy)Tl’
which lies between f,,r and f,,, )7, and hence it is
included in [0,7]. The same calculation leads to the
satisfaction of Eq. (107). The symmetry by Eq. (108)
immediately follows from Lemma 5. (]

As discussed in Eq. (92), the error bound is determined
by >c7 {{|AF(7)|0). Using the explicit formula of AF(z)
by Eq. (80), it is further represented by

> (e, (H)|o) = ZZ (1|C1(HAY)|0)

lez y=1lez

=Y _{lCi(HP))0),

leZ

(111)

and also by Y, (I|Ca(H,»)|0) similarly. The first term
can be calculated as follows. For an odd integer
7 =2y — 1, we have
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Y (lCi(H))[0) =

leZ

>

Llez m

(UITE (2T el {Zul +m) (L] ® (CY4 (1)) }H T ,.(2)|0)

= > (1= mITE (@) eoton 1) (CHL (1)) eimomaton iy |emifivon TE () o)

Ll,m

I
‘M

— S<1}?(T’ O)TelHnb (ﬁzy Ay T C{g}vy 2F( 11]/(7’ T ))eiiHﬂz:(ﬂ ([)’(;y‘[)(lw‘[] S<1}7 (7’-’ 0)

The first equality comes from Eq. (101). We use
Lemma 10 for the third and last equalities. As a result,
the norm of Eq. (112) is bounded by

O ymn))||.  A13)

> (C (HYY|0)|| <

lezZ

which is valid also for even 7 due to Lemma 10. We also
obtain

S H)0)| <| e 14
lez
and the similar relations hold for the norm of

ez ({|Co(H 7)|0) as well.
To summarize, all the terms included in the norm
of Y,c7 ({|AF(2)]|0), which determines the error bound,

can be expressed by those of C{g}/y/( 7,5(z.71)) and
C{q} .LP

i (7,3(7,71)). This is why the nested commutators
among H,(t) and their time derivative appear in the error
bound of the time-dependent PFs. We remark that the time
7,5(7,71) is always included in [0, 7]. We extrapolate the
Hamiltonian H(¢) for R\[0, 7] as discussed in Sec. IIT A,

|

> (A" (x)[0)

lez

sfpl/o’dﬁjz T

v=1 y=1 4qup-ay,orz0:
quy Tty por=p
6];:;#0

+Adzz D

v'=17:0dd vy=v'y pa,05200

zlwrwrrl <0|T<17( ) il:ll,;&vyﬂlll

b

— DCY (e (2 7)) (e atn TE . (2)]0)

(112)

[

and its Floquet Hamiltonian H” contains the information
for all the time including the extrapolated domain R\ [0, 7],
which is irrelevant for the time evolution U(¢, 0). The fact
7,5(7,71) € [0, 7] indicates that the nested commutators and
their time derivatives only during [0, 7] determine the PF
errors independent of the extrapolation.

C. Explicit error bound

Now, we are ready to derive the concrete error bound for
generic time-dependent PFs by summarizing the results so
far. The error bound of the standard PF S(z, 0) is given by
the following theorem.

Theorem 11. (Error of the standard PF) Suppose that the
coefficients {a,,.p,,} are chosen so that the time-inde-
pendent PF T'(¢) by Eq. (75) can satisfy the order condition
T(t) = e7™" + Ot**!. The standard PF error has an upper
bound by

1U(2.0) = $(2,0)|| < 4(V,1)"*! max acom, (7).

7€(0.1]

(115)

where the quantity @,y ,(7) is defined by Eq. (48).
Proof. Combining the discussion in Egs. (111)—(114)
with the expression of Af(z) by Eq. (80), we have

ctifateste s |etihteston

AT

vy.vy

\c{‘”‘ (rul. n>>H

Gug ety 15 =pe

9770

s [y Y Sy

>0:
A5 >0:

v'=17:even vy<v'y vy

(116)

077

\c{q}'L*’m?(r,rl))H.

q,,?+~~+t/1/_/?/:p.

91770
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Owing to 7,5(7,7;) €[0, 7], the integral in the above
equation can be replaced by

Pl /T dr, f(z,5(z.71)) < 77 max f(Tl)
0

7, €[0,7]

(117)

where f(7;) denotes the summations appearing in the
integrand.

We first focus on the summation of Cig,}\’/};;l"(‘”l)’
which appears in the first term of Eq. (116). Since
the indices Gogs- - 4v,or satisfy the constraint
Qo+ -+ qy,or = p, each of CY7 1 (z)) by Eq. (102)
has the form

(118)

lH &vmbvm (71 )1 H, (1)

with some indices {vqffq}s:l. Since all the terms appearing
»qy,or are
covered by the one over all the possible indices {v,7,},
we obtain

in the summation over the indices gy, - -

V, 2r

v=1 §=1 4up-4v,or20:
quptFqy por=ps
4770

- ¥

41174V 2r20:
aittayor=r

MWM>H

. (119)

Hquiq(Tl)l Hy’(Tl)

where we use |@,;| < 1 as discussed in Eq. (77). Since the
I' copies of the derivative % by even 7 can be replaced by

®F+I(Tl) =i

> We obtain

14 r

z”zzz

v=1 7=1 dvp-avporz0: y'=
Gpyt+- +4v,,zr Ps
qyy#0

C;{)y}V 2r 7'-1 < (V ) (_xcom.p(Tl)’

(120)

according to the definition, Eq. (48). The same goes also

7+1
for the summation of C£~},~3 (71), which results in
v.UY

‘c{?}, 7 (1))

vy,vy

Yy Y

d ', e 4,157 20:
o7 Qo ety =P

‘11}/7&0

< (Vp)p+lacom,p(71)' (121)

The additional factor V,, comes from the summation
over v’ from 1 to V,.

The quantity cj‘;}v P.(z,) in Eq. (116) is evaluated in a

similar manner, whose summation over the indices
97>+ - qv,or can be replaced by the one over
{Uq77q}Z:z as well. While the last index is fixed to yy

defined by Eq. (103), we can delete it by using a trivial
relation,

r

<>

ro=1

d

[OBF-TAES) [ED i (SO A

‘. (122)

As a result, the summation of C {7 v, 2r(71> appearing in
the first term of Eq. (116) is bounded by

iZ > ‘
v=1 y=1 dvp-av,r20:

Gyt +‘1v/72r P
9v7#0

LP
(@)

v,2r P d
S H q7q )] dtHVO (Tl) ’
V2¥2smens 7p=117o= q=2
\% P_'
< %acom,p(rl). (123)

In the second inequality, we use ;- =I"" Dr+1( ) and
the fact that it is covered by the summatlon of D, (t) over

yy from 1 to " 4 1. Similarly, the summation of C ig];,;(rl)
is bounded by

- S (o)

LP
>Y S Y e
v'=17":even vy=11 dvy-4,/5,20:
q,;fr'“ﬂit./zy/ =p.
4770
< (Vp)pacom,p(ﬁ)’ (124)

where the additional factor V,I" compared to Eq. (123)
comes from the summation over v’ and even 7.

Finally, summarizing the relations, Eqgs. (116)—(124),
we obtain

> (AT (2)[0)

leZ

<4V, 7)rt! ma[lx]acomp(rl)
7, €[0,7

(125)

033061-17



MIZUTA, IKEDA, and FUJII

PRX QUANTUM 7, 033061 (2026)

Equation (92) immediately leads to Eq. (115), which
completes the proof. m

Theorem 11 is the central result of this paper, which
gives the time-dependent PF error explicitly composed
of the commutators among {H,(z)} and their time-
derivatives. Similarly, the error bound of the generalized
PF S(#,0) is given by the following theorem, which
completes Theorem 2 in Sec. III with Theorem 11.

Theorem 12. (Error of the generalized PF) Suppose that
the coefficients {a,,} and {,,} are chosen so that the
time-independent PF,

lH(J /jl (r+1) _ﬂzy al/) e lH,[”(y)al-yt>

||
E_’

(126)

satisfies the order condition T () = e~ + O(¢**!) for
H=3%_|H,+ (I'=1)H,. The generalized PF error has
an upper bound by

(127)

1U(2.0) = S(£.0)[| < 5(V,0)"*! max Aoom,p(7),

7€(0,1]

where the quantity acm ,(7) is defined by Eq. (49).

We provide the detailed proof in Appendix B. The
difference from the standard PF is the usage of T7 () by
Eq. (53) rather than 77 (). In terms of the order condition,
we demand that 7% (¢) becomes a pth-order PF of ¢~
with the Floquet Hamiltonian H" =37 | H} + (T —
1)H"" as shown in Eq. (60). Associating H, and H,
respectively with H-F and HI, we arrive at the order
condition of Eq. (126) for H =3Y"}_| H, + (I — 1)H,. In
terms of the error bound, we observe commutators with
HY = H}— H"  instead of those with H .
Remembermg that adHAdd and adge respectively corre-

spond to adHy( ;) and — 1n the original space, this is why

the operator D, (z) is replaced by D,(t) = ady ;) + i 4 for
eachy=1,...,T.

We also consider the standard PF S,(z,0) with the
uniform coefficients as Definition 1. We can obtain a better
error bound in that case as a corollary of Theorem 11.
Since we have §,, = f3,, the coefficient a,; in Eq. (77) for
even 7 is equal to 0 except for 7 = 2I". Namely, the I"
copies of the derlvatlve - included in the summation over
even integers 7 are replaced by a single copy. This results
in the following error bound in the uniform case.

Corollary 13. (Error of the uniform standard PF) Let
S,(2,0) be the pth-order standard PF having the uniform
coefficients as Definition 1. Its error is bounded by

1U(2,0) —

5,(1,0)|| < 4(V,1)r+! max. am (r). (128)

The quantity @iy, ,(7) is defined by
T+l

&k, (1) Z > Z

VeV =lypy,=1yo=

H Dum

(129)

where the operator Z_);,"‘i(r) is given by Z_);,‘“i () = ady (5
fory=1,...., and D, (z) = 4.

In contrast to Theorems 11 and 12, the strength of the
above error bound is directly independent of the number of
terms I'. As discussed in Sec. II C, it can be applied to
the common examples of the standard PFs such as the
Lie-Suzuki-Trotter formula and the Forest-Ruth-Suzuki
formula. The independence from I" is important when
considering long-range interactions, which will be dis-
cussed in Sec. VIC.

Finally, we emphasize that better error bounds for time-
independent PFs lead to better error bounds for time-
dependent PFs. We employ the time-independent PF
error by Ref. [11] so that the error bounds for generic
time-dependent PFs can be obtained, which are expected
to be loose. On the other hand, we can exploit any type of
time-independent PF errors for evaluating e =" — T¥ (i)
or e "' _TF (1) in Sec. VA. If we know better time-
independent PFs, we can improve the error bounds for
the time-dependent PFs. For instance, since a smaller
coefficient of the error bounds is derived for the
time-independent ~ Lie-Suzuki-Trotter formulas 7 ,(¢)
up to p=4 [11], the same goes also for the time-
dependent cases.

D. Comparison with previous error bounds

There have been various attempts to obtain error bounds
of time-dependent PFs so far, and we compare our results
with them. For low-order PFs, the explicit formulas for the
errors have been known up to the second order [16,19], as
far as we know. For instance, the first-order Lie-Suzuki-
Trotter formula has an error bounded by Eq. (25). Our
result does not strictly reproduce it while they are
qualitatively the same. As we can see in Eq. (115), the
former contains commutators of Hamiltonians at equal
time, and the latter has those at different time. Their error
scaling in the system size coincides with each other for
local Hamiltonians (See Sec. VI) as long as the local scale
of the time-dependency is reasonable.

On the analysis of higher-order PF errors,
Refs. [10,21,48] deal with the standard PFs for generic
smooth time-dependent Hamiltonians. Reference [21]
proves an error bound called the 1-norm scaling by
Egs. (20) and (21), which does not explicitly contain
commutators. Its system-size scaling for local
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Hamiltonians is worse than ours, which will be shown in
Sec. VIB. Reference [10] shows an error bound whose
scaling in the system size can decrease for local
Hamiltonians with short-ranged Hamiltonians. However,
the explicit formula for the error is expressed by
commutators involving many matrix exponentials
exp(—ia,,tady, " (8,,)) in the middle. Such a form makes

it difficult to evaluate the system-size scaling when the
interactions are long-ranged. By contrast, our error bound
is directly expressed by nested commutators among
{H,(1)} and their derivatives. It enables us to evaluate
the system-size dependence of PF errors and to obtain its
reduction for generic local Hamiltonians, as discussed
in Sec. VL.

In terms of the way of derivation, we remark the
approach based on time-shift operators [37,49]. The
time-shift operator is generated by the time derivative,
which corresponds to H'? in the Floquet formalism, and it
enables us to formally map the time-dependent PFs and
MPFs to those for time-independent cases. Approximating
these relations with introducing an auxiliary system that
labels the discretized time [30], as we do for the Fourier
index /€ Z, we can reproduce the time-dependent PF or
MPF errors by those in time-independent cases under the
continuous time limit. However, it is rather complicated to
examine the convergence in that case compared to the
Floquet formalism, in which the number of the discrete
frequencies labeled by {|/)};c, goes to infinity instead.
Indeed, any error bound explicitly organized by commu-
tators has not been shown by this approach for either the
time-dependent PFs or MPFs.

VI. COMPUTATIONAL COST WITH
IMPROVED N-SCALING

In this section, we evaluate the cost for simulating
time-dependent local Hamiltonians with the standard and
generalized PFs. We show that the time-dependent PF
errors given by Theorems 11, 12, or Corollary 13 show
the substantial reduction in their N-scaling owing to the
locality of Hamiltonians. As a result, we reveal that the
cost of the time-dependent PFs is smaller with respect to
size N than expected by the known 1-norm scaling, and as
small as the best result for the time-independent PFs
derived by the commutator-scaling error.

A. Local time-dependent Hamiltonians
First of all, we define time-dependent local
Hamiltonians. We say that H(z) is k-local if it is
expressed by

H(t) = (130)

Z hy (1),

XCA: |X|<k

where each hy(f) denotes at most k-body interactions

acting on a domain X CA. We consider local
Hamiltonians having the locality k€ O(1). When con-
structing the time-dependent PFs, we split H(¢) into I’
terms by Eq. (16). Each H,(t) can be also expanded by

SR,

XCA:|X|<k

H, (1) = (131)

where the set of {h (1)} satisfies [h}(r), h},(1)] = 0 and
reproduces hy(t) by hy(r) =3 h(1). The standard and
generalized PFs are decomposed respectively by

3oy =T[T]ax (). @l(r)=e " Gater, (132)
X

vy
and

(133)

$(1,0) = [T ).

vy

N <ﬂ1:y+a1>y>t s
ul (1) = T exp (—i /ﬂ e (T)>. (134)

uyt

We next define the extensiveness g by a number such
that

r
max sup W@l <g  (139)
€N re(0.] xEAxsi 7=

holds, where such finding a value as small as possible for g
is preferable. It means the maximal energy scale per site
[50] and depends on the range of interactions of the
Hamiltonian. We consider finite-range interactions (those
working within finite distance), short-range interactions
(those exponentially decaying in distance), and long-range
interactions (those polynomially decaying in distance r
as r~¥). We can set the extensiveness g whose scaling is
given by

o(1) (finite- or short-range)
O(1 long- ,v>d
e (1) (long-range, v > d) ’ (136)
O(logN)  (long-range, v = d)
O(N'=%)  (long-range, v < d)

where d denotes the spatial dimension of the lattice A.

As a characteristic quantity for time-dependent
Hamiltonians, we additionally define the following value
measuring the degree of time-dependency, f, by a number
satisfying

I

max sup z Z

dg
nay A Ji(e)
T€A €[04 XCAXi y=1

<fig (137)
dzq
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for every ¢ = 1,2, ..., p. Each time derivative H9)(¢) has
the extensiveness smaller than f?¢g by definition. The
I-norm factor @ yom ,(7) by Eq. (21) is bounded by

al—norm,p(r) < Ngmax |:1’ (f/g)p%:| . (138)

For standard local Hamiltonians in condensed matter
physics and quantum chemistry, where each local term
% () is driven locally, the strength of time-dependency f
is usually size-independent. For example, let us consider
the case where each term varies in time as
W (1) = h sin(wt), which describes typical quantum
systems subject to light with frequency w¥%. The strength
fe O(maxx’y(a)gf)) is usually a size-independent constant
as long as we do not consider highly oscillatory dynamics
such that the frequency of the light ) is macroscopically
large in the system size N. We assume f € O(N°) below
considering standard local Hamiltonians in physics and
chemistry.

B. Bounds on time-dependent
nested commutators

We next evaluate the upper bounds on @,y ,(7) and
®com () by Eqgs. (48) and (49). They are composed of
nested commutators and their time derivatives, character-
izing the error of the time-dependent PFs. Just like the
time-independent PFs, where the locality brings the
reduction with respect to size N as Eq. (14), we show
that these quantities also experience the reduction in the
N-scaling. Based on the locality and the extensiveness, we
obtain the following bounds.

Theorem 14. Local and extensive Hamiltonians H(r)
satisfy the inequalities,

X e (7) < pI(2Kg +Tf)"Ng,  (139)
TE 11
mflx]acom.p(r) < p'(2kg +2Lf)PNg, (140)
t€0,1

max a‘c‘(‘#np( 7) < p!(2kg + f)P Ny, (141)

7€(0,1]

where the commutator factors @com ,(7), @com (7). and
a;‘g}nl,(r) are defined respectively by Egs. (48), (49),
and (129).

Proof. We focus on the quantity @y ,(7). We first
evaluate the upper bound on

r r
Fpir Z, [H ad (r>1 Hy(z) (142)
705+, =1 Lr'=1 r
for r,qg,...,q, such that r+¢gy+---+¢q, = p. The

integer p — r mean the number of times that the derivative

Dr(7) = T4 is chosen in @om (7). We decompose each

Hﬁ, ") into local terms by

HY @)= S W) (143)
Xr/CAI |Xr/‘Sk
Let us define the union Y, =X, U---UX._; for

¥ > 2. The nested commutator among the local terms
{179} vanishes if there exists an index r' such that

X, NY,=¢. As a result, with repeating the relation
I[A. B[l <2]A][|B]. we obtain

[Eq. (142)] < 277" Z D HH H

..... Vr X0oXrt P =0
XmY,#d)

< 2P rZ ZHh}’o 40)

< r!(2kg)” (Ff) ~"Ng.

("kf"' 9)

(144)

The second inequality comes from the fact that each

hg(",(q") (7) has the locality k and the extensiveness f9” g by
Eq. (137), which leads to

O LA ED I i ot
X0 X sk, iEYrr eri erai
X 0¥ 144
< rkfi g. (145)

We use the relation |Y,| = |X, U
the second inequality.

The quantity @,y ,(7) can be decomposed into terms
having the form of Eq. (142). Let Q denote a possible
subset of (1, ..., p) such that vy =T+ 1 for g € Q. This
leads to the expression of &g, ,(7) by

-~ UX, | <7kin

Il 2,@ |H,@)|

r=0 0c(l.p): yg,..p,=1|| | g=1 =~
[Q|=p—r , F%if qe0
qE0

(146)

Considering the Leibniz rule, the above equation con-
tains at most (r + 1)?~" copies of Eq. (142) for each r and
Q such that |Q] = p — r. As a result, we obtain
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(r+ 1)P7"r!(2kg)" (T'f)P""Ng

p
comp S Z

r=0 oc(l..... p):
\Q\ p=r

<P'NQZ vrv

= p.(2kg+ Ff)”Ng.

2kg)" (L)~
(147)

This completes the proof of Eq. (139).

The inequalities for acop ,(7) and @y, ,(7) are obtained
in a similar manner. Using the triangle inequality, the quan-
tity @om ,(7) defined by Eq. (49) is further bounded by

Ir+1 r
s Y S Y HD’ ?Hy, (7).
Visees¥p=ly1,.. oy, =1 ro=l1llg=
(148)

with D/ (z) = ady () fory = 1,....,Cand Dp., (v) = 2T ¢
Thus, Eq. (140) is obtained by replacing I'f in Eq. (139) by
2I'f. Similarly, replacing I'f by f results in Eq. (141). =
These bounds reproduce the bound on the nested
commutators Eq. (14) at f = 0, achieving the same scaling
with respect to N as the one for the time-independent PFs.
Namely, it means that the time-dependent PF errors have a
structure that can exploit the locality of Hamiltonians like
the commutator-scaling error in the time-independent
cases. The resulting errors of the time-dependent PFs
for small time ¢ are bounded by
1U(2,0) —

S(t,0)|| € O(gt + Tft)’ Ngt, (149)

|U(,0) — S(7,0)|| € O(gt +T'ft)PNgt, (150)
for orders p € O(1). When the standard PF is uniform, the
error scaling becomes
|U(2,0) — S,(2,0)|| € O(gt + f1)PNgt. (151)
They are substantially improved from the previous
result hosting the 1-norm scaling [21],

1U(2.0) = 5, (1.0)]| € O max a1 o p(2)1) "

7€[0,1]

C O(Ngt + Nf1)PNgt, (152)

with respect to the size N [See Eq. (20)].

C. Gate counts for time-dependent PFs

We are ready for evaluating the computational cost. For
simulating sufficiently large evolution time ¢, we split it
into r parts and approximate the time evolution U(¢,0) by
the product of time-dependent PFs for small time ¢/r.
Namely, the number r, often called the Trotter number, is
the query complexity in PFs. The Trotter number r is

determined so that the desirable error & can be
achieved. For instance, the requirement when using the
standard PF is

(153)

HU(t, 0) = [[Stu/r. (1= 1)t/r)
=1
Since the left-hand side is bounded by

HU(t, 0) — ﬁ S(it/r,(I—=1)t/r)
=1

< Z |U(it/r, (1 —1)t/r) —
-

V N\ p+1 L
<4 2
( r > IZI:TE[(IE?t)/(r,II/r] Feom.p (7)

< 42V kgt + V , T f1)?V ,Ngt
< >

S, (it/r. (1= 1)t/r)|

(154)

by Theorem 11 and Theorem 14, it is sufficient to choose
r by

r’- V,(2kg + Tf)t (%)’;‘. (155)

Similar analysis applies to the generalized PF and the
standard PF in the uniform case. The scaling of the Trotter
number r is summarized as follows,

®<(g + l"f)t(%)i> for S(1,0), S(,0)
re . (156)

G)((g + f)t(%)%) for 5,(1.0)

We estimate the gate counts for Hamiltonian simulation.
Here, the costs are measured by the number of O(1)-qubit
quantum gates. We do not assume the geometrical locality,
i.e., O(1)-qubit gates between distant qubits are available.
Evaluation based on O(1)-qubit gates is justified by the
Solovay-Kitaev algorithm [38,39]. Even if we measure the
number of gates from a given universal gate set, each cost
is replaced by the one with at most polylogarithmic
overhead. The standard and generalized PFs are composed
of local time evolution under A% (7), denoted by iy () and

uy (1) as shown in Egs. (132)—(134). The unitary operators
"W( ) and uy/ (7) acting on at most k qubits are respectively
counted as smgle O(1)-qubit gates. We note that, although
uy () contains the time-ordered integral, we can effi-
ciently and accurately compute all the matrix elements of
the O(1)-qubit gate uy () by classical computation.
Namely, the presence of the time-ordered integral does
not affect the cost of implementing the generalized PF. The
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gate count per query to the standard PF S(z,0) or the
generalized PF S(z,0) is proportional to the number of
local terms {A%(¢)} in the Hamiltonian H(z). As a result,
the total gate count amounts to O(Nr) for finite- and short-
ranged interacting systems and O(N¥r) for k-local long-
ranged interacting systems. Substituting the Trotter num-
ber r by Eq. (156), we obtain the gate counts of the time-
dependent PFs summarized in Table I.

We remark the I'-dependency of the cost, which is present
for the standard and the generalized PFs in general but
absent for the standard PF with uniform coefficients. The
number of terms in PFs, I', in Eq. (16) depends on the range
of interactions. The number I" can be O(1) for generic
Hamiltonians with finite-range interactions. For instance,
we can decompose a 1d Hamiltonian with nearest-
neighbor interactions H (1) = > N1 h; ;. (1) into H(1) =
H, (1) + Hy(t) with Hy (1) = 3,000 hii1(2) and Hy (1) =
> i-even Miit1(2). The time-evolution operators under H ()
or H,(t) can be implemented by O(N) local quantum gates.
In general, we can decompose the set of finite-range
interactions into I'e O(1) groups so that each of them is
composed of mutually commuting terms, and we can
perform such an implementation. For short-ranged inter-
acting systems, I' can be regarded as O(1) since the
exponentially small interactions can be truncated by
Lieb-Robinson bound [51]. Therefore, the number I" is
irrelevant to the cost for Hamiltonians with finite- and short-
range interactions.

On the other hand, the quantity I" becomes significant
for long-ranged interacting systems. Let us consider the
2-local case, whose Hamiltonian can be generally written by

H(t) = E:Zﬂ

iJEN g o' =1
i#]

VALY Z he(H)P?  (157)

ieA o=1

with some coefficients h‘i’;"(t), h?(t) € R. The symbol P?
denotes the Pauli operators X, Y, Z at the site i respectively
for ¢ =1,2,3. The decomposition H(t) ="}, H,(t)
such that each local term in H,(f) commutes with one
another can be organized by a divide-and-conquer method
[52]. Figure 1 shows the decomposition of the two-body
interactions when the spatial dimension d is 1. At the y’-th
stage fory’ = 1, ..., [ log, N, we split the lattice A into 2"’
blocks with the size N/2”. We consider pairwise inter-
actions between adjacent blocks L,’f and R}j/ separately for
each 0,06’ = 1,2, 3. Namely, we choose

2/

HGG Z Z Z hO'G (t PGPD‘

u=l IGLV jeR’

(158)

as each term H,(¢) with the index y = (7', 6, ¢’). We set the
last term by Hrp(f) =), > ,h?(t)P?. The number of

v =1 @000 0000 0000 0000
o Pia%ﬂf,
v =2 ©o00 0000 0000 0000
ieL] jeR)
7' ~ log, N @[@/@/@ 00oCo
FIG. 1. Decomposition of a Hamiltonian H(t) =" H,(1)

when the interactions are long-ranged. This decomposition is
based on Ref. [52] and can be generalized to generic dimen-
sion d.

terms amounts to I' =9[log,N| + 1 € O(log N). Based
on the same strategy, the partition number I can be
O(N*11og N) for Hamiltonians with k-local long-range
interactions on a d-dimensional lattice. Therefore, the
standard and generalized PFs are generally efficient for
Hamiltonians with 2-local long-range interactions. On the
other hand, the standard PF with uniform coefficients,
which is common with the Lie-Suzuki-Trotter or
Forest-Ruth-Suzuki formulas, is applicable to those with
generic k-local long-range interactions owing to the
I'-independence of the cost.

D. Comparison with the previous results

We first compare our gate count estimates with the
previously obtained ones for the time-dependent PFs. The
cost of the standard PF based on the 1-norm scaling error,
Eq. (20), is shown in the first row of Table I [21], which
mainly focused on the Lie-Suzuki-Trotter formula. Our
result for the standard PF with uniform coefficients
completely overwhelms it with respect to the system size
N, giving the N times smaller cost. This improvement
comes from the substantial error reduction from Eq. (152)
to Eq. (151) based on the improved error bound composed
of commutators and time derivatives, in which the locality
of the Hamiltonian plays a central role. Our results are
also superior to those by the 1-norm scaling error for
Hamiltonians with finite-, short-, and long-range inter-
actions. We also note that our results are advantageous in
the applicability to generic local Hamiltonians in contrast
to Ref. [10], in which the same cost has been obtained for
the standard PFs simulating Hamiltonians only with finite-
range interactions. Our results provide better cost also for
Hamiltonians with long-range interactions owing to the
fact that our error bound is expressed directly by nested
commutators among {H,(¢)} and their time derivatives.

We also compare the results with linear combination
of unitaries (LCU) [53] and quantum singular-value trans-
formation (QSVT) [4], known as promising post-Trotter
algorithms. These algorithms have exponentially better
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dependence in the inverse error 1/¢ than PFs. While they
were originally invented for time-independent systems,
they have been partially extended for time-dependent
cases, such as LCU for generic time-dependent
Hamiltonians [34,44] and QSVT for time-periodic and
-quasiperiodic Hamiltonians [43,45]. Their costs are
shown in Table 1. While the post-Trotter algorithms keep
the exponential advantage in the inverse error 1/e, our
results show that the time-dependent PFs have better
scaling in the system size N for generic local
Hamiltonians with finite-, short-, and long-range inter-
actions. Such an advantage in the system size has already
been understood for time-independent PFs due to their
commutator-scaling errors [11]. By contrast, it has been
unclear for time-dependent cases since the conventional
analysis based on the 1-norm scaling error cannot predict
it. Our analysis has shown that the time-dependent PFs are
superior to the post-Trotter algorithms, LCU and QSVT,
with respect to the system size for a generic order p and
Hamiltonians with generic local interactions.

VII. TIME-DEPENDENT MULTI-PRODUCT
FORMULA

A multi-product formula (MPF) is a linear combination
of PFs [25], and a promising algorithm that can have both
the efficiency in the system size like PF and the one in
the accuracy like LCU. For time-independent cases, a
pth-based order-m MPF M(t) is defined by a linear
combination of the pth-order PF T () = e~ + O(¢P 1),

J
ch (t/k;)]

satisfying the order condition M(t) = e " + O(rm*1).
The set of coefficients {c; € R}/_, and the set of natural
numbers {k; €N}/_| with JE€N are determined by the
order condition. With a particular choice of {c;} and {k;},
called the well-conditioned solution, MPF can exponen-
tially improve the gate complexity in the allowable
error compared to the PF for time-independent
Hamiltonians [26,28,29].

In contrast, MPFs for time-dependent Hamiltonians are
poorly understood. Ref. [30] has provided the construction
of time-dependent MPFs and obtained their error bound
and cost. Although they imply the existence of the
commutator scaling for time-dependent cases, any formula
explicitly expressed by commutators has not been derived
yet. Thus, it still remains an open problem whether the
time-dependent MPFs can have the efficiency in size N
like the time-dependent PFs while achieving exponential
improvement in inverse error 1/e.

In this section, we give error bounds composed of nested
commutators and time-derivatives for the time-dependent
MPFs, which leads to the simultaneous efficiency in N, t,

(159)

and 1/e of the algorithm. We clarify the relationship
between the time-independent and time-dependent MPFs
in Sec. VII A. We give the error bound by evaluating the
one for the time-independent case with infinite-dimension
in Sec. VII B, while its detailed derivation is provided in
Appendix C. Section VIIC discusses the computational
cost of the time-dependent MPF.

A. Relation between time-independent
and time-dependent MPFs

We begin by introducing time-dependent MPFs and
show that they have time-independent counterparts on
the infinite-dimensional Floquet-Hilbert space as well as
the PFs. As a natural extension of Eq. (159), we define the
standard and generalized MPFs for time-dependent
Hamiltonians.

Definition 15. (Time-dependent MPFs) The pth-based
order-m standard and generalized MPFs N(z,0) and
N(z,0) for time-dependent Hamiltonians are defined
respectively by

J k;
o (I—1)t
=D ¢ S( ) ) (160)
j=1 1=1 ki kj
J kj
! It (I—-1)t
3¢ S(l,< )>, (161)
=1 =1 kj kj
satisfying the order condition,
N(t,0) = U(t,0) + O(r"*1), (162)
N(t,0) = U(t,0) + O(r™*1). (163)

The operators S(-,-) and S(-,-) are the pth-order
standard and generalized PFs by Eqs. (17) and (23). We
denote the standard MPF constructed by the standard PFs
in the uniform case S,(-,-) by N,(--).

As we will discuss later, the set of the coefficients
{c;} and the integers {k;} is common with the time-
independent cases in Eq. (159). The time-dependent MPFs
can be implemented on quantum circuits by the LCU
method [53]. We evaluate their error bounds for proving
their efficiency. The strategy is the same as the one for the
time-dependent PFs in Sec. IV. First, we show the
correspondence between the time-dependent and time-
independent MPFs as follows.

Theorem 16. (Relation of MPFs) Let M () and M* (1)
be time-independent MPFs on the Floquet-Hilbert space,
defined by

c;[TF (1/k))] (164)

I M\
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~

(165)

Z [TF(2/k;)F

The operators 77 () and T (¢) are the pth-order time-
independent PFs for the standard and generalized PFs
by Egs. (52) and (53). The time-dependent MPFs are
expressed by

N(1.0) = et (1|7 (1)|0), (166)
lez
= et (M (1)]0). (167)

lez

Proof. The proof is similar to the one for Theorem 4. We
focus on the standard MPF M(¢,0). Using the translation
symmetry of the Floquet Hamiltonian H [See Eq. (38)]
and the absolute convergence, we obtain

> e I (1/k;)]910)

lez
. k/
_ Z eill"fth<lk|TF(f/kj)‘lk71>
Ioenly; €2 k=1
1p=0

e~k TF (1/k;)|0)

—D)i/k;). (168)

We use Theorem 4 in the last equality. We obtain
Eq. (166) by taking the summation with the weight c;.
The proof for the generalized MPF is parallel to thls
discussion. [

This theorem states that the errors of the time-dependent
MPFs can be evaluated via those for time-independent
MPFs like

U(t.0) = N(.0) =Y e~ (l|[e= 1"t — ig*

leZ

(1)]]0)-
(169)

Not only it allows the error analysis of time-independent
MPF for time-dependent one as well as PF, but also it says
that the coefficients {c;} and {k;} constructed for time-
independent cases qualify as those for time-dependent
cases. Namely, using the coefficients for the well-
conditioned MPF [26], the time-dependent MPFs can be
efficiently implemented by LCU with a small overhead.

B. Error bounds of time-dependent MPF

We discuss the error bounds of the time-dependent
MPFs while the detailed derivation is given in Appendix C.
We suppose that H(t) =) H,(t) is a smooth
Hamiltonian such that each H,(f) belongs to class C®
here. This is in contrast to the time-dependent PFs, where
class CP*? is sufficient for the order p as discussed in
Sec. IIT A. The Hamiltonian H(t) is supposed to be k-local
and g-extensive [See Eq. (135)]. The degree of the local
time-dependency f is defined by a number satisfying
Eq. (137) for any g €N, reflecting the change in differ-
entiability. We prove the following bound on the standard
MPF error.

Theorem 17. (Error of the standard MPF) Let ¢ be an
arbitrary fixed value in (0,1). We define a quantity
expressed by nested commutators,

Ggom.p(7) = max

P<q<po(N.€)

(Geom o (@)77). (170)

where py(N, €) and @com ,(7) are respectively defined by
po(N,€) = [log(2N/e)] and Eq. (48). When the time 7 is
small enough to satisfy

! 1
po(N.€)(g+Tf) m%x]algganp(T))’ (71)

tGOmin<

the error of the standard MPF is bounded by

|U(2.0) = N (2, 0)]
N MPF m+1 N =
< 2l (2v, max G, (2)e) "+ 1€ 1Rl e

(172)

When simulating large evolution time ¢, the requirement
Eq. (171) should be satisfied for each Trotter step ¢/r.
Since the Trotter number r for the MPF will be large
enough for it, this requirement does not matter in practice.
We also note that there is an option of e € (0,1). For
achieving the desirable error ¢, it will be chosen as
€ € o(e). While we provide the proof of this theorem in
Appendix C, it is essentially parallel to the time-dependent
PFs in Sec. V. The error of the time-dependent MPFs
can be expressed by a time-independent counterpart by
Eq. (169) owing to Theorem 16. Then, we apply the
analysis for the time-independent MPF M* (¢) [28,29].

We next identify the scaling of @M (7). The locality of
Hamiltonians plays a central role in the better N-scaling
than the known I-norm scaling. For generic local
Hamiltonians, we obtain the following upper bound.
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Lemma 18. The quantity @ ,(7) defined by Eq. (170)
is bounded by

~MPF
Acom, p(T)
< 2p[(2kg + Tf)PgN]7T + 2e(2kg + T'f) po(N, €)
0 ([<g LT GNFT + (g 4+ T) log<N/e>) .
(173)

Proof. Using the upper bound of @om,(7) by
Theorem 14, we obtain

< [q!(2kg + Tf)4NgJ7

N z]Jlrl
<(g+1) <2kg —fl“f)

Since the function xar (a > 0 : a constant) monoton-
ically decreases in x < loga and increases in loga < x,
the right-hand side becomes the largest at either ¢ = p or
q = po(N,€). Thus, we have

[@eom.q (7))

(2kg +T°f).

(174)

acom,p (7)

g pil
kg +Tp =P )(Zkg+Ff>

N PO
+ [PQ(N, €) + 1] <_2kg frf) oV, )+1' (175)

By using the relation, N'/7Po(N€) < glogN/logBN/e) < o
we obtain Eq. (173). =
The error bounds for the generalized MPF N(z,0) and

the standard one in the uniform case N , (7, 0) are obtained

in the same way. The quantity aMg: ,(7) in the error bound

Eq. (172) is replaced by

1
QM (7) = max ([Gemg (7). (176)
I’SﬂqSP()(N-F)
i 1
Ay () = max (@), (a77)
p5q115170()v,a)

respectively for N(z,0) and N ,(2,0), in which acom ,(7)
and @y, ,(7) are defined by Eqs. (49) and (129). As well
as the discussion for PFs in Sec. VI, their scalings can be
evaluated by substituting 2I'f [for N(z,0)] or f [for
N,(1,0)] into T'f. We note that this replacement also
applies to the requirement on the time, Eq. (171).

Reference [30] has recently shown the error bound of
the standard MPF in the uniform case N ,(,0), especially
composed of the second-order Lie-Suzuki-Trotter formula.
It obeys the 1-norm scaling, which amounts to

1U(.0) = N, (2, 0)| € O([(Ngt + Nf1)Ngrl#H).

(178)

By contrast, combining Theorem 17 and Lemma 18 for
the uniform case results in the following system-size
dependence,

1U(.0) = N, (2, 0)| € O([(gr + f)Ngl#). - (179)
where we neglect logarithmic terms. It is polynomially
better than the 1-norm scaling. In particular, while increas-
ing the order p does not improve the system-size depend-

ence of the I-norm scaling, Eq. (178), the error by
Eq. (179) decreases.

C. Cost of time-dependent MPFs

We evaluate the cost of Hamiltonian simulation by using
the time-dependent MPFs for local Hamiltonians. The
algorithm runs in a similar manner to the one with the
time-independent MPFs as follows [26]. We focus on
the standard MPF. First, we split the large evolution time
t into r parts like PF. The Trotter number r is determined so
that the r-times repetition of the MPF for the small time ¢/ r
approximates the time evolution within a desirable error as

H H ((r+ trrt>

It is sufficient to make the error at each step bounded by

o522 -(5222)

for every ¥ =1,...,r. Each MPF for the time ¢/r is
implemented by LCU [53], where we use the controlled
operation of the time-dependent PF,

‘EO(S). (180)

&
<_

5o (18D)

ClS(t2, 1)l = 10)(0] ® T+ [1)(1] ® S(15,11),  (182)

with certain #,7, €R. The number of queries to
C[S(t5, t1)] amounts to

o(rel 1%l )-

The factor ||¢||, represents the cost of quantum ampli-
tude amplification [54], which is required to implement the

(183)

LCU deterministically. The last factor ||k, is the number
of queries for each time evolution in the linear combina-
tion. The number of ancilla qubits for implementing the
LCU is [log, J7.

We evaluate the computational cost with determining
the Trotter number r, the order m, and the number of

terms J. We set the value e € (0,1) by € = 8/4\|E||1||lz||1r
in Theorem 17. Equation (181) suggests that the scaling of
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the proper Trotter number r can be obtained by solving

(g1+If1) ”Ngl]l’“
|, Lt € o), (s

1211, [(gt+Lft) log NH Ly 1Kl /)] €O(e).

These inequalities are the essentially the same as those
required in the time- 1ndependent MPF (See Theorem 6 in
Ref. [29]), where N#T and g are replaced respectively
by {Ng(g+Tf)" }ﬂ+' and g+ I'f, reflecting the time-
dependency. We set the order m by

= rop (M2 101 |

When the coefficients {c;} and the integers {k;} are
organized as the well-conditioned MPF [26], the number J
is proportional to m and the coefficients scale as

(185)

1211, 1%/, € poly(J) < polylog(N. gr. 1. 1/e). (186)
Then, there exists a Trotter number such that
reoe ([(g +Tf)PgN]7t
N(g+Tf)t
+ (g +T'f)tlog? <M>) (187)

The second term except for I'f7 in the above equation
can be absorbed into the first term or the polylogarithmic
factors in the symbol (7)() Consequently, the query
complexity in the controlled standard PF C[S(t,,1,)]
amounts to

O((g +Tf)"gNJ7Tt + Tf1). (188)

The number of O(1)-qubit gates is obtained by multi-
plying the query complexity with the number of gates for
the controlled PF, which is proportional to the number of
local interactions in the Hamiltonian. The number of
ancilla qubits is determined by OlogJ with the scaling
of J « m by Eq. (185). The computational resources for
the generalized MPF S(z,0) or the standard MPF in the
uniform case S »(2,0) are obtained similarly, in which
we replace I'f in Eq. (188) by 2I'f or f. We summarize
these results in Table I. As well as PFs, the difference
among the time-dependent MPFs appears in the appli-
cability to Hamiltonians with long-range interactions due
to the number I' in their cost. The standard MPF in the
uniform case N p(t, 0), which is the most commonly used,
can be employed for generic local Hamiltonians. On the
other hand, the standard MPF N(7,0) and the generalized
MPF N(t,0) are efficient for Hamiltonians with finite- or

short-range interactions and some classes of long-range
interactions such that the number of partitions I" can be
small (See Sec. VI).

The time-dependent MPFs achieve the polylogarithmic
dependency in 1/e, overcoming the shortcoming of the
PFs. While such efficiency in the allowable error has
already been predicted by the 1-norm scaling [30], we
prove that the time-dependent MPFs are efficient also in
the system size. To be precise, when we focus on the
system-size dependence, their gate counts achieve the
scaling O(N'+1/(P+1)) (for finite-range interactions) or
O(N*+/(+h ) (for k-local long-range interactions).
These are as large as those for the pth-order time-
dependent PFs in Sec. VI, and smaller than those for
the post-Trotter algorithms like LCU and QSVT. This fact
indicates that the time-dependent MPFs can exploit the
locality of Hamiltonians via their errors consisting of
commutators and time derivatives. To conclude, the time-
dependent MPFs are simultaneously efficient in the system
size, the evolution time, and the inverse error like the time-
independent MPFs [29]. We note that MPFs require distant
local gates and some ancilla qubits in contrast to PFs.

We make comparison also with the Haah-Hastings-
Kothari-Low (HHKL) algorithm [46], which can be
efficient in N, ¢, 1/e like MPF. This algorithm achieves
the near-optimal gate count O(N¢) for Hamiltonians with
finite- or short-range interactions. The time-dependent
MPFs have a little worse scaling in the system size N.
However, the HHKL algorithm strongly relies on the Lieb-
Robinson bound [51] and cannot keep its efficiency in the
inverse error 1/e for long-range interactions [47]. Since
the time-dependent MPFs only exploit the locality of
Hamiltonians, it serves as a versatile method for generic
local Hamiltonians as well as time-independent cases.

VIII. CONCLUSION AND DISCUSSION

In this paper, we derive the explicit error bounds for
the product and multi-product formulas (PFs and MPFs)
for generic smooth time-dependent Hamiltonians
H(t)=)__ '_H,(1). The error bounds are expressed by
the commutators among {H,(¢)} and their time deriva-
tives, which decreases the cost of time-dependent
Hamiltonian simulation in the system size. While the
additional error term arising from the time derivatives is
inherent in time-dependent cases, we show that various
time-dependent local Hamiltonians can be simulated as
efficiently as time-independent cases with exploiting this
commutator scaling. The derivation of the error bound
itself is insightful. We use Floquet theory and discover
that generic time-dependent PFs are mapped to time-
independent one defined on an infinite-dimensional space.
This enables us to evaluate the error bound by the
technique for the time-independent PFs, although we have
to confirm the convergence of the summation over the
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infinite-dimensional space for getting a meaningful error
bound. By the careful calculation based on the translation
symmetry appearing in Floquet theory, we obtain the error
bound explicitly expressed by the commutators of {H, (1)}
and their derivatives.

We leave some future directions. Our results will lead
to the acceleration of various quantum algorithms relying
on time-dependent PFs, such as time-independent
Hamiltonian simulation exploiting an interaction picture
[34-36]. Since the interaction picture under local
Hamiltonians is proven to maintain the locality and the
range of interactions to some extent, it may lead to the
improvement of the error or cost. Recently, the error
analysis on PFs has diverged to various directions, such
as the low-energy subspace simulation [55-58] and the
connections to thermalization [59,60], and their extensions
to time-dependent Hamiltonians will be interesting. In
particular, concerning to the former example, the time-
independent PFs have been proven to host substantial
decrease in their errors when the initial states belong to
low-energy subspaces [55], and the commutator scaling
plays a significant role there [57,58]. If one can find the
time-dependent analog based on our formalism, it will
accelerate quantum algorithms for adiabatic state prepa-
ration [31-33], with which we can prepare various desir-
able energy eigenstates.
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APPENDIX A: PROPERTIES OF SMOOTH
HAMILTONIANS

1. Extrapolation of smooth Hamiltonians

As discussed in Sec. III A, our results apply to generic
smooth Hamiltonians. This is based on the fact that there
exists a time-periodic extrapolation for such a smooth
Hamiltonian, and here we explicitly construct it. We first
begin with defining the smoothness of time-dependency.

Definition Al. (Smoothness) A time-dependent
Hamiltonian H(7) is said to be of class C” in the closed
interval [0, 7] if it has a g-th derivative H(9)(¢), which is
bounded and continuous in [0, 7], forevery ¢ = 0, 1, ..., p.
Note that the derivatives at the edges of [0, #] are defined by
the left and the right derivatives respectively.

We consider the pth order PF for a smooth Hamiltonian
H(t) =) H,(t). While H,(¢) is not necessarily time-
periodic, it is known that its time-periodic extrapolation
H®™(t) can be organized by using so-called a bump
function.

Theorem A2. (Extrapolation) When H, (1) is a
Hamiltonian of class C”*? in the interval [t,, t + ], there
exists a Hamiltonian H*(r) such that the following
conditions,

(i) H®(z) is a class-CP*? Hamiltonian in 7€ R, sat-
istying the periodicity Hy*(z + T) = Hy*(z) for any
7€ R with the y-independent period T = 2¢,

(ii) H$*(r) = H, () for any 7 € [ty t + 1),

(iii) The Fourier series for Hy*(r) and its derivatives

shows the uniform and absolute convergence in
[to, t + tp] with
dp’
drq’

H (1) = lim » ~ (~imo)” Hyye ™",
|m|<M

(AL)

are satisfied.
Proof. We set t, = 0 without loss of generality. Using a
bump function given by

eVt (t>0)
b(t) = A2
) {O (1<0), (A2)
we define a scalar function c(¢) by
o(r) = Jedeb(7)b(1 —7) (A3)

[l deb(2)b(1 — 1)

The function ¢(t) is of class C® in r€R and satisfies
c(t) =0 for any 1<0, ¢(¢r)=1 for any ¢>1, and
cP)(0) = ¢P)(1) = 0 for any p’ €N. The extrapolation
HX(1) is explicitly organized by

H,(z) (re[0.1])
e (-%) (v (n4r)
BRE (re o)
pr2 i O (e=11) (re(3r2))

(A4)

The period T = 2t is independent of y, and Hy*(z) for
7 & [0,21] is by the periodic extension Hj*(z +2t) =
Hy¥(7). Confirming the continuity at 7 =0, t,%t,%t, 21,
it is easy to check the satisfaction of (i) and (ii).

About the condition (iii), the Fourier coefficient of
H3X(1) is
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HEY = 1 / T deHEX (7)o, (A5) 2. D'ecay in the Floquet-Hilbert space

T Jo We here discuss the decay of operators on the Floquet-

Hilbert space, which will be used for proving the error

Repeating the integration by part, we obtain bounds. It is characterized by the smoothness, inheriting

the decaying property of the Fourier components. First, we

show the following lemma. which allows us to easily

HE | = ir+? / T degS P +2) (z)eimor evaluate the decay in the product of operators.
o (mw)P*2T Jo v Lemma A3. When two bounded operators A", B acting
1 on the Floquet-Hilbert space satisfy
< s max ([[Hy (7)) (A6)
(Jm|w)P*?zefo2q "7

AT [€o(l=1P=).  [KUBTIFY | €o(|l=1]7P71),

for each m # 0, and it decays as || HS, || € o(|m|~P~"). This (A7)
implies the uniform and absolute convergence of Eq. (A1),
which validates the condition (iii). [

g - the following inequality is satisfied,
When H(t) is a smooth Hamiltonian such that each

H (1) is of class C*, the Fourier coefficient Hj,, decays 1
faster than every polynomial of m. [{LIATBF ||| € o(|1 = '[7771). (A8)
|

Proof. Without loss of generality, we suppose

a b
HAFIY]| € —r———, NBY 1Y £ ————, A

KA < e WIBION S (A9

with some constants a, b > 0. Inserting the completeness >« [I”)(l"| = 1, we obtain

IKHATBF) | < A1) | > (17| BF 1) |
"ez
a » b
_IHEZ(] +|l_l//|)p+l (1+|l//_l/|)])+1

Cpab (A10)

S—7
(1|1 =rp)r!

where C,, denotes a positive constant dependent on p. The last inequality can be confirmed by an elementary calculation
[61]. This completes the proof of Eq. (AS8). =
Combining the decay of the Fourier components by the smoothness and this lemma, we obtain the decay of the time-
evolution operator in the Floquet-Hilbert space as follows.
Lemma A4. When the Hamiltonian H(z) =, H,e ™" has polynomially decaying Fourier coefficients as
|H,|| € o(jm|7P~"), we have

I{tle=™ | €o(j1= 117771, [l ™) | € o1 = 1|77, (A1D)

under | — I'| = oo, where HAY and HF are respectively defined by Egs. (33) and (32).
Proof. Since HAY = %" Add,, ® H,, is a Toeplitz matrix [62], its norm is bounded by

[EAY] < max ([|[H(7)]). (A12)
7€[0.7]
This allows us to employ the Taylor series expansion for e/, The matrix element (I|e~"#*“!|I') is bounded by

PEAdd | o, 2 ¢ al
1t~ fll>||$Z%||<l\(HAd“) 1. (A13)

n=0
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We have [[(I[[HAY)|| = ||H_y|| € o(]l — I'|77~"). By repeating Lemma A3, there exists a constant C,, such that

[ (EAS) 1)) <

As a result, we obtain

C,tmax

_:pyAdd e-r
[(lle= )| <

€, max (|H ()]

(14 1= 1P

(Al4)

e (IH@)])

eo(|l=1|P1)

(1 + 1= 1P

(A15)

for any finite time ¢, which proves the first half of Eq. (A11).
For the matrix element (I|e~#"*|I'), we should be careful of the unboundedness of H”. Using the interaction picture in

HP it is expressed by

o P ! P P
<l|€—1H t|l/> — <l|€’H tTeXp <—i/ dre—H 't Add ,iH 1) |l/>
0

o N [ © T i, pAddiH e
=e g dr, - - d11<l|He o HAM T |17,
n=0 70 0

The second line comes from the boundedness of
e~ iH T A GIHTT We can apply Lemma A3 owing to the

relation || (I|e~ " T HAMIHTT 1y | — || H _y e~ (=7 || =
||[H;—r]l, and this immediately leads to the latter part of
Eq. (Al1). .

This lemma ensures the absolute convergence of the
series, S .;cp e 1P (Ile=H M a)0) and Yo, e x
(Ile~*#H1|0), which respectively correspond to e~ (#tat
and U(t,0) by Egs. (56) and (54). In addition, it gives the
absolute convergence of operators composed of these
operators. For instance, we use this fact for S(z,0) =
ez e @ (I|T(#)|0) in Theorem 4. )

We also note that the operator >, » ({|Af(7)|0), which
appears in the time-dependent PF error by Theorem 8, is
absolutely convergent. As shown in Egs. (80)—(82), the
operator Af(z) is composed of the time-evolution oper-
ators under H or {H%}, and the nested commutators
among {H,%} and H™P. The time evolutions give the
decay of o(|l — I'|7?~') by Lemma A4. On the other hand,
the commutator [H™P, H2%] gives the following decay,

[CHHE Hp )| =

> (l|Add,, ® maH,,|l'

mez
=0 =1)H,qp)ll€o(|l=1]7P).
(A17)

The commutator [H%, H)%] gives the decay of o(|/ —
I'|=7=") as well. Since the operator Af(z) expressed by
Eq. (80) contains at most p-fold nested commutators with
H we have

(Al6)

n'=1

[KHAT @))€ o1 =171, (A18)
This ensures the absolute convergence of
> ez (I|AF(7)|0), used in the proof of Theorem 8.

APPENDIX B: PROOF OF THE ERROR BOUNDS
NOT MENTIONED IN THE MAIN TEXT

1. Proof of the generalized PF error bound

In this section, we describe the proof of Theorem 12,
which states the upper bound on the generalized PF
error, ||U(t,0) — S(¢,0)].

Proof of Theorem 12. The proof is completely parallel to
that for the standard PF in Sec. V. The time-independent
PF in the Floquet-Hilbert space, T%(¢), by Eq. (53) is
expressed by

V, or }
TF (1) = H H e~ iHt, (B1)
v=1y=1
where A 7 and @, are respectively given by
- Hf . a, 7=2y—1
(H,.a,7) = { LP( 7 (r) %or) (r=27-1)
(_H 7ﬂv(y+1) _ﬂw - avy) (}/ = 27/)
(B2)

instead of Eq. (77). The coefficient @,, has an absolute
value smaller than 1 owing to Egs. (26)—(27). In a similar
manner to Eq. (92), we obtain
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> (AT (@)]0))).

lezZ

|U(1.0) — S(1.0)]| < / dr (B3)

where the operator Af(7) is equal to Eq. (80) with substituting Eq. (B2) as (H vpr Q)
We next examine how the operators C;(H") and Cy(H,») in Af(z) form the nested commutators and the time
derivative. As a counterpart of Lemma 9, we prove the following lemma.

Lemma BI. Let H ,7 be an operator defined by Eq. (B2). The commutators with H »7 are given by

ad +id (F=2y—1
ad HAdd ZAddm ® (D () H (1)), Dy(1) = { H,, m(;) i ( ] ) (B4)
mez i (7 =2r)
Add,, ('iH,, r) 7 =2y —1
adH”;HLP _ {mgz ® (igHz (1) " 7=2r ), (BS5)
0 (7 =2r)
fory=1,...,T.
Proof. 1t is easy to check this lemma. For an odd integer 7 = 2y — 1, we have
.d
ady, HY = [HM HIY] - [HY. H39) = 3 Add,, ® (dH Hy(1) + zaHﬂ,,m(r)Hyf@) . B9
mez m
in which the second line comes from Lemma 9. The same goes also for the other cases. [
We also need to show the counterpart of Lemma 10. With using the truncated generalized PF S_,,(,0) =
[Ly<oy Ur, ) (Buyt + ayyt, Byyt) like Eq. (106), we have
o e U (Bt + ay,ti, $,7)S<,(7,0)  (7=2y—1)
ilwt,y(t.71) l iHya,t TF 0) = 7, () \Poy vy “1> Poy <vy ~ , B7
;e (lle <v}/(T)| ) S<W(T, 0) 7 =2) (B7)

where the time 7,5(z, 7 ) is equal to 8,7 + @, 7 for 7 = 2y — 1 and B,,.1y7; + (B, + @) (7 — 7;) for 7 = 2y. The time
7,5(7, 71) belongs to [0, 7] for any 7, € [0, z]. This relation can be confirmed easily like Lemma 10 with using Eq. (51).
Since Eq. (B7) gives a unitary operator, it is irrelevant to the error bound. As a result, the quantity characterizing the
generalized PF error is bounded by

> (AT (2))0)

lezZ

‘@ LP
<7 1/ dTlZZ Z ZH ig}vt,zr 7,5(7,71) H+HCE§}V 2F(T”7(T’Tl))“

v=1 =1 4y, 21">0
qoyt +‘1(v o=
‘11;77&0

Lot / dﬁz SID DD D =gt

v'=17:0dd vy=v'y dvy-4,5y 20:
qpyt- +t/r/ =P
‘[L;#O

D » D>

V=17=1 0§07 dvpa,5 200
oyt +q /V/ =p;
41770

‘C{?},L})( S(t.11))

vy, vy

| (BY)

in which we properly replace the operator D, 7(), the coefficient &,5, and the time 7,5(7, 7;) by those for the generalized
PF. We note that the range of the index 7' in the third line is different from the original one, Eq. (116). This is because A V7
appearing in the second term of Eq. (80) contains H'P also for odd 7 according to Eq. (B2). Finally, repeating the

evaluation from Eq. (116) to Eq. (124), we obtain the error bound of the generalized PF,
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U(1.0) = $(0.0)[| < 5(V,)7*! max ao, (5). (B9)

where the quantity acom ,(7) is defined by Eq. (49). The
change in the coefficient from Eq. (115) reflects that in the
range of ¥ discussed above.

2. Error bounds of the time-dependent
PFs with ﬁll ;é 0

In the main text, we focus on the standard or
generalized PFs with setting f;; =0 in Eqgs. (17) or
(23). This is just for simplifying the calculation in
Secs. IV and V, and hence we briefly discuss the case
with f;; # 0 here.

We focus on the standard PF S(z,0) with 8, # 0. The
problem of the calculation in Sec. V is that the time-
independent PF 77 (¢) defined by Eq. (52) cannot approxi-
mate the time evolution e~#'' in the case of S, # 0.
Namely, the corresponding PF T(¢) by Eq. (75) cannot
satisfy the order condition T(t) = e~ + OtP*! for a
Hamiltonian H = Z£=0 H,, which is required in
Theorem 11. To see this, let us consider the total evolution
time under H, included in the PF T'(7). The evolution time
for each ye{1,2,...,T'} amounts to

VP
YY) ayr=t
o

Ly ”1:(}//)27

(B10)

which directly follows from the assumption, Eq. (26). On
the other hand, the total evolution time for y =0 is

where y is an integer in {1,2,...,['} for reproducing
the modified PF by Eq. (B12). It shares the structure
with the original expression by Eqs. (76) and (77)
in that they are organized by the time-evolution oper-
ators under H79 or H“P and that their coefficients
satisfy |@,;| < 1. On the other hand, the number of the
layers V, is replaced by V, + 1. As a result, we obtain
the following error bound valid for the case with
P #0.

Corollary B2. (Standard PF error in the case of 1, # 0)
Suppose that the coefficients {a,,. 5, } are chosen so that a
time-independent PF,

vy

Vo, T
ZZ Buotrsr) = Bup)t = Py, eyt — Put =t — P,
v=1 y=1

(B11)

which cannot be equal to 7 except for ;; = 0. Thus, the PF
T(t) cannot approximate e~ = e 20" even within
an error O(7) under f#,; # 0, implying the impossibility of
satisfying the order condition T(f) = e~ 4+ O(t*!).
This problem is easily resolved by modifying the time-
independent PF T7(¢) on the Floquet-Hilbert space Hpr.
Instead of Eq. (52), we set it by

v=1y=
(B12)

The correspondence between the time-independent
and time-dependent PFs, i.e., the relation S(z,0) =
S0 e (1| T(1)|0), still holds under this modification
due to e#Pu|0) = |0). Then, the corresponding PF
T(t) is Eq. (75) multiplied by e/ on the right. The
evolution time under H, in T(r) is t for every
y=20,1,...,T, and hence the satisfaction of the order
condition T(z) = e~ + O(P*1) is allowed.

The error bound of the time-dependent PFs should be
modified from Theorem 11 in the case of 3; # 0 as well.
Section V employs the error analysis of the time-dependent

PF [11] for TF(¢). It is sufficient to replace the expression
Egs. (76) and (77) by

(H?fi(%,O) ifv=0,7=2y—1

H o, ifo=0,7=2
T AT
(=H™ Boiyrn) = Poy)  if0#0,7=2y
Vp T
H H —lHo (Boir+1) —ﬂly) —iH, )a:yf) e~ iHoPut
v=1y=1
(B14)

can satisfy the order condition T(¢) = e~ + O(t*!) for
the Hamiltonian H = ! H,. The standard PF S(1,0) by
Eq. (17) has an error bounded by

|U(,0) — 8(2,0)|| <4[(V, + 1)1]P*! max acom, (7).

7€(0.1]

(B15)
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Proof. We follow the calculation in the proof of
Theorem 11. The explicit error bound is immediately
obtained by replacing V, in Eq. (115) with V, +1. =

We realize that the upper bound Eq. (B15) excessively
overestimates the PF error since Eq. (B13) contains
redundant copies of H?Ifi(‘;) for v = 0. However, the above

error bound is sufficient for ensuring that the scalings of
the error bound or the computational cost in the case of
P11 #0 are exactly the same as those for fB;; =0,
discussed in the main text. When the standard PF has
uniform coefficients as Definition 1, the quantity @, ,(7)
in Eq. (B15) is replaced by @i, »(7) like Corollary 13.

The same discussion goes also for the generalized PF
S(2,0). In the corresponding time-independent PF for a
Hamiltonian H = 7" | H, + (T — 1)H, by Eq. (126), the
total evolution time under H, amounts to

_ZZ ﬂ@ (y+1) ﬂ1y 1/7) (

v=I y=

—14+p)t. (B16)

We use the assumption Eq. (26) for the above summa-
tion of the coefficients {a,, }. The evolution time does not
coincide with 7 unless f;; # 0, implying the impossibility
of the order condition. In a similar manner to the standard
PF, it is sufficient to employ the modified time-indepen-
dent PF,

instead of Eq. (53), which satisfies the relation, Eq. (55).
As aresult, we obtain the error bound of the generalized PF
S(z,0) in the case of 3}, # 0 as follows.

Corollary B3. (Generalized PF error in the case of
P11 #0) Suppose that the coefficients {a,,.p,} are
chosen so that a time-independent PF,

Vy

T
H H (eiHO([j(:(y+l)_ﬂ1'yt_avr)e_iHﬂw(V)al’Vt) eiHOﬂ”t

v=1y=1
(B18)

can satisfy the order condition T(t) = e~ + O(t"*!) for
the Hamiltonian H =3}, H, + (T — 1)H,. The gener-
alized PF S(#,0) by Eq. (23) has an error bounded by

1U(2.0) = S(2.0)|| < 5[(V,, + 1)1]"*! max acom, (7).

7€(0,7]

(B19)

Proof. Tt is sufficient to replace V, by V,+1 in
Theorem 12 like the proof of Corollary B2. [

APPENDIX C: PROOF OF TIME-DEPENDENT
MPF ERROR

In this section, we provide the detailed derivation of the
error for the time-dependent multi-product formula (MPF),
discussed in Sec. VII. The time-dependent MPFs are related

V, T . .
H H P (1) ~Boy—at)t a(yz) il 10 the time-independent ones b)( The;orem 16. As a resglt,
L their errors are also related to time-independent ones like
V= . . .
~ Eq. (169). Throughout this appendix, we mainly focus on
(B17)  the standard MPF N(t) by Eq. (160). The derivation of the
r Theorem 16 — Theorem 17 / Lemma 18
) — ) Appendix C4 ~
0) = ;) e T (t/k;)}™|0) 1U(t,0) - N (t,0)|
j 1 ittty
] > m+1
Map to time-independent MPF _E Evaluate the error with i <||(‘1|1 <1£%x amirt( r)t) + “5”1\\/;H16>
AT k)Y )
r Lemma C3 / Lemma C4 ! e Ao p(T) €O ({(9 +Tf)PgN}>T + (g +Tf) log(N/f))
: ~ 6—1H t :
— I 3 _
Zeﬂzwt (ITF (£)[0) ~ Zeﬂm l|TBCH( Doy | tommmmmmmmmee e i Error of time-dependent MPF
l
Lemma C5
Replacement of PF by the truncated BCH formula
Appendix C2 Bounds on ||T§,po B ”T;O @l
T Appendix C1 Fm e
~ Lemma C1/ Lemma C2 | Error € expressed by P e
_ | i i BCH,i #BCH,i IPPEIEI
TE)CH(t) — : Tq pu’Tpo( ) Tq Po ’Tpu (t)
P | [Egs. (C33)-(C36)] Lemma C6
exp | —iHFt —i Z <I>5tq B e e et B )
! Boundson [TBM | [ 7O (1)
Truncated BCH formula

FIG. 2. Proof sketch for an upper bound on the time-dependent MPF error.
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time-dependent MPF error is sketched in Fig. 2, which is
parallel to the time-independent case [29]. First, we intro-
duce the truncated Baker-Campbell-Hausdorff (BCH)
formula for approximating the time-independent PF and
discuss its properties in Appendix C 1. We next show that it
can approximate the time-dependent MPF with an arbitrarily
small error in Appendix C 2, while some inequalities used in
this part are proven in Appendix C 3. Finally, by evaluating
the error between the exact time-evolution operator and the
approximate one composed of the truncated BCH formulas
in Appendix C 4, we arrive at the upper bound of the time-
dependent MPF error shown as Theorem 17.

As discussed in the beginning of Sec. VII, the
Hamiltonian H(t) is composed of the terms H,(¢) in
|

TBCH(1) = exp <—1HFt— i Z <I>Fﬂ> = exp <—zZ®Ft‘1)

where the order-g operator ®F is defined by ®f = H" and

DY ﬁn“

class C®. It is supposed to be k-local and has the
extensiveness g defined by Eq. (135). We also assume
the existence of the degree of time-dependency f satisfy-
ing Eq. (137) for any g €N.

1. Baker-Campbell-Hausdorff (BCH) formula
and its properties

In order to evaluate the time-independent MPF
error  MF(1) —e ", we first consider the error
{T(t/k;)}5 — e~™#"*. 1t can be calculated based on the
BCH formula like eA’eB! = ¢A+B)i+BAIP+O(") The order-
Po (po€N) BCH formula for the time-independent PF
T?(t) is defined by

41174y, 2020
a1+ tay,or=4

(ChH
g=p+1 g=1
HV/721"’""I:IV,,ZF""’HDT/" "ﬁv77' '7FIII9 "Hll)’ (Cz)
qv,or vy qn
(=1)*d,!(qg—1—d,)!
[Ho’(l)v Tt [Hﬂ(qfl)’ Hn'(q)]]]’ (C3)

by (H,, ...

for g > 2. The symbol S, is the symmetric group of ¢
elements, and d,; is the number of adjacent pairs such that
(z+1) o(i), i.e., d, = |{ilo(i +1) < o(i)}|. We have
=0forqg = 2,3, ..., p due to the order condition of the
PF, TF(1) = e " 4 O(ﬂ’*'). At the same time, the order
condition for the order-p, BCH formula implies
TECH (1) = TF(1) + O(sPo+1). Each order-g term @} in
the BCH formula has the following property.
Lemma CI. Each term in the BCH formula, @5 by
Eq. (C2) is written in the form of

- _ 1 [T . ‘
= Add, @D,,,. D, :—/ did, (t)e™".
) k] T 0
mez
(C4)
The operator ®@,(7) is bounded by
Hd_?q(t)” < (Vp)q&com,qfl(t)
<(g—=D!(V,)"(2kg +Tf)""!Ng,  (C5)

where @com () is defined by Eq. (48).

e q*(q—1)!

Proof. By the definition ®f = H, we have ®, (1) =
H(t) and ||®,(¢)|| £ Ng, Wthh completes the proof for
q = 1. Wefocus on the case with g > 2. Equations (C2) and
(C3) say that i)g is composed of nested commutators
among {H7} and H'P. Since they have the form like
Eq. (101) as discussed in Sec. V B, the operator ﬁ)g is
also written in the same form. We next evaluate the upper
bound on |[|®,(r)||. Each g-fold nested commutator
[H,5,+ [Huyyg, Hyj3,]] in the operator ®f comes from
the permutation €S, such that (o(1),---,0(q)) =
(047¢s ---» v171) under fixed indices gy, - -+, gy or satisfy-
ing g +---+ qv,or = 4. Let us denote the set of
such permutations by Sj, and then we have || =
g C]v,,zr' The absolute value of the nested commu-

tator [I:I,jq;,q, -+, [H,,;, . H,; ]| is bounded by
‘(ﬁﬁ ~v}’ q”) Z (_1)d”d;y(q —1- dﬁ)‘
v=1y=1 q”?’ cES, q (q_l)‘
1 \Y 1
< 7M =, (C6)

[’S]

fhﬂ""lv,,zr! < q
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When we move to the representation in the time domain,
the commutator ady  is replaced by D »7(t) as shown
in Lemma 9. We should be careful of the parity of the
index 7;. For an odd integer 7, = 2y; — 1, the nested
commutator [H, [H,;.H,;] gives rise to the

term [V _, qu, 7, (1)H,, () in the operator @, (1) following
Eq. (96). On the other hand, when %, is even, the
commutator [H Vaffa? H, 7,1 survives only for an odd integer
72 =2y, — 1, and then it gives z_ 4H, (1) according to
Eq. (97). Therefore, the operator ®/ (1) is bounded by

0q7q”

; q'=2
1 V, T V, T V,2r P d
T2 D IED SN (1) CNC)FTAT
9™ 521 7= 0= yy=1 1373, 7, =111 \G=3
2 T I'+1 p _
<Zwry Gjpmdymm < (Vim0 ©
4 r=lra...rp= q=2

which completes the proof of the first inequality in
Eq. (C5). The second inequality in Eq. (C5) immediately
comes from Theorem 14. [

We next consider the locality, extensiveness, and the
strength of time-dependency of the operator ®@,(r) as a
Hamiltonian. The operator ®,(¢) is written in the form of

=3 "hy (1)

XCA

(C8)

where each hi)"(t) denotes a local operator nontrivially
acting on the domain X. In a similar manner to Eq. (135),
we define the extensiveness g(<i>q) by a number such that
the relation,

max sup Z ||h D,).

Are [0.1] X5i

(€9)
holds. We also define the strength of time-dependency

f(®,) by a number such that the relation,

dg’
dzq’

max sup
€A 1e0.4] Xo1

& s
)| < @ g, 1o
holds for every ¢’ €N. We characterize these quantities
based on the counterparts of the Hamiltonian H(z) as
follows. _

Lemma C2. The operator ® () defined by Eq. (C4) is at
most gk-local. In addition, its extensiveness and strength
of time-dependency can be chosen as

9(®,) = q!(

V,)(2kg +Tf)e7" f(@,) = qf.

(C11)

which satisfy the relations Egs. (C9) and (C10).

Proof. The case with ¢ = 1 is trivial, and we consider
g > 2. The operator ®@,(r) is composed of g-fold nested
commutators among H,(#) and their time derivative. Since
each H,(t) is k-local and the time derivative preserves the
locality, the operator ®, (1) is at most gk-local.

We evaluate the quantltles g(®,) and f(P,). Let us
expand the operator J[?,_, D ,, (T H,, (7) by
T 7 Y1
[H Dy, (T>] Hy, (o)=Y iy 7). (C12)
q'=2 XCA

------

with a local term kY 7*(z) nontrivially acting on a
domain X. The discussion on the locality says that
R "(7) can be nonzero only for a domain X such that
|X| < gk. As well as the discussion in the proof of
Lemma Cl, the local terms in ®,(¢) are covered by
(V)4 copies of the nested commutators among {H, (1)}
and their time derivative with a coefficient smaller than
2/q*> < 1, which leads to the relations,

I+1
leh 7)<V ZZ > BT @)
X3i X3i y1=1y2,..74=1
(C13)
dg' g
S|
Ell

I'+1 dq/

OO

X3i y1=1y2,..74=1

/

We aim to find the quantities g(®,) and f(®
the inequalities

;) such that
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41 I+1
Viseees g T Viseeos¥a = ’ =
A0 D SN UEICIFPEINUAD 90 DD 9l =t Sl EC R TPC R RCE!
i y1=1yy,...y,=1 X2i y1=1ys,...74=1

are satisfied.
We determine the quantities g(®,) and f(®,) recursively. Let us consider the extensiveness for ¢ + 1. The local terms

of Eq. (C12) for g + 1 are composed of the commutators [A};" (z), k% ~7*(z)], which come from the application of

Dm] (z) fory,.; = 1,....T, and the time derivative I'$ 2}y""7*(), which comes from that for y,,; = I' + 1. As a result,
the extensiveness is evaluated by

r+1

VST SS )

X3i y1=1ys,...rg1=1

r I'+1
<V Y > | D Z K™ (o). By (@]l + > ro h“ '''' " (z)
71=172.074=1 XXCA]/+] 1 =i
r+l o
ST S S S IR V@) €16
V1 ¥gr1 =172, 7g=1 XX cA:

XuX'si

The second term comes from the existence of f (qu) saturating Eq. (C15). In the first term, only the contributions from
X, X' €Asuchthat X U X’ i and X N X' # ¢ survive. Since X or X’ includes the site i, Eq. (C16) is further bounded by

Eq. (Cl6)]< (V)11 Y Y (Z YT Y ) 1 (@), By @)+ V,F (@, )o(®,)

NTgr1=1 720 7g=1 NX3i X' X0X'#¢p  X'3i X;X0X'#p
r+1
SZ0 S S 3 3> 9 9 o) E LRI LR AVTHPEN
r1Ygr=1r2.00y Xsi jeXX'sj X'sijeX X3j

<V,(gk+k)2g-g(®,) + V,If(®,)g(D,). (C17)

In the last inequality, we use the fact that the domains of the local terms, X and X', respectively contain at most qk and k
sites due to the locality. We also use g(®,) that saturates Eq. (C15). Thus, one can choose the extensiveness g(®, ) by

9(@y1) =V, {2(q + kg +Tf(®,) + Tf1g(®,). (C18)

which is strictly larger than Eq. (C17). The quantity I'f is added just for solving this recursive relation.
The strength of time-dependency is evaluated in a similar way. Considering the Leibniz rule, the time derivative of the
local terms is bounded by

r+1 dq/ — »
qﬂzz Z Hdn]’hxI ..... ﬁl(T)H

Xoi yi=lys...rg01=1

r+1
cor$ § (5 S o o] gl
=1y, = ’)f(jfxcé\!}’ﬂ 1 X2i
r'+1 , . L ) , )
< q+1 Z Z Z Z //‘ - |[h§(q/+l(q )(T),hé'(lm.#q(q q )(T)]H + Vpr[f(q)q)]q+lg((bq)
V0l =1 120y =1 XXCN = 04 - (¢~ q")
q /
sZ V,(gk+ k)21 g- [f(®,)]7~" g9(®,) + V,T[f(®,)]7+ g(d,)
‘I
<[f(® q)+f]q V,,[ (q+1)kg+rf(<i>q)}g(<i>q) < [f(D,) + f179(Dy1). (C19)
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Thus, one can choose the strength of time-dependency
by

f(@,) + (C20)

f( q+1)

We immediately obtain f(®,) with the initial condition
f(®,) = f. We substitute this into Eq. (C18) and solve the
resulting recursive relation g(®,.,) = (¢ + 1)V, (2kg +
I'f)g(®,) with g(®;) =V,g. This results in g(®,) =
q'(V,)?(2kg + Tf)"g. .

2. Error by the truncated
Baker-Campbell-Hausdorff formula

The next step for evaluating the error bound is to
interleave the truncated BCH formula between the exact
time-evolution operator and the time-dependent MPF.
Although the power of the time-independent PF
[T*(t/k;)]" in the MPF is not expressed in a simple
way, that for the truncated BCH formula can be easily
calculated as

_ ) ) Po _ 14
[TBEH(1/k;)]k = exp (—zHFt —i Z o q_1>.
q=p+1 <kj)
(C21)

Thus, the evaluation of the error [TBH (¢/k ;)% — e=/H"t
is easier than that of [Ty(t/k;)]" — e ™' included in
Eq. (169). We leave the calculation of the former one in
Appendix C4, and we begin with considering the error
caused by adopting 75" (1/k;) instead of T (¢/k;) in this
section.

First, we focus on the error by replacing the PF for a
single step, i.e.,

Z —ilwt l|TF Zeftlmt l|TBC

leZ lez

,(D]0). (C22)

We prove the following upper bound by using the
locality of Hamiltonians.

Lemma C3. (Truncated BCH) Let € be an arbitrary fixed
value in (0, 1). Suppose that the time 7 is small enough to
satisfy

1 1
d S4e3vppo(1v,e)(21<g+rf) eO((ngFf) log(N/€)>’
(C23)

where po(N,€) = [log(2N/e)] denotes the truncation
order. The error of replacing the time-independent PF

T*(t) by the truncated BCH formula 75 (1) is bounded by

Zefﬂ(m(lHTF(

leZ

TBCH

o(D][0) (C24)

Remark. We note that the truncation at the order
po(N,€) plays an essential role in the MPF. If we sets
po(N,€) = o0, the error Eq. (C24) becomes exactly zero,
which seems to be preferable compared to the truncated
case. However, such a situation demands the convergence
of the BCH formula Eq. (Cl). According to its
convergence radius, no bound tighter than

|t|€(’)<[N(g+Ff)]_1) is known in general, like the

time-independent case [29]. It is incompatible with the
size-efficient complexity reflecting the locality via com-
mutators since we use the time-dependent MPF for the
small time #/r € Q(N~"/(P*1)) characterized by the Trotter
number r in Eq. (187). On the other hand, this lemma
exploits the asymptotic convergence up to the order
po(N, €) under the locality of Hamiltonians, allowing us
to use the truncated BCH formula under the condition
looser than the convergence radius, i.e., Eq. (C23). The
time under Eq. (C23) is compatible with the Trotter
number by Eq. (187), whose system-size dependence
reflects the locality via the error bound consisting of
nested commutators and time derivatives. The necessity of
this truncation is present also in the time-independent
MPEF, and see Refs. [28,29] for its detailed discussion.
Proof. Let p, denote po(N,e) for simplicity. For the
N-site lattice A = {1,2, ..., N}, we consider its subsystem,

A (i=0)
A=< {i+1,---,N} (i=1,...N—1). (C25)
¢ (i=N)
Let us define the subsystem Hamiltonians,
MO =D b0, Hp (1) =) H(n). (C26)
XCA; XCA;

The extensiveness and the strength of Hi(t), which are
counterparts of Egs. (135) and (137), are respectively
smaller than those of H(¢) by definition. We consider the
PFs and the BCH formula for the subsystem Hamiltonian
Hi(t), for which we attach the superscript A;. For
instance, the standard PF is defined by

r vt
Z eilH”v(V) (/)’1,},[)(1,,},1"

v=1 y=1

~

(€27

and each term in the BCH formula @g’Af is given in a
similar manner to Eq. (C2). We also define the subsystem
PF TFAi(t) and the subsystem BCH formula and the
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subsystem BCH formula 75 " (¢) as well. The time-

independent PF 77 () and the BCH formula 75" (z) are
respectively decomposed into

N
TP (1) = ™ [T TFY () TF A1 (1)), (C28)
i=1
T i a 7-BCH, A 7-BCH, A,
TpcH() = M [ TS () T ()] (€29)
i=1
since we have TFM(r) = TF(1), Tpe "M (1) = TBH (1),

Ty MM (1) = €™,

and TFM (1) = |

lez

:Z(z

L'ez

leZ

= V[TEA () TEN (D QUTE N (1) T (1)]0) = 1.

We express the error in Eq. (C24) by the above
decompositions. First, it is easy to check that the trans-
lation symmetry like Theorem 5 holds also for the
operators 77+ (¢). By calculation like Eq. (91), we obtain

Ze—ilwt<l|TF(t)|0> — H <Z<Z|TF,A,-(1)TTF,A{1 (t)O))

lez i=1 NMez
(C30)

We note that the above relation is ensured by the absolute
convergence of >_,c5 ([|[TF2i(¢)TTFA=1(¢)|0), which is
easily confirmed by Lemma A3 and Lemma A4. The
translation symmetry of 75 (¢) also implies the unitarity
of the operator in the above formula by

(S wrresoi) (Suro o)

(C31)

Similar calculation goes also for the subsystem BCH formula, TEOCH(t), leading to the decomposition like Eq. (C30) and
the unitarity like Eq. (C31). As a result, the left-hand side of the error, Eq. (C24), is bounded by

N

39

i=1

> e T (1) = THXM (1)]]0)

lez

lez

STUITA @ T ) - TS T ). e

With a technique similar to the time-independent case [29], we can expand the right-hand side with respect to 7 under the
condition Eq. (C23) as we will prove as Lemma C5 and Lemma C6 in Appendix C 3. First, about the operator 77 (¢), we

can show the relation,

S TN @) TFN (1)[0) =Y T, 14+ T, (1),

lez 4=0

Each of the operators 7%, , and T (1) is bounded by

- . e
17519 <5 200V, (kg + T )11,

As well, we have a similar expansion for the operator T,,O

Z<Z‘TBCHA ( ) TI;OCH.A, 1

lez

BCH., i
where the operators T, p,

1
IT6% (11 < @{4€2P0Vp(2k9 +Tf)t}e,

and Tho™ (1) are respectively bounded by

T, (1) € O(tPot1). (C33)
175, (0)|| < 2[2pgV ,(2kg + Tf) 1oL, (C34)
BCH.A; (1), given by
Too 10+ Tho ™ (1), (C35)
q=0
[T (1) < 32262 poV ,(2kg + T )]Pot!. (C36)

We attach their detailed derlvatlon in Appendix C 3 and continue the proof of Lemma C3.

Owing to the order condition The " (1) =
Equation (C32) can be bounded by

TN (1) + O(to 1), we have T!

_ TBCH i

a.p0 = Tqpy~ for every ¢ =0.1,.... py
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Y e [T (1) = TR (1)]]0

(o]
<> [ S Tl + ITESH 19y + |75 (1) + 1TBEH 1 >||]
q=

leZ i=1 po+l
1
<N [e (2¢*)71 + e ‘/} + e2N(2e3)7P07! 4 e3/2N(2¢) 7o~
n=py+1 2 2
2
<N(&Tte 3 e Lt N conen (C37)
2 < 2
q=po+1
Since the integer py = po(N, €) is set to [log(2N/e)], this becomes smaller than e. ]

The aim of this section is to evaluate

t, Z cjy e M (I|[TE, , (1/k;)]4[0) = XJj 5> e AT (t/ k)l — [TBGh . (1/K;)510),  (C38)

j=1 lez j=1 lez

which represents the error by replacing the repeated PF [T (1/k;)]% with the corresponding truncated BCH formula
[TBCH (t/ k; )] It can be expressed by the single-step error discussed in Lemma C3, which results in the following

statement )
Lemma C4. The standard MPF N(z,0) is approximated as

J
H N(x,0) = Z Z_””’ T o (/K100 < €Ik, (C39)

under the same condition as Lemma C3. B
Proof. The error of replacing [T7(z/k;)]% in the time-dependent MPF N(z,0) by the truncated BCH formula
[TBEH(t/k;))%i is equal to

N(1.0) =3 Ze;d S TR 1/ k) Yo 0)

Jj lez

= ch ZJ Z é_ilwt<l|[TF(t/kj>]kj_k}(TF(t/kj) _ TEOCH(t/kJ))[T];,OCH(t/kj)]k;—l |0>

J k’/:lleZ

= ch Z/ Z €7ilw[<l|[Tp<l/kj)]kf_k}|0>

J k;:l leZ
x e TSI (o ky) = THER(a/K))][0) 7 e D (| [TREH o/ k)5 0). (C40)

ez "eZ

where we use the completeness, the translation symmetry, and the absolute convergence like Eq. (91). With calculation
similar to Eq. (C31), we can check that the two operators appearing in the above formula,

Zefilwtal[TF(t/kj)]k,-—k}|0>, Ze_il”m<k}_1)/kj<l”|[T];(?H(t/kj)]k;_l|0>, (C41)

lez I"ez

are both unitary.
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As a result, we obtain

H chzefllwt l| TBCH l/k !|O

Jj lez

ZIC,IZ

J k/l

< 12111kl se, (C42)

S e [T (1) — TR (1/k,)][0) H

ez

where we use Lemma C3. L]
Considering the triangle inequality, the error of the time-dependent MPF is bounded by

J

U0~y cjze”wf<z|[T%(?H(r/k,»nk-wmH ERle. )

j=1 leZ

1U(2.0) = N(2.0)]| <

We will evaluate the first term and complete the error bound in Appendix C 4.

3. Proof of the relations for the subsystem operators

In this section, we prove the relations Egs. (C33)—(C36), provided by Lemma C5 and Lemma C6. First of all, we clarify
the notations of some operators nontrivially acting on the A;. Using the subsystem Hamiltonian defined in Eq. (C26), the
time-independent subsystem PF on the Floquet-Hilbert space like Eq. (52) is precisely given by

v, Add A, =
_ p 2 NG A H M ay,) F=2r—-1)
FrA et (BN, @,y) = { (Ho ) (C44)
HWH TV HY By~ By) (7 =2),
in which the operator H)*“" is defined by
1 [T .
H;\ddA ZAddm ® H;I/\rié, H;I/\ri& = _/ H?’(I)E’m’”’dt, (C45)
T Jo

meZz

BCH,A,;

Similarly, the subsystem BCH formula 7" (f) is precisely written by

Po
Ty (1) = exp <—iHF*Aft—i 3 éF"ﬂ). (C46)

q=p+1

The Floquet Hamiltonian H-i is defined for the subsystem Hamiltonian H™ (1) like Eq. (32) and the operator @, is
obtained by replacing all of {H,;} in Eq. (C2) with {f{i\y} We first show the relations about the subsystem PF 77:Ai(¢),
Egs. (C33) and (C34), as follows.

Lemma C5. Let TFi(¢) denotes the subsystem PF on the Floquet-Hilbert space defined by Eq. (C44). When the time ¢ is
small enough to satisfy

1
<
2pyV,(2kg +T'f)

€O0polg+ T/ (C47)

for a certain natural number p, € N, the operator >, c ,(I|T72 ()TTFA-1(1)|0) is expanded by an absolutely convergent
series,

S UTFN @) TEN (6)[0) =Y T, 04+ T (1), (C48)

lez q=0

The operators Tﬁj, p, and T;',U(t) on the Hilbert space H satisfy the following relations,

e
T4 p,ll27 < 3 (4poV kgt +2poV ,L'f 1)1 € Olpo(g + L f)1]?, (C49)

033061-39



MIZUTA, IKEDA, and FUJII PRX QUANTUM 7, 033061 (2026)

|T%, (D] < €*(4poV kgt + 2pgV ,Tf1)Pot € Olpy(g + Tf) et (C50)

Proof. Since T (t) is a tlme -dependent PF defined by Eq. (52), we can apply the calculation for the time-independent
case to the coefficient Tq (See Lemma 9 in Ref. [29]). We define two kinds of time-dependent Hamiltonians h! (7)
and H"" (7) for the time 7 € [0, 2V ,I't), which act on the Floquet-Hilbert space Hpy. They are piecewise constant and
defined by

W (2) = (AN — HY),  HPMN (o) = a0, ;e[(v—l)ZF—l—f/—l,(v—1)2F+77), (C51)

foreachv =1,....,V, and each 7 = 1, ..., 2I". The operator 7"-*~1(z) defined by Eq. (C44) is equal to the time-evolution
operator under the Hamiltonian A"*-1(z) over the time 7€ [0,2V,I'1]. Considering the interaction picture in the
Hamiltonian A" (7), it can be also represented by

_ L 2v,I T 5
TEN ()T TFN1 (1) = T exp <—i / tdrUF'Af(r)Thf () Ur (T)), UFMi(z) =T exp <—i / do’ H"N (f)). (C52)
0

0

Deriving the series expansion, Eq. (C48). We first derive the coefficient of the series expansion T;,po. Applying the
Dyson series expansion to the operator 774 (t)TF-Ai-1(t), we obtain

Z<I|TF.A,- (,)T TFA 1 Z Z

lez 1€Z ¢'=0 q'!

2v, It 2v, It g
/ dTl o / qu’<l|T_, H UFA (T //)ThF(T //)UFA (‘L’ /r) |0>
0 0

q//_l
(C53)

where the symbol 7_, denotes the time-ordered product, in which 7y, ..., 7,/ are aligned in the descending order. Owing to
the smoothness of the Hamiltonian discussed in Appendix A, we have at least ||(/|[U""i(7)|0)| € O|l|~2
I{1|hE (7)|0)|| € O|I|72 for |z] < co. Using Lemma A3, there exists a certain positive constant C, such that

(—i)? /2vprz /2Vprz 2V, 1) (C,)7
dry - - dr (1| T, UPDi(z ) hE (2 ) UFNi(20) | 10)]) < —E———. (C54)
|| q/! 0 1 0 q | qu ) ( ) ( ) | >|| q"(1+|l|)2

Thus, the infinite series by Eq. (C53) is absolutely convergent with respect to [ and ¢’, and we can change the order of
taking the summation freely. As a result, in a similar manner to the calculation for Eq. (91), we obtain

© (—it)? [2v,T 2v,T q .
[Eq. (C15)] = Z( q,,) /0 dsy--- /0 dsy 7o | ] (Z(HUF‘A"(squt)rhf(sqnt)UF’A"(sq//t)|0>> . (C55)
q'=0 '

q"=1 \lez

We use the translation symmetry (/|U () hf (z)UF2i (2)|I) = (1= 1"|UF2i (2) T hE (2) UF-N (z) I — 1), which is easily
obtained by Egs. (36)-(38), and change the variables in the integral by z,» = 5,7 in the above.

We next consider the expansion of the operator UFi (st)"hf (st)UF*i(st) in the integral. Let v(s) and 7(s) denote the
indices such that s € [(v(s) — 1)2I +7(s) — 1, (v(s) — 1)2I" + 7(s)). It can be expressed by

UF’A"(st)Thf(st)UF’Ai(st):( < )hF(st) a_{a”( pls = s ifer=v(#s) - s

vy Ay otherwise
v'7'=v(s)7(s)

and the coefficient &;; is bounded by |&;;| < |&,;| < 1. We can employ Eq. (87) with the replacement of the order p by py,
which is the result of the Taylor’s theorem. This leads to the series expansion,
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Po
D (UUFN (o) R (st UM (s0)|0) = D ()17 + Ej (159), (C57)
lez q=0
where the operators Z/ (s) and Z), (1;5) are respectively defined by
. 11 (&2/71 adHA/l / )q1;’;"/
Bi(s)=i1 > Y { 11 ————— | Al (s1)|0), (C58)
a2 1€Z \ P =0(s)7(s) qvy-
arte +‘l<><>:‘1
=t S [
2 (6 s) = (it)Po u
" vy=v(s)7(s) 41,'7"”;;1.,;(;)&(“)20, 0 (Qvf/ - 1) !QU(}7+1>! e Qv(s);”/(s)'
Qg+t (s)p(s) PO (C59)

The operator E! (s) is independent of the time # since
hf () is determlned by the time = modulo 7 according to
Eq. (C51). We note that the above calculation executes
the reordering of the infinite summation with respect to
[eZ. 1t is justified by the absolute convergence of the
operators Zf (s) and Z}, (1;s) with respect to /€ Z. We
use the assumption A% (7)€ C* for this purpose. Since
the Fourier coefficients like (I[H2|I') and (I|hf (st)|l')
decay faster than every polynomial of [/ as discussed at
the end of Appendix A, each term in the summation
appearing in Eq. (C58) rapidly decays at least as
o(|l|72). This implies the absolute convergence of
Ei(s) and so does also for Zi, (¢;s). If we only assume
h%(t) € CP*? like the time-dependent PF, the above
|

Tt
=0 0=qy.....qn=<pg.
g1+ tan=q-n

The symbol 7 _, means the time-ordered product that aligns sy, ...,

s
i, utad _p

11 za,,tad Aj
X g (I e " e
v

q (—i)n 2v,T 2v,Ir n —i
w3 S e [ fle]

. vy
( I1 (&“D’_,?,adﬁA/,._,)"v/?’>hf(st)|0>.
v p "

series may not be absolutely convergent for
qgq=p-+1,...,py, which involve differentiation more
than p times. The reason why we employ the Taylor’s
theorem in Eq. (C57) rather than the infinite series
expansion in contrast to Eq (C53) is the absolute
convergence, too. Since H ; contains H"P, which is
an unbounded operator, each term in Eq. (C58) can have
a norm whose scaling is O|/|7. We cannot ensure the
absolute convergence of Eq. (C57) if ¢ can be infinite,
which leads to the truncation at the order p,,.

We substitute the expansion Eq. (C57) into Eq. (C53)
and rearrange the terms by the order in time 7. The
coefficient 7%, , comes from the collection of the products

of {&](s)}, and it is given by

(C60)

n'=1

s, in the descending order. The operator T% (1)

comes from the remaining terms involving the Taylor’s reminder Ej,o(t; s), and it is given by

n= n'=1

Upper-bounding the coefficients. We next derive the upper bounds on T},
5, (13 8) in them, Wthh are respectlvely defined by Eqgs. (C58)
_.q(s)|| =0 due to hf'(st) = 0 by Egs. (77) and (C51). When the
integer 7(s) is odd with 7(s) = 2y(s) — 1, it is bounded by

Egs. (C60) and (C61). We begin with evaluating E (s) and 2
and (C59). When the integer 7(s) is even, we have ||

n'=1

> Bl (st + B (5 )) — H (igg(sn,)ﬁﬂ. (C61)

e o

q=0

and T% (1) respectively defined by
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1 (ad a ) s
> A e

q,y/};/ !

)hf (s)|0)

1=/

11 (s)p(s) 20 v'7'=v(s)7(s)

a1ty (5)p(s) =9

1 (D (0)]4
. vy A A
= > ‘ ( II — | ) O = Hy ,(0)

1
s
411y (5)7(s) 20 V7 =v(s)7(s) qv'y

a1ty (5)p(s) =9
q
(HD 1/ ) 7[1s ())(0)

where the operators DQ;./ (t) and T)ﬁ‘} (¢) are defined by replacing H,(t) with H (1) respectively in Eqs. (94) and (48). In

r'+1

<V Y]

Vioerg=1 XCAX3i

(C62)

’

the above calculation, the second line comes from the fact that the nested commutators among {H{,‘dd} and H'P are
converted to those among {H,(¢)} and their time derivatives, as discussed in Lemma 9. In the last inequality, we use the
fact that the summation over gy, -, q,(»)y(s) Such that gy + -+ + q,(5) = q is covered by (V)4 copies of the

summation over yy, ...,y,, as discussed in Eqgs. (116)—(124). We also take into account that
Hp (1) —Hp (1) = > g (C63)
XCA;X3i

is covered by all the terms {h% ()} nontrivially acting on the site i. When we integrate ||Z,(s)|| over s € (0,2V,I), the
index 7, (,)(7(s)) reproduces every index y for V,, times, and hence we have

T+1
[ stz < v DY Y Y

=171 rg=1 XCAX3i

<|[qV,(2kg+Tf)]7. (C64)

<H )hr O)[| < (V,)"q!(2kg +Tf)g

The second inequality comes from Theorem 14, which is valid also for the subsystem Hamiltonian H”i(¢) since it shares
the locality, the extensiveness by Eq. (135), and the scale of time-dependency by Eq. (137) with H(t ( ).

We next evaluate the upper bound of the operator 2!, (1;s) given by Eq. (C59). We trivially have |2}, (7;5)|| = 0 when
7(s) is even. When 7(s) is odd by 7(s) = 2y(s) — 1, the ‘calculation similar to Lemma 10 ensures the existence of a certain
time 7, , € [0, 7] and a unitary operator U, (z,,,) such that

11 ia ,y,tad A i&';ill[adﬁAi vy
>l e ) H (@ ) hE (s)0)
V7

Ay 7=0ls)7

The norm of the operator =i, (¢;s) is bounded by

t < thotl
I, ()]l max > Z

vy
B Ty (s ( (S>)
( Dﬁ’(ﬂ) Y (2)
vp=o(s)7(s) Dy )(, )20 XcA;Xai v )

Doty (5)7
(ﬁlpy,(f> D) ) (C66)

where the second inequality is obtained in parallel to Eq. (C62). Its integral is bounded by

)=

41/#0

r+1
< (V,1)Pot! max < Z Z
1

rel0g\,, ] Tros1=1 XCAX3i
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2V
/ ds|1Z, (1:5)|] < 7V [(po + 1)V, (2kg + )02,
0

as well as Eq. (C64).

We are ready to prove the upper bounds on the operators Tf,,

norm is bounded by

0, and T, (¢). Using the expression of 7/,

(C67)

», By Eq. (C60), its

mal< Y L ([ ast=, o)

n=0 0<qj... lln</70
q1+-+qan=q—n

n*l

<Z Z H gV, (2kg +Tf))ar+!

n=0 0=qj... fln</’0 ! n'=1

q1+tqn=q—n

q
<207 poV,(2kg + TF)11 Y

1

2poV,(2kg +Tf)]4. (C68)

N\m

n!

n=0

We use Eq. (C64) in the second inequality and use ¢, < po in the third inequality. This completes the proof of
Eq. (C49). We note that this bound also implies the absolute convergence of the series Eq. (C48) with respect to g under
the condition Eq. (C47). On the other hand, the norm of the operator Tj,o(t) expressed by Eq. (C61) is bounded by

n'=1

M’”“g%gﬁ(/j ds||_.p0(ts||>< / ds|=i (s ||t">

_n/

The condition on the time ¢ by Eq. (C47) implies the relation,

Po

As a result, we obtain

n=0

n=0

. (C69)
Z;Zn/, n_n) {to (o + 1)V, (2kg + L f) )02} (Z 1qV, 2kg+rf)]q+1) .
n=0 =0
> v, (2kg +T1)17 < Zpov (2kg+Tf)fe <> 27
q=0 q= q=0
=i ® [2p0V (2kg+rf)t]" n n' 0 n
175, (0l <> — ;n/,(n Y {[2poV,(2kg + L)t}
ii— 2P0V, (2kg + L)t = €[2poV, (2kg + Tf)efrot, (€70)
| |

which completes the proof of Eq. (C50).

We briefly explain the meaning of Lemma C5. The
subsystem PFs 77+Ai(¢) and T+~ (t) are global operators
on A; and A;_;, whose sizes can be as large as the system
size N. On the other hand, the operators T7-"i(¢) and
TFNi-1(1) have different actions only around the site i by
construction, and hence 77" ()" TF-Ai-1(¢) becomes quasi-
local around the site i. This is why the upper bounds of
IT% |l and ||T% (1)||, appearing in its series expansion, are
determined by the local scale of the energy g and that of

time-dependency f without explicitly depending on the size
N except for logarithmic corrections by pg(N,¢). This
property originates from the locality of Hamiltonians, and
hence it lies also in the subsystem BCH formula T?OC BA ().
As a counterpart of Lemma C5, we prove the following
lemma corresponding to Eq. (C36) in Appendix C 2.
Lemma C6. Let Tﬁoc H’A"(t) denote the subsystem BCH
formula on the Floquet-Hilbert space defined by Eq. (C46)
and suppose that the time ¢ is small enough to satisfy
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1
462p0Vp(2kg +Tf)

1| < €Olpolg+T/1)]", (C71)

for a certain natural number py€N. The operator ;<5 ([|The ™ (1) The ™" =1 (1)|0) is expanded by an absolutely
convergent series,

DU O T (e Tom 't + T (1), (€72)
ez 4=0
where the operators 7o and 75" (¢) are bounded by
7858419 < 25 (e poV (2kg + )19 € Olpolg + T, (CT73)
T3 (1) < €226 oV, (2kg + Tf ) € Olpo(g + L))ot (C74)

Proof. The proof is parallel to the one for Lemma C5. Namely, we first execute the series expansion in the time ¢ and
obtain the expressions of the operators T],;’(;;Ig’ and TBCH'i(t). Then, we evaluate the upper bounds of them using the
locality, the extensiveness, and the strength of time-dependency discussed in Appendix C 1. In the calculation below, we
need to ensure the absolute convergence of the infinite series. However, it is essentially the same as the discussion in
Lemma CS5 in that the assumption on the smoothness is sufficient to ensure it, and hence we omit the discussion for the
absolute convergence.

BCH,A;

Deriving the series expansion, Eq. (C72). The operator T, " (t )TTBCH’A"*'(I) can be recast by a time-evolution

operator under the interaction picture like Eq. (C52). Regarding the operators Z” 0 FA 191 and Z" * (@ qF A _

de; A 1)t9~! respectively as an unperturbed Hamiltonian and an interaction Hamiltonian, we obtain the relation,

ST () TR 1)0)

lez
© i, (177 "ad p,\
Z / dry -- / dr, (1|7 _, [ 1 ( Z(@FA‘ L @) 1)] ’0) (C75)

25 e [l (LT (32 ol

The second equality comes from the symmetry of the operator @5‘/\", which is equal to H"*"i for ¢ = 1 and is zero or
composed of nested commutators on the Floquet-Hilbert space for ¢ > 2. We have the translation symmetry,

|
M

”’ZO tad ol Z((DFA,I_ )tq

(L= 1"®LNM|1 =1y = (| DyN ) + s, (C76)

by Lemma 9, and the second equality follows from the calculation similar to Eq. (91).
We next expand the operators appearing in Eq. (C75). Using the Taylor’s theorem on an operator exponential by
Eq. (86) up to the order p,, we obtain

is Y 70 taad g ; Po _
D lle TN (@t — y)ie)o)
leZ q:l
po_(is 1tqad FA) s i’ S0 jaad . (08 E”" t9ad;ra, )P0ty Py .
=SS gl D TSR — 6] ),
— n: 0 Po : —
leZ n=0 q=1

(CT77)
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The above series can be arranged in terms of the time ¢ and expressed by

is , tfad I~A - ) =
S e PN, Z(q,g.m_ &) g410) :Z $)4 + W (1;5), (C78)

lez q=1

where we define the operators W/ (s) and W, (1;s) respectively by

w =3O8 S ([Ladge ) @5 - 800, )
1<q¢.--.qn<py. € Z n'=1
q0++qn=q
s is' 19ad e (iS/ 50:1 t"ad&)f-,/\,)f’““ Po _— -
P (r;8)= [ ds') (e % d @M — @I |0). C80
i) = [as> TS i D R AU

We note that ‘i’;(s) is equal to zero for ¢ > (pg)? + po. We substitute the series expansion Eq. (C78) into Eq. (C75) and

again arrange it in terms of the time ¢ like Egs. (C60) and (C61). Consequently, we obtain the series expansion in the form

of Eq. (C72), in which the operators T?S}O{‘ and TE()CH’i(t) are respectively given by

TqBS,f}l: /dsl /dsT {H‘P } (C81)

n'=1

5]1+ +qn q

TEEHI( = dsl

dsT [ <Zq’ N9+ (s )—ﬁ(i@g(sn,)ﬂﬂ. (C82)

Upper-bounding the norm of T?%ﬁl !, We next consider the upper bound on the norm of the operator T??,IO{ ! Focusing on

the operator ‘Pﬁ]( s) given by Eq. (C79), the commutator appearing in it is expressed by

> (lladg, o (P Oy =Byt j0) = Y (<l|<i>§/’A’|l’><l’|(‘i>5’A’—ég’A"")l())—<l\(d3qF’A"—<T>5’A”‘)Il’><l’|5>5’A"|0>)

lez LI'ez
= > [{UDEN0), (1](Dg™ — By )|0)] = 8,1 > Leo(l| (DG — Dy 1)|0)
LI'ez ez
— A = A d - .d A
~ 8(0).8)(0) = ) 0]+ 3, (1, 8 0) - za¢2~<o>). (83

We use the translation symmetry of CTDg A by Eq. (C76) for the second equality and use the operator d_DfI\" (1) defined by

F.A; q—)F.A,

Eq. (C4) for the last equality. Since the commutator [d_J —CT)F’A‘”] has the translation invariance like

d_>qF A (DF A1 the above calculation can be repeated for the nested commutators in Eq. (C79). We obtain the relation,

. 1 d
B =Y 0F S @O -8 @l A0 = ] (g i) (9
n=0 ! 1240.-..qn<pg. n'=1 "
40t tan=q

for the operator P (s).

We consider the norm of each operator appearing in the summation, Eq. (C84) As discussed in Appendix C 1, every
term of the BCH expansion @, (7) is reproduced by (V)4 copies of HZ _, Dy, N (2)H) (7). Each term with certain indices
Y1s---» ¥4 for the subsystem A shares the same coefficient with the one with the same indices for the subsystem A;_; by
definition. As a result, we obtain
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< (V) ZZ A,(0) K Do) )i 0 - (H Do) ) i) |
r+1 q,

+/qZ:(Vp)"°ﬁZr_:1h”§_l < HHDL, ) i (7) — (H Dy ( ) (7). (C85)

The last inequality comes from the triangular inequality. As discussed in Eq. (C63), all the local terms of HJ/,\," () —
H,""'(z) are covered by the set of {h% ()} such that the domain X includes the site i. Similarly, the operator @2”, () —
Z_)}/,\q"," (7) is composed of adhy,/ with X 3 ifory, = 1,...,T, while it vanishes for y, = I" + 1. Thus, Eq. (C85) is further

x (@)
bounded by

[Eq. (C85)] ZZ r>(ﬁ;®2<r>)h§<r>
Sorg £, 8 ol )l (oo o]} oo

Using the locality, the extensiveness, and the strength of time-dependency of the operator <i>q (7) by Lemma C2, we can
obtain the following relations,

r T+1 n -1
XY <H Dy (e )h“ <1 [<2kg(<i>q,,> +)Y q} (go— 1)!(2kg +Tf)0~g,  (C87)
X3i y1=17y2,.. 1 =1 n'=1 n"=0

and
> Z ) Z () (H P [h (@), (H Do) )y o) |
< H [ 2kg(®,,) + /) Z q,,u] )!(2kg +Tf)""g. (C88)

n'=

The quantity g(® ,) denotes the extensiveness of ) ,(7) given by Eq. (CI1). Since their derivation is too long and
essentially parallel to the calculation in Sec. VIB, we attach it at the end of this section and continue the proof of

Lemma C6 here.
Using the inequalities Egs. (C87) and (C88), (C86) is bounded by

1AL (2) [@gy () — D (2)]]] < ( p>qo[1+<qo—1>]H {(2@( o) 1) Zw] o — D)!(2kg +Tf)%1g

n'=1

< (V,)%qo!(2kg +Tf) %' g H {lgu'(V,)% (2kg + Tf)0~"2kg + f]q}

n'=1

< (poV,)!(2kg +Tf)*"g(2q)". (C89)

In the last inequality, we consider the indices g, ¢4, ..., g, such that g, ...,q, < pg and gg+ - - - + ¢g,, = g, which
are valid relations in the summation Eq. (C84), and employ the resulting inequality go!- - gq,! < (po)?* +9 = (py)4.
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The operator ‘i‘g(s) expressed by Eq. (C79) is bounded by

RABI _Z > (poV,)(2kg + )7 g(2q)"

l<q0 ..... an<po
qot+-+an=q
1 > (2sq)" 1,
<5 {2p0V,p(2kg + T} <0 = {262 poV, (2kg + L)} (C90)

n=0

Finally, substituting this relation into Eq. (C81), we arrive at the upper bound of the operator T};g};{,i give by

T??:E“III“Z Z /ds1 /ds { 2>/ poV, (2kg+Ff)]‘1n’}t‘1
an<p

n=0 ' 1<q;..
qp+- +4n q

< [2¢2pV,(2kg + Tf)t qz

2q—n-— 1 1
=5z [4¢’ oV, (2kg + L)), (C91)

This completes the proof of Eq. (C73).
Upper-bounding the norm of TEOCH” (). We consider the norm of the higher-order term 75™/(7). Using Eq. (C82), it is
bounded by

® n—n' 1 _ n
TBCHl ZOH_Z e </ dsZHle ||t4> <A ds|‘P;,0(t;s)||). (C92)

The inequality Eq. (C90) and the assumption Eq. (C71) imply an upper bound,

1 0 _ [eS) 1
ds ‘P’ 19 [2¢? V,(2kg+Tf)t]? < 27l =, C93
/ > 1) g PV, (2kg + T Z =2 (€93)

and hence it is sufficient to evaluate the upper bound on ||}, (z;5)].
Let us define an operator Uq’ (1) by

_ . . P = FA; q
O, (s1) = Y _eomt{1]e™™ 2 %0 o). (CO4)

lezZ

Then, using the symmetry of d_fqF A by Eq. (C76), the operator U g’o (st) is a unitary operator like Eq. (C31) and gives an
expression of Wi, (#;s) by

_ s . o (iS/ 5021 t"adér.Ai)”0+1 Po FA _
it - [ vt on [Semenq EERIT S gt ot e
0 lez Po : =1

S dTd (o T (lS )p0+1 P0<§P0+2) § 5\ -1 Fr® (o
= ds Up0 (S t) m 11 Ap0+] (T) ((I)‘l() (T) — q)(io (T)) |T:s'l‘ Upo(s t) (C95)
0 pO q=po +1 [ET N qp0+lsl70:
40T epy+1=4

The first equality comes from the calculation similar to Eq. (91), in which we use the translation symmetry Eq. (C76).
The second equality is obtained in a similar manner to Eqgs. (C83) and (C84) while the time 7 = 0 is replaced by
7 = s't €0, 1] due to the phase factor e~/ in the first line. Employing the upper bound Eq. (C89) under n = p, + 1, the
operator Wi, (;s) has a norm bounded by
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spOJrl
195, (1:5)]] < Z 1 > (poV,)1(2kg + Tf)17 g(2g) 0!
6[ P0+1 1<qq.---. qFOHSpO;
90+ apy+1=4
1 (s
< S spotl Z [2e*pV ,(2kg + Tf)1]9 < [2e*spyV ,(2kg + Tf )t]ro™!. (C96)
q=po+l1

We use the relation (2¢)P*!/(py +1)! < €2 and the assumption Eq. (C71) respectively for the second and last
inequalities. Summarizing the relations, Egs. (C92), (C93), and (C96), we finally obtain

= BCH.i 1 ¢ n! 1\
175 ™ OI<D =Y pITEY () [2¢2poV, (2kg + T)rot! < e3/2[2e? oV, (2kg + Tf )™, (C97)

n=0""n'=1
which completes the proof of Eq. (C74). n
Proof of Eq. (C87). We first consider an upper bound of
I'+1 4o .
)3 > (I o] (c98)
X3i y1=1y,,..., q=2

which corresponds to the case, n = 0. In a similar manner to the discussion in Sec. VI B, the operator Z‘;z{@f}q (7) }hk (7)
is expanded by

O D 1l C R R O WA OOl (C99)

2

such that r +n; +--- 4+ n, = go — 1. Its summation has a norm bounded by

ra-1- rZ DI DI [ O RN Sl O RS Ol

X3i X,,....X,CA;

< 2= Igo—1-r Z ZHhh ny) ||H Z Z H

..... y,=1 X3i X /CA:
X /ﬁY 1FP
<2 Ir=1=r fm g H [(F — Dkf* g] = (r—1)!(2kg) " (Tf)=1-7g. (C100)

r=2

As discussed in Sec. VI B, Eq. (C98) is bounded by at most (g — 1)!/{r!(gy — r — 1)!} x r%~!=" copies of Eq. (C99).
The former factor comes from the number of ways to pick up g, — 1 — r indices giving the time derivative Dy (z) =T’ %.
The latter one means the maximal number of copies when the Leibniz rule is taken into account. As a result, Eq. (C98) is
bounded by

qo—1

% % P (r = 1)!(2kg) = (D)0
r=0 "~ !

< (qo—1)!(2kg + T'f)2~1g. (C101)

I'+1

DS

X3i y1=17p,,.. ap =1

(Lo )i

We next consider the case where the operator A, () is applied. The operator A, (7) [ [;2 w0 (D, 7 (7)]n¥ (z) is composed of
nested commutators in the form of

(i);\i (nr+r’) é?{(”rﬂ) F(n, 5(ny 1(my
ST @ " @) [ (7). R (), g (@) (C102)

7 r+l
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. . o, (n . o} . .
with some set of the integers ny, ..., n,, . The operator hx"<” )(T) denotes the n'-th derivative of /4’ (z), which arises from
the time derivative in .4, (7). The number /’ satisfies ' < n since the operator A, (z) applies at most n-fold commutators to

Eq. (C99). The summation of Eq. (C102) over X 3 i and yy, ..., 7, has a norm bounded by

r

DD ||[hf§"“”'“’><r>,[~--,[hf??jf”’*')m,[h§;,<"")<r>,~--,[hzzj”%),h§;<"'><r>nm||

rr
Viseens =1 X320 X5....X, s EN;

<o g ||H(Z S )H( > )

yi=1 X3i ¥ X, CA: r=r X, CAs
X //ﬁY //#¢ +’J/(7Y ”#q’)

2 1 r'—1
<t [ = kel T | (7 3 a0 @, 108, )]. (C103)
r'=r

— n

In the last inequality, we use the fact that Y, ,» contains at most rk + > _,»_, g,k sites since each (i>q (7) is gk-local. We
also use the extensiveness and the strength of time-dependency for the operator @q(r) given by Lemma C2. Let
C’rl’ Pt denote the number of copies of Eq. (C102) in the left-hand side of Eq. (C87). For instance, we have

My

c?, mon, S (@0 — DY/ [rl(go —r— 1)1 x r40=1=r % T'%0~1=" for all the possible numbers r, 7/, n,, ..., n,, as discussed
NN TN

in Eq. (C101). Then, using the relation Eq. (C103), we obtain

I'+1

BIPIRL (ﬁf’w( o)t

2 1 -1
< Z Ctn o 2 g LI = Dk [ KZ qr,,,> Kf (@, )" g(®,,)].  (Cl04)
r'=r =r

oy

We evaluate the above upper bound in a recursive way. Supposing that the operator A, (z) [[7 2[1_)”( A% (z) is

expanded by C7, . copies of Eq. (C102), we focus on the operator A, (7) Z 2[7_) "(7)]h% (7). When the index

qn.1 1s equal to 1, 1t is expanded by O . copies of copies of

nr+r/

. d dj{i\;/ (nrJrrJ) (i):;\‘ (nr+ ) Py n n
(a%mﬁ’a) Do I b T @) B @), B @), i ) )
X

(i)Ai éil\i/(nwr’) &)2' (”r+ ) rny 2(n 1\
= Yy, @l @ Ty @) R @) Y (@), Y @)
X2 ..... Xr+r’+]€/\f
r+r

N (n 46, D (n, . n n
+ iz Z [hiq,ﬂ rar Ty )(T), [ [h?“( rt +51,,+1)(T)’ [ [hJ’Xzz( 2+012) (), h?’Xl( 1+5/.1)(T)m“‘ (C105)

r+l

The second term comes from the Liebniz rule. We consider the summation of the norm over X 2 i and y4,...,7,ina
similar manner to Eq. (C103), and then it is bounded by
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r

Z [norm of Eq. (C105)]
Yioee¥r=1

1 -
<2'+”f"lgH P — 1)kf" g) H [(Z q) f<<1>q,,>]’r+r”g<<i>q,,/>] X Y, ]g(@7)
r+r 1 r—1
eSS [0 = i a0 TT [(5 0 Jusc@, ope o, )|
'=r =/ "=

_[ <r+qum>kg —l—rf—i—Zf q/,]

=1 =1

71

2
x 2=t g TT (7 = Dkfrg) H KZ q) q,,,n"rwg(cbq,,,)]

r'=r r'=r =
r’—1
[<2kg )+ 1) Zq }2”' ‘f’“gH P — 1)kf g) H [(Z q) ®, )" g(®D,,) |- (C106)
n'=1 r'=r r'=r 7=

In the last inequality, we use the relation f(®,) = ¢f by Lemma C2. We also use r + Z:ﬂle g <Y 0 qy- This
comes from the fact that r and 7 are at most g, and n respectively so that the corresponding term Eq. (C102) can appear
in A, (2) [T, {D})! (2) } 1 (2). L

The 1nequahty Eq. (C106) holds also for g, ,; # 1 when we replace g(dJ ") with g(®j,,, ) with similar calculation, while
it overestimates the upper bound due to the absence of the time derivative in Eq. (C105). In any case, this relation with the
common number of the copies C7 Pttt implies the recursive relation,

[r.hs. of Eq. (C104) forn + 1] < <[2kg wi1) ] Z q,,) [r.h.s. of Eq. (C104) forn]. (C107)

By repeating this relation until the bound for n = 0 appears, we obtain

[r.hs. of Eq. (C104) forn] < H <2kg N+ f] Z qn//> 1)!(2kg +Tf)4~1g (C108)

where we use Eq. (C101). This completes the proof of Eq. (C87). [
Proof of Eq. (C88). The proof is parallel to the one for Eq. (C87). We first consider the case with n = 0, i.e., the upper
bound on

41 a / q-1

YOy ( [ 220) ¢ o0, (TT 220 ) o) H (C109)

X3i yy, Y= 1ya,... Yao= q=q'+1 q=2
In a similar manner to Eq. (C98), the above equation is bounded by at most (gy — 1)!/[r!(gy — 1 — r)!] x r®o=1=" x

['%0~1=" copies of
- () (m) () () ()
DX > Mm@ W @) B @) [ R @) R @ (C110)
Viseenstp=1 XDi Xp.o0n X/C/\H«

= XrCA;

with some integers r, ', ny, ..., n, satisfying ¥ < r < gpand r + n; + - - - + n, = go — 1. This is different from Eq. (C99)
in that the domain X containing the site i appears in the middle of the nested commutator. Let Z,» denote the union
Zy,=X,UX3U---UXp_ forr” =2,3,..., 7, which contains at most (r” — 2)k sites. Note that it is different from the
union Y =XUX,UX3U---UX,»_;. Considering the set of the domains X, X,,...,X, such that the nested
commutators among the operators defined on them can survive, Eq. (C110) is bounded by
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[Eq. (C110)] < 2" Z ZIW‘"‘ ) > Z | HH e

X//ﬂZ/r#¢'(’” 2,. ')
Xn(xr,uzr/#d;
r+1
}’,// n //
<11 §: > 11" @
'=r Y= X//CA
X//ﬂy//#fﬁ
Vl( 1) r—r gny +tn ri(m) v ()
<2 (kg)™=" fromtn § > |k » | | 1%, (C111)
r Viseens yo=1 X3i XX JCA_1:
X p0Z p#p (7 =2..... ).
Xn(Xr,qu,);éqﬁ

The second inequality is obtained by the same calculation as Eq. (C103), in which we use the extensiveness and the
strength of the time-dependency for ' =+ +1,...,r
In order to evaluate the upper bound of Eq. (C111), we define the quantity S,» by

I
S, = max ) > HII RGN (C112)
XCAs|X|<k Frgy=1 Xl X CAi 1

Xr//ﬁZ //#4’(’” 2,000y )
Xn(X 1UZ /)¢

for ¥ > 2 and compute its upper bound. The relation X N (X, U Z.) implies that there exists a certain domain
X, €{X,,....,X,} such that X n X,» # ¢, and hence S, is bounded by

53 Y% thﬂ”"”()n

P1=27g =1 Xpew X/CA, .
X, n0Z n#¢, ("=2,..., r’),
X0X 74

71

}’/// n/// }’// n//
< Z Z > WOl Y H 1R, @)
P"=2 Vaueenn =1X //ICA: 1k X, XJ/L CAj_13
X,///OX#/) X n0Z n#¢, (=2, 1)
X ///ﬁ(XV//L]UZr/// V#d
}/ru n //
X H SRS @) - (C113)
=r"+1 \ Xp<hii
X, n0Z n#¢
For 7" > 3, the summation over X5, ..., X,»_, can be bounded by S,~_; since the domain X,~ contains at most k sites
due to the locality. The corresponding part for ' = 2 is equal to 1, and hence we set §; = 1 so that the bound by S,»_; can
work for any . The summation over X,»_,---, X, in Eq. (C111) is evaluated in a similar manner to Eq. (C103). As a

result, the quantity S, is bounded by

v

Sy <Y kfrrgSpoyx [ (7= Dkfrrg Z 7 kg Yy Ay gL, (Cl14)

P"=2 =" 41 P"=2

This results in the recursive relation,

Sr/ 1 Sr///_l
”fn2+ +n', kg 72 " 1)!fn2+~-~+nr///_] (kg)r’”—l (CHS)
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for ¥ > 2. With the initial condition S; =1, we can easily show that this implies the satisfaction of §, <
Pt (kg) =1 by induction.
We go back to the evaluation of Eq. (C111). Substituting S, < #/!f2%+%(kg)"~! into Eq. (C111), we arrive at

[Eq. (C111)] <27~ 1( ) (kg)=" frosttn Z Znh“ "(2)||Sy < (r— 1)1(2kg) "L fo0-1=rg.  (C116)
Finally, we obtain
) plo= =T (= 1)1 (2kg) " f071 g < (go — 1)!(2kg + Tf)®~'g,  (C117)

which completes the proof of Eq. (C88) for n = 0. The upper bound when the operator A, (7) is applied is essentially the
same as Eq. (C87). The locality, the extensiveness, and the strength of time-dependency appearing in Eq. (C110) are
common with Eq. (C99). We can construct the recursive relation for the upper bound like Eq. (C107). This results in the
inequality, Eq. (C88). [

4. Error bounds of time-dependent MPF

Here, we complete the proof of Theorem 17, which gives the bound on the time-dependent MPF errors. We prove the
following theorem using the results of Lemma C3 and Lemma C4.
Theorem C7. (Formal version of Theorem 17) Let T(¢) = e~1" + OtP*! be a pth-order time-independent PF for a

Hamiltonian H = Zf ,» defined by Eq. (75). We set the quantities {c;, ,} _, so that the time-independent MPF
M(1) =37 c{T(t/k j)}k.f can satisfy the order condition, M(t) = e~ + O™ 1. For the time 7 small enough to satisfy
t < mi ! ! (C118)
min ,
- 4’V ,po(N,€)(2kg +Tf) 4V m[ax]alcvéanp( 7)

the standard MPF N(,0) has an error bounded by
- > m+1 N ind
10(2.0) = N(0)] < 2], (27, max 5, (2)r)"" + [l [flse. c119)

Proof. We begin the proof with Eq. (C43), which tells us the error bound by the triangle inequality via the truncated
BCH formula. We have already computed the difference between the standard MPF and its approximation by the truncated
BCH formula in Lemma C3 or Lemma C4, and the assumption 7 < {4€*V ,po(N, €)(2kg + I'f)}~" in Eq. (C118) is made
for applying them. The remaining task is to evaluate the norm of

ch et (I[TBOR (¢/k;)]40) = ZZC e=ilon (1| {e=iH"t — [TBCH(1/1 )]k }|0). (C120)

j lez j lez

The right-hand side comes from the expression of the time evolution by Eq. (35) and the relation Z 1 ¢j =1, whichis
always demanded for the order condition M(t) = e~ + Ot.

The power of the truncated BCH formula [TBCH(1/k;)] expressed by Eq. (C21) can be seen as a time-evolution
operator under the Hamiltonian H” + 37 ., CI)F =1/ (k;)4". Regarding H" and 7 .| ®F197"/(k;)4~" respectively
as unperturbed and perturbed Hamiltonians in the interaction picture, it can be represented by the Dyson series,

- o F s ) t 75 n ) Po q_)th—l
[TBCH(t/k))]ls = e~ ™'t 4 e='H ;Z(_l)n[) dTn...A dr, H (ezrnradHF Z (l:)‘fl)' (C121)
n=1 J

n'=1 q=p+1

This series is absolutely convergent with respect to n since each i)g is a Toeplitz matrix given by Eq. (C4) and its norm
is bounded by || @ || < max, ¢ o7/(/|®,(7)]|) < co. Thus, the difference between e~"* and [TB (1/k;)]% in Eq. (C120) is
calculated as follows,
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P ol
_lH 1 Sy —S”/) zo (Dq 1 e*iHFtS] ,
(kj)o!

ch{e’iHF’ — [TBCH(1/k;)] Zc Z / ds, A ds, H

n'=1 q=p+1
(C122)
where we set 5,1 = 1 and use ), c; = 1. We arrange the terms with respect to the time #, which results in
Z {e—tHF TBCH([/k )] }
= (po L+ atn=l 1 52 n - - P
= —ch Z(—i)" Z Z (k_)q—l/ ds, - / ds, H (e—lH t(s"/“_s"')q)g”,)e_’H 15y
J n=1 q=pn+1 p+H1=q1...an<po; \VJ 0 0 n'=1
q1+tap=q+n—1
Lu
P 1
= > ey S S [lase [as T e e iy
q=p+1 J PH1Za1an<po: ¥ 0 0 ke
e ( -| q1+tgn=q+n—1
Po

The calculation in Egs. (C122) and (C123) is exactly the same as that for the time-independent MPF [29], in which
HYP g4 HA are associated with Hy, Hy, ..., Hr in the time-independent case via the correspondence of T (r)
[Eq. (52)] and T(1) [Eq. (75)]. The quantities {c;, ,} established for the time-independent MPF M (t) to satisfy the order
condition M(t) = ="' 4+ Or"*! are chosen so that the terms with ¢ = p + 1, p + 2, ..., m in Eq. (C123) can vanish (See
the end of Appendix C4 for the detailed choice). Therefore, with the same choice of {c¢ ik j}, the error for the time-
dependent case is expressed by

ql
1)

[Eq. (C120)] = ) Z tqz ql (—ir)r!

1€Z g=m+1

n=[%7]

! —1 Y/ 7Sr —l F s
X Z A dsn--~A ds e ier(]| {H H 15,04 NP Ne 1| [0). (C124)
pHI=qy....an<pg;

q1+tqn=g+n—1

We note that the above series is absolutely convergent with respect to / and g, which can be easily ensured by the
smoothness of the Hamiltonian as we do for Eq. (C53). Changing the order of the summation with respect to / and g, we
focus on the operator,

Ze—ilwt<l| {H (esz (s, =S ,)q)g”” ) —,HFts1:| \O> (C125)

leZ n'=1

We insert the completeness >, |/)(I| = 1 and use the translation symmetry of H by Eq. (38) and ®/ by Eq. (C76).
This results in the relation,

n
Ze—ilmt<l| H (e—iHFt(sn/H—sn/)q_)g”/)e—iHFtsl |0>

leZ n'=1

|
g

n
et H (<ln’+1 |e_iHFt(S",+1_S"/) |ln’ + mn’> <ln’ +my |q_)Fn, |ln’>)<ll |e_iHFts1 |0>
n’

_ Z H —ily s, (1 /+1|efiHFt(sn/+]fs"/) |0>{(i)qn/(t)}mn/e_im"/wm”’)e_illwtsl (I |e—iHFts1 |0)
e =
n
= || [U(swirts syt)®@, , (s21)]U(512,0). (C126)
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We use the expression of Ci)g by Eq. (C4) in the second and the last equalities and use that of the time evolution U(t, 0)
by Eq. (35) in the last equality. The unitary operators U(s, %, s,0t) and U(s,7,0) do not affect the norm. We can use the
relation || ®, (s, 1)|| < max, ¢ (||®,(z)]]) since we have 0 < s, < 1in Eq. (C124). As a result, the norm of Eq. (C120) is
bounded by

w |5

10(1,0) = e, TR @/ l0) | < Jelly Do D0 et S i, T ma (1, @)

j leZ g=m+1 pH1qy,...qn<pg:
n= |' '| q1+-tgn=q+n—1

4= 1 _ g+n—1
SE> Z L (V) max @it (o)) >

g=m+1 n= 1G] oG <pQ:
q1+tan=q+n—1
|5 c MPF ax~ | MPF n—1
% (ZV Trg%xt acom_,,(r)t) ;; (2V E%Xﬂacom,p(r)t)
+1
< el (ZV Tmﬁ)x]a%ﬁp(f)t)m : (C127)

In the second inequality, we use Lemma C1 for upper-bounding ||®,(7)|| by the quantity & oy, ,(7) and use the definition

of the quantity a%anp (7) by Eq. (170). The last inequality comes from the assumption Eq. (C118). The error bound
Eq. (C119) is immediately obtained by Eq. (C43). [

Choice of {c;. k;}. We discuss the concrete choice of the coefficients {c;} and the integers {k;}. We always impose
Zf p¢j=1so that at least the order condition N(#,0) = ="' 4+ Ot can be satisfied. On the other hand, we demand
that the term with ¢ < m in Eq. (C123) should vanish for N(z,0) = e=*#" 4 Or™*!. Thus, it is sufficient to find {c;. k;}
such that

J J Cj
> e=1, Z<k_>q_1:0, forg=p+1.p+2,...m (C128)
J

Jj=1 j=1

is satisfied. Or if the time-dependent PF S(#,0) has an even order p and the corresponding time-dependent PF T%(r)
satisfies the symmetric condition 7%(—r)" = T*(z), the terms with even ¢ in Eq. (C123) are all zero due to @}, = 0 for
even ¢,,. In that case, it is sufficient to impose

J J

C‘.
§ cj=1, § (k_)fq_lzo, forg=p+1,p+3,....2\m/2] — 1. (C129)
j=1 J

=

For example, this is the case for the even-order Lie-Suzuki-Trotter formula S »(2,0) since the time-dependent Lie-
Suzuki-Trotter formula 77 (¢), given by Theorem 6, satisfies the symmetric condition. The conditions Egs. (C128) or
(C129) are exactly the same as those for the time-independent MPF [26]. While we focus on the standard MPF N(,0)
here, they are valid also for the generalized MPF N(,0).

The well-conditioned MPF is a MPF satisfying ||c||;, k||1 € poly(m), which can be efficiently implemented on
quantum circuits by LCU. Such a solution is obtained when we consider PFs satisfying the symmetric condition [26]. We
set J = m/2 for even m and demand

J J
€
ch:l, Z(k-)‘rl:o’ for g =3,5,....,2J + 1. (C130)
j=1 j=1\"J

Although it is redundant by the conditions for ¢ = 3.5, ..., p — 1 compared to Eq. (C129), it allows a good choice of
{k;} given by
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1 R
., Ik, € Om*1logm.

sin <7ﬂ(2j — 1)>
8m
(C131)

The scale factor K < 2v/2m/x is a number such that
{k;} becomes mutually different integers. The set of the
coefficients {c;} is given by

1
o= i=wer

i#]

IZ]l, € Ologm.  (C132)

When we compose of the MPF with PFs which do not
necessarily satisfy the symmetric condition, we set J = m
and demand

J ¢
0t T

j=1 j=1

(C133)

This reduces to Eq. (C130) when we replace k; with (k;)?,
and hence we can use a squared value of Eq. (C131) as k;.

The choice of {c;} is just the same as the symmetric case.
|

1U(2.0) = $(2.0)|| < AthIIU(L o)+ 15(2.0))_{UIAF (2)[0)]].

APPENDIX D: PF FOR NON-UNITARY
DYNAMICS

While we concentrate on evaluating the explicit error
for time-dependent hermitian Hamiltonians H(t), our
results can be easily extended to the case when they
are non-hermitian as well as time-independent cases [11].
Such cases are useful for solving general linear differ-
ential equations [63], simulating open quantum systems
[64,65], or preparing thermal states via imaginary time
evolution [66].

Let us consider a time-dependent Hamiltonian
H(t) = £:1Hy([)’ where each term H,(t) is of class
CP*2 but not necessarily hermitian. We note that,
regardless of hermiticity of the Hamiltonian, the decay
of the transition amplitude (I|e~#"*|0) and the resulting
absolute convergence of Eq. (35) are maintained [43].
This means that Floquet analysis in the main text holds
also for non-hermitian cases. What differs from hermitian
cases is the absence of unitary operators in the error
representation. Reviewing the discussion in Sec. IV,
Eq. (90) implies that the error of the standard PF is
bounded by

(DI)
lez

The operator Af(7) is defined by Eq. (80) with replacing the conjugate of matrices by their inverse. The norm of the

time-evolution operator U(¢,7) is bounded by

o <o ( [ animae]).

(D2)

where Im H denotes (H — H')/2i. On the other hand, as shown in Eq. (112), the operator S(z,0) >, ({|AF(2)[0)
includes non-unitary operators, each of which has the following norm,

(VpI)
15(z.0)S < (2. 0)|| - [|S<i (2. O)| < |

(0" )=(v.y)

r
< exp <Vpryzzljfrgﬁ)§] ||ImHy(r)||),

or

, (v.r=1) )
e_lH'f”/(V/)(ﬂl‘//‘[)atl/r|| . || H e_lH”r’(’/)(ﬂ”//‘[)at//r||
(.7)=(L1)

(D3)

I
I8(2.0)Sy(z. 0) el P |« [}t Prrzam3._ (. 0)]| < exp (vprz max |im Hy<r>||). (D4)
}/=1 7e (0,7

Following the discussion from Eq. (116) to Eq. (124), we obtain an upper bound,

15(2.0))_(IIA"(2)[0)]| < 4(V,)7*'2” exp

lez

r
& > a1 1), G5

(D5)

Finally, using the relation Eq. (D1), we arrive at the following error bound for non-unitary dynamics.
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Lemma D1I. (Standard PF error for non-unitary dynamics) When the Hamiltonian H(7) is not necessarily hermitian, the

pth-order standard PF S(¢,0) has an error bounded by

- r 13
|U(2,0) — §(£.0)|| < 4(V, 1)+ exp (thz max ISH,(7)]| +/ dz||Tm H(T)||> max]amm,p(r). (D6)
y:l e |07 0

This bound is parallel to the one for time-independent
cases [11] in that they have additional exponential factors
in the time 7. While we hereby concentrate on the standard
PF for non-unitary dynamics, such extensions of other
variants of time-dependent PFs are straightforward. We
note that this extension also applies to the time-dependent
MPF. Namely, the error bounds of the generalized PF or
the time-dependent MPFs for non-unitary dynamics can be
obtained by upper-bounding the non-unitary time-evolu-
tion operators appearing in their error representations.
Such error bounds will have some additional exponential
factors like Lemma DI.
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