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We construct stabilizer states and error-correcting codes on hybrid discrete- and continuous-variable
systems, generalizing the Gottesman-Kitaev-Preskill (GKP) lattice formalism. Our framework embeds
qudit phase space into a hybrid phase space parameterized by continuous variables, with unit cells that
grow with qudit dimension—enabling simultaneous measurement of an arbitrarily large range of noncom-
muting displacements. Simple hybrid states arise from applying a conditional displacement to a GKP state
and a Pauli eigenstate, or by encoding qudits of a stabilizer state into a GKP code; their oscillator-qudit
entanglement is non-Gaussian, distinguishing them as a resource beyond tensor products of stabilizer
states. Simple hybrid codes are subsystem GKP codes whose gauge factor is entangled with a qudit.
Numerical experiments suggest that they can outperform GKP codes against physical noise, with decoders
tunable to either qudit or oscillator errors. We also relate stabilizer codes to noncommutative tori, showing
that a general construction yields multimode multiqudit GKP extensions. We compute the codes’ logical
dimension and operators via Morita equivalence.
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I. INTRODUCTION AND SUMMARY

Quantum effects have proven useful in select applica-
tions [1–7], and their stabilization on a scale necessary
for such applications is increasingly becoming a reality
[8–11].

Quantum effects can be realized using discrete or contin-
uous degrees of freedom. The smallest quantum system—a
qubit—consists of two states and is a special case of a
multilevel system called a qudit. The label of a qudit’s
defining states can be thought of as a discrete-variable (DV)
“position.” On the other hand, the position of a continuous-
variable (CV) quantum system, like a particle on a line or a
harmonic oscillator, is continuous.

Quantum devices admit both discrete and continuous
degrees of freedom. The orbital, nuclear-spin, electronic-
spin, and electronic orbital degrees of freedom of atoms
(real or artificial [12]), ions, and molecules are typically
thought of as DV systems, while their vibrational and, in the
case of molecules, rotational modes are best described by
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continuous variables. The electromagnetic field has both
an amplitude, described by continuous quadratures, and a
polarization, described by two directions at a time.

Discrete-variable degrees of freedom are routinely used
as ancillas for continuous-variable ones and vice versa.
But using CV and DV degrees of freedom on a more equal
footing can combine advantages superadditively to yield
more powerful quantum devices [13–18]. To name a few
recent examples, hybrid systems can (in principle) fac-
tor integers with surprisingly low overhead [19,20], they
can provide increased error-correcting capability [21–25],
and they have been leveraged to simulate gauge theories
[26–30] and vibrational spectra [31,32] with real devices
[33–35].

Most investigations of hybrid systems so far have been
rooted in the particular details of their underlying quan-
tum device. One exception to this line of thought is the
manuscript [36], which distills computational primitives
of hybrid systems from a general and platform-agnostic
point of view. However, other canonical primitives, such
as uncertainty relations, stabilizer states, and symplectic
operations, remain to be fully fleshed out.

We continue the direction pushed by Ref. [36] and
collect hybrid analogs of “easy” states and “easy” oper-
ations on hybrid CV-DV systems. These are, respectively,
stabilizer states and symplectic (i.e., Gaussian-Clifford)
operations. By “stabilizer” [37], we mean states that form
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joint +1-eigenvalue eigenspaces of a commuting group of
oscillator displacements and qudit Pauli strings.

A. LCA states

We define a class of hybrid stabilizer states and error-
correcting codes that are a fusion of quantum lattice states
[a.k.a. Gottesman-Kitaev-Preskill (GKP) [38] or Zak basis
states] [39–42] with modular-qudit stabilizer states [43–
47]. We examine the properties of a class of experimentally
relevant single-mode single-qudit locally compact Abelian
(LCA) states and codes we call simple. A qudit’s phase
space is discrete, but the LCA framework absorbs it into
a hybrid phase space parameterizable entirely by the con-
tinuous variables of the oscillator. This hybrid phase space
allows one to measure a larger set of noncommuting oscil-
lator displacements than is possible with a purely oscillator
system [41], assuming no qudit errors occur during mea-
surement. This should yield more powerful protocols for
measuring displacements than the recently realized [48]
GKP-based protocols [49–51].

We review the structure of symplectic (i.e., stabilizer-
preserving) operations, highlighting that they cannot
entangle oscillators and qudits [52,53]. This makes LCA
states a distinct resource from tensor products of DV and
CV stabilizer states because each LCA state is entangled
with respect to the oscillator-qudit bipartition. We show
that displaced versions of LCA states form an entangled
basis [54–57] for an oscillator-qudit system, much like Bell
states do for two-qudit systems.

LCA states can be prepared with readily realizable non-
Gaussian resources. A simple example of an LCA state
is a qudit stabilizer state for which a subset of qudits
has been encoded into a GKP code (see Fig. 1). LCA
states can also be obtained by applying an oscillator-
qudit conditional-displacement gate to a GKP state and a
Pauli eigenstate. Such states occur mid-circuit in syndrome
extraction protocols based on this gate [59]. In this sense,
LCA states have effectively been experimentally realized
in the trapped-ion [48,60–62] and superconducting-circuit
[63–67] devices implementing such protocols.

B. LCA codes

Extending LCA states, our simple LCA codes are con-
structed from certain GKP codes by first performing a
bipartite logical subsystem decomposition on the GKP
code and then entangling one of the factors in this decom-
position with a qudit. We show the number-theoretic prop-
erties necessary for such decompositions to be possible,
yielding simple LCA code families for certain combina-
tions of physical and logical qudit dimensions.

We numerically evaluate the entanglement fidelity of
recovery of LCA and GKP codes under the Petz recovery
(a.k.a. transpose recovery) for the combination of pho-
ton loss on the mode and qudit amplitude damping. This

(a) (d)

(b)

(c)

FIG. 1. (a) Ordinary Bell states and (b) encoded Gottesman-
Kitaev-Preskill Bell states are defined on qudit (thin line) and
oscillator (thick line) systems, respectively. (c) Simple locally
compact Abelian states interpolate between these purely DV
and CV states since they can be obtained by encoding one
half of a Bell state into a Gottesman-Kitaev-Preskill code.
Locally compact Abelian states cannot be obtained from separa-
ble oscillator-qudit states via symplectic (i.e., Gaussian-Clifford)
operations, underscoring the non-Gaussianity of the Gottesman-
Kitaev-Preskill encoder (cf. Ref. [58]). (d) The locally compact
Abelian framework absorbs the qudit into the oscillator to form
a hybrid phase space that is parameterizable by the oscillator’s
original variables. The minimal area enclosed by two commut-
ing displacements on this phase space is 2πc, where c is the
qudit dimension. This means position and momentum can be
simultaneously measured modulo

√
2πc for arbitrarily large c.

fidelity is a good proxy for the optimal entanglement
fidelity, and our experiments suggest that LCA codes can
outperform GKP codes against physical noise for certain
parameters (see Sec. V D).

Simple LCA codes are special cases of our general mul-
timode multiqudit LCA codes. The general construction is
obtained by relating stabilizer codes to noncommutative
tori, a type of algebra studied in noncommutative geom-
etry and string theory [68–75]. We utilize Morita equiv-
alence—a structural relation between algebras—to obtain
logical operators for a given LCA stabilizer group (see
Theorem 1). We explicitly calculate the logical dimension
of the code, expressing it in terms of a Pfaffian.

The parallel between stabilizer error correction and non-
commutative geometry—our main conceptual and techni-
cal result—is summarized in Table I. Infinite families of
lattice-like codes with guaranteed finite logical dimension
are possible over arbitrary qudit structures, and it is likely
that exotic and interesting hybrid lattices will lie along the
path we lay out.
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TABLE I. Oscillator-qudit phase spaces are labeled by posi-
tions and momenta of modes, as well as computational and
Fourier-dual basis-state labels of qudits of various dimensions
cj . These subsystems each contribute factors of R × R and
Zcj × Zcj to the overall phase space, which forms an instance
of a locally compact Abelian group. The (commuting) stabilizers
of a locally compact Abelian code are an instance of a commuta-
tive torus, while the logical oscillator-qudit displacements realize
a noncommutative torus dual to the stabilizer torus. The dual-
ity between them is an instance of Morita equivalence, a special
case of which is the inversion mapping between the Gottesman-
Kitaev-Preskill code’s lattice Θ and its dual, the logical lattice
Θ−1 (see Sec. VII and Theorem 1).

Quantum error correction Noncommutative geometry

Oscillator-qudit phase space LCA group
Stabilizer algebra Commutative torus
Logical algebra Dual noncommutative torus
Stabilizer-to-logical mapping Morita equivalence

LCA states and codes combine several interesting and
useful features of CV and DV systems—lattice structure,
Fourier duality, and behavior under symplectic transfor-
mations, to name a few. We anticipate that LCA states
may find applications anywhere such features are used.
We hope that our work will spearhead future investigations
into fault-tolerant hybrid quantum algorithms and quantum
and post-quantum cryptographic protocols [76–78].

We overview the key features of simple LCA states in
Sec. II. We then define LCA codes, first for a single-mode
single-qudit space in Sec. III, and then using a simple
multimode extension in Sec. VI. We present a general mul-
timode LCA code construction in Sec. VII. We discuss
symplectic physical and logical gates in Sec. VIII.

II. SIMPLE LCA STATES

The key features of LCA states and codes are already
evident for the case of a single oscillator and qubit. We
overview this case before concluding this section with the
natural qudit extension.

A qubit stabilizer state is a +1-eigenstate of a group of
commuting Pauli operators. All single-qubit Pauli strings
anticommute, so a state whose stabilizer group contains at
least two nonidentity elements must be defined on two or
more qubits. The smallest example of such a state is the
Bell state |00〉 + |11〉, stabilized by σ̂x ⊗ σ̂x and σ̂z ⊗ σ̂z
(tensor product will be implied from now on). Here, σ̂x and
σ̂z are the standard unitary qubit Paulis.

An oscillator stabilizer state is a +1-eigenstate of
a group of commuting displacement operators. Let
exp
(−iap̂

)
and exp

(
ibx̂
)

be displacement operators for a
single mode, defined using momentum and position oper-
ators, p̂ and x̂, respectively, and real displacements a, b.
The simplest example, often called the qunaught GKP

state [79], is the unique +1-eigenstate of the two commut-
ing single-mode displacements for which a = b = √

2π .
Moving along a square using these two displacements
traces out an area of 2π , yielding a group commutator
(a.k.a. Berry phase) of exp(i2π) = 1. The correspond-
ing qunaught GKP state is a superposition, or comb, of
oscillator positions [see Fig. 2(a)]

|∅〉 =
∑

�∈Z

|�
√

2π〉x̂ (qunaught state), (1)

where |x〉x̂ are (non-normalizable) oscillator position vec-
tors [80].

A hybrid oscillator-qubit stabilizer state is a +1-
eigenstate of a group of commuting tensor products of
displacement and Pauli operators. A trivial example is a
tensor product of a Bell state with the qunaught GKP
state, whose hybrid stabilizer group is the tensor product
of the corresponding oscillator and qubit groups. This state
is separable since the qubit and oscillator factors of its
group elements are independent. In other words, commuta-
tion is ensured since the displacements and Pauli elements
commute individually and independently of each other.

An LCA stabilizer state admits a stabilizer group whose
oscillator and qubit factors do not commute individually.
The simplest such group is generated by the pair

ŜX = e−i
√
π p̂ σ̂x and ŜZ = ei

√
π x̂σ̂z. (2)

The oscillator parts of the above stabilizers anticommute
since the phase-space area of the square traced out by
them is π . This phase is exactly compensated by the
anticommutation of the two Paulis.

The unique state stabilized by the above group is

|LCA〉 =
∑

�∈Z

|�√π〉x̂ |� mod 2〉 (3a)

=
∑

s∈Z

|(2s)
√
π〉x̂ |0〉 + |(2s + 1)

√
π〉x̂ |1〉 , (3b)

where unlabeled kets are qubit canonical basis states |0〉
and |1〉. The first line shows that the teeth of the oscilla-
tor position-vector comb are sorted among the qubit states
according to parity [see Fig. 2(b)] via the mapping,

� → (�
√
π , � mod 2), (4)

for the �th tooth. This is an embedding of the integer lattice
Z into the group R × Z2 labeling the oscillator-qubit con-
figuration space (cf. Ref. [81]). This embedding yields the
two 0-state and 1-state subcombs in the second equation,
consisting of even and odd multiples of

√
π , respectively.

The above state corresponds to an embedding of a
square lattice since the displacement parts of the stabiliz-
ers (2) are both by the same amount. One can, of course,
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(a)

(b)

(c)

FIG. 2. (a) A Gottesman-Kitaev-Preskill qunaught state |∅〉
(1) is a superposition, or comb, of oscillator position vectors
spaced uniformly at a distance of dGKP = √

2π . (b) A simple
oscillator-qubit locally compact Abelian state (3) is a superpo-
sition of two such combs, each tensored with the qubit state |0〉
or |1〉. The spacing within each comb is a factor of

√
2 larger

than that of the qunaught state, while the spacing between combs
is smaller by the same factor. (c) Simple oscillator-qudit locally
compact Abelian states (14), depicted here for qudit dimension
c = 5, are a superposition of c combs tensored with the c qudit
basis states. The intracomb spacing is a factor

√
c larger than that

of the qunaught state.

shape the lattice to be rectangular by applying a squeezing
operation.

The LCA state is not normalizable since each position
vector is not normalizable, and since each comb contains
an infinite number of such vectors. LCA states can be
normalized in the same way as GKP states, namely, by
replacing each position vector with a finitely squeezed
state, and by modulating each comb of position vectors
with a Gaussian envelope [42,82,83] (see Sec. V).

A. Larger detectable displacement

The mapping equation (4) reveals that the spacing of
LCA states must be different than that of GKP states—a
single integer shift in � does not map the lattice back onto
itself. Instead, two shifts are required to match the second
(modular) coordinate.

Observing Eq. (3), the spacing between the teeth of each
subcomb in the LCA state is 2

√
π . This means that a dis-

placement of 2
√
π is required to shift a tooth of each comb

to the location of its neighbor on the same comb. This is a
factor of

√
2 larger than that of the qunaught state (1). The

displacement by 2
√
π is a stabilizer obtained by squaring

ŜX (2).
Shorter displacements exp

(−iap̂
)

with |a| < 2
√
π shift

the combs away from their original positions, with the
exception of |a| = √

π . Such a shift exchanges the two
subcombs, but the resulting state,

e−i
√
π p̂ |LCA〉 =

∑

s∈Z

|(2s + 1)
√
π〉x̂ |0〉 + |(2s)

√
π〉x̂ |1〉

= σ̂x|LCA〉, (5)

is orthogonal to the LCA state because the two subcombs
are paired with the wrong qubit states. Therefore, all shifts
up to (and excluding) 2

√
π yield states orthogonal to the

original LCA state. The shifted states at a = ±√
π are the

same state, and the continuum of distinct shifted states can
be labeled by either 0 ≤ a < 2

√
π or −√

π ≤ a <
√
π .

The same effect is observed for momentum shifts by
writing the LCA state in the qubit |±〉 and oscillator
momentum bases |p〉p̂ ,

|LCA〉 = 2
√
π
∑

s∈Z

|(2s)
√
π〉p̂ |+〉 + |(2s + 1)

√
π〉p̂ |−〉 .

(6)

The above can be obtained by inserting a resolution of the
identity in terms of the two bases in Eq. (3). Momentum
shifts 0 < |b| < √

π and
√
π < |b| < 2

√
π yield orthogo-

nal subcombs, the shift by |b| = √
π exchanges the sub-

combs but still yields an orthogonal state, and the shift
by |b| = 2

√
π is the square of the stabilizer ŜZ (2) or its

adjoint.

B. Measuring the displacement

We show that the Dirac-delta orthogonal set of displaced
states,

e−iξ1p̂ eiξ2 x̂|LCA〉 for 0 ≤ ξ1, ξ2 < 2
√
π , (7)

is a complete “basis” for the oscillator-qubit system. It may
be surprising that applying qudit Paulis is not necessary to
span the entire oscillator-qudit state space. This is because
displacements by

√
π perform the same action on the state,

as shown in Eq. (5) for the case of the momentum and
Pauli-X shifts. In this way, the qudit is “absorbed” into the
CV phase space of the oscillator.

The displaced states are complete because their dis-
placements exactly cover the required phase-space vol-
ume. To show this, we pretend the physical qubit of the
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TABLE II. Table comparing two-qudit, two-oscillator, and oscillator-qudit stabilizer states, each created by an entangling unitary
acting on a separable state. The first state is a two-qudit Bell state, created by the Clifford CNOT gate acting on a tensor product of qudit
Z and X eigenstates. The second is a Gottesman-Kitaev-Preskill logical Bell state, created by a Gaussian conditional displacement
acting on encoded Gottesman-Kitaev-Preskill eigenstates. The third is a locally compact Abelian state, created by the nonsymplectic
oscillator-qudit conditional-displacement equation (18) acting on a Gottesman-Kitaev-Preskill state and a qudit |+〉 state. While all
three are stabilizer states—unique eigenstates of a commuting group of Pauli/displacement operators—the third one cannot be created
from a separable state by a Gaussian-Clifford operation.

System |ψ〉 U U symplectic? U|ψ〉 U|ψ〉 stabilizer?

Zc × Zc |0〉 |+〉 CNOT � Qudit Bell �
R × R |0〉GKP|+〉GKP exp

(
ip̂1x̂2
)

� GKP Bell �
R × Zc |0〉GKP|+〉 CDISP√

2π/c (18) × LCA �

LCA state is in its own GKP mode and infer the required
volume by freezing out any displacements that take the
state out of the encoded subspace.

After encoding the physical qubit, the LCA state
becomes the two-mode GKP Bell state as shown in
Fig. 1(b),

|LCA〉 → |0〉GKP|0〉GKP + |1〉GKP|1〉GKP (8a)

∝ UBS|∅〉|∅〉, (8b)

where the overline kets are logical codewords of the GKP
code stabilized by exp

(
−i

√
4π p̂
)

and exp
(

i
√

4π x̂
)

. This
state can be obtained from two qunaught GKP states via a
beamsplitter UBS [79], as shown in the second line (up to
normalization).

The beamsplitter preserves phase-space volume, so the
phase-space volume required to create a complete basis by
displacing the states on either side of the above equation is
the same. This is quantified by the following:

ALCAAGKP = A2
∅

. (9)

The volume on the right-hand side is the product of the
areas formed by distinct displacements of the qunaught
GKP state. Its stabilizers are displacements by

√
2π , so all

smaller displacements span an area of A∅ = 2π for each
mode [84].

The volume on the left-hand side of Eq. (9) is a prod-
uct of the area ALCA of displaced LCA states that we wish
to determine, times the area AGKP of detectable displace-
ments of the GKP code of the second mode. The latter area
quantifies all displacements that would be frozen out if the
qubit is assumed to be rigidly fixed in its codespace, which
is the same as assuming the qubit was not encoded in the
GKP code in the first place. The logical displacements of
the GKP code are exp

(−i
√
π p̂
)

and exp
(
i
√
π x̂
)
, and all

detectable displacements span an area of AGKP = π .
Solving the above yields ALCA = 4π , matching the area

spanned by the displacements in Eq. (7) and proving that
the displaced LCA states form a complete set.

Measuring in the set of displaced LCA states can dis-
tinguish displacements in either direction and along either

position or momentum as long as the absolute value of
each is less than

√
π . On the other hand, a measurement

in the set of displaced GKP states allows one to distin-
guish any displacements whose absolute value is less than√
π/2. This means that there is a

√
2 amplification in the

range of distinguishable displacements of LCA states rel-
ative to GKP states. This amplification is possible as long
as there is no physical-qubit error during the displacement.
Such an error is equivalent to an additional displacement
of

√
π in one or more directions, as evident by Eq. (5), and

would yield an incorrect measurement.

C. Nonsymplectically generated entanglement

The LCA state (3) couples each GKP comb with its
own qubit basis state, meaning it is entangled across the
oscillator-qubit partition. This entanglement is maximal
with respect to the qubit, so tracing out the oscillator yields
identity on the qubit. All LCA states are entangled in
this sense, and the set of such states forms a completely
entangled subspace [54–57] of the oscillator-qubit space.
Displaced versions of each state, as in Eq. (7), form a
completely entangled basis for the space.

The LCA state is also a stabilizer state, namely, it is an
eigenstate of a commuting subgroup of the group of oscil-
lator displacements and qubit Paulis. However, it cannot be
obtained from a separable oscillator-qubit state under sym-
plectic transformations, i.e., under any unitaries that pre-
serve this group. This is in contrast to qubit stabilizer states
and qunaught GKP states, which are all interconvertible
via Clifford and Gaussian operations within themselves,
respectively. In this sense, LCA states form a new class
of resource states whose entanglement cannot be created
or destroyed by Gaussian-Clifford operations; see Table II
for a comparison.

The simple reason for this feature is that oscillator-qubit
symplectic transformations are always tensor products of
a Gaussian operation on the oscillator and a Clifford gate
on the qubit. To see this, we can express the qubit Pauli
matrices as exponentials of qubit position and momentum
variables, σ̂x = (−1)m̂ and σ̂z = (−1)ĵ , where ĵ = (1 −
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σ̂z)/2 and m̂ = (1 − σ̂x)/2, respectively [85]. Any entan-
gling symplectic gate must shift the oscillator position or
momentum by some multiple of m̂ or ĵ . This multiple is
real-valued, while the qubit position is binary. Therefore,
there can never be an entangling gate of such a form since
it would not preserve the binary phase space of the qubit.

Consider, for example, the oscillator-qubit conditional
displacement by a real b,

CDISPb = 1 ⊗ |0〉〈0| + eibp̂ ⊗ |1〉〈1| (10a)

= exp
(
ibp̂ ⊗ ĵ

)
. (10b)

This gate does not preserve the displacement-Pauli group,
i.e., it is not Gaussian-Clifford, because it shifts the oscil-
lator position, x̂ → x̂ + bĵ , by a nonbinary shift of the
qubit. When conjugating the corresponding displacement,
this translates to

eiax̂ → eia(x̂+bĵ ) = eiax̂σ̂
ab/π
x (11)

for any real a. The power of σ̂x needs to be an integer,
but that is not the case for generic a, b. In fact, appending
Clifford-Gaussian transformations with conditional dis-
placements yields a universal gate set [20].

One can show that there are no entangling symplectic
operations more formally by noticing that such operations
correspond to homomorphisms between the configuration
spaces of the oscillator and qubit, R and Z2, respec-
tively, and recalling that there are no such homomorphisms
(see Refs. [52,53] and Appendix G.2 in our Supplemen-
tal Material [86]). Roughly speaking, one can never map a
finite group into the reals because there is no way to break
the periodicity of the group’s elements without violating
its multiplication rules.

D. Initialization

The LCA state is obtained by applying an oscillator-
qubit conditional displacement (10) by b = √

π to a tensor
product of the GKP code’s zero codeword and the qubit
|+〉 state. The comb of the codeword consists of teeth sep-
arated by

√
4π = 2

√
π , and the conditional displacement

shifts this comb by an extra
√
π whenever the qubit is in

the |1〉 state. This yields the two combs making up the LCA
state (3),

CDISP√
π |0〉GKP|+〉 ∝ |LCA〉. (12)

Another way to see that non-Gaussian resources are
required to make the LCA state is to observe that the state
can be obtained by initializing two qubits in a Bell state
and encoding one of them into the GKP code. The qubit’s
Paulis are mapped to the anticommuting logical operators
of the code, σ̂x → exp

(−i
√
π p̂
)

and σ̂z → exp
(
i
√
π x̂
)
,

and the Bell state’s stabilizer group becomes the LCA
stabilizer group generated by the operators in Eq. (2).

E. Oscillator-qudit LCA states

The qubit case so far discussed extends naturally to
oscillator-qudit LCA states of a mode and a qudit of
dimension c ≥ 2 and reduces to the GKP qunaught state
(1) at c = 1. The stabilizer generators extend to

ŜX = e−i
√

2π
c p̂ X̂ †, (13a)

ŜZ = ei
√

2π
c x̂Ẑ, (13b)

where X̂ , Ẑ are the usual modular-qudit Pauli matrices
satisfying X̂ ẐX̂ †Ẑ† = exp(−i2π/c). The commutation of
the qudit factors of each stabilizer compensates the phase
arising from the noncommuting displacements.

The two stabilizers admit a unique joint eigenstate with
eigenvalue +1,

|LCA〉 =
∑

�∈Z

∣∣∣∣∣
�

√
2π
c

〉

x̂

|−�〉 (14a)

=
∑

j ∈Zc

(
∑

s∈Z

∣∣∣∣∣
(sc + j )

√
2π
c

〉

x̂

)

|−j 〉 , (14b)

where unmarked kets, |−�〉 and |−j 〉, are the c distinct
qudit Ẑ-eigenstates, defined for argument modulo c.

The second form of the state shows that each qudit
eigenstate, |−j 〉, is paired with its own GKP state, and that
the c different GKP states are spaced apart by

√
2π/c. This

means that a displacement of c
√

2π/c = √
2πc is required

to map the state back to itself. This is a factor of
√

c longer
than the stabilizing displacement of the qunaught GKP
state, obtained from the above at c = 1.

The momentum-space form of the state can be obtained
by inserting a resolution of the identity in the modal
momentum and qudit-X̂ bases, yielding a similar comb
form [see Fig. 2(c)],

|LCA〉 =
√

2πc
∑

j ∈Zc

⎛

⎝
∑

s∈Z

∣
∣∣∣∣
(sc + j )

√
2π
c

〉

p̂

⎞

⎠ |j 〉X̂ , (15)

where |j 〉X̂ is the j th X̂ -eigenstate. The same argu-
ment holds for momentum shifts, and the shortest pure-
momentum displacement stabilizer is a momentum shift of√

2πc.
The square unit cell enclosed by

√
2πc-displacements in

each direction has area ALCA = 2πc, notably proportional
to the qudit dimension. The set of LCA states displaced by
displacements whose values lie in the unit cell is a com-
plete set because of a qudit version of the volume argument
we made for the oscillator-qubit case.

To state the argument, we embed the qudit into its own
qudit GKP code, after which the oscillator-qudit LCA state
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becomes a GKP-qudit Bell state,

|LCA〉 →
∑

j ∈Zc

|j 〉GKP|−j 〉GKP ∝ eip̂1 x̂2 |0〉GKP|+〉GKP.

(16)

The proportionality shows that, up to normalization, this
Bell state can be created from a separable logical state
using the above conditional oscillator-oscillator displace-
ment. This conditional displacement is a Gaussian-Clifford
operation, unlike its oscillator-qudit cousin, meaning that
it preserves phase-space volume.

Both the qudit GKP-zero and qudit GKP-plus states are
Gaussian-deformed versions of the qunaught GKP state, so
the joint volume of their unit cell is the same as the product
of two qunaught states. The volume of detectable dis-
placements of the GKP qudit is 2π/c, yielding the correct
LCA-state volume,

ALCA = A2
∅

AGKP
= (2π)2

2π/c
= 2πc. (17)

Using similar arguments as for the oscillator-qubit case,
we conclude that oscillator-qudit symplectic transforma-
tions are always tensor products of Gaussian operations
and modular-qudit Clifford gates (see Appendix G.2 in
our Supplemental Material [86]). As such, oscillator-qudit
LCA states cannot be obtained by acting with such trans-
formations on a separable state. The two ways to initialize
an LCA state—encoding one half of a qudit Bell state
into a GKP qudit, or applying a conditional oscillator-
qudit displacement—also carry over to the qudit case. The
oscillator-qudit conditional displacement required for the
latter is

CDISP√
2π/c = ei

√
2π
c p̂⊗ĵ =

∑

j ∈Zc

eij
√

2π
c p̂ ⊗ |j 〉〈j |. (18)

F. Hybrid Zak bases

A type of dual basis that exists for GKP codes—the dis-
crete Zak basis [39,40]—can also be extended to the LCA
case [87,88].

The set of distinct displaced LCA states, |ξ1, ξ2〉 =
e−iξ1p̂ eiξ2 x̂|LCA〉, is sometimes called the continuous or
periodic Zak basis [89–92]. It is parameterized by two
angles, 0 ≤ ξ1,2 <

√
2πc, and the fact that it is complete

implies that one can parameterize functions on the real line
with those on a two-dimensional torus.

Taking the two-dimensional Fourier transform on this
torus yields an integer-valued hybrid analog of the Zak

basis,

|n1, n2〉 =
∫ √

2πc

0
dξ1dξ2ei(n1ξ2−n2ξ2)|ξ1, ξ2〉, (19)

for integers n1,2. Since the unit-cell area of the displace-
ments behind displaced LCA states is 2πc, the integers
parameterizing the discrete Zak basis can be thought to
form a grid of spacing

√
2πc—a factor of

√
c larger than

the grid of the original discrete Zak basis.

III. SIMPLE LCA CODES

We define LCA codes for a single oscillator and a single
mode. These span the joint +1-eigenvalue eigenspace of a
commuting set of displacement-Pauli operators.

A. Stabilizers

LCA codes are defined by a non-negative integer c
and integer d that satisfy the GCD (greatest common
denominator) condition,

gcd(c, d) = 1 ↔ d ∈ Z
×
c (GCD condition). (20)

In other words, d is an element of the multiplicative group
Z

×
c of integers modulo c—the subset of Zc for which mul-

tiplication modulo c is well-defined. The value of c is the
qudit dimension, and the possible logical dimensions K
(not all are possible for a given c!) are determined by d.

The stabilizer group is generated by the operators

ŜX = e−i
√

2πK
c p̂ X̂ †d, (21a)

ŜZ = ei
√

2πK
c x̂Ẑ. (21b)

Since X̂ c = Ẑc = 1, stabilizers with the same K and dif-
ferent values d, d′ are equivalent whenever d ≡ d′ modulo
c. There are thus at most c − 1 different “classes” of qudit
factors, corresponding to the c − 1 distinct nontrivial pow-
ers of X̂ †. This is saturated for prime c, in which case there
are exactly c − 1 code classes.

For a given d mod c, the possible values of K differ
from each other by multiples of c and can be modulated by
a free integer parameter θ ,

K = cθ + d (logical dimension). (22)

All integer values of d, θ are allowed in principle, and an
absolute value should be taken on the right-hand side to
accommodate this (see Appendix F in our Supplemental
Material [86] for such a treatment). Instead, we fix θ ≥
0 and 0 ≤ d ≤ c − 1, which guarantees a non-negative K .
This is done without loss of generality since a code with
any other d is equivalent to one with a d in our defined
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range via a compensating change in θ , and since a code
with cθ + d < 0 is equivalent to a code with the signs of
θ , d flipped.

The commutation relation between the two stabilizers is
satisfied due to the qudit and oscillator phases canceling
each other, and due to θ being an integer,

ŜX ŜZŜ†
X Ŝ†

Z = e−i 2π
c (cθ+d−d) = e−i2πθ = 1. (23)

The K = d = 1 case for general c reduces to the sim-
ple LCA states from Sec. II E. The other classes have
d > 1 and thus host logical codespaces. We call these
cases (c, d)-LCA codes and refer to the θ = 0 special cases
as simple (c, d)-LCA codes—a family that includes the
qunaught GKP state (c = d = 1), simple LCA states (c >
d = 1), as well as all LCA codes with K = d > 1. Any
single-mode single-qudit LCA code can be obtained from
a simple LCA code by tuning d and θ .

B. Codewords

Codewords of simple LCA codes are constructed by
starting with a Kc-dimensional GKP code, splitting it up
via a logical subsystem decomposition into K- and c-
dimensional factors, and entangling the latter factor with
the c-dimensional qudit.

Given μ ∈ ZK , a basis of codewords is defined by

|μ〉 =
∑

�∈Z

∣∣∣∣∣
(�K + μ)

√
2π
Kc

〉

x̂

|−(�d + μ)〉 (24a)

=
∑

j ∈Zc

(
∑

s∈Z

∣∣∣∣∣
(jK + μ)

√
2π
Kc

+
√

2πKcs

〉

x̂

)

× |−(jd + μ)〉
=
∑

j ∈Zc

∣∣∣GKPKc
Kj +μ
〉
|−(jd + μ)〉 , (24b)

where | 〉x̂ is a position vector, and where the unmarked ket
is a canonical qudit Ẑ eigenstate whose argument is evalu-
ated modulo c. The second equation splits the hybrid comb
into a superposition of c different combs, each multiplied
by a unique qudit state. The qudit state is unique because
−(jd + μ) modulo c evaluates to a distinct value for each
j due to the GCD condition (20).

Equation (24b) expresses the LCA state in terms of its
underlying GKP code, where we define

∣∣GKPK
μ

〉 =
∑

s∈Z

∣∣∣∣
∣
(Ks + μ)

√
2π
K

〉

x̂

(25)

to be the μth logical state of a GKP qudit of dimension K .
Each LCA codeword contains c distinct GKP codewords,
and a total of Kc codewords participate in the LCA code.

(a)

(b)

FIG. 3. Depictions of logical codewords of locally compact
Abelian codes encoding (a) a logical qutrit (K = 3) into a mode
and a physical qubit (c = 2) [see Eq. (27)], and (b) a logical qubit
(K = 2) into a mode and a physical qutrit (c = 3) [see Eq. (28)].
These are the smallest encodings of a logical qutrit and a logical
qubit, respectively. Both utilize the same six oscillator combs,
paired up in two different ways to the physical qubit and qutrit
basis states. The shortest undetectable displacement is

√
cdGKP,

where dGKP = √
2π/K Eq. (36). A decoder correcting against all

single-qudit Pauli-X̂ errors along with small position displace-
ments can be constructed by splitting up the syndrome space into
segments 1©, 2©, . . . , c©, as shown (see Sec. IV). The same pic-
ture holds against Pauli-Ẑ errors and momentum displacements
in the Fourier domain.

The GKP code’s logical states are split up according to the
logical [93] subsystem decomposition

ZKc = ZK × Zc (logical subsystem decomp.). (26)

The c-dimensional factor entangles with the c states of the
physical qudit, while the K-dimensional factor stores the
logical information. This decomposition occurs by the Chi-
nese remainder theorem because K and c are defined to be
coprime.

We cover a few notable specific cases, two of which are
depicted in Fig. 3. Other possible combinations of c and d
are those whose corresponding entry in Table III is filled in.

1. GKP (c = 1)

This case yields the square-lattice GKP code with log-
ical dimension K = θ + 1 and a separation of

√
2π/K

020320-8



HYBRID OSCILLATOR-QUDIT QUANTUM PROCESSORS. . . PRX QUANTUM 7, 020320 (2026)

TABLE III. Integer pairs “a, b” satisfying Bézout’s identity
(29), bc − ad = 1, given integers c and d < c. An overline means
the integer is negative, e.g., 2 → −2. Each pair gives rise to
the logical operators of a simple (c, d) locally compact Abelian
encoding with logical space of dimension K < c into a mode and
a c-dimensional qudit. Empty entries remind us that the locally
compact Abelian construction requires that gcd(c, d) = 1. The
logical dimension can then be extended by tuning an additional
free parameter θ to yield a locally compact Abelian code with
dimension K = cθ + d.

c\d 1 2 3 4 5 6 7 8 9

2 1, 0
3 1, 0 1, 1
4 1, 0 1, 1
5 1, 0 2, 1 2, 1 1, 1
6 1, 0 1, 1
7 1, 0 3, 1 2, 1 2, 1 3, 2 1, 1
8 1, 0 3, 1 3, 2 1, 1
9 1, 0 4, 1 2, 1 2, 1 4, 3 1, 1
10 1, 0 3, 1 3, 2 1, 1

between the K codeword combs. The simple (θ = 0) case
reduces to the qunaught GKP state (1).

2. Physical qubit (c = 2)

The GCD condition for this case requires d to be odd,
and the fact that σ̂ d

x = σ̂ d mod 2
x means that qubit factors of

the stabilizers (21) for any admissible d are the same as
those at d = 1. The simple element of this class is the state
at θ = 0, and other values of θ are LCA codes with odd

logical dimension K = 2θ + 1. Notably, a logical qubit is
excluded from the possible encodings. This holds more
generally: one cannot encode a c-dimensional logical space
in a mode and a physical qudit of the same dimension.

The case of θ = 0 reduces to the LCA state in Eq. (3).
The smallest possible encoding is a logical qutrit (θ = 1),
depicted in Fig. 3(a). Its explicit codewords are

|0〉 =
∑

s∈√
12πZ

∣∣∣∣0
√
π

3
+ s
〉

x̂
|0〉 +
∣∣∣∣3
√
π

3
+ s
〉

x̂
|1〉 , (27a)

|1〉 =
∑

s∈√
12πZ

∣∣∣∣1
√
π

3
+ s
〉

x̂
|1〉 +
∣∣∣∣4
√
π

3
+ s
〉

x̂
|0〉 , (27b)

|2〉 =
∑

s∈√
12πZ

∣∣∣∣2
√
π

3
+ s
〉

x̂
|0〉 +
∣∣∣∣5
√
π

3
+ s
〉

x̂
|1〉 . (27c)

The corresponding GKP logical subsystem decomposition
(26) is Z6 = Z3 × Z2, where the first factor is the logical
factor, and the second is entangled with the physical qubit.

3. Physical qutrit (c = 3)

The GCD condition for this case requires d to not be
a multiple of 3, yielding two “chiral” classes of codes
with K = 3θ + 1 and K = 3θ + 2, respectively. Since a
physical qutrit is required to encode a logical qubit, this
case includes the smallest possible encoding of a logical
qubit—the simple (3, 2)-LCA code. The codewords for
that encoding, depicted in Fig. 3(b), are

|0〉 =
∑

s∈√
12πZ

∣∣∣∣0
√
π

3
+ s
〉

x̂
|0〉 +
∣∣∣∣2
√
π

3
+ s
〉

x̂
|1〉 +
∣∣∣∣4
√
π

3
+ s
〉

x̂
|2〉 , (28a)

|1〉 =
∑

s∈√
12πZ

∣∣
∣∣1
√
π

3
+ s
〉

x̂
|2〉 +
∣∣
∣∣3
√
π

3
+ s
〉

x̂
|0〉 +
∣∣
∣∣5
√
π

3
+ s
〉

x̂
|1〉 . (28b)

The same six comb states are utilized in this code as
in the previous c = 2 logical-qutrit encoding. The GKP
logical subsystem decomposition (26) is also the same,
Z6 = Z2 × Z3, but now the Z2 factor is used for the logical
information.

4. Physical qusix (c = 6)

The GCD condition is more restrictive for composite
values of c, with only two possible values of d, one and
five, allowed in this case. The former yields a simple
LCA state while the latter yields a five-dimensional logical

space with subsystem decomposition Z5 × Z6 = Z30. The
simple codes yield derivative codes with dimensions K =
6θ + 1 and K = 6θ + 5, respectively.

C. Logicals and dual basis

Since d is an element of the multiplicative group Z
×
c ,

it has a multiplicative inverse modulo c. This inverse,
defined here as the integer −a, satisfies Bézout’s identity,

bc − ad = 1 (Bezout), (29)
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for some integer b. The parameter a determines a pair of
logical operators, while b is present in their commutation.

Logical operators are

X = e−i
√

2π
Kc p̂ X̂ †, (30a)

Z = e−i
√

2π
Kc x̂Ẑa. (30b)

These commute to

X ZX
†
Z

† = ei 2π
Kc ei 2π

c a (31a)

= ei 2π
cθ+d

(
aθ+ ad+1

c

)

(K = cθ + d) (31b)

= ei 2π
K (aθ+b) (ad + 1 = bc), (31c)

which is a primitive K th root of unity because aθ + b
can be shown to be coprime to K . Therefore, the above
operators encode a logical qudit of dimension K .

Dual-basis codewords can be obtained by applying pow-
ers μ of the logical Ẑ to the equal superposition of all
Ẑ-type codewords, denoted by |+〉 and proportional to the
state in Eq. (15) with

√
2π/c → √

2π/Kc,

Z
μ|+〉 =

∑

�∈Z

∣∣∣∣∣
(�K − μ)

√
2π
Kc

〉

p̂

|�+ aμ〉X̂ , (32)

where | 〉X̂ is a qudit Pauli-X̂ eigenstate.

IV. ERROR DETECTION AND CORRECTION

We present two decoding strategies for arbitrary c, d, K
that use the syndromes of the code in ways. The first
protects against pure displacements, with the largest uncor-
rectable displacement being a factor of

√
c larger than that

of the GKP code. The second protects against arbitrary
qudit errors at the expense of a smaller set of correctable
displacements relative to those of the GKP code. More bal-
anced decoders are possible, and we highlight one for the
case c = 2.

A. Pure-displacement decoder

The set of displaced states,

|ξ1, ξ2,μ〉 = e−iξ1p̂ eiξ2 x̂|μ〉, (33)

for logical index μ ∈ ZK and displacements satisfying

0 ≤ ξ1, ξ2 <
√

2πc/K , (34)

forms a complete set of error states for the oscillator-qudit
system. The corresponding phase-space volume of the unit
cell of the hybrid lattice is 2πc/K , and any displacement
that keeps the code in this unit cell is detectable.

The shortest codespace-preserving displacement in each
direction is the cth power of a logical operator. For
example,

X
c = e−ic

√
2π
Kc p̂ X̂ †c = e−idLCAp̂ . (35)

This is a factor of
√

c larger than the same displacement
for a K-dimensional square-lattice GKP code. By analogy
with

√
2π/K = dGKP being the distance of the GKP code,

we can define

dLCA =
√

2πc
K

= √
cdGKP (code distance) (36)

to be the pure-displacement distance of the LCA code.
Displacements in either direction, ε1 in position and ε2

in momentum, can be corrected as long as the absolute
value of either displacement is less than dLCA/2,

0 ≤ |ε1|, |ε2| < dLCA

2
(correctable pure disp’s). (37)

The volume of correctable displacements is therefore
2πc/K , the volume of the lattice’s square unit cell cen-
tered at the origin. This is larger than that of a GKP code
by the factor of c, but correction need not hold when qudit
errors are considered.

B. Qudit-error decoder

An alternative decoding strategy sacrifices some protec-
tion against displacements but protects against arbitrary
qudit errors.

Each error space, labeled by a syndrome pair (ξ1, ξ2),
can be related to the codespace via either a pure dis-
placement or a combination of qudit error and smaller
displacement. Here, we assume the latter, yielding a way
to protect against all qudit errors and the following set of
shifts:

0 ≤ |ε1|, |ε2| < dLCA

2c
= δ (disp’s + qudit errors). (38)

This is a smaller range of correctable displacements than
that of a GKP code.

We describe this decoding procedure first for position
shifts and Pauli-X̂ errors. The syndrome range [0, dLCA) �
ξ1 is partitioned into c regions,

1© = [0, δ) ∪ [(2c − 1)δ, 2cδ) , (39a)

2© = [1δ, 3δ) , (39b)

3© = [3δ, 5δ) , (39c)

...
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r© = [(2r − 3) δ, (2r − 1) δ) , (39d)

...

for 2 ≤ r ≤ c. This partitioning and the region labels are
shown for two examples in Fig. 3. We associate one of
c qudit errors with each region, while a sufficiently small
displacement modulates the value of ξ1 within that region.
The cases at the boundaries between two regions can be
assigned to either, and we assign each boundary syndrome
to the region whose label is the smaller of the two.

Syndromes in region 1© handle pure shifts. As shown in
Eq. (39a), this range consists of two segments. Syndromes
in the first segment, ε1 ∈ [0, δ), correspond to shifts by
ε1, while shifts by the same amount in the other direction
correspond to syndromes dLCA − ε1 ∈ [(2c − 1)δ, 2cδ).

We assign syndromes in segment 2© to handle errors
of the form X̂ exp

{−iε1p̂
}

for |ε1| < δ. Such shifts cor-
respond to syndromes ξ1 = 2δ + ε1. The extra factor of 2δ
accounts for the qudit error X̂ , which brings the codespace
to the same error space as a shift by that amount,

X̂ = e−i2δp̂X
†
, (40)

up to a logical Pauli. The presence of the logical Pauli
means that the qudit error and the displacement by 2δ
cannot both be corrected.

Generalizing this, we can assign a qudit error X̂ r−1

for 2 ≤ r ≤ c to each segment r©. The different segments
handle the different possible qudit errors, and syndromes
within each segment are used to correct displacements
satisfying |ε1| < δ according to the assignment

ξ1 = (2r − 2)δ + ε1. (41)

The same partitioning can be done with momentum
shifts. We split up the momentum syndromes [0, dLCA) �
ξ2 into c segments as in Eq. (39). The first segment is
used to protect against pure-momentum shifts. Syndromes
in each segment r© of the remaining c − 1 segments are
used to protect against qudit Pauli-Ẑ shifts Ẑa(r−1). The
extra power of a is due to the states “twisting” differently
in momentum space—the qudit error Ẑa is related to the
shortest momentum displacement,

Ẑa = ei2δx̂Z, (42)

as derived from Eq. (30).

C. Balanced decoder

We can tune the displacement error capability of the
above all-qubit-error decoder by moving the boundaries
between regions 1© and 2© for LCA codes constructed with
a physical qubit (c = 2). Those boundaries are depicted

by the dotted lines in Fig. 3(a). One can similarly move
boundaries between various regions for codes with c > 2,
but this results in decoders that are less symmetrical than
the qubit example we mention.

Moving the two lines closer grows region 1© while
shrinking region 2©, which reserves a larger set of syn-
dromes for pure displacements at the expense of a narrower
set of correctable displacements occurring with a qubit
error. This regime should be useful when the oscillator is
noisier than the qubit.

On the other hand, expanding region 2© allows the code
to correct a larger set displacements that occur with a qubit
error, at the expense of a smaller correctable set of pure
displacements. This tuning is appropriate if the physical
qubit is noisier than the oscillator.

V. NORMALIZABLE LCA CODEWORDS

Ideal LCA states, like GKP states, are not normalizable.
The expression (24b) of the codewords of a K-dimensional
LCA code in terms of codewords of a corresponding Kc-
dimensional GKP code allows for simple approximate
versions of these states that are normalizable.

An approximate GKP codeword μ of a code with
dimension K is [Eq. (24) of Ref. [94]]
∣∣GKPK

μ(�)
〉 ∝
∑

s∈Z

e− 1
2�

2f (s)2e−if (s)p̂ Ŝ− ln�|vac〉, (43)

where |vac〉 is the zero Fock state of the oscillator, where Ŝ
is the operator that squeezes the vacuum along the vertical
(momentum axis) in phase space, and where

f (s) =
√

2π
K
(Ks + μ). (44)

Taking � → 0 yields ideal GKP states from Eq. (25). In
that limit, the overlap between two normalized codewords
μ �= ν is asymptotically [Eq. (77) of Ref. [94]]

〈
GKPK

μ(�)|GKPK
ν (�)
〉 ∼ 2 exp

[
− π

2�2

(μ− ν)2

K

]

(45a)

≤ 2 exp
(

− π

2�2

1
K

)
. (45b)

In words, the overlap is suppressed exponentially with
K−1, the inverse of the GKP code’s dimension. For any
nonzero value of �, this overlap leads to an intrinsic
logical error in the code.

Normalizable versions of LCA states are then con-
structed by substituting the above normalizable GKP states
into Eq. (24b) to yield

|μ�〉 = 1√
c

∑

j ∈Zc

∣∣∣GKPKc
Kj +μ(�)

〉
|−(jd + μ)〉 . (46)
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A. Codeword overlap

Each LCA codeword μ is constructed from c normal-
izable GKP codewords, and the entire LCA code is con-
structed from a GKP code of dimension Kc (see Sec. III B).
Per Eq. (45), we would expect that the asymptotic over-
lap between such LCA states is suppressed exponentially
in (Kc)−1 as � → 0. However, the oscillator-qudit entan-
glement of the Zc factor of the GKP code’s logical
subsystem decomposition (26) leads to a suppression in
c2(Kc)−1 = c/K .

We state the answer first before proving it. In the � →
0 limit, the overlap between LCA codewords μ �= ν is
asymptotically upper-bounded as [cf. Eq. (45)]

〈μ�|ν�〉 � 2 exp
(
− π

2�2

c
K

)
. (47)

This bound is the same as the bound between two code-
words μ, ν of the underlying Kc-dimensional GKP code
that are at least c “clicks” apart, i.e., for which |μ− ν| ≥ c.
In other words, the LCA code’s entanglement with the
physical qudit has ensured that the underlying GKP code-
words μ, ν for which |μ− ν| < c never overlap with each
other and thus do not contribute to the LCA codeword
overlap.

To prove this, we first write out the overlap using
Eq. (46), evaluate the inner products between the physical
qudit states, and plug in the asymptotic expression (45),
yielding

〈μ�|ν�〉 ∼ 2
c

∑

j ′,j ∈Zc

e− π

2�2
(K[j ′−j ]+μ−ν)2

Kc δ
Zc
(j ′−j )d,ν−μ, (48)

where δZc
x,y = 1 if x = y − Mc for some integer M , and zero

otherwise.
We now simplify the delta function. First, we get rid of

the factor of d by recalling that it has an inverse modulo c
via the Bezout identity (29), −ad ≡ 1 modulo c. Multiply-
ing both sides by −a simplifies the delta-function term to
δ

Zc
j ′−j ,a(μ−ν). Solving the delta function yields

j ′ − j = a(μ− ν)− Mj c (49)

for j -dependent integers Mj .
Plugging this in and simplifying using the Bezout iden-

tity (29), this time over the integers, yields

〈μ�|ν�〉 ∼ 2
c

∑

j ∈Zc

e− π

2�2
c
K ([aθ+b][μ−ν]−KMj )

2

. (50)

The difference term in parentheses turns out to be ≥1 when
μ �= ν because aθ + b is nonzero and is coprime to K =
cθ + d.

B. Error-word overlap

A more fine-grained understanding [95] of the intrinsic
memory error caused by the �-regularization of the ideal
LCA states can be done by looking at the overlap of code-
words with their displaced counterparts, which make up
the error words (33) of the code.

We examine theμ = 0 codeword for simplicity, with the
other cases yielding similar scaling with code parameters.
Evaluating the qudit inner products simplifies the overlap
to one that is purely between various GKP error words. We
obtain

〈ξ1, ξ2, 0|0�〉 ∝
∑

j ∈Zc

〈GKPKc
Kj |e−iξ2 x̂eiξ1p̂

∣∣∣GKPKc
Kj (�)
〉

,

(51)

where the bra term is an ideal GKP state, while the ket term
is a normalized GKP state.

We can make the inner product j -independent by
remembering that the ideal μth GKP codeword can be
obtained from the μ = 0 codeword by displacing the latter
in position by μ

√
2π/Kc. This no longer holds exactly for

normalizable GKP codewords since different codewords
come with different envelope terms, e− 1

2�
2f (s)2 , in Eq. (43).

As such, we work in the � → 0 limit and make this
approximation for the normalizable state (ket term above),

∣∣GKPKc
μ (�)
〉 ∼ e−iμ

√
2π
Kc p̂ ∣∣GKPKc

0 (�)
〉
, (52)

while also plugging in the exact expression for the bra
term.

Permuting and simplifying the displacements yields a j -
dependent phase, but disentangles the GKP overlap term.
Squaring the overlap and simplifying the sum over j yields

∣∣〈ξ1, ξ2, 0|0�〉∣∣2

∝ g(ξ2)

∣∣∣〈GKPKc
0 |e−iξ2 x̂eiξ1p̂

∣
∣GKPKc

0 (�)
〉∣∣∣

2
, (53)

which is the error-word overlap of a Kc-dimensional GKP
code modulated by

g(ξ2) = sin2(ξ2
√
πKc/2)

sin2(ξ2

√
πK
2c )

. (54)

This function disappears in the GKP case, at which c = 1.
As � → 0, the GKP overlap term in Eq. (53) is known

[96,97] to roughly be a Gaussian centered at ξ1 = ξ2 =
0. The modulating g-function is also peaked at ξ2 = 0,
and no other peaks occur in the relevant interval ξ2 ∈
[−√

πc/2K ,
√
πc/2K). The LCA error-word overlap thus

behaves similarly to the GKP one.
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When properly normalized, the error-word overlap can
be integrated over one third of the correctable pure-
displacement range of each quadrature to yield a proba-
bility of intrinsic memory error during the Steane fault-
tolerant syndrome extraction protocol [95].

C. Average occupation number and effective
dimension

To quantify the effective Hilbert space of the code, we
define the following energy operator on the oscillator and
qudit:

N̂ = n̂ +
c−1∑

�=0

�|�〉〈�|, (55)

where n̂ is the usual occupation number on the mode,
and where the second term is an analogous occupation
number for the qudit, expressed in terms of the qudit’s Ẑ
eigenstates.

Evaluating the expectation value of the energy operator
in the codeword (46) yields, as � → 0,

〈μ�|N̂ |μ�〉 ∼ 1
2�2 + c

2
− 1. (56)

This is a sum of the usual GKP codeword energy and the
qudit piece,

∑c−1
�=0 j /c = (c − 1)/2. The energy diverges

in the same way with decreasing� as the GKP case, while
diverging linearly with increasing c.

The energy of a code can similarly be evaluated as

n = 1
K

Tr(PN̂ ) (57)

for K-dimensional code projector P. This, in turn, can be
used to define the effective dimension [98] of the bounded-
energy oscillator-qudit state subspace that contains the
code. This quantity,

qeff = �2n + 1�, (58)

can be thought of as the physical space dimension of
oscillator-qudit states whose energies are less than n.

When the oscillator is unoccupied and all qudit states are
used equally, n = (c − 1)/2, the effective dimension cor-
rectly reduces to the qudit dimension c. On the other hand,
when the qudit is not used, the effective dimension quan-
tifies the oscillator’s subspace of bounded energy states
[Eq. (49) of Ref. [98]].

The effective dimension can be used to estimate the
energy required to house a GKP or LCA code of logical
dimension K . Plugging in the asymptotic � → 0 expres-
sion (56) for the energy of a GKP codeword implies that
�−2 + c − 1 � K in order for the codewords of such a
code to be sufficiently resolved.

D. Numerical results

Despite no clear winner among the decoders discussed
in Sec. IV, LCA codes can perform similarly to, and
sometimes outperform, GKP codes under physical noise
channels. We show this by evaluating c = 2 LCA code
performance under the combination of photon loss on the
mode and amplitude damping on the qubit.

We numerically evaluate the entanglement fidelity of
LCA and GKP codes under the Petz recovery map [99],
which has an analytic expression [100] that allows for rel-
atively efficient numerical evaluation. This fidelity is at
most within a factor of 2 away from the optimal entangle-
ment fidelity [101], so while we cannot prove that LCA
codes outperform GKP codes, a stronger performance
under the Petz recovery is good evidence that this is the
case.

For the noise channel, we consider the combination of
the photon-loss channel [83] and qubit amplitude damping.
Since the latter channel can be obtained by restricting the
former to the first two Fock states, we treat the physical-
qubit states as said Fock states and use the same noise
parameter γ for both channels.

Figure 4 plots the entanglement fidelity after Petz
recovery for GKP and (c = 2)-LCA codes of logical

GKP

LCA

2 4 6 8 10

0.75

0.80

0.85

0.90

0.95

1.00

n

FIG. 4. Entanglement fidelity versus energy (57) under the
transpose recovery of Gottesman-Kitaev-Preskill and oscillator-
qubit locally compact Abelian codes against photon loss and
qubit amplitude damping at the same noise rate γ = 0.05 and
various logical dimensions K . The four dotted curves correspond
to fidelities of Gottesman-Kitaev-Preskill codes of logical dimen-
sion K = 3, 5, 7, and 9, shown from left to right. Similarly, the
four solid curves correspond to oscillator-qubit locally compact
Abelian codes with the same logical dimensions. The K = 3, 5
encodings perform similarly, but locally compact Abelian code
fidelities at lower energy are higher than Gottesman-Kitaev-
Preskill fidelities for K = 7, 9. To make this plot, we have imple-
mented a cutoff of the oscillator occupation number, and have
numerically made an orthonormal basis out of the normalized
locally compact Abelian states. A MATHEMATICA notebook with
our numerical derivations is contained in the arXiv submission
of this manuscript [102].
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dimension K ∈ {3, 5, 7, 9} for fixed noise parameter and
as a function of energy. All curves increase monotoni-
cally with the energy, indicating that approximate LCA
codes improve in performance as they approach ideal LCA
codes. The same effect was observed numerically for GKP
codes [83]. We can also see that, as the logical dimension
increases, LCA codes begin to outperform GKP codes at
low energy.

VI. STANDARD FORM OF SIMPLE LCA CODES

Simple (c, d)-LCA codes can be analogously defined for
multiple modes. Such codes can be studied in a lattice for-
malism by collecting powers of each stabilizer generator
into a lattice generator matrix T.

A. Single-mode case

We first build a lattice generator matrix out of the simple
(c, d)-LCA code from the previous section, with θ = 0 and
nonzero K = d ∈ Zc. Each column of the matrix

T =

⎛

⎜⎜
⎝

√
d/c 0
0

√
d/c

−d 0
0 1

⎞

⎟⎟
⎠ ≡
(

TCV

TDV

)
(59)

describes one of the two stabilizer generators of the single-
mode single-qudit LCA code. The first two entries in each
column, from top to bottom, are the amounts the generator
displaces the mode’s position and momentum, divided by√

2π . The second two entries are the powers of X̂ and Ẑ,
in that order.

The second equality above expresses the matrix as a
block matrix of two blocks, the 2 × 2 CV block defining
the mode’s operators making up each generator, and the
similarly sized DV block defining the qudit’s operators.

Encoding a set of commuting operators, the matrix T
satisfies a symplectic condition

TᵀJT = 0, where J = JCV ⊕ JDV, (60)

where Tᵀ is the transpose of T, and where the hybrid sym-
plectic form J is a block-diagonal matrix consisting of CV
and DV pieces,

JDV =
(

0 1/c
−1/c 0

)
and JCV =

(
0 1

−1 0

)
. (61)

Since the oscillator and qudit pieces do not commute inde-
pendently, the CV and DV pieces do not individually satisfy
their own symplectic conditions. Instead, the two pieces

contribute the same matrix Z, but with opposite signs,

Tᵀ
DVJDVTDV = +Z = d

c

(
0 −1
1 0

)
, (62a)

Tᵀ
CVJCVTCV = −Z. (62b)

The contributions of these two pieces cancel, thereby
satisfying Eq. (60).

B. Multimode normal form

The single-mode code yields a natural generalization to
p ≥ 1 modes and qudits. We define diagonal matrices,

d = diag(d1, d2, . . . , dp), (63a)

c = diag(c1, c2, . . . , cp), (63b)

listing the dimensions and code parameters for each
(cj , dj )-LCA qudit code. From now on, x denotes a diago-
nal matrix whose entries are xj for any xj > 0.

The multimode standard form is

T =
(

TCV

TDV

)
, (64a)

TCV = 12 ⊗
√

d/c, (64b)

TDV = (−d)⊕ 1p , (64c)

where 1p is the p-dimensional identity. The 2p-
dimensional symplectic forms are now

JDV =
(

0 1
−1 0

)
⊗ c−1, (65a)

JCV =
(

0 1
−1 0

)
⊗ 1p , (65b)

with the full symplectic form still J = JCV ⊕ JDV.
The degree of noncommutation for the CV and DV parts

is the same magnitude but of opposite sign, so the two
pieces cancel each other to yield a stabilizer code,

TᵀJT = Tᵀ
DVJDVTDV − Tᵀ

CVJCVTCV = Z − Z = 0, (66)

where the matrix Z is

Z =
(

0 −1
1 0

)
⊗ d/c. (67)

The logical dimension K is just the product of each
code’s dimensions dj . We can verify this using the general
theory defined in the next section,

K = |Pf d/c| det{c} = det{c}
p∏

j =1

dj

cj
=

p∏

j =1

dj . (68)

Above, we use the formula for the Pfaffian of an antisym-
metric matrix.
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The matrix Z encodes the degree of noncommutation of
the CV and DV pieces of the code. On the DV side, it encodes
an algebra of j pairs of Pauli matrices that commute up to
the phase exp

(
2π idj /cj

)
and is an example of a commu-

tation matrix [103–105] (cf. the frustration graph matrix
[106,107]).

C. Relation to commutation matrices

We can obtain the LCA standard form (64) by start-
ing with a general commutation matrix of a Pauli algebra,
determining the minimal qudit dimensions needed to real-
ize that algebra, and appending an oscillator displacement
operator to each Pauli to compensate their noncommuta-
tivity.

We consider a Pauli matrix set without specifying the
dimension of the qudits that this set acts on. Such a set
is defined by its group commutators, which, for any two
elements Pj , Pk of the set, are of the form PiPj P†

i P†
j =

exp(−i2πv/u) for some integers v, u. We convert this
information into a 2p × 2p antisymmetric rational com-
mutation matrix A [103–105] whose (j , k)th entry is v/u,
and whose (k, j )th entry is −v/u.

Any rational matrix A can be made into an integer
matrix mA by multiplying by m—the lowest common
denominator (lcd) of all denominators. To determine the
minimal dimensions cj of the p qudits required to real-
ize the Pauli algebra defined by A, we first bring the
commutation matrix mA into alternating Smith normal
form (a.k.a. skew-normal form, normal form with respect
to congruence, or symplectic normal form) (Thm. 18 of
Ref. [108]; Refs. [105,109,110]; and p. 598, Exercise
XV.17 of Ref. [111]). This can be done via an invertible
integer matrix R, which, by definition, has to have deter-
minant ±1 (i.e., is unimodular). Such matrices form the
group GL(2p , Z), and one of them brings mA into normal
form that satisfies

RᵀAR =
(

0 −1
1 0

)
⊗ h

m
(alt. Smith form), (69)

where h is a diagonal matrix of non-negative integers
hj that are ordered so that they divide each other, i.e.,
h1|h2| · · · |hp . In this section, we assume none of the hj ’s
are zero for simplicity.

We can equate each diagonal element hj /m to a ratio
Kj /cj with gcd(Kj , cj ) = 1. Moreover, we can split up
Kj = cj θj + dj into some integer multiple θj of cj and a
nonzero remainder dj ∈ Zcj . These are defined to match
the notation of the LCA codes. Altogether, we have

h
m

= θ + d/c, (70)

where we have used the notation x = (x1, x2, . . .) for any
bold symbol.

We can absorb the
(

0 −1
1 0

)
matrix in Eq. (69) and define

RᵀAR = Θ − Z, (71)

where the matrices

Θ =
(

0 1
−1 0

)
⊗ θ , (72a)

Z =
(

0 −1
1 0

)
⊗ d/c. (72b)

SettingΘ = 0 yields the same Z matrix as that arising from
a tensor product of simple LCA codes in standard form
Eq. (64).

In summary, the above procedure splits a general anti-
symmetric matrix A into a piece Z that can be used to define
a simple multimode LCA code, and another piece Θ that
can toggle the code’s logical dimension. A slight modifi-
cation of the oscillator encoding map accommodates this
toggling,

TCV = 12 ⊗
√

θ + d/c, (73a)

TDV = (−d)⊕ 1p , (73b)

yielding a more general tensor-product LCA code. This
code’s encoder satisfies

TᵀJT = Θ − Z + Z = Θ , (74)

the defining condition for an integral symplectic lattice.
The GKP case is recovered by setting all cj = dj = 1.

The partitioning Kj = cj θj + dj into a multiple of cj and
a remainder is not necessary, and an alternative formula-
tion can relax both θj and dj to be arbitrary integers (see
Appendix F in our Supplemental Material [86] for such a
treatment). That way, a θj can be absorbed into dj , imply-
ing that different pairs θj , dj can be used to construct the
same LCA code.

These constructions extend further to those that consider
Θ and Z as separate degrees of freedom. In other words,
the two matrices cannot put into alternating Smith normal
form using the same unimodular transformation.

VII. GENERAL LCA CODES

We borrow Refs. [68–75] from a decidedly general con-
struction of embeddings of the form (74) using a given
antisymmetric rational commutation matrix Z and arbi-
trary Θ as long as Θ − Z is invertible. We continue to
keep Θ an integer matrix here, which specializes the con-
struction to embeddings of integral symplectic lattices into
physical oscillators and qudits. Each Z defines the number
and dimensions of the physical qudits and corresponds to a
particular class of LCA codes, yielding infinite extensions
of GKP codes and their underlying lattice theory in which
the Gram matrices Θ need not commute with Z.
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A. From lattices to noncommutative tori

The defining Eq. (74) for an LCA code, TᵀJT = Θ , can
be interpreted as an embedding of a lattice into a system
of oscillators and qudits defined by the hybrid symplectic
form J = JCV ⊕ JDV (65). Columns of the generator matrix
T define stabilizers that leave the lattice invariant, while the
antisymmetric integer Gram matrix Θ defines how these
stabilizers commute.

More precisely, two stabilizers, Ui and Uj , commute as

UiUj = e−2π iΘij Uj Ui. (75)

This stabilizer algebra is an example of a noncommuta-
tive torus. In this case, the torus is commutative because
Θ is integer, but rational matrices, such as commuta-
tion matrices (see Sec. VI C), or irrational matrices define
noncommutative variants.

The stabilizer algebra is called a torus because it is in
one-to-one correspondence with the unit cell of the lattice
defined by the stabilizer generators. For example, the unit
cell of the square-lattice GKP code, whose phase-space
lattice D = Z

2, is the two-dimensional torus R
2/D = T

2,
where T ∼= U(1) is the circle group. Since “tori” and “lat-
tices” are dual to each other in this way, we use the two
words interchangeably to describe Θ .

The coefficients of LCA logical displacements, X and
Z (30), can also be collected into columns of their own
generator matrix S. This matrix defines an embedding of
the code’s dual lattice and its associated dual torus Θ⊥,
satisfying

SᵀJS = −Θ⊥. (76)

Here, Θ⊥ is rational since the logicals do not commute,
making this dual torus noncommutative.

In the case of GKP codes [42], the dual torus is related to
the original asΘ⊥ = Θ−1. The purpose of the noncommu-
tative torus formalism is to determine the dual torus and the
corresponding logical operators, defined by S, for general
LCA codes.

B. Morita equivalence and SO(2p , 2p | Z)

The torus Θ and its dual Θ⊥ are related by a gen-
eral duality transformation—Morita equivalence—that is
valued in a particular group.

Consider first the single-mode (c, d)-LCA code from
Sec. III. The code’s two-dimensional torus Θ = θ

(
0 1

−1 0

)
,

is defined solely by the stabilizer commutator phase θ (23).
The code’s dual torus is determined by the commutator
phase of the logical operators (31). This phase is obtained
from the stabilizer commutator phase via the mapping

θ → aθ + b
cθ + d

, (77)

where (c, d) are the defining parameters of the code, and
where (a, b) are obtained from these parameters via the
Bezout identity (29), bc − ad = 1. The four integers can
be arranged into the matrix

( −a −b
c d

)
whose determinant

is one, revealing that the mapping between the tori is a
special case of a Möbius transformation.

The mapping between phases can be upgraded to a
matrix-valued mapping directly between Θ . For an LCA
code on p modes, define the 4p-dimensional block matrix

g =
(

A B
C D

)
, (78)

which acts on the matrix defining the torus as

g ·Θ = (AΘ + B)(CΘ + D)−1, (79)

and whose 2p-dimensional blocks A, B, C, D satisfy

AᵀC + CᵀA = BᵀD + DᵀB = 0, (80a)

AᵀD + CᵀB = 12p . (80b)

The conditions on the blocks imply that g lies in the
group SO(2p , 2p | Z), the group of orientation-preserving
(i.e., determinant-one) integer-valued rotations in 4p
dimensions that preserve the quadratic form x1x2p+1 +
x2x2p+2 + · · · + x2px4p . Any two tori related by such a
g via Eq. (79) can be shown to be Morita equivalent
[71,74,75]. This yields a classification of different tori
into Morita-equivalent classes. Reference [112] discusses
Morita equivalence in the case of GKP codes.

This classification is exceedingly coarse-grained. Not
only is a commutative torusΘ Morita equivalent to its non-
commutative dual, all rational tori are equivalent to each
other (Corr. 4.2 of Ref. [75]) because SO(2p , 2p | Z) trans-
formations allow one to add, rotate, and invert (whenever
possible) by arbitrary integers. Nonetheless, one can work
out the precise g necessary to obtain the dual torus of any
given torus. This yields logical operators for general LCA
codes.

C. General construction

We state the LCA construction in the language of quan-
tum coding theory and provide a parallel mathematical
discussion in Appendixes C and D in our Supplemental
Material [86].

General LCA codes are defined as embeddings of inte-
ger antisymmetric Θ into p modes and k ≤ p qudits. The
number and local dimensions of the qudits are determined
by a given commutation matrix Z via its alternating Smith
normal form (see Sec. VI C). The number of qudits k < p
whenever this normal form is not full rank over the inte-
gers. Any stabilizer algebra defined byΘ is embeddable in
the way defined by Z as long as Θ − Z is invertible. We
summarize this in the following theorem.
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Theorem 1 (Informal). Let Z be a rational antisymmet-
ric matrix of dimension 2p . Then there exists a rotation g ∈
SO(2p , 2p | Z) such that, for any Θ with Θ − Z invert-
ible, there exist generator matrices T and S defining the
stabilizers and logical operators, respectively, of a p-mode
(k ≤ p)-qudit LCA code with torus Θ (74) and dual torus
Θ⊥ = g ·Θ (76).

To construct the generator matrices, we first bring the
integer matrices mZ and m(Θ − Z) into alternating Smith
normal form, where m is the lowest common denominator
of any denominators in Z (we do not need to bring in Θ
here because it is integer). This yields

Θ − Z = Qᵀ
(

0 t/m
−t/m 0

)
Q, (81a)

Z = Rᵀ

⎛

⎝
0 h/m 0

−h/m 0 0
0 0 0

⎞

⎠R, (81b)

where the transformations Q, R ∈ GL(2p , Z). We are guar-
anteed that Θ − Z is invertible, but Z may have rank
2k < 2p . Hence, the diagonal matrix t ≡ diag(t1, t2, . . .) is
p-dimensional while h is k-dimensional. This step yields
the number of qudits k necessary to construct the LCA
code defined by Z.

Next, we re-express each element hj /m in terms of
the pair (cj , dj ) satisfying gcd(cj , dj ) = 1 (see Sec. VI C),
yielding h/m = d/c. The cj give us the qudit dimensions,
and Z can be converted into

Z = Rᵀ

⎛

⎝
0 d/c 0

−d/c 0 0
0 0 0

⎞

⎠R. (82)

In contrast to the case of simple LCA codes, here we do
not assume that d < c.

The stabilizer-generator and logical-Pauli matrices are
of the form

T =
(

TCV

TDV

)
and S =

(
SCV

SDV

)
. (83)

Their columns define the displacement coefficients of each
generating operator in the order “2π -position shift, 2π -
momentum shift, Pauli-X̂ power, Pauli-Ẑ power.”

The former has respective CV and DV pieces

TCV =
(

0
√

t
−√

t 0

)
Q, (84a)

TDV =
(

d 0 0
0 1k 0

)
R, (84b)

where the matrix with d in it is 2k-by-2p dimensional.
These can be checked to satisfy Eq. (74), realizing the
torus Θ .

The latter has pieces

SCV = JCVT−ᵀ
CV Rᵀ

⎛

⎝
c−1 0 0
0 c−1 0
0 0 −12(p−k)

⎞

⎠ , (85a)

SDV =
(

0 −1k 0
a 0 0

)
, (85b)

where T−ᵀ = (T−1)ᵀ, and where each aj satisfies its own
Bezout identity, aj dj + bj cj = 1. A tedious calculation can
be done to check that these satisfy Eq. (76) with Θ⊥ =
g ·Θ for a particular g.

1. Logical dimension

Calculating the logical dimension K of LCA codes starts
out in the same way as with GKP codes. Namely, K2 is the
ratio of the size of the torus Θ to its dualΘ⊥, i.e., the ratio
of the unit-cell volumes of the stabilizer phase-space lattice
D to its dual the logical lattice D⊥,

K2 = |(R2p × Z
2
c)/D |

|(R2p × Z2
c)/D

⊥| . (86)

Here, we use the shorthand Zc = Zc1 × Zc2 × · · · × Zck .
An interesting simplification (see Appendix E in our

Supplemental Material [86]) re-expresses this in terms of a
Pfaffian to yield

K = |Pf(Θ − Z)| det{c} = det{ct}
mp . (87)

It is not obvious this is an integer, but it is so because the
product of the qudit dimensions is designed to cancel out
any denominators in the Pfaffian.

VIII. LOGICAL CLIFFORD GATES

GKP codes admit logical Clifford gates via Gaussian
transformations. We anticipate that LCA codes similarly
admit logical Clifford gates via Gaussian-Clifford transfor-
mations. We define such transformations and prove this for
several families of LCA codes.

A. Gaussian-Clifford transformations

Continuous and modular degrees of freedom cannot be
mixed in a way that preserves the hybrid displacement-
Pauli group (see Sec. II C and Appendix G.2 in our Sup-
plemental Material [86]). The hybrid symplectic group on
p modes and k qudits therefore splits into the Gaussian and
hybrid Clifford groups,

Sp(2p , R)× Sp(2k, Zc). (88)

The latter factor is shorthand for the group of Pauli-group
preserving operations on k qudits of dimensions c1 through
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ck. This group includes the Clifford group of each qudit j ,
Sp(2, Zcj ), as well as any entangling gates between qudits.

A Gaussian-Clifford operation can be represented by the
block matrix

V = VCV ⊕ VDV, (89)

where the first piece is the symplectic representation of a
Gaussian gate, and the second piece is the integer-matrix
representation of a hybrid Clifford gate,

VCV ∈ Sp(2p , R), (90a)

VDV ∈ Sp(2k, Zc). (90b)

We define these to satisfy the following conditions with
respect to their corresponding symplectic forms (65):

Vᵀ
CVJCVVCV = JCV, (91a)

Vᵀ
DVJDVVDV = JDV. (91b)

For fixed qudit dimension cj = c, the DV symplectic con-
dition (91b) is typically defined modulo c, but we define
it over the integers to handle cases with different qudit
dimensions. As such, the actual qudit symplectic opera-
tion corresponding to VDV is one whose matrix elements
are reduced modulo cj , with j depending on the qudit the
matrix element is acting on.

The symplectic action of the CV and DV pieces of a
given Gaussian-Clifford is realized by a unitary acting on
the oscillator-qudit system. The group of such unitaries is
called the oscillator (Refs. [113–115] and Thm. 128 of
Ref. [116]) and qudit [113,117–120] metaplectic group,
Mp(2p , R) and Mp(2k, Zc), respectively. Each group is
a cover of its corresponding oscillator or qudit symplec-
tic group, meaning that multiple metaplectic elements can
reduce to the same symplectic element. This reduction is
done by ignoring any global phases and displacement/Pauli
actions. As such, when promoting a symplectic operation
to a metaplectic one, one may need to apply a displace-
ment/Pauli operator and multiply by a particular phase
to achieve a well-defined action (see Appendix G in our
Supplemental Material [86]).

Prepending a Gaussian-Clifford operation to an LCA
code yields two encoders, T (84) and VT, of the same
lattice Θ for any Z. Our general code construction can
be explicitly augmented by Clifford transformations (see
Appendix G in our Supplemental Material [86]), and cer-
tain LCA codes with the same standard form can be related
via such operations (see Appendix H in our Supplemental
Material [86]). Here, we show that a particular subgroup
of such transformations yields logical gates.

B. Logical gates from lattice symmetries

Each torus Θ comes with its own abstract symmetries
(see Refs. [121–125]), and we conjecture that such sym-
metries can be used to implement logical Clifford gates for
general LCA codes. We review this result for the GKP
case, extending it to single-mode (c, d)-LCA codes and
general LCA codes with d = 1.

The symmetry group, or automorphism group, of a
2p-dimensional torus Θ is the set of all unimodular trans-
formations that leave the torus alone,

Aut(Θ) = {W ∈ GL(2p , Z) | WᵀΘW = Θ} . (92)

These depend on the structure of Θ , which is a general
antisymmetric integer matrix. But they simplify to

Aut(Θ) = Sp(2, Z) (p = 1 case) (93)

for the two-dimensional case because all W’s are inte-
ger, and because the torus is proportional to the oscillator
symplectic form, Θ = θJCV for integer θ .

1. GKP case

Embedding a two-dimensional lattice into an oscillator
yields a GKP code. It is known that each automorphism W
can be implemented via some Gaussian operation VCV, i.e.,

TCVW = VCVTCV ↔ VCV = TCVWT−1
CV . (94)

Here, we invert TCV to solve for VCV, and it is indeed a
Gaussian operation since it satisfies the symplectic condi-
tion:

Vᵀ
CVJCVVCV = T−ᵀ

CV WᵀTᵀ
CVJCVTCVWT−1

CV (95a)

= T−ᵀ
CV WᵀΘWT−1

CV (95b)

= T−ᵀ
CV ΘT−1

CV (95c)

= JCV. (95d)

Acting with this transformation on the GKP code performs
a logical Clifford operation [42].

An example VCV is the Fourier transform, p̂ → −x̂ and
x̂ → p̂ , which acts on the GKP stabilizers [Eq. (21) for
c = 1] as

ŜX → ŜZ and ŜZ → Ŝ†
X . (96a)

By observing its action on the logical operators [Eq. (30)
for c = 1], we see that it implements a logical Hadamard
transformation,

X → Z
†

and Z → X , (96b)

on the GKP code. The Fourier transform is a rigid rotation
on the oscillator’s phase space (a.k.a. a passive linear opti-
cal transformation), so it does not amplify displacement
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noise and is thus fault-tolerant with respect to such noise
[42,115,126].

2. (c, d)-LCA case

We can extend the above logic to the case of a general
single-mode single-qudit LCA code, defined by parame-
ters (c, d) satisfying the GCD condition gcd(c, d) = 1. In
this case, the stabilizers (21) come with qudit pieces, and
any logical gate that permutes oscillator parts of different
stabilizers via VCV has to be compensated accordingly on
the qudit factor by a Clifford gate VDV.

We can try to solve for the Clifford piece,

TDVW = VDVTDV ↔ VDV = TDVWT−1
DV . (97)

This transformation satisfies the version of Eq. (95) with
CV → DV andΘ → Z since Z is proportional toΘ for two-
dimensional tori. However, there is no guarantee that VDV

is an integer matrix due to the presence of T−1
DV .

To remedy this, we restrict to only those W’s which
yield integer VDV gates. That way, each VDV yields a valid
c-dimensional qudit Clifford transformation whose sym-
plectic matrix is the mod-c reduction of VDV. Equation (97)
implies that such realizable symmetries come from a par-
ticular congruence group [127],

�0(d) =
{

W =
(
� �

r �

)
∈ Sp(2, Z) | d divides r

}
. (98)

This is a proper subgroup of the automorphism group, but
reducing this group modulo c still yields all possible qudit
Clifford gates (Lemma 3.2.1 of Ref. [127]).

We extend the GKP Fourier gate to the LCA case [128].
We recall the other two code parameters (a, b) that arise
from the Bezout identity (29), bc − ad = 1. Performing
the aforementioned Fourier transform on the oscillator
while mapping the qudit Paulis as [129]

X̂ → Ẑa and Z → X̂ d (99)

implements a logical Hadamard on the LCA code, satisfy-
ing Eq. (96) for general (c, d).

3. d = 1 multimode case

In this case, we set d to be the all-ones vector. That way,
the pseudoinverse T−1

DV is an integer matrix, and all sym-
metries W can be realized as qudit Clifford transformations
represented by TDVWT−1

DV (97). Such gates are available for
any lattice since there are no additional assumptions on Θ .

IX. EXAMPLES

We discuss ways to concatenate LCA codes, mention
logical-mode encodings, and provide further multimode
multiqudit examples using integer symplectic matrices and
linear binary codes.

A. Hybrid concatenation

Any qudit stabilizer code can be converted into an LCA
code by encoding one or more of its physical qudits into a
GKP qudit. The non-Gaussian nature of the GKP encoder
makes it impossible to encode information into this code
using only Gaussian-Clifford operations.

One can also take any qudit stabilizer code and encode
each of its physical d-dimensional qudits into a (c, d)-LCA
qudit. This reduces to a qudit stabilizer code concatenated
with a GKP code for c = 1. Including an additional dis-
crete degree of freedom for each physical system may
lower code thresholds further than concatenating with a
GKP code [130–134].

B. Logical-mode encodings

Minimal analogs of oscillator-into-oscillator GKP codes
[135] can be constructed on a two-mode and single-qudit
system as follows. Initialize mode 1 in an arbitrary state,
initialize mode 2 and the qudit in an LCA state, and then
apply a two-mode Gaussian transformation on the two
modes. This encoding extends the two-mode-squeezing
code, which underlies the standard form of oscillator-into-
oscillator GKP codes [136], to the LCA case. The use of
the qudit may reduce the logical noise floor of the resulting
logical-mode code against displacement noise.

C. Integer symplectic matrices

Consider LCA codes with p = k and identical qudit
dimension, cj = c > 1. Integer symplectic matrices, M ∈
Sp(2p , Z), form a special class of operations that can
be used simultaneously for the CV and DV parts of a
Gaussian-Clifford transformation V (89) for such codes.

Integer symplectic matrices form the integer-valued
matrix subgroup of the CV symplectic matrices, Sp(2p , Z)
⊂ Sp(2p , R). They also satisfy the DV constraint (91b)
by definition. This automatically makes them valid sym-
plectic transformations modulo c, satisfying (M mod c) ∈
Sp(2p , Zc). In fact, the reverse also holds (Thm. VII.21 of
Ref. [137]): every qudit Clifford transformation M can be
promoted to an integer symplectic transformation N with
M = N (mod c).

Augmenting a given LCA code with V = M ⊕ M yields
a new code with encoders MTCV and MTDV for any qudit
dimension c. Such matrices include those of block form

M =
(

A 0
0 A−ᵀ

)
or M =

(
1p B
0 1p

)
, (100)

where A is unimodular and B is symmetric.
Interesting integer symplectic matrices include the sym-

plectic generator matrices of the E8 and Leech lattices
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FIG. 5. Four-qubit circuit obtained from interpreting the E8
symplectic generator matrix modulo 2 as a binary symplectic
matrix. This circuit is invariant under cyclic permutations and
maps σ̂ j

x → σ̂
j −1
x σ̂

j
z σ̂

j +1
x and σ̂ j

z → σ̂
j −1
z σ̂

j
x σ̂

j +1
z , where super-

scripts are evaluated modulo 4. The two sets of CZ gates are
examples of circuits creating cluster states [139,140].

(Appx. 2 of Ref. [138]). For example,

ME8 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

2 1 0 1 1 0 0 0
1 2 1 0 0 1 0 0
0 1 2 −1 0 0 1 0
1 0 −1 2 0 0 0 1
1 0 0 0 2 −1 0 −1
0 1 0 0 −1 2 −1 0
0 0 1 0 0 −1 2 1
0 0 0 1 −1 0 1 2

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

(101)

represents both a Gaussian circuit and, when taken mod-
ulo c = 2, the qubit circuit from Fig. 5. These matrices
are also unimodular and can therefore be used for the
transformations Q, R in Eq. (81) to yield other LCA codes.

D. Linear binary codes

We construct an oscillator-qubit LCA code whose qubit
encoder TDV is a generator matrix of a linear binary code.

Let G be a generator matrix of dimension 2k × 2p of
a linear binary code, where k < p [141]. Assume that the
rows of G are linearly independent over Z2. Hence, they
remain linearly independent when we think of them as inte-
ger vectors. We then pad the remaining 2(p − k) rows with
more linearly independent vectors to yield a unimodular
matrix R.

We fix the qudit dimensions to be equal, cj = 2, and
set d = 1k. Plugging in our R into Eq. (84), we obtain the
required TDV = G. This corresponds to

Z = Rᵀ

⎛

⎝
0 1k/2 0

−1k/2 0 0
0 0 0

⎞

⎠R. (102)

Such a Z is compatible with any Θ as long as Θ − Z is
invertible. One simple choice of such a Θ is

Θ = Rᵀ

⎛

⎜
⎝

0 L1 0 0
−L1 0 0 0

0 0 0 L2
0 0 −L2 0

⎞

⎟
⎠R, (103)

where L1 is the block corresponding to 1k/2 in Z, and L1,
L2 are diagonal unimodular matrices of dimension k and
p − k, respectively.

X. CONCLUSION AND FUTURE WORK

We develop the theory of oscillator-qudit stabilizer
states and error-correcting codes. By “stabilizer,” we
mean that the states or codes are joint +1-eigenvalue
eigenspaces of a commuting group of oscillator displace-
ments and qudit Pauli strings.

Our framework is based on mathematical embeddings
of integral symplectic lattices into locally compact Abelian
(LCA) groups, which define the hybrid configuration space
of oscillator-qudit systems. As such, we refer to our con-
structions as LCA states and LCA codes.

LCA states are entangled with respect to the oscillator-
qudit partition. They are superpositions of tensor-product
states, each of which consisting of a Gottesman-Kitaev-
Preskill (GKP) quantum lattice state [39–42] and a qudit
basis state. They cannot be obtained from a tensor prod-
uct of oscillator and qudit stabilizer states via Gaussian-
Clifford transformations because such transformations are
nonentangling. This is in contrast to GKP and qudit sta-
bilizer states, which can all be obtained from each other
via Gaussian and Clifford operations, respectively. Since
an LCA state can be obtained from a qudit stabilizer state
by encoding a part of the state into a GKP code, the distinc-
tion between state classes highlights the usefulness of the
GKP encoding map as a distinct resource (cf. Ref. [58]).

A. LCA states

LCA states are characterized by a rational antisymmetric
matrix Z that is called, in other contexts, a commuta-
tion matrix [103–105] (cf. the frustration graph matrix
[106,107]). The matrices ∓Z quantify the noncommuta-
tivity among the parts of each LCA stabilizer generator
that are supported on the oscillator and qudit factors,
respectively. Their opposite signs guarantee that the non-
commutativity between the two parts cancels, ensuring that
all stabilizers commute.

The shortest undetectable displacement of an oscillator-
qudit LCA state is larger than that of the GKP state by
a square-root of the physical qudit dimension. As such,
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LCA states can be used to measure a larger set of non-
commuting displacements than GKP states, making them
useful for improving various metrological protocols [48–
51]. Taking the physical qudit dimension to infinity yields
a phase space that is essentially classical. Since LCA states
are oscillator-qudit entangled, this may be an interesting
example of how a classical limit can arise from quantum
entanglement [142].

Generalizing GKP states, LCA states correspond to
symplectic lattices in phase space and lie in eigenspaces
of noncompact but discrete stabilizer groups. On
the other hand, another class of oscillator stabilizer
states—analog/Gaussian stabilizer states [143–146]—
correspond to hyperplanes and are stabilized by continuous
stabilizer groups, i.e., Abelian Lie groups. Studying stabi-
lizer codes defined by continuous groups (cf. Ref. [147])
is an interesting topic for future investigation, especially
given the usefulness [148–150] and generically entangled
nature [146,151] of their purely oscillator counterparts.
In particular, it could be useful to define hybrid CV-DV
cluster states on oscillator-qudit systems.

The LCA framework combines real-space and binary/q-
ary lattices into one hybrid structure. Since both types
of lattices yield computationally hard problems, the LCA
framework provides an intriguing playground for the
development of lattice-based quantum algorithms and
post-quantum encryption schemes [76–78]. It will also be
interesting to investigate connections of LCA states to
Landau-level physics [42,112,152–155].

B. LCA codes

We construct LCA codes using the theory of noncom-
mutative tori [68–75], an important example in noncom-
mutative geometry. Integral symplectic lattices correspond
to commutative tori, and our construction extends their
embeddings into real space—GKP codes—to those into
products of real space and discrete qudit factors. The main
reason for deploying the intricate mathematical theory is
to determine the noncommutative torus of logical opera-
tors that is dual to the commutative torus defining an LCA
code’s stabilizers.

We develop two separate error-correcting strategies, one
against pure displacement noise, and another against a
smaller set of displacements and all qudit errors. We also
note that mixed strategies are possible, and it would be
interesting to further develop them.

GKP codes can increase the error-correcting power of
qubit encodings by concatenating each physical qubit into
a GKP code [131–134]. GKP mode-into-mode encodings
can even help with storing an infinite amount of quantum
information [135,136]. We anticipate that our various out-
lined LCA concatenation strategies should further boost
code performance and error-correcting thresholds.

C. Noncommutative geometry

Our relation between stabilizer codes and noncommuta-
tive tori is likely to bear more fruit. The noncommutative
torus framework is mathematically mature, but more work
needs to be done to draw it closer to applications. While it
yields an exceedingly general class of codes, it is not clear
whether this is the only way to construct hybrid codes,
or when two given general LCA codes are equivalent via
symplectic operations.

Logical gates on LCA codes correspond to automor-
phisms of noncommutative tori [121–125], and studying
their structure and degree of fault tolerance is of pri-
mary interest (cf. Refs. [42,115,126] for the GKP case).
In particular, fault-tolerant gates on GKP codes coupled to
qudits have been studied in the contemporary Ref. [20]. We
believe this work is effectively studying finite-energy LCA
codes since their initial states are GKP states, and since
conditional oscillator-qudit displacement is part of their
gate set. It will be interesting to relate the two approaches
in the future.

The generalized Möbius transformation for obtaining
the logical operators may be related to similar transforma-
tions in other contexts [Eq. (3) of Ref. [156]; Eq. (2.24) of
Ref. [157]; and Thm. 15 of Ref. [158]].

General embeddings of noncommutative tori can be
done into LCA groups that contain integer factors Z, which
define linear rotors [85]. But when the torus is commu-
tative, the rotor factors decouple from the oscillator and
qudit factors. While the LCA construction does not extend
to rotor-oscillator and rotor-qudit codes, one can instead
use rotor-oscillator entangling symplectic operations (gen-
erated by x̂ ⊗ L̂ and p̂ ⊗ L̂ for rotor momentum L̂) and
qudit-oscillator entangling symplectic operations (gener-
ated by m̂ ⊗ L̂ and ĵ ⊗ L̂ in the notation of our paper) to
make entangled states and codes. We leave development of
such stabilizer encodings as a topic for future investigation.
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