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We study measurement-induced entanglement (MIE) generated by column-by-column sampling of
noisy 2D random circuits of size N and depth 7. Focusing primarily on Clifford circuits and using the
operator entanglement S,, of the sampling-induced boundary state as a proxy for computational
complexity, first, we reproduce in the noiseless limit a finite-depth transition from area- to volume-
law scaling at a threshold depth 7. = 6. In contrast, in the presence of single-qubit depolarizing noise at
any constant rate p > 0, we find that the operator entanglement S, obeys an area law, with its maximum
value scaling approximately linearly with 7/ p in the regime T > T.. By analyzing the spatial distribution
of stabilizer generators, we observe exponential localization of stabilizer generators; these both account
for the scaling of the maximal S, and imply an exponential decay of conditional mutual information
across buffered tripartitions, which we also confirm numerically. Together, these results indicate that
constant local noise destroys long-range MIE in 2D random Clifford circuits, and that a tensor-network-
based algorithm can efficiently sample from noisy 2D random Clifford circuits (i) at sub-logarithmic
depths T' = o(log N) for any constant noise rate p = (1), and (ii) at constant depths 7 = O(1) for noise
rates p = Q(log™!N). Finally, we turn to depth T = 4 Haar-random and measurement-based quantum
computing-type circuits, providing evidence that MIE in noisy 2D Haar-random circuits exhibits the same
qualitative behavior as in random Clifford circuits, and that noise destroys the volume-law scaling of MIE

in non-Clifford circuits.

DOI: 10.1103/yfzm-5116

I. INTRODUCTION

Entanglement is widely recognized as a key resource
enabling tasks unattainable in a classical world, including
unconditionally secure cryptography and computational
speed-ups. Indeed, generic highly entangled many-body
states are believed to be hard to describe and simulate on
classical hardware, and creating a large amount of entan-
glement is therefore a natural ingredient in any bid for
quantum advantage. In unitary-only architectures con-
strained by spatial locality, generating such complexity
typically demands deep circuits: for instance, states
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prepared by logarithmic-depth 1D circuits or constant-
depth 2D circuits admit efficient classical algorithms for
estimating local observables [1]. Somewhat counterintui-
tively, however, sampling from constant-depth 2D circuits
is worst-case hard [2] and is widely conjectured to be
average-case hard [3]. Sampling can be hard because local
measurements can convert short-range entanglement into
long-range entanglement. This is well understood in the
context of entanglement swapping [4-6], measurement-
based quantum computation [7,8], and efficient prepara-
tion of topologically ordered states [9—14]. In the case of
random circuit sampling, sampling from the bulk of the
qudits in a state prepared by a constant-depth random
circuit can yield a highly entangled circuit on the remain-
ing qudits, a phenomenon called measurement-induced
entanglement (MIE) [15].

Despite the importance of understanding MIE in 2D
circuits and its relation to simulation complexity, most
prior studies have concentrated on the noiseless setting

Published by the American Physical Society
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[16-20] (with the exception of Ref. [15], which exper-
imentally studied MIE in a noisy quantum processor). In
realistic devices, however, noise is unavoidable. As noise
suppresses entanglement growth in 1D random-circuit
dynamics [21,22], it is natural and important to ask
whether the volume-law scaling of MIE in 2D random
circuits can survive in the presence of noise. This question
in 2D is conceptually significant and directly relevant to
the classical simulability of noisy 2D random-circuit
sampling [3], as the MIE serves as an indicator of the
efficiency of the ‘“space-evolving block decimation”
(SEBD) algorithm [16] (and its extension in Sec. II) for
sampling from 2D random circuits.

It is known that, when circuit depth scales at least
logarithmically with system size, any depolarizing noise
of constant rate p > 0 renders 2D random-circuit sampling
amenable to efficient classical simulation [23-25]. By
contrast, in the sub-logarithmic depth regime, efficient
classical simulation under depolarizing noise has been
established only at large noise rates p > p,, via approaches
such as trajectory unraveling [26] and percolation-based
analyses [27,28]. Clarifying the fate of MIE at small,
constant noise rate p > 0 and at sub-logarithmic depths
would not only illuminate the interplay among unitary
gates, measurements, and noise, but also provide crucial
insight into closing the remaining gap in our understanding
of the simulation complexity of noisy 2D random-circuit
sampling.

In this work, we take a step toward this goal and
investigate entanglement dynamics induced by column-
by-column sampling of noisy 2D random Clifford circuits.
In contrast to general random circuits, these are efficiently
simulatable [30,31], which allows us to numerically study
their entanglement dynamics in large systems and at small
noise rates. Since random Clifford circuits form a unitary
3-design [32] and often qualitatively reproduce entangle-
ment dynamics of Haar-random circuits [18,33,34], we
expect this Clifford-based simulation to capture the key
features of entanglement during sampling dynamics of
generic noisy 2D random circuits. To quantify MIE, we
simulate sampling the 2D state column-by-column and
consider the operator entanglement S,,(¢) of the boundary
state p, generated by the sampling process (see the setup
in Sec. II). In Sec. III, we numerically characterize the
scaling of S, in two regimes: in the noiseless limit p = 0,
we identify a finite-depth transition from area- to volume-
law behavior with a critical depth 7. = 6, consistent with
previous studies [16,19,20]. This transition is also con-
ceptually related to the measurement-induced phase tran-
sition in random circuits [33,35-37]. In stark contrast, for
any constant noise rate p > 0, the maximal §,, obeys an
area-law (i.e., it is independent of the boundary length);
in the regime T > T, it grows approximately linearly
with depth, S0 ~ ,T, with 8, ~ p~*°! decreasing as p
increases. In Sec. IV, we relate this scaling to the spatial

distribution of stabilizer generators: stabilizer generators
are distributed almost evenly in the bulk of the boundary
state, while their length # occurs with probability
D(£) ~ e v’ This bounds the number of stabilizer
generators crossing a bipartition, underpins the area-law
scaling of Sgi*, and implies exponential decay of the
conditional mutual information (CMI) of p, , —a behavior
we also confirm numerically. We then show in Sec. V that,
assuming the numerically observed scalings hold, the MPO-
SEBD algorithm [extended from the “space-evolving block
decimation” (SEBD) algorithm [16], cf. Sec. Il A] guaran-
tees efficient sampling from noisy 2D random Clifford
circuits (i) throughout the entire sub-logarithmic depth
regime 7 = o(log N) for arbitrarily small constant noise
rate p = Q(1), and (ii) at constant depths 7 = O(1) for
noise rates p = Q(log™'N), within polynomial time. In
Sec. VI, we demonstrate the MPO-SEBD algorithm on the
sampling dynamics of noisy 2D Haar-random circuits and
measurement-based quantum computing (MBQC)-type cir-
cuits of depth T = 4, providing evidence that the MIE in
noisy 2D Haar-random and random Clifford circuits exhib-
its the same qualitative behavior, and that noise can destroy
the volume-law scaling of MIE in non-Clifford circuits.
Finally, in Sec. VII, we discuss the implications of our
results for other classical simulation algorithms of noisy 2D
circuits, and highlight how our results provide evidence that
MIE in noisy, shallow 2D Haar-random circuits may also
exhibit area-law scaling.

II. SETUP

A. Noisy 2D circuit sampling
and the MPO-SEBD algorithm

We consider a geometrically local brickwork circuit
of depth T acting on a two-dimensional lattice of size
N = L x W, with qubits initialized in the product state
|0)®N [cf. Fig. 1(a)]. The sampling algorithm we consider
here builds on the SEBD algorithm first introduced in
Ref. [16]. In this algorithm, sampling proceeds column-by-
column (we index the columns by ¢ from left to right)
along the width direction [Fig. 1(b)], which has a desirable
property that, in every step, we only need to keep track of
the boundary state. More concretely, the algorithm pro-
ceeds as follows [16]:

(1) To sample the first column (¢t = 1), we consider
only the gates contained in its past light cone and the
qubits they act on (the triangular-prism region).
This defines a state p; supported on the Hilbert
space corresponding to a strip of L x W, qubits,
with the width of the boundary state W, ~ T [29].
We then sample the first column according to the

marginal of p;, obtaining the bitstring l;l and the

conditional state p<°™ o try[(|b1)(b;| ® 1)p;] sup-
ported on L x (W, — 1) qubits.
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FIG. 1. Setup and conjectured phase diagram. (a) Brickwork layer order. Edges of the same color denote two-qubit gates applied

within a single layer; the four-layer cycle (green — yellow — red — blue) is repeated periodically to entangle the lattice. One cycle
corresponds to a circuit depth of 4. (b) Column-by-column sampling process [16]. After every circuit layer, an on-site noise channel of
rate p acts independently on each qubit. Sampling proceeds along the width direction. To sample the #-th column (# = 3 illustrated
here), we include the gates and qubits within its past light cone (blue region) in the boundary state p, during the sampling procedure and
then measure the 7-th column. The boundary state on the unmeasured region has length L and width W, [29]. We diagnose its half-
space operator entanglement S, across the cut along the direction of the width (green line) and also study conditional mutual
information (CMI) in Sec. IV. (c¢) Conjectured entanglement phase diagram of the maximal measurement-induced operator
entanglement Sgi*, plotted versus noise rate p and depth 7. For p = 0 (noiseless), a finite-depth transition at 7', [cf. Fig. 2(b)]
separates volume-law and area-law behavior [16]. For any constant noise rate p > 0, our numerical and analytical analysis indicates
area-law scaling of ST ~ T'/p in the regime T > T,.

op

(2) To sample the ¢-th column, we take the normalized
conditional state from the previous step p°1¢ and
add any qubits and gates in the past light cone of the
t-th column that were not included in p,_;. This
defines p,. The marginal of the #-th column of that
state is now the correct marginal of the state
conditioned on the outcomes of the preceding
columns. We sample from this marginal and pro-
ceed to the next column.

Iterating this unitary-measure cycle yields a full
sample from the output distribution of the constant-
depth 2D circuit.

Note that step 2 above describes the action of a POVM,
and thus we can think of the sequence of states p,
generated in the above sampling protocol as the time
evolution of the boundary state p, under unitary evolution,
measurement, and the addition of fresh qubits.

In the noiseless case, the boundary state remains pure,
ie., p,=|y,){(w,|, and SEBD can be implemented by
representing |y,) as a matrix-product state [16]. Here, we
consider a noisy version of the above protocol, in which
each gate of the circuit is followed by single-qubit
depolarizing noise at rate p. As a result, the boundary
state is no longer pure, and we can instead represent it as a
matrix-product operator (MPO). We refer to the resulting
sampling protocol as the MPO-SEBD algorithm. Note that
this differs from the noisy-SEBD method of Ref. [26],
which treats on-site noise via quantum trajectories, with
each trajectory simulated by SEBD.

Note that the boundary state p, [cf. Fig. 1(b)] spans a
quasi-one-dimensional region containing N, =L x W,
qubits. Representing p, as a one-dimensional MPO with
L sites then requires grouping the W, ~ T qubits along the

3)

width direction into a single qudit of dimension
d =2W» ~ 27 Consequently, both the memory cost and
the runtime of the MPO-SEBD algorithm grow exponen-
tially with the circuit depth 7.

B. Measurement-induced operator entanglement

The key question we want to address is how complex the
boundary state during the sampling process is. The
primary diagnostic we use for this is the operator entan-
glement S, [38] across a fixed horizontal half-space
bipartition [illustrated as the green line in Fig. 1(b)].
We define the vectorization of p, as |p,), and the associated
normalized density matrix for |p,) as

~ |pr><,0¢|
P ol

For a bipartition AB, the operator entanglement is the
von Neumann entropy of the reduced state of p, [38],

ey

Sop(1) = e[ log 7], @)
with p# = trg[p,], where fr denotes the traces of density
matrices on the vectorized (doubled) Hilbert space.

In the noiseless case, p;, is pure, and S, is twice the von
Neumann entropy of |y,,), directly tying S, to the bond
dimension required by matrix-product state simulations.
For mixed states, S,, plays an analogous role for MPO
representations and has been used to characterize simu-
lation cost in open system evolution [39], noisy 1D circuits
[21], and noisy Gaussian Boson sampling [40]. An
important caveat is that truncating small singular values
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from an MPO only guarantees a small error in Frobenius
(L,) norm, and not in total-variation distance [41]. Thus,
an area-law scaling of the boundary-state operator entan-
glement does not, by itself, guarantee an efficient MPO
representation of the corresponding density matrix. By
contrast, a volume-law scaling of S, rules out any efficient
MPO representation. Moreover, in Sec. V we show that,
for noisy stabilizer states, an area-law scaling of S,
actually guarantees an efficient MPO representation.

Operationally, we evaluate S, of the pre-measurement
boundary states p,. The difference between this convention
and computing S, after the measurement corresponds to
only an O(1) additive shift and thus does not affect the
asymptotic scaling of S, with system size or circuit depth.

In addition to using S,, as our primary diagnostic, in
Sec. 1V, we also compute the conditional mutual informa-
tion (CMI). For a tripartite system with regions A and B
separated by C, the CMI is

I(A:B|C) =1(A:BC)—I(A: C), 3)

where the mutual information is I/(X:Y)=Sx+Sy— Sxy,
and Sy = —tr[py log px] denotes the von Neumann entropy.
Note that our calculation of S, and the CMI also implicitly
conditions on the measurement outcomes in the previously
sampled columns (see [42] Fact 34.D for a simple proof),
since we consider the boundary state after projective
measurements.

C. Noisy 2D random Clifford circuits
and mixed stabilizer states

For our numerics, we use the setup in Sec. IT A with
random two-qubit Clifford gates. We simulate the depola-
rizing noise in a Monte Carlo style by replacing any given
qubit by the maximally mixed state with probability p.
This ensures that the state remains a stabilizer state
throughout the evolution, enabling efficient classical
simulation [31].

A (mixed Pauli) stabilizer state on a chain of N qubits
(labeled from 1 to N) can be defined in terms of its set of
generators G = {gj,...,gy}, which comprises M <N
mutually commuting Pauli strings, as

M

T+4+g

po=]] 5 £ (4)
k=1

If N = M, the state is pure. For each generator, we can
associate a start and end, which we define as the first and
last qubits on which the generator is nontrivial (not the
identity). A convenient way to write down G is the clipped
gauge, which is a unique form in which at most two
generators start and end on any given site [33,43]. The
reason this gauge is so convenient, is that we can directly

read off entanglement properties of the state from its
generator.

Specifically, consider a bipartition of the chain into
a contiguous left chunk A = [i|* and right chunk
B = [i]yy, ;- We split up the generator set into three disjoint

sets {G4, Gp, Gag}, where G, and Gy contain all generators
wholly contained in either A and B, and G,p contains
all generators with support in both A and B. Since the
generators commute, we can write pg as

pg = (Pg, ® pg,)Pg,,

=(pg, ®rg,) > ] 97’ )

¥€{0,1}MaB g; €Gup

where pg,  are the reduced states on A and B, which equal
the stabilizer state defined through G4 /5. Equation (5) is a
sum over 2Mas terms, where M,z is the number of
generators that have support in both A and B. This implies
that the bond dimension y 45 required to represent this state
as MPO is 2M4s, From Eq. (5), we can also evaluate the
operator entanglement Eq. (2), which evaluates to M 45. The
entropy of a stabilizer state of the form Eq. (4) is equal to
N — M. Thus, we can directly read off the mutual infor-
mation, which also equals the number of generators with
support in both A and B. Thus, we have

Sop = I(A: B) = log,(xap) = Mygp. (6)

The CMI Eq. (3), which is defined in terms of a
tripartition A, B, C, where C buffers A and B, similarly
evaluates to the number of generators that have support
both in A and B (but note that now the definition of A and B
is different).

ITII. NUMERICAL RESULTS

In this section, we present numerics for random Clifford
circuits based on the stabilizer formalism, where each data
point is averaged over ~10% individual realizations of the
random circuits. These results, together with prior noise-
less results [16], motivate the conjectured entanglement
phase diagram in Fig. 1(c). There, for any constant noise
rate p > 0, the maximally attainable operator entangle-
ment [denoted as Sgi* (cf. Eq. (9))] during sampling of
noisy 2D random Clifford circuits exhibits area-law
scaling.

The typical evolution of S,,(¢) for the boundary state
during the sampling process [cf. Fig. 1(b)] is shown in
Fig. 2(a). In the noiseless case p =0, S,, grows mono-
tonically with the column index ¢ and saturates at a
volume-law value. With noise p > 0, S, increases during

the early iterations of the algorithm, reaches a peak S35
when sampling the 7,.,-th column of the qubits, and then
decreases toward a steady-state value. This behavior
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FIG. 2. Dynamics and scaling of measurement-induced operator entanglement. (a) Evolution of S, (¢) during sampling for noiseless
and noisy circuits, with circuit depth T = 8 and length L = 40. For the noiseless case (p = 0), S, () increases monotonically with

and saturates to its volume-law value. For noisy case (p > 0), Sop(t) grows, reaches a peak value

ak
Shy, and then decreases toward a

steady-state value. (b) Finite-depth transition in the noiseless case. Plotted is ng,ak versus L for depths T €4, 5,6, 7,8 with linear fits

Sggak = arL + c7. The inset shows the fitted slope ar as a function of 7, identifying a critical depth 7. = 6 where a7 turns nonzero.

(c) Area-law scaling in the noisy case at fixed depth 7' = 8. For each noise rate p, ng;ak exhibits a nearly logarithmic growth with L at

small L and then saturates to the asymptotic maximal value Sg;™,

reflects the interplay between entangling unitary layers,
noise that suppresses quantum correlations, and sampling
measurements. Similar non-monotonic profiles have been
reported in 1D and noisy 2D circuit dynamics [21,22,44].

In the following, we focus on the peak value S5, as it
captures the maximal operator entanglement generated
during the sampling process and indicates the largest bond
dimension required to represent the boundary state p, as an
MPO. We define

SO(L, T, p) = max Syp(1). (7)

column ¢

We first examine S5 versus the length L of the
boundary state in the noiseless case p = 0, as shown in
Fig. 2(b), where we observe a generic scaling

SP(L, T, 0) ~ ayL + cr., 8)

with the volume-law coefficient a; becoming nonzero at a
critical depth 7. = 6 [inset of Fig. 2(b)]. This indicates an
area-to-volume-law transition as T increases [16,19,20],
and the extracted 7', = 6 agrees with Ref. [19]. Since noise

can only reduce S, this implies area-law scaling of Sheak
for all T < T, for arbitrary p > 0. In what follows we
therefore focus on 7' > T,.

Figure 2(c) displays the scaling of S%* with L at fixed
depth 7' = 8 and several noise rates p > 0. For small L, we
observe a slow, nearly logarithmic growth with L, followed
by saturation to a plateau value Sgi™, defined as

S(Tp) = Jim SE (LT p). ©)

which demonstrates an asymptotic area-law in the noisy
case, in contrast to the volume-law at p = 0 for the same

depth. The scaling of the saturated value SG5™ is

indicated by the dashed lines.

240 T T T T T
8N~ p 091 p = 0.005
3 «p=20.01
rd «p=0.02
5 2 »
5120 o5 1 2 2
2 p  x1072 ///'
_ -
//‘/ "’"
— 7
P ,”.’
- ':_ -
0 Py "4 - | | 1
4 8 16 24 32
T
FIG.3. Saturated area-law value Sgi* versus circuit depth 7 for

several fixed noise rates p. The dashed lines are linear fits
SopX(T, p) = B,T + c,,. Inset: fitted slopes 3, plotted against p.
The line is a power-law fit , ~ p=*°! to the data.

summarized in Fig. 3, where we find

Sg;,a"(T,p) ~p,T +c,, (10)
with a slope f8, ~ p~*9! that decreases with increasing
noise.

IV. DISTRIBUTION OF STABILIZER
GENERATORS

To elucidate the origin of the area-law scaling of the
maximal operator entanglement Sgg* [cf. Eq. (10)] in the
regime T > T., we analyze the spatial distribution of
stabilizer generators in the clipped gauge of the boundary
state p, . at the time 7., at which S, attains its maximal

value. We label boundary qubits by integers increasing
along the width direction as in Fig. 4(a), bring the stabilizer
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FIG. 4. Distribution of stabilizer generators and the behavior of conditional mutual information (CMI) at ... (a) 1D labeling of the
qubit sites for the boundary state p,  (here L = 6, W), = 3). The green line denotes the horizontal half-space bipartition for computing
Sop [cf. Fig. 1(b)]. Colored dashed segments are examples of stabilizer generators, with circles marking their left endpoints x; and right
endpoints x,. The center locations of the stabilizer generators, com(g) = [x;(g) + x,(g)]/2, are marked with crosses. (b) The spatial
center distribution C(x,) of stabilizer generators. Here p = 0.01, L = 80,7 = 8. The labeling of qubit sites follows the convention
from panel (a). Since com(g) can take half-integer values, we place each half-integer site x + 1/2 immediately to the right of its
corresponding integer site x. (c) Normalized length distribution D(#) of stabilizer generators versus ¢ for fixed depth T = 8, system
length L = 80, and several noise rates p. The dashed lines are exponential fits to the data for noisy cases. (d) The extracted exponential
scaling exponent yis% [cf. Eq. (14)] of the stabilizer generator length distribution, as well as that of the CMI, yS%'. For fixed depth T = 8
(circle markers), we varied the noise rate p € 0.005, 0.01, 0.02, 0.04. For fixed p = 0.02 (plus markers), we studied 7 € 8, 12, 16. The
line shows a single linear fit to the combined data for yllf“T and yg‘ﬁl. The plotted exponents for 7 = 8 are extracted from the dashed lines
in panels (c) and (f), while the corresponding plots of the length distribution and CMI for 7' = 12, 16 are omitted. (e) Schematic of the
bipartition AB and tripartition ACB with buffer region C of length d. For the bipartition, only the stabilizer generators (illustrated as
colored circles) that cross the cut contribute to Sy, [cf. Eq. (6)]. For the tripartition, only the stabilizer generators that cross the buffer
region C contribute to the CMI I(A : B|C). (f) The scaling of CMI I(A : B|C) with the length d of the buffer region C. The markers and
the corresponding parameters (7 = 8, L = 80) are the same as in panel (c). The dashed lines are exponential fits to the data for
noisy cases.

tableau of Ptoeu. 1O the clipped gauge [33,43], and obtain a 1 Y

set of stabilizer generators G = {gi, ..., gy} acting non- Clx.) = N*Z&om(gi),x(,’ (12)
trivially on subsets of sites. Here the number of stabilizer
generators M depends on the individual realization of the
noisy circuit as well as the measurement outcome. To each 1

generator g we can associate a left end x;(g) and a right end D(?) = N Z Slen(g,).¢- (13)
x,(g), which we define as the first and last qubits on which g =1

the generator is nontrivial (not the identity). We also define

the length and center of a stabilizer generator as The numerically obtained C(x.) at fpcq is shown in

Fig. 4(b) for depth 7' = 8 and noise rate p = 0.01 as a
len(g) = x,(g) — x,(9), representative example. Within the bulk of the boundary
(I state that consists of N, qubits, C(x.) remains

com(g) = [x:(g) + x,(g)]/2 i b d c

approximately uniform along both the length and width,
i.e. C(x.) ~ 1/N,. Here the uniformity is expected, since
the unitary gates, noise, and measurements are applied
nearly uniformly during the column-by-column sampling
process [cf. Fig. 1(b)].

Figure 4(c) shows the length distribution D(¢) at Tpeak
for circuit depth 7 = 8 in the noiseless case p = 0 and

reahza“ﬁn& et - ¢ bl noisy case with p = 0.01,0.02,0.04. At p =0, where
\zVe char a:cterilz'e t, be S.patlfi thstructure lO St? 1 1;§r gzn' Sop saturates to a volume-law value, a substantial fraction
erators via two distributions: the center-location aistribu-——— "y.00 eabilizers is visible. If p > 0, the distribution

tion C(x.) and the length distribution D(¢). They are : . :
. s d acquires an exponential decay for ¢ larger than certain
defined as the probabilities that a randomly picked R
- threshold ¢, [ =~ 10 in Fig. 4(c)], as
stabilizer generator g has center com(g) = x, and length
len(g) = ¢, respectively. These distributions can be com- _jen g
puted numerically as D(¢ > £y) e 'rr”, (14)

To obtain the distributions of the centers and lengths of
stabilizer generators, we produce a collection of boundary
states {p, } across many independent numerical realiza-
tions of the sampling process, from which we gather a

total of N, ~ 103 stabilizer generators {gi}l&’l across all
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with an exponent ylen ~np/T, as shown in Fig. 4(d), with

numerically extracted # = 21.3. The exponential decay
indicates noise-induced localization of stabilizer generators
in the clipped gauge. Intuitively, this stems from the
interplay of noise, unitaries, and measurements. Noise tends
to remove stabilizer generators, whereas measurement
introduces single-site stabilizer generators, and unitaries
lengthen them. This picture is not wholly predictive, as
measurements can lead to a complex reshuffling of stabi-
lizer generators in the clipped gauge, but it suggests that
exponential decay of long stabilizer generators is the generic
behavior in these dynamics.

A. From the stabilizer distribution to the observed
entanglement scaling

‘We now show that the numerically observed exponential
suppression of long stabilizer generators, D(£) ~ e /rren” |
explains the scaling in Eq. (10). We consider in particular
the asymptotic value (L > 1) of the maximum operator
entanglement as Sgi*. The observed center-location and
length distribution of stabilizer generators motivate us to
consider the following simplified model, where the prob-
ability that a randomly picked stabilizer generator g, with
an arbitrary left endpoint x;, has length at least 7 is
exponentially suppressed:

P(len(g) > ¢) = ¢ 154’ (15)

This distribution omits the small-size correction for
¢ < ¢ and the small spatial non-uniformity of the spatial
distribution of stabilizer generators, which do not alter the
predicted scaling.

At fpe, Where S, reaches its maximum value, in the
numerical regimes we studied, we observe that the average
density of stabilizer generators satisfies (M)/N = 1, since
noise has not yet accumulated significantly within the
finite time 7,c,. Then, using Eq. (6), the expected peak
operator entanglement Sgi* can be obtained by summing
the probabilities of stabilizer generators g whose left
endpoint lies in region A (i.e., x; < N,/2) and whose
right endpoint x, lies in region B (i.e., x, > N,/2).
Summing over all lattice sites in region A then yields
the following expression for Sgi™*

N,/2—

Smax P(len(g) > ¢
b ; (len(g) > 2) a16)

len

=1/(rt = 1) 1/7% ~ T/ (np)

where we used the fact that y""“ < 1 for p <1 in the
last step [cf. Fig. 4(d)]. The predicted behavior,
Sop™* = T/(np), exhibits good quantitative agreement with
the numerical observations presented in Fig. 3.

Similarly, we can use Eq. (15) to predict the scaling of
conditional mutual information across a buffered triparti-
tion ACB with buffer width d- [see the setup illustrated in
Fig. 4(e)]:

o0 e—J’::"TthC
I(A:B|C) ~ P(len(g) > ¢) = —; (17
=Wpdet1 e’rr —1

Hence the CMI is expected to decay exponentially with
the buffer size d- with an exponent yle“ W,. We verify this
numerically in Fig. 4(f), with the tr1part1t10n ACB as
shown in Fig. 4(e). For the noiseless case p =0, we
observe long-range CMI, as expected from previous
studies [16-20]. For noisy cases p > 0, we see exponential
decay of CMI I(A : B|C) ~ e 7rrouWsde | with the numeri-
cally extracted yy' shown in Fig. 4(d) as well. We find
that % ~ ySN!, thus confirming our analytical scaling
prediction Eq. (17).

V. CLASSICAL SAMPLING FROM NOISY 2D
RANDOM CLIFFORD CIRCUITS VIA MPO-SEBD
ALGORITHM

For noisy 2D Clifford circuits, our numerics in Sec. III
and the analytics based on the simplified model in
Sec. IV A indicate that the maximal measurement-induced
operator entanglement obeys an area law with scaling
SosX(T, p) = T/(np). Moreover, stabilizer generators are
distributed uniformly in space, and their lengths exhibit
exponential decay. Under these conditions, we show below
that the MPO-SEBD algorithm guarantees classically
efficient sampling from noisy 2D random Clifford circuits
(i) throughout the entire sub-logarithmic depth regime
T = o(logN) for arbitrarily small constant noise rate
p = Q(1), and (ii) at constant depths 7' = O(1) for noise
rates p = Q(log™! N), within polynomial time.

As outlined in and before Eq. (6), the maximal bond
dimension y,,,, during each (randomly realized) sampling
process can be directly derived from the corresponding
maximal measurement-induced operator entanglement
within that sample. Averaged over all realizations of the
sampling process, Sop* ~ T/(np) [cf. Eq. (16)] and fol-
lows an exponentlally decaying distribution [cf. Eq. (15)],
hence the average maximal bond dimension scales
as (Ymax) = 27/01P) and follows the same distribution.
Following Ref. [16], we set a cutoff y . = 27/ 7) with
a tunable coefficient A. In the column-by-column sam-
pling [cf. Fig. 1(b)], the MPO-SEBD algorithm alternates
between time-step iterations with SVD sweeps that remove
only zero singular values. We abort the algorithm when-
ever a bond dimension exceeds y - Thus the algorithm
samples exactly from the noisy 2D random Clifford circuit
with success rate 1 — g,,,—equivalently, within total
variation distance TVD = &,y
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Consider sampling noisy 2D random Clifford circuits of
size L, W > 1 and depth T. The total number of bond
dimension checks performed during the MPO-SEBD
evolution is N ..k & W x N, = NT. We can upper-bound
the total abort probability &,,,« by Nopeck times the largest
per-check abort rate, which occurs at 7., and is at most
e, as implied by the exponentially decaying distribution
[cf. Eq. (15)]. Hence,

€aon = TVD < NTe ™. (18)

Putting this together, the MPO-SEBD algorithm sam-
ples from a noisy 2D random Clifford circuit with total
variation distance bounded by TVD < NTe ™", with maxi-
mal MPO bond dimension y .o = 2°7/P) . If one aims to
achieve a constant accuracy TVD < ¢, one can choose A =
log(NT/€) and get youonr = (NT/€)122T/0P) In this
case, MPO-SEBD runs with polynomial bond dimension,
Yeuorr = Poly(N), for noisy 2D random Clifford circuits
of arbitrary constant depth 7 = O(1) and noise rate
p = Q(1). Moreover, if one aims for a system-size-scaled
accuracy TVD < Ne (as in Ref. [16]), one can choose A =
log(T/e) and get yeyor = 27'°87/€)/(1P) In this case,
MPO-SEBD runs with polynomial bond dimension for
noisy 2D random Clifford circuits of (i) arbitrary sub-
logarithmic depths T = o(log N) and noise rate p = Q(1),
and (ii) arbitrary constant depths 7 = O(1) and inverse-
logarithmic scaling noise rate p = Q(log™! N).

We expect this result to yield useful insights into the
simulation complexity of noisy, random 2D circuits of sub-
logarithmic depth at arbitrarily small, constant noise rates.
Moreover, the regime where p scales inversely with N has
been investigated in the entanglement dynamics of 1D
circuits [45]. Our result on the inverse-logarithmic scaling
of p provides a nontrivial 2D counterpart, with explicit
connection to circuit simulability via the MPO-SEBD
algorithm.

Finally, we point out that the mechanism underlying the
area-law scaling of MIE based on the stabilizer generators
analyzed in Sec. IV, as well as the efficient classical
sampling strategy discussed in this section, relies on the
Clifford nature of the circuit and does not directly extend
to the non-Clifford case. In the next section, we apply
MPO-SEBD to noisy 2D Haar-random circuits to probe
the scaling of MIE in that setting. We then discuss in
Sec. VII the qualitative mechanisms that may render the
MPO-SEBD algorithm efficient for simulating noisy 2D
non-Clifford circuits.

VI. DEMONSTRATION OF MPO-SEBD

A. Noisy 2D Haar-random circuits

Here, we demonstrate the MPO-SEBD algorithm by
simulating MIE in the sampling dynamics of noisy 2D
Haar-random circuits. We further compare these results

with those from random Clifford circuits under the same
conditions, providing evidence that the MIE in noisy 2D
Haar-random circuits and random Clifford circuits exhibits
similar behavior. Note that this is not clear a priori, since
Clifford circuits form only a unitary 3-design [32],
whereas qualitatively matching entanglement properties
may require agreement in higher moments of the Haar-
random circuit output distribution.

We consider the same 2D brickwork circuit architecture
and employ the MPO-SEBD sampling procedure
described in Sec. IT A, where the boundary state p, is
represented as a MPO [46]. One important distinction is
that while in the Clifford numerics, we simulated the
depolarizing noise by sampling from locations, to simulate
Haar-random circuit dynamics, we implement the depola-
rizing channel directly. For a single-qubit depolarizing
channel D; acting on the i-th qubit with rate p,

Z Kﬂ,ipK;,iv

ue{0,x,y.z}

Di(p) =

the Kraus operators are given by

3
S T

_/p
. ﬁe{x.y,z},i—\/;a’;, (19)

where I; and ¢ © 22} denote the identity operator and the
Pauli operators acting on the i-th qubit, respectively. In the
end of the simulation, the measurement-induced operator
entanglement [Eq. (2)] is computed by vectorizing the
MPO into an MPS.

Since the computational cost of the MPO-SEBD algo-
rithm grows exponentially with the circuit depth 7' [cf.
Sec. IT A], our numerical simulations for large systems are
restricted to circuits of depth 7' = 4. Note that a 2D circuit
of depth T = 4 is already worst-case hard to sample [47].
For Haar-random circuits, the MIE is also expected to
undergo a finite-depth transition from area- to volume-law
scaling at some critical depth 774 > 3 [16]. It has not
been explicitly demonstrated whether depth 7 =4 lies
on the area-law or volume-law side of this transition.
However, our numerics based on random Clifford circuits
suggest that for 7 = 4, the MIE likely exhibits an area law
even in the absence of noise. Indeed, the results in this
section indicate that Haar-random circuits and random
Clifford circuits display the same behavior at T = 4.

The typical evolution of S,,(¢) for the boundary state
during the sampling process [cf. Fig. 1(b)] for both Haar-
random circuits and random Clifford circuits is shown in
Fig. 5(a). In both noiseless and noisy cases, S, () rapidly

Ky =/1-

saturates to a steady-state value, denoted as Sgg"k. Note that
Sep(t) does not exhibit the rise-and-fall behavior seen in
Fig. 2(a), because T = 4 lies on the area-law side of the
phase diagram even in the absence of noise. We also
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FIG. 5.

Comparison of measurement-induced operator entanglement for Haar-random and random Clifford circuits with 7' = 4

(within the area-law phase, where T < T) [cf. Fig. 1(c)]. (a) Evolution of S, (#) during sampling for both noiseless and noisy circuits.

In both cases, S, () quickly saturates to a peak value, denoted as ng,ak (consistent with the notation used in Fig. 2). L = 12 here.

(b) Peak value ngf‘k as a function of system size L, exhibiting area-law scaling. The marker styles are identical to those in panel (a). We
extract this plateau (as a function of L) value as S3%*. (c) Scaling of Sgi* as a function of the noise rate p (with fixed depth 7' = 4).

op

op

(d) Behavior of the Schmidt singular values 4; (ordered from largest to smallest) across the half-chain bipartition [cf. Fig. 1(b)] as a
function of the index j for the case of length L = 40. The fitted exponent is x = 0.40. The dashed line shows the fitted scaling described

in Eq. (20).

observe that introducing noise monotonically reduces

Sggak, and that the results for Haar-random circuits and

random Clifford circuits under the same noise rate p show
good qualitative agreement.
Using the MPO-SEBD algorithm, we perform simula-

tions for lattice lengths up to L = 48 and plot the extracted

SP°% a5 a function of L in Fig. 5(b), which clearly exhibits

area-law scaling for both noiseless and noisy cases.
Moreover, we find that the peak values of the operator
entanglement for individual random realizations follow a
Gaussian-like distribution centered around their average

value ng,ak. These results demonstrate that 2D Haar-
random circuits of depth 7 =4 obey area-law scaling
of MIE, suggesting that they may be efficiently simulated
classically using the SEBD algorithm [16] in the noiseless
case and the MPO-SEBD algorithm introduced here in the
noisy case.

We further present the scaling of the asymptotic (in L)
Sop* with respect to the noise rate p in Fig. 5(c), again
demonstrating that the Haar-random and random Clifford
cases show good qualitative agreement. Note that here,
Sop - decays almost exponentially with p rather than as
1/p as we observed for random Clifford circuits of depth
T > T.. We attribute this radical change in behavior to the
fact that at T =4 < T, there is no volume-law phase at
zero noise rate [see Fig. 1(c)].

We also analyzed the MPO Schmidt singular values 4;
across the half-chain bipartition of the boundary state p; in
Fig. 5(d) [48]. Since the system exhibits an area law in
both the noiseless and noisy cases at T = 4, we observe a

similar behavior of 4; (ordered from largest to smallest) in
these two cases, which approximately follow

Aj ~exp(=y;(p) - J°)s (20)

where the exponent k = 0.40 and the mean coefficient
7,(p) are obtained from numerical fitting. The coefficient
7,(p) increases monotonically with p, again demonstrat-
ing that S, decreases monotonically as noise increases.
This rapid stretched-exponential decay of the MPO sin-
gular values provides complementary evidence for the
area-law scaling of Sgi™*.

The above results demonstrate the MPO-SEBD algo-
rithm for 2D Haar-random circuits with system size up to
L =48 and depth T = 4, showing that noise suppresses
MIE, which is expected to reduce the simulation complex-
ity of such circuits. Furthermore, across all numerical
examples presented, we observe good qualitative agree-
ment between the behavior of Haar-random circuits with
deterministic depolarizing noise and that of random
Clifford circuits with depolarizing noise modeled in a
Monte Carlo manner. This consistency indicates that the
MIE properties studied for noisy 2D random Clifford
circuits can provide valuable insights into the MIE
behavior of Haar-random circuits under similar conditions.
We note, however, that this conclusion does not directly
extend to the regime 7 > T, which we did not explore
numerically due to computational constraints. A discus-
sion of this regime of Haar-random circuits is provided in
Sec. VIIL

033023-9



ZHI-YUAN WEI et al.

PRX QUANTUM 7, 033023 (2026)

B. Noisy 2D MBQC-type circuits

To further demonstrate that noise drives the MIE from a
volume-law phase to an area-law phase in non-Clifford
circuits, we apply the MPO-SEBD algorithm to a 2D
MBQC-type circuit of depth T =4, which has been
conjectured to be hard to simulate classically [49]. We
consider a 2D lattice of size N = L x W [see Figs. 1(a)
and 1(b)], with qubits initialized in the product state

lws) & @ (|0) + ei|1)), (21)

I®=

where the phase f; at site i is chosen independently and
uniformly at random from {0, z/4}. We then apply T = 4
layers of commuting CZ gates according to the schedule
shown in Fig. 1(a), thereby entangling the lattice, followed
by measurements in the X basis. This circuit corresponds to
Architecture I introduced in Ref. [49], where sampling
from its output distribution was conjectured to be classically
hard. This, in turn, suggests that the measurement-induced
operator entanglement S, exhibits volume-law scaling.

We apply the MPO-SEBD algorithm to simulate the
sampling process of the above MBQC-type circuit in the
presence of single-qubit depolarizing noise. The MPO-
SEBD iteration procedure is the same as that used for the
depth-T = 4 2D Haar-random circuit in Sec. VI A, since
the two circuits share the same layout. Note that, because
the MBQC-type circuit generates a large amount of MIE,
our simulations are restricted to relatively small system
sizes. To mitigate finite-size effects, we characterize the
MIE by the measurement-induced operator entanglement
Sop of the post-measurement state, maximized over all
bipartitions.

The evolution of S, () for various depolarizing noise
rates p and fixed length L = 8 is shown in Fig. 6(a). For
the noiseless circuit (p = 0), S, grows during the sam-
pling process and saturated at a considerable value. In the
noisy cases, by contrast, Sop exhibits a rise-and-fall profile,
indicating that the MIE growth is suppressed by the
accumulation of noise during the sampling evolution.
This behavior is in good qualitative agreement with that
of noisy random Clifford circuits in the regime 7 > T,
[cf. Fig. 2(a)].

We extract the maximal value of S,, during the

evolution, denoted by ng;ak, and show its scaling with

system size L for various fixed noise rates p in Fig. 6(b). In
the noiseless case, S grows approximately linearly with
L, consistent with the expected volume-law scaling of the
MIE in the absence of noise [49]. Upon introducing noise,
SPe s systematically suppressed, and for sufficiently
large noise rates we observe a plateau-like saturation
of S, suggesting an area-law scaling in this regime.
These results therefore provide numerical evidence that

(a) p=0,0.02,0.04,0.06,0.08, 0.1

4L
& B

w o9l i

0 L & b
0 1 2 3 4 5
column ¢

(b) : : :
4 + i

4

g

83%

FIG. 6. Results for 2D MBQC-type circuits. (a) Evolution of
Sop(t) during the sampling process for MBQC-type circuits
under various noise rates p, with L = 8. The dashed lines
indicate the corresponding peak values ng,ak. (b) Peak value
ng,ak as a function of system size L. The marker styles are
identical to those used in panel (a).

depolarizing noise can destroy the volume-law scaling of
MIE in 2D non-Clifford circuits.

VII. DISCUSSIONS

A. Classical algorithm based
on exponentially decaying CMI

Although our analysis mainly focuses on the measure-
ment-induced operator entanglement and the MPO-SEBD
algorithm, it has implications for other classical algorithms
as well. We observed an exponential decay of the condi-
tional mutual information in the boundary state, but one
could conjecture that this holds for any choice of A, B, C'in
the full lattice where A and B are separated by some buffer
that includes C. Such an “approximate markov” property
would lead to provable classical simulability via “patch-
ing”-style algorithms [16,19], which are motivated by
techniques from Gibbs sampling [50], and it can lead to
representability by classical neural networks as well [51].

B. Extension to Haar-random circuits of depth 7 > T,

Even though the numerics and results presented here
concern Clifford circuits, understanding the complexity of
sampling from noisy random circuits containing general
gates is a key motivation for this work. The MPO-SEBD
algorithm directly extends to that setting. We expect the
same behavior of the maximal measurement-induced
operator entanglement in this setting, but verifying this

033023-10



MEASUREMENT-INDUCED ENTANGLEMENT...

PRX QUANTUM 7, 033023 (2026)

numerically becomes substantially more challenging
beyond the depth 7' = 4 case studied in Sec. VI.

Analytical support for this expectation can be obtained
from a statistical mechanics mapping of Haar-random
circuits. Following the procedure of Ref. [16], one can
view the SEBD algorithm as exhibiting dynamics similar
to a 1D Haar-random circuit with interleaved weak
measurements. In Ref. [16], such a mapping was shown
to exhibit a transition between an ordered phase and a
disordered phase as a function of circuit depth. This
corresponds to a transition from an area law to a vol-
ume-law in certain entropic quantities that are heuristically
expected to reflect the efficiency of the SEBD algorithm—
an area (respectively volume) law corresponding to effi-
cient (respectively inefficient) runtime. In our case, the key
difference is the presence of depolarizing noise in addition
to the measurements. This noise acts as a symmetry-
breaking field, suppressing the ordered phase and prevent-
ing a sharp transition. These observations are consistent
with the operator entanglement entropy in the quasi-1D
noisy circuit being in an area-law phase (see, e.g., Ref. [22]
for similar arguments in 1D noisy circuits). Similar
symmetry-breaking effects due to noise have been
observed in other settings, including 1D monitored circuits
with bulk noise [52-54], as well as 1D noisy quantum
circuits without measurements [22,55].

Note that even if the measurement-induced operator
entanglement, Sgi™, obeys an area-law scaling, extending
the MPO-SEBD algorithm to generic non-Clifford circuits
(e.g., Haar-random circuits) will require truncating sin-
gular values. However, truncation guarantees are typically
formulated in the L, norm rather than the L; norm, so an
area law for Sgi* alone does not establish efficient
sampling in total variation distance. Regarding this issue,
Ref. [56] provides evidence that, in the setting of 1D Haar-
random circuits and 1D Lindbladian dynamics with either
depolarizing noise or amplitude-damping noise, MPO
truncation errors contract exponentially under the noisy
dynamics. This leads to improved empirical bounds on the
L, truncation error and suggests that MPO-based simu-
lation may serve as an accurate algorithm in L, error for
these settings. We expect a similar noise-induced error
contraction to occur in simulations of noisy 2D non-
Clifford circuits using the MPO-SEBD algorithm. Another
possible direction could be to consider the renormaliza-
tion-group-style truncation introduced in Ref. [41], which
provides L;-norm error control when entanglement of
purification of the boundary states p, during the sampling
evolution obeys an area law.

C. Concurrent works

While finalizing this manuscript, we became aware of
Refs. [57,58], which extend the patching algorithm of
Ref. [16] to sample from noisy random circuits under the
assumption of exponentially decaying CMI. In particular,

Ref. [57] provides numerical evidence for exponential
CMI decay in 1D noisy Haar-random circuits and in noisy
2D Clifford circuits with both unital and non-unital noise.
Reference [58] presents evidence of exponential CMI
decay for noisy 2D random circuits using Clifford
numerics and an analytical mapping to a statistical-
mechanical model for noisy 2D Haar-random circuits at
large qudit dimension and further proves exponential CMI
decay for arbitrary circuits when the noise rate exceeds a
threshold p,. > 0.

Their numerical results on CMI decay for noisy 2D
random Clifford circuits agree with ours. Notably, for
noisy 2D random Clifford circuits, exponential CMI decay
implies that the patching algorithm [16,19,25,57,58] runs
in polynomial time for depths T = O(y/logN) and in
quasi-polynomial time beyond that. By contrast, an area-
law scaling of the maximal operator entanglement Sg™
implies that the MPO-SEBD algorithm scales polyno-
mially throughout the entire sub-logarithmic depths
T = o(logN) for noisy 2D Clifford circuits under any
constant noise. It is therefore an interesting open question
whether MPO-SEBD can be leveraged into a provably
efficient classical algorithm for sampling from general
(non-Clifford) noisy 2D circuits of sub-logarithmic depths
at any constant noise rate.
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