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Identifying stabilizer codes that admit fault tolerant implementations of the full logical Clifford group
would significantly advance fault tolerant quantum computation, as such implementations prevent
uncontrolled error propagation. Motivated by this goal, we study several classes of fault tolerant gadget
constructions consisting of Clifford gates acting on the physical qubits, including transversal gadgets, code
automorphisms, and fold-transversal gadgets. While stabilizer codes encoding a single logical qubit—
most notably the [[7, 1, 3]] Steane code—are known to admit transversal implementations of the full
logical Clifford group, no analogous examples are known for codes encoding multiple logical qubits. In
this work, we prove a no-go theorem establishing that no stabilizer code admits a fully transversal
implementation of the Clifford group on more than one logical qubit. We further strengthen this result by
showing that fold-transversal implementations of the full logical Clifford group are impossible for
stabilizer codes encoding more than two logical qubits. More generally, we introduce the notion of k-fold
transversal gadgets and prove that implementing the full Clifford group on k logical qubits requires at least
k-fold transversal gadgets at the physical level. In addition, we analyze code-automorphism-based
constructions and demonstrate that they also fail to realize the full Clifford group on multiple logical
qubits for any stabilizer code. Together, these results place fundamental constraints on fault tolerant
Clifford gadget design and show that stabilizer codes supporting the full logical Clifford group on multiple
logical qubits via these architectures do not exist. Since the Clifford group is a core component of universal
gate sets, our findings imply that quantum computing with codes encoding multiple logical qubits within a

single code block necessarily entails more complex constructions for fault tolerance.
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L. INTRODUCTION

Quantum computers leverage the laws of quantum
mechanics in order to solve a variety of problems in
physics and chemistry far beyond the capabilities of a
classical computer [1]. However, working on quantum
computers also leaves us vulnerable to a much wider range
of noise than that seen on a classical computer. Thus, one
of the cornerstones in realizing the quantum advantage is
the ability to encode the logical information and protect it
from errors. The most widely used and reliable way to
protect quantum information is by using the class of
stabilizer codes [2], where we encode the logical infor-
mation onto a larger number of highly entangled physical
qubits. This allows us to protect the encoded information
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from the inherent noise in a quantum system as long as the
error is below a certain threshold [3,4]. Recently, signifi-
cant strides have been made toward demonstrating prac-
tical error correction in a variety of qubit architectures
[5-8]. However, in order to do meaningful computation, in
addition to encoding the information, we need a way of
performing operations on the encoded logical information.
In particular, a class of logical operations that are of
interest is the Clifford group (Cl,,) due to its significance in
quantum error correction and simulation [9]. More impor-
tantly, the Clifford group also plays an important role in the
construction of universal gate sets [10] as any non-Clifford
gate in addition to the full Clifford group gives us the
universal gate set [11,12].

At the same time we need a way to perform the
desired logical operations in a fault tolerant manner, that
is without spreading errors onto multiple qubits, thereby
preventing uncontrolled error propagation. A natural
approach is to employ transversal gates, which are com-
posed of single-qubit Clifford operations acting independ-
ently on each physical qubit. Because transversal gates do
not involve multi-qubit interactions, they are inherently
fault tolerant and suppress the propagation of errors during
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implementation. Moreover, the product of two transversal
gates is itself transversal; consequently, any logical oper-
ation realizable through transversal gates can be imple-
mented with constant circuit depth.

Even though no stabilizer code admits a transversal
implementation of the universal gate set [13,14], there
exist various methods to introduce non-Clifford gates,
including magic state injection [15,16] and error correction
[17]. These methods, combined with stabilizer codes
having a transversal implementation of the full logical
Clifford group, provide the most realistic method to obtain
fault tolerant universal quantum computation in the near
term. Several quantum codes encoding a single logical
qubit and permitting transversal implementation of the
entire logical Clifford group have been identified, with the
[[7, 1, 3]] Steane code [18] being the smallest such exam-
ple. More recently, attention has shifted toward quantum
codes that encode multiple logical qubits and support
addressable transversal gates [19,20], which allow us to
interact with each logical qubit independently. Such codes
not only provide a better rate of encoding and reduce qubit
overhead but also allow more flexible code switching and
gauge fixing frameworks [17,21] and enable more efficient
implementations of non-Clifford operations [22,23]. This
could allow us to circumvent Eastin-Knill restrictions and
expand the accessible fault tolerant gate sets.

However, the number of logical actions that we can
perform while limiting ourselves to transversal gadgets at
the physical level is usually small for general stabilizer
codes, and indeed, no stabilizer code has been found that
supports the transversal implementation of the full logical
Clifford group for multiple qubits. Hence, there exists a
need to expand the notion of transversality, and there exist
two leading ways to achieve this. The first is by using code
automorphisms where we allow for qubit permutations in
addition to transversal Clifford gates at the physical level
[24-27]. The second is by using fold-transversal gates
[28-32] which use multi-qubit Clifford gates within a
single physical code block, which spreads errors but can
implement a greater number of logical actions.

In this paper, we establish a no-go theorem that limits
the performance of both transversal and fold transversal
Clifford gadgets, proving that no stabilizer code has a
Clifford transversal implementation of the full Clifford
group on multiple logical qubits or a Clifford fold trans-
versal implementation of the full Clifford group on more
than two logical qubits.

The theorem can be generalized for [[n, k, d]] codes by
introducing k-fold transversal gadgets and proving that
in order to implement the full logical Clifford gate on k
logical qubits we need to implement at least k-fold
transversal Clifford gadgets at the physical level. In the
worst case, a k-fold transversal gadget can propagate a
single qubit error onto k physical qubits and hence

becomes decreasingly fault tolerant as k increases. An
important example of k-fold transversal gates is transversal
gates between k blocks of a code. Our theorem shows that
even by using multiple blocks, Clifford transversal gates
cannot achieve the full logical Clifford group unless each
block has only a single logical qubit.

We further prove a constraint on using code auto-
morphisms as physical gadgets and show that they can
never implement the full logical Clifford group for any
stabilizer code with multiple logical qubits. Thus the
theorems presented in this paper establish a clear con-
straint on high rate codes, limiting the number of logical
actions which can be implemented using the fault tolerant
Clifford gadgets considered in this paper. As a result it
becomes important to explore other pathways to universal
fault tolerant computation including code switching
[17,33-35], flag fault tolerance [36-38], lattice surgery
[39,40] etc.

The rest of the paper is organized as follows. In Sec. 11
we go over some preliminaries which will be required for
the rest of the paper. We then define the central theorems of
our paper in Sec. III and provide a proof for the theorems
in Sec. IV. We then end our work with a discussion on the
impact of the theorems presented and future directions
which can be pursued in Sec. V.

II. PRELIMINARIES
A. Stabilizer codes

The stabilizer formalism provides a compact description
of a large class of quantum codes and operations [2].
A [[n, k, d]] stabilizer code encodes k logical qubits into n
physical qubits with distance d. It is defined by an abelian
subgroup S C P,, of the n-qubit Pauli group

Py =(il.X;.Z;: j=1,....n), (1)

where each element of S fixes the codespace. The code-
space is therefore the joint +1 eigenspace of all stabilizer
generators.

a. Binary symplectic representation: Every Pauli oper-
ator on n qubits can be written uniquely (up to phase) as

P(a,b) = ® X Z" 2
(a, ) = jgl j L ( )
with binary vectors a, b € F;. This identifies each Pauli
operator with a binary vector

(alb) e F3". 3)
The commutation relation between two Pauli operators

P(a,b) and P(a’, b’) is determined by the symplectic inner
product
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((a,b). (a".b")) = (a.b)"J(a', b')

=a-b'+b-a’ (mod 2). 4)

0 1Id,

where J = [Idn 0 }

Two Paulis commute if their symplectic inner product

vanishes. The stabilizer S can be represented as the row
space of a binary (n — k) x 2n matrix

a bl
s=| i 5)

A, bnfk

with rows encoding the stabilizer generators.

B. Clifford group

The Clifford group Cl, is defined as the normalizer
of P,, ie.

UeCl, & UPU'eP, VPeP,. (6)

We define the projective Clifford group as the Clifford
group mod phases and the Paulis, i.e. ProjCl, :=
Cl,/(U(1),P,). The projective Clifford group is isomor-
phic to the classical symplectic group such that for each
U € Proj Cl,, there exists a M € Sp(2n,2) such that,

U'P(a.b)U = P(a’.b') & My-(a,b)=(a.b).

(7
Thus, each operator in the projective Clifford group can
be represented as a 2n X 2n binary matrix acting linearly
on the binary representation of the Pauli operators. Since
Clifford operators are unitaries, they must preserve the
commutation relation between Pauli operators, and this
constraint is equivalent to their binary representation
satisfying the symplectic condition.

MIIMy =J, (8)

For instance, on a single qubit:

1 o1
H'_[l —1]HMH_[1 o]’ 2

V2
1 o 1o
S.[O i:|l—>MS—|:1 J. (10)

The order of a Clifford operator U € Cl,, is defined as
the smallest integer » such that

Ur =1d,. (11)

Since the Clifford group is a finite group, all Clifford
operators have a finite order. For example, the single-qubit

projective Clifford group only has elements having order:
1 (e.g. Id), 2 (e.g. H and S) and 3 (e.g. HS).

C. Field theory

A field F is an algebraic structure where mathematical
operations such as addition, subtraction, multiplication etc.
are well defined. Since we are working with qubits, a field of
particular importance to us is the binary field F, = {0, 1}.
Finite fields having sizes which are powers of primes can be
constructed using field extensions: for any finite field [, of
size p and for each prime power g = p™, there exists a
unique field [, which can be constructed as

F, = F,[x]/(f(x)), (12)

where [, [x] is the ring of polynomials with coefficients
in the field F, and f(x) is an irreducible polynomial of
degree m.

Let @ = xmod f(x).a is then called the residue class of
x and every element of [, can be written as

ao—}—ala—l--'-—l-am_]a’”*l, aie[Fp. (13)

An irreducible polynomial is called primitive if a has
multiplicative order p™ — 1; in this case, a generates the
multiplicative group F; = F,\{0} that is,

FX={(a)={ak: 1 <k <p"—1}.

Example. Let us define Fg = [F5: using the primitive
polynomial

f(x) =2+ x+2€F, (14)

and let a = xmod f(x). Then a satisfies @ = 2a + 1.
Every element of Fqy can therefore be uniquely written as
ao—l-ala, aie[F3. (15)

Then, the multiplicative group Fg can be generated by
successive powers of @ such that

(16)
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D. Fault tolerance

In order to do computation using stabilizer codes, we
use physical gadgets € SU(n) which act on the physical
qubits and perform some logical action € SU(k) on the
logical qubits. In this paper, we limit our attention to the
physical Clifford group and only consider gadgets € Cl,.
In order for a physical operation (U) to be a gadget it must
preserve the code space i.e. map codewords to other
codewords. Equivalently, for stabilizer codes, the above
condition is equivalent to

Uu'sueS VSeS (17)

However, in order to prevent fault propagation we need
the physical gadgets to be fault tolerant. One of the best
ways to ensure fault tolerance is to make the physical
gadgets local and minimize multi-qubit operators.
Inherently fault tolerant gadgets, known as transversal
gadgets, act independently on each individual physical
qubit,

Uirans = g U; (18)

and prevent fault propagation within a code block. We
further limit each U; to be in the single-qubit Clifford
group and call these gadgets Clifford transversal gadgets.

The term transversal is also used for gadgets between k
code blocks, but now each U; acts on the qubit number i
within each of the k blocks. Thus, each U; acts only
one qubit within a block. In this paper, we focus on trans-
versal gadgets on single blocks, but multiple-block trans-
versal gadgets can be seen as an example of k-fold
transversal gadgets, which we introduce in Sec. III.

The idea of transversal gates has been expanded recently
to include some two qubit operations within a single code
block. These are known as fold transversal gadgets. They
are constructed with respect to a chosen ZX duality 7.
A unitary U is considered to be fold transversal if it is
supported on {i,z(i)} for i = 1,2,---,n [41]. We further
restrict U €Cl,, and call them Clifford fold transversal
gadgets. These gadgets exploit the geometrical properties
of the code and only propagate single-qubit errors to two
qubit errors which have independent syndromes. This
allows us to identify and correct these two qubit errors
which show up most commonly during implementation,
even if these codes cannot correct any arbitrary two
qubit errors.

The idea of transversal gates can also be relaxed on
certain qubit architectures such as Rydberg atoms [42],
ions [43] etc. In these architectures, SWAP gates can also
be made fault tolerant since qubit relabeling can be done in
software, enabling us to construct fault tolerant gadgets
made up of a Clifford transversal gadget followed by a

permutation of physical qubits. Such gadgets are known as
code automorphisms.

In order to prevent the spread of errors it is important to
enforce as strict a notion of fault tolerance as possible. In
terms of their fault tolerant properties, that is how well they
are able to limit the spread of errors, the gadgets can be
ranked as follows:

Transversal Gadgets > Code Automorphisms

> Fold Transversal Gadgets.

However, compromising on fault tolerance could
allow us more flexibility in terms of the logical actions
available to us.

III. CENTRAL THEOREM

Transversal gadgets, though a very desirable fault
tolerant method to construct physical gadgets, are very
limited in their ability to perform logical actions for most
stabilizer codes. Our first theorem provides a fundamental
constraint on the logical actions that can be implemented
by using transversal Clifford gadgets at the physical level.
We limit ourselves only to the logical Clifford group since
it is an important ingredient to achieve universal quantum
computation. We then show that for stabilizer codes having
more than one logical qubit, it is impossible to perform the
whole logical Clifford group using just transversal Clifford
gadgets. In order to generalize it to stabilizer codes having
multiple logical qubits we introduce the notion of k-fold
transversal gadgets (similar to the notion of transversality
introduced in Ref. [44]). This notion generalizes the
concept of fold transversality and under this convention,
transversal gates are 1-fold transversal gadgets, and fold
transversal gates under a fixed pairing of physical qubits
are an example of 2-fold transversal gadgets.

A set of gadgets (G) is k-fold transversal if there exists a
disjoint partition of physical qubits:

{si3m s Usi={12,....n}, (19)
i=1
such that
Isi| <k Vi, (20)

and every U € G can be expressed as a tensor product
U=", U, (21)

where U, acts only on the qubits in s;. In this work, we
restrict Uy, €Cl,,| and call these gadgets Clifford k-fold
transversal gadgets.

Under this definition, k-fold transversal gadgets share a
fundamental property with both transversal gadgets and
fold-transversal gadgets. If U and V are k-fold transversal

033027-4



NO-GO THEOREM ON FAULT TOLERANT GADGETS...

PRX QUANTUM 7, 033027 (2026)

with respect to a given partition, then their product UV is
also k-fold transversal for the same partition. Consequently,
the collection of k-fold transversal gadgets associated with
a fixed partition forms a group. It follows that any logical
operation realizable through k-fold transversal gadgets can
be implemented with constant circuit depth.

This is a significant property, since for every stabilizer
code, fold-transversal gates over arbitrary partitions always
permit implementation of the full logical Clifford group.
This is because {H, S, cNOT}, which is a two qubit gate set,
allows us to implement an arbitrary physical Clifford circuit
and thus all logical Clifford gates. However, these gates no
longer form a group structure themselves, and, as a result,
implementing an arbitrary logical Clifford operation would
generally require non-constant circuit depth.

We now present the first theorem.

Theorem 1. In order to implement the full Clifford group
on stabilizer codes with k logical qubits, we need at least
Clifford k-fold transversal gadgets acting on the physical
qubits.

Corollary. There exists no stabilizer code which permits
a Clifford transversal implementation of the full Clifford
group on multiple logical qubits or a Clifford fold trans-
versal implementation of the full Clifford group on more
than two logical qubits.

The corollary follows from the definition of the k-fold
transversal gates. A simple example to illustrate Theorem 1
would be to consider & blocks of the [[7, 1, 3]] code. The full
logical Clifford group can be performed for this code by
using transversal gadgets in each code block and transversal
CNOT gadgets between code blocks. However, we can also
think of the aggregate code as a single [[7k, k, 3]] code.
Since the CNOT gates now act within a single code block,
they are no longer transversal and are in fact k-fold
transversal (as they act on one qubit from each block).
Thus, this is a straightforward example of a stabilizer code
having the full Clifford group on k logical qubits imple-
mented using Clifford k-fold transversal gadgets, which
also shows our theorem is tight. An important observation
is that, if one instead considers k blocks of a CSS code
encoding two logical qubits, yielding an [[nk, 2k, d]] code,
then even in the presence of transversal inter-block cNOT
gates, one can realize at most the full logical Clifford group
on only k logical qubits.

We present another theorem that constrains the logical
actions of code automorphisms at the physical level. Code
automorphisms, similar to k-fold transversal gadgets, form
a group; therefore, any logical operation realizable through
code automorphisms can be implemented with constant
circuit depth.

Theorem 2. There exists no stabilizer code that admits
the full Clifford group on multiple logical qubits imple-
mented using code automorphisms.

The above two theorems provide a fundamental con-
straint on the logical actions available for a stabilizer code

using fault tolerant Clifford gadgets such as fold trans-
versal gates and code automorphisms. This shows that in
order to do the full Clifford group on multiple logical
qubits in a fault tolerant manner, more complex construc-
tions would be required.

IV. PROOF OF THE CENTRAL THEOREMS
A. Proof of theorem 1

In this section, we provide a proof for Theorem 1 stated
in Sec. III. We first show a correspondence between the
order of the physical gadget acting on the physical qubits
and the logical operation implemented by it.

Lemma 1. [Order Lemma]: The order of the physical
gadget must be a multiple of the order of the logical action
induced by it.

Proof. Let Ue€Cl, be the physical gadget on the
physical qubits and U € Cl,, be its logical action and let
ord(U) = r. Then, U" acts trivially on the physical qubits
and would by definition induce a trivial logical action i.e.

Ur=Id, = U"=Id. (22)

Hence, the logical action induced by the physical gadget
U must have an order that is a factor of ord(U). n

Corollary. If the order of the physical gadget is prime,
then the induced logical action either has the same order or
acts trivially on the logical qubits.

The above lemma is valid for any physical gadget
U e SU(n), but we will be restricting our attention to
physical gadgets belonging to a subset of the full unitary
group, the Clifford group (Cl,). Physical Clifford gadgets
always induce a Clifford logical action on a stabilizer code

veCl, = Uedl,.

An important thing to note is that elements in the
Clifford group can, in principle, have any order by adding a
phase term. However, since a phase as well as a Pauli
gadget induces a trivial logical action we would be
ignoring their effect and restricting ourselves to physical
gadgets in the projective Clifford group.

The key idea of the proof is to show that there exists a
unitary operation in Cl;, of prime order that cannot be
realized within Cl;_;. Consequently, to implement this
Clifford operation on the logical qubits, one must realize a
physical gadget belonging to Cl;, corresponding to a
k-fold transversal gate. We show this with the help of
the following lemmas.

Lemma 2. [Zsigmondy’s Theorem]: There exists a prime
p which divides 2%¢ — 1 and does not divide 2% — 1 for
all i < k.

Proof. The above lemma is an application of
Zsigmondy’s theorem, which was first presented in
Ref. [45] (for a more abridged proof see Ref. [46]).
The theorem states that for any a, b which are positive
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co-prime integers and any integer n > 1, there exists a
prime (also known as primitive prime divisor) number p
that divides a” — b" and does not divide a’ — b’ for any
positive integer i < n.

Lemma 2 is a specific case of the above theorem with
a=2 and b =1 (this simplification is also known as
Bang’s theorem and was proved earlier in Ref. [47]). We
further simplify by only considering even exponents i.e.
n = 2k for any integer k > 1. An important thing to note is
that Bang’s theorem has an exception for n = 6, where we
get 26 —1 =63 =7 x 32, and the two primes 3 and 7
appear previously for n = 2 and n = 3, respectively, and
hence we do not get a primitive prime divisor. However,
as we are only considering even exponents, the above
exception is no longer valid, and 7 becomes a “primitive”
prime divisor, and our lemma can be applied without
exceptions. n

From Lemma 2, we know there exists a prime p that
divides 2?¢ — 1 but no smaller term of that form. Such a
prime must divide either 2% + 1 or 2¥ — 1. We now show
that there exists a Clifford operator in Cl; that has order
2K+ 1 and 2% — 1.

Lemma 3. [Existence Lemma]: ThereexistsaV, W € Cl,
such that ord(V) = 2% — 1 and ord(W) = 2~ + 1.

Proof. As shown in Sec. II, each gate in the projective
Clifford group Cl, can be written as a matrix in the
classical symplectic group Sp(2k, 2). Hence, it is enough
to show that there exists a classical matrix, M of dimension
2k x 2k which satisfies that symplectic condition,
MTJM = J, and has the required order.

(a) We first show how to construct an operator
V € Sp(2k, 2) such that ord(V) =2 — 1.
(1) Select a primitive polynomial

px) = x* + a1 xM 1  ax + ag eRylx],
of degree k and construct the field extension [Fy
Far 2 Folx]/(p(x))- (23)

Let a denote the residue class of x. Since p(x) is
primitive, & has multiplicative order 2 — 1.

(2) Construct the k x k dimensional companion matrix
of p(x) given by

00 --- 0 a

1 e 0
c,=|01 0 a | @4

o o0 --- 1 ap_q

With respect to the basis {1,a,...,a""'}, this
matrix represents multiplication by a on [Fy.

Because o has multiplicative order 2k —1, the
matrix C, also has multiplicative order 2k — 1.

(3) Using C, we construct a symplectic matrix
€ Sp(2k,2)

C 0
V=1 " ok ] . 25
|:0kxk (C;_al)T (22

The matrix V always satisfies the symplectic
condition, VTJV = J and moreover

Cy 0k><k ]
vr=| " il (26)
|:0k><k (Cp )T

Hence, V' has the same order as C,, that is
ord(V) = 2K — 1.
(b) We then show how to construct an operator
W € Sp(2k, 2) such that ord(W) = 2k + 1.
(1) Select a monic primitive polynomial p(x) of degree
2k and construct

Fyu = Fy[x]/(p(x)). 27)

On F,xz we use the standard bilinear form (used in
Equation 8.41 in Ref. [48])

B(a.b) = Trg, 5, (0 (ab® —a®b)). (28

which is known to be alternating and can be made
non-degenerate by choosing a 0 € [F,x«. Therefore
there exists a basis of Fyx over [, in which

B(a,b) = a’Jb, (29)
where J = [I((jl) ng}
k

(2) Let a be the residue class of x in F,x. Since p(x) is
primitive, a has multiplicative order 2% — 1. Define

t=a? 1, (30)

The element ¢ has multiplicative order 2% + 1. Let
W be the linear transformation on [F,2 defined by

Wa=t-a. 3D

Thus

ord(W) = 2K + 1. (32)
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(3) The matrix W preserves the symplectic form B
that is

B(Wa,Wb) =Trg, ¢, (0 (ta- (th)? —(1a)* -1b))
=Tre ,, /5, (0 24 (ab? —a?'b))
=Trp, 5, (0 (ab® —a® b))
=B(a,b) Va,b.

Hence,

alJb = (Wa)TJ(Wb) = aT(WTJW)b ¥ a,b.
(33)

Hence, WIJW =J. We construct an explicit
example to illustrate Lemma 3 in Appendix A. =
Since we know that p divides either 2% + 1 or 28 — 1

c k
then by Lemma 3, either U = VL;] orU=W7 will be a
valid Clifford operator € Cl;, such that ord(U) = p. We
now show that such an operator cannot exist in Cl_;.
Lemma 4. [Uniqueness Lemma]: The order of any
U € Proj Cl; must divide

k

2k2 H(22i _ 1). (34)

i=0

Proof. Weyl showed in Ref. [49] that the order of the
symplectic group over the binary field is

k

Sp(2k.2)| =2 [ (2% —1). (35)
i=0

As shown in Sec. II, the projective Clifford group is
isomorphic to the classical symplectic group and thus has
the same size. Let U&Cl; have order r. The cyclic
subgroup it generates,

(Uy={1,UU*--- .U}, (36)

has size r. By Lagrange’s theorem, the order of any
subgroup of a finite group divides the order of the group
itself. Thus the order of any element of the Clifford group
must divide 2% [T%, (2% — 1). .

Since Lemma 2 guarantees that the prime p does not
divide (2% — 1) for any i < k using Lemma 4, we show
that an operator having an order p can never exist in
Proj Cl,_,. Since appending a Pauli can only multiply the
order of an operator by a power of 2, there cannot exist an
operator of order p even in Cl;_; where p is the primitive
prime divisor.

The above lemmas combine to show that there exists a
operator in U € Cl; which has an order p where p is the
primitive prime divisor of 2% — 1 and such an element
cannot exist in Cl,_,. Hence, if we want to implement U on
the logical qubits of a [[n,k,d]| stabilizer code, by
Lemma 1 we need to implement a physical gadget having
the same order p which must belong in Cl;\Cl,_; and must
be implemented using a k-fold transversal gadget. Hence,
Theorem 1 is proved. [

B. Proof of theorem 2

We now prove Theorem 2 stated in Sec. III, which
constrains gates implemented by code automorphisms,
including any combination of single-qubit Clifford gates
and permutations of the qubits. We show that in particular
there is a logical gate, the Bell gate in Cl,, which cannot be
implemented using code automorphisms, and hence, there
does not exist any stabilizer code such that the full Clifford
group on multiple logical qubits can be implemented using
code automorphisms.

The Bell gate is a Clifford gate that yields a matrix
transformation that conjugates any real matrix in SU(4) to
a tensor product of two single-qubit gates [50-52]. In other
words, Bell gate conjugates the subgroup SO(4) to the
subgroup SU(2) ® SU(2). The matrix transformation is
given by

100
eflo 0 i 1

BELL_E o 0 i i (37)
1 —i 0 0

The projective Bell gate or the equivalent classical
symplectic matrix of the Bell gate is given by

(38)

1
0
Mg = 1
1

—_—— O O
OO = =

1
1
0
1

The Bell gate belongs to Cl; V k > 2 and thus any code
which has the full logical Clifford group on multiple qubits
must have the logical Bell gate as well. Since the Bell gate
is a Clifford gate, its conjugation action on the Pauli basis
is given by

XQ@I=YQZ
IRX=>XQ®Y

ZQI=72QZ
IRZ=XQ®X. (39)

The Bell gate (and any power of the Bell gate not
divisible by 5) has two important properties which would
be used during the proof.
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(1) The projective Bell gate is an order 5 gate,
i.e., BELL® = Id,.

(2) The Bell gate cannot preserve a maximal abelian
subgroup of P, i.e. for every maximal abelian
subgroup G C P, there exists g€ G such that
{BELL' g BELL, g} = 0.

Let us now assume that there exists a stabilizer code for
which the logical Bell gate can be implemented using a
code automorphism, and let us call this automorphism U’.
According to Lemma 1, U’ must have an order which is a
multiple of 5. Then without loss of generality let us assume

ord(U') = 5" x g (40)

where m, g € Z and ¢ is not divisible by 5. Since the code
automorphisms form a group, U = (U’)? will also be a
code automorphism which will have exactly order 5 and
will implement the logical gate BELLY. Note that the
logical gate still satisfies both the properties listed above
since ¢ is not divisible by 5.

We now show that any automorphism that has an order
5™ must be 5™ local automorphism. A 5" local auto-
morphism is defined as a permutation of physical qubits
that contain only cycles of order 5" followed by a
transversal gadget that acts trivially on the non-permuted
qubits (but could be non-trivial on the permuted qubits).

Lemma 5. [Locality Lemma]. Any code automorphism
that has an order which a power of a prime, p” with p > 3,
must be a p™ local automorphism.

Proof. Code automorphism consists of a permutation of
the physical qubits followed by a transversal gadget. Since
transversal gadgets consist of single-qubit Cliffords acting
individually on each physical qubit, they can only have
order = 1, 2,3 or 6. In order for the code automorphism to
have an order p™ with p > 3, the permutation must have
cycles of order p™.

In addition, if the transversal gadget part of the auto-
morphism acts non-trivially on a non-permuted qubit,
then applying the automorphism p” times would still
result in a non-trivial action on that qubit, because the
order of the single-qubit Clifford gate on that qubit does
not divide p”. The order of the automorphism would then
be a multiple of p™. Hence, to have an automorphism of
order exactly p™, it must act trivially on the non-permuted
qubits. m

We have now shown that any stabilizer code that has
the logical BELL gate implemented using code auto-
morphisms must have a 5™ local automorphism that
implements the logical BELLY gate for some integers
m, g where ¢ is not divisible by 5.

Lemma 6. [Equivalence Lemma]. For any p™ local
automorphism U there exists a transversal gadget V such
that VIUV is just a qubit permutation.

Proof. Without loss of generality let

U: ( ® U1> *(1’27'-',17’")7 (41)
ISiSP'”
where (1,2,---,p™) is a permutation that cyclically
permutes the first p™ physical qubits. Since U has
order p™,
pm
[[vi=1u (42)

Now,

VTUv:< ® Vj)( ® U,~>f<(1,2,...,p’”)>
lsispm ISiSPm

( X Vi) = ( d VjUiVi+1m0dp'"> *(1,2,...,p™).
1<i<p™ 1<i<p”

So we can choose V| =1d and V; = ([],-; U;)" such
that

Viuv = @ Id=(1,2,...,p™).

lSiSp”’

(43)

Hence, the lemma is proved. If the automorphism has
multiple permutation cycles of size p™ then the above
procedure can be carried out independently for each cycle
of permuted qubits since they must be disjoint. (]

Given Lemma 6, we can construct an equivalent
stabilizer code to the one with the logical Bell gate by
choosing its stabilizer group to be VI SV where S is the
stabilizer group of the original code. Then for the equiv-
alent code,

(VIUV)T(VISV)(VIUV)eVISV V¥V SeS. (44)

Thus, VIUV is an automorphism for the new code.
Moreover, the logical gate implemented by VI UV for the
new code must satisfy both the properties of the Bell gate.
In addition, VIUV is just a permutation of physical qubits.
In the next Lemma we show that a physical gadget, which
is just a permutation, can never satisfy the second property.

Lemma 7. [Permutation Lemma]. Any permutation of
the physical qubits must implement a logical gate that
preserves the abelian subgroup {Z;}.

Proof. It was shown in Ref. [53] [Chapter 4, Equation
4.3] that all stabilizer codes in their binary symplectic form
can be reduced to a standard form by performing Gaussian
elimination.
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r n—k—r k r n—k—r k

AN AN AN AN AN A
r{ I A Ao B C Cs
n—k—r{\ 0 0 0| b I E

For a code in the standard form we can choose a set of
logical Pauli representatives,

L] [0 ET 1 | ETCT+CT 0 0
L_[LZ]_{O 0 0 } AT 0 1} “43)
The important thing to note is that in the standard form,

the logical Z operators are completely made up of physical
Z terms.

Now let us consider a permutation of physical qubits U.
Since Z; V i is completely made up of physical Z terms,
UZ,U" must also be completely made up of physical Z
terms. As a result [Z,, UZ,U'| =0V i. .

Corollary. There exists no stabilizer code that admits
the full Clifford group on the logical qubits using qubit
permutations. This is true even for codes with a single
logical qubit, whereas for code automorphisms the result
only holds for codes with multiple logical qubits.

Hence, according to Lemma 7 all permutation gadgets
preserve a maximal abelian subgroup ({Z;} given one
particular choice of logical operators). Since the Bell
gate can never preserve a maximal abelian subgroup,
permutation gadgets can never implement the logical
Bell gate. Following the train of thought backward, we
prove that no stabilizer code can have a code automor-
phism which implements the logical Bell gate, therefore
the full logical Clifford group on multiple qubits. Hence,
the lemma is proved. n

V. DISCUSSION

In this paper we present and prove two theorems that
impose constraints on existing fault tolerant Clifford
architectures such as fold-transversal gadgets and code
automorphisms. First, we show that no stabilizer code has
a transversal Clifford implementation of the full Clifford
group on multiple logical qubits or a fold-transversal
Clifford implementation of the full Clifford group on
more than two logical qubits. We also study code auto-
morphisms, which are physical gadgets made up of
transversal Clifford gates followed by a permutation of
physical qubits, and show that there exists no stabilizer
code that admits the full Clifford group on multiple logical
qubits implemented using code automorphisms. We then
introduce the notion of k-fold transversal gadgets and
show that, in order to implement the full Clifford group on
k logical qubits, we need at least k-fold transversal gadgets
at the physical level.

A k-fold transversal gadget can, in the worst case,
propagate a single-qubit error onto k physical qubits.
Stabilizer codes encoding multiple logical qubits within

a single code block are desirable not only to reduce
qubit overheads but also because they provide advan-
tages such as more flexible code-switching and gauge-
fixing frameworks. It is also desirable to perform the
full Clifford group with a simple implementation, such
as a k-fold transversal implementation for small .
However, here we show that finding stabilizer codes
with both of these desired properties is not possible
within the fault tolerant frameworks considered in this
paper. Thus, to implement the full Clifford group on
multiple logical qubits, we need more complex fault
tolerant constructions.

An important feature of our result is that each class of
gadget constructions we consider forms a group, in the
sense that compositions of such gadgets do not lead to
increased fault propagation. Consequently, any subgroup
of logical operations realized via code automorphisms or
k-fold transversal gadgets can be implemented in a depth
that depends on k but is constant in the number of
physical qubits n. In contrast to our result, adding power
beyond k-transversal gates can result in more powerful
logical gate sets. However, doing so requires non-constant
circuit depth and additional fault tolerant circuitry (such
as extra error-correction steps, which typically require
significant space-time volume). Two recent works provide
examples:

(1) In Ref. [54], the author constructs families of codes
with an arbitrary number of logical qubits for which
the generators of the logical Clifford group can be
implemented using fold-transversal gadgets. How-
ever, these constructions rely on fold-transversal
operations defined with respect to different parti-
tions. As a result, the corresponding physical
gadgets do not form a group, and intermediate
error-correction steps are required when composing
them. This leads to implementations of logical
Clifford operations that are not constant depth.
Thus, this approach circumvents the no-go theorem
by allowing increased circuit depth.

(2) InRef. [55], the authors present an efficient scheme
for implementing the full logical Clifford group in
quantum LDPC codes. Their approach uses sub-
system codes and syndrome-extraction measure-
ments to realize certain Clifford operations. These
ingredients fall outside the framework considered
here, but they suggest alternative avenues for
circumventing the no-go theorem.

Moreover, the theorems established in this work also
have important implications for the addressability of
stabilizer codes encoding multiple logical qubits. In
particular, since addressable logical H, S, and CNOT gates
acting on all logical qubits generate the full logical Clifford
group, our results imply that no stabilizer code can admit a
fully addressable implementation of these gates on all
logical qubits using only Clifford transversal constructions
or code automorphisms.
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A. Future directions

In this work, we have limited our attention only to
physical gadgets which belong to the Clifford group in
order to perform logical actions belonging to the Clifford
group. It remains an interesting open question whether
non-Clifford transversal or fold transversal gates at the
physical level could be used as part of a construction of the
full logical Clifford group. In addition, we could also
investigate the applicability of these theorems to qudit
stabilizer codes. As qudit fault tolerance has been explored
less than qubit fault tolerance, establishing the existence
(or absence) of analogous no-go constraints would be an
important contribution to the field. Another possible
direction could be to search for stabilizer codes which
have certain geometrical advantages that allow for a
favorable implementation of k-fold transversal gadgets.
In such codes, even though k-fold transversal gadgets
spread errors onto k physical qubits, they only result in
high weight errors that correspond to unique syndromes.
These codes are then able to detect and correct such errors
resulting from the implementation of the k-fold transversal
gadget, despite having a smaller distance. A possible
example could be to consider k blocks of the [[7,1,3]]
code as a single block encoding k logical qubits.
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APPENDIX

Here we illustrate Lemma 3 by explicitly constructing
V,W e Sp(4,2) which correspond to Clifford operators
€Cl, acting on two qubits. According to the lemma,
ord(V) =2 —1 =3 and ord(W) =2k + 1 = 5.

(a) We first choose a primitive polynomial of degree 2,

p(x) =x*+x+1. (A1)

We then construct the field extension [F, &
F,[x]/(p(x)). Then the companion matrix of p(x)
is given by

C,= {? }] (A2)

It can be easily verified that C?, =1Id hence
ord(C,) = 3. We then construct V €Sp(4,2) such
that

V= [ Cr O ] = (A3)

O (CHT

SO = O
OO = =
_—— O O
S = O O

It can be verified that ord(V) = ord(C),) = 3, and it
satisfies the symplectic condition i.e. VIJV = J. An
interesting thing to note is that in this construction V
acts on the X and Z Pauli subspaces independently,
which means it can be realized by a CNOT circuit.

(b) We select the primitive polynomial

p(x) = x* +x + 1, (A4)

and construct Fq = F,[x]/(p(x)). Let a be the
residue class of x and since p(x) is a primitive
polynomial each element of [ can be written
{0,a*} for 1 <k < 15.

In order to make the bilinear form non-degenerate
we define the kernel of the bilinear form as

Ker(B) = {aeﬂ:]6|B(a,b) =0 v bE[Fl()}
(AS5)

In order for the standard form to be non-degenerate
its kernel must contain only the zero element i.e.
Ker(B) = {0}. Simplifying, we can show that in
order for the form to be non-degenerate (0+6*)#0
which implies 6 & {0, 1,a°, a'°}. Hence, we choose
6 = a and the non-degenerate standard bilinear form
is given by

B(a,b) = Trg, 5, (a - (ab* — a*b)), (A6)

We now choose a symplectic basis for Fg such
that B(a,b) = a’Jb. Let the symplectic basis be
{uy,uy, vy, v,} which must satisfy the following
conditions:

)

uj
UJ)

B(’Ul', ’Ul) =0

B(l/li, 0
" (A7
i 5’] \4 129}

B(u;,

One such symplectic basis can be chosen as
{1,@°,a*,a*}. Then, W is the linear transformation
generated by multiplication by a’.
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w(1) =a?

W) =a =& +a* (AS)

W) =ab =1+ +a*+a

W(a*) =a’ =a® +a*

Hence,
0 0 1 0
0 1 1 0
W= 1 0 1 1 (A9)

0 1 1 1

It can be verified that ord(W) = 5, and it satisfies
the symplectic condition W/ JW = J. m
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