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Computational fluid dynamics (CFD) is a cornerstone of classical scientific computing, and there is
growing interest in whether quantum computers can accelerate such simulations. The existing proposals
for fault-tolerant quantum algorithms for CFD have almost exclusively been based on the Carleman
embedding method, used to encode nonlinearities on a quantum computer. Here, we first identify several
key challenges that must be addressed in order to establish quantum advantage using this method,
including Carleman convergence, time-stepping requirements, condition-number scaling, and data
extraction. Building on this analysis, we develop a novel algorithm for the incompressible lattice
Boltzmann equation that addresses them and provide a detailed analysis, including all potential sources of
algorithmic complexity and gate count estimates. We find that for an end-to-end problem, a modest
quantum advantage may be preserved for selected observables in the high-error-tolerance regime. We
establish a lower bound for the Reynolds number scaling of our quantum algorithm in dimension D at

142) % q,,), where ¢, is a multiplicative overhead for data

Kolmogorov microscale resolution with O(Reﬂ
extraction with ¢, = O(Re%) for the drag force. This upper bounds the scaling improvement over classical
algorithms by O(Re%). However, our numerical investigations suggest a lower speedup, with a scaling
estimate of O(Re'3® x ¢,,) for D = 2. Our results give robust evidence that small, but nontrivial,

quantum advantages can be achieved in the context of CFD and motivate the need for additional rigorous

end-to-end quantum algorithm development.
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L. INTRODUCTION

The development of classical computers, and associated
numerical methods, revolutionized engineering by making
it possible to numerically solve formerly intractable differ-
ential equations, particularly in fluid dynamics. While early
methods focused on special cases such as two-dimensional
flows, modern high-performance computers allow one to
solve highly detailed, three-dimensional Navier-Stokes
equations [1,2]. Nevertheless, accurately simulating highly
turbulent flows with direct numerical simulation (DNS)—
relevant for many industrial applications, but of particular
relevance in aircraft design—is often computationally
infeasible [3]. Leading practitioners hence resort to less
accurate turbulence models such as Reynolds-averaged
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Navier-Stokes or large eddy simulations [4]. More recently,
parallelization approaches using GPUs, as well as machine
learning models, have been developed [5]. Nonetheless,
access to large-scale DNS solutions with the fine resolution
required across vast lengths to model all scales in their
complexity is not expected to be possible anytime soon.
A new paradigm of quantum computing offers a way to
break such classical computational barriers. On a math-
ematical level, it enables efficient implementation of
unitary operations on exponentially large Hilbert spaces.
While the restriction to unitary operations might seem
limiting at first sight, block-encoding techniques can be
used to encode general matrices inside blocks of the
unitary ones [6]. When these block-encodings are com-
bined with quantum algorithmic techniques, such as linear
combination of unitaries or quantum signal processing [7],
they allow one to perform linear algebra operations on
quantum computers. It then becomes possible to solve
large linear systems exponentially faster than using
classical computers, subject to important caveats on the
condition number, as well as data loading and readout [8].
Correspondingly, discretized linear differential equations
can be solved via quantum linear solvers (QLSs) [9-13] as
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a single linear system [14-21], where the solution is stored
coherently in a quantum state and needs to be post-
processed in a read-out step to extract classical information
about the solution. It is expected that quantum computers
will offer an exponential advantage for the simulation of
quantum systems [22-26]. Moreover, it has been shown
that there exist classical linear dynamical systems for
which the same speedup persists [27].

However, industrially relevant computational fluid
dynamics (CFD) problems—which account for a signifi-
cant portion of modern high-performance computing
workloads—are inherently nonlinear. As computations
on quantum computers are fundamentally linear, leverag-
ing them for CFD simulations requires reformulating the
governing equations using a linear representation. One
prominent method is Carleman linearization, where the
finite-dimensional nonlinear dynamics is transformed to
infinite-dimensional linear dynamics and then truncated to
a very high, but finite-dimensional, linear system [28,29].
This method has been recently proposed and studied as a
means of developing quantum algorithms for solving non-
linear differential equations [30-35]. In the CFD context,
this path has been explored by the authors of Refs. [36-42],
who investigated quantum algorithms based on Carleman
linearization to simulate the lattice Boltzmann equation
(LBE) [43,44]. The LBE is a kinetic model of fluid
dynamics that describes fluids mesoscopically and recovers
the Navier-Stokes equations when characteristic length
scales are much larger than the molecular mean free path.

In this work, we first analyze these recent QLS-based
approaches employing Carleman embedding, identifying
several algorithmic challenges that must be carefully
addressed in order to establish quantum advantage. We
then develop a new quantum algorithm specifically
designed to address these challenges. Our approach is
based on a shifted version of the incompressible lattice
Boltzmann equation [49,50] that is linearized using a
discrete Carleman embedding method [51-53] and solved
using a quantum linear solver [12]. Through a careful
analysis of query and gate complexities, supported by
extensive numerical investigations (complemented by
Ref. [54]), we show that our algorithm can achieve a
modest quantum advantage. However, we also highlight
the challenges that algorithms based on Carleman embed-
ding face when applied to industrially relevant problems,
as the convergence of the method may be limited to low-
Reynolds-number CFD simulations.

The paper is organized as follows. In Sec. II, we first
provide a broad overview of our main results, highlighting
our main contributions and crucial obstacles that we
overcome. Then, in Sec. IIl, we present the necessary
background material on the lattice Boltzmann equation
and recent quantum algorithms for solving it. In Sec. IV,
we identify several aspects of these approaches that require
careful treatment when assessing their computational

complexity and potential quantum advantage. Next, in
Sec. V, we give the details of our approach to the LBE
problem that is designed to address the identified chal-
lenges, formulating a linear system of equations whose
solution describes the LBE dynamics. With the LBE
problem specified, in Sec. VI, we present the details of
our quantum algorithm for solving it and extracting the
information about the drag force. Then, in Sec. VII, we
analyze the performance of the algorithm, analyzing its
accuracy and estimating its query and gate complexity
costs. In Sec. VIII, we discuss the potential for quantum
advantage and present conclusions. Finally, some of the
technical details of our work can be found in appendixes,
in particular Appendix A contains the summary of the
notation used in the paper.

II. SUMMARY OF RESULTS

The results presented in this work can be grouped into
the following four categories:

1. Identification of complexity challenges. We iden-
tify key complexity challenges that must be ad-
dressed in order to establish quantum advantage for
simulating the LBE.

2. Classical problem reformulation. We develop a
reformulation of the standard LBE and its linear
embedding that addresses these challenges.

3. Quantum algorithm implementation. We design
an end-to-end quantum algorithm for simulating
LBE: from the data encoding of the problem,
through the explicit construction of novel block
encodings allowing one to prepare a coherent output
describing the steady state of the fluid system, and
finally to the data extraction subroutine enabling
one to get information about the drag force through
measurements of the coherent output.

4. Quantum algorithm performance. We provide
detailed resource estimates for running our algo-
rithm and an analysis of the Carleman embedding
error, indicating the potential for a modest poly-
nomial quantum advantage and identifying the
parameter region of applicability.

Our first contribution is the critical assessment of the
recent QLS-based quantum algorithmic proposals employ-
ing Carleman embedding to simulate the dynamics
described by the lattice Boltzmann equation [37-39].
These proposals are all based on the same broad quantum
algorithmic pipeline, see Fig. 1, where the crucial step
involves mapping the nonlinear fluid equations to a much
larger set of linear ones via Carleman linearization, which
is also studied in Refs. [40-42,55]. We identify the
following algorithmic challenges arising at different stages
of this pipeline and analyze their impact on the overall
computational complexity and the achievable quantum
advantage:
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FIG. 1. Pipeline and challenges. The QLS-based algorithmic
pipeline for Carleman-linearized dynamics commonly used in
the literature, together with the challenges C1-C4 that we
identify in Sec. IV.

Cl1. Applicability of the Carleman approach. The Carle-
man linear embedding introduces errors, depending on
the core Carleman truncation parameter N.. Prior
studies either do not properly incorporate the full LBE
dynamics [37], do not look into the question of the
linear embedding errors [38], or find no convergence
[39]. The available evidence on the performance of the
method is therefore limited [40].

C2. Small time steps. The lattice Boltzmann method
typically uses an implicit second-order accurate time
discretization [43,56]. This is advantageous as, by
treating the stiff collision term implicitly, the time-step
size At scaling with the inverse Reynolds number is
alleviated. However, prior proposals based on the
discrete Boltzmann equation (DBE) [37-39] employ
an explicit first-order accurate discretization of the
collision integral (which restricts At < 2z [57,58])
and an explicit forward-time central-space scheme of
the streaming term rather than integrating it exactly
along characteristics. This formulation therefore
forces the time step to scale with the inverse Reynolds
number and also requires satisfying the CFL condition
due to the non-exact treatment of streaming.

C3. Condition number estimates. Optimal QLSs scale
linearly with the condition number x4 of the linear
system A being solved. The scaling of x, with the
number of spatial discretization points N can poten-
tially entirely negate quantum advantage. Prior works
either do not estimate x4 [38], present arguments for
the behavior of k, that contain errors [37], or suggest
using the suboptimal HHL algorithm [39].

C4. Inefficient data extraction. We identify a previously
overlooked inefficiency (related to the norm of the
LBE state vector) in the data extraction schemes
proposed in Refs. [37,38] that must be addressed in
order to retain the potential for quantum advantage.

Our second contribution is the classical problem refor-
mulation allowing us to overcome the identified challenges
C2 and C4. We first employ a shifted incompressible
lattice Boltzmann equation, which, for the price of
restricting to incompressible flows, allows us to represent
the fluid using a state vector whose norm scales with the
magnitude of the lattice velocity. Combining this with a
tailored choice of simulation parameters that forces the
lattice velocity to be small enough, we control the norm of
the state vector to be constant, i.e., it does not scale with the
system size. This way we mitigate the problem of inefficient
data extraction identified in challenge C4. We also employ a
discrete Carleman embedding [51-53], previously inves-
tigated in a restricted manner in the LBE context [40],
which allows us to approximate a nonlinear discrete-time
evolution by embedding it into a discrete-time linear
evolution of an enlarged system. By leaving time discre-
tization on the classical side and directly embedding the
second-order accurate LBE (instead of embedding the
underlying time-continuous equation), we avoid the issue
with small time steps. As a result of the classical problem
reformulation, we end up with a linear system AY = b,
whose solution carries information about the fluid system
during the LBE evolution.

Our third contribution is a detailed design of a quantum
algorithm for simulating LBE through solving this linear
system. This includes the description of an efficient
encoding of the Carleman embedded LBE data into
quantum registers and a construction of the unitary
block-encoding of the Carleman linear system matrix A
together with unitary state preparations required by a
quantum linear solver to produce the coherent encoding
of the final steady state of the fluid. In doing so, we
develop novel block-encodings for discrete Carleman
matrices based on higher-order singular value decompo-
sition for rectangular matrices describing quadratic non-
linearities in the LBE collision step. We then present the
details concerning the query complexity g, of running the
quantum linear solver algorithm for our problem, which
scales roughly as g, = O(aka/||Al]), where ay is the
block-encoding prefactor of A and k4 is the condition
number of A. Finally, we explain how to perform mea-
surements to extract classical information about the drag
force. This extraction procedure brings additional multi-
plicative factor overhead g, scaling as O(Re/®), to the
complexity of our quantum algorithm.

Finally, our fourth and central contribution is a careful
analysis of the performance of the introduced algorithm,
which overcomes challenge C3 and addresses C1. Broadly
speaking, we answer two main questions: how well our
algorithm reproduces the lattice Boltzmann dynamics and
at what complexity cost. First, we numerically investigate
the applicability of the Carleman approach for the lattice
Boltzmann equation, thus addressing the challenge C1. We
perform extensive numerical simulations for the D1Q3
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model with Carleman truncation orders Noe€{1,...,5}
and Reynolds numbers Re €[10,1000]; and for D2Q9
model with N- € {1, ..., 3} and Re € [10, 250]. We assume
periodic boundary conditions, no walls, and initial states
given by one-dimensional sinusoidal and colliding states,
as well as two-dimensional Taylor-Green vortices and
Gaussian vortex dipoles. We find that for low enough
Reynolds numbers, the Carleman truncation error ec
indeed converges, in the sense that increasing N
decreases €. However, we also observe the existence of
a threshold Reynolds number Rey, such that the Carleman
procedure does not converge for Re > Rey, i.e., increasing
truncation order N, increases the error ¢. instead of
decreasing it. For one-dimensional systems, this threshold
is relatively low, Re; ~ 10?; for two-dimensional systems,
it is higher by an order of magnitude or more, and we
expect it to be even higher for three-dimensional systems.

To address the challenge C3, we perform a careful
assessment of the complexity cost of running our algo-
rithm, which can be written as a product of three terms:

Complexityy = g X g X q. (1)

In the above, g, is the query complexity of running the
QLS, ¢ is the number of elementary 7 gates needed to
implement a single query, and g, is the overhead related to
repeating the measurements in order to extract the classical
information from the coherently encoded final state. This
should be compared with the run-time of classical algo-
rithms for D-dimensional fluid systems that scales as

Complexityc = O(NT*) = O(ReiP+)),  (2)
where we recall that N is the total number of spatial
discretization points and 7* denotes the number of discrete
time steps of the simulated evolution. We estimate the
T-gate cost g of a single query and prove that for a fixed N
this just brings a constant overhead over the query cost g.
We also prove that the information extraction cost g,
scales as O(Re*/?) for the drag force, due to the boundary
nature of this observable, but expect O(1) scaling for
certain bulk observables. Thus, the dominant component
of the quantum complexity cost comes from the query
complexity g, which itself is governed primarily by the
condition number k4. We then derive a lower bound for the
condition number k4, proving that at best one can hope
for k4 = O(v/NT*), which shows that one can expect at
most a quadratic improvement in spatial degrees of free-
dom. We also perform extensive numerical simulations,
using the Lanczos method for Carleman matrices with
Nc€{1,...,4} and dimensions up to ~10%, to estimate the
condition number for one- and two-dimensional fluid
systems [59]. We find that the condition number x4, so
also the query complexity g, scales as

g0 = O(Re?), 3)

with y growing with both the problem dimension D and the
Carleman truncation order N. In particular, for D = 2 and
N¢ =2, we estimate y to be 1.936, which results in a lower
than classical scaling of Re>? for extracting bulk observ-
ables (and slightly higher scaling of Re>3!! for extracting
the drag force). We thus conclude that while modest
quantum advantage could be expected for two-dimensional
fluid systems (and, by extrapolation, for three-dimensional
ones), it will be limited to low N, and so to low Reynolds
numbers or high error outputs.

III. BACKGROUND

Throughout the paper, we set the base of log to 2, and
when we use the natural logarithm, we denote it by In. We
will also use the Dirac ket notation, e.g., |Y) will denote
the normalized quantum state encoding the corresponding
vector Y.

A. Lattice Boltzmann equation

Within LBE, the fluid is modeled at time ¢ and position
r in D-dimensional space by a vector-valued function
f(r,t), whose components f,,(r,t), with me{l, ..., 0},
are proportional to the probability density of finding a
fluid particle with a discrete velocity e,,. The local mass
density p and momentum density pu of the fluid are then
given by

0
pr) =" fulrt), pu(r0)=> fulr.ne, @
m=1

LBE is derived from the DBE describing continuous
dynamics of f via [43,60]

Untel) | e Vfplr ) =Qulrn).9)

where e, - Vf, is an advection term that describes
streaming, i.e., the flow of the fluid in space, while Q
describes collisions that are local in space. The simplest
choice of Q that we will adopt is the Bhatnagar-Gross-
Krook (BGK) collision operator given by [61]

Qur.t) == [fulr ) = fHC0)L©

where 7 is the relaxation time determining the speed of
equilibration, and f°¢ is the Taylor expansion of the local
Maxwell equilibrium up to second-order terms:
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(e -u(r.1))?
2ct

2
— 7|> w,, + O(Ma?). (7)

In the above, ¢, denotes the speed of sound, Ma :=
|u|/c, is the Mach number, and w is a vector of Maxwell
weightings for the different discrete velocities satisfying
w,, >0 and ), w, = 1. These weightings are chosen to
ensure the lowest-order velocity moments are reproduced
and conservation laws are respected. Since the error in the
above second-order expansion of the equilibrium density is
O(Ma?), one assumes a small Mach number, typically of
order Ma ~ 1072,

In order to address the DBE with numerical methods, one
needs to discretize space and time. In lattice Boltzmann
methods, spatial discretization is achieved by choosing a
uniform and regular lattice with spacing Ax and a discrete
velocity set {e,, } whose components are integer multiples
of Ax/At, where Atis the duration of one discrete time step.
Now, using the method of characteristics, one can integrate
the DBE over one time step to obtain

At
fm(r+emAt,t+At):fm(r,t)+/ Q, (r+e,s.t+s)ds.
0
(®)

Using the first-order (rectangular) discretization to
approximate the integral on the right-hand side,

At
/ Q,(r+e,s, t+s)ds = AtQ,,(r,t) + O(A), (9)
0

one arrives at the original LBE:

fm(r+emAt1t+At):fm(r’t)_g[ m(r’[)_ 'e#(r’[)]'

(10)

The above, however, is only first-order accurate in the
step size At, and so requires very small At <27 to
accurately simulate the fluid dynamics. This in turn
translates into a large number of time steps and usually
an inefficient simulation (we will discuss this in more
detail in Sec. IV C).

To overcome this first-order accuracy issue, one uses
the implicit second-order (trapezoidal) discretization to
approximate the considered integral with

At At
/ Qm(r—l—ems,t—l—s)ds:7[Qm(r+emAt,t+At)
0

+ Q,(r.0)]+0(AF).  (11)

One then follows the original idea of Refs. [62,63] and
introduces a new set of variables

At

}m(r’t):fm(rvt)_TQm(r’t)’ (12)

as well as the shifted relaxation time

At
7= —— 13
T=1+ 5 (13)

Using these together with Eq. (11) in Eq. (8), one arrives
at the commonly used lattice Boltzmann equation

Tnr+en Attt A=, (r.0) =—[f,(r.0) = ful (r.0)],

(14)

At
T

which is second-order accurate and does not restrict one
to At < 27. Although in this approach one follows the
transformed variables f,, rather than the original ones f,,,
the macroscopic variables p and u stay unchanged, as

o 0 Q 0
SITn=D o D Fuw = fu€n (15
m=1 m=1 m=1 m=1

Next, “lattice units” are used to represent all physical
parameters by dimensionless numbers. Denoting physical
quantities in lattice units by a * superscript, the time steps
are chosen to be of unit size, Ar* = 1. Moreover, for the
spatial discretization to also be of unit size, Ax* = 1, the
velocities e}, are chosen to have unit entries. The typical
choice of discrete velocities for one-, two- and three-
dimensional problems is given by the D1Q3, D2Q9 and
D3Q27 models, where the velocities e}, and their corre-
sponding weights w,, are given in Table L.

Using lattice units, the first-order and second-order
accurate lattice Boltzmann equations, Egs. (10) and (14),
read:

[ +en tr+1) = —Ti*[ (P, ) = ful(r, 1%)]
+ fu(r . 1%), (16a)

I - eq ok x
fm(r* —|—e,’;,t* + 1) - _%_*[fm(r*’t*) _f”?(r o )]
+ Fulr*, 1), (16b)

where t* is an integer between O (initial time) and 7* (final
time), whereas each r} is an integer between 1 (one edge
of the simulation region) and N,; (the other edge). The
conversion to physical units is given by

27 —1
t=r*At, T=T*At, t=1"Ai=——"Ar, (17a)
r=r*Ax, L, =NAx, (17b)
Ax Ax Ax
en1:e:1E7 u:u*E, CS:C:E’ (17C)
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TABLE 1. Discrete velocities in lattice units for standard LBE models [43]. The discrete weightings w,, are

chosen so as to reproduce low-order velocity moments of the Maxwell-Boltzmann distribution.

D1Q3 m=1: ey =0, w, =2/3,
me{2,3}: enc{tl}, w,, = 1/6.

D2Q9 m=1: ey, =(0,0), w,, =4/9,
me{2,....5}: ey €{(£l1,0),(0,£1)}, w, =1/9,
me{6,...,9}: ere{(xl,x1)}, w,, = 1/36.

D3Q27 m=1: ey =(0,0,0), w,, = 8/217,
me{2,...,7}: ey e€{(£l1,0,0),(0,£1,0), (0,0, £1)}, w,, =2/27,
me{8,...,19}: ere{(£1,+1,0),(£1,0,£1), (0, £1,+1)}, w,, = 1/54,
me{20,....27}: e e {(£1,+1,+1)}, Wy = 1/216.

where 7 is the total evolution time, L; is the spatial
dimension in direction i, Ax is the physical distance
between neighboring lattice points, and u* is the lattice
velocity.

The LBE is then usually divided into separate collision
and streaming steps in the following way:

J_”C(r*,l*)If(r*,l*)—%i*[f(r*’t*)—feq(r*,t*)]y (18a)

Fu* +eh t* +1) = fS(r 1), (18b)
with analogous equations for the unbarred variables
corresponding to the first-order accurate method.

Finally, the connection between the LBE and the
macroscopic equations of fluid mechanics is provided
by the Chapman-Enskog analysis [43]. It is based on a
perturbation expansion of f, = &+ efW + 272 +
O(€?) around the equilibrium distribution with the expan-
sion parameter ¢ < Kn, the Knudsen number (the ratio of
the mean free path to the characteristic length scale of the
problem). Then, by taking moments of this expansion and
keeping only the two lowest-order terms, one recovers the
Navier-Stokes equations in the Kn <« 1 regime, with the
kinematic shear viscosity v given by the LBE relaxation

time 7 as
At
2 2( =
v=cit=ci|T—— .
n-a(r-3)

We can rewrite the right-hand side of the above using the
lattice units and physical discretizations,

1\ Ax?
R e
e <T 2) At

Employing the fact that the lattice speed of sound for
D1Q3, D2Q9 and D3Q27 models is given by 1/1/3, one
obtains a relation between a physical value of kinematic
viscosity v and the simulation parameters:

(19)

(20)

B Ax?

At=—— 21
3 2

5 1

(73)

To model the same physical scenario, characterized by
viscosity v, one then has the freedom to choose two out of
three model parameters 7%, Ax, and Ar so that they satisfy
the above relation. Although different choices do not affect
the modeled physics, they influence the accuracy, stability
and efficiency of both the classical and quantum LBE
algorithms.

B. Quantum algorithms for fluid dynamics

Let us now briefly summarize the most recent QLS-
based quantum approaches employing Carleman embed-
ding to simulate the lattice Boltzmann equation presented
in Refs. [37,38]. These works focus on the LBE indirectly
by developing a quantum algorithm for solving the under-
lying discrete Boltzmann equation. They start from the
partial differential equation given by the DBE, Eq. (5), and
perform spatial discretization to transform it into an
ordinary differential equation (ODE). Since the obtained
ODE is nonlinear, Carleman linear embedding is then
employed, and a linear ODE describing the fluid dynamics
in a large linear space is derived. Finally, the resulting
linear ODE is solved using known quantum algorithms for
solving linear ODEs [16,21,32], and the output quantum
state, coherently encoding the solution, can then be
measured to extract information about the fluid system.

In order to transform the DBE into an ordinary differ-
ential equation, the authors of Refs. [37,38] consider a
spatial discretization of the simulation region, assumed
to be a three-dimensional rectangular cuboid of size
Ly xL,xL,, into a grid of N =N,N,N, points with
nearest neighbors separated by Ax. As a result, instead of
Q-dimensional vectors f(r, t) at each point in space and
time, they are dealing with d-dimensional vectors f(z) at
each point in time with d = NQ, where

r.
—e{l,...,N;},
Ce{l.. N}

A (22)

fm,r(t) = fm(r’ t)’
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and Ax == L;/N; with i € {x,y, z}. With such a discreti-
zation, and assuming weak incompressibility, the DBE
in Eq. (5) can be represented by an ordinary nonlinear
differential equation for a vector f(z) as

YO _ (64 Pf() + Fa (0 + R 0. @3

The details of this derivation can be found in
Appendix B, together with the explicit forms of matrices
G and F,.

Next, the authors of Refs. [37,38] replace the obtained
nonlinear ODE from Eq. (23) with a linear ODE in a larger
space using Carleman embedding. To explain how this can

be achieved, let us introduce an infinite vector y®(7) of size
d+d +d +

y2(1) = [yi(2), y2(2), -] (24)

Then, formally the non-linear DBE evolution for f()
from Eq. (23) is equivalent to the following infinite linear
ODE for y*:

Y0 0. o)

=f#40), (25)

cl ¢l cloo
0 ¢ & &

Cee=|0 o0 & ¢ - | (26a)
k—1 . '

K=Y 19 @ (Fiyyy +6;,G) @ IB171, (26b)
i=0

is the infinite Carleman matrix with three non-zero blocks
in each row, and §; ; is the Kronecker delta. Truncating this
infinite set of equations at level N, so that one deals with
the finite Carleman vector y = [y, ¥, ....yy,]. gives

dy(t)

T Cpgey (1), y1(0) = f®(0), 27

with Cpgg being the Carleman matrix given by CRpg

restricted to the first N blocks. Such truncation introduces
an error €, so that

yi(0) me S (1), (28)

only under certain conditions and for large enough N.
Identifying conditions under which this occurs is a crucial,
and often involved, question one needs to answer toward
an efficient quantum algorithm.

Under the assumption that the problem from Eq. (27)
approximates well enough the discrete Boltzmann system
in the sense of Eq. (28), one can attempt to run a QLS
algorithm to output its solution. More precisely, modulo
time-discretization errors, the solver outputs a normalized
Carleman state at the final time 7"

1
ly(T)]

or a history state encoding a superposition of the solution
at different times:

(7)) = Wi(T)s ooy (T)], (29)

(mAt))) ® |mAt), (30)

with the normalization factor:

[T/Af]

N =" |y(man]> (31)
m=1

The cost of obtaining these solution states depends
crucially on the condition number of the linear system
of equations obtained after time discretization, see
Refs. [16,21,32,64] and references therein, but also on
norm properties. This cost is typically defined in terms of
the number of times we need to apply two core unitaries:
one that encodes Cppg in one of its blocks and another that
encodes the preparation of a quantum state based on f(0).
Establishing constructions for these unitaries and present-
ing evidence for a favorable scaling of the condition
number and favorable norm properties are necessary
conditions for any claim of quantum advantage. Finally,
non-trivial post-processing is required to extract data about
the fluid system from the output of the QLS, i.e., from the
quantum state |y(7T)) or |yy).

The works in Refs. [37,38] are important, as they push
our understanding forward by analyzing various compo-
nents of this pipeline. However, as we shall see in the next
section, several algorithmic challenges remain to be
addressed before the potential for quantum advantage
can be fully assessed.

IV. IDENTIFICATION OF COMPLEXITY
CHALLENGES

A. Applicability of the Carleman approach

The Carleman linear embedding approach to fluid
simulation involves extending the nonlinear fluid system
into a large but linear system of equations. The core
parameter here is N, the Carleman truncation order. The
resulting ODE system has dimension O(d"¢), and the two
core questions are as follows:
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1. Does the Carleman truncation error €. converge?
This means that e [in the sense of Eq. (28)] should
decrease with increasing N.. Certain sufficient
conditions are known for special classes of systems
(dissipative  [29-33], nonresonant [34], and
conservative [35]), but these are not directly appli-
cable to our setting, which is why we resort to
numerical evidence.

2. Assuming the Carleman truncation error €. con-
verges, what is a suitable choice of N in practice?

Limited numerical analysis is currently available for the

Carleman truncation error €. for the discrete Boltzmann
equation:

(i) The authors of Ref. [37] presented a preliminary
numerical study of e, for a collisions-only D1Q3
model, with 7* =1, a few hundred time steps,
N =1 (since no streaming is included, a single
node is taken), suggesting that N = 3 suffices to
get errors below 107'4, The issue with this approach
is that, in such a purely collisional setting, one can
actually prove analytically that the Carleman error
for truncation order N, > 3 is exactly zero; see
Appendix C for details. Nontrivial e¢. for No > 3
can only be generated through the interplay of both
collisions and streaming and hence cannot be
assessed via numerics on collisions only. The
reported figure -~ 1074 seems then to be due
to numerical scheme precision rather than the actual
Carleman error.

(i1)) An N, = 3 truncation was chosen in the study in
Ref. [38], where the authors used the result of
Ref. [29] to obtain an extremely narrow time
window for guaranteed Carleman convergence,
i.e., they proved the Carleman convergence for
simulation times much below a single time step.

(iii) The authors of Ref. [40] instead analyzed a
Kolmogorov flow in the D2Q9 model with N, =
N, =32 and around 100 time steps, setting a trun-
cation N = 2, which entirely foregoes the cubic
term in the nonlinearity. Root mean square errors of
10~ — 1073 were observed in the low Reynolds
number regime of Re € [10, 100].

(iv) A similar setup and a lid-driven cavity flow
were analyzed in Ref. [39] for Noe{l,2},
N,=N,€e{l6,....64}, Re€[25,50]. In the first
case, errors on the order of 1072 (and decaying to
zero in a long-time regime) were observed, where
the discrepancies compared with Ref. [40] may
stem from differences in the boundary conditions
and initializations. For the lid-driven cavity, the
errors of around 10~ were found (saturating for
long times). Importantly, in the settings considered,
it was found that pure linearization, No = 1, out-
performs the N = 2 Carleman truncation.

It is therefore problematic to draw from these results

any conclusions concerning the ability of the Carleman

procedure to capture genuinely nonlinear effects for two
reasons. First, the pure linearization errors are already fairly
small, and so the analyzed flows must exhibit very weak
nonlinearities. Second, the increase of the Carleman error
when going from N = 1to No = 2 suggests that one may
already be operating beyond the convergence radius of the
Carleman procedure. Third, there is no obvious trend to be
gathered from these few scattered studies.

We thus conclude that the question of the applicability of
the Carleman embedding method to the lattice Boltzmann
equation is still mostly unanswered. Since a linear embed-
ding of the nonlinear dynamics is pivotal to any quantum
algorithm, in this work we shall consider this problem
closely.

B. Scaling of the condition number

Let us now assume that we are in a scenario where the
problem of Carleman convergence is solved, i.e., for the
use case of interest a high enough Carleman truncation
order No leads to a good approximation of the first
Carleman block: y,(#) ~f(¢). The next step is to design
a quantum algorithm that prepares the Carleman state
ly(T)) (or the Carleman history state |y)) describing the
fluid system at the final time 7 (or during the whole
evolution between r =0 and = T). Recent quantum
approaches to the discrete Boltzmann equation rely on
quantum linear solvers applied to a linear system arising
from time discretization of Eq. (27). A crucial parameter to
be evaluated here is the scaling of the condition number x
of that linear system, since quantum linear solvers have
complexity scaling at best linearly with it [10]. Checking
this scaling is crucial for any claim of potential quantum
advantage, since under an unfavorable scaling the quantum
algorithm may end up performing substantially worse than
the best known classical algorithms.

A standard approach that has been followed in recent
works [37,38] is based on discretizing time via a truncated
Taylor series method applied to Eq. (27). Several works
presented condition number upper bounds for this setting
under slight variations [21,32,65]. For the class of problems
at hand, it was found that the condition number scales as

k= O(T.||Conell, max [leon] ). (32)
t€(0.T]

where we recall that T is the total simulation time, Cpgg, is
the truncated Carleman matrix, and |- || denotes the
operator norm (i.e., the largest singular value).
Concerning the norm of Cpgg, in Ref. [37] [Eq. (93)], it
is claimed that ||Cpgg|| = O(r7!), where 7 is a constant.
However, the top-left block of the matrix Cppg includes the
finite-difference discretization of the streaming operator
e,, - Vf,. In turn, this means that the largest element in
Cpgg scales as Ax™! = O(N,.N,.N_), and hence || Cppg||
must also scale as O(N,, N,,.N .) or worse. This negates
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the headline exponential advantage in N, independently of
the question of the initial-state preparation and data
extraction. Also, note that in the context of the lattice
Boltzmann equation, one has ||C|| = O((z*)~!) (which
does not scale with N), but this is simply because we
moved to lattice units, where the advection time is
N-dependent, so we just shifted the N-scaling to the
number of required time steps. More precisely, in the
discrete case, it is known that the number of time steps
needs to grow with the system size in order for the fluid
flow to develop, as one must allow at least for the
interaction of the edges of the simulation region with
themselves [38]. A more detailed analysis of ||Cppg|| for
this case can be found in Ref. [38]. Overall, this tells us
that the best we can hope for the quantum algorithm under
current approaches is a polynomial (in fact cubic) speedup,
not an exponential one [66].

Now, consider max, ¢ o 7y||¢“>#[|. In Ref. [37] [Sec. 5e],
it is claimed that this quantity is O(1) under stability
assumptions. Formally, the claim is that the norm of eCoee!
is O(1) when Cppg is marginally stable, i.e., when the
largest real part of the eigenvalues of Cpgg is nonpositive.
While it is true that || e“Ps=’|| can be upper bounded by a
quantity independent of ¢, max;, o 1] || eoee || generally can
depend on N [67]. The work in Ref. [38] instead sets
max; e o7l e || equal to 1, as a placeholder until further
analysis becomes available.

In summary, pinning down the N dependence of the
condition number is crucial for determining the size of a
quantum advantage, if any exists. In this work, we shall
look at this problem in detail.

C. Small time steps

Previous quantum algorithmic approaches to the LBE
focused on the DBE from Eq. (5). This is a natural starting
point to apply the Carleman linear embedding formalism,
as well as quantum algorithms whose analysis normally
assumes a time-continuous model. However, achieving a
numerically stable first-order accurate time-discretization
of the collision integral requires At < 27 [43]. Furthermore,
the explicit forward-time central-space discretization of the
streaming term imposes a CFL condition on the time step.
The standard lattice Boltzmann method avoids these par-
ticular constraints on the time-step size by treating stream-
ing exactly and stiff collision terms implicitly using a
second-order trapezoidal rule (see Sec. III A). As discussed
by Refs. [57,58], a second-order accurate time discretiza-
tion of DBE (termed DBE with memory) is possible;
however it can only be achieved by introducing a memory
term which introduces second derivatives in both space and
time. The approach of Refs. [37,38] is therefore equivalent
to dropping the memory term from the DBE with the
memory formulation of Ref. [58]. This results in a first-
order accurate formulation constrained by the numerical

stability condition At < 2z. Therefore, the currently pro-
posed quantum approaches could be extended to be more
competitive in practice. In this work, we shall address this
time-step problem.

D. Inefficient data extraction

Finally, assuming that one somehow deals with the
Carleman convergence problem and the complexity of
obtaining the final time Carleman state [y(7)) from
Eq. (29), there is still the problem of extracting data from
the quantum state encoding the dynamics. We will focus
on the problem of extracting classical information about
the fluid at time T from |y(7')). Note that analogous issues
as discussed below appear when one wants to extract
information from the history state |yy).

First, note that it is not difficult to estimate that in the
weakly compressible (or incompressible) limit, at all times
t one has

\/g < IF() < VN. (33)

As aresult, the norm of the kth Carleman block of |y(7'))
scales as

Iy« (DIl _

(I

This, in turn, means that in order to extract information
from the first Carleman block (which approximates
S(T) well enough), a quantum algorithm incurs a cost
O(v/NNe™1), simply due to the fact that amplitude is
exponentially concentrated in the higher order k-blocks
of the Carleman vector [33]. Hence, already for N = 3,
which is the smallest order capturing the cubic non-
linearities of DBE, the cost scales linearly in the number
of discretization points, so the same as the classical
algorithm. Increasing N further to decrease the Carleman
truncation error renders the quantum algorithm less effi-
cient than its classical counterpart.

One could also try extracting information from a higher
block y,, as it approximates k copies of the solution so that
one could read the solution independently k times from
such a block. However, not only would that result in a
higher truncation error, but also we would still incur an
extra scaling O(v/N"<7). This extra cost kills quantum
advantage over classical algorithms unless k = N (when
the dependence on N could disappear), or k = No — 1

(when one could hope for a quadratic improvement from
classical O(N) to O(V/N)). However, yy (1) = BN (1)

with f;, describing the solution to the linear ODE

df i (1)
dt

— O(VNNe),

O(IIf(T)[[F"e) (34)

= (G + F\)fin(2), fin(0) =£(0),  (35)
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which corresponds to applying a naive linearization
procedure (i.e., dropping the nonlinear terms) applied to
the original DBE given by Eq. (5), which we could have
obtained in a simpler and more direct manner without
invoking any Carleman procedure. Similarly, yy_._; only
describes the solution of the quadratic ODE, completely
ignoring cubic nonlinearities. Moreover, it is not clear
whether choosing a high N and extracting data from
Yn—1 1s any better, in terms of truncation error e, than just
choosing N~ = 2 and focusing on y,. Hence, it is quite
likely that even if one is in the regime of converging error,
one cannot control it without making the algorithm
inefficient.

Most existing literature on quantum algorithms for the
lattice Boltzmann equation only discusses how to output
the Carleman states |y(7)) or |yy), without discussing the
critical problem of how to extract classical information
from a coherent encoding of the dynamics [39—41]. The
two works where extraction of data is discussed are
Ref. [37] and, in more detail, Ref. [38]. However, they
appear to miss this problem:

(i) In Ref. [37], the crucial ratio from Eq. (34) is
claimed to be O(1/1/N¢) [Eq. (102)]. This can be
traced back to the bound of Eq. (85) in Ref. [37],
which implicitly assumes ||f(7)|| < 1, which does
not hold. Technically, one can perform a rescaling
f = yf to ensure the norm is smaller than 1 as
required, but this adds an extra scaling with N to the
condition number, removing any quantum advan-
tage, as we shall see below.

(i1) The authors of Ref. [38], on the other hand, try to
avoid the problem by extracting information from
all Carleman blocks. The issue with the argument
is the assumption that the Carleman procedure
outputs a state of the form y, ~ f®*. In reality, due
to the reasons discussed above, the amplitude is
concentrated in the block k = N, which simply
contains information about the linear dynamics,
I (1) = I%INC(I). Since tackling relevant applica-
tions requires high values of N (Ref. [38] reports
use cases with N between 10! and 10%), this
basically means that the output of the quantum
algorithm will just reflect the results one would
obtain from a naive linearization. As such, it
cannot capture the nonlinearity as required.

As anticipated, one potential way around the problem
described above is to rescale the DBE according to

S,

Fy = F,/y,

Gl—)G, Fll—)Fl, (363)

Fy— F5/y%. (36b)

By taking y < 1/||f||, one can ensure the norm of
f is rescaled to be smaller than 1, and thus avoid the
extra complexity cost mentioned. However, as already

mentioned in Sec. IV B, the condition number x of the
linear system describing time-discretized DBE evolution
for time T scales as O(||Cpggl||T). With such rescaling, we
have

[Copell = O(1/7%) = O(|If|I*) = O(N),  (37)

and so k = O(NT). Given that the complexity of the best
QLS scales linearly with x, we end up with a quantum
algorithm whose complexity scales the same way as the
classical algorithms with the number of spatial discretiza-
tion points N and simulation time 7. We then conclude
that if the inefficient data extraction problem cannot be
mitigated, no quantum advantage for the simulation of
nonlinear dynamics is possible.

V. CLASSICAL PROBLEM REFORMULATION

We now discuss a formulation of the problem that helps
to overcome the obstacles described in the previous
section. Instead of exploiting the assumption of weak
incompressibility to motivate a truncated Taylor expansion
of 1/p~2 —p, enabling f4 to be expressed as a cubic
function of f, we will instead use the incompressible
formulation of LBE developed in Ref. [49]. At the expense
of discarding weakly compressible effects, which in low
Mach number flows are already negligible, this approach
provides an O(Ma?) incompressible LBE formulation
whose collision integral is quadratic in the state vector
and thus upon application of the Carleman embedding
facilitates more efficient data extraction than its cubic
counterpart.

A. Shifted incompressible LBE

When Ma <« 1, compressibility effects are negligible,
and it is useful to instead solve the incompressible Navier-
Stokes equations which (in dimensional form) are as
follows:

ou 1
= Vu=—-——V V2
o + (u-Vu ; p+uvVou, (38a)

V.-u=0. (38b)

In the above, p, and v are the constant reference density
and kinematic viscosity, respectively, while p(r,t) is the
pressure field. In order to recover Egs. (38a) and (38b) via
the lattice Boltzmann equation, one needs to modify the
equilibrium distribution from Eq. (7) so that only the
density variations that do not strongly violate Eq. (38b) are
retained. Expanding the density as p = py+ dp with
|6p| < po and letting the pressure fluctuation be given
by p = c28p, we can substitute these expressions into
Eq. (7) to arrive at
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P
fsl(ll(n t) = Wnpo + Wm?
s

e, urri)
+w + -
mp“( p) 204 202

+ 0(Ma3). (39)

In addition to terms proportional to u, the term p ~
O(Ma?) must be retained because, in the incompressible
Navier-Stokes equations, the pressure term corrects for the
divergences produced by the convective nonlinearity (see,
e.g., Chapter 1 of Ref. [68]). However, as w,,po ~ O(1) is
constant, we can also shift the density f,, — w,,p0 = g
(this is related to the trick used in Refs. [69,70] allowing
one to save digits lost in the cancellation f,, — w,,py). The
shifted equilibrium density then becomes

P
gemq(r’ t) =Wn—
Cs

e u(rt) (e u(r.0)? lulr.)f
+ WmPo ( c? * 2ct 2c2
+ 0(Ma?), (40)

with the pressure and velocity given by

(41a)

(41b)

1 Y
= _ng(r’ t)em'
pom:l

As discussed in Chapter 3 of Ref. [56], this formulation
recovers exactly the momentum equation, Eq. (38a), but
approximates the divergence-free condition, Eq. (38b), as

1 0p

Vou=—5—,
c2 ot

(42)

where the right-hand side is O(Ma?). Although the above
approach is clearly suited for steady or slowly varying
flows in which the hydrodynamic timescale is much
slower than acoustic timescales 7 > L/c, [71], the colli-
sion integral proposed by Ref. [50] (also quadratic in g,,) is
exact and therefore preferable for time-dependent flows.
However, as the latter collision integral is more complex,
we have restricted this work to the simpler formulation in
order to demonstrate its connection with the weakly
compressible approach.

Returning to non-dimensional variables, we observe
from Eqgs. (18a) and (18b) that this shifted LBE state vector
evolves according to the following equations:

g€ 1) =g(r*. %) 9, #)],

1
kel g (3

Gu(r* +ep, t* + 1) = g5 (r*, t*), (43b)
with
* 9 * *\2 3 2
= |6p+ (3e)-u +§(em-u ) —Eu*| Wi

(44)

which can be rewritten as a quadratic function of g:

. 9 /L 2 40 2
grr(ll = (E (Z Em,mlgm1> Y Z gmler’r(tl
my=1 my=1
o Qo
+> g 3 Em,mlgm,>wm

my=1 my=1

3
(Z Z ( m,m, mm2 _EEml,m2>gmlgm2

ml—l my=1

Y
+ Z Gy + Y 3Em,m]gm,)wm, (45)

my=1 my=1

where we introduced a Gram matrix £ with matrix
elements

Eym =e€n-en, (46)

and the fact that for the considered discrete velocity

models from Table I one has ¢* = 1/+/3. Although we
restrict our attention to a simple streaming step without
walls (just periodic boundary conditions), and without
external driving, we discuss and analyze the extension to
non-trivial geometries and driven flows elsewhere [54].

Given that the D-dimensional position vector r* in
lattice units takes only integer values, the state of the
system at each time step r* can be represented by the
following vector:

L)) @ |m), (47)

Zng

where we explicitly introduced position and velocity
registers, and the dimension of g is

d:=NQ, (48)
where
D
N := H N, (49)

is the total number of spatial lattice points. We can then
rewrite the two steps of the shifted LBE, Egs. (43a) and
(43b), as
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ge(r) = (I + Fy)g(t*) + Fag(r*)®2, (50a)

g(t* +1) = Sg€(rv), (50b)

where S is a d X d permutation matrix (so also a unitary
matrix) encoding streaming:

o
S= D I +enr*| ® [m)(ml, (D
r* m=l1

whereas F; are d x d* matrices describing linear and
quadratic contributions from collisions, the form of which
can be read off from Eq. (45) to be:

0
Fr=> 1)1 ® D (Fi)y Im)(mil,  (522)

m,my=1

9

0
Fo =) 1)@ D (Fo)ymym, m) (mimy

m,my,my=1

(52b)

where

- 1
(Fl )m,ml = %_* (Wm + 3WmEm,ml - ém,ml)ﬂ (533)

- Wy (9 3
(FZ)m,m]mz = ’f_* <§Em~mlEm,m2 - EE’”N’”z) . (53b)

Notice that the above can be rewritten as

Fi=1.®F, (54a)

Fy=1w ®F,, (54b)

where I« and I,~ are NxN and N x N’ identity

matrices on the position registers, whereas F, and F,
are QO x Q and Q x Q? collision matrices acting on the
velocity register.

As explained above, the term dp in Eq. (44) scales as
O(|u*]?), while the remaining terms in that equation have
explicit dependence on u* so that we can conclude that

gn = O(|u*]). (55)

Moreover, in the incompressible lattice Boltzmann
formulation, the Mach number is taken as the small
expansion parameter. Thus, the Chapman-Enskog expan-
sion then gives that the non-equilibrium component of g is
of order O(|u*|). Physically, in the incompressible low-
Knudsen regime, collisions keep the distribution close to
the local equilibrium manifold, so non-equilibrium kinetic
corrections remain of the same asymptotic order as the

hydrodynamic velocity perturbation. Thus, denoting the
upper bound on the magnitude of lattice velocity |u*]|
during the evolution by uX,,, we get

0
lgl = | -5 lgu(r*. )2 = O(VNuhs).  (56)
r* m=1

Therefore, in order to keep the norm of the solution
bounded, ||g|| < 1, one can simply enforce the following
value of lattice velocity

Unax = (57)

for some constant ujy. This way one can control the norm
of g, without a direct negative impact on the condition
number as in the rescaling approach (as we shall see in
Sec. VII C), thus overcoming the main obstacle for data
extraction that we discussed in Sec. IV D.

Finally, although we analyze the inclusion of non-trivial
geometries elsewhere [54], let us briefly explain here how
to include walls in our model. One can introduce an
indicator function W encoding the wall boundary con-
ditions in the following way:

. r*isawall node,

1
Wi = 58
{ 0 : r*isafluidnode, (58)

Then, the bounce-back effect of the walls can be
accounted for by modifying the streaming matrix in the
following way:

0
S=Y > (1= Wy i) (1= W)l e} (r*| @ [m) (m]
r* m=1
0
FY Y Wi (1= W) [P*) r* | @ | —m) (m]
r* m=1
0
D Wil r*| @ [m) (m (59)
r* m=1

where, with a slight abuse of notation, —m is a velocity
index corresponding to discrete velocity —ejy. In the above,
the first term corresponds to unmodified streaming when
both nodes considered are fluid; the second term encodes
bouncing when a particle in a fluid node hits a wall node;
and the third one simply means no evolution (identity
matrix) inside the wall nodes. Crucially, the streaming
matrix modified according to the above recipe is still a
permutation matrix, so S stays unitary.
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B. Parameter selection

We will now explain how to select simulation param-
eters N, (spatial extent in lattice units), 7* (temporal
duration in lattice units), and 7* (relaxation time in lattice
units) in order to guarantee the required scaling of the
lattice velocity from Eq. (57) and, at the same time, to be
able to simulate general dynamics of a fluid described by
kinematic viscosity v. As we shall see, our main assump-
tions here are as follows:

(i) The number of discretization points N should scale
with a power of the Reynolds number, typically
Re*P/4, in order to resolve the Kolmogorov micro-
scale and capture the smallest dynamical features of
turbulent flows.

(i) The simulation has to be run till a steady flow
develops, which happens after some constant multi-
ple of the advection time.

First, let us denote the upper bound on the maximal
physical velocity during the evolution by u,,,, and intro-
duce the ratio 7, of the flow velocity u to Uy,

u

Nu = (60)

umax
Next, assume for simplicity a cubic simulation region so

that all L; and N, are equal, and denote by #; the ratio of
the characteristic length L to the simulation region size L,

L

n =L (61)

Thus, the Reynolds number of the considered fluid
problem can be expressed as

_ ﬂ _ Lxumax

Re : NNy (62)

14 v

Next, using Chapman-Enskog relation, Eq. (21), in the
expression for the conversion between physical and lattice
velocity, we get

N At Axity,, (75— %)
Umax = 7 Umax = - 5
Ax v 3
_ Lty (75— %) _ (7" — %) Re ‘ (63)
v 3Nx 3Nx um

Thus, enforcing Eq. (57) means

%* :l‘i‘% m

2 Re yP/2-1°

(64)

Next, we recall that in order to resolve the Kolmogorov
microscale, one requires Ax ~ L/Re**. We thus choose
the number of discretization points per direction to be the
following function of the Reynolds number:

_ R/
nL '

(65)

X

In what follows, we will keep f general to allow the
choice of a better or worse resolution, but when we
perform simulations or want to compare with the perfor-
mance of classical algorithms, we will always choose
p =3/4, which guarantees resolving the Kolmogorov
microscale.

With that, the expression for the relaxation constant
becomes

D/2
o L Sugn ", 66)
2 " RefD/2-1)+1"

Since Ax is fixed by the condition to resolve the
Kolmogorov microscale and 7* is fixed by the norm
condition from Eq. (57), Ar is also fixed by the
Chapman-Enskog relation, Eq. (21), to be

L ugny"n,

Finally, assuming that the steady flow will develop after
1/ny advection times,

1L
T=——, (63)
nr u

the total number of time steps to simulate the fluid under
these conditions is given by

Ref(D/2+1)
-

., T _ 1
D
At nriuiy,

(69)

In this work we will investigate the simplified scenario,
where we put
'lT:r]u:rIL:L I/ta(zl, (70)
1.e., we simulate for one advection time, the characteristic
length of the problem is equal to its spatial extent, the
maximal velocity is well approximated by the flow
velocity, and the constant u controlling the norm ||g||
is 1. In such a case, we get the following simulation
parameters:

N,=[Re],  T* = [RefP/21)], (71a)
1 3 1
K *x
T=5t RefD/2-1)i1° Umax = o 5D/2 (71b)

where we used the ceiling function to guarantee integer
values of N, and T*. Thus, for a fixed problem dimension
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D and spatial resolution parameter f (with f=3/4
resolving the Kolmogorov microscale), the above simu-
lation parameters become a simple function of the
Reynolds number Re. Note that since the parameters 7,
1. 11, and ujj are constants (i.e., independent of the system
size or the Reynolds number), the particular choice made
by us does not affect the overall scaling of simulation
parameters with Re, and so does not affect the asymptotic
scaling of the algorithm’s complexity.

C. Discrete Carleman embedding

We now have a discrete-time nonlinear problem describ-
ing the fluid dynamics via Egs. (50a) and (50b) with the
parameter choice given by Egs. (71a) and (71b). This
provides a well-defined problem, and we now wish to
consider how it can be simulated on a quantum computer.
As discussed previously, this cannot be done directly, but
we must construct a linear representation of the problem
that is amenable for the quantum computer. Therefore, the
next step is to embed the nonlinear equations in a larger
dimensional space so that it can be well approximated by a
discrete-time linear problem. To achieve this, we start by
introducing infinite vectors y©-®(#*) and y®(t*) of size
d+d*+d*+--,

Yoo () = ()5 (). ...

yo(rr) = (%), y2 (1), - ],

(72a)
(72b)

where
yi (1) = [g€()1%~,

which carry information about all powers of the shifted
LBE evolution, respectively ending with a streaming or a
collision step. As this replacing of higher powers with new
variables is inspired by the Carleman linear embedding
procedure [51-53], we will refer to y©(*) and y*®(¢*)
as the infinite Carleman vectors. From Eq. (50b), we
straightforwardly obtain the streaming update rule for

ye(r):

ye(t*) = [g(r)]®5, (73)

YO(* + 1) = S®yC (%), (74)
where
S 0 0
0 S®2 0 R
S*=10 0o 5% .. (75)

is an infinite Carleman streaming matrix, which is unitary.
To get the collision update rule for y©(¢*), let us start
from the LBE collision equation, Eq. (50a), for k copies of

the state vector:

g€ (r))®"
(1 + F1)g(1*) + Fa[g(r*)]®]®

(74 F)® @ FS + perms.][g(1*)]®%*

[
M~

K
I
o

(74 F))®% @ F9'* + perms Jlg(1*)®!

I
o~
||M§
~

[\l
~

Chlg(*)]®', (76)
1=k

where we have introduced d* x d' matrices
Cki= (14 F))®* ! @ F$'™* + perms.,  (77)
and where + perms. denotes a sum over distinct permu-

tations over k subsystems, with 2k — [ subsystems of
type 1, and / — k subsystems of type 2. This means that

2k
yE() =" Cly(r), (78)
1=k

which can be written compactly as
yC.oo(l*) — Cooyoo(ld()7 (79)

with the infinite Carleman collision matrix

cl ¢ 0 0 0
0 ¢ G ¢ 0
=10 o g ¢ ol @0

where in each row k there are k + 1 non-zero blocks.
The nonlinear update rule for a d-dimensional vector
g(r*) from Egs. (50a) and (50b),

gt +1) = S[(I+ Fi)g(r*) + Fog(r*)®?],  (81)

can thus be formally replaced by a linear update rule for an
infinite-dimensional vector y®(¢*),

YR (1 + 1) = S©C®y=(1*). (82)

This infinite system can be then truncated at level N, so
that we are dealing with finite Carleman vectors

yO(rr) = (). 5 (%), oy ()],

y(*) = [ (7). y2(1), oy ()],

(83a)

(83b)
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of dimension

d(dVe —1)

de=d+d+ - +dVc = ,
c=d+d +-- + -

(84)
which carry information about all powers of the shifted
incompressible LBE evolution up to the N -th power. The
collision and streaming steps are now captured by the
Carleman collision matrix C and Carleman streaming
matrix S, which are given by C*® and S restricted to the
first N blocks. Due to the block-diagonal form of S,
coming from the linearity of the original transformation, it
can be implemented exactly for a finite truncation order
N, i.e., no truncation error is introduced. The collision
step, on the other hand, has min{k + 1, N0 — k + 1} non-
zero blocks in each row k and, since truncation removes
some of the terms as compared to the original matrix C*®, a
truncation error is typically expected, i.e., the evolution
obtained from a truncated linear system will generally
differ from the original shifted LBE dynamics. We will
discuss the Carleman truncation error €., and in particular
its dependence on the truncation order N, in Sec. VII A.
The update rule for the Carleman vector is thus given by

y(r* +1) = SCy(r*). (85)

and the above recurrence relation has a clear solution
given by

y(*) = (8C)" yini, (86)

where y;,; is the initial Carleman vector obtained from the
initial condition g(0):

Yini = [8(0).8(0)%2, ..., g(0)®Ne]. (87)
Thus, given the initial state g(0) of the original fluid

system, its state after 7* collision and streaming steps is
given by

g(T*) =, [(SO)T yiui], (88)

where =, captures the introduced truncation error.

D. Linear system formulation

Since the heart of our quantum algorithm for the lattice
Boltzmann equation is based on a quantum linear solver,
in this section we explain how to cast the Carleman state
evolved under discrete-time dynamics from Eq. (86) as a
solution to a linear system of equations. More precisely,
we first construct a linear system Ay, whose solution Yy
carries information about the whole history of the evolu-
tion described by the shifted incompressible LBE (i.e.,
at all discrete time steps between 0 and T*). We then
construct another system Ap, whose solution Y can be

used to recover the final state of the evolution (i.e., after T*
time steps). In what follows, we will use a shorthand
notation of A and Y to denote either Ay and Yy, or Ap
and Y, when the discussed results for both systems are
identical.

1. History state

The shifted incompressible LBE problem with T*
streaming and collision steps can be written in the form
of the following linear system of dimension d¢(T* + 1):

I 0 -~ 0 0 y(0) Vi
-s¢C I -~ 0 0 y(1) 0
o 0 - I 0 y(T*'—l) 0
0 0 ~-SC 1 y(T%) 0
(39)
or in a more compact form as

The vector Yy is the Carleman history state, carrying
information about Carleman vector at all times during the
simulated evolution. It can be verified by direct calculation
that the inverse of Ay is given by

1 0 -0 0
SC 1 -0 0
Ay = : : RS I (7))
(SO (SO . 10
so)r (sor-t .. Seo

which is indeed in accordance with Eq. (86). We thus see
the solution to the set of linear equations above,

Yy = A'b = Winis SC¥inis -+ (SC) " yini) T 92)

carries information about the whole evolution described by
the shifted incompressible LBE.

2. Final state

For the recovery of just the final state, instead of the
whole history state, we will consider an alternative linear
system, inspired by Ref. [14], with additional (2" — 1)
(T* 4 1) idling steps after the original 7* + 1 evolution
steps (where W is an integer to be determined). More
precisely, we consider

AFYF :b, (93)

with
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I 0 - 0 00--00
-SC I 0 00 0 0
S : S 000
0 0 I 00-- 00

Ap = 0O 0--=-8S 120- 00 ©4)
0 0 - 0 —I1-- 00
0O 0-- 0 00 - —11

The solution of the above is

Yr=Ap'0 = ini. SC¥inis + -+ (SC)T yini,
(SO Yigis - (SO yini) T 95)

(2% —1)(T*+1)times

Clearly, the first 7* + 1 blocks of Y coincide with the
history state Yy, but the remaining (2% — 1)(7T* + 1)
blocks contain the Carleman vector corresponding to the
state of the system at the final time 7*. As we will explain
in Sec. VID 1, this will help our quantum algorithm to
recover the final state more efficiently than from the
history state. Also, the inverse A;l has its first 7* 4 1
rows the same as for A,;l (see Eq. (91)), after which there
follow rows, where each row k is given by the last row of
Ay' appended by k identities. We note that the choice of
(2% —1)(T* + 1) idling steps was made for practical
implementation reasons (it can be achieved using W extra
qubits) and, as we shall see, the value of W can be chosen
to control the probability of recovering the final state.

VI. QUANTUM ALGORITHM IMPLEMENTATION

In the previous section, we explained how to rephrase
the solution of the shifted incompressible lattice
Boltzmann equation as a solution Y of a set of linear
equations described by either Eqs. (90) or (93). In this
section, we will construct a quantum algorithm that first
employs a quantum linear solver to prepare the solutions Y
coherently encoded in the amplitudes of a quantum state;
and then post-processes them to extract classical informa-
tion about the fluid.

First, in Sec. VI A, we will describe how we encode the
data in quantum registers, and then we will present the
following three steps of our algorithm:

1. Input. In order for a quantum linear solver to output
the solution to AY = b, the matrix A and vector b
must be passed to it in a way that a quantum
computer can deal with. We achieve this in Sec. VI B
by constructing a unitary block-encoding U, of A
and a unitary state preparation U, of b.

2. Processing. In Sec. VI C, we explain how to use the
quantum linear solver, with the best theoretical
guarantees currently available, to bound the query

complexity to the unitary block-encoding U, and
unitary state preparation U, to obtain a state €
away from the normalized solution |Y).

3. Output. In Sec. VID, we describe necessary post-
processing steps in the form of measurements
performed on |Y) that allow one to extract classical
information about the fluid system.

A. Data encoding

We will describe our data encoding process in a few
steps, starting from the smallest data structure of a single
state vector g encoded as a quantum state |g); then we will
explain how to encode a Carleman vector y from Eq. (83b)
into a quantum state |y); and finally how to encode the full
data Y including the time register [meaning Y 5 in Eq. (90)
or Y in Eq. (93)] into a quantum state |Y). When writing
the encodings, we will assume D = 3, and the smaller
dimensions can be straightforwardly obtained by dropping
the unnecessary registers. The total number of spatial
points is N = N,N,N_, with N; corresponding to the
number in the i’th direction. To simplify expressions,
when computing qubit counts we give expressions like
log N, which should be taken to mean [log N, |, namely
we round up to the nearest integer.

To encode the shifted LBE state vector into a quantum
state |g), we use three spatial registers composed of log N,
log Ny, and log N, qubits, and three velocity registers, each
composed of two qubits:

— ‘ m\v,,v,,v, *7 t*
g = >y 0

* * * Vy, Uy, U7 €
reLry Ly =1ty
XTyoz {00.,01,10}

X|rk, i rr) @ vy, vy, 02, (96)

where A is the normalization, r} are discrete spatial
positions along axis i in the binary representation, whereas
(vy, vy, v,) encode velocity indices according to:

00:  (ef), =0,
v; =< 10 (ef), = —1, O7)
01:  (ef), = 1.

Note that this velocity encoding is almost optimal, as it
requires 2D qubits, while the optimal one uses 2, 4, and 5
for De{1,2,3}. The total number of qubits required to
encode an LBE state vector is thus log N 4+ 2D.

Next, we need to encode the Carleman state |y). While
the original Carleman vector y is composed of a direct sum
of vectors yy, ..., yy,, for practical reasons, it is better to
use a tensor product encoding [30]. More precisely, we add
an extra Carleman block register |n¢) composed of log N
qubits and pad the lower blocks with zeros:
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ne (1)
ZHy Ct* |||| ne ®lync(t*)>®|o>®NC ne.
(98)

Above, |y,,.) is composed of n single LBE state vector
registers (i.e., nc(log N + 2D) qubits), and a single |0) is
composed of a single LBE state vector register, i.e., of
logN +2D qubits. Since y,. lives in a vector space
consisting of nc copies of the space for the LBE state
vector, we will denote its single state components by yl/
for le{l,...,n¢c}.

Using the proposed tensor product encoding, the struc-
ture of the Carleman matrices changes so that all their
Carleman blocks become square matrices with a fixed
dimension. More precisely, the action of the Carleman
collision matrix can be extended to

Ne min{2k.Nc}

€= ; Zk: k)(l| ® Ck ® |0)®* @ [®Nc—!

N¢ min{2k,N¢}

-3

k=1 1=k

k) (l| ® Ck @ I®Ne, (99)

so that every rectangular matrix Cf becomes a square
matrix (_Jé‘ by adding in the output [/ — k zero states, and
then we extend it to a square matrix with a fixed dimension
for all blocks by padding it with additional N — [/ identity
matrices. Similarly, the Carleman streaming matrix is
extended to

Nc
S=> k) (k| ® S® @ 18N

k=1

(100)

Finally, we need to encode states |Yy) and |Yy). We
achieve this by adding an extra time register * composed
of log(T* 4 1) qubits and, in the case of |Y), an extra
waiting register w composed of W qubits:

FIG e .
Z |Y [ @ (). (101a)

.
¥l = [ S Iy()l10) @ ) @ y(r*))
YA\ 2

+y(T)]l Z_: Y melt)e® Iy(T*>>>-

w=1 *=0
(101b)

Summarizing, the full data register is composed of the
following:

(i) A single time register t* consisting of log(7* + 1)
qubits.

(i1) A single waiting register w consisting of W qubits
(absent in the case of history state).

(iii) A single Carleman block register nc consisting of
log N qubits.

(iv) N single state vector registers y!*, each composed
of D spatial registers r* (consisting of log N; qubits
each) and D velocity registers v; (consisting of 2
qubits each).

Adding this all together, we get that the number np of

qubits in the data register is given by

np =log(T* + 1)+ W +logN¢ + Nc(log N + 2D).

(102)

Using the simulation parameter choice from Eqgs. (71a)
and (71b), with N, = N, = N_, we can represent it as a
function of the Reynolds number Re:

1
np :ﬂ{D (NC+§) + 1] logRe +2DN¢+logNc+ W,

(103)

and so the size of the data register scales efficiently with
the Reynolds number Re and the Carleman truncation
order N . For example, for a D = 3 system with Reynolds
number Re = 108, parameter = 3/4 to resolve the
Kolmogorov microscale, W = 10 to extract the final state
with high probability, and a relatively high truncation order
N¢ = 10, one needs 722 qubits.

B. Unitary block-encodings and state preparations

The quantum algorithm involves a range of non-unitary
matrices that define the problem instance, as well as state
preparation data. Quantum computers are primarily con-
cerned with quantum circuits that generate unitary oper-
ations. We must therefore encode the matrices defining the
problem within a unitary context that the quantum com-
puter can process. This is achieved through the concept of
a unitary block-encoding of a matrix A. In what follows,
we summarize key results that are central to the algorithm
construction, while all the details can be found in
Appendix D.

The construction of block-encodings of Ay and Ay can
be divided into two steps. In the first step, we assume
access to the block-encodings of the collision matrices,
I + F and F,, that are the basic building elements of the
Carleman collision matrix C. Then, using standard tech-
niques of linear combination of unitaries (LCU), we can
block-encode both Ay and Ap with a block-encoding
prefactor a4 and using the number of ancillary qubits
n,, with:
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I.NTCJ NC_Z Nc—21
a=1+3 (M i,
=0

(104a)
Nce—1
= 1 (4D—1
" ze{o,?ﬁﬁc/zj}[()g( l >+( )]
Nc¢
+Nc+1+log > +1, (104b)

where a;, r, and ay, are the block-encoding prefactors for
the collision matrices.

The second step then consists of constructing block-
encodings for these collision matrices. Recalling that they
act locally in space [see Eqgs. (54a) and (54b)], we only
need to block-encode small Q x Q and Q x Q% matrices
[+ F, and F,. For I + F,, we employ the block-encoding
based on singular value decomposition (SVD), resulting in
the block-encoding prefactor given by the largest singular
value element of I+ F. By explicit calculation we then
end up with

1
1/2D+1 ,f.*
1
+ \/9’3 +4-6° (7% — %*))2.

Hror, = (30 2D (2 _ )

(105)

As for the block-encoding of F », we use a method based
on higher-order singular value decomposition (HOSVD).
More precisely, we decompose the Q x Q% matrix F, as

Fy = L,3:(R, ® Ry)", (106)
where L, and R, are Q x Q unitary matrices, while %, is a

Q x Q% matrix with as small a rank as possible. This way,
we end up with a block-encoding of F, with the prefactor

2 [/ 3)\P
aF2:§<—> VD +2. (107)

V2
Using Egs. (105) and (107) in Eq. (104a), we end up
with the final expression for the block-encoding prefactor.
The final missing component before we can run a
quantum linear solver is a unitary state preparation U,
of |b). For that, we assume access to a unitary state
preparation U,, = of the initial state |y;,) for the shifted
LBE problem:

Q

|l//ini> & Z

rc m=

G (r*, 0)[r*, m), (108)
1

where we use a concise notation for the velocity registers.
In this work, we disregard walls, inlets and outlets (which
we analyze elsewhere [54]), but consider non-trivial initial
states given by g, +(0) describing e.g., Taylor-Green

vortices and vortex dipoles, see Sec. VII A for details.
The complexity cost of constructing U,, .~ will clearly
depend on the initial state |y,;) considered. In the worst-
case scenario, this overhead may become sufficiently large
to undermine the quantum advantage associated with
simulating the time evolution. For example, for random
or unstructured states, where each entry must be loaded
independently, the complexity of state preparation may
scale as O(N) with the number of lattice points. It is
therefore important to emphasize that any claims regarding
the end-to-end complexity are contingent upon efficient
initial-state preparation. In practice, however, the initial
velocity fields of interest typically exhibit an explicit
functional dependence on position, meaning that the
corresponding initial states are highly structured, making
this assumption well justified. Thus, we will assume here
that the complexity cost of U, . is negligible compared to
the cost of unitary block-encoding U, of the linear system.

Moreover, one can also show that the complexity cost of
Uy, does not differ much from that of U, , and so can be
neglected. Namely, in order to prepare |b) using U, ,
one can employ a result from Ref. [30], where Lemma 4
shows how to construct Uy using O(N¢) queries to U,
supplemented by O(N() single-qubit gates. Hence, each
query to U, translates to O(N) queries to U,, = (in fact,
exactly Ng, so there are no hidden large constant
prefactors).

C. Quantum linear solver
Once we have encoded the data about our fluid
dynamics problem in unitaries U, and U,, we can use
a quantum linear solver to prepare a quantum state
encoding the solution to our problem in its amplitudes.
We shall use the algorithm from Ref. [12], since at the time
of writing, it provides the lowest rigorously guaranteed
upper bound to the number of required applications of
(controlled) Uy, U, and their inverses, i.e., the best upper
bound for the query complexity g,. However, in order to
get the correct query complexity upper bound, we need to
carefully translate our problem to the standardized linear
problem studied in Ref. [12], which we do in Appendix E.
This leads us to the following upper bound on g:
23\1
< i (s00e+ o (F255))
qo < 1Al 56.0x, + 1.05k, In o
A

3
+2.781n <—K‘A) + 3.17.

(109)
1Al

Upon successful execution, the quantum linear solver
algorithm outputs a coherent encoding of the solution to
AY = b as normalized quantum states. More precisely, for
the history state and final state output we get:

033060-18



END-TO-END QUANTUM ALGORITHM FOR NONLINEAR ...

PRX QUANTUM 7, 033060 (2026)

* *
Yo ||YH||Z“ ®yr)

*
=1 H|| Z )

Vi (1102)

1Y) = |Y—1|| (Z 0) ® ") ® y(1*)

D ATLTS ®y<r*>)

w=1 *=
O ® t* SC t*yini
~ T (Z' | )
oW1 T*
+Y D W) ® (ST yim>- (110b)
w=1 *=(

These two outputs describe the coherent encoding of the
dynamics, provided in the form of an entangled quantum
state over the registers. We next turn to post-processing
and information extraction.

D. Measurements and data extraction
1. Recovering final and history LBE states

We start by explaining how to recover the Carleman
state of the system at the final time 7* from the state |Y ).
To achieve this, we perform a measurement of both the
waiting register w and time register r*, discarding them
afterward. From Eq. (110b), it is clear that if the w
outcome is anything but an all zero state, then irrespective
of the * outcome, we collapse the system onto the final
Carleman state:

1

Y (T*)) = 1y (SO Yin (1)
Introducing
T+

N = II(SC) yinill” (112a)
N = (T* + DI(SC) yiil> (112b)

we see that this happens with probability
POT) = (113)

271 Nr

The above approaches 1 exponentially with increasing
the number W of qubits in the waiting register. Moreover,
under reasonable assumptions on the final state solution of

the flow, the expected value of W, ensuring a probability of
success of at least 1/2, is constant, independent of the
system size. More precisely, as long as the solution yields
non-zero velocity field on a constant fraction of N lattice
sites (expected, e.g., for steady states of non-trivial flows),
the ratio N'y; /N - will be of order O(1), and so a constant
W will guarantee p > 1/2. For example, when Ny % N,
a single waiting qubit gives a constant probability of
success, approximately equal to 1/2. Given the expected
high success probability, in practice a repeat-till-success
strategy appears to be more convenient than a strategy
based on amplitude amplification, although the latter is
also possible.

Next, both for the Carleman history state |Y) and the
final Carleman state |y(7*)), we measure the Carleman
block register n.. We keep the outcome only if n- = 1 and
discard all the state vector registers except for the first one.
Thus, we collapse the system onto

i) =i (T%)) ~ [g(T™)), (114a)
o— . * * ||g *)H * *
W) =Y |1%) @ Iy (¢ Z %) ® g(r*).
=0

(114b)

where the approximation error comes from the Carleman
truncation error e- and QLS error €, whereas N ¢ 1s the
normalization factor. Assuming ||y|| = ||g||*, one obtains
lwr) with probability

g (T*)|?
N,
o1 e (T )

Moreover, assuming that the norm of g(#*) does not
change significantly during the evolution so that ||g(#*)|| ~
|lg(T*)]| for all £*, the probability p(w ) of obtaining |y )
is the same, i.e., p(wy)~ p(wr). Crucially, note that
different from prior proposals, our introduction of a shifted
LBE model and our choice of parameters from Eqgs. (71a)
and (71b) guarantees ||g|| < 1. Hence, we get constant
success probabilities; in particular, when ||g||~ 1, the
probabilities become approximately 1/N. [72]. To show
that this solves the problem with challenge C4 from
Sec. IV D, rather than just shifting it into challenge C2,
we need to analyze how our choice of parameters affects
the condition number k,, which we do in Sec. VIIC.

_ - lg™)I?
1 —[lg(T*)|*e

plyp) =~ (115a)

2. Extracting the drag force

We now proceed to explain how to perform measure-
ments on |y ) to estimate the drag force at the final time
T* on some boundary wall. Our analysis will closely
follow the proposal presented in Ref. [38], with some small
changes due to us working with the shifted LBE vector g,
and not the LBE vector f. Using the standard momentum
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exchange approach to the drag force [43], the local
momentum density change Ap*(r*,T*,m), at time T*
and at the fluid node r*, with the wall node at r* + e in
lattice units, is given by

Ap*(r*. T* m) = (f,(r*

T*) + fon (. T))er,

(116)

where —m is the velocity index corresponding to discrete
velocity —ej;. Using the definition of the shifted LBE
vector, the above can be rewritten as

Ap* (r.T* .m) = (g, (r* . T*) 4 g, (r*. T*) ey,

+Apj(m), 117)
with Ap)(m) = 2w,e;, denoting the zero-velocity equi-
librium value of momentum density change.

Next, let us encode the wall boundary of interest using
the WV function from Eq. (58). Since in lattice units the
volume of one spatial cell is 1, the total momentum
exchange AP* at the boundary is just the sum over local
momentum density changes:

ZZWW (1-W,

AP*(T*) ) Ap* (r*, T*, m).

(118)

Now, the drag force F*(T*) can be calculated by
dividing the total momentum change by the time it takes.
Since in lattice units one time step has length 1, the drag
force is simply equal to AP*(T™), which can be explicitly
written as

:F(’; +Zzwr*+e:{,<l _Wr*)

(gm(" T%) + g-m(r*, T))es,  (119)

where

F(,; = Zzwr“re,’;(l -W

2w, ek (120)

Hence, if we can estimate F*(7T*), we can get the drag
force in physical units by simply multiplying F*(T*) by
Ax?/At and by the reference mass (i.e., the mass of a
single unit cell).

We shall assume that F can be efficiently computed
classically, and we will use |y ) to estimate the value of
the second term on the right-hand side of Eq. (119), i.e., to
get its components:

Fr= ZZWr*Jre;(l _Wr*)

X (G, T*) + g (r*, T%))(en)s  (121)

where k € {x, y, z}. To that end, for each component k we
prepare the following quantum state encoding the boun-
dary of interest:

\/——'ZZW*+9

x[r*) & (Im) + [ —m)),

W) Wee) (€3

(122)

with V), denoting normalization constants that can be
efficiently precomputed, and the velocity registers written
in a concise notation. This quantum state can be efficiently
prepared when certain simplicity criteria on the boundary
function are met, e.g., via rejection sampling techniques
[73]. Broadly speaking, when W is an analytically defined
and relatively simple function, this state preparation will
have a subleading complexity cost compared to the rest of
the algorithm.
Now, recalling that

lyr) ~ |g(T™

T* i Zng r*, T)r*) @ |m),

(123)

~ e

we see that the overlaps between |y ) and |WV;) are
given by

F

Wilyp) # ——————.
lg(T) 1/ Nw,

(124)

Note that one can efficiently compute V', and estimate
|lg(7T*)]|| from the QLS algorithm. More precisely, one can
estimate ||Y || and then use the knowledge of probabilities
p(y(T*)) and p(yp) to get [lg(T™)].

Thus, the only thing left to estimate F is to find the
overlaps (Wy|wr), which can be achieved using quantum
amplitude estimation. However, one has to note that the
boundary states [W,) only have support on O(N?~!)
states, in contrast to |y) having support on O(NP) states.
Hence, one expects (W, |y ) to be of the order O(1/+/N,),
which translates into a multiplicative factor overhead
scaling as O(y/N,). Recalling the parameter choices in
Egs. (71a) and (71b), we conclude that, if one wants to
extract the drag force as described above, one needs to
multiply the complexity of obtaining the state |y) by

gy = O(Re/?). (125)

Moreover, one needs to include the complexity of
preparing states |W;), which is expected to be negligible
for simple boundaries like flat walls, but can become more
problematic for complex boundaries.
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VII. QUANTUM ALGORITHM PERFORMANCE

A. Carleman error convergence
1. Methodology

To numerically investigate Carleman error convergence,
we first solve the shifted incompressible LBE directly
by simulating 7* streaming and collision steps from
Egs. (43a) and (43b) with g given by Eq. (44) (i.e.,
assuming incompressibility). This way, we obtain the
shifted state vector g(#*) for each discrete time
*€{0,....,T*}, with g(0) encoding our selected initial
condition (see below). Next, we numerically solve the
shifted incompressible LBE employing the discrete
Carleman embedding by simulating Eq. (85) for T* time
steps. This way, we obtain the Carleman state vector y(¢*)
for each discrete time t* €{0,...,7*}, with y(0) = y;,;
encoding the initial condition according to Eq. (87).
From that, we recover the Carleman approximation
yi(r%) of g(1*).

In previous literature, a measure of Carleman truncation
error was proposed that was based on the root mean square
error (RMSE) between the actual LBE vector and its
Carleman approximation [39,40]. Here, we decide not to
use this measure for the following reason. Namely, for
different Reynolds numbers Re, the values of discretiza-
tion parameters Ax and At vary. Thus, for the same values
of RMSE (which are calculated in lattice units), but for
two different Reynolds numbers, the actual errors in the
physical velocity field will be different.

Here, we decided to quantify the Carleman truncation
error using the average error in the physical velocity field
relative to the characteristic velocity u of the problem, e.g.,
the flow velocity or, in the absence of driving, the maximal
velocity in the initial state. More precisely, denote the
lattice velocities obtained from g and its Carleman
approximation y; by u*(r*,t*) and a*(r*,*), respec-
tively. Then, for all positions r* and time steps r*,
introduce the velocity error vector:

Au*(r*, ) = a*(r*, t*) —u*(r*, *), (126)
and its version Au(r*, t*) in physical units. We now define
the Carleman truncation error €. as follows:

_ ||Au||
cc= t*e{l T*}NZ

....

(127)

i.e., as the relative physical velocity error with respect to
the flow velocity u, averaged over all N lattice sites and
maximized over all times. Note that we have

[Aul| _ [[Au*|Ax _ [[Aur] 3w

u  u At u Ax(f*—%)

(128)

where we first converted Au to the lattice units, then used
the Chapman-Enskog relation from Eq. (21), and finally
used the choice of parameter scaling with Reynolds
number Re from Egs. (71a) and (71b). Thus, one can
easily calculate ¢~ using the numerical data on Au* as
follows:

R
€c = ©° max Z || Au||
N re{l,..1}

.....

=Re™ Au*
max Z” u*|. (129)

Due to immense memory requirements for classically
simulating Carleman evolution of three-dimensional LBE
systems [74], we restrict our investigations to one- and
two-dimensional settings. We consider the spatial discre-
tization parameter = 3/4, which is the value allowing
one to resolve the Kolmogorov microscale. The simulation
parameters N,, T*, 7%, and u, are chosen according to
Egs. (71a) and (71b), so that

1

N, = [Re¥/4], T* = [ReiP/24D)7, (130a)

1 3 .

|
Sy T e i T RgDs

(130b)

We perform simulations for a range of Reynolds
numbers Re € [10, 1000] and, for the convenience of the
reader, we list the corresponding numerical values of
simulation parameters for selected values of Re in
Appendix F.

Note that in the original Egs. (71a) and (71b) it was
Unax> and not ur. scaling as above. Let us remind that the
parameter choice leading to such a scaling was motivated
by keeping ||g(#*)|| < 1 at all times. In all of our numerical
simulations, we confirmed that choosing u;. (that we have
control over) to scale as above instead of u},, (that we
have no control over) guarantees that ||g(#*)|| is always
below 1. To be more precise, it is the norm ||g(#*)]| that
(t*)||. For most simulations ||y, (*)]]
also stays below 1, but this stops being the case when ¢,
becomes large, as is the case e.g., for D = 1 system with
Nc > 1 and Reynolds number Re above the threshold
value Rer, see the left panel of Fig. 2. However, in such
cases the Carleman output anyway is very erroneous, SO
even if one could overcome the data extraction bottleneck
created by ||y;(t*)|| > 1, the extracted data would not
approximate the real fluid system being simulated. In other
words, as long as the Carleman embedding approximates
the evolution well enough, the norm condition is satisfied,
and the quantum algorithm can work properly.
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FIG. 2. Carleman truncation error and convergence for D = 1. Left: truncation error €. dependence on the Reynolds number Re and
truncation order N for the D1Q3 model with § = 3/4 (corresponding to spatial discretization resolving the Kolmogorov microscale),
u}y = 1 (enough to keep the norm of the solution below 1 at all times), and the initial sinusoidal state. Right: threshold value Re; above
which the Carleman truncation error € is larger for truncation order N = 2 than for N = 1. Data for the D1Q3 model with f = 3/4,
uj =1, and initial states given by colliding states with a fraction parameter ¢.

2. Convergence for D=1

In the one-dimensional case, the compressible Navier-
Stokes equations admit non-trivial solutions in the form
of pressure waves, since density variations are allowed.
By contrast, the incompressible Navier-Stokes equations
admit only a trivial, spatially uniform solution, since the
velocity field must be divergence-free. Acknowledging
that incompressible LBE, to leading order, can only
recover a spatially constant state in one dimension, we
nevertheless assess Carleman error convergence for this
case, as larger N, are numerically accessible, allowing us
to present the main ideas.

We consider two families of initial states, the sinusoidal
states defined by

2 *
g(r*.0) :geq(u* = u*.sin ]’\r]r)‘), (131)

and the colliding states, parametrized by the fraction
parameter ¢ as

glu* =ur,) forrfeR,,

ini

gr*,0) =< g%u*=0) for rf eRe, (132)
g4 u* = —ul,) for r} € Ry,
where
Ry =AL,....[¢N,1}, (133a)
Re=A{[gpN. 1+ 1.....N, — [¢N,]}, (133b)
Rg={N,—[¢N,]+1,...N,}. (133c¢)

In the above, g®(u*) is the equilibrium distribution
corresponding to zero density fluctuations, dp = 0, and
lattice velocity u* [see Eq. (44)], while u. depends on the
Reynolds number Re according to the parameter choice

from Eqgs. (130a) and (130b).

Our numerical results on the behavior of the Carleman
truncation error ec as a function of the Reynolds number
Re and the Carleman truncation order N are presented in
Fig. 2. In the left panel, for the sinusoidal states, one can
clearly observe the existence of a threshold Reynolds
number Rer, such that ¢ converges (i.e., decreases as N¢
increases) for Re < Rey, and diverges otherwise. The
existence of the threshold can be understood, as Re
quantifies the relative strength of nonlinear (inertial)
effects compared to linear (viscous) effects in a fluid flow,
and it is known that the Carleman procedure converges
only when nonlinearities are weak enough. One can then
expect that, as Re grows, the strength of the nonlinearity
grows as well, eventually bringing the system outside of
the Carleman convergence radius. For the colliding state,
the same threshold behavior is observed, just with the
position of the threshold depending on the fraction
parameter ¢. As we illustrate in the right panel of
Fig. 2, the threshold becomes higher for smaller ¢, i.e.,
when there are fewer nodes with non-zero velocity, which
directly translates to a smaller average magnitude of
velocity. The behavior in ¢ is not surprising, as lower ¢
means lower average velocity and thus weaker nonlinear-
ities for the same Re.

Note that the threshold behavior described above
seems to be contrary to what was suggested in
Ref. [37], where the authors claimed that solving the
lattice Boltzmann form of the Navier-Stokes equations,
one reduces the nonlinearity from Re-determined to
Ma-determined, where Ma is the Mach number character-
izing the fluid flow. Our numerical investigations suggest
that the picture is more intricate, with both Re and Ma
playing their role in convergence, especially when the
lattice velocity is chosen to scale with Re, as we do in our
simulations. Moreover, one does not need to rely only on
numerics to understand why increasing Re, even with
small Ma, must break Carleman convergence at some
point. One of the explanations may be that increasing Re
leads to the appearance of more fixed points and the
emergence of more complex dynamics. Since it is known
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that the Carleman embedding method is just an expan-
sion around one fixed equilibrium point (in our case, an
equilibrium state with zero velocity), as soon as the
dynamics becomes more complex (e.g., with more fixed
points or even chaotic), one expects the Carleman embed-
ding approximation to break [75,76]. In that respect, the
observed loss of convergence at higher Reynolds numbers
is not specific to the (shifted) LBE formulation but rather
reflects a well-known limitation of Carleman linearization
when applied to increasingly nonlinear dynamics. Another
reason for the loss of convergence may be that with
increasing Re, one needs to increase the number of lattice
points N to resolve the dynamics accurately. Increasing N,
in turn, leads to increasing the parameter R from the so-
called R-number conditions requiring R < 1 to guarantee
convergence [29,30,35]. The reason for that is twofold.
First, R depends on the norm of the solution, which grows
with growing N. Importantly, the R-number is independent
of rescaling (here, choice of lattice units), so the trick with
rescaling the norm that helps us with data extraction,
does not reduce R and does not improve convergence.
Second, the R-number for conservative systems grows
inversely with the real spectral gap [35] of the linear part
of the continuous dynamics, and this gap shrinks with
growing N. We conclude that the applicability of the
Carleman approach to the simulation of highly turbulent
flows with high Reynolds number may be limited due to
the Carleman error not converging for these cases.

A more detailed analysis of the behavior of Carleman
truncation error €¢- with N- and Re reveals that its
convergence (when Re < Rey) and divergence (when
Re > Rey) with N is, to a good approximation, expo-
nential. As we present in the left panel of Fig. 3 for the
sinusoidal states, we have ec x exp(I'N¢), where I' is
negative for Re < Rey and positive otherwise. In the right
panel of Fig. 3, we show the dependence of the con-
vergence parameter " on the Reynolds number Re, where
we can again clearly see the position of the threshold Rey
when I" changes sign. We can then model the dependence
of the Carleman truncation error €. by

10° T T
Re = 100

1071

€C

1072

103

N¢

FIG. 3.

ec = Eexp(I'N¢), (134)
where E can be assumed to be approximately constant, and
I" becomes negative for low enough Re. As we will see in
Sec. VII D, this will allow us to estimate the dependence
of the query complexity of our quantum algorithm on the
desired level of error.

3. Convergence for D=2

In contrast to the one-dimensional case, the incom-
pressible Navier-Stokes equations in two dimensions
admit spatially non-trivial solutions. To assess Carleman
convergence error, we consider the time evolution of the
Taylor-Green vortex and the Gaussian vortex dipole
(see Fig. 4):

uy(r) = [sinr,cos ry, —cosr,sinr,], (135a)
oy Oy
= | -, 135b
uyp(r) [ or, arx] (135b)
with
(rx—:)2+r)2, (rx+s)2+r%
w=e 22— 207, (136)

where r,, r, € [~z x) are the spatial variables, 2s is the
dipole separation, and o is the width of the vortex. As
there is no forcing to balance viscous dissipation, both
solutions decay exponentially in time. The time evo-
lution of the Taylor-Green vortex has a known analytical
solution and is therefore used to validate numerical
methods [43]. While an analytical solution for the time
evolution of the Gaussian vortex dipole does not exist, the
vortices’ counter-rotation causes them to self-advect [78].
Therefore, although the vortex dipole weakens in intensity
and ultimately decays, its time evolution is more nonlinear
as compared with the Taylor-Green vortex.

We investigate two families of initial states based on the
velocity fields defined above. More precisely, we consider

1 T T
OfF------=& easeeeeeett Y
[ ]
—~ ."'..
“1 e -
..
[ ]
N ]
\ \ \
50 100 150
Re

Carleman error convergence and divergence for D = 1. Left: dependence of the Carleman error e (points) on the truncation

order N for selected values of the Reynolds number Re below and above the threshold Rey, together with the best exponential fits
(solid lines). Data obtained for the D = 1 system with the initial sinusoidal state. Right: values of the corresponding exponential
damping parameters I [see Eq. (134)] as a function of the Reynolds number Re.

033060-23



DAVID JENNINGS et al.

PRX QUANTUM 7, 033060 (2026)

luv]]

[luvpll

FIG. 4. Velocity field for the investigated initial states. Velocity field u* (r*, 0) (arrows) and its magnitude ||u* (r*, 0)|| (color map)
for the Taylor-Green vortex (left) and Gaussian vortex dipole (right) initial states for D = 2.

g(r=,0) =g(u* = ulux(r)), (137)

with

r=|-n+2xry /Ny, —n+2xry/N,], (138)
where uy is either uy or uyp, g (u*) is the equilibrium
distribution corresponding to zero density fluctuations,
Sp = 0, and lattice velocity u* [see Eq. (44)], while ui’;i
depends on the Reynolds number Re according to
Egs. (130a) and (130b).

Our numerical results on the dependence of the
Carleman truncation error e- on the Reynolds number
Re and the Carleman truncation order N are presented in
Fig. 5. In contrast to the one-dimensional case, we do not
observe the threshold behavior within the numerically
accessible regime of Reynolds numbers. For the Taylor-
Green vortex, the larger Re gets, the better the improve-
ment in the truncation error ¢ when going from N- = 1 to
Nc = 2, hence not only do we not observe the threshold,
but we cannot even extrapolate the data to estimate its
position. On the other hand, for the Gaussian vortex dipole,
the gap between e, for N- = 1 and N = 2 visibly shrinks
as Re gets higher, suggesting that Re; is around a few
hundreds. To confirm that, we extended the range of
accessible Reynolds number to Re =500 by reducing
the resolution parameter to f = 1/2. In such a setting, we
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FIG. 5.

observe the threshold behavior for the Gaussian vortex
dipole at around Re; = 400, while the error behavior for
the Taylor-Green vortex stays unchanged (i.e., the error
gap widens with growing Re).

Let us now briefly discuss the potential explanation for
the observed behavior of ec. First, the much higher
threshold for D =2 as compared to D =1 may be
coming from a stronger velocity renormalization, since
u* ~1/RefP/2. Smaller velocity could translate into
weaker nonlinearity so that the same Re (physically
describing the same strength of nonlinearity) that lies
outside the Carleman convergence radius for D =1
could lie inside it for D = 2. This would suggest that
for D = 3 the threshold could be even higher, as u* is
even smaller for the same Re. Also, the fact that initial
states for D =1 did not satisfy the divergence-free
condition could play a role. This is because in that case
numerical instabilities might be driving the threshold to
lower values. Finally, the difference in the behavior of e,
between the Taylor-Green vortex and the Gaussian vortex
dipole may be coming from their fundamentally different
dynamics, with the first one simply decaying and the
second one exhibiting non-trivial advection as well. This
would suggest that the Carleman linearization method
performance may strongly depend on the type of fluid
dynamics problem investigated, not only on its Reynolds
number.
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Carleman truncation error ¢ for D = 2. Data for the D2Q9 model with = 3/4 (corresponding to spatial discretization

resolving the Kolmogorov microscale) and u} = 1 (enough to keep the norm of the solution below 1 at all times). Initial states given by
the Taylor-Green vortex (left) and Gaussian vortex dipole with s = z/2 and ¢ = z/5 (right).
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B. Block-encoding prefactor analysis

We now proceed to analyzing the block-encoding
prefactor a,/||A|| appearing in the upper bound for the
query complexity in Eq. (109). We have already derived
the expression for a, as a function of the relaxation
parameter 7* and the Carleman truncation order N, see
Eq. (104a). To estimate ||A||, we note that the norm of Ay
[recall Eq. (89)] can be bounded as follows:

lAull < 2]+ 1Ay — 1 = 1+ Ay — 1] (139)

Then, using the definition of operator norm and unitarity

of S, we have
lAull < 1+ cll. (140)

On the other hand, taking a vector v = [0,x,0,...]"

with x such that ||Cx|| = ||C]||||x]|. we get

|[Anv| /

Exactly the same argument applies to the linear
system Ay for the final Carleman state, and so we conclude

that
V1+ICIP < Al < 1+[C]l.

Note that the above bound is pretty tight, in the sense
that the difference between the upper and lower bounds is
at most 1.

Now, combining the above with Eq. (104a), we get

(141)

(142)

12| N Ne—21
L2 1+>05% (ch l)aHCFl O‘IF2
Al — 1+ |C|]?

=: BE}, (143)

where the approximation is justified as the relevant terms
above grow quickly with N and become much larger than
1 in the interesting regime.

Now, the only missing component to get the upper
bound BE} for the block-encoding prefactor a, /||A|| is the
norm of the Carleman collision matrix ||C||. To estimate it,
note that due to the locality of collision matrices F [recall
Egs. (52a) and (52b)], the norm of C for a system with N
lattice sites is the same as the norm of a matrix C for a
system with a single lattice site. As such, ||C|| depends only
on the relaxation parameter 7* and the Carleman trunca-
tion order N.. Moreover, instead of dealing with the norm
of dc-dimensional matrix, one only needs to consider a
matrix of dimension

L QY —1)

de==0—1 (144)

where we recall that Q = 3P is the number of discrete
velocities in the considered LBE model. This way, we can
efficiently calculate ||C|| for small values of N and a range
of 7*€[1/2,1]. Using these numerical values of ||C||,
together with the expression for a4, one can calculate
upper bounds BEj;. We present these in Fig. 6 for the
extreme cases of 7¥ = 1/2 and 7* = 1, where one can see
that BE} grows exponentially with N so that we get the
following approximate upper bound:

(27

——< bexp(aN¢).
1]l ‘

(145)

Note that the exponential scaling with growing N,
could also be expected from the analytical form of the
Carleman collision matrix C. In particular, the Carleman
blocks Cf in Eq. (77) contain progressively more factors
of I+ F; and F, as N, increases. Consequently, any
non-optimality of block-encoding (i.e., when the block-
encoding prefactor is larger than the norm) is amplified
exponentially with N.. Note that the complexity cost
related to this can be tolerated as long as the Carleman
truncation error €. gets exponentially suppressed with
increasing N . As discussed in Sec. VII A, this is the case
below the threshold Reynolds number, and this cost then
scales inverse polynomially with e¢-. Moreover, depend-
ing on the parity of N, the block C;‘ that brings the
dominant contribution to the norm of C has an oscillating
ratio of /+ F; and F, terms. This parity-dependent
behavior is indeed visible in Fig. 6, where the general
trend is exponential, but distinct for even and odd N.

To get the numerical values of coefficients, we first note
that for all D the value of BE} is largest for 7% = 1/2.
Thus, for each dimension, we take the worst-case scenario
and perform best linear fits to the following equation:

InBE; = aN¢ +1nb. (146)
This way, we obtain the following:
0273 for D=1,
a=< 0260 forD =2, (147a)
0.213 for D =3,
0993 for D=1,
b=1< 0942 for D=2, (147b)
0.957 for D =3,

so that approximating a ~ 1/4 and b ~ 1 for all D, we get
the following simple approximate bound:

aa <Nc>
—— Sexp|— |-
[[A]l 4

(148)
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FIG. 6. Upper bounds for block-encoding prefactors. The numerical values of BE} from Eq. (143) for different values of the

Carleman truncation order N, relaxation parameter 7

*, and dimension D (left to right: D = 1 to D = 3), together with their best

exponential fits as in Eq. (146). Note that the fits showcase slightly different slopes for the even and odd N, but we took an overall fit.

C. Condition number analysis
1. Lower bound

To lower bound the condition number x4 of A, we need
bounds on both ||A|| and |[A~!]|. In the previous section we
have already derived a tight bound for ||A|| in Eq. (142), so
we just need to bound ||A~!||. We start by noting that, since
Az! has the same structure as Ay' (just appended with
extra blocks), we have

A= > [|AZ - (149)
Now, let us introduce a normalized vector
x elef* ™) ® (150)

where |&) is the eigenvector of SC with eigenvalue e for
some real 8 (we will justify its existence below). We then
have

th*

A;ll |x6‘ ZZZ\/F—— |t*> (Sc)ric|§6>
r=0 ¢=0 t*=
ior
\/T*—;;e | ® |§6
WZ DN ®IE). (51

which can be used to obtain the following lower bound:

To(r+1)2

A7 > A > |AG [x0) || =
AT 2 1A | 2 (A7 o) S

(152)

\/(2+T*)(3+2T*) T*
= Z —_— .
6 V3
Putting the above together with Eq. (142), we end up
with

 leyr
A = \/g .

We now argue for the existence of an eigenvector |&y) of
SC with eigenvalue e?. Here, we will just consider the
simpler case with no walls, when the streaming matrix S is
given by Eq. (51), and we will show how to construct |&))
(i.e., the eigenvector with eigenvalue 1). In Appendix G,
we consider the harder case, when there are non-trivial
boundaries with the streaming operator described by
Eq. (59), and we construct the eigenstate for 0 = z, i.e.,
a state |£,) that is a —1 eigenstate of SC.

First, we set all Carleman blocks, except for the first
one, to zero:

(153)

1€0) = [[$0), 0, ..., 0]. (154)

Thus,

SC|&y) =

[S(I + F})|C0). 0, ..., 0). (155)

Next, choosing |{) to be translationally invariant in
space,

1
Co) = ﬁgjlrﬂ ® |wo). (156)

to guarantee that S|{y) = |o). Finally, recalling that F
acts locally in space [see Eq. (54a)], we note that taking
lwo) to be the zero eigenstate of F, (its existence can
be checked by direct calculation for Q x Q matrices), we
get (I 4+ F1)|¢y) = |&o). We thus conclude that |&,) con-
structed as described above is indeed an eigenstate of SC
with eigenvalue 1.

2. Numerical evaluation

While a lower bound on the condition number scaling
worse than the classical complexity of solving an LBE
problem would rule out the possibility for a quantum
advantage, an upper bound scaling better than classical

033060-26



END-TO-END QUANTUM ALGORITHM FOR NONLINEAR ...

PRX QUANTUM 7, 033060 (2026)

would prove its existence. Thus, deriving such an upper
bound is central to any claim of quantum advantage. In
Appendix H, we explain how one can derive the following
bound for k4, and ky,:

ka, < ([IC][ +1) (Z(T* -1+ 1)||(SC)’*HZ>Z,

=0
(157a)
T*
ka, < (lIC] + 1)(2 [(@M(T* + 1) = ) [[(SC)" [|?]
=0
4+ 22wl (T 4 1)2> : (157b)

The problem with analyzing the above bounds is that
one needs to estimate the values of ||(SC)"" ||, which turns
out to be a non-trivial problem. One can then resort to
numerics and evaluate the necessary norms. It turns out,
however, that it is not much more computationally
demanding to directly calculate the condition number.

Thus, instead of bounding it, we evaluate the value of
Ky, for D =1 and D = 2 systems with Reynolds number
Re € [10, 1000] and extrapolate to get the scaling behavior
of k4. Note that ,, is a lower bound for k4, so the query
complexity upper bound for the final state system will be at
least the one we find for the history state case. At this
stage, we will use k4, as an estimate for k., but of course
this could be improved upon. More precisely, we first
approximate ||A|| using the upper bound from Eq. (142)
(recall that this approximation differs by at most 1 from the
real value of ||Ay||). Then, we numerically evaluate ||A5'|,
by using the Lanczos method to find the largest eigenvalue
of (A5')TAj!, and taking its square root. As before, we
consider the spatial discretization parameter f = 3/4
(resolving the Kolmogorov microscale) so that all the
simulation parameters entering Az' (i.e., N, T*, and 7*)
become simple functions of the Reynolds number Re
according to Eqgs. (130a) and (130b).
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We present the dependence of k4, on the Reynolds
number using doubly logarithmic plots in Fig. 7. Using
best linear fits to

Inky, = yInRe +Inc, (158)
one can approximate the condition number well by
(159)

KAHcheX,

where parameters y and ¢ depend on both problem
dimension D and the Carleman truncation order N :

1.167 for D=1,No=1,
1.691 for D =1,Ng =2,
) 2283 forD=1,Ng=3,
X7 2792 forD=1,Ng=4, (1602)
1.588 for D =2, N = I,
1.936 for D =2, N =2,
1.635 forD=1,No =1,
0.905 for D =1,N¢ =2,
0459 forD=1,Nc=3,
©700486 forD=1,N.=4, (160b)
2254 for D =2,Nq=1,
5460 for D =2,Nq=2.

Note that, while the increase of y with D could be
expected and might be handled (after all, classical com-
plexity also increases with D), the strong dependence on
N is troublesome. That is because obtaining low error
output may require a high value of N, which would then
directly translate into complexity cost via the dependence
of the condition number on Re?. Thus, while we postpone a
detailed discussion on a possible quantum advantage to
Sec. VIII, we note here that it may be restricted to high
error outputs.

103

HAH

102

101 Lol
10t 102

Re

Condition number. Scaling of the condition number x(Ay) with the Reynolds number Re for the D1Q3 model (left) and D2Q9

model (right), and different Carleman truncation orders N.. The considered systems have periodic boundary conditions with no walls

and = 3/4.
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D. Estimating query complexity

We now have all the necessary ingredients to bound the
query complexity of running a quantum linear solver for
our shifted lattice Boltzmann problem. First, let us briefly
comment on the lower bound for the query complexity g.
It is known that g, can at best scale linearly with the
condition number x4 of the investigated linear system A
[10]. As we analytically proved a lower bound on k, that
scales linearly with the number of time steps [recall
Eq. (153)], we then have

qo = O(T™). (161)

Recalling the simulation parameter choice from
Egs. (71a) and (71b), we conclude that at best (i.e.,
ignoring all other potential dependence on the Reynolds
number not arising from the dependence on 7*) we have

g = O(Re/ /2D, (162)

Thus, even ignoring the block-encoding cost, at best
the complexity will scale with the Reynolds number
as Ref(P/2+1),

Now, let us proceed to the upper bound. We start by
simplifying the bound on g, from Eq. (109), by slightly
weakening it through the observation that for all e, >
10710 and all ¥ > 1, one has

VI—€ |  278n(k) +3.17
1.051n + <29.0. (163)

€Q K

Since the Carleman truncation errors are expected to be
much larger than 10717, this assumption is justified, and so
we get

85.0 asky

g < 1Al (164)

Next, we upper bound the block-encoding prefactor
using Eq. (148), to obtain

N
qo < 85.0exp <TC> Ky. (165)

Then, focusing as before on f = 3/4, we approximate
the condition number using Eq. (159) to finally arrive at

N
qp < 85.0cexp (TC) Re?, (166)

where, as expected, the main factor comes from Re¥, with
x depending on N.

We also note that by rewriting

exp (Af) = [exp(T'Nc)J* (167)

and using the error model from Eq. (134) under the
assumption that we are operating below the threshold
Reynolds number (Re < Rey), so that I' < 0, we get

ofi)-(2)"

Plugging this back into the query complexity upper
bound, we get

(168)

E\m
qo < 85.0c (;) Re?,

(169)

where we note that y depends on N, which in turn should

be chosen as
1 E
W I R
C |F| n€C ( )

E. Estimating gate complexity

In this section, we present our estimates for the cost of a
single query to Uy, (which also acts as the upper bound for
the cost of Uy, ) in terms of the number of 7' gates needed to
construct a quantum circuit implementing it. All the details
of our calculations, assumptions and approximations made
can be found in Appendix I. The T-gate cost of approxi-
mating Uy, up to error € is estimated to be given by

GlU

t
F

1
|~ 78W + 28DN + 64 + 102 log—
€

+24(D(1 +4N¢) +2)logRe

1
+ 6N (nB + 1+ log—>
€

Ne+2
4 et (14 4 14np + 64n¢)

v

1
28 +28(ng +n¢) +48 10g—>
€

[ (57 -9
x (14 + 14(ng + n¢)) + 2hy,

C( 3C )
C( 3C )

(2Nc +5)G[U}p]

(Ne+ 1)GIUZ2]L,
(171)
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where
Nc
€0 = 4€ + E [6(12+ N¢)e + (Nc +2)((2N¢ + 5)ep,
+ (N¢ + Deg,)]. (172)

whereas ey and ep, depend on the problem dimension in
the following way:

= i moly
= {2 by o

while G[UZ‘FI] and G[USFF;] are given by
CUASE { oi12 N 50201 fo%gi for 1 ; (1742)
o - { 2 =L

Moreover, € is the equal error on all approximate single-
qubit gates used (it should be treated as a free parameter
controlling the total error €,,), and we defined

=35 0w()

Although we took care to cost all elements of the circuit,
it turns out that the bulk of the cost comes from the last two
terms in Eq. (171). For example, for D =2, N =2,
e =107 W = 10 and Re € (0, 10'%], it constitutes more
than 99.9% of the total cost, and this fraction only
increases for higher Carleman truncation orders N and
lower approximation error €. Thus, we can use a much
simpler estimate for the total T-gate cost of our circuit:

(175)

r%i

10° T T
!!!52555”
— L]
= r11iee
SRR N S
<) Rk
..
!.
1052 \ \ \ \
5 10 15 20
Nco

FIG. 8. T-gate cost of U

Ne(Ne+2) [(476Nc +1036)
+ (800N + 1760) 1og%]
Ne(Ne+2) [§(4331NC +9140)
+ (84164N - +204746) log K—}

forD=1,

GlUY, |~

for D =2,
(176)

with

1
Ky =57096+ (94 + 44+V/2)N¢ +
+ (5+ 10V2)N3],

(27 + 42V2)N2
(177a)

(51 + 429v/2)N2
(177b)

1
Ky =57096+ (122 + 398V2)N¢ +
+ (10 + 115vV2)N3).

We present the 7-gate cost dependence on the truncation
order N, and approximation level e for both cases D = 1
and D =2 in Fig. 8.

It is thus clear that the T-gate cost G[Uj | is directly
almost independent of the Reynolds number Re or the
parameter W controlling the success probability of getting
the Carleman state at the final time 7*. Instead, it has a
cubic dependence on the Carleman truncation error N~ and
logarithmic dependence on the inverse of the gate approxi-
mation error ¢ (note that this also holds for the case
D = 3). Thus, if we decide to run our algorithm for a
fixed N¢ and e, the difference between the query cost g,
and the total T-gate cost qoG[UY | becomes a constant

factor overhead. For example, for low N <5 and error
e = 107, itis roughly 10° for D = 1 and 10® for D = 2, so
one can expect it would be around 10'° for D = 3. Note,
however, that these are just rough estimates that do not
include any compilation optimization, and so one can
expect that the actual numbers can be a few orders of
magnitude better.

10! T T T T
:
— !!!5!!!!
by AN
SERTIN S S & 8
O 2.
z.
:
107 L2 ! ! !
5 10 15 20
N¢

The estimates for the number G[US | of T gates needed to prepare a circuit e-close to a unitary Uy,

encoding the LBE problem rw1th dimension D =1 (left) and D = r2 (right) as a function of Carleman truncation order N . Different
symbols, bottom to top, correspond to the allowed error level € = 1073 for k € {1, 2, 3, 4}. Note that the dependence of G[U4 F] on the
Reynolds number Re is only logarithmic, making the presented data applicable with a very good approximation to all Re > 1.
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Finally, assuming we operate below the threshold
Reynolds number (Re <Rey) and modeling the
Carleman truncation error €. via Eq. (134), we can replace
the O(N.) scaling with O(I' log? e¢), where T < 0 is
the convergence parameter depending on the Reynolds
number. We thus see that the gate cost depends poly-
logarithmically on the total solution error, as well as
indirectly on the Reynolds number via the cubic depend-
ence on the convergence parameter I

VIII. DISCUSSION AND CONCLUSIONS

Having analyzed the performance of our quantum
algorithm for the LBE problem, we are now in a position
to compare it with classical LBE algorithms. We begin
with a brief comparison between classical and quantum
memory requirements. In a classical simulation, it is
necessary to store the local LBE state vectors at each
lattice site. Given that there are N = N? lattice sites and
parametrizing the number of discretization points per
direction as before to be N, = Re”, we get that the number
n. of memory bits needed scales as

n. = O(ReP). (178)

On the other hand, the total number of data qubits np
required by our algorithm, given by Eq. (103), and ancilla
qubits n,, specified by Eq. (104b), scales as

np+nyu = O(NclogRe). (179)

Note that the dependence on N translates via the error

model from Eq. (134) into a dependence on log é Hence,

for a fixed acceptable error level, we get an exponential
memory improvement compared to classical algorithms.
Next, we will measure the classical computational
complexity using the number of updates of the local
LBE state vector that have to be performed during the
evolution. Given that there are Re#P lattice sites and T*
time steps, we have
Complexity - = O(Re’PT*). (180)
Moreover, note that 7* must also scale at least as Re”, as
otherwise the lattice velocity would diverge to infinity with
growing Re. Thus, the classical complexity grows with the
Reynolds number Re as
Complexity. = O(Re/(P+1), (181)
which becomes a familiar computational fluid dynamics
scaling of O(Re?) for a three-dimensional system and a
choice of f =3/4 guaranteeing resolution of the
Kolmogorov microscale [43].
Now, the quantum complexity of running our algorithm
can be written as a product of three terms:

Complexityy = qo X g X qu.» (182)
where g, is the query complexity, g is the number of
T-gates for a single query, and g, is the information
extraction overhead. However, we will compare the
classical complexity with the quantum query complexity
4o (and then with g, X q,,) and not with the total number
of T gates. Two main reasons for that are as follows. First,
a single classical query is already a complex task, con-
sisting of many elementary logical operations needed to
update a local LBE state vector. Thus, it would be unfair
to treat on equal footing such a task and the use of an
elementary single-qubit 7" gate. Second, we will be mostly
interested in the asymptotic scaling of classical and
quantum complexities, and as we have explained in the
previous section, the difference between measuring in
queries and in 7 gates is just a constant factor overhead
(i.e., if we assume a fixed N).

Let us then compare the classical complexity of out-
putting the final LBE state with the query complexity g,
for outputting a coherent encoding of the final Carleman
state (with a fixed truncation order N ) for the shifted LBE
problem. If the fraction Complexity-/q, > 1, we can thus
speak of a quantum advantage. First, recalling Eq. (162),
we see that this fraction will at most scale as

Complexity.

0] (ReﬂTD) .
qdo

Hence, for the problem of dimension D = 3 and with
the resolution parameter S =3/4 to resolve the
Kolmogorov microscale, the best one can hope for is an
improvement by a factor of Re”®, replacing a classical
cubic dependence O(Re?) with the quantum slightly-
lower-than-quadratic dependence O(Re!®73). Instead, if
we use our upper bound on g, from Eq. (166), and the
numerically extracted data on the power y from Eq. (160a)
for the case ff = 3/4, we get that at worst

(183)

C lexit
Lomplexityc O(Re?), (184)
90
with
0333 for Np = 1,
.., ) —0191 for Nc =2,
D=1:2=9_0783 for N. = 3. (1852)
—1.292 for No = 4,
. (0662 for Ne=1,
b=204= {0.314 for Ne =2, (185b)

where we note that one can achieve quantum advantage
for positive A. Thus, while it is in principle possible for
the complexity of a quantum algorithm to scale more
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FIG. 9. Query complexity. The lower bound from Eq. (162) (black line) and upper bounds from Eq. (166) for different values of
Carleman truncation order N (different symbols) of the query complexity g, of our quantum LBE algorithm resolving the
Kolmogorov microscale and for systems with dimension D = 1 (left) and D = 2 (right). The green highlighted region indicates
potential for quantum advantage, when g, is smaller than classical complexity. In the expressions of the form O(Re") for Complexity
and the lower bound for ¢, we assumed a constant 1 and plotted Re".

favorably with the Reynolds number Re than for classical
algorithms, it is limited to low values of the Carleman
truncation order N.. Via the error model from Eq. (134),
this then limits applications to high-error outputs or low
Reynolds number cases (values of Re far from the thresh-
old Re; require lower N for the same error ¢.). In Fig. 9,
we present the dependence of g on the Reynolds number
Re and truncation order N, highlighting the region of
potential quantum advantage (under the condition that Re
is below a threshold value Rey).

So far, we have discussed the complexity of outputting
the coherently encoded solution. As discussed in
Sec. VID 2, if we want to extract classical information
about the drag force, we need to incur additional complex-
ity cost scaling as g,; = O(Re#/?). Then, the best we can

hope for is
0 (Re@) .

Hence, there is no chance for a quantum advantage for
D = 1, whereas for D = 3 one can get an improvement by
a factor of Re” at best. For the case of = 3/4 this replaces
the classical scaling O(Re?) with the quantum O(Re*?).
Moreover, if we use our numerical estimates on the
behavior of the condition number from Eq. (160a), then
all potential for quantum advantage is gone except for the
case D =2 and N = 1, where one could get an improve-
ment by a factor of Re®?%”. However, let us emphasize that
this extra complexity cost arises from the boundary nature
of the drag force observable, and certain bulk observables
of interest may avoid such costs, potentially offering
greater quantum advantage.

Finally, let us reiterate that for the quantum algorithm to
work, the Carleman truncation error €. needs to converge.

Complexity.
dm40

(186)

Since our analysis in Sec. VII A showed that such con-
vergence happens only for Reynolds numbers Re below a
threshold value Rey, the actual value of Re; for industri-
ally relevant problems is crucial. This is because one may
face two opposing constraints: on the one hand, one needs
large Re for the quantum algorithm to overcome constant
overheads and become more efficient than the classical
algorithm; on the other hand, Re may need to be low
enough to guarantee error convergence. Also note that
although the inclusion of boundaries, driving, and different
initial states may potentially increase Re; (see Ref. [54]
for more details), we do not expect this effect to be
significant. Hence, if the rescaling of the lattice velocity
does not push Re; high enough, the applicability of the
Carleman approach to simulating highly turbulent flows
may be limited.
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APPENDIX A: NOTATION

The notation used throughout the paper is summarized in Table II.

TABLE II. Symbols appearing in the text and their meaning.

Symbol Description
Fluid system D Number of spatial dimensions
r Position in space
t Moment in time
LL,L, System size along x, y, and z
T Total evolution time
u Fluid velocity
Cy Speed of sound
L Characteristic length of the system
v Kinematic viscosity of the fluid
Re Reynolds number
Ma Mach number
Lattice Boltzmann model (0] Number of discrete velocities
€., e Discrete velocities in physical and lattice units
w Vector of Maxwell weightings for discrete velocities
f. g LBE and shifted LBE state vectors
[, g Equilibrium states for LBE and shifted LBE
N, N,.N, Number of spatial discretization points along x, y, and z
N Total number of spatial discretization points
r* Position in lattice units
r* Time step
T* Total number of time steps
Ax Distance between neighboring lattice sites
At Duration of a time step
p Spatial resolution parameter
u* Fluid velocity in lattice units
Uax Maximal fluid velocity during the evolution (in lattice units)
uy Lattice velocity constant controlling the norm of the solution
Quantum algorithm d Dimension of the LBE system
dc Dimension of the Carleman-embedded LBE system
Nc¢ Carleman truncation order
€c Carleman truncation error
Y. Vi Carleman vector and its kth block
F,F, Linear and quadratic collision matrices
C,S Carleman collision and streaming matrices
Ky Condition number of a matrix A
au Block-encoding prefactor of a matrix A
Ay, Yy Linear system and its solution for the LBE history state
Ap, Yp Linear system and its solution for the LBE final state
W Number of qubits in the waiting register
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APPENDIX B: TRANSFORMING DBE
INTO AN ODE

With the discretization described by Eq. (22), the
streaming term in DBE, Eq. (5), can be represented using
central differencing as follows:

—e, - vfm ('_7 t) o Z (em)ifm,r+a,~(t)2;jm,r—ai(t) )

ie{xy.z}

(BI)

where we introduced a, = (1,0,0), a, = (0,1,0) and
a, = (0,0, 1). This can be written concisely as

—e,, - Vfu(r.1) = Gf(1). (B2)

9
m(r 1) = p(r,t)w, <1 +3ex -u*(r,t) + E(efn ‘u

where G is a d xd matrix describing the streaming
generator with matrix elements given by

(€m); (Orsar, — Or—apr,)
G . — 5. i isr il ,
( )m,r,m;.rl mim, Z 2Ax

ie{xyz}

(B3)

where 6 denotes a Kronecker delta.

Next, one needs to rewrite the collision operator
explicitly as a function of f. Using the fact that for the
considered discrete velocity models the lattice speed of

sound is given by c¢* = 1/+/3, the expression for the
equilibrium distribution from Eq. (7) can be rewritten as

0P =3P ). B4)

Then, the authors of Refs. [37,38] assume a weakly compressible flow, which means that the deviation of p from some
reference density is small. Normalizing such reference density to 1, the following approximation is then justified:

(B5)

Using it in Eq. (B4), the equilibrium distribution can be expressed as a third-order polynomial in f as follows (for clarity

we omit the dependence on r and ?):

m = Wn (me] +3e Z emlfm1> +2wm< ( Z ermfm,)

(E) Ol B 3(Een))

3 (L ?
E (Z e;:11fm1> >
my=1

where we explicitly separated the expression into linear, quadratic and cubic terms.

Using the above, the BGK collision operator from
Eq. (6) can be replaced by

Q(r.1) - F f(1) + F, f®(1) + F3 f®(1),  (B7)

where F are d x d* matrices describing linear, quadratic
and cubic contributions with matrix elements given by

1
(Fl)m,r;ml,rl = ;5r;r, (_ém;ml +w, + 3WmEm;mI )v (B8a)

Wi,
5r;r1
T

0

rir, (9Em;m1Em;m2 - 3Em,;m2)v

(B8b)

<F2)m,r;m| T,

(B6)
\
(FS)m,r;ml,rl,mz.rz,m3,r; - 2 5r T 5rr25rr;
(9Em;m| mim, 3Em1;m2)’
(B8c)

and where we have introduced the following Q x Q
matrix:

. R (B9)

APPENDIX C: VANISHING CARLEMAN ERROR
FOR PURELY COLLISIONAL DBE

Start with Eq. (23) with a single lattice site and no
streaming:
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YO _ p 1)+ Fafo2(1) + Fyfo (1),

yr (Cl)

where F, are Q x Q* from Egs. (B8a)—(B8c). Given these
small sizes, it can be verified by direct calculations that the
linear collision matrix F; has only two degenerate eigen-
values: 0 and —1/7. Denoting by V the matrix that
diagonalizes F'|, we thus have

V‘lFIV:—%H,, (C2)
where I1_ is the projector onto the negative eigenspace,
and we have I + II_ = I with II; denoting the projector
onto the zero eigenspace of V! F; V. Moreover, as can also
be verified by direct calculations, the action of matrices
V=!F, V& for k being 2 or 3 is to send vectors from I[1$* to

I1_. In other words, their kernel is the complement of e« ,
and their image is I1_. This then leads to a set of algebraic
relations between matrices F;. Rescaling time so that
7 =1 for simplicity, we then have

F1F2 = —Fz, (C3a)
F\Fy = —F;, (C3b)
Fy(Fi®1)=F,(I® F,) =0, (C3¢)

F3(Fi®I®) =F,(IQ F, Q1) =F;(I®* ® F|) =0,
(C34d)

exp(F1x)Fy = e F,, (C3e)

exp(F1x)F3 = e *Fj3, (C3f)

Fy(exp(Fx) ® I) = Fo(I @ exp(Fx)) = F,, (C3g)

F3(exp(Fix) ® 1%?) = F5(I ® exp(Fix) ® I)
= F3(1®2 ® exp(Fx)) = F3,

(C3h)

Fy(F,®I)=F,(I® F,) =0, (C3i)
Fy(Fs®1)=F,(I ® F3) =0, (C3j)
F3(F, ® I%?) = F5(I®? ® F,) =0, (C3k)

F3(F3 ®I®2) - F3(1® F3 ®I) - F3(1®2 ® F3) :O
(C31)

We now claim that the following is a solution to
Eq. (Cl):

f(t) = e"f(0) + (1 — ™) [Fof ®2(0) + F5f%*(0)].
(C4)

whose derivative can be straightforwardly calculated to be

e _

dt Fieff(0) + e '[Fo f®2(0) + F3 f®3(0)]. (C5)

Indeed, substituting the postulated solution to Eq. (C1),
we get

YU prlerip(0) + (1= ) Faf52(0) + (1 - )P 0] (c6)
FRFI(0) + (1 e )Faf92(0) + (1 )2 f2(0))02 )
FF3[e"f(0) + (1 = e )Fo f®2(0) + (1 — ™) F3 f®3(0)]%%, (C8)

which can be simplified using the algebraic identities introduced above to

%(tt) = F1e"f(0) — (1 —e™)Fof®2(0)
— (1 — e)F5£®3(0) (C9)
+F2f(0) (€10
+F3f®3(0)v (1D

which in turn is exactly the derivative from Eq. (C5).
Next, let us introduce the Carleman variables,

yi(t) =f®K(1). (C12)

and assume we truncate the Carleman linearization at
level Nc. Then, for all k < N- —2 we have

dy,(t

c];';( ) Wy (1) + FPyy (1) + Fyn (1), (Cl13a)

dyy (1t B B

chdtl( ) :FﬁNC ]>J’NC—1(f) _’_FéNC I)J’NC(I), (C13b)
d t

yAC;—C() — FENC)yNC(t)7 (C13C)

t
where
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k—1
ST YT Y aal

J=0

(Cl14)

We can now write a formal solution of the above:

(k) ! ®) gy (k k
yi(t) ="y (0) + / dse™" I FPy, () + Fyea(s)],

(C15a)
(Nc—1) t (Ne—1) _
e (0= 10+ [dsen IRy (o),
(C15b)
F(Nc>t
(1) = e Tyy (0) (C15¢)

Assuming N > 3 and substituting such solutions for y,
and y; into the solution for y;, while using the algebraic
identities listed above, one obtains

yi(1) = €My (0) + (1 — e™)[Foy2(0) + Fay3(0)].
(C16)

Finally, since for the truncated system at time t = 0 we
have y;(0) = f®%(0), comparing with Eq. (C4), we con-
clude that

(C17)

Thus, whenever N, > 3, the Carleman linearization
procedure reproduces exactly the evolution of one copy
of the DBE state vector with a single lattice site.

APPENDIX D: DETAILS ON BLOCK-ENCODING

1. Preliminaries

Recall that a block-encoding of a rectangular matrix A,
mapping m into m’ < m qubits, is defined as any unitary
U, of the form

(DD

* * |

U, = [A/aA *]

In the above, * indicate other non-essential components
of the unitary matrix Uy, and a, is implicitly defined by
the equation and is the block-encoding rescaling prefactor.
More formally, an (ay, ny, €)-block-encoding of A is an
(m + n4)-qubit unitary U, such that

1A = ay(L,y & (OB F4m)U4 (1, ® [0)®™)]| <e. (D2)

where Am = m — m’. The parameter a, typically enters
the quantum algorithmic cost, so we ideally devise block-
encodings with a, as small as possible. Note that
ay > ||Al|, since Uy is unitary, so an optimal block-
encoding has a, = ||A]|.

We now note the following, where we assume ¢ = 0 for
simplicity. Suppose we have a rectangular matrix A and a
block-encoding U, as defined above. This implies that for
any |w) we have

1
Ualy) ® [0)%" = —Aly) @ [0)®" 4" [ 1), (D3)
A

where | L) is a vector orthogonal to the first term on the
right-hand side. Given this, for any rectangular matrix A
we can define the square matrix A in the embedding tensor
product space as

Aly) = Aly) ® [0)®4". (D4)

It follows that if U, is a unitary block-encoding of A
with n, incoming ancillary zero states, n, + Am outgoing
ancillary zero states, and a prefactor ay,, then U, is also a
unitary block-encoding of A with n, ancillary qubits
beginning and ending in the zero state, and with a rescaling
prefactor @z = a,. In what follows, we will use this fact
in the context of the tensor-product embedding of the
Carleman matrix. Note that, since the block-encoding
prefactors are the same for the rectangular matrix and
its square version, in the main text we always refer to F,
collision matrices to avoid introducing excessive notation,
whereas in the appendixes below we will mostly work with
F, matrices.

In what follows, we will present constructions of unitary
block-encodings Uy, of Ay [from Eq. (90)] and U, of Af
[from Eq. (93)], which both consist of a series of nested
block-encodings:

1. First, we will explain how to construct U, and Uy,
given the block-encoding U, of C (Appendix D2).

2. Next, we show how to construct U, given the block-
encodings of collision matrices /+ F, and F,
(Appendix D3).

3. Finally, we present a way to block-encode collision
matrices I + F, and F, (Appendix D4).

This way we close the construction and provide the final
expressions for the block-encoding prefactors @y, and a,,,
and the corresponding number of ancillary qubits needed,
ny, and ny, .

Before we proceed, we present two crucial results
concerning unitary block-encodings that will be useful
in block-encoding the investigated linear systems describ-
ing the shifted LBE. Although these are well-known
results, we provide their proofs, as we will use the
construction presented there in the coming sections.

Lemma 1. (LCU Block-encodings). Given an N-qubit
matrix

(D5)

k
A=) A
i=1
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and (a;,n;,0)-block-encodings U, of A;, one can con-
struct (a, n, 0)-block-encoding U, of A with

n = log k + maxn,. (D6)

Proof. Introduce a state preparation unitary V on log k
qubits, such that

V|0) :\/L&Z\/mz}, (D7)

|

(IN ® <0|®n*+logk)UA(IN ® |0>®n*+logk)

- Z vaay Iy ® (0" ®

]J*

1< 1<
== E ) ®n" ) J* ®n'y =~ E e
a - at(IN ® <O| )UA,-(IN ® |0> ) a - Al

so that U, is an (a, n, 0)-block-encoding of A.

Lemma 2. (Block-diagonal LCU). Given a k-2VN x
k - 2V matrix

ky
A= il ® A,

i=k,

(D12)

with 1 < k; <k, <k, and (a;, n;, 0)-block-encodings U,
of N-qubit matrices A;, one can construct (a, n, 0)-block-
encoding U, of A with

n+1. (DI13)

Up = (liogs ® In® 1, ® 1) <Z|

i=1

where 1,

(Togr ® Iy ® (012" Uy (Logi ® Iy ® [0)®" 1)

= (Nogk ® Iy ® (0|®") <Z| il ® U, (0V; |0>> (Logr ® Iy @ 10)®™)

(Ilogk ®IN ® 0|®n (Zl

i=k,

and denote n* = max;n;. Then, extend («;, n;, 0)-block-
encodings of A; to (@;, n*,0)-block-encodings U} of A;
simply by adding extra qubits on which U} acts trivially.
Now, construct the following unitary

k
Ur=(Iy®1I, V") (Z Uy ® |i)<i|> (Iy®I,®V),
i=1

(D8)

where 7, is the identity matrix acting on m qubits. We can
directly verify that

(DY)
HZW®|IMWWWM (D10)
é (D11)

| |

Proof. For i < k| and i > k, set @; = 0. Then, for all
i€{l,...,k}, introduce a set of single-qubit state prepa-
ration unitaries V;, such that

2

a; a;
Vi]0) = =0 1—=51),
10) = 2410) + /1 -21)

and denote n* = max;n;. Next, for i € {k, ..., k, }, extend
(a;.n;,0)-block-encodings U, of A; to (a;, n*,0)-block-
encodings U, of A; simply by adding extra qubits on
which U;;[ acts trivially. Moreover, for i < k; and i > k,,

(D14)

Now, construct the following

is the identity matrix acting on m qubits. We can directly verify that

define Uy =1y ® I,
unitary:
k
j=1
(D16)
(D17)
® U* ) (Ilogk X IN ® |0>®n ) (Dlg)
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ky k

R Aiai_l R '_é
=2 i@ =22 Intilea=1. ©19)

i=k, i=1

so that U, is an (a, n, 0)-block-encoding of A. n

2. Block-encoding the linear system
a. History state

First of all, note that we can decompose Ay into a sum
over the diagonal and off-diagonal blocks:

T* T*—1
Ay =) _|t) @ 1= |+ 1)(r*| ® SC
=0 =0

= Il* ® I — At* ® SC, (D20)

where A} is just a (T* + 1)-dimensional shift operator on
the first (time) register. Recall that in this section we want
to show how to block-encode Ay given a block-encoding
of C. So, we need to show how to block-encode A« and
how to realize S.

It is easy to construct a (1, 1, 0)-block-encoding Uy« of
A* (here we just need k = 1) in the following way:

o)

]
) SN EL

%)

where the +k gate is a quantum adder adding k to a register
consisting of log(7T* + 1) + 1 qubits. Note that the extra
qubit, initialized in |0),, plays the role of the most
significant bit, and the notation (0|, in Eq. (D21) indicates
that A* is encoded in the |0), subspace, in the sense of
Eq. (D2) with ny = 1 and m = m’. The block-encoding of
(AT)k is analogous, just using a —k quantum adder.

Next, since S is unitary, it has a trivial block-encoding
and can be implemented as a quantum circuit in the
following way. Note that the action of S on a single state
vector register yl can be constructed using quantum
adders on the corresponding spatial registers controlled
by the velocity registers:

(D22)

Then, the direct way to construct S is to consecutively apply S to the kth single state vector register, controlled on the
Carleman block register n. being smaller or equal to k. However, given that we encode the data in a way that the single
state vector registers y!| are all set to zero states when k > n., and that S acts on these simply as the identity matrix, we
can as well remove the controls and encode S by just applying S to each single state vector register,

We shall follow this cheaper option.

Inc)

(D23)

Finally, let us assume that we have access to (ac, ne,0)-block-encoding Uy of C, so that we can construct an
(ac, n¢ + 1,0)-block-encoding of the second term in Eq. (D20) using the constructions presented above. Then, using
Lemma 1, we can combine this with the first identity term to construct an (g, , 14, 0)-block-encoding Uy, of Ay with
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ay, =ac+1, na, =ne+2. (D24)

The explicit circuit for Uy, is given by

. 0), —H Vae ¢ Vi, B 0,
Vil | JAn[ e« (i) =—{Us E (D25)
Y) = o |YH> ! [+ 1
ly) = Uc H S |=|
___________ ; I;P;___________
where V, is a single qubit gate defined via:
V,l0) < 0) + al1), (D26)

and, with a slight abuse of notation that we will use throughout this section, the block-encoded operators U, and U, also
act on ancillary qubits that are not shown in the circuit.

b. Final state

Similarly to the case of Ay, we can decompose A as follows:
Ap =1, ® I+ @ I —[(1, —[0){0],,) ® I;» ® I +10)(0],, ® I;» ® SC|[A,.,» ® I]. (D27)
where A,, « is the shift operator on the waiting and time registers acting as
|O>w ® ‘O>t* - |O>w ® ‘1>t* = |O>w ® ‘T*>t* - ‘1>w ® |0>l* = |2W - 1>w ® ‘T*>t*' (D28)
Assuming we have access to (ac, ne, 0)-block-encoding of C and to (1, 1, 0)-block-encoding of A, we can use Lemma 2
to construct an (a¢, ne + 2, 0)-block-encoding of the second term in Eq. (D27). Thus, using Lemma 1 as before, we end up
with an (@,,,n4,.0)-block-encoding of A with

ay, = ac+ 1, nyg, =ne+ 3, (D29)

i.e., with the same block-encoding prefactor as in the case of Ay, but with one more ancillary qubit needed. The explicit
circuit for Uy, is given by

10),, o Vo ? Vi, 0 (ol,,
10}, : Vaz—1 (0l
w1 1-10)0] :
[Yp) { |t*) = Ap p=ox |w) = : (D30)
1 UA :
ly) = = [YF){[t") .
_______________ Ur,

where both single qubit V,, unitaries are defined by Eq. (D26), whereas I — |0)(0| denotes a control that works unless all
qubits are in a zero state. Note that this controlled gate can be implemented via
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10),, 1 ?
0 g e
" Jwn) !
10, —{ Vazo1 |- = " I (D31)
w2 '
1—10)(0]
|ww) 5

3. Block-encoding the Carleman collision matrix

First of all, note that we can decompose C from Eq. (99) into a sum over the diagonal and off-diagonal blocks:

N¢ min{2k.N¢}

c=Y" > | ®Cte V! (D32)
k=1 1=k
N¢  min{k,Neo—k}
= Z k) (k| @ Ck @ I®Ne—* 4 Z Z k) (k + 1| ® Ck,, @ I®Ne*! (D33)
Ne ) 15| Nt )
= k) (k| @ CE @ IBNTF 13 N " [k (K[(AT) @ CF,, @ 18Nk, (D34)

k=1 =1 k=I

Introducing /" := max{l, [}, we rewrite C as

1) Ne—t B
C=> D k(AN @ Ct,, @ 1BV = ZB, (D35)
=0 k=['

Thus, assuming we found (ag,,np,.0)-block-encodings Up, for each B;, we can use Lemma 1 to construct
(ac, n¢, 0)-block-encoding U, of C with

€]
ac = ag,. ne =log(|N¢/2| + 1) + max  ng. (D36)
‘ ; o e =log(INe/2f 1) 1€{0....[N¢/2)}

One can then explicitly construct U, via a standard LCU circuit:

] 0y, I[Nc/21),
ly) o | . ’ (D37)

where each Uy, is controlled on the ancillary register, consisting of log([N¢/2] + 1) qubits, being in the state |/), and Vg
is defined via
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¥
Vpl0) o< > /ag |1). (D38)
=0

In order to block-encode each B,

Ne—I

5= (Y WK T, @ P (8 § 1%
k=1l

(D39)

we can block-encode the two terms separately. We have
already shown in Appendix D2 how to construct a

(1,1,0)-block-encodings of the second term. From
Lemma 2, we know that we can construct a
(maxkaaiﬂ, maxgng 41, 0)-block-encoding of the first
term, given a (a@ﬁﬂ, net 0)-block-encodings of Cf_ ;. We
thus conclude that we can construct (ag,,ng,,0)-block-
encodings of each B; with

= max Qg ng, = max ng 1
ke{l'...Nc—1} ~kH ke{l'...Ne—1} ~kH

| (D40)

The explicit circuit for each Uy, is given by

0),, : Vc;,’H — - — Voﬁg*’ —'-: (0,
Inc) = = : E
ly) ) Bi| Inc) == Ugany ' (D41)
g) = = ' Inc=0) Inc=Nc—1) |
y) : :
9) o s R .

where y denotes all the registers of y except for the
Carleman block register (i.e., single state vector registers

ylI through yVel), and VCL; are single qubit unitaries
defined by

Ve 10) o [0) + ). (D42)

Next, we introduce
F(k. )= (I+F)® ' ® F¥, (D43)
where F, acts on two single state vector registers as

F, ® |0), analogously to how C¥ depends on C¥. We can
then rewrite Cf_; as

Ch = <ZH,,F (k, l)HZ), (D44)

where the summation is over all permutations 7z of a total
of k systems with k — [ systems of type 1 (each consisting
of 1 subsystem) and / systems of type 2 (each consisting of

2 subsystems). Moreover, I1, is a unitary permutation over
all k + [ subsystems that:
1. Acts on the k — [ systems of type 1 and on all the
first subsystems of the [/ systems of type 2, as x;
2. Then, each second subsystem of the mth system of
type 2 is shifted forward by to a position k + m.
To block-encode Cf_, given block-encodings U ) of
F(k, 1) we will use the LCU construction from Lemma 1
again. Importantly, note that given a (g ), nr(k1), 0)-
block-encoding of F(k, 1), all its permuted versions appear-
ing in the expression for C ’,ﬁ o, have block-encodings with the
same prefactors and numbers of ancillary qubits. Thus,
assuming we can construct (g ;)» 11,1, 0)-block-encod-
ings Up(y ) of each F(k, [), we can use Lemma 1 to construct

(as .nex, .0)-block-encodings Ugs  of Ct,, with
k k
act = i AF (k1) nek = log / + nEg-
(D45)

The straightforward circuit decomposition of U ¢k, 1s
. +
given by

033060-40



END-TO-END QUANTUM ALGORITHM FOR NONLINEAR ...

PRX QUANTUM 7, 033060 (2026)

______________________________

"!7> = C’IIEH

Vil = (0],
0y, |M), |M),, |0}, :
: (D46)
Uer,,

where we introduced a shorthand notation M = (%), I,
means [1, with z; being the k-th permutation using some
standard ordering, and Vp; prepares a uniform super-
position over M states. Note, however, that in this con-
struction the number of (log M)-controlled gates is M,
which can grow almost exponentially with N, rendering it
an inefficient encoding for large N .. However, in the sub-
threshold regime where the Carleman method converges,
we expect that N will grow only logarithmically with the
error and so will result in an efficient encoding (as we shall
see, the cost of these gates is subleading). However, we
point out that one could encode the action of all permu-
tations in the circuit above efficiently with growing N,
using the quantum Fisher-Yates shuffle [79].

Finally, assume we have a (a;ip.np,.0)-
block-encoding of (7 + F,) and a (ag,,ng,,0)-block-
encoding of F,. Then, by simply applying these to
|

Nc¢
ne=14+log| |—|+1)+ max max
2 1€10,....|N¢/2)} ke {l,...Nc—=1}

N¢ N
=141 — | +1 1
log ({ 2J * ) +16{0,?ﬁ26/2j}<0g<

4. Block-encoding collision matrices

We now proceed to the final step of block-encoding the
collision matrices I + F, and F,. Starting from I + F,, we
recall Eq. (54a) and note that this matrix is local in space.
Therefore, it acts non-trivially only on the velocity register,

[+F =1.® (I+F), (D49)
where F is of size 22P x 22P_ In fact, since out of 4 basis
states in each velocity register we only use 3, for I + F; it
is enough to block-encode a Q x Q matrix (with Q = 3P
denoting the number of discrete velocities in the consid-
ered LBE model), as the rest of the unitary can be set to
identity. Our problem then reduces to block-encoding a
Q x Q matrix I + F,.

To achieve this, we will use block-encoding based on
singular value decomposition (SVD). More precisely, we

subsequent single state vector registers, we can construct
(@F(k.1)» " F(k.1)» 0)-block-encoding of F(k, ) with

k=1 1

a]:(k’l) = a,;FIaFZ, n[:(k,Z) = (k — l)n[JrF] + lnpz.

(D47)

Putting it all together, we get (a¢, n¢, 0)-block-encoding
of C with

I+F ™ F
1=0
AP
_ ( g )af,VfFfla; , (D43a)
=0
k
log )T (k= Dnpyr, + Ing,
—1
Cl ) + (Ne=20)np,p, + ln@)- (D48b)
\
can always write
(I+F)) =LZR], (D50)

where L, and R are Q x Q unitary matrices, while X is a
0 x Q diagonal matrix (in fact, all these matrices have size
22D % 22P but only the Q x Q block is nontrivial). Then,
assuming access to the SVD unitaries, which act only on 2D
qubits and whose explicit construction we present in
Appendix [4, we only need to block-encode the diagonal
matrix ;. Thus, using Lemma 2, we get (a;, , . 1, 0)-block-
encoding of (I + F,) with the block-encoding prefactor
given by the largest element o, of X;. This can be found
using the explicit formula for | and, in the relevant regime
of 7% > 1/2, we get
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\/3D 4 2D+1 (,I.*Z

=)+ /9 + 4. 6P (2% — )

Aryry = 05 = \/2D+T 7% ’ (D51)
which is a non-increasing function of 7* with values:
2+43 for D =1,
1 <app < 1(7+3V5) for D=2, (D52)
V234357 for D =3.
The explicit circuit block-encoding I 4 F; is given by
) = ;
[k] ' :
|'r*> — _ |y > ! :
Iyl I+F| lv) = RI Ly ;
W= ; ) g (D53)
0y, ———— Vo |- Vi - (0,
Uriry
\
where v is the velocity register consisting of 2D qubits,  same, aj, g = af,- Therefore, assuming access to

controls depend on states encoding consecutive discrete
velocities m, and V,, are single-qubit unitaries defined via

&

——1|1),
-1

m

V5, |0) o |0) + (D54)

with ¢,, denoting the m-th singular value of I + F, i.e.,
the m-th diagonal element of X;.

We now proceed to block-encoding F,. From Eq. (54b),
we have

Fy =1 ®|0)« ® F; ® |0), (D55)

where I+ .+ is of size N x N and F) is of size 220 x 24P,
As before, for the latter matrix we can in fact consider a
restriction to a Q x Q% matrix. We then need to construct
block-encodings of two square matrices: N> x N> matrix
Tt pr = Lt pr ® |0),+, and Q% x Q® matrix F, ® |0). The
first of these can be easily block-encoded with a unit
prefactor and a single-qubit ancilla using the following
permutation matrix:

Up, . =lpr @I+ (I e = 1) ® X, (D56)
where X, is a Pauli X matrix acting on the ancilla qubit.
Concerning the second matrix, as we explained in Sec. D1,
its block-encoding coincides with a block-encoding
of a rectangular matrix F,, and the prefactors are the

(ag,.ng,.0)-block-encoding of F,, we can construct
(ag,.ng, + 1,0)-block-encoding of F,.

As for the block-encoding of F,, we will use a method
based on HOSVD. More precisely, we aim at decomposing
the Q x Q2 matrix F, as

Fy = L% (R, ® Ry, (D57)
where L, and R, are Q x Q unitary matrices, while %, is a
0 x Q? with as small rank as possible. Then, again, we
assume access to 2D-qubit unitaries L, and R, (that we
construct in Appendix 14), and we only need to block-
encode a sparse matrix X,. The exact block-encoding
cost of X, will depend on the particular HOSVD used.
However, as we show in Appendix 14, we find construc-
tions for D € {1,2} where this coincides with the block-
encoding prefactors for the diagonal matrix with singular
values of F,, while the number of ancillary qubits needed
is 1 for D=1 and 8 for D = 2. Since we expect that
also for D = 3 the block-encoding will not differ signifi-
cantly from this, we will use the largest singular value of
F, for the block-encoding prefactor ag,, and 4D for the
number of ancillary qubits needed. As the largest singular
value can be explicitly calculated, we end up with
(ag,. n,. 0)-block-encoding of F, with

>D\/D 2, (D58a)

2 (3
ap =— | —
"3 \v2
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ng, =4D + 1. (D58b)
The circuit realizing the block-encoding of F, is given by
v) = A
) = = Us,al0) :
|y[k]>{ v) | = R} |- I
lv) = il ! :
X | !
o) = = : (D59)
|y[k+1]> { [r*) | — —
== | Ui, .. :
|’r‘*> E et =‘
________ [_]1;2_________

where Us,g)|o) 18 the block-encoding of the square embed-
ding of %, in the full space. We also recall that in the circuit
diagram we do not show the auxiliary qubits that begin and
end in the zero state for successful implementation of the
block-encoding.

Finally, putting everything we derived in this section
together, we end up with the final expression for the block-
encoding prefactor @, and the number of ancillary qubits
n, needed:

LNZ_CJ Nc—l Nc—21
aA=1+Z< z )a,fFl L (D60a)
=0
Ne—1
1 (4D —1
a le{(),.r.lﬁl)\(lc/zj}[og( / >+( )}
Nc¢
+Nc+1+1log > +1, (D60b)

where a;, p and ag, are given by Egs. (D51) and (D58a),
respectively.

APPENDIX E: DETAILS ON QLS

In Ref. [12], the author considers the linear problem of
the form
AY = b, (ED)
where Y is the desired solution vector, b is a normalized
vector, and it is assumed that one has access to a unitary
block-encoding U, of A with a block-encoding prefactor
a, = 1, and to a unitary state preparation Uj. Under such
assumptions, the singular values of A satisfy

o(A) €[1/xa, 1], (E2)

where x4 denotes the condition number of A. In such a
setting, Ref. [12] provides a quantum algorithm for out-
putting a quantum state that is at most e, away from the
normalized solution |Y), with the following query upper
bound:

\J1—€2
g9 <56.0k4 +1.05k4 In Vo e +2.781n(x, )3 +3.17.
€0

(E3)

More precisely, g, is the total number of queries to Uy,
UZ and their controlled versions, and 2¢q, is the total

number of queries to Uy, UZ and their controlled versions.

The difference then is that our block-encoding prefactor
a, is not 1 and that b is not normalized. To bring our
problem to the standardized form described above, note
that the linear problems we consider, AY = b, are equiv-
alent to

S
i

(E4)
where

~ A
A=—,
277

~ oy
Y T Y. (ES)

Note that having access to (a,, ny, 0)-block-encoding of
A is equivalent to having access to (1,ny4,0)-block-
encoding of A. Also, considering Y instead of ¥ makes
no difference, as the QLS prepares a normalized quantum
state, so it is insensitive to simple scaling. The only
important difference then is that the range of singular
values of A differs from that of A:
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TABLE III. Simulation parameters for D =1 systems with TABLE 1V. Simulation parameters for D =2 systems with
p=73/4 p=73/4
Ne Re N, T~ 7* u* dim C dim Ay Ne Re N, T~ 7* u* dim C dim Ay
1 1000 178 2372 0.540 0.0750 534 1267182 1 100 32 1000 0.5300 0.0313 9216 9225216
2 200 54 388 0.6094 0.1361 26406 10271934 250 63 3953 0.5120 0.0159 35721

1000 178 2372 0.540 0.0750 285690 2 20 10 90 0.6500 0.1000 810900 73791900
3 100 32 178 0.6687 0.1768 894048 160034592 150 43 1838 0.5200 0.0233 276939522

500 106 1088 0.5617 0.0971 32258874 3 20 10 90 0.6500 0.1000 729810900
4 30 13 46 0.8580 0.2774 2374320 111593040

150 43 281 0.6310 0.1525 279086340

5 50 19 82 0.7602 0.2294 612436557

O-(A) € [;’ A||:| - |:(IA1KA ’M:| c |:(1A1KA ’ 1:| ’ (E6)

A~ Al %

where we used that ay > ||A||. Comparing with Eq. (E2),
we then end up with the following query complexity upper
bound for our problem:

< % (560 +1.05 1n((1_€29)%>>
go < —— .Ox .05k T
2= A A A €9

>3 -+ 3.17. (E7)

27
+2.781n <—K
JA] ™

APPENDIX F: SELECTED SIMULATION
PARAMETERS

In Tables III and IV, we collect the values of simulation
parameters N,, T*, 7*, and u* for D=1 and D =2
systems, and a representative subset of Reynolds numbers
chosen in our simulations. We also present dimensions of
Carleman collision matrices C (so also of the simulated
Carleman systems used to evaluate Carleman truncation
errors €c) and the dimension of matrices Ay describing
Carleman linear systems (whose condition numbers we
evaluate to estimate the query complexity of our quantum

|

%) —[¥)

|<7r> =

where different dots correspond to different lattice sites.
One can indeed verify that the application of I + F at
every site leaves all local states invariant, which is then
followed by the streaming operator mapping every |y ) into
—|w) and vice versa. Thus, the overall effect is to map |{,)
to —|{,). Moreover, note that due to the antisymmetry of

algorithm). Absence of dim Ay in some cases means that
we have not estimated the condition number for that choice
of parameters (typically because sizes of the correspond-
ing matrices were beyond the reach of our numerical
methods in reasonable time).

APPENDIX G: EIGENSTATE OF COLLISION-
STREAMING OPERATOR

In this appendix, we present the construction of the —1
eigenstate |£,) of the SC operator. As in Sec. VIIC 1, we
set all Carleman blocks, except for the first one, to zero:

&2) = [I£).0.....0]. (G

Thus,

SCIEx) =[S+ F1)[¢7). 0. ... 0], (G2)
and so we reduce the problem to finding the —1 eigenstate

We start with D = 1 case. It can be easily verified that
the following state is an eigenstate of / + F; correspond-
ing to eigenvalue 1:

-1 0 1

Lo (63)

) =

where we used a graphical notation to relate coefficients
to discrete velocity components. We then claim that the
following state is a —1 eigenstate of S(I + F)

(G4)

the state |y) with respect to the reflection around the node
point, |{,) is the —1 eigenstate of S(/ + F;) even in the
presence of walls.

Next, consider D = 2. It can be verified by direct
calculation that the following two states are eigenstates
of I + F| corresponding to the eigenvalue 1:
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-2 2
0 -1 1 0
AN T 4 AN T A
[h1) = 2 <— . —> -2, o) = 2 <«— ¢ > 2. (G5)
¥ | X ¥ | X
1 ¢ 0 0 ¢ 1
2 -2

We then claim that the following state is a —1 eigenstate of S(I + F):
=) ) =) W) — )
L [ ] [ ] [ ]

—[2) ) =) ) =)

) = = [¥1) |1)2) = |ab1) [1)2) — [th1) (G6)

— [th2) 1) — [tb2) 1) — [th2)

=) ) =) [W2) =)

This can be confirmed by verifying that the streaming operator brings a negative phase factor, and that this still holds in
the presence of nontrivial walls due to the antisymmetric nature of |y;) and |y»).

Finally, in D = 3, there exist three eigenstates of / + F| corresponding to eigenvalue 1 and being antisymmetric under
the reflection with respect to the node point. One can then again find a spatial distribution of these states with phase factors
to construct a —1 eigenstate of S(I + F).

APPENDIX H: UPPER BOUND ON THE CONDITION NUMBER

Consider a block decomposition of a matrix A,

d_d
A:ZZ|i><J'|®AU7 (HD)

i=1 j=I

and note that

d d d
ZZZ .]|®Al] |k>®xk)

max ||Ax|| = max (H2)
x: [|x][=1 Z kauz po e
d d d 2
= max 2 ® Z}Alkxk max ; ;Aikxk (H3)
> JlP=1 - D= VI A

d /4 2 d d d
< n&?}x Z (Z HAik“”ka) < 11{}3})( Z <Z HAinZZ ||xk||2> (H4)
DDA PONGCEI A =1

033060-45



DAVID JENNINGS et al.

PRX QUANTUM 7, 033060 (2026)

Thus,

(H5)

1]l <

ZZ 14112.

i=1 j=

(H6)

Applying the above to bound the norm of Az' from Eq. (91), noting that one can sum blocks over diagonals, leads to

T*
A <

=0

Z(T* —

D[[(SC)™ |12 (H7)

Combining this with an upper bound for ||A;|| from Eq. (142) leads to the claimed bound on the condition number
from Eq. (157a). Next, recall that Az! has the same blocks as Ay' followed by rows of blocks, where each row

ke{l,...,(2" —1)(T* + 1)} consists of the blocks from the last row of A7 followed by k identity blocks. Thus, we get
the following upper bound:
T* @Y—1)(T*+1)
JAF? < Z DISsC” |12 + 2% DSOSk (H8)
*=0 *=0 k=1
- Z @Y(T* +1) = *)|(SO)" |1* + = (2W D(T* + 1)(2% + 2V — 1)T*) (H9)
=0
< Z W(T* +1) — *)||(SC)™ > + 22W-1(T* + 1)2. (H10)
*=0
, from

Eq. (157b).

APPENDIX I: DETAILS ON ESTIMATING GATE
COMPLEXITY

1. Preliminaries

Our aim is to estimate the cost of a single query to Uy,
or Uy, in terms of the number of 7" gates needed. We
denote the T-cost of implementing exactly a general
unitary circuit U by G[U], and the cost of implementing
it up to error € by G[U¢]. Moreover, a gate U controlled on
k qubits will be denoted by cXU. In what follows, we focus
on estimating G[U,, |, which also acts as an upper bound
for G[U,,|.

In the process, we will use the following estimates of
T-costs based on known results on circuit compilation.
First, we focus on estimating the cost of a general unitary
U controlled on k qubits, as a function of the cost of
implementing just U. For k > 2, one can realize ¢*U with
2k — 2 Toffoli gates, k — 1 auxiliary qubits and a single cU

gate (for completeness, we explain this in Appendix [5).
Moreover, since each Toffoli gate can be replaced with 7 T
gates [80,81], we can realize an arbitrary kU with a
T-count of
G[c*U] = 14k — 14 + G[cU]. 1)
Next, given a decomposition of U into Clifford and T
gates, one can estimate the 7-cost of cU in the following
way. First, all the controlled versions of the single-qubit
Clifford gates can be realized with cNoTs and Cliffords,
so they do not contribute to G[cU]. Then, every CNOT
appearing in the decomposition of U becomes a Toffoli in
cU, and so contributes 7 T gates. Finally, every T gate in U
becomes a controlled 7 in cU, and each such gate can be
constructed from 9T gates [80,81]. Here, we will make a
crude approximation by assuming that the number of
CNOoTs in the decomposition of U is roughly equal to
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the number of T gates. We thus approximate the 7-cost
of cU by

GlcU] ~ 16G[U|. I2)
Consequently, for k > 2, we get
G[c*U] ~ 14k — 14 + 16G|U. 13)

For the special case when U = X is a single-qubit NOT
gate, we use a slightly better estimate based on Ref. [82]:

GlckX] = 8k — 12, (14)

which requires a single extra ancilla. Moreover, we take
the T-cost of a controlled Hadamard gate to be given by

GlcH] =2, (I5)

due to a decomposition cH = (I ® R,(7/4))cZ(I ®
Ri(z/4)) and R, (x/4) = SHTHS".

Now, we préceed to the estimates for the cost of
implementing an n-qubit unitary U. For n = 1, the cost
of implementing a single-qubit rotation R;(6) around axis
ne{x,y,z} up to error € is given by [83]

GIRE(6)] ~ 3 logé . (16)

We choose equal error € on all approximate single-qubit
gates used, and assume that the total error arising from
gates implemented up to ¢; and ¢, is €; + €,. For n > 2,
one can estimate the 7T-cost for synthesizing U in terms of
the T-costs G[PREP®(u;)], where PREP/ (u;) is a state
preparation of the j-th column of U to error €; (see
Appendix I5 for details). For an n-qubit unitary U with d
columns u; specified, this estimate is given by

GlU]| = 32 Ed: G[PREP* (u,)] + d(8n — 12),  (I7)

j=1

where the resulting error € depends on ¢; as
d
e=V2> e (18)
J=1

Note that such unitary state preparations can be con-
structed from single-qubit rotations and that a uniform
superposition over 2 states can be prepared using only
Clifford gates. Moreover, a state preparation unitary
PREP(y) of a general n-qubit state |y) can be realized
using roughly 2"*! single-qubit rotations [84], and so the
cost of implementing it up to error 2"*!e can be approxi-
mated by

. 1
G[PREP?""'¢(y)] 3 - 2! log-. (19)

Finally, we assume that the 7-cost of a quantum adder
acting on n qubits is given by [85]

G[ADD(n)] » 4n. (110)

2. Gate cost of the linear system circuit

We start by using the gate decomposition of U,,
presented in Eq. (D30), and employing Eq. (D31), to get

GlU,,) = GlcUal + G[c*S] + G[c*U¢] + 2G [V,
+ G[Cvaé,l] + G[CW'HVO%,]].
I11)
All the state preparation unitaries V are single-qubit y

rotations, and so implementing them up to error ¢ has the
following cost:

1
G[Vg.]~3log—, (I12a)
: €

1
Gleve, ||~ 16G[Ve, |~ 48log-, (I12b)
% e €

G[c"HVe, || R 14W + GlcVe
C

2_
az—1

1
| ~ 14W + 48 log —.
€
(112¢)

Then, from Eq. (D21), we have

GlcU,] ~ 16G[ADD(log(T* + 1) + W + 1)]

~64(log T* + W + 1). (113)

Next, from Eqgs. (D22) and (D23), we get

G[c*S] = N:G[c*S] = 2DNG[c*ADD(log N.,)]
~2DN(14 + 16G[ADD(log N,)])

~2DN(14 + 6410g N,). 114)

Putting it together, we get

1
GIUS "] ~ GIcUS] + T8W + 64 + 102 log -

+ 64log T* + 2DN(14 + 6410g N,,). I15)

Moreover, recalling the choice of simulation parame-
ters, N, and T*, from Egs. (71a) and (71b) and restricting
to the case f=3/4 (allowing one to resolve the
Kolmogorov microscale), the above can be expressed as
a function of the Reynolds number:
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GlUy ] ~

+24(D(1 +4N¢) + 2)logRe.

‘ 1
G[2U%] + 78W + 28DN + 64 + 1021og -
€

I16)

3. Gate cost of the Carleman collision circuit

We are now facing the central problem of estimating the
T-cost of c?Up. First, let us introduce some shorthand
notation:

ng = [log|N¢/2]1, ne = [logNcl,

k 117
ng = log( ) .
[
From Eq. (D37) we have
£
Glc*Uc] = 2G[Vy] + Y Glc** ™ Up). (118)

=0

Since Vp is an ng-qubit unitary, its approximation has the
following T-cost according to Eq. (19):

G[V3] ~ 3N, log—. (119)

Then, from Eq. (D41), we see that

Ne—1

2+ng+n
i+ (e, |

k=I'
+G[ 2+n3+ncU . })

G[c* e Up ] = G[c*T5 U o

(120)

I\+I

The first term can be easily estimated to be

Gle* ™ U sy] % 14 + 14ng + Gle(AT)]
~ 14 + 14ny + 16G[ADD(nc)]

~ 14 + 14n, + 64n. 121)

As VCA is a single-qubit unitary, we get the second
term via
G[c2+ns+ncvgk } ~ 14+ 14(np +ne) + G [cVS }
k+1 k+l

1
~ 14 4+ 14(np + nc) +48log—.
€
(122)

Turning to the last term of Eq. (I120), we use Eq. (D46)
to get

@
Gle 2+’13+nCU . ] =2G[Vy] + zzG[C2+n3+nc+nnHi]

A 1 P
+ G[c2+n3+nc UF(k,l)]~
(I123)
Since Vyj is a uniform state preparation, we ignore its
cost, as it will be negligible. We estimate the cost of each
multiply-controlled IT; as
G[c*Tmstnetm]| & 14 + 14(ng + ne + ny) + GlclI1}]
~ 14 4+ 14(ng + ne + ny),
(124)
where we made a crude assumption that controlled

permutations have zero T-cost. The cost of
c?tmtne F(k, 1) can be approximated by

G[CZ+HB+HCUF(k‘[)} ~ 14 + 14()’13 + I’lc) + G[CUF(](J)]

~ 14 + 14(ng + nc) + 16G[Upq )
(125)

(126)

Putting things together, we get:

%)
1 2

G[c*UF] = 6N log—+ § (14 + 14np + 64nc) (127)
¢ =

NT(J Ne=l
1
Sy (14 + 14(ng + nc) + 48 log ) (128)
=0 k=l
TJ Nc—l (,;)
+zz Z Z (14 + 14(ng + n¢ + np)) (129)
=0 k=l i=1
1% Ne—t
+ >N (144 14(ng + n¢) + 16(k — HG[U}p ]
=0 k=l
€F.
+16IG[U]),
(130)

where e¢ is just the sum over errors of all e-approximate
single-qubit gates used so far, together with the errors
introduced while compiling U;,p, and Up, (we will
discuss these in the next section):
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%) Nt

C—2NC€+ZZ€+

=0 k=I'

k—Dep, +lep)]  (I31)

Nc[6(12+Nc)e+(Ne+2)((2Ne+5)ep, + (Ne+ 1eg,)]
24 '

132)

Most of the sums can be explicitly calculated to yield

. 1
G[*UF] ~ 6N (nB +1+ logg>

Ne+2
+ YT (14 4 1ang + 64n) (133)

N2 + 4N, 1
% (14 + 14(np + n¢) + 48 10g—> (134)

€

1+v/5\ e
(135)
2 44N

+b(14 + 14(ng + n¢)) (136)

4

2N¢(Ne +2
| WNe(Ne+2)

T [N +5)G(U ) +

+ (N + 1)G[U32]),
(137)

where we used

=] Ne—1 N,

3 ()-(+5) (50
=(14+— -2, (I38)

> 3 VA

and introduced

=

JNC l
Z < )log< > (139)
I=0 k=I'
Combining Egs. (I16) and (I33), we arrive at the final

T-gate cost of approximating U,, up to error €, given in
the main text [Eq. (171)].

4. Gate cost of the collision circuits

To estimate the T-gate cost of compiling U r, and U,
we will consider separately the cases of dimension D = 1
and D =2 and leave D = 3 case for future work.

a. Case D=1

Performing the SVD of I + F, = LlZlR]L, one finds that
not only X, depends on 7* but also the unitaries L; and R,
do. However, independently of the specific value of 7*, the

columns of L; and R; have a very specific structure.
Namely, up to permutations, we have
(a,a,b)

2 columns with pattern: (I40a)

1 column with pattern: (1/v2,—1/v/2,0),  (140b)
where a, b are real numbers. Thus, we can estimate the
T-cost of L; and R, using Eq. (I7) and the costs of state
preparation for the above states. Clearly, the last state can
be prepared with Clifford gates only. Moreover, the first
two states each require just one general single-qubit
rotation and one controlled Hadamard gate. Hence:

GILV*) ~32(2 - (GIRS(6)] +2)]) + 12
1 141)
~ 140 4+ 192 log —,
€
and the same cost for R;.
Next, X; can be found to be
21 = diag(l,dl,dz). (142)

From Eq. (D53), we see that this then reduces to three
single-qubit unitaries, V,, , V,,, and V,,_, controlled on two
qubits. By noticing that V; = I and that encoding never
uses the basis state |11), it can be reduced to two single-
qubit unitaries controlled on a single qubit. Thus, we get

1
GlU%] = 2GeRs(60)] ~ 96 log —. (143)

Putting it together with the costs for L; and R, we get:

er 1
GIU}'r, ) ~ 280 + 480 log -, (144)
€
with
= (4V2 +2)e. (145)
Now, we find the following HOSVD of
Fy = Ly%(R, ® Ry)'™:
a1 1 1 1
Ve V2 V3 NG 0 NG
L,= —% 0 |, Ry=| 0 10| @46
U T -0 %
6 Vi3 V2TV
and X, has a single non-zero element (X,),, = v/6/7*.

Thus, it is actually an SVD and (%,),, is the largest
singular value of F,. The right unitary R, can be compiled
using only Clifford gates, whereas the 7-cost of the left can
be estimated using Eq. (I7) to be
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3
G[L;/f(sl+€z+€3)] ~32 Z G[L;fj] +12, (147)
=1

where L, ; is a unitary state preparation of the j-th column
of L,. Since the second column can be prepared using
Clifford gates, whereas the first and third columns require
each just one single-qubit gate and one controlled
Hadamard gate, we conclude that

1
G[L2V*] ~ 64(GIRS(6)] +2) + 12~ 192 log— + 140.
(148)

Moreover, block-encoding of X, requires one single-
qubit unitary gate controlled on two qubits, meaning that

GUg ] = G[c*R5(0)] ~ 14 4- 48 logé. (149)
We thus conclude that
G[UF?] ~ 154 + 240 logé (150)
where
er, = (1+2V2)e. 151)

b. Case D=2

Performing the SVD of I+ F, = LIZIRT, one finds
that, up to permutations, the columns of L; and R| have the
following structure:

2 columns with pattern: (a, a,a,a,b,b,b,b,c) (I152a)

4 columns with pattern: (a, —a, b, —b, ¢, —c, d,—d,0),
(I52b)

3 column with pattern: (a,a,b,b,c,c,d,d,e), (152¢c)
with a, b, c,d, e real. As before, we can estimate the
T-cost of L and R; using Eq. (I7) and the costs of state
preparation for the above states. The first two states can
be prepared with a single-qubit rotation, followed by a
single-qubit rotation controlled on a single qubit, followed
by two controlled Hadamard gates. The next four states
can be prepared with a single-qubit rotation, followed by
two single-qubit rotations controlled on a single qubit,
followed by Clifford gates. Finally, the last three states
can be obtained by a single qubit rotation, followed by a

single-qubit rotation controlled on a single qubit, followed
by two single qubit rotations controlled on two qubits,
followed by a controlled Hadamard. Hence:

G[L33V*] ~ 32(2(G[RS(0)] + G[cR(6)] + 4)

+ 4(G[R§,y(9)] +2G[cR5(0)]) (I53)

+3(G[R5(0)] + G[cRS(0))] + 2G[c*R5(9)] + 2)) + 180

(154)
1
~3316 4 30048 log —, I55)
€
and the same cost for R;.
Next, X; can be found to be
21 :diag(gl,ﬁl,61,62,62,0’3,63,64,65), (156)

From Eq. (D53), we see that this then can be achieved
by nine single-qubit unitaries, V, , ..., V, , controlled on
four qubits. By noticing that the first three rotations are
the same, and there are also two equal pairs, this can be
reduced to one uncontrolled single-qubit unitary rotation,
two single-qubit unitaries controlled on three qubits, and
two single-qubit unitaries controlled on four qubits. Thus,

we get

GU3] = G[R(0)] + 2G[c*R5(0)] + 2G[c*R5(6)] ~ 140

1
+ 195log—.
€
Is7

Putting it together with the costs for L; and R;, we get:

G[U}p,] ~ 6412 + 60291 logé, (I158)

with
er, = (28V2 4 5)e. (159)
Next, we find the following HOSVD of

Fy=L,%(R, ® Ry)'™:
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2/% 2,/2
—-32v2) 0 0 0 1 T A Ao o
1 1 17 17 19
6v2 -3 0 0 0 0 35 185  6v106
53
L L0 0o 0 o0 0 0 V2
1 1 35 17
d= 1 0 0 0 o o B
L, = 1 1 17 18 17 . (I60)
6v2 2 0 0 0 0 35 T V185 6/106
1 o L _1 2 WEL _ 1
6\]/5 2] V2 5 2 2\/]575 2\/1]855 6\/11R
@ 0 _? 0 g \/T_g _2\/15T5 _2\/11855 _6\/@
6v2 0 =3 0 3 TS5/ 2395 2/18%  6v/106
1 o L L oz WE 1 1 1
6v2 2 V2 o5 5 24/395 2,/1855 61106
1 1 1 1 1 1
0O =53 23 25 23 —w» 0 0
0 —L_ 1 i i g _1 1L g
%\/5 2V3 2\l/§ 2V3 V3 V3 ]
0 ?5 0 \/——31 0 0 0 (1) 7
0 7 0 -5 0 0 0 7 0
1 1 3 2
P L I S IVE R S | 161)
1 1 3 2
0~ 0 — 0 \@ N
o o o0 L \ﬁ B T T O
V30 6 V30 V30 V30 V30
0 L \ﬁ 0 R I S D I
V30 6 V30 V30 V30 V30
1 0 0 0 0 0 0 0 0
and X, is a rectangular matrix with only nonzero elements being:
33 3
(Z)1g = E)in = - (X2)22 = (Z2)100 = = (Z2)31 = i —(Z2)3.11- (162)

We then need to estimate the cost of the state prepa-
rations corresponding to each column of L,. We summa-
rize the results in Table V, where USP,, denotes a unitary
state preparation over n states. Using Eq. (I7), it follows
that the state preparation cost for the n = 4 qubit unitary
L2 is

1
GILYV*] =32 x 57 log ~+ 9(8 x 4 —12)

1
= 180 + 1824 log —. I163)
€

Now, let us do the same for R, (for convenience, we

analyze R;). We summarize the results in Table VI. The
overall cost for R, ® R, is then

1
G[R§4\/§e ® Ré4\/§e] = 2(32 x 48log—+9(8 x 4 — 12))
€

1
=360 + 3072 log—.
€
(164)

We still need to block-encode X%,. To achieve this,
consider the following 90 x 90 unitary:

%, /o — 2,25
UZZ = : .
\/Is — =52, -3

By direct inspection, Uy, is an optimal block-encoding
of %, (the block-encoding prefactor is 6, which equals

165)
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TABLE V. State preparation costs for the columns of L,. Here
€ is the per-gate error.

Column Operations Cost
1 1 single-qubit y-rotation, 1 USPg 3log!
2 USP,, (—1) phases 0

3 USP,, (—1) phases 0

4 USP,, (—1) phases 0

5 3 single-qubit y-rotations 9log?!
6 4 single-qubit y-rotations 12log?!
7 3 single-qubit y-rotations, USP, 9logi
8 4 single-qubit y-rotations, USP, 121og?!
9 4 single-qubit y-rotations, USP, 1210gé
Total 19 single-qubit y-rotations 571ogl

IZ,])). For simplicity, let us consider the matrix U;z. Now,

we need to estimate the cost of the state preparations
corresponding to each column. We summarize the results
in Table VII. The overall cost for Uy, is then

1
G[UYY?] = 32 x 241og— +90(8 x 7 — 12)
- €

1
= 3960 + 768 log—. I166)
€

Combining the results, we thus conclude that 7-cost of a
block-encoding of F, is given by

1
G[U?] = 4500 + 5664 log -, (167)
- €

TABLE VI. State preparation costs for the columns of R;. We
cost USP; as 31log;(1/e), as it can be realized via a single-qubit
y rotation followed by a controlled Hadamard. Here ¢ is the
per-gate error.

Column Operations Cost
1 2 single-qubit y-rotations, 1 USP, 6log?!
2 2 single-qubit y-rotations, 1 6logl

USP,, (—1) phases
3 USP;, 3log?!
4 USP;, (—1) phases 3logl
5 2 single-qubit y-rotations, Hadamard 6logl
6 2 single-qubit y-rotations, Hadamard 6logl
7 3 single-qubit y-rotations, USP, 9logl
8 3 single-qubit y-rotations, USP, 9log%
9 permutation 0
Total 14 single-qubit y-rotations, 2 USP; 48 log%
with

er, = 59V 2e. (168)

5. Extra details on gate compilation

We start with explaining how to realize ¢*U using cU
and Toffoli gates. Given control qubits cy,...,cy, the
auxiliary qubits a, ..., a,_; are prepared in |0) and are
then in turn used to iteratively record AND(cy,c,),
AND(c3,ay)...AND(cy, a;_»). A cU gate is then applied
to the target ¢ controlled on a;_;, and then we uncompute
the auxiliary qubits. The explicit circuit for k =5 is as
follows:

AU =

(169)

fan)
A

fan)
A\

fan)
A\

oD
A\

D
Ay

D
Ay

fan)
U

fan)
'

This uses 2(k — 1) = 2k — 2 Toffoli gates for the auxiliary qubits and a single cU.
We now proceed to deriving a T-cost for general unitary synthesis based on state preparations. In Ref. [86], it is shown

that with a single-auxiliary qubit we can embed any unitary U as U = [0)(1| ® U + |1)(0| ® U, and so we can simulate
U by U|1) ® |y) = |0) ® Uly). Then, it can be shown that
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TABLE VII. State preparation costs for the columns of Usy,.
Here ¢ is the per-gate error.

Column Operations Cost
1 Hadamard 0
2 2 Hadamards, (—1) phases 0
3 1 single-qubit y-rotation, Hamadard, 3 log%
(—1) phases
4-9 permutation 0
10 2 single-qubit y-rotations, 6log!
Hadamard, (—1) phases
11 2 single-qubit y-rotations, 6logl
permutation, (—1) phases
12-18 permutation 0
19 2 single-qubit y-rotations, 6log!
permutation, (—1) phases
20 1 single-qubit y-rotation, 3log!
permutation, (—1) phases
21-90 permutation 0
Total 8 single-qubit y-rotations 24 logé
~ 2"
U =] = 2w w;)). (170)
j=1
where
W) == (D@ L)~ 10) ® ). A7)
W) = —= J)— u;i)),
J V2 J

with |u;) denoting the jth column of U. Each reflection
term W, :=1—2|w;)(w;| can be approximately realized
using an e;-approximate state preparation of |w;) as

W/ = PREP (w;)(I — 2|0)(0|)PREP") (w)),  (I72)

where we assume PREPe}(wj) is a unitary that prepares
the state |w;) from [0"*!) = [0)®**! with error ¢). The
preparation of [w;) can be realized with a single controlled
use of PREP (u;), and so the total cost for generating

W/ is
GIW] = 2G[cPREP, (u;)] + G[I — |07+1)(07+1]].
a73)

We now provide error analysis for this step. The unitary
PREP/ (u;) obeys |PREP¢ (u;)|0)®" — |u;)|| <e¢;. This
implies that

I511) ®17) 10) @ PREP (u)i0) o) <%
= e}.
(I174)
Moreover, it is readily checked that
|[PREP® (w;)[0"+1) (071 [PREP (w;) — [w;) (w;||
<€/l —6;2/4563.. 175)
This implies
|[PREP (w;)(I — 2|0)(0|)PREP (w;)
— (I =2lw;)(w;])|| <2€} = V2e;. (176)

Thus, e}’ = \/Eej.

To generate I — 2|0"*+1)(0"*!|, we first note that this is a
unitary diag(—1,1,1,...1), which can be viewed as a
¢"(—Z) unitary, controlled on n0’s. Up to Clifford gates,
this is equivalent to ¢ X, and so this provides a T-count of
G|[c"X]. The total T-count of unitary synthesis from this
method is then

27[
G[U] =) (2G[cPREP, (u;)] + G[c"X])
=1
2”
=32 G[PREP(u;)] +2"(8n —12), (I77)
=1
where again we use that G[cU| ~ 16G|[U], the total error
introduced is

on

e=V2Y e,
j=1

and a single-auxiliary qubit is used in the construction.
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