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Computational fluid dynamics (CFD) is a cornerstone of classical scientific computing, and there is
growing interest in whether quantum computers can accelerate such simulations. The existing proposals
for fault-tolerant quantum algorithms for CFD have almost exclusively been based on the Carleman
embedding method, used to encode nonlinearities on a quantum computer. Here, we first identify several
key challenges that must be addressed in order to establish quantum advantage using this method,
including Carleman convergence, time-stepping requirements, condition-number scaling, and data
extraction. Building on this analysis, we develop a novel algorithm for the incompressible lattice
Boltzmann equation that addresses them and provide a detailed analysis, including all potential sources of
algorithmic complexity and gate count estimates. We find that for an end-to-end problem, a modest
quantum advantage may be preserved for selected observables in the high-error-tolerance regime. We
establish a lower bound for the Reynolds number scaling of our quantum algorithm in dimension D at

Kolmogorov microscale resolution withOðRe3
4
ð1þD

2
Þ × qMÞ, where qM is a multiplicative overhead for data

extraction with qM ¼ OðRe3
8Þ for the drag force. This upper bounds the scaling improvement over classical

algorithms by OðRe3D
8 Þ. However, our numerical investigations suggest a lower speedup, with a scaling

estimate of OðRe1.936 × qMÞ for D ¼ 2. Our results give robust evidence that small, but nontrivial,
quantum advantages can be achieved in the context of CFD and motivate the need for additional rigorous
end-to-end quantum algorithm development.
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I. INTRODUCTION

The development of classical computers, and associated
numerical methods, revolutionized engineering by making
it possible to numerically solve formerly intractable differ-
ential equations, particularly in fluid dynamics.While early
methods focused on special cases such as two-dimensional
flows, modern high-performance computers allow one to
solve highly detailed, three-dimensional Navier-Stokes
equations [1,2]. Nevertheless, accurately simulating highly
turbulent flows with direct numerical simulation (DNS)—
relevant for many industrial applications, but of particular
relevance in aircraft design—is often computationally
infeasible [3]. Leading practitioners hence resort to less
accurate turbulence models such as Reynolds-averaged

Navier-Stokes or large eddy simulations [4].More recently,
parallelization approaches using GPUs, as well as machine
learning models, have been developed [5]. Nonetheless,
access to large-scale DNS solutions with the fine resolution
required across vast lengths to model all scales in their
complexity is not expected to be possible anytime soon.
A new paradigm of quantum computing offers a way to

break such classical computational barriers. On a math-
ematical level, it enables efficient implementation of
unitary operations on exponentially large Hilbert spaces.
While the restriction to unitary operations might seem
limiting at first sight, block-encoding techniques can be
used to encode general matrices inside blocks of the
unitary ones [6]. When these block-encodings are com-
bined with quantum algorithmic techniques, such as linear
combination of unitaries or quantum signal processing [7],
they allow one to perform linear algebra operations on
quantum computers. It then becomes possible to solve
large linear systems exponentially faster than using
classical computers, subject to important caveats on the
condition number, as well as data loading and readout [8].
Correspondingly, discretized linear differential equations
can be solved via quantum linear solvers (QLSs) [9–13] as
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a single linear system [14–21], where the solution is stored
coherently in a quantum state and needs to be post-
processed in a read-out step to extract classical information
about the solution. It is expected that quantum computers
will offer an exponential advantage for the simulation of
quantum systems [22–26]. Moreover, it has been shown
that there exist classical linear dynamical systems for
which the same speedup persists [27].
However, industrially relevant computational fluid

dynamics (CFD) problems—which account for a signifi-
cant portion of modern high-performance computing
workloads—are inherently nonlinear. As computations
on quantum computers are fundamentally linear, leverag-
ing them for CFD simulations requires reformulating the
governing equations using a linear representation. One
prominent method is Carleman linearization, where the
finite-dimensional nonlinear dynamics is transformed to
infinite-dimensional linear dynamics and then truncated to
a very high, but finite-dimensional, linear system [28,29].
This method has been recently proposed and studied as a
means of developing quantum algorithms for solving non-
linear differential equations [30–35]. In the CFD context,
this path has been explored by the authors of Refs. [36–42],
who investigated quantum algorithms based on Carleman
linearization to simulate the lattice Boltzmann equation
(LBE) [43,44]. The LBE is a kinetic model of fluid
dynamics that describes fluidsmesoscopically and recovers
the Navier-Stokes equations when characteristic length
scales are much larger than the molecular mean free path.
In this work, we first analyze these recent QLS-based

approaches employing Carleman embedding, identifying
several algorithmic challenges that must be carefully
addressed in order to establish quantum advantage. We
then develop a new quantum algorithm specifically
designed to address these challenges. Our approach is
based on a shifted version of the incompressible lattice
Boltzmann equation [49,50] that is linearized using a
discrete Carleman embedding method [51–53] and solved
using a quantum linear solver [12]. Through a careful
analysis of query and gate complexities, supported by
extensive numerical investigations (complemented by
Ref. [54]), we show that our algorithm can achieve a
modest quantum advantage. However, we also highlight
the challenges that algorithms based on Carleman embed-
ding face when applied to industrially relevant problems,
as the convergence of the method may be limited to low-
Reynolds-number CFD simulations.
The paper is organized as follows. In Sec. II, we first

provide a broad overview of our main results, highlighting
our main contributions and crucial obstacles that we
overcome. Then, in Sec. III, we present the necessary
background material on the lattice Boltzmann equation
and recent quantum algorithms for solving it. In Sec. IV,
we identify several aspects of these approaches that require
careful treatment when assessing their computational

complexity and potential quantum advantage. Next, in
Sec. V, we give the details of our approach to the LBE
problem that is designed to address the identified chal-
lenges, formulating a linear system of equations whose
solution describes the LBE dynamics. With the LBE
problem specified, in Sec. VI, we present the details of
our quantum algorithm for solving it and extracting the
information about the drag force. Then, in Sec. VII, we
analyze the performance of the algorithm, analyzing its
accuracy and estimating its query and gate complexity
costs. In Sec. VIII, we discuss the potential for quantum
advantage and present conclusions. Finally, some of the
technical details of our work can be found in appendixes,
in particular Appendix A contains the summary of the
notation used in the paper.

II. SUMMARY OF RESULTS

The results presented in this work can be grouped into
the following four categories:

1. Identification of complexity challenges. We iden-
tify key complexity challenges that must be ad-
dressed in order to establish quantum advantage for
simulating the LBE.

2. Classical problem reformulation. We develop a
reformulation of the standard LBE and its linear
embedding that addresses these challenges.

3. Quantum algorithm implementation. We design
an end-to-end quantum algorithm for simulating
LBE: from the data encoding of the problem,
through the explicit construction of novel block
encodings allowing one to prepare a coherent output
describing the steady state of the fluid system, and
finally to the data extraction subroutine enabling
one to get information about the drag force through
measurements of the coherent output.

4. Quantum algorithm performance. We provide
detailed resource estimates for running our algo-
rithm and an analysis of the Carleman embedding
error, indicating the potential for a modest poly-
nomial quantum advantage and identifying the
parameter region of applicability.

Our first contribution is the critical assessment of the
recent QLS-based quantum algorithmic proposals employ-
ing Carleman embedding to simulate the dynamics
described by the lattice Boltzmann equation [37–39].
These proposals are all based on the same broad quantum
algorithmic pipeline, see Fig. 1, where the crucial step
involves mapping the nonlinear fluid equations to a much
larger set of linear ones via Carleman linearization, which
is also studied in Refs. [40–42,55]. We identify the
following algorithmic challenges arising at different stages
of this pipeline and analyze their impact on the overall
computational complexity and the achievable quantum
advantage:

DAVID JENNINGS et al. PRX QUANTUM 7, 033060 (2026)

033060-2



C1. Applicability of the Carleman approach. The Carle-
man linear embedding introduces errors, depending on
the core Carleman truncation parameter NC. Prior
studies either do not properly incorporate the full LBE
dynamics [37], do not look into the question of the
linear embedding errors [38], or find no convergence
[39]. The available evidence on the performance of the
method is therefore limited [40].

C2. Small time steps. The lattice Boltzmann method
typically uses an implicit second-order accurate time
discretization [43,56]. This is advantageous as, by
treating the stiff collision term implicitly, the time-step
size Δt scaling with the inverse Reynolds number is
alleviated. However, prior proposals based on the
discrete Boltzmann equation (DBE) [37–39] employ
an explicit first-order accurate discretization of the
collision integral (which restricts Δt < 2τ [57,58])
and an explicit forward-time central-space scheme of
the streaming term rather than integrating it exactly
along characteristics. This formulation therefore
forces the time step to scale with the inverse Reynolds
number and also requires satisfying the CFL condition
due to the non-exact treatment of streaming.

C3. Condition number estimates. Optimal QLSs scale
linearly with the condition number κA of the linear
system A being solved. The scaling of κA with the
number of spatial discretization points N can poten-
tially entirely negate quantum advantage. Prior works
either do not estimate κA [38], present arguments for
the behavior of κA that contain errors [37], or suggest
using the suboptimal HHL algorithm [39].

C4. Inefficient data extraction. We identify a previously
overlooked inefficiency (related to the norm of the
LBE state vector) in the data extraction schemes
proposed in Refs. [37,38] that must be addressed in
order to retain the potential for quantum advantage.

Our second contribution is the classical problem refor-
mulation allowing us to overcome the identified challenges
C2 and C4. We first employ a shifted incompressible
lattice Boltzmann equation, which, for the price of
restricting to incompressible flows, allows us to represent
the fluid using a state vector whose norm scales with the
magnitude of the lattice velocity. Combining this with a
tailored choice of simulation parameters that forces the
lattice velocity to be small enough, we control the norm of
the state vector to be constant, i.e., it does not scale with the
system size. Thiswaywemitigate the problemof inefficient
data extraction identified in challengeC4.We also employ a
discrete Carleman embedding [51–53], previously inves-
tigated in a restricted manner in the LBE context [40],
which allows us to approximate a nonlinear discrete-time
evolution by embedding it into a discrete-time linear
evolution of an enlarged system. By leaving time discre-
tization on the classical side and directly embedding the
second-order accurate LBE (instead of embedding the
underlying time-continuous equation), we avoid the issue
with small time steps. As a result of the classical problem
reformulation, we end up with a linear system AY ¼ b,
whose solution carries information about the fluid system
during the LBE evolution.
Our third contribution is a detailed design of a quantum

algorithm for simulating LBE through solving this linear
system. This includes the description of an efficient
encoding of the Carleman embedded LBE data into
quantum registers and a construction of the unitary
block-encoding of the Carleman linear system matrix A
together with unitary state preparations required by a
quantum linear solver to produce the coherent encoding
of the final steady state of the fluid. In doing so, we
develop novel block-encodings for discrete Carleman
matrices based on higher-order singular value decompo-
sition for rectangular matrices describing quadratic non-
linearities in the LBE collision step. We then present the
details concerning the query complexity qQ of running the
quantum linear solver algorithm for our problem, which
scales roughly as qQ ¼ ÕðαAκA=kAkÞ, where αA is the
block-encoding prefactor of A and κA is the condition
number of A. Finally, we explain how to perform mea-
surements to extract classical information about the drag
force. This extraction procedure brings additional multi-
plicative factor overhead qM, scaling as OðRe3=8Þ, to the
complexity of our quantum algorithm.
Finally, our fourth and central contribution is a careful

analysis of the performance of the introduced algorithm,
which overcomes challenge C3 and addresses C1. Broadly
speaking, we answer two main questions: how well our
algorithm reproduces the lattice Boltzmann dynamics and
at what complexity cost. First, we numerically investigate
the applicability of the Carleman approach for the lattice
Boltzmann equation, thus addressing the challenge C1. We
perform extensive numerical simulations for the D1Q3

FIG. 1. Pipeline and challenges. The QLS-based algorithmic
pipeline for Carleman-linearized dynamics commonly used in
the literature, together with the challenges C1–C4 that we
identify in Sec. IV.
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model with Carleman truncation orders NC ∈ f1;…; 5g
and Reynolds numbers Re∈ ½10; 1000�; and for D2Q9
model withNC ∈ f1;…; 3g and Re∈ ½10; 250�. We assume
periodic boundary conditions, no walls, and initial states
given by one-dimensional sinusoidal and colliding states,
as well as two-dimensional Taylor-Green vortices and
Gaussian vortex dipoles. We find that for low enough
Reynolds numbers, the Carleman truncation error ϵC
indeed converges, in the sense that increasing NC
decreases ϵC. However, we also observe the existence of
a threshold Reynolds number ReT, such that the Carleman
procedure does not converge for Re > ReT, i.e., increasing
truncation order NC increases the error ϵC instead of
decreasing it. For one-dimensional systems, this threshold
is relatively low, ReT ∼ 102; for two-dimensional systems,
it is higher by an order of magnitude or more, and we
expect it to be even higher for three-dimensional systems.
To address the challenge C3, we perform a careful

assessment of the complexity cost of running our algo-
rithm, which can be written as a product of three terms:

ComplexityQ ¼ qQ × g × qM: (1)

In the above, qQ is the query complexity of running the
QLS, g is the number of elementary T gates needed to
implement a single query, and qM is the overhead related to
repeating the measurements in order to extract the classical
information from the coherently encoded final state. This
should be compared with the run-time of classical algo-
rithms for D-dimensional fluid systems that scales as

ComplexityC ¼ OðNT⋆Þ ¼ O
�
Re

3
4ðDþ1Þ�; (2)

where we recall that N is the total number of spatial
discretization points and T⋆ denotes the number of discrete
time steps of the simulated evolution. We estimate the
T-gate cost g of a single query and prove that for a fixedNC
this just brings a constant overhead over the query cost qQ.
We also prove that the information extraction cost qM
scales as OðRe3=8Þ for the drag force, due to the boundary
nature of this observable, but expect Oð1Þ scaling for
certain bulk observables. Thus, the dominant component
of the quantum complexity cost comes from the query
complexity qQ, which itself is governed primarily by the
condition number κA. We then derive a lower bound for the
condition number κA, proving that at best one can hope
for κA ¼ Oð ffiffiffiffi

N
p

T⋆Þ, which shows that one can expect at
most a quadratic improvement in spatial degrees of free-
dom. We also perform extensive numerical simulations,
using the Lanczos method for Carleman matrices with
NC ∈ f1;…; 4g and dimensions up to ∼108, to estimate the
condition number for one- and two-dimensional fluid
systems [59]. We find that the condition number κA, so
also the query complexity qQ, scales as

qQ ¼ OðReχÞ; (3)

with χ growing with both the problem dimensionD and the
Carleman truncation orderNC. In particular, forD ¼ 2 and
NC ¼ 2, we estimate χ to be 1.936, which results in a lower
than classical scaling of Re2.25 for extracting bulk observ-
ables (and slightly higher scaling of Re2.311 for extracting
the drag force). We thus conclude that while modest
quantum advantage could be expected for two-dimensional
fluid systems (and, by extrapolation, for three-dimensional
ones), it will be limited to low NC, and so to low Reynolds
numbers or high error outputs.

III. BACKGROUND

Throughout the paper, we set the base of log to 2, and
when we use the natural logarithm, we denote it by ln. We
will also use the Dirac ket notation, e.g., jYi will denote
the normalized quantum state encoding the corresponding
vector Y.

A. Lattice Boltzmann equation

Within LBE, the fluid is modeled at time t and position
r in D-dimensional space by a vector-valued function
fðr; tÞ, whose components fmðr; tÞ, with m∈ f1;…; Qg,
are proportional to the probability density of finding a
fluid particle with a discrete velocity em. The local mass
density ρ and momentum density ρu of the fluid are then
given by

ρðr; tÞ¼
XQ
m¼1

fmðr; tÞ; ρuðr; tÞ¼
XQ
m¼1

fmðr; tÞem: (4)

LBE is derived from the DBE describing continuous
dynamics of f via [43,60]

∂fmðr; tÞ
∂t

þ em ·∇fmðr; tÞ ¼ Ωmðr; tÞ; (5)

where em ·∇fm is an advection term that describes
streaming, i.e., the flow of the fluid in space, while Ω
describes collisions that are local in space. The simplest
choice of Ω that we will adopt is the Bhatnagar-Gross-
Krook (BGK) collision operator given by [61]

Ωmðr; tÞ ¼ − 1

τ
½fmðr; tÞ − feqm ðr; tÞ�; (6)

where τ is the relaxation time determining the speed of
equilibration, and f eq is the Taylor expansion of the local
Maxwell equilibrium up to second-order terms:
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feqm ðr; tÞ ¼ ρðr; tÞ
�
1þ em · uðr; tÞ

c2s
þ ðem · uðr; tÞÞ2

2c4s

− juðr; tÞj2
2c2s

�
wm þOðMa3Þ: (7)

In the above, cs denotes the speed of sound, Ma ≔
juj=cs is the Mach number, and w is a vector of Maxwell
weightings for the different discrete velocities satisfying
wm ≥ 0 and

P
m wm ¼ 1. These weightings are chosen to

ensure the lowest-order velocity moments are reproduced
and conservation laws are respected. Since the error in the
above second-order expansion of the equilibrium density is
OðMa3Þ, one assumes a small Mach number, typically of
order Ma ∼ 10−2.
In order to address theDBEwith numerical methods, one

needs to discretize space and time. In lattice Boltzmann
methods, spatial discretization is achieved by choosing a
uniform and regular lattice with spacing Δx and a discrete
velocity set femg whose components are integer multiples
ofΔx=Δt, whereΔt is the duration of one discrete time step.
Now, using the method of characteristics, one can integrate
the DBE over one time step to obtain

fmðrþemΔt;tþΔtÞ¼fmðr;tÞþ
Z

Δt

0

Ωmðrþems;tþsÞds:
(8)

Using the first-order (rectangular) discretization to
approximate the integral on the right-hand side,Z

Δt

0

Ωmðrþ ems; tþ sÞds ¼ ΔtΩmðr; tÞ þOðΔt2Þ; (9)

one arrives at the original LBE:

fmðrþ emΔt; tþΔtÞ¼ fmðr; tÞ−Δt
τ
½fmðr; tÞ−feqm ðr; tÞ�:

(10)

The above, however, is only first-order accurate in the
step size Δt, and so requires very small Δt < 2τ to
accurately simulate the fluid dynamics. This in turn
translates into a large number of time steps and usually
an inefficient simulation (we will discuss this in more
detail in Sec. IV C).
To overcome this first-order accuracy issue, one uses

the implicit second-order (trapezoidal) discretization to
approximate the considered integral withZ

Δt

0

Ωmðrþ ems; tþ sÞds¼ Δt
2
½Ωmðrþ emΔt; tþΔtÞ

þ Ωmðr; tÞ� þOðΔt3Þ: (11)

One then follows the original idea of Refs. [62,63] and
introduces a new set of variables

f̄mðr; tÞ ¼ fmðr; tÞ − Δt
2
Ωmðr; tÞ; (12)

as well as the shifted relaxation time

τ̄ ¼ τ þ Δt
2
: (13)

Using these together with Eq. (11) in Eq. (8), one arrives
at the commonly used lattice Boltzmann equation

f̄mðrþemΔt; tþΔtÞ¼ f̄mðr; tÞ−Δt
τ̄
½f̄mðr; tÞ−feqm ðr; tÞ�;

(14)

which is second-order accurate and does not restrict one
to Δt < 2τ. Although in this approach one follows the
transformed variables f̄m rather than the original ones fm,
the macroscopic variables ρ and u stay unchanged, as

XQ
m¼1

f̄m ¼
XQ
m¼1

fm;
XQ
m¼1

f̄mem ¼
XQ
m¼1

fmem: (15)

Next, “lattice units” are used to represent all physical
parameters by dimensionless numbers. Denoting physical
quantities in lattice units by a ⋆ superscript, the time steps
are chosen to be of unit size, Δt⋆ ¼ 1. Moreover, for the
spatial discretization to also be of unit size, Δx⋆ ¼ 1, the
velocities e⋆m are chosen to have unit entries. The typical
choice of discrete velocities for one-, two- and three-
dimensional problems is given by the D1Q3, D2Q9 and
D3Q27 models, where the velocities e⋆m and their corre-
sponding weights wm are given in Table I.
Using lattice units, the first-order and second-order

accurate lattice Boltzmann equations, Eqs. (10) and (14),
read:

fmðr⋆ þ e⋆m; t⋆ þ 1Þ ¼ − 1

τ⋆
½fmðr⋆; t⋆Þ − feqm ðr⋆; t⋆Þ�

þ fmðr⋆; t⋆Þ; (16a)

f̄mðr⋆ þ e⋆m; t⋆ þ 1Þ ¼ − 1

τ̄⋆
½f̄mðr⋆; t⋆Þ − feqm ðr⋆; t⋆Þ�

þ f̄mðr⋆; t⋆Þ; (16b)

where t⋆ is an integer between 0 (initial time) and T⋆ (final
time), whereas each r⋆i is an integer between 1 (one edge
of the simulation region) and Ni (the other edge). The
conversion to physical units is given by

t¼ t⋆Δt; T¼T⋆Δt; τ¼ τ⋆Δt¼ 2τ̄⋆−1

2
Δt; (17a)

r ¼ r⋆Δx; Li ¼ NiΔx; (17b)

em ¼ e⋆m
Δx
Δt

; u ¼ u⋆
Δx
Δt

; cs ¼ c⋆s
Δx
Δt

; (17c)
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where T is the total evolution time, Li is the spatial
dimension in direction i, Δx is the physical distance
between neighboring lattice points, and u⋆ is the lattice
velocity.
The LBE is then usually divided into separate collision

and streaming steps in the following way:

f̄Cðr⋆; t⋆Þ¼ f̄ðr⋆; t⋆Þ− 1

τ̄⋆
½ f̄ðr⋆; t⋆Þ− f eqðr⋆; t⋆Þ�; (18a)

f̄mðr⋆ þ e⋆m; t⋆ þ 1Þ ¼ f̄Cmðr⋆; t⋆Þ; (18b)

with analogous equations for the unbarred variables
corresponding to the first-order accurate method.
Finally, the connection between the LBE and the

macroscopic equations of fluid mechanics is provided
by the Chapman-Enskog analysis [43]. It is based on a

perturbation expansion of f̄m ¼ f̄eqm þ ϵf̄ð1Þm þ ϵ2f̄ð2Þm þ
Oðϵ3Þ around the equilibrium distribution with the expan-
sion parameter ϵ ∝ Kn, the Knudsen number (the ratio of
the mean free path to the characteristic length scale of the
problem). Then, by taking moments of this expansion and
keeping only the two lowest-order terms, one recovers the
Navier-Stokes equations in the Kn ≪ 1 regime, with the
kinematic shear viscosity ν given by the LBE relaxation
time τ as

ν ¼ c2sτ ¼ c2s

�
τ̄ − Δt

2

�
: (19)

We can rewrite the right-hand side of the above using the
lattice units and physical discretizations,

ν ¼ c⋆s 2

�
τ̄⋆ − 1

2

�
Δx2

Δt
: (20)

Employing the fact that the lattice speed of sound for
D1Q3, D2Q9 and D3Q27 models is given by 1=

ffiffiffi
3

p
, one

obtains a relation between a physical value of kinematic
viscosity ν and the simulation parameters:

Δt ¼ Δx2

3ν

�
τ̄⋆ − 1

2

�
: (21)

To model the same physical scenario, characterized by
viscosity ν, one then has the freedom to choose two out of
three model parameters τ̄⋆, Δx, and Δt so that they satisfy
the above relation. Although different choices do not affect
the modeled physics, they influence the accuracy, stability
and efficiency of both the classical and quantum LBE
algorithms.

B. Quantum algorithms for fluid dynamics

Let us now briefly summarize the most recent QLS-
based quantum approaches employing Carleman embed-
ding to simulate the lattice Boltzmann equation presented
in Refs. [37,38]. These works focus on the LBE indirectly
by developing a quantum algorithm for solving the under-
lying discrete Boltzmann equation. They start from the
partial differential equation given by the DBE, Eq. (5), and
perform spatial discretization to transform it into an
ordinary differential equation (ODE). Since the obtained
ODE is nonlinear, Carleman linear embedding is then
employed, and a linear ODE describing the fluid dynamics
in a large linear space is derived. Finally, the resulting
linear ODE is solved using known quantum algorithms for
solving linear ODEs [16,21,32], and the output quantum
state, coherently encoding the solution, can then be
measured to extract information about the fluid system.
In order to transform the DBE into an ordinary differ-

ential equation, the authors of Refs. [37,38] consider a
spatial discretization of the simulation region, assumed
to be a three-dimensional rectangular cuboid of size
Lx × Ly × Lz, into a grid of N ¼ NxNyNz points with
nearest neighbors separated by Δx. As a result, instead of
Q-dimensional vectors fðr; tÞ at each point in space and
time, they are dealing with d-dimensional vectors fðtÞ at
each point in time with d ¼ NQ, where

fm;rðtÞ ≔ fmðr; tÞ;
ri
Δx

∈ f1;…; Nig; (22)

TABLE I. Discrete velocities in lattice units for standard LBE models [43]. The discrete weightings wm are
chosen so as to reproduce low-order velocity moments of the Maxwell-Boltzmann distribution.

D1Q3 m ¼ 1: e⋆m ¼ 0, wm ¼ 2=3,
m∈ f2; 3g: e⋆m ∈ f�1g, wm ¼ 1=6.

D2Q9 m ¼ 1: e⋆m ¼ ð0; 0Þ, wm ¼ 4=9,
m∈ f2;…; 5g: e⋆m ∈ fð�1; 0Þ; ð0;�1Þg, wm ¼ 1=9,
m∈ f6;…; 9g: e⋆m ∈ fð�1;�1Þg, wm ¼ 1=36.

D3Q27 m ¼ 1: e⋆m ¼ ð0; 0; 0Þ, wm ¼ 8=27,
m∈ f2;…; 7g: e⋆m ∈ fð�1; 0; 0Þ; ð0;�1; 0Þ; ð0; 0;�1Þg, wm ¼ 2=27,
m∈ f8;…; 19g: e⋆m ∈ fð�1;�1; 0Þ; ð�1; 0;�1Þ; ð0;�1;�1Þg, wm ¼ 1=54,
m∈ f20;…; 27g: e⋆m ∈ fð�1;�1;�1Þg, wm ¼ 1=216.
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and Δx ≔ Li=Ni with i∈ fx; y; zg. With such a discreti-
zation, and assuming weak incompressibility, the DBE
in Eq. (5) can be represented by an ordinary nonlinear
differential equation for a vector fðtÞ as

dfðtÞ
dt

¼ ðGþ F1ÞfðtÞ þ F2 f⊗2ðtÞ þ F3 f⊗3ðtÞ: (23)

The details of this derivation can be found in
Appendix B, together with the explicit forms of matrices
G and Fk.
Next, the authors of Refs. [37,38] replace the obtained

nonlinear ODE from Eq. (23) with a linear ODE in a larger
space using Carleman embedding. To explain how this can
be achieved, let us introduce an infinite vector y∞ðtÞ of size
dþ d2 þ d3 þ � � �,

y∞ðtÞ ≔ ½y1ðtÞ; y2ðtÞ;…�: (24)

Then, formally the non-linear DBE evolution for fðtÞ
from Eq. (23) is equivalent to the following infinite linear
ODE for y∞:

dy∞ðtÞ
dt

¼ C∞DBEy
∞ðtÞ; ykð0Þ ¼ f⊗kð0Þ; (25)

where

C∞DBE ¼

0
BBB@

C1
1 C1

2 C1
3 0 � � �

0 C2
2 C2

3 C2
4 � � �

0 0 C3
3 C3

4 � � �
..
. ..

. ..
. ..

. . .
.

1
CCCA; (26a)

Ck
j ≔

Xk−1
i¼0

I⊗i ⊗ ðFj−kþ1 þ δj;kGÞ ⊗ I⊗k−1−i; (26b)

is the infinite Carleman matrix with three non-zero blocks
in each row, and δj;k is the Kronecker delta. Truncating this
infinite set of equations at level NC, so that one deals with
the finite Carleman vector y ≔ ½y1; y2;…; yNC

�, gives

dyðtÞ
dt

¼ CDBEyðtÞ; ykð0Þ ¼ f⊗kð0Þ; (27)

with CDBE being the Carleman matrix given by C∞DBE
restricted to the firstNC blocks. Such truncation introduces
an error ϵC, so that

y1ðtÞ≈ϵC fðtÞ; (28)

only under certain conditions and for large enough NC.
Identifying conditions under which this occurs is a crucial,
and often involved, question one needs to answer toward
an efficient quantum algorithm.

Under the assumption that the problem from Eq. (27)
approximates well enough the discrete Boltzmann system
in the sense of Eq. (28), one can attempt to run a QLS
algorithm to output its solution. More precisely, modulo
time-discretization errors, the solver outputs a normalized
Carleman state at the final time T:

jyðTÞi ¼ 1

kyðTÞk ½y1ðTÞ; :::: yNC
ðTÞ�; (29)

or a history state encoding a superposition of the solution
at different times:

jyHi¼
X⌈T=Δt⌉
m¼1

kyðmΔtÞkffiffiffiffiffi
N

p jyððmΔtÞÞi⊗ jmΔti; (30)

with the normalization factor:

N ¼
X⌈T=Δt⌉
m¼1

kyðmΔtÞk2: (31)

The cost of obtaining these solution states depends
crucially on the condition number of the linear system
of equations obtained after time discretization, see
Refs. [16,21,32,64] and references therein, but also on
norm properties. This cost is typically defined in terms of
the number of times we need to apply two core unitaries:
one that encodes CDBE in one of its blocks and another that
encodes the preparation of a quantum state based on fð0Þ.
Establishing constructions for these unitaries and present-
ing evidence for a favorable scaling of the condition
number and favorable norm properties are necessary
conditions for any claim of quantum advantage. Finally,
non-trivial post-processing is required to extract data about
the fluid system from the output of the QLS, i.e., from the
quantum state jyðTÞi or jyHi.
The works in Refs. [37,38] are important, as they push

our understanding forward by analyzing various compo-
nents of this pipeline. However, as we shall see in the next
section, several algorithmic challenges remain to be
addressed before the potential for quantum advantage
can be fully assessed.

IV. IDENTIFICATION OF COMPLEXITY
CHALLENGES

A. Applicability of the Carleman approach

The Carleman linear embedding approach to fluid
simulation involves extending the nonlinear fluid system
into a large but linear system of equations. The core
parameter here is NC, the Carleman truncation order. The
resulting ODE system has dimension OðdNCÞ, and the two
core questions are as follows:
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1. Does the Carleman truncation error ϵC converge?
This means that ϵC [in the sense of Eq. (28)] should
decrease with increasing NC. Certain sufficient
conditions are known for special classes of systems
(dissipative [29–33], nonresonant [34], and
conservative [35]), but these are not directly appli-
cable to our setting, which is why we resort to
numerical evidence.

2. Assuming the Carleman truncation error ϵC con-
verges, what is a suitable choice of NC in practice?

Limited numerical analysis is currently available for the
Carleman truncation error ϵC for the discrete Boltzmann
equation:

(i) The authors of Ref. [37] presented a preliminary
numerical study of ϵC for a collisions-only D1Q3
model, with τ⋆ ¼ 1, a few hundred time steps,
N ¼ 1 (since no streaming is included, a single
node is taken), suggesting that NC ¼ 3 suffices to
get errors below 10−14. The issue with this approach
is that, in such a purely collisional setting, one can
actually prove analytically that the Carleman error
for truncation order NC ≥ 3 is exactly zero; see
Appendix C for details. Nontrivial ϵC for NC ≥ 3
can only be generated through the interplay of both
collisions and streaming and hence cannot be
assessed via numerics on collisions only. The
reported figure ϵC ≈ 10−14 seems then to be due
to numerical scheme precision rather than the actual
Carleman error.

(ii) An NC ¼ 3 truncation was chosen in the study in
Ref. [38], where the authors used the result of
Ref. [29] to obtain an extremely narrow time
window for guaranteed Carleman convergence,
i.e., they proved the Carleman convergence for
simulation times much below a single time step.

(iii) The authors of Ref. [40] instead analyzed a
Kolmogorov flow in the D2Q9 model with Nx ¼
Ny ¼ 32 and around 100 time steps, setting a trun-
cation NC ¼ 2, which entirely foregoes the cubic
term in the nonlinearity. Root mean square errors of
10−4 − 10−3 were observed in the low Reynolds
number regime of Re∈ ½10; 100�.

(iv) A similar setup and a lid-driven cavity flow
were analyzed in Ref. [39] for NC ∈ f1; 2g,
Nx ¼ Ny ∈ f16;…; 64g, Re∈ ½25; 50�. In the first
case, errors on the order of 10−2 (and decaying to
zero in a long-time regime) were observed, where
the discrepancies compared with Ref. [40] may
stem from differences in the boundary conditions
and initializations. For the lid-driven cavity, the
errors of around 10−3 were found (saturating for
long times). Importantly, in the settings considered,
it was found that pure linearization, NC ¼ 1, out-
performs the NC ¼ 2 Carleman truncation.

It is therefore problematic to draw from these results
any conclusions concerning the ability of the Carleman

procedure to capture genuinely nonlinear effects for two
reasons. First, the pure linearization errors are already fairly
small, and so the analyzed flows must exhibit very weak
nonlinearities. Second, the increase of the Carleman error
when going fromNC ¼ 1 toNC ¼ 2 suggests that one may
already be operating beyond the convergence radius of the
Carleman procedure. Third, there is no obvious trend to be
gathered from these few scattered studies.
We thus conclude that the question of the applicability of

the Carleman embedding method to the lattice Boltzmann
equation is still mostly unanswered. Since a linear embed-
ding of the nonlinear dynamics is pivotal to any quantum
algorithm, in this work we shall consider this problem
closely.

B. Scaling of the condition number

Let us now assume that we are in a scenario where the
problem of Carleman convergence is solved, i.e., for the
use case of interest a high enough Carleman truncation
order NC leads to a good approximation of the first
Carleman block: y1ðtÞ ≈ fðtÞ. The next step is to design
a quantum algorithm that prepares the Carleman state
jyðTÞi (or the Carleman history state jyHi) describing the
fluid system at the final time T (or during the whole
evolution between t ¼ 0 and t ¼ T). Recent quantum
approaches to the discrete Boltzmann equation rely on
quantum linear solvers applied to a linear system arising
from time discretization of Eq. (27). A crucial parameter to
be evaluated here is the scaling of the condition number κ
of that linear system, since quantum linear solvers have
complexity scaling at best linearly with it [10]. Checking
this scaling is crucial for any claim of potential quantum
advantage, since under an unfavorable scaling the quantum
algorithm may end up performing substantially worse than
the best known classical algorithms.
A standard approach that has been followed in recent

works [37,38] is based on discretizing time via a truncated
Taylor series method applied to Eq. (27). Several works
presented condition number upper bounds for this setting
under slight variations [21,32,65]. For the class of problems
at hand, it was found that the condition number scales as

κ ¼ O
�
T; kCDBEk; max

t∈ ½0;T�
keCDBEtk

�
; (32)

where we recall that T is the total simulation time, CDBE is
the truncated Carleman matrix, and k · k denotes the
operator norm (i.e., the largest singular value).
Concerning the norm of CDBE, in Ref. [37] [Eq. (93)], it

is claimed that kCDBEk ¼ Oðτ−1Þ, where τ is a constant.
However, the top-left block of the matrix CDBE includes the
finite-difference discretization of the streaming operator
em ·∇fm. In turn, this means that the largest element in
CDBE scales as Δx−1 ¼ OðNx;Ny; NzÞ, and hence kCDBEk
must also scale as OðNx;Ny; NzÞ or worse. This negates
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the headline exponential advantage in N, independently of
the question of the initial-state preparation and data
extraction. Also, note that in the context of the lattice
Boltzmann equation, one has kCk ¼ Oððτ̄⋆Þ−1Þ (which
does not scale with N), but this is simply because we
moved to lattice units, where the advection time is
N-dependent, so we just shifted the N-scaling to the
number of required time steps. More precisely, in the
discrete case, it is known that the number of time steps
needs to grow with the system size in order for the fluid
flow to develop, as one must allow at least for the
interaction of the edges of the simulation region with
themselves [38]. A more detailed analysis of kCDBEk for
this case can be found in Ref. [38]. Overall, this tells us
that the best we can hope for the quantum algorithm under
current approaches is a polynomial (in fact cubic) speedup,
not an exponential one [66].
Now, consider maxt∈ ½0;T�keCDBEtk. In Ref. [37] [Sec. 5e],

it is claimed that this quantity is Oð1Þ under stability
assumptions. Formally, the claim is that the norm of eCDBEt

is Oð1Þ when CDBE is marginally stable, i.e., when the
largest real part of the eigenvalues of CDBE is nonpositive.
While it is true that keCDBEtk can be upper bounded by a
quantity independent of t, maxt∈ ½0;T�keCDBEtk generally can
depend on N [67]. The work in Ref. [38] instead sets
maxt∈ ½0;T�keCDBEtk equal to 1, as a placeholder until further
analysis becomes available.
In summary, pinning down the N dependence of the

condition number is crucial for determining the size of a
quantum advantage, if any exists. In this work, we shall
look at this problem in detail.

C. Small time steps

Previous quantum algorithmic approaches to the LBE
focused on the DBE from Eq. (5). This is a natural starting
point to apply the Carleman linear embedding formalism,
as well as quantum algorithms whose analysis normally
assumes a time-continuous model. However, achieving a
numerically stable first-order accurate time-discretization
of the collision integral requiresΔt < 2τ [43]. Furthermore,
the explicit forward-time central-space discretization of the
streaming term imposes a CFL condition on the time step.
The standard lattice Boltzmann method avoids these par-
ticular constraints on the time-step size by treating stream-
ing exactly and stiff collision terms implicitly using a
second-order trapezoidal rule (see Sec. III A). As discussed
by Refs. [57,58], a second-order accurate time discretiza-
tion of DBE (termed DBE with memory) is possible;
however it can only be achieved by introducing a memory
term which introduces second derivatives in both space and
time. The approach of Refs. [37,38] is therefore equivalent
to dropping the memory term from the DBE with the
memory formulation of Ref. [58]. This results in a first-
order accurate formulation constrained by the numerical

stability condition Δt < 2τ. Therefore, the currently pro-
posed quantum approaches could be extended to be more
competitive in practice. In this work, we shall address this
time-step problem.

D. Inefficient data extraction

Finally, assuming that one somehow deals with the
Carleman convergence problem and the complexity of
obtaining the final time Carleman state jyðTÞi from
Eq. (29), there is still the problem of extracting data from
the quantum state encoding the dynamics. We will focus
on the problem of extracting classical information about
the fluid at time T from jyðTÞi. Note that analogous issues
as discussed below appear when one wants to extract
information from the history state jyHi.
First, note that it is not difficult to estimate that in the

weakly compressible (or incompressible) limit, at all times
t one has ffiffiffiffi

N
Q

r
≲ kfðtÞk≲ ffiffiffiffi

N
p

: (33)

As a result, the norm of the kth Carleman block of jyðTÞi
scales as

kykðTÞk
kyðTÞk ¼ OðkfðTÞkk−NCÞ ¼ Oð

ffiffiffiffi
N

p
k−NCÞ: (34)

This, in turn, means that in order to extract information
from the first Carleman block (which approximates
fðTÞ well enough), a quantum algorithm incurs a cost
Oð ffiffiffiffi

N
p

NC−1Þ, simply due to the fact that amplitude is
exponentially concentrated in the higher order k-blocks
of the Carleman vector [33]. Hence, already for NC ¼ 3,
which is the smallest order capturing the cubic non-
linearities of DBE, the cost scales linearly in the number
of discretization points, so the same as the classical
algorithm. Increasing NC further to decrease the Carleman
truncation error renders the quantum algorithm less effi-
cient than its classical counterpart.
One could also try extracting information from a higher

block yk, as it approximates k copies of the solution so that
one could read the solution independently k times from
such a block. However, not only would that result in a
higher truncation error, but also we would still incur an
extra scaling Oð ffiffiffiffi

N
p

NC−kÞ. This extra cost kills quantum
advantage over classical algorithms unless k ¼ NC (when
the dependence on N could disappear), or k ¼ NC − 1
(when one could hope for a quadratic improvement from
classical OðNÞ to Oð ffiffiffiffi

N
p Þ). However, yNC

ðtÞ ¼ f⊗NC
lin ðtÞ

with f lin describing the solution to the linear ODE

df linðtÞ
dt

¼ ðGþ F1Þf linðtÞ; f linð0Þ ¼ fð0Þ; (35)
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which corresponds to applying a naive linearization
procedure (i.e., dropping the nonlinear terms) applied to
the original DBE given by Eq. (5), which we could have
obtained in a simpler and more direct manner without
invoking any Carleman procedure. Similarly, yNC−1 only
describes the solution of the quadratic ODE, completely
ignoring cubic nonlinearities. Moreover, it is not clear
whether choosing a high NC and extracting data from
yNC−1 is any better, in terms of truncation error ϵC, than just
choosing NC ¼ 2 and focusing on y1. Hence, it is quite
likely that even if one is in the regime of converging error,
one cannot control it without making the algorithm
inefficient.
Most existing literature on quantum algorithms for the

lattice Boltzmann equation only discusses how to output
the Carleman states jyðTÞi or jyHi, without discussing the
critical problem of how to extract classical information
from a coherent encoding of the dynamics [39–41]. The
two works where extraction of data is discussed are
Ref. [37] and, in more detail, Ref. [38]. However, they
appear to miss this problem:

(i) In Ref. [37], the crucial ratio from Eq. (34) is
claimed to be Oð1= ffiffiffiffiffiffiffi

NC
p Þ [Eq. (102)]. This can be

traced back to the bound of Eq. (85) in Ref. [37],
which implicitly assumes kfðtÞk ≤ 1, which does
not hold. Technically, one can perform a rescaling
f ↦ γf to ensure the norm is smaller than 1 as
required, but this adds an extra scaling with N to the
condition number, removing any quantum advan-
tage, as we shall see below.

(ii) The authors of Ref. [38], on the other hand, try to
avoid the problem by extracting information from
all Carleman blocks. The issue with the argument
is the assumption that the Carleman procedure
outputs a state of the form yk ≈ f⊗k. In reality, due
to the reasons discussed above, the amplitude is
concentrated in the block k ¼ NC, which simply
contains information about the linear dynamics,
yNC

ðtÞ ¼ f⊗NC
lin ðtÞ. Since tackling relevant applica-

tions requires high values of N (Ref. [38] reports
use cases with N between 1019 and 1025), this
basically means that the output of the quantum
algorithm will just reflect the results one would
obtain from a naive linearization. As such, it
cannot capture the nonlinearity as required.

As anticipated, one potential way around the problem
described above is to rescale the DBE according to

f ↦ γf ; G ↦ G; F1 ↦ F1; (36a)

F2 ↦ F2=γ; F3 ↦ F3=γ2: (36b)

By taking γ < 1=kfk, one can ensure the norm of
f is rescaled to be smaller than 1, and thus avoid the
extra complexity cost mentioned. However, as already

mentioned in Sec. IV B, the condition number κ of the
linear system describing time-discretized DBE evolution
for time T scales as OðkCDBEkTÞ. With such rescaling, we
have

kCDBEk ¼ Oð1=γ2Þ ¼ Oðkfk2Þ ¼ OðNÞ; (37)

and so κ ¼ OðNTÞ. Given that the complexity of the best
QLS scales linearly with κ, we end up with a quantum
algorithm whose complexity scales the same way as the
classical algorithms with the number of spatial discretiza-
tion points N and simulation time T. We then conclude
that if the inefficient data extraction problem cannot be
mitigated, no quantum advantage for the simulation of
nonlinear dynamics is possible.

V. CLASSICAL PROBLEM REFORMULATION

We now discuss a formulation of the problem that helps
to overcome the obstacles described in the previous
section. Instead of exploiting the assumption of weak
incompressibility to motivate a truncated Taylor expansion
of 1=ρ ≈ 2 − ρ, enabling f eq to be expressed as a cubic
function of f , we will instead use the incompressible
formulation of LBE developed in Ref. [49]. At the expense
of discarding weakly compressible effects, which in low
Mach number flows are already negligible, this approach
provides an OðMa2Þ incompressible LBE formulation
whose collision integral is quadratic in the state vector
and thus upon application of the Carleman embedding
facilitates more efficient data extraction than its cubic
counterpart.

A. Shifted incompressible LBE

When Ma ≪ 1, compressibility effects are negligible,
and it is useful to instead solve the incompressible Navier-
Stokes equations which (in dimensional form) are as
follows:

∂u
∂t

þ ðu ·∇Þu ¼ − 1

ρ0
∇pþ ν∇2u; (38a)

∇ · u ¼ 0. (38b)

In the above, ρ0 and ν are the constant reference density
and kinematic viscosity, respectively, while pðr; tÞ is the
pressure field. In order to recover Eqs. (38a) and (38b) via
the lattice Boltzmann equation, one needs to modify the
equilibrium distribution from Eq. (7) so that only the
density variations that do not strongly violate Eq. (38b) are
retained. Expanding the density as ρ ¼ ρ0 þ δρ with
jδρj ≪ ρ0 and letting the pressure fluctuation be given
by p ¼ c2sδρ, we can substitute these expressions into
Eq. (7) to arrive at
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feqm ðr; tÞ ¼ wmρ0 þ wm
p
c2s

þ wmρ0

�
em · uðr; tÞ

c2s
þ ðem · uðr; tÞÞ2

2c4s
− juðr; tÞj2

2c2s

�
þOðMa3Þ: (39)

In addition to terms proportional to u, the term p ∼
OðMa2Þ must be retained because, in the incompressible
Navier-Stokes equations, the pressure term corrects for the
divergences produced by the convective nonlinearity (see,
e.g., Chapter 1 of Ref. [68]). However, as wmρ0 ∼Oð1Þ is
constant, we can also shift the density fm − wmρ0 → gm
(this is related to the trick used in Refs. [69,70] allowing
one to save digits lost in the cancellation fm − wmρ0). The
shifted equilibrium density then becomes

geqm ðr; tÞ ¼ wm
p
c2s

þ wmρ0

�
em · uðr; tÞ

c2s
þ ðem · uðr; tÞÞ2

2c4s
− juðr; tÞj2

2c2s

�
þOðMa3Þ; (40)

with the pressure and velocity given by

pðr; tÞ ≔ c2s
XQ
m¼1

gmðr; tÞ; (41a)

uðr; tÞ ≔ 1

ρ0

XQ
m¼1

gmðr; tÞem: (41b)

As discussed in Chapter 3 of Ref. [56], this formulation
recovers exactly the momentum equation, Eq. (38a), but
approximates the divergence-free condition, Eq. (38b), as

∇ · u ¼ 1

c2s

∂p
∂t

; (42)

where the right-hand side is OðMa2Þ. Although the above
approach is clearly suited for steady or slowly varying
flows in which the hydrodynamic timescale is much
slower than acoustic timescales T ≫ L=cs [71], the colli-
sion integral proposed by Ref. [50] (also quadratic in gm) is
exact and therefore preferable for time-dependent flows.
However, as the latter collision integral is more complex,
we have restricted this work to the simpler formulation in
order to demonstrate its connection with the weakly
compressible approach.
Returning to non-dimensional variables, we observe

from Eqs. (18a) and (18b) that this shifted LBE state vector
evolves according to the following equations:

gCðr⋆; t⋆Þ¼ gðr⋆; t⋆Þ− 1

τ̄⋆
½gðr⋆; t⋆Þ−geqðr⋆; t⋆Þ�; (43a)

gmðr⋆ þ e⋆m; t⋆ þ 1Þ ¼ gCmðr⋆; t⋆Þ; (43b)

with

geqm ¼
	
δρþ

�
3e⋆m · u⋆ þ 9

2
ðe⋆m · u⋆Þ2 − 3

2





u⋆j2
��

wm;

(44)

which can be rewritten as a quadratic function of g:

geqm ¼
�
9

2

�XQ
m1¼1

Em;m1
gm1

�2

− 3

2





 XQ
m1¼1

gm1
e⋆m1





2

þ
XQ
m1¼1

gm1
þ 3

XQ
m1¼1

Em;m1
gm1

�
wm

¼
�XQ

m1¼1

XQ
m2¼1

�
9

2
Em;m1

Em;m2
− 3

2
Em1;m2

�
gm1

gm2

þ
XQ
m1¼1

gm1
þ
XQ
m1¼1

3Em;m1
gm1

�
wm; (45)

where we introduced a Gram matrix E with matrix
elements

Em;m1
¼ e⋆m · e⋆m1

; (46)

and the fact that for the considered discrete velocity
models from Table I one has c⋆s ¼ 1=

ffiffiffi
3

p
. Although we

restrict our attention to a simple streaming step without
walls (just periodic boundary conditions), and without
external driving, we discuss and analyze the extension to
non-trivial geometries and driven flows elsewhere [54].
Given that the D-dimensional position vector r⋆ in

lattice units takes only integer values, the state of the
system at each time step t⋆ can be represented by the
following vector:

gðt⋆Þ ¼
X
r⋆

XQ
m¼1

gmðr⋆; t⋆Þjr⋆i ⊗ jmi; (47)

where we explicitly introduced position and velocity
registers, and the dimension of g is

d ≔ NQ; (48)

where

N ≔
YD
i¼1

Ni (49)

is the total number of spatial lattice points. We can then
rewrite the two steps of the shifted LBE, Eqs. (43a) and
(43b), as
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gCðt⋆Þ ¼ ðI þ F1Þgðt⋆Þ þ F2gðt⋆Þ⊗2; (50a)

gðt⋆ þ 1Þ ¼ SgCðt⋆Þ; (50b)

where S is a d × d permutation matrix (so also a unitary
matrix) encoding streaming:

S ¼
X
r⋆

XQ
m¼1

jr⋆ þ e⋆mihr⋆j ⊗ jmihmj; (51)

whereas Fk are d × dk matrices describing linear and
quadratic contributions from collisions, the form of which
can be read off from Eq. (45) to be:

F1 ¼
X
r⋆

jr⋆ihr⋆j ⊗
XQ

m;m1¼1

ðF̃1Þm;m1
jmihm1j; (52a)

F2 ¼
X
r⋆

jr⋆ihr⋆r⋆j ⊗
XQ

m;m1;m2¼1

ðF̃2Þm;m1m2
jmihm1m2j;

(52b)

where

ðF̃1Þm;m1
¼ 1

τ̄⋆
ðwm þ 3wmEm;m1

− δm;m1
Þ; (53a)

ðF̃2Þm;m1m2
¼ wm

τ̄⋆

�
9

2
Em;m1

Em;m2
− 3

2
Em1;m2

�
: (53b)

Notice that the above can be rewritten as

F1 ¼ Ir⋆ ⊗ F̃1; (54a)

F2 ¼ Ir⋆;r⋆ ⊗ F̃2; (54b)

where Ir⋆ and Ir⋆;r⋆ are N × N and N × N2 identity
matrices on the position registers, whereas F̃1 and F̃2

are Q ×Q and Q ×Q2 collision matrices acting on the
velocity register.
As explained above, the term δρ in Eq. (44) scales as

Oðju⋆j2Þ, while the remaining terms in that equation have
explicit dependence on u⋆ so that we can conclude that

geqm ¼ Oðju⋆jÞ: (55)

Moreover, in the incompressible lattice Boltzmann
formulation, the Mach number is taken as the small
expansion parameter. Thus, the Chapman-Enskog expan-
sion then gives that the non-equilibrium component of g is
of order Oðju⋆jÞ. Physically, in the incompressible low-
Knudsen regime, collisions keep the distribution close to
the local equilibrium manifold, so non-equilibrium kinetic
corrections remain of the same asymptotic order as the

hydrodynamic velocity perturbation. Thus, denoting the
upper bound on the magnitude of lattice velocity ju⋆j
during the evolution by u⋆max, we get

kgk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
r⋆

XQ
m¼1

jgmðr⋆; t⋆Þj2
vuut ¼ Oð

ffiffiffiffi
N

p
u⋆maxÞ: (56)

Therefore, in order to keep the norm of the solution
bounded, kgk < 1, one can simply enforce the following
value of lattice velocity

u⋆max ¼
u⋆0ffiffiffiffi
N

p (57)

for some constant u⋆0 . This way one can control the norm
of g, without a direct negative impact on the condition
number as in the rescaling approach (as we shall see in
Sec. VII C), thus overcoming the main obstacle for data
extraction that we discussed in Sec. IV D.
Finally, although we analyze the inclusion of non-trivial

geometries elsewhere [54], let us briefly explain here how
to include walls in our model. One can introduce an
indicator function W encoding the wall boundary con-
ditions in the following way:

Wr⋆ ¼
�
1 ∶ r⋆ is awall node;

0 ∶ r⋆ is a fluid node;
(58)

Then, the bounce-back effect of the walls can be
accounted for by modifying the streaming matrix in the
following way:

S¼
X
r⋆

XQ
m¼1

ð1−Wr⋆þe⋆mÞð1−Wr⋆Þjr⋆þe⋆mihr⋆j⊗ jmihmj

þ
X
r⋆

XQ
m¼1

Wr⋆þe⋆mð1−Wr⋆Þjr⋆ihr⋆j⊗ j−mihmj

þ
X
r⋆

XQ
m¼1

Wr⋆ jr⋆ihr⋆j⊗ jmihmj; (59)

where, with a slight abuse of notation, −m is a velocity
index corresponding to discrete velocity−e⋆m. In the above,
the first term corresponds to unmodified streaming when
both nodes considered are fluid; the second term encodes
bouncing when a particle in a fluid node hits a wall node;
and the third one simply means no evolution (identity
matrix) inside the wall nodes. Crucially, the streaming
matrix modified according to the above recipe is still a
permutation matrix, so S stays unitary.
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B. Parameter selection

We will now explain how to select simulation param-
eters Nx (spatial extent in lattice units), T⋆ (temporal
duration in lattice units), and τ̄⋆ (relaxation time in lattice
units) in order to guarantee the required scaling of the
lattice velocity from Eq. (57) and, at the same time, to be
able to simulate general dynamics of a fluid described by
kinematic viscosity ν. As we shall see, our main assump-
tions here are as follows:

(i) The number of discretization points N should scale
with a power of the Reynolds number, typically
Re3D=4, in order to resolve the Kolmogorov micro-
scale and capture the smallest dynamical features of
turbulent flows.

(ii) The simulation has to be run till a steady flow
develops, which happens after some constant multi-
ple of the advection time.

First, let us denote the upper bound on the maximal
physical velocity during the evolution by umax and intro-
duce the ratio ηu of the flow velocity u to umax,

ηu ¼ u
umax

: (60)

Next, assume for simplicity a cubic simulation region so
that all Li and Ni are equal, and denote by ηL the ratio of
the characteristic length L to the simulation region size Lx,

ηL ≔
L
Lx

: (61)

Thus, the Reynolds number of the considered fluid
problem can be expressed as

Re ≔
Lu
ν

¼ Lxumax

ν
ηLηu: (62)

Next, using Chapman-Enskog relation, Eq. (21), in the
expression for the conversion between physical and lattice
velocity, we get

u⋆max ¼
Δt
Δx

umax ¼
Δxumax

ν

ðτ̄⋆ − 1
2
Þ

3

¼ Lxumax

ν

ðτ̄⋆ − 1
2
Þ

3Nx
¼ ðτ̄⋆ − 1

2
Þ

3Nx

Re
ηLηu

: (63)

Thus, enforcing Eq. (57) means

τ̄⋆ ¼ 1

2
þ 3u⋆0

Re
ηLηu

ND=2−1
x

: (64)

Next, we recall that in order to resolve the Kolmogorov
microscale, one requires Δx ≃ L=Re3=4. We thus choose
the number of discretization points per direction to be the
following function of the Reynolds number:

Nx ¼
Reβ

ηL
: (65)

In what follows, we will keep β general to allow the
choice of a better or worse resolution, but when we
perform simulations or want to compare with the perfor-
mance of classical algorithms, we will always choose
β ¼ 3=4, which guarantees resolving the Kolmogorov
microscale.
With that, the expression for the relaxation constant

becomes

τ̄⋆ ¼ 1

2
þ 3u⋆0 η

D=2
L ηu

ReβðD=2−1Þþ1
: (66)

Since Δx is fixed by the condition to resolve the
Kolmogorov microscale and τ̄⋆ is fixed by the norm
condition from Eq. (57), Δt is also fixed by the
Chapman-Enskog relation, Eq. (21), to be

Δt ¼ L
u
u⋆0 η

D=2
L ηu

ReβðD=2þ1Þ : (67)

Finally, assuming that the steady flow will develop after
1=ηT advection times,

T ¼ 1

ηT

L
u
; (68)

the total number of time steps to simulate the fluid under
these conditions is given by

T⋆ ¼ T
Δt

¼ 1

ηTηuη
D=2
L

ReβðD=2þ1Þ

u⋆0
: (69)

In this work we will investigate the simplified scenario,
where we put

ηT ¼ ηu ¼ ηL ¼ 1; u⋆0 ¼ 1; (70)

i.e., we simulate for one advection time, the characteristic
length of the problem is equal to its spatial extent, the
maximal velocity is well approximated by the flow
velocity, and the constant u⋆0 controlling the norm kgk
is 1. In such a case, we get the following simulation
parameters:

Nx ¼ ⌈Reβ⌉; T⋆ ¼ ⌈ReβðD=2þ1Þ⌉; (71a)

τ̄⋆ ¼ 1

2
þ 3

ReβðD=2−1Þþ1
; u⋆max ¼

1

ReβD=2 ; (71b)

where we used the ceiling function to guarantee integer
values of Nx and T⋆. Thus, for a fixed problem dimension
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D and spatial resolution parameter β (with β ¼ 3=4
resolving the Kolmogorov microscale), the above simu-
lation parameters become a simple function of the
Reynolds number Re. Note that since the parameters ηT ,
ηu, ηL and u⋆0 are constants (i.e., independent of the system
size or the Reynolds number), the particular choice made
by us does not affect the overall scaling of simulation
parameters with Re, and so does not affect the asymptotic
scaling of the algorithm’s complexity.

C. Discrete Carleman embedding

We now have a discrete-time nonlinear problem describ-
ing the fluid dynamics via Eqs. (50a) and (50b) with the
parameter choice given by Eqs. (71a) and (71b). This
provides a well-defined problem, and we now wish to
consider how it can be simulated on a quantum computer.
As discussed previously, this cannot be done directly, but
we must construct a linear representation of the problem
that is amenable for the quantum computer. Therefore, the
next step is to embed the nonlinear equations in a larger
dimensional space so that it can be well approximated by a
discrete-time linear problem. To achieve this, we start by
introducing infinite vectors yC;∞ðt⋆Þ and y∞ðt⋆Þ of size
dþ d2 þ d3 þ � � �,

yC;∞ðt⋆Þ ≔ ½yC1 ðt⋆Þ; yC2 ðt⋆Þ;…�; (72a)

y∞ðt⋆Þ ≔ ½y1ðt⋆Þ; y2ðt⋆Þ;…�; (72b)

where

yCk ðt⋆Þ ¼ ½gCðt⋆Þ�⊗k; ykðt⋆Þ ¼ ½gðt⋆Þ�⊗k; (73)

which carry information about all powers of the shifted
LBE evolution, respectively ending with a streaming or a
collision step. As this replacing of higher powers with new
variables is inspired by the Carleman linear embedding
procedure [51–53], we will refer to yC;∞ðt⋆Þ and y∞ðt⋆Þ
as the infinite Carleman vectors. From Eq. (50b), we
straightforwardly obtain the streaming update rule for
y∞ðt⋆Þ:

y∞ðt⋆ þ 1Þ ¼ S∞yC;∞ðt⋆Þ; (74)

where

S∞ ¼

0
BBB@

S 0 0 � � �
0 S⊗2 0 � � �
0 0 S⊗3 � � �
..
. ..

. ..
. . .

.

1
CCCA (75)

is an infinite Carleman streaming matrix, which is unitary.
To get the collision update rule for yC;∞ðt⋆Þ, let us start

from the LBE collision equation, Eq. (50a), for k copies of

the state vector:

½gCðt⋆Þ�⊗k

¼ ½ðI þ F1Þgðt⋆Þ þ F2½gðt⋆Þ�⊗2�⊗k

¼
Xk
k1¼0

½ðI þ F1Þ⊗k1 ⊗ F⊗k−k1
2 þ perms:�½gðt⋆Þ�⊗2k−k1

¼
X2k
l¼k

½ðI þ F1Þ⊗2k−l ⊗ F⊗l−k
2 þ perms:�½gðt⋆Þ�⊗l

¼
X2k
l¼k

Ck
l ½gðt⋆Þ�⊗l; (76)

where we have introduced dk × dl matrices

Ck
l ≔ ðI þ F1Þ⊗2k−l ⊗ F⊗l−k

2 þ perms:; (77)

and where þ perms: denotes a sum over distinct permu-
tations over k subsystems, with 2k − l subsystems of
type 1, and l − k subsystems of type 2. This means that

yCk ðt⋆Þ ¼
X2k
l¼k

Ck
l ylðt⋆Þ; (78)

which can be written compactly as

yC;∞ðt⋆Þ ¼ C∞y∞ðt⋆Þ; (79)

with the infinite Carleman collision matrix

C∞ ¼

0
BBB@

C1
1 C1

2 0 0 � � � 0

0 C2
2 C2

3 C2
4 � � � 0

0 0 C3
3 C3

4 � � � 0

..

. ..
. ..

. ..
. . .

. ..
.

1
CCCA; (80)

where in each row k there are kþ 1 non-zero blocks.
The nonlinear update rule for a d-dimensional vector

gðt⋆Þ from Eqs. (50a) and (50b),

gðt⋆ þ 1Þ ¼ S½ðI þ F1Þgðt⋆Þ þ F2gðt⋆Þ⊗2�; (81)

can thus be formally replaced by a linear update rule for an
infinite-dimensional vector y∞ðt⋆Þ,

y∞ðt⋆ þ 1Þ ¼ S∞C∞y∞ðt⋆Þ: (82)

This infinite system can be then truncated at levelNC, so
that we are dealing with finite Carleman vectors

yCðt⋆Þ ≔ ½yC1 ðt⋆Þ; yC2 ðt⋆Þ;…; yCNC
ðt⋆Þ�; (83a)

yðt⋆Þ ≔ ½y1ðt⋆Þ; y2ðt⋆Þ;…; yNC
ðt⋆Þ�; (83b)
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of dimension

dC ≔ dþ d2 þ � � � þ dNC ¼ dðdNC − 1Þ
d − 1

; (84)

which carry information about all powers of the shifted
incompressible LBE evolution up to the NC-th power. The
collision and streaming steps are now captured by the
Carleman collision matrix C and Carleman streaming
matrix S, which are given by C∞ and S∞ restricted to the
first NC blocks. Due to the block-diagonal form of S,
coming from the linearity of the original transformation, it
can be implemented exactly for a finite truncation order
NC, i.e., no truncation error is introduced. The collision
step, on the other hand, has minfkþ 1; NC − kþ 1g non-
zero blocks in each row k and, since truncation removes
some of the terms as compared to the original matrix C∞, a
truncation error is typically expected, i.e., the evolution
obtained from a truncated linear system will generally
differ from the original shifted LBE dynamics. We will
discuss the Carleman truncation error ϵC, and in particular
its dependence on the truncation order NC, in Sec. VII A.
The update rule for the Carleman vector is thus given by

yðt⋆ þ 1Þ ¼ SCyðt⋆Þ; (85)

and the above recurrence relation has a clear solution
given by

yðt⋆Þ ¼ ðSCÞt⋆yini; (86)

where yini is the initial Carleman vector obtained from the
initial condition gð0Þ:

yini ¼ ½gð0Þ; gð0Þ⊗2;…; gð0Þ⊗NC �: (87)

Thus, given the initial state gð0Þ of the original fluid
system, its state after T⋆ collision and streaming steps is
given by

gðT⋆Þ≈ϵC ½ðSCÞT
⋆
yini�1 (88)

where ≈ϵC captures the introduced truncation error.

D. Linear system formulation

Since the heart of our quantum algorithm for the lattice
Boltzmann equation is based on a quantum linear solver,
in this section we explain how to cast the Carleman state
evolved under discrete-time dynamics from Eq. (86) as a
solution to a linear system of equations. More precisely,
we first construct a linear system AH, whose solution YH
carries information about the whole history of the evolu-
tion described by the shifted incompressible LBE (i.e.,
at all discrete time steps between 0 and T⋆). We then
construct another system AF, whose solution YF can be

used to recover the final state of the evolution (i.e., after T⋆

time steps). In what follows, we will use a shorthand
notation of A and Y to denote either AH and YH, or AF
and YF, when the discussed results for both systems are
identical.

1. History state

The shifted incompressible LBE problem with T⋆

streaming and collision steps can be written in the form
of the following linear system of dimension dCðT⋆ þ 1Þ:0
BBBBB@

I 0 � � � 0 0

−SC I � � � 0 0

..

. ..
. . .

. ..
. ..

.

0 0 � � � I 0

0 0 � � � −SC I

1
CCCCCA

0
BBBBB@

yð0Þ
yð1Þ
..
.

yðT⋆ − 1Þ
yðT⋆Þ

1
CCCCCA ¼

0
BBBB@

yini
0

..

.

0

0

1
CCCCA;

(89)

or in a more compact form as

AHYH ¼ b: (90)

The vector YH is the Carleman history state, carrying
information about Carleman vector at all times during the
simulated evolution. It can be verified by direct calculation
that the inverse of AH is given by

A−1
H ¼

0
BBBBB@

I 0 � � � 0 0

SC I � � � 0 0

..

. ..
. . .

. ..
. ..

.

ðSCÞT⋆−1 ðSCÞT⋆−2 � � � I 0

ðSCÞT⋆ ðSCÞT⋆−1 � � � SC I

1
CCCCCA; (91)

which is indeed in accordance with Eq. (86). We thus see
the solution to the set of linear equations above,

YH ¼ A−1
H b ¼ ðyini;SCyini;…; ðSCÞT⋆

yiniÞ⊤; (92)

carries information about the whole evolution described by
the shifted incompressible LBE.

2. Final state

For the recovery of just the final state, instead of the
whole history state, we will consider an alternative linear
system, inspired by Ref. [14], with additional ð2W − 1Þ
ðT⋆ þ 1Þ idling steps after the original T⋆ þ 1 evolution
steps (where W is an integer to be determined). More
precisely, we consider

AFYF ¼ b; (93)

with
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AF ¼

0
BBBBBBBBBBBB@

I 0 � � � 0 0 0 � � � 0 0

−SC I � � � 0 0 0 � � � 0 0

..

. ..
. . .
. ..

. ..
. ..

. � � � 0 0

0 0 � � � I 0 0 � � � 0 0

0 0 � � � −SC I 0 � � � 0 0

0 0 � � � 0 −I I � � � 0 0

..

. ..
. � � � ..

. ..
. ..

. . .
. ..

. ..
.

0 0 � � � 0 0 0 � � � −I I

1
CCCCCCCCCCCCA
: (94)

The solution of the above is

YF ¼ A−1
F b ¼ ðyini;SCyini; ;…; ðSCÞT⋆

yini;

ðSCÞT⋆
yini;…; ðSCÞT⋆

yini|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ð2W−1ÞðT�þ1Þtimes

Þ⊤: (95)

Clearly, the first T⋆ þ 1 blocks of YF coincide with the
history state YH, but the remaining ð2W − 1ÞðT⋆ þ 1Þ
blocks contain the Carleman vector corresponding to the
state of the system at the final time T⋆. As we will explain
in Sec. VI D 1, this will help our quantum algorithm to
recover the final state more efficiently than from the
history state. Also, the inverse A−1

F has its first T⋆ þ 1

rows the same as for A−1
H (see Eq. (91)), after which there

follow rows, where each row k is given by the last row of
A−1
H appended by k identities. We note that the choice of

ð2W − 1ÞðT⋆ þ 1Þ idling steps was made for practical
implementation reasons (it can be achieved using W extra
qubits) and, as we shall see, the value of W can be chosen
to control the probability of recovering the final state.

VI. QUANTUMALGORITHM IMPLEMENTATION

In the previous section, we explained how to rephrase
the solution of the shifted incompressible lattice
Boltzmann equation as a solution Y of a set of linear
equations described by either Eqs. (90) or (93). In this
section, we will construct a quantum algorithm that first
employs a quantum linear solver to prepare the solutions Y
coherently encoded in the amplitudes of a quantum state;
and then post-processes them to extract classical informa-
tion about the fluid.
First, in Sec. VI A, we will describe how we encode the

data in quantum registers, and then we will present the
following three steps of our algorithm:

1. Input. In order for a quantum linear solver to output
the solution to AY ¼ b, the matrix A and vector b
must be passed to it in a way that a quantum
computer can deal with.We achieve this in Sec. VI B
by constructing a unitary block-encoding UA of A
and a unitary state preparation Ub of b.

2. Processing. In Sec. VI C, we explain how to use the
quantum linear solver, with the best theoretical
guarantees currently available, to bound the query

complexity to the unitary block-encoding UA and
unitary state preparation Ub to obtain a state ϵQ
away from the normalized solution jYi.

3. Output. In Sec. VI D, we describe necessary post-
processing steps in the form of measurements
performed on jYi that allow one to extract classical
information about the fluid system.

A. Data encoding

We will describe our data encoding process in a few
steps, starting from the smallest data structure of a single
state vector g encoded as a quantum state jgi; then we will
explain how to encode a Carleman vector y from Eq. (83b)
into a quantum state jyi; and finally how to encode the full
data Y including the time register [meaning YH in Eq. (90)
or YF in Eq. (93)] into a quantum state jYi. When writing
the encodings, we will assume D ¼ 3, and the smaller
dimensions can be straightforwardly obtained by dropping
the unnecessary registers. The total number of spatial
points is N ¼ NxNyNz, with Ni corresponding to the
number in the i’th direction. To simplify expressions,
when computing qubit counts we give expressions like
logNx, which should be taken to mean ⌈ logNx⌉, namely
we round up to the nearest integer.
To encode the shifted LBE state vector into a quantum

state jgi, we use three spatial registers composed of logNx,
logNy, and logNz qubits, and three velocity registers, each
composed of two qubits:

jgðt⋆Þi ¼
XNx;Ny;Nz

r⋆x ;r⋆y ;r⋆z ¼1

X
vx;vy;vz ∈
f00;01;10g

gmðvx;vy;vzÞðr⋆; t⋆Þffiffiffiffiffi
N

p

× jr⋆x ; r⋆y ; r⋆z i ⊗ jvx; vy; vzi; (96)

where N is the normalization, r⋆i are discrete spatial
positions along axis i in the binary representation, whereas
ðvx; vy; vzÞ encode velocity indices according to:

vi ¼
8<
:

00∶ ðe⋆mÞi ¼ 0;
10∶ ðe⋆mÞi ¼ −1;
01∶ ðe⋆mÞi ¼ 1.

(97)

Note that this velocity encoding is almost optimal, as it
requires 2D qubits, while the optimal one uses 2, 4, and 5
for D∈ f1; 2; 3g. The total number of qubits required to
encode an LBE state vector is thus logN þ 2D.
Next, we need to encode the Carleman state jyi. While

the original Carleman vector y is composed of a direct sum
of vectors y1;…; yNC

, for practical reasons, it is better to
use a tensor product encoding [30]. More precisely, we add
an extra Carleman block register jnCi composed of logNC
qubits and pad the lower blocks with zeros:
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jyðt⋆Þi¼
XNC

nC¼1

kynCðt⋆Þk
kyðt⋆Þk jnCi⊗ jynCðt⋆Þi⊗ j0i⊗NC−nC :

(98)

Above, jynCi is composed of nC single LBE state vector
registers (i.e., nCðlogN þ 2DÞ qubits), and a single j0i is
composed of a single LBE state vector register, i.e., of
logN þ 2D qubits. Since ynC lives in a vector space
consisting of nC copies of the space for the LBE state
vector, we will denote its single state components by y½l�
for l∈ f1;…; nCg.
Using the proposed tensor product encoding, the struc-

ture of the Carleman matrices changes so that all their
Carleman blocks become square matrices with a fixed
dimension. More precisely, the action of the Carleman
collision matrix can be extended to

C ¼
XNC

k¼1

Xminf2k;NCg

l¼k

jkihlj ⊗ Ck
l ⊗ j0i⊗l−k ⊗ I⊗NC−l

¼:
XNC

k¼1

Xminf2k;NCg

l¼k

jkihlj ⊗ C̄k
l ⊗ I⊗NC−l; (99)

so that every rectangular matrix Ck
l becomes a square

matrix C̄k
l by adding in the output l − k zero states, and

then we extend it to a square matrix with a fixed dimension
for all blocks by padding it with additional NC − l identity
matrices. Similarly, the Carleman streaming matrix is
extended to

S ¼
XNC

k¼1

jkihkj ⊗ S⊗k ⊗ I⊗NC−k: (100)

Finally, we need to encode states jYHi and jYFi. We
achieve this by adding an extra time register t⋆ composed
of logðT⋆ þ 1Þ qubits and, in the case of jYFi, an extra
waiting register w composed of W qubits:

jYHi ¼
XT⋆

t⋆¼0

kyðt⋆Þk
kYHk

jt⋆i ⊗ jyðt⋆Þi; (101a)

jYFj ¼
1

kYFk

 XT⋆

t⋆¼0

kyðt⋆Þkj0i⊗ jt⋆i⊗ jyðt⋆Þi

þkyðT⋆Þk
X2W−1
w¼1

XT⋆

t⋆¼0

jwi⊗ jt⋆i⊗ jyðT⋆Þi
!
:

(101b)

Summarizing, the full data register is composed of the
following:

(i) A single time register t⋆ consisting of logðT⋆ þ 1Þ
qubits.

(ii) A single waiting register w consisting of W qubits
(absent in the case of history state).

(iii) A single Carleman block register nC consisting of
logNC qubits.

(iv) NC single state vector registers y½k�, each composed
of D spatial registers r⋆i (consisting of logNi qubits
each) and D velocity registers vi (consisting of 2
qubits each).

Adding this all together, we get that the number nD of
qubits in the data register is given by

nD ¼ logðT⋆ þ 1Þ þW þ logNC þ NCðlogN þ 2DÞ:
(102)

Using the simulation parameter choice from Eqs. (71a)
and (71b), with Nx ¼ Ny ¼ Nz, we can represent it as a
function of the Reynolds number Re:

nD ¼ β

	
D
�
NCþ

1

2

�
þ1

�
logReþ2DNCþ logNCþW;

(103)

and so the size of the data register scales efficiently with
the Reynolds number Re and the Carleman truncation
order NC. For example, for a D ¼ 3 system with Reynolds
number Re ¼ 108, parameter β ¼ 3=4 to resolve the
Kolmogorov microscale, W ¼ 10 to extract the final state
with high probability, and a relatively high truncation order
NC ¼ 10, one needs 722 qubits.

B. Unitary block-encodings and state preparations

The quantum algorithm involves a range of non-unitary
matrices that define the problem instance, as well as state
preparation data. Quantum computers are primarily con-
cerned with quantum circuits that generate unitary oper-
ations. We must therefore encode the matrices defining the
problem within a unitary context that the quantum com-
puter can process. This is achieved through the concept of
a unitary block-encoding of a matrix A. In what follows,
we summarize key results that are central to the algorithm
construction, while all the details can be found in
Appendix D.
The construction of block-encodings of AH and AF can

be divided into two steps. In the first step, we assume
access to the block-encodings of the collision matrices,
I þ F1 and F2, that are the basic building elements of the
Carleman collision matrix C. Then, using standard tech-
niques of linear combination of unitaries (LCU), we can
block-encode both AH and AF with a block-encoding
prefactor αA and using the number of ancillary qubits
nA, with:
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αA ¼ 1þ
XbNC2 c

l¼0

�
NC − l

l

�
αNC−2l
IþF1

αlF2
; (104a)

nA ¼ max
l∈f0;…;bNC=2cg

	
log
�
NC− l

l

�
þ lð4D−1Þ

�

þNCþ1þ log
��

NC

2

�
þ1

�
; (104b)

where αIþF1
and αF2

are the block-encoding prefactors for
the collision matrices.
The second step then consists of constructing block-

encodings for these collision matrices. Recalling that they
act locally in space [see Eqs. (54a) and (54b)], we only
need to block-encode small Q ×Q and Q ×Q2 matrices
I þ F̃1 and F̃2. For I þ F̃1, we employ the block-encoding
based on singular value decomposition (SVD), resulting in
the block-encoding prefactor given by the largest singular
value element of I þ F̃1. By explicit calculation we then
end up with

αIþF1
¼ 1ffiffiffiffiffiffiffiffiffiffi

2Dþ1
p

τ̄⋆

�
3D þ 2Dþ1ðτ̄⋆2 − τ̄⋆Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9D þ 4 · 6Dðτ̄⋆2 − τ̄⋆Þ

q �1
2: (105)

As for the block-encoding of F̃2, we use a method based
on higher-order singular value decomposition (HOSVD).
More precisely, we decompose the Q ×Q2 matrix F̃2 as

F̃2 ¼ L2Σ2ðR2 ⊗ R2Þ†; (106)

where L2 and R2 are Q ×Q unitary matrices, while Σ2 is a
Q ×Q2 matrix with as small a rank as possible. This way,
we end up with a block-encoding of F2 with the prefactor

αF2
¼ 2

3τ̄⋆

�
3ffiffiffi
2

p
�

D ffiffiffiffiffiffiffiffiffiffiffiffi
Dþ 2

p
: (107)

Using Eqs. (105) and (107) in Eq. (104a), we end up
with the final expression for the block-encoding prefactor.
The final missing component before we can run a

quantum linear solver is a unitary state preparation Ub
of jbi. For that, we assume access to a unitary state
preparation Uψ ini

of the initial state jψ inii for the shifted
LBE problem:

jψ inii ∝
X
r⋆

XQ
m¼1

gmðr⋆; 0Þjr⋆; mi; (108)

where we use a concise notation for the velocity registers.
In this work, we disregard walls, inlets and outlets (which
we analyze elsewhere [54]), but consider non-trivial initial
states given by gm;r⋆ð0Þ describing e.g., Taylor-Green

vortices and vortex dipoles, see Sec. VII A for details.
The complexity cost of constructing Uψ ini

will clearly
depend on the initial state jψ inii considered. In the worst-
case scenario, this overhead may become sufficiently large
to undermine the quantum advantage associated with
simulating the time evolution. For example, for random
or unstructured states, where each entry must be loaded
independently, the complexity of state preparation may
scale as OðNÞ with the number of lattice points. It is
therefore important to emphasize that any claims regarding
the end-to-end complexity are contingent upon efficient
initial-state preparation. In practice, however, the initial
velocity fields of interest typically exhibit an explicit
functional dependence on position, meaning that the
corresponding initial states are highly structured, making
this assumption well justified. Thus, we will assume here
that the complexity cost of Uψ ini

is negligible compared to
the cost of unitary block-encodingUA of the linear system.
Moreover, one can also show that the complexity cost of

Ub does not differ much from that of Uψ ini
, and so can be

neglected. Namely, in order to prepare jbi using Uψ ini
,

one can employ a result from Ref. [30], where Lemma 4
shows how to construct Ub using OðNCÞ queries to Uψ ini

supplemented by OðNCÞ single-qubit gates. Hence, each
query to Ub translates to OðNCÞ queries to Uψ ini

(in fact,
exactly NC, so there are no hidden large constant
prefactors).

C. Quantum linear solver

Once we have encoded the data about our fluid
dynamics problem in unitaries UA and Ub, we can use
a quantum linear solver to prepare a quantum state
encoding the solution to our problem in its amplitudes.
We shall use the algorithm from Ref. [12], since at the time
of writing, it provides the lowest rigorously guaranteed
upper bound to the number of required applications of
(controlled) UA, Ub and their inverses, i.e., the best upper
bound for the query complexity qQ. However, in order to
get the correct query complexity upper bound, we need to
carefully translate our problem to the standardized linear
problem studied in Ref. [12], which we do in Appendix E.
This leads us to the following upper bound on qQ:

qQ ≤
αA
kAk

�
56.0κA þ 1.05κA ln

�ð1 − ϵ2QÞ
1
2

ϵQ

��

þ 2.78 ln
�

αA
kAk κA

�
3

þ 3.17: (109)

Upon successful execution, the quantum linear solver
algorithm outputs a coherent encoding of the solution to
AY ¼ b as normalized quantum states. More precisely, for
the history state and final state output we get:
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jYHi ¼
1

kYHk
XT⋆

t⋆¼0

jt⋆i ⊗ yðt⋆Þ

¼ 1

kYHk
XT⋆

t⋆¼0

jt⋆i ⊗ ðSCÞt⋆yini; (110a)

jYFi ¼
1

kYFk

 XT⋆

t⋆¼0

j0i ⊗ jt⋆i ⊗ yðt⋆Þ

þ
X2W−1

w¼1

XT⋆

t⋆¼0

jwi ⊗ jt⋆i ⊗ yðT⋆Þ
!

¼ 1

kYFk

 XT⋆

t⋆¼0

j0i ⊗ jt⋆i ⊗ ðSCÞt⋆yini

þ
X2W−1

w¼1

XT⋆

t⋆¼0

jwi ⊗ jt⋆i ⊗ ðSCÞT⋆
yini

!
: (110b)

These two outputs describe the coherent encoding of the
dynamics, provided in the form of an entangled quantum
state over the registers. We next turn to post-processing
and information extraction.

D. Measurements and data extraction

1. Recovering final and history LBE states

We start by explaining how to recover the Carleman
state of the system at the final time T⋆ from the state jYFi.
To achieve this, we perform a measurement of both the
waiting register w and time register t⋆, discarding them
afterward. From Eq. (110b), it is clear that if the w
outcome is anything but an all zero state, then irrespective
of the t⋆ outcome, we collapse the system onto the final
Carleman state:

jyðT⋆Þi ¼ 1

kyðT⋆Þk ðSCÞ
T⋆
yini: (111)

Introducing

NH ¼
XT⋆

t⋆¼0

kðSCÞt⋆yinik2; (112a)

N F ¼ ðT⋆ þ 1ÞkðSCÞT⋆
yinik2; (112b)

we see that this happens with probability

pðyðT⋆ÞÞ ¼ 1

1þ 1
2W−1 ·

NH
N F

: (113)

The above approaches 1 exponentially with increasing
the number W of qubits in the waiting register. Moreover,
under reasonable assumptions on the final state solution of

the flow, the expected value ofW, ensuring a probability of
success of at least 1=2, is constant, independent of the
system size. More precisely, as long as the solution yields
non-zero velocity field on a constant fraction of N lattice
sites (expected, e.g., for steady states of non-trivial flows),
the ratio NH=N F will be of order Oð1Þ, and so a constant
W will guarantee p > 1=2. For example, whenNH ≈N F,
a single waiting qubit gives a constant probability of
success, approximately equal to 1=2. Given the expected
high success probability, in practice a repeat-till-success
strategy appears to be more convenient than a strategy
based on amplitude amplification, although the latter is
also possible.
Next, both for the Carleman history state jYHi and the

final Carleman state jyðT⋆Þi, we measure the Carleman
block register nC. We keep the outcome only if nC ¼ 1 and
discard all the state vector registers except for the first one.
Thus, we collapse the system onto

jψFi ≔ jy1ðT⋆Þi ≈ jgðT⋆Þi; (114a)

jψHi ≔
XT⋆

t⋆¼0

jt⋆i ⊗ jy1ðt⋆Þi ≈
XT⋆

t⋆¼0

kgðt⋆Þk
N g

jt⋆i ⊗ gðt⋆Þ;

(114b)

where the approximation error comes from the Carleman
truncation error ϵC and QLS error ϵQ, whereas N g is the
normalization factor. Assuming kykk ≈ kgkk, one obtains
jψFi with probability

pðψFÞ ≈
kgðT⋆Þk2PNC

k¼1 kgðT⋆Þk2k ¼
1 − kgðT⋆Þk2
1 − kgðT⋆Þk2NC

: (115a)

Moreover, assuming that the norm of gðt⋆Þ does not
change significantly during the evolution so that kgðt⋆Þk ≈
kgðT⋆Þk for all t⋆, the probability pðψHÞ of obtaining jψHi
is the same, i.e., pðψHÞ ≈ pðψFÞ. Crucially, note that
different from prior proposals, our introduction of a shifted
LBE model and our choice of parameters from Eqs. (71a)
and (71b) guarantees kgk < 1. Hence, we get constant
success probabilities; in particular, when kgk ≈ 1, the
probabilities become approximately 1=NC [72]. To show
that this solves the problem with challenge C4 from
Sec. IV D, rather than just shifting it into challenge C2,
we need to analyze how our choice of parameters affects
the condition number κA, which we do in Sec. VII C.

2. Extracting the drag force

We now proceed to explain how to perform measure-
ments on jψFi to estimate the drag force at the final time
T⋆ on some boundary wall. Our analysis will closely
follow the proposal presented in Ref. [38], with some small
changes due to us working with the shifted LBE vector g,
and not the LBE vector f̄. Using the standard momentum

END-TO-END QUANTUM ALGORITHM FOR NONLINEAR … PRX QUANTUM 7, 033060 (2026)

033060-19



exchange approach to the drag force [43], the local
momentum density change Δp⋆ðr⋆; T⋆; mÞ, at time T⋆

and at the fluid node r⋆, with the wall node at r⋆ þ e⋆m in
lattice units, is given by

Δp⋆ðr⋆; T⋆; mÞ ¼ ðf̄mðr⋆; T⋆Þ þ f̄−mðr⋆; T⋆ÞÞe⋆m;
(116)

where −m is the velocity index corresponding to discrete
velocity −e⋆m. Using the definition of the shifted LBE
vector, the above can be rewritten as

Δp⋆ðr⋆;T⋆;mÞ¼ ðgmðr⋆;T⋆Þþg−mðr⋆;T⋆ÞÞe⋆m
þΔp⋆0 ðmÞ; (117)

with Δp⋆0 ðmÞ ¼ 2wme⋆m denoting the zero-velocity equi-
librium value of momentum density change.
Next, let us encode the wall boundary of interest using

the W function from Eq. (58). Since in lattice units the
volume of one spatial cell is 1, the total momentum
exchange ΔP⋆ at the boundary is just the sum over local
momentum density changes:

ΔP⋆ðT⋆Þ ¼
X
r⋆

X
m

Wr⋆þe⋆mð1 −Wr⋆ÞΔp⋆ðr⋆; T⋆; mÞ:

(118)

Now, the drag force F⋆ðT⋆Þ can be calculated by
dividing the total momentum change by the time it takes.
Since in lattice units one time step has length 1, the drag
force is simply equal to ΔP⋆ðT⋆Þ, which can be explicitly
written as

F⋆ðT⋆Þ ¼ F⋆
0 þ

X
r⋆

X
m

Wr⋆þe⋆mð1 −Wr⋆Þ

× ðgmðr⋆; T⋆Þ þ g−mðr⋆; T⋆ÞÞe⋆m; (119)

where

F⋆
0 ¼

X
r⋆

X
m

Wr⋆þe⋆mð1 −Wr⋆Þ2wme⋆m: (120)

Hence, if we can estimate F⋆ðT⋆Þ, we can get the drag
force in physical units by simply multiplying F⋆ðT⋆Þ by
Δx2=Δt and by the reference mass (i.e., the mass of a
single unit cell).
We shall assume that F⋆

0 can be efficiently computed
classically, and we will use jψFi to estimate the value of
the second term on the right-hand side of Eq. (119), i.e., to
get its components:

F k ≔
X
r⋆

X
m

Wr⋆þe⋆mð1 −Wr⋆Þ

× ðgmðr⋆; T⋆Þ þ g−mðr⋆; T⋆ÞÞðe⋆mÞk; (121)

where k∈ fx; y; zg. To that end, for each component k we
prepare the following quantum state encoding the boun-
dary of interest:

jWki ¼
1ffiffiffiffiffiffiffiffiffiffi
NWk

q X
r⋆

X
m

Wr⋆þe⋆mð1 −Wr⋆Þðe⋆mÞk

× jr⋆i ⊗ ðjmi þ j −miÞ; (122)

with NWk
denoting normalization constants that can be

efficiently precomputed, and the velocity registers written
in a concise notation. This quantum state can be efficiently
prepared when certain simplicity criteria on the boundary
function are met, e.g., via rejection sampling techniques
[73]. Broadly speaking, whenW is an analytically defined
and relatively simple function, this state preparation will
have a subleading complexity cost compared to the rest of
the algorithm.
Now, recalling that

jψFi ≈ jgðT⋆Þi ¼ 1

kgðT⋆Þk
X
r⋆

X
m

gmðr⋆; T⋆Þjr⋆i ⊗ jmi;

(123)

we see that the overlaps between jψFi and jWki are
given by

hWkjψFi ≈
F k

kgðT⋆Þk
ffiffiffiffiffiffiffiffiffiffi
NWk

q : (124)

Note that one can efficiently computeNWk
and estimate

kgðT⋆Þk from the QLS algorithm. More precisely, one can
estimate kYFk and then use the knowledge of probabilities
pðyðT⋆ÞÞ and pðψFÞ to get kgðT⋆Þk.
Thus, the only thing left to estimate F k is to find the

overlaps hWkjψFi, which can be achieved using quantum
amplitude estimation. However, one has to note that the
boundary states jWki only have support on OðND−1

x Þ
states, in contrast to jψFi having support on OðND

x Þ states.
Hence, one expects hWkjψFi to be of the orderOð1= ffiffiffiffiffiffi

Nx
p Þ,

which translates into a multiplicative factor overhead
scaling as Oð ffiffiffiffiffiffi

Nx
p Þ. Recalling the parameter choices in

Eqs. (71a) and (71b), we conclude that, if one wants to
extract the drag force as described above, one needs to
multiply the complexity of obtaining the state jψFi by

qM ≔ OðReβ=2Þ: (125)

Moreover, one needs to include the complexity of
preparing states jWki, which is expected to be negligible
for simple boundaries like flat walls, but can become more
problematic for complex boundaries.
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VII. QUANTUM ALGORITHM PERFORMANCE

A. Carleman error convergence

1. Methodology

To numerically investigate Carleman error convergence,
we first solve the shifted incompressible LBE directly
by simulating T⋆ streaming and collision steps from
Eqs. (43a) and (43b) with geq given by Eq. (44) (i.e.,
assuming incompressibility). This way, we obtain the
shifted state vector gðt⋆Þ for each discrete time
t⋆ ∈ f0;…; T⋆g, with gð0Þ encoding our selected initial
condition (see below). Next, we numerically solve the
shifted incompressible LBE employing the discrete
Carleman embedding by simulating Eq. (85) for T⋆ time
steps. This way, we obtain the Carleman state vector yðt⋆Þ
for each discrete time t⋆ ∈ f0;…; T⋆g, with yð0Þ ¼ yini
encoding the initial condition according to Eq. (87).
From that, we recover the Carleman approximation
y1ðt⋆Þ of gðt⋆Þ.
In previous literature, a measure of Carleman truncation

error was proposed that was based on the root mean square
error (RMSE) between the actual LBE vector and its
Carleman approximation [39,40]. Here, we decide not to
use this measure for the following reason. Namely, for
different Reynolds numbers Re, the values of discretiza-
tion parameters Δx and Δt vary. Thus, for the same values
of RMSE (which are calculated in lattice units), but for
two different Reynolds numbers, the actual errors in the
physical velocity field will be different.
Here, we decided to quantify the Carleman truncation

error using the average error in the physical velocity field
relative to the characteristic velocity u of the problem, e.g.,
the flow velocity or, in the absence of driving, the maximal
velocity in the initial state. More precisely, denote the
lattice velocities obtained from g and its Carleman
approximation y1 by u⋆ðr⋆; t⋆Þ and ũ⋆ðr⋆; t⋆Þ, respec-
tively. Then, for all positions r⋆ and time steps t⋆,
introduce the velocity error vector:

Δu⋆ðr⋆; t⋆Þ ¼ ũ⋆ðr⋆; t⋆Þ − u⋆ðr⋆; t⋆Þ; (126)

and its versionΔuðr⋆; t⋆Þ in physical units. We now define
the Carleman truncation error ϵC as follows:

ϵC ≔ max
t⋆ ∈ f1;…;T⋆g

1

N

X
r⋆

kΔuk
u

; (127)

i.e., as the relative physical velocity error with respect to
the flow velocity u, averaged over all N lattice sites and
maximized over all times. Note that we have

kΔuk
u

¼ kΔu⋆k
u

Δx
Δt

¼ kΔu⋆k
u

3ν

Δxðτ̄⋆ − 1
2
Þ

¼ Re
βD
2 kΔu⋆k; (128)

where we first converted Δu to the lattice units, then used
the Chapman-Enskog relation from Eq. (21), and finally
used the choice of parameter scaling with Reynolds
number Re from Eqs. (71a) and (71b). Thus, one can
easily calculate ϵC using the numerical data on Δu⋆ as
follows:

ϵC ¼ Re
βD
2

N
max

t⋆ ∈ f1;…;T⋆g

X
r⋆

kΔu⋆k

¼ Re
−βD
2 max
t⋆ ∈ f1;…;T⋆g

X
r⋆

kΔu⋆k: (129)

Due to immense memory requirements for classically
simulating Carleman evolution of three-dimensional LBE
systems [74], we restrict our investigations to one- and
two-dimensional settings. We consider the spatial discre-
tization parameter β ¼ 3=4, which is the value allowing
one to resolve the Kolmogorov microscale. The simulation
parameters Nx, T⋆, τ̄⋆, and u⋆ini are chosen according to
Eqs. (71a) and (71b), so that

Nx ¼ ⌈Re3=4⌉; T⋆ ¼ ⌈Re
3
4ðD=2þ1Þ⌉; (130a)

τ̄⋆ ¼ 1

2
þ 3

Re
3
4ðD=2−1Þþ1

; u⋆ini ¼
1

Re3D=8 : (130b)

We perform simulations for a range of Reynolds
numbers Re∈ ½10; 1000� and, for the convenience of the
reader, we list the corresponding numerical values of
simulation parameters for selected values of Re in
Appendix F.
Note that in the original Eqs. (71a) and (71b) it was

u⋆max, and not u⋆ini scaling as above. Let us remind that the
parameter choice leading to such a scaling was motivated
by keeping kgðt⋆Þk ≤ 1 at all times. In all of our numerical
simulations, we confirmed that choosing u⋆ini (that we have
control over) to scale as above instead of u⋆max (that we
have no control over) guarantees that kgðt⋆Þk is always
below 1. To be more precise, it is the norm kgðt⋆Þk that
stays below 1, not ky1ðt⋆Þk. For most simulations ky1ðt⋆Þk
also stays below 1, but this stops being the case when ϵC
becomes large, as is the case e.g., for D ¼ 1 system with
NC > 1 and Reynolds number Re above the threshold
value ReT , see the left panel of Fig. 2. However, in such
cases the Carleman output anyway is very erroneous, so
even if one could overcome the data extraction bottleneck
created by ky1ðt⋆Þk > 1, the extracted data would not
approximate the real fluid system being simulated. In other
words, as long as the Carleman embedding approximates
the evolution well enough, the norm condition is satisfied,
and the quantum algorithm can work properly.
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2. Convergence for D= 1

In the one-dimensional case, the compressible Navier-
Stokes equations admit non-trivial solutions in the form
of pressure waves, since density variations are allowed.
By contrast, the incompressible Navier-Stokes equations
admit only a trivial, spatially uniform solution, since the
velocity field must be divergence-free. Acknowledging
that incompressible LBE, to leading order, can only
recover a spatially constant state in one dimension, we
nevertheless assess Carleman error convergence for this
case, as larger NC are numerically accessible, allowing us
to present the main ideas.
We consider two families of initial states, the sinusoidal

states defined by

gðr⋆; 0Þ ¼ geq
�
u⋆ ¼ u⋆ini sin

2πr⋆x
Nx

�
; (131)

and the colliding states, parametrized by the fraction
parameter ϕ as

gðr⋆; 0Þ ¼
8<
:

geqðu⋆ ¼ u⋆iniÞ for r⋆x ∈RL;
geqðu⋆ ¼ 0Þ for r⋆x ∈RC;
geqðu⋆ ¼ −u⋆iniÞ for r⋆x ∈RR;

(132)

where

RL ¼ f1;…; ⌈ϕNx⌉g; (133a)

RC ¼ f⌈ϕNx⌉þ 1;…; Nx − ⌈ϕNx⌉g; (133b)

RR ¼ fNx − ⌈ϕNx⌉þ 1;…; Nxg: (133c)

In the above, geqðu⋆Þ is the equilibrium distribution
corresponding to zero density fluctuations, δρ ¼ 0, and
lattice velocity u⋆ [see Eq. (44)], while u⋆ini depends on the
Reynolds number Re according to the parameter choice
from Eqs. (130a) and (130b).

Our numerical results on the behavior of the Carleman
truncation error ϵC as a function of the Reynolds number
Re and the Carleman truncation order NC are presented in
Fig. 2. In the left panel, for the sinusoidal states, one can
clearly observe the existence of a threshold Reynolds
number ReT, such that ϵC converges (i.e., decreases as NC
increases) for Re ≤ ReT, and diverges otherwise. The
existence of the threshold can be understood, as Re
quantifies the relative strength of nonlinear (inertial)
effects compared to linear (viscous) effects in a fluid flow,
and it is known that the Carleman procedure converges
only when nonlinearities are weak enough. One can then
expect that, as Re grows, the strength of the nonlinearity
grows as well, eventually bringing the system outside of
the Carleman convergence radius. For the colliding state,
the same threshold behavior is observed, just with the
position of the threshold depending on the fraction
parameter ϕ. As we illustrate in the right panel of
Fig. 2, the threshold becomes higher for smaller ϕ, i.e.,
when there are fewer nodes with non-zero velocity, which
directly translates to a smaller average magnitude of
velocity. The behavior in ϕ is not surprising, as lower ϕ
means lower average velocity and thus weaker nonlinear-
ities for the same Re.
Note that the threshold behavior described above

seems to be contrary to what was suggested in
Ref. [37], where the authors claimed that solving the
lattice Boltzmann form of the Navier-Stokes equations,
one reduces the nonlinearity from Re-determined to
Ma-determined, where Ma is the Mach number character-
izing the fluid flow. Our numerical investigations suggest
that the picture is more intricate, with both Re and Ma
playing their role in convergence, especially when the
lattice velocity is chosen to scale with Re, as we do in our
simulations. Moreover, one does not need to rely only on
numerics to understand why increasing Re, even with
small Ma, must break Carleman convergence at some
point. One of the explanations may be that increasing Re
leads to the appearance of more fixed points and the
emergence of more complex dynamics. Since it is known

FIG. 2. Carleman truncation error and convergence for D ¼ 1. Left: truncation error ϵC dependence on the Reynolds number Re and
truncation order NC for the D1Q3 model with β ¼ 3=4 (corresponding to spatial discretization resolving the Kolmogorov microscale),
u⋆0 ¼ 1 (enough to keep the norm of the solution below 1 at all times), and the initial sinusoidal state. Right: threshold value ReT above
which the Carleman truncation error ϵC is larger for truncation order NC ¼ 2 than for NC ¼ 1. Data for the D1Q3 model with β ¼ 3=4,
u⋆0 ¼ 1, and initial states given by colliding states with a fraction parameter ϕ.
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that the Carleman embedding method is just an expan-
sion around one fixed equilibrium point (in our case, an
equilibrium state with zero velocity), as soon as the
dynamics becomes more complex (e.g., with more fixed
points or even chaotic), one expects the Carleman embed-
ding approximation to break [75,76]. In that respect, the
observed loss of convergence at higher Reynolds numbers
is not specific to the (shifted) LBE formulation but rather
reflects a well-known limitation of Carleman linearization
when applied to increasingly nonlinear dynamics. Another
reason for the loss of convergence may be that with
increasing Re, one needs to increase the number of lattice
points N to resolve the dynamics accurately. Increasing N,
in turn, leads to increasing the parameter R from the so-
called R-number conditions requiring R < 1 to guarantee
convergence [29,30,35]. The reason for that is twofold.
First, R depends on the norm of the solution, which grows
with growingN. Importantly, the R-number is independent
of rescaling (here, choice of lattice units), so the trick with
rescaling the norm that helps us with data extraction,
does not reduce R and does not improve convergence.
Second, the R-number for conservative systems grows
inversely with the real spectral gap [35] of the linear part
of the continuous dynamics, and this gap shrinks with
growing N. We conclude that the applicability of the
Carleman approach to the simulation of highly turbulent
flows with high Reynolds number may be limited due to
the Carleman error not converging for these cases.
A more detailed analysis of the behavior of Carleman

truncation error ϵC with NC and Re reveals that its
convergence (when Re ≤ ReT) and divergence (when
Re > ReTÞ with NC is, to a good approximation, expo-
nential. As we present in the left panel of Fig. 3 for the
sinusoidal states, we have ϵC ∝ expðΓNCÞ, where Γ is
negative for Re ≤ ReT and positive otherwise. In the right
panel of Fig. 3, we show the dependence of the con-
vergence parameter Γ on the Reynolds number Re, where
we can again clearly see the position of the threshold ReT
when Γ changes sign. We can then model the dependence
of the Carleman truncation error ϵC by

ϵC ¼ E expðΓNCÞ; (134)

where E can be assumed to be approximately constant, and
Γ becomes negative for low enough Re. As we will see in
Sec. VII D, this will allow us to estimate the dependence
of the query complexity of our quantum algorithm on the
desired level of error.

3. Convergence for D= 2

In contrast to the one-dimensional case, the incom-
pressible Navier-Stokes equations in two dimensions
admit spatially non-trivial solutions. To assess Carleman
convergence error, we consider the time evolution of the
Taylor-Green vortex and the Gaussian vortex dipole
(see Fig. 4):

uVðrÞ ¼ ½sin rx cos ry;− cos rx sin ry�; (135a)

uVDðrÞ ¼
	
∂ψ
∂ry

;− ∂ψ
∂rx

�
; (135b)

with

ψ ¼ e−
ðrx−sÞ2þr2y

2σ2 − e−
ðrxþsÞ2þr2y

2σ2 ; (136)

where rx; ry ∈ ½−π; πÞ are the spatial variables, 2s is the
dipole separation, and σ is the width of the vortex. As
there is no forcing to balance viscous dissipation, both
solutions decay exponentially in time. The time evo-
lution of the Taylor-Green vortex has a known analytical
solution and is therefore used to validate numerical
methods [43]. While an analytical solution for the time
evolution of the Gaussian vortex dipole does not exist, the
vortices’ counter-rotation causes them to self-advect [78].
Therefore, although the vortex dipole weakens in intensity
and ultimately decays, its time evolution is more nonlinear
as compared with the Taylor-Green vortex.
We investigate two families of initial states based on the

velocity fields defined above. More precisely, we consider

FIG. 3. Carleman error convergence and divergence for D ¼ 1. Left: dependence of the Carleman error ϵC (points) on the truncation
order NC for selected values of the Reynolds number Re below and above the threshold ReT , together with the best exponential fits
(solid lines). Data obtained for the D ¼ 1 system with the initial sinusoidal state. Right: values of the corresponding exponential
damping parameters Γ [see Eq. (134)] as a function of the Reynolds number Re.
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gðr⋆; 0Þ ¼ geqðu⋆ ¼ u⋆iniuXðrÞÞ; (137)

with

r ¼ ½−π þ 2πr⋆x =Nx;−π þ 2πr⋆y =Ny�; (138)

where uX is either uV or uVD, geqðu⋆Þ is the equilibrium
distribution corresponding to zero density fluctuations,
δρ ¼ 0, and lattice velocity u⋆ [see Eq. (44)], while u⋆ini
depends on the Reynolds number Re according to
Eqs. (130a) and (130b).
Our numerical results on the dependence of the

Carleman truncation error ϵC on the Reynolds number
Re and the Carleman truncation order NC are presented in
Fig. 5. In contrast to the one-dimensional case, we do not
observe the threshold behavior within the numerically
accessible regime of Reynolds numbers. For the Taylor-
Green vortex, the larger Re gets, the better the improve-
ment in the truncation error ϵC when going fromNC ¼ 1 to
NC ¼ 2, hence not only do we not observe the threshold,
but we cannot even extrapolate the data to estimate its
position. On the other hand, for the Gaussian vortex dipole,
the gap between ϵC for NC ¼ 1 andNC ¼ 2 visibly shrinks
as Re gets higher, suggesting that ReT is around a few
hundreds. To confirm that, we extended the range of
accessible Reynolds number to Re ¼ 500 by reducing
the resolution parameter to β ¼ 1=2. In such a setting, we

observe the threshold behavior for the Gaussian vortex
dipole at around ReT ≈ 400, while the error behavior for
the Taylor-Green vortex stays unchanged (i.e., the error
gap widens with growing Re).
Let us now briefly discuss the potential explanation for

the observed behavior of ϵC. First, the much higher
threshold for D ¼ 2 as compared to D ¼ 1 may be
coming from a stronger velocity renormalization, since
u⋆ ∼ 1=ReβD=2. Smaller velocity could translate into
weaker nonlinearity so that the same Re (physically
describing the same strength of nonlinearity) that lies
outside the Carleman convergence radius for D ¼ 1
could lie inside it for D ¼ 2. This would suggest that
for D ¼ 3 the threshold could be even higher, as u⋆ is
even smaller for the same Re. Also, the fact that initial
states for D ¼ 1 did not satisfy the divergence-free
condition could play a role. This is because in that case
numerical instabilities might be driving the threshold to
lower values. Finally, the difference in the behavior of ϵC
between the Taylor-Green vortex and the Gaussian vortex
dipole may be coming from their fundamentally different
dynamics, with the first one simply decaying and the
second one exhibiting non-trivial advection as well. This
would suggest that the Carleman linearization method
performance may strongly depend on the type of fluid
dynamics problem investigated, not only on its Reynolds
number.

FIG. 4. Velocity field for the investigated initial states. Velocity field u⋆ðr⋆; 0Þ (arrows) and its magnitude ku⋆ðr⋆; 0Þk (color map)
for the Taylor-Green vortex (left) and Gaussian vortex dipole (right) initial states for D ¼ 2.

FIG. 5. Carleman truncation error ϵC for D ¼ 2. Data for the D2Q9 model with β ¼ 3=4 (corresponding to spatial discretization
resolving the Kolmogorov microscale) and u⋆0 ¼ 1 (enough to keep the norm of the solution below 1 at all times). Initial states given by
the Taylor-Green vortex (left) and Gaussian vortex dipole with s ¼ π=2 and σ ¼ π=5 (right).
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B. Block-encoding prefactor analysis

We now proceed to analyzing the block-encoding
prefactor αA=kAk appearing in the upper bound for the
query complexity in Eq. (109). We have already derived
the expression for αA as a function of the relaxation
parameter τ̄⋆ and the Carleman truncation order NC, see
Eq. (104a). To estimate kAk, we note that the norm of AH
[recall Eq. (89)] can be bounded as follows:

kAHk ≤ kIk þ kAH − Ik ¼ 1þ kAH − Ik: (139)

Then, using the definition of operator norm and unitarity
of S, we have

kAHk ≤ 1þ kCk: (140)

On the other hand, taking a vector v ¼ ½0; x; 0;…�⊤
with x such that kCxk ¼ kCkkxk, we get

kAHk ≥
kAHvk
kvk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ kCk2

q
: (141)

Exactly the same argument applies to the linear
system AF for the final Carleman state, and so we conclude
that ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kCk2
q

≤ kAk ≤ 1þ kCk: (142)

Note that the above bound is pretty tight, in the sense
that the difference between the upper and lower bounds is
at most 1.
Now, combining the above with Eq. (104a), we get

αA
kAk ≤

1þPbNC
2 c

l¼0 ðNC−l
l ÞαNC−2l

IþF1
αlF2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ kCk2
p ¼: BE<

A ; (143)

where the approximation is justified as the relevant terms
above grow quickly with NC and become much larger than
1 in the interesting regime.
Now, the only missing component to get the upper

bound BE<
A for the block-encoding prefactor αA=kAk is the

norm of the Carleman collision matrix kCk. To estimate it,
note that due to the locality of collision matrices Fk [recall
Eqs. (52a) and (52b)], the norm of C for a system with N
lattice sites is the same as the norm of a matrix C for a
system with a single lattice site. As such, kCk depends only
on the relaxation parameter τ̄⋆ and the Carleman trunca-
tion order NC. Moreover, instead of dealing with the norm
of dC-dimensional matrix, one only needs to consider a
matrix of dimension

d̃C ≔
QðQNC − 1Þ

Q − 1
; (144)

where we recall that Q ¼ 3D is the number of discrete
velocities in the considered LBE model. This way, we can
efficiently calculate kCk for small values ofNC and a range
of τ̄⋆ ∈ ½1=2; 1�. Using these numerical values of kCk,
together with the expression for αA, one can calculate
upper bounds BE<

A . We present these in Fig. 6 for the
extreme cases of τ̄⋆ ¼ 1=2 and τ̄⋆ ¼ 1, where one can see
that BE<

A grows exponentially with NC so that we get the
following approximate upper bound:

αA
kAk≲ b expðaNCÞ: (145)

Note that the exponential scaling with growing NC
could also be expected from the analytical form of the
Carleman collision matrix C. In particular, the Carleman
blocks Ck

l in Eq. (77) contain progressively more factors
of I þ F1 and F2 as NC increases. Consequently, any
non-optimality of block-encoding (i.e., when the block-
encoding prefactor is larger than the norm) is amplified
exponentially with NC. Note that the complexity cost
related to this can be tolerated as long as the Carleman
truncation error ϵC gets exponentially suppressed with
increasing NC. As discussed in Sec. VII A, this is the case
below the threshold Reynolds number, and this cost then
scales inverse polynomially with ϵC. Moreover, depend-
ing on the parity of NC, the block Ck

l that brings the
dominant contribution to the norm of C has an oscillating
ratio of I þ F1 and F2 terms. This parity-dependent
behavior is indeed visible in Fig. 6, where the general
trend is exponential, but distinct for even and odd NC.
To get the numerical values of coefficients, we first note

that for all D the value of BE<
A is largest for τ̄⋆ ¼ 1=2.

Thus, for each dimension, we take the worst-case scenario
and perform best linear fits to the following equation:

ln BE<
A ¼ aNC þ ln b: (146)

This way, we obtain the following:

a ¼
8<
:

0.273 for D ¼ 1;
0.260 for D ¼ 2;
0.213 for D ¼ 3;

(147a)

b ¼
8<
:

0.993 for D ¼ 1;
0.942 for D ¼ 2;
0.957 for D ¼ 3;

(147b)

so that approximating a ≈ 1=4 and b ≈ 1 for all D, we get
the following simple approximate bound:

αA
kAk≲ exp

�
NC

4

�
: (148)
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C. Condition number analysis

1. Lower bound

To lower bound the condition number κA of A, we need
bounds on both kAk and kA−1k. In the previous section we
have already derived a tight bound for kAk in Eq. (142), so
we just need to bound kA−1k. We start by noting that, since
A−1
F has the same structure as A−1

H (just appended with
extra blocks), we have

kA−1k ≥ kA−1
H k: (149)

Now, let us introduce a normalized vector

jxθi ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T⋆ þ 1
p

XT⋆

t⋆¼0

eiθt
⋆ jt⋆i ⊗ jξθi; (150)

where jξθi is the eigenvector of SC with eigenvalue eiθ for
some real θ (we will justify its existence below). We then
have

A−1
H jxθi ¼

XT⋆

r¼0

Xr
c¼0

XT⋆

t⋆¼0

eiθt
⋆ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T⋆ þ 1
p jrihcjt⋆i ⊗ ðSCÞr−cjξθi

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T⋆ þ 1

p
XT⋆

r¼0

Xr
c¼0

eiθrjri ⊗ jξθi

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T⋆ þ 1

p
XT⋆

r¼0

eiθrðrþ 1Þjri ⊗ jξθi; (151)

which can be used to obtain the following lower bound:

kA−1k ≥ kA−1
H k ≥ kA−1

H jxθik ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

T⋆

r¼0ðrþ 1Þ2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T⋆ þ 1

p

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2þ T⋆Þð3þ 2T⋆Þ

6

r
≥

T⋆ffiffiffi
3

p : (152)

Putting the above together with Eq. (142), we end up
with

κA ≥
kCkT⋆ffiffiffi

3
p : (153)

We now argue for the existence of an eigenvector jξθi of
SC with eigenvalue eiθ. Here, we will just consider the
simpler case with no walls, when the streaming matrix S is
given by Eq. (51), and we will show how to construct jξ0i
(i.e., the eigenvector with eigenvalue 1). In Appendix G,
we consider the harder case, when there are non-trivial
boundaries with the streaming operator described by
Eq. (59), and we construct the eigenstate for θ ¼ π, i.e.,
a state jξπi that is a −1 eigenstate of SC.
First, we set all Carleman blocks, except for the first

one, to zero:

jξ0i ¼ ½jζ0i; 0;…; 0�: (154)

Thus,

SCjξ0i ¼ ½SðI þ F1Þjζ0i; 0;…; 0�: (155)

Next, choosing jζ0i to be translationally invariant in
space,

jζ0i ¼
1ffiffiffiffi
N

p
X
r⋆

jr⋆i ⊗ jψ0i; (156)

to guarantee that Sjζ0i ¼ jζ0i. Finally, recalling that F1

acts locally in space [see Eq. (54a)], we note that taking
jψ0i to be the zero eigenstate of F̃1 (its existence can
be checked by direct calculation for Q ×Q matrices), we
get ðI þ F1Þjζ0i ¼ jζ0i. We thus conclude that jξ0i con-
structed as described above is indeed an eigenstate of SC
with eigenvalue 1.

2. Numerical evaluation

While a lower bound on the condition number scaling
worse than the classical complexity of solving an LBE
problem would rule out the possibility for a quantum
advantage, an upper bound scaling better than classical

FIG. 6. Upper bounds for block-encoding prefactors. The numerical values of BE<
A from Eq. (143) for different values of the

Carleman truncation order NC, relaxation parameter τ̄⋆, and dimension D (left to right: D ¼ 1 to D ¼ 3), together with their best
exponential fits as in Eq. (146). Note that the fits showcase slightly different slopes for the even and odd NC, but we took an overall fit.
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would prove its existence. Thus, deriving such an upper
bound is central to any claim of quantum advantage. In
Appendix H, we explain how one can derive the following
bound for κAH

and κAF
:

κAH
≤ ðkCk þ 1Þ

 XT⋆

t⋆¼0

ðT⋆ − t⋆ þ 1ÞkðSCÞt⋆k2
!1

2

;

(157a)

κAF
≤ ðkCk þ 1Þ

 XT⋆

t⋆¼0

½ð2WðT⋆ þ 1Þ − t⋆ÞkðSCÞt⋆k2�

þ 22W−1ðT⋆ þ 1Þ2
!1

2

: (157b)

The problem with analyzing the above bounds is that
one needs to estimate the values of kðSCÞt⋆k, which turns
out to be a non-trivial problem. One can then resort to
numerics and evaluate the necessary norms. It turns out,
however, that it is not much more computationally
demanding to directly calculate the condition number.
Thus, instead of bounding it, we evaluate the value of

κAH
for D ¼ 1 and D ¼ 2 systems with Reynolds number

Re∈ ½10; 1000� and extrapolate to get the scaling behavior
of κAH

. Note that κAH
is a lower bound for κAF

, so the query
complexity upper bound for the final state system will be at
least the one we find for the history state case. At this
stage, we will use κAH

as an estimate for κAF
, but of course

this could be improved upon. More precisely, we first
approximate kAHk using the upper bound from Eq. (142)
(recall that this approximation differs by at most 1 from the
real value of kAHk). Then, we numerically evaluate kA−1

H k,
by using the Lanczos method to find the largest eigenvalue
of ðA−1

H Þ†A−1
H , and taking its square root. As before, we

consider the spatial discretization parameter β ¼ 3=4
(resolving the Kolmogorov microscale) so that all the
simulation parameters entering A−1

H (i.e., Nx, T⋆, and τ̄⋆)
become simple functions of the Reynolds number Re
according to Eqs. (130a) and (130b).

We present the dependence of κAH
on the Reynolds

number using doubly logarithmic plots in Fig. 7. Using
best linear fits to

ln κAH
¼ χ ln Reþ ln c; (158)

one can approximate the condition number well by

κAH
≈ cReχ; (159)

where parameters χ and c depend on both problem
dimension D and the Carleman truncation order NC:

χ ¼

8>>>>>><
>>>>>>:

1.167 for D ¼ 1; NC ¼ 1;
1.691 for D ¼ 1; NC ¼ 2;
2.283 for D ¼ 1; NC ¼ 3;
2.792 for D ¼ 1; NC ¼ 4;
1.588 for D ¼ 2; NC ¼ 1;
1.936 for D ¼ 2; NC ¼ 2;

(160a)

c ¼

8>>>>>><
>>>>>>:

1.635 for D ¼ 1; NC ¼ 1;
0.905 for D ¼ 1; NC ¼ 2;
0.459 for D ¼ 1; NC ¼ 3;
0.486 for D ¼ 1; NC ¼ 4;
2.254 for D ¼ 2; NC ¼ 1;
5.460 for D ¼ 2; NC ¼ 2.

(160b)

Note that, while the increase of χ with D could be
expected and might be handled (after all, classical com-
plexity also increases with D), the strong dependence on
NC is troublesome. That is because obtaining low error
output may require a high value of NC, which would then
directly translate into complexity cost via the dependence
of the condition number on Reχ. Thus, while we postpone a
detailed discussion on a possible quantum advantage to
Sec. VIII, we note here that it may be restricted to high
error outputs.

FIG. 7. Condition number. Scaling of the condition number κðAHÞwith the Reynolds number Re for the D1Q3 model (left) and D2Q9
model (right), and different Carleman truncation orders NC. The considered systems have periodic boundary conditions with no walls
and β ¼ 3=4.
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D. Estimating query complexity

We now have all the necessary ingredients to bound the
query complexity of running a quantum linear solver for
our shifted lattice Boltzmann problem. First, let us briefly
comment on the lower bound for the query complexity qQ.
It is known that qQ can at best scale linearly with the
condition number κA of the investigated linear system A
[10]. As we analytically proved a lower bound on κA that
scales linearly with the number of time steps [recall
Eq. (153)], we then have

qQ ¼ OðT⋆Þ: (161)

Recalling the simulation parameter choice from
Eqs. (71a) and (71b), we conclude that at best (i.e.,
ignoring all other potential dependence on the Reynolds
number not arising from the dependence on T⋆) we have

qQ ¼ OðReβðD=2þ1ÞÞ: (162)

Thus, even ignoring the block-encoding cost, at best
the complexity will scale with the Reynolds number
as ReβðD=2þ1Þ.
Now, let us proceed to the upper bound. We start by

simplifying the bound on qQ from Eq. (109), by slightly
weakening it through the observation that for all ϵQ ≥
10−10 and all κ ≥ 1, one has

1.05 ln

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ2Q

q
ϵQ

1
CAþ 2.78 lnðκÞ3 þ 3.17

κ
≤ 29.0: (163)

Since the Carleman truncation errors are expected to be
much larger than 10−10, this assumption is justified, and so
we get

qQ ≤
85.0 αAκA

kAk : (164)

Next, we upper bound the block-encoding prefactor
using Eq. (148), to obtain

qQ ≲ 85.0 exp
�
NC

4

�
κA: (165)

Then, focusing as before on β ¼ 3=4, we approximate
the condition number using Eq. (159) to finally arrive at

qQ ≲ 85.0c exp
�
NC

4

�
Reχ; (166)

where, as expected, the main factor comes from Reχ , with
χ depending on NC.

We also note that by rewriting

exp
�
NC

4

�
¼ ½expðΓNCÞ� 14Γ (167)

and using the error model from Eq. (134) under the
assumption that we are operating below the threshold
Reynolds number (Re ≤ ReT), so that Γ < 0, we get

exp
�
NC

4

�
¼
�
E
ϵC

� 1
4jΓj
: (168)

Plugging this back into the query complexity upper
bound, we get

qQ ≲ 85.0c
�
E
ϵC

� 1
4jΓj
Reχ; (169)

where we note that χ depends on NC, which in turn should
be chosen as

NC ¼ ⌈ 1

jΓj ln
E
ϵC
⌉: (170)

E. Estimating gate complexity

In this section, we present our estimates for the cost of a
single query toUAF

(which also acts as the upper bound for
the cost ofUAH

) in terms of the number of T gates needed to
construct a quantum circuit implementing it. All the details
of our calculations, assumptions and approximations made
can be found in Appendix I. The T-gate cost of approxi-
mating UAF

up to error ϵtot is estimated to be given by

G½Uϵtot
AF
� ≈ 78W þ 28DNC þ 64þ 102 log

1

ϵ
þ 24ðDð1þ 4NCÞ þ 2Þ log Re

þ 6NC

�
nB þ 1þ log

1

ϵ

�
þ NC þ 2

2
ð14þ 14nB þ 64nCÞ

þ N2
C þ 4NC

4

�
28þ 28ðnB þ nCÞ þ 48 log

1

ϵ

�

þ
	�

2þ 4ffiffiffi
5

p
��

1þ ffiffiffi
5

p

2

�NC − 4�
�

× ð14þ 14ðnB þ nCÞÞ þ 2hNC

þ 2NCðNC þ 2Þ
3

ð2NC þ 5ÞG½UϵF1
IþF1

�

þ 2NCðNC þ 2Þ
3

ðNC þ 1ÞG½UϵF2
F2

��;
(171)
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where

ϵtot ¼ 4ϵþ NC

24
½6ð12þ NCÞϵþ ðNC þ 2Þðð2NC þ 5ÞϵF1

þ ðNC þ 1ÞϵF2
Þ�; (172)

whereas ϵF1
and ϵF2

depend on the problem dimension in
the following way:

ϵF1
¼
�

ð4 ffiffiffi
2

p þ 2Þϵ for D ¼ 1;
ð28 ffiffiffi

2
p þ 5Þϵ for D ¼ 2;

(173a)

ϵF2
¼
�
ð1þ 2

ffiffiffi
2

p Þϵ for D ¼ 1;
59

ffiffiffi
2

p
ϵ for D ¼ 2.

(173b)

while G½UϵF1
IþF1

� and G½UϵF2
F2

� are given by

G½UϵF1
IþF1

� ¼
�

280þ 480 log 1
ϵ for D ¼ 1;

6412þ 60291 log 1
ϵ for D ¼ 2;

(174a)

G½UϵF2
F2

� ¼
�

154þ 240 log 1
ϵ for D ¼ 1;

4500þ 5664 log 1
ϵ for D ¼ 2.

(174b)

Moreover, ϵ is the equal error on all approximate single-
qubit gates used (it should be treated as a free parameter
controlling the total error ϵtot), and we defined

hNC
≔
XbNC2 c

l¼0

XNC−l

k¼l0

�
k
l

�
log
�
k
l

�
: (175)

Although we took care to cost all elements of the circuit,
it turns out that the bulk of the cost comes from the last two
terms in Eq. (171). For example, for D ¼ 2, NC ¼ 2,
ϵ ¼ 10−6, W ¼ 10 and Re∈ ð0; 1010�, it constitutes more
than 99.9% of the total cost, and this fraction only
increases for higher Carleman truncation orders NC and
lower approximation error ϵ. Thus, we can use a much
simpler estimate for the total T-gate cost of our circuit:

G½Uϵ
AF
�≈

8>>>>>><
>>>>>>:

NCðNCþ2Þ
h
ð476NCþ1036Þ

þð800NCþ1760Þ logK1

ϵ

i forD¼ 1;

NCðNCþ2Þ
h
8
3
ð4331NCþ9140Þ

þð84164NCþ204746Þ logK2

ϵ

i forD¼ 2;

(176)

with

K1 ¼
1

24
½96þ ð94þ 44

ffiffiffi
2

p
ÞNC þ ð27þ 42

ffiffiffi
2

p
ÞN2

C

þ ð5þ 10
ffiffiffi
2

p
ÞN3

C�; (177a)

K2 ¼
1

24
½96þ ð122þ 398

ffiffiffi
2

p
ÞNC þ ð51þ 429

ffiffiffi
2

p
ÞN2

C

þ ð10þ 115
ffiffiffi
2

p
ÞN3

C�: (177b)

We present the T-gate cost dependence on the truncation
order NC and approximation level ϵ for both cases D ¼ 1
and D ¼ 2 in Fig. 8.
It is thus clear that the T-gate cost G½Uϵ

AF
� is directly

almost independent of the Reynolds number Re or the
parameter W controlling the success probability of getting
the Carleman state at the final time T⋆. Instead, it has a
cubic dependence on the Carleman truncation errorNC and
logarithmic dependence on the inverse of the gate approxi-
mation error ϵ (note that this also holds for the case
D ¼ 3). Thus, if we decide to run our algorithm for a
fixed NC and ϵ, the difference between the query cost qQ
and the total T-gate cost qQG½Uϵ

AF
� becomes a constant

factor overhead. For example, for low NC ≤ 5 and error
ϵ ¼ 10−6, it is roughly 106 forD ¼ 1 and 108 forD ¼ 2, so
one can expect it would be around 1010 for D ¼ 3. Note,
however, that these are just rough estimates that do not
include any compilation optimization, and so one can
expect that the actual numbers can be a few orders of
magnitude better.

FIG. 8. T-gate cost of Uϵ
AF
. The estimates for the number G½Uϵ

AF
� of T gates needed to prepare a circuit ϵ-close to a unitary UAF

encoding the LBE problem with dimension D ¼ 1 (left) and D ¼ 2 (right) as a function of Carleman truncation order NC. Different
symbols, bottom to top, correspond to the allowed error level ϵ ¼ 10−3k for k∈ f1; 2; 3; 4g. Note that the dependence of G½Uϵ

AF
� on the

Reynolds number Re is only logarithmic, making the presented data applicable with a very good approximation to all Re ≥ 1.
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Finally, assuming we operate below the threshold
Reynolds number (Re ≤ ReT) and modeling the
Carleman truncation error ϵC via Eq. (134), we can replace
the OðN3

CÞ scaling with OðΓ−3 log3 ϵCÞ, where Γ < 0 is
the convergence parameter depending on the Reynolds
number. We thus see that the gate cost depends poly-
logarithmically on the total solution error, as well as
indirectly on the Reynolds number via the cubic depend-
ence on the convergence parameter Γ.

VIII. DISCUSSION AND CONCLUSIONS

Having analyzed the performance of our quantum
algorithm for the LBE problem, we are now in a position
to compare it with classical LBE algorithms. We begin
with a brief comparison between classical and quantum
memory requirements. In a classical simulation, it is
necessary to store the local LBE state vectors at each
lattice site. Given that there are N ¼ ND

x lattice sites and
parametrizing the number of discretization points per
direction as before to be Nx ¼ Reβ, we get that the number
nc of memory bits needed scales as

nc ¼ OðReβDÞ: (178)

On the other hand, the total number of data qubits nD
required by our algorithm, given by Eq. (103), and ancilla
qubits nA, specified by Eq. (104b), scales as

nD þ nA ¼ OðNC logReÞ: (179)

Note that the dependence on NC translates via the error
model from Eq. (134) into a dependence on log 1

ϵC
. Hence,

for a fixed acceptable error level, we get an exponential
memory improvement compared to classical algorithms.
Next, we will measure the classical computational

complexity using the number of updates of the local
LBE state vector that have to be performed during the
evolution. Given that there are ReβD lattice sites and T⋆

time steps, we have

ComplexityC ¼ OðReβDT⋆Þ: (180)

Moreover, note that T⋆ must also scale at least as Reβ, as
otherwise the lattice velocity would diverge to infinity with
growing Re. Thus, the classical complexity grows with the
Reynolds number Re as

ComplexityC ¼ OðReβðDþ1ÞÞ; (181)

which becomes a familiar computational fluid dynamics
scaling of OðRe3Þ for a three-dimensional system and a
choice of β ¼ 3=4 guaranteeing resolution of the
Kolmogorov microscale [43].
Now, the quantum complexity of running our algorithm

can be written as a product of three terms:

ComplexityQ ¼ qQ × g × qM; (182)

where qQ is the query complexity, g is the number of
T-gates for a single query, and qM is the information
extraction overhead. However, we will compare the
classical complexity with the quantum query complexity
qQ (and then with qQ × qM) and not with the total number
of T gates. Two main reasons for that are as follows. First,
a single classical query is already a complex task, con-
sisting of many elementary logical operations needed to
update a local LBE state vector. Thus, it would be unfair
to treat on equal footing such a task and the use of an
elementary single-qubit T gate. Second, we will be mostly
interested in the asymptotic scaling of classical and
quantum complexities, and as we have explained in the
previous section, the difference between measuring in
queries and in T gates is just a constant factor overhead
(i.e., if we assume a fixed NCÞ.
Let us then compare the classical complexity of out-

putting the final LBE state with the query complexity qQ
for outputting a coherent encoding of the final Carleman
state (with a fixed truncation order NC) for the shifted LBE
problem. If the fraction ComplexityC=qQ > 1, we can thus
speak of a quantum advantage. First, recalling Eq. (162),
we see that this fraction will at most scale as

ComplexityC
qQ

¼ O
�
Re

βD
2

�
: (183)

Hence, for the problem of dimension D ¼ 3 and with
the resolution parameter β ¼ 3=4 to resolve the
Kolmogorov microscale, the best one can hope for is an
improvement by a factor of Re9=8, replacing a classical
cubic dependence OðRe3Þ with the quantum slightly-
lower-than-quadratic dependence OðRe1.875Þ. Instead, if
we use our upper bound on qQ from Eq. (166), and the
numerically extracted data on the power χ from Eq. (160a)
for the case β ¼ 3=4, we get that at worst

ComplexityC
qQ

¼ OðReλÞ; (184)

with

D ¼ 1∶ λ ¼

8>><
>>:

0.333 for NC ¼ 1;
−0.191 for NC ¼ 2;
−0.783 for NC ¼ 3;
−1.292 for NC ¼ 4;

(185a)

D ¼ 2∶ λ ¼
�
0.662 for NC ¼ 1;
0.314 for NC ¼ 2;

(185b)

where we note that one can achieve quantum advantage
for positive λ. Thus, while it is in principle possible for
the complexity of a quantum algorithm to scale more
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favorably with the Reynolds number Re than for classical
algorithms, it is limited to low values of the Carleman
truncation order NC. Via the error model from Eq. (134),
this then limits applications to high-error outputs or low
Reynolds number cases (values of Re far from the thresh-
old ReT require lower NC for the same error ϵC). In Fig. 9,
we present the dependence of qQ on the Reynolds number
Re and truncation order NC, highlighting the region of
potential quantum advantage (under the condition that Re
is below a threshold value ReT).
So far, we have discussed the complexity of outputting

the coherently encoded solution. As discussed in
Sec. VI D 2, if we want to extract classical information
about the drag force, we need to incur additional complex-
ity cost scaling as qM ¼ OðReβ=2Þ. Then, the best we can
hope for is

ComplexityC
qMqQ

¼ O
�
Re

βðD−1Þ
2

�
: (186)

Hence, there is no chance for a quantum advantage for
D ¼ 1, whereas for D ¼ 3 one can get an improvement by
a factor of Reβ at best. For the case of β ¼ 3=4 this replaces
the classical scaling OðRe3Þ with the quantum OðRe2.25Þ.
Moreover, if we use our numerical estimates on the
behavior of the condition number from Eq. (160a), then
all potential for quantum advantage is gone except for the
case D ¼ 2 and NC ¼ 1, where one could get an improve-
ment by a factor of Re0.287. However, let us emphasize that
this extra complexity cost arises from the boundary nature
of the drag force observable, and certain bulk observables
of interest may avoid such costs, potentially offering
greater quantum advantage.
Finally, let us reiterate that for the quantum algorithm to

work, the Carleman truncation error ϵC needs to converge.

Since our analysis in Sec. VII A showed that such con-
vergence happens only for Reynolds numbers Re below a
threshold value ReT , the actual value of ReT for industri-
ally relevant problems is crucial. This is because one may
face two opposing constraints: on the one hand, one needs
large Re for the quantum algorithm to overcome constant
overheads and become more efficient than the classical
algorithm; on the other hand, Re may need to be low
enough to guarantee error convergence. Also note that
although the inclusion of boundaries, driving, and different
initial states may potentially increase ReT (see Ref. [54]
for more details), we do not expect this effect to be
significant. Hence, if the rescaling of the lattice velocity
does not push ReT high enough, the applicability of the
Carleman approach to simulating highly turbulent flows
may be limited.
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APPENDIX A: NOTATION

The notation used throughout the paper is summarized in Table II.

TABLE II. Symbols appearing in the text and their meaning.

Symbol Description

Fluid system D Number of spatial dimensions
r Position in space
t Moment in time

Lx; Ly; Lz System size along x, y, and z
T Total evolution time
u Fluid velocity
cs Speed of sound
L Characteristic length of the system
ν Kinematic viscosity of the fluid
Re Reynolds number
Ma Mach number

Lattice Boltzmann model Q Number of discrete velocities
em; e⋆m Discrete velocities in physical and lattice units
w Vector of Maxwell weightings for discrete velocities
f , g LBE and shifted LBE state vectors

f eq; geq Equilibrium states for LBE and shifted LBE
Nx;Ny; Nz Number of spatial discretization points along x, y, and z

N Total number of spatial discretization points
r⋆ Position in lattice units
t⋆ Time step
T⋆ Total number of time steps
Δx Distance between neighboring lattice sites
Δt Duration of a time step
β Spatial resolution parameter
u⋆ Fluid velocity in lattice units
u⋆max Maximal fluid velocity during the evolution (in lattice units)
u⋆0 Lattice velocity constant controlling the norm of the solution

Quantum algorithm d Dimension of the LBE system
dC Dimension of the Carleman-embedded LBE system
NC Carleman truncation order
ϵC Carleman truncation error
y; yk Carleman vector and its kth block
F1; F2 Linear and quadratic collision matrices
C;S Carleman collision and streaming matrices
κA Condition number of a matrix A
αA Block-encoding prefactor of a matrix A

AH;YH Linear system and its solution for the LBE history state
AF;YF Linear system and its solution for the LBE final state
W Number of qubits in the waiting register
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APPENDIX B: TRANSFORMING DBE
INTO AN ODE

With the discretization described by Eq. (22), the
streaming term in DBE, Eq. (5), can be represented using
central differencing as follows:

−em ·∇fmðr; tÞ → − X
i∈ fx;y;zg

ðemÞi
fm;rþaiðtÞ − fm;r−aiðtÞ

2Δx
;

(B1)

where we introduced ax ¼ ð1; 0; 0Þ, ay ¼ ð0; 1; 0Þ and
az ¼ ð0; 0; 1Þ. This can be written concisely as

−em ·∇fmðr; tÞ → GfðtÞ; (B2)

where G is a d × d matrix describing the streaming
generator with matrix elements given by

ðGÞm;r;m1;r1 ¼ −δm;m1

X
i∈ fx;y;zg

ðemÞiðδrþai;r1 − δr−ai;r1Þ
2Δx

;

(B3)

where δ denotes a Kronecker delta.
Next, one needs to rewrite the collision operator

explicitly as a function of f . Using the fact that for the
considered discrete velocity models the lattice speed of
sound is given by c⋆s ¼ 1=

ffiffiffi
3

p
, the expression for the

equilibrium distribution from Eq. (7) can be rewritten as

feqm ðr; tÞ ¼ ρðr; tÞwm

�
1þ 3e⋆m · u⋆ðr; tÞ þ 9

2
ðe⋆m · u⋆ðr; tÞÞ2 − 3

2
ju⋆ðr; tÞj2

�
: (B4)

Then, the authors of Refs. [37,38] assume a weakly compressible flow, which means that the deviation of ρ from some
reference density is small. Normalizing such reference density to 1, the following approximation is then justified:

1

ρðr; tÞ ≈ 2 − ρðr; tÞ: (B5)

Using it in Eq. (B4), the equilibrium distribution can be expressed as a third-order polynomial in f as follows (for clarity
we omit the dependence on r and t):

feqm ¼ wm

�XQ
m1

fm1
þ 3e⋆m ·

XQ
m1¼1

e⋆m1
fm1

�
þ 2wm

�
9

2

�
e⋆m ·

XQ
m1¼1

e⋆m1
fm1

�2

− 3

2

�XQ
m1¼1

e⋆m1
fm1

�2�

− wm

�XQ
m1¼1

fm1

��
9

2

�
e⋆m ·

XQ
m1¼1

e⋆m1
fm1

�2

− 3

2

�XQ
m1¼1

e⋆m1
fm1

�2�
; (B6)

where we explicitly separated the expression into linear, quadratic and cubic terms.

Using the above, the BGK collision operator from
Eq. (6) can be replaced by

Ωðr; tÞ → F1 fðtÞ þ F2 f⊗2ðtÞ þ F3 f⊗3ðtÞ; (B7)

where Fk are d × dk matrices describing linear, quadratic
and cubic contributions with matrix elements given by

ðF1Þm;r;m1;r1 ¼
1

τ
δr;r1ð−δm;m1

þ wm þ 3wmEm;m1
Þ; (B8a)

ðF2Þm;r;m1;r1;m2;r2 ¼
wm

τ
δr;r1δr;r2ð9Em;m1

Em;m2
− 3Em1;m2

Þ;
(B8b)

ðF3Þm;r;m1;r1;m2;r2;m3;r3 ¼−wm

2τ
δr;r1δr;r2δr;r3

× ð9Em;m1
Em;m2

−3Em1;m2
Þ;
(B8c)

and where we have introduced the following Q ×Q
matrix:

Em;m1
≔ e⋆m · e⋆m1

: (B9)

APPENDIX C: VANISHING CARLEMAN ERROR
FOR PURELY COLLISIONAL DBE

Start with Eq. (23) with a single lattice site and no
streaming:
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dfðtÞ
dt

¼ F1 fðtÞ þ F2 f⊗2ðtÞ þ F3 f⊗3ðtÞ; (C1)

where Fk are Q ×Qk from Eqs. (B8a)–(B8c). Given these
small sizes, it can be verified by direct calculations that the
linear collision matrix F1 has only two degenerate eigen-
values: 0 and −1=τ. Denoting by V the matrix that
diagonalizes F1, we thus have

V−1F1V ¼ − 1

τ
Π−; (C2)

where Π− is the projector onto the negative eigenspace,
and we have Π0 þ Π− ¼ I with Π0 denoting the projector
onto the zero eigenspace of V−1F1V. Moreover, as can also
be verified by direct calculations, the action of matrices
V−1FkV⊗k for k being 2 or 3 is to send vectors fromΠ⊗k

0 to
Π−. In other words, their kernel is the complement of Π⊗k

0 ,
and their image is Π−. This then leads to a set of algebraic
relations between matrices Fk. Rescaling time so that
τ ¼ 1 for simplicity, we then have

F1F2 ¼ −F2; (C3a)

F1F3 ¼ −F3; (C3b)

F2ðF1 ⊗ IÞ ¼ F2ðI ⊗ F1Þ ¼ 0; (C3c)

F3ðF1 ⊗ I⊗2Þ ¼ F3ðI ⊗ F1 ⊗ IÞ ¼ F3ðI⊗2 ⊗ F1Þ ¼ 0;

(C3d)

expðF1xÞF2 ¼ e−xF2; (C3e)

expðF1xÞF3 ¼ e−xF3; (C3f)

F2ðexpðF1xÞ ⊗ IÞ ¼ F2ðI ⊗ expðF1xÞÞ ¼ F2; (C3g)

F3ðexpðF1xÞ ⊗ I⊗2Þ ¼ F3ðI ⊗ expðF1xÞ ⊗ IÞ
¼ F3ðI⊗2 ⊗ expðF1xÞÞ ¼ F3;

(C3h)

F2ðF2 ⊗ IÞ ¼ F2ðI ⊗ F2Þ ¼ 0; (C3i)

F2ðF3 ⊗ IÞ ¼ F2ðI ⊗ F3Þ ¼ 0; (C3j)

F3ðF2 ⊗ I⊗2Þ ¼ F3ðI⊗2 ⊗ F2Þ ¼ 0; (C3k)

F3ðF3 ⊗ I⊗2Þ ¼ F3ðI ⊗ F3 ⊗ IÞ ¼ F3ðI⊗2 ⊗ F3Þ ¼ 0.

(C3l)

We now claim that the following is a solution to
Eq. (C1):

fðtÞ ¼ eF1tfð0Þ þ ð1 − e−tÞ½F2 f⊗2ð0Þ þ F3 f⊗3ð0Þ�;
(C4)

whose derivative can be straightforwardly calculated to be

dfðtÞ
dt

¼ F1eF1tfð0Þ þ e−t½F2 f⊗2ð0Þ þ F3 f⊗3ð0Þ�: (C5)

Indeed, substituting the postulated solution to Eq. (C1),
we get

dfðtÞ
dt

¼ F1½eF1tfð0Þ þ ð1 − e−tÞF2 f⊗2ð0Þ þ ð1 − e−tÞF3 f⊗3ð0Þ� (C6)

þF2½eF1tfð0Þ þ ð1 − e−tÞF2 f⊗2ð0Þ þ ð1 − e−tÞF3 f⊗3ð0Þ�⊗2 (C7)

þF3½eF1tfð0Þ þ ð1 − e−tÞF2 f⊗2ð0Þ þ ð1 − e−tÞF3 f⊗3ð0Þ�⊗3; (C8)

which can be simplified using the algebraic identities introduced above to

dfðtÞ
dt

¼ F1eF1tfð0Þ − ð1 − e−tÞF2 f⊗2ð0Þ
− ð1 − e−tÞF3 f⊗3ð0Þ (C9)

þF2 f⊗2ð0Þ (C10)

þF3 f⊗3ð0Þ; (C11)

which in turn is exactly the derivative from Eq. (C5).
Next, let us introduce the Carleman variables,

ykðtÞ ¼ f⊗kðtÞ; (C12)

and assume we truncate the Carleman linearization at
level NC. Then, for all k ≤ NC − 2 we have

dykðtÞ
dt

¼ FðkÞ
1 ykðtÞ þ FðkÞ

2 ykþ1ðtÞ þ FðkÞ
3 ykþ2ðtÞ; (C13a)

dyNC−1ðtÞ
dt

¼ FðNC−1Þ
1 yNC−1ðtÞ þ FðNC−1Þ

2 yNC
ðtÞ; (C13b)

dyNC
ðtÞ

dt
¼ FðNCÞ

1 yNC
ðtÞ; (C13c)

where
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FðkÞ
l ¼

Xk−1
j¼0

I⊗j ⊗ Fl ⊗ I⊗k−j−1: (C14)

We can now write a formal solution of the above:

ykðtÞ¼ eF
ðkÞ
1
tykð0Þþ

Z
t

0

dseF
ðkÞ
1
ðt−sÞ½FðkÞ

2 ykþ1ðsÞþFðkÞ
3 ykþ2ðsÞ�;

(C15a)

yNC−1ðtÞ¼ eF
ðNC−1Þ
1

tyNC−1ð0Þþ
Z

t

0

dseF
ðNC−1Þ
1

ðt−sÞFðNC−1Þ
2 yNC

ðsÞ;
(C15b)

yNC
ðtÞ ¼ eF

ðNCÞ
1

tyNC
ð0Þ: (C15c)

Assuming NC ≥ 3 and substituting such solutions for y2
and y3 into the solution for y1, while using the algebraic
identities listed above, one obtains

y1ðtÞ ¼ eF1ty1ð0Þ þ ð1 − e−tÞ½F2y2ð0Þ þ F3y3ð0Þ�:
(C16)

Finally, since for the truncated system at time t ¼ 0 we
have ykð0Þ ¼ f⊗kð0Þ, comparing with Eq. (C4), we con-
clude that

y1ðtÞ ¼ fðtÞ: (C17)

Thus, whenever NC ≥ 3, the Carleman linearization
procedure reproduces exactly the evolution of one copy
of the DBE state vector with a single lattice site.

APPENDIX D: DETAILS ON BLOCK-ENCODING

1. Preliminaries

Recall that a block-encoding of a rectangular matrix A,
mapping m into m0 ≤ m qubits, is defined as any unitary
UA of the form

UA ¼
	
A=αA �
� �

�
: (D1)

In the above, � indicate other non-essential components
of the unitary matrix UA, and αA is implicitly defined by
the equation and is the block-encoding rescaling prefactor.
More formally, an ðαA; nA; ϵÞ-block-encoding of A is an
ðmþ nAÞ-qubit unitary UA such that

kA − αAðIm0 ⊗ h0j⊗nAþΔmÞUAðIm ⊗ j0i⊗nAÞk ≤ ϵ; (D2)

where Δm ¼ m −m0. The parameter αA typically enters
the quantum algorithmic cost, so we ideally devise block-
encodings with αA as small as possible. Note that
αA ≥ kAk, since UA is unitary, so an optimal block-
encoding has αA ¼ kAk.

We now note the following, where we assume ϵ ¼ 0 for
simplicity. Suppose we have a rectangular matrix A and a
block-encoding UA as defined above. This implies that for
any jψi we have

UAjψi ⊗ j0i⊗nA ¼ 1

αA
Ajψi ⊗ j0i⊗nAþΔm þ j⊥i; (D3)

where j⊥i is a vector orthogonal to the first term on the
right-hand side. Given this, for any rectangular matrix A
we can define the squarematrix Ā in the embedding tensor
product space as

Ājψi ≔ Ajψi ⊗ j0i⊗Δm: (D4)

It follows that if UA is a unitary block-encoding of A
with nA incoming ancillary zero states, nA þ Δm outgoing
ancillary zero states, and a prefactor αA, then UA is also a
unitary block-encoding of Ā with nA ancillary qubits
beginning and ending in the zero state, and with a rescaling
prefactor αĀ ¼ αA. In what follows, we will use this fact
in the context of the tensor-product embedding of the
Carleman matrix. Note that, since the block-encoding
prefactors are the same for the rectangular matrix and
its square version, in the main text we always refer to F2

collision matrices to avoid introducing excessive notation,
whereas in the appendixes below wewill mostly work with
F̄2 matrices.
In what follows, we will present constructions of unitary

block-encodings UAH
of AH [from Eq. (90)] and UAF

of AF
[from Eq. (93)], which both consist of a series of nested
block-encodings:

1. First, we will explain how to construct UAH
and UAF

given the block-encoding UC of C (Appendix D2).
2. Next, we show how to constructUC given the block-

encodings of collision matrices I þ F1 and F̄2

(Appendix D3).
3. Finally, we present a way to block-encode collision

matrices I þ F1 and F̄2 (Appendix D4).
This way we close the construction and provide the final

expressions for the block-encoding prefactors αAH
and αAF

,
and the corresponding number of ancillary qubits needed,
nAH

and nAF
.

Before we proceed, we present two crucial results
concerning unitary block-encodings that will be useful
in block-encoding the investigated linear systems describ-
ing the shifted LBE. Although these are well-known
results, we provide their proofs, as we will use the
construction presented there in the coming sections.
Lemma 1. (LCU Block-encodings). Given an N-qubit

matrix

A ¼
Xk
i¼1

Ai; (D5)
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and ðαi; ni; 0Þ-block-encodings UAi
of Ai, one can con-

struct ðα; n; 0Þ-block-encoding UA of A with

α ¼
Xk
i¼1

αi; n ¼ log kþmax
i
ni: (D6)

Proof. Introduce a state preparation unitary V on log k
qubits, such that

Vj0i ¼ 1ffiffiffi
α

p
Xk
i¼1

ffiffiffiffi
αi

p jii; (D7)

and denote n� ¼ maxini. Then, extend ðαi; ni; 0Þ-block-
encodings of Ai to ðαi; n�; 0Þ-block-encodings U�

Ai
of Ai

simply by adding extra qubits on which U�
Ai
acts trivially.

Now, construct the following unitary

UA ¼ðIN ⊗ In� ⊗V†Þ
�Xk

i¼1

U�
Ai
⊗ jiihij

�
ðIN ⊗ In� ⊗VÞ;

(D8)

where Im is the identity matrix acting on m qubits. We can
directly verify that

ðIN ⊗ h0j⊗n�þlog kÞUAðIN ⊗ j0i⊗n�þlog kÞ (D9)

¼ 1

α

Xk
j;j0¼1

ffiffiffiffiffiffiffiffiffiffi
αjαj0

p ðIN ⊗ h0j⊗n� ⊗ hj0jÞð
Xk
i¼1

U�
Ai
⊗ jiihijÞðIN ⊗ j0i⊗n� ⊗ jjiÞ (D10)

¼ 1

α

Xk
i¼1

αiðIN ⊗ h0j⊗n� ÞU�
Ai
ðIN ⊗ j0i⊗n� Þ ¼ 1

α

Xk
i¼1

Ai ¼
A
α
; (D11)

so that UA is an ðα; n; 0Þ-block-encoding of A. ▪

Lemma 2. (Block-diagonal LCU). Given a k · 2N ×
k · 2N matrix

A ¼
Xk2
i¼k1

jiihij ⊗ Ai; (D12)

with 1 ≤ k1 ≤ k2 ≤ k, and ðαi; ni; 0Þ-block-encodings UAi

of N-qubit matrices Ai, one can construct ðα; n; 0Þ-block-
encoding UA of A with

α ¼ max
i∈ fk1;…;k2g

αi; n ¼ max
i∈ fk1;…;k2g

ni þ 1. (D13)

Proof. For i < k1 and i > k2 set αi ¼ 0. Then, for all
i∈ f1;…; kg, introduce a set of single-qubit state prepa-
ration unitaries Vi, such that

Vij0i ¼
αi
α
j0i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − α2i

α2

s
j1i; (D14)

and denote n� ¼ maxini. Next, for i∈ fk1;…; k2g, extend
ðαi; ni; 0Þ-block-encodings UAi

of Ai to ðαi; n�; 0Þ-block-
encodings U�

Ai
of Ai simply by adding extra qubits on

which U�
Ai

acts trivially. Moreover, for i < k1 and i > k2,
define U�

Ai
¼ IN ⊗ In� . Now, construct the following

unitary:

UA ¼ ðIlog k ⊗ IN ⊗ In� ⊗ I1Þ
 Xk

i¼1

jiihij ⊗ U�
Ai
⊗ I1

! Xk
j¼1

jjihjj ⊗ IN ⊗ In� ⊗ Vj

!
; (D15)

where Im is the identity matrix acting on m qubits. We can directly verify that

ðIlog k ⊗ IN ⊗ h0j⊗n�þ1ÞUAðIlog k ⊗ IN ⊗ j0i⊗n�þ1Þ (D16)

¼ ðIlog k ⊗ IN ⊗ h0j⊗n�Þ
 Xk

i¼1

jiihij ⊗ U�
Ai
h0jVij0i

!
ðIlog k ⊗ IN ⊗ j0i⊗n� Þ (D17)

¼ ðIlog k ⊗ IN ⊗ h0j⊗n�Þ
 Xk2

i¼k1

jiihij ⊗ U�
Ai

αi
α

!
ðIlog k ⊗ IN ⊗ j0i⊗n�Þ (D18)
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¼
Xk2
i¼k1

jiihij ⊗ Ai

αi

αi
α
¼ 1

α

Xk
i¼1

jiihij ⊗ Ai ¼
A
α
; (D19)

so that UA is an ðα; n; 0Þ-block-encoding of A. ▪

2. Block-encoding the linear system

a. History state

First of all, note that we can decompose AH into a sum
over the diagonal and off-diagonal blocks:

AH ¼
XT⋆

t⋆¼0

jt⋆iht⋆j ⊗ I − XT⋆−1

t⋆¼0

jt⋆ þ 1iht⋆j ⊗ SC

¼ It⋆ ⊗ I − Δt⋆ ⊗ SC; (D20)

where Δ⋆
t is just a ðT⋆ þ 1Þ-dimensional shift operator on

the first (time) register. Recall that in this section we want
to show how to block-encode AH given a block-encoding
of C. So, we need to show how to block-encode Δt⋆ and
how to realize S.

It is easy to construct a ð1; 1; 0Þ-block-encoding UΔk of
Δk (here we just need k ¼ 1) in the following way:

ðD21Þ

where theþk gate is a quantum adder adding k to a register
consisting of logðT⋆ þ 1Þ þ 1 qubits. Note that the extra
qubit, initialized in j0ia, plays the role of the most
significant bit, and the notation h0ja in Eq. (D21) indicates
that Δk is encoded in the j0ia subspace, in the sense of
Eq. (D2) with nA ¼ 1 and m ¼ m0. The block-encoding of
ðΔ†Þk is analogous, just using a −k quantum adder.
Next, since S is unitary, it has a trivial block-encoding

and can be implemented as a quantum circuit in the
following way. Note that the action of S on a single state
vector register y½k� can be constructed using quantum
adders on the corresponding spatial registers controlled
by the velocity registers:

ðD22Þ

Then, the direct way to construct S is to consecutively apply S to the kth single state vector register, controlled on the
Carleman block register nC being smaller or equal to k. However, given that we encode the data in a way that the single
state vector registers y½k� are all set to zero states when k > nC, and that S acts on these simply as the identity matrix, we
can as well remove the controls and encode S by just applying S to each single state vector register,

ðD23Þ

We shall follow this cheaper option.
Finally, let us assume that we have access to ðαC; nC; 0Þ-block-encoding UC of C, so that we can construct an

ðαC; nC þ 1; 0Þ-block-encoding of the second term in Eq. (D20) using the constructions presented above. Then, using
Lemma 1, we can combine this with the first identity term to construct an ðαAH

; nAH
; 0Þ-block-encoding UAH

of AH with
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αAH
¼ αC þ 1; nAH

¼ nC þ 2. (D24)

The explicit circuit for UAH
is given by

ðD25Þ

where Vα is a single qubit gate defined via:

Vαj0i ∝ j0i þ ffiffiffi
α

p j1i; (D26)

and, with a slight abuse of notation that we will use throughout this section, the block-encoded operators UΔ and UC also
act on ancillary qubits that are not shown in the circuit.

b. Final state

Similarly to the case of AH, we can decompose AF as follows:

AF ¼ Iw ⊗ It⋆ ⊗ I − ½ðIw − j0ih0jwÞ ⊗ It⋆ ⊗ I þ j0ih0jw ⊗ It⋆ ⊗ SC�½Δw;t⋆ ⊗ I�; (D27)

where Δw;t⋆ is the shift operator on the waiting and time registers acting as

j0iw ⊗ j0it⋆ → j0iw ⊗ j1it⋆ → � � � → j0iw ⊗ jT⋆it⋆ → j1iw ⊗ j0it⋆ → � � � → j2W − 1iw ⊗ jT⋆it⋆ : (D28)

Assuming we have access to ðαC; nC; 0Þ-block-encoding of C and to ð1; 1; 0Þ-block-encoding of Δ, we can use Lemma 2
to construct an ðαC; nC þ 2; 0Þ-block-encoding of the second term in Eq. (D27). Thus, using Lemma 1 as before, we end up
with an ðαAF

; nAF
; 0Þ-block-encoding of AF with

αAF
¼ αC þ 1; nAF

¼ nC þ 3; (D29)

i.e., with the same block-encoding prefactor as in the case of AH, but with one more ancillary qubit needed. The explicit
circuit for UAF

is given by

ðD30Þ

where both single qubit Vα unitaries are defined by Eq. (D26), whereas I − j0ih0j denotes a control that works unless all
qubits are in a zero state. Note that this controlled gate can be implemented via
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ðD31Þ

3. Block-encoding the Carleman collision matrix

First of all, note that we can decompose C from Eq. (99) into a sum over the diagonal and off-diagonal blocks:

C ¼
XNC

k¼1

Xminf2k;NCg

l¼k

jkihlj ⊗ C̄k
l ⊗ I⊗NC−l (D32)

¼
XNC

k¼1

jkihkj ⊗ C̄k
k ⊗ I⊗NC−k þ

XNC

k¼1

Xminfk;NC−kg

l¼1

jkihkþ lj ⊗ C̄k
kþl ⊗ I⊗NC−k−l (D33)

¼
XNC

k¼1

jkihkj ⊗ C̄k
k ⊗ I⊗NC−k þ

XbNC
2 c

l¼1

XNC−l

k¼l

jkihkjðΔ†Þl ⊗ C̄k
kþl ⊗ I⊗NC−k−l: (D34)

Introducing l0 ≔ maxf1; lg, we rewrite C as

C ¼
XbNC

2 c

l¼0

XNC−l

k¼l0
jkihkjðΔ†Þl ⊗ C̄k

kþl ⊗ I⊗NC−k−l ¼:
XbNC

2 c

l¼0

Bl: (D35)

Thus, assuming we found ðαBl
; nBl

; 0Þ-block-encodings UBl
for each Bl, we can use Lemma 1 to construct

ðαC; nC; 0Þ-block-encoding UC of C with

αC ¼
XbNC

2 c

l¼0

αBl
; nC ¼ logðbNC=2c þ 1Þ þ max

l∈ f0;…;bNC=2cg
nBl

: (D36)

One can then explicitly construct UC via a standard LCU circuit:

ðD37Þ

where each UBl
is controlled on the ancillary register, consisting of logð⌈NC=2⌉þ 1Þ qubits, being in the state jli, and VB

is defined via

END-TO-END QUANTUM ALGORITHM FOR NONLINEAR … PRX QUANTUM 7, 033060 (2026)

033060-39



VBj0i ∝
XbNC

2 c

l¼0

ffiffiffiffiffiffiffi
αBl

p jli: (D38)

In order to block-encode each Bl,

Bl ¼
�XNC−l

k¼l0
jkihkj ⊗ C̄k

kþl ⊗ I⊗NC−k−l
�
½ðΔ†Þl ⊗ I⊗NC �;

(D39)

we can block-encode the two terms separately. We have
already shown in Appendix D2 how to construct a

ð1; 1; 0Þ-block-encodings of the second term. From
Lemma 2, we know that we can construct a
ðmaxkαC̄k

kþl
;maxknC̄k

kþl
þ 1; 0Þ-block-encoding of the first

term, given a ðαC̄k
kþl
; nCk

kþl
; 0Þ-block-encodings of C̄k

kþl. We

thus conclude that we can construct ðαBl
; nBl

; 0Þ-block-
encodings of each Bl with

αBl
¼ max

k∈ fl0;…;NC−lg
αC̄k

kþl
; nBl

¼ max
k∈ fl0;…;NC−lg

nC̄k
kþl

þ 1.

(D40)

The explicit circuit for each UBl
is given by

ðD41Þ

where ỹ denotes all the registers of y except for the
Carleman block register (i.e., single state vector registers
y½1� through y½NC�), and VCk

kþl
are single qubit unitaries

defined by

VCk
kþl
j0i ∝ j0i þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2Bl

α2
C̄k
kþl

− 1

vuut j1i: (D42)

Next, we introduce

Fðk; lÞ ≔ ðI þ F1Þ⊗k−l ⊗ F̄⊗l
2 ; (D43)

where F̄2 acts on two single state vector registers as
F2 ⊗ j0i, analogously to how C̄k

l depends on Ck
l . We can

then rewrite C̄k
kþl as

C̄k
kþl ¼

�X
π

ΠπFðk; lÞΠ†
π

�
; (D44)

where the summation is over all permutations π of a total
of k systems with k − l systems of type 1 (each consisting
of 1 subsystem) and l systems of type 2 (each consisting of

2 subsystems). Moreover, Ππ is a unitary permutation over
all kþ l subsystems that:

1. Acts on the k − l systems of type 1 and on all the
first subsystems of the l systems of type 2, as π;

2. Then, each second subsystem of the mth system of
type 2 is shifted forward by to a position kþm.

To block-encode C̄k
kþl given block-encodings UFðk;lÞ of

Fðk; lÞ we will use the LCU construction from Lemma 1
again. Importantly, note that given a ðαFðk;lÞ; nFðk;lÞ; 0Þ-
block-encoding of Fðk; lÞ, all its permuted versions appear-
ing in the expression for C̄k

kþl have block-encodingswith the
same prefactors and numbers of ancillary qubits. Thus,
assuming we can construct ðαFðk;lÞ; nFðk;lÞ; 0Þ-block-encod-
ingsUFðk;lÞ of eachFðk; lÞ, we can useLemma1 to construct
ðαC̄k

kþl
; nC̄k

kþl
; 0Þ-block-encodings UC̄k

kþl
of C̄k

kþl with

αC̄k
kþl

¼
�
k
l

�
αFðk;lÞ; nC̄k

kþl
¼ log

�
k
l

�
þ nFðk;lÞ:

(D45)

The straightforward circuit decomposition of UC̄k
kþl

is
given by
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ðD46Þ

where we introduced a shorthand notation M ¼ ðklÞ, Πk

means Ππk with πk being the k-th permutation using some
standard ordering, and VΠ prepares a uniform super-
position over M states. Note, however, that in this con-
struction the number of ðlogMÞ-controlled gates is M,
which can grow almost exponentially withNC, rendering it
an inefficient encoding for large NC. However, in the sub-
threshold regime where the Carleman method converges,
we expect that NC will grow only logarithmically with the
error and so will result in an efficient encoding (as we shall
see, the cost of these gates is subleading). However, we
point out that one could encode the action of all permu-
tations in the circuit above efficiently with growing NC
using the quantum Fisher-Yates shuffle [79].
Finally, assume we have a ðαIþF1

; nIþF1
; 0Þ-

block-encoding of ðI þ F1Þ and a ðαF̄2
; nF̄2

; 0Þ-block-
encoding of F̄2. Then, by simply applying these to

subsequent single state vector registers, we can construct
ðαFðk;lÞ; nFðk;lÞ; 0Þ-block-encoding of Fðk; lÞ with

αFðk;lÞ ¼ αk−lIþF1
αlF̄2

; nFðk;lÞ ¼ ðk − lÞnIþF1
þ lnF̄2

:

(D47)

Putting it all together, we get ðαC; nC; 0Þ-block-encoding
of C with

αC ¼
X�NC

2

�
l¼0

max
k∈ fl0;…;NC−lg

�
k
l

�
αk−lIþF1

αlF̄2

¼
X�NC

2

�
l¼0

�
NC − l

l

�
αNC−2l
IþF1

αlF̄2
; (D48a)

nC ¼ 1þ log
��

NC

2

�
þ 1

�
þ max

l∈ f0;…;bNC=2cg
max

k∈ fl0;…;NC−lg

�
log
�
k
l

�
þ ðk − lÞnIþF1

þ lnF̄2

�

¼ 1þ log
��

NC

2

�
þ 1

�
þ max

l∈ f0;…;bNC=2cg

�
log
�
NC − l

l

�
þ ðNC − 2lÞnIþF1

þ lnF̄2

�
: (D48b)

4. Block-encoding collision matrices

We now proceed to the final step of block-encoding the
collision matrices I þ F1 and F̄2. Starting from I þ F1, we
recall Eq. (54a) and note that this matrix is local in space.
Therefore, it acts non-trivially only on the velocity register,

I þ F1 ¼ Ir⋆ ⊗ ðI þ F̃1Þ; (D49)

where F̃1 is of size 22D × 22D. In fact, since out of 4 basis
states in each velocity register we only use 3, for I þ F̃1 it
is enough to block-encode a Q ×Q matrix (with Q ¼ 3D

denoting the number of discrete velocities in the consid-
ered LBE model), as the rest of the unitary can be set to
identity. Our problem then reduces to block-encoding a
Q ×Q matrix I þ F̃1.
To achieve this, we will use block-encoding based on

singular value decomposition (SVD). More precisely, we

can always write

ðI þ F̃1Þ ¼ L1Σ1R
†
1; (D50)

where L1 and R1 are Q ×Q unitary matrices, while Σ1 is a
Q ×Q diagonal matrix (in fact, all these matrices have size
22D × 22D, but only the Q ×Q block is nontrivial). Then,
assuming access to the SVD unitaries, which act only on 2D
qubits and whose explicit construction we present in
Appendix I4, we only need to block-encode the diagonal
matrixΣ1. Thus, usingLemma2,weget ðαIþF1

; 1; 0Þ-block-
encoding of ðI þ F1Þ with the block-encoding prefactor
given by the largest element σ� of Σ1. This can be found
using the explicit formula for F̃1 and, in the relevant regime
of τ̄⋆ > 1=2, we get
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αIþF1
¼ σ� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3D þ 2Dþ1ðτ̄⋆2 − τ̄⋆Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9D þ 4 · 6Dðτ̄⋆2 − τ̄⋆Þ

pq
ffiffiffiffiffiffiffiffiffiffi
2Dþ1

p
τ̄⋆

; (D51)

which is a non-increasing function of τ̄⋆ with values:

1 < αIþF1
<

8>>><
>>>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ ffiffiffi

3
pp

for D ¼ 1;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
2
ð7þ 3

ffiffiffi
5

p Þ
q

for D ¼ 2;
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
23þ 3

ffiffiffiffiffi
57

pp
for D ¼ 3.

(D52)

The explicit circuit block-encoding I þ F1 is given by

ðD53Þ

where v is the velocity register consisting of 2D qubits,
controls depend on states encoding consecutive discrete
velocities m, and Vσm are single-qubit unitaries defined via

Vσm j0i ∝ j0i þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2�
σ2m

− 1

s
j1i; (D54)

with σm denoting the m-th singular value of I þ F̃1, i.e.,
the m-th diagonal element of Σ1.
We now proceed to block-encoding F̄2. From Eq. (54b),

we have

F̄2 ¼ Ir⋆;r⋆ ⊗ j0ir⋆ ⊗ F2 ⊗ j0i; (D55)

where Ir⋆;r⋆ is of size N × N2 and F2 is of size 22D × 24D.
As before, for the latter matrix we can in fact consider a
restriction to a Q ×Q2 matrix. We then need to construct
block-encodings of two square matrices: N2 × N2 matrix
Īr⋆;r⋆ ≔ Ir⋆;r⋆ ⊗ j0ir⋆ , and Q2 ×Q2 matrix F̃2 ⊗ j0i. The
first of these can be easily block-encoded with a unit
prefactor and a single-qubit ancilla using the following
permutation matrix:

UĪr⋆ ;r⋆
¼ Īr⋆;r⋆ ⊗ Ia þ ðĪr⋆;r⋆ − IÞ ⊗ Xa; (D56)

where Xa is a Pauli X matrix acting on the ancilla qubit.
Concerning the second matrix, as we explained in Sec. D1,
its block-encoding coincides with a block-encoding
of a rectangular matrix F̃2, and the prefactors are the

same, αF̃2⊗j0i ¼ αF̃2
. Therefore, assuming access to

ðαF̃2
; nF̃2

; 0Þ-block-encoding of F̃2, we can construct
ðαF̃2

; nF̃2
þ 1; 0Þ-block-encoding of F̄2.

As for the block-encoding of F̃2, we will use a method
based on HOSVD. More precisely, we aim at decomposing
the Q ×Q2 matrix F̃2 as

F̃2 ¼ L2Σ2ðR2 ⊗ R2Þ†; (D57)

where L2 and R2 are Q ×Q unitary matrices, while Σ2 is a
Q ×Q2 with as small rank as possible. Then, again, we
assume access to 2D-qubit unitaries L2 and R2 (that we
construct in Appendix I4), and we only need to block-
encode a sparse matrix Σ2. The exact block-encoding
cost of Σ2 will depend on the particular HOSVD used.
However, as we show in Appendix I4, we find construc-
tions for D∈ f1; 2g where this coincides with the block-
encoding prefactors for the diagonal matrix with singular
values of F2, while the number of ancillary qubits needed
is 1 for D ¼ 1 and 8 for D ¼ 2. Since we expect that
also for D ¼ 3 the block-encoding will not differ signifi-
cantly from this, we will use the largest singular value of
F̃2 for the block-encoding prefactor αF̃2

, and 4D for the
number of ancillary qubits needed. As the largest singular
value can be explicitly calculated, we end up with
ðαF̄2

; nF̄2
; 0Þ-block-encoding of F̄2 with

αF̄2
¼ 2

3τ̄⋆

�
3ffiffiffi
2

p
�

D ffiffiffiffiffiffiffiffiffiffiffiffi
Dþ 2

p
; (D58a)
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nF̄2
¼ 4Dþ 1. (D58b)

The circuit realizing the block-encoding of F̄2 is given by

ðD59Þ

where UΣ2⊗j0i is the block-encoding of the square embed-
ding of Σ2 in the full space. We also recall that in the circuit
diagram we do not show the auxiliary qubits that begin and
end in the zero state for successful implementation of the
block-encoding.
Finally, putting everything we derived in this section

together, we end up with the final expression for the block-
encoding prefactor αA and the number of ancillary qubits
nA needed:

αA ¼ 1þ
XbNC

2 c

l¼0

�
NC − l

l

�
αNC−2l
IþF1

αlF̄2
; (D60a)

nA ¼ max
l∈f0;…;bNC=2cg

	
log
�
NC− l

l

�
þ lð4D−1Þ

�

þNCþ1þ log
��

NC

2

�
þ1

�
; (D60b)

where αIþF1
and αF̄2

are given by Eqs. (D51) and (D58a),
respectively.

APPENDIX E: DETAILS ON QLS

In Ref. [12], the author considers the linear problem of
the form

AY ¼ b; (E1)

where Y is the desired solution vector, b is a normalized
vector, and it is assumed that one has access to a unitary
block-encoding UA of A with a block-encoding prefactor
αA ¼ 1, and to a unitary state preparation Ub. Under such
assumptions, the singular values of A satisfy

σðAÞ∈ ½1=κA; 1�; (E2)

where κA denotes the condition number of A. In such a
setting, Ref. [12] provides a quantum algorithm for out-
putting a quantum state that is at most ϵQ away from the
normalized solution jYi, with the following query upper
bound:

qQ≤56.0κAþ1.05κA ln

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffi
1−ϵ2Q

q
ϵQ

1
CAþ2.78 lnðκAÞ3þ3.17:

(E3)

More precisely, qQ is the total number of queries to UA,
U†

A and their controlled versions, and 2qQ is the total
number of queries to Ub, U

†
b and their controlled versions.

The difference then is that our block-encoding prefactor
αA is not 1 and that b is not normalized. To bring our
problem to the standardized form described above, note
that the linear problems we consider, AY ¼ b, are equiv-
alent to

ÃỸ ¼ b; (E4)

where

Ã ¼ A
αA

; Ỹ ¼ αA
kbkY: (E5)

Note that having access to ðαA; nA; 0Þ-block-encoding of
A is equivalent to having access to ð1; nA; 0Þ-block-
encoding of Ã. Also, considering Ỹ instead of Y makes
no difference, as the QLS prepares a normalized quantum
state, so it is insensitive to simple scaling. The only
important difference then is that the range of singular
values of Ã differs from that of A:
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σðÃÞ∈
	

1

kÃ−1k ; kÃk
�
¼
	
1

αAκA
kAk

;
kAk
αA

�
⊆
	
1

αAκA
kAk

; 1
�
; (E6)

where we used that αA ≥ kAk. Comparing with Eq. (E2),
we then end up with the following query complexity upper
bound for our problem:

qQ ≤
αA
kAk

�
56.0κA þ 1.05κA ln

�ð1 − ϵ2QÞ
1
2

ϵQ

��

þ 2.78 ln
�

αA
kAk κA

�
3

þ 3.17: (E7)

APPENDIX F: SELECTED SIMULATION
PARAMETERS

In Tables III and IV, we collect the values of simulation
parameters Nx, T⋆, τ̄⋆, and u⋆ for D ¼ 1 and D ¼ 2
systems, and a representative subset of Reynolds numbers
chosen in our simulations. We also present dimensions of
Carleman collision matrices C (so also of the simulated
Carleman systems used to evaluate Carleman truncation
errors ϵC) and the dimension of matrices AH describing
Carleman linear systems (whose condition numbers we
evaluate to estimate the query complexity of our quantum

algorithm). Absence of dim AH in some cases means that
we have not estimated the condition number for that choice
of parameters (typically because sizes of the correspond-
ing matrices were beyond the reach of our numerical
methods in reasonable time).

APPENDIX G: EIGENSTATE OF COLLISION-
STREAMING OPERATOR

In this appendix, we present the construction of the −1
eigenstate jξπi of the SC operator. As in Sec. VII C 1, we
set all Carleman blocks, except for the first one, to zero:

jξπi ¼ ½jζπi; 0;…; 0�: (G1)

Thus,

SCjξπi ¼ ½SðI þ F1Þjζπi; 0;…; 0�; (G2)

and so we reduce the problem to finding the −1 eigenstate
of SðI þ F1Þ.
We start with D ¼ 1 case. It can be easily verified that

the following state is an eigenstate of I þ F1 correspond-
ing to eigenvalue 1:

ðG3Þ

where we used a graphical notation to relate coefficients
to discrete velocity components. We then claim that the
following state is a −1 eigenstate of SðI þ F1Þ

ðG4Þ

where different dots correspond to different lattice sites.
One can indeed verify that the application of I þ F1 at
every site leaves all local states invariant, which is then
followed by the streaming operator mapping every jψi into
−jψi and vice versa. Thus, the overall effect is to map jζπi
to −jζπi. Moreover, note that due to the antisymmetry of

the state jψi with respect to the reflection around the node
point, jζπi is the −1 eigenstate of SðI þ F1Þ even in the
presence of walls.
Next, consider D ¼ 2. It can be verified by direct

calculation that the following two states are eigenstates
of I þ F1 corresponding to the eigenvalue 1:

TABLE III. Simulation parameters for D ¼ 1 systems with
β ¼ 3=4.

NC Re Nx T⋆ τ̄⋆ u⋆ dim C dim AH

1 1000 178 2372 0.540 0.0750 534 1267182
2 200 54 388 0.6094 0.1361 26406 10271934

1000 178 2372 0.540 0.0750 285690 …
3 100 32 178 0.6687 0.1768 894048 160034592

500 106 1088 0.5617 0.0971 32258874 …
4 30 13 46 0.8580 0.2774 2374320 111593040

150 43 281 0.6310 0.1525 279086340 …
5 50 19 82 0.7602 0.2294 612436557 …

TABLE IV. Simulation parameters for D ¼ 2 systems with
β ¼ 3=4.

NC Re Nx T⋆ τ̄⋆ u⋆ dim C dim AH

1 100 32 1000 0.5300 0.0313 9216 9225216
250 63 3953 0.5120 0.0159 35721 …

2 20 10 90 0.6500 0.1000 810900 73791900
150 43 1838 0.5200 0.0233 276939522 …

3 20 10 90 0.6500 0.1000 729810900 …

DAVID JENNINGS et al. PRX QUANTUM 7, 033060 (2026)

033060-44



ðG5Þ

We then claim that the following state is a −1 eigenstate of SðI þ F1Þ:

ðG6Þ

This can be confirmed by verifying that the streaming operator brings a negative phase factor, and that this still holds in
the presence of nontrivial walls due to the antisymmetric nature of jψ1i and jψ2i.
Finally, in D ¼ 3, there exist three eigenstates of I þ F1 corresponding to eigenvalue 1 and being antisymmetric under

the reflection with respect to the node point. One can then again find a spatial distribution of these states with phase factors
to construct a −1 eigenstate of SðI þ F1Þ.

APPENDIX H: UPPER BOUND ON THE CONDITION NUMBER

Consider a block decomposition of a matrix A,

A ¼
Xd
i¼1

Xd
j¼1

jiihjj ⊗ Aij; (H1)

and note that

max
x∶ kxk¼1

kAxk ¼ max
fxkgP
k
kxkk2¼1

����Xd
i¼1

Xd
j¼1

Xd
k¼1

ðjiihjj ⊗ AijÞðjki ⊗ xkÞ
���� (H2)

¼ max
fxkgP
k
kxkk2¼1

����Xd
i¼1

jii ⊗
Xd
k¼1

Aikxk

���� ¼ max
fxkgP
k
kxjk2¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXd
i¼1

����Xd
k¼1

Aikxk

����2
vuut (H3)

≤ max
fxkgP
k
kxkk2¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXd
i¼1

�Xd
k¼1

kAikkkxkk
�2

vuut ≤ max
fxkgP
k
kxkk2¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXd
i¼1

�Xd
j¼1

kAijk2
Xd
k¼1

kxkk2
�vuut (H4)
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¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXd
i¼1

Xd
j¼1

kAijk2
vuut : (H5)

Thus,

kAk ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXd
i¼1

Xd
j¼1

kAijk2
vuut : (H6)

Applying the above to bound the norm of A−1
H from Eq. (91), noting that one can sum blocks over diagonals, leads to

kA−1
H k ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXT⋆

t⋆¼0

ðT⋆ − t⋆ þ 1ÞkðSCÞt⋆k2
vuut : (H7)

Combining this with an upper bound for kAHk from Eq. (142) leads to the claimed bound on the condition number
from Eq. (157a). Next, recall that A−1

F has the same blocks as A−1
H followed by rows of blocks, where each row

k∈ f1;…; ð2W − 1ÞðT⋆ þ 1Þg consists of the blocks from the last row of A−1
H followed by k identity blocks. Thus, we get

the following upper bound:

kA−1
F k2 ≤

XT⋆

t⋆¼0

ðT⋆ − t⋆ þ 1ÞkðSCÞt⋆k2 þ ð2W − 1ÞðT⋆ þ 1Þ
XT⋆

t⋆¼0

kðSCÞt⋆k2 þ
Xð2W−1ÞðT⋆þ1Þ

k¼1

k (H8)

¼
XT⋆

t⋆¼0

ð2WðT⋆ þ 1Þ − t⋆ÞkðSCÞt⋆k2 þ 1

2
ð2W − 1ÞðT⋆ þ 1Þð2W þ ð2W − 1ÞT⋆Þ (H9)

≤
XT⋆

t⋆¼0

ð2WðT⋆ þ 1Þ − t⋆ÞkðSCÞt⋆k2 þ 22W−1ðT⋆ þ 1Þ2: (H10)

Combining it with the bound for kAFk, which is the same as for kAHk, we end up with the claimed bound for κAF
from

Eq. (157b).

APPENDIX I: DETAILS ON ESTIMATING GATE
COMPLEXITY

1. Preliminaries

Our aim is to estimate the cost of a single query to UAF

or UAH
in terms of the number of T gates needed. We

denote the T-cost of implementing exactly a general
unitary circuit U by G½U�, and the cost of implementing
it up to error ϵ by G½Uϵ�. Moreover, a gate U controlled on
k qubits will be denoted by ckU. In what follows, we focus
on estimating G½UAF

�, which also acts as an upper bound
for G½UAH

�.
In the process, we will use the following estimates of

T-costs based on known results on circuit compilation.
First, we focus on estimating the cost of a general unitary
U controlled on k qubits, as a function of the cost of
implementing just U. For k ≥ 2, one can realize ckU with
2k − 2 Toffoli gates, k − 1 auxiliary qubits and a single cU

gate (for completeness, we explain this in Appendix I 5).
Moreover, since each Toffoli gate can be replaced with 7 T
gates [80,81], we can realize an arbitrary ckU with a
T-count of

G½ckU� ¼ 14k − 14þG½cU�: (I1)

Next, given a decomposition of U into Clifford and T
gates, one can estimate the T-cost of cU in the following
way. First, all the controlled versions of the single-qubit
Clifford gates can be realized with CNOTs and Cliffords,
so they do not contribute to G½cU�. Then, every CNOT

appearing in the decomposition of U becomes a Toffoli in
cU, and so contributes 7 T gates. Finally, every T gate inU
becomes a controlled T in cU, and each such gate can be
constructed from 9T gates [80,81]. Here, we will make a
crude approximation by assuming that the number of
CNOTs in the decomposition of U is roughly equal to
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the number of T gates. We thus approximate the T-cost
of cU by

G½cU� ≈ 16G½U�: (I2)

Consequently, for k ≥ 2, we get

G½ckU� ≈ 14k − 14þ 16G½U�: (I3)

For the special case when U ¼ X is a single-qubit NOT
gate, we use a slightly better estimate based on Ref. [82]:

G½ckX� ¼ 8k − 12; (I4)

which requires a single extra ancilla. Moreover, we take
the T-cost of a controlled Hadamard gate to be given by

G½cH� ¼ 2; (I5)

due to a decomposition cH ¼ ðI ⊗ Ryðπ=4ÞÞcZðI ⊗
R†
yðπ=4ÞÞ and Ryðπ=4Þ ¼ SHTHS†.
Now, we proceed to the estimates for the cost of

implementing an n-qubit unitary U. For n ¼ 1, the cost
of implementing a single-qubit rotation Rn̂ðθÞ around axis
n̂∈ fx; y; zg up to error ϵ is given by [83]

G½Rϵ
n̂ðθÞ� ≈ 3 log

1

ϵ
: (I6)

We choose equal error ϵ on all approximate single-qubit
gates used, and assume that the total error arising from
gates implemented up to ϵ1 and ϵ2 is ϵ1 þ ϵ2. For n ≥ 2,
one can estimate the T-cost for synthesizing U in terms of
the T-costs G½PREPϵjðujÞ�, where PREPϵjðujÞ is a state
preparation of the j-th column of U to error ϵj (see
Appendix I5 for details). For an n-qubit unitary U with d
columns uj specified, this estimate is given by

G½Uϵ� ¼ 32
Xd
j¼1

G½PREPϵjðujÞ� þ dð8n − 12Þ; (I7)

where the resulting error ϵ depends on ϵj as

ϵ ¼
ffiffiffi
2

p Xd
j¼1

ϵj: (I8)

Note that such unitary state preparations can be con-
structed from single-qubit rotations and that a uniform
superposition over 2k states can be prepared using only
Clifford gates. Moreover, a state preparation unitary
PREPðψÞ of a general n-qubit state jψi can be realized
using roughly 2nþ1 single-qubit rotations [84], and so the
cost of implementing it up to error 2nþ1ϵ can be approxi-
mated by

G½PREP2nþ1ϵðψÞ� ≈ 3 · 2nþ1 log
1

ϵ
: (I9)

Finally, we assume that the T-cost of a quantum adder
acting on n qubits is given by [85]

G½ADDðnÞ� ≈ 4n: (I10)

2. Gate cost of the linear system circuit

We start by using the gate decomposition of UAF

presented in Eq. (D30), and employing Eq. (D31), to get

G½UAF
� ¼ G½cUΔ� þG½c2S� þG½c2UC� þ 2G½VαC �

þG½cVα2C−1� þG½cWþ1Vα2C−1�:
(I11)

All the state preparation unitaries V are single-qubit y
rotations, and so implementing them up to error ϵ has the
following cost:

G½Vϵ
αC � ≈ 3 log

1

ϵ
; (I12a)

G½cVϵ
α2C−1� ≈ 16G½Vϵ

α2C−1� ≈ 48 log
1

ϵ
; (I12b)

G½cWþ1Vϵ
α2C−1� ≈ 14W þG½cVϵ

α2C−1� ≈ 14W þ 48 log
1

ϵ
:

(I12c)

Then, from Eq. (D21), we have

G½cUΔ� ≈ 16G½ADDðlogðT⋆ þ 1Þ þW þ 1Þ�
≈ 64ðlogT⋆ þW þ 1Þ: (I13)

Next, from Eqs. (D22) and (D23), we get

G½c2S� ¼ NCG½c2S� ¼ 2DNCG½c2ADDðlogNxÞ�
≈ 2DNCð14þ 16G½ADDðlogNxÞ�Þ
≈ 2DNCð14þ 64 logNxÞ: (I14)

Putting it together, we get

G½U4ϵþϵC
AF

� ≈G½c2UϵC
C � þ 78W þ 64þ 102 log

1

ϵ

þ 64 logT⋆ þ 2DNCð14þ 64 logNxÞ: (I15)

Moreover, recalling the choice of simulation parame-
ters, Nx and T⋆, from Eqs. (71a) and (71b) and restricting
to the case β ¼ 3=4 (allowing one to resolve the
Kolmogorov microscale), the above can be expressed as
a function of the Reynolds number:
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G½U4ϵþϵC
AF

� ≈G½c2UϵC
C � þ 78W þ 28DNC þ 64þ 102 log

1

ϵ

þ 24ðDð1þ 4NCÞ þ 2Þ log Re:
(I16)

3. Gate cost of the Carleman collision circuit

We are now facing the central problem of estimating the
T-cost of c2UC. First, let us introduce some shorthand
notation:

nB ¼ ⌈ logbNC=2c⌉; nC ¼ ⌈ logNC⌉;

nΠ ¼ ⌈log�k
l

�⌉: (I17)

From Eq. (D37) we have

G½c2UC� ¼ 2G½VB� þ
XbNC

2 c

l¼0

G½c2þnBUBl
�: (I18)

Since VB is an nB-qubit unitary, its approximation has the
following T-cost according to Eq. (I9):

G½VNCϵ
B � ≈ 3NC log

1

ϵ
: (I19)

Then, from Eq. (D41), we see that

G½c2þnBUBl
� ¼ G½c2þnBUðΔ†Þl � þ

XNC−l

k¼l0

�
G
h
c2þnBþnCVCk

kþl

i
þG

h
c2þnBþnCUCk

kþl

i�
: (I20)

The first term can be easily estimated to be

G½c2þnBUðΔ†Þl � ≈ 14þ 14nB þG½cðΔ†Þl�
≈ 14þ 14nB þ 16G½ADDðnCÞ�
≈ 14þ 14nB þ 64nC: (I21)

As VCk
kþl

is a single-qubit unitary, we get the second
term via

G
h
c2þnBþnCVϵ

Ck
kþl

i
≈ 14þ 14ðnB þ nCÞ þG

h
cVϵ

Ck
kþl

i
≈ 14þ 14ðnB þ nCÞ þ 48 log

1

ϵ
:

(I22)

Turning to the last term of Eq. (I20), we use Eq. (D46)
to get

G½c2þnBþnCUCk
kþl
� ¼ 2G½VΠ� þ 2

XðklÞ
i¼1

G½c2þnBþnCþnΠΠi�

þG½c2þnBþnCUFðk;lÞ�:
(I23)

Since VΠ is a uniform state preparation, we ignore its
cost, as it will be negligible. We estimate the cost of each
multiply-controlled Πi as

G½c2þnBþnCþnΠΠi� ≈ 14þ 14ðnB þ nC þ nΠÞ þG½cΠi�
≈ 14þ 14ðnB þ nC þ nΠÞ;

(I24)

where we made a crude assumption that controlled
permutations have zero T-cost. The cost of
c2þnBþnCFðk; lÞ can be approximated by

G½c2þnBþnCUFðk;lÞ� ≈ 14þ 14ðnB þ nCÞ þG½cUFðk;lÞ�
≈ 14þ 14ðnB þ nCÞ þ 16G½UFðk;lÞ�

(I25)

≈14þ 14ðnB þ nCÞ þ 16ðk − lÞG½UIþF1
� þ 16lG½UF̄2

�:
(I26)

Putting things together, we get:

G½c2UϵC
C � ¼ 6NC log

1

ϵ
þ
XbNC

2
c

l¼0

ð14þ 14nB þ 64nCÞ (I27)

þ
XbNC2 c

l¼0

XNC−l

k¼l0

�
14þ 14ðnB þ nCÞ þ 48 log

1

ϵ

�
(I28)

þ2
XbNC

2 c

l¼0

XNC−l

k¼l0

XðklÞ
i¼1

ð14þ 14ðnB þ nC þ nΠÞÞ (I29)

þ
XbNC

2
c

l¼0

XNC−l

k¼l0
ð14þ 14ðnB þ nCÞ þ 16ðk − lÞG½UϵF1

IþF1
�

þ 16lG½UϵF2
F̄2

�Þ;
(I30)

where ϵC is just the sum over errors of all ϵ-approximate
single-qubit gates used so far, together with the errors
introduced while compiling UIþF1

and UF̄2
(we will

discuss these in the next section):
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ϵC ¼ 2NCϵþ
XbNC

2 c

l¼0

XNC−l

k¼l0
½ϵþ ðk − lÞϵF1

þ lϵF2
� (I31)

¼NC½6ð12þNCÞϵþðNCþ2Þðð2NCþ5ÞϵF1
þðNCþ1ÞϵF2

Þ�
24

:

(I32)

Most of the sums can be explicitly calculated to yield

G½c2UϵC
C � ≈ 6NC

�
nB þ 1þ log

1

ϵ

�

þ NC þ 2

2
ð14þ 14nB þ 64nCÞ (I33)

þN2
C þ 4NC

4

�
14þ 14ðnB þ nCÞ þ 48 log

1

ϵ

�
(I34)

þ
	�

2þ 4ffiffiffi
5

p
��

1þ ffiffiffi
5

p

2

�NC −4�
�
ð14þ14ðnBþnCÞÞþ2hNC

(I35)

þN2
C þ 4NC

4
ð14þ 14ðnB þ nCÞÞ (I36)

þ 2NCðNC þ 2Þ
3

½ð2NC þ 5ÞG½UϵF1
IþF1

� þ ðNC þ 1ÞG½UϵF2
F̄2

��;
(I37)

where we used

XbNC2 c

l¼0

XNC−l

k¼l0

�
k
l

�
¼
�
1þ 2ffiffiffi

5
p
��

1þ ffiffiffi
5

p

2

�NC − 2; (I38)

and introduced

hNC
≔
XbNC2 c

l¼0

XNC−l

k¼l0

�
k
l

�
log
�
k
l

�
: (I39)

Combining Eqs. (I16) and (I33), we arrive at the final
T-gate cost of approximating UAF

up to error ϵtot given in
the main text [Eq. (171)].

4. Gate cost of the collision circuits

To estimate the T-gate cost of compilingUIþF1
andUF̄2

,
we will consider separately the cases of dimension D ¼ 1
and D ¼ 2 and leave D ¼ 3 case for future work.

a. Case D= 1

Performing the SVD of I þ F̃1 ¼ L1Σ1R
†
1, one finds that

not only Σ1 depends on τ̄⋆ but also the unitaries L1 and R1

do. However, independently of the specific value of τ̄⋆, the

columns of L1 and R1 have a very specific structure.
Namely, up to permutations, we have

2 columnswith pattern∶ ða; a; bÞ (I40a)

1 columnwith pattern∶ ð1=
ffiffiffi
2

p
;−1= ffiffiffi

2
p

; 0Þ; (I40b)

where a; b are real numbers. Thus, we can estimate the
T-cost of L1 and R1 using Eq. (I7) and the costs of state
preparation for the above states. Clearly, the last state can
be prepared with Clifford gates only. Moreover, the first
two states each require just one general single-qubit
rotation and one controlled Hadamard gate. Hence:

G½L2
ffiffi
2

p
ϵ

1 � ≈ 32ð2 · ðG½Rϵ
yðθÞ� þ 2Þ�Þ þ 12

≈ 140þ 192 log
1

ϵ
;

(I41)

and the same cost for R1.
Next, Σ1 can be found to be

Σ1 ¼ diagð1; σ1; σ2Þ: (I42)

From Eq. (D53), we see that this then reduces to three
single-qubit unitaries, Vσ1 , Vσ2 , and Vσ3 , controlled on two
qubits. By noticing that Vσ1 ¼ I and that encoding never
uses the basis state j11i, it can be reduced to two single-
qubit unitaries controlled on a single qubit. Thus, we get

G½U2ϵ
Σ1
� ¼ 2G½cRϵ

yðθÞ� ≈ 96 log
1

ϵ
: (I43)

Putting it together with the costs for L1 and R1, we get:

G½UϵF1
IþF1

� ≈ 280þ 480 log
1

ϵ
; (I44)

with

ϵF1
¼ ð4

ffiffiffi
2

p
þ 2Þϵ: (I45)

Now, we find the following HOSVD of
F̃2 ¼ L2Σ2ðR2 ⊗ R2Þ†:

L2¼

0
BB@

1ffiffi
6

p 1ffiffi
2

p 1ffiffi
3

p

− ffiffi
2

pffiffi
3

p 0 1ffiffi
3

p
1ffiffi
6

p − 1ffiffi
2

p 1ffiffi
3

p

1
CCA; R2 ¼

0
B@

1ffiffi
2

p 0 1ffiffi
2

p
0 1 0

− 1ffiffi
2

p 0 1ffiffi
2

p

1
CA; (I46)

and Σ2 has a single non-zero element ðΣ2Þ11 ¼
ffiffiffi
6

p
=τ̄⋆.

Thus, it is actually an SVD and ðΣ2Þ11 is the largest
singular value of F̃2. The right unitary R2 can be compiled
using only Clifford gates, whereas the T-cost of the left can
be estimated using Eq. (I7) to be
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G½L
ffiffi
2

p ðϵ1þϵ2þϵ3Þ
2 � ≈ 32

X3
j¼1

G½Lϵj
2;j� þ 12; (I47)

where L2;j is a unitary state preparation of the j-th column
of L2. Since the second column can be prepared using
Clifford gates, whereas the first and third columns require
each just one single-qubit gate and one controlled
Hadamard gate, we conclude that

G½L2
ffiffi
2

p
ϵ

2 � ≈ 64ðG½Rϵ
yðθÞ� þ 2Þ þ 12 ≈ 192 log

1

ϵ
þ 140.

(I48)

Moreover, block-encoding of Σ2 requires one single-
qubit unitary gate controlled on two qubits, meaning that

G½Uϵ
Σ2
� ≈G½c2Rϵ

yðθÞ� ≈ 14þ 48 log
1

ϵ
: (I49)

We thus conclude that

G½UϵF2
F2

� ≈ 154þ 240 log
1

ϵ
(I50)

where

ϵF2
¼ ð1þ 2

ffiffiffi
2

p
Þϵ: (I51)

b. Case D= 2

Performing the SVD of I þ F̃1 ¼ L1Σ1R
†
1, one finds

that, up to permutations, the columns of L1 and R1 have the
following structure:

2 columnswith pattern∶ ða; a; a; a; b; b; b; b; cÞ (I52a)

4 columnswith pattern∶ ða;−a; b;−b; c;−c; d;−d; 0Þ;
(I52b)

3 columnwith pattern∶ ða; a; b; b; c; c; d; d; eÞ; (I52c)

with a; b; c; d; e real. As before, we can estimate the
T-cost of L1 and R1 using Eq. (I7) and the costs of state
preparation for the above states. The first two states can
be prepared with a single-qubit rotation, followed by a
single-qubit rotation controlled on a single qubit, followed
by two controlled Hadamard gates. The next four states
can be prepared with a single-qubit rotation, followed by
two single-qubit rotations controlled on a single qubit,
followed by Clifford gates. Finally, the last three states
can be obtained by a single qubit rotation, followed by a

single-qubit rotation controlled on a single qubit, followed
by two single qubit rotations controlled on two qubits,
followed by a controlled Hadamard. Hence:

G½L28
ffiffi
2

p
ϵ

1 � ≈ 32ð2ðG½Rϵ
yðθÞ� þG½cRϵ

yðθÞ� þ 4Þ
þ 4ðG½Rϵ

yðθÞ� þ 2G½cRϵ
yðθÞ�Þ (I53)

þ3ðG½Rϵ
yðθÞ� þG½cRϵ

yðθÞÞ� þ 2G½c2Rϵ
yðθÞ� þ 2ÞÞ þ 180

(I54)

≈3316þ 30048 log
1

ϵ
; (I55)

and the same cost for R1.
Next, Σ1 can be found to be

Σ1 ¼ diagðσ1; σ1; σ1; σ2; σ2; σ3; σ3; σ4; σ5Þ; (I56)

From Eq. (D53), we see that this then can be achieved
by nine single-qubit unitaries, Vσ1 ;…; Vσ9 , controlled on
four qubits. By noticing that the first three rotations are
the same, and there are also two equal pairs, this can be
reduced to one uncontrolled single-qubit unitary rotation,
two single-qubit unitaries controlled on three qubits, and
two single-qubit unitaries controlled on four qubits. Thus,
we get

G½U5ϵ
Σ1
� ¼ G½Rϵ

yðθÞ� þ 2G½c3Rϵ
yðθÞ� þ 2G½c4Rϵ

yðθÞ� ≈ 140

þ 195 log
1

ϵ
:

(I57)

Putting it together with the costs for L1 and R1, we get:

G½UϵF1
IþF1

� ≈ 6412þ 60291 log
1

ϵ
; (I58)

with

ϵF1
¼ ð28

ffiffiffi
2

p
þ 5Þϵ: (I59)

Next, we find the following HOSVD of
F̃2 ¼ L2Σ2ðR2 ⊗ R2Þ†:
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R2 ¼

0
BBBBBBBBBBBBBBBBBBB@
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; (I61)

and Σ2 is a rectangular matrix with only nonzero elements being:

ðΣ2Þ1;1 ¼ ðΣ2Þ1;11 ¼
3
ffiffiffi
3

p

τ̄⋆
; ðΣ2Þ2;2 ¼ ðΣ2Þ1;10 ¼ − 3

τ̄⋆
; ðΣ2Þ3;1 ¼

3

2τ̄⋆
¼ −ðΣ2Þ3;11: (I62)

We then need to estimate the cost of the state prepa-
rations corresponding to each column of L2. We summa-
rize the results in Table V, where USPn denotes a unitary
state preparation over n states. Using Eq. (I7), it follows
that the state preparation cost for the n ¼ 4 qubit unitary
L2 is

G½L19
ffiffi
2

p
ϵ

2 � ¼ 32 × 57 log
1

ϵ
þ 9ð8 × 4 − 12Þ

¼ 180þ 1824 log
1

ϵ
: (I63)

Now, let us do the same for R2 (for convenience, we
analyze R†

2). We summarize the results in Table VI. The
overall cost for R2 ⊗ R2 is then

G½R14
ffiffi
2

p
ϵ

2 ⊗ R14
ffiffi
2

p
ϵ

2 � ¼ 2

�
32 × 48 log

1

ϵ
þ 9ð8 × 4 − 12Þ

�

¼ 360þ 3072 log
1

ϵ
:

(I64)

We still need to block-encode Σ2. To achieve this,
consider the following 90 × 90 unitary:

UΣ2
¼

2
64 Σ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I9 − Σ2Σ

†
2

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I81 − Σ†

2Σ2

q
−Σ†

2:

3
75 (I65)

By direct inspection, UΣ2
is an optimal block-encoding

of Σ2 (the block-encoding prefactor is 6, which equals
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kΣ2k). For simplicity, let us consider the matrix U†
Σ2
. Now,

we need to estimate the cost of the state preparations
corresponding to each column. We summarize the results
in Table VII. The overall cost for UΣ2

is then

G½U8
ffiffi
2

p
ϵ

Σ2
� ¼ 32 × 24 log

1

ϵ
þ 90ð8 × 7 − 12Þ

¼ 3960þ 768 log
1

ϵ
: (I66)

Combining the results, we thus conclude that T-cost of a
block-encoding of F2 is given by

G½UϵF2
F2

� ¼ 4500þ 5664 log
1

ϵ
; (I67)

with

ϵF2
¼ 59

ffiffiffi
2

p
ϵ: (I68)

5. Extra details on gate compilation

We start with explaining how to realize ckU using cU
and Toffoli gates. Given control qubits c1;…; ck, the
auxiliary qubits a1;…; ak−1 are prepared in j0i and are
then in turn used to iteratively record ANDðc1; c2Þ,
ANDðc3; a1Þ…ANDðck; ak−2Þ. A cU gate is then applied
to the target t controlled on ak−1, and then we uncompute
the auxiliary qubits. The explicit circuit for k ¼ 5 is as
follows:

ðI69Þ

This uses 2ðk − 1Þ ¼ 2k − 2 Toffoli gates for the auxiliary qubits and a single cU.
We now proceed to deriving a T-cost for general unitary synthesis based on state preparations. In Ref. [86], it is shown

that with a single-auxiliary qubit we can embed any unitary U as Ũ ≔ j0ih1j ⊗ U þ j1ih0j ⊗ U†, and so we can simulate
U by Ũj1i ⊗ jψi ¼ j0i ⊗ Ujψi. Then, it can be shown that

TABLE V. State preparation costs for the columns of L2. Here
ϵ is the per-gate error.

Column Operations Cost

1 1 single-qubit y-rotation, 1 USP8 3 log 1
ϵ

2 USP4, ð−1Þ phases 0
3 USP4, ð−1Þ phases 0
4 USP2, ð−1Þ phases 0
5 3 single-qubit y-rotations 9 log 1

ϵ
6 4 single-qubit y-rotations 12 log 1

ϵ
7 3 single-qubit y-rotations, USP4 9 log 1

ϵ
8 4 single-qubit y-rotations, USP4 12 log 1

ϵ
9 4 single-qubit y-rotations, USP2 12 log 1

ϵ

Total 19 single-qubit y-rotations 57 log 1
ϵ

TABLE VI. State preparation costs for the columns of R†
2. We

cost USP3 as 3 log3ð1=ϵÞ, as it can be realized via a single-qubit
y rotation followed by a controlled Hadamard. Here ϵ is the
per-gate error.

Column Operations Cost

1 2 single-qubit y-rotations, 1 USP4 6 log 1
ϵ

2 2 single-qubit y-rotations, 1
USP4, ð−1Þ phases

6 log 1
ϵ

3 USP3 3 log 1
ϵ

4 USP3, ð−1Þ phases 3 log 1
ϵ

5 2 single-qubit y-rotations, Hadamard 6 log 1
ϵ

6 2 single-qubit y-rotations, Hadamard 6 log 1
ϵ

7 3 single-qubit y-rotations, USP4 9 log 1
ϵ

8 3 single-qubit y-rotations, USP4 9 log 1
ϵ

9 permutation 0

Total 14 single-qubit y-rotations, 2USP3 48 log 1
ϵ
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Ũ ¼
Y2n
j¼1

ðI − 2jwjihwjjÞ; (I70)

where

jwji ≔
1ffiffiffi
2

p ðj1i ⊗ jji − j0i ⊗ jujiÞ; (I71)

with juji denoting the jth column of U. Each reflection
term Wj ≔ I − 2jwjihwjj can be approximately realized
using an ϵj-approximate state preparation of jwji as

W
ϵ00j
j ¼ PREPϵ

0
jðwjÞðI − 2j0ih0jÞPREPϵ0jðwjÞ†; (I72)

where we assume PREPϵ
0
jðwjÞ is a unitary that prepares

the state jwji from j0nþ1i ¼ j0i⊗nþ1 with error ϵ0j. The
preparation of jwji can be realized with a single controlled
use of PREPϵjðujÞ, and so the total cost for generating

W
ϵ00j
j is

G½Wϵ00j
j � ¼ 2G½cPREPϵjðujÞ� þG½I − j0nþ1ih0nþ1j�:

(I73)

We now provide error analysis for this step. The unitary
PREPϵjðujÞ obeys kPREPϵjðujÞj0i⊗n − jujik ≤ ϵj. This
implies that

k 1ffiffiffi
2

p ðj1i ⊗ jji − j0i ⊗ PREPϵjðujÞj0iÞ − jwjik ≤
ϵjffiffiffi
2

p

¼ ϵ0j:

(I74)

Moreover, it is readily checked that

kPREPϵ0jðwjÞj0nþ1ih0nþ1jPREPϵ0jðwjÞ† − jwjihwjjk

≤ ϵ0j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ

02
j =4

q
≤ ϵ0j: (I75)

This implies

kPREPϵ0jðwjÞðI − 2j0ih0jÞPREPϵ0jðwjÞ†
− ðI − 2jwjihwjjÞk ≤ 2ϵ0j ¼

ffiffiffi
2

p
ϵj: (I76)

Thus, ϵ00j ¼
ffiffiffi
2

p
ϵj.

To generate I − 2j0nþ1ih0nþ1j, we first note that this is a
unitary diagð−1; 1; 1;…1Þ, which can be viewed as a
cnð−ZÞ unitary, controlled on n0’s. Up to Clifford gates,
this is equivalent to cnX, and so this provides a T-count of
G½cnX�. The total T-count of unitary synthesis from this
method is then

G½Uϵ� ¼
X2n
j¼1

ð2G½cPREPϵjðujÞ� þG½cnX�Þ

¼ 32
X2n
j¼1

G½PREPϵjðujÞ� þ 2nð8n − 12Þ; (I77)

where again we use that G½cU� ≈ 16G½U�, the total error
introduced is

ϵ ¼
ffiffiffi
2

p X2n
j¼1

ϵj; (I78)

and a single-auxiliary qubit is used in the construction.
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