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We present universal properties of anticoncentration in weakly noisy quantum circuits at finite depth.
We develop a generic framework for single- and multi-qubit noise channels in the weak-noise limit and
introduce an effective description in terms of a random matrix product operator. Within this weak-noise
regime, we show that distinct noise mechanisms act in a quantitatively similar way, yielding a universal
distribution of bit-string probabilities that is largely independent of the microscopic noise channel and of
the circuit architecture. We identify three depth-dependent regimes, each characterized by a distinct scal-
ing of cross-entropy benchmarking (XEB) with rescaled depth. In the shallow-depth regime, noise effects
are perturbatively small; in the intermediate regime, circuit-induced fluctuations and noise compete on
equal footing; and in the deep-depth regime, the output distribution becomes effectively classical, up to
corrections that are exponentially small in the noise strength. We provide quantitative predictions for anti-
concentration in generic finite-depth circuits and benchmark them against numerical simulations, finding
excellent agreement even at shallow depths. Moreover, we show that, contrary to previous expectations,
the late-time value of XEB provides direct access to the global circuit fidelity, even at large noise strengths.
Our results are directly applicable to current quantum processors and demonstrate universal behavior
beyond the pure random-matrix-theory regime, which only emerges at asymptotically large depths.
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I. INTRODUCTION

Quantum machines have transformative potential in
many scientific fields, but current and near-term devices
remain limited by external noise [1–12]. Although
advances reduce noise levels, only fault-tolerant error cor-
rection can effectively suppress errors [4,13–17]. Mean-
while, the development of methods to characterize noisy
quantum circuits and to benchmark their output remains
crucial [18–26]. A widely used benchmarking technique is
random circuit sampling (RCS), in which one samples bit
strings x from the output density matrix ρ of a quantum
circuit U [1,27–29]. By comparing the observed output
statistics with those from an ideal (noise-free) classical
simulation of the same circuit, one quantifies the hardware
global fidelity. This procedure, known as cross-entropy
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benchmarking (XEB), is experimentally accessible and
has attracted significant interest [1,3,30–33]. Since XEB
compares two replicas of the system—one noisy and one
ideal—it can be readily analyzed using effective circuit
averaging techniques developed for random unitary cir-
cuits [34]. However, it captures only partial information
about the anticoncentration properties of the output dis-
tribution in the computational basis [33,35–48]. The latter
are instead fully encoded in the so-called probability-of-
probabilities distribution (PoP) [1,49,50] P(w), i.e., the
average distribution of output probabilities w = D〈x|ρ|x〉
(for convenience rescaled by the Hilbert space dimension
D). The moments of the PoP are proportional to the cel-
ebrated inverse participation ratios (IPRs), often used to
signal localization and nonergodicity effects [42,51].

In the absence of noise, the PoP for Haar-random quan-
tum states follows the Porter-Thomas (PT) distribution
[52], that for D → ∞ takes the simple form PPT(w) =
e−w. The same distribution is obtained for generic circuits
of sufficiently large depth in the absence of any con-
served quantities. By contrast, generic classical stochastic
processes produce uniform bit-string sampling, implying
PC(w) = δ(w − 1), a distribution that also characterizes
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quantum devices overwhelmed by noise. In general, a
noisy quantum circuit is expected to interpolate between
these two extremes as a function of the noise strength.
Additionally, these forms hold strictly in the infinite-depth
limit [1,49,50]; capturing the quantum-classical crossover
requires incorporating finite-depth corrections.

II. SUMMARY OF RESULTS

In this work, we analyze the combined impact of finite
circuit depth and noise on both the linear cross-entropy
benchmarking (XEB) estimator and the full probabilities-
of-probabilities (PoP) distribution in a short-range, 1 +
1-dimensional quantum circuit with open boundary con-
ditions. We focus on the weak-noise regime [30,31,53,54],
where η, a measure of the total number of errors in the cir-
cuit, can be treated as an intensive parameter, i.e., it does
not grow linearly with the system size. We obtain explicit
and exact results in the thermodynamic limit N → ∞ at
fixed η. It is clear that the most physical assumption in
realistic setups is that the number of errors η in a circuit
is at least proportional to the number of gates and qubits.
However, state-of-the-art platforms operate at a very low
error rate [3,55–58], so that for the N currently accessible,
one effectively has η � N , a regime in which, as we shall
see, our predictions prove useful and accurate.

We show that, in this weak-noise regime, both the
XEB and the PoP distributions exhibit a universal scaling
regime under generic forms of noise. This universal scaling
is characterized by two microscopic parameters that can
be accessed experimentally from just the XEB: η, directly
related to the global fidelity F = e−η, and x, a rescaled
inverse depth defined as

x = N
L(t)

, L(t) = L0 et/τ . (1)

The effective length L(t) is the characteristic scale con-
trolling the approach to random-matrix behavior, often
referred to in quantum chaos as a Thouless length: it
marks the scale at which the circuit locally behaves as if
it were fully random [44,45,59–61]. The growth of L(t)
in time—which can be viewed as a reparameterization
of circuit depth—occurs on the same timescale τ that
governs the decay of the half-chain purity. Denoting by
ρN/2 the reduced density matrix of half the system and
by PN/2 = Tr(ρ2

N/2) the corresponding purity, a standard
entanglement diagnostic, we have that, starting from a
generic product state, PN/2 ∼ e−t/τ ∼ L(t)−1 [43,45,62].
The rescaled depth x in Eq. (1) thus targets a shallow-
circuit regime, where time scales logarithmically with
system size, namely t = O(log N ).

Within this scaling regime, we identify three dynami-
cal regimes, determined by the interplay between inverse
depth x and noise η, and we fully characterize the PoP

(a) (b)

(c)

FIG. 1. Sketch of the work. (a) We consider the task of ran-
dom circuit sampling. The circuit is composed by random unitary
gates in the usual brickwall geometry, and it is affected by noise
represented by a quantum channel N . We explore noise acting
either on single or two-adjacent qubits, all yielding similar con-
clusions. (b) Theoretical arguments show that the gate average of
the replicated circuit gives rise to an effective one-dimensional
statistical model of permutations. In this model, noise acts as an
external field that biases the system toward permutations close
to the identity. (c) As a result, the original spatiotemporal circuit
becomes equivalent to a one-dimensional random matrix product
operator which incorporate noise.

distribution Px,η(w) in each of them. This yields a quanti-
tative description of the quantum-to-classical crossover at
finite depth, i.e., the progressive loss of distinctly quantum
sampling features as noise and finite depth compete.

Our universal results rely on the observation that, in the
weak-noise limit and within the scaling regime (1), generic
chaotic circuits subject to different noise mechanisms can
be reduced to an effective random matrix product opera-
tor (RMPO), a tractable random-tensor description of the
noisy evolution (see also Fig. 1). The RMPO construc-
tion extends the notion of random matrix product states
(RMPS)—random tensor-network models used to capture
typical properties of pure states [63–68]—to noisy chan-
nels. This is achieved by doubling the Hilbert space (a stan-
dard purification technique to represent mixed states and
noise processes) and by incorporating the noisy evolution
step by step along the circuit.

We establish this mapping explicitly in a controlled set-
ting, namely the random phase model (RPM) [45,59], in
the limit of large local Hilbert-space dimension. In this
limit we obtain explicit expressions for XEB and for the
moments of the outcome probabilities, and we introduce
an efficient numerical procedure to reconstruct the full PoP
distribution. Through extensive numerical simulations, we
show that the scaling regime provides a quantitatively
accurate description also for random circuits with brick-
wall geometry, a standard architecture widely used in
many-body quantum chaos studies [34,69–80], and for
several experimentally relevant noise models.

Finally, we consider the more realistic situation in which
the number of errors grows with circuit depth, η = λt,
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while remaining within the regime λt � N , correspond-
ing either to shallow circuits or sufficiently weak noise,
where our results remain applicable. In this setting, we
use our theory to derive a universal late-intermediate-time
form for XEB that captures the crossover in its decay rate
as the noise strength is varied [3]. Contrary to what was
previously believed, we also show that, even at generic
noise strength, XEB can still be used to extract the circuit’s
global fidelity.

Overall, our results provide a unified framework for
understanding how noise and finite depth jointly shape
sampling statistics and benchmarking metrics in near-term
quantum processors.

III. SETUP AND METHODS

This section introduces the main notation, quantities,
and setup used throughout the paper. Table I at the end of
this section collects the notation used throughout the rest of
the manuscript (with some symbols defined in subsequent
sections).

A. Setup

We consider a system of N qudits with local dimension
d, and total Hilbert-space dimension D = dN . The compu-
tational basis is labeled by bit strings |x〉 = |x1, . . . , xN 〉,
where xi ∈ {0, . . . , d − 1}. The task of RCS is to apply a
random (but fixed) quantum circuit U to the initial state
|0〉 = |0, . . . , 0〉, which yields ρ(U) = U|0〉〈0|U†, and then
use quantum measurements to sample bit strings x from the
output distribution p(x; ρ(U)), where we define

p(x; ρ) := 〈x|ρ|x〉. (2)

To fix ideas, we consider a brickwall circuit with alternat-
ing layers of two-qudit gates, all independently drawn from
the Haar measure Haar(d2) (see Fig. 1).

TABLE I. Notation used throughout the manuscript.

Symbol Meaning

N System size (number of qudits)
d Local Hilbert-space dimension
D Total Hilbert-space dimension
q Generic Hilbert-space dimension
t Circuit depth
τ Decay rate of half-system purity (noiseless)
x Rescaled inverse circuit depth x = e−t/τ · N/L0
γ Microscopic noise parameter/strength
λ Number of errors per circuit layer
η Total number of errors, fixed by global fidelity F = e−η

B. Noise models

In realistic settings, gates are subject to noise, which we
model by a quantum channel of the form

N (ρ) =
∑

α

KαρK†
α ,

∑

α

K†
αKα = 1, (3)

where Kα are Kraus operators. Under this noise, the sys-
tem evolves into a noisy version ρN (U) of the final
state, and consequently the output distribution becomes
p(x; ρN (U)). To discuss the weak-noise limit, we assume
that N belongs to a smooth family of completely pos-
itive and trace-preserving (CPTP) map passing through
the identity, parameterized via a formal microscopic pos-
itive parameter γ . Consequently, both the channel and its
Kraus operators depend explicitly on this parameter, i.e.,
N → Nγ and Kα → Kα(γ ). The parameter γ here repre-
sents the dominant scale for noise in the setup quantifying
the strength of the noise channel N . Consequently, for
γ = 0, the noise channel reduces to the identity, namely
limγ→0+ Nγ (ρ) = ρ, and limγ→0+ Kα(γ ) = δα,01. As we
will see explicitly, this parameterization does not restrict
the ensemble of possible noise sources we consider, nor the
coexistence of different noises with comparable intensities,
as long as they all remain weak. Indeed, in Sec. IV we pro-
vide an explicit example for a gate depending on two noise
parameters. As an explicit example, the depolarizing noise
channel is given by

N dep.
γ (ρ) = (1 − γ )ρ + γ

1

q
, (4)

where γ ∈ [0, 1] and q is the dimension of the Hilbert
space on which the noisy channel acts. In general, we
consider scenarios where the noise channel acts on sin-
gle qudits (q = d) or on multiple qudits (for example, two
qudits with q = d2).

Since we focus on the weak-noise regime, we expand
Nγ at first-order in γ , so that the action of the
noisy channel becomes Nγ (ρ) = ∑

α Kα(γ )ρK†
α(γ ) =

ρ + γ Ñ (ρ) + O(γ 2), with Ñ (ρ) a Lindblad operator
[81]. Explicitly, from the standard first-order expansion of
the Kraus operators

{
K0(γ ) = 1 − γ K̃0 + O(γ 2),

Kα(γ ) = √
γ K̃α + O(γ 3/2) for α ≥ 1,

(5)

which implies

Ñ (ρ) =
∑

α≥1

K̃αρK̃†
α − K̃0ρ − ρK̃†

0 . (6)

The trace-preserving condition for the noise channel
implies K̃0 + K̃†

0 = ∑
α≥1 K̃†

αK̃α . The Kraus operators are
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not uniquely defined, and we fix this freedom by choosing
the K̃α to be traceless. Notice also that one has the freedom
to rescale γ and the operators K̃ . In particular, the transfor-
mation γ → γ /a, K̃0 → aK̃0, K̃α → √

aK̃α (for any value
of a) leaves Eq. (5) unchanged. In any case, as we antici-
pated, the expansion to the first order in γ still leaves great
freedom in the choice of an arbitrary Lindblad operator Ñ
and the corresponding jump operators K̃α .

C. Anticoncentration properties

A crucial quantity to assess the performance of RCS is
the linear cross-entropy benchmark (XEB),

XEB(U) = D
∑

xxx

p(x; ρN (U))p(x; ρ(U)) − 1, (7)

which quantifies the correlation between the ideal and the
noisy distributions. For intermediate system sizes, XEB
can be estimated by combining experimental data with a
classical simulation that gives direct access to p(x; ρ(U))

[1] and, for deep circuits (t � log N , i.e., x → 0), it has
been used as an experimentally friendly proxy for the
fidelity F(U) = Tr[ρN (U)ρ(U)] between the ideal target
state and its noisy counterpart; however, recent works have
pointed out that this correspondence may only hold when
the noise is sufficiently weak [3,30,31,53].

Other key quantities we analyze are the PoP and its
moments, represented by the IPRs [50], defined respec-
tively as

P(w; U) = D−1
∑

xxx

δ(w − Dp(xxx; ρN (U))),

Ik(U) =
∑

xxx

p(xxx; ρN (U))k with k ≥ 1.
(8)

These quantities probe the anticoncentration of the final
state in the computational basis. Up to a constant factor, the
IPR equals the kth moment of the PoP: E[wk] = Dk−1Ik.

D. Weingarten calculus

While the quantities defined above depend explicitly
on the specific circuit instance U, one can average them
over an ensemble of random circuits, thereby defining
XEB = EU[XEB(U)], F = EU[F(U)], Ik = EU[Ik(U)],
and P(w) = EU[P(w; U)]. To compute such circuit aver-
ages EU[. . . ], we employ Weingarten calculus [82,83],
which expresses the Haar average of k copies of a unitary
gate as a sum over permutation operators σ ∈ Sk, where
Sk is the symmetric group of order k. Specifically, using
the vectorized representation of operators O → |O〉〉 and
of their inner product tr(O†Q) = 〈〈O|Q〉〉, the Weingarten

formula reads [82,83]

EU∼Haar(q)

[
(U∗ ⊗ U)⊗k] =

∑

π ,σ∈Sk

Wgπ ,σ (q)|π〉〉〈〈σ |. (9)

Here, Wg(q) denotes the k! × k! Weingarten matrix, which
is the pseudo-inverse of the overlap matrix Gπ ,σ (q) :=
〈〈π |σ 〉〉q (the subscript indicates the Hilbert-space dimen-
sion). For a q-dimensional Hilbert space, vectorized per-
mutations can be formally expanded in the computational
basis as

|σ 〉〉 =
q−1∑

x1,...,xk=0

|x1, xσ−1(1)〉 . . . |xk, xσ−1(k)〉. (10)

We can represent these states graphically using standard
tensor-network notation. For example, with k = 4 replicas,
Eq. (10) for the permutation σ = (1)(2 3 4) reads

(11)

where we explicitly label the indices represented by the
lines. In the rest of the paper—particularly in Sec. V—we
will make use of the large-q expansion of the overlap and
Weingarten matrices to derive explicit universal forms for
the IPRs and XEB. This expansion reads

G(q) = qk (
1 + q−1A + O(q−2)

)
,

Wg(q) = q−k(1 − q−1A + O(q−2)),
(12)

where A is a matrix whose coefficients Aπ ,σ are nonvan-
ishing and equal to one only if τ , σ that differ by a single
transposition.

E. Porter-Thomas distribution

In the absence of noise and for global random uni-
taries U ∼ Haar(D)—or, equivalently, for circuits of suf-
ficiently large depth—the PoP follows the well-known
Porter-Thomas (PT) distribution

PPT(w) = e−w, (13)

and correspondingly the IPRs are I PT
k = k!D1−k (both

equalities hold for D � 1). The absence of noise results
in a perfect cross-entropy score XEBPT = DI2 − 1 � 2 −
1 = 1.

To illustrate how noise affects these results, we
consider the simple scenario of a global depolarizing
channel [Eq. (4)] ρnoise = N dep.

γglob(U|000〉〈000|U†), with U ∼
Haar(D) as before. In this case, the bit-string distribu-
tion is p(x; ρN (U)) = (1 − γglob)p(x; ρ(U)) + (γglob/D),
and therefore the IPR is Ik(γglob) = D

∑k
j =0

(k
j

)
(1 −
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γglob)
j (γglob/D)k−j

EU[p(000; ρ(U))j ]. Using the moments of
the PT distribution, we have EU[p(000; ρ(U))j ] = j !D−j .
Moreover, it is useful to expand the factorial as j ! =∑j

i=0!i · (j
i

)
, where !i denotes the number of derangements

of a set of size i, i.e., the number of permutations with no
fixed points [84]. Exchanging the sums over j and i yields

Ik(γglob) = D1−kTr[eQ ln(1−γglob)], (14)

with

Qσ ′σ = δσ ′σ (k − nF(σ )) (15)

a diagonal k! × k! matrix that depends on the number of
fixed points nF(σ ) of the permutation, and plays a central
role in our subsequent analysis. As an explicit example, for
k = 4 the permutation σ = (1)(2 3 4) shown in Eq. (11)
has a single fixed point (the element 1), implying nF(σ ) =
1 and Qσσ = 3. More generally, the weight eQ ln(1−γglob)

favors permutations with more fixed points, and in the
strong-noise limit it suppresses all but the identity e (for
which Qee = 0). For any value of γglob, the PoP associated
with the moments in Eq. (14) is a shifted Porter-Thomas
(SPT) distribution, given by

PSPT
γglob

(w) = (1 − γglob)
−1e

− w−γglob
1−γglob θ

(
w − γglob

)
, (16)

where θ(w) is the Heaviside function. The noise strength
γglob is directly related to the XEB score, as XEBSPT = 1 −
γglob. In the strong-noise limit γglob → 1, the SPT distribu-
tion converges to PC(w) = δ(w − 1), with corresponding
IPRs I C

k = D1−k, reflecting the dominance of just the iden-
tity permutation e over all others. This delta distribution
PC(w) can thus be interpreted as the purely classical (i.e.,
nonquantum) form of the PoP.

IV. NOISY WEINGARTEN CALCULUS AND
WEAK-NOISE EXPANSION

To evaluate the IPRs and XEB, one must average
over ensembles of noisy random quantum circuits. This
requires a noisy version of the standard Weingarten for-
mula, Eq. (9). Here, we explicitly derive it for the first
time for a specific noise model (depolarizing noise). We
further argue that the weak-noise expansion is universal,
i.e., it holds independently of the particular noise model.

A. Depolarizing noise

As a first example, we consider a single unitary gate
U subjected to depolarizing noise [Eq. (4)]. In vectorized

form, the combined effect of the gate and noise is

N dep.
γ

(
(U ⊗ U∗)|ρ〉〉)

=
(

(1 − γ )U ⊗ U∗ + γ

q
|e〉〉〈〈e|

)
|ρ〉〉, (17)

where |e〉〉 is the (folded) identity permutation. To
carry out replica calculations, it is necessary to aver-
age over k replicas of the noisy gate, i.e., to compute
EU[((1 − γ )U ⊗ U∗ + (γ /q)|e〉〉〈〈e|)⊗k]. Since the depo-
larizing channel commutes with unitary conjugation, the
average therefore mirrors that of the noiseless case

EU∼Haar(q)

[(
(1 − γ )U ⊗ U∗ + γ

q
|e〉〉〈〈e|

)⊗k
]

=
∑

π ,σ∈Sk

W̃g
dep.
π ,σ (q, γ )|π〉〉〈〈σ |, (18)

where W̃g
dep.
π ,σ (q, γ ) denotes noisy Weingarten coefficients

that remain to be determined. To find these coefficients,
we fix σ and π , and observe that each common fixed point
of the two permutations can arise in the expansion of the
left-hand side of Eq. (18) from a term |e〉〉〈〈e| inserted at a
specific replica, while the remaining part of the permuta-
tions must come from the Haar average of U ⊗ U∗. Taking
these observations into account, we arrive at

W̃g
dep.
π ,σ (q, γ )

=
nF(π ,σ)∑

i=0

(
nF(π , σ)

i

)
γ i

qi (1 − γ )k−iWgπ̃(i),σ̃ (i)(q), (19)

where nF(π , σ) denotes the number of common fixed
points of σπ−1, and π̃(i) and σ̃ (i) denote the permuta-
tions obtained from π and σ , respectively, by removing
i of these common fixed points (which ones is immaterial,
because Wg depends only on the cycle structure).

We now consider the weak-noise expansion of the noisy
Weingarten coefficients. At first order in γ , Eq. (19) reads

W̃g
dep.
π ,σ (q, γ )

= (1 − kγ )Wgπ ,σ (q) + nF(π , σ)
γ

q
Wgπ̃(1),σ̃ (1)(q)

+ O(γ 2). (20)

This provides the leading nontrivial correction to the
standard Weingarten matrix induced by noise. Beyond
the weak-noise assumption, in the remainder of the
paper—particularly in Sec. V—we will also consider the
regime in which the relevant Hilbert-space dimension q is
large; in our effective RMPO model, this corresponds to a
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large-bond-dimension limit. Specifically, we take q−1 to be
of the same order as γ . Using Eq. (12) to expand Eq. (20)
for large q yields

W̃g
dep.

(q, γ )

= q−k
(

1 − A
q

− γ Q + O(q−2, γ 2, q−1γ )

)
, (21)

with the matrix Q defined as in Eq. (15). The expansion in
Eq. (21) represents the main result of this section.

B. Generic noise

To show explicitly that the weak-noise expansion of the
noisy Weingarten coefficients in Eq. (21) is model inde-
pendent, we repeat the derivation using a generic noise
channel Nγ . As in the previous case, we consider the
averaged action of a gate U followed by noise. How-
ever, as we are interested in the regime of rare noise
events, we assume that the noise is subsequently scram-
bled by a second gate V, with both U and V Haar
random. The averaged combined action of the unitary
gates and noise on k copies of the system is described
by EU,V∼Haar(q)

[(
(V ⊗ V∗) · Nγ · (U ⊗ U∗)

)⊗k
]
, which we

aim to evaluate. Note that in the noiseless case (γ = 0),
Haar invariance implies that the product UV is still Haar
random, so the expression reduces to Eq. (9). For generic
values of γ , we can apply Eq. (9) to average over both U
and V, obtaining

EV∼Haar(q)[(V ⊗ V∗)⊗k]N⊗k
γ EU∼Haar(q)[(U ⊗ U∗)⊗k]

=
∑

π ,σ∈Sk

W̃gπ ,σ (q, γ ) |π〉〉〈〈σ |, (22)

where W̃g = WgG̃Wg are modified Weingarten coeffi-
cients and

G̃σπ (q, γ ) = 〈〈σ |N⊗k
γ |π〉〉q (23)

is a modified version of the standard overlap matrix G(q).
In particular, G̃ reduces to G in the noiseless limit γ = 0:
G(q) = G̃(q, 0).

Technically, note that the action of the noise oper-
ator N⊗k

γ on a permutation state |σ 〉〉 can generate
components outside the vector space spanned by per-
mutations. This does not occur for depolarizing noise
(Sec. IV A), but it can arise for more general noise
models. However, in the present construction, averaging
over an additional Haar-random unitary—i.e., applying
EV∼Haar(q)

[
(V ⊗ V∗)⊗k

]
—projects the state back onto the

permutation subspace, thereby simplifying the analysis.
We will adopt this construction to define suitable random
matrix product operators in Sec. V.

We now expand the modified overlap matrix G̃ as
follows:

G̃σπ (q, γ )

= Gσπ (q) + γ

k∑

a=1

〈〈σ |1⊗(a−1) ⊗ Ña ⊗ 1⊗(k−a)|π〉〉q

+ O(γ 2), (24)

where Ñ [defined in Eq. (6)] represents the first-order
action of noise in γ , 1 is the identity superoperator, and
the index a ∈ {1, . . . , k} labels the replicas.

As before, we consider a regime in which both q−1 and
γ are small (and of the same order). In this regime, the
term

〈〈σ |1⊗(a−1) ⊗ Ña ⊗ 1⊗(k−a)|π〉〉q, (25)

appearing in the second line of Eq. (24), contributes only to
diagonal matrix elements, i.e., only when σ = π . Indeed,
off-diagonal terms (σ �= π ) are suppressed by at least a
factor q−1 relative to the diagonal ones, since the superop-
erator Ña in Eq. (25), as it acts only on one replica, cannot
restore the reduced overlap between σ and π (recall that
for any σ �= π , Gσπ q−k = O(q−1)). Therefore, for σ �= π

the second term in Eq. (24) is subleading, specifically
O(γ q−1). As a result, we only need to evaluate the diag-
onal matrix elements 〈〈σ |1⊗(a−1) ⊗ Ña ⊗ 1⊗(k−a)|σ 〉〉q. To
visualize these elements, we set k = 4, consider the spe-
cific permutation σ = (1)(2 3 4), and use a graphical
notation. If the noise channel Ñ is placed on the first
replica, i.e., the a = 1 term in the sum, then we have

(26)

where the permutation σ has been folded as in Eq. (11).
We observe that since a = 1 corresponds to a fixed point
of σ , i.e., σ(a) = a, Eq. (26) contains the factor

(27)

Therefore, all fixed points of σ give a vanishing contribu-
tion to the sum in Eq. (24). Conversely, when the noise
channel Ñ acts on a replica that is not a fixed point of
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σ , i.e., σ(a) �= a, nonvanishing contributions arise. For
example, setting a = 2 we obtain the matrix element

(28)

This term is proportional to

(29)

where we used that the K̃α are traceless, together with the
trace-preserving condition for K̃0. The proportionality con-
stant can be determined by noting that the noise channel
acts as the identity on the remaining k − 2 lines, yielding
a factor qk−2. For instance, Eq. (28) (with k = 4) includes
the term in Eq. (29) along with two additional loops, each
corresponding to a free index summed over q values, giv-
ing a factor q2 = qk−2. Combining these observations and
defining

κ = q−1
∑

α≥1

Tr[K̃†
αK̃α], (30)

we obtain

k∑

a=1

〈〈σ |1⊗(a−1) ⊗ Ña ⊗ 1⊗(k−a)|σ 〉〉q

= −qkκ

k∑

a=1

(1 − δa,σ(a))

= −qkκ(k − nF(σ )). (31)

Notice that κ is necessarily positive, since K̃†
αK̃α is posi-

tive. Moreover, using the freedom to rescale the K̃α (see
Sec. III B), one can always set κ = 1, which we will do in
the following. Including the expansion of the first term in
Eq. (24), namely Gσπ (q) = qk

(
δσπ + q−1Aσπ + O(q−2)

)

[see Eq. (12)], which provides corrections to the off-
diagonal terms, we obtain

G̃(q, γ ) = qk
(

1 + A
q

− γ Q + O(q−2, γ 2, q−1γ )

)
. (32)

Finally, using Eqs. (32) and (12), we find

W̃g(q, γ ) = Wg(q)G̃(q, γ )Wg(q)

= q−k
(
1 − A

q
− γ Q + O(q−2, γ 2, q−1γ )

)
. (33)

This form is identical to the one derived for depolariz-
ing noise [Eq. (21)]. Working with generic Kraus channels
thus confirms the universal validity of the weak-noise
expansion for γ � 1 and large q (with q−1 and γ taken
to be of the same order).

C. Universality of the weak-noise expansion

While the derivation of the modified Weingarten coef-
ficients assumed a single noise parameter γ , it extends
straightforwardly to more general noise channels depend-
ing on an arbitrary number of parameters in the weak-noise
limit, i.e., when all parameters are small enough and the
channel remains close to the identity superoperator. As
a concrete example, consider a noise channel character-
ized by two microscopic parameters γ1 and γ2, obtained
as the successive action of two noise maps: Nγ2,γ1 (ρ) =
N (2)

γ2

(
N (1)

γ1
(ρ)

)
. Assuming that γ1 and γ2 are both small

and of the same order, we can expand the channel to linear
order as

Nγ2,γ1 (ρ) = ρ + γ1Ñ (1)(ρ) + γ2Ñ (2)(ρ)

+ O(γ 2
1 , γ1γ2, γ 2

2 ).

Repeating the same steps as before, one arrives at the mod-
ified overlap matrix G̃σπ (q, γ ) = 〈〈σ |N⊗k

γ1,γ2
|π〉〉q, whose

first-order correction is now

k∑

a=1

〈〈σ |1⊗(a−1) ⊗
(
γ1Ñ (1)

a + γ2Ñ (2)
a

)
⊗ 1⊗(k−a)|π〉〉q.

(34)

Since the two noise contributions combine linearly at this
order, the previous derivation applies independently to
the terms involving Ñ (1)

a and Ñ (2)
a . This again leads to

Eqs. (32) and (33), with an effective noise parameter given
by γ = γ1 + γ2. We therefore conclude that our weak-
noise treatment remains valid whenever each source of
noise is associated with a small strength γi, a physically
realistic scenario in several experimental settings.

V. RANDOM MATRIX PRODUCT OPERATOR
MODEL AND UNIVERSALITY

We now consider the moments of the PoP distribu-
tion, i.e., the IPRs, at finite depth, t ∼ log N , in generic
chaotic circuits. We begin by summarizing a general argu-
ment showing that, in the absence of noise, the calculation

020365-7



ARMAN SAULIERE et al. PRX QUANTUM 7, 020365 (2026)

of these moments can be reduced to that of an equiv-
alent one-dimensional problem. To this purpose, let us
consider a random brickwall circuit composed of inde-
pendently Haar-distributed local gates. The computation
of the kth IPR involves k replicas of the system, and
performing the Haar average over each local gate [via
repeated use of Eq. (9)] replaces the original sum over
microscopic degrees of freedom (qudits) with a sum over
effective degrees of freedom taking values in permutations
[34,69,85]. In this way one obtains a classical, Ising-like
statistical mechanics model defined on a rectangular space-
time domain (of linear sizes N and t), whose local variables
are permutations and whose Boltzmann weights are given
by Weingarten functions Wg and overlap G matrices. The
resulting interaction is generically ferromagnetic [see, e.g.,
Eq. (12)], and therefore favors the formation of spatiotem-
poral domains characterized by a uniform permutation
(see, e.g., Refs. [69,71,85–88]).

For shallow circuits, where t � N , one can envision
a coarse-graining procedure in which all microscopic
degrees of freedom below a scale ∼ t are decimated. In the
spirit of renormalization group theory, this procedure intro-
duces new interactions among the remaining degrees of
freedom. Following conventional arguments, we know that
such renormalization flows push the system deeper into the
ferromagnetic phase. Consequently, in the coarse-grained
picture, the model reduces to a one-dimensional strip con-
sisting of distinct ferromagnetic domains, each character-
ized by a single permutation state [see Fig. 1(b)]. The only
remaining parameters are the interface cost between adja-
cent domains carrying different permutations σ , σ ′, which
we denote Cσσ ′(t). That such a description is possible ulti-
mately follows from the membrane picture [34,87–89].
As we will see explicitly in the next section, universality
arises because, under very general assumptions [89], the
minimal-cost interfaces are the elementary ones, namely
those between permutations σ and σ ′ that differ by a single
transposition (so that Aσσ ′ = 1). Defining L(t) ∼ C−1

σσ ′(t)
for such pairs (the precise choice being immaterial) and
taking the scaling limit N , t → ∞ at fixed x = N/L(t), all
other interfaces become negligible. One is then left with a
dilute gas of elementary interfaces with fugacity L(t)−1.
This, therefore, also clarifies why the half-chain purity,
corresponding to the cost of the interface between the swap
s = (12) and the identity e permutations, provides a direct
measure of L(t)−1 [44,45,60].

Building on this perspective, in the next section we
will evaluate these moments in a simpler class of quan-
tum circuits, namely staircase circuits [see, e.g., Eq. (37)].
Despite their simplicity, staircase circuits retain the same
coarse-grained features and therefore allow for a direct
calculation of universal quantities, while also enabling a
controlled inclusion of noise. Without noise, these circuits
are known to correspond to the sequential generation of
one-dimensional tensor networks, namely matrix product

states (MPS) [63,67,90–92]. Their bond dimension (i.e.,
the matrix size) χ is uniform (except near the boundaries)
and is set by the support of the unitary gates (for instance, a
staircase circuit featuring gates acting on r + 1 qubits gen-
erates an MPS of bond dimension χ = 2r). This construc-
tion can be straightforwardly extended to mixed states,
where it generates matrix product operators (MPOs), as we
will see later. By introducing randomness, for instance in
the form of Haar distributed unitary gates, one can use this
constructions to naturally define notions of random matrix
product states (RMPS) and RMPOs [63,67,91]. While we
use the staircase architecture for explicit calculations, our
conclusions extend beyond it: we will show that the result-
ing behavior is in fact universal. To corroborate this claim,
in Appendix B, we analyze a different solvable random cir-
cuit model, specifically the RPM, and demonstrate that it
exhibits the same universal properties.

A. Universal distribution in noiseless circuits

We now summarize the derivation of the universal form
of the moments of the PoP for generic noiseless chaotic
circuits. One way to understand this is to represent the
time-evolved state U|000〉 as an equivalent random matrix
product state (RMPS). Following the discussion of the
previous section, the bond dimension χ must be cho-
sen in order to reproduce the exponential decay of the
purity. This implies a bond dimension χ growing exponen-
tially with the circuit depth t. More precisely, the Thouless
length defined in Eq. (1) can be identified with the MPS
bond dimension, L(t) ∼ χd/(d − 1) leading to the scaling
limit [44],

x = d − 1
d

N
χ

. (35)

Then, the k-replica average expresses the IPRs as the par-
tition function of a one-dimensional statistical-mechanical
model with local degrees of freedom in permutation space
[43–45]. Such a partition function can be expressed as
a product of transfer matrices of size k! × k!, ultimately
related, in the scaling limit, to the matrix A introduced
above, leading to [44]

Ik
s.l.= D1−k(111|exA|111) = I PT

k exp
(

x
k(k − 1)

2

)
. (36)

Here, we use a bra (. . . | and ket | . . .) notation to indicate
vectors of length k! with components associated to permu-
tations and |111) = (1, 1, . . . , 1) denotes the vector with all
unit components of length k!. This is also the eigenvector
of the matrix A with maximal eigenvalue, namely k(k −
1)/2, which explains the second equality in Eq. (36). This
expression confirms in quantitative terms the discussion in
the previous section: the exponential factor is the partition
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function of a gas of noninteracting domain walls, corre-
sponding to the transpositions. The parameter x = N/L(t)
emerges from the balance between fugacity and system
size and plays the role of the Poisson intensity controlling
the number of domain walls, thereby leading to the char-
acteristic exponential form of the partition function. As a
paradigmatic example, the case k = 2 has a complete anal-
ogy with the classical 1D Ising model, since S2 � Z2 as it
is evident by mapping the two permutations identity e and
swap s to standard Ising variables ±1. In this case, domain
walls have a Boltzmann cost e−βJ = L(t)−1 ∼ e−t/τ , with
β the inverse temperature and J the Ising coupling. There-
fore, in the scaling limit Eq. (1), where t ∼ log N → ∞,
this corresponds to very low temperature, in which domain
walls are diluted but their cost is balanced by the entropic
factor N .

Finally, one can reconstruct the PoP distribution at any
x by recognizing that the moments in Eq. (36) correspond
to those of a product of two independent random variables,
namely w = wPTg, where wPT is drawn from the Porter-
Thomas distribution and g from a log-normal one [such
that E[gk] = exp(xk(k − 1)/2)]. As an explicit confirma-
tion of the emergent universality, these results coincide
perfectly with those obtained for the RPM in the limit of
large local Hilbert-space dimension d [45].

B. Universal distribution in noisy circuits

The ideas and results presented above can be success-
fully extended to circuits in the presence of noise, yielding
quantitative predictions for finite-depth circuits. To facil-
itate the presentation of the argument, and following the
previous argument regarding the reduction to effective
one-dimensional models, we model a generic noisy cir-
cuit as a noisy staircase quantum circuit. Specifically, our
construction is as follows:

(37)

Each step of the staircase consists of a unitary gate Ui,
followed by a noise channel Nγ , and then a second uni-
tary gate Vi, similarly to the global gates we discussed in
Sec. IV B. Since Nγ acts on a density matrix, both the

state and its conjugate appear in Eq. (37), with conju-
gate operators represented by darker colors. For now, we
do not need to specify the precise form of Nγ beyond
Eq. (3). The gates Ui, Vi, and the noise channel act on
r + 1 qudits, each of local dimension d [for illustrative pur-
poses, r = 2 in Eq. (37)]. The full set of gates is denoted by
U := {Ui, Vi}N−r

i=1 . In the absence of noise, Eq. (37) reduces
to the standard sequential generation of an MPS with bond
dimension χ , starting from qudits initialized in the state
|0〉 [90]. Specifically, the parameter r is related to the
MPS bond dimension χ through, as specified also in the
previous section, r = logd χ .

The circuit of Eq. (37) generates a mixed density
matrix ρN (U), which can be represented as a RMPO, see
also Fig. 1. This becomes evident by suitably reshaping
Eq. (37) and by fusing the gates Ui and Vi (as well as their
conjugates) with the corresponding noise channels. This
yields

(38)

which is an MPO of bond dimension χ2, shown in its vec-
torized form (the bond dimension decreases by a factor d2

after each of the last r sites near the right boundary).
To compute the overlap, Eq. (2), wx = D〈x|ρN (U)|x〉 =

D〈〈x, x|ρN (U)〉〉, the open physical legs in Eq. (37) should
be contracted with a bit string |x〉 = |x1, . . . , xN 〉. After-
ward, to evaluate Ik = D−k ∑

x EU[wk
x], one should repli-

cate this network k times. At this stage, the fundamental
repeated block that needs to be evaluated can be repre-
sented as follows:

(39)

where the gray dots represent computational basis states
|xi〉. Next, Eq. (22) must be applied to compute the aver-
age EUi,Vi∼Haar(dχ)[. . . ]. This enables us to express the IPR
Ik in terms of powers of an appropriate transfer matrix in
replica space, i.e., in the k!-dimensional space spanned by
the permutation states |σ 〉〉. Specifically, we arrive at (see
details in Appendix A)

Ik = D(L|TN−r−1|R), (40)
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where the transfer matrix

T := W̃g(dχ , γ )G(χ) (41)

acts in the space of permutations and therefore has size
k! × k!. The boundary vectors in Eq. (40) read (L| = (111|
and |R) = W̃g(dχ , γ )|111). For small replica numbers k,
Eq. (40) enables the exact evaluation of Ik for arbitrary
noise channels, via direct multiplication of matrices of size
k! × k!.

We now focus on the regime in which the noise strength
γ decreases as the system size grows, according to a spe-
cific scaling limit. The scaling limit (s.l.) is defined as
follows: first, in accordance with the noiseless case dis-
cussed above and Eq. (35), we keep x = N/χ · (d − 1)/d
fixed as N , χ → ∞; second, we scale the noise strength as

γ = η

N
. (42)

In this regime, χ−1 and γ are both O(N−1), and we can
therefore use the expansion of the noisy Weingarten coef-
ficients derived in the previous section. Specifically, using
Eqs. (33) and (12), we arrive at

T = d−k
(
1 − x

N
1

d − 1
A − η

N
Q

) (
1 + x

N
d

d − 1
A
)

+ O(N−2)

= d−k
(
1 + x

N
A − η

N
Q

)
+ O(N−2). (43)

By using this equality and neglecting all terms of order
O(N−2), which are irrelevant in the scaling limit, we finally
obtain the following expression for the transfer matrix:

T s.l.= d−k exp
( x

N
A − η

N
Q

)
. (44)

We stress that our weak-noise expansion leading to
Eq. (44) is completely independent of the specific details
of the noise, including whether the channel N is unital
or not. Using this equation and taking the scaling limit,
Eq. (40) reduces to

Ik
s.l.= Ik(x, η) := D1−k(111|exA−ηQ|111). (45)

The form (45) for the IPRs is one of the main results of
this paper. Consistently, it reduces to the noiseless case,
Eq. (36), when η = 0. As discussed above, the result-
ing expression admits a natural interpretation in terms of
the partition function of a one-dimensional gas of domain
walls in permutation space. In this picture, the inverse
Thouless length L(t)−1 plays the role of a fugacity, while
the parameter x = N/L(t) corresponds to the associated
extensive Poisson intensity controlling the total number of

domain walls. The noise parameter η introduces an addi-
tional bias, effectively acting as a magnetic field that favors
permutations with a larger number of fixed points, i.e.,
configurations closer to the identity e. For k = 2, the anal-
ogy with the classical one-dimensional Ising model is once
again useful. In this case, the matrix A reduces to the Pauli
matrix X, while Q = diag(0, 2), making explicit its con-
nection to the local magnetization and the interpretation of
η as a magnetic field.

The universality of Eq. (45) rests on two facts: first, as
in the noiseless case, in the scaling regime, the domain
walls are effectively diluted and only the elementary ones
(transpositions) associated with the matrix A are relevant;
second, while noise generally favors the identity permu-
tation, the generic measure of distance from the identity
emerging in the weak-noise expansion is simply the num-
ber of fixed points. The latter is a consequence of the
fact that any effect of weak, local noise manifests itself
as the insertion of a quantum channel close to identity;
in the analysis of replicas, it manifests itself as a term
immersed in a ferromagnetic domain of a certain permu-
tation σ ; we can therefore use the expression (31) which,
in the scaling limit, leads to (45). From these consid-
erations, it also follows that η is a bulk property that
does not change the cost x associated with each inter-
face, which therefore remains the same as in the model
without noise. Thus, only two parameters x and η encode
all microscopic interactions and the specific form of the
noise, where x is still expressed in terms of the Thou-
less length [Eq. (35)], in turn linked to the half-chain
purity of the noiseless model. This hypothesis is verified
in the models we solve analytically and in the numerical
data we present below. Note that in our RMPO model,
Eq. (37), approximately r noise channels are applied per
site. As a result, the total number of noisy gates scales
as Ng ∝ N , and γ = η/N . In a realistic quantum cir-
cuit extended in time, the number of errors is naturally
proportional to the circuit depth. In that case, the time
variable t plays the role of r, leading to Ng ∼ Nt. The rel-
evance of our results for this case will be addressed in
Sec. VIII.

The PoP Px,η(w) is uniquely determined by the moments
in Eq. (45). In the noiseless case (η = 0), Eq. (45) reduces
to Eq. (36) and Px,0(w) is a log-normal convolved with
PT. Moreover, for infinite circuit depth (x = 0), one recov-
ers the moments of the SPT distribution in Eq. (16) (see
the previous section). Thus, Eq. (45) interpolates between
these two regimes, capturing the combined effects of noise
and finite depth through the scaling parameters x and η. For
small k, Eq. (45) provides an efficient way to compute the
scaling form of the IPRs for arbitrary x and η. In particular,
in the same framework and scaling limit, we can derive a
closed form for XEB, as it is closely related to I2. Techni-
cally, the discrepancy between XEB and I2 lies in the fact
that in Eq. (7) only one of the two replicas contains noise,
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thus leading to

XEB s.l.= (111|exA− η
2 Q|111) − 1

= 2e−η/2
[

cosh (θ(x, η)) + x sinh (θ(x, η))

θ(x, η)

]
− 1,

(46)

where θ(x, η) =
√

x2 + (η/2)2 and η appears divided by a
factor of two compared to Eq. (45), since noise affects only
one of the two replicas. The second line of Eq. (46) follows
directly from the first by diagonalizing the 2 × 2 symmet-
ric matrix xA − (η/2)Q and computing the overlap of the
eigenvectors with the boundary vector |111) = (1, 1). For
x = 0, XEB reduces to the circuit fidelity F , as expected
from the white-noise approximation that becomes valid in
the weak-noise limit [54]. In fact, we find (see Appendix A
for the explicit calculation of the average fidelity)

lim
x→0+

XEB = e−η = F . (47)

This relation shows that, in general, the parameter η is
fixed by the global fidelity of the circuit. The parameter
x is fixed by the system size and by the spreading of purity
in the noiseless circuit [see Eq. (1) and Fig. 8]. In the case
of a one-dimensional Haar-random brickwall circuit with
d-dimensional qudits, the scaling of the half-chain purity

is explicitly known [85] and is given by

τ−1
bw (d) = log

(
d2 + 1

2d

)
, (48)

which for qubits gives τ−1
bw (2) � 0.223.

In contrast to the η = 0 case, an analytic evaluation
of the moments in Eq. (45) for arbitrary k—and thus
an explicit reconstruction of the distribution—is techni-
cally challenging. Nonetheless, the behavior of the IPRs
in different regimes of x can be extracted perturbatively,
as we show below. Additionally, we provide an efficient
numerical procedure to extract the PoP.

VI. THE THREE DYNAMICAL REGIMES

For fixed η, Eqs. (45) and (46) reveal three dis-
tinct dynamical regimes as the circuit depth, and hence
x, is varied, and which are manifested from the scal-
ing of the XEB, see Fig. 2. These can be naturally
grouped into a short-depth case and an intermediate-to-
long-depth one. Notice that, for practical reasons, we
define the deviation from the asymptotic value of the
XEB in log-scale as � log(1 + XEB) := log(1 + XEB) −
limx→0+ log(1 + XEB).

A. Short-depth x � η

A simple inspection of Eq. (46) shows that � log (1 +
XEB) ∝ x in this regime. Instead, Eq. (45) can be ana-
lyzed using perturbation theory in the small parameter η/x,

(a) (b) (c)

FIG. 2. Plot of the cross-entropy benchmarking for noisy random matrix product operator (a), and random brickwall circuits [(b) and
(c)]. Different noise models are considered: random matrix product operator with depolarizing channel (a), see Eq. (37), and random
brickwall circuits with two-qubit depolarizing noise (b), or single-qubit amplitude-damping noise (c). The noise strength scales as
γ ∝ 1/(Nr) for random matrix product operator (a), and as γ ∝ 1/(Nt) for the circuits [(b) and (c)]. The proportionality constant is
indicated by the horizontal color bar at the top. Note that in panel (a) the label is γ Nr rather than γ Nt. We plot � log(1 + XEB) =
log(1 + XEB) − limx→0+ log(1 + XEB) as a function of the rescaled circuit depth x ∼ Ne−t/τ . We identify three different scaling
regimes fixed by the fitting parameter η = − log F . For x � η, the scaling is with x and is independent of η, showing that the system
is effectively noiseless. For x2 ∼ η, the scaling is with x2, characteristic of strong noise. For x < 1, it approaches its asymptotic value
linearly in x. In panel (a) we also plot the prediction of Eq. (46) (dashed black line).
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expanding around the noiseless limit η = 0 [Eq. (36)]. At
first order, we find Ik � I PT

k exp
(
x(k(k−1)/2)−η(k−1)+

O(η2/x)
)
. The fact that the right-hand side of this expres-

sion does not yield limk→0 Ik = D, as it trivially should
according to the definition in Eq. (8), indicates that the
first-order expansion at small η/x cannot be analytically
continued to k < 1. Nevertheless, it allows us to extract
the PoP tails at w � 1 as a convolution of the PT with a
(unnormalized) log-normal.

B. Large/intermediate-depth

To simplify the analysis, we assume that η is large
enough that we can focus in practice only on the ground
state of Q, which consists of the identity permutation
e, perturbed by the matrix A. Without perturbation, and
neglecting terms of order O(e−2η), one simply obtains the
classical value of the IPR, I C

k . The perturbation introduces
two relevant types of corrections. First, from second-
order perturbation theory, one can obtain the correction:
x2/(2η)

∑
σ A2

e,σ = x2k(k − 1)/(4η). This expression can
be interpreted as describing a region in the bulk where
the state is locally excited to σ instead of remaining in
the ground state e. This excited region is bounded by two
domain walls, corresponding to identical transpositions
that separate it from the surrounding ground state regions.
Pictorially, we can represent this correction as follows:

(49)

Second, the boundary state |1) in Eq. (45) contains contri-
butions from all permutations. As a result, transpositions
σ can remain localized near the left or right boundaries
before the perturbation given by the A matrix causes them
to “jump” to the ground state e, creating a domain wall at
cost O(x). This correction can be pictorially represented as

e σ (50)

and similarly on the left boundary. Putting these two
contributions together, we arrive at

Ik = I C
k exp

(
x2

η

k(k − 1)

4

) (
1 + x

η

k(k − 1)

2
+ O(x2/η2)

)
.

(51)

The first term of this expression again indicates a log-
normal PoP (the convolution with the delta distribution
PC(w) is irrelevant). This expression also determines two
distinct regimes by increasing the depth of the circuit
(decreasing x). When 1 � x = √

η � η, the exponential
factor dominates giving rise to log E[wk] ∝ x2/η behavior.
In contrast, at larger depths for which x � 1, log E[wk] ∝
x/η. This behavior is explicitly confirmed by the analytical
expression of the XEB (46).

The existence of these dynamic regimes is a direct con-
sequence of the universal form (45). Figure 2 presents
numerical results for both noisy RMPO and random brick-
wall circuits confirming this analysis. For the brickwall
circuit, we consider two types of noise: a two-qubit depo-
larizing channel and a single-qubit amplitude-damping
channel N amp.

γ (ρ) = K0ρK†
0 + K1ρK†

1 with

K0 =
(

1 0
0

√
1 − γ

)

and

K1 =
(

0
√

γ

0 0

)
.

Notably, the latter is nonunital, confirming that the emer-
gence of these regimes does not depend on the unitality
of the noise. We compute XEB by contracting the tensor
network obtained by replicating the system and averaging
all the unitary gates. The resulting replica tensor network
lives in a k!-dimensional space, spanned by the permuta-
tions; for k = 2, which is the case for XEB, a basis is given
by the identity e and the transposition s = (12). While for
RMPS (and RMPO) the exact form of the rescaled depth
x = (N/χ)(d − 1)/d is derived analytically above, for the
circuit we take the definition (1) and fit the parameter L0
[the value of τ is provided in Eq. (48) but it could also
be fitted]. We plot � log(1 + XEB) as a function of x, or
N/et/τ (circuit). For the circuit, we observe that plotting
as a function of this variable yields good collapse of the
curves corresponding to different system sizes N . Consis-
tently, in all three cases, we clearly observe the predicted
three regimes O(x), O(x2) and O(x).

VII. UNIVERSAL FORM OF THE PoP
DISTRIBUTION

While the derived form of the PoP Px,η(w) is fully
determined by its moments in Eq. (45), a fully analytical
expression in closed form unfortunately remains inacces-
sible for generic x and η. Nevertheless, using that for
sufficiently large η � x, the distribution approaches a log-
normal, namely a Gaussian in the variable log w, allows
for a systematic expansion. Specifically, we employ the
Edgeworth series [93,94], which approximate a probabil-
ity distribution in terms of its cumulants. The latter can be
computed numerically from Eq. (45) for sufficiently small
k (e.g., k ∈ {1, 2, 3, 4, 5, 6}), since the sizes of the matrices
A and Q grow as k!. To benchmark our results, in Fig. 3 we
compare the distribution predicted by our formula using
the Edgeworth series (black lines), with the empirical dis-
tribution of overlaps w between random bit strings and
the RMPO, constructed as in Eq. (37) (blue histogram).
For this construction, we use the multi-qubit depolarizing
channel. We consider a specific value of x and various val-
ues of η. We observe an excellent agreement between two
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(a) (b)

FIG. 3. Probability-of-probabilities of random matrix product
operator for construction of Eq. (37) for N = 128, χ = 128 (x =
0.5), and 2 ≤ η ≤ 8. For each set of parameters, the histogram is
built from 100 independent circuit realizations, yielding a total
of 105 samples per histogram. The distribution of log w can be
approximated as a Edgeworth series (black line) where only the
first two terms of the expansion have been considered and the
cumulants of the distribution have been fitted from Ik computed
from Eq. (45) for k ∈ {1, . . . , 6}. Inset of panel (a) shows the
approach to the universal prediction by increasing N .

distributions. Furthermore, in Fig. 3(a), we illustrate how
the data approach the Edgeworth expansion as the system
size N increases.

Far from being limited to this case, the PoP Px,η(w) is
universal: it applies to generic circuit architectures and
noise models and is fully determined by the parameters
x and η. In generic cases, these should be regarded as
model-dependent fitting parameters [while for RMPO their

explicit form in terms of χ , N , d and γ is known; see
Eqs. (35) and (42)]. To show the universality of our form,
in Fig. 4 we compare our prediction (45) (black lines)
with the empirical PoP distribution (blue histogram) for a
Haar-random brickwall circuit with two-qubit depolariz-
ing noise on each gate. The empirical overlaps are obtained
with tensor network simulations [95–98]. We explore dif-
ferent values of depth t, while we fix N and γ Nt. Extracting
the exact values of x and η is nontrivial, as no analyti-
cal expressions are available for the brickwall circuit case.
To determine these parameters, we therefore propose an
experimentally friendly approach that can be applied to
generic circuits at finite depth. The approach proceeds as
follows. First, one computes XEB (which can also be mea-
sured experimentally) and extracts η by extrapolating its
value at large depth [ideally x = 0, see Eq. (47)]. Next, x
can be determined by equating Eq. (46) to the numerically
or experimentally obtained XEB data. These parameters
are then used to reconstruct the full distribution Px,η(w)

with moments given by Eq. (45). The fact that the values
of x and η extracted solely from XEB yield good agree-
ment is a nontrivial indication that all moments of the
anticoncentration follow the same universal form, depend-
ing only on these two parameters. In Appendix C, this is
demonstrated by reconstructing the I3 moment from XEB
(see Fig. 7).

In Fig. 4, the empirical distribution and our analytical
prediction shows excellent agreement, with small devia-
tions only due the finite size N of the simulation. Dotted
red line represents the noiseless distribution Px,0(w) (log-
normal convolved with PT), which closely match the
empirical distribution for short time t (i.e., x � 1). At

(a) (b) (c) (d)

FIG. 4. Plot of the probability-of-probabilities for a Haar-random brickwall circuit subject to two-qubit depolarizing noise with
γ Nt = 2 and system size N = 32. Different depths t are explored (see values reported in the plots). For each set of parameters, the
histogram is built from 100 independent circuit realizations, yielding a total of 105 samples per histogram. At the shortest depth, the
distribution is well approximated by the noiseless distribution (dotted red curve) Px,0 � Px,η, whereas the latter fails to accurately
describe the data at larger depths. In contrast, the theoretically predicted distribution Px,η (black line) accurately reproduces the data.
The shifted Porter-Thomas, Eq. (16), corresponding to the distribution at infinite times, x = 0, is also plotted for reference in the last
plot. The values of x and η are obtained by the fitting procedure involving the cross-entropy benchmarking data explained in the main
text (Sec. VII).
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late time instead the distribution tends toward a shifted
Porter-Thomas, i.e., P0,η(w) (purple dashed line), yet,
Fig. 4 shows that at intermediate times the two distribu-
tions remain clearly distinct, indicating that the shifted
Porter-Thomas form should be regarded as a genuinely
asymptotic distribution.

VIII. CIRCUITS WITH FIXED NOISE RATE IN
TIME AND XEB TRANSITION

We shall now consider a more realistic scenario in which
the noise strength γ does not scale inversely to the cir-
cuit depth t, but still decreases with the system size N .
This corresponds to setting γ = O(N−1), so that the total
number of errors scales linearly with time, i.e., η = O(t).
Specifically, we define

η = λt, (52)

with fixed λ, related to the global fidelity, as before, via
F = e−λt. All our results remain applicable in the regime
λt � N , namely whenever the total number of errors
remain subleading. Expanding Eq. (46) for the XEB in
the small-x limit, retaining only the first-order term in x,
substituting η → λt, and using x = e−t/τ · N/L0, we obtain

XEB = e−λt + 2
e−t/τ

λt
N
L0

+ O(x2). (53)

This expression can be easily interpreted viewing XEB as
the partition function of a 1D system of size N in per-
mutation space, expressed by [see first line of Eq. (46)]:
XEB = (1| (exp((x/N )A) exp

(− 1
2 (λt/N )Q

))N |1) − 1. As
the XEB is a quantity expressed only in terms of two repli-
cas, the permutation space is limited to identity e and swap
s. The term exp

(− 1
2 (λt/N )Q

)
weights each site with a

factor 1 for identity and exp(−λt/N ) for the swap. Each
domain wall between the two permutation carry a factor
x/N = L−1(t) = L−1

0 e−t/τ , therefore at large times (i.e., for
small x), domain walls between different permutations are
suppressed. In this limit, the leading contributions come
from configurations where the permutation is uniform
across the system. There are two such trivial contribu-
tions. The configuration in which the permutation is e is
exactly canceled by the −1 in the definition of XEB. The
configuration where the permutation is s, or pictorially

s , (54)

yields (exp(−λt/N ))N = e−λt, i.e., the first term in
Eq. (53). The second term in Eq. (53) (of order x) corre-
sponds to the configurations with a single domain wall,
pinned either on the left or on the right boundary of the

system,

e s es . (55)

In fact, each of these two terms contributes to the XEB as

1
L0

N∑

�=1

(
exp

(
−λt

N

))�

= N
λtL0

, (56)

where � denotes the length of the region occupied by
the s permutation. A direct inspection of Eq. (53) shows
that XEB(t) is the sum of two exponentials, decaying in
time with distinct rates. For noise rates λ < λc = 1/τ ,
the first contribution dominates and coincides with the
global fidelity F(t) = e−λt. In this regime, the late-time
behavior of XEB provides direct access to the fidelity of
the global circuit. Conversely, for λ > 1/τ the second
exponential takes over, yielding a decay governed by the
noise-independent rate 1/τ . This is precisely the transi-
tion reported in Refs. [3,31], where the sharp crossover
at λ = λc is interpreted as the breakdown of XEB as a
faithful proxy for fidelity. Moreover, it coincides with
a transition in the spatial structure of correlations: from
an extended, system-spanning regime to a local regime
effectively pinned to the boundaries. In the latter phase,
the dynamics can be viewed as fragmenting the system
into mutually incoherent patches, which can be efficiently
reproduced by classical patch-based simulations [3].

We clarify three points. First, we stress that the criti-
cal value of λ is determined precisely by the scaling of
the half-system purity, λc = 1/τ . Second, the XEB at late
times does provide information about the fidelity F even in
the regime λ > 1/τ . In practice, it suffices to determine
λ by fitting λ, τ , and L0 simultaneously using the sec-
ond term of Eq. (53), and then to compute the fidelity in
the usual way as F = e−λt. (If available, τ may alterna-
tively be extracted independently from the scaling of the
purity, which can further stabilize the fit). Finally, an analo-
gous transition occurs for all moments k of the distribution
Eq. (45). In fact, in complete analogy with the discussion
above for the XEB, the small x expansion of Ik yields

Ik = D1−k
[

1 + k(k − 1)

2

(
e−2λt + e−t/τ

λt
N
L0

)

+ O(x2, e−3λt)

]
, (57)

so that the approach to the classical distribution PC(w) =
δ(w − 1) is characterized by either log-normal corrections
with parameter e−2λt or e−t/τ . This transition occurs at a
critical noise value λ(k)

c = 1/(2τ), i.e., at half the noise
strength associated with the XEB transition.

As done before in Sec. VII, we again use the XEB at dif-
ferent values of depth t to determine x and λ to reconstruct
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(a) (b) (c) (d)

FIG. 5. Plot of the probability-of-probabilities for a Haar-random brickwall circuit with N = 32, affected by both two-qubit depo-
larizing noise (strength γ ) and single-qubit amplitude-damping noise (strength γ ′). For each set of parameters, the histogram is built
from ten independent circuit realizations, yielding a total of 105 samples per histogram. We show two noise settings: γ = 0.003 13
and γ ′ = 0.004 42 in panels (a) and (b), which yield a fitted λ � 0.1, and γ = 0.016 and γ ′ = 0.022 in panels (c) and (d), which yield
λ � 0.4. These correspond to two distinct cross-entropy benchmarking regimes [see Eq. (53)]: λ < 1/τ for (a) and (b) and λ > 1/τ

for (c) and (d). For each setting we consider two circuit depths t, and report the associated rescaled inverse depth x in the plots. The
parameters x and λ are extracted via the cross-entropy benchmarking–based fitting procedure described in Sec. VIII.

the PoP Px,λt(w), see Fig. 5, and with the XEB data shown
in Fig. 6. Specifically, we first fit the numerically (exper-
imentally) obtained values XEB at large times t using
Eq. (53), which allows us to extract λ, τ , and L0. While
one could then directly compute x(t) by assuming the form
x = (N/L0)e−t/τ , using the fitted values of L0 and τ , this
expression may have extra corrections at early times. In
practice, we determine λ by fitting the large time behavior
of the XEB using Eq. (53). This provides an estimation for
η = λt, which we then use to solve for x from the XEB
at time t via Eq. (46). With both x and λ determined in

(a) (b)

FIG. 6. Plot of the cross-entropy benchmarking for the brick-
wall circuit with (a) two-qubits depolarizing (b) single-qubit
amplitude-damping and depolarizing channels, with different γ ,
and N = 1024. We observe the transition at large times in the
scaling of log(1 + XEB), from −λt to −t/τ as the noise strength
γ N is increased. The crossing happens at λ = 1/τ as predicted
by Eq. (53) [τ = τbw(2) in this model]. In the regime λ > 1/τ ,
while the slope of the decay is fixed by the noise-independent
τ , a shift proportional to 1/λ as predicted by Eq. (53) is clearly
visible, the latter allowing to determine the global fidelity.

this way, we reconstruct the analytical distribution Px,λt(w)

with moments given by Eq. (45). We stress that the fact
that the values of x and η obtained from the XEB are also
the ones fixing the distribution Px,η is a nontrivial check of
the universality and the validity of Eqs. (46) and (45) for
all moments k. Moreover, our results extend beyond the
specific setting considered here to include general chaotic
circuits and various forms of noise. In fact, Appendix C
provides an example based on a deterministic gate set, thus
going beyond the paradigm of random quantum circuits.
Specifically, in Fig. 9 we consider the chaotic kicked Ising
model with dephasing noise and observe good agreement
with our predictions.

IX. CONCLUSIONS

In this work we have investigated the universal proper-
ties of anticoncentration in generic, chaotic 1D quantum
many-body systems subject to weak noise. Whereas the
influence of noise on infinite-depth circuits, characterized
by the Porter-Thomas distribution of overlaps, has been
recently studied, see, for example, Ref. [50], here we
have focused on the interplay between finite circuit depth
and noise, a question of central relevance for near-term
quantum devices. We derived a universal form of the dis-
tribution of bit-string probabilities (PoP distribution), as a
function of two dimensionless parameters x and η deter-
mined by circuit depth, system size, and the global fidelity.
As we have shown, these parameters can be extracted in an
experimental setting by evaluating the linear cross-entropy
XEB across different circuit depths, for any values of noise
strength, at least in the regime where the number of error
remains subleading − log F � N . Given that our interest
is in shallow circuits, this regime is achieved even for
very strong noise strengths at small depths, and indeed our
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universal PoP distribution provides an excellent fit of our
numerical data for quite shallow circuits and strong noise.

Our analysis is based on an exact mapping to a one-
dimensional model of random matrix product operator that
is generated by the action of a generic noisy staircase cir-
cuit. Beyond serving as a tractable theoretical toy model,
noisy RMPOs are themselves experimentally accessible
on current quantum platforms [99–103], whereas random
MPOs can also be used to benchmark of quantum exper-
iments [104]. Thus, our results not only furnish clear
predictions for state-of-the-art quantum machines that can
be directly used for useful benchmarking but also clarify
the persistence of genuine quantum effects in the presence
of realistic noise.

While the universality of our results encompasses
numerous realistic systems, it may also be interesting to
explore PoP shapes beyond this universality class, which
requires a certain amount of fine-tuning: dual-unitary cir-
cuits [47], the presence of conserved charges [105–107],
integrability would have implications on our results (even
in the absence of noise) [108]. We leave these settings to
future works.
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APPENDIX A: DERIVATION OF THE TRANSFER
MATRIX FOR RMPO

Here, we provide a full derivation of the replica tensor
network for the noisy RMPO model giving Eq. (40). In
Eq. (37), unitaries Ui and Vi, of size dχ × dχ , act on r +
1 qudits, with r = logd χ . To compute the overlap wx =
D〈〈x, x|ρN (U)〉〉 for a fixed bit-string x, one must contract
the open physical legs in Eq. (37) with the state 〈〈x, x|; that
is,

wx = D〈〈x, x|ρN (U)〉〉 = D〈〈x, x|
N−r∏

i=1

Wi|0, 0〉〉, (A1)

where we defined

Wi = (
(Vi ⊗ V∗

i ) · Ni(Ui ⊗ U∗
i )

)
(A2)

and where we omit dependence on the noise strength γ for
readability. The IPR Ik = D−k ∑

x E[wk
x] is then obtained

by replicating the network k times, summing over all x and
performing the average over the Ui and Vi. This results in

Ik =
∑

x

(
〈〈x, x|

N−r∏

i=1

E[Wi]|0, 0〉〉
)⊗k

. (A3)

Now we employ the modified Weingarten formula
[Eq. (22)]

E[Wi] = EU,V∼Haar(dχ)

[(
(Vi ⊗ V∗

i ) · Ni(Ui ⊗ U∗
i )

)⊗k
]

=
∑

π ,σ∈Sk

W̃gπ ,σ (dχ , γ )|σ 〉〉d|σ 〉〉χ 〈〈π |χ 〈〈π |d, (A4)

where we explicitly used the factorization of permuta-
tion states over distinct Hilbert spaces |σ 〉〉dχ = |σ 〉〉d|σ 〉〉χ .
This equation has to be applied for each Wi, i.e., for each
pair Ui and Vi of matrices. In the d-dimensional spaces,
permutations are either contracted with the initial state
|0, 0〉 or with the final state |xi, xi〉〉. Since these states
are normalized to one, the result is an irrelevant factor:
(〈〈0, 0|)σ 〉〉⊗k

d = 〈〈π |(|xi, xi〉〉)⊗k
d = 1. The sum over xi sim-

ply yields a multiplicative factor of d for each qubit, i.e., an
overall contribution D = dN . Because of these free bound-
ary conditions, the left and right boundary vectors can
be written simply as (L| = (111| and |R) = W̃g(dχ , γ )|111).
The Weingarten matrix in the right boundary vector comes
from the average of the last gate of the staircase. In
the bulk, permutations resulting from consecutive gates
Vi, Ui+1 are contracted together, giving rise to the over-
laps matrix Gσ ,π(χ) = 〈〈σ |π〉〉χ . Putting together all these
terms one finally obtain Eq. (40), with the transfer matrix
defined as in Eq. (41). Notice that in Eq. (40) there are in
total N − r Weingarten matrices (one incorporated in |R)

and N − r − 1 in the term TN−r−1), as should be as the
staircase circuit Eq. (37) features exactly N − r unitaries.

The derivation of the XEB for this model follows simi-
larly, now involving only k = 2 replicas: one noisy and one
noiseless. The overlaps matrix remains unchanged, while
the Weingarten matrix is now defined by

EU,V[
(
(V ⊗ V∗) ·Nγ · (U ⊗ U∗)

) ⊗ (
(V ⊗ V∗) · (U ⊗ U∗)

)
]

=
∑

π ,σ∈S2

[
W̃gXEB

]
π ,σ (q, γ ) |σ 〉〉〈〈π |, (A5)

and can be computed as before using W̃gXEB =
WgG̃XEBWg, and defining

[G̃XEB]σ ′,σ (q, γ ) = 〈〈σ ′ | Nγ ⊗ 1 | σ 〉〉q, (A6)

020365-16



UNIVERSALITY IN THE ANTICONCENTRATION. . . PRX QUANTUM 7, 020365 (2026)

with σ ′, σ ∈ S2. Calculations analogous to those in
Sec. IV B then yield

G̃XEB(q, γ ) = q2
(

1 1/q
1/q 1 − γ

)
+ O(γ 2), (A7)

where again we assumed κ = 1. This equation is the anal-
ogous of Eq. (32). We can now obtain the expansion at first
order in q−1 and γ for the noisy Weingarten matrix

W̃gXEB(q, γ )= q−2

((
1 − 1

q
− 1

q 1 − γ

)
+ O(γ 2, q−2, γ q−1)

)
.

(A8)

As for I2, we can write the replica contraction XEB =
D(L|TN−r−1

XEB |R) − 1 with TXEB = W̃gXEB(dχ , γ )G(χ),
(L| = (111| and |R) = W̃gXEB(dχ , γ )|111). Scaling the noise
strength as previously done γ = η/N , we get

TXEB = d−1
(
1 + x

N
A − η

2N
Q + O(N−2)

)
, (A9)

which, in the scaling limit and after exponentiation, leads
to Eq. (46).

The calculation of the average state fidelity F =
EU[Tr(ρN (U)ρ(U))] is very similar to the one of XEB.
The trace in the fidelity expression can be evaluated
using the “swap trick” by rewriting Tr(ρNρ) = Tr((ρN ⊗
ρ)s) = 〈〈ρN ⊗ ρ|s〉〉, where s denotes here the swap oper-
ator (or equivalently the transposition permutation). This
adds boundary terms in the replica contraction, which we
encapsulate inside a matrix [�F ]σ ′σ (d) = δσ ′σ 〈〈s|σ 〉〉d =
diag(d, d2), so that the replica contraction now reads
F = (L|TN−r−1

F |R) with TF = W̃gXEB(dχ , γ )�F(d)G(χ),
(L| = (111| and |R) = W̃gXEB(dχ , γ )�F(dχ)|111). In the scal-
ing limit, we notice that the right boundary vector becomes
simply |R) = (0, 1). Finally, after replacing γ = η/N , we
get

TF
s.l.=

(
1/d 0

(d + 1)x/(dN ) 1 − η/N

)
, (A10)

which in the scaling limit yields F s.l.= e−η.

APPENDIX B: RANDOM PHASE MODEL

To begin, let us briefly revisit the standard definition
of the RPM [45,72]. This model consists of a ran-
dom circuit acting on N qudits and defined the subse-
quent action of two different layers at time step t: first,
on each site i, one acts with single-site Haar-random
unitary, U(1)

i (t); then, on each bond between neighbor-
ing sites (j , j + 1), one acts with a diagonal two-site
gate whose entries are phases [U(2)

j ,j +1(t
′)]xj xj +1,xj xj +1 =

exp
[
iϕ(j )

xj ,xj +1(t
′)
]

(xj , xj +1 ∈ {0, 1 . . . , d − 1}). Each phase

ϕ
(j )
xj ,xj +1(t

′) is an independent Gaussian random real vari-
able with mean zero and variance ε, which controls the
coupling strength between neighboring spins. A given real-
ization of the circuit is obtained by drawing independently
for each j and t′ the single-site unitaries and the phases
ϕ

(j )
xj ,xj +1(t

′)]. Consider the kth moment of the output distri-
bution wk = D〈x|WRPM(t)|x〉, where WRPM(t) denotes the
global RPM circuit with t repeated action of single-site
and two-site layers. As explained in Ref. [45], the circuit
average E[wk] in the absence of noise can be computed at
large d in two steps: one first averages over the single-site
unitaries using once again the Weingarten formula

ERPM[(U(1)
i (t′) ⊗ U(1)

i (t′)∗)⊗k]

=
∑

π ,σ∈Sk

Wgπ ,σ (d)|σ 〉〉d〈〈π |d = d−k
∑

σ∈Sk

|σ 〉〉d〈〈σ |d.

(B1)

Note that this equation is formally analogous to Eq. (9),
but it is restricted to the action on the d-dimensional local
physical Hilbert space. Beyond allowing the expansion of
Weingarten functions, the large d limit also implies that
the same permutation σi ∈ Sk at a given site i propagates
at all times, as the overlaps Gσ ′,σ (d) = 〈〈σ ′|σ 〉〉d ∼ dkδσ ′,σ .
Thus, the effect of the 2-site gates can be accounted for
computing

〈〈σj , σj +1|U(2)

j ,j +1(t
′)|σj σj +1〉〉 = d2ke−ε(k−nF(σj ,σj +1)), (B2)

where nF(σj , σj +1) denotes the number of common fixed
points between σj and σj +1. Collecting the contribution
from the t layers of phases, we have that

E[wk] =
∑

σ ,σ ′
[TN

RPM]σ ,σ ′ , [TRPM]σ ′,σ = e−εt(k−nF(σ ,σ ′)).

(B3)

In order to include the effect of noise, we assume for sim-
plicity that it affects each single-site Haar unitary, with the
presence of a depolarizing channel N dep.

γ . Consequently, as
in Eq. (18), we replace Wg(d) with W̃g(d, γ ) in (B1). For
large d, Eq. (21) yields

W̃g(d, γ ) = d−k (
1 − γ Q + O(γ 2) + O(d−1)

)
. (B4)

We thus arrive at

E[wk] =
∑

σ ,σ ′
[T̃N

RPM]σ ,σ ′ , T̃RPM = TRPMe−Qγ t+O(γ 2).

(B5)

Now, we recall that for the RPM, the Thouless length can
be identified with L(t) = e2εt and at large time, one can
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rewrite

TRPM = 1 + A
L(t)

+ O(L(t)−2) ∼ eA/L(t). (B6)

Finally, in the scaling limit (1) and γ = η/(Nt), we can
combine the two factors in T̃N

RPM ∼ [eAx/N e−Qη/N ]N →
eAx−Qη, in agreement with (45) in the main text.

APPENDIX C: ADDITIONAL NUMERICAL DATA

In Fig. 7, we show I3 for the brickwall circuit. The
plot is analogous to the plot of XEB in Fig. 2. We show
that the x extracted from the XEB, with the procedure
detailed in the main text, gives good predictions beyond
2-replicas observables through Eq. (45). This provides an
additional check that all the moments of the anticoncentra-
tion, namely the whole PoP distribution, depend only on
the two fitting parameters η and x.

In Fig. 8, we show that the average half-chain purity

PN/2 = E[Tr(ρ2
N/2)], (C1)

with ρN/2 = Tr1,...,N/2(ρN (U)), scales as e−t(λ+1/τ). This
observation comes from the fact that we can write PN/2 =
Tr

(
ρ⊗2(s⊗N/2 ⊗ 1⊗N/2)

)
, where s is the swap operator.

This forces a unique domain configuration

s e . (C2)

The contribution of the identity e is 1 while the contribu-
tion of the swap s is limN→∞ (1 − (ηt/N )Qss)

N/2 = e−ηt.
The unique domain wall gives L−1 = L−1

0 e−t/τ . Collecting
all these contributions gives the correct scaling.

FIG. 7. Plot of I3 for the brickwall circuit with two-qubits
depolarizing channel with noise strength γ ∝ 1/(Nt), with N =
32. We show it as a function of xXEB(N , t) which is obtained by
computing first the XEB at large time to estimate η and then by
computing the cross-entropy benchmarking at time t, and invert-
ing Eq. (46) to obtain x. We show also the analytical prediction
Eq. (45) (black dashed line).

0

FIG. 8. Scaling of the half-chain purity for the brickwall cir-
cuit with two-qubits depolarizing channel and noise strength γ ∝
1/N . The system size is N = 1024. We show that this scaling is
exp(−t · (λ + 1/τ)), where the parameter λ is obtained through a
fit from the cross-entropy benchmarking at large times. τ , given
by Eq. (48), is the scaling of the purity in the noiseless case λ =
0. It also corresponds to the scaling of �S2(t, 0) = S2(∞, 0) −
S2(t, 0) (see blue line), where S2(t, λ) = − log I2(t, λ) is the par-
ticipation entropy and S2(∞, 0) = − log I PT

2 . (For visualization
purposes, the blue line is shifted by a constant of 3.)

To test the robustness of our universality claims beyond
ensembles of random unitaries, we consider the kicked
Ising model [41,110–112]. The dynamics is generated by
the Floquet operator

UF = e−ib
∑

j Xj e−i
(

h
∑

j Zj +J
∑

j Zj Zj +1

)

, (C3)

(a) (b)

FIG. 9. Plot of the probability-of-probabilities for the kicked
Ising model with N = 32 subject to single-qubit dephasing noise
of strength γ = 0.007 81. For each set of parameters, the his-
togram is built from ten independent circuit realizations, yielding
a total of 105 samples per histogram. We present the distribution
at two different times and extract the parameters x and λ through
a maximum likelihood procedure. The resulting values are shown
in the figure. The close agreement between the estimate of λ

and of the half-chain purity timescale τ−1
Floquet, reveals that the

system operates at the crossover between the two cross-entropy
benchmarking regimes.
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applied at each time step. We fix the parameters to be
J = 1, b = (

√
5 + 5)/8, and h = (

√
5 + 1)/4. Our con-

clusions are not expected to depend sensitively on these
particular values, provided the model remains in a nonin-
tegrable regime. To mitigate basis-dependent effects, the
Floquet evolution is initialized from a random product
state. We consider as a source of noise a single-qubit
quantum dephasing channel

N (ρ) = (1 − γ )ρ + γ ZρZ. (C4)

Figure 9 shows the empirical and analytical distribution
for this model. Due to the absence of efficient numeri-
cal techniques to estimate the XEB at large time, the two
parameters of the analytical distribution are fitted through
maximum likelihood estimation. The fitted λ can be com-
pared with the half-chain purity timescale τ−1

Floquet = 0.28
obtained for the same model in a recent study [43].
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