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We introduce a quantity called the free mutual information (FMI), adapted from concepts in free
probability theory, as a new physical measure of quantum chaos. This quantity captures the spreading of a
time-evolved operator in the space of all possible operators on the Hilbert space, which is doubly
exponential in the number of degrees of freedom. It thus provides a finer notion of operator spreading than
the well-understood phenomenon of operator growth in physical space. We derive two central results
which apply in any physical system: first, an explicit “Coulomb gas” formula for the FMI of two
observables A(7) and B in terms of the eigenvalues of the product operator A(7)B; and second, a general
relation expressing the FMI as a weighted sum of all higher-point out-of-time-ordered correlators
(OTOCs). This second result provides a precise information-theoretic interpretation for the higher-point
OTOCs as collectively quantifying operator ergodicity and the approach to freeness. This physical
interpretation is particularly useful in light of recent progress in experimentally measuring higher-point
OTOCs. We identify universal behaviors of the FMI and higher-point OTOCs across a variety of chaotic
systems, including random unitary circuits and chaotic spin chains, which indicate that spreading in the
doubly exponential operator space is a generic feature of quantum many-body chaos. At the same time, the
non-generic behavior of the FMI in various non-chaotic systems, including certain unitary designs, shows
that there are cases where an operator spreads in physical space but remains localized in operator space.

The FMI is thus a sharper diagnostic of chaos than the standard four-point OTOC.

DOI: 10.1103/wt71-6385

I. INTRODUCTION AND SUMMARY OF RESULTS

Ergodicity is a universal feature of classically chaotic
systems. Consider an initially localized distribution in the
classical phase space of a particle. If the particle is
governed by a chaotic evolution, this localized distribution
spreads out over a large portion of the phase space at late
times. More precisely, while the exact phase space volume
of the distribution remains constant, a coarse-grained
version of the volume grows with time. In contrast, in
integrable systems, the coarse-grained distribution con-
tinues to be localized even at late times. As a concrete
example, one could have in mind the standard map [1,2] in
its chaotic and integrable regimes.

The idea of spreading of phase space distributions from
classical chaos does not generalize in a straightforward
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way to quantum many-body chaos. In particular, there is
no canonical and universal way to define the analog of
phase space distributions in general quantum many-body
systems. A more useful way of characterizing quantum
many-body chaos, which has developed over the last
decade, is in terms of universal properties of the
Heisenberg evolution of operators. One important univer-
sal property is the growth of operator size in chaotic
systems with local and k-local interactions: an initial
operator supported on a small number of degrees of
freedom generically gains support on a large number of
degrees of freedom at late times. The decay of the four-
point out-of-time-ordered correlator (OTOC) [3] in quan-
tum many-body systems is equivalent to a precise notion of
growth of operator size (see for instance Refs. [4-6]).
OTOC:s have been widely studied in a variety of chaotic
quantum many-body systems, starting with initial studies in
holographic conformal field theories and fermionic models
in Refs. [7-13]. They show simple behaviors that fall into a
small number of universality classes across different chaotic
systems [14] (also see Ref. [6] for a review).

Our goal in this paper is to introduce a distinct notion of
operator spreading in quantum many-body systems, which
can be seen as a new quantum many-body analog of
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physical space of n degrees of freedom, shown on the left, with spreading in the much larger space of all possible time-evolved
operators UAyUT, shown on the right. The sphere in the right figure should be seen as living in O(e”) dimensions, corresponding to the
number of parameters in a general unitary acting on the Hilbert space, and a discretization of this sphere consists of O(e¢") operators.

ergodicity in classical chaos. Instead of considering the
volume occupied by the time-evolved operator A(t) =
e~ At in the physical space of degrees of freedom, we
will quantify the volume occupied by it in operator space
or the abstract space of all possible time-evolved operators
UAU" for any unitary U that can act on the Hilbert space.

Suppose we have a system with n local degrees of
freedom. While the volume of physical space is O(n), the
volume of the operator space parameterized by all possible
U acting on these n degrees of freedom is doubly
exponential in n. This distinction helps emphasize the
fact that spreading in operator space is a different, and
more fine-grained, notion than spreading in physical space
(see Fig. 1). In particular, we will discuss examples below
of certain systems where an operator is fully delocalized in
physical space while remaining confined to a small, highly
structured corner of operator space. Nevertheless, we will
show that spreading in operator space, i.e., the growth of
the volume fraction:

B Vol(efthAeth)
~ Vol(UAU" for all possible U)’

faw (1)

is a universal property of generic chaotic quantum many-
body systems.

We have not yet defined precisely what we mean by
the volumes in Eq. (1). One ingredient needed in order to
do so is a formal definition of volumes on the manifold
of d-dimensional unitaries, which we will introduce in
Sec. II. In addition to this, a further conceptual ingredient
is needed in order to associate a non-trivial volume with
the fixed operator A(f) = e~"#'Ae*"™. Since A(1) is a single
operator, it can clearly occupy only a measure-zero volume
within the set of all possible UAU", unless we coarse-grain
it to allow for a larger set of operators.

We use a coarse-graining prescription inspired by a
quantity called the “free entropy” in the mathematical
literature on non-commutative probability theory [15-24].
This coarse-graining procedure requires a choice of some

simple reference operator B at t = 0. We define the coarse-
grained set of operators associated with A(z) as the set
of operators A which approximately match all “joint
moments” between A(z) and B, i.e.

Tr[pA™ B" A™B" . A" B"|
~ TrpA(f)™ BnA(t)™B" .. A()™B"],  (2)

for all m;, n;, and some reference state p. We will typically
take p to be the maximally mixed state. B can be seen as a
reference point in the past to keep track of the spreading of
A(r). While specifying such joint moments with a com-
plete basis of operators at 1 =0 would restrict A to be
precisely A(¢), the condition (12) with a single operator B
generically allows for many choices of A. The volume in
the numerator of Eq. (1) should be seen as the volume of
this coarse-grained set of A. We should therefore introduce
a B label in the volume fraction [Eq. (1)], denoting it as
S awz- We will study the behavior of a quantity called the
free mutual information (FMI), defined as:

Iiree (A1) 1 B) = —10g fa() 8- (3)

We will provide a more formal version of the definition
of I, including more details on the approximation used
in Eq. (12) in Sec. II. We will also discuss a few different
ways of viewing the physical interpretation of this quantity
in more detail at the end of Sec. II.

The quantity /I, defined above is similar to (and
motivated by) the free mutual information in the math-
ematical literature on free probability [20-24]." The
mathematical quantity is defined in terms of abstract

Tn fact, there are two definitions of free mutual information in
the math literature: one based on matricial microstates known as
the orbital free entropy [23] and the other based on the free Fisher
information of a free liberation process [20]. They are expected
but have not yet been shown to coincide [21]. Here, we are
referring to the microstate definition.
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non-commuting variables instead of fixed operators A(z)
and B living in some Hilbert space, and its definition
involves certain asymptotic limits which are not appro-
priate in a physical setting with a fixed Hilbert space
dimension. Since our physical quantity in Eq. (3) has a
similar form to the mathematical FMI apart from these
subtleties about asymptotic limits, we will also refer to
it as the FMI (see Sec. VII for more discussion on the
comparison with the mathematical quantity).

If the coarse-graining procedure defined in Eq. (2) is
relevant for characterizing quantum many-body chaos,
then we should find that in physical systems that we
ordinarily consider highly chaotic, the volume fraction
f (.5 grows with time (or equivalently, that /.. (A(t): B)
decays with time). If the initial operator A commutes with
B, then it is intuitive that the initial value of /.. (A(f): B) is
infinite. This can be understood from the fact A is forced to
be block-diagonal in the eigenbasis of B, which makes A a
measure-zero set within the full set of all possible UAU".
On the other hand, if we take the time-evolution operator to
be a Haar-random unitary Uy, then in the limit of large
Hilbert space dimension A(t) = U HAUL and B approach
“freely independent” or “free” non-commuting variables.
For freely independent variables, the asymptotic FMI is
zero. This is well known to be true for the standard
definition of the FMI from Refs. [20—24]. The basic reason
is that when A(7) and B are free, the joint moments in
Eq. (2) are fully determined by the “marginal moments”
Tr[A"] and Tr[B"] [25]. Thus, in the asymptotic free limit,
Eq. (2) does not impose any non-trivial constraints, and the
volume fraction approaches 1.

Hence, when two operators are freely independent, they
can be viewed as maximally scrambled relative to each
other. Based on this observation, the relevance of freeness
to quantum chaos and scrambling has been emphasized in
a number of recent works [26-36]. So far, a useful figure of
merit to quantify the approach to freeness under quantum
dynamics has been lacking. The free mutual information
provides precisely such a tool.

Haar-random unitaries lead to instantaneous scrambling
and thus lack the physical constraints of continuous time-
evolution and locality or k-locality of interactions. To
confirm that Ig..(A(¢):B) decays with time in more
realistic chaotic systems from its initial infinite value to
a small late-time value,2 we need an explicit formula for
this quantity which can be computed in various physical
systems. We derive such an explicit formula for a Hilbert
space with some large finite dimension d in the case where
A and B both have the spectrum of Pauli matrices (d/2
eigenvalues equal to —1 and d/2 eigenvalues equal to 1):

*Note that at large but finite Hilbert space dimension, the
equilibrium value of our physical FMI will not be exactly zero: as
discussed in Sec. III C, it is suppressed by an inverse power of d
and vanishes only in the large-d limit.

Z log [Re(z;) —Re(z;)| —log2,

1<i.j<d
Re(z;)#Re(z;)

Ifree(A<t> B) = _%

“)

where {z;}4, are the eigenvalues of A(r)B. We will
sometimes refer to the RHS as the “Coulomb gas formula.”
See Theorem III.1 for a more formal version of this
statement, which clarifies its regime of validity.

The formula (4) allows us not only to compute the time-
evolution of Iy, (A(¢): B) in a variety of physical examples
but also to derive a fully general relation between the free
mutual information and higher-point out-of-time-ordered
correlators, defined as:

OTOC,(A(1):B) = Trjp(A(1)B)",  n=1.2, ...,

&)

in some state p, which we will again take to be the
maximally mixed state in the rest of the paper. OTOC; is
the two-point function rather than an out-of-time-ordered
correlator, but we denote it as above to use a common
notation for all n. OTOC, is the standard four-point OTOC
discussed at the beginning of the introduction, which can
be related to growth of operator size in the physical space
of degrees of freedom.
OTOC,, for n > 2 have previously been discussed in the
literature as natural generalizations of OTOC, and have
intuitively been understood to capture more fine-grained
aspects of chaos and scrambling [26,27,29,34,35,37-44].
In particular, some of these references have noted that
there is a natural relation between OTOC,, and ideas from
free probability, as in the limit where A(7) and B are freely
independent, all OTOC, (A(z):B) are precisely zero for
traceless A and B. Based on this observation, the decay of
OTOC,, was previously proposed as a measure of approach
to freeness in chaotic systems and studied in a few
different models in the above references.
Even with the existing studies of OTOC,, in various
models, a few important questions have not been con-
clusively addressed:
(1) What is the precise physical interpretation of
OTOC,, for n > 27

(i1)) How should the data from the different OTOC,, be
combined to understand the approach to freeness?
For example, are smaller n more relevant than
higher n in defining an approximate notion of
freeness?

(iii) Are there universal patterns in the n-dependence of
OTOC,,(A(t): B) in generic chaotic quantum many-
body systems?

One main result of this paper is that for A and B which
have the spectrum of Pauli matrices, in any system, we
have the following general relation:

043017-3



SHREYA VARDHAN and JINZHAO WANG

PRX QUANTUM 7, 043017 (2026)

OTOC,(A(t):B)2.  (6)

See Theorems IV.1 and IV.2 for more precise versions of
this statement in cases with and without ensemble averag-
ing. This general relation has a number of conceptual as
well as practical uses, which we summarize below:

1. Since the quantity /Iy, has a clear physical inter-
pretation in terms of ergodicity in operator space,
the relation in Eq. (6) also gives a physical inter-
pretation to higher OTOC,, in the cumulative form
on the RHS of Eq. (6). This helps address questions
(i) and (ii) above.’

2. If an operator in a chaotic system spreads not only in
physical space but also in the abstract operator
space, then we expect that I..(A(¢):B) should
become finite and small for late enough times. This
in turn leads to the expectation that at late enough
times in chaotic systems, the magnitude of OTOC,,
must be upper-bounded by a decreasing function of
n, at least for large enough n, so that the sum in
Eq. (6) converges. This suggests a potential univer-
sal pattern of n-dependence that addresses question
(iii) above.

3. In practice, OTOC,, are often easier to compute than
the spectrum of A(¢)B with existing techniques in
various physical models and are likely to also be
easier to measure in experiments. Indeed, these
OTOC,, up to n = 4 have already been measured in
a recent experiment in random unitary circuits [45].
See also Refs. [46-49] for earlier experimental
progress in measuring OTOC,. Further experimental
developments include Refs. [50,51]. In the regime
where Eq. (6) applies, every term on its right-hand
side is non-negative, so the finite partial sums:

i A(1):B) 2 3 20TOC, (A(1): B

n=1

form an increasing sequence of lower approxima-

tions to the FMI. Thus one can estimate the FMI

from below by accumulating experimentally mea-

sured higher-point OTOCs, with the approximation
improving as n,,,, is increased.

To understand the typical time-scales associated with

convergence and decay of .. (A(): B), and the manner in

which the sum in Eq. (6) converges, we then turn to the

*Cumulative partial sums of OTOCs such as the RHS of
Eq. (63), with various choices of n-dependent weights, were
recently introduced in Ref. [34] as prescriptions to combine the
higher-point OTOCs into a single quantity. Our result shows that
the cumulative OTOC with the harmonic weight has a clear
physical interpretation as the FMI.

task of evaluating Iy, and OTOC, in a number of
examples of quantum many-body systems. We consider
three examples of chaotic systems: (a) random Gaussian
unitary ensemble (GUE) Hamiltonians, which have no
local structure; (b) random unitary circuits, which have
locality but no energy conservation; and (c) chaotic spin
chain systems with both locality and energy conservation.
In each of these examples, we find that the initial decay of
OTOC,, is increasingly fast for higher n, so that the OTOC
sum formula for the FMI in Eq. (6) starts to converge and
decay at some characteristic time ¢*. In the non-local GUE
model, * = 0, and in the local cases, t* is proportional to
the initial distance between A and B. t* is close to, but
somewhat earlier than, the time scale associated with
decay of the standard four-point OTOC,. I..(7) decays
monotonically with time for # > #* and reaches a vanishing
saturation value in the thermodynamic limit in each of
these models. This confirms our expectation that in general
chaotic quantum many-body systems, any operator
increasingly spreads out to fill the operator space volume.

We further observe in each of these models that while
the initial decay of OTOC,, is always faster for higher n,
OTOC,, () show oscillations as a function of both 7 and n
at intermediate times. For larger n, the magnitude of the
oscillations with ¢ becomes larger and the time of their
onset becomes earlier. Such oscillations might naively
suggest a departure from freeness at intermediate times in
chaotic systems. However, we find that these oscillations
do not lead to a lack of convergence of Iy, or to
oscillations in its value. This is a consequence of the
way in which the OTOC,, are organized in the sum in
Eq. (6). Hence, by using /I as a figure of merit, we obtain
the physically reasonable conclusion that generic chaotic
systems monotonically approach freeness as a function of
time. The partial sums of Eq. (6), cut off at some finite
Nmax> also show monotonic decay with time.

It is natural to ask whether there are systems where an
initial operator spreads in physical space, but not in
operator space, in line with the intuition that spreading
in operator space is a more fine-grained notion of chaos.
We identify three examples of systems where OTOC,
decays, indicating delocalization in physical space, but
It remains infinite for all times: Clifford unitaries,
permutation—phase—Clifford (PFC) unitaries [52], and
the transverse field Ising model (TFIM), which is a free
fermion integrable system. The mechanism underlying the
lack of decay of /.. is somewhat different in each of these
models and can be understood from various atypical
features of the spectrum of A(#) B which are not discernible
from the value of OTOC, alone.

In the free fermion integrable TFIM, we find that not
only do the individual OTOC,(z) show oscillations as a
function of time but also the partial sums of Eq. (6) show
non-monotonic behavior with time. This is in contrast to
the monotonic decay with time of the OTOC partial sums
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in the chaotic spin chain. This observation suggests a
practical way of using the data of the higher OTOC,(¢) in
some physical system, obtained either from calculation or
from measurements in the lab, to decide whether or not the
system is chaotic. Instead of looking for monotonic decay
with time in the individual OTOC,, one should check
whether the partial sums of Eq. (6) decay monotonically
with time. Unlike the free fermion integrable case, the case
of the interacting integrable Heisenberg XXZ model
appears to resemble that of chaotic spin chains.

It is worth noting that based on proposed relations
between OTOC,, and the formation of approximate unitary
n-designs [53], it appears natural that OTOC,, for larger n
may start to decay at later times when the chaotic time-
evolution is closer to forming an n-design. However, this
turns out not to be the case for the generic chaotic models
which we study in this paper, where OTOC,, for higher n
decay faster. In fact, the formation of approximate
n-designs has more recently been understood not to be
related to the decay of OTOC,, [28,54]. In Sec. VI A, we
discuss an explicit example of an approximate n-design
(the recently introduced PFC ensemble [52]) where for
certain operators, many of the OTOC,, do not decay at all.

The plan of the paper is as follows. In Sec. II, we present
a formal version of the definition of Iy, (A(#):B) for the
setting of physical time-evolution. In Sec. III, we derive
the Coulomb gas formula (4). In Sec. IV, we derive the
OTOC sum formula (6). Section II-IV should be seen as
building the mathematical framework needed to study the
free mutual information in any physical system. In Sec. V,
we study the behavior of /.. and OTOC,, in a variety of
concrete examples of chaotic systems: the random GUE
model, random unitary circuits, and the mixed-field Ising
spin chain. On a technical level, we develop new tools for
analyzing the behavior of OTOC,, in both the random GUE
model and random unitary circuits in Sec. V and the
associated appendixes, which may also be useful in other
contexts. We discuss various non-chaotic systems (Clifford
unitaries, PFC unitaries, the transverse field Ising model,
and the Heisenberg model) in Sec. VI. We comment on
various future directions in Sec. VII. Many technical
details are presented in the Appendixes.

II. FREE MUTUAL INFORMATION

In this section, we will present a more formal version of
the definition of the free mutual information which was
summarized in the introduction. We will start by explicitly
defining the set S, and volumes of subsets of Sy.

Consider an initial Hermitian operator A in a quantum
many-body system of Hilbert space dimension d and its
time-evolution A(t) = U(t)"AU(t) under the evolution
operator U(t) of the system. For example, for an
energy-conserving system, U(t) = e " for some
Hamiltonian H. We are interested in characterizing the
spreading of A(z) with time in the set S, of all possible

operators that can be obtained from A by any unitary
evolution:

S, = {UAU'|U e U(d)}, (7

where U(d) is the group of d-dimensional unitary matri-
ces. S, can be viewed as a manifold which is diffeo-
morphic to U(d)/Stabyy)(A), where Staby)(A) is the
stabilizer of A or the subgroup of U(d) which commutes
with A. Explicitly, we have the following bijection
between the two manifolds:

¢a: U(d)/Stabyyy(A) - S, U UAUT.  (8)

Let us first consider the dimension y, of the manifold
84. The manifold U(d) has dimension d?. The subgroup
Stabyy) (A) depends on the degeneracies in the spectrum
of A. For example, if the spectrum is non-degenerate, then
the stabilizer group consists of diagonal unitary matrices
in the eigenbasis of A, i.e. Staby,(A) = U(1)?. Hence,
for a non-degenerate A, y, is d> — d. More generally, if A
has k distinct eigenvalues with multiplicities gy, ..., g,
then Staby(s)(A) =U(g;) x U(gy) x -+~ x U(gy) and y,4 =
d*> — >k | g?. Note that in all cases, as long as A is not the
identity operator, y, is O(d?).

To formalize the notion of spreading of operators in S,
it will be useful to introduce a volume measure on S4. The
measure we will use throughout this paper is the one
induced by the Haar measure dvy4)(U) on U(d), which
we henceforth abbreviate as dU. The Haar measure is the
unique (up to normalization) measure on U(d) which has
the property of left- and right-unitary invariance: dU =
d(UV) =d(VU) for any V €U(d). Since we will mostly
be interested in ratios of volumes below, the normalization
of dU can be chosen arbitrarily. To use the Haar measure to

define volumes in Sy, we will use the quotient map from
U(d) onto the coset U(d)/Staby(,(A), denoted by g.
g '(U) denotes the preimage of U under this map.
Then the induced volume measure vg, is the pushforward
of the Haar measure through ¢ and then through ¢,:

vs, =vu@) °q ' ody' )

The integral of a function f(X) on Sy is thus given by:

f )dug, (X / FUAUNAU.  (10)

The total volume Vol(S,) is given by the above integral
for f(X) = 1, and the volume of some subset S of S, is
given by taking f(X) to be the indicator function 15(X),
which evaluates to 1 for X € S and 0 otherwise.

A more explicit way to visualize the size of S, is
to discretize it by constructing a finite “epsilon-net” of
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unitaries Sy . such that any element of S4 is at most e-far
from some element of S,. according to some chosen
metric. The number of elements in Sy, is

Cy 7aA
ns,. = €1 <)

for some O(1) constants c;, c,. Recall that y, is O(d?*)—
hence, ng, . is doubly exponential in the number of degrees
of freedom 7 in a quantum many-body system.

We would now like to formalize questions such as: what
fraction of the volume in S, does A(r) occupy, or what
fraction of the elements of the e-net S, is A(z) close to?
As stated, the answer to the question is trivial: since A(z) is
a single fixed operator, it occupies zero volume in S, and
is e-close to an O(1) number of elements of S, .. To come
up with a meaningful version of the question, we need to
provide a prescription for replacing A(7) with some larger
set of operators Sy(;) coarse C Sa» Whose volume can grow
with time.

As discussed in the introduction, we consider a
coarse-graining procedure in terms of correlation func-
tions of A(z) with some simple reference operator B.
We define the coarse-grained set of A(f) conditioned
on p and B, Sy ppsn> as the set of all operators

A€ S, such that:

1D

|Tr[pA™ B" A™B" .. A" B"]
— Tr[pA(1)™ B A(1)™B"™ ... A(t)" B"]

<9, (12)

for all possible sequences of positive integers m;, n; for all
lengths r < N for some maximum length N. In the rest of
this paper, we will set p to be the maximally mixed state or
infinite temperature density matrix, p = 5 and drop the p
label, referring to the above set simply as Sy()psn- We
restrict to this choice of p for technical convenience, and it
will allow us to probe the rich operator dynamics man-
ifested in the infinite temperature correlators in physical
systems with large but finite Hilbert space dimensions.”
We can also define a discretization Sypsn.e Of
Sa(1)|B.s.N> Which is a subset of Sy constrained by the
same condition as in Eq. (12).

With the above definition of Sy 555, We can now
characterize the spreading of A(7) in the space of all
operators by the ratio:

“In more general physical setups, especially in continuum
systems such as quantum field theories, considering other
choices of p such as the finite temperature Gibbs state
e Py Zy is important and should be developed further in future
work.

Vol (SA(z)\B,(s,N)

Vol(S,) (13)

fA(t)\B.é,N =

Equivalently, we can consider the following quantity,
which we will refer to as the free mutual information of
A(t) and B:

4
Iiee(A(1):B)s y = —glong(mB,s,N, (14)
4
-7 (log Vol(S,) — log Vol(Sawpsn))- (15)
4
= 2 tim((A):€) A6 N.0).  (16)

In the final version of the above expression, we have
written /. in terms of:

#(A():c)=logng,, . 7(A()|B:6.N.c) =logng,,

)|B.SN.e”

17)

x(A(1);€) can be intuitively interpreted as the amount of
information needed to specify A(#) up to e precision with
no knowledge except that it is obtained from A by unitary
evolution and can be seen as a physical version of the free
entropy of Refs. [15-21]. Similarly, y(A(?)|B; 8, N, €) is a
version of the conditional free entropy of A(#) conditioned
on B and captures the remaining uncertainty in our
knowledge of A(r) if we know its correlation functions
with B. Definition in Eq. (16) therefore justifies referring
to /g as a mutual information.

Note that in our motivation for the above definition,
the operator B was used as a reference to quantify the
spreading of A(t). However, I is symmetric with respect
to its arguments A(r) and B, as will also be clear from the
explicit formulas we will derive below.

Note that each free entropy term in Eq. (16) is divergent
in the € — 0 limit, but their difference is finite from
Eq. (15) unless Vol(Su(y)sn) is zero. The normalization

factor of % is included so that the quantity has a

d-independent large d limit [recall the leading O(d?)
behavior of the exponent in Eq. (11)].

In the discussion so far, Iy, defined in Egs. (14)-(16)
depends on the parameters 6 and N. To capture intrinsic
properties of the physical system, we would like to avoid
the dependence on these parameters. In the standard
mathematical definition from Refs. [20-24], one simulta-
neously takes the limits d - 00,6 - 0, N - . In the
present setup, where we want to consider a large but fixed
value of d to define a physically meaningful quantity, the
limits 6 — 0, N — oo turn out to be too strong and always
lead to an infinite value of /... We will explain in the next
section how we can choose N and ¢ in such a way that /.
is finite, but at the same time, the leading contribution to it
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does not depend on N and 6. This will justify our omission
of the o, N label for /.. in most of the paper.

Before further discussing the behavior of the free mutual
information defined above, let us make a few comments on
the motivation for the coarse-graining procedure based on
the relations in Eq. (12) and a few different ways of
viewing the physical interpretation of this quantity:

1. Recall that the operator A(z) can be fully specified
by its correlation functions in the maximally mixed
state with a complete basis of operators for H,.
Hence, a natural way of coarse-graining A(t) is to
only specify correlation functions with a smaller
subset of simple operators, and we consider above
the case with just one reference operator B. This
idea is similar to the coarse-graining procedure used
in the Jaynes entropy or “simple entropy” prescrip-
tion for coarse-graining a quantum state p [55-59].

2. The quantity /;..(A(z):B) can be viewed as a new
attempt to characterize “mutual information across
time,” which has been approached from a variety of
perspectives in Refs. [60-63].° Like in these pre-
vious approaches, one of our goals is to find an
information-theoretic quantity that captures the fact
that chaotic dynamics lead to a loss of correlations
over time. One intrinsic difficulty in defining a
mutual information of this kind is that one cannot
define a joint density matrix for multiple times and
its reduced density matrices for each time [66—68].
A joint density matrix is defined for two commuting
subalgebras of observables, but we cannot have
commuting subalgebras for different times. For two
non-commuting variables, the joint distribution is
defined by the set of joint moments appearing in
Eq. (12) without resorting to a joint density matrix.
The natural entropy associated with two such
variables is the free entropy of the joint distribution
[20-24], which is not the von Neumann entropy of
any (pseudo-)density matrix.

3. An alternative way to view Iy is in terms of
quantum programming, where one asks for the
minimal quantum description length [69-71] of
the future observable A(r), conditioned on some
observations B made in the past. Suppose that /. is
non-zero: this tells us that the volume of the set A
determined by the conditions (12) is smaller than
the full volume of the set of all possible UAU". The
relations between A(f) and B, expressed through
their joint moments, thus allow us to give a more
compressed description of A(7) than we would have
without any knowledge of the relation between A(t)
and B (we only need to specify A(#) within the
smaller set of A, instead of the full set of UAUY).

’See also time-like entanglement entropies [64,65].

A more precise version of this programming inter-
pretation is discussed in Ref. [72].

III. EXPLICIT FORMULAS FOR THE FREE
MUTUAL INFORMATION

In this section, we first derive an explicit formula for the
free mutual information in terms of the eigenvalues of the
operator U(1)AU(t)"B for a fixed time-evolution operator
U(¢) in Sec. III A. We then consider the case where U(r) is
drawn from an ensemble of time-evolution operators in
Sec. III B. We discuss how these formulas can be used to
confirm that /.. vanishes for large d when the time-
evolution operator is a Haar-random unitary in Sec. III C.

A. A Coulomb gas formula

In this section, we will derive a closed expression for the
free mutual information defined in Eq. (15) in the case
where A and B are both Hermitian and unitary operators
with the spectrum of Pauli matrices on H,, i.e. they have
d/2 eigenvalues equal to +1 and d/2 eigenvalues —1. We
will assume throughout that d is even. Since this property
of the spectrum is equivalent to the combination of the
properties Tr[A] = Tr[B] = 0 and A? = B?> =1, we will
sometimes refer to A and B as “traceless involutions”
below. In local systems made up of n qubits, a natural
choice is to consider A and B to be strings of Pauli
matrices, i.e. operators of the form ®”_, ¢(*);, where a =
0, ..., 3 labels the four possible Pauli matrices 7, X, Y, Z on
each site. More generally, the formula below applies when
A = UPU" and B = VQV" for any Pauli strings P and Q
and any unitaries U and V.

Due to the involution property of A, A(¢) and B, if we
take p = 5, then the only non-trivial conditions in the set in
Eq. (12) are

}1|Tr[(AB)"] _Te[(A(r)B)"]| < § for all integers 0 < n < N.
(13)

The remaining conditions in Eq. (12) are automatically
satisfied by the fact that since A € S, we have A = UAU

for some U, so that A%> = 1. This simplification is the key
reason for choosing A and B to be traceless involutions.

®The definition of the FMI in Sec. Il itself applies to operators
with general spectra. We do not, however, expect the same
simple Coulomb gas formula derived in this section to apply to
arbitrary A and B. When A and B are not involutions, the full
collection of alternating joint moments in Eq. (12) does not
reduce to the moments of the single product A(#)B. Conse-
quently, there is no single density function whose moments
capture all of the coarse-graining constraints for generic A and B;
a general expression would have to retain genuinely multi-
variable non-commutative data.
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Note that for any pair of operators O and B that are both
Hermitian and unitary, the eigenvalues of the product OB
come in pairs of complex conjugate phases. Let us define
the following vector in y € [—1,1]%/? associated with O
(we will always take B to be the fixed reference operator):

¥(OB); =cos¢; = Re e,

{e*i®) };’l * are the eigenvalues of OB. (19)

We always list these components in nondecreasing
order, so ¥(OB) lies in the ordered domain:

Wap={ye[-1, 1[4y, < <yap}. (20)

The moments L Tr[(OB)"] depend on O only through
y(OB). We will use a special notation X for the case

0 =A(1):

X =J(A(1)B). Q1)

Our goal is to obtain an explicit formula for
Iiree (A() 1 B)s v, defined in Eq. (14) that does not depend
strongly on the parameters 6 and N, and is instead
determined by intrinsic properties of A(z) and B. A first
natural choice for this purpose is to consider the limit of
Itee(A(t):B)s 5, Where take N — oo and 6 — 0. In this
limit, Eq. (18) is equivalent to the condition:

§(AB) = ¥, (22)

where the nondecreasing ordering [Eq. (20)] is assumed.
Using the definitions [Eqgs. (14) and (10)], we have’

lim Ifree(A(t) :B)E,N

6—0.N—
B —ilo Vol({A €S, such that (AB) = ¥})\
TRk Vol(S,)

(23)
4 ~dus (A
:__21 ngA )AB) ‘SA( )’ (24)
d VO](SA)
4 1 pauip -z dU
=L og fU(d) F(UAU'B) 1 25)
d Juyd(U)
4 - + -
= L logPy AU =), 0

"The limits of § - 0 and N — co commute because they can
be replaced by infs.qy as Ige.(A(r):B)sy monotonically de-
creases as N grows and & shrinks.

where 155 )_ is the indicator function that equals 1 if the

condition is met, and O otherwise. In the last line, we define
Py(X) as the probability of event X under the distribution
of Haar-random unitaries U.

Now Eq. (26) reveals an immediate problem with taking
the limits N - co and 6 —» 0. To see this, note the
following lemma:

Lemma I11.1. The probability under Haar-random U that
the ordered vector y(UAU'B) lies in a measurable subset
SC Wd /2 is

a2

Py(F(UAU'B) €) / de, ), (27
where the probability density p(y) is given by:

() =N [T Gi-»)2

1<i<j<d/2
N <d> H‘ €+ k)!
= 77| ————- (28)
2 g (k+ 1)1 (k)
Proof. We provide the proof in Appendix A 1. L]

Putting this result into Eq. (26), where the allowed
volume of y around the fixed value X is zero, we see that:

li Lo (A(2):B)=
5_)01]r\,n free( (t) )

4 a2
2 lim logdy,
e ( ogp(%) +;d}}ir30 ogdyl>

=o00. (29)

The second term involving the log of the zero volume
around X dominates over the first term, giving an infinite
result. This tells us that for a finite Hilbert space dimen-
sion, the condition (18) for N = o0 and 6 =0 are too
constraining and do not allow S, )5, to have a non-zero
volume fraction.

We therefore need to regulate this infinite answer by
considering some finite N and 9, while still aiming to get a
result that is universal in the sense that it does not strongly
depend on the regulators. In order to get a universal
formula, we will have to make an assumption for the
minimum spacing among the x;, which are the real parts of
the eigenvalues of A(7)B,

Apin = mln|xl - xj" (30)
i#]

At t = 0, we will typically take A(r = 0) and B to be
commuting operators. Since A and B both have d/2
eigenvalues equal to +1 and d/2 eigenvalues —1, their
product also has at least d/2 degenerate eigenvalues if they
commute, so that we have A,;, = 0. However, we will
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assume that in typical situations of interest, at all but very
early times, all degeneracies among the x; get sufficiently
lifted so that we have

Apin = exp(—d°)), (31)

which explicitly means that A, > exp(—k d”) for all 0 <
p <1 and all k > 0 at a sufficiently large d. (Note in
particular that this assumption allows A, to have some
arbitrary polynomial decay with d.) We justify this
assumption with explicit computation in one model in
Appendix B. With this assumption, if we take

5 = O(exp(—d?)), N=C/é, (32)
for some 0 < a < 1 and for some constant C > 9z. Here
the big-® notation means that § is both upper and lower
bounded by exp(—d®) up to a prefactor for large d. For the
derivation in this section, it is necessary to distinguish
it from the big O notation that only strictly means an
asymptotic upper bound.

Then we will be able to obtain a formula for
Itec(A(2): B), which is both finite and independent of N
and & at leading order in 1/d. For example, it does not
depend on the specific choice of @ or C in Eq. (32).
Intuitively, this regulated result for /.. should end up
being the first term of Eq. (29). The purpose of the rest of
this section is to show that this is indeed the case. Readers
who are mainly interested in the result can skip to
Theorem III.1 and the comments below it.

It will be useful to first provide upper and lower bounds
on the volume of Sy psn- the set of A satisfying the
condition (18) for some given &, N. For this purpose, we
will first find upper and lower bounds of the volume in
Wy, of the vectors Y(AB) for AESA(MB.&N and then
use the formula (A2). The following two lemmas, both
proved in Appendix A 2, will help provide such bounds.
Here and below, an e-box around ¥ means the inter-
section of the usual coordinate box (X' € [~1, 1]7 such that
|x; —x;| < r for each i=1,...,d/2) with the ordered
domain W/,.

Lemma II1.2. Define B; C W/, as an e-box around Xof
radius:

e, = cd (—51og ), 33)

for a constant ¢ (for concreteness, we can take ¢ = 2—716). IfN
and ¢ satisfy the condition:

N>— (34)

then for all AESA(,)‘B’,;_N, the corresponding vectors
Y(AB) are contained within 3.

Lemma I11.3. Define B, C W/, as an e-box around Xof
radius:

€) = 5/N2 (35)

B3, is contained within the set of y(AB) corresponding to A
in SA([)\B,&.N-

From Lemmas III.2 and III.3 (cf. Fig. 2 for an illus-
tration), we have the following upper and lower bounds on
the volume fraction [z~

f2 £ fawpsn < f1s (36)

where

_ VOI(A ESA S.t. }_;(AB) C BI,Z)
b2 Vol(S,)
= Py(¥J(UAU'B) C B, ,). (37

and the last equality follows from Eq. (26).

Our strategy to derive a formula for /.. will be to show
that — %log fiand — % log f, are close in the large d limit,
so that from Eq. (36) either one gives a good approxima-
tion to /.. Let us use the probability density [Eq. (A2)] to
write f, (a = 1,2) more explicitly:

/2

fa :N/ H (yi_yj>2dei- (38)
Ba 1<i<j<d)2 i=1

Recall that the eigenvalues x; are sorted in nondecreas-
ing order. So if i < j, for {y;} appearing in the integrand of
Eq. (38) for i =1,

B,

B,

1+

FIG. 2. We use two boxes B, and B, to sandwich the set of
Y(AB) corresponding to A in S A(1)|B.s.N»> depicted as the region
contained within the red circle, to estimate its volume. This
figure is an illustration for d = 4.
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lyi =yl < (x; —x; + 2¢€), (39)

and therefore,

f] SN(ZEl)d/Z H (xj—xi+2€1)2, (40)

1<i<j<d/2

which implies that

4 8
Iiree (A(2) 1 B)sy 2 —Elog/\/—? z log(x; —x;),
I<i<j<d/2

(41)

8 2e 2
— 3 log<1—|— _lx>—310g(261). (42)

I<i<j<d/2 Xj

J i

Recall from Eq. 134 that €, = —cddlogé. So, to get a
S-independent expression at leading order in 1/d, Eq. (42)
should be subleading compared to Eq. (41). Both terms in
Eq. (41) have leading ©(1) contributions. This gives us
the following requirement for the allowed range of the
parameter o:

(1) €; = —cddlog 6 should be such that Eq. (42) goes to

0 as d — oo, so that Eq. (42) is negligible compared
to Eq. (41) for large d.

Next, in order to give an upper bound for /.., we need a
lower bound on f,. To provide such a lower bound, we
need the condition:

o Amin
— <
N 27

(43)

€y =

under which we have

f2 2> N H (xj —X; — 262)2(262)d/2, (44)

1<i<j<d/2

which leads to

4 8
oo (A(1):B)sn < _?log/\/‘_—g

Z log(x; — x;),

1<i<j<d/2

(45)

8 262 2
— > 10g<1— _x>—310g(2€2). (46)

I<i<j<d/2 Xj—Xi

€, depends on both § and N, so again in order to obtain a
regulator-independent expression [which coincides with
the lower bound from Eq. (41)] we want to choose the
parameters 6 and N within a range such that
(ii) e, = 8/N? should be such that Eq. (46) goes to 0 as
d — o0, so that Eq. (46) is negligible compared to
Eq. (45) for large d.

Overall, to get a result that is both finite and regulator-
independent in the large d limit, we want to choose N and 6
in a range such that we can simultaneously satisfy (i) and
(i1) above, as well as the inequalities [Eqgs. 135 and (43)]
which were needed for intermediate steps of the above
discussion. In a case where A(z)B has degeneracies,
Ain = 0. In this case, we cannot simultaneously satisfy
all four requirements: Eq. (43), (i) and (ii) can never be
satisfied for non-zero 8, whereas Eq. 135 requires non-zero
& for finite N. Such degeneracies in A(¢)B exist in
particular at + = 0. They can also persist at later times
when they are protected by symmetries; this is not merely a
logical possibility but occurs in the Heisenberg model
example of Sec. VIC. For dynamics and operator choices
without symmetry-enforced degeneracies, we assume that
after a short initial time, A,;, is lower-bounded as in
Eq. (31).® With this nondegeneracy assumption, taking o
and N as in Eq. (32) allows us to satisfy all four require-
ments (i), (ii), Eq. 135, and Eq. (43).

We have ¢; = O(cd'™@e%) and €, = O(e3%"). It is
easy to check that Eqs. 135 and (43) are satisfied by these
choices. To see that (i) is satisfied, note that the magnitude
of the first line of Eq. (42) can be upper-bounded as
follows:

8
iy

1<i<j<d/2

log <1+ 2 ) <4-5 <dcqiree
xj — X Amin

47)

where we have used log(1 + x) < x and the definition of
A, in the first inequality, and the fact that A, > e~4"/?
from the assumption [Eq. (31)] in the second. For the
magnitude of the second term of Eq. (42), note that:

2 2
—Elog(Zel) = —2(10g2c + (1 +a)logd —d*)

= 0(d*™). (48)

Similarly, to see that (ii) is satisfied, note that the
magnitude of the first term of Eq. (46) has magnitude
can be upper-bounded by 4e,/A i, Which is O(e™3¢"),
using the fact that —log(1 — x) < 1*.. The second term of
Eq. (46) is again O(d*™!).

Now, combining the inequalities [Eqgs. (41) and (45)],
and using the fact that (shown in Appendix A 3):

4

e log N = —log2 + O(logd/d), (49)

*In symmetry-constrained models, the free mutual informa-
tion should instead be defined in terms of the volume ratio on the
submanifolds compatible with the relevant symmetry class, as
discussed in Sec. VIIL.
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we have

4
Iiree(A(1) 1B) =—— Z log|x; — x| —log2
1<i#j<d/2

+0(d* ™). (50)
The normalization % we previously chose in the
definition [Eq. (14)] is approximately equal to the inverse
of the number of terms in the sum, dzfd, at large d, so that
the resulting quantity is ®(1), as long as the differences
|x; — x;| are ®(1) for most of the pairs (i, j).

We summarize the result as the following theorem
for the free mutual information Ig..(A(?):B)s, defined
in Eq. (15):

Theorem I1I.1. Let A and B be two traceless involutions
and {x;} be the real parts of the eigenvalues of the unitary
A(r)B lying on or above the real axis. Let us choose the
parameters § = @(exp(—d*)) for some 0 <a <1 and
N =0C/é for C>9z. When Ay, =ming;|x; —x;| =
exp(—d°()), we have

4
Iivee(A(1) 1 B)sy = —— Z log |x; — x;| — log 2
1<i#j<d/2

+0(d™?), S

which is independent of the details of § and N at the leading
order in 1/d. Here 7 is some positive real number.

It is clear from the above statement that there are certain
restrictions on when /.. can be identified with the formula
on the RHS. We will therefore sometimes refer to the RHS
as the Coulomb gas formula or C(A(z):B) in parts of the
later text where we want to distinguish it from /... Let us
summarize two important points about the regime of
validity of this formula:

1. In cases where A, does not satisfy condition (31),
some of the above arguments relating /.. to the
Coulomb gas formula do not go through. In all such
cases, we will formally set /4..(A(?):B) = 0. In
particular, this means that in the case where A(r) and
B commute, we set Iy, = o0. This choice is con-
sistent with the intuition mentioned in the introduc-
tion that when A(f) and B commute, A must be
block-diagonal in the eigenbasis of B, so that Sy, 5
is a lower-dimensional sub-manifold of S, and the
volume fraction f .z is zero.”

°It would require more work to formalize this intuition for
finite 8 and N, where A is not forced to be exactly block-diagonal
in the eigenbasis of B by the conditions (18). Instead of trying to
formalize this edge case, we will simply choose to set /.. = oo
as a convention as discussed above.

2. If the value of the Coulomb gas formula is propor-
tional to some power of 1/d, then the terms we have
neglected in Eq. (50) can give competing contribu-
tions to /... We will formally set /.. equal to zero
in such cases.

B. An integral formula for ensembles
of unitary evolutions

In some of the examples we will consider later in the
paper, the time-evolution operator U(t) will be drawn from
an ensemble of time-evolutions instead of a single fixed
evolution. For example, we will consider random GUE
Hamiltonians in Sec. VA and random unitary circuits in
Sec. V B. Such ensembles are often used as toy models for
chaotic systems. While it may be possible to numerically
probe single realizations from the random ensemble in
such cases, for analytic calculations it is often convenient
to average the quantity of interest over the ensemble.
In this section, we will present a useful formula for the
ensemble average of the free mutual information in such
cases and clarify the assumptions and approximations
under which it is valid.

Let the real parts of the eigenvalues of U(1)AU(¢)"B be
(X1, ....x4/2). We define the corresponding empirical
spectral density as:

)

pl) =23 o). 52)
i=1

Say U(r) is distributed according to some ensemble v.
Consider the ensemble averages:

p(xX) =Eypppx),  p(xX)p(y) = Eypp p(x)p(y).
(53)

In general, p(x)p(y) # p(x)p(y). However, we will
assume that for the systems and time scales we are
interested in, for large d we can assume factorization

p(x)p(y) = p(x)p(y) while evaluating I;... We expect,
based on evidence from the random GUE model which
will later be discussed in Sec. VA, that this factorization
generally gives a good approximation in a regime where
I 18 Ot proportional to a power of 1/ d."” Recall that in
cases where Iy is proportional to a power of 1/d, the
Coulomb gas formula for /.. does not apply, and we
simply choose to set the quantity to zero.

Note that while p(x) has S-function peaks, as long
as the measure of the ensemble v is “sufficiently smooth,”
the averaged density p(x) does not have such peaks.

10 o . . .
Haar-random unitaries provide an interesting example where

It 18 O(1/d) and the factorization does not give a good

approximation, as we will discuss in the next subsection.
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The absence of 6 function peaks can be formally stated as:
/dxﬁ(x)lxx* =0, forall x*e[-1,1]. (54)

We will explain the smoothness condition under which
Eq. (54) holds in Appendix C and show that it is satisfied
for the non-local GUE Hamiltonian evolution for any ¢ > 0
and for local random unitary circuits after a time scale
determined by the initial separation of A and B.

Under the above assumptions and conditions, the
average of the free mutual information [Eq. (51)] can
be approximated as follows:

[EU(I)Nvaree(A(t) B)

4 55
:—lEU(t)Ny? Z log [x; — y;| —log2 (33)
1<i#j<d/2
1 1 _ _ 1 1
= —/1/110g Ix—ylp(x)ﬂ(y)dxdy+/l/llog |x
—y|p(x)p(y)1,—, dxdy — log2 (56)
= I(A(1):B), (57)

where we have defined

T(A(1):B) = - / / log |x — y|p(x)p(y)dx dy — log 2.
(58)

In Eq. (56), we subtract the diagonal contribution
(enforced by the indicator function 1,_,(x,y)=1 if
x =y and O otherwise) from the double integral to to
match the exact definition of the off-diagonal sum in
Eq. (55). In going from Eq. (56) to Eq. (57), we notice that
this diagonal term vanishes because the indicator function
1,_,(x,y) is supported on the line x = y that has Lebesgue
measure zero.'' Note that the condition (54) implies that
Z(A(¢):B) is always finite. We will sometimes refer to Z as
the “ensemble FMI” below.

C. Haar-random unitaries

For A(t)=U HBUI, where Uy is a Haar-random uni-
tary, A(t) and B are freely independent non-commuting

"'One might worry that log |x — y| diverges on the line x = y,
so the function g(x,y) =log|x —y[1,_,(x,y)p(x)p(y) is ill-
defined on the line. However, note that g is zero almost
everywhere and the line is a set of measure zero. We can define
its value on the diagonal arbitrarily (e.g., set it to O there) without
affecting the integral. Here we are also using the property (54) of
p that it contains no delta functions.

variables in the large d limit. The standard mathe-
matical definition of the free mutual information from
Refs. [20-24] vanishes in this case. This observation
provides part of our motivation for studying the free
mutual information in the context of more general chaotic
time-evolutions. Since our definition for the free mutual
information is somewhat different from that in the math-
ematical references, we should explicitly check how our
formulas behave in this case. By using an analytic formula
for p(x)p(y) for this case [which can be obtained by
integrating out all but two of the y; in Eq. (A1), we find
that the average of the Coulomb gas formula,

_ 1 -
C=—log2— / 1 log |x — y|p(x)p(y)dxdy, (59)

has a negative value with magnitude ~d—%8. Hence, based
on the discussion at the end of Sec. III A, the precise value
of C cannot be identified with Ip. in this case. However,
IC| = O(1/d?) tells us that T, is O(1/d?) for some z > 0.
This is sufficient for confirming that /.. vanishes for large
d, as expected from the free independence of the two
random variables in the large d limit [20-24].

We can also evaluate the ensemble FMI 7 defined in
Eq. (58) in this case. We find that it has a positive O(1/d?)
value and thus does not agree with that of C. Hence, in
this case, p(x)p(y) cannot be approximated as p(x)p(y)
while evaluating C. Based on our study of other examples
later in the paper, we believe this lack of factorization
is a peculiar feature of cases where the values of C and
7T are O(1/d). Since the precise values of C and 7 in this
case do not have a clear physical meaning, we will not
go into more detail on them in this paper but will discuss
them in a companion paper on mathematical aspects of
the FMI [73].

IV. FREE MUTUAL INFORMATION AND OTOCS

In this section, we will relate the Coulomb gas for-
mula (51) for the free mutual information from the
previous subsection (up to an equivalent reorganization
of the sum),

1
C(A(I)ZB)E—E E log|Re(z;) —Re(z;)|—log2,
1<i,j<d
Re(z;)#Re(z;)

where {z;}¢_, €T are the eigenvalues of A(?)B,
(60)

to a sum over the infinite temperature higher-point
OTOCs,
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0TOC, (1) = éTr[(A(t)B)"}. ©61)

We summarize our main results in the two theo-
rems below.

Theorem IV.1. Let A and B be two traceless involutions
and A(t) = U(t)AU(t)" for some unitary time-evolution
operator U(t). Then the Coulomb gas formula C(A(7):B),
defined as the RHS of Eq. (51), can be equated with a
series over OTOC,,:

2_1 _210g2
d d

12
- > ~0TOC,. (62)

This will in turn allow us to relate /.. to a sum over
higher-point OTOCS in the regime where its value is O(1),
i.e., not as small as some power of 1/d.

Remark 1V.1. Suppose we are interested in evaluating
Itee(A(2): B) up to some O(1) error e. We can then drop
the O(1/d) tail in Eq. (62), truncate the infinite series at
Some 71, ~ O(¢71), and get the approximation:'>

nmax

Ifree(A Z OTOC,(1)? + O(e). (63)

Similarly, for dynamics described by a unitary ensem-
ble, the ensemble FMI [Eq. (58)] also admits a sum-of-
OTOC:s formula.

Theorem IV.2. Let A and B be two traceless involutions
and A(t) = U(t)AU(t)", where the unitary dynamics
U(t) is drawn from a unitary ensemble (U, v). Let p
be the average spectral density of A(¢)B and OTOC, (1) =
d~'Ey (s~ Tr[(A(7)B)"]. The ensemble FMI [Eq. (58)]
admits the following OTOC series:

T(A(1):B) = i%OTOCn(l‘)Z. (64)
n=1

This formula (64) can be a useful tool for calculating 7
in cases where we only have access to the OTOC,, instead
of p(x).

The proofs of the two theorems are provided in the next
two subsections.

"We assume that we are considering systems at times such
that OTOC, () is O(1) for n of O(1). If this were not the case,
then the value of I itself would be O(1/d), and the Coulomb
gas formula (51) would not be valid.

A. Derivation of the OTOC sum formula

Let us first write C as follows'?:

C(A(1):B) = X+ Y —log2, (65)

=—— Z log [Re(z;) — Re(z,)], (66)
l<l J<d

= I;d log |Re(z;) — Re(z;)]. (67)

Let us first focus on the term X. Instead of working with
the density of states p:[—1,1] - R introduced in the
previous section, in the discussion below it will be
convenient to work with an analog of the density of states
for complex eigenvalues. Recall that the eigenvalues
{z;}%, of A(#)B lie on the unit circle T in the complex
plane. We define a distribution u on T, which has the
property that for any function f: T — C,

ﬁ dzp(z de (68)

Using the Sokhotski—Plemelj formula in complex analy-
sis, u(z) with the property (68) is given by:

u(z) = L,(lim R($) — limR(])), (69)

27wl ¢zt IS

1 d
Eﬁzg_zl

J=1

1
e—xwm ™
where { — z© ({ — z7) refers to approching z from
outside (inside) the unit circle T. Here we have introduced
the resolvent function R(¢) for A(7) B, which has the same
form as the more standard resolvent for a Hermitian
operator. Such resolvents are also used in the study of

OTOCs in Ref. [45].
We can then express X in terms of u(z) as follows:

—fdzl 7{ dzop(z))p(z2) log [Re(z;) — Re(zy)]-
T T
(71)

BThe decomposition into X' 4 ) used below is a formal
bookkeeping device. The two terms are separately divergent, and
only their combination after cancellation is assigned a meaning.
We therefore do not regard the intermediate manipulations of X’
and ) as a stand-alone rigorous derivation. The resulting finite
OTOC identity is independently and quantitatively corroborated
by the numerical comparison in Appendix E.
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We will now relate p(z) to the OTOC, by noting that
R(£) can be expanded in terms of OTOCs in two different
ways depending on whether { lies inside or outside ™

1211 11
R ==Y ——Tr[(A(1)B)" ==Y —0TOC,, 1,
) C,Zg("d r[(A(1)B)"] C;C" w C1>
(72)
[e+] 1 [s+]
R(§) == &' Tr(A(0)B) "] == ("0TOC,,,,
n=0 n=0
¢l <1 (73)

where  we  have used d7!'Tr[(A(¢)B)™"!] =
d~'Tr[(A(¢)B)"*'] = OTOC,,,, in the second equality.
Note that we have dropped the A(f):B argument of
OTOC, to simplify notation. Putting Eqgs. (72) and (73)
into Eq. (70), we get

| /& |
- OTOC, (z7" '+ 7z +—), (74
uz) =5 (ZO W2 4z )+Z) (74)

and further
(z)dz| =do 1 E OoTOC ( 9)+—1 (75)
il COoS(n .
P n=0 ! 2

Putting this expression for y(z)dz into Eq. (71), we find

1 &&= 2r [2=n
XZ_;ZZ/O /0 dfdg log | cos 0

n=0 m=0

— cos ¢p|OTOC, 0OTOC,, cos(nf) cos(me)

2 X /2;1/2;:
+— déd¢log|cosd
=0 ] gl

n=0
— cos ¢|OTOC,, cos(nf) — log 2. (76)

The above expression can be further simplified using the
following identity:

log | cos @ — cos | = log 2 + log| sin

0+ ¢
2

+ log

sin9;¢‘. (77)

Using the standard Fourier series for log|sinw| =
—log2 — "%  cos(2nw)/n, we obtain a Fourier series
expansion for the logarithmic potential,

"We thank Douglas Stanford for suggesting this method.

=2
log|cos@ —cosp| = —log2 — E —cos(p0) cos(pp),
- P
p=1

(78)

which is valid for the whole domain 6, ¢ €]0,2x].
Using the Fourier series expansion and the orthogonality
relation:

2z
/ dfcos(pb)cos(nd) =rs,,, (79)
0
we obtain
X =log2 + zoo:%OTOC2 (80)
n=1 n "

Returning to Egs. (65)-(67), recall that X contains a
divergent contribution from cases where Re(z;) = Re(z;)
and ) subtracts these divergences. How can we see the
divergent contribution in Eq. (80)? It is useful to note that
in terms of the full set of eigenvalues {e}4_ | of A(7)B,

R B N
OTOC% - ? ' E_ e <9'+01> = ? ' E_ e (91 6/)
i,j=1 ij=1
1 1 )
T — E in(0;—0;) (81)
e .
d & L=,

Since the 1/d term is independent of n, it gives a
divergent contribution to Eq. (80), while the remaining
term should generically give a convergent contribution as
its sign varies with n. This is true unless there are
degeneracies among the 6;, which would lead to additional
divergent contributions, consistent with Eq. (51).

We therefore expect the ) term to cancel the above
divergence. By similar steps to Eq. (72) to Eq. (80), on
expanding ) in terms of the OTOCs, we find

C(A(1):B) = i% (OToczl - l) _2log2

12
_EE —O0TOC,,. (82)
n=1 n

The details leading to Eq. (82) are discussed in
Appendix D. Note that Eq. (82) holds as an exact identity
for the Coulomb gas formula C, even in the regime where it
cannot be identified as /Ip..

This concludes the proof of Theorem IV.1. Now we
discuss Remark IV.1.

In Eq. (82), the divergent contribution to X expected
from Eq. (81) thus precisely gets canceled upon including
the contribution from ). The ) term also gives rise to two
additional contributions. We expect that the series in the
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last term in Eq. (82) is likely to be convergent quite
generally as it involves both positive and negative terms
with an overall suppression in magnitude of O(1/n).

Suppose we are in a regime where C(A(7):B) is not
proportional to some power of 1/d, so that it can be
identified with /I, according to Theorem III.1. The
O(1/d) contributions to C are not relevant for Ig.., SO
we can ignore the second and third terms of Eq. (82). In
principle, we should keep the 1/d term in the parenthesis
first term to control a potential divergence in the infinite
sum:

0 1
Lo (A Z (OTOC d) , (83)

up to finite corrections of O(1/d). In cases where
Ite.(A(): B) has a finite value, the sum must converge,
and we should get a good approximation to /.. by keeping
some O(1) number of terms n,,,

Iiee(A(1): B) zZi (OTOC (1)? ;)
n=1

nmax

~ Z OTOC,,( (84)

In the last line we have assumed that we are considering
systems at times such that OTOC,, () is O(1) for n of
O(1), such that we are justified in truncating to n,,,, < d.
If this were not the case, then the value of I, itself would
be O(1/d), and the Coulomb gas formula would not
be valid.

We compare the partial sums of Egs. (82) and (84) with
the Coulomb gas formula in one physical model in
Appendix E and confirm that the difference between
Eq. (82) and Eq. (84) is only important at late times when
C is an inverse power of d.

B. OTOC sum formula for ensemble averages

Let us now consider the setup from Sec. III B, where the
time evolution operator U(t) is drawn from some ensemble
v. Recall that if we can approximate p(x)p(y) = p(x)p(y)
and the measure v obeys certain smoothness conditions,
the ensemble average of I, can be approximated as

Z(A(t):B) in Eq. (58). Equivalently in terms of z;,z, €T,
(A1) f@fﬁmmZﬂ%%@)
—Re(z,)]. (85)

where i is the ensemble average of y defined in Eq. (69).
The analysis of Z(A(#):B) is exactly parallel to that of X
in the previous section, with the replacement:

1
H(2) = A(2). S TH(A ”*f@w& (86)

so that we find
=Y = 0TOC, (1), (87)
n=1 n
where OTOC,, is the ensemble-averaged OTOC:

OTOC, (1) = j[ dzii(z)z" = %Tr[(A(t)B)"]. (88)

T

There is no analog of the ) term of the previous section
in this case. This concludes the proof of Theorem IV.2.

C. Physical implications

Let us now note two physical implications of Egs. (63)
and (64):
1. These results immediately imply the following
inequality for any (up to the approximation in
Eq. (63), which requires neglecting O(1/d) con-
tributions):

lhs(A(1):B) 2 20TOC, (2. (89)

We can also put any partial sum over some subset of
OTOCs as a stronger lower bound. The equality
[Eq. (63)] is clearly a much stronger statement, but
the bounds can be useful if we do not have access to
higher-point OTOCs beyond some n. Moreover, the
bound has a similar structure to the following well-
known bound for the quantum mutual information
I(X:Y), between two regions X and Y [74] in some

state p,

I(X:Y), > - (0x0y)> (90)

pic?

N[ =

where Oy and Oy are any operators in X and Y with
unit operator norm and (OxOy), . is their connected
two-point function in p. The n = 1 case of Eq. (89)
is most directly analogous to Eq. (90), as it involves
the two-point function JTr[AB(r)]. This analogy
suggests that /.. is a natural candidate for an
information-theoretic measure of correlations over
time. For various timelike mutual information
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measures proposed in the literature from other
perspectives, see Refs. [60-65].

2. Recall from Sec. III B that under a condition of
sufficient smoothness of the ensemble that is sat-
isfied by many examples of interest (including the
GUE and random unitary circuit ensembles dis-
cussed later in this paper), p(x) contains no delta
functions after some characteristic time scale, and
as aresult Z is finite. In such cases, the infinite sum
over OTOC,? in Eq. (64) must converge.

Note that since the series [Eq. (64)] already
involves a harmonic weight, it is right on the border
of divergence. This implies that even a mild decay
of the OTOC,, with n, such as ~1 /n’S for small
0> 0, may be sufficient for a finite FMI. This
leaves room for a variety of different decay behav-
iors of OTOC,, with n. We shall examine the form of
OTOC,, decay and its associated timescales in a
variety of physical models in the next two sections.

V. FREE MUTUAL INFORMATION
IN CHAOTIC SYSTEMS

Now that we have derived general formulas to study
the free mutual information in physical systems, let us
turn to some concrete examples. In this section, we will
consider three increasingly realistic models of chaotic time-
evolution. In each of these models, our main goal is to
evaluate /5. (A(7): B) and understand its time-dependence.
Another important goal is to understand the role played by
different OTOC,, in the partial sums of Eq. (63) or (64). In
the course of trying to understand these partial sums, we will
also be able to extract certain universal features of the
n-dependence of OTOC,, across these different models. The
techniques used and the results we are able to derive in each
model are somewhat different, so we summarize the main
results below. In each case, we take A and B to be initially
commuting, so that I, (A(f):B) = o0 at 1 = 0.

1. Random Hamiltonians from the GUE ensemble. In
Sec. VA, we use the non-local GUE model as a first
example. In this model, we numerically compute
both /.. and OTOC,, for single realizations of the
ensemble and derive analytic formulas for the
ensemble average of OTOC,,. This allows for de-
tailed comparison between ensemble averages and
individual realizations and between the the two
sides of Eq. (63) for various n,,,,. We find numeri-
cally that Iy (f) becomes finite for any ¢ > 0 and
decays monotonically with time. All OTOC,, start
to decay for ¢ > 0, and higher n show faster initial
decay with ¢. Due to this behavior of OTOC,, at
sufficiently late times we get a good approximation
to Iee(f) even with n,, =2 in Eq. (63).

At intermediate times, OTOC,(¢) show oscilla-
tions as functions of both ¢ and n, which do not
lead to oscillations in I (¢) or the partial sums
of Eq. (63) and do not prevent the sums from
converging.

2. Random unitary circuits. In Sec. V B, we consider
brickwork Haar-random unitary circuits, which
were introduced as a model for chaotic dynamics
in Refs. [75,76]. This model is closer to realistic
chaotic systems than the GUE model due to its local
structure, although it lacks energy conservation.
Due to the local structure, the decay of OTOC,
in this model for two operators initially separated by
distance x begins at a time ¢* proportional to x. We
analytically study the ensemble average of OTOC,,
in this model and conjecture a result for ¢ > ¢* that
is similar in structure to OTOC, (7) in the random
GUE model. In particular, all OTOC,(¢) start to
decay simultaneously at ¢*, and the result is con-
sistent with a faster initial decay for higher n.

Based on this GUE-like structure, it is likely that
the OTOC partial sums of Eq. (63) and I, for
t > t* show a similar behavior to the GUE case,
although we do not have direct access to these
quantities from our analytic calculation.

3. Chaotic spin chain. To take into account the effects
of energy conservation as well as locality, we next
consider the Ising model with both transverse and
longitudinal fields. This model is widely studied in
the literature as a representative example of chaotic
spin chains. We numerically evaluate /. and
OTOC,, in this model. We find that the qualitative
features of both I..(¢) and OTOC,,(¢) at times ¢ >
t* = x/v* (for some characteristic v* for this model)
are again similar to those of the random GUE model.

A. Random GUE Hamiltonian

As our first model for a highly chaotic time-evolution
operator, let us consider Ugyg(t) = e ', where H is a
random d X d Hermitian matrix from the probability
distribution pgyug(H) of GUE Hermitian matrices. More
explicitly,

1 d
pcue(H) = W 4T, 1)

The prefactor d/2 correspons to the choice that the off-
diagonal elements of H are independent complex random

variables with zero mean and variance |H;;|* = 1, and the
diagonal components are independent real complex var-
iables with zero mean and variance H_lzl =1 With this
scaling of the variance, the average or typical density of
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On the left, we show the behavior of /.. for a range of times from ¢ = 0.001 to # = 2 in a single instance of a random GUE

Hamiltonian for d = 500. We compare the Coulomb gas formula in the black curve to the OTOC partial sums up to some 7,,,,. On the
right, we show a closed-up version of the same plot at early times. The behavior after times around ¢ = 1 is subtle, and a closed-up
version is shown in Figs. 11 and 14 in Appendix B. While we explicitly show the case A # B, the plots are similar for the case A = B.

eigenvalues of H lies between —2 and 2 independent of d.
Note that the ensemble is invariant under conjugation by
unitaries, pgug(H) = pgue(UHUT). This unitary invari-
ance implies in particular that the eigenvectors of H are
Haar-random with respect to any fixed reference basis. As
aresult, a typical realization of the ensemble does not obey
any notion of locality with respect to some product basis.
Nevertheless, unlike the Haar-random time-evolution
operator discussed in Sec. III C, Ugyg(r) does lead to a
non-trivial time-evolution of A(#), so that we can ask about
the time-dependence of /.. and OTOC,.

We will first discuss numerical observations from single
realizations of this ensemble in Sec. VA 1 and then discuss
the ensemble average in Sec. VA 2.

1. Single realization: Numerical results

Let us first numerically probe the behavior of I,
OTOC,,, and the partial sums in Eq. (63) for a single
realization for a random GUE matrix, with d = 500. We
observe that:

1. I from the Coulomb gas formula (51), shown in
the black curves in Fig. 3, is finite for any finite time
and decays monotonically with time.

We have explicitly shown the case where A # B,
Tr[AB] = 0, and (AB)? = 1. Other cases, such as
A =B, or AB=1il, show qualitatively similar
behavior of Ig..

2. The partial sums of OTOC,, in Eq. (63), also shown
in Fig. 3, converge rapidly with n,,,,. The left plot of
Fig. 3 shows that at sufficiently late times, just the
leading n = 2 term is sufficient to capture the full
behavior of Ig..(A(¢):B). The right plot shows that
at earlier times, we need increasingly large 7.,,.
Each of the partial sums also shows a monotonic
decay with 7.

3. The behavior of individual OTOC,, as a function of
time is shown in Fig. 4. For A = B, OTOC,, for all n
are non-zero, while for A orthogonal to B, only even
OTOC,, are non-zero. We note that:

(i) The initial decay of OTOC,, is monotonically
faster for higher n.

(ii) At later times, OTOC,(t) oscillates with ¢,
leading to non-monotonic behavior as a func-
tion of both ¢ and n. The oscillations begin at an
earlier time scale for larger n.

We will observe similar patterns in the local
chaotic systems that we will study in the next
two subsections. Due to point (ii), the conver-
gence of the OTOC partial sums and their
monotonic behavior as a function of ¢, which
we noted in the previous point, is not obvious
simply from observing the behavior of individ-
ual OTOC,,.

4. The late-time saturation value of the Coulomb gas
formula is ~d%% and negative. See Fig. 11 in
Appendix B. By definition, the value of /.. cannot
be negative, but recall from the discussion at the end
of Sec. IIT A that the Coulomb gas formula and /4,
can be identified with each other only up to
corrections of O(1/d?) for z > 0. Hence, the only
conclusion we can draw is that the late-time value of
e is O(1/d?) for some z > 0.

The condition (31) for A, is satisfied for the full
range of times shown in the plot, so that the Coulomb
gas formula can be identified with /.. from early to
intermediate times. See Appendix B for details.

2. Ensemble average

To go beyond the numerical analysis of the previous
section, we need to consider ensemble averages of OTOC,,
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FIG. 4. 'We show the behavior of OTOC, (¢) for the case A = B on the left for a single realization of the GUE ensemble and for the
case A # B, Tr[AB] = 0, (AB)? = 1 on the right. The data in the right plot provides the input for the partial sums shown in Fig. 3. Note
that we have not shown the odd n OTOCs in this A # B case, as they show small fluctuations around O for all times and give a negligible
contribution to /.. In the left plot, for n = 1 to n = 5, the continuous lines are not interpolations of the data points, but instead
correspond to the analytic expressions from the large d limit of the ensemble average obtained in Table I.

and /.. over the GUE ensemble. First note that from our
argument in Sec. IIIB and Appendix C, due to the
smoothness of the measure [Eq. (91)], for any ¢ > 0, the
averaged spectral density p(x) of the real part of A(7)B
contains no ¢ functions. As a result, the averaged free
mutual information Z is finite for any ¢ > 0 (details on the
smoothness condition and how it is satisfied for the
ensemble [Eq. (91)] are discussed in Appendix C).
While directly finding the averaged spectral p(x)
as a function of 7 to compute the ensemble FMI 7
from the formula (58) is challenging, the average

OTOC, (A(t):B) is more tractable. In this section, we
will use a technique from free probability to obtain a

general analytic formula for OTOC,, under GUE evolu-
tion.” While the formula turns out to be somewhat
complicated, we write it in an explicit form up to
n =35, and find excellent agreement with the numerical
result from d = 500 from the previous section. See the
caption of Fig. 4.'%1n principle, these formulas for OTOC,,

“Note that Ref. [37] previously proposed a much simpler
formula for L Tr[A; B (1)...A, B, (1)] in this model by identifying
a leading contribution in the average over (U ® U*)*" for the
Haar-random U appearing in Eq. (93). However, their result
applies only in the case where all A;, B; are distinct. In the
present case where all A; = A and B; = B, the analysis from
Weingarten functions in the random unitary average becomes
intractable for general n, with many non-trivial leading con-
tributions coming from terms proportional to Wg(a, 7) for o # .
One goal of this subsection is to illustrate how free probability
techniques can give a practical tool to simplify such calculations.

"®The fact that the variance of OTOC, is small for large d

confirms that we can approximate p(x)p(y) ~ p(x)p(y) for large
d in this model.

can be used to obtain an analytic form for Z through
Eq. (64). We are not able to explicitly perform this sum due
to certain difficulties mentioned below, and leave this task
to future work.

It is easiest to illustrate the technique for the case A = B,
where our task is to compute

OTOC, (1) = Tr[(AUgue()'AUGuE(1))"]- (92)

The key observation is that since
Ugug(t) = Ue Heu! U, (93)

for a Haar-random unitary U (where HY; is some fixed
matrix), A and Ugyg(#) approach freely independent non-
commuting variables @ and u in the large d limit. As
explained in more detail in Appendix F, this leads to the
following formula [25]:

hm OTOC, (1)

= > I xw@ [T mww.

7eNC(2n)Vern Went

(94)

where NC(2n) denotes the non-crossing (NC) partitions of
2n elements, z¢ is the Kreweras complement of z in NC(n),
and V denotes a block in z. See Fig. 5 for explanations and
illustrations of NC partitions and Kreweras complements.
m, (u) refers to the n-th moment of u,

. N J(2n1)
=1 —T —inHgugt] —
m,(u) Jim ~ rle ] prant (95)
where J; is the Bessel function of the first kind. This
expression comes from the fact that the averaged density of
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(a) Non-crossing vs. crossing partitions.

FIG. 5.

,,,,,,,,,,,,,,,

(b) Kreweras complement.

NC partition and Kreweras complements. A non-crossing partition of a finite set is a partition in which no two blocks cross

each other. The left panel illustrates non-crossing vs. crossing partitions on a set of four elements: (12)(34) is NC and (13)(24) is not.
The Kreweras complement of 7 in NC(n) is defined as the maximal NC partition of a set of n elements interlaced with the original set of
n elements on which 7 is defined, such that 7 U 7¢ is an NC partition of 2n elements. Here, maximality is defined with respect to a
partial order: z < o if each block of z is completely contained in one of the blocks of ¢. The right panel illustrates the Kreweras

complement for 7 = (12)(36)(45)(78) (taken from Ref. [77]), z¢ = (1)(268)(35

eigenvalues of Hgyg is a semicircle distribution. For
subsequent expressions, it will be convenient to introduce
the notation:

n(1) = (96)
Note that |(7)| <1 for all 7.k,(a) refers to the “free
cumulants” of a, which in this case are given by:

— %_1 n
K'n(a) = { ( 1) 0 Cifl’

where C; = 115 (%) denotes the Catalan number. See
Appendix F for more details, including the definition of
free cumulants.

Putting the expressions for m,, and «, into Eq. (94), we

obtain the following formula:

= 2 e

TeNC(2n), Venrn
Vleven, v V€Jt

n is even
n is odd

o7)

OTOC, (1) )a- 1w, T nawio.

wenrn®
98)

where the sum is over those NC partitions of 2n whose
blocks all have even lengths, and we shall simply call them
“even NC partitions.” For instance, we have

n(t)?,

OTOC, (1) = 2n(1)*n(21) — n(1)*.

OTOC, (1) = (99)

(100)

We list the resulting formulas up to n = 5 in Table I in
Appendix F and compare them to the numerical data from
a single sample for d = 500 in Fig. 4.

The expressions become increasingly complicated for
larger n, but one general pattern is worth noting: the
smallest number of total factors of the function 7 that
appear in any term in OTOC,, is always > n + 1. This is a
consequence of the combinatorial Lemma G.1. We will see
a similar combinatorial pattern in the random circuit
calculation of the next section. Moreover, all terms with
n + 1 factors of n come from cases where 7 consists only

)(4) (7).

of two-cycles (or is a “non-crossing perfect matching”),
and as a result the sum of the coefficients of these terms is
the Catalan number C,. Since |5(z)| < 1 and its envelope
decays with time,

121,
(101)

n(t) = 732773 (cos(2t — 3z/4) + O(r™1)),

the set of terms with only n 4+ 1 powers of x should
dominate in the full expression for OTOC,, at late enough
times (which we also find in practice tobe 7 2 1), giving an
upper bound of the form:

7(n+1)/2, (102)

OTOC, < C,r30th/2g
up to the cosine factors. In principle, Eq. (102) could be
used to argue for convergence of the OTOC sum formula at
late enough times (as the Catlan numbers grow exponen-
tially rather than factorially). However, at the times when
the approximations in Eqgs. (101) and (102) hold, we are
already in the regime where the Coulomb gas formula
becomes negative, and its precise O(1/d?) value does
not have a good physical interpretation. To analytically
explain the numerically observed convergence of the
OTOC sum formula in Fig. 3 at physically relevant time
scales, we would therefore need to take into account
the full set of terms like those in Table 1. For now, we
will treat the numerical observation as sufficient evidence
of convergence.

B. Random unitary circuits

Let us now consider random unitary circuits with
the brickwork pattern shown in Fig. 6, which provide a
useful toy model for quantum chaotic systems with local
interactions. Each site has a finite local Hilbert space

dimension g. Each unitary in the circuit such as U)(C, ZC, 41
independently drawn from the ensemble of Haar-random
matrices U(g?). We take two operators A and B in the
circuit with initial separation x and consider OTOC,, and

It as functions of 7 and v = x/1.

is
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FIG. 6. Brickwork random unitary circuit model.

Due to the sharp light-cone of this circuit model, for
v > 1 all OTOC, (¢, v) are equal to 1 for even n and zero
for odd n. The decay of OTOC,(t, v) with increase in ¢ for
fixed v or with decrease in v for fixed 7, captures the
growth of operator size in the space of degrees of freedom.
Previously, OTOC, in this model has been studied in detail
in Refs. [75,76], where in particular it was found that the
initial decay is of the form:

(1=1p)?

OTOC,(t,v)m e @, (103)

indicating a ballistic spreading of the operator front in
space at some characteristic velocity vp, as well as a
broadening of the front with some diffusion constant D.

We would now like to understand our more fine-grained
notion of spreading in operator space in this model,
quantified by /.. and OTOC,. Like in the ensemble
average of the GUE model, the average of OTOC,, is more
tractable than that of /g... OTOC, in this model can be
evaluated by mapping to a partition function calculation on
a triangular lattice with a Hilbert space of dimension n!
at each site, similar to previous calculations for Rényi
entropies in Ref. [78]. We discuss this calculation in a
mostly self-contained way in Appendix G.

As explained in Appendix G, it is relatively straight-
forward to see that:

OTOC, (t,v) =0, n odd, (104)
for all » and ¢. For even n, the n > 2 case is significantly
more technically challenging than the n = 2 case that has
previously been studied and requires the use of a number
of assumptions. In particular, we assume that the dynamics
of domain walls between permutations in the partition
function for OTOC,, can be captured by the “membrane
picture” for random unitary circuits, developed in the
context of Rényi entropies in Ref. [78]. A major compli-
cation in the calculation of OTOC,, compared to that of the

Rényi entropies is that there are now many different types

of domain walls, associated with all possible permutations
in §,, that can potentially contribute to the partition
function at leading order. In Appendix G, we explain
how to combine inputs from the membrane picture with
certain combinatorial facts in order to rule out contribu-
tions from a subset of permutations. Based on this
structure, we conjecture a result of the following form:

OTOC,,(t,v)

vV > Up

1
, even.
{Zk n/2 Ck q_k<gk+l(v)_v>t v < UB n

(105)

In both lines, we have ignored exponentially suppressed
corrections in ¢ (except in the case v > 1 in the first line,
where the result is exact from the light-cone structure).
Here £,(v) is a function called the membrane tension
function, whose relevant properties are summarized in

Appendix G4, and c,<(") are certain coefficients with either

sign such that >33~ ck) = 1. The argument for

Eq. (105) is presented in detail in Appendix G. Eq. (105)
is a conjecture due to several assumptions stated in the
appendix, which we expect are correct but are not able to
prove rigorously. The case n =4 was recently studied
in Ref. [45] with a combination of numerical and analy-
tical techniques. While the final result in Ref. [45] is
obtained numerically and is not phrased in terms of the
membrane tension like in Eq. (105), the combinatorial
structure that they find is consistent with the n = 4 case of
our formula.

As explained in more detail in the appendix around
Egs. (G76)-(G78), for v < vp, for sufficiently large ¢, we
can approximate:

)2
(n) —n/2%t

OTOC,(t,v)~c,5e (106)

n even.

Then if ci’?z is independent of n, from summing the

series [Eq. (64)] we get the following expression for the
averaged FMI:
("_23)2t>

Jred () = etog (1 - e
(107)

n=1
v < Vg,

where ¢ = (cfl'})z)z This expression is unlikely to be

quantitatively accurate as there is no particular reason to

expect that 05:;)2 is independent of n; however, it can be

seen as a toy model that captures the qualitative behavior
of I, under local chaotic dynamics in the regime v < vy
close to the operator front at late times. Note that the
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FIG. 7. On the left, we show I, from the Coulomb gas formula (black curve) and the partial sums of Eq. (63) in the chaotic spin
chain model. On the right, we show the time-dependence of OTOC,, for even n. Odd n give a negligible contribution for all times, as

expected from the random circuit calculation.

crucial ingredient that makes the convergence of Ig..
plausible for 7 > x/wvp is that the smallest k appearing
in the exponent in Eq. (105) grows with n. This growth of
the smallest & with n is a consequence of the arguments
based on the membrane picture and the combinatorial
structure discussed in Appendix G. Note also that the
structure of the sum [Eq. (105)] is similar to [Eq. (98)] in
the GUE case, where the smallest number of powers of 7
appearing in [Eq. (98)] grows with n. Away from the front
of the operator, the mechanism for the convergence of the
OTOC sum formula is likely more complicated, with all
terms in Eq. (105) playing an important role.

Considering the implications of the arguments of
Appendix C for the convergence of 7 in this case reveals
a further subtlety. Due to the smoothness of the ensemble
of random unitary circuits according to the criterion
discussed in Appendix C, we conclude from this general
argument that p(x) has no delta functions for any v < 1.
This implies that Z must be finite for any v < 1, and hence
the OTOC sum must converge in this regime. For v < v,
this is consistent with Eq. (105) as discussed above. For
vp < v < 1, this statement appears to be in contradiction
with Eq. (105) if all OTOC, (¢, v) can be approximated
as 1. Note that for vy < v < 1, the first line of Eq. (105)
has corrections of the form O(g, (n, v)e %)) which are
beyond the scope of our current calculation. Here ¢; and g,
are some functions of n. If g, (n) in these corrections grows
rapidly for large n, this could explain convergence of the
OTOC sum for v < v < 1. Further scrutiny of this regime
is beyond the scope of our current analysis but presents an
interesting puzzle for future work.

C. Chaotic spin chain

Next, let us numerically probe the behavior of OTOC,,
and I, in the chaotic mixed-field Ising model,

H = (ZiZi+1 + ng + hZi>, (108)

L
i=1

with g = —1.05, h = 0.5, and periodic boundary condi-
tions. We take the system size L =10, A =Z,_,, and
B = Z,_s. The result is shown in Fig. 7. Other choices of
Pauli operators A and B lead to similar results.

We observe that:

1. The value of I, from the Coulomb gas formula,
shown on the left in Fig. 7, starts to decay at a time
scale t* close to x/vg. Note that vz ~ 2 for this
model [79,80], but its precise value in Hamiltonian
systems depends on a choice of convention about
how to define the operator front. Relatedly, due to
the lack of a sharp light-cone, the precise time at
which Ij..(7) becomes finite is ill-defined and
depends on the numerical precision with which
we evaluate the eigenvalues of A(7)B. For the case
shown in the figure, we work at a precision of 10710,
A, becomes non-zero at this precision for
t > t* =~ 1.25, leading to a finite value of the FMI
after such times. Ig..(#) shows monotonic decay
with time.

2. The left panel of Fig. 7 also shows the pattern of
convergence of the OTOC partial sums for various
Nmax 1O Ifee, Which is similar to that in the GUE
model. Each of the OTOC partial sums shows a
monotonic decay with time.

3. The behavior of individual OTOC,,, shown on the
right in Fig. 7, shows an initial decay that is
monotonically faster for higher n. In particular,
the n-dependence for fixed ¢ shown in Fig. 8
suggests that if we first take the + — * limit and
then n,,, — oo, the OTOC, decay monotonically
with n. This is the regime where a formula such as

043017-21



SHREYA VARDHAN and JINZHAO WANG

PRX QUANTUM 7, 043017 (2026)

L =10,z =5

0 200 400 600 800

FIG. 8. n-dependence of OTOC, in the chaotic spin chain
model at three different times. As we approach "~ 1.25,
OTOC,, decay monotonically with n for an increasing range
of n.

Eq. (106) from the random circuit analysis could
apply in the chaotic spin chain for large enough x.

For any n, we see oscillations of OTOC,, with
time at intermediate times, which start earlier and
have larger magnitude for higher n. Similar oscil-
lations could arise in the random circuit calcula-
tion from summing over all terms with different
signs in Eq. (105). This also entails oscillations of
OTOC,,(¢) for a fixed 7 as a function of n, as we see
in Fig. 8. In this intermediate-time regime, the
convergence of the OTOC sum formula is explained
by the decaying envelope of OTOC, instead of a
strict monotonic decay with n.

VI. FREE MUTUAL INFORMATION IN
NON-CHAOTIC SYSTEMS

In this section, we discuss the behavior of the Coulomb
gas formula and the free mutual information in a few
examples which cannot be seen as generic chaotic models.
In three of these cases—Clifford unitaries, PFC unitaries,
and free fermions—we find degeneracies in the spectrum
of A(7)B even at late times, so that the FMI is infinite. In
each of these models, the behavior of OTOC, reflects
delocalization in physical space, even though the diver-
gence of the FMI indicates a lack of spreading in operator
space. The precise mechanism underlying the degeneracy
of the spectrum of A(#)B is different in each case. In the
interacting integrable Heisenberg model, for operators that
do not commute with the symmetries of the system, we
find behavior similar to the generic chaotic spin chains
of Sec. VC.

A. Unitary designs

Recall from the discussion of Sec. III C that under a
single step of evolution by a Haar-random unitary, the free
mutual information becomes zero in the limit of large
Hilbert space dimension. It is then natural to ask whether
ensembles known as unitary designs, which replicate
certain features of Haar-random unitaries, also cause the
free mutual information to vanish or become small after a
single step. See for instance Ref. [52] for the precise
definition of unitary n-designs.

We consider two examples of unitary designs below:

1. Random Clifford unitaries, which form exact three-
designs [81]. This implies in particular that the
value of OTOC, agrees on average between random
Cliffords and Haar-random unitaries. Random Clif-
fords thus lead to delocalization of operators in
physical space, and the related information-theo-
retic phenomenon of decoupling [6,82-87]. This
ensemble fails to form an exact or approximate
four-design [81,88].

2. Random PFC ensembles, which were recently
introduced in Ref. [52] and shown to form approxi-
mate unitary n-designs for any n that does not grow
with the Hilbert space dimension d. As one com-
ponent of a PFC unitary is a random Clifford, this
ensemble also forms an exact three-design.

From our OTOC sum formula for the free mutual
information, it is clear that if all OTOC,, are equal to the
Haar-random values for some unitary dynamics, then
the free mutual information must be small. However,
under both random Clifford unitaries and random
PFC ensembles, for all n that are multiples of 4,
OTOC,(UAU":B) = 1. For random Cliffords, this is
true for any Pauli operators A and B."” For the random
PFC ensemble, it holds for the case where A is any Pauli
and B consists only of Pauli Z and I at each site. This is
true for each individual realization from both ensembles
and hence also for the ensemble average. For Cliffords,
this behavior is consistent with the fact that they do not
form exact four-designs; for the PFC ensemble, it is
consistent because the approximate n-design property,
unlike the exact n-design property, does not imply that
OTOC,, are close to the Haar values (see Ref. [28,54]).

For both random Cliffords and PFC unitaries, the fact
that OTOC,, = 1 for all n that are multiples of 4 comes
from the fact that each of the eigenvalues of A(7)B takes
only one of four possible values: +1, —1, 7, or —i. This also
immediately implies that the spectrum has a large amount
of degeneracy, and the Coulomb gas formula diverges. Let
us see how this feature of the spectrum comes about in
both cases.

"Note that we refer to any tensor product operator involving
one of the four Pauli matrices I, X, Y, Z at each site as a Pauli.
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1. Cliffords

The result in the Clifford case immediately follows from
the fact that UAU" is a Pauli matrix if A is a Pauli matrix.
Then since B is also a Pauli, there are three cases for the
spectrum of UAU'B: (i) If UAU" = B, then UAU'B = I
and all eigenvalues of UAU'B are 1. (ii) If UAU" # B but
commutes with B, then UAUB is £ P for some non-trivial
Pauli P, so that d/2 eigenvalues are +1 and d/2 are —1.
(iii) If UAU" anticommutes with B, then UAU'B is +iP
for some Pauli P. Half of the eigenvalues are +i, and
half are —i.

Since random Clifford unitaries send Pauli matrices to
other Paulis, the lack of chaotic behavior in this ensemble
can be detected by a number of other measures, including
operator entanglement [80,89] and the stabilizer Rényi
entropy [90]. It is not too surprising, then, that the free
mutual information shows non-generic behavior in this
case. Next, let us turn to the more non-trivial example of
the PFC ensemble [52], which does not send a Pauli matrix
to another Pauli matrix.

2. PFC unitaries

A PFC unitary augments a random Clifford (C) by
further multiplying each computational state by a random
binary phase (F) and applying a random permutation (P) to
the computational basis. More precisely, a unitary in the
PFC ensemble is given by the product

U=PFC, Cedlifford,
P:lx)—>

F:|x)
|7 (x)),

where f(x) is a binary function and z € S is a permutation
among computational basis states. The probability mea-
sure on this ensemble is induced from a uniformly random
Clifford C, a uniformly random binary function f(x), and a
uniformly random permutation z.

Consider some initial Pauli A, and its “time evolution”
under a single step of the PFC unitary,

(_l)f(x) |x), (109)

A’ = PFCACTF'PT. (110)
We first argue that A’ always maps a computational
basis state to another computational basis state (up to a
phase), i.e., it never maps |x) to a superposition of
computational basis states. This is because each factor
inA’=P-F-(CAC")- F"- PT does so. This is obvious
for P and F and their Hermitian conjugates. The middle
factor CAC™ is some Pauli operator, and a Pauli acting on a
computational basis yields a phase flip, a bit flip, or both,
so that again CAC"|x) is a computational basis state.
Given this fact, let us denote the permutation action of
A’ on the computational basis states by 7. Since A”? = I, A’
decomposes the computational basis into disjoint orbits

that are either one-cycles (fixed points) 7(x) =x, or
twocycles of form {x,z(x)} with 7(z(x)) =x. On the
subspace spanned by the states that belong to the one-
cycles, A" acts as an identity. For a two-cycle, we have

Allx) = a|t(x)),  Ale(x)) = aylx),  acaqy =1
(111)

Since B only consists of Z’s, we have
B|x) = b,|x), b,e{£l}. (112)

Hence, the restriction of A’B to the span of an arbitrary
two-cycle {|x),|z(x))} has the matrix form:

0 axb,(x)
A'Blspanjx) e(x))} = (a,m b, 0 ) - 1)
Its eigenvalues satisfy
M+4L=0, 4l = —af(x)bxaxbr(x) = —bxbf(x) S {il}.
(114)

Hence, the only possible eigenvalues of each such 2 x 2
block, and hence of A'B, are {+1, +i}.

We therefore see that even with the addition of the phase
flips and permutations, the PFC ensemble does not lead
to spreading in phase space and decay of higher-point
OTOCs. It is nevertheless possible that other variants
of the PFC ensemble, such as Clifford—permutation—
phase—Clifford [91], permutation—phase—Clifford—phase—
permutation, or stacking up multiple layers of PFCs [92],
could show behaviors more similar to the generic chaotic
systems of Sec. V.

B. Free fermion integrable systems

As a next example, let us consider the TFIM on L spins,
which corresponds to a special case of Eq. (108) with
h=0,ie.,

H = (ZZ;\ + 9X).

1

L
(115)

i

Through a Jordan—Wigner transformation, the
Hamiltonian describes 2L free Majorana fermions (cf.
for instance Ref. [93]).

We take A, and B, to be various choices of initial Pauli
matrices in this model. The evolution of e~’A¢f!" has
some non-generic features compared to chaotic systems
but is not as simple as the Clifford case of the previous
section. In particular, both the operator entanglement [89]
and the Stabilizer Rényi entropy [94] grow under time
evolution in this model, although the growth is slower or
the late-time value is smaller than in chaotic systems.
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FIG. 9. We show OTOC,, for the TFIM on the left, and the partial sums of Eq. (63) from this data on the right.
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FIG. 10. Behavior of OTOC,,, OTOC partial sums, free mutual information, and A, in the Heisenberg XXZ model. The top panel
shows the case A = X, B = X, and the bottom panel shows the case A = Z,,B = Z,.
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Similarly, OTOGC, initially grows in this model, but later
oscillates and decays (see for instance Ref. [95]).

The FMI shows a dramatically different behavior in this
model compared to the chaotic spin chain for all times. We
can use the mapping of this model to free fermions to see
that the real parts of the eigenvalues of e~ "#'Ae’f" B always
take exactly two distinct values, A; and 4,. We explain the
details in Appendix I. We observe numerically that 4, and
A, both increasingly move inwards on the interval [—1, 1]
from their initial values of £1. Hence, while the precise
form of the spectrum of A(7)B is somewhat different from
the Clifford case, where the real parts of the eigenvalues
are simply £1 or 0, the consequence for I¢..(A(?):B) is
the same: it remains infinite for all times.

We show the behavior of OTOC,, and the OTOC partial
sums of Eq. (63) for this model in Fig. 9. While the
oscillations of the OTOC, are somewhat greater in
magnitude than those of the chaotic case of Fig. 7, it is
not entirely obvious from observing the individual OTOC,,
in each model whether there is a sharp qualitative differ-
ence in the dynamics. On the other hand, comparing the
non-monotonic behavior of the OTOC partial sums in
Fig. 9 as a function of time to the monotonic behavior in
Fig. 7 provides a much sharper diagnostic of the difference
between the two models.

C. Interacting integrable systems

As a final example, let us consider an interacting
integrable system: the Heisenberg XXZ model, which
has the Hamiltonian:

L
H = Z (XiXis +YiYip +AZiZiy). (116)

i=1

We set A =0.5 and consider L =10 and periodic
boundary conditions. Note that in addition to being
integrable, the model has a U(1) symmetry: the total Z
spin Zy,, = Y % | Z; is conserved.

In Fig. 10, we show the behavior of OTOC,, I,
and A, in this model for two cases: A = X, B = X,,
which do not commute with the conserved charge, and
A =Zy,B=7Z, which do commute with the conserved
charge. In the former case, we see behavior similar to the
chaotic case in Fig. 7. In the latter case, we see non-generic
behavior, where I, diverges even at late times due to
degeneracies in the spectrum, and the partial sums do not
converge. This behavior should be understood as a conse-
quence of the symmetry, rather than of the integrability of
the model: we checked that on adding an integrability-
breaking-next-nearest-neighbor term > -, Z;Z;,, which
still commutes with Z,;, we find qualitatively the same
behavior in all cases as in Fig. 10. Hence, the integrable
Heisenberg model does not appear to be distinguishable
from chaotic models by /... The indistinguishability of this

model from chaotic models using OTOC, was previously
discussed in Ref. [96]. This example does show the need to
formulate a different version of the free mutual information
in the presence of symmetries, which we comment on
further in the discussion.

VII. DISCUSSION AND OUTLOOK

In this paper, we identified a new universal property of
the Heisenberg evolution of operators in a chaotic quantum
many-body system. We found that a certain coarse-grained
volume of the time-evolved operator generically spreads
out to fill the abstract space of all operators, which is
doubly exponential in the number of degrees of freedom.
This notion of ergodicity in operator space goes beyond the
more familiar notion of operator growth in the space of
degrees of freedom. We introduced a quantitative measure
of spreading in operator space called the FMI. We derived
an explicit formula for the FMI for a broad class of oper-
ators and showed a precise and general relation between
the FMI and a sum over all higher-point out-of-time-
ordered correlators (OTOC,). This relation provides an
understanding of the precise role played by higher-point
OTOCs in the approach to maximal scrambling and
asymptotic freeness, which had previously been lacking.

We then studied the behavior of the FMI and the higher-
point OTOCs in a variety of representative examples of
chaotic as well as integrable systems. In all examples of
chaotic systems, we found that while higher-point OTOCs
show large oscillations with time, the FMI decays mono-
tonically, showing that it captures a more physically
meaningful measure of chaos than individual OTOC,.
Although the FMI starts to decay at a time scale close to
that associated with decay of OTOC, in chaotic systems,
we confirmed by looking at a variety of integrable models
that it is a much finer probe of chaos than OTOC,. In each
of these integrable models, we found cases where OTOC,
decays, indicating spreading in physical space, while /¢,
remains infinite, indicating localization in operator space.

While our study of various examples of chaotic quantum
many-body systems has allowed us to extract a number of
general patterns, various results in these models should
be better understood in future work. In particular, it is
important to address the challenge of performing the
OTOC sum in Eq. (64) or directly evaluating the
Coulomb gas formula analytically in some concrete
physical example to obtain an analytic form of /.. as a
function of time. While we proposed a toy model for this
functional form in local chaotic models in Eq. (107), the
true result should be of the form:

Ifree(t) =—C log(l _f(t))’

where f(7) is a more non-trivial function which is equal to
1 for t < ¢* and decays for ¢t > t*. We leave a study of its
precise functional form to more detailed studies in future

(117)
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work.

It is also important to better understand the general

physical reasons why OTOC,, show faster initial decay for
higher n and why later oscillations in OTOC,,(¢) do not
lead to corresponding oscillations in /g..(¢). Further, it
would be interesting to find an example of a system which
one ordinarily thinks of as chaotic from the perspective of
OTOC,, which turns out not to be chaotic when probed
through /4., or where I, starts to decay at a later time
scale than OTOCGC,.

We comment on a number of broader generalizations
and future directions below:

)

(i)

FMI with more reference observables. In this
paper, we have discussed the simplest way to
coarse-grain A(t¢) with a single reference observable
B. In principle, we could generalize the definition
to a collection of multiple reference observables
{B;}*_,, which would give a more refined FMI
Iiee(A(2) 1B -+ By). Tt is clear that adding more
reference observables imposes more constraints and
hence leads to a smaller volume fraction of the
coarse-grained set of A and a larger mutual infor-
mation: o (A(2):By -+ - By) 2 Itee(A(2): By). This
is the monotonicity of free mutual information,
which can also be seen as the strong subadditivity
of free entropy. It would be interesting to study when
this inequality is saturated in physical contexts and to
understand the relation of I;..(A(¢):B,---By) to
more general higher-point OTOCs.

FMI at finite temperature. In this paper, we have
always considered the case where the reference state
p in Eq. (12) is the maximally mixed state. In
continuum systems such as quantum field theories,
infinite temperature correlation functions are not
well-defined, and it is necessary to consider a finite
temperature state, i.e. take p to be e PH for some
p > 0. This choice of p is also more natural in the
presence of energy constraints; indeed, the most
interesting behavior of the OTOC in models like
Sachdev—Ye—Kitaev (SYK) is seen at low temper-
ature [10,12] and interesting physical constraints on
OTOC:s such as the chaos bound apply only for finite
temperature [11].

Mathematically, the generalization to finite tem-
perature poses the challenge that we are no longer
dealing with tracial moments, so that our techniques
in Sec. III need a revision. Nevertheless, we believe
that it may still be possible to find an explicit formula
in this case. If we take A and B to be traceless
involutions (Paulis or rotated Paulis), the set of all
joint moments in this case can be organized as
m, = d 'Trp[A(t)B]", m}; = d~'Trp[BA(1)]", I, =
d'TrpB[A(t)B]" and [; = d 'TrpA(t)[BA(1)]".
The resulting free mutual information might not
admit a simple Coulomb gas formula that depends
on a single eigenvalue density p(x) determined by

(iii)

(iv)
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one set of moments but should somehow combine
two densities determined by (m,,, m};) and (1,,[}),
respectively.

Symmetry-constrained free mutual information.
Our example in Sec. VIC shows explicitly that
symmetries can enforce degeneracies in the spec-
trum of A(#)B and hence obstruct the unconstrained
Coulomb gas formula. The FMI definition can be
adapted to the symmetry class of a given physical
model by replacing the full orbit S and its Haar-
induced volume in Eqgs. (7)—(10) with the orbit and
volume measure on the symmetry-constrained sub-
manifold. For example, when a charge Q is con-
served, one may restrict to unitaries commuting
with Q, or equivalently formulate the volume ratio
sector by sector within the corresponding charge
blocks. The resulting symmetry-constrained volume
ratio compares A(r) only with operators accessible
within the same physical symmetry class. We leave
a systematic study of these model-dependent con-
structions to future work.

Better understanding the OTOC sum formula.
There are a few subtle features of our main
formula (6) that intrigue us. If we were to guess
an explicit formula for the FMI, which is implicitly
defined in terms of the OTOCs, a sum-of-squares
form is the most natural candidate given that the
FMI is non-negative. It is striking that the actual
answer turns out to be precisely a sum of squares up
to the harmonic weight. As we have remarked, the
harmonic weight is subtle because it allows any
power-law decay of OTOC,, with n to sum to a finite
FMI, while not allowing OTOC,, that do not decay
with n to sum to a finite FMI. It would be interesting
to better understand the physical interpretation of
this weight. We expect that this harmonic weight
is likely the underlying reason why I, decays
monotonically despite the oscillations at intermedi-
ate times in individual OTOC,,(¢) in the spin chain
and random GUE models.

The harmonic weight is likely due to the fact that
the FMI is an entropic quantity whose definition
comes with a logarithm, and its Taylor expansion
is exactly the RHS of Eq. (6). Explicitly, we could
rewrite the formula as'®:

line(A(1):B) = 3 20TOC, (4(1): B

= —2Trlog[l — (A(1)B) ® (A(1)B)],
(118)

"®We thank Zhenbin Yang for pointing this out to us. Also, cf.
[97,98] for a similar (but not identical) quantity called the
“logarithmic OTOC.”
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v)

(vi)

where we could also replace Tr log by log det. We
do not yet have a good physical interpretation of the
operator I — (A(7)B) ® (A()B), which could shed
further light on the interpretation of the FMI.
Relation to other measures of chaos and com-
plexity. Recall that we started with the motivation
of coming up with a quantum many-body analog of
ergodicity in classical phase space. In classical
chaos, the natural entropy associated with this
ergodicity is the Kolmogorov—Sinai (KS) entropy,
which measures the rate at which one needs to
refine the phase space resolution to keep track of the
trajectory of the system. A quantum version of KS
entropy has previously been defined in [99,100].
This entropy quantifies how the information gained
from a measurement on the system evolves over
time and is not obviously related to our discussion
in this paper of the quantum trajectory of an initial
operator in operator space. However, in the math-
ematical literature there is some discussion of the
relation between the quantum KS entropy and the
free entropy [101,102]. It is worth studying
the potential connection between these quantities
in the physical context of quantum chaos.
Another natural question is about how the free
mutual information may be related to various
notions of the complexity of the time-evolved
operator A(t) = U(t)"AU(t) or the complexity of
the time-evolution operator U(t). One relation to
complexity comes from the fact that the free entropy
captures a version of quantum Kolmogorov (de-
scriptive) complexity of A(#) [72]. There may also
be a relation or bound between some variant of the
FMI and circuit complexity, as estimates of circuit
complexity often make use of the volume occupied
by an ensemble of time-evolution operators such as
a random unitary circuit in the space of all unitaries
(see for instance Refs. [103—-105]). The FMI studied
in this paper, which involves two operators, satu-
rates at much earlier time scales than the ones
associated with the circuit complexity, but it is
possible that a less coarse-grained, multi-operator
version could saturate at much later time scales.
Gravity, holographic theories, and the SYK
model. Out-of-time-ordered correlators were first
used as diagnostics of chaos and scrambling in the
recent literature in models such as holographic
conformal field theories and the SYK model at
low temperature [7,9,10,12,13]. Recently, higher-
point OTOCs have also been studied in these
models [31,32,40]. The time-dependence of the
type of higher-point OTOCs that we are interested
in here, Tr[p(A(?)B)"], appears not to have been
studied in the existing literature on holographic
theories. In particular, while Refs. [31,32] show that
all higher-point OTOCs in the t — oo limit are

consistent with asymptotic freeness, we would like
to understand the time-scale on which the decay of
OTOC,, first starts in these models in order to
understand whether and when the FMI converges.
Ref. [40] does consider the detailed time-depend-
ence in AdS, and SYK, but for a different set of
“maximally braided” higher-point OTOCs. It would
be interesting to check whether the time scale on
which /g, starts to converge is identical to the
scrambling time in these large N models. One case
where the formulas we have already derived in this
paper can be directly applied is the SYK model at
infinite temperature.

(vii) Free mutual information in mathematics. The
definition of free mutual information we have used
is adapted from the orbital free entropy [23] in the
mathematics literature. As mentioned in Footnote.
1, there is an alternative, and perhaps more standard,
definition of free mutual information that mathe-
maticians use, and it is based on the free Fisher
information under a free liberation process [106]
instead of on the counting of matrices [20,21].
These two definitions are expected to coincide
[21,24,107], but it is not known in full generality
whether they coincide. In the companion paper [73],
we will show that for the case of two traceless
involutions, these two definitions indeed coincide,
and they have a similar formula to the ensemble
FMI 7 in Sec. IIIB. We shall prove that both
formulas [Eqs. (58) and (64)] for Z(a:b) are valid
for any two traceless involutions a and b living in
any tracial non-commutative probability space,
complementing the finite-dimensional setting we
study in this paper. In short, we have been using a
consistent adaptation of free mutual information to
finite dimensions.

(viii) Free Rényi mutual information. The partial sum
expression in Eq. (63), truncated at n =k,

ﬁ:] %OTOC?,, can be thought of as defining a
“Rényi free mutual information” of order «. " These
Rényi’s are practically useful, as in practical set-
tings such as experiments only a finite number of
OTOCs may be available. It is obvious from the
sum-of-squares formula that they are ordered with
respect to the Rényi index, similar to the classical
and quantum Rényi entropies (except in a reverse
order). A principled approach would be to define
Rényi free mutual information by modifying the

"The ordinary Rényi entropy of order k is defined from the
kth moment TrpX; correspondingly, the order-k Rényi FMI
retains the joint-moment information through order k. The
terminology is thus intended as a natural analogy, not as an
assertion that this is the conventional Rényi mutual information
of a density matrix.
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definition [Eq. (12)] so that it only depends on the
first K moments. In the companion paper [73], we
shall prove that this proper definition exactly
matches the expected formula 2 OTOC2
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APPENDIX A: DETAILS ON DERIVATION OF
COULOMB GAS FORMULA

1. Proof of Lemma III.1

Lemma I11.1. The probability under Haar-random U that

the ordered vector y(UAUB) lies in a measurable subset
S - Wd/Z is

dj2

and the Institute for Quantum Information and Matter, an Py (¥ (UAU'B) €S) / H dy; p(3), (A1)
NSF Physics Frontiers Center (NSF Grant PHY- 2317110).
|
where the probability density p(y) is given by:
4
- d 27 (4 + k)!
p(y) =N =y  N= <> PN | e e (A2)
I<i<j<d)2 ’ 2 g (k4 1) (k!)?
Proof. Recall that y(UAU'B) is defined by:
y; = cos ¢;, e® are the eigenvalues of UAU'B. (A3)

A and B both have d/2 eigenvalues equal to +1 and d/2 eigenvalues —1. In a basis where B is diagonal, we can write

B=1-2P,

where P is the rank-d/2 projector diag(1, ..., 1,0, ...,

UAU' =1-20,

0) and V is a unitary such that VBV’

Q =UVPVU", (A4)

= A. Now for any U, out of the

various choices of basis that diagonalize B or P, there exists at least one choice of basis where we can write

P$(Og) Qg

cos?6);
cos 6; sin 0,

cos d; sin 0, >’ (A5)

Sin29i

where {0; }fi/ ? € [0, z/2] are the principle angles between the subspaces where P and Q are supported. From this block

structure, the eigenvalues of PQP are given by:

x; = cos’0;,

(A6)

The discussion so far holds for any fixed U. Now if U is a Haar-random unitary, the probability density for the labeled

eigenvalues x; is given by [108]:

/2

Xl, .. Xd/z de,

H Xi = X)) HIOI] ;)du;,

N/2
(A7)

1<i<j<N/2

for some normalization constant M. For any set S, the indicator function 1g(x) is equal to 1 if x € S and zero otherwise.
We can now use Egs. (A4) and (A7) to deduce the probability density of the y; in Eq. (A3). From Eq. (AS), the

eigenvalues of AB are
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7= eilZH,- ,

(A8)

so we simply need to make the identification ¢; = 26;. We can first change variables in Eq. (A7) from x; = cos> 6, to 0,
(we will ignore the overall normalization constant in these intermediate steps and find it at the end):

d/2
xl,.. )Cd/z de X

I<i<j<d/2
Then since ¢; = 26,,
/2
.X'l, .. Xd/z de X
I<i<j<d/2

and finally changing variables to y; = cos ¢;, we have

/2

Xl, .. Xd/2 de,

dj2
I (cos26; — cos26;)> T] 10./2(6;) sin26,d0);. (A9)
i=1
a2
H (cos ¢p; — cos (/)])ZHIO,,] ) sin ¢b; dep;, (A10)
dj2
H (vi _yj)ZHI[—I,l](yi)dyi- (A11)

1<i<j<d/2 i=1

This gives a permutation-invariant density on the full
labeled cube [—1, 1]9/2, with normalization:

d-1

tl2
Ny =27 4H k+1)' kv

k=0

(A12)

Now for the ordered vector, we need to reduce the density
onto W,/,. This gives us an extra permutation factor of
(d/2)!. Therefore the density of the ordered vector is nor-
malized by N' = (d/2)!N 1, as stated in Lemma I11.1. We
note in passing that this spectral distribution is also shared
by the Jacobi Unitary Ensemble (JUE,/, , 4) in dimension
d/2 with a = = 0. m

2. Proofs of Lemmas II1.2 and II1.3

The condition (18), which defines A in the set S A()|B.SN>
can be expressed in terms of y(AB) and ¥ as follows:

IT,(F(AB)) — T, (X)] <6 forall0<n <N,

where T, is the n-th Chebyshev polynomial of the first
kind, and for any function f:[—1, 1] - R, we define

(A13)

5 42

Zf 7i)-

Lemma I11.2. Define B; C W, as an e-box around Xof
radius

(A14)

€; = cd(—6logé),

for a constant ¢ (for concreteness, we can take ¢ = %). IfN
and § satisfy the condition

9
N > —,
o
then for all Z\ESA(Z)‘B,(;.N, the corresponding vectors

Y(AB) are contained within 3.
Proof. Consider the L; norm distance between the
vectors y and X:

dj2

[y =X, = Z|ai_ﬂi|'

i=1

(A15)

From Ref. [109] (Lemma III.1), we have the following
upper bound on the L; norm in terms of the moments 7,:
for any positive integer m,

- o d (36 4IS|T(y) —Ti(x
||y—x||1s§<;+;§:—‘ k(y)k ! ”). (A16)
k=1

For T, satisfying (A13), this inequality implies that

15— | d 36
— X
y 1_2

For a given 9, the RHS is minimized at m closest to
97/6.1f N and 6 satisfy Eq. 135, the minimum value can be

4 (logm + 1)5> (A17)
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achieved, and we have
15— 7|, < cd(—slogs), (A18)

for any O(1) constant ¢ > 2. u
Lemma I11.3. Define B, C Wy, as an e-box around X of radius

€y = 5/N>. (A19)

BB, is contained within the set of ¥(AB) corresponding to A in S A(D|B.SN-
Proof. From the Kantorovich-Rubinstein inequality, for any k-Lipschitz function f:[—1,1] - R,

= = K
FG) = f@ <215 =y (A20)
The Lipschitz constant of T, (x) on [—1,1] is n2.* Hence,
S0 — l’lz N N
T,6) = T, < =115~ |- (A21)
Now for any a € B,, we have
15 = X[l < do/N? (A22)
which from Eq. (A21) implies
IT,(y)—T,(X)| <& foralln<N. (A23)

Hence, B, is contained within the set of i(AB) corresponding to A in S A(1)|B.ON-

3. Derivation of Eq. (49)
In this appendix, we simplify the normalization factor A/ to obtain Eq. (49).

d dj2—1 d/2+k)
logN+—log2—log<>'+Zl Gt DIk
d dj2—1
= log<§>!+ Z [log (d/2+ k)! —log (k+ 1)! —2log k! (A24)
k=0

We use Stirling’s approximation to approximate each term.
logn! = nlogn —n+ O(logn). (A25)
Let us start with the last term of Eq. (A24).
dj2—1 dj2—1

> 2logk! = Y 2klogk — (d/2 - 1)d/2 + O(dlogd). (A26)
k=0 k=0

The first term Zd/ *'klogk is the logarithm of Hyperfactorial H(d/2 — )_HZ/ 201n Using Glaisher’s
approximation,

*To see this, recall that x for any f is max_; ;) |f'(x)|, and note that T}, (x) = nU,_;(x), where U,(x) is the n-th Chebyshev
polynomial of the second kind. Since max_y j |U,_(x)| = n, k = n’.
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H(l’l) _ An(6n2+6n+l)/1267n2/4(1 + 0(1’172)),

where A ~ 1.28243 is the Glaisher—Kinkelin constant, we have

d/2-1 &2 2 &2
> 2klogk =2logH(d/2— 1) = ~logd —log2 — -+ O(dlog d).
k=0

d/2—1 32
Z 2logk! = —1ogd——+ O(dlogd).
Similarly,

dj2—1 e pe 2

3d
Z log(k+ 1)! = Zlogk' —logd——logZ—F—FO(dlogd)

Next, consider the first term of Eq. (A24):

d/2—1 d/2—1
> log (d/2+ k)= (d/2+k)log(d/2 + k) — (d — 1 + d/2)d/4 + O(dlogd).
k=0 k=0

We can rewrite the second term of Eq. (A31) as:
dj2—1 dj2—1

k=0

Using Glaisher’s approximation, we obtain

= 32 & 3d?
E (d/2+k)log(d/2+k):?logd+—log2—ﬁ+0(dlogd)
=0
and
d/2—1 2 2
3d d
E log (d/2 + k)! = —log d—9—+0(dlogd)
<~ 8 16

Putting all contributions together, we obtain

' (d2+k) 3 & 92 (d? &> 34> &> &>

> log s == logd +log2 ——— — (logd — —log2 —=— ) — (—-logd —~-log2 — =~

2?8 8 TR T <8 ogd g8 16) (4 08a T8
O(dlogd)

d2
= ?10g2 + O(dlogd).

Similarly, the first term of Eq. (A24) is log((d/2)!) = O(dlogd), so that overall we find

d2
log N = Zlog2 + O(dlogd).

043017-31

d—1
> (d/2+k)log(d/2+k) =Y klogk— > klogk =logH(d—1)—log H(d/2—1).
k=0 k=0

(A27)

(A28)

(A29)

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)

(A306)
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APPENDIX B: d-DEPENDENCE OF A, AND
Itre. IN PHYSICAL EXAMPLES

In this Appendix, we justify the assumption about A,
used in the derivation of the Coulomb gas formula, and
clarify the regime of validity of this formula, in explicit
example of a chaotic time-evolution.

Let us start with the GUE Hamiltonian model intro-
duced in Sec. VA. First note that the Hamiltonian is
normalized such that irrespective of the Hilbert space
dimension d, the Coulomb gas formula decays from
infinity to a small value on the same O(1) time scale:
this can be seen in Fig. 11(a). Hence, it makes sense to
compare A, for different d over the same range of times.

To check the assumption in Eq. (31), we closed up on
early times of order 1072 for d = 100, 500, and 1000. We
show the case A # B in Fig. 12; this case A = B is similar.
Note that for each d, we consider a single realization of the
random GUE ensemble at that dimension. From the orders
of magnitude for A_;, that we observe in these plots, it

(a)

Lo —— d=100
—— d =500
1.0 —e— d = 1000
081
<
< 061
=
© .41
0.2
0.0
05 10 15 20 25
t
(c)
S —
~002{ ~__
—0.044
= —— d=100
= —— d =500
< —0.061 —— d=1000
NS}
—0.08
010 o -
16 18 20 22 24
¢
FIG. 11.

seems likely that the dependence of A ;, on d is consistent
with the assumption [Eq. (31)]. Note that it does not quite
make sense to directly plot the dependence of A;, for a
given time as a function of d in this case, as we are
considering single realizations of the GUE matrices, and
Ain 1s not a self-averaging quantity. Note also from the
early-time regime in Fig. 11(b) that the Coulomb gas
formula is independent of d for large enough d at these
early times.

We further check the order of magnitude of A ;, in the
mixed-field Ising model and the Heisenberg model in
Fig. 13 and find a reasonably large magnitude for most of
the range of times we are interested in.

As a separate point, let us comment on the late-time
regime of Figs. 11(c) and 11(d). We see that the Coulomb
gas formula has a negative saturation value at such times,
whose magnitude decays as ~d~0%*. Since Iy, is neces-
sarily non-negative, the Coulomb gas formula cannot be
equal to I, in these cases. This is consistent with the

(b)

14 1

121

0.00 0.02 0.04 0.06 0.08

6x 1072 AN

4x1072 Te_

3 x 1072 ~

[C(A(t — 00) : A)]

2x 1072 -

102 10°

Dependence of the Coulomb gas formula C(A(#): B) on the Hilbert space dimension in the random GUE model. In (a),

(b) and (c), we close up respectively on intermediate, early, and late times. In the late-time regime where the Coulomb gas formula is
negative, its absolute value shows a d~°3* dependence. We show this in (d) with a log-log plot of the absolute value of the saturation
value of C for 10 values of d from 100 to 1000. In this regime, we formally set /.. to zero according to point 2 at the end of Sec. III A,
with the understanding that the actual value is positive and proportional to some power of 1/d.

043017-32



FREE MUTUAL INFORMATION AND HIGHER-POINT... PRX QUANTUM 7, 043017 (2026)

%10-5 A# B, d=100 <10-7 A# B, d=500
4 44
3 3]
< 27 < 21
1 1
0 04
0.00 0.02 0.04 0.06 0.08 0.00 0.02 0.04 0.06 0.08
t t
x10~7 A # B, d=1000
2.5
2.0
= 1.59
g
4
1.0
0.5
0.0
0.00 0.02 0.04 0.06 0.08

FIG. 12. Dimension and time dependence of A, in the random GUE model for the case A # B.

x10~12 L=10,z=5 %107 L=10,z=4, A= Xy, B=X,
4 5
3- 4
= = 34
= o
= 24 H
< <
2.
1 4
1.
01 ° 0
0.0 0.5 1.0 15 2.0 00 02 04 06 08 10 12 14
t
FIG. 13. Ay, as a function of time for L = 10(d = 2'°) in the chaotic spin chain model (left) and in the Heisenberg model for the

case A = X, B = X, (right).
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point discussed at the end of Sec. III A that when the value
of the Coulomb gas formula is proportional to some power
of 1/d, there are competing contributions that no longer
allow us to identify it with /...

APPENDIX C: NO DELTA FUNCTIONS IN p(x)
FOR SMOOTH ENSEMBLES

In this Appendix, we show that under a sufficient
smoothness condition for the ensemble v, the ensemble-
averaged spectral density ji(z) of U(t)AU(t)'B for
U(t) ~ v has the following property:

f dZu(Z),_. =0,  VzeT, (C1)
T

where A;(UAU'B) denotes any eigenvalue of UAU'B.
Recall that p(z) was defined in Eq. (68). In terms of the
averaged spectral density p(z) of the real part of z, Eq. (C1)
implies Eq. (54).

The smoothness condition we need is that the measure v
is absolutely continuous with respect to the Haar measure,
i.e., it has a delta function-free probability density p(U) =
dv(U)/dU with respect to the Haar measure dU on U(d).

To see that this smoothness condition implies Eq. (C1),
note first that we can interpret the LHS of Eq. (C1) as a
probability under U ~ v as follows:

?{dz’ﬂ(z’)lz«zz = Pry;[4:(UAUB) = 7], (C2)
.

where A;(UAU"B) is any eigenvalue of UAU'B. We then
have

%dZ'ﬂ(Z')lzez = Pry[F(U, z) = 0] (C3)
T
where F(U, z) is the characteristic polynomial

F(U,z) = det(UAU'B — zI). (C4)

As we will explain below, at any z, F(U) = F(U,z) is a
real-analytic function of U 2 According to a general
theorem from Refs. [110,111], any non-trivial (non-zero)
real-analytic function on U(d) can only vanish on a set of
measure zero for a measure that is absolutely continuous
with respect to the Haar measure on U(d). The statement
[Eq. (C1)] then follows.

To see that F(U) is real-analytic (considering some
fixed z and suppressing the z argument), we first extend the

*'A function f:U(d) — C~R? being real-analytic means
that for any U € U(d) there exists a chart ¢:U — R? where
U is a neighborhood of U, such that fo¢~':p(U) c R — R2
has a convergent Taylor series expansion in the Euclidean
variables in U.

domain to all complex matrices X € M;(C) and consider
F(X) = det(XAX'B — zI). We can define a chart ¢ that
embeds X into R>* via matrix entries U;; = x;; + iy;;.
Under the chart ¢, it is clear that Fo¢p~' ({x;;,y;;};,) is a
polynomial in the matrix entries so F(X) is real-analytic.
Then we can use the fact that F(U) = F(X)|U(d) is also

real-analytic on the restricted domain of a smooth real-
analytic submanifold U(d) [111].

We now check the absolute continuity (delta function-
freeness) condition of v for two models studied in this
paper: the GUE Hamiltonian and random brickwork
quantum circuits.

(1) GUE Hamiltonian. The GUE ensemble has a
continuous Gaussian density on the space of Her-
mitian matrices. The exponentiation map is analytic.
Pushing forward a smooth density through an ana-
lytic map always yields a continuous density with
respect to the Haar measure. Hence, the spectral
density of the exponentiated GUE unitary ensemble
contains no delta functions. It is evident that F(U) is
a non-trivial (non-zero) function at any z as long as
t > 0, so the general argument above applies.

(i) Random quantum circuits. Let the unitary evolution
be U,(G), where G is the shorthand for the
collection of gates {G,}*, used to build the random
circuit. The probability distribution of the gates
{G;}¥, is a product of Haar measures on
SU(g*)*M, and hence has a continuous delta-free
probability density on the product group manifold.

Before the light-cone of A(t¢) touches B, the
function F(U,) is trivial (zero) when z = %1, so
the argument above does not apply and the spectral
density clearly has two delta peaks 0. ;.

After the light-cone of A(r) touches B, the
function becomes non-trivial at any z. To see this,
we simply need to find an instance of a RQC that is
non-trivial. Let all gates be instantiated as some
Clifford unitaries. The operator A(t) after a Clifford
evolution remains a Pauli string, so we have either
A(r) and B commute or anti-commute with each
other, and the spectrum of A(7)B is either {£1} or
{£i}. If z==+1, we can choose an instance of
Clifford gates such that A(¢) and B anti-commute. If
z # £1, we can choose an instance of Clifford gates
such that A(z) and B commute. F(G) is thus a non-
trivial function at any z. Then our general argument
above applies.

**For our purposes, we can define a real-analytic submanifold
of M,(C) as given by the matrices satisfying real-analytic
constraint equations G(X) = 0. For U(d), we have the con-
straints G,(X) = XX' —1 and G,(X) = X'X — 1, which are
polynomial functions in matrix components and hence real-
analytic. Hence, U(d) is a smooth real-analytic submanifold.
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APPENDIX D: DETAILS OF DERIVATION OF THE OTOC SUM FORMULA

In this Appendix, we explain how the ) term in Eq. (67) is expanded in terms of the OTOCs to derive Eq. (82).
Due to the Sokhotski—Plemelj formula, the function D:T — C defined by:

Dlz—a)=-—- [lim ~ lim (D1)

27mi |+ —a = {—a

behaves as an analog of the delta function §(z — a) for complex numbers z integrated over the unit circle, i.e. for any
function f: T — C,
§ 4D a)f@) = fla). (02)
.
We can therefore express ) as follows:

Zlog |Rez; — Re z;

dzj[dzj{dzlogmez—Rez(ZD z—12z;)D ,)) (D3)

Let us now express » ¢, D(z — z;)D(Z — z;) in terms of traces involving A(t)B:

iD(Z —z;)D(Z—2z;) = (2;-)2 lzd; <Z+ l_zl_ T I_Zi> <Z+ I_Zl_ T 1_ Zi)
- (2;11')2 <Tr [(z+ “AB)(z — AB)] 1 {(z - AB)I(Z - AB)] - {(ﬁ - AB)l(Z —AB)
- —ame—am) ) oY

Here for instance z is shorthand for the limit of a complex variable { approaching z €T from outside T. Now

depending on whether we take the limit from outside or inside T, we can expand each of the above terms in terms of
OTOCs:

T E e - i T OO b
éTr[(Z— - AB)I(Z‘ - AB)} - m.zj;o(z_)”(z_)mOTOCW% oY
%Tr [(Z+ . AB)l(z —AB)] - 1;%0 O 7

%Tr [(z‘ - AB)1(2+ - AB)} - mio(z+)_n_l(Z_)mOTOC"_m_l' oy

Now putting these expressions back into Eq. (D3), we find that ) can be written as a sum of four terms V) = >, ),

corresponding to the four terms in Eq. (D4) (we set 7 = e, 2 = ¢/?, and now ignore the 4 superscripts in the above
expressions):
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1 2. & 2 2 o
Y, = = OTOC,, n/ dG/ dgp e ™= Jog | cos @ — cos ¢
1 27)? d - Z + A g/ |
2 [s+]
E Z OTOC,,H,,/ dQ/ dgp e ™m0e ”""’{ log2 — Z—cos p0O) cos(pep)
21 2 2
- (;g a2 OTocz,, (DY)
Similarly,
V=2 i OTOC, ;12 / 7 40 / T 4gp il 1010 (— log2 — izcosw) COS(p¢)>
(2727)2 dmﬂ:() e 0 0 s P
2 i ! otoc (D10)
= —— —_ 2y
d<2p P

2 [s]
= 7d Z OTOC,,_,_; / do / dgp i t1)e —"”9< log2 — Z cos(pb) cos p¢)>

and

2 1
y4—E

( mn()

Combining all terms, we have

2log2  1R2 1.2
== —--N"Zoroc,, - -3 "=,
Y d d;n 2n d;n

APPENDIX E: JUSTIFICATION OF
ASSUMPTIONS ABOUT THE OTOC SUM
FORMULA IN THE GUE MODEL

In Sec. IV, we discussed two different partial sums for
OTOC,, in Egs. (82) and (84). Let us more carefully
compare these two partial sums to each other and to the
Coulomb gas formula, using the GUE model of Sec. V A as
a concrete example. In Fig. 3 of the main text, we showed
the partial sums in Eq. (84) over the full range of times and
for early times. Here, we show partial sums of both
[Egs. (84) and (82)] from intermediate to late times. We
see that the partial sums of Eq. (82) are closer to /. at
such times, which is expected from the fact that the infinite
sum [Eq. (82)] is exact. There is a small but visible
difference between the converged value of the partial sums
of Eq. (84) and the Coulomb gas formula at such times,
which we expect is O(1/d*) for some z > 0.

1
>

(DI11)

&Il\)

2n 2n X R il 2 2 - 1
OTOC,_,,— / d9/ dep ei(m+1)0 g=ind <— log2 — Y =cos(ph)cos(pp > =—-) —.
55 o | 23 oo eoston)) =35 o

(D13)

APPENDIX F: HIGHER-POINT OTOCS IN THE
GUE MODEL

In this Appendix, we explain the free probability
techniques used in the derivation of the general for-
mula (94) for OTOC,,(A(¢):A) in the random GUE model.
As discussed in the main text, A and U(t) = e "Houro
approach two freely independent variables a and u in the
large d limit. Let us define

() = [}L“;m' (F1)

where the overline indicates an average over the GUE
ensemble. We will refer to 7(x") as the “moments” of x,
and to 7(x;...x,) as a joint moment of xi, ..., x,.

The task of evaluating lim,_ . OTOC,(A(7):A) is
therefore equivalent to computing the moments of the
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FIG. 14. We show the partial sums of the approximate series [Eq. (84)] on the left, and those of the exact version [Eq. (82)] on the

right. In both cases, the black curve is the Coulomb gas formula.

polynomial uau’a involving the free random variables u
and a:

1im OTOC,(A(#):A) = lim éTr[(U(t)AU(r)TA)]

d— o d—o0

= t((uauta)"). (F2)

Now for any set of non-commuting random variables
{a;}"", (which are not necessarily free with respect to each
other), the joint moments of xi,...,x, €{a;}", can be
expressed as follows [25]:

txox) = > [ xe({xitics) @3

7eNC(n)Bern

The quantities «,(xy, ..., x,) appearing on the RHS are
called the free cumulants of xi,...,x,. The full set of
Eq. (F3) should together be seen as an implicit definition of
the free cumulants, so at this stage the above equation is
not yet useful if our goal is to calculate the moments .

=Ky (u, u")k(a)? + x(a)’k(u)k(u) + Kk (a, a)x(u)x(u®).
(F6)

Note that the last term of Eq. (F5) does not contribute
because of the restriction to non-crossing partitions in the
sum [Eq. (F3)], and cases where u or u is contracted with
a do not contribute due to the freeness of u and a. Now
the first two terms in Eq. (F6) vanish as k(a) = 0, so that
we get

The Eq. (F3) becomes a calculation tool in the case
where some of the a; are free with respect to each other, as
in this case any mixed cumulants, defined as k,(xy, ..., x,)
where any pair of x; appearing in the argument are free
with respect to each other, vanish. For example, in our cal-
culation of z((uau’a)") cumulants such as k,(uy, ..., u,)
where each u; is either u or u’ are non-zero, but cumulants
such as k,(u,a,u’, u,...,u) are zero. While this gives a
significant simplification, cumulants involving both u and
u', which can in principle appear in 7((uau®a)"), are still
somewhat complicated to evaluate explicitly. A further
simplification comes from the following observation:
because k,(a) = 0 for odd n, cf. Eq. (F13), the moments
of uau’a turn out to be equal to those of uaua:

t((uau’a)") = t((uaua)"). (F4)

Let us illustrate this in the case n = 1, where the task is
to calculate 7(uau'a).

+ —btﬁ-btid— 5 (FS)

t(uau’a) = x,(a, a)x(u)x(u') = n(r)?, (F7)

which does not involve any mixed cumulants of u and u".
It can readily be checked that we get the same result for
7(uaua). In general, for higher n > 1, any mixed cumu-
lants of u and u" are accompanied by some odd cumulant
of a that vanishes, so that we have Eq. (F4). This is because
all terms with contractions of u with u" also entail a factor
of an odd free cumulant of a.
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TABLEIL. Fornfrom 1 to 5, we list the non-crossing partitions of 2n elements contributing to (98). We treat partitions that are related
by a cyclic shift as equivalent and only write down one element of each such equivalence class explicitly, indicating the multiplicity by
c.|n¢| indicates the block structure of the Kreweras complement of z: for example, |z¢| = |W, |*|W,| indicates that there are twoblocks
of size |W|| and oneblock of size |W,|. The resulting full expressions for OTOC,, (A(t), A) are shown on the right. We have underlined
the terms with the smallest number of total factors of 7 which come from non-crossing perfect matchings (7 with only two-cycles).

n Even NC partitions z m
1 (1,2), c =1, |z¢| = 17 n(r)?
2 (12)(34), ¢ = 2, |z°] = 172! 2n(1)*n(21) —n(0)*
(4321), c =1, |z¢| = 1*
3 (12)(34)(56), ¢ = 2n(1)*n(3t) + 3n(1)*n(20)* — 6n(1)*n(21) + 24(1)°
(12)(36)(45), ¢ = 1222
(12)(3456), ¢ = 6, |z¢| = 142!
(123456), ¢ = 1, |z| = 1°
4 (12)(34)(56)(78), ¢ =2, |a¢| = 14! 2n(1)*n(41) + 8n(1)*n(20)n(31) + 4n(1)*n(21)?
(12)(34)(58)(67), ¢ =8, |z°| = 172'3! —8n(1)°n(3t) — 207 ()*n(21)% + 20n(1)%n(21) — 5y(1)®
(14)(23)(58)(67), ¢ = 4, |z¢| = 1223
(1234)(56)(78), ¢ = 4, |z¢| = 1°3!
(1234)(58)(67), ¢ = 4, |z°| = 1422
(1256)(34)(78), ¢ = 8, |x¢| = 1422
(1234)(5678), ¢ = 4, |z¢| = 12!
(12)(345678),
(12345678), ¢ = 1, |z°| = 18
5 (12)(34)(56)(78)(910), ¢ = 2, |z¢| = 135! 2n(1)°n(5¢) + 5n(t)*n(26)* + 5n(2)*n(31)?

(12)(34)(56)(710)(89), ¢ = 10, |z¢| = 1#2'4!
(12)(34)(510)(67)(89), ¢ = 5, |z°| = 1432
(12)(34)(510)(69)(78),
(12)(310)(49)(58)(67), ¢ = 5, |z¢| = 122*
(1234)(510)(69)(78), ¢ = 50, |z¢| = 1423
(1234)(56)(710)(89), ¢ = 60, |z¢| = 1°2!3!
(1234)(56)(78)(910), ¢ = 10, |z¢| = 1°4!
(1234)(56710)(89), ¢ = 35, |z°| = 1922

(1234)(5678)(910), ¢ = 10, |z°| = 173!
(123456)(710)(89),
(123456)(78)(910), ¢ =
(1234)(5678910), ¢ = 10, |z¢| = 182!

)
(12)(345678910), ¢ = 10, |z¢| = 182!
(12345678910), | = 110

+105(2)*n(2t)n(41) + 20n(1)*n(21)*n(31)

+145(0)'* —70n(1)4n(21) + 1055(2)°n(21)* — 505(1)*n(2t)?
+305(1)"n(3t) — 60n(1)n(20)n(31)

—10n(1)%n(41)

Our task has now been simplified to the much simpler
one of calculating 7((ua)*"). We can now use the free
multiplicative convolution of a and u:

T((ua) = Z H K‘V‘(a H I’IZ|W‘ (FS)

T€NC(2n)Ver Went
where
k,(a) =k,(a,...,a), m,(u) = z(u"). (F9)
n times

This formula follows from starting with the moment-
cumulant relation [Eq. (F3) for the case of two free random
variables, and then repackaging the free cumulants of u back
into moments. The derivation can be found in Ref. [25].

Now m,,(u) can be found using the GUE average:

= lim = Trfe "] = 22—~ F1
ma () it d tle ] nt F10)
The random variable « is a traceless involution, a% = 1,
so its moments are simple:
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my,(a) =1, my,1(a) = 0. (F11)

Its free cumulants can be found by inverting the relation:

my(a)= > [ xma)

7€NC(n)BEx

(F12)

This is a relatively straightforward special case of
Eq. (F3), and it can be seen using standard techniques
from Ref. [25] that

~ J(=1)2'Csy, niseven

Knla) = { 0. nisodd F13)

Putting everything together, we end up with the for-

mula (98) in the main text. We explicitly write down the
formula up to n =5 in Table L.

APPENDIX G: HIGHER-POINT OTOCS IN
RANDOM UNITARY CIRCUITS

In this section, we will explain the calculation of
OTOC,, in random unitary circuits, and provide an argu-
ment for the conjectured result in Eq. (105). We use the
partition function method developed for studying the n-th
Rényi entropy S, in random unitary circuits in Re. [78].
For readers familiar with the methods used in Re. [78], we
note that the partition function for the calculation of
OTOC,, has the same “bulk” rules as the partition function
for §,, but the boundary conditions are different. This
allows us to make use of the membrane picture developed
for §, while calculating OTOC,. The difference in the
boundary conditions makes the calculation much more
non-trivial than that of §,, or that of OTOC, in Rehs.
[75,76], and we need to take into account certain effects
that are not captured by the membrane picture.

We will present the partition function calculation for
OTOC, and review the relevant assumptions of the
membrane picture in a mostly self-contained way in this
appendix for clarity. The basic setup follows directly from
that in [78]. Our main innovation is the argument in
Appendixes G5 and G6 showing that the membrane
picture does not apply in certain cases due to subtle
cancellations among various configurations. This argu-
ment is the underlying reason why only k > n/2 appear in
the sum in Egs, (105). Recall that the appearance of only
k > n/2 in this sum makes it plausible that OTOC, decay
with n for 7> vp, and hence that I;.. becomes finite
for t > vp.

1. Definitions and properties of permutation states

To set up the partition function calculation, it will be
useful to first introduce certain states on 2n copies of the
system associated with permutations in S,. In this sub-
section, we define these states and discuss their relevant

properties. We also summarize certain lemmas about the
permutation group which will later be useful.

For 6 € S, and any operator O acting on one site, define
the states |0, o) on 2n copies of one site:

(iyi...i,iH|0,06) = O, v ...0; v (GD)

q"? ) ()
Recall that ¢ is the Hilbert space dimension of one site.
In particular, we can label the states corresponding to

O =1 as follows:

<i1 l/l .. lnl£l|0> = Wéili;(l) .. .51"1,';(”) . (GZ)

Two permutations which we will denote with a special
notation are the identity permutation, denoted by e, and the
cyclic permutation (nn —1n—2...1), denoted by #.

The overlaps among the permutation states are given by

(o|t) = =7 (G3)
where d(o, 7) is the Cayley distance between the permu-
tations o and 7, defined as the minimum number of
transpositions with which one needs to multiply & to
obtain 7 (or vice versa). More explicitly,

d(o,7) =n—k(ot™!) (G4)
where k(o) denotes the total number of cycles in the

permutation o. Another useful overlap which will play a
role in the discussion below is

k(oz™")

(6|0.7) _% [T Tr(ok!]

(G5)

i=1

where ¢; € 677! refers to the cycles in 677!, and |c;| is the
number of elements in the i-th cycle. In the discussion
below, O will be either A or B, both of which have the
properties that
0’=1, Ti[0] =0. (G6)
For such O, we always have (6|0, 7) = 0 for odd n, as at
least one of the |¢;| in Eq. (G5) is odd. For even n,

(6]0.7) = {‘1

~dlo) or”! € Peven

G7
0 or! & Peyen @7
where we have defined a subset P, C S, as follows:

Peoven = {7€8,]|c;| is even for each c;€7}.  (G8)

For example, for &g,
86’ (12)(36)(4)(5) g Peven-

(12)(36)(45) € Pyyen  while
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Another subset of permutations that will play an
important role below is

Pye = {r€8,|k(r) + k(nr™") = n + 1}. (G9)

Such 7 are in one-to-one correspondence with the non-

crossing partitions of n elements, and we will sometimes

refer to them as “non-crossing permutations.” Note that

the following inequality is obeyed by any permutation
intes,:

k(z) +k(nr=') <n+1. (G10)
This is equivalent to the triangle inequality
d(z.e) +d(z.n) 2 d(e.n). (G11)

The non-crossing permutations saturate this inequality.

Let us now state two lemmas about permutations in
these subsets of S, which we will use in the later
discussion. These lemmas can be referred to when they
appear in the later subsections. The proofs of both lemmas
are provided in Appendix H. To state Lemma G.1, in
addition to the sets P,,., and Pyc defined above, let us
define a third set

Osingleton = {7 €8,||¢;| = 1 for at least one ¢; €nr™'}.
(G12)

By definition, its complement is
Qsingleton = {TESn||Ci| >1 for all Ci e’lf_l}. (G13)

Lemma G.I. Let v be an NC permutation of n
elements where 7 is even. (a) For any 7 € P, we have
k(nt™') > %+1, and nr~' has at least one cycle of
length 1. (b) For any 7 € Qgngleton, We have k(z) >4+ 1
and 7 & Peyep.

Part (a) of Lemma G.1 implies in particular that

Peven n PNC c Qsingleton N PNC- (G14)

Another useful statement about Qgeieion 18 the follow-
ing lemma:
Lemma G.2. For 7 € Qginoieion N Pnes any o that satisfies

d(n,7) =d(n,0) +d(o,7) (G15)

(i.e., any o that lies on the geodesic between # and 7) is also
in Qsing]eton N PNC'

2. Partition function for OTOC,
We want to calculate OTOC, (A(z):B) for the setup

shown in Fig. 6. Recall that each two-site unitary U)(fl 41 in

the circuit is drawn independently from the ensemble of

Haar-random unitaries from U(g?). The full time-
evolution operator U(f) up to time ¢ is constructed by
taking products of these two-site unitaries. Below, L
denotes the total number of sites. We will assume that
L is large enough that we can ignore all edge effects. We
will always assume that A lies at location x’ = 0 and B at
x' = x, and we will often write OTOC,, as a function of ¢
and the velocity v = x/1.

In terms of the permutation states introduced in the
previous subsection, we can rewrite OTOC, =

LTr[(U(1)AU(¢)'B)"] as a transition amplitude on 2n
q
copies of the system as follows:

OTOC, (t,v) = (nl(nl... (B, n|y_y (nl...(n|(U(2)
® U(t)")®"[e)|e)...[e)|A, e) y_gle)...le)
x gL, (G16)

The above expression is simply a rewriting of OTOC,,
by manipulating various indices, and is true for any U(?).
This rewriting proves useful in random unitary circuits

because the average of (U ® U)®?" for each U = U)(fl +1

can also be expressed in terms of permutation states:

*\ ®n o1
WO ®UY I = S g70) o) (el

o,TES,
(G17)
where ¢°° is the inverse of the matrix
Goe = (¢7)17), (G18)

(In terms of the more standard notation of the Weingarten
function, ¢°* = (¢?)" Wg(oz™!, ¢%).)

By putting Eq. (G17) into Eq (G16) for each two-site
random unitary appearing in U(t), we get a partition
function on a two-dimensional lattice, with the top and
bottom boundary conditions given by the top and bottom
lines of Eq. (G16), and the bulk interactions determined
byEq. (G17). In Fig. 15, we further explain the bulk
interactions, and how some of the sites can be integrated
out to get a triangular lattice. Each s; corresponds to some
permutation in S,,, so there are n! states on each site of the
lattice.

Explicitly, the interactions J(s;, s,;53) are given by:

J(s1.52;83) = Z!J’”" (s1lu)(s2 ).

H

(G19)

These interactions can be either positive or negative.
They take a simple form for general n only in two
special cases:

() If sy = 55, we have J(s,51;53) = &,
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From (U Q U*)®2n
for some two-site U

:L N\ 52

’
’gs S3

FIG. 15.

We show a segment in space-time of the average of (U(#) ® U(7)*)®" over random unitaries, obtained usingEq. (G17) and

the structure of the circuit in Fig. 6. The vertical lines come from Eq (G17) and the diagonal lines correspond to taking inner products
between permutation states according to the rule [Eq. (G3)]. By integrating out each of top states such as s’, we get a triangular lattice as

shown on the right.

(i) If d(s,.s,) = 1, then

J(SI’SZ;S3> :ﬁ(éhg +5szs3)- (G20)
We expect in general that
|J(S1,S2;S3)| < 1 (G21)

for all ¢ and n and all s;. We will prove this statement
for the case ¢ =2 as Lemma H.2 in Appendix H. The
inequality is saturated only in case (i) listed above, i.e.,
when s; = s, = 3.

By further taking into account the contributions from the
top and bottom boundary conditions, the full lattice and
interaction rules are summarized in Fig. 16.

Rules (a) and (b) follow from the above statements
about J(sy, s,; 53). Rule (c) can be deduced in a similar
way to rule (b) using Eq. (G5) and Eq. (G3), with

K(so) = > g™ (B.nle)(nlr). (G22)

K(sg) is generally non-zero for all 6 €S, and can take
both positive and negative signs. In rules (d) and (e), we
have used a special label b; for the states appearing in the
lowermost label of the bulk, and used Egs. (G5) and (G3)
to explain their contraction with the lower boundary
conditions coming from the last line of Eq. (G16).
While only the 7 = e case in rule (d) is needed so far,
in the later discussion other quantities besides OTOC,, will
appear where 7 will take other values. In the case v < 1, we
use a distinguished label b;: for the spin connected to
|A, e), (for example, in the figure, i* = 2).

We consider all possible configurations of s and b on the
triangular lattice of (Fig. 16). For each configuration, we
multiply the contributions from each colored triangle, as
well as the overlaps with the bottom boundary and the

overall q("_l)L factor in Eq. (G16). We then sum over

contributions from all 5, b.
Let us now note two simplifications that follow immedi-
ately from rules (a)-(d):
1. Rule (a) forces all spins in the shaded red region of
the lattice to be 7. All triangles in this shaded region
contribute a factor of 1. For this reason, only the

undetermined §,l; spins are explicitly labeled
in Fig. 16.

2. OTOC,, = 0 for all times when n is odd, as in this
case the overlap (b}|A, e) = 0 for any choice of b],
as discussed above [Eq. (G7)].

We are then left with the task of summing over all

possible configurations of &, b for even n. Below, we will
refer to a triangle with s; # s, (s; = §,) as a triangle with
(without) a domain wall. Then the top layer at ¢ = ¢ has
two adjacent domain walls, between 7 and s, and between
5o and 5 respectively [unless s, = 7, in which case all other
states are set to n by rule (a)]. The n = 2 case studied in
Refs. [75,76] is simple, because there is only one possible
type of domain wall, which moves downwards through the
lattice according to the simple rule (ii) above. For general
n, s, can now be any of the n! permutations in S,,.

If d(sg,n)>1, then unlike in the simple case
[Eq. (G20)], J(sg,#;s3) is generally non-zero for all
s3 €S, (in particular, s is not forced to be either s; or
§5). This implies that the two domain walls starting at the
top boundary can in principle change into any number of
further domain walls of various types as we go toward the
bottom boundary. In fact, configurations where all three s;
on each triangle are distinct from each other (i.e., where
the number of triangles with domain walls is extensive in
the volume of the unshaded region) will generically give a
non-zero contribution. However, note that the general
inequality [Eq. (G21)] makes it intuitive that each triangle
with a domain wall comes with some cost, so that cases
with an extensive number of domain walls are unlikely to
dominate. We will state this intuition more formally in the
next subsection.
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FIG. 16. Lattice, interaction rules, and boundary conditions for the partition function for OTOC,,.

Let us introduce some notation to better organize the
sum over s, b in OTOC,,:

OTOC, =Y Ciop vux(5.5)B(b).  (G23)
5.b
where
Ctop, bulk(Ev Z;) = K(SO) H J(Sl, S sk) (G24)
bulk triangles

and
g V(b A e) [T (bile) if v <1

B(b) = il (G25)

g2 (b,|e) if o>1"

Note that B comes from a combination of the overall
factor of ¢V’ in Eq. (G16) with the factors coming from
overlaps on the lower boundary. (For sites in the shaded

red region, the overlap (7]e) = ¢~ cancels with g("~!)
from this factor.) It is useful to further organize the
contributions according to b:

0TOC, = > C(b)B(b).
b

C(Z;) = thop, bulk(s‘: l_;)
(G26)

Let us classify the configurations b near the lower
boundary by the number and type of domain walls in them.

Say there are m domain walls in l_;, whose locations are
labeled xi, ..., x,, from left to right. Due to rule (a), we
must have x; > x — t and x,, < x + ¢, with the first domain
wall between 7 and some 7;, and the last domain wall
between some 7,,_; and #. It is convenient to replace the x;
labels with the “velocities” v; = *—=.

One possibility is that we have m = 0, corresponding to

no domain wall in b. See Fig. 22 for examples of such
configurations. There are no cases with just one domain
wall, as we must have 7 to the left and to the right of all
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domain walls. The next possibility is that we have a
domain wall between 7 and 7z at some v; (for some
arbitrary permutation 7€ S,), and then from 7 to 7 at

v,. We will use the shorthand b= (v1, 7, v,) to denote this
|

case. Similarly, a configuration on the lower boundary
with three domain walls can be labeled by
b = (vy,71, 02,72, 03). So the exact expression for
OTOC,, can be written as:

OTOC, (v,1) =C(b =1n;) + Z c(b = (v, . 0,))g K@D (A, e)

V1,T, 03>

>

V1,T1,V2>01,T2,03>0;

where we have used the explicit form of the (b;|e) overlaps
in the second and third lines. The... indicates further

contributions with more than three domain walls in b.
See Fig. 17 for a schematic representation of the con-
tributions to the second line of Eq. (G27).

3. Different regimes of OTOC,

Before analyzing the terms in Eq. (G27) in detail, let us
make some general comments on the »- and #- dependence
of OTOC,, and the regime of interest. For |v| > 1, from the
sharp lightcone of the circuit, we have exactly:

OTOC, (t,v) =1, lv| > 1. (G28)

For |v| < 1, we will see two kinds of terms in OTOC,,
below: terms proportional to e~/(")', where f (v) is some
non-trivial non-negative function of v, and terms propor-
tional to e~®/, where A > 0 is independent of v. The
functions f(v) are such that f(v =1) =0, and these
functions grow as v is decreased from 1 to 0. Hence,
for any fixed large ¢ and v sufficiently close to 1, the terms
of the form ¢~/(*) dominate over terms of the form e 2!, It
is possible that deep within the lightcone (i.e. for v small
enough), some A becomes smaller than each of the f(v),
in which case OTOC,(r,v) saturates when seen as a

b
7 n 1B, m)(n 1
n \
\ n t
vy iy \‘\Vz
n T P |
e el|4,e)[e e

0

FIG. 17. We schematically show the types of configurations
corresponding to the second line of Eq. (G27). We only fix the
spins b; in the lowermost layer, and allow possible configura-
tions in the green bulk region.

C(Z; = (v1, 71, U2, T2, y3))q(k(71)_1)’(1'2_”1)q(k(fz)_l)t(W_L'Z)<bi* A, e) + ...

. (G27)

[

function of v for fixed 7. So we have the following
structure (see Fig. 18):

1 |v| > 1
OTOC,(1,0) = { F(t,v) v <|o|<1. (G29)
e A lv] < v*

Here F(z, v) is a function with a non-trivial dependence
on both 7 and v that comes from terms of the form e~/("),
In our calculation below, we will focus on the ¢=/(¥)’ terms,
which corresponds to being in the regime v* < |v| < 1.
Analyzing terms of the form e~ (and in particular, seeing
whether v* > 0, or whether terms of the form e /(¥
dominate for all ») will be beyond the scope of our
calculation. In all cases where we write O(e~27) below, it
is implicit that we mean A is independent of v.

4. Assumptions about the structure
of C(b) for b with domain walls

So far, the full sum in Eq. (G27) is exact, and we have
organized it in a particular way according to the numbers

and types of domain walls in b. In order to go further,
we need to identify the dominant configurations in the bulk

v=v* 1

v =
ad

A

X

FIG. 18. The unshaded, light blue, and dark blue regions
respectively correspond to the first, second, and third lines of
Eq. (G29). We will focus on the leading contributions in the
light blue region, where OTOC,, (¢, v) decreases for fixed 7 as v
decreases.
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0

FIG. 19. We assume that the dominant contribution to C(l; =
(v1,7,v5)) comes from bulk configurations like the one shown
above, where the domain wall is localized in the bulk up to some
O(1) width. On the sites of the lattice lying within the green
regions of O(1) width, we sum over all possible permutations in
S,. Outside these regions of O(1) width, we have uniform
regions with only 7 or only # states.

factors C (l_;) and their total contribution. At this point, we

will assume that the dominant contributions to C(l; =
(v1,7,v,)) in a scaling limit where 7,x > 1 come from
bulk contributions with approximately localized domain
walls, such as the ones shown in Fig. 19.

Moreover, we assume that the sum over the many
microscopic contributions in the O(1) region around the
domain wall leads to a simple net contribution. For
example, the left domain wall in Fig. 19 contributes a
factor of”’

Creqt(v1) = g~ 14D a0 (1), (G30)

Here d(n,7) is the Cayley distance between 7 and 7,
defined in Eq. (G4). In this and all expressions below, we
are ignoring some overall O(1) prefactor. We have
introduced a new ingredient, the membrane tension

E,(v) [78,80], which is a symmetric, positive, convex
O(1) function of the velocity with the general properties:

En(v) 2 |v

, En(vg) =1, E,(vg) = vp, (G31)
where 0 < vy < 1 is an n-independent velocity called the
butterfly velocity. See Fig. 20. Note in particular that £, (v)
is always minimized at v = 0 and grows monotonically as
a function of |v|. The precise functional form for £,(v) is
known for random unitary circuits only for the case n = 2,
where it can be checked to obey Eq. (G31). More
generally, the constraints [Eq. (G31)] are expected to hold
based on expected physical properties for the evolution of
the n-th Rényi entropies for general n in random unitary
circuits, as argued in Ref. [80].

“Note that this expression is not specific to #, and we expect a
similar expression to apply for a domain wall between any
o,7€S,.

En (V)

FIG. 20. Example of the functional form of &,(v).

While we are not using the large ¢ limit in our
calculation, the factor of d(, 7) appearing in the exponent
in Eq. (G30) is easiest to understand in this limit. In this
case, the dominant contribution comes from the #—z
domain wall of minimal length from x to x 4 v,¢, which
passes through ¢ triangles. Each triangle with a domain
wall contributes a simple weight in this limit:

1
Jon)=Jn, 7)) = T g>1, (G32)
so that we simply get
Cienl(v1) = q~4091, g> 1. (G33)

These expressions suggest that a domain wall between
n and 7 can be seen as a product of d(1, 7) “elementary”
domain walls associated with transpositions. Away from
the large ¢ limit, we get a non-trivial combinatorial factor
from counting the number of paths through the lattice that
can start at x and end at x — v¢, which leads to a non-
trivial function (v, ) appearing next to the factor d(n, 7).
The dependence of the function £(v) itself on d(o, 7) can
be seen as a result of certain “interactions” among the
elementary domain walls (see Ref. [78] for more
details).”!

Combining the factors from the left and right domain
walls, it is natural to assume that the dominant contribution

to C(I; = (v, 7,1,)) is given by:

**Here we have made the simplifying assumption that the the
membrane tension £ for a domain wall between ¢ and 7 depends
on 67! only through d(s, 7). It is expected that the function can
depend on the more detailed information about cz~', such
whether the different transpositions appearing in its decompo-
sition are commuting or non-commuting [78]. Such details will
not significantly affect the final form of the answer that we want
to emphasize, so we will ignore them to simplify the presenta-
tion.
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FIG. 21. A series of additional contributions to C(l; = (v,,7,v,)) which are not accounted for in the formula (G34).

C([; — ('Ul . T, 1)2)) — q*’d(ﬂv‘f)gd(w)ﬂ(”l) q*’d('l»‘f)g(l(w)ﬂ(vz)'
(G34)

One subtlety is that this approximation does not take
into account a variety of additional contributions with
more domain walls in the bulk, such as the ones shown in
Fig. 21. Intuitively, these contributions can be absorbed
into some O(1) factor in Eq. (G34). However, because
these configurations can come with both positive and
negative signs, there is a possibility that one can have a
subtle cancellation, such that the leading contribution ends
up being further exponentially suppressed in t compared to
Eq. (G34). We will argue below that this subtle cancella-
tion must take place for certain choices of 7. Hence, more
generally, we expect to have an inequality
|

|C(b — (1}1771’ Vs, 7o, 1)3))‘ < q_td(ﬂs71>£d(n.r])+l(vl) q_td(flvfz)gd(r].rz)Jr](1)2> q—fd(fz,fl)gd(rz,wl(173)_

5. Analysis of the no domain wall term in OTOC,,

Let us now turn to the first term in Eq. (G27), which has
no domain walls on the lower boundary. Some of the
contributions to this term are shown in Fig. 22. Note
that each such configuration can potentially come with
either sign depending on the specific permutations that
appear, and the lengths of various domain walls. Since
this term includes configurations with O(1) domain wall

|C(l; — (1}1 T, 1)2))| S qild(’]'f)gd(rl.r)ﬂ (1/‘1) qifd('%f)gd(n.r)ﬂ (1)2) .
(G35)

We are assuming that the dominant contribution to

C(b = (v;.7.v,)) can never become larger than
Eq. (G34) due to these additional configurations (apart
from possibly being enhanced by some O(1) prefactor).
This assumption is intuitive based on the additional
cost associated with each domain wall from Eq. (G21),
but we will not attempt the analysis of the addi-
tional combinatorial factors that is needed to rigorously
show it.

With additional domain walls, we have suppression by
additional factors similar to Eq. (G30). For example, we
will assume that

(G36)

length in the bulk (and even no domain walls anywhere
in the case where we set sy, = #), it appears that it can
be O(1). However, we will show below that on summing
over all contributions, this term is of the form O(e~4") for
A > 0 independent of ». By the general discussion of
Appendix G3, this term can therefore be ignored for the
range of v we are interested in.

[ ’7@7 1] [ nl|3.xn)lfl 7]
+ Q + .
n n
e .. elae)e e ] [e . elae)e e |
0 0

FIG. 22. Contributions to the first term of Eq. (G27), with no domain walls on the lower boundary.
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We will show this by first considering a different
quantity instead of OTOC,,:

(...l (U @U()")®" [n)|m)....|m)
(G37)

M, = n|(nl...(n|{B.n

M, can be expressed as a partition function similar to the
one in Fig. 16 for OTOC,,, with the same top boundary
conditions and bulk interactions. The boundary conditions
on the lower boundary are different from OTOC,,, with |7)
at every site instead of |e) or |A, e), and Eq. (G37) has no
overall factor of g"~DL.

Using the definitions of the permutation states, we can
also see that:

M, = Tr[U(t)BU(1)"]" = (Tr B)" = 0.

(G38)

Now, using the same interaction rules as in Fig. 16
with altered lower boundary conditions, and considering
contributions with various numbers of domain walls

in b to Eq. (G37), we find that we can expand M, as
follows:

R 1
+ > Cb=(v.1, vz))m

V1,T,0,>0)

>

V1,7, U0p> 01,72, 03>y

I I
X QT gl (639

C(b = (v1,71, 02,72, 13))

In particular, note from the first line that configurations
with no domain walls in & give the same contribution in the
new quantity M, as they do in OTOC,,: this comes from a
combination of the fact that M, has n at all sites in the
lower boundary conditions, and the fact that it does not
have the overall factor of ¢~ in OTOC,. Now using
Egs. (G35) and (G36) (and the analog of Eq. (G36) for
more domain walls), we see that each line of Eq. (G39)
starting from the second line is O(e™*7). Let us upper-
bound the terms appearing in the second line more
explicitly: since v, — v, > 0,

1

gt < 160 = (1.7.02))]

C(b = (v1,7,1,))

< q*’d(ﬂ,f)f;d(q.z)ﬂ (v1) q*f d(n,7)E4y.2)41(v2)

< q*QId(fl»T)gd(w)ﬂ(O) — O(e’A’). (G40)

where we have used the fact that £,(v) has a non-zero
minimum value at » = 0. The third line onwards of
Eq. (G39) are further suppressed.
Since the LHS of Eq. (G39) is zero, this implies that
C(b; =n) = 0(e ™), (G41)
for A > 0 independent of ». We note again that this
O(e") scaling of C(b; =#) is counterintuitive from
the diagrams in Fig. 22, which have domain walls of
O(1) length. The exponentially small value in Eq. (G41) is

a consequence of subtle cancellations among configura-
tions with different signs.

6. Terms with two domain walls in OTOC,,

Next, let us understand the second line of Eq. (G27),
which can be separated into a v-independent term and a
v-dependent term as follows:

OTOC, pw= Y C(b

V1,T,0;
= (01.7.0,))g* 1m0 (b, [ALe)?

:Zeven<t)+zodd<t7v) (G42)

where

Zeven([) = Z

TE Peyen,V1,02>0

C(b = (v1,7.v5))q K= m),

(G43)

Zodd(t7v)
= Y b= (nm ).

TE Poyen V1 >—0,02>0)

(G44)

In the above expressions, P, is the subset of S,
defined in Eq. (G8), Peye, is its complement in S,, and
we have used Egs. (G3) and (G7). In particular, the
condition v; > —v in Eq. (G44) comes from the fact that
(b |A,e) = 0if b; € Peyep.

7. Restriction to non-crossing permutations

For the dominant contributions to Z.,., and Z,4, we
can restrict to 7 that lie respectively in the intersection of
Peyen N Pxe, and the intersection of Py, N Pnc, Where
Pyc is the set of non-crossing permutations defined
in Eq. (G9).

To see this, note that from Eq. (G35),

C(b = (w17 02)|q* V=) < fy £y (G45)
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where
f1 = g (=km)Eu () + (k@) =1)v1) (G46)
£, = g 1=k )Euy0 (2)=(k(m)=1)2) (G47)

Now the first inequality of Eq. (G31), together with the
inequality [Eq. (G10)], implies that

f1 < g KO- Eo () =lnl)

£y < g kD-D(E(v2)-In2]) (G49)

The inequalities are saturated in the case where v; < 0,
vy >0, and 7€ Pyc. We can therefore approximate
Egs. (G43) and (G44) as follows:

Zyenll) = C(b = (v) > 0,7, vy))glk@=Dilrztr)

7€ PevenNPNC
v1,09>0

(G49)

Zoaa(t.v) = D Clb = (v1.7,v,))q*D Vil

7€ PeyenNPNC-
0<v) <v,09>0

(G50)

Here we have made a convenient change of variables
v1 — —wv; so that the values of both v; and v, appearing in
the final expression are positive.

Note that if the inequality in Eq. (G35) is saturated, then
for 7 € Pyc,

M.y, 0, = (nlnl...(n[(B.nl{n|...(n|(U() @ U(2)*)®"|n).

Again, the top boundary conditions and bulk rules for this
quantity are the same as those for OTOC,, but its lower
boundary conditions are different. See Fig. 23. Now let us
refer to the region from y — v,f to y 4+ v,t as R and its
complement as R. By an abuse of notation, let us define
states |O, 6) on 2n copies of the full system (as opposed
to a single site) for some operator O acting on the full
system, as:

(iri} .11y 0,0) = 05y .0

.,
0 Ulo(r)

(G55)

where each |i) labels a basis for the full system, and
similarly for subsystem R, define

C(b = (v), 7. v4)) gk Dilw2t0r)

— qf(k(r)fl)t(é'(v])71i]+5(v2)7v2), (G51)
If the above equality holds, then the exponent is O for the
case v; = v, = vg. However, we will show in the next
section that for certain 7, we always have
C(b = (v, 7, v,))gkE-Dim2+v) = Q=21 (G52)
for A > 0 independent of v, v,, so that Eq. (G35) cannot
be saturated for such permutations. Like in the earlier
discussion of C(b; = n), this is a consequence of cancel-
lations among contributions with different signs.

8. Sub-dominance of contributions
from 7€ Qsingleton N PNC

In this section, we will argue that for any

TE Qsingleton N PNC9 for Qsingleton defined in ECI- (GIZ),
C(b = (01,7, v,))gkD=Diletn) — O(e=81). (G53)

This argument can be seen as a more complicated
version of the argument for C(b; = 5) in Appendix G 5.
This statement will allow us to further restrict the permu-
tations that contribute to the leading part of OTOC,, and
we will discuss its consequences in the next section.

For some given v, v, (recall that we have redefined v,
so that it is positive for left-moving domain walls), let us
define the quantity:

1)t(v+v;)

o |’7>y—vlt—1 |T>y—vlt‘ . |T>y+v2t|’7>y+vzt+l tee |71> X q(k(‘[)_ .

(G54)

<l11/l .. lnl:1|6>R = 6[11';“) . ”5ini:,(n)’ (G56)

where each |i) labels a basis for subsystem R. Then we can
write

M., < (B|(U() @ U(1))®"[)r @ Im)

= (U0)BU(1)".nll7)g ® In)r

= (U®BU(1)".el|(zn™"))rle)r (G57)
Now note that for any operator O and any

permutation o,
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FIG. 23. Domain wall configurations for various terms in Eq. (G60).
dg dp
<0’ e||G>R|e>R = Z Z 0i1jl~i6(l)jl 0i2j2virr(2)j2“'Oinjnjzr(n)jn (G58)
ifoees =1 j1ees Jn=1

where each i labels a basis for R and each j labels a basis for R. Hence, if ¢ has any cycle of length 1, i.e. (i) = i for any i,

then the above expression is proportional to Tr[O]. Returning to Eq. (G57), where 6 = 777! and O = U(t)BU(t)" which
has trace zero, we find that

Mr,vl,vz =0, TE Qsingleton N Py (G59)
On the other hand, from the partition function interpretation of M, ,,, we have

1

v} —vi|+[vy—v2])

M‘r,vl,vz = q(k('f)*l)t(”fr”l)C(b — (Ul”z', U2)) + Z q(k(f)*l)t(W*”l)C(b — (1/1, T, ’[/2)) qd(n,r)t(

V#0105,

2TV E— ! 7)—1)t(va+v 7
+ g WD nIC(by = ) — s+ > g @ 1rnIC(b = (). 0, 04))
q 0 € S,,0£T, ;0| <v,0y<0y

1 1

x d(o.7)t(v)+v}) d(fr,n)t(vlfv’l+1zzfv’2)+ q
q q 6 ES, 0TV >,0,> 0,

1 1
qd((r,r)t(v] +u,) qd(ﬁ.ﬂ)l( v =+ —0,) (G6O)

(k(@)=1)1(va+v1)

x C(b = (v}, 0, v}))

This expression accounts for contributions with up to two domain walls in b. The corresponding domain wall
configurations are shown in Fig. 23. In the first line, the domain walls in b are aligned with those in the bottom boundary

condition, so that we get 1 from their overlaps. In the second line, the last factor comes from non-trivial overlaps between b
and the lower boundary conditions. Using the the fact that 7 € Pyc, the second line can be rewritten as:
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Line 2 — Z q(k(‘r)fl)1(1)27\1/27112|+11|7|1/]7L‘]\)C(E _ (Ull T UIZ)) (G61)

1:’1q’:vl~v’2;év2

and the third line, which comes from cases where there are no domain walls in b (not explicitly shown in the figure), can be
written as C(b; = ), so that from the discussion of Appendix G35,

Line 3 = O(e™2). (G62)

The fourth and fifth lines, where the domain wall in b involves a different permutation ¢ # 7, require some more work.
First, using the fact that d(z,n) = k(7) — 1,

Line 4 = > gl A=At )e(p = (v, 6, 1)) (G63)

6 E S, ,0£T V) <V ,0y<0y

Now using Eq. (G35), we have

|Line 4| < Z qt((d(f”l)*d("-’f))”/l *d(5~'7)5d(n.q)+l(17/1))qt((d(r.r/)fd(a.f))1/27d(6,n)5,i(n.q)+1(1/2))
0 E S, ,0£T, V] <v,Vy <0y
< Z qf((d(f-,'?)—d(lf-,f)—d(ﬂqﬂ))fd(a.nm (v} ))qf((d(fafl)—d(ﬁsf)—d(ﬁﬂ))fd(m,H1 (13)) (G64)

0 € S,,6£T1,V| <v),0, <1,

where in the second step, we have used the first inequality of Eq. (G31) and assumed that d(n,7) > d(o,7) (as the
alternative gives an exponentially suppressed contribution). Both factors are the same up to the replacement v <> v}, so
we can focus on either of them. Now by the triangle inequality, for any 6 €S,

d(z,n) —d(o,7) —d(o,n) <0 (G65)

with equality only in the case where o lies on the geodesic between 7 and 7. Hence, for any v, v/, Line 4 is upper-bounded
by the case with the smallest value of &, (), which is always at v} = v5, = 0. So up to an O(1) prefactor,

Line 4 < Z q_zgd(a.n)ﬂ(0)(d(‘777)+d(‘7f’7>_d(7~'7))" (G66)
oFT.N
Now for the fifth line,
Line 5 = Z C(b = (v, 0. V) g4l +25) gviea)i(dons)+d.0)=d(o.) (G67)

0 € S,,0£T, 130> ,0,> 0y

< Z e~ A0.0)1 (v} +05+E o)1 (7/1)+5d(m)—1(”;))q(“l+1/2)’(d(’IsTHd(’?-”)*d(”’T))
cE S,,,a;éf,n;v’l >0y .1/’2>Uz

< Z e—d(ﬂﬁ)t(vl 03+ E (o1 (V1) FEa(gny+1(v2)) q(”l +v,)t(d(n,7)+d(n,6)—d(0,7))

CET N
< ;e_d(’%”)t(gd(c.w)Jrl(1’1>+€d(5.v1)+1(”2))q("1+”2)f(d('7~7)_d(5s7)) < ;q_zgd(a,r/)ﬂ(O)(d<5~7)+d<5~'7)_d(7”7))t_ (G68)
OFT.N OFN,T

In going from the second to the third line, we have used ~ written two additional cases v} > vy, v5 < v, and v} <
the fact that for the range of v}, v, allowed in the sum, the vy, v > vy in Eq. (G60), but it should now be clear that
maximum value of the first factor is at v} = v,v, = v,  these cases obey the same upper bound as Lines 4 and 5.
(and there is an implicit O(1) factor in the third line from Now, suppose we take 7., to be the permutation in
summing over velocities). In principle, we should have Ogingleton N Pnc that lies closest to 77 in Cayley distance,
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so that there are no other 6 € Qgjngieion N Pnc that can lie on
the geodesic between 7 and 7. In fact, Lemma G.2 from
Appendix G1 implies that this case, there exists no 6 € S,
that lies on the geodesic between n and 7. Hence,
Egs. (G66) and (G68) are of the form e 2’ for A > 0
independent of w». Putting together our conclusions
about the different lines (and assuming as before that
contributions with more domain walls in b are further
suppressed), we find that for 7 = 7, € Qgingleton N Pnes
for any vy, v,,

g+ @it e(f = (yl,r v3))

+Zq

V#0105 # 0,

(2= vy —va|+v1 =V} =0y [) C(b

= (v}.7,75)) = O(e A1) (G69)

This can also be written as:

Z C] (vh 4] )C(E:

v <1| ) <1/2

= 0(e™™)

(). 7.9)) + O(e™*1)

(G70)

On the LHS, we have used the fact that for v} > v,
(similarly for v, > v,),

-

q(k(r)fl)t(vzf\v’zfvszl7\1/171/]\)C(b _ (1}/1 .7, 1}/2)) < e~ lvi—uilt

(G71)

and we have taken A’ to be some “UV cutoff” in a
discretization of the sum over v, v,. Now using Eq. (G70)
and iteratively considering increasing values of v, v,, we
can see that for each vy, v,,
q(k(T> Diertor) C(b = (vlv T, 1)2)) = O(e_At)’ T = Tmin-
(G72)

OTOC,opw = Y ( > e

7 € Ogingleton NPNC 0<v, <

Then consider the next 7,ex € Osingleton N Pnc such that
the only permutation lying on the geodesic between 7,
and 7 is 7p,;,. For all ¢ # 7, 7,;, in Line 4 or Line 5, the
same analysis leading to Eqgs. (G66) and (G68) applies and
leads to an O(e~*") contribution. Eq. (G72) implies that
the contribution of ¢ = 7,,;;, to Line 4 and Line 5 is also
O(e™"). For example, using the expression for Line 4 in
Eq. (G63), the contribution of ¢ = 7, is

Line 4 D g' 40 ) C(b = (0, tyin. 1)) (GT3)
which is O(e~2") from Eq. (G72).

We can then iteratively apply this analysis to other
7 € Ogingleton N Pnc at increasing Cayley distance from 7,
to find that

q(k(‘r)fl)l(szrU])C(B = (v] , T, Uz))

= O(e ) for all 7€ Qgpgleton N Prc- (G74)

think of this value of

q("(’>_1)’(”2+”')C(I; = (v,7,v,)) as coming from certain
subtle cancellations among the kinds of configurations

shown in Fig. 21, similar to the discussion in
Appendix GS5.

We can suppressed

9. Final result

Let us now return to the full sum over two-domain wall
contributions OTOC,,, Eq. (G42). First, we note that all
TE Peyen N Pxc also lie in Qgpoieron N Pne- Hence, the
v-independent contribution coming from Z,., in OTOC,,
is O(e™') and can be ignored. Certain permutations in
P.yen N NC also lie in Osingleton N Pnc, and these contri-
butions can also be ignored. If we assume that the
membrane formula (G34) can be applied to other permu-
tations (i.e., there are no subtle cancellations in these
cases), we end up with:

o (v2)—va)t >

et ) (e

(G75)

Here we have restored the O(1) factors f,, which may be positive or negative. Now consider the sums over v, v, for

each 7. Recall from Eq. (G31) that £, (v)

— v for any v is minimized at v = vy, where its value is zero. Since the sum over

v, always includes vg, we can set the factor in the second parenthesis in Eq. (G75) to 1. The sum over v, can be set equal to
vp if v > vp. Otherwise, it £(v;) — v; is minimized at the endpoint value v; = v.
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Now recall from Lemma G.1 that for 7€ Qsingleton N
Pycs, k(7) > n/2 + 1. Collecting contributions from differ-
ent 7 with the same values of k(7), we get

ZZ;,]Z 2 Ck v > vp
OTOCn(ta U) = nfl/ —k(Epii (v)—v)1
Zk:n/z Crq - v < Up
(G76)

From the first line, we see that the coefficients ¢, must
add up to 1 for continuity at » = 1. Since we get this non-
trivial result from the two-domain wall contributions, and
cases with additional domain walls are subleading from
Eq. (G36), Eq. (G76) is our prediction for the leading
behavior of OTOC,, in the regime v* < v < 1 defined in
Appendix G 3.

We can further expand the second line close to v = vp.
The second and third equations of Eq. (G31) then imply
that

n—1 &
OTOC,(t.v) = Y cpg "5’ (G77)
k=n/2

It is expected that close to v = vp, interactions among
various domain walls vanish, so that &,(v) becomes
independent of n in this regime. Based on this, setting
E{,1(vp)/logq to be some k-independent constant 1/D,
we get the expression

n—1 g
OTOC,(t.v) = Y cre ¥ (G78)
k=n/2

which is explicit apart from the constants ¢, and D.D can
be viewed as a diffusion constant for the broadening of the
operator front [75,76]. For large enough ¢, this series can
be approximated with its leading k = n/2 term, giving the
n-dependence in Eq. (106).

APPENDIX H: COMBINATORIAL LEMMAS

Lemma G.1. Let 7 be an NC permutation of n ele-
ments where n is even. (a) For any 7 € P, we have
k(nt=') > 4+1, and nz~' has at least one cycle of
length 1. (b) For any 7 € Qgiygleron. We have k(z) > 5+ 1
and 7 & Pyep-

Remark H.1. The same claim holds for any NC partition
7 of n elements where n is even: (a) If 7 has all blocks of
even sizes, and then its Kreweras complement z¢ has more
than n/2 + 1 blocks with at least one singleton block; and
(b) if ¢ has no singletons, then 7 has n/2 + 1 blocks and 7
has at least one odd-size block.

Proof. Since 7€ Py, |c;] =2 for each cycle c; €7.
We have

n= Z|Ci| > 2k(7). (H1)

C,ET
Since we also have 7€ NC,
k(n=" ) =n+1—k(z) >n/2 + 1. (H2)

Now suppose that nz~! has no singleton (cycle of
length 1), then we have

n= > l|d|>2kn") = k(pr') <n/2  (H3)

d;enr!

which is a contradiction with Eq. (H2). Hence, 77~" must
have at least one singleton. This proves claim (a).
From (a), we have that

Peven N PNC c Qsingleton N PNC- (H4)

Hence, for any 7 € Qgpgleton: We have 7 & Peye,.

The proofs of (b) and of the remark is essentially
identical. m

Lemma G.2. For 7 € Qgngleion N Pnes any o that satisfies

d(n,t) = d(n.0) +d(o,7)
(i.e., any o that lies on the geodesic between # and 7) is also
in Qsingleton N PNC‘
Proof. We first prove 6 €NC and then 6 € Qgingleion-
A permutation is NC if and only if it lies on the geodesic

between 7 and e.z € NC implies that 7 is on the geodesic
between 7 and e.

d(n,e) =d(n,7)+d(z,e) (H5)

Eq. (G15) implies that ¢ is on the geodesic between 7
and 7. We substitute d(1, 7) using Eq. (G15),

d(n,e) =d(n,0) +d(o,7) +d(r,e) > d(n,0) + d(oc,e)
(H6)

where we applied the triangle inequality to eliminate 7.
Together with the triangle inequality

d(n.e) <d(n.0) +d(o.e). (H7)
we conclude that
d(n,e) =d(n,0)+d(c,e) = c€NC.  (H8)
We further have

d(n,o) =n—k(ne™') = k(c) — 1,
din,t) =n—k(npr™') = k() — 1, (H9)

which together with Eq. (G15) implies that
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d(c,7) = k(t) — k(o) = k(no™') —k(nz=').  (H10)

As we move o along the geodesic 1 — 7, the Cayley
distance d(n, o) measures the number of transpositions
taken to reach o and d(, 7) is the number of transpositions
it takes to reach 7. Eq. (H10) implies that k(no~') is
monotonically decreasing from k(nn~') = n to k(yr=') =
n+1—k(z), and its value drops by 1 at every trans-
position from ¢ = 7; = ;. |, where 7;,; has one more
transposition than z;.

Note that 7;,| = tx; for some transposition ¢ implies
that n,, = na;'t~!, which is one more transposition than
na;!. Since a transposition can either merge two cycles
into one or split one cycle into two, and k(y6~") decreases
by 1 per transposition step, ;! has two cycles in nz;"
merged into one.

It’s obvious that the number of singletons does not
increase under merging. Since we assume that there is at
least one singleton in m”, we conclude that the number of
singletons in 7o' along the geodesic is no fewer. We
have 6 € Qsingleton' -

Lemma H.2. For J(o,7;v) defined as in Eq. (G19), or
more explicitly,

Zg N (HI1)

GTZ/

for g, = dnkw™)

terms of the Weingarten functions, g,, =

» ¢ defined as the inverse of g, (or in
d"We(u")),
and d = g%, we have

J(o,;v) <1 (H12)

for ¢ =2, and for all n and all ¢,7,v€S,. The above
inequality is saturated only when ¢ =7 =v.
Proof. When ¢ = 7, we have
J(J’ 7 U) - gﬂygtm =6,,<1 (HI13)
and it is saturated when ¢ = 7 = v.

Now we discuss the case of o # 7. We define the
following functions

w(z) = d"Wg(r; d),

- (H14)
S(,Ll) = \/m \/dk ! )=n gk(op=")—n_
We can write
J(o,T;v) Zw(/w Ys(u) (H15)

The Cauchy—Schwarz inequality gives,

T

6 T, l/
HES,
S P> Isw)P. (H16)
HES, HES,

Since the norm is group translation-invariant, we have

\/ S (P S Js(u)P = \/ S @l S s
HES,

HES, nES, HES,
= [[wll2[s]l>- (H17)
Therefore, we obtain
[ (o v)| < [[wlolsl], (H18)

The Weingarten function can be written as an expansion
over the irreps of S, [112]:

We(r;d) = (H19)

P
nl  T<a 5;(1)

where the sum is over partitions A of n that has at most d
parts. A partition A ordered decreasingly can be identified
with a Young diagram with || rows that label the irreps. y*
is the character of the A-irrep of S, and s, is the Schur
polynomial.

Using this formula and the orthogonal relations of the
characters, one can obtain

dn
Iwll5 = = iz, K= —
M—nZMKd [lijeild+ij—i)

(H20)

where d, is the dimension of the A-irrep of S,, and the
product in the denominator of «; is over the box indices
(i, j) in the Young diagram corresponding to A.

We first proceed with the estimate:

1
B3k} < a3
0 dks maxox ( > &

M—n lil<d *Fn:|Al<d

[wll, =

< max K.

Y (H21)
Jn:li|<d

To bound maxy,.|; <4k, we group the Young diagram
column-wise, and denote 4; the height of column j,
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FIG. 24. Values of the bound g(n) on |J| for 2 < n < 100.

hj
1T (d+j—i):HH(d+j—i) ZHjhj (H22)

(i.j)ed

Letn = pd + r,withr = n mod d, Hj j" is minimized
by filling columns greedily up to height d, so we have p
columns of height d and one column of height r. This
gives

[ =+ ] =e0ip 1y, @H23)
J J=1
and hence
max K, < dn d+r. (H24)
X Ky < ———, n= r.
wnti<d © = (p)A(p + 1) P
To bound ||s||,, we first rewrite s as follows,
s(u) = ho(u)h, () = h(op™" Yh(zu™"),
(H25)

h(”) = dk(;z)—n

Using Holder’s inequality and translational invariance
of the norm, we have

Islla < [lhgllallells = [1A]13. (H26)
We have
n—1
il = Y bt = S a2 — a2 [ (@ + )
TeSs, TeSs, i=0
d>—1
= nld~> <” * ) (H27)
n

where in  the  penultimate step, we  used
2 X = TTimg (x + ).
We have
5 I+ dE—1\:
sl < |lall3 = Vnta™" ; (H28)
Altogether, we obtain
J(o,;v)| < < ma :
ow:) < ksl < max -1l
n! n+d*—1 %
G =:g(n) (H29)

()i

This bound ¢(n) is loose for small n, but it gets tighter
for large n.

Let us focus on the case of d = g> = 4. A quick ratio
test on the bound shows that once the bound g(n,) < 1 for
some ny > 26, it remains g(n) < 1 for all n > ny. We can
then evaluate the bound and explicitly verify that the
bound is less than 1 for all n» > 61. This is shown
in Fig. 24.

Hence, for d = 4, what remains is to verify that |J| < 1
for all 2 < n < 60. We can further tighten the gap without
resorting to the looser bound.”

(o, mv) < [[wllals]l (H30)

Direct evaluation of the RHS for all 2 < n < 60 gives a
less-than-one value for 20 < n < 60.

PWe did so because g(n) is elementary enough for the ratio
test.
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It remains to brute-force check |J| <1 for all
2 <n < 19. We verified these cases in Python and this
completes the proof of the Lemma for the case of d = 4. m

APPENDIX I: SINGULAR SPECTRAL DENSITY
OF A(¢)B IN TRANSVERSE FIELD
ISING MODEL

The physics of the TFIM is most transparent in terms of
fermionic variables defined by the Jordan—Wigner trans-
formation of Eq. (115). We define the Majorana fermion
operators as follows:

V2j-1 = (HZ’)X/" V2 = (HZ) Y, JjelL]
i<j 1<J
(I

The Majorana fermion operators are Hermitian involu-
tions yj =y;,7? = I. The Majoranas satisfy the canonical
anticommutation relation (CAR) {y,,y;} = 25;;.

The TFIM Hamiltonian can be written as a free
Majorana fermion Hamiltonian,

. oL
L
H = Zl; YiKijv, 12)

where K is a real antisymmetric matrix. With open
boundary COnditiOn, szflﬂj = 2h, K2j,2j+l =2J.
Heisenberg evolution is represented as a linear trans-
formation,

ri(t) = U(n)y,U(1)" = ZOH(f),-,-J/,-,
04(1) = K € SO(2L) 13)

The evolved Majoranas y,(t) still satisfy the CAR.

The Majoranas {y;}?£,, subject to the CAR, generate the
Clifford algebra Cl,; (C). It is a mathematical fact that
Cly; (C) ~ B((C?)®L), which refers to the algebra of
bounded operators on (C?)®~, the physical Hilbert space
of the spin chain. This is a formal statement of the fact that
two Majorana fermions can be associated with the Hilbert
space of one qubit.

We want to calculate the spectrum of A(7)B to calculate
the FMI and OTOC:s. Let us focus on the case of A and B
being single-site Paulis. Let’s first study the case of A = Z;
and B = Z;. We can write Z in terms of the Majoranas

A=Z; = —iys_172 B=Z;=—irj 11y (14

J

We have

A(t)B = —=U()72i-172:U (1) 72172,
= —U(Z)Vzi—lU(I)TU(I)Yin(t)Thj—l}’zj
= —12i-1()72:(2)72j-172;- I5)

Therefore, A(t)B belongs to the Clifford subalgebra
Cl4(C) generated by four Majoranas {y,,_(7),
72i(t),72j-1.72;}- Then we use the mathematical fact that
Cl4(C) ~ B((C?)®?), and thus A(t)B can be irreducibly
represented as acting on a four-dimensional subspace. We
know that generally the eigenvalues of A(#)B always come
in pairs {e/*%},. It follows that there exist two angles 6,
and 0, and the four eigenvalues are

{ei:tel , ei:ﬁ:é’z}' (16)

Hence, the spectrum of A(¢)B represented on the full
physical Hilbert space is largely degenerate. It follows that
the FMI of Z,(t) and Z; remains divergent throughout the
TFIM evolution.

The same analysis holds for the A =X; and B = X;
case. All we need to do is to use a different convention for
the Jordan—Wigner transformation:

Fajo1 = <Hxi>z_,-, 72j = <Hx> Y, jelL].

i<j i<j

a7

Then X can be written as a product of two Majoranas:
X; = —i¥»j_172j- Hence, X;(¢)X; has at most four distinct
eigenvalues. The same reasoning applies to the A = Y; and
B =Y; case.
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