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We introduce a quantity called the free mutual information (FMI), adapted from concepts in free
probability theory, as a new physical measure of quantum chaos. This quantity captures the spreading of a
time-evolved operator in the space of all possible operators on the Hilbert space, which is doubly
exponential in the number of degrees of freedom. It thus provides a finer notion of operator spreading than
the well-understood phenomenon of operator growth in physical space. We derive two central results
which apply in any physical system: first, an explicit “Coulomb gas” formula for the FMI of two
observables AðtÞ and B in terms of the eigenvalues of the product operator AðtÞB; and second, a general
relation expressing the FMI as a weighted sum of all higher-point out-of-time-ordered correlators
(OTOCs). This second result provides a precise information-theoretic interpretation for the higher-point
OTOCs as collectively quantifying operator ergodicity and the approach to freeness. This physical
interpretation is particularly useful in light of recent progress in experimentally measuring higher-point
OTOCs. We identify universal behaviors of the FMI and higher-point OTOCs across a variety of chaotic
systems, including random unitary circuits and chaotic spin chains, which indicate that spreading in the
doubly exponential operator space is a generic feature of quantum many-body chaos. At the same time, the
non-generic behavior of the FMI in various non-chaotic systems, including certain unitary designs, shows
that there are cases where an operator spreads in physical space but remains localized in operator space.
The FMI is thus a sharper diagnostic of chaos than the standard four-point OTOC.
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I. INTRODUCTION AND SUMMARY OF RESULTS

Ergodicity is a universal feature of classically chaotic
systems. Consider an initially localized distribution in the
classical phase space of a particle. If the particle is
governed by a chaotic evolution, this localized distribution
spreads out over a large portion of the phase space at late
times. More precisely, while the exact phase space volume
of the distribution remains constant, a coarse-grained
version of the volume grows with time. In contrast, in
integrable systems, the coarse-grained distribution con-
tinues to be localized even at late times. As a concrete
example, one could have in mind the standard map [1,2] in
its chaotic and integrable regimes.
The idea of spreading of phase space distributions from

classical chaos does not generalize in a straightforward

way to quantum many-body chaos. In particular, there is
no canonical and universal way to define the analog of
phase space distributions in general quantum many-body
systems. A more useful way of characterizing quantum
many-body chaos, which has developed over the last
decade, is in terms of universal properties of the
Heisenberg evolution of operators. One important univer-
sal property is the growth of operator size in chaotic
systems with local and k-local interactions: an initial
operator supported on a small number of degrees of
freedom generically gains support on a large number of
degrees of freedom at late times. The decay of the four-
point out-of-time-ordered correlator (OTOC) [3] in quan-
tummany-body systems is equivalent to a precise notion of
growth of operator size (see for instance Refs. [4–6]).
OTOCs have been widely studied in a variety of chaotic
quantum many-body systems, starting with initial studies in
holographic conformal field theories and fermionic models
in Refs. [7–13]. They show simple behaviors that fall into a
small number of universality classes across different chaotic
systems [14] (also see Ref. [6] for a review).
Our goal in this paper is to introduce a distinct notion of

operator spreading in quantum many-body systems, which
can be seen as a new quantum many-body analog of
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ergodicity in classical chaos. Instead of considering the
volume occupied by the time-evolved operator AðtÞ ¼
e−iHtAeiHt in the physical space of degrees of freedom, we
will quantify the volume occupied by it in operator space
or the abstract space of all possible time-evolved operators
UAU† for any unitary U that can act on the Hilbert space.
Suppose we have a system with n local degrees of

freedom. While the volume of physical space is OðnÞ, the
volume of the operator space parameterized by all possible
U acting on these n degrees of freedom is doubly
exponential in n. This distinction helps emphasize the
fact that spreading in operator space is a different, and
more fine-grained, notion than spreading in physical space
(see Fig. 1). In particular, we will discuss examples below
of certain systems where an operator is fully delocalized in
physical space while remaining confined to a small, highly
structured corner of operator space. Nevertheless, we will
show that spreading in operator space, i.e., the growth of
the volume fraction:

fAðtÞ ¼
Volðe−iHtAeiHtÞ

VolðUAU† for all possible UÞ ; (1)

is a universal property of generic chaotic quantum many-
body systems.
We have not yet defined precisely what we mean by

the volumes in Eq. (1). One ingredient needed in order to
do so is a formal definition of volumes on the manifold
of d-dimensional unitaries, which we will introduce in
Sec. II. In addition to this, a further conceptual ingredient
is needed in order to associate a non-trivial volume with
the fixed operator AðtÞ ¼ e−iHtAee

iHt
. Since AðtÞ is a single

operator, it can clearly occupy only a measure-zero volume
within the set of all possibleUAU†, unless we coarse-grain
it to allow for a larger set of operators.
We use a coarse-graining prescription inspired by a

quantity called the “free entropy” in the mathematical
literature on non-commutative probability theory [15–24].
This coarse-graining procedure requires a choice of some

simple reference operator B at t ¼ 0. We define the coarse-
grained set of operators associated with AðtÞ as the set
of operators Ã which approximately match all “joint
moments” between AðtÞ and B, i.e.

Tr½ρÃm1Bn1 Ãm2Bn2…ÃmrBnr �
≈ Tr½ρAðtÞm1Bn1AðtÞm2Bn2…AðtÞmrBnr �; (2)

for all mi, ni, and some reference state ρ. We will typically
take ρ to be the maximally mixed state. B can be seen as a
reference point in the past to keep track of the spreading of
AðtÞ. While specifying such joint moments with a com-
plete basis of operators at t ¼ 0 would restrict Ã to be
precisely AðtÞ, the condition (12) with a single operator B
generically allows for many choices of Ã. The volume in
the numerator of Eq. (1) should be seen as the volume of
this coarse-grained set of Ã. We should therefore introduce
a B label in the volume fraction [Eq. (1)], denoting it as
fAðtÞjB. We will study the behavior of a quantity called the
free mutual information (FMI), defined as:

IfreeðAðtÞ∶BÞ≡− log fAðtÞjB: (3)

We will provide a more formal version of the definition
of Ifree, including more details on the approximation used
in Eq. (12) in Sec. II. We will also discuss a few different
ways of viewing the physical interpretation of this quantity
in more detail at the end of Sec. II.
The quantity Ifree defined above is similar to (and

motivated by) the free mutual information in the math-
ematical literature on free probability [20–24].1 The
mathematical quantity is defined in terms of abstract

FIG. 1. We contrast spreading of the time-evolved operator AðtÞ ¼ e−iHtA0eiHt in a chaotic quantum many-body system in the
physical space of n degrees of freedom, shown on the left, with spreading in the much larger space of all possible time-evolved
operatorsUA0U†, shown on the right. The sphere in the right figure should be seen as living inOðenÞ dimensions, corresponding to the
number of parameters in a general unitary acting on the Hilbert space, and a discretization of this sphere consists of OðeenÞ operators.

1In fact, there are two definitions of free mutual information in
the math literature: one based on matricial microstates known as
the orbital free entropy [23] and the other based on the free Fisher
information of a free liberation process [20]. They are expected
but have not yet been shown to coincide [21]. Here, we are
referring to the microstate definition.
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non-commuting variables instead of fixed operators AðtÞ
and B living in some Hilbert space, and its definition
involves certain asymptotic limits which are not appro-
priate in a physical setting with a fixed Hilbert space
dimension. Since our physical quantity in Eq. (3) has a
similar form to the mathematical FMI apart from these
subtleties about asymptotic limits, we will also refer to
it as the FMI (see Sec. VII for more discussion on the
comparison with the mathematical quantity).
If the coarse-graining procedure defined in Eq. (2) is

relevant for characterizing quantum many-body chaos,
then we should find that in physical systems that we
ordinarily consider highly chaotic, the volume fraction
fAðtÞ;B grows with time (or equivalently, that IfreeðAðtÞ∶BÞ
decays with time). If the initial operator A commutes with
B, then it is intuitive that the initial value of IfreeðAðtÞ∶BÞ is
infinite. This can be understood from the fact Ã is forced to
be block-diagonal in the eigenbasis of B, which makes Ã a
measure-zero set within the full set of all possible UAU†.
On the other hand, if we take the time-evolution operator to
be a Haar-random unitary UH, then in the limit of large
Hilbert space dimension AðtÞ ¼ UHAU

†
H and B approach

“freely independent” or “free” non-commuting variables.
For freely independent variables, the asymptotic FMI is
zero. This is well known to be true for the standard
definition of the FMI from Refs. [20–24]. The basic reason
is that when AðtÞ and B are free, the joint moments in
Eq. (2) are fully determined by the “marginal moments”
Tr½An� and Tr½Bn� [25]. Thus, in the asymptotic free limit,
Eq. (2) does not impose any non-trivial constraints, and the
volume fraction approaches 1.
Hence, when two operators are freely independent, they

can be viewed as maximally scrambled relative to each
other. Based on this observation, the relevance of freeness
to quantum chaos and scrambling has been emphasized in
a number of recent works [26–36]. So far, a useful figure of
merit to quantify the approach to freeness under quantum
dynamics has been lacking. The free mutual information
provides precisely such a tool.
Haar-random unitaries lead to instantaneous scrambling

and thus lack the physical constraints of continuous time-
evolution and locality or k-locality of interactions. To
confirm that IfreeðAðtÞ∶BÞ decays with time in more
realistic chaotic systems from its initial infinite value to
a small late-time value,2 we need an explicit formula for
this quantity which can be computed in various physical
systems. We derive such an explicit formula for a Hilbert
space with some large finite dimension d in the case where
A and B both have the spectrum of Pauli matrices (d=2
eigenvalues equal to −1 and d=2 eigenvalues equal to 1):

IfreeðAðtÞ∶BÞ ¼ − 1

d2
X
1≤i;j≤d

ReðziÞ≠ReðzjÞ

log jReðziÞ−ReðzjÞj− log2;

(4)

where fzigdi¼1 are the eigenvalues of AðtÞB. We will
sometimes refer to the RHS as the “Coulomb gas formula.”
See Theorem III.1 for a more formal version of this
statement, which clarifies its regime of validity.
The formula (4) allows us not only to compute the time-

evolution of IfreeðAðtÞ∶BÞ in a variety of physical examples
but also to derive a fully general relation between the free
mutual information and higher-point out-of-time-ordered
correlators, defined as:

OTOCnðAðtÞ∶BÞ≡ Tr½ρðAðtÞBÞn�; n ¼ 1; 2;…;

(5)

in some state ρ, which we will again take to be the
maximally mixed state in the rest of the paper. OTOC1 is
the two-point function rather than an out-of-time-ordered
correlator, but we denote it as above to use a common
notation for all n. OTOC2 is the standard four-point OTOC
discussed at the beginning of the introduction, which can
be related to growth of operator size in the physical space
of degrees of freedom.
OTOCn for n > 2 have previously been discussed in the

literature as natural generalizations of OTOC2 and have
intuitively been understood to capture more fine-grained
aspects of chaos and scrambling [26,27,29,34,35,37–44].
In particular, some of these references have noted that
there is a natural relation between OTOCn and ideas from
free probability, as in the limit where AðtÞ and B are freely
independent, all OTOCnðAðtÞ∶BÞ are precisely zero for
traceless A and B. Based on this observation, the decay of
OTOCn was previously proposed as a measure of approach
to freeness in chaotic systems and studied in a few
different models in the above references.
Even with the existing studies of OTOCn in various

models, a few important questions have not been con-
clusively addressed:

(i) What is the precise physical interpretation of
OTOCn for n > 2?

(ii) How should the data from the different OTOCn be
combined to understand the approach to freeness?
For example, are smaller n more relevant than
higher n in defining an approximate notion of
freeness?

(iii) Are there universal patterns in the n-dependence of
OTOCnðAðtÞ∶BÞ in generic chaotic quantum many-
body systems?

One main result of this paper is that for A and B which
have the spectrum of Pauli matrices, in any system, we
have the following general relation:

2Note that at large but finite Hilbert space dimension, the
equilibrium value of our physical FMI will not be exactly zero: as
discussed in Sec. III C, it is suppressed by an inverse power of d
and vanishes only in the large-d limit.
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IfreeðAðtÞ∶BÞ ¼
X∞
n¼1

2

n
OTOCnðAðtÞ∶BÞ2: (6)

See Theorems IV.1 and IV.2 for more precise versions of
this statement in cases with and without ensemble averag-
ing. This general relation has a number of conceptual as
well as practical uses, which we summarize below:

1. Since the quantity Ifree has a clear physical inter-
pretation in terms of ergodicity in operator space,
the relation in Eq. (6) also gives a physical inter-
pretation to higher OTOCn in the cumulative form
on the RHS of Eq. (6). This helps address questions
(i) and (ii) above.3

2. If an operator in a chaotic system spreads not only in
physical space but also in the abstract operator
space, then we expect that IfreeðAðtÞ∶BÞ should
become finite and small for late enough times. This
in turn leads to the expectation that at late enough
times in chaotic systems, the magnitude of OTOCn
must be upper-bounded by a decreasing function of
n, at least for large enough n, so that the sum in
Eq. (6) converges. This suggests a potential univer-
sal pattern of n-dependence that addresses question
(iii) above.

3. In practice, OTOCn are often easier to compute than
the spectrum of AðtÞB with existing techniques in
various physical models and are likely to also be
easier to measure in experiments. Indeed, these
OTOCn up to n ¼ 4 have already been measured in
a recent experiment in random unitary circuits [45].
See also Refs. [46–49] for earlier experimental
progress in measuring OTOC2. Further experimental
developments include Refs. [50,51]. In the regime
where Eq. (6) applies, every term on its right-hand
side is non-negative, so the finite partial sums:

IfreeðAðtÞ∶BÞ≳
Xnmax

n¼1

2

n
OTOCnðAðtÞ∶BÞ2;

form an increasing sequence of lower approxima-
tions to the FMI. Thus one can estimate the FMI
from below by accumulating experimentally mea-
sured higher-point OTOCs, with the approximation
improving as nmax is increased.

To understand the typical time-scales associated with
convergence and decay of IfreeðAðtÞ∶BÞ, and the manner in
which the sum in Eq. (6) converges, we then turn to the

task of evaluating Ifree and OTOCn in a number of
examples of quantum many-body systems. We consider
three examples of chaotic systems: (a) random Gaussian
unitary ensemble (GUE) Hamiltonians, which have no
local structure; (b) random unitary circuits, which have
locality but no energy conservation; and (c) chaotic spin
chain systems with both locality and energy conservation.
In each of these examples, we find that the initial decay of
OTOCn is increasingly fast for higher n, so that the OTOC
sum formula for the FMI in Eq. (6) starts to converge and
decay at some characteristic time t�. In the non-local GUE
model, t� ¼ 0, and in the local cases, t� is proportional to
the initial distance between A and B. t� is close to, but
somewhat earlier than, the time scale associated with
decay of the standard four-point OTOC2. IfreeðtÞ decays
monotonically with time for t > t� and reaches a vanishing
saturation value in the thermodynamic limit in each of
these models. This confirms our expectation that in general
chaotic quantum many-body systems, any operator
increasingly spreads out to fill the operator space volume.
We further observe in each of these models that while

the initial decay of OTOCn is always faster for higher n,
OTOCnðtÞ show oscillations as a function of both t and n
at intermediate times. For larger n, the magnitude of the
oscillations with t becomes larger and the time of their
onset becomes earlier. Such oscillations might naively
suggest a departure from freeness at intermediate times in
chaotic systems. However, we find that these oscillations
do not lead to a lack of convergence of Ifree or to
oscillations in its value. This is a consequence of the
way in which the OTOCn are organized in the sum in
Eq. (6). Hence, by using Ifree as a figure of merit, we obtain
the physically reasonable conclusion that generic chaotic
systems monotonically approach freeness as a function of
time. The partial sums of Eq. (6), cut off at some finite
nmax, also show monotonic decay with time.
It is natural to ask whether there are systems where an

initial operator spreads in physical space, but not in
operator space, in line with the intuition that spreading
in operator space is a more fine-grained notion of chaos.
We identify three examples of systems where OTOC2

decays, indicating delocalization in physical space, but
Ifree remains infinite for all times: Clifford unitaries,
permutation–phase–Clifford (PFC) unitaries [52], and
the transverse field Ising model (TFIM), which is a free
fermion integrable system. The mechanism underlying the
lack of decay of Ifree is somewhat different in each of these
models and can be understood from various atypical
features of the spectrum of AðtÞBwhich are not discernible
from the value of OTOC2 alone.
In the free fermion integrable TFIM, we find that not

only do the individual OTOCnðtÞ show oscillations as a
function of time but also the partial sums of Eq. (6) show
non-monotonic behavior with time. This is in contrast to
the monotonic decay with time of the OTOC partial sums

3Cumulative partial sums of OTOCs such as the RHS of
Eq. (63), with various choices of n-dependent weights, were
recently introduced in Ref. [34] as prescriptions to combine the
higher-point OTOCs into a single quantity. Our result shows that
the cumulative OTOC with the harmonic weight has a clear
physical interpretation as the FMI.
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in the chaotic spin chain. This observation suggests a
practical way of using the data of the higher OTOCnðtÞ in
some physical system, obtained either from calculation or
from measurements in the lab, to decide whether or not the
system is chaotic. Instead of looking for monotonic decay
with time in the individual OTOCn, one should check
whether the partial sums of Eq. (6) decay monotonically
with time. Unlike the free fermion integrable case, the case
of the interacting integrable Heisenberg XXZ model
appears to resemble that of chaotic spin chains.
It is worth noting that based on proposed relations

between OTOCn and the formation of approximate unitary
n-designs [53], it appears natural that OTOCn for larger n
may start to decay at later times when the chaotic time-
evolution is closer to forming an n-design. However, this
turns out not to be the case for the generic chaotic models
which we study in this paper, where OTOCn for higher n
decay faster. In fact, the formation of approximate
n-designs has more recently been understood not to be
related to the decay of OTOCn [28,54]. In Sec. VI A, we
discuss an explicit example of an approximate n-design
(the recently introduced PFC ensemble [52]) where for
certain operators, many of the OTOCn do not decay at all.
The plan of the paper is as follows. In Sec. II, we present

a formal version of the definition of IfreeðAðtÞ∶BÞ for the
setting of physical time-evolution. In Sec. III, we derive
the Coulomb gas formula (4). In Sec. IV, we derive the
OTOC sum formula (6). Section II–IV should be seen as
building the mathematical framework needed to study the
free mutual information in any physical system. In Sec. V,
we study the behavior of Ifree and OTOCn in a variety of
concrete examples of chaotic systems: the random GUE
model, random unitary circuits, and the mixed-field Ising
spin chain. On a technical level, we develop new tools for
analyzing the behavior of OTOCn in both the random GUE
model and random unitary circuits in Sec. V and the
associated appendixes, which may also be useful in other
contexts. We discuss various non-chaotic systems (Clifford
unitaries, PFC unitaries, the transverse field Ising model,
and the Heisenberg model) in Sec. VI. We comment on
various future directions in Sec. VII. Many technical
details are presented in the Appendixes.

II. FREE MUTUAL INFORMATION

In this section, we will present a more formal version of
the definition of the free mutual information which was
summarized in the introduction. We will start by explicitly
defining the set SA and volumes of subsets of SA.
Consider an initial Hermitian operator A in a quantum

many-body system of Hilbert space dimension d and its
time-evolution AðtÞ ¼ UðtÞ†AUðtÞ under the evolution
operator UðtÞ of the system. For example, for an
energy-conserving system, UðtÞ ¼ e−iHt for some
Hamiltonian H. We are interested in characterizing the
spreading of AðtÞ with time in the set SA of all possible

operators that can be obtained from A by any unitary
evolution:

SA ¼ fUAU†jU∈UðdÞg; (7)

where UðdÞ is the group of d-dimensional unitary matri-
ces. SA can be viewed as a manifold which is diffeo-
morphic to UðdÞ=StabUðdÞðAÞ, where StabUðdÞðAÞ is the
stabilizer of A or the subgroup of UðdÞ which commutes
with A. Explicitly, we have the following bijection
between the two manifolds:

ϕA∶ UðdÞ=StabUðdÞðAÞ → SA U ↦ UAU†: (8)

Let us first consider the dimension γA of the manifold
SA. The manifold UðdÞ has dimension d2. The subgroup
StabUðdÞðAÞ depends on the degeneracies in the spectrum
of A. For example, if the spectrum is non-degenerate, then
the stabilizer group consists of diagonal unitary matrices
in the eigenbasis of A, i.e. StabUðdÞðAÞ ¼ Uð1Þd. Hence,
for a non-degenerate A, γA is d2 − d. More generally, if A
has k distinct eigenvalues with multiplicities g1;…; gk,
then StabUðdÞðAÞ ¼ Uðg1Þ×Uðg2Þ× � � �×UðgkÞ and γA ¼
d2 −Pk

i¼1 g
2
i . Note that in all cases, as long as A is not the

identity operator, γA is Oðd2Þ.
To formalize the notion of spreading of operators in SA,

it will be useful to introduce a volume measure on SA. The
measure we will use throughout this paper is the one
induced by the Haar measure dνUðdÞðUÞ on UðdÞ, which
we henceforth abbreviate as dU. The Haar measure is the
unique (up to normalization) measure on UðdÞ which has
the property of left- and right-unitary invariance: dU ¼
dðUVÞ ¼ dðVUÞ for any V ∈UðdÞ. Since we will mostly
be interested in ratios of volumes below, the normalization
of dU can be chosen arbitrarily. To use the Haar measure to
define volumes in SA, we will use the quotient map from
UðdÞ onto the coset UðdÞ=StabUðdÞðAÞ, denoted by q.
q−1ðUÞ denotes the preimage of U under this map.
Then the induced volume measure νSA

is the pushforward
of the Haar measure through q and then through ϕA:

νSA
≡ νUðdÞ ∘q−1 ∘ϕ−1

A : (9)

The integral of a function fðXÞ on SA is thus given by:Z
SA

fðXÞdνSA
ðXÞ ¼

Z
UðdÞ

fðUAU†ÞdU: (10)

The total volume VolðSAÞ is given by the above integral
for fðXÞ ¼ 1, and the volume of some subset S of SA is
given by taking fðXÞ to be the indicator function 1SðXÞ,
which evaluates to 1 for X∈S and 0 otherwise.
A more explicit way to visualize the size of SA is

to discretize it by constructing a finite “epsilon-net” of
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unitaries SA;ϵ such that any element of SA is at most ϵ-far
from some element of SA;ϵ according to some chosen
metric. The number of elements in SA;ϵ is

nSA;ϵ
¼ c1

�
c2
ϵ

�
γA
; (11)

for some Oð1Þ constants c1, c2. Recall that γA is Oðd2Þ—
hence, nSA;ϵ is doubly exponential in the number of degrees
of freedom n in a quantum many-body system.
We would now like to formalize questions such as: what

fraction of the volume in SA does AðtÞ occupy, or what
fraction of the elements of the ϵ-net SA;ϵ is AðtÞ close to?
As stated, the answer to the question is trivial: since AðtÞ is
a single fixed operator, it occupies zero volume in SA and
is ϵ-close to an Oð1Þ number of elements of SA;ϵ. To come
up with a meaningful version of the question, we need to
provide a prescription for replacing AðtÞ with some larger
set of operators SAðtÞ;coarse ⊂ SA, whose volume can grow
with time.
As discussed in the introduction, we consider a

coarse-graining procedure in terms of correlation func-
tions of AðtÞ with some simple reference operator B.
We define the coarse-grained set of AðtÞ conditioned
on ρ and B, SAðtÞjB;ρ;δ;N, as the set of all operators
Ã∈SA such that:

jTr½ρÃm1Bn1 Ãm2Bn2…ÃmrBnr �
− Tr½ρAðtÞm1Bn1AðtÞm2Bn2…AðtÞmrBnr �j < δ; (12)

for all possible sequences of positive integers mi, ni for all
lengths r ≤ N for some maximum length N. In the rest of
this paper, we will set ρ to be the maximally mixed state or
infinite temperature density matrix, ρ ¼ 1

d, and drop the ρ
label, referring to the above set simply as SAðtÞjB;δ;N. We
restrict to this choice of ρ for technical convenience, and it
will allow us to probe the rich operator dynamics man-
ifested in the infinite temperature correlators in physical
systems with large but finite Hilbert space dimensions.4

We can also define a discretization SAðtÞjB;δ;N;ϵ of
SAðtÞjB;δ;N, which is a subset of SA;ϵ constrained by the
same condition as in Eq. (12).
With the above definition of SAðtÞjB;δ;N, we can now

characterize the spreading of AðtÞ in the space of all
operators by the ratio:

fAðtÞjB;δ;N ≡ VolðSAðtÞjB;δ;NÞ
VolðSAÞ

: (13)

Equivalently, we can consider the following quantity,
which we will refer to as the free mutual information of
AðtÞ and B:

IfreeðAðtÞ∶BÞδ;N ≡− 4

d2
log fAðtÞjB;δ;N; (14)

¼ 4

d2
ðlogVolðSAÞ − logVolðSAðtÞjB;δ;NÞÞ; (15)

¼ 4

d2
lim
ϵ→0

ðχðAðtÞ; ϵÞ − χðAðtÞjB; δ; N; ϵÞÞ: (16)

In the final version of the above expression, we have
written Ifree in terms of:

χðAðtÞ;ϵÞ≡ lognSAðtÞ;ϵ ; χðAðtÞjB;δ;N;ϵÞ≡ lognSAðtÞjB;δ;N;ϵ
:

(17)

χðAðtÞ; ϵÞ can be intuitively interpreted as the amount of
information needed to specify AðtÞ up to ϵ precision with
no knowledge except that it is obtained from A by unitary
evolution and can be seen as a physical version of the free
entropy of Refs. [15–21]. Similarly, χðAðtÞjB; δ; N; ϵÞ is a
version of the conditional free entropy of AðtÞ conditioned
on B and captures the remaining uncertainty in our
knowledge of AðtÞ if we know its correlation functions
with B. Definition in Eq. (16) therefore justifies referring
to Ifree as a mutual information.
Note that in our motivation for the above definition,

the operator B was used as a reference to quantify the
spreading of AðtÞ. However, Ifree is symmetric with respect
to its arguments AðtÞ and B, as will also be clear from the
explicit formulas we will derive below.
Note that each free entropy term in Eq. (16) is divergent

in the ϵ → 0 limit, but their difference is finite from
Eq. (15) unless VolðSAðtÞjB;δ;NÞ is zero. The normalization
factor of 4

d2 is included so that the quantity has a
d-independent large d limit [recall the leading Oðd2Þ
behavior of the exponent in Eq. (11)].
In the discussion so far, Ifree defined in Eqs. (14)–(16)

depends on the parameters δ and N. To capture intrinsic
properties of the physical system, we would like to avoid
the dependence on these parameters. In the standard
mathematical definition from Refs. [20–24], one simulta-
neously takes the limits d → ∞; δ → 0; N → ∞. In the
present setup, where we want to consider a large but fixed
value of d to define a physically meaningful quantity, the
limits δ → 0; N → ∞ turn out to be too strong and always
lead to an infinite value of Ifree. We will explain in the next
section how we can choose N and δ in such a way that Ifree
is finite, but at the same time, the leading contribution to it

4In more general physical setups, especially in continuum
systems such as quantum field theories, considering other
choices of ρ such as the finite temperature Gibbs state
e−βH=Zβ is important and should be developed further in future
work.
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does not depend on N and δ. This will justify our omission
of the δ; N label for Ifree in most of the paper.
Before further discussing the behavior of the free mutual

information defined above, let us make a few comments on
the motivation for the coarse-graining procedure based on
the relations in Eq. (12) and a few different ways of
viewing the physical interpretation of this quantity:

1. Recall that the operator AðtÞ can be fully specified
by its correlation functions in the maximally mixed
state with a complete basis of operators for Hd.
Hence, a natural way of coarse-graining AðtÞ is to
only specify correlation functions with a smaller
subset of simple operators, and we consider above
the case with just one reference operator B. This
idea is similar to the coarse-graining procedure used
in the Jaynes entropy or “simple entropy” prescrip-
tion for coarse-graining a quantum state ρ [55–59].

2. The quantity IfreeðAðtÞ∶BÞ can be viewed as a new
attempt to characterize “mutual information across
time,” which has been approached from a variety of
perspectives in Refs. [60–63].5 Like in these pre-
vious approaches, one of our goals is to find an
information-theoretic quantity that captures the fact
that chaotic dynamics lead to a loss of correlations
over time. One intrinsic difficulty in defining a
mutual information of this kind is that one cannot
define a joint density matrix for multiple times and
its reduced density matrices for each time [66–68].
A joint density matrix is defined for two commuting
subalgebras of observables, but we cannot have
commuting subalgebras for different times. For two
non-commuting variables, the joint distribution is
defined by the set of joint moments appearing in
Eq. (12) without resorting to a joint density matrix.
The natural entropy associated with two such
variables is the free entropy of the joint distribution
[20–24], which is not the von Neumann entropy of
any (pseudo-)density matrix.

3. An alternative way to view Ifree is in terms of
quantum programming, where one asks for the
minimal quantum description length [69–71] of
the future observable AðtÞ, conditioned on some
observations Bmade in the past. Suppose that Ifree is
non-zero: this tells us that the volume of the set Ã
determined by the conditions (12) is smaller than
the full volume of the set of all possible UAU†. The
relations between AðtÞ and B, expressed through
their joint moments, thus allow us to give a more
compressed description of AðtÞ than we would have
without any knowledge of the relation between AðtÞ
and B (we only need to specify AðtÞ within the
smaller set of Ã, instead of the full set of UAU†).

A more precise version of this programming inter-
pretation is discussed in Ref. [72].

III. EXPLICIT FORMULAS FOR THE FREE
MUTUAL INFORMATION

In this section, we first derive an explicit formula for the
free mutual information in terms of the eigenvalues of the
operator UðtÞAUðtÞ†B for a fixed time-evolution operator
UðtÞ in Sec. III A. We then consider the case where UðtÞ is
drawn from an ensemble of time-evolution operators in
Sec. III B. We discuss how these formulas can be used to
confirm that Ifree vanishes for large d when the time-
evolution operator is a Haar-random unitary in Sec. III C.

A. A Coulomb gas formula

In this section, we will derive a closed expression for the
free mutual information defined in Eq. (15) in the case
where A and B are both Hermitian and unitary operators
with the spectrum of Pauli matrices on Hd, i.e. they have
d=2 eigenvalues equal to þ1 and d=2 eigenvalues −1. We
will assume throughout that d is even. Since this property
of the spectrum is equivalent to the combination of the
properties Tr½A� ¼ Tr½B� ¼ 0 and A2 ¼ B2 ¼ 1, we will
sometimes refer to A and B as “traceless involutions”
below. In local systems made up of n qubits, a natural
choice is to consider A and B to be strings of Pauli
matrices, i.e. operators of the form ⊗n

i¼1 σ
ðαiÞ

i, where α ¼
0;…; 3 labels the four possible Pauli matrices I; X; Y; Z on
each site. More generally, the formula below applies when
A ¼ UPU† and B ¼ VQV† for any Pauli strings P and Q
and any unitaries U and V.
Due to the involution property of A, AðtÞ and B, if we

take ρ ¼ 1
d, then the only non-trivial conditions in the set in

Eq. (12) are

1

d
jTr½ðÃBÞn�−Tr½ðAðtÞBÞn�j< δ for all integers 0<n≤N:

(18)

The remaining conditions in Eq. (12) are automatically
satisfied by the fact that since Ã∈SA, we have Ã ¼ UAU†

for some U, so that Ã2 ¼ 1. This simplification is the key
reason for choosing A and B to be traceless involutions.6

5See also time-like entanglement entropies [64,65].

6The definition of the FMI in Sec. II itself applies to operators
with general spectra. We do not, however, expect the same
simple Coulomb gas formula derived in this section to apply to
arbitrary A and B. When A and B are not involutions, the full
collection of alternating joint moments in Eq. (12) does not
reduce to the moments of the single product AðtÞB. Conse-
quently, there is no single density function whose moments
capture all of the coarse-graining constraints for generic A and B;
a general expression would have to retain genuinely multi-
variable non-commutative data.
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Note that for any pair of operators O and B that are both
Hermitian and unitary, the eigenvalues of the product OB
come in pairs of complex conjugate phases. Let us define
the following vector in y⃗∈ ½−1; 1�d=2 associated with O
(we will always take B to be the fixed reference operator):

y⃗ðOBÞj ≡ cosϕj ¼ Re e�iϕj ;

fe�iϕjgd=2j¼1 are the eigenvalues of OB: (19)

We always list these components in nondecreasing
order, so y⃗ðOBÞ lies in the ordered domain:

Wd=2 ≡ fy⃗∈ ½−1; 1�d=2∶y1 ≤ � � � ≤ yd=2g: (20)

The moments 1
dTr½ðOBÞn� depend on O only through

y⃗ðOBÞ. We will use a special notation x⃗ for the case
O ¼ AðtÞ:

x⃗≡ y⃗ðAðtÞBÞ: (21)

Our goal is to obtain an explicit formula for
IfreeðAðtÞ∶BÞδ;N, defined in Eq. (14) that does not depend
strongly on the parameters δ and N, and is instead
determined by intrinsic properties of AðtÞ and B. A first
natural choice for this purpose is to consider the limit of
IfreeðAðtÞ∶BÞδ;N, where take N → ∞ and δ → 0. In this
limit, Eq. (18) is equivalent to the condition:

y⃗ðÃBÞ ¼ x⃗; (22)

where the nondecreasing ordering [Eq. (20)] is assumed.
Using the definitions [Eqs. (14) and (10)], we have7

lim
δ→0;N→∞

IfreeðAðtÞ∶BÞδ;N

¼ − 4

d2
log

�
VolðfÃ∈SA such that y⃗ðÃBÞ ¼ x⃗gÞ

VolðSAÞ
� ;

(23)

¼ − 4

d2
log

R
SA

1y⃗ðÃBÞ¼x⃗ dνSA
ðÃÞ

VolðSAÞ
; (24)

¼ − 4

d2
log

R
UðdÞ 1y⃗ðUÃU†BÞ¼x⃗ dUR

UðdÞ dðUÞ ; (25)

≡− 4

d2
logPUðy⃗ðUAU†BÞ ¼ x⃗Þ; (26)

where 1y⃗ðÃBÞ¼x⃗ is the indicator function that equals 1 if the
condition is met, and 0 otherwise. In the last line, we define
PUðXÞ as the probability of event X under the distribution
of Haar-random unitaries U.
Now Eq. (26) reveals an immediate problem with taking

the limits N → ∞ and δ → 0. To see this, note the
following lemma:
Lemma III.1. The probability under Haar-random U that

the ordered vector y⃗ðUAU†BÞ lies in a measurable subset
S ⊆ Wd=2 is

PUðy⃗ðUAU†BÞ∈ SÞ ¼
Z
S

Yd=2
i¼1

dyi pðy⃗Þ; (27)

where the probability density pðy⃗Þ is given by:

pðy⃗Þ≡N
Y

1≤i<j≤d=2
ðyi − yjÞ2;

N ¼
�
d
2

�
!2−d2

4

Yd2−1
k¼0

ðd
2
þ kÞ!

ðkþ 1Þ!ðk!Þ2 : (28)

Proof. We provide the proof in Appendix A 1. ▪
Putting this result into Eq. (26), where the allowed

volume of y⃗ around the fixed value x⃗ is zero, we see that:

lim
δ→0;N→∞

IfreeðAðtÞ∶BÞ¼− 4

d2

�
logpðx⃗Þþ

Xd=2
i¼1

lim
dyi→0

logdyi

�
¼∞: (29)

The second term involving the log of the zero volume
around x⃗ dominates over the first term, giving an infinite
result. This tells us that for a finite Hilbert space dimen-
sion, the condition (18) for N ¼ ∞ and δ ¼ 0 are too
constraining and do not allow SAðtÞjB;δ;N to have a non-zero
volume fraction.
We therefore need to regulate this infinite answer by

considering some finite N and δ, while still aiming to get a
result that is universal in the sense that it does not strongly
depend on the regulators. In order to get a universal
formula, we will have to make an assumption for the
minimum spacing among the xi, which are the real parts of
the eigenvalues of AðtÞB,

Δmin ≡min
i≠j

jxi − xjj: (30)

At t ¼ 0, we will typically take Aðt ¼ 0Þ and B to be
commuting operators. Since A and B both have d=2
eigenvalues equal to þ1 and d=2 eigenvalues −1, their
product also has at least d=2 degenerate eigenvalues if they
commute, so that we have Δmin ¼ 0. However, we will

7The limits of δ → 0 and N → ∞ commute because they can
be replaced by infδ>0;N as IfreeðAðtÞ∶BÞδ;N monotonically de-
creases as N grows and δ shrinks.
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assume that in typical situations of interest, at all but very
early times, all degeneracies among the xi get sufficiently
lifted so that we have

Δmin ¼ expð−doð1ÞÞ; (31)

which explicitly means that Δmin ≥ expð−κ dβÞ for all 0 <
β < 1 and all κ > 0 at a sufficiently large d. (Note in
particular that this assumption allows Δmin to have some
arbitrary polynomial decay with d.) We justify this
assumption with explicit computation in one model in
Appendix B. With this assumption, if we take

δ ¼ Θðexpð−dαÞÞ; N ¼ C=δ; (32)

for some 0 < α < 1 and for some constant C > 9π. Here
the big-Θ notation means that δ is both upper and lower
bounded by expð−dαÞ up to a prefactor for large d. For the
derivation in this section, it is necessary to distinguish
it from the big O notation that only strictly means an
asymptotic upper bound.
Then we will be able to obtain a formula for

IfreeðAðtÞ∶BÞ, which is both finite and independent of N
and δ at leading order in 1=d. For example, it does not
depend on the specific choice of α or C in Eq. (32).
Intuitively, this regulated result for Ifree should end up
being the first term of Eq. (29). The purpose of the rest of
this section is to show that this is indeed the case. Readers
who are mainly interested in the result can skip to
Theorem III.1 and the comments below it.
It will be useful to first provide upper and lower bounds

on the volume of SAðtÞjB;δ;N, the set of Ã satisfying the
condition (18) for some given δ; N. For this purpose, we
will first find upper and lower bounds of the volume in
Wd=2 of the vectors y⃗ðÃBÞ for Ã∈SAðtÞjB;δ;N and then
use the formula (A2). The following two lemmas, both
proved in Appendix A 2, will help provide such bounds.
Here and below, an ϵ-box around x⃗ means the inter-
section of the usual coordinate box (x⃗0 ∈ ½−1; 1�d2 such that
jx0i − xij ≤ r for each i ¼ 1;…; d=2) with the ordered
domain Wd=2.
Lemma III.2. Define B1 ⊂ Wd=2 as an ϵ-box around x⃗ of

radius:

ϵ1 ¼ cd ð−δ log δÞ; (33)

for a constant c (for concreteness, we can take c ¼ 26
π ). IfN

and δ satisfy the condition:

N >
9π

δ
; (34)

then for all Ã∈SAðtÞjB;δ;N, the corresponding vectors
y⃗ðÃBÞ are contained within B1.

Lemma III.3. Define B2 ⊂ Wd=2 as an ϵ-box around x⃗ of
radius:

ϵ2 ¼ δ=N2: (35)

B2 is contained within the set of y⃗ðÃBÞ corresponding to Ã
in SAðtÞjB;δ;N.
From Lemmas III.2 and III.3 (cf. Fig. 2 for an illus-

tration), we have the following upper and lower bounds on
the volume fraction fAðtÞjB;δ;N:

f2 ≤ fAðtÞjB;δ;N ≤ f1; (36)

where

f1;2 ≡ VolðÃ∈SA s:t: y⃗ðÃBÞ ⊆ B1;2Þ
VolðSAÞ

¼ PUðy⃗ðUAU†BÞ ⊆ B1;2Þ; (37)

and the last equality follows from Eq. (26).
Our strategy to derive a formula for Ifree will be to show

that− 4
d2 log f1 and − 4

d2 log f2 are close in the large d limit,
so that from Eq. (36) either one gives a good approxima-
tion to Ifree. Let us use the probability density [Eq. (A2)] to
write fa (a ¼ 1; 2) more explicitly:

fa ¼ N
Z
Ba

Y
1≤i<j≤d=2

ðyi − yjÞ2
Yd=2
i¼1

dyi: (38)

Recall that the eigenvalues xi are sorted in nondecreas-
ing order. So if i < j, for fyig appearing in the integrand of
Eq. (38) for i ¼ 1,

FIG. 2. We use two boxes B1 and B2 to sandwich the set of
y⃗ðÃBÞ corresponding to Ã in SAðtÞjB;δ;N, depicted as the region
contained within the red circle, to estimate its volume. This
figure is an illustration for d ¼ 4.
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jyi − yjj ≤ ðxj − xi þ 2ϵ1Þ; (39)

and therefore,

f1 ≤ N ð2ϵ1Þd=2
Y

1≤i<j≤d=2
ðxj − xi þ 2ϵ1Þ2; (40)

which implies that

IfreeðAðtÞ∶BÞδ;N ≥ − 4

d2
logN − 8

d2
X

1≤i<j≤d=2
logðxj − xiÞ;

(41)

− 8

d2
X

1≤i<j≤d=2
log

�
1þ 2ϵ1

xj − xi

�
− 2

d
logð2ϵ1Þ: (42)

Recall from Eq. 134 that ϵ1 ¼ −cdδ log δ. So, to get a
δ-independent expression at leading order in 1=d, Eq. (42)
should be subleading compared to Eq. (41). Both terms in
Eq. (41) have leading Θð1Þ contributions. This gives us
the following requirement for the allowed range of the
parameter δ:

(i) ϵ1 ¼ −cdδ log δ should be such that Eq. (42) goes to
0 as d → ∞, so that Eq. (42) is negligible compared
to Eq. (41) for large d.

Next, in order to give an upper bound for Ifree, we need a
lower bound on f2. To provide such a lower bound, we
need the condition:

ϵ2 ¼
δ

N2
<

Δmin

2
; (43)

under which we have

f2 ≥ N
Y

1≤i<j≤d=2
ðxj − xi − 2ϵ2Þ2ð2ϵ2Þd=2; (44)

which leads to

IfreeðAðtÞ∶BÞδ;N ≤ − 4

d2
logN − 8

d2
X

1≤i<j≤d=2
logðxj − xiÞ;

(45)

− 8

d2
X

1≤i<j≤d=2
log

�
1 − 2ϵ2

xj − xi

�
− 2

d
logð2ϵ2Þ: (46)

ϵ2 depends on both δ and N, so again in order to obtain a
regulator-independent expression [which coincides with
the lower bound from Eq. (41)] we want to choose the
parameters δ and N within a range such that
(ii) ϵ2 ¼ δ=N2 should be such that Eq. (46) goes to 0 as

d → ∞, so that Eq. (46) is negligible compared to
Eq. (45) for large d.

Overall, to get a result that is both finite and regulator-
independent in the large d limit, we want to chooseN and δ
in a range such that we can simultaneously satisfy (i) and
(ii) above, as well as the inequalities [Eqs. 135 and (43)]
which were needed for intermediate steps of the above
discussion. In a case where AðtÞB has degeneracies,
Δmin ¼ 0. In this case, we cannot simultaneously satisfy
all four requirements: Eq. (43), (i) and (ii) can never be
satisfied for non-zero δ, whereas Eq. 135 requires non-zero
δ for finite N. Such degeneracies in AðtÞB exist in
particular at t ¼ 0. They can also persist at later times
when they are protected by symmetries; this is not merely a
logical possibility but occurs in the Heisenberg model
example of Sec. VI C. For dynamics and operator choices
without symmetry-enforced degeneracies, we assume that
after a short initial time, Δmin is lower-bounded as in
Eq. (31).8 With this nondegeneracy assumption, taking δ
and N as in Eq. (32) allows us to satisfy all four require-
ments (i), (ii), Eq. 135, and Eq. (43).
We have ϵ1 ¼ Θðcd1þαe−dαÞ and ϵ2 ¼ Θðe−3dαÞ. It is

easy to check that Eqs. 135 and (43) are satisfied by these
choices. To see that (i) is satisfied, note that the magnitude
of the first line of Eq. (42) can be upper-bounded as
follows:

8

d2
X

1≤i<j≤d=2
log

�
1þ 2ϵ1

xj − xi

�
≤ 4

ϵ1
Δmin

≤ 4 c d1þαe−dα=2;

(47)

where we have used logð1þ xÞ ≤ x and the definition of
Δmin in the first inequality, and the fact that Δmin ≥ e−dα=2
from the assumption [Eq. (31)] in the second. For the
magnitude of the second term of Eq. (42), note that:

− 2

d
logð2ϵ1Þ ¼ − 2

d
ðlog 2cþ ð1þ αÞ log d − dαÞ

¼ Oðdα−1Þ: (48)

Similarly, to see that (ii) is satisfied, note that the
magnitude of the first term of Eq. (46) has magnitude
can be upper-bounded by 4ϵ2=Δmin, which is Oðe−3dα),
using the fact that − logð1 − xÞ ≤ x

1−x. The second term of
Eq. (46) is again Oðdα−1Þ.
Now, combining the inequalities [Eqs. (41) and (45)],

and using the fact that (shown in Appendix A 3):

− 4

d2
logN ¼ − log 2þOðlog d=dÞ; (49)

8In symmetry-constrained models, the free mutual informa-
tion should instead be defined in terms of the volume ratio on the
submanifolds compatible with the relevant symmetry class, as
discussed in Sec. VII.
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we have

IfreeðAðtÞ∶BÞ¼− 4

d2
X

1≤i≠j≤d=2
log jxi−xjj− log2

þOðdα−1Þ: (50)

The normalization 4
d2 we previously chose in the

definition [Eq. (14)] is approximately equal to the inverse
of the number of terms in the sum, d

2−2d
4

, at large d, so that
the resulting quantity is Θð1Þ, as long as the differences
jxi − xjj are Θð1Þ for most of the pairs ði; jÞ.
We summarize the result as the following theorem

for the free mutual information IfreeðAðtÞ∶BÞδ;N defined
in Eq. (15):
Theorem III.1. Let A and B be two traceless involutions

and fxig be the real parts of the eigenvalues of the unitary
AðtÞB lying on or above the real axis. Let us choose the
parameters δ ¼ Θðexpð−dαÞÞ for some 0 < α < 1 and
N ¼ C=δ for C > 9π. When Δmin ≡mini≠j jxi − xjj ¼
expð−doð1ÞÞ, we have

IfreeðAðtÞ∶BÞδ;N ¼ − 4

d2
X

1≤i≠j≤d=2
log jxi − xjj − log 2

þOðd−zÞ; (51)

which is independent of the details of δ and N at the leading
order in 1=d. Here z is some positive real number.
It is clear from the above statement that there are certain

restrictions on when Ifree can be identified with the formula
on the RHS. We will therefore sometimes refer to the RHS
as the Coulomb gas formula or CðAðtÞ∶BÞ in parts of the
later text where we want to distinguish it from Ifree. Let us
summarize two important points about the regime of
validity of this formula:

1. In cases where Δmin does not satisfy condition (31),
some of the above arguments relating Ifree to the
Coulomb gas formula do not go through. In all such
cases, we will formally set IfreeðAðtÞ∶BÞ ¼ ∞. In
particular, this means that in the case where AðtÞ and
B commute, we set Ifree ¼ ∞. This choice is con-
sistent with the intuition mentioned in the introduc-
tion that when AðtÞ and B commute, Ã must be
block-diagonal in the eigenbasis of B, so that SAðtÞjB
is a lower-dimensional sub-manifold of SA and the
volume fraction fAðtÞjB is zero.9

2. If the value of the Coulomb gas formula is propor-
tional to some power of 1=d, then the terms we have
neglected in Eq. (50) can give competing contribu-
tions to Ifree. We will formally set Ifree equal to zero
in such cases.

B. An integral formula for ensembles
of unitary evolutions

In some of the examples we will consider later in the
paper, the time-evolution operatorUðtÞwill be drawn from
an ensemble of time-evolutions instead of a single fixed
evolution. For example, we will consider random GUE
Hamiltonians in Sec. VA and random unitary circuits in
Sec. V B. Such ensembles are often used as toy models for
chaotic systems. While it may be possible to numerically
probe single realizations from the random ensemble in
such cases, for analytic calculations it is often convenient
to average the quantity of interest over the ensemble.
In this section, we will present a useful formula for the
ensemble average of the free mutual information in such
cases and clarify the assumptions and approximations
under which it is valid.
Let the real parts of the eigenvalues of UðtÞAUðtÞ†B be

ðx1;…; xd=2Þ. We define the corresponding empirical
spectral density as:

ρðxÞ≡ 2

d

Xd=2
i¼1

δðx − xiÞ: (52)

Say UðtÞ is distributed according to some ensemble ν.
Consider the ensemble averages:

ρ̄ðxÞ≡ EUðtÞν̃ ρðxÞ; ρðxÞρðyÞ≡ EUðtÞν̃ ρðxÞρðyÞ:
(53)

In general, ρðxÞρðyÞ ≠ ρ̄ðxÞρ̄ðyÞ. However, we will
assume that for the systems and time scales we are
interested in, for large d we can assume factorization
ρðxÞρðyÞ ≈ ρ̄ðxÞρ̄ðyÞ while evaluating Ifree. We expect,
based on evidence from the random GUE model which
will later be discussed in Sec. VA, that this factorization
generally gives a good approximation in a regime where
Ifree is not proportional to a power of 1=d.10 Recall that in
cases where Ifree is proportional to a power of 1=d, the
Coulomb gas formula for Ifree does not apply, and we
simply choose to set the quantity to zero.
Note that while ρðxÞ has δ-function peaks, as long

as the measure of the ensemble ν is “sufficiently smooth,”
the averaged density ρ̄ðxÞ does not have such peaks.9It would require more work to formalize this intuition for

finite δ andN, where Ã is not forced to be exactly block-diagonal
in the eigenbasis of B by the conditions (18). Instead of trying to
formalize this edge case, we will simply choose to set Ifree ¼ ∞
as a convention as discussed above.

10Haar-random unitaries provide an interesting example where
Ifree is Oð1=dÞ and the factorization does not give a good
approximation, as we will discuss in the next subsection.
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The absence of δ function peaks can be formally stated as:Z
dx ρ̄ðxÞ1x¼x� ¼ 0; for all x� ∈ ½−1; 1�: (54)

We will explain the smoothness condition under which
Eq. (54) holds in Appendix C and show that it is satisfied
for the non-local GUE Hamiltonian evolution for any t > 0
and for local random unitary circuits after a time scale
determined by the initial separation of A and B.
Under the above assumptions and conditions, the

average of the free mutual information [Eq. (51)] can
be approximated as follows:

EUðtÞ∼νIfreeðAðtÞ∶BÞ
¼ −EUðtÞ∼ν

4

d2
X

1≤i≠j≤d=2
log jxi − yjj − log 2 (55)

¼ −
Z

1

−1

Z
1

−1
log jx − yjρ̄ðxÞρ̄ðyÞdx dyþ

Z
1

−1

Z
1

−1
log jx

− yjρ̄ðxÞρ̄ðyÞ1x¼y dx dy − log 2 (56)

¼ IðAðtÞ∶BÞ; (57)

where we have defined

IðAðtÞ∶BÞ≡−
Z

1

−1

Z
1

−1
log jx − yjρ̄ðxÞρ̄ðyÞdx dy − log 2:

(58)

In Eq. (56), we subtract the diagonal contribution
(enforced by the indicator function 1x¼yðx; yÞ ¼ 1 if
x ¼ y and 0 otherwise) from the double integral to to
match the exact definition of the off-diagonal sum in
Eq. (55). In going from Eq. (56) to Eq. (57), we notice that
this diagonal term vanishes because the indicator function
1x¼yðx; yÞ is supported on the line x ¼ y that has Lebesgue
measure zero.11 Note that the condition (54) implies that
IðAðtÞ∶BÞ is always finite. We will sometimes refer to I as
the “ensemble FMI” below.

C. Haar-random unitaries

For AðtÞ≡UHBU
†
H where UH is a Haar-random uni-

tary, AðtÞ and B are freely independent non-commuting

variables in the large d limit. The standard mathe-
matical definition of the free mutual information from
Refs. [20–24] vanishes in this case. This observation
provides part of our motivation for studying the free
mutual information in the context of more general chaotic
time-evolutions. Since our definition for the free mutual
information is somewhat different from that in the math-
ematical references, we should explicitly check how our
formulas behave in this case. By using an analytic formula
for ρðxÞρðyÞ for this case [which can be obtained by
integrating out all but two of the yi in Eq. (A1), we find
that the average of the Coulomb gas formula,

C̄ ¼ − log 2 −
Z

1

−1
log jx − yjρðxÞρðyÞdxdy; (59)

has a negative value with magnitude ∼d−0.8. Hence, based
on the discussion at the end of Sec. III A, the precise value
of C̄ cannot be identified with Ifree in this case. However,
jC̄j ¼ Oð1=d2Þ tells us that Ifree isOð1=dzÞ for some z > 0.
This is sufficient for confirming that Ifree vanishes for large
d, as expected from the free independence of the two
random variables in the large d limit [20–24].
We can also evaluate the ensemble FMI I defined in

Eq. (58) in this case. We find that it has a positiveOð1=d2Þ
value and thus does not agree with that of C̄. Hence, in
this case, ρðxÞρðyÞ cannot be approximated as ρ̄ðxÞρ̄ðyÞ
while evaluating C̄. Based on our study of other examples
later in the paper, we believe this lack of factorization
is a peculiar feature of cases where the values of C̄ and
I are Oð1=dÞ. Since the precise values of C̄ and I in this
case do not have a clear physical meaning, we will not
go into more detail on them in this paper but will discuss
them in a companion paper on mathematical aspects of
the FMI [73].

IV. FREE MUTUAL INFORMATION AND OTOCS

In this section, we will relate the Coulomb gas for-
mula (51) for the free mutual information from the
previous subsection (up to an equivalent reorganization
of the sum),

CðAðtÞ∶BÞ≡− 1

d2
X
1≤i;j≤d

ReðziÞ≠ReðzjÞ

log jReðziÞ−ReðzjÞj− log2;

where fzigdi¼1∈T are the eigenvalues of AðtÞB;
(60)

to a sum over the infinite temperature higher-point
OTOCs,

11One might worry that log jx − yj diverges on the line x ¼ y,
so the function gðx; yÞ ¼ log jx − yj1x¼yðx; yÞρ̄ðxÞρ̄ðyÞ is ill-
defined on the line. However, note that g is zero almost
everywhere and the line is a set of measure zero. We can define
its value on the diagonal arbitrarily (e.g., set it to 0 there) without
affecting the integral. Here we are also using the property (54) of
ρ̄ that it contains no delta functions.
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OTOCnðtÞ≡ 1

d
Tr½ðAðtÞBÞn�: (61)

We summarize our main results in the two theo-
rems below.
Theorem IV.1. Let A and B be two traceless involutions

and AðtÞ ¼ UðtÞAUðtÞ† for some unitary time-evolution
operator UðtÞ. Then the Coulomb gas formula CðAðtÞ∶BÞ,
defined as the RHS of Eq. (51), can be equated with a
series over OTOCn:

CðAðtÞ∶BÞ ¼
X∞
n¼1

2

n

�
OTOCnðtÞ2 − 1

d

�
− 2 log 2

d

− 1

d

X∞
n¼1

2

n
OTOC2n: (62)

This will in turn allow us to relate Ifree to a sum over
higher-point OTOCs in the regime where its value is Oð1Þ,
i.e., not as small as some power of 1=d.
Remark IV.1. Suppose we are interested in evaluating

IfreeðAðtÞ∶BÞ up to some Oð1Þ error ϵ. We can then drop
the Oð1=dÞ tail in Eq. (62), truncate the infinite series at
some nmax ∼Oðε−1Þ, and get the approximation:12

IfreeðAðtÞ∶BÞ ¼
Xnmax

n¼1

2

n
OTOCnðtÞ2 þOðεÞ: (63)

Similarly, for dynamics described by a unitary ensem-
ble, the ensemble FMI [Eq. (58)] also admits a sum-of-
OTOCs formula.
Theorem IV.2. Let A and B be two traceless involutions

and AðtÞ ¼ UðtÞAUðtÞ†, where the unitary dynamics
UðtÞ is drawn from a unitary ensemble ðU; νÞ. Let ρ̄

be the average spectral density of AðtÞB and OTOCnðtÞ≡
d−1EUðtÞ∼νTr½ðAðtÞBÞn�. The ensemble FMI [Eq. (58)]
admits the following OTOC series:

IðAðtÞ∶BÞ ¼
X∞
n¼1

2

n
OTOCnðtÞ2: (64)

This formula (64) can be a useful tool for calculating I
in cases where we only have access to the OTOCn instead
of ρ̄ðxÞ.
The proofs of the two theorems are provided in the next

two subsections.

A. Derivation of the OTOC sum formula

Let us first write C as follows13:

CðAðtÞ∶BÞ ¼ X þ Y − log 2; (65)

X ¼ − 1

d2
X

1≤i;j≤d
log jReðziÞ − ReðzjÞj; (66)

Y ¼ 2

d2
X
1≤i≤d

log jReðziÞ − ReðziÞj: (67)

Let us first focus on the term X . Instead of working with
the density of states ρ∶½−1; 1� → R introduced in the
previous section, in the discussion below it will be
convenient to work with an analog of the density of states
for complex eigenvalues. Recall that the eigenvalues
fzigdi¼1 of AðtÞB lie on the unit circle T in the complex
plane. We define a distribution μ on T , which has the
property that for any function f∶T → C,

I
T
dz μðzÞfðzÞ ¼ 1

d

Xd
i¼1

fðziÞ: (68)

Using the Sokhotski–Plemelj formula in complex analy-
sis, μðzÞ with the property (68) is given by:

μðzÞ ¼ 1

2πi
ð lim
ζ→zþ

RðζÞ − lim
ζ→z−

RðζÞÞ; (69)

RðζÞ≡ 1

d

Xd
j¼1

1

ζ − zi
¼ 1

d
Tr
�

1

ζ − AðtÞB
�
; (70)

where ζ → zþ (ζ → z−) refers to approching z from
outside (inside) the unit circle T . Here we have introduced
the resolvent functionRðζÞ for AðtÞB, which has the same
form as the more standard resolvent for a Hermitian
operator. Such resolvents are also used in the study of
OTOCs in Ref. [45].
We can then express X in terms of μðzÞ as follows:

X ¼ −
I
T
dz1

I
T
dz2μðz1Þμðz2Þ log jReðz1Þ − Reðz2Þj:

(71)

12We assume that we are considering systems at times such
that OTOCnðtÞ is Oð1Þ for n of Oð1Þ. If this were not the case,
then the value of Ifree itself would be Oð1=dÞ, and the Coulomb
gas formula (51) would not be valid.

13The decomposition into X þ Y used below is a formal
bookkeeping device. The two terms are separately divergent, and
only their combination after cancellation is assigned a meaning.
We therefore do not regard the intermediate manipulations of X
and Y as a stand-alone rigorous derivation. The resulting finite
OTOC identity is independently and quantitatively corroborated
by the numerical comparison in Appendix E.
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We will now relate μðzÞ to the OTOCn by noting that
RðζÞ can be expanded in terms of OTOCs in two different
ways depending on whether ζ lies inside or outside T14:

RðζÞ¼1

ζ

X∞
n¼0

1

ζn
1

d
Tr½ðAðtÞBÞn�¼1

ζ

X∞
n¼0

1

ζn
OTOCn; jζj>1;

(72)

RðζÞ ¼ −X∞
n¼0

ζn
1

d
Tr½ðAðtÞBÞ−n−1� ¼ −X∞

n¼0

ζnOTOCnþ1;

jζj< 1 (73)

where we have used d−1Tr½ðAðtÞBÞ−n−1� ¼
d−1Tr½ðAðtÞBÞnþ1� ¼ OTOCnþ1 in the second equality.
Note that we have dropped the AðtÞ∶B argument of
OTOCn to simplify notation. Putting Eqs. (72) and (73)
into Eq. (70), we get

μðzÞ ¼ 1

2πi

�X∞
n¼0

OTOCnðz−n−1 þ zn−1Þ þ 1

z

�
; (74)

and further

μðzÞdzjz¼eiθ ¼ dθ
�
1

π

X∞
n¼0

OTOCn cosðnθÞþ
1

2π

�
: (75)

Putting this expression for μðzÞdz into Eq. (71), we find

X ¼ − 1

π2
X∞
n¼0

X∞
m¼0

Z
2π

0

Z
2π

0

dθ dϕ log j cos θ

− cosϕjOTOCnOTOCm cosðnθÞ cosðmϕÞ

þ 2

π2
X∞
n¼0

Z
2π

0

Z
2π

0

dθ dϕ log j cos θ

− cosϕjOTOCn cosðnθÞ − log 2: (76)

The above expression can be further simplified using the
following identity:

log j cos θ − cosϕj ¼ log 2þ log

���� sin θ þ ϕ

2

����
þ log

���� sin θ − ϕ

2

����: (77)

Using the standard Fourier series for log j sinωj ¼
− log 2 −P∞

n¼1 cosð2nωÞ=n, we obtain a Fourier series
expansion for the logarithmic potential,

log j cos θ − cosϕj ¼ − log 2 −X∞
p¼1

2

p
cosðpθÞ cosðpϕÞ;

(78)

which is valid for the whole domain θ;ϕ∈ ½0; 2π�.
Using the Fourier series expansion and the orthogonality
relation: Z

2π

0

dθcosðpθÞcosðnθÞ¼πδpn; (79)

we obtain

X ¼ log 2þ
X∞
n¼1

2

n
OTOC2

n: (80)

Returning to Eqs. (65)–(67), recall that X contains a
divergent contribution from cases where ReðziÞ ¼ ReðzjÞ
and Y subtracts these divergences. How can we see the
divergent contribution in Eq. (80)? It is useful to note that
in terms of the full set of eigenvalues feiθgdi¼1 of AðtÞB,

OTOC2
n ¼ 1

d2
Xd
i;j¼1

einðθiþθjÞ ¼ 1

d2
Xd
i;j¼1

einðθi−θjÞ

¼ 1

d
þ 1

d2
X

1≤i≠j≤d
einðθi−θjÞ: (81)

Since the 1=d term is independent of n, it gives a
divergent contribution to Eq. (80), while the remaining
term should generically give a convergent contribution as
its sign varies with n. This is true unless there are
degeneracies among the θi, which would lead to additional
divergent contributions, consistent with Eq. (51).
We therefore expect the Y term to cancel the above

divergence. By similar steps to Eq. (72) to Eq. (80), on
expanding Y in terms of the OTOCs, we find

CðAðtÞ∶BÞ ¼
X∞
n¼1

2

n

�
OTOC2

n − 1

d

�
− 2 log 2

d

− 1

d

X∞
n¼1

2

n
OTOC2n: (82)

The details leading to Eq. (82) are discussed in
Appendix D. Note that Eq. (82) holds as an exact identity
for the Coulomb gas formula C, even in the regime where it
cannot be identified as Ifree.
This concludes the proof of Theorem IV.1. Now we

discuss Remark IV.1.
In Eq. (82), the divergent contribution to X expected

from Eq. (81) thus precisely gets canceled upon including
the contribution from Y. The Y term also gives rise to two
additional contributions. We expect that the series in the14We thank Douglas Stanford for suggesting this method.
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last term in Eq. (82) is likely to be convergent quite
generally as it involves both positive and negative terms
with an overall suppression in magnitude of Oð1=nÞ.
Suppose we are in a regime where CðAðtÞ∶BÞ is not

proportional to some power of 1=d, so that it can be
identified with Ifree according to Theorem III.1. The
Oð1=dÞ contributions to C are not relevant for Ifree, so
we can ignore the second and third terms of Eq. (82). In
principle, we should keep the 1=d term in the parenthesis
first term to control a potential divergence in the infinite
sum:

IfreeðAðtÞ∶BÞ ¼
X∞
n¼1

2

n

�
OTOCnðtÞ2 − 1

d

�
; (83)

up to finite corrections of Oð1=dÞ. In cases where
IfreeðAðtÞ∶BÞ has a finite value, the sum must converge,
and we should get a good approximation to Ifree by keeping
some Oð1Þ number of terms nmax,

IfreeðAðtÞ∶BÞ ≈
Xnmax

n¼1

2

n

�
OTOCnðtÞ2 − 1

d

�

≈
Xnmax

n¼1

2

n
OTOCnðtÞ2: (84)

In the last line we have assumed that we are considering
systems at times such that OTOCnðtÞ is Oð1Þ for n of
Oð1Þ, such that we are justified in truncating to nmax ≪ d.
If this were not the case, then the value of Ifree itself would
be Oð1=dÞ, and the Coulomb gas formula would not
be valid.
We compare the partial sums of Eqs. (82) and (84) with

the Coulomb gas formula in one physical model in
Appendix E and confirm that the difference between
Eq. (82) and Eq. (84) is only important at late times when
C is an inverse power of d.

B. OTOC sum formula for ensemble averages

Let us now consider the setup from Sec. III B, where the
time evolution operatorUðtÞ is drawn from some ensemble
ν. Recall that if we can approximate ρðxÞρðyÞ ≈ ρ̄ðxÞρ̄ðyÞ
and the measure ν obeys certain smoothness conditions,
the ensemble average of Ifree can be approximated as
IðAðtÞ∶BÞ in Eq. (58). Equivalently in terms of z1; z2 ∈ T ,

IðAðtÞ∶BÞ ¼ −
I

dz1

I
dz2μ̄ðz1Þμ̄ðz2Þ log jReðz1Þ

− Reðz2Þj; (85)

where μ̄ is the ensemble average of μ defined in Eq. (69).
The analysis of IðAðtÞ∶BÞ is exactly parallel to that of X
in the previous section, with the replacement:

μðzÞ → μ̄ðzÞ; 1
d
Tr½ðAðtÞBÞn� →

I
T
dz μ̄ðzÞzn; (86)

so that we find

IðAðtÞ∶BÞ ¼
X∞
n¼1

2

n
OTOCnðtÞ2; (87)

where OTOCn is the ensemble-averaged OTOC:

OTOCnðtÞ≡
I
T
dzμ̄ðzÞzn ¼ 1

d
Tr½ðAðtÞBÞn�: (88)

There is no analog of the Y term of the previous section
in this case. This concludes the proof of Theorem IV.2.

C. Physical implications

Let us now note two physical implications of Eqs. (63)
and (64):

1. These results immediately imply the following
inequality for any (up to the approximation in
Eq. (63), which requires neglecting Oð1=dÞ con-
tributions):

IfreeðAðtÞ∶BÞ ≥
2

n
OTOCnðtÞ2: (89)

We can also put any partial sum over some subset of
OTOCs as a stronger lower bound. The equality
[Eq. (63)] is clearly a much stronger statement, but
the bounds can be useful if we do not have access to
higher-point OTOCs beyond some n. Moreover, the
bound has a similar structure to the following well-
known bound for the quantum mutual information
IðX∶YÞρ between two regions X and Y [74] in some
state ρ,

IðX∶YÞρ ≥
1

2
hOXOYi2ρ;c; (90)

where OX and OY are any operators in X and Y with
unit operator norm and hOXOYiρ;c is their connected
two-point function in ρ. The n ¼ 1 case of Eq. (89)
is most directly analogous to Eq. (90), as it involves
the two-point function 1

dTr½ABðtÞ�. This analogy
suggests that Ifree is a natural candidate for an
information-theoretic measure of correlations over
time. For various timelike mutual information
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measures proposed in the literature from other
perspectives, see Refs. [60–65].

2. Recall from Sec. III B that under a condition of
sufficient smoothness of the ensemble that is sat-
isfied by many examples of interest (including the
GUE and random unitary circuit ensembles dis-
cussed later in this paper), ρ̄ðxÞ contains no delta
functions after some characteristic time scale, and
as a result I is finite. In such cases, the infinite sum
over OTOCn

2 in Eq. (64) must converge.
Note that since the series [Eq. (64)] already

involves a harmonic weight, it is right on the border
of divergence. This implies that even a mild decay
of the OTOCn with n, such as ∼1=nδ for small
δ > 0, may be sufficient for a finite FMI. This
leaves room for a variety of different decay behav-
iors of OTOCn with n. We shall examine the form of
OTOCn decay and its associated timescales in a
variety of physical models in the next two sections.

V. FREE MUTUAL INFORMATION
IN CHAOTIC SYSTEMS

Now that we have derived general formulas to study
the free mutual information in physical systems, let us
turn to some concrete examples. In this section, we will
consider three increasingly realistic models of chaotic time-
evolution. In each of these models, our main goal is to
evaluate IfreeðAðtÞ∶BÞ and understand its time-dependence.
Another important goal is to understand the role played by
different OTOCn in the partial sums of Eq. (63) or (64). In
the course of trying to understand these partial sums, wewill
also be able to extract certain universal features of the
n-dependence of OTOCn across these different models. The
techniques used and the results we are able to derive in each
model are somewhat different, so we summarize the main
results below. In each case, we take A and B to be initially
commuting, so that IfreeðAðtÞ∶BÞ ¼ ∞ at t ¼ 0.

1. Random Hamiltonians from the GUE ensemble. In
Sec. VA, we use the non-local GUE model as a first
example. In this model, we numerically compute
both Ifree and OTOCn for single realizations of the
ensemble and derive analytic formulas for the
ensemble average of OTOCn. This allows for de-
tailed comparison between ensemble averages and
individual realizations and between the the two
sides of Eq. (63) for various nmax. We find numeri-
cally that IfreeðtÞ becomes finite for any t > 0 and
decays monotonically with time. All OTOCn start
to decay for t > 0, and higher n show faster initial
decay with t. Due to this behavior of OTOCn, at
sufficiently late times we get a good approximation
to IfreeðtÞ even with nmax ¼ 2 in Eq. (63).

At intermediate times, OTOCnðtÞ show oscilla-
tions as functions of both t and n, which do not
lead to oscillations in IfreeðtÞ or the partial sums
of Eq. (63) and do not prevent the sums from
converging.

2. Random unitary circuits. In Sec. V B, we consider
brickwork Haar-random unitary circuits, which
were introduced as a model for chaotic dynamics
in Refs. [75,76]. This model is closer to realistic
chaotic systems than the GUE model due to its local
structure, although it lacks energy conservation.
Due to the local structure, the decay of OTOCn
in this model for two operators initially separated by
distance x begins at a time t� proportional to x. We
analytically study the ensemble average of OTOCn
in this model and conjecture a result for t > t� that
is similar in structure to OTOCnðtÞ in the random
GUE model. In particular, all OTOCnðtÞ start to
decay simultaneously at t�, and the result is con-
sistent with a faster initial decay for higher n.
Based on this GUE-like structure, it is likely that

the OTOC partial sums of Eq. (63) and Ifree for
t > t� show a similar behavior to the GUE case,
although we do not have direct access to these
quantities from our analytic calculation.

3. Chaotic spin chain. To take into account the effects
of energy conservation as well as locality, we next
consider the Ising model with both transverse and
longitudinal fields. This model is widely studied in
the literature as a representative example of chaotic
spin chains. We numerically evaluate Ifree and
OTOCn in this model. We find that the qualitative
features of both IfreeðtÞ and OTOCnðtÞ at times t >
t� ¼ x=v� (for some characteristic v� for this model)
are again similar to those of the random GUE model.

A. Random GUE Hamiltonian

As our first model for a highly chaotic time-evolution
operator, let us consider UGUEðtÞ ¼ e−iHt, where H is a
random d × d Hermitian matrix from the probability
distribution pGUEðHÞ of GUE Hermitian matrices. More
explicitly,

pGUEðHÞ ¼ 1

N
e−d

2Tr½H2�: (91)

The prefactor d=2 correspons to the choice that the off-
diagonal elements of H are independent complex random
variables with zero mean and variance jHijj2 ¼ 1

d, and the
diagonal components are independent real complex var-
iables with zero mean and variance H2

ii ¼ 1
d. With this

scaling of the variance, the average or typical density of
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eigenvalues of H lies between −2 and 2 independent of d.
Note that the ensemble is invariant under conjugation by
unitaries, pGUEðHÞ ¼ pGUEðUHU†Þ. This unitary invari-
ance implies in particular that the eigenvectors of H are
Haar-random with respect to any fixed reference basis. As
a result, a typical realization of the ensemble does not obey
any notion of locality with respect to some product basis.
Nevertheless, unlike the Haar-random time-evolution
operator discussed in Sec. III C, UGUEðtÞ does lead to a
non-trivial time-evolution of AðtÞ, so that we can ask about
the time-dependence of Ifree and OTOCn.
We will first discuss numerical observations from single

realizations of this ensemble in Sec. VA 1 and then discuss
the ensemble average in Sec. VA 2.

1. Single realization: Numerical results

Let us first numerically probe the behavior of Ifree,
OTOCn, and the partial sums in Eq. (63) for a single
realization for a random GUE matrix, with d ¼ 500. We
observe that:

1. Ifree from the Coulomb gas formula (51), shown in
the black curves in Fig. 3, is finite for any finite time
and decays monotonically with time.
We have explicitly shown the case where A ≠ B,

Tr½AB� ¼ 0, and ðABÞ2 ¼ 1. Other cases, such as
A ¼ B, or AB ¼ i1, show qualitatively similar
behavior of Ifree.

2. The partial sums of OTOCn in Eq. (63), also shown
in Fig. 3, converge rapidly with nmax. The left plot of
Fig. 3 shows that at sufficiently late times, just the
leading n ¼ 2 term is sufficient to capture the full
behavior of IfreeðAðtÞ∶BÞ. The right plot shows that
at earlier times, we need increasingly large nmax.
Each of the partial sums also shows a monotonic
decay with t.

3. The behavior of individual OTOCn as a function of
time is shown in Fig. 4. For A ¼ B, OTOCn for all n
are non-zero, while for A orthogonal to B, only even
OTOCn are non-zero. We note that:
(i) The initial decay of OTOCn is monotonically

faster for higher n.
(ii) At later times, OTOCnðtÞ oscillates with t,

leading to non-monotonic behavior as a func-
tion of both t and n. The oscillations begin at an
earlier time scale for larger n.

We will observe similar patterns in the local
chaotic systems that we will study in the next
two subsections. Due to point (ii), the conver-
gence of the OTOC partial sums and their
monotonic behavior as a function of t, which
we noted in the previous point, is not obvious
simply from observing the behavior of individ-
ual OTOCn.

4. The late-time saturation value of the Coulomb gas
formula is ∼d−0.84 and negative. See Fig. 11 in
Appendix B. By definition, the value of Ifree cannot
be negative, but recall from the discussion at the end
of Sec. III A that the Coulomb gas formula and Ifree
can be identified with each other only up to
corrections of Oð1=dzÞ for z > 0. Hence, the only
conclusion we can draw is that the late-time value of
Ifree is Oð1=dzÞ for some z > 0.
The condition (31) for Δmin is satisfied for the full

range of times shown in the plot, so that the Coulomb
gas formula can be identified with Ifree from early to
intermediate times. See Appendix B for details.

2. Ensemble average

To go beyond the numerical analysis of the previous
section, we need to consider ensemble averages of OTOCn

FIG. 3. On the left, we show the behavior of Ifree for a range of times from t ¼ 0.001 to t ¼ 2 in a single instance of a random GUE
Hamiltonian for d ¼ 500. We compare the Coulomb gas formula in the black curve to the OTOC partial sums up to some nmax. On the
right, we show a closed-up version of the same plot at early times. The behavior after times around t ¼ 1 is subtle, and a closed-up
version is shown in Figs. 11 and 14 in Appendix B. While we explicitly show the case A ≠ B, the plots are similar for the case A ¼ B.
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and Ifree over the GUE ensemble. First note that from our
argument in Sec. III B and Appendix C, due to the
smoothness of the measure [Eq. (91)], for any t > 0, the
averaged spectral density ρ̄ðxÞ of the real part of AðtÞB
contains no δ functions. As a result, the averaged free
mutual information I is finite for any t > 0 (details on the
smoothness condition and how it is satisfied for the
ensemble [Eq. (91)] are discussed in Appendix C).
While directly finding the averaged spectral ρ̄ðxÞ

as a function of t to compute the ensemble FMI I
from the formula (58) is challenging, the average
OTOCnðAðtÞ∶BÞ is more tractable. In this section, we
will use a technique from free probability to obtain a
general analytic formula for OTOCn under GUE evolu-
tion.15 While the formula turns out to be somewhat
complicated, we write it in an explicit form up to
n ¼ 5, and find excellent agreement with the numerical
result from d ¼ 500 from the previous section. See the
caption of Fig. 4.16 In principle, these formulas for OTOCn

can be used to obtain an analytic form for I through
Eq. (64). We are not able to explicitly perform this sum due
to certain difficulties mentioned below, and leave this task
to future work.
It is easiest to illustrate the technique for the case A ¼ B,

where our task is to compute

OTOCnðtÞ ¼ Tr½ðAUGUEðtÞ†AUGUEðtÞÞn�: (92)

The key observation is that since

UGUEðtÞ ¼ Ue−iH0
GUEtU†; (93)

for a Haar-random unitary U (where H0
GUE is some fixed

matrix), A and UGUEðtÞ approach freely independent non-
commuting variables a and u in the large d limit. As
explained in more detail in Appendix F, this leads to the
following formula [25]:

lim
d→∞

OTOCnðtÞ ¼
X

π ∈NCð2nÞ

Y
V ∈ π

κjVjðaÞ
Y

W ∈ πc
mjWjðuÞ;

(94)

where NCð2nÞ denotes the non-crossing (NC) partitions of
2n elements, πc is the Kreweras complement of π in NCðnÞ,
and V denotes a block in π. See Fig. 5 for explanations and
illustrations of NC partitions and Kreweras complements.
mnðuÞ refers to the n-th moment of u,

mnðuÞ≡ lim
d→∞

1

d
Tr½e−inHGUEt� ¼ J1ð2ntÞ

nt
; (95)

where J1 is the Bessel function of the first kind. This
expression comes from the fact that the averaged density of

FIG. 4. We show the behavior of OTOCnðtÞ for the case A ¼ B on the left for a single realization of the GUE ensemble and for the
case A ≠ B, Tr½AB� ¼ 0, ðABÞ2 ¼ 1 on the right. The data in the right plot provides the input for the partial sums shown in Fig. 3. Note
that we have not shown the odd nOTOCs in this A ≠ B case, as they show small fluctuations around 0 for all times and give a negligible
contribution to Ifree. In the left plot, for n ¼ 1 to n ¼ 5, the continuous lines are not interpolations of the data points, but instead
correspond to the analytic expressions from the large d limit of the ensemble average obtained in Table I.

15Note that Ref. [37] previously proposed a much simpler
formula for 1

dTr½A1B1ðtÞ…AnBnðtÞ� in this model by identifying
a leading contribution in the average over ðU ⊗ U�Þ2n for the
Haar-random U appearing in Eq. (93). However, their result
applies only in the case where all Ai; Bi are distinct. In the
present case where all Ai ¼ A and Bi ¼ B, the analysis from
Weingarten functions in the random unitary average becomes
intractable for general n, with many non-trivial leading con-
tributions coming from terms proportional to Wgðσ; τÞ for σ ≠ τ.
One goal of this subsection is to illustrate how free probability
techniques can give a practical tool to simplify such calculations.

16The fact that the variance of OTOCn is small for large d
confirms that we can approximate ρ̄ðxÞρ̄ðyÞ ≈ ρðxÞρðyÞ for large
d in this model.
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eigenvalues of HGUE is a semicircle distribution. For
subsequent expressions, it will be convenient to introduce
the notation:

ηðtÞ≡ J1ð2tÞ
t

: (96)

Note that jηðtÞj ≤ 1 for all t:κnðaÞ refers to the “free
cumulants” of a, which in this case are given by:

κnðaÞ ¼
� ð−1Þn2−1Cn

2−1; n is even
0; n is odd

(97)

where Ck ¼ 1
kþ1

ð2kk Þ denotes the Catalan number. See
Appendix F for more details, including the definition of
free cumulants.
Putting the expressions for mn and κn into Eq. (94), we

obtain the following formula:

OTOCnðtÞ ¼
X

π∈NCð2nÞ;
Vjeven; ∀ V ∈ π

Y
V ∈ π

ð−1ÞjVj2 −1CjVj
2 −1

Y
W ∈ πc

ηðjWjtÞ;

(98)

where the sum is over those NC partitions of 2n whose
blocks all have even lengths, and we shall simply call them
“even NC partitions.” For instance, we have

OTOC1ðtÞ ¼ ηðtÞ2; (99)

OTOC2ðtÞ ¼ 2ηðtÞ2ηð2tÞ − ηðtÞ4: (100)

We list the resulting formulas up to n ¼ 5 in Table I in
Appendix F and compare them to the numerical data from
a single sample for d ¼ 500 in Fig. 4.
The expressions become increasingly complicated for

larger n, but one general pattern is worth noting: the
smallest number of total factors of the function η that
appear in any term in OTOCn is always ≥ nþ 1. This is a
consequence of the combinatorial Lemma G.1. We will see
a similar combinatorial pattern in the random circuit
calculation of the next section. Moreover, all terms with
nþ 1 factors of η come from cases where π consists only

of two-cycles (or is a “non-crossing perfect matching”),
and as a result the sum of the coefficients of these terms is
the Catalan number Cn. Since jηðtÞj ≤ 1 and its envelope
decays with time,

ηðtÞ ¼ t−3=2π−1
2ðcosð2t − 3π=4Þ þOðt−1ÞÞ; t≳ 1;

(101)

the set of terms with only nþ 1 powers of η should
dominate in the full expression for OTOCn at late enough
times (which we also find in practice to be t≳ 1), giving an
upper bound of the form:

OTOCn ≤ Cnt−3ðnþ1Þ=2π−ðnþ1Þ=2; (102)

up to the cosine factors. In principle, Eq. (102) could be
used to argue for convergence of the OTOC sum formula at
late enough times (as the Catlan numbers grow exponen-
tially rather than factorially). However, at the times when
the approximations in Eqs. (101) and (102) hold, we are
already in the regime where the Coulomb gas formula
becomes negative, and its precise Oð1=dzÞ value does
not have a good physical interpretation. To analytically
explain the numerically observed convergence of the
OTOC sum formula in Fig. 3 at physically relevant time
scales, we would therefore need to take into account
the full set of terms like those in Table I. For now, we
will treat the numerical observation as sufficient evidence
of convergence.

B. Random unitary circuits

Let us now consider random unitary circuits with
the brickwork pattern shown in Fig. 6, which provide a
useful toy model for quantum chaotic systems with local
interactions. Each site has a finite local Hilbert space

dimension q. Each unitary in the circuit such as Uðt0Þ
x0;x0þ1

is
independently drawn from the ensemble of Haar-random
matrices Uðq2Þ. We take two operators A and B in the
circuit with initial separation x and consider OTOCn and
Ifree as functions of t and v ¼ x=t.

FIG. 5. NC partition and Kreweras complements. A non-crossing partition of a finite set is a partition in which no two blocks cross
each other. The left panel illustrates non-crossing vs. crossing partitions on a set of four elements: ð12Þð34Þ is NC and ð13Þð24Þ is not.
The Kreweras complement of π in NCðnÞ is defined as the maximal NC partition of a set of n elements interlaced with the original set of
n elements on which π is defined, such that π ∪ πc is an NC partition of 2n elements. Here, maximality is defined with respect to a
partial order: π < σ if each block of π is completely contained in one of the blocks of σ. The right panel illustrates the Kreweras
complement for π ¼ ð12Þð36Þð45Þð78Þ (taken from Ref. [77]), πc ¼ ð1Þð268Þð35Þð4Þð7Þ.
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Due to the sharp light-cone of this circuit model, for
v > 1 all OTOCnðt; vÞ are equal to 1 for even n and zero
for odd n. The decay of OTOC2ðt; vÞ with increase in t for
fixed v or with decrease in v for fixed t, captures the
growth of operator size in the space of degrees of freedom.
Previously, OTOC2 in this model has been studied in detail
in Refs. [75,76], where in particular it was found that the
initial decay is of the form:

OTOC2ðt; vÞ ≈ e−
ðv−vBÞ2

2D t; (103)

indicating a ballistic spreading of the operator front in
space at some characteristic velocity vB, as well as a
broadening of the front with some diffusion constant D.
We would now like to understand our more fine-grained

notion of spreading in operator space in this model,
quantified by Ifree and OTOCn. Like in the ensemble
average of the GUE model, the average of OTOCn is more
tractable than that of Ifree. OTOCn in this model can be
evaluated by mapping to a partition function calculation on
a triangular lattice with a Hilbert space of dimension n!
at each site, similar to previous calculations for Rényi
entropies in Ref. [78]. We discuss this calculation in a
mostly self-contained way in Appendix G.
As explained in Appendix G, it is relatively straight-

forward to see that:

OTOCnðt; vÞ ¼ 0; n odd; (104)

for all v and t. For even n, the n > 2 case is significantly
more technically challenging than the n ¼ 2 case that has
previously been studied and requires the use of a number
of assumptions. In particular, we assume that the dynamics
of domain walls between permutations in the partition
function for OTOCn can be captured by the “membrane
picture” for random unitary circuits, developed in the
context of Rényi entropies in Ref. [78]. A major compli-
cation in the calculation of OTOCn compared to that of the
Rényi entropies is that there are now many different types

of domain walls, associated with all possible permutations
in Sn, that can potentially contribute to the partition
function at leading order. In Appendix G, we explain
how to combine inputs from the membrane picture with
certain combinatorial facts in order to rule out contribu-
tions from a subset of permutations. Based on this
structure, we conjecture a result of the following form:

OTOCnðt; vÞ

¼
� 1 v > vBP

n−1
k¼n=2 c

ðnÞ
k q−kðEkþ1ðvÞ−vÞt v < vB

; n even:

(105)

In both lines, we have ignored exponentially suppressed
corrections in t (except in the case v > 1 in the first line,
where the result is exact from the light-cone structure).
Here EnðvÞ is a function called the membrane tension
function, whose relevant properties are summarized in

Appendix G4, and cðnÞk are certain coefficients with either

sign such that
Pn−1

k¼n=2 c
ðnÞ
k ¼ 1. The argument for

Eq. (105) is presented in detail in Appendix G. Eq. (105)
is a conjecture due to several assumptions stated in the
appendix, which we expect are correct but are not able to
prove rigorously. The case n ¼ 4 was recently studied
in Ref. [45] with a combination of numerical and analy-
tical techniques. While the final result in Ref. [45] is
obtained numerically and is not phrased in terms of the
membrane tension like in Eq. (105), the combinatorial
structure that they find is consistent with the n ¼ 4 case of
our formula.
As explained in more detail in the appendix around

Eqs. (G76)–(G78), for v≲ vB, for sufficiently large t, we
can approximate:

OTOCnðt; vÞ ≈ cðnÞn=2 e
−n=2ðv−vBÞ2

2D t; n even: (106)

Then if cðnÞn=2 is independent of n, from summing the
series [Eq. (64)] we get the following expression for the
averaged FMI:

Iðt; vÞ ≈ c
X∞
n¼1

1

n

�
e−

ðv−vBÞ2
D t

	n ¼ −c log
�
1 − e−

ðv−vBÞ2
D t

	
;

v < vB; (107)

where c ¼ ðcðnÞn=2Þ2. This expression is unlikely to be
quantitatively accurate as there is no particular reason to

expect that cðnÞn=2 is independent of n; however, it can be
seen as a toy model that captures the qualitative behavior
of Ifree under local chaotic dynamics in the regime v≲ vB
close to the operator front at late times. Note that the

FIG. 6. Brickwork random unitary circuit model.
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crucial ingredient that makes the convergence of Ifree
plausible for t > x=vB is that the smallest k appearing
in the exponent in Eq. (105) grows with n. This growth of
the smallest k with n is a consequence of the arguments
based on the membrane picture and the combinatorial
structure discussed in Appendix G. Note also that the
structure of the sum [Eq. (105)] is similar to [Eq. (98)] in
the GUE case, where the smallest number of powers of η
appearing in [Eq. (98)] grows with n. Away from the front
of the operator, the mechanism for the convergence of the
OTOC sum formula is likely more complicated, with all
terms in Eq. (105) playing an important role.
Considering the implications of the arguments of

Appendix C for the convergence of I in this case reveals
a further subtlety. Due to the smoothness of the ensemble
of random unitary circuits according to the criterion
discussed in Appendix C, we conclude from this general
argument that ρ̄ðxÞ has no delta functions for any v < 1.
This implies that I must be finite for any v < 1, and hence
the OTOC sum must converge in this regime. For v < vB,
this is consistent with Eq. (105) as discussed above. For
vB < v < 1, this statement appears to be in contradiction
with Eq. (105) if all OTOCnðt; vÞ can be approximated
as 1. Note that for vB < v < 1, the first line of Eq. (105)
has corrections of the form Oðg1ðn; vÞe−g2ðn;vÞtÞ which are
beyond the scope of our current calculation. Here g1 and g2
are some functions of n. If g2ðnÞ in these corrections grows
rapidly for large n, this could explain convergence of the
OTOC sum for vB < v < 1. Further scrutiny of this regime
is beyond the scope of our current analysis but presents an
interesting puzzle for future work.

C. Chaotic spin chain

Next, let us numerically probe the behavior of OTOCn
and Ifree in the chaotic mixed-field Ising model,

H ¼
XL
i¼1

ðZiZiþ1 þ gXi þ hZiÞ; (108)

with g ¼ −1.05, h ¼ 0.5, and periodic boundary condi-
tions. We take the system size L ¼ 10, A ¼ Zx¼0, and
B ¼ Zx¼5. The result is shown in Fig. 7. Other choices of
Pauli operators A and B lead to similar results.
We observe that:
1. The value of Ifree from the Coulomb gas formula,

shown on the left in Fig. 7, starts to decay at a time
scale t� close to x=vB. Note that vB ≈ 2 for this
model [79,80], but its precise value in Hamiltonian
systems depends on a choice of convention about
how to define the operator front. Relatedly, due to
the lack of a sharp light-cone, the precise time at
which IfreeðtÞ becomes finite is ill-defined and
depends on the numerical precision with which
we evaluate the eigenvalues of AðtÞB. For the case
shown in the figure, we work at a precision of 10−16.
Δmin becomes non-zero at this precision for
t > t� ≈ 1.25, leading to a finite value of the FMI
after such times. IfreeðtÞ shows monotonic decay
with time.

2. The left panel of Fig. 7 also shows the pattern of
convergence of the OTOC partial sums for various
nmax to Ifree, which is similar to that in the GUE
model. Each of the OTOC partial sums shows a
monotonic decay with time.

3. The behavior of individual OTOCn, shown on the
right in Fig. 7, shows an initial decay that is
monotonically faster for higher n. In particular,
the n-dependence for fixed t shown in Fig. 8
suggests that if we first take the t → t� limit and
then nmax → ∞, the OTOCn decay monotonically
with n. This is the regime where a formula such as

FIG. 7. On the left, we show Ifree from the Coulomb gas formula (black curve) and the partial sums of Eq. (63) in the chaotic spin
chain model. On the right, we show the time-dependence of OTOCn for even n. Odd n give a negligible contribution for all times, as
expected from the random circuit calculation.
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Eq. (106) from the random circuit analysis could
apply in the chaotic spin chain for large enough x.
For any n, we see oscillations of OTOCn with

time at intermediate times, which start earlier and
have larger magnitude for higher n. Similar oscil-
lations could arise in the random circuit calcula-
tion from summing over all terms with different
signs in Eq. (105). This also entails oscillations of
OTOCnðtÞ for a fixed t as a function of n, as we see
in Fig. 8. In this intermediate-time regime, the
convergence of the OTOC sum formula is explained
by the decaying envelope of OTOCn instead of a
strict monotonic decay with n.

VI. FREE MUTUAL INFORMATION IN
NON-CHAOTIC SYSTEMS

In this section, we discuss the behavior of the Coulomb
gas formula and the free mutual information in a few
examples which cannot be seen as generic chaotic models.
In three of these cases—Clifford unitaries, PFC unitaries,
and free fermions—we find degeneracies in the spectrum
of AðtÞB even at late times, so that the FMI is infinite. In
each of these models, the behavior of OTOC2 reflects
delocalization in physical space, even though the diver-
gence of the FMI indicates a lack of spreading in operator
space. The precise mechanism underlying the degeneracy
of the spectrum of AðtÞB is different in each case. In the
interacting integrable Heisenberg model, for operators that
do not commute with the symmetries of the system, we
find behavior similar to the generic chaotic spin chains
of Sec. V C.

A. Unitary designs

Recall from the discussion of Sec. III C that under a
single step of evolution by a Haar-random unitary, the free
mutual information becomes zero in the limit of large
Hilbert space dimension. It is then natural to ask whether
ensembles known as unitary designs, which replicate
certain features of Haar-random unitaries, also cause the
free mutual information to vanish or become small after a
single step. See for instance Ref. [52] for the precise
definition of unitary n-designs.
We consider two examples of unitary designs below:
1. Random Clifford unitaries, which form exact three-

designs [81]. This implies in particular that the
value of OTOC2 agrees on average between random
Cliffords and Haar-random unitaries. Random Clif-
fords thus lead to delocalization of operators in
physical space, and the related information-theo-
retic phenomenon of decoupling [6,82–87]. This
ensemble fails to form an exact or approximate
four-design [81,88].

2. Random PFC ensembles, which were recently
introduced in Ref. [52] and shown to form approxi-
mate unitary n-designs for any n that does not grow
with the Hilbert space dimension d. As one com-
ponent of a PFC unitary is a random Clifford, this
ensemble also forms an exact three-design.

From our OTOC sum formula for the free mutual
information, it is clear that if all OTOCn are equal to the
Haar-random values for some unitary dynamics, then
the free mutual information must be small. However,
under both random Clifford unitaries and random
PFC ensembles, for all n that are multiples of 4,
OTOCnðUAU†∶BÞ ¼ 1. For random Cliffords, this is
true for any Pauli operators A and B.17 For the random
PFC ensemble, it holds for the case where A is any Pauli
and B consists only of Pauli Z and I at each site. This is
true for each individual realization from both ensembles
and hence also for the ensemble average. For Cliffords,
this behavior is consistent with the fact that they do not
form exact four-designs; for the PFC ensemble, it is
consistent because the approximate n-design property,
unlike the exact n-design property, does not imply that
OTOCn are close to the Haar values (see Ref. [28,54]).
For both random Cliffords and PFC unitaries, the fact

that OTOCn ¼ 1 for all n that are multiples of 4 comes
from the fact that each of the eigenvalues of AðtÞB takes
only one of four possible values:þ1,−1, i, or−i. This also
immediately implies that the spectrum has a large amount
of degeneracy, and the Coulomb gas formula diverges. Let
us see how this feature of the spectrum comes about in
both cases.

FIG. 8. n-dependence of OTOCn in the chaotic spin chain
model at three different times. As we approach t� ≈ 1.25,
OTOCn decay monotonically with n for an increasing range
of n.

17Note that we refer to any tensor product operator involving
one of the four Pauli matrices I, X, Y, Z at each site as a Pauli.
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1. Cliffords

The result in the Clifford case immediately follows from
the fact that UAU† is a Pauli matrix if A is a Pauli matrix.
Then since B is also a Pauli, there are three cases for the
spectrum of UAU†B: (i) If UAU† ¼ B, then UAU†B ¼ I
and all eigenvalues of UAU†B are 1. (ii) If UAU† ≠ B but
commutes with B, then UAU†B is�P for some non-trivial
Pauli P, so that d=2 eigenvalues are þ1 and d=2 are −1.
(iii) If UAU† anticommutes with B, then UAU†B is �iP
for some Pauli P. Half of the eigenvalues are þi, and
half are −i.
Since random Clifford unitaries send Pauli matrices to

other Paulis, the lack of chaotic behavior in this ensemble
can be detected by a number of other measures, including
operator entanglement [80,89] and the stabilizer Rényi
entropy [90]. It is not too surprising, then, that the free
mutual information shows non-generic behavior in this
case. Next, let us turn to the more non-trivial example of
the PFC ensemble [52], which does not send a Pauli matrix
to another Pauli matrix.

2. PFC unitaries

A PFC unitary augments a random Clifford (C) by
further multiplying each computational state by a random
binary phase (F) and applying a random permutation (P) to
the computational basis. More precisely, a unitary in the
PFC ensemble is given by the product

U¼PFC; C∈Clifford; F∶jxi↦ ð−1ÞfðxÞjxi;
P∶jxi↦ jπðxÞi; (109)

where fðxÞ is a binary function and π∈ Sd is a permutation
among computational basis states. The probability mea-
sure on this ensemble is induced from a uniformly random
CliffordC, a uniformly random binary function fðxÞ, and a
uniformly random permutation π.
Consider some initial Pauli A, and its “time evolution”

under a single step of the PFC unitary,

A0 ≡ PFCAC†F†P†: (110)

We first argue that A0 always maps a computational
basis state to another computational basis state (up to a
phase), i.e., it never maps jxi to a superposition of
computational basis states. This is because each factor
in A0 ¼ P · F · ðCAC†Þ · F† · P† does so. This is obvious
for P and F and their Hermitian conjugates. The middle
factor CAC† is some Pauli operator, and a Pauli acting on a
computational basis yields a phase flip, a bit flip, or both,
so that again CAC†jxi is a computational basis state.
Given this fact, let us denote the permutation action of

A0 on the computational basis states by τ. Since A02 ¼ I, A0
decomposes the computational basis into disjoint orbits

that are either one-cycles (fixed points) τðxÞ ¼ x, or
twocycles of form fx; τðxÞg with τðτðxÞÞ ¼ x. On the
subspace spanned by the states that belong to the one-
cycles, A0 acts as an identity. For a two-cycle, we have

A0jxi ¼ axjτðxÞi; A0jτðxÞi ¼ aτðxÞjxi; axaτðxÞ ¼ 1:

(111)

Since B only consists of Z’s, we have

Bjxi ¼ bxjxi; bx ∈ f�1g: (112)

Hence, the restriction of A0B to the span of an arbitrary
two-cycle fjxi; jτðxÞig has the matrix form:

A0Bjspanfjxi;jτðxÞig ¼
�

0 axbτðxÞ
aτðxÞbx 0

�
: (113)

Its eigenvalues satisfy

λ1þλ2 ¼ 0; λ1λ2¼−aτðxÞbxaxbτðxÞ ¼−bxbτðxÞ∈f�1g:
(114)

Hence, the only possible eigenvalues of each such 2 × 2
block, and hence of A0B, are f�1;�ig.
We therefore see that even with the addition of the phase

flips and permutations, the PFC ensemble does not lead
to spreading in phase space and decay of higher-point
OTOCs. It is nevertheless possible that other variants
of the PFC ensemble, such as Clifford–permutation–
phase–Clifford [91], permutation–phase–Clifford–phase–
permutation, or stacking up multiple layers of PFCs [92],
could show behaviors more similar to the generic chaotic
systems of Sec. V.

B. Free fermion integrable systems

As a next example, let us consider the TFIM on L spins,
which corresponds to a special case of Eq. (108) with
h ¼ 0, i.e.,

H ¼
XL
i¼1

ðZiZiþ1 þ gXiÞ: (115)

Through a Jordan–Wigner transformation, the
Hamiltonian describes 2L free Majorana fermions (cf.
for instance Ref. [93]).
We take A0 and Bx to be various choices of initial Pauli

matrices in this model. The evolution of e−iHtAeiHt has
some non-generic features compared to chaotic systems
but is not as simple as the Clifford case of the previous
section. In particular, both the operator entanglement [89]
and the Stabilizer Rényi entropy [94] grow under time
evolution in this model, although the growth is slower or
the late-time value is smaller than in chaotic systems.
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FIG. 9. We show OTOCn for the TFIM on the left, and the partial sums of Eq. (63) from this data on the right.

FIG. 10. Behavior of OTOCn, OTOC partial sums, free mutual information, and Δmin in the Heisenberg XXZ model. The top panel
shows the case A ¼ X0; B ¼ Xx, and the bottom panel shows the case A ¼ Z0; B ¼ Zx.
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Similarly, OTOC2 initially grows in this model, but later
oscillates and decays (see for instance Ref. [95]).
The FMI shows a dramatically different behavior in this

model compared to the chaotic spin chain for all times. We
can use the mapping of this model to free fermions to see
that the real parts of the eigenvalues of e−iHtAeiHtB always
take exactly two distinct values, λ1 and λ2. We explain the
details in Appendix I. We observe numerically that λ1 and
λ2 both increasingly move inwards on the interval ½−1; 1�
from their initial values of �1. Hence, while the precise
form of the spectrum of AðtÞB is somewhat different from
the Clifford case, where the real parts of the eigenvalues
are simply �1 or 0, the consequence for IfreeðAðtÞ∶BÞ is
the same: it remains infinite for all times.
We show the behavior of OTOCn and the OTOC partial

sums of Eq. (63) for this model in Fig. 9. While the
oscillations of the OTOCn are somewhat greater in
magnitude than those of the chaotic case of Fig. 7, it is
not entirely obvious from observing the individual OTOCn
in each model whether there is a sharp qualitative differ-
ence in the dynamics. On the other hand, comparing the
non-monotonic behavior of the OTOC partial sums in
Fig. 9 as a function of time to the monotonic behavior in
Fig. 7 provides a much sharper diagnostic of the difference
between the two models.

C. Interacting integrable systems

As a final example, let us consider an interacting
integrable system: the Heisenberg XXZ model, which
has the Hamiltonian:

H ¼
XL
i¼1

ðXiXiþ1 þ YiYiþ1 þ ΔZiZiþ1Þ: (116)

We set Δ ¼ 0.5 and consider L ¼ 10 and periodic
boundary conditions. Note that in addition to being
integrable, the model has a Uð1Þ symmetry: the total Z
spin Ztot ≡P

L
i¼1 Zi is conserved.

In Fig. 10, we show the behavior of OTOCn, Ifree,
and Δmin in this model for two cases: A ¼ X0; B ¼ Xx,
which do not commute with the conserved charge, and
A ¼ Z0; B ¼ Zx, which do commute with the conserved
charge. In the former case, we see behavior similar to the
chaotic case in Fig. 7. In the latter case, we see non-generic
behavior, where Ifree diverges even at late times due to
degeneracies in the spectrum, and the partial sums do not
converge. This behavior should be understood as a conse-
quence of the symmetry, rather than of the integrability of
the model: we checked that on adding an integrability-
breaking-next-nearest-neighbor term

P
L
i¼1 ZiZiþ2 which

still commutes with Ztot, we find qualitatively the same
behavior in all cases as in Fig. 10. Hence, the integrable
Heisenberg model does not appear to be distinguishable
from chaotic models by Ifree. The indistinguishability of this

model from chaotic models using OTOC2 was previously
discussed in Ref. [96]. This example does show the need to
formulate a different version of the free mutual information
in the presence of symmetries, which we comment on
further in the discussion.

VII. DISCUSSION AND OUTLOOK

In this paper, we identified a new universal property of
the Heisenberg evolution of operators in a chaotic quantum
many-body system. We found that a certain coarse-grained
volume of the time-evolved operator generically spreads
out to fill the abstract space of all operators, which is
doubly exponential in the number of degrees of freedom.
This notion of ergodicity in operator space goes beyond the
more familiar notion of operator growth in the space of
degrees of freedom. We introduced a quantitative measure
of spreading in operator space called the FMI. We derived
an explicit formula for the FMI for a broad class of oper-
ators and showed a precise and general relation between
the FMI and a sum over all higher-point out-of-time-
ordered correlators (OTOCn). This relation provides an
understanding of the precise role played by higher-point
OTOCs in the approach to maximal scrambling and
asymptotic freeness, which had previously been lacking.
We then studied the behavior of the FMI and the higher-

point OTOCs in a variety of representative examples of
chaotic as well as integrable systems. In all examples of
chaotic systems, we found that while higher-point OTOCs
show large oscillations with time, the FMI decays mono-
tonically, showing that it captures a more physically
meaningful measure of chaos than individual OTOCn.
Although the FMI starts to decay at a time scale close to
that associated with decay of OTOC2 in chaotic systems,
we confirmed by looking at a variety of integrable models
that it is a much finer probe of chaos than OTOC2. In each
of these integrable models, we found cases where OTOC2

decays, indicating spreading in physical space, while Ifree
remains infinite, indicating localization in operator space.
While our study of various examples of chaotic quantum

many-body systems has allowed us to extract a number of
general patterns, various results in these models should
be better understood in future work. In particular, it is
important to address the challenge of performing the
OTOC sum in Eq. (64) or directly evaluating the
Coulomb gas formula analytically in some concrete
physical example to obtain an analytic form of Ifree as a
function of time. While we proposed a toy model for this
functional form in local chaotic models in Eq. (107), the
true result should be of the form:

IfreeðtÞ ¼ −c logð1 − fðtÞÞ; (117)

where fðtÞ is a more non-trivial function which is equal to
1 for t < t� and decays for t > t�. We leave a study of its
precise functional form to more detailed studies in future
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work. It is also important to better understand the general
physical reasons why OTOCn show faster initial decay for
higher n and why later oscillations in OTOCnðtÞ do not
lead to corresponding oscillations in IfreeðtÞ. Further, it
would be interesting to find an example of a system which
one ordinarily thinks of as chaotic from the perspective of
OTOC2, which turns out not to be chaotic when probed
through Ifree, or where Ifree starts to decay at a later time
scale than OTOC2.
We comment on a number of broader generalizations

and future directions below:
(i) FMI with more reference observables. In this

paper, we have discussed the simplest way to
coarse-grain AðtÞ with a single reference observable
B. In principle, we could generalize the definition
to a collection of multiple reference observables
fBigki¼1, which would give a more refined FMI
IfreeðAðtÞ∶B1 � � �BkÞ. It is clear that adding more
reference observables imposes more constraints and
hence leads to a smaller volume fraction of the
coarse-grained set of Ã and a larger mutual infor-
mation: IfreeðAðtÞ∶B1 � � �BkÞ ≥ IfreeðAðtÞ∶B1Þ. This
is the monotonicity of free mutual information,
which can also be seen as the strong subadditivity
of free entropy. It would be interesting to study when
this inequality is saturated in physical contexts and to
understand the relation of IfreeðAðtÞ∶B1 � � �BkÞ to
more general higher-point OTOCs.

(ii) FMI at finite temperature. In this paper, we have
always considered the case where the reference state
ρ in Eq. (12) is the maximally mixed state. In
continuum systems such as quantum field theories,
infinite temperature correlation functions are not
well-defined, and it is necessary to consider a finite
temperature state, i.e. take ρ to be e−βH for some
β > 0. This choice of ρ is also more natural in the
presence of energy constraints; indeed, the most
interesting behavior of the OTOC in models like
Sachdev–Ye–Kitaev (SYK) is seen at low temper-
ature [10,12] and interesting physical constraints on
OTOCs such as the chaos bound apply only for finite
temperature [11].
Mathematically, the generalization to finite tem-

perature poses the challenge that we are no longer
dealing with tracial moments, so that our techniques
in Sec. III need a revision. Nevertheless, we believe
that it may still be possible to find an explicit formula
in this case. If we take A and B to be traceless
involutions (Paulis or rotated Paulis), the set of all
joint moments in this case can be organized as
mn ≡ d−1Trρ½AðtÞB�n, m�

n ≡ d−1Trρ½BAðtÞ�n, ln ≡
d−1TrρB½AðtÞB�n and l�n ≡ d−1TrρAðtÞ½BAðtÞ�n.
The resulting free mutual information might not
admit a simple Coulomb gas formula that depends
on a single eigenvalue density ρðxÞ determined by

one set of moments but should somehow combine
two densities determined by ðmn;m�

nÞ and ðln; l�nÞ,
respectively.

(iii) Symmetry-constrained free mutual information.
Our example in Sec. VI C shows explicitly that
symmetries can enforce degeneracies in the spec-
trum of AðtÞB and hence obstruct the unconstrained
Coulomb gas formula. The FMI definition can be
adapted to the symmetry class of a given physical
model by replacing the full orbit SA and its Haar-
induced volume in Eqs. (7)–(10) with the orbit and
volume measure on the symmetry-constrained sub-
manifold. For example, when a charge Q is con-
served, one may restrict to unitaries commuting
with Q, or equivalently formulate the volume ratio
sector by sector within the corresponding charge
blocks. The resulting symmetry-constrained volume
ratio compares AðtÞ only with operators accessible
within the same physical symmetry class. We leave
a systematic study of these model-dependent con-
structions to future work.

(iv) Better understanding the OTOC sum formula.
There are a few subtle features of our main
formula (6) that intrigue us. If we were to guess
an explicit formula for the FMI, which is implicitly
defined in terms of the OTOCs, a sum-of-squares
form is the most natural candidate given that the
FMI is non-negative. It is striking that the actual
answer turns out to be precisely a sum of squares up
to the harmonic weight. As we have remarked, the
harmonic weight is subtle because it allows any
power-law decay of OTOCn with n to sum to a finite
FMI, while not allowing OTOCn that do not decay
with n to sum to a finite FMI. It would be interesting
to better understand the physical interpretation of
this weight. We expect that this harmonic weight
is likely the underlying reason why Ifree decays
monotonically despite the oscillations at intermedi-
ate times in individual OTOCnðtÞ in the spin chain
and random GUE models.

The harmonic weight is likely due to the fact that
the FMI is an entropic quantity whose definition
comes with a logarithm, and its Taylor expansion
is exactly the RHS of Eq. (6). Explicitly, we could
rewrite the formula as18:

IfreeðAðtÞ∶BÞ ¼
X∞
n¼1

2

n
OTOCnðAðtÞ∶BÞ2

¼ −2Tr log½I − ðAðtÞBÞ ⊗ ðAðtÞBÞ�;
(118)

18We thank Zhenbin Yang for pointing this out to us. Also, cf.
[97,98] for a similar (but not identical) quantity called the
“logarithmic OTOC.”
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where we could also replace Tr log by log det. We
do not yet have a good physical interpretation of the
operator I − ðAðtÞBÞ ⊗ ðAðtÞBÞ, which could shed
further light on the interpretation of the FMI.

(v) Relation to other measures of chaos and com-
plexity. Recall that we started with the motivation
of coming up with a quantum many-body analog of
ergodicity in classical phase space. In classical
chaos, the natural entropy associated with this
ergodicity is the Kolmogorov–Sinai (KS) entropy,
which measures the rate at which one needs to
refine the phase space resolution to keep track of the
trajectory of the system. A quantum version of KS
entropy has previously been defined in [99,100].
This entropy quantifies how the information gained
from a measurement on the system evolves over
time and is not obviously related to our discussion
in this paper of the quantum trajectory of an initial
operator in operator space. However, in the math-
ematical literature there is some discussion of the
relation between the quantum KS entropy and the
free entropy [101,102]. It is worth studying
the potential connection between these quantities
in the physical context of quantum chaos.
Another natural question is about how the free

mutual information may be related to various
notions of the complexity of the time-evolved
operator AðtÞ ¼ UðtÞ†AUðtÞ or the complexity of
the time-evolution operator UðtÞ. One relation to
complexity comes from the fact that the free entropy
captures a version of quantum Kolmogorov (de-
scriptive) complexity of AðtÞ [72]. There may also
be a relation or bound between some variant of the
FMI and circuit complexity, as estimates of circuit
complexity often make use of the volume occupied
by an ensemble of time-evolution operators such as
a random unitary circuit in the space of all unitaries
(see for instance Refs. [103–105]). The FMI studied
in this paper, which involves two operators, satu-
rates at much earlier time scales than the ones
associated with the circuit complexity, but it is
possible that a less coarse-grained, multi-operator
version could saturate at much later time scales.

(vi) Gravity, holographic theories, and the SYK
model. Out-of-time-ordered correlators were first
used as diagnostics of chaos and scrambling in the
recent literature in models such as holographic
conformal field theories and the SYK model at
low temperature [7,9,10,12,13]. Recently, higher-
point OTOCs have also been studied in these
models [31,32,40]. The time-dependence of the
type of higher-point OTOCs that we are interested
in here, Tr½ρðAðtÞBÞn�, appears not to have been
studied in the existing literature on holographic
theories. In particular, while Refs. [31,32] show that
all higher-point OTOCs in the t → ∞ limit are

consistent with asymptotic freeness, we would like
to understand the time-scale on which the decay of
OTOCn first starts in these models in order to
understand whether and when the FMI converges.
Ref. [40] does consider the detailed time-depend-
ence in AdS2 and SYK, but for a different set of
“maximally braided” higher-point OTOCs. It would
be interesting to check whether the time scale on
which Ifree starts to converge is identical to the
scrambling time in these large N models. One case
where the formulas we have already derived in this
paper can be directly applied is the SYK model at
infinite temperature.

(vii) Free mutual information in mathematics. The
definition of free mutual information we have used
is adapted from the orbital free entropy [23] in the
mathematics literature. As mentioned in Footnote.
1, there is an alternative, and perhaps more standard,
definition of free mutual information that mathe-
maticians use, and it is based on the free Fisher
information under a free liberation process [106]
instead of on the counting of matrices [20,21].
These two definitions are expected to coincide
[21,24,107], but it is not known in full generality
whether they coincide. In the companion paper [73],
we will show that for the case of two traceless
involutions, these two definitions indeed coincide,
and they have a similar formula to the ensemble
FMI I in Sec. III B. We shall prove that both
formulas [Eqs. (58) and (64)] for Iða∶bÞ are valid
for any two traceless involutions a and b living in
any tracial non-commutative probability space,
complementing the finite-dimensional setting we
study in this paper. In short, we have been using a
consistent adaptation of free mutual information to
finite dimensions.

(viii) Free Rényi mutual information. The partial sum
expression in Eq. (63), truncated at n ¼ k,Pk

n¼1
2
nOTOC

2
n, can be thought of as defining a

“Rényi free mutual information” of order k.19 These
Rényi’s are practically useful, as in practical set-
tings such as experiments only a finite number of
OTOCs may be available. It is obvious from the
sum-of-squares formula that they are ordered with
respect to the Rényi index, similar to the classical
and quantum Rényi entropies (except in a reverse
order). A principled approach would be to define
Rényi free mutual information by modifying the

19The ordinary Rényi entropy of order k is defined from the
kth moment Trρk; correspondingly, the order-k Rényi FMI
retains the joint-moment information through order k. The
terminology is thus intended as a natural analogy, not as an
assertion that this is the conventional Rényi mutual information
of a density matrix.
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definition [Eq. (12)] so that it only depends on the
first k moments. In the companion paper [73], we
shall prove that this proper definition exactly
matches the expected formula

Pk
n¼1

2
nOTOC

2
n.
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APPENDIX A: DETAILS ON DERIVATION OF
COULOMB GAS FORMULA

1. Proof of Lemma III.1

Lemma III.1. The probability under Haar-random U that
the ordered vector y⃗ðUAU†BÞ lies in a measurable subset
S ⊆ Wd=2 is

PUðy⃗ðUAU†BÞ∈ SÞ ¼
Z
S

Yd=2
i¼1

dyi pðy⃗Þ; (A1)

where the probability density pðy⃗Þ is given by:

pðy⃗Þ≡N
Y

1≤i<j≤d=2
ðyi − yjÞ2; N ¼

�
d
2

�
!2−d2

4

Yd2−1
k¼0

ðd
2
þ kÞ!

ðkþ 1Þ!ðk!Þ2 : (A2)

Proof. Recall that y⃗ðUAU†BÞ is defined by:

yi ¼ cosϕi; e�iϕi are the eigenvalues of UAU†B: (A3)

A and B both have d=2 eigenvalues equal to þ1 and d=2 eigenvalues −1. In a basis where B is diagonal, we can write

B ¼ 1 − 2P; UAU† ¼ 1 − 2Q; Q ¼ UVPV†U†; (A4)

where P is the rank-d=2 projector diagð1;…; 1; 0;…; 0Þ and V is a unitary such that VBV† ¼ A. Now for anyU, out of the
various choices of basis that diagonalize B or P, there exists at least one choice of basis where we can write

P ¼ ⨁
d=2

i¼1

�
1 0

0 0

�
; Q ¼ ⨁

d=2

i¼1

�
cos2θi cos θi sin θi

cos θi sin θi sin2θi

�
; (A5)

where fθigd=2i¼1 ∈ ½0; π=2� are the principle angles between the subspaces where P and Q are supported. From this block
structure, the eigenvalues of PQP are given by:

xi ¼ cos2θi; i ¼ 1;…; d=2: (A6)

The discussion so far holds for any fixed U. Now if U is a Haar-random unitary, the probability density for the labeled
eigenvalues xi is given by [108]:

pðx1;…; xd=2Þ
Yd=2
i¼1

dxi ¼ M
Y

1≤i<j≤N=2

ðxi − xjÞ2
YN=2
i¼1

1½0;1�ðxiÞdxi; (A7)

for some normalization constant M. For any set S, the indicator function 1SðxÞ is equal to 1 if x∈S and zero otherwise.
We can now use Eqs. (A4) and (A7) to deduce the probability density of the yi in Eq. (A3). From Eq. (A5), the

eigenvalues of AB are
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zi ¼ e�i2θi ; i ¼ 1;…; d=2; (A8)

so we simply need to make the identification ϕi ¼ 2θi. We can first change variables in Eq. (A7) from xi ¼ cos2 θi to θi
(we will ignore the overall normalization constant in these intermediate steps and find it at the end):

pðx1;…; xd=2Þ
Yd=2
i¼1

dxi ∝
Y

1≤i<j≤d=2
ðcos 2θi − cos 2θjÞ2

Yd=2
i¼1

1½0;π=2�ðθiÞ sin 2θidθi: (A9)

Then since ϕi ¼ 2θi,

pðx1;…; xd=2Þ
Yd=2
i¼1

dxi ∝
Y

1≤i<j≤d=2
ðcosϕi − cosϕjÞ2

Yd=2
i¼1

1½0;π�ðϕiÞ sinϕi dϕi; (A10)

and finally changing variables to yi ¼ cosϕi, we have

pðx1;…; xd=2Þ
Yd=2
i¼1

dxi ∝
Y

1≤i<j≤d=2
ðyi − yjÞ2

Yd=2
i¼1

1½−1;1�ðyiÞdyi: (A11)

This gives a permutation-invariant density on the full
labeled cube ½−1; 1�d=2, with normalization:

N lab ¼ 2−d2
4

Yd2−1
k¼0

ðd
2
þ kÞ!

ðkþ 1Þ!ðk!Þ2 : (A12)

Now for the ordered vector, we need to reduce the density
onto Wd=2. This gives us an extra permutation factor of
ðd=2Þ!. Therefore the density of the ordered vector is nor-
malized by N ¼ ðd=2Þ!N lab, as stated in Lemma III.1. We
note in passing that this spectral distribution is also shared
by the Jacobi Unitary Ensemble (JUEd=2;α;β) in dimension
d=2 with α ¼ β ¼ 0. ▪

2. Proofs of Lemmas III.2 and III.3

The condition (18), which defines Ã in the set SAðtÞjB;δ;N,
can be expressed in terms of y⃗ðÃBÞ and x⃗ as follows:

jTnðy⃗ðÃBÞÞ − Tnðx⃗Þj < δ for all 0 < n ≤ N; (A13)

where Tn is the n-th Chebyshev polynomial of the first
kind, and for any function f∶½−1; 1� → R, we define

fðγ⃗Þ≡ 2

d

Xd=2
i¼1

fðγiÞ: (A14)

Lemma III.2. Define B1 ⊂ Wd=2 as an ϵ-box around x⃗ of
radius

ϵ1 ¼ cd ð−δ log δÞ;
for a constant c (for concreteness, we can take c ¼ 26

π ). IfN
and δ satisfy the condition

N >
9π

δ
;

then for all Ã∈SAðtÞjB;δ;N, the corresponding vectors
y⃗ðÃBÞ are contained within B1.
Proof. Consider the L1 norm distance between the

vectors y⃗ and x⃗:

jjy⃗ − x⃗jj1 ≡
Xd=2
i¼1

jαi − βij: (A15)

From Ref. [109] (Lemma III.1), we have the following
upper bound on the L1 norm in terms of the moments T̄n:
for any positive integer m,

jjy⃗ − x⃗jj1 ≤
d
2

�
36

m
þ 4

π

Xm
k¼1

jTkðy⃗Þ − Tkðx⃗Þj
k

�
: (A16)

For T̄n satisfying (A13), this inequality implies that

jjy⃗ − x⃗jj1 ≤
d
2

�
36

m
þ 4

π
ðlogmþ 1Þδ

�
: (A17)

For a given δ, the RHS is minimized at m closest to
9π=δ. IfN and δ satisfy Eq. 135, the minimum value can be
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achieved, and we have

jjy⃗ − x⃗jj1 ≤ c dð−δ log δÞ; (A18)

for any Oð1Þ constant c ≥ 26
π . ▪

Lemma III.3. Define B2 ⊂ Wd=2 as an ϵ-box around x⃗ of radius

ϵ2 ¼ δ=N2: (A19)

B2 is contained within the set of y⃗ðÃBÞ corresponding to Ã in SAðtÞjB;δ;N.
Proof. From the Kantorovich–Rubinstein inequality, for any κ-Lipschitz function f∶½−1; 1� → R,

jfðy⃗Þ − fðx⃗Þj ≤ κ

d
ky⃗ − x⃗k1: (A20)

The Lipschitz constant of TnðxÞ on ½−1; 1� is n2.20 Hence,

jTnðy⃗Þ − Tnðx⃗Þj ≤
n2

d
ky⃗ − x⃗k1: (A21)

Now for any α∈B2, we have

ky⃗ − x⃗k1 < dδ=N2 (A22)

which from Eq. (A21) implies

jTnðy⃗Þ − Tnðx⃗Þj < δ for all n ≤ N: (A23)

Hence, B2 is contained within the set of y⃗ðÃBÞ corresponding to Ã in SAðtÞjB;δ;N.

3. Derivation of Eq. (49)

In this appendix, we simplify the normalization factor N to obtain Eq. (49).

logN þ d2

4
log 2 ¼ log

�
d
2

�
!þ

Xd=2−1
k¼0

log
ðd=2þ kÞ!
ðkþ 1Þ!ðk!Þ2

¼ log
�
d
2

�
!þ

Xd=2−1
k¼0

½log ðd=2þ kÞ! − log ðkþ 1Þ! − 2 log k!� (A24)

We use Stirling’s approximation to approximate each term.

logn! ¼ n logn − nþOðlognÞ: (A25)

Let us start with the last term of Eq. (A24).

Xd=2−1
k¼0

2 log k! ¼
Xd=2−1
k¼0

2k log k − ðd=2 − 1Þd=2þOðd logdÞ: (A26)

The first term
Pd=2−1

k¼0 k log k is the logarithm of Hyperfactorial Hðd=2 − 1Þ≡Qd=2−1
n¼0 nn. Using Glaisher’s

approximation,

20To see this, recall that κ for any f is max½−1;1� jf0ðxÞj, and note that T0
nðxÞ ¼ nUn−1ðxÞ, where UnðxÞ is the n-th Chebyshev

polynomial of the second kind. Since max½−1;1� jUn−1ðxÞj ¼ n, κ ¼ n2.
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HðnÞ ¼ Anð6n2þ6nþ1Þ=12e−n2=4ð1þOðn−2ÞÞ; (A27)

where A ≈ 1.28243 is the Glaisher–Kinkelin constant, we have

Xd=2−1
k¼0

2k log k ¼ 2 logHðd=2 − 1Þ ¼ d2

4
log d − d2

4
log 2 − d2

8
þOðd logdÞ: (A28)

Xd=2−1
0

2 log k! ¼ d2

4
logd − 3d2

8
þOðd log dÞ: (A29)

Similarly,

Xd=2−1
k¼0

logðkþ 1Þ! ¼
Xd=2
k¼1

log k! ¼ d2

8
logd − d2

8
log 2 − 3d2

16
þOðd log dÞ: (A30)

Next, consider the first term of Eq. (A24):

Xd=2−1
k¼0

log ðd=2þ kÞ! ¼
Xd=2−1
k¼0

ðd=2þ kÞ logðd=2þ kÞ − ðd − 1þ d=2Þd=4þOðd logdÞ: (A31)

We can rewrite the second term of Eq. (A31) as:

Xd=2−1
k¼0

ðd=2þ kÞ logðd=2þ kÞ ¼
Xd−1
k¼0

k log k − Xd=2−1
k¼0

k log k ¼ logHðd − 1Þ − logHðd=2 − 1Þ: (A32)

Using Glaisher’s approximation, we obtain

Xd=2−1
k¼0

ðd=2þ kÞ logðd=2þ kÞ ¼ 3d2

8
logdþ d2

8
log 2 − 3d2

16
þOðd log dÞ; (A33)

and

Xd=2−1
k¼0

log ðd=2þ kÞ! ¼ 3d2

8
logd − 9d2

16
þOðd logdÞ: (A34)

Putting all contributions together, we obtain

Xd=2−1
k¼0

log
ðd=2þ kÞ!
ðkþ 1Þ!ðk!Þ2 ¼

3d2

8
log dþ d2

8
log 2 − 9d2

16
−
�
d2

8
logd − d2

8
log 2 − 3d2

16

�
−
�
d2

4
logd − d2

4
log 2 − 3d2

8

�
þOðd logdÞ

¼ d2

2
log 2þOðd log dÞ: (A35)

Similarly, the first term of Eq. (A24) is logððd=2Þ!Þ ¼ Oðd logdÞ, so that overall we find

logN ¼ d2

4
log 2þOðd log dÞ: (A36)
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APPENDIX B: d-DEPENDENCE OF Δmin AND
Ifree IN PHYSICAL EXAMPLES

In this Appendix, we justify the assumption about Δmin
used in the derivation of the Coulomb gas formula, and
clarify the regime of validity of this formula, in explicit
example of a chaotic time-evolution.
Let us start with the GUE Hamiltonian model intro-

duced in Sec. VA. First note that the Hamiltonian is
normalized such that irrespective of the Hilbert space
dimension d, the Coulomb gas formula decays from
infinity to a small value on the same Oð1Þ time scale:
this can be seen in Fig. 11(a). Hence, it makes sense to
compare Δmin for different d over the same range of times.
To check the assumption in Eq. (31), we closed up on

early times of order 10−2 for d ¼ 100; 500, and 1000. We
show the case A ≠ B in Fig. 12; this case A ¼ B is similar.
Note that for each d, we consider a single realization of the
random GUE ensemble at that dimension. From the orders
of magnitude for Δmin that we observe in these plots, it

seems likely that the dependence of Δmin on d is consistent
with the assumption [Eq. (31)]. Note that it does not quite
make sense to directly plot the dependence of Δmin for a
given time as a function of d in this case, as we are
considering single realizations of the GUE matrices, and
Δmin is not a self-averaging quantity. Note also from the
early-time regime in Fig. 11(b) that the Coulomb gas
formula is independent of d for large enough d at these
early times.
We further check the order of magnitude of Δmin in the

mixed-field Ising model and the Heisenberg model in
Fig. 13 and find a reasonably large magnitude for most of
the range of times we are interested in.
As a separate point, let us comment on the late-time

regime of Figs. 11(c) and 11(d). We see that the Coulomb
gas formula has a negative saturation value at such times,
whose magnitude decays as ∼d−0.84. Since Ifree is neces-
sarily non-negative, the Coulomb gas formula cannot be
equal to Ifree in these cases. This is consistent with the

FIG. 11. Dependence of the Coulomb gas formula CðAðtÞ∶BÞ on the Hilbert space dimension in the random GUE model. In (a),
(b) and (c), we close up respectively on intermediate, early, and late times. In the late-time regime where the Coulomb gas formula is
negative, its absolute value shows a d−0.84 dependence. We show this in (d) with a log-log plot of the absolute value of the saturation
value of C for 10 values of d from 100 to 1000. In this regime, we formally set Ifree to zero according to point 2 at the end of Sec. III A,
with the understanding that the actual value is positive and proportional to some power of 1=d.
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FIG. 12. Dimension and time dependence of Δmin in the random GUE model for the case A ≠ B.

FIG. 13. Δmin as a function of time for L ¼ 10ðd ¼ 210Þ in the chaotic spin chain model (left) and in the Heisenberg model for the
case A ¼ X0; B ¼ Xx (right).
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point discussed at the end of Sec. III A that when the value
of the Coulomb gas formula is proportional to some power
of 1=d, there are competing contributions that no longer
allow us to identify it with Ifree.

APPENDIX C: NO DELTA FUNCTIONS IN ρ̄ðxÞ
FOR SMOOTH ENSEMBLES

In this Appendix, we show that under a sufficient
smoothness condition for the ensemble ν, the ensemble-
averaged spectral density μ̄ðzÞ of UðtÞAUðtÞ†B for
UðtÞ ∼ ν has the following property:I

T
dz0μðz0Þ1z0¼z ¼ 0; ∀ z∈ T ; (C1)

where λiðUAU†BÞ denotes any eigenvalue of UAU†B.
Recall that μðzÞ was defined in Eq. (68). In terms of the
averaged spectral density ρ̄ðzÞ of the real part of z, Eq. (C1)
implies Eq. (54).
The smoothness condition we need is that the measure ν

is absolutely continuous with respect to the Haar measure,
i.e., it has a delta function-free probability density pðUÞ≡
dνðUÞ=dU with respect to the Haar measure dU on UðdÞ.
To see that this smoothness condition implies Eq. (C1),

note first that we can interpret the LHS of Eq. (C1) as a
probability under U ∼ ν as follows:I

T
dz0μðz0Þ1z0¼z ¼ PrUν̃½λiðUAU†BÞ ¼ z�; (C2)

where λiðUAU†BÞ is any eigenvalue of UAU†B. We then
have I

T
dz0μðz0Þ1z0¼z ¼ PrUν̃½FðU; zÞ ¼ 0� (C3)

where FðU; zÞ is the characteristic polynomial

FðU; zÞ≡ detðUAU†B − zIÞ: (C4)

As we will explain below, at any z, FðUÞ≡ FðU; zÞ is a
real-analytic function of U.21 According to a general
theorem from Refs. [110,111], any non-trivial (non-zero)
real-analytic function on UðdÞ can only vanish on a set of
measure zero for a measure that is absolutely continuous
with respect to the Haar measure on UðdÞ. The statement
[Eq. (C1)] then follows.
To see that FðUÞ is real-analytic (considering some

fixed z and suppressing the z argument), we first extend the

domain to all complex matrices X∈MdðCÞ and consider
F̃ðXÞ ¼ detðXAX†B − zIÞ. We can define a chart ϕ that
embeds X into R2d2 via matrix entries Uij ¼ xij þ iyij.
Under the chart ϕ, it is clear that F ∘ϕ−1ðfxij; yijgi;jÞ is a
polynomial in the matrix entries so F̃ðXÞ is real-analytic.
Then we can use the fact that FðUÞ ¼ F̃ðXÞjUðdÞ is also
real-analytic on the restricted domain of a smooth real-
analytic submanifold UðdÞ [111].22
We now check the absolute continuity (delta function-

freeness) condition of ν for two models studied in this
paper: the GUE Hamiltonian and random brickwork
quantum circuits.

(i) GUE Hamiltonian. The GUE ensemble has a
continuous Gaussian density on the space of Her-
mitian matrices. The exponentiation map is analytic.
Pushing forward a smooth density through an ana-
lytic map always yields a continuous density with
respect to the Haar measure. Hence, the spectral
density of the exponentiated GUE unitary ensemble
contains no delta functions. It is evident that FðUÞ is
a non-trivial (non-zero) function at any z as long as
t > 0, so the general argument above applies.

(ii) Random quantum circuits. Let the unitary evolution
be UtðGÞ, where G is the shorthand for the
collection of gates fGigMi¼1 used to build the random
circuit. The probability distribution of the gates
fGigMi¼1 is a product of Haar measures on
SUðq2Þ×M, and hence has a continuous delta-free
probability density on the product group manifold.

Before the light-cone of AðtÞ touches B, the
function FðUtÞ is trivial (zero) when z ¼ �1, so
the argument above does not apply and the spectral
density clearly has two delta peaks δ�1.

After the light-cone of AðtÞ touches B, the
function becomes non-trivial at any z. To see this,
we simply need to find an instance of a RQC that is
non-trivial. Let all gates be instantiated as some
Clifford unitaries. The operator AðtÞ after a Clifford
evolution remains a Pauli string, so we have either
AðtÞ and B commute or anti-commute with each
other, and the spectrum of AðtÞB is either f�1g or
f�ig. If z ¼ �1, we can choose an instance of
Clifford gates such that AðtÞ and B anti-commute. If
z ≠ �1, we can choose an instance of Clifford gates
such that AðtÞ and B commute. FðGÞ is thus a non-
trivial function at any z. Then our general argument
above applies.

21A function f∶UðdÞ → C ≃R2 being real-analytic means
that for any U∈UðdÞ there exists a chart ϕ∶U → Rd2 where
U is a neighborhood of U, such that f ∘ϕ−1∶ϕðUÞ ⊂ Rd2 → R2

has a convergent Taylor series expansion in the Euclidean
variables in U.

22For our purposes, we can define a real-analytic submanifold
of MdðCÞ as given by the matrices satisfying real-analytic
constraint equations GðXÞ ¼ 0. For UðdÞ, we have the con-
straints G1ðXÞ ¼ XX† − I and G2ðXÞ ¼ X†X − I, which are
polynomial functions in matrix components and hence real-
analytic. Hence, UðdÞ is a smooth real-analytic submanifold.
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APPENDIX D: DETAILS OF DERIVATION OF THE OTOC SUM FORMULA

In this Appendix, we explain how the Y term in Eq. (67) is expanded in terms of the OTOCs to derive Eq. (82).
Due to the Sokhotski–Plemelj formula, the function D∶T → C defined by:

Dðz − αÞ≡ 1

2πi

�
lim
ζ→zþ

1

ζ − α
− lim

ζ→z−
1

ζ − α

�
; (D1)

behaves as an analog of the delta function δðz − αÞ for complex numbers z integrated over the unit circle, i.e. for any
function f∶T → C, I

T
dzDðz − αÞfðzÞ ¼ fðαÞ: (D2)

We can therefore express Y as follows:

Y ¼ 2

d2
Xd
i¼1

log jRe zi − Re zij

¼ 2

d2

I
T
dz

I
T
dz̃ log jRe z − Re z̃j

�Xd
i¼1

Dðz − ziÞDðz̃ − ziÞ
�
: (D3)

Let us now express
Pd

i¼1 Dðz − ziÞDðz̃ − ziÞ in terms of traces involving AðtÞB:

Xd
i¼1

Dðz − ziÞDðz̃ − ziÞ ¼
1

ð2πiÞ2
Xd
i¼1

�
1

zþ − zi
− 1

z− − zi

��
1

z̃þ − zi
− 1

z̃− − zi

�

¼ 1

ð2πiÞ2
�
Tr
�

1

ðzþ − ABÞðz̃þ − ABÞ
�
þ Tr

�
1

ðz− − ABÞðz̃− − ABÞ
�
− Tr

�
1

ðzþ − ABÞðz̃− − ABÞ
�

− Tr
�

1

ðz− − ABÞðz̃þ − ABÞ
��

: (D4)

Here for instance zþ is shorthand for the limit of a complex variable ζ approaching z∈ T from outside T . Now
depending on whether we take the limit from outside or inside T , we can expand each of the above terms in terms of
OTOCs:

1

d
Tr
�

1

ðzþ − ABÞðz̃þ − ABÞ
�
¼ 1

zþz̃þ
X∞
m;n¼0

1

ðzþÞmðz̃þÞn OTOCmþn: (D5)

1

d
Tr
�

1

ðz− − ABÞðz̃− − ABÞ
�
¼

X∞
m;n¼0

ðz−Þnðz̃−ÞmOTOCmþnþ2: (D6)

1

d
Tr
�

1

ðzþ − ABÞðz̃− − ABÞ
�
¼ − X∞

n;m¼0

ðz̃−Þn
ðzþÞmþ1

OTOCm−n−1: (D7)

1

d
Tr
�

1

ðz− − ABÞðz̃þ − ABÞ
�
¼ − X∞

m;n¼0

ðz̃þÞ−n−1ðz−ÞmOTOCn−m−1: (D8)

Now putting these expressions back into Eq. (D3), we find that Y can be written as a sum of four terms Y ¼ P
i Yi

corresponding to the four terms in Eq. (D4) (we set z ¼ eiθ, z̃ ¼ eiϕ, and now ignore the � superscripts in the above
expressions):

FREE MUTUAL INFORMATION AND HIGHER-POINT... PRX QUANTUM 7, 043017 (2026)

043017-35



Y1 ¼
1

ð2πÞ2
2

d

X∞
m;n¼0

OTOCmþn

Z
2π

0

dθ
Z

2π

0

dϕ e−imθe−inϕ log j cos θ − cosϕj

¼ 1

ð2πÞ2
2

d

X∞
m;n¼0

OTOCmþn

Z
2π

0

dθ
Z

2π

0

dϕ e−imθe−inϕ
�
− log 2 −X∞

p¼1

2

p
cosðpθÞ cosðpϕÞ

�

¼ − 2 log 2
d

− 2

d

X∞
p¼1

1

2p
OTOC2p: (D9)

Similarly,

Y2 ¼
1

ð2πÞ2
2

d

X∞
m;n¼0

OTOCnþmþ2

Z
2π

0

dθ
Z

2π

0

dϕ eiðnþ1Þθeiðmþ1Þϕ
�
− log 2 −X∞

p¼1

2

p
cosðpθÞ cosðpϕÞ

�

¼ − 2

d

X∞
p¼1

1

2p
OTOC2p: (D10)

Y3 ¼
1

ð2πÞ2
2

d

X∞
m;n¼0

OTOCm−n−1
Z

2π

0

dθ
Z

2π

0

dϕ eiðnþ1Þϕe−imθ

�
− log 2 −X∞

p¼1

2

p
cosðpθÞ cosðpϕÞ

�
¼ − 2

d

X∞
p¼1

1

2p
;

(D11)

and

Y4 ¼
2

d
1

ð2πÞ2
X∞
m;n¼0

OTOCn−m−1
Z

2π

0

dθ
Z

2π

0

dϕ eiðmþ1Þθe−inϕ
�
− log 2 −X∞

p¼1

2

p
cosðpθÞ cosðpϕÞ

�
¼ − 2

d

X∞
p¼1

1

2p
:

(D12)

Combining all terms, we have

Y ¼ − 2 log 2
d

− 1

d

X∞
n¼1

2

n
OTOC2n − 1

d

X∞
n¼1

2

n
: (D13)

APPENDIX E: JUSTIFICATION OF
ASSUMPTIONS ABOUT THE OTOC SUM

FORMULA IN THE GUE MODEL

In Sec. IV, we discussed two different partial sums for
OTOCn in Eqs. (82) and (84). Let us more carefully
compare these two partial sums to each other and to the
Coulomb gas formula, using the GUEmodel of Sec. VA as
a concrete example. In Fig. 3 of the main text, we showed
the partial sums in Eq. (84) over the full range of times and
for early times. Here, we show partial sums of both
[Eqs. (84) and (82)] from intermediate to late times. We
see that the partial sums of Eq. (82) are closer to Ifree at
such times, which is expected from the fact that the infinite
sum [Eq. (82)] is exact. There is a small but visible
difference between the converged value of the partial sums
of Eq. (84) and the Coulomb gas formula at such times,
which we expect is Oð1=dzÞ for some z > 0.

APPENDIX F: HIGHER-POINT OTOCS IN THE
GUE MODEL

In this Appendix, we explain the free probability
techniques used in the derivation of the general for-
mula (94) for OTOCnðAðtÞ∶AÞ in the random GUE model.
As discussed in the main text, A and UðtÞ ¼ e−iHGUEðtÞ

approach two freely independent variables a and u in the
large d limit. Let us define

τð·Þ≡ lim
d→∞

Tr½·� : (F1)

where the overline indicates an average over the GUE
ensemble. We will refer to τðxnÞ as the “moments” of x,
and to τðx1…xnÞ as a joint moment of x1;…; xn.
The task of evaluating limd→∞ OTOCnðAðtÞ∶AÞ is

therefore equivalent to computing the moments of the
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polynomial uau†a involving the free random variables u
and a:

lim
d→∞

OTOCnðAðtÞ∶AÞ ¼ lim
d→∞

1

d
Tr½ðUðtÞAUðtÞ†AÞ�

¼ τððuau†aÞnÞ: (F2)

Now for any set of non-commuting random variables
faigmi¼1 (which are not necessarily free with respect to each
other), the joint moments of x1;…; xn ∈ faigmi¼1 can be
expressed as follows [25]:

τðx1 � � � xnÞ ¼
X

π∈NCðnÞ

Y
B∈ π

κjBjðfxigi∈BÞ: (F3)

The quantities κnðx1;…; xnÞ appearing on the RHS are
called the free cumulants of x1;…; xn. The full set of
Eq. (F3) should together be seen as an implicit definition of
the free cumulants, so at this stage the above equation is
not yet useful if our goal is to calculate the moments τ.

The Eq. (F3) becomes a calculation tool in the case
where some of the ai are free with respect to each other, as
in this case any mixed cumulants, defined as κnðx1;…; xnÞ
where any pair of xi appearing in the argument are free
with respect to each other, vanish. For example, in our cal-
culation of τððuau†aÞnÞ cumulants such as κnðu1;…; unÞ
where each ui is either u or u† are non-zero, but cumulants
such as κnðu; a; u†; u;…; uÞ are zero. While this gives a
significant simplification, cumulants involving both u and
u†, which can in principle appear in τððuau†aÞnÞ, are still
somewhat complicated to evaluate explicitly. A further
simplification comes from the following observation:
because κnðaÞ ¼ 0 for odd n, cf. Eq. (F13), the moments
of uau†a turn out to be equal to those of uaua:

τððuau†aÞnÞ ¼ τððuauaÞnÞ: (F4)

Let us illustrate this in the case n ¼ 1, where the task is
to calculate τðuau†aÞ.

ðF5Þ

¼ κ2ðu; u†ÞκðaÞ2 þ κðaÞ2κðuÞkðu†Þ þ κ2ða; aÞκðuÞκðu†Þ:
(F6)

Note that the last term of Eq. (F5) does not contribute
because of the restriction to non-crossing partitions in the
sum [Eq. (F3)], and cases where u or u† is contracted with
a do not contribute due to the freeness of u and a. Now
the first two terms in Eq. (F6) vanish as κðaÞ ¼ 0, so that
we get

τðuau†aÞ ¼ κ2ða; aÞκðuÞκðu†Þ ¼ ηðtÞ2; (F7)

which does not involve any mixed cumulants of u and u†.
It can readily be checked that we get the same result for
τðuauaÞ. In general, for higher n > 1, any mixed cumu-
lants of u and u† are accompanied by some odd cumulant
of a that vanishes, so that we have Eq. (F4). This is because
all terms with contractions of u with u† also entail a factor
of an odd free cumulant of a.

FIG. 14. We show the partial sums of the approximate series [Eq. (84)] on the left, and those of the exact version [Eq. (82)] on the
right. In both cases, the black curve is the Coulomb gas formula.

FREE MUTUAL INFORMATION AND HIGHER-POINT... PRX QUANTUM 7, 043017 (2026)

043017-37



Our task has now been simplified to the much simpler
one of calculating τððuaÞ2nÞ. We can now use the free
multiplicative convolution of a and u:

τððuaÞ2nÞ ¼
X

π∈NCð2nÞ

Y
V ∈ π

κjVjðaÞ
Y

W ∈ πc
mjWjðuÞ; (F8)

where

κnðaÞ≡ κnða;…; a|fflfflffl{zfflfflffl}
n times

Þ; mnðuÞ≡ τðunÞ: (F9)

This formula follows from starting with the moment-
cumulant relation [Eq. (F3) for the case of two free random
variables, and then repackaging the free cumulants of u back
into moments. The derivation can be found in Ref. [25].
Now mnðuÞ can be found using the GUE average:

mnðuÞ ¼ lim
d→∞

1

d
Tr½e−inHt� ¼ J1ð2ntÞ

nt
: (F10)

The random variable a is a traceless involution, a2 ¼ 1,
so its moments are simple:

TABLE I. For n from 1 to 5, we list the non-crossing partitions of 2n elements contributing to (98). We treat partitions that are related
by a cyclic shift as equivalent and only write down one element of each such equivalence class explicitly, indicating the multiplicity by
c:jπcj indicates the block structure of the Kreweras complement of π: for example, jπcj ¼ jW1j2jW2j indicates that there are twoblocks
of size jW1j and oneblock of size jW2j. The resulting full expressions for OTOCnðAðtÞ; AÞ are shown on the right. We have underlined
the terms with the smallest number of total factors of η which come from non-crossing perfect matchings (π with only two-cycles).

n Even NC partitions π OTOCnðtÞ
1 ð1; 2Þ, c ¼ 1, jπcj ¼ 12 ηðtÞ2

2 ð12Þð34Þ, c ¼ 2, jπcj ¼ 1221

ð4321Þ, c ¼ 1, jπcj ¼ 14
2ηðtÞ2ηð2tÞ − ηðtÞ4

3 ð12Þð34Þð56Þ, c ¼ 2, jπcj ¼ 1331

ð12Þð36Þð45Þ, c ¼ 3, jπcj ¼ 1222

ð12Þð3456Þ, c ¼ 6, jπcj ¼ 1421

ð123456Þ, c ¼ 1, jπcj ¼ 16

2ηðtÞ3ηð3tÞ þ 3ηðtÞ2ηð2tÞ2 − 6ηðtÞ4ηð2tÞ þ 2ηðtÞ6

4 ð12Þð34Þð56Þð78Þ, c ¼ 2, jπcj ¼ 1441

ð12Þð34Þð58Þð67Þ, c ¼ 8, jπcj ¼ 132131

ð14Þð23Þð58Þð67Þ, c ¼ 4, jπcj ¼ 1223

ð1234Þð56Þð78Þ, c ¼ 4, jπcj ¼ 1531

ð1234Þð58Þð67Þ, c ¼ 4, jπcj ¼ 1422

ð1256Þð34Þð78Þ, c ¼ 8, jπcj ¼ 1422

ð1234Þð5678Þ, c ¼ 4, jπcj ¼ 1621

ð12Þð345678Þ, c ¼ 8, jπcj ¼ 1621

ð12345678Þ, c ¼ 1, jπcj ¼ 18

2ηðtÞ4ηð4tÞ þ 8ηðtÞ3ηð2tÞηð3tÞ þ 4ηðtÞ2ηð2tÞ3
−8ηðtÞ5ηð3tÞ − 20ηðtÞ4ηð2tÞ2 þ 20ηðtÞ6ηð2tÞ − 5ηðtÞ8

5 ð12Þð34Þð56Þð78Þð910Þ, c ¼ 2, jπcj ¼ 1551

ð12Þð34Þð56Þð710Þð89Þ, c ¼ 10, jπcj ¼ 142141

ð12Þð34Þð510Þð67Þð89Þ, c ¼ 5, jπcj ¼ 1432

ð12Þð34Þð510Þð69Þð78Þ, c ¼ 20, jπcj ¼ 132231

ð12Þð310Þð49Þð58Þð67Þ, c ¼ 5, jπcj ¼ 1224

ð1234Þð510Þð69Þð78Þ, c ¼ 50, jπcj ¼ 1423

ð1234Þð56Þð710Þð89Þ, c ¼ 60, jπcj ¼ 152131

ð1234Þð56Þð78Þð910Þ, c ¼ 10, jπcj ¼ 1641

ð1234Þð56710Þð89Þ, c ¼ 35, jπcj ¼ 1622

ð1234Þð5678Þð910Þ, c ¼ 10, jπcj ¼ 1731

ð123456Þð710Þð89Þ, c ¼ 35, jπcj ¼ 1622

ð123456Þð78Þð910Þ, c ¼ 10, jπcj ¼ 1731

ð1234Þð5678910Þ, c ¼ 10, jπcj ¼ 1821

ð12Þð345678910Þ, c ¼ 10, jπcj ¼ 1821

ð12345678910Þ, c ¼ 1, jπcj ¼ 110

2ηðtÞ5ηð5tÞ þ 5ηðtÞ2ηð2tÞ4 þ 5ηðtÞ4ηð3tÞ2
þ10ηðtÞ4ηð2tÞηð4tÞ þ 20ηðtÞ3ηð2tÞ2ηð3tÞ
þ14ηðtÞ10 − 70ηðtÞ8ηð2tÞ þ 105ηðtÞ6ηð2tÞ2 − 50ηðtÞ4ηð2tÞ3
þ30ηðtÞ7ηð3tÞ − 60ηðtÞ5ηð2tÞηð3tÞ
−10ηðtÞ6ηð4tÞ
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m2nðaÞ ¼ 1; m2nþ1ðaÞ ¼ 0: (F11)

Its free cumulants can be found by inverting the relation:

mnðaÞ ¼
X

π ∈NCðnÞ

Y
B∈ π

κjBjðaÞ: (F12)

This is a relatively straightforward special case of
Eq. (F3), and it can be seen using standard techniques
from Ref. [25] that

κnðaÞ ¼
� ð−1Þn2−1Cn

2−1; n is even
0; n is odd

(F13)

Putting everything together, we end up with the for-
mula (98) in the main text. We explicitly write down the
formula up to n ¼ 5 in Table I.

APPENDIX G: HIGHER-POINT OTOCS IN
RANDOM UNITARY CIRCUITS

In this section, we will explain the calculation of
OTOCn in random unitary circuits, and provide an argu-
ment for the conjectured result in Eq. (105). We use the
partition function method developed for studying the n-th
Rényi entropy Sn in random unitary circuits in Re. [78].
For readers familiar with the methods used in Re. [78], we
note that the partition function for the calculation of
OTOCn has the same “bulk” rules as the partition function
for Sn, but the boundary conditions are different. This
allows us to make use of the membrane picture developed
for Sn while calculating OTOCn. The difference in the
boundary conditions makes the calculation much more
non-trivial than that of Sn, or that of OTOC2 in Rehs.
[75,76], and we need to take into account certain effects
that are not captured by the membrane picture.
We will present the partition function calculation for

OTOCn and review the relevant assumptions of the
membrane picture in a mostly self-contained way in this
appendix for clarity. The basic setup follows directly from
that in [78]. Our main innovation is the argument in
Appendixes G 5 and G 6 showing that the membrane
picture does not apply in certain cases due to subtle
cancellations among various configurations. This argu-
ment is the underlying reason why only k ≥ n=2 appear in
the sum in Eqs, (105). Recall that the appearance of only
k ≥ n=2 in this sum makes it plausible that OTOCn decay
with n for t ≥ vB, and hence that Ifree becomes finite
for t ≥ vB.

1. Definitions and properties of permutation states

To set up the partition function calculation, it will be
useful to first introduce certain states on 2n copies of the
system associated with permutations in Sn. In this sub-
section, we define these states and discuss their relevant

properties. We also summarize certain lemmas about the
permutation group which will later be useful.
For σ∈Sn and any operatorO acting on one site, define

the states jO; σi on 2n copies of one site:

hi1i01…ini0njO; σi ¼ 1

qn=2
Oi1i0σð1Þ

…Oini0σðnÞ
(G1)

Recall that q is the Hilbert space dimension of one site.
In particular, we can label the states corresponding to
O ¼ 1 as follows:

hi1i01…ini0njσi ¼
1

qn=2
δi1i0σð1Þ…δini0σðnÞ : (G2)

Two permutations which we will denote with a special
notation are the identity permutation, denoted by e, and the
cyclic permutation ðn n − 1 n − 2…1Þ, denoted by η.
The overlaps among the permutation states are given by

hσjτi ¼ q−dðσ;τÞ (G3)

where dðσ; τÞ is the Cayley distance between the permu-
tations σ and τ, defined as the minimum number of
transpositions with which one needs to multiply σ to
obtain τ (or vice versa). More explicitly,

dðσ; τÞ ¼ n − kðστ−1Þ (G4)

where kðσÞ denotes the total number of cycles in the
permutation σ. Another useful overlap which will play a
role in the discussion below is

hσjO; τi ¼ 1

qn
Ykðστ−1Þ
i¼1

Tr½Ojcij� (G5)

where ci ∈ στ−1 refers to the cycles in στ−1, and jcij is the
number of elements in the i-th cycle. In the discussion
below, O will be either A or B, both of which have the
properties that

O2 ¼ 1; Tr½O� ¼ 0: (G6)

For suchO, we always have hσjO; τi ¼ 0 for odd n, as at
least one of the jcij in Eq. (G5) is odd. For even n,

hσjO; τi ¼
�
q−dðσ;τÞ στ−1 ∈Peven

0 στ−1 ∉ Peven
(G7)

where we have defined a subset Peven ⊂ Sn as follows:

Peven ≡ fτ∈Snjjcij is even for each ci ∈ τg: (G8)

For example, for S6, ð12Þð36Þð45Þ∈Peven while
S6, ð12Þð36Þð4Þð5Þ ∉ Peven.
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Another subset of permutations that will play an
important role below is

PNC ≡ fτ∈SnjkðτÞ þ kðητ−1Þ ¼ nþ 1g: (G9)

Such τ are in one-to-one correspondence with the non-
crossing partitions of n elements, and we will sometimes
refer to them as “non-crossing permutations.” Note that
the following inequality is obeyed by any permutation
in τ∈Sn:

kðτÞ þ kðητ−1Þ ≤ nþ 1: (G10)

This is equivalent to the triangle inequality

dðτ; eÞ þ dðτ; ηÞ ≥ dðe; ηÞ: (G11)

The non-crossing permutations saturate this inequality.
Let us now state two lemmas about permutations in

these subsets of Sn which we will use in the later
discussion. These lemmas can be referred to when they
appear in the later subsections. The proofs of both lemmas
are provided in Appendix H. To state Lemma G.1, in
addition to the sets Peven and PNC defined above, let us
define a third set

Qsingleton ≡ fτ∈Snjjcij ¼ 1 for at least one ci ∈ ητ−1g:
(G12)

By definition, its complement is

Q̄singleton ≡ fτ∈Snjjcij > 1 for all ci ∈ ητ−1g: (G13)

Lemma G.1. Let τ be an NC permutation of n
elements where n is even. (a) For any τ∈Peven, we have
kðητ−1Þ ≥ n

2
þ 1, and ητ−1 has at least one cycle of

length 1. (b) For any τ∈ Q̄singleton, we have kðτÞ ≥ n
2
þ 1

and τ ∉ Peven.
Part (a) of Lemma G.1 implies in particular that

Peven ∩ PNC ⊆ Qsingleton ∩ PNC: (G14)

Another useful statement about Qsingleton is the follow-
ing lemma:
Lemma G.2. For τ∈Qsingleton ∩ PNC, any σ that satisfies

dðη; τÞ ¼ dðη; σÞ þ dðσ; τÞ (G15)

(i.e., any σ that lies on the geodesic between η and τ) is also
in Qsingleton ∩ PNC.

2. Partition function for OTOCn

We want to calculate OTOCnðAðtÞ∶BÞ for the setup

shown in Fig. 6. Recall that each two-site unitary UðtÞ
x;xþ1 in

the circuit is drawn independently from the ensemble of

Haar-random unitaries from Uðq2Þ. The full time-
evolution operator UðtÞ up to time t is constructed by
taking products of these two-site unitaries. Below, L
denotes the total number of sites. We will assume that
L is large enough that we can ignore all edge effects. We
will always assume that A lies at location x0 ¼ 0 and B at
x0 ¼ x, and we will often write OTOCn as a function of t
and the velocity v ¼ x=t.
In terms of the permutation states introduced in the

previous subsection, we can rewrite OTOCn ¼
1
qL Tr½ðUðtÞAUðtÞ†BÞn� as a transition amplitude on 2n

copies of the system as follows:

OTOCnðt; vÞ ¼ hηjhηj…hηjhB; ηjx0¼vthηj…hηjðUðtÞ
⊗ UðtÞ�Þ⊗njeijei…jeijA; eix0¼0jei…jei
× qðn−1ÞL: (G16)

The above expression is simply a rewriting of OTOCn
by manipulating various indices, and is true for any UðtÞ.
This rewriting proves useful in random unitary circuits

because the average of ðU ⊗ UÞ⊗2n for each U ¼ UðtÞ
x;xþ1

can also be expressed in terms of permutation states:

ðUðtÞ
x;xþ1 ⊗ UðtÞ

x;xþ1

�Þ⊗n ¼
X

σ;τ∈Sn

gστjσixjσixþ1hτjxhτjxþ1;

(G17)

where gστ is the inverse of the matrix

gστ ¼ ðq2Þ−dðσ;τÞ; (G18)

(In terms of the more standard notation of the Weingarten
function, gστ ¼ ðq2Þn Wgðστ−1; q2Þ.)
By putting Eq. (G17) into Eq (G16) for each two-site

random unitary appearing in UðtÞ, we get a partition
function on a two-dimensional lattice, with the top and
bottom boundary conditions given by the top and bottom
lines of Eq. (G16), and the bulk interactions determined
byEq. (G17). In Fig. 15, we further explain the bulk
interactions, and how some of the sites can be integrated
out to get a triangular lattice. Each si corresponds to some
permutation in Sn, so there are n! states on each site of the
lattice.
Explicitly, the interactions Jðs1; s2; s3Þ are given by:

Jðs1; s2; s3Þ ¼
X
μ

gμ s3hs1jμihs2jμi: (G19)

These interactions can be either positive or negative.
They take a simple form for general n only in two
special cases:

(i) If s1 ¼ s2, we have Jðs1; s1; s3Þ ¼ δs1s3 .
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(ii) If dðs1; s2Þ ¼ 1, then

Jðs1; s2; s3Þ ¼
q

q2 þ 1
ðδs1s3 þ δs2s3Þ: (G20)

We expect in general that

jJðs1; s2; s3Þj ≤ 1 (G21)

for all q and n and all si. We will prove this statement
for the case q ¼ 2 as Lemma H.2 in Appendix H. The
inequality is saturated only in case (i) listed above, i.e.,
when s1 ¼ s2 ¼ s3.
By further taking into account the contributions from the

top and bottom boundary conditions, the full lattice and
interaction rules are summarized in Fig. 16.
Rules (a) and (b) follow from the above statements

about Jðs1; s2; s3Þ. Rule (c) can be deduced in a similar
way to rule (b) using Eq. (G5) and Eq. (G3), with

Kðs0Þ ¼
X
τ

gτs0hB; ηjτihηjτi: (G22)

Kðs0Þ is generally non-zero for all σ∈Sn and can take
both positive and negative signs. In rules (d) and (e), we
have used a special label bi for the states appearing in the
lowermost label of the bulk, and used Eqs. (G5) and (G3)
to explain their contraction with the lower boundary
conditions coming from the last line of Eq. (G16).
While only the τ ¼ e case in rule (d) is needed so far,
in the later discussion other quantities besides OTOCn will
appear where τwill take other values. In the case v < 1, we
use a distinguished label bi� for the spin connected to
jA; eix (for example, in the figure, i� ¼ 2).
We consider all possible configurations of s⃗ and b⃗ on the

triangular lattice of (Fig. 16). For each configuration, we
multiply the contributions from each colored triangle, as
well as the overlaps with the bottom boundary and the

overall qðn−1ÞL factor in Eq. (G16). We then sum over
contributions from all s⃗, b⃗.
Let us now note two simplifications that follow immedi-

ately from rules (a)-(d):
1. Rule (a) forces all spins in the shaded red region of

the lattice to be η. All triangles in this shaded region
contribute a factor of 1. For this reason, only the
undetermined s⃗; b⃗ spins are explicitly labeled
in Fig. 16.

2. OTOCn ¼ 0 for all times when n is odd, as in this
case the overlap hb�i jA; ei ¼ 0 for any choice of b�i ,
as discussed above [Eq. (G7)].

We are then left with the task of summing over all
possible configurations of s⃗, b⃗ for even n. Below, we will
refer to a triangle with s1 ≠ s2 (s1 ¼ s2) as a triangle with
(without) a domain wall. Then the top layer at t0 ¼ t has
two adjacent domain walls, between η and s0 and between
s0 and η respectively [unless s0 ¼ η, in which case all other
states are set to η by rule (a)]. The n ¼ 2 case studied in
Refs. [75,76] is simple, because there is only one possible
type of domain wall, which moves downwards through the
lattice according to the simple rule (ii) above. For general
n, s0 can now be any of the n! permutations in Sn.
If dðs0; ηÞ > 1, then unlike in the simple case

[Eq. (G20)], Jðs0; η; s3Þ is generally non-zero for all
s3 ∈Sn (in particular, s3 is not forced to be either s1 or
s2). This implies that the two domain walls starting at the
top boundary can in principle change into any number of
further domain walls of various types as we go toward the
bottom boundary. In fact, configurations where all three si
on each triangle are distinct from each other (i.e., where
the number of triangles with domain walls is extensive in
the volume of the unshaded region) will generically give a
non-zero contribution. However, note that the general
inequality [Eq. (G21)] makes it intuitive that each triangle
with a domain wall comes with some cost, so that cases
with an extensive number of domain walls are unlikely to
dominate. We will state this intuition more formally in the
next subsection.

FIG. 15. We show a segment in space-time of the average of ðUðtÞ ⊗ UðtÞ�Þ⊗n over random unitaries, obtained usingEq. (G17) and
the structure of the circuit in Fig. 6. The vertical lines come from Eq (G17) and the diagonal lines correspond to taking inner products
between permutation states according to the rule [Eq. (G3)]. By integrating out each of top states such as s0, we get a triangular lattice as
shown on the right.
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Let us introduce some notation to better organize the
sum over s⃗, b⃗ in OTOCn:

OTOCn ¼
X
s⃗;b⃗

Ctop; bulkðs⃗; b⃗ÞBðb⃗Þ; (G23)

where

Ctop; bulkðs⃗; b⃗Þ ¼ Kðs0Þ
Y

bulk triangles

Jðsi; sj; skÞ (G24)

and

Bðb⃗Þ ¼
8<
:

qðn−1Þ2thbi� jA; ei
Q
i≠i�

hbijei if v < 1

qðn−1Þ2t
Q
i
hbijei if v > 1

: (G25)

Note that B comes from a combination of the overall
factor of qðn−1ÞL in Eq. (G16) with the factors coming from
overlaps on the lower boundary. (For sites in the shaded

red region, the overlap hηjei ¼ q−ðn−1Þ cancels with qðn−1Þ
from this factor.) It is useful to further organize the
contributions according to b⃗:

OTOCn ¼
X
b⃗

Cðb⃗ÞBðb⃗Þ; Cðb⃗Þ ¼
X
s⃗

Ctop; bulkðs⃗; b⃗Þ:

(G26)

Let us classify the configurations b⃗ near the lower
boundary by the number and type of domain walls in them.
Say there are m domain walls in b⃗, whose locations are
labeled x1;…; xm from left to right. Due to rule (a), we
must have x1 ≥ x − t and xm ≤ xþ t, with the first domain
wall between η and some τ1, and the last domain wall
between some τm−1 and η. It is convenient to replace the xi
labels with the “velocities” vi ≡ xi−x

t .
One possibility is that we have m ¼ 0, corresponding to

no domain wall in b⃗. See Fig. 22 for examples of such
configurations. There are no cases with just one domain
wall, as we must have η to the left and to the right of all

FIG. 16. Lattice, interaction rules, and boundary conditions for the partition function for OTOCn.
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domain walls. The next possibility is that we have a
domain wall between η and τ at some v1 (for some
arbitrary permutation τ∈Sn), and then from τ to η at
v2. We will use the shorthand b⃗ ¼ ðv1; τ; v2Þ to denote this

case. Similarly, a configuration on the lower boundary
with three domain walls can be labeled by
b⃗ ¼ ðv1; τ1; v2; τ2; v3Þ. So the exact expression for
OTOCn can be written as:

OTOCnðv; tÞ ¼ Cðb ¼ ηiÞ þ
X

v1;τ;v2>v1

Cðb⃗ ¼ ðv1; τ; v2ÞÞqðkðτÞ−1Þtðv2−v1Þhbi� jA; ei

þ
X

v1;τ1;v2>v1;τ2;v3>v2

Cðb⃗ ¼ ðv1; τ1; v2; τ2; v3ÞÞqðkðτ1Þ−1Þtðv2−v1Þqðkðτ2Þ−1Þtðv3−v2Þhbi� jA; ei þ…
; (G27)

where we have used the explicit form of the hbijei overlaps
in the second and third lines. The... indicates further
contributions with more than three domain walls in b⃗.
See Fig. 17 for a schematic representation of the con-
tributions to the second line of Eq. (G27).

3. Different regimes of OTOCn

Before analyzing the terms in Eq. (G27) in detail, let us
make some general comments on the v- and t- dependence
of OTOCn and the regime of interest. For jvj > 1, from the
sharp lightcone of the circuit, we have exactly:

OTOCnðt; vÞ ¼ 1; jvj > 1: (G28)

For jvj < 1, we will see two kinds of terms in OTOCn

below: terms proportional to e−fðvÞt, where fðvÞ is some
non-trivial non-negative function of v, and terms propor-
tional to e−Δt, where Δ > 0 is independent of v. The
functions fðvÞ are such that fðv ¼ 1Þ ¼ 0, and these
functions grow as v is decreased from 1 to 0. Hence,
for any fixed large t and v sufficiently close to 1, the terms
of the form e−fðvÞt dominate over terms of the form e−Δt. It
is possible that deep within the lightcone (i.e. for v small
enough), some Δ becomes smaller than each of the fðvÞ,
in which case OTOCnðt; vÞ saturates when seen as a

function of v for fixed t. So we have the following
structure (see Fig. 18):

OTOCnðt; vÞ ¼
8<
:

1 jvj > 1

Fðt; vÞ v� < jvj < 1

e−Δt jvj < v�
: (G29)

Here Fðt; vÞ is a function with a non-trivial dependence
on both t and v that comes from terms of the form e−fðvÞt.
In our calculation below, wewill focus on the e−fðvÞt terms,
which corresponds to being in the regime v� < jvj < 1.
Analyzing terms of the form e−Δt (and in particular, seeing
whether v� > 0, or whether terms of the form e−fðvÞt
dominate for all v) will be beyond the scope of our
calculation. In all cases where we write Oðe−ΔtÞ below, it
is implicit that we mean Δ is independent of v.

4. Assumptions about the structure
of Cðb⃗Þ for b⃗ with domain walls

So far, the full sum in Eq. (G27) is exact, and we have
organized it in a particular way according to the numbers
and types of domain walls in b⃗. In order to go further,
we need to identify the dominant configurations in the bulk

FIG. 17. We schematically show the types of configurations
corresponding to the second line of Eq. (G27). We only fix the
spins bi in the lowermost layer, and allow possible configura-
tions in the green bulk region.

FIG. 18. The unshaded, light blue, and dark blue regions
respectively correspond to the first, second, and third lines of
Eq. (G29). We will focus on the leading contributions in the
light blue region, where OTOCnðt; vÞ decreases for fixed t as v
decreases.
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factors Cðb⃗Þ and their total contribution. At this point, we
will assume that the dominant contributions to Cðb⃗ ¼
ðv1; τ; v2ÞÞ in a scaling limit where t; x ≫ 1 come from
bulk contributions with approximately localized domain
walls, such as the ones shown in Fig. 19.
Moreover, we assume that the sum over the many

microscopic contributions in the Oð1Þ region around the
domain wall leads to a simple net contribution. For
example, the left domain wall in Fig. 19 contributes a
factor of23

Cleftðv1Þ ¼ q−t dðη;τÞEdðη;τÞþ1ðv1Þ: (G30)

Here dðη; τÞ is the Cayley distance between τ and η,
defined in Eq. (G4). In this and all expressions below, we
are ignoring some overall Oð1Þ prefactor. We have
introduced a new ingredient, the membrane tension
EnðvÞ [78,80], which is a symmetric, positive, convex
Oð1Þ function of the velocity with the general properties:

EnðvÞ ≥ jvj; E0
nðvBÞ ¼ 1; EnðvBÞ ¼ vB; (G31)

where 0 < vB < 1 is an n-independent velocity called the
butterfly velocity. See Fig. 20. Note in particular that EnðvÞ
is always minimized at v ¼ 0 and grows monotonically as
a function of jvj. The precise functional form for EnðvÞ is
known for random unitary circuits only for the case n ¼ 2,
where it can be checked to obey Eq. (G31). More
generally, the constraints [Eq. (G31)] are expected to hold
based on expected physical properties for the evolution of
the n-th Rényi entropies for general n in random unitary
circuits, as argued in Ref. [80].

While we are not using the large q limit in our
calculation, the factor of dðη; τÞ appearing in the exponent
in Eq. (G30) is easiest to understand in this limit. In this
case, the dominant contribution comes from the η−τ
domain wall of minimal length from x to xþ v1t, which
passes through t triangles. Each triangle with a domain
wall contributes a simple weight in this limit:

Jðη; τ; ηÞ ¼ Jðη; τ; τÞ ¼ 1

qdðη;τÞ
; q ≫ 1; (G32)

so that we simply get

Cleftðv1Þ ¼ q−dðη;τÞt; q ≫ 1: (G33)

These expressions suggest that a domain wall between
η and τ can be seen as a product of dðη; τÞ “elementary”
domain walls associated with transpositions. Away from
the large q limit, we get a non-trivial combinatorial factor
from counting the number of paths through the lattice that
can start at x and end at x − v1t, which leads to a non-
trivial function Eðv1Þ appearing next to the factor dðη; τÞ.
The dependence of the function EðvÞ itself on dðσ; τÞ can
be seen as a result of certain “interactions” among the
elementary domain walls (see Ref. [78] for more
details).24

Combining the factors from the left and right domain
walls, it is natural to assume that the dominant contribution
to Cðb⃗ ¼ ðv1; τ; v2ÞÞ is given by:

FIG. 19. We assume that the dominant contribution to Cðb⃗ ¼
ðv1; τ; v2ÞÞ comes from bulk configurations like the one shown
above, where the domain wall is localized in the bulk up to some
Oð1Þ width. On the sites of the lattice lying within the green
regions of Oð1Þ width, we sum over all possible permutations in
Sn. Outside these regions of Oð1Þ width, we have uniform
regions with only τ or only η states.

FIG. 20. Example of the functional form of EnðvÞ.

23Note that this expression is not specific to η, and we expect a
similar expression to apply for a domain wall between any
σ; τ∈Sn.

24Here we have made the simplifying assumption that the the
membrane tension E for a domain wall between σ and τ depends
on στ−1 only through dðσ; τÞ. It is expected that the function can
depend on the more detailed information about στ−1, such
whether the different transpositions appearing in its decompo-
sition are commuting or non-commuting [78]. Such details will
not significantly affect the final form of the answer that we want
to emphasize, so we will ignore them to simplify the presenta-
tion.
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Cðb⃗ ¼ ðv1; τ; v2ÞÞ ¼ q−t dðη;τÞEdðη;τÞþ1ðv1Þ q−t dðη;τÞEdðη;τÞþ1ðv2Þ:
(G34)

One subtlety is that this approximation does not take
into account a variety of additional contributions with
more domain walls in the bulk, such as the ones shown in
Fig. 21. Intuitively, these contributions can be absorbed
into some Oð1Þ factor in Eq. (G34). However, because
these configurations can come with both positive and
negative signs, there is a possibility that one can have a
subtle cancellation, such that the leading contribution ends
up being further exponentially suppressed in t compared to
Eq. (G34). We will argue below that this subtle cancella-
tion must take place for certain choices of τ. Hence, more
generally, we expect to have an inequality

jCðb⃗ ¼ ðv1; τ; v2ÞÞj ≤ q−t dðη;τÞEdðη;τÞþ1ðv1Þ q−t dðη;τÞEdðη;τÞþ1ðv2Þ:
(G35)

We are assuming that the dominant contribution to
Cðb⃗ ¼ ðv1; τ; v2ÞÞ can never become larger than
Eq. (G34) due to these additional configurations (apart
from possibly being enhanced by some Oð1Þ prefactor).
This assumption is intuitive based on the additional
cost associated with each domain wall from Eq. (G21),
but we will not attempt the analysis of the addi-
tional combinatorial factors that is needed to rigorously
show it.
With additional domain walls, we have suppression by

additional factors similar to Eq. (G30). For example, we
will assume that

jCðb⃗ ¼ ðv1; τ1; v2; τ2; v3ÞÞj ≤ q−t dðη;τ1ÞEdðη;τ1Þþ1ðv1Þ q−t dðτ1;τ2ÞEdðτ1 ;τ2Þþ1ðv2Þ q−t dðτ2;ηÞEdðτ2 ;ηÞþ1ðv3Þ: (G36)

5. Analysis of the no domain wall term in OTOCn

Let us now turn to the first term in Eq. (G27), which has
no domain walls on the lower boundary. Some of the
contributions to this term are shown in Fig. 22. Note
that each such configuration can potentially come with
either sign depending on the specific permutations that
appear, and the lengths of various domain walls. Since
this term includes configurations with Oð1Þ domain wall

length in the bulk (and even no domain walls anywhere
in the case where we set s0 ¼ η), it appears that it can
be Oð1Þ. However, we will show below that on summing
over all contributions, this term is of the form Oðe−ΔtÞ for
Δ > 0 independent of v. By the general discussion of
Appendix G3, this term can therefore be ignored for the
range of v we are interested in.

FIG. 21. A series of additional contributions to Cðb⃗ ¼ ðv1; τ; v2ÞÞ which are not accounted for in the formula (G34).

FIG. 22. Contributions to the first term of Eq. (G27), with no domain walls on the lower boundary.
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We will show this by first considering a different
quantity instead of OTOCn:

Mη≡hηjhηj…hηjhB;ηjhηj…hηjðUðtÞ⊗UðtÞ†Þ⊗njηijηi…jηi
(G37)

Mη can be expressed as a partition function similar to the
one in Fig. 16 for OTOCn, with the same top boundary
conditions and bulk interactions. The boundary conditions
on the lower boundary are different from OTOCn, with jηi
at every site instead of jei or jA; ei, and Eq. (G37) has no
overall factor of qðn−1ÞL.
Using the definitions of the permutation states, we can

also see that:

Mη ¼ Tr½UðtÞBUðtÞ†�n ¼ ðTrBÞn ¼ 0: (G38)

Now, using the same interaction rules as in Fig. 16
with altered lower boundary conditions, and considering
contributions with various numbers of domain walls
in b⃗ to Eq. (G37), we find that we can expand Mη as
follows:

0 ¼ Mη ¼ Cðbi ¼ ηÞ
þ

X
v1;τ;v2>v1

Cðb⃗ ¼ ðv1; τ; v2ÞÞ
1

qdðη;τÞtðv2−v1Þ

þ
X

v1;τ1;v2>v1;τ2;v3>v2

Cðb⃗ ¼ ðv1; τ1; v2; τ2; v3ÞÞ

×
1

qdðη;τÞtðv2−v1Þ
1

qdðη;τÞtðv3−v2Þ
þ… (G39)

In particular, note from the first line that configurations
with no domain walls in b⃗ give the same contribution in the
new quantity Mη as they do in OTOCn: this comes from a
combination of the fact that Mη has η at all sites in the
lower boundary conditions, and the fact that it does not
have the overall factor of qðn−1ÞL in OTOCn. Now using
Eqs. (G35) and (G36) (and the analog of Eq. (G36) for
more domain walls), we see that each line of Eq. (G39)
starting from the second line is Oðe−ΔtÞ. Let us upper-
bound the terms appearing in the second line more
explicitly: since v2 − v1 > 0,

����Cðb⃗ ¼ ðv1; τ; v2ÞÞ
1

qdðη;τÞtðv2−v1Þ

���� ≤ jCðb⃗ ¼ ðv1; τ; v2ÞÞj

≤ q−t dðη;τÞEdðη;τÞþ1ðv1Þ q−t dðη;τÞEdðη;τÞþ1ðv2Þ

≤ q−2t dðη;τÞEdðη;τÞþ1ð0Þ ¼ Oðe−ΔtÞ: (G40)

where we have used the fact that EnðvÞ has a non-zero
minimum value at v ¼ 0. The third line onwards of
Eq. (G39) are further suppressed.
Since the LHS of Eq. (G39) is zero, this implies that

Cðbi ¼ ηÞ ¼ Oðe−ΔtÞ; (G41)

for Δ > 0 independent of v. We note again that this
Oðe−ΔtÞ scaling of Cðbi ¼ ηÞ is counterintuitive from
the diagrams in Fig. 22, which have domain walls of
Oð1Þ length. The exponentially small value in Eq. (G41) is
a consequence of subtle cancellations among configura-
tions with different signs.

6. Terms with two domain walls in OTOCn

Next, let us understand the second line of Eq. (G27),
which can be separated into a v-independent term and a
v-dependent term as follows:

OTOCn;2DW¼
X
v1;τ;v2

Cðb⃗

¼ðv1;τ;v2ÞÞqðkðτÞ−1Þtðv2−v1Þhbi� jA;ei
¼ZevenðtÞþZoddðt;vÞ

;

(G42)

where

ZevenðtÞ ¼
X

τ∈Peven;v1;v2>v1

Cðb⃗ ¼ ðv1; τ; v2ÞÞqðkðτÞ−1Þtðv2−v1Þ;

(G43)

Zoddðt; vÞ
¼

X
τ∈ P̄even;v1>−v;v2>v1

Cðb⃗ ¼ ðv1; τ; v2ÞÞqðkðτÞ−1Þtðv2−v1Þ :

(G44)

In the above expressions, Peven is the subset of Sn

defined in Eq. (G8), P̄even is its complement in Sn, and
we have used Eqs. (G3) and (G7). In particular, the
condition v1 > −v in Eq. (G44) comes from the fact that
hbi� jA; ei ¼ 0 if bi� ∈ P̄even.

7. Restriction to non-crossing permutations

For the dominant contributions to Zeven and Zodd, we
can restrict to τ that lie respectively in the intersection of
Peven ∩ PNC, and the intersection of P̄even ∩ PNC, where
PNC is the set of non-crossing permutations defined
in Eq. (G9).
To see this, note that from Eq. (G35),

jCðb⃗ ¼ ðv1; τ; v2ÞÞjqðkðτÞ−1Þtðv2−v1Þ ≤ f1f2; (G45)
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where

f1 ¼ q−tððn−kðητ−1ÞÞEdðη;τÞðv1ÞþðkðτÞ−1Þv1Þ; (G46)

f2 ¼ q−tððn−kðητ−1ÞÞEdðη;τÞðv2Þ−ðkðτÞ−1Þv2Þ; (G47)

Now the first inequality of Eq. (G31), together with the
inequality [Eq. (G10)], implies that

f1 ≤ q−tðkðτÞ−1ÞðEkðτÞðv1Þ−jv1jÞ;
f2 ≤ q−tðkðτÞ−1ÞðEkðτÞðv2Þ−jv2jÞ:

(G48)

The inequalities are saturated in the case where v1 < 0,
v2 > 0, and τ∈PNC. We can therefore approximate
Eqs. (G43) and (G44) as follows:

ZevenðtÞ ¼
X

τ∈Peven∩PNC ;
v1 ;v2>0

Cðb⃗ ¼ ðv1 > 0; τ; v2ÞÞqðkðτÞ−1Þtðv2þv1Þ;

(G49)

Zoddðt; vÞ ¼
X

τ∈ P̄even∩PNC ;
0<v1<v;v2>0

Cðb⃗ ¼ ðv1; τ; v2ÞÞqðkðτÞ−1Þtðv2þv1Þ

(G50)

Here we have made a convenient change of variables
v1 → −v1 so that the values of both v1 and v2 appearing in
the final expression are positive.
Note that if the inequality in Eq. (G35) is saturated, then

for τ∈PNC,

Cðb⃗ ¼ ðv1; τ; v2ÞÞqðkðτÞ−1Þtðv2þv1Þ

¼ q−ðkðτÞ−1ÞtðEðv1Þ−v1þEðv2Þ−v2Þ: (G51)

If the above equality holds, then the exponent is 0 for the
case v1 ¼ v2 ¼ vB. However, we will show in the next
section that for certain τ, we always have

Cðb⃗ ¼ ðv1; τ; v2ÞÞqðkðτÞ−1Þtðv2þv1Þ ¼ Oðe−ΔtÞ (G52)

for Δ > 0 independent of v1, v2, so that Eq. (G35) cannot
be saturated for such permutations. Like in the earlier
discussion of Cðbi ¼ ηÞ, this is a consequence of cancel-
lations among contributions with different signs.

8. Sub-dominance of contributions
from τ ∈Qsingleton ∩ PNC

In this section, we will argue that for any
τ∈Qsingleton ∩ PNC, for Qsingleton defined in Eq. (G12),

Cðb⃗ ¼ ðv1; τ; v2ÞÞqðkðτÞ−1Þtðv2þv1Þ ¼ Oðe−ΔtÞ: (G53)

This argument can be seen as a more complicated
version of the argument for Cðbi ¼ ηÞ in Appendix G 5.
This statement will allow us to further restrict the permu-
tations that contribute to the leading part of OTOCn, and
we will discuss its consequences in the next section.
For some given v1, v2 (recall that we have redefined v1

so that it is positive for left-moving domain walls), let us
define the quantity:

Mτ;v1;v2 ¼ hηjhηj…hηjhB; ηjhηj…hηjðUðtÞ ⊗ UðtÞ�Þ⊗njηi…jηiy−v1t−1jτiy−v1t…jτiyþv2tjηiyþv2tþ1…jηi × qðkðτÞ−1Þtðv1þv2Þ:

(G54)

Again, the top boundary conditions and bulk rules for this
quantity are the same as those for OTOCn, but its lower
boundary conditions are different. See Fig. 23. Now let us
refer to the region from y − v1t to yþ v2t as R and its
complement as R̄. By an abuse of notation, let us define
states jO; σi on 2n copies of the full system (as opposed
to a single site) for some operator O acting on the full
system, as:

hi1i01…ini0njO; σi≡Oi1i0σð1Þ
…Oi1i0σð1Þ

(G55)

where each jii labels a basis for the full system, and
similarly for subsystem R, define

hi1i01…ini0njσiR ≡ δi1i0σð1Þ…δini0σðnÞ ; (G56)

where each jii labels a basis for subsystem R. Then we can
write

Mτ;v1;v2 ∝ hB; ηjðUðtÞ ⊗ UðtÞ�Þ⊗njτiR ⊗ jηiR̄
¼ hUðtÞBUðtÞ†; ηjjτiR ⊗ jηiR̄
¼ hUðtÞBUðtÞ†; ejjðτη−1ÞiRjeiR̄ (G57)

Now note that for any operator O and any
permutation σ,
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hO; ejjσiRjeiR̄ ¼
XdR

i1;…;in¼1

XdR̄
j1;…;jn¼1

Oi1j1;iσð1Þj1Oi2j2;iσð2Þj2…Oinjn;iσðnÞjn (G58)

where each i labels a basis for R and each j labels a basis for R̄. Hence, if σ has any cycle of length 1, i.e. σðiÞ ¼ i for any i,
then the above expression is proportional to Tr½O�. Returning to Eq. (G57), where σ ¼ τη−1 and O ¼ UðtÞBUðtÞ† which
has trace zero, we find that

Mτ;v1;v2 ¼ 0; τ∈Qsingleton ∩ PNC: (G59)

On the other hand, from the partition function interpretation of Mτ;v1;v2 , we have

Mτ;v1;v2 ¼ qðkðτÞ−1Þtðv2þv1ÞCðb⃗ ¼ ðv1; τ; v2ÞÞ þ
X

v0
1
≠v1;v02≠v2

qðkðτÞ−1Þtðv2þv1ÞCðb⃗ ¼ ðv01; τ; v02ÞÞ
1

qdðη;τÞtðjv01−v1jþjv0
2
−v2jÞ

þ qðkðτÞ−1Þtðv2þv1ÞCðbi ¼ ηÞ 1

qdðη;τÞtðv1þv2Þ þ
X

σ∈Sn;σ≠τ;η;v01<v1;v02<v2

qðkðτÞ−1Þtðv2þv1ÞCðb⃗ ¼ ðv01; σ; v02ÞÞ

×
1

qdðσ;τÞtðv01þv0
2
Þ

1

qdðτ;ηÞtðv1−v01þv2−v02Þ þ
X

σ∈Sn;σ≠τ;η;v01>v1;v02>v2

qðkðτÞ−1Þtðv2þv1Þ

× Cðb⃗ ¼ ðv01; σ; v02ÞÞ
1

qdðσ;τÞtðv1þv2Þ
1

qdðσ;ηÞtðv01−v1þv0
2
−v2Þ (G60)

This expression accounts for contributions with up to two domain walls in b⃗. The corresponding domain wall
configurations are shown in Fig. 23. In the first line, the domain walls in b⃗ are aligned with those in the bottom boundary
condition, so that we get 1 from their overlaps. In the second line, the last factor comes from non-trivial overlaps between b⃗
and the lower boundary conditions. Using the the fact that τ∈PNC, the second line can be rewritten as:

FIG. 23. Domain wall configurations for various terms in Eq. (G60).
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Line 2 ¼
X

v0
1
≠v1;v02≠v2

qðkðτÞ−1Þtðv2−jv02−v2jþv1−jv01−v1jÞCðb⃗ ¼ ðv01; τ; v02ÞÞ (G61)

and the third line, which comes from cases where there are no domain walls in b⃗ (not explicitly shown in the figure), can be
written as Cðbi ¼ ηÞ, so that from the discussion of Appendix G 5,

Line 3 ¼ Oðe−ΔtÞ: (G62)

The fourth and fifth lines, where the domain wall in b⃗ involves a different permutation σ ≠ τ, require some more work.
First, using the fact that dðτ; ηÞ ¼ kðτÞ − 1,

Line 4 ¼
X

σ∈Sn;σ≠τ;η;v01<v1;v02<v2

qðdðτ;ηÞ−dðσ;τÞÞtðv02þv0
1
ÞCðb⃗ ¼ ðv01; σ; v02ÞÞ (G63)

Now using Eq. (G35), we have

jLine 4j ≤
X

σ∈Sn;σ≠τ;η;v01<v1;v02<v2

qtððdðτ;ηÞ−dðσ;τÞÞv01−dðσ;ηÞEdðσ;ηÞþ1ðv01ÞÞqtððdðτ;ηÞ−dðσ;τÞÞv02−dðσ;ηÞEdðσ;ηÞþ1ðv02ÞÞ

≤
X

σ∈Sn;σ≠τ;η;v01<v1;v02<v2

qtððdðτ;ηÞ−dðσ;τÞ−dðσ;ηÞÞEdðσ;ηÞþ1ðv01ÞÞqtððdðτ;ηÞ−dðσ;τÞ−dðσ;ηÞÞEdðσ;ηÞþ1ðv02ÞÞ (G64)

where in the second step, we have used the first inequality of Eq. (G31) and assumed that dðη; τÞ > dðσ; τÞ (as the
alternative gives an exponentially suppressed contribution). Both factors are the same up to the replacement v01 ↔ v02, so
we can focus on either of them. Now by the triangle inequality, for any σ∈Sn,

dðτ; ηÞ − dðσ; τÞ − dðσ; ηÞ ≤ 0 (G65)

with equality only in the case where σ lies on the geodesic between τ and η. Hence, for any v01; v
0
2, Line 4 is upper-bounded

by the case with the smallest value of Enðv0iÞ, which is always at v01 ¼ v02 ¼ 0. So up to an Oð1Þ prefactor,

Line 4 ≤
X
σ≠τ;η

q−2Edðσ;ηÞþ1ð0Þðdðσ;τÞþdðσ;ηÞ−dðτ;ηÞÞ t: (G66)

Now for the fifth line,

Line 5 ¼
X

σ∈Sn;σ≠τ;η;v01>v1;v02>v2

Cðb⃗ ¼ ðv01; σ; v02ÞÞq−dðη;σÞtðv
0
1
þv0

2
Þqðv1þv2Þtðdðη;τÞþdðη;σÞ−dðσ;τÞÞ (G67)

≤
X

σ∈Sn;σ≠τ;η;v01>v1;v02>v2

e−dðη;σÞtðv01þv0
2
þEdðσ;ηÞþ1ðv01ÞþEdðσ;ηÞþ1ðv02ÞÞqðv1þv2Þtðdðη;τÞþdðη;σÞ−dðσ;τÞÞ

≤
X
σ≠τ;η

e−dðη;σÞtðv1þv2þEdðσ;ηÞþ1ðv1ÞþEdðσ;ηÞþ1ðv2ÞÞqðv1þv2Þtðdðη;τÞþdðη;σÞ−dðσ;τÞÞ

≤
X
σ≠τ;η

e−dðη;σÞtðEdðσ;ηÞþ1ðv1ÞþEdðσ;ηÞþ1ðv2ÞÞqðv1þv2Þtðdðη;τÞ−dðσ;τÞÞ ≤
X
σ≠η;τ

q−2Edðσ;ηÞþ1ð0Þðdðσ;τÞþdðσ;ηÞ−dðτ;ηÞÞ t: (G68)

In going from the second to the third line, we have used
the fact that for the range of v01; v

0
2 allowed in the sum, the

maximum value of the first factor is at v01 ¼ v1; v02 ¼ v2
(and there is an implicit Oð1Þ factor in the third line from
summing over velocities). In principle, we should have

written two additional cases v01 > v1; v02 < v2 and v01 <
v1; v02 > v2 in Eq. (G60), but it should now be clear that
these cases obey the same upper bound as Lines 4 and 5.
Now, suppose we take τmin to be the permutation in

Qsingleton ∩ PNC that lies closest to η in Cayley distance,
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so that there are no other σ∈Qsingleton ∩ PNC that can lie on
the geodesic between η and τ. In fact, Lemma G.2 from
Appendix G1 implies that this case, there exists no σ∈Sn
that lies on the geodesic between η and τ. Hence,
Eqs. (G66) and (G68) are of the form e−Δt for Δ > 0
independent of v. Putting together our conclusions
about the different lines (and assuming as before that
contributions with more domain walls in b⃗ are further
suppressed), we find that for τ ¼ τmin ∈Qsingleton ∩ PNC,
for any v1, v2,

qðkðτÞ−1Þtðv2þv1ÞCðb⃗ ¼ ðv1; τ; v2ÞÞ
þ

X
v0
1
≠v1;v02≠v2

qðkðτÞ−1Þtðv2−jv02−v2jþv1−jv01−v1jÞCðb⃗

¼ ðv01; τ; v02ÞÞ ¼ Oðe−ΔtÞ (G69)

This can also be written as:X
v0
1
≤v1;v02≤v2

qðkðτÞ−1Þtðv02þv0
1
ÞCðb⃗ ¼ ðv01; τ; v02ÞÞ þOðe−Δ0

tÞ

¼ Oðe−ΔtÞ (G70)

On the LHS, we have used the fact that for v01 > v1
(similarly for v02 > v2),

qðkðτÞ−1Þtðv2−jv02−v2jþv1−jv01−v1jÞCðb⃗ ¼ ðv01; τ; v02ÞÞ ≤ e−jv01−v1jt

(G71)

and we have taken Δ0 to be some “UV cutoff” in a
discretization of the sum over v01; v

0
2. Now using Eq. (G70)

and iteratively considering increasing values of v1; v2, we
can see that for each v1; v2,

qðkðτÞ−1Þtðv2þv1ÞCðb⃗ ¼ ðv1; τ; v2ÞÞ ¼ Oðe−ΔtÞ; τ ¼ τmin:
(G72)

Then consider the next τnext ∈Qsingleton ∩ PNC such that
the only permutation lying on the geodesic between τnext
and η is τmin. For all σ ≠ τ; τmin in Line 4 or Line 5, the
same analysis leading to Eqs. (G66) and (G68) applies and
leads to an Oðe−ΔtÞ contribution. Eq. (G72) implies that
the contribution of σ ¼ τmin to Line 4 and Line 5 is also
Oðe−ΔtÞ. For example, using the expression for Line 4 in
Eq. (G63), the contribution of σ ¼ τmin is

Line 4 ⊃ qtdðη;τminÞðv01þv0
2
ÞCðb⃗ ¼ ðv01; τmin; v02ÞÞ (G73)

which is Oðe−ΔtÞ from Eq. (G72).
We can then iteratively apply this analysis to other

τ∈Qsingleton ∩ PNC at increasing Cayley distance from η,
to find that

qðkðτÞ−1Þtðv2þv1ÞCðb⃗ ¼ ðv1; τ; v2ÞÞ
¼ Oðe−ΔtÞ for all τ∈Qsingleton ∩ PNC: (G74)

We can think of this suppressed value of
qðkðτÞ−1Þtðv2þv1ÞCðb⃗ ¼ ðv1; τ; v2ÞÞ as coming from certain
subtle cancellations among the kinds of configurations
shown in Fig. 21, similar to the discussion in
Appendix G5.

9. Final result

Let us now return to the full sum over two-domain wall
contributions OTOCn, Eq. (G42). First, we note that all
τ∈Peven ∩ PNC also lie in Qsingleton ∩ PNC. Hence, the
v-independent contribution coming from Zeven in OTOCn

is Oðe−ΔtÞ and can be ignored. Certain permutations in
P̄even ∩ NC also lie in Qsingleton ∩ PNC, and these contri-
butions can also be ignored. If we assume that the
membrane formula (G34) can be applied to other permu-
tations (i.e., there are no subtle cancellations in these
cases), we end up with:

OTOCn;2 DW ¼
X

τ∈ Q̄singleton∩PNC

fτ

� X
0<v1<v

e−ðkðτÞ−1ÞðEkðτÞðv1Þ−v1Þt
��X

v2>0

e−ðkðτÞ−1ÞðEkðτÞðv2Þ−v2Þt
�

(G75)

Here we have restored the Oð1Þ factors fτ, which may be positive or negative. Now consider the sums over v1, v2 for
each τ. Recall from Eq. (G31) that EnðvÞ − v for any v is minimized at v ¼ vB, where its value is zero. Since the sum over
v2 always includes vB, we can set the factor in the second parenthesis in Eq. (G75) to 1. The sum over v1 can be set equal to
vB if v > vB. Otherwise, it Eðv1Þ − v1 is minimized at the endpoint value v1 ¼ v.
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Now recall from Lemma G.1 that for τ∈ Q̄singleton ∩
PNC, kðτÞ ≥ n=2þ 1. Collecting contributions from differ-
ent τ with the same values of kðτÞ, we get

OTOCnðt; vÞ ¼
�Pn−1

k¼n=2 ck v > vBP
n−1
k¼n=2 ckq

−kðEkþ1ðvÞ−vÞt v < vB

(G76)

From the first line, we see that the coefficients ck must
add up to 1 for continuity at v ¼ 1. Since we get this non-
trivial result from the two-domain wall contributions, and
cases with additional domain walls are subleading from
Eq. (G36), Eq. (G76) is our prediction for the leading
behavior of OTOCn in the regime v� < v < 1 defined in
Appendix G 3.
We can further expand the second line close to v ¼ vB.

The second and third equations of Eq. (G31) then imply
that

OTOCnðt; vÞ ¼
Xn−1
k¼n=2

ckq−k
E00
kþ1

ðvBÞ
2 ðv−vBÞ2t (G77)

It is expected that close to v ¼ vB, interactions among
various domain walls vanish, so that EnðvÞ becomes
independent of n in this regime. Based on this, setting
E00
kþ1ðvBÞ= log q to be some k-independent constant 1=D,

we get the expression

OTOCnðt; vÞ ¼
Xn−1
k¼n=2

cke−k
ðv−vBÞ2

2D t (G78)

which is explicit apart from the constants ck and D:D can
be viewed as a diffusion constant for the broadening of the
operator front [75,76]. For large enough t, this series can
be approximated with its leading k ¼ n=2 term, giving the
n-dependence in Eq. (106).

APPENDIX H: COMBINATORIAL LEMMAS

Lemma G.1. Let τ be an NC permutation of n ele-
ments where n is even. (a) For any τ∈Peven, we have
kðητ−1Þ ≥ n

2
þ 1, and ητ−1 has at least one cycle of

length 1. (b) For any τ∈ Q̄singleton, we have kðτÞ ≥ n
2
þ 1

and τ ∉ Peven.
Remark H.1. The same claim holds for any NC partition

τ of n elements where n is even: (a) If τ has all blocks of
even sizes, and then its Kreweras complement τc has more
than n=2þ 1 blocks with at least one singleton block; and
(b) if τc has no singletons, then τ has n=2þ 1 blocks and τ
has at least one odd-size block.
Proof. Since τ∈Peven, jcij ≥ 2 for each cycle ci ∈ τ.

We have

n ¼
X
ci ∈ τ

jcij ≥ 2kðτÞ: (H1)

Since we also have τ∈NC,

kðητ−1Þ ¼ nþ 1 − kðτÞ ≥ n=2þ 1: (H2)

Now suppose that ητ−1 has no singleton (cycle of
length 1), then we have

n ¼
X

di ∈ ητ−1
jdij ≥ 2kðητ−1Þ ⇒ kðητ−1Þ ≤ n=2 (H3)

which is a contradiction with Eq. (H2). Hence, ητ−1 must
have at least one singleton. This proves claim (a).
From (a), we have that

Peven ∩ PNC ⊆ Qsingleton ∩ PNC: (H4)

Hence, for any τ∈ Q̄singleton, we have τ ∉ Peven.
The proofs of (b) and of the remark is essentially

identical. ▪
Lemma G.2. For τ∈Qsingleton ∩ PNC, any σ that satisfies

dðη; τÞ ¼ dðη; σÞ þ dðσ; τÞ

(i.e., any σ that lies on the geodesic between η and τ) is also
in Qsingleton ∩ PNC.
Proof. We first prove σ∈NC and then σ∈Qsingleton.
A permutation is NC if and only if it lies on the geodesic

between η and e:τ∈NC implies that τ is on the geodesic
between η and e.

dðη; eÞ ¼ dðη; τÞ þ dðτ; eÞ (H5)

Eq. (G15) implies that σ is on the geodesic between η
and τ. We substitute dðη; τÞ using Eq. (G15),

dðη; eÞ ¼ dðη; σÞ þ dðσ; τÞ þ dðτ; eÞ ≥ dðη; σÞ þ dðσ; eÞ
(H6)

where we applied the triangle inequality to eliminate τ.
Together with the triangle inequality

dðη; eÞ ≤ dðη; σÞ þ dðσ; eÞ; (H7)

we conclude that

dðη; eÞ ¼ dðη; σÞ þ dðσ; eÞ ⇒ σ∈NC: (H8)

We further have

dðη; σÞ ¼ n − kðησ−1Þ ¼ kðσÞ − 1;

dðη; τÞ ¼ n − kðητ−1Þ ¼ kðτÞ − 1; (H9)

which together with Eq. (G15) implies that
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dðσ; τÞ ¼ kðτÞ − kðσÞ ¼ kðησ−1Þ − kðητ−1Þ: (H10)

As we move σ along the geodesic η → τ, the Cayley
distance dðη; σÞ measures the number of transpositions
taken to reach σ and dðη; τÞ is the number of transpositions
it takes to reach τ. Eq. (H10) implies that kðησ−1Þ is
monotonically decreasing from kðηη−1Þ ¼ n to kðητ−1Þ ¼
nþ 1 − kðτÞ, and its value drops by 1 at every trans-
position from σ ¼ πi → πiþ1, where πiþ1 has one more
transposition than πi.
Note that πiþ1 ¼ tπi for some transposition t implies

that ηπ−1iþ1 ¼ ηπ−1i t−1, which is one more transposition than
ηπ−1i . Since a transposition can either merge two cycles
into one or split one cycle into two, and kðησ−1Þ decreases
by 1 per transposition step, ηπ−1iþ1 has two cycles in ηπ−1i
merged into one.
It’s obvious that the number of singletons does not

increase under merging. Since we assume that there is at
least one singleton in ητ−1, we conclude that the number of
singletons in ησ−1 along the geodesic is no fewer. We
have σ∈Qsingleton. ▪
Lemma H.2. For Jðσ; τ; νÞ defined as in Eq. (G19), or

more explicitly,

Jðσ; τ; νÞ ¼
X
μ

gνμ
ffiffiffiffiffiffiffiffiffiffiffiffi
gμσgμτ

p
(H11)

for gμν ≡ dn−kðμν−1Þ, gμν defined as the inverse of gμν (or in
terms of the Weingarten functions, gμν ¼ dnWgðμν−1Þ),
and d ¼ q2, we have

Jðσ; τ; νÞ ≤ 1 (H12)

for q ¼ 2, and for all n and all σ; τ; ν∈Sn. The above
inequality is saturated only when σ ¼ τ ¼ ν.
Proof. When σ ¼ τ, we have

Jðσ; τ; νÞ ¼ gμνgσμ ¼ δνσ ≤ 1 (H13)

and it is saturated when σ ¼ τ ¼ ν.
Now we discuss the case of σ ≠ τ. We define the

following functions

wðπÞ ≔ dnWgðπ; dÞ;
sðμÞ ≔ ffiffiffiffiffiffiffiffiffiffiffiffi

gσμgτμ
p ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dkðτμ−1Þ−ndkðσμ−1Þ−n

p
:

(H14)

We can write

Jðσ; τ; νÞ ¼
X
μ∈Sn

wðμν−1ÞsðμÞ (H15)

The Cauchy–Schwarz inequality gives,

jJðσ; τ; νÞj ¼
����X
μ∈Sn

wðμν−1ÞsðμÞ
����

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
μ∈Sn

jwðμν−1Þj2
X
μ∈Sn

jsðμÞj2
s

: (H16)

Since the norm is group translation-invariant, we have

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
μ∈Sn

jwðμν−1Þj2
X
μ∈Sn

jsðμÞj2
s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
π∈ Sn

jwðπÞj2
X
μ∈Sn

jsðμÞj2
s

¼ jjwjj2jjsjj2: (H17)

Therefore, we obtain

jJðσ; τ; νÞj ≤ jjwjj2jjsjj2 (H18)

The Weingarten function can be written as an expansion
over the irreps of Sn [112]:

Wgðπ; dÞ ¼ 1

n!2
X

λ⊢n∶jλj≤d

χλð1Þ2χλðπÞ2
sλð1Þ

(H19)

where the sum is over partitions λ of n that has at most d
parts. A partition λ ordered decreasingly can be identified
with a Young diagram with jλj rows that label the irreps. χλ
is the character of the λ-irrep of Sn and sλ is the Schur
polynomial.
Using this formula and the orthogonal relations of the

characters, one can obtain

jjwjj22 ¼
1

n!

X
λ⊢n∶jλj≤d

d2λκ
2
λ; κλ ¼

dnQ
ði;jÞ∈ λðdþ j − iÞ

(H20)

where dλ is the dimension of the λ-irrep of Sn, and the
product in the denominator of κλ is over the box indices
ði; jÞ in the Young diagram corresponding to λ.
We first proceed with the estimate:

jjwjj2 ¼
1

n!

X
λ⊢n∶jλj≤d

d2λκ
2
λ ≤ max

λ⊢n∶jλj≤dκλ
�
1

n!

X
λ⊢n∶jλj≤d

d2λ

�

≤ max
λ⊢n∶jλj≤dκλ: (H21)

To bound maxλ⊢n∶jλj≤dκλ, we group the Young diagram
column-wise, and denote hj the height of column j,
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Y
ði;jÞ∈ λ

ðdþ j − iÞ ¼
Y
j

Yhj
i

ðdþ j − iÞ ≥
Y
j

jhj (H22)

Let n ¼ pdþ r, with r ¼ n mod d,
Q

j j
hj is minimized

by filling columns greedily up to height d, so we have p
columns of height d and one column of height r. This
gives

Y
j

jhj ≥ ðpþ 1Þr
Yp
j¼1

jd ¼ ðp!Þdðpþ 1Þr; (H23)

and hence

max
λ⊢n∶jλj≤dκλ ≤

dn

ðp!Þdðpþ 1Þr ; n ¼ pdþ r: (H24)

To bound jjsjj2, we first rewrite s as follows,

sðμÞ ¼ hσðμÞhτðμÞ ≔ hðσμ−1Þhðτμ−1Þ;
hðπÞ ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dkðπÞ−n

p (H25)

Using Hölder’s inequality and translational invariance
of the norm, we have

jjsjj2 ≤ jjhσjj4jjhτjj4 ¼ jjhjj24: (H26)

We have

jjhjj44 ¼
X
π∈Sn

hðπÞ4 ¼
X
π∈ Sn

d2kðπÞ−2n ¼ d−2n
Yn−1
i¼0

ðd2 þ iÞ

¼ n!d−2n
�
nþ d2 − 1

n

�
(H27)

where in the penultimate step, we usedP
π x

kðπÞ ¼ Qn−1
i¼0 ðxþ iÞ.

We have

jjsjj2 ≤ jjhjj24 ¼
ffiffiffiffiffi
n!

p
d−n

�
nþ d2 − 1

n

�1
2

(H28)

Altogether, we obtain

jJðσ; τ; νÞj ≤ jjwjj2jjsjj2 ≤ max
λ⊢n∶jλj≤dκλ · jjsjj2

≤
ffiffiffiffiffi
n!

p ðnþd2−1
n Þ12

ðp!Þdðpþ 1Þr ¼: gðnÞ (H29)

This bound gðnÞ is loose for small n, but it gets tighter
for large n.
Let us focus on the case of d ¼ q2 ¼ 4. A quick ratio

test on the bound shows that once the bound gðn0Þ < 1 for
some n0 > 26, it remains gðnÞ < 1 for all n > n0. We can
then evaluate the bound and explicitly verify that the
bound is less than 1 for all n ≥ 61. This is shown
in Fig. 24.
Hence, for d ¼ 4, what remains is to verify that jJj ≤ 1

for all 2 ≤ n ≤ 60. We can further tighten the gap without
resorting to the looser bound.25

jJðσ; τ; νÞj ≤ jjwjj2jjsjj2 (H30)

Direct evaluation of the RHS for all 2 ≤ n ≤ 60 gives a
less-than-one value for 20 ≤ n ≤ 60.

FIG. 24. Values of the bound gðnÞ on jJj for 2 ≤ n ≤ 100.

25We did so because gðnÞ is elementary enough for the ratio
test.
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It remains to brute-force check jJj ≤ 1 for all
2 ≤ n ≤ 19. We verified these cases in Python and this
completes the proof of the Lemma for the case of d ¼ 4. ▪

APPENDIX I: SINGULAR SPECTRAL DENSITY
OF AðtÞB IN TRANSVERSE FIELD

ISING MODEL

The physics of the TFIM is most transparent in terms of
fermionic variables defined by the Jordan–Wigner trans-
formation of Eq. (115). We define the Majorana fermion
operators as follows:

γ2j−1 ≡
�Y

i<j

Zi

�
Xj; γ2j ≡

�Y
i<j

Zi

�
Yj; j∈ ½L�

(I1)

The Majorana fermion operators are Hermitian involu-
tions γ†i ¼ γi; γ2i ¼ I. The Majoranas satisfy the canonical
anticommutation relation (CAR) fγi; γjg ¼ 2δij.
The TFIM Hamiltonian can be written as a free

Majorana fermion Hamiltonian,

H ¼ i
4

X2L
i;j¼1

γiKijγj (I2)

where K is a real antisymmetric matrix. With open
boundary condition, K2j−1;2j ¼ 2h, K2j;2jþ1 ¼ 2J.
Heisenberg evolution is represented as a linear trans-
formation,

γiðtÞ ¼ UðtÞγiUðtÞ† ¼
X
j

OHðtÞijγj;

OHðtÞ ≔ eKt ∈SOð2LÞ (I3)

The evolved Majoranas γiðtÞ still satisfy the CAR.
The Majoranas fγig2Li¼1, subject to the CAR, generate the

Clifford algebra Cl2LðCÞ. It is a mathematical fact that
Cl2LðCÞ ≃ BððC2Þ⊗LÞ, which refers to the algebra of
bounded operators on ðC2Þ⊗L, the physical Hilbert space
of the spin chain. This is a formal statement of the fact that
two Majorana fermions can be associated with the Hilbert
space of one qubit.
We want to calculate the spectrum of AðtÞB to calculate

the FMI and OTOCs. Let us focus on the case of A and B
being single-site Paulis. Let’s first study the case of A ¼ Zi
and B ¼ Zj. We can write Z in terms of the Majoranas

A ¼ Zi ¼ −iγ2i−1γ2i; B ¼ Zj ¼ −iγ2j−1γ2j: (I4)

We have

AðtÞB ¼ −UðtÞγ2i−1γ2iUðtÞ†γ2j−1γ2j
¼ −UðtÞγ2i−1UðtÞ†UðtÞγ2iUðtÞ†γ2j−1γ2j
¼ −γ2i−1ðtÞγ2iðtÞγ2j−1γ2j: (I5)

Therefore, AðtÞB belongs to the Clifford subalgebra
Cl4ðCÞ generated by four Majoranas fγ2i−1ðtÞ;
γ2iðtÞ; γ2j−1; γ2jg. Then we use the mathematical fact that
Cl4ðCÞ ≃ BððC2Þ⊗2Þ, and thus AðtÞB can be irreducibly
represented as acting on a four-dimensional subspace. We
know that generally the eigenvalues of AðtÞB always come
in pairs fei�θigi. It follows that there exist two angles θ1
and θ2 and the four eigenvalues are

fei�θ1 ; ei�θ2g: (I6)

Hence, the spectrum of AðtÞB represented on the full
physical Hilbert space is largely degenerate. It follows that
the FMI of ZiðtÞ and Zj remains divergent throughout the
TFIM evolution.
The same analysis holds for the A ¼ Xi and B ¼ Xj

case. All we need to do is to use a different convention for
the Jordan–Wigner transformation:

γ̃2j−1 ≔
�Y

i<j

Xi

�
Zj; γ̃2j ¼

�Y
i<j

Xi

�
Yj; j∈ ½L�:

(I7)

Then X can be written as a product of two Majoranas:
Xj ¼ −iγ̃2j−1γ̃2j. Hence, XiðtÞXj has at most four distinct
eigenvalues. The same reasoning applies to the A ¼ Yi and
B ¼ Yj case.
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