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We study parallel fault-tolerant quantum computing for families of homological quantum low-density
parity-check (LDPC) codes defined on 3-manifolds with constant or almost-constant encoding rate. We
derive a generic formula for a transversal 7 gate on color codes defined on general 3-manifolds, which
acts as collective non-Clifford logical CCZ gates on any triplet of logical qubits with their logical-X mem-
branes having a Z, triple intersection at a single point. The triple-intersection number is a topological
invariant, which also arises in the path integral of the emergent higher symmetry operator in a topological
quantum field theory (TQFT): the Z3 gauge theory. Moreover, the transversal S gate of the color code
corresponds to a higher-form symmetry in TQFT supported on a codimension-1 submanifold, giving rise
to exponentially many addressable and parallelizable logical CZ gates. A construction of constant-depth
circuits of the above logical gates via cup-product cohomology operation is also presented for three copies
of identical toric codes on arbitrary 3-manifolds. We have developed a generic formalism to compute the
triple-intersection invariants for 3-manifolds, with the structure encoded into an interaction hypergraph
which determines the logical gate property and also corresponds to the hypergraph magic state that can be
injected into the code without distillation (“magic-state fountain). We also study the scaling of the Betti
number and systoles with volume for various 3-manifolds, which translates to the encoding rate and dis-
tance. We further develop three types of LDPC codes supporting such logical gates: (1) A quasi-hyperbolic
code from the product of 2D hyperbolic surface and a circle, with almost-constant rate k/n = O(1/ log(n))
and O(log(n)) distance; (2) A homological fiber-bundle code from twisting the product by an 1sometry of

the surface based on the construction by Freedman-Meyer-Luo, with O(1/ 10g2 (n)) rate and 0(10g2 (n))
distance; (3) A specific family of 3D hyperbolic codes: the Torelli mapping-torus code, constructed from
mapping tori of a pseudo-Anosov element in the Torelli subgroup, which has constant rate while the dis-
tance scaling is currently unknown. We then show a generic constant-overhead scheme for applying a

1

parallelizable universal gate set with the aid of logical-X measurements.

DOI: 10.1103/wexs-w69t

I. INTRODUCTION

Rapid progress in quantum low-density parity-check
(qLDPC) codes has been made in recent years to achieve
asymptotically optimal quantum information storage
[1-11], including reaching constant encoding rate and lin-
ear code distance. On the other hand, resource-efficient
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fault-tolerant quantum computation should use not only
an optimal quantum memory but also fast schemes to
implement logical gates with low overhead. In addition to
being fast, logic gates should also be applicable in parallel.
Although there exists a scheme with constant-space over-
head [12], it only allows the sequential application of logic
gates and is therefore relatively slow in practice. Therefore,
parallel schemes for implementing universal fault-tolerant
logic gates are especially desirable.

Indeed, the quest of parallel schemes is quite chal-
lenging since qLDPC codes typically are composed of a
single or constant number of code blocks in order for the
encoding rate to be constant. This means that it can be dif-
ficult to address logical qubits individually. For instance,
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conventional schemes using global or fold-transversal log-
ical gates [13—18] tend to induce collective logic gates to
many logical qubits in a code block. With the exception of
topological codes that encode only a small number of log-
ical qubits [13—15,19,20], few or no examples are known
for transversal gates addressing individual logical qubits
for codes that encode a large number of logical qubits in a
single code block. Measurement-based schemes with indi-
vidual addressability based on logical measurements have
been proposed, but these schemes use additional ancilla
qubits with O(d?) overhead over a long time, where d
is the code distance [21]. A parallelizable scheme has
recently been proposed using constant-rate concatenated
codes [22]. However, this scheme uses codes with high-
weight stabilizers and therefore goes beyond the scope of
gqLDPC codes. It remains an open question how to do indi-
vidually addressable and parallelizable logical gates with
gqLDPC codes, without introducing additional overhead.

Another fundamental challenge is that most of the
recently proposed qLDPC codes are based on a 3-term
chain complex which can be considered as a generaliza-
tion of 2D surface codes, and are hence only expected
to perform logical Clifford gates. In particular, a no-go
theorem for logical non-Clifford gates has been given for
the family of hypergraph-product codes achieving con-
stant rate [23]. Therefore, one has to perform a magic-state
distillation process [24] in order to achieve universality
which will lead to significant resource overhead. It is hence
desirable to acquire a native logical non-Clifford gate on
qLDPC codes with O(1) space-time overhead, such that
one is able to directly implement these logical gates or
efficiently inject magic states without extensive rounds of
distillation. Note that there exists a previous proposal for
applying a parallelizable universal logical gate set (includ-
ing non-Clifford gates) on constant-rate quantum code with
constant-depth circuits corresponding to Dehn twists [25]
on 2D hyperbolic Fibonacci-Turaev-Viro codes [26,27].
However, these codes correspond to non-Abelian topolog-
ical orders beyond the stabilizer models and hence need
more sophisticated schemes for error correction and decod-
ing [28,29] which anticipates further optimization. Instead,
our current work focuses on fault-tolerant computation
schemes with the CCS (Calderbank-Shor-Steane) qLDPC
codes belonging to the stabilizer models for which the error
correction schemes are more well-developed.

In this paper, we develop a generic scheme for homo-
logical gLDPC codes defined on closed manifolds in three
dimensions (abbreviated as 3-manifolds from now on).
Such codes are naturally associated with 4-term chain
complexes that evade the no-go theorem in Ref. [23].
We use a fattening procedure by Bombin and Delgado
in Ref. [30] to convert any triangulation of a 3-manifold
into a 4-valent and 4-colorable lattice (see also Ref. [31]).
Therefore, we are able to define a 3D color code on any
3-manifold with this procedure. We then derive that a

transversal T gate on an arbitrary 3-manifold color code
implements a collective logical CCzZ gates acting on any
triplet of logical qubits if and only if their logical-X
membranes supported on 2-cycles of the manifold have
Z, triple intersection number 1 (mod 2). In addition,
a transversal S gate in the color code supported on a
codimension-1 (2D) submanifold (2-cycle) corresponds to
Clifford logical Ccz gate acting on two logical qubits of
which the logical-X membranes have a Z, triple intersec-
tion with the submanifold where the transversal gate is sup-
ported. Therefore, the logical gate structure is completely
determined by the Z, triple-intersection numbers (either 0
or 1), which are topological invariants and hence indepen-
dent of geometric details. Note that since the transversal S
gate is only applied on a submanifold, instead of the entire
3-manifold, the corresponding logical CZ gates have indi-
vidual addressability and can also be applied in parallel due
to their mutual commutativity.

We note that the number of addressable logical
Clifford gates scales exponentially as |H>(M?>;7Z,)| =
202M%Z2) — 2k where |Hy(M?3; Z,)| is the size of the sec-
ond Z,-homology group of the 3-manifold M? and counts
the total number of equivalent classes of noncontractible
membranes (2-cycles) in M?. The independent generator
of this gate set is proportional to the second Betti num-
ber by(M?3;7Z,) equaling the number of logical qubit .
This is in sharp contrast and a significant improvement
compared to the situation of the fold-transversal gate act-
ing on the entire system [13—17], which has been recently
applied to the context of qLDPC code [16,17]. Since the
fold-transversal gate always involves an isometry of the
underlying lattice, the total number of addressable logi-
cal gates that can be applied is proportional to the size
of the isometry group. In the context of hyperbolic codes,
the size of the isometry group is at most O(n), where 7 is
the number of qubits equaling the number of edges on the
hyperbolic lattice. Due to the constant rate, one expects
at most O(n) = O(k) addressable logical gates which is
much smaller than the exponential scaling of the size of
the Clifford group and is hence not scalable. Similar scal-
ing is expected for fold-transversal gates on other gqLDPC
codes.

Since the logical gate structure is completely topo-
logical, we further explore its deep origin from (3+1)D
topological quantum field theory (TQFT), more specif-
ically a Z, x Z, x Z, gauge theory equivalent to three
copies of 3D toric codes following the formalism devel-
oped in Ref. [32]. We then see that the logical cCz and
Cz operators correspond to emergent higher symmetries
[32-37] in TQFT, which has been a very active direc-
tion in the fields of high-energy and condensed matter
physics in recent years. In a (D 4 1)-dimensional TQFT,
one can think of applying a nontrivial symmetry operation
on a (D — k + 1)-dimensional submanifold by sweeping a
codimension-k defect along some closed trajectory in time.
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A special class of defects that are invertible define a higher-
group symmetry. Invertible codimension-k defects define
a (k — 1)-form symmetry [33]. In a (D + 1)-dimensional
TQFT, this leads to a series of higher groups Kj for
k=1,...,D. This higher-group structure has a correspon-
dence with the Clifford hierarchy in quantum information
in various cases [20,32,38-43].

In the (3+1)D case, the invertible defects are expected
to define a categorical 3-group symmetry [44,45]. The
invertible codimension-k defects corresponding to logical
CCz and CZ operators [19,20,46,47] are so-called gauged
symmetry-protected topological (SPT) defects [32,40—42,
48,491, which can be obtained from gauging a trivial phase
with a SPT phase decorated on a codimension-(k — 1) sub-
manifold. Specifically, the logical CCZ operator is a 0-form
symmetry corresponding to sweeping a codimension-1
gauged Z; x Z, x Z, SPT defect, while the logical cz
operator is a 1-form symmetry corresponding to sweeping
a codimension-2 gauged Z, x Z, SPT defect. When these
symmetries are applied on a generic 3-manifold, we see
that the triple-intersection topological invariants naturally
arise in the TQFT path integral of these symmetry opera-
tors which completely determines the logical gate structure
independent of the microscopic details of the lattice mod-
els, i.e., whether they are a single 3D color code or three
copies of 3D toric codes or some other variants. While the
0-form symmetry acts on the entire system just like the
usual transversal logical gate and hence induces a collec-
tive non-Clifford gate, the 1-form (higher-form) symmetry
only acts on a codimension-1 submanifold, giving rise to
individually addressable and parallelizable logical Clifford
gates. We note that although the idea of higher-group and
higher-form symmetries in TQFT has been connected to
quantum information in previous works [40,41,48] and has
also been applied to fault-tolerant quantum computing with
fractal topological codes [50], this is, as far as the authors
know, the first work which finds significant advantage of
applying higher symmetries in the context of high-rate
quantum LDPC codes.

Moreover, we use an operator-valued cochain formal-
ism that originated from the TQFT to explicitly construct a
constant-depth circuit composed of overlapping CCZ gates
acting on three identical copies of toric codes defined on
arbitrary triangulation on arbitrary 3-manifolds from a spe-
cific type of cohomology operation in algebraic topology:
the triple cup product. We then use the operator commu-
tation relations, the Leibniz rule of cup product, and the
cocycle condition to show that such a circuit is indeed a
logical gate which preserves the code space. We further
show that this circuit induces a logical cCZ gate coupling
a triple of logical qubits in three copies of identical toric
codes when the corresponding logical-X membranes have
a nontrivial triple intersection. Similarly, we derive the
addressable logical cz gate between two copies of toric

codes. More elaborate study and application of this formal-
ism on a much wider class of logical gates are discussed in
the follow-up papers [51,52].

Although topology determines the logical gate struc-
ture, it is the geometry of the 3-manifold which determines
code parameters in the corresponding homological gLDPC
code. More specifically, the first Betti number (equaling
the second Betti number in 3D due to Poincaré duality)
determines the number of logical qubits, and its scaling
with the volume determines the encoding rate. On the
other hand, the 1-systole and 2-systole (the length of the
shortest noncontractible 1-cycles and 2-cycles) determine
the code distance. While for 2D hyperbolic manifolds, the
Gauss-Bonnet theorem gives rise to a linear scaling of the
Betti number with the area (volume) and hence constant
encoding rate, such constraint does not hold generically for
hyperbolic manifolds in higher dimension. Instead, there
is only an upper bound for the Betti number to volume
ratio due to Gromov’s inequality [53]. We say 3-manifolds
that saturate Gromov’s upper bound while having systoles
growing with volume reach the optimal quantum informa-
tion storage per volume. Finding such 3-manifolds or those
close to them is of importance for fault-tolerant quantum
computation with LDPC codes.

We then construct various 3-manifolds and the corre-
sponding homological qLDPC codes including their color-
code variants. We also compute or bound their Betti
number and systoles, and develop a formalism to com-
pute the triple-intersection numbers. In particular, the Z,
triple-intersection invariants of a 3-manifold determine its
underlying interaction hypergraph and graph encoding the
structure of the collective logical CCZ gates and paralleliz-
able logical Cz gates respectively. More specifically, each
hyperedge of the interaction hypergraph connects to three
vertices representing logical qubits of which the logical-
X membranes have a Z, triple intersection. Meanwhile,
edges with the same color type in the colored interaction
graph represent logical Cz gates which are simultaneously
applied.

The interaction hypergraph also has a one-to-one cor-
respondence with the hypergraph magic state [54-56]
injected to the code, which can be considered as gener-
alization of graph states. Such logical states are valuable
computational resources for magic-state distillation and
injection protocol either in the context of gate-based or
measurement-based computation scheme at the logical
level [55-57]. In particular, the transversal 7" gate applied
on these homological LDPC codes provides a high-fidelity
magic-state injection with the fidelity directly correspond-
ing to the code distance. We also characterize the com-
plexity of such hypergraph magic states by the number of
logical ccz gates acting on the code and show that it is
proportional to the total number of Z, triple-intersection
points of the underlying 3-manifold. We hence observe a
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deep connection between the complexity of quantum states
and the topology or geometry of manifolds.

In this paper, we have constructed three different fam-
ilies of 3-manifolds and homological gLDPC codes. The
first type is the quasi-hyperbolic code defined on a prod-
uct of a 2D arithmetic hyperbolic genus-g surface X,
[58] with a circle S', ie., , x S'. The circle is cho-
sen to have O(log V) length where V' is the volume. Due
to the Gauss-Bonnet theorem for the 2D hyperbolic sur-
face, one can obtain the first Betti number—volume scal-
ing as b1/V = O(logV), equivalent to an encoding rate
k/n = O(1/logn), while the systoles have a lower bound
Q(og V) corresponding to a distance lower bound d =
Q(logn). The O(logn) qubit overhead comes from the
length of the circle. There are g = O(k) triple-intersection
points. The interaction hypergraph and graph in this case
can be completely determined.

As an attempt to resolve the log(n) overhead, we con-
sider the second type of codes based on a fiber-bundle
construction (also a mapping torus in this special case)
where we choose the genus-g hyperbolic surface as the
fiber and a circle as the base, following the construc-
tion by Freedman-Meyer-Luo [59,60]. We call these codes
homological fiber-bundle codes. In order to avoid space
overhead, we choose the base circle to be unit length.
In order to avoid reducing the 1-systole to a constant,
we apply a twist on the fiber surface, which is an isom-

1 1
etry with order O(log2(g)) = O(log2 (¥)), such that a
1

1-cycle has to travel O(log2 (¥)) times through the base
to come back to itself. We can then prove a lower bound

1
on both the 1-systole and 2-systole, being 2 (log2 (¥)) and
Q(log(V)) respectively, which leads to the code distance

1
being d = Q(log2 (n)). Nevertheless, the twist also kills
some homologies and reduces the first Betti number from

1 1
O(g) to O(g/log2(g)) = O(V/log2(V)), namely with a
square root logarithmic reduction. This leads to the encod-

1
ing rate reducing to k/n = O(1/log2(n)). There exist

1 1
O(g/log2(g)) = O(k/log2 (k)) triple-intersection points
and the corresponding interaction hypergraph is isomor-
phic to that of the quasi-hyperbolic code up to a reduction

1
in size by O(1/log2(k)). Although also being almost-
constant rate, we think this code could be more useful
since its lattice can be embedded in constant number layers
connected via twisted vertical links without any intralayer
crossing.

In order to avoid the problem of Betti number reduction,
we consider a more general mapping torus construction
such that the twist is a general mapping class instead of
a finite-order isometry. In particular, we obtain a family of
3D hyperbolic codes based on mapping tori of a pseudo-
Anosov element in the Torelli subgroup, following the

3-manifold construction in Ref. [61], which we name the
Torelli mapping-torus code. The underlying 3-manifold
has the first Betti number scaling linear with the volume
[62] and hence saturates the Gromov bound, which leads to
a constant encoding rate. However, the scaling of the sys-
toles and code distance remain unknown. We conjecture
that the systoles or distance should also grow with the vol-
ume due to the twist of the fiber surface, in analogy with
the case of the homological fiber-bundle code mentioned
above. There exist g = O(k) triple intersection points and
the corresponding interaction graph is isomorphic to that
of the quasi-hyperbolic codes.

We then provide generic schemes for performing paral-
lel fault-tolerant universal computation with homological
gLDPC codes based on 3-manifolds and demonstrate the
scheme using the interaction hypergraph corresponding
to all the three codes mentioned above. In addition to
the logical cz and cCz gates, we also implement paral-
lel measurement of the logical-X operator based on lattice
surgery [63] to perform parallel logical Hadamard, CNOT,
and SWAP gates. With the logical SWAP, one can shuffle an
arbitrary triplet of logical qubits to an ancilla qLDPC code
copy in order to perform addressable logical CCZ gates. The
combination of logical ccz gates and logical Hadamard
gates can form a universal logical gate set. In the specific
case of the quasi-hyperbolic code, we further enhance the
parallelizability by thickened Dehn twists corresponding to
logical CNOT gates.

Finally, we notice that the parallelizability of the logi-
cal gates is limited by the starlike interaction hypergraph
of the three types of codes constructed in this work,
while constructing a code and equivalently a 3-manifold
corresponding to a sparse interaction hypergraph can sig-
nificantly improve the parallelizability. We hence provide a
general recipe to back-engineer a 3-manifold with a desired
interaction hypergraph following Sullivan’s construction
[64], while the geometry and code parameters anticipate
further optimization in future. The connections of various
subjects are summarized in Fig. 1.

The structure of the paper is as follows: Sec. Il shows
the construction of color codes and surface codes on arbi-
trary 3-manifolds and derives the transversal 7' and S
gates as the collective logical cCz and parallelizable log-
ical Cz gates respectively, as well as the connection to the
triple-intersection number. We also introduce the interac-
tion hypergraph which encodes the logical gate structure
and the connection to hypergraph magic-state injection.
Section III connects the logical gates to emergent k-
form symmetries in the topological quantum field theory
and reveals the origin of the triple-intersection invariant
from the path integral expression using an operator-valued
cochain formalism. Mathematically, this just corresponds
to a cohomology operation in algebraic topology. We also
use this formalism to explicitly construct a constant-depth
circuit composed of CCz or CZ gates in three identical
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Non-Clifford and
parallelizable logical
gates in qLDPC codes
with constant and

almost-constant rate

Triple
Topology and geometry| intersection
of 3-manifolds:

Betti number and

Higher symmetries
in TQFT

number

systole scaling

Complexity of the
hypergraph magic
states

FIG. 1. Summary of the connection between various subjects
in this paper.

copies of the toric code and show that they lead to col-
lective logical cCz gates and addressable logical CZ gates.
Section IV connects the scaling of the code parameters of
the homological gLDPC codes such as the encoding rate
and codes distance to the geometry of the underlying man-
ifolds, i.e., the Betti number and systole scaling with the
volume. Section V gives the explicit construction of the
three types of homological qLDPC codes with constant or
almost-constant encoding rate. Section VI shows how to
perform parallel universal fault-tolerant quantum compu-
tation with the non-Clifford and parallelizable logical gates
acting on the homological gqLDPC codes constructed in
the previous sections. Additional logical operations includ-
ing logical measurements and thickened Dehn twists are
needed to achieve the universality and enhance the par-
allelizability. The paper is concluded by Sec. VII with
the discussion of the main results and outlook of future
directions. Finally, we also discuss how to back-engineer
the 3-manifolds from a desired logical gate structure in
Appendix A, where the discussion focuses on the topology
rather than the geometry of the 3-manifolds.

II. NON-CLIFFORD AND PARALLELIZABLE
LOGICAL GATES OF COLOR CODES ON 3D
MANIFOLDS

In this section, we develop the theory of non-Clifford
and parallelizable logical gates in the context of 3D color
codes defined on 3-manifolds, while we reserve the equiv-
alent description of three copies of 3D toric codes to
Sec. II1.

We first introduce the construction of color codes and
toric codes on general 3-manifolds in Sec. Il A, and con-
nect the code space to the homology group and Betti

numbers. We then derive a generic formula for the col-
lective logical cCZ gates implemented by the transversal 7
gate and its connection to the triple-intersection invariant
in the underlying 3-manifold in Sec. II B. Next, we derive
the generic formula for addressable and parallelizable logi-
cal Cz gates implemented by transversal S gates supported
on a submanifold in Sec. II C, where we have also pro-
vided the formula connecting the total number addressable
logical Cz gates to the first Betti number in the underlying
3-manifold. Finally, in Sec. I D, we introduce the interac-
tion hypergraph to help understanding the structure of the
logical non-Clifford gates. We further introduce the single-
shot injection protocol of hypergraph magic states, which
can also be represented by the interaction hypergraph.

A. Color codes and toric codes on 3D manifold

We can define a D-dimensional color code on some arbi-
trary D-manifold M?P [39] that is equivalent to D copies of
the D-dimensional toric-code model on the same manifold
up to a constant-depth local circuit [13]. Let us review how
to obtain the color-code model from an arbitrary cellulation
of MP.

First, we define a color code [65]. We follow the
definition due to Ref. [66] where we are only concerned
with closed manifolds with no boundaries. We will state
the model for general D-dimensional manifolds but we
note that we are mainly concerned with D = 3.

Here it will be convenient to define the color code on
its dual lattice with a triangulation composed of tetrahe-
dra A where a tetrahedron is specified by a list of j + 1
vertices lying on the extremities of its convex hull, i.e.,
A = {v1,vy,...,v;}. The lattice is D + 1-colorable such
that no two vertices of the same color share an edge. We
show how to construct such a lattice shortly, but for the
present definition we will assume that such a lattice can
exist. Qubits are assigned to the D-cells of the D + 1-
colorable lattice, and Pauli-X (Pauli-Z)-type stabilizers are
associated to the 0- ((D — 2)-) cells of the color-code lat-
tice. Let us denote the 0-cells ((D — 2)-cells) as v (§), such
that we have stabilizers,

S =X §¢=]]2 (1)

ADv ADS

where X (Z5) denotes a Pauli-X (Pauli-Z) operator acting
on the qubit at D-cell A, and we have used the sub-
script notation A D v (A D §) to denote the product over
all qubits A = {uy,us,...,upy} that include all the ver-
tices of simplex v = {v} (6 = {v1,...,vp_1}). We note
that in general we can define Pauli-X and Pauli-Z stabi-
lizers with respect to x- and z-cells, §, and §;, respectively,
with x +z = D — 2 [39,66], but for our purposes we can
concentrate on x = 0 and z = 1 for the D = 3 case.

We can produce a color-code lattice £, given some
arbitrary triangulation of a 3-manifold using a fattening
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procedure. This was shown first by Bombin and Delgado
(see Appendix A of Ref. [30]), but we follow the descrip-
tion on the dual lattice £ due to Breuckmann and Vuillot
(see Ref. [31]). We take some triangulation of a D mani-
fold, consisting of j -cells 0; and show that we can obtain a
color-code lattice as defined above. Once again, we denote
the cells o; of the D-dimensional manifold by a list of
D + 1 0-cells op. To distinguish the initial manifold that
we map onto a D + 1 colorable cellulation of the same
manifold that we use to define the color code, we denote
Jj-cells of the initial triangulation with the notation o;. In
contrast we have denoted the D-cells, (D — 2)-cells and 0-
cells with symbols A, 8, and v, respectively, for the case of
the color-code lattice.

We assign a vertex of the color-code lattice v to all of
the cells of MP, that is, a single vertex for each cell o; for
all 0 <;j < D. We assign a different color to each vertex
depending on the dimensionality of the cell o; to which it
is assigned. Two vertices of the color-code lattice share an
edge if and only if o} C o; for all £ <j. We then specify
a tetrahedra A for every (D + 1)-tuple of vertices v asso-
ciated to cells o; if and only if 69 C 0y C ... C op. By
definition we have (D + 1)-colorable lattice since every
tetrahedra A has a vertex of each color, since A includes
vertices v associated to exactly one j -cell o; for each value
of j. We show this procedure for a 3-cell o3 in Fig. 2.

In the following, we focus on discussing the properties
of 3D color codes and switch back to the standard color-
code lattice where qubits are defined on the vertices. The
3D color code is then defined on a three-dimensional lattice
L. which is 4-valent and 4-colorable. The 3D color code

FIG. 2. A color-code lattice from a triangulation of manifold
M via a fattening procedure. We show a single tetrahedron of
M3, We construct a color-code lattice with four-colorable ver-
tices from an arbitrary cellulation by placing a vertex of color j
onto each of the j -cells o; of manifold M>. The o; cells are each
assigned a color-code vertex v that is colored red, blue, green,
and yellow forj = 0, 1,2, and 3, respectively. We show a single
qubit, associated to a tetrahedron A in purple. The figure shows
that it is adjacent to exactly one vertex of each color.

is constant-depth equivalent to three copies of 3D toric
(surface) codes, i.e., CC(L,) = ®?=1 TC(L;). More con-
cretely, there exists a constant-depth disentangling local
unitary ¥V, which can disentangle a single 3D color code
into three toric codes [13],

necko oS =@ ey, @

where S represents the stabilizer groups of decoupled
ancilla qubits and TC(L;) represents the stabilizer group
of the toric code defined on the shrunk lattice £; obtained
from L. by shrinking 3-cells of color C;.

The code space of a single toric code defined on a
closed 3D manifold M3 (such that the lattice £; forms a
tessellation of M?) is

Hy(M3:Z
HTC(M3) = CH( 2)\’ (3)

where H| (M?3; Z,) represents the first Z,-homology group
of M3, which correspond to the noncontractible 1-cycles
where the logical-Z strings are supported. On the other
hand, the logical-X membranes are supported on the
noncontractible 2-cycles corresponding to the second Z,-
homology group H, (M?3;Z5). Due to Poincaré duality we
have the following isomorphism:

H (M3 Zy) = HX(M?; Zy) = Hy(M3; 7). (4)

Now we define the ith Z,-Betti number of M3 as
bi(M3; Zy) = Rank(H;(M3;Zy)) [67]. The number of
encoded logical qubits £ equal to both the first and sec-
ond Betti number in this case, i.e., k = b (M?>;7Z,) =
by(M3;Z,), where the second equality is a manifestation
of the Poincaré duality. The code space of the 3D color
code defined on manifold M3 is hence

— CH M Z)@H (M Zy)®H (M Z3)]

)

_ 1/®3
7'[CC(/V13) = HTC(M3)

B. Logical non-Clifford gates and the
triple-intersection invariant

For each noncontractible 1-cycle «; (string) belong-
ing to the homological class [o] € H;(M?; Z,), there are
three logical-Z operators supported on it in the 3D color
code, which are denoted by Z, .1, Zy,;2, and Z,, ;3. Sim-
ilarly, for each noncontractible 2-cycle 8, belonging to
the homological class [ay] € Hy(M3;Z,), there are three
logical-X operators supported on them, which are denoted
by Xg,.1, X3,.2, and Xpg, 3. According to Ref. [13], the dis-
entangling unitary ¥ can map the triplet of logical-Z (X)
operators in the 3D color code to the triplet of logical-Z
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(X) operators in the corresponding 3D toric codes,

v v + O
Xpyi = VXV =X .

(6)

Vi Zars = VZgaV =27

ay?

Here, Z(;]) and X /(32 represent the logical Z and X operators
supported on the cycles «; and B, respectively in the ith
toric codes.

In order to label the logical qubits, we choose a par-
ticular second homology basis B, = {a,}. Therefore, we
can label the logical qubits with the label of the logical-X
membranes, i.e., (ay; i) with o, € B,. We note that the dual

logical- Z string of the logical-X membrane, Xazl X, (i)) is
Zoysi (Z ) satisfying |o; Nap| = 1 and |o; N a2 )| = 0 for

any a2 € B, such that af) # ap, where “|-N-| € Z,”
represents the 7Z, intersection number, i.e., the number
of intersection points mod 2 [68]. We see that «; is just
the Poincaré dual cycle of ay [69]. From now on, we
use the same Greek letter to denote the pair of Poincaré

dual cycles. The dual pairs obey the anticommutation rela-

~Zari Xay and Xy Zy = —Zy X .

tions Xy, Zopi = )
We hence also obtain the correspondmg first homology
basis By = {a}. Therefore, both labels (a;i) and («;;1)
correspond to the same logical qubit.

Now we discuss the transversal non-Clifford gate [13,
65]. It is known that the corresponding graph of the color-
code lattice G = (V, £) containing the vertices and edges
of L is a bipartite graph. Therefore, the vertices of £ can
be divided into two groups, V¥ and V?, ie., V = VU VP,
In particular, vertices in V¢ are only adjacent to vertices in
V" and vice versa. We then define the transversal 7 gate as

=& . THQ), T - (7

It has been previously shown that the transversal 7 gate
maps the code space of the color code back to itself, i.c.,
T: Heemzy = Heeousy [13], and is hence a logical gate.
In the following, we try to identify what type of logical
gate Tis.

We first consider the action of 7 on a logical-X mem-
brane in the 3D color code denoted by X,.;, which is
supported on the noncontractible 2-cycle ;. The action
induces the following map:

TXD{z;l TT = Xaz;lSa2;2,3- (8)

Here, §a2 23 1s the corresponding transversal S gate with
exactly the same support of the logical-X membrane Xa

in the color code due to the conjugation of T. Therefore
Sa2,2,3 is also supported on the 2-cycle (membrane) «;.

According to Ref. [13], when conjugated by the disentan-
gling unitary V, the operator is mapped to

o ~, (2,3
VSuyosV' = 257, )

where 62;223 ) represents the transversal CZ operator acting
on the 2-cycle (membrane) a;, between toric-code copies 2
and 3. Therefore, when further applying the disentangling
unitary V, the action induces the following map:
VX TV =X 23 (10)
Now we consider a triplet of noncontractible 2-cycles
belonging to the homology basis: s, B2, ¥» € B,. One can
see that only when the three 2-cycles have Z, intersection
at a single point, i.e., |ap N B2 N 2| = 1, the transversal
CZ operator 52;22’3) can induce a logical CZ operator on the
logical qubit labeled by (8,;2) and (y,;3) with the cor-
responding logical-X operators being X' /(32 and X X This
fact is illustrated in Fig. 3, and can be explained as follows.
The action of transversal CZ operator 62;22’3) induces the

following map on the logical operator X 1(322) in the second
copy of the toric code:

+@=0)

(2 3.
G2V Xy = Xy Zg s, (11)

where the logical-Z string is supported on o, N B;. Now
if the logical cz gate acting on logical qubits associated
2 . .
with X /(3) and X , then one must satisfy the following
anticommutation relation:
3 3)=03) (3) (3)

XVz Zotzﬁﬁz = _Zazﬁﬁle/z > (12)

which requires the following intersection condition:

[(ca N B2) Nya| = 1. (13)

<@ <+
X, X

B

—(2,3)
CZO[2
o5

—(2)

Zoéz M2

—(3)

azMB2

FIG. 3. The intersection property which guarantees a nontriv-
ial logical CCZ action.
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Now when we do a similar investigation on the action of

transversal gate 7 on all the logical-X membranes X /(322) and

=G . . .
X ; ), we can conclude that a logical cCz gates is applied

on 2the triplet of logical qubits labeled by («y; 1), (82;2),
and (y,; 3) which are associated with the logical-X mem-

branesX > X (2) and X , for both the 3D color codes and
toric codes, if and only if the triple-intersection condition
loy N B N | = 1 is satisfied.

Now we can derive the following generic formula for
the transversal gate on an arbitrary closed 3-manifold M3,
including the special cases of hyperbolic 3-manifolds:
T= T[] [CZ(ea: D), (B2:2), (y2:3)] "2l (14)

a2,82,72€B)

where B, represents a second homology basis. We note
that VTV implements the same collective logical gate
on the three copies of toric code supported on the same
3-manifold M3.

We emphasize that the logical gate structure is com-
pletely determined by the Z, triple-intersection number
lax N B N y,| € Zy, i.e., the number of transversal inter-
sections of the three surfaces mod 2. This number is a
topological invariant, i.e., its value is independent of the
retriangulation of the 3-manifold M? and is also inde-
pendent of the choice of the representatives oy, B, ), in
their own homology class. We can also re-express the Z,
triple-intersection number as a skew-symmetric 3-form on
H,(M?3; Z,) with values in Z,. This 3-form is the Poincaré
dual of the cup product (‘U’) on H'(M3;Z,), i.e., if &',
B!, and y! are the Poincaré dual cocycles in H'(M?3;Z,)
then

|0{20,320)/2|§=‘/. Ol1U,31U)/1 € 7. (15)
M3
Note that this topological invariant naturally arises in the
path integral of the corresponding topological quantum
field theory (the Z3 gauge theory) as will be derived in
Sec. I1I.

C. Parallelizable logical Clifford gates

From the discussion in Sec. IIB, we can see that
transversal Cz gate can be applied only on a particu-
lar codimension-1 (two-dimensional) submanifold, i.e., a
particular membrane (2-cycle) ay, as shown in Fig. 3.

The transversal CZ gates acting on toric-code copy i and
j (i #j) and supported on the membrane o, denoted by
(?ZUJ) (or equivalently the transversal S gate in the color

code SO(2 .ij ), 1s equivalent to the following logical gate:

D ~ By = [ 2B, (o],
Br.v2€8B;
(16)

Note that these transversal gates are only applied on a
submanifold o, instead of the entire 3-manifold, and are
hence a 1-form symmetry operators as will be discussed in
Sec. III in detail. It can hence be individually addressed, in
contrast to the collective logical CCz gate in Eq. (14). More

precisely, there are in total |Hy(M3;Zy)| = 2020M%22) —
2% such addressable logical gates. This exponential scaling
is in contrast to the expected O(k) scaling in the fold-
transversal gates in qLDPC codes [16,17] as explained in
the introduction, which is a 0-form symmetry acting on the
entire system. Note that the number of independent 1-form
symmetry generators, or equivalently the generators for the
corresponding logical gate set, is equal to the second and
first Betti number bz (M3;Zy) = by (./\/l Zo) = k.

Since all the CZ(’;’ (or equivalently Sa2 ;) are composed
with diagonal gates and hence commute with each other,
they can be parallelized, as will be explained in more detail
in Sec. VA.

D. Interaction hypergraph and hypergraph
magic-state injection

The collective non-Clifford logical cCz gate structure
in Eq. (14) can be completely encoded in an interaction
hypergraph of logical qubits as described below.

We start with a 3-manifold M?> and with particu-
lar choice of the second homology basis B,. Its Z,
triple-intersection number |a§i) N ag N aék)| € Z, with
aé’), aé’ ), ozék) € B, can be encoded into a base interaction
hypergraph, or synonymously an intersection hypergraph,
as shown in Fig. 4(a). The hypergraph G, = (V,E}) is
composed of a set of vertices V (represented by gray cir-
cles) and a set of hyperedge E}, (represented by a trijunction
with three edges meeting at a square node) connecting
triplets of Vertices Each vertex v € V corresponds to a
2-cycle a ) € B,. Each hyperedge e;, € Ej, corresponds to
aZ, trlple -intersection point, which is connected to three
vertices with their represented 2-cycles satisfying the con-
dition |a§i) N cxé’ 'n oz;k)| = 1. Note that as illustrated in
Fig. 4(a), the base interaction hypergraph does not have
to be a planar hypergraph since the hyperedges can have
crossings.

We then lift the base interaction hypergraph to the (fill)
interaction hypergraph which encodes the full information
of Eq. (14), as illustrated in Fig. 4(b). Since a single 3D
color code is equivalent to three copies of 3D toric codes,
each single vertex in the base interaction hypergraph is
lift to three vertices corresponding to three logical qubits,
represented by red, green, and blue circles in Fig. 4(b)
respectively. A single hyperedge connecting a triplet of
vertices in the base interaction hypergraph is now lifted to
3! = 6 hyperedges according to all possible permutations
of the three copy labels for a given triplet of 2-cycles as
suggested by Eq. (14), where the edge connecting a par-
ticular vertex in the hyperedge (trijunction) is chosen to
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a () b @ copy 1
( ) Qs ( ) a;l) . copy 2
@ copy 3

FIG. 4. (a) The base interaction hypergraph (intersection
hypergraph) of a particular 3-manifold. (b) The corresponding
(full) interaction hypergraph of the color codes defined on the
same 3-manifold. Red, green, and blue vertices represent the
logical-X operators belonging to the three copies of toric codes
respectively.

have the same color as the vertex in Fig. 4(b). Each hyper-
edge corresponds to a logical CCZ gate acting on the three
connected logical qubits (vertices). More concrete exam-
ples of 3-manifolds and their corresponding interaction
hypergraphs will be given in Sec. V.

Quite interestingly, the full-interaction hypergraph has a
one-to-one correspondence with the quantum hypergraph
states [54], which can be considered as the generalization
of graph states. One can define a g-uniform hypergraph
state on a hypergraph G, = (V, E}) as follows. One assigns
to each vertex a qubit initialized in the |+) state. For each
g-hyperedge, one performs a C?Z gate between the ¢ con-
nected qubits (vertices) labeled by vy, vy, . .., v,. We hence
reach the following g-uniform hypergraph state:

|gq) = l_[

{v1,v2,...,vg €L

CqZ(vl,v29"'9vq) |+)®m5 (17)

where m = | V] represents the total number of qubits (ver-
tices).

In the case of the color code defined on 3-manifold, we
have g = 3. If we initialize each logical qubit in the log-
ical state |[+) and then apply the transversal T gate, we
arrive the following 3-uniform logical hypergraph state

according to Eq. (14):

lg3) = l_[ [CCZ((ap; 1), (,32;2),(y2;3))]lazﬂﬁzﬂyz|
a2,82,y2€B7
—Qk
)
— —®k
= l_[ CCZ(v1, v, v3) ) (18)
{v1,v2,v3}€E)

@ copy 1

b) o0
o) @
[+
I+
o? | @

X

x

*

z

K

K

Q
MR
&
—_—

x

z

(5)

x

Q
N
——

Q
000 00O00COCOOOOOOOO

x

FIG. 5. Correspondence between an interaction hypergraph of
a color code on a 3-manifold in (a) with a logical 3-uniform
hypergraph magic state in (b) injected via a transversal T gate
acted on the entire code with each logical qubit initialized in state

|+). The number of logical CCZ gates in the quantum circuit in
(b) equaling the number hyperedges in the corresponding hyper-
graph shown in (a) defines the complexity of the hypergraph

state.

Here, k =3 - b;(M?3;Z,) denote the number of logical
qubits equaling three times the Betti number of the 3-
manifold M3. The quantum circuit of the hypergraph state
corresponding to its interaction hypergraph is illustrated in
Fig. 5.

Note that the hypergraph state contains so-called
“magic” [55], since it is a nonstabilizer state beyond the
description of the stabilizer formalism. In our context, the
logical hypergraph state in Eq. (18) is a nonstabilizer state
at the logical level, even though the microscopic wave
function is in the code space a stabilizer code. There-
fore, this hypergraph state is a specific type of magic state
which is a valuable computational resource for the magic-
state injection and distillation protocols [57]. We note
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that instead of slowly doing extensive rounds of magic-
state distillation starting from a low-fidelity magic state at
O(1) distance, here we can directly inject a high-fidelity
hypergraph magic state at O(d) distance without distilla-
tion. We hence call this scheme a “magic-state fountain.”
The injected hypergraph magic state can either be used as
resources for gate-based or measurement-based quantum
computation schemes [56] at the logical level.

In order to characterize this computation resource, we
also define the complexity of the 3-uniform hypergraph
state as the number of CCZ gates acted upon the initial prod-
uct state, or equivalently the number of vertices |V(Gy)| in
the underlying hypergraph. Therefore, the complexity of
the logical 3-uniform hypergraph state «(g3) is equal to
the total number of Z, triple-intersection points N, (M?)
in the underlying 3-manifold M? times a factor of six,

k(g3) = 6N, (M?) = [V (Gy)l. (19)
We hence observe a profound connection between the
complexity of quantum states and the topology or geome-
try of manifolds. We note that this complexity can be used
to characterize the computation power of this resource state
either in the gate-based or measurement-based computa-
tion scheme (at the logical level), and can also be related to
the complexity of classical simulation of quantum circuits
involving such hypergraph states, which will be explored
more in future works.

Finally, we note that the parallelizable logical CzZ gate
structure is completely encoded in an interaction graph,
which will be introduced in Sec. V A 2.

III. LOGICAL GATES FOR THREE IDENTICAL
COPIES OF TORIC CODES ON 3D MANIFOLD
VIA CONSTANT-DEPTH CIRCUITS AND THE

CONNECTION TO EMERGENT £-FORM
SYMMETRIES IN TQFT

In this section, we derive the logical gate expres-
sions (14) and (16) in a more fundamental way using
an operator-valued cochain formalism originated from
(3+1)D TQFT (see also Ref. [70] for the application of
this formalism). This derivation is independent of the
detailed microscopic lattice models one chooses such as
a color code or multiple copies of toric codes, or any lat-
tice variation of these models. In particular, the logical
gate operators originate from k-form emergent symme-
tries expressed as TQFT path integrals and mathematically
correspond to cohomology operation via cup products. In
this way, the triple-intersection numbers naturally arise as
topological invariants in the TQFT path integral.

Even more interestingly, this operator-valued cochain
formalism naturally adapts to a discrete lattice or triangu-
lation. This allows us to explicitly construct constant-depth
circuits acting on three identical copies of toric codes

defined on an arbitrary triangulation of arbitrary closed
3-manifolds. This is different from the transversal CCz [47]
acted on three different toric codes, with two of them hav-
ing larger stabilizer weights than the standard cubic lattice
3D toric-code. Our construction hence allows implement-
ing logical ccz gate with lower-weight stabilizer. More
elaborated study of this formalism including the logical
gates on arbitrary lattices such as cubical lattices and its
application to a broader class of cohomology operation
will be presented in the follow-up papers [51,52].

A. Operator-valued cochain formalism

We now introduce an operator-valued cochain formal-
ism to describe the operators in the code, which originates
from a (3+1)D topological quantum field theory (TQFT):
the (3+1)D Z, x Z, x Z, gauge theory equivalent to a 3D
color code CC(L,.) or three identical copies of 3D Z; toric
codes ®?=1 TC(L) supported on an arbitrary triangulation
L of an arbitrary 3-manifold [32]. The action of this TQFT
in the continuum is

Sy =n f aVdbV + aPdb® +a®Pap®.  (20)
M4

Here, a®” and b represent the Z, 1-form electric gauge
fields and 2-form magnetic gauge fields defined on the tri-
angulated (3+1)D space-time manifold M* = M> x S}
(M3 being the space manifold, and the circle S! being
the time part). We define the operator-valued 1-cochain
a” e C'(L;7Z,) with its eigenvalues belonging to {0, 1}
and i denotes the ith copy of the toric code. The coeffi-
cient of each edge (1-cell) e in the 1-cochain corresponds
to a Pauli-Z operator via

(—1)™@ = 70 (e) € {=1,1). 1)

Note that the Pauli operator has eigenvalues +1 instead.
Physically, @ corresponds to the Z, electric gauge field.
Similarly, there also exists a 1-cochain 5 corresponding
to the magnetic Z, gauge field, which corresponds to a
Pauli-X operator on each edge e as

(—1)?"©@ = xD(e) € [—1,1). (22)

The coboundary operator d, a lattice analog of the exte-
rior derivative in the continuum case, acts on the Z,-valued
I-cochain as

(da®)(f) =Y _a(e). (23)
eCcf

The Z-stabilizer of the 2D toric code located on face /' can
be expressed in terms of the operator-valued cochain as

i i 0@
sy =[]2%@ = ™", (24)

ecf
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which is also considered as a flux term in the gauge theory.

The Z-stabilizer condition Sg)f =1 becomes the 0-flux
condition

da(f) = 0. (25)
The X -stabilizers on the vertex v can be expressed as

i i @) (e
sP, =[x = (~nX=r?"@. (26)

eJv

The X-stabilizer condition S;);v = +1 corresponds to
Gauss’s law (with zero charge) in the Z, gauge theory and
can be expressed as

> %) =0. (27)

e>Jv

Furthermore, the anticommutation relation between the
Pauli-X and -Z operator X" Z") = (—1)%< Z0X " leads
to the following anticommutation relation:

X(i)(_l)f(a(i))X(i) — (_l)f(a(i)+é)’ (28)

where f is an arbitrary function of ' and & is the indicator
I-cochain that takes value 1 on edge e and 0 otherwise.

B. Logical ccz as a 0-form symmetry

We now introduce a logical gate as a 0-form symmetry
operator in three identical copies of toric codes supported
on the triangulation £ of a 3-manifold via a cohomol-
ogy operation. One can consider the following unitary
originated from the TQFT path integral:

U= (_l)fﬁa(l)Ua(z)UaG)’ (29)

where a® correspond to the electric gauge field on the
three copies, and [, is a discrete sum over all the simplices
in L. Note that £ should be considered as a 3-chain, and
this sum should be viewed as a chain-cochain pairing.

For a triangulated manifold, one can define the cup
product “U” between a p-cochain o and g-cochain B¢
evaluated on a (p + g)-simplex [vovy - - - vy 4] as [71]

(o U B ([vovr - - - Upyq])

= o’ ([vovy - - Up+q]),8q([vp Uptls -5 Upiql),  (30)
where the arguments are composed of the labels of ordered
vertices v; obtained from a branching structure of the trian-
gulation (satisfying vo < v < va,... < U,4,). Anillustra-
tion of p = g =1 is illustrated in Fig. 6. For references
of TQFT path integrals with cup products, we refer the
readers to Refs. [72—75] for more details.

V2

61

>
v v
0 Ozl 1

FIG. 6. Evaluating the cup product on a 2-simplex via the
formula (o' U 81 ([vgvva2]) = ! [vovi DB ([v1v2]). The three
vertices have the order vy < v; < vy, and the branching struc-
ture is evaluated by the arrow pointing from lower-order to
higher-order vertices.

The cup product evaluated on each 3-simplex [vov;v,v3]
(v; represents the four vertices in the simplex),

@ Ua® ua®)([vgvivavs))

= a" ([vovi Da® (v1v2D)a® ([v2v3D).  (31)
We can hence re-express the unitary U as

U = (= 1)fironwpesiec @ @oviDa® @iz da® qvzvs)

-

[vovivav3]el

ccz([vov1], [viv2], [v2v3]), (32)

which explicitly shows the corresponding constant-depth
circuit composed of many CCZz gates coupling the qubits in
three copies of toric codes located on edge [vov;], [v1v2],
and [vyv3] in each simplex [vovivyvs3], as illustrated in
Fig. 7.

Now we need to check whether U is a logical gate,
meaning its action should preserve the code space, i.e.,

U:C—C. (33)
An equivalent condition for the stabilizer code is that
Pc[U,S]1Pc =0, (34)

meaning that U commutes with the stabilizer group &
when projected to the code space C. Since U is a diagonal
gate, it clearly commutes with all the Z-stabilizers. Now
we only need to check the commutation relation for the
X -stabilizers.

We consider an X-stabilizer Sy, = [],o, X (e)
located at vertex v in the first copy of the toric code. We
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v > v
0 (L(jl) 1

FIG. 7. [lllustration of the evaluation of the cup product in
Eq. (32). A ccz gate is coupling the qubits located on red, blue,
and green edges, i.e., [vov1], [viv2], and [vpv3] in each simplex
labeled by [vov;vyv3]. The CCZ gates in neighboring simplices
may have overlap and they hence compose a constant-depth local
circuit instead of a strictly transversal gate.

then consider conjugating U with S)((l;)v,

(1) (1)
SX;UUSX;v
My ya®
=[[xC@[n= " [Ta @)
eDv eDv

= (—1)/m @ F ey PUaPud

M L giua@ug®
_ (_1)f):2(a +dv)Ua'“ Ua i (35)

where we have used Eq. (28) in the second equality. In
the lastline, dv = ) |, € is an indicator 1-cochain taking
value 1 on all the edges ¢’ connected to the vertex v and 0
elsewhere, while v is an indicator cochain taking value 1
on the vertex v and 0 elsewhere.

We now require the following condition for U to be a
logical gate:

PeSY)USY) Pe = U, (36)

where P¢ is the projector to the code space C. This condi-
tion means U commutes with the stabilizer S)((];)v in the code
space, which is then equivalent to the following condition:

PC (_ 1)fl:(a(l)-‘rdﬁ)Ua(z)UaG)Pc — (_ 1)f£ aOua®ua® . (37)

The condition in Eq. (37) should be considered as the
gauge-invariance condition in the code space, since a'! —
a + db is just a gauge transformation in the Z, gauge
theory [76].

In order to show the gauge invariance, we need to use
the Leibniz rule for the cup product,

dvUad?® =d@Ua®) +9Uda?®. (38)

Note that we have ignored the minus sign and replaced it
with the plus sign since these cochains are all Z,-valued
(binary variables). We hence have

Pc / di Ua?Pe
L

=P [/ d(® U a?) +/ 7 Uda(z):|Pc
L L

= P / BUaP)Pe+0=0, (39)
oc

where we have used the Stokes theorem in the second
equality and the fact that we are considering the trian-
gulation of a closed manifold or equivalently a 3-cycle
L without boundaries, namely 0L = 0, to show that the
first term is zero. The second is zero due to the cocy-
cle condition or physically the zero-flux condition in the
code space, i.e., da'® (f ) = 0 on any face f°, which corre-

sponds to the stabilizer condition Séz} = ]—[ecf Z@(e) =

(=1)@?¢) = 1 according to Eq. (24). We have hence
proved Egs. (36) and (37). By symmetry, we can also ver-
ify the commutation relation with S/(f.)v and S)(f.)u. Therefore,
we can conclude U is indeed gauge’-invarian’t in the code
space, i.e.,

Po(— 1)fL(a(1)+dx)U(a(2)+dA)U(a(3)+dn)Pc

_ (_l)fﬁa(l)Uu(z)UaO), (40)
where dyx, dA, and dn are arbitrary coboundaries. The
unitary operator U is hence a logical gate.

Mathematically, the gauge-invariance condition is asso-
ciated with the topological invariance of U with respect to
arbitrary deformation of the cocycles by coboundaries.

Now we show what type of logical gate U corresponds
to. Note the cochain a” in Eq. (29) becomes cocycles in
the code space due to the zero-flux condition da'? = 0.
Therefore, we can re-express them using the 1-cocycle
basis {a'}, {8}, and {y'} for both copies of codes,

= i, =Yg, =Yl
ol gl y1
(41)

where the quantum variable 7, 1, and ?y with eigenval-
ues {0, 1} are the winding numbers, i.e., coefficients of the
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cocycle basis. We can hence re-express U as

-~ 1 ~ 1 5 1
U= I](_D&mawwwnmw>
O(l,ﬂl,yl
I1 [(—1)ﬁamﬂ?y]f‘“1uﬂluyl
al,ﬂl,yl
[T cczi@': 1), (852), ('3
Oll,ﬂl,yl

= [ ezl D), (B2, ru ]2, @2)

a2,82,72

where the third equality has use the relation (—1)"%" 8l =
CCz. Here, (a';1), (8';2), and (y'; 3) are the labels of the
logical qubit using the cocycle basis and the copy num-
ber. The logical CCz gate between logical qubits (a'; 1),
(8';2), and (y';3) is only nontrivial (not logical identity)
if and only if [, a' U B! U y! evaluates nontrivially, i.e.,
have a nontrivial triple intersection of the Poincare dual:
loa U B Uys| = L.

C. Logical cz gates as 1-form symmetries

We now consider the following 1-form symmetry oper-
ator supported on a 2-cycle «, (a codimension-1 submani-
fold) and

DU
b

U, (@) = (=1l

(i#j=1273), (43)

which corresponds to a constant-depth circuit composed of
CZz gates between the ith and j th copies of identical 3D toric
codes. We can explicitly show the constant-depth circuit by
evaluating the cup product as

g (1) 2)
U;,/ (ay) = (_1)j[,]0v1v2]e,12a ([vov1Da'™ (v v2])

= [l

[voviva]ear

CZ([vov1], [viv2]). (44)

We can also re-express the above equation by doing the
path integral over the entire 3-manifold triangulation £ as

U, (o) = (=1)Jedualial, (45)

where the 1-cocyle ! is the Poincaré dual of the 2-cycle
ay. It is then straightforward to derive the gauge-invariance
property of U;;(a2) and show that it is indeed a logical
gate, following the discussion in the previous subsection.

Finally, we can again derive the logical gate type by
using the cocycle basis to rewrite Eq. (45) as before,

U (@) = l_[ (—1)Je gDy e
Bly!
- 11 [(—1)%]&““"““
Bly!
= [T s’ n, (s ppleeotr!
Bly!

= [ [ @lBa: ). (yas ]2 P2,

B2.72

(46)

which is an addressable logical ¢z gate due to the 1-form
symmetry property as explained in Eq. II C. The triple-
intersection condition is also explicitly derived from the
cup product of the symmetry operator.

IV. SCALING OF THE CODE PARAMETERS FOR
HOMOLOGICAL QUANTUM CODES DEFINED
ON MANIFOLDS

In this section, we analyze the connection between the
systolic geometry of a manifold and the code parameters of
the corresponding homological qLDPC code. In particular,
we show that the encoding rate and code distance corre-
spond to the Betti number and systoles of the underlying
manifolds.

A. Review of hyperbolic geometry and codes

We first review the hyperbolic geometry in two dimen-
sions, as well as the code parameters of the corresponding
2D hyperbolic codes.

For 2-manifolds, one has the Gauss-Bonnet formula

1 / kdA = x(M?*) =2 —2g. 47)
21

In the case of hyperbolic manifolds, we have the curvature
k = —1, which gives rise to
A=4n(g—-1). (48)
Note that the first Betti number is related to genus by
by (M?) = 2g. Since in 2D, the volume equals the area
A, we have the following equality for the hyperbolic
2-manifold:
bi(M?) = O(vol(M?)), (49)
according to Eq. (48). Since the total number of qubits 7 is
proportional to the area 4, and the number of logical qubits
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also scales as k = 2g, we obtain the constant encoding rate
for 2D hyperbolic codes,

k/n = const. (50)

The distance of the 2D hyperbolic code and more
generally homological quantum code is determined by
the systoles of the D-manifold MP. We define the i-
systole, denoted by sys;(MP;Z,), as the length of the
shortest noncontractible i-cycle (over Z, coefficients)
¢; € H{(MP;7Z,). For D =2, both the Z and X dis-
tance is proportional to the Z, 1-systole, i.e., dz ~ dx ~
sys1(M?;Z,). For D =3, the Z and X distance equals
to the I-systole and 2-systole respectively, i.e., dz =
sys1(M?3;Z,) and dy = sys,(M?3;Z,). The overall dis-
tance is the smaller one of them: d = min(dz, dy).

The lower bound of the distance and 1-systole can be
obtained from the injectivity radius. The injectivity radius
R of a D-dimensional manifold M?P is the greatest length
such that any geodesic D-ball B of radius R can be
embedded anywhere in M?P. It has been shown that for D-
dimensional arithmetic hyperbolic manifold M? [77], one
has R > clogvol(M?) with some constant ¢ > 0 [58].
Intuitively, the logarithmic injectivity radius can also be
understood with the fact that the tessellation of the hyper-
bolic manifolds has a treelike expansion structure and
hence it only takes O(log vol(M?P)) steps to wrap around
the manifolds.

For the 1-systole of M?, we can obtain the following
lemma:

Lemma 1. sysl(/\/lf;Zz) > 2R > ('log vol(/\/l’;?) for
some constant ¢’ > 0.

Proof. One can prove this lemma by contradiction. If
sysl(/\/lf s Zp) < 2R, then there exists a hyperbolic D-
ball with radius R such that a noncontractible 1-cycle
with length less than the diameter (2R) of the D-ball can
wrap around MP while it can still be completely embed-
ded inside this D-ball. This is impossible since a D-ball
cannot have a noncontractible 1-cycle and hence such D-
ball cannot be embedded in /\/lf . Since we have R >
clogvol(M?E), we can obtain the second inequality in the
lemma. |

For D = 2, i.e., 2D arithmetic hyperbolic manifold M2,
we can obtain the lower bound of the 1-systole,
sys1(M2; Zy) = ¢ log vol(M3). (51)

This is equivalent to the bound on the code distance of the
2D hyperbolic code based on arithmetic manifold,
d > c'logn, (52)

where 7 is the total number of qubits.

B. Betti number and encoding rate scaling in three and
higher dimensions

We now consider Betti number scaling and encoding
rate in higher dimensions. In 2m (even) dimensions, one
has the Chern-Gauss-Bonett theorem,

1
o = s [rr@. 6y

where x (M?™) is the Euler characteristics and Pf () is
the Pfaffian of the curvature form of the Levi-Civita con-
nection. Since the Euler characteristics can be expressed as
an alternating sum of the ith Betti number as x (M?") =
Z?Z’O(—l)ib,-, it is in general difficult to obtain a simple
scaling between the ith Betti number b; and the hyper-
bolic volume in dimension higher than two from this
formula. The only exception is in 4D, where the second
Betti number is lower bounded by the volume in Ref. [58],
leading to the corresponding (2,2)-4D hyperbolic code
[78] having constant encoding rate similar to the case of
2D hyperbolic code. Furthermore, in odd dimensions, the
Chern-Gauss-Bonnet theorem simply does not apply.

On the other hand, independent of even or odd dimen-
sions, there exists an upper bound for the sum of ith
Betti numbers according to Gromov’s theorem for a D-
dimensional manifold [53],

D
Y biMP) < Cp - vol(MP), (54)

i=0

where b;(M?P) is the ith Betti number, Cp is some con-
stant only depending on the dimension D, and vol(MP)
represents the volume of the D-dimensional manifold.
Although the proof of the inequality equation (54) in
Gromov’s original work [53] is quite involved, we can
show the asymptotic scaling [in the limit vol(MP) — o],

D
> bi(MP) < O(wol(MP)), (55)

i=0

in a quite simple way from an information-theoretic per-
spective. For a given D-manifold, one can define D — 1
copies of homological quantum codes (with |D/2] dis-
tinct types due to Poincaré duality), where the physical
qubits are assigned to the i-cells and the code spaces
are associated with H; = CHI(MP:Z)] respectively (i =
1,2,...,D — 1). Consider the case that MP® only has one
connected component, we have by(MP) = bp(MP) = 1.
Therefore Z?:o bi(MP) — 2 is just the total number of
logical qubits in these D — 1 copies of homological quan-
tum codes. On the other hand, vol(MP) is just propor-
tional to the total number of physical qubits. Therefore,
we see that the asymptotic scaling of the Betti number
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has to be at most linear with the volume as suggested in
Eq. (55), simply because one cannot encode more logical
qubits than the number of physical qubits. In particular, a
Betti number scaling like O(vol(MP)!*€) for any positive
€ is impossible.

We hence see a natural and profound connection
between the Betti number scaling and the quantum infor-
mation storage capacity per volume, which gives the
information-theoretic interpretation of Gromov’s bound
Eq. (54).

In the D = 3 case which is the focus of this paper,
the number of logical qubit equals to the first or second
Betti number k = b; (M?) = b,(M?) (the second equal-
ity is due to Poincaré duality). We also have by(M?3) =1
if M? is simply connected. We then have the following
statement:

Definition 1. 1f the upper bound b, (M?) < O(vol(M?))
is saturated and the corresponding manifold M3 has
1-systole and 2-systole growing with its volume, we
say the corresponding 3-manifold M? has the maxi-
mal asymptotic quantum information storage capacity per
volume.

Note that we require the systole to grow with the vol-
ume since we need the code distance d to diverge in
the asymptotic limit such that the logical error rate p;
(p/pm) ¥+ D/2] is exponentially suppressed to zero when
the physical error rate p is below the threshold pg, and
quantum memory remains fault-tolerant.

In fact it is extremely difficult to find 3-manifolds with
such optimal Betti number scaling and hence quantum
information storage capacity. Nevertheless, in Sec. VC
we will present a specific family of 3D hyperbolic mani-
folds based on Trorelli mapping-torus construction which
reaches such linear Betti number scaling. Although we are
not currently able to give a rigorous lower bound on the
systoles of such 3-manifold, we believe the systoles will
grow with the volume polylogarithmically.

V. CODE CONSTRUCTION AND LOGICAL GATE
STRUCTURE FOR 3-MANIFOLDS

In this section, we investigate three classes of homo-
logical codes defined on 3-manifolds, which can all be
viewed as a fiber-bundle construction or more specifically
a mapping-torus construction. We further investigate the
triple-intersection invariants and the corresponding logical
CCz and Cz gates in these codes.

In Sec. VA, we first introduce the simplest construc-
tion: the quasi-hyperbolic code, which is formed by the
product of a 2D hyperbolic code and a circle with log-
arithmic length. The code has almost-constant rate (up
to logarithmic reduction) and logarithmic distance. This
can be viewed as a fiber-bundle with a trivial (identity)

twist. In Sec. VB, we consider a fiber-bundle construc-
tion first proposed by Freedman et al. [59], where we
take a twisted product of the 2D hyperbolic code and a
circle with unit length, aiming to reduce the logarithmic
overhead. We also study the triple-intersection property
in the presence of the twist. Nevertheless, we notice that
the presence of the twist can reduce the homology which
still leads to an almost-constant rate with a logarithmic
reduction, while the distance also has a logarithmic lower
bound. In Sec. V C, we introduce a specific family of 3D
hyperbolic codes called the Torelli mapping-torus code,
which are constructed from mapping tori (fiber bundle)
of a pseudo-Anosov element in the Torelli subgroup. The
pseudo-Anosov twist in this case does not lead to the
reduction of homology and one hence maintains a constant
rate, while the lower bound of the distance remains open.

A. Quasi-hyperbolic codes
1. Code construction and code parameters

We first construct a family of simple 3D quasi-
hyperbolic codes whose code parameters are easy to bound
and almost approach the desired optimal parameters for 3D
homological LDPC codes up to logarithmic correction and
already quite useful for practical purposes.

We start with a family of 2D arithmetic hyperbolic
genus-g surfaces ¥, (g > 2). Now we take a product of X,
with a circle S' and obtain a 3-manifold =, x S', as illus-
trated in Fig. 8. One can view this 3-manifold as a trivial
fiber bundle, where the base is S' and the fiber is the genus-
g surface Z,. We note that £, x S' is not hyperbolic, but
the fiber bundle can be generalized to the mapping torus
construction which can produce hyperbolic manifolds as
will be discussed in the next section. We call =, x S' a
quasi-hyperbolic manifold, and the color code or surface
code defined on that a quasi-hyperbolic code.

Now we investigate the homologies of the E, x S'.
For illustrative purpose, we start with the g =1 case,
e, Ty xS'=T2x 8" =7 is a 3-torus, which is
Euclidean (zero curvature). The homology group of the
3-torus is H(T*) = Hy(T®) = Zr ® Zr ® Z» = 7. One
choice of the first homology basis is B} = {a, b, ¢} as illus-
trated by Fig. 8(b), where a, b are homology cycles on the
2-torus 77 and c is the homology cycle going through the
circle S'. The dual second homology basis is By = {b x
c,a x ¢,a x b} as illustrated in Fig. 8(b), where we have
the ith entry in the first homology basis being the Poincaré
dual of the ith entry in the second homology basis, due to
the intersection condition [aN (b x ¢)|=|bN(axc)| =
|c N (a x b)] = 1 meaning that the dual pairs intersect at
a single point. One can see that each 2-cycle in B, is a
2-torus.

For g > 2, the genus-g surface is topologically equiva-
lent to a connected sum of g tori, therefore the homology
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(a)

FIG. 8.

(a) Tlustration of the 3-torus 7° as a product of a 2-torus 72 and a circle S'. (2) Three torus submanifold (2-cycles) a x c,

b x ¢, and a x b have a triple-intersection point at p. (¢) Illustration of the product manifold %, x § I, (d) Submanifolds (2-cycles) Z,,
a® x ¢, and b x ¢ have a triple intersection at point p®. The total triple-intersection number is g.

group of the surface can be decomposed as

H\(Zg;Zy) = Hy(THT* - - - #T% Zs)
= H\(T* 7)) @ H\(T% Zy) - - - @ H\(T; Zy)
—ROT- -T2 =T%. (56)

We pick the following first homology basis on the genus-
g surface: {a”,bD]i =1,2,...,g}, where ¢ and b are
homology cycles from each torus participating in the con-
nected sum. The g =2 case is illustrated in Fig. 8(d).
The noncontractible 1-cycle along the direction of S! is
again called c¢. The first-homology of the 3-manifold can
be obtained from the Kiinneth formula

H\(2g x §'70) = [H1(Zg; Z2) @ Hy(S"; Zs)]
® [Ho(Zg; Z2) @ Hy(S'; Zy)]
—IF e, =15 (57)

We hence obtain the Betti number b, and number of logical
qubit & as

k=bi(Z, x S") = Rank(H, (X, x S';Z,)) =2g + 1.
(58)

We choose the following first homology basis for the
3-manifold: By = {a®,b?,c|] i=1,2,...,g}. The dual
second homology basis is By = {b? x ¢,a'? x ¢, Zg| i =
1,2,...,g}, which satisfies the following intersection con-
dition with the 1-cycles in By: |a®” N (b x ¢)| = | N
(@? x ¢)| = |e N Z,4] = 1. Note that the 2-cycles b? x ¢
and @ x c are all 2-tori, while the 2-cycle labeled by %,
is the genus-g fiber surface.

Now we discuss the code parameter scaling of this fam-
ily of quasi-hyperbolic codes. The area A4 of the genus-g
surface X, is determined by the Gauss-Bonnet formula
Eq. (48), i.e., 4 =4m(g — 1). Based on the injectivity
radius scaling and Lemma 1, we can obtain the lower
bound of the Z, 1-systole of %, as

sys1(Bg; Zy) = ¢ - log A. (59)
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Now when taking the product of S!, the increase of the
length of S' will introduce volume or qubit overhead.
On the other hand, its increase also leads to the growth
of the noncontractible 1-cycle ¢ along S' and hence the
code distance. The increase of the code distance stops
when the length of S' reaches the systole of the genus-g
surface sys|(Xg; Z). Therefore, we choose the length of
S' to be exactly the systole of the genus-g surface, i.e.,
[ = O(log A) in order to optimally balance the loss of the
encoding rate and gain in the distance. The code distance
hence scales as d o« /[ = O(log ). The volume V of the
quasi-hyperbolic 3-manifold is

V=A-l=4r(g—1)-O(logAd) = (g — 1) - O(log 4).
(60)

Meanwhile, we have the following identity:
V=4A4-0(logA). (61)

By combining Egs. (60) and (61), we obtain the Betti
number scaling and encoding rate as

b1/V=0(g/V)=0(1/log(V)) = k/n=0(1/log(n)).
(62)

Meanwhile, the code distance scaling as
= 0(og(V)) = d = 0O(log(n)). (63)

2. Triple intersection and logical gates

We first look at the simplest example of 3-torus illus-
trated in Figs. 8(a) and 8(b). The three noncontractible
2-cycles intersect as

(axb)Nbxc)N(ecxa)=(@xbyNc=p, (64)

where the first equality comes from the fact that intersec-
tion of b x ¢ and ¢ x a is the 1-cycle c. Here, p represents
a single point where the l-cycle c¢ intersects with the
2-cycle (torus) a x b. Therefore we obtain the Z, intersec-
tion number |(a X b) N (b x ¢) N (¢ X a)] = 1. According
to Eq. (14), a transversal T gate leads to the following
logical gate:

T= l_[ CCZ((a x b;7r), (b x ¢;5), (c x a;1)),  (65)
(r,s,0)

implying a global logical cCz gates applied among the
six triplets of logical qubits, where (r, s, /) represent labels
of three different toric-code copies with arbitrary possi-
ble permutations (6 permutations in total). According to
Eq. (16), parallelizable transversal Cz gate can be applied
along the 2-cycle a x b between toric-code copy 7 and s

(r # s5), which effectively gives rise to the following logical
gate:

=, (r,s)

CZ,5;, = CZ((b x ¢;1), (¢ X a;5))CZ((b x ¢;5), (¢ X a;7)).
(66)

One can apply transversal CZ gate along the other 2-
cycles, and the results can be obtained similarly by simple
permutations.

We then look at the general genus-g case. We check the
intersection between the triplet,

2N @? xec)yn@? x c) = X, Ne =p?, (67)

where they intersect at a single point p?. There are in
total g such intersecting triplets, while there is no other
triplet which has nontrivial intersection. A transversal T
gate leads to the following logical gate:

T=]]CCZ(Zgn). @ x c;5),0” x c;1),  (68)
(78,0

where (7, s, /) represent labels of three different toric-code
copies with arbitrary possible permutations.

The structure of the logical CCz gates is encoded in the
interaction hypergraph introduced in Sec. IID, as illus-
trated in Fig. 9(a). In this figure, each circle or ellipse
corresponds to a vertex in the interaction hypergraph and
represents a logical qubit. In particular, the three long
ellipses represent logical qubits labeled by the genus-g sur-
face X, on the three toric-code copies, while the triplet
of red (blue) circles represent logical qubits labeled by
a® x ¢ (b? x c) on the three copies respectively. The ver-
tices are connected by hyperedges composed of lines with
three types (solid, dashed, dotted) meeting at a trijunction,
which represent the triple intersection between the three
logical-X membranes (2-cycles). Each hyperedge corre-
sponds to a logical CCz gate acting on the three connected
logical qubits.

Now we consider applying parallelizable logical Cz
gates. The logical structure is again encoded in the inter-
action hypergraph shown in Fig. 9(a). Each hyperedge
connects three logical qubits. If one applies the transver-
sal gate CNZSZ’S) between copy 7 and s on the membrane a;
labeling one logical qubit, the other pairs of logical qubits
connected by the same hyperedge will be acted by the
logical CZ gate at the same time.

For the quasi-hyperbolic code, it is wiser to apply
transversal CZ gate only along the submanifold (2-torus)
a® x ¢ (or b x ¢) since it only has triple intersection
with 5@ x ¢ (or a” x ¢) and E,. According to Eq. (16),
when applying transversal CZ along the submanifold a; x
¢ between toric-code copy r and s, it gives rise to the
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(a)  logical coz

copy 3

by o copy 2
s,
. .

FIG. 9.

(b)  logical cz

copy 3

a9 x ¢

b9 x ¢

(a) The interaction hypergraph of the quasi-hyperbolic code. Each hyperedge (shown as a trijunction) is connected to three

vertices (represented by circles or ellipses), which corresponds to a logical cCz gate. (b) The colored interaction graph of the logical
cz gate. Colored edge with the same type (represented by color and line type) corresponds to logical Cz gates being simultaneously
applied. For all edges connected to the logical qubits on X, each type only has two edges.

following logical gate:

7, (78)

cz =CZ((b? x ¢;7), (Bg; $)TZ((BY x c35), (Zg5 7).

(69)

a®xc

Similarly, one can obtain

7, (7.8)

G2 =TZ(@” x ;1) (T3 )TZBD x ¢55), (g3 7).

(70)

The above expressions suggest that the logical qubit
labeled by the genus-g surface X, (or equivalently the dual
I-cycle c) can serve as a global entangling bus, such that
the logical qubits labeled by the 2-tori 5 x ¢ and a® x ¢
(equivalently labeled by the dual 1-cycle a® and »®) can
all be separately entangled with this global entangling bus.
Besides, there are also collective logical Cz gates when
applying the transversal CZ operator on the X, surface and
between toric-code copy 7 and s,

C~Z<ngs> = Hﬁ((a(i) x c;r), (B x ¢;9). (1)

The corresponding logical CZ gate structure is also encoded
in the interaction graph shown in Fig. 9(b). This interac-
tion graph is composed of vertices (circles and ellipses)
corresponding to the logical qubits and colored edges
corresponding to the logical CZ gate between the two con-
nected two vertices (logical qubits). The logical €z gates
on the edges with same color type will have to be applied
simultaneously instead of independently. In Fig. 9(b), we
use the combination of actual color and lines types (due to
the limit of usable colors) to represent a particular type of

colored edge. Note that for all the shown logical Cz gates
in the quasi-hyperbolic code, there is always a pair of col-
ored edges of the same type which corresponds to logical
Cz gates (coupling the same two toric-code copies) applied
simultaneously, as can also be seen clearly in Egs. (69)
and (70). Since there are only constant number of colored
edges with the same type connected to logical qubits on
Y,, the corresponding logical CZ gates are parallelizable
and can be individually addressed, which is again due to
the fact that they correspond to higher-form symmetries.
We conclude this section with the following theorem:

Theorem 1. There exists a family of quasi-hyperbolic
color code with encoding rate O(1/log(n)) and distance
d = O(log(n)), which supports fault-tolerant logical non-
Clifford gates and parallelizable logical Clifford gates.

B. Homological fiber-bundle code
1. Code construction and code parameters

The construction of the quasi-hyperbolic codes men-
tioned above can be viewed as a trivial case of a fiber
bundle, where the genus-g surface %, is the fiber and the
circle S' is the base. The length of the base circle scales as
log(V), which increases the volume and qubit overhead by
a factor of log(V). One could make the base circle having
unit length and hence not increasing the volume, but the
systole and hence code distance will also become constant.
Now we consider implementing a twist along the fiber
following the construction of the Freedman-Meyer-Luo 3-
manifolds [59], such that the systole (distance) will be
greatly increased and scales with the volume even though
the base circle has unit length. We call the codes defined
on such twisted manifold the homological fiber-bundle
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codes, and those defined on the 4-colorable cellulation
of the manifold the fiber-bundle color codes. As we will
see, the twist also slightly reduces the Betti number of
the manifold, and hence makes the encoding rate noncon-
stant also. This issue will be resolved in the more general
mapping-torus construction discussed in Sec. V C. Nev-
ertheless, the homological fiber-bundle code is still an
interesting and inspiring example for studying the homol-
ogy, systole, triple intersection and logical gates in more
general 3-manifold. It could also be easier for experimental
implementation since its lattice can be embedded in con-
stant number of planes (without crossing) connected with
twisted vertical links.

We first review the construction of such 3-manifolds.
We start with the choice of the fiber being a particu-
lar family of arithmetic hyperbolic 2-manifolds X, which
are the quotient of the infinite hyperbolic plane H? by a
Fuchsian group. We consider the cocompact torsion-free
Fuchsian group I'(_ ) derived from the type =lp quater-
nion algebra with the prime number p = 3 mod 4. One can
explicitly write out the group I'_; ) as

_l_ (atbyp, —c+dyp).
r(lyp)_{ - <C+d[, a—b\/ﬁ -a,b,C,dEZ,

det(4) = l}/:i:id.

For integers N > 2, we have the normal subgroup of
L1

Fip@V)

- 1+N(a+byp),
|7\ Ne+dyp),

(72)

N(—c+d/p)
1 +N(a—b/p)

ta,b,c,d € Z, det(4) = 1} / +id, (73)

with bounded index

ON?) < [T(1p) : Tcip(N)] < OV, (74)
We hence obtain a family of closed arithmetic hyperbolic
surfaces B, = H?/ Ty ) (N).

As has been shown in Ref. [59], the class of closed
hyperbolic surfaces £, = H?/I'(_;,)(N) satisfies the fol-
lowing three properties:

(1) the smallest eigenvalue of the Laplacian A;(X,) >
C1,
(2) there exits an isometry T : X, — X,, with order

1
IT] = c2(logg)2,
(3) the map X, — X;/(r) is a covering projection
to the base surface .S =: X, /(r) (of genus < g),
1

which has injectivity radius R(;S) > c3(logg)2,

where ¢; (i=1,2,3) are positive constants independent of g.
We now demonstrate the above properties in the following
paragraphs.

Using the property of the Fuchsian group, it has been
proved in Ref. [79] that the injectivity radius of X, =
Hz/ F(,l’p)(N) is

R(H?/ T (_1,)(N)) = O(log N). (75)

The area of £, = H?/T'(_1,,)(N) is related to the area of
Hz/ F(—l,p) via

AH?/ T ~1,)(N))

=AM?/T 1) - [Teip : T, (76)

since both surfaces are obtained from compactifying H? by
quotienting out the corresponding isometry groups. Com-
bined with the Gauss-Bonnet theorem Eq. (48), we know
that the genus g(N) = genus(H?/I"(_; ,y(N)) is propor-
tional to the index [I"(_1,) : I'—1,)(N)]. Using Eq. (74),
we obtain

O(N?) < g(N) < ON?). (77)
Combined with Eq. (75), one can obtain the injectivity
radius of X, as

R(Xg) = O(logg). (78)

We now define two sequence of natural numbers
Jy =k and N = kl°e®! with k=1,2,...,00, which
leads to Ji|N; (J; divides N;). We further define
g = g(Ny) = genus(H?/ Ty, (Ny)) and hy = h(Jy) =
genus(H?/ I'—1)Jr). According to Eq. (77), we can
obtain

log(gr) = O(log(Ny)) and  log(hy) = O(log(Jy)),

(79)
which leads to

log(gr) = O(log(Ny)) = O (log(k!e®))

= O(log(k)*) = O(log(hy)?). (80)

We can then use 4 to construct an isometry with large
order and translation length, which satisfies properties (2)
and (3) respectively.

Since Jix|Ni, we have I'(_y,)(Ny) < T'(—1,)(Ji). This
leads to the fact that T, = H?/T(_1,)(Ny) is a cov-
ering space of T, = H?/T(_1,)(Js), which defines the
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covering projection map,

Yq — X, (81)
We denote the shortest noncontractible closed simple curve
in X, as o, we hence have
length(e) = 2 (log(hy)), (82)

according to Eq. (78). Choose a base point ¢ € ¥, for
«, and then lift o to & in X, . We now introduce the
isometry 1 : Xy — X, satisfying 7, € I'1,)(Ji). The
isometry t; connects both ends of @. The concatenated
curve &(rk&)(rkz&) . (r,i“_l&) is a closed geodesic loop,
which is noncontractible and hence to be longer than the
injectivity radius of X, . This implies that

|l - length(@) > R(Sg,) = Olloggy),  (83)
where the equality is due to Eq. (78) and |7y represents
the order of 7;. According to Egs. (80) and (82), one hence
obtains

length(@) — length(@) = O(log(hy)) = O(log? (g0)),
(84)

which gives rise to property (2),

7l = Q(log? (g0)).- (85)

Intuitively one can understand this fact in the following
1
way: since the length of the curve « is O(log2 (g;)), one

1
needs to travel at least Q(log2 (gx)) times before reach-
ing the noncontractible geodisc loop with length €2 (log gy).
Note that when comparing with properties (2) and (3), we
can suppress the index & since the sequence of k generates
the sequence of genus g. We should also keep in mind that
only a subsequence of X, generated by the sequence of k
is under our consideration rather than choosing arbitrary
integer g.
We now factor the previous covering Eq. (81) as
Yo, = g /{Thk) = T, (86)
We define X, /(tx) =: ¢S. Since 4§ covers ¥j,, we have
obtained property (3), i.e.,
1
R(¢S) = R(%y,) = O(loghy) = O(logz(gi)).  (87)
From now on, we drop all the index k for conciseness.
In the above, we have demonstrated the properties of
the hyperbolic surfaces X,. We now construct a fiber

bundle with ¥, = H?/T"(_;,)(N) as the fiber and a unit-
length circle S' = [0, 1] as the basis, which is also called

a mapping-torus construction in this special case (see
Sec. V C for the general construction). We can introduce
the new manifold via a twisted product,

M = (2 x R)/ ((x,0) ~ (tx,1+ 1))

= (Zg x [0,1D/((x,0) ~ (zx, 1)), (88)

which is a mapping torus of the isometry 7. One can inter-
pret this construction more intuitively as follows: one starts
with the product 3-manifold X, x S! where the circle S' is
parametrized by ¢ € [0, 1]. One then cuts the 3-manifold
at t=1" ~ 0~ and twists the hyperbolic surface ¥, by
the isometry t described by the action tx. One then glues
the twisted surface parametrized by tx at = 1~ with the
original surface parametrized by x at t = 0 which com-
pletes the construction of /\/lg,. Note that the final gluing
procedure is just the geometric interpretation of the identi-
fication (x,0) = (tx, 1) in the mapping-torus construction.
The twisted manifold is illustrated in Fig. 10.

Now we consider the Betti number scaling with the vol-
ume of the twisted manifold Mz,, as well as its systoles.
We state the following theorem:

Theorem 2. There exists a family of 3-manifolds M?
such that the first Betti mllmber scales with the vol-

ume as b (M?) = Q(V/log2 (V)) while the Z, 1-systoles
and 2-systoles grow with the volume as sys;(M?;Z,) =
1

Q(log2 (V) and sysy(M>; Zy) = Q(log(V)).
Proof. See Appendix B. |

Note that the combination of the lower bound on both
the 1-systole and 2-systole gives rise to the lower bound of
the code distance, i.e.,

1
d ~ min(sys; (My; Zs), sys2(Mg; Z3)) = Q(log2 (n)).
(89)

2. Triple intersection and logical gates
Let ozg) C Mg, for 1 <i <3, be three oriented sur-
faces representing three distinct homology classes in
H, (Mg; Z,). Assume that aél) represents the fiber class,
which equals X, of the fibration M; — S'. Let (xiz) and
a?) be the Poincaré dual cycles of aéz) and ozg’) respec-
tively in H, (M;’,;Zz). Let v; and v, be the image of

agz) and af) respectively, in /(t,) under the isomorphism
Eq. (B9). In Sec. V C and Eq. (116) the following equality
will be shown:

| Ni<i<s @] = vy Nvy| € Zy, (90)

where the left-hand side is the Z, triple-intersection num-
ber of the 2-cycles and | - N - | on the right-hand side is the
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FIG. 10. Illustration of the covering space X, x R of the twisted manifold ./\/lz,. The twist T maps a point p on X, to Tp which is

1 1
O(log2 g) away from its original position. It takes |t| = O(log2 g) steps for the point p to come back to its original position. These two

1
conditions, as well as the 1-systole of X, make sure there is no noncontractible cycle with length smaller than O(log2 g) = O(log2 V),

which hence determines the 1-sytole of this manifold.

7 intersection of two 1-cycles on X, [see Eq. (113) for
precise definition].

More precisely, let | - N - |z be the restriction of the inter-
section pairing on H; (X, Z,) to the subspace /(7,) and
let | - N - |; be the intersection pairing on H(Xg/(t), Z>).
Since t is an isometry, the isomorphism equation (B9)
extends to the following commutative diagram:

|- Ne|g: I(m) X I(1h) —————— Zo

| I

|- elr s Hi(2y /73 Z2) X Hi(3y/T;Z2) — Za 1)

Now let v; and v, be in Hi(X./7,Z) such that
lvy Nvy|; =1 and let 9, and v, be their extension in
H, (Mé; Z,). Let aél) in H, (M;; Z,) be fiber class of the
fibration ./\/lg, — S'. Then

1 A A
i) Ny N Dyl = Joy Nwglr = 1. (92)

It follows that there exist genus(Z, /(1)) = (g — 1)/|7| —
1 many pairs 4; and 4, in H>(M?; Z,) such that

lel" N4 Nyl =1, (93)

where o, is the fiber class.

When we use the fattening procedure to make a 4-
colorable cellulation of the 3-manifold M3, we obtain the
logical non-Clifford gates and parallelizable logical Clif-
ford gates in the corresponding fiber-bundle color code,
or more specifically a collective logical CCz gate and par-
allelizable logical cz gates via transversal T and S gates

O]
2

respectively. Interestingly, the corresponding interaction
hypergraph encoding the structure of the logical gates is
isomorphic to that of the quasi-hyperbolic code shown in

1
Fig. 9(a) up to a reduction in size by O(1/log2(g)) =
1

O(1/log2 (k)).
We hence reach the following theorem:

Theorem 3. There exists a family of fiber-bundle color
1
code with encoding rate O(1/log2 (n)) and distance lower

1
bound d = Q (log2 (n)), which supports fault-tolerant log-
ical non-Clifford gates and parallelizable logical Clifford
gates.

C. Generic 3D hyperbolic codes via the mapping-torus
construction and constant-rate 3D hyperbolic codes

In this section, we discuss homological quantum LDPC
codes based on generic hyperbolic 3-manifolds obtained
via the mapping-torus construction, which can be con-
sidered as a more general twisted product construction
with the twist being the general mapping class instead of
just isometry. We also develop the theory of evaluating
and bounding the Betti number and triple intersection of
such generic hyperbolic 3-manifolds. In the end of this
section, we provide a specific 3D hyperbolic color-code
construction based on mapping tori of a pseudo-Anosov
element in the Torelli subgroup. Such family of hyper-
bolic 3-manifolds have a first Betti number proportional
to the volume with the corresponding code having con-
stant rate, resolving the issue of Betti number reduction
due to the twist in the homological fiber-bundle code
based on the Freedman-Meyer-Luo 3-manifolds discussed
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in Sec. V B. Meanwhile, such 3-manifolds still have non-
trivial triple intersection, which guarantees the existence
of fault-tolerant non-Clifford gate in the 3D hyperbolic
color code defined on such manifolds. Although we can-
not provide a proof for the lower bound of the systole and
hence code distance for technical reasons, we expect that
the systole (distance) growing with the volume (total num-
ber of qubits) due to the twist in a similar manner to the
homological fiber-bundle code.

Let X, be a closed, connected, and oriented surface of
genus g > 0. Let I'(X,) be the group of isotopy classes of
orientation preserving diffeomorphisms of X, explicitly,

I'(Z,) = Diff"(Z,)/Diffy (Z,), (94)

where Diff (X,) is the group of orientation preserving dif-
feomorphisms of ¥, and Diffj (£,) C Diff*(Z,) is the
connected component of the identity with respect to the
compact open topology on Diff " (X,). ['(Z,) is called the
mapping class group, with its elements called mapping
classes. Let /' € I'(X;), and define the three-dimensional
manifold,

M(f) == 2 x [0,1]/ ~¢, 95)
where the equivalence ~ is (x,0) ~ (f (x), 1). This man-
ifold fibers over the circle with each fiber diffeomorphic to
X, i€,

miM({f)— S, n'(x) = Z, forallx e S'  (96)
and with monodromy equal to /. See Fig. 11 for illustra-
tion. Stallings’ fibration theorem, see Ref. [80], implies
that a necessary and sufficient condition for a compact
irreducible 3-manifold M to fiber over the circle is that
there exist a map 71 (M) — Z with kernel which is finitely
generated and not Z,. Notice that if RankH;(M;7Z) > 1
then the abelianization of the fundamental group composed
with the projection,

(M) - HH(M;Z) — Z, 97)
gives the desired map in Stallings’ theorem. Hence, there
exists a surface ¥, and a mapping class / in I'(X,) such
that

M Z= M. (98)
On the other hand, it is entirely possible that M fibers
over the circle in infinitely many different ways. Ian Agol’s
breakthrough proof of Thurston’s virtual fibering conjec-

ture, see Ref. [81], implies that any compact, closed, and
oriented hyperbolic 3-manifold M has a finite degree

FIG. 11. Mapping torus of a genus-g surface.

cover,

M) = M, 99)
such that M(f) is a pseudo-Anosov mapping torus of a
mapping class / in I’y for some g.

The action of / on X, induces an action on the lat-
tice H1(Xq;Z) = 78 Let f denote this induced action

on Hi(Xg;7Z); f preserves the intersection pairing on
Hi(X4; Z) and belongs to the group Sp (2g, Z). In fact, this
procedure of inducing action on the homology gives a short
exact sequence,

1 - T, > I'(Zy) — Sp2g,Z) — 1, (100)
where the kernel Ty is called the Torelli group.

For g > 1, one has the Nielsen-Thurston classification
of elements of I'(X,), which generalizes the classifica-
tion of elements of I'(X;) = SL(2,Z). This classification
shows that every mapping class is either finite order,
reducible, or a pseudo-Anosov element. A mapping class f
is finite order if there exists an integer N > 1 such that /'
is isotopic to the identity. A mapping class /" is reducible if
it preserves a finite union of disjoint simple closed curves
in ¥,. A mapping class is pseudo-Anosov if it is neither
finite order nor reducible. See Ref. [82] for a complete dis-
cussion. Thurston’s hyperbolization theorem states that a
mapping torus M(f) is hyperbolic if and only if g > 1
and f* is a pseudo-Anosov element. See Theorems 13.4
and 13.5 of [82] for geometric structures on mapping tori
M(f) for f reducible, finite order, and for the case when
g=1

For a given f* in I'(%,), the topology of M(f) can
be computed as follows: decomposing the base of the
fibration M (f) — S! into two open sets induces a decom-
position of M(f). Applying the Mayer-Vietoris to this
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decomposition gives the following long exact sequence:

o> H (4 7)

ﬂ) H\(Zg; Z) — Hi(M(f);Z) — Z — 0, (101)

which yields
H\ (M(f);Z) = Z & Coker(f — Id), (102)

where the infinite cyclic factor Z is generated by the class
of the base of the fibration.
There exist two matrices P and Q in GL(2g, Z) such that

A _
AQ2)

P.(f —Id).0 = ' AN)

0]
(103)

where for all 1 <i < N < 2g the diagonal entries A(7) are
positive integers such that for all i > 1, 4(i — 1) divides
A(i). The diagonal matrix on the RHS is called the Smith
normal form of (f — Id) and will be denoted as SNF' (f —
1d). The SNF (f — Id) does not depend on the pair P, Q and
is an invariant of the conjugacy class of f inSp(2g,Z). In
particular,

Coker(f —Id) =72 N ®Z/A(1) @ - ® ZJAN).
(104)

The diagonal entries A (i) of SNF (f — Id) can be computed
from the entries of the matrix (f — Id) as follows: Let D(i)
be the greatest common divisor of all the determinants of
i X i minors of (f — Id), and let D(0) := 0, then

D)

(105)

The fastest known algorithm for computing these integers
A(i) has runtime complexity,
O(If — 1d|| log |If — 1d||16g* log 2g). (106)

The lattice H;(M(f);Z) modulo torsion is the lattice
generated by the set of the following vectors:
v e Hi(E: DI ) = v}, (107)

direct sum with an infinite cyclic factor Z coming from the
homology class of the base of the fibration M (f ) — S!.In

particular
1 < Rank(H,(M(f);Z)) <2g+1, (108)
with the maximal
Rank(Hy(M(f);Z)) =2g + 1 (109)

if and only if /' belongs to the Torelli group 7.

For any prime p we can consider H;(Xg4;Z,). Any
mapping class f* in I'(X,) also acts on Hi(Xg;Z,): The
construction of the mapping torus and calculation of its
homology Hi(M(f); Z,) goes through verbatim since the
Smith normal form exists over any principle ideal domain.
Henceforth we shall restrict to Z;.

Let aél), af), and af) be three oriented surfaces con-
tained in the 3-manifold M (f) which are representatives
of three distinct classes in Hy(M(f);Z,). One can form
transversal intersections of the three surfaces and cal-
culate their Z, intersection number. This count of Z,
intersection numbers defines a skew-symmetric 3-form
on Hy(M(f); Z,) with values in Z,. This 3-form is the
Poincaré dual of the cup product on H' (M (f);Zy), i.e., if
(), &y, and a s, are Poicaré duals in H' (M(f); Z;) then

1 2 3 1
Iaé ) maé ) maé )| = /M(f)oc(ll) Uoz(lz) Uags) € Zo.
(110)

Simplest example is g =1 and f = ID. In this case
M) =T =R3/73, H(T*,Z,) = Z;. It is easy to see
that the Z, intersection number of the three standard cycles
of T3 is one [see Figs. 8(a) and 8(b)]. In the case g > 1 and
f = 1ID one has that M(f) = £, x S' and the Kiinneth
formula implies

H\(Zg x S'70) = Hi(24;72) ® Hi(S";Zy).  (111)

Let aél) be the class in Hy(M(f);Z,;) which is the
Poincaré dual of the class of S! in Hy(M(f);Z,) and let
aéz) and af) be Poincaré duals in Hy(M(f); Z,) of two
arbitrary classes ail) and aiz) in Hy(Xg;Z), then

s’ N ned?l =l NaP | € Zy,  (112)
where the right-hand side is the intersection form
-0 Hi(Zg,Zo) x H(2g,Z) — Zy (113)
defined for vy, vy in H; (g, Z;) by
waul= [ wus, (114)

Xg

where v] and v} are the Poincaré duals in A 1(Eg, Zy) of
VU1 and V2.
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Notice that for Poincaré duals aéi), where 1 <i <3, in
Hy(M(f); Z,) of any three classes aii) in H,(Xy; Z») one
has that

sV Nl nad’| =0 (115)
See Figs. 8(c) and 8(d).

In the case of arbitrary g > 0 and /" in I'(X,), it follows

from (102), and Poincaré duality, that H, (M(f); Z,) is
Coker(f — Id) = Hi(Sg; Z2)/(f — Id)Hi(Z¢; Lo),
(116)

direct sum with Z, generated by the class of the base of the
fibration. In particular, the intersection form on H (2g; Z,)
restricts to an intersection form on Coker(f — Id). Let ot(l)
be the Poincaré dual in Hy(M(f);Z,) of the homology
class generated by the base of the fibration, and let a(z) and

23) be Poincaré duals in H,(M(f); Z,) of two arbitrary

cycles afl) and afz) in Coker(f — Id). Then we have

! nes? Ny = o’ NeP e Zy (117)

2 3 . . .
In this case, if a2 ,aé ) , and aé ) are Poincaré duals in

Hy(M(f); Z,) of three arbitrary classes in Coker(f —Id)
then it could well be that

sV Nl na’| #£0, (118)
unlike in the case of Eq. (115)

We present a few examples: Fig. 12 shows the set of
Humphries generators for the mapping class group spe-
cialized to the case of genus two. The Dehn twist around
each simple closed curve #; acts on H,(X;; Z) through the
following symplectic matrices:

101 0 1 00 0
01 0 0 0 1 0 0
hi=1o 0 1 ol'2=|-1 0 1 o]
00 0 1 0 0 0 1
10 1 1
01 1 1
=100 1 0 (119)
00 0 1
1 0 0 0 100 0
0 1 0 0 01 0 1
=10 o 1 o|'B5=|o 0o 1 o] (120
0 —1 0 1 00 0 1

A generic word in T; does not preserve any homology class
of the surface, hence the first or second homology group of
the resulting mapping torus has rank one and the 3-form is
trivial.

FIG. 12. Humphries’ generators of the genus three mapping
class group.

In the case we take some positive power a of a Dehn
twist around a single #;, for example #s, then the Smith
normal form of 7% — Id is

a 0 0 0
000 0 121)
00 00
It follows that
Hy(M(t5);Z) = 24 © Z/a. (122)

The mapping class #; preserves three homology cycles,
labeled af ),afz), and a?), in ¥, (see Fig. 13).

These three homology cycles extend to give three of the

classes in Hy(M(ts); Z), which we denote by aél),af),

(3 , and the fourth class comes from the base of the

ﬁbratlon which we denote as océo) Let aél), ocgz),&?), and

o, O pe the i images of these cycles in H, (M (f); Z,) under
the universal coefficient theorem. It is easy to see that

and o,

@) nay nad| = (123)
and
|E§0) N &gl) N 553)| = |E(0) N &(2) N &(3)| (124)
— 1 — 2 — 3
= 0. (126)
FIG. 13. A choice of three cycles such that two of them have

intersection number one and the other two pairs have intersection
number zero.
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It should be pointed out that since 75 is a reducible
mapping class M (T5) is not a hyperbolic manifold.

To construct a hyperbolic example with nontrivial triple-
intersection numbers, we shall use a mapping class from
the Torelli subgroup. Torelli subgroup can be generated
by performing Dehn twists around simple closed curves in
%, which are null-homologous. Thurston gave a general
construction of a family of pseudo-Anosov elements by
performing powers of Dehn twists simultaneously along
the components of a pair of filling multicurves, indeed, if
all the components of the multicurves are null-homologous
then one obtains a pseudo-Anosov in the Torelli group. We
recall Thurston’s construction very briefly and then present
an example:

A multicurve 4 on a surface X, is a collection of
simple closed curves {aj,...,a,} such that they do not
intersect each other pairwise. A pair of multicurves A
and B is called filling if the complement of the union of
the two multicurves is a disjoint union of simply con-
nected domains. Given two multicurves 4 = {ay,...,a,}
and B = {by,...,b,} such that they are filling, form the
n x m matrix N;; = I{a;, b;}, where I{a;,b;} denotes the
geometric intersection number between the curve a; and
b; . The square matrix N.N is a Perron-Frobenious matrix,
denoting by v its Perron-Frobenious eigenvalue which is
a positive real number. Let T4, respectively 7y, denote
the simultaneous Dehn twists along all the components
of A, respectively all the components of B. Map the two
mapping classes 74 and T to PSL(2,R) by the following
map:

Ty — ((1) \{;), Tp (_1/; (1))
Any word in Ts and T such that its image in PSL(2, R) has
absolute value bigger than two corresponds to a pseudo-
Anosov element. Moreover, the larger of its two eigenval-
ues corresponds to the stretch factor of the pseudo-Anosov.
An example of the construction above of pseudo-
Anosovs in the Torelli group is given by the following
collection of multicurves on a genus three surface, see
Fig. 14, drawn in green and red respectively.
One calculates that

(127)

(128)

FIG. 14. Two multicurves in red and green which gener-
ate pseudo-Anosov in the Torelli group of genus three using
Thurston’s construction.

and

v =16(3 4 2v2). (129)
The absolute value of the trace of the image of 74.Tp is
larger than two and one easily calculates that the corre-
sponding stretch factor is

23 + 1672 4 41/ 65 + 46+/2 = 91.2439.

The authors in Ref. [62], see also Ref. [83], give an upper
bound on the volume of the hyperbolic mapping torus in
terms of the logarithm of the stretch factor of the pseudo-
Anosov, and their result implies

(130)

vol(M(T4.Tp)) < 3m(2g — 2)10g(91.2439).  (131)
Since T4.Tp belongs to the Torelli group and preserves
every class H,(23; Zy) = Z$, it follows that
Hy(M(T4.Tp; Zo) = 75, (132)
where one factor Z, comes from the base of the fibra-
tion and Z$ comes from the fact that every class in
H,(X5;7Z,) extends to a class in the first or second homol-
ogy group of M(T4.Tp). If we denote by aéo) the class in
Hy(M(T4.Tp); Z,) generated by the fibers of the fibration
M(T,.Tg) — S', and denote by aél) and ozéz) two arbitrary
classes in Hy(M(T4.Tg; Zy) which are extensions of two
classes afl) and afz) in H,(X3; Z,), then we have
" Na” Nal?| = 10" Nal?| € Z,, (133)
where the right-hand side is the intersection form on
Hi(Z3;Z,).

We end this section with a result of Ref. [61] which
generalizes the above construction of genus three mapping
tori of a pseudo-Anosov element in the Torelli subgroup to
higher genus. Their Proposition 3.1 along with the result
of Ref. [62] implies the following theorem:

Theorem 4. Let genus g = 3k + 1, then for all £ > 2
there exists a pseudo-Anosov mapping class f, in the Tor-
relli subgroup 7, of the mapping class group I'(%,) such
that

bi(M(fy)) = Rank(H;(M(fy); Zo)) = 2g + 1,

vol(M(fy)) < 367 (2g + 1) log(2). (134)

Corollary 4.1. There exist g triple-intersection points in

M(f,) for all g.

Proof. There exists a basis afi), l(i) for 1 <i<g of

Hi(Z,; Z,) such that |a” N ,31(/)| = §;;. Since f; is in the
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Torelli group, all ocfi) and ,BI(i) extend to distinct elements
in Hy(M(fy), Z). Denote these extensions by &;i) and ,32(")
and denote by I' a representative in Hy(M(f), Z,) of the
fiber class of the fibration. It follows from (133) that

Tn&’ gy =1 NV =8, (135)

Quite surprisingly, the corresponding interaction hyper-
graph of this code is identical to that of the quasi-
hyperbolic code shown in Fig. 9(a) only up to a change
of the labels of the 2-cycles.

Moreover, M(f,) has the least hyperbolic volume
amongst all mapping tori of genus g with the property

FIG. 15. Two multicurves in red and green which gener-
ate pseudo-Anosov in the Torelli group of genus seven using
Thurston’s construction.

that b = Rank(H, (M (fy); Z,)) = 2g + 1. These pseudo-
Anosov elements are generated using, just as above,
Thurston’s construction relying on Dehn twists around a
pair of filling multicurves. Figure 15 shows the choice of
multicurves 4 and B in red and green respectively for genus
five; this is taken from Ref. [61].

When using the fattening procedure to create 4-
colorable cellulation of the manifold M (f;), we can obtain
a 3D hyperbolic color code with the transversal 7" and
S gate being the collective logical cCz gate and paral-
lelizable logical Cz gate respectively. We call these codes
Torelli mapping class codes. We hence reach the following
theorem:

Theorem 5. There exists a family of 3D hyperbolic
color code with constant encoding rate, which supports
fault-tolerant logical non-Clifford gates and parallelizable
logical Clifford gates.

VI. APPLICATION TO PARALLEL UNIVERSAL
FAULT-TOLERANT QUANTUM COMPUTATION

In this section, we consider a generic scheme for parallel
universal fault-tolerant quantum computation for constant-
rate or almost-constant-rate quantum LDPC codes based
on 3-manifolds and potentially extendable to even more
general cases such as quantum expander codes. The
scheme is independent of the specific geometry of 3-
manifold one chooses. However, since the three codes
discussed in Sec. V have the same interaction hypergraph
structure, we discuss our scheme using this particular
structure. For simplicity, we use the particular cycle labels
of the quasi-hyperbolic code, while one should keep in
mind that the scheme works the same for the other two
codes.

A. Generic scheme for parallelizable logical Clifford
gates

We start with implementing parallelizable logical Clif-
ford gates in the homological gLDPC code.

The logical cz gate structure for the quasi-hyperbolic
code (as well as the other two codes up to a change of
cycle labels) has been summarized in Egs. (69) and (70),
and is also encoded in the interaction graph in Fig. 9(b).
However, we see that there are two colored edges with the
same type, meaning that a pair of logical CzZ gates have
to be applied simultaneously and cannot be separated. In
order to resolve this issue, we set a constant fraction of
the logical qubits as ancilla qubits in the logical zero state
\6) in order to let each logical cZ gate to be individually
addressable.

As shown in Fig. 16(a), we choose a specific encoding
scheme by encoding the logical information (labeled as L)
into the logical qubit labeled as (X,;2) (in the toric-code
copy 2) while treating logical qubit labeled as (X4;2) and
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(a) logical cz A=0)

copy 3

copy 1

FIG. 16.

(b)
copy 3 R
aV x e
copy 2
copy 1 b x ¢
L@
(1,(2> X c
copy 3
b x ¢
L®
L®
H
. |
al? x ¢
b9 x ¢
Le®
L@

(a) Interaction graph for the logical cz gates of the quasi-hyperbolic code. Colored edges with the same type (represented

by both colors and line types) represent logical CZ gates that get simultaneously applied. Choosing certain vertices (represented by
circles or ellipses) as logical qubits (L) and others as ancillae (A) set in the logical state |0). (b) The effective interaction graph for
the logical qubits (L). Note that each colored edge has a unique type, representing individually addressable and parallelizable logical

CZ gate.

(24; 3) (in the toric-code copies 2 and 3) as ancilla (labeled
as A). In the meantime, we encode logical information into
logical qubit labeled as (a'” x c;1) and (b x c; 1) in the
toric-code copy 1, while setting the rest logical qubits in
toric-code copies 2 and 3 as ancilla. Note that all the ancilla
logical qubits (4) are fixed at the logical-0 state |6)

With this encoding scheme, we have all the logical
Cz gate being individually addressable as illustrated in
Fig. 9(b). Note that each colored edge in this interac-
tion graph has unique type, meaning that the logical cz
gate corresponding to each of them can be independently
applied. We show a logical circuit example in Fig. 17.
We can see that the logical Cz gates in this circuit can be
independently applied in parallel.

Since all the higher symmetry operator discussed in this
paper are transversal logical gates, they alone cannot be
universal due to the Eastin-Knill theorem [84]. Therefore,
we have to consider some other operations such as mea-
surements. In particular, we now consider how to generate
logical Hadamard gates with the logical Cz gates imple-
mented by 1-form symmetries. As shown in Fig. 18(a), we
can reinitialize a selected set of ancilla logical qubits in
toric-code copy 2 in the logical state |[+) (+1 eigenstate of
the logical-X operator). The reinitialization can be done by
measuring logical-X membrane operators of these ancillas
via a lattice surgery in the O(1) neighborhood of a logical-
X membrane [63]. After this reinitialization, a collection
of colored edges (red-dashed lines) representing simultane-
ous logical Cz gates via transversal gate CNZS;) applied on

>, and between toric-code copies 1 and 2 are turned on. As

shown in Fig. 18(b), one can apply these logical Cz gates
in parallel and again measure the logical-X membranes
corresponding of the corresponding logical qubits. After
applying a conditional logical-Z correction via applying
logical-Z strings, one effectively applies parallel logical
Hadamard gates on all the selected logical qubits.

The parallelizability of such logical-X measurements
and hence the logical Hadamard gates are determined by
the packing properties of the thickened logical-X mem-
branes in the corresponding 3-manifolds, which will be
studied in more detail in future works. For the specific
case of the quasi-hyperbolic code, the region of the lattice
surgery is supported on a thickened torus 72 x [0, 1]. Its

parallel parallel
— —
opy 2
copy Eg
(1,(1) X C coe
b x ¢
(L<2) X C oo
copy 1 b(2) e i
a(‘/) X C : Xy °
b9 x ¢
FIG. 17. Logical Cz gates can be applied in parallel, but are all

connected to the logical qubit supported on X, due to the starlike
interaction graph.
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copy 1 (1,“\J X C
copy 3 oD % e copy 2 D) e
Zg copy 2
i”g Q o b(l) X ¢ copy 1 b(l) X C
®|+) )
L® copy 1 (1,(2) X C
O ”[2) X
: 3 I
copy "+> copy 2 b(z) X c
; b x ¢
L@/ 3
copy 1 '@+
L." ‘ > copy 1 b(z) X c
.
.
° (9) » (2)
o a9 xc copy 2 a'® x ¢
)
T O V9 xe )
L.":' copy 1 rl(‘”) xXc
/O
er o
L@
copy 1 b(g) X c

copy 2 (l<‘{/] X c

FIG. 18.

]

Mx

T

L

L

L

T

(a) Interaction graph corresponding to logical CZ gates, where the edges represented by red-dashed lines represent parallel

logical CZ gates. One can selectively initialize ancillae in the second toric-code copy into |+) state. (b) Circuits to apply parallel logical
Hadamard via parallel logical cz gates, logical-X measurement, and conditional Z correction.

packing properties are determined by the packing of thick-
ened loops S! x [0,1] in each fiber, i.e., the hyperbolic
surface X,. Since the length of each loop is O(log(4))
(4 being the area of the surface), we expect to pack
at most O(4/logA) = O(g/logg) = O(k/log(k)) loops.
Therefore, one obtains an upper bound of the paralleliz-
ability of the logical-X measurements and Hadamard gates
as O(k/log(k)). A lower bound will be obtained in future
works by detailed study of the hyperbolic geometry.

With the logical Hadamard gate, one can also imple-
ment logical CNOT. Furthermore, three logical CNOTs can
compose a logical SWAP gate which can now freely shuf-
fle the logical qubits within and between code blocks. First
of all, one can now apply highly parallelizable logical cz
gates and CNOT gates between logical qubits supported
on a® x ¢ and b x ¢ in different toric-code copies. As
shown in Fig. 19(a), one can perform two steps of paral-
lel SWAP, to shuffle several logical qubits in copy 1 into
copy 2 and then copy 3. Then in Fig. 19(b), the interaction
edges (blue dashed) corresponding to the collective logi-
cal ¢z gates between a® x ¢ and b x ¢ are turned on,
and one can perform these CZ gates in parallel via apply-
ing a transversal gate &g;) applied on X, and between
toric-code copies 1 and 3. Note that one needs to do two
steps of SWAP since the collective logical Cz gates only
couple red circles (¢ x c) and blue circles (¢? x c) in
different toric-code copies. One can then apply another two
steps of parallel SWAPs to move the logical qubits in copy

3 back to copy 1, i.e., their original position. Therefore,
we have effectively applied parallelized logical Ccz gates
between neighboring logical qubits supported on a x ¢
and b x ¢ in copy 1. When conjugating these collective
logical cz with parallel logical Hadamard gate discussed
above, parallel logical CNOTs can be applied.

Nevertheless, in order to apply logical CzZ or logical
CNOT gates between qubits with different i labels, i.e.,
between a® x ¢ and V) x ¢, or @ x ¢ and a¥) x ¢, or
b9 x cand bY) x c (i # j), one needs to SWAP one of them
with the global quantum bus supported on X, in toric-code
copy 2 using the parallelizable logical Cz gates between
them as previously illustrated in Fig. 17. However, since
there is only O(1) such global quantum bus, the logical
SWAP process can only be done sequentially.

In order to resolve this issue, one can use an addi-
tional LDPC color-code block (quasi-hyperbolic color-
code block in this example) to greatly enhance the par-
allelizability of logical cz and CNOT gates. We note the
method we present here is quite generic and work for all
the LDPC codes described in this paper. In order to apply
logical cz across the code block, one can apply the dis-
entangling unitary ¥ in Eq. (2) to disentangle each LDPC
color code into three copies of LDPC toric codes,

rEecLd) ® coL®) @ S = @' TC(L),
(136)
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(a)  logical swap

copy 3

(b) logical cz

aM x ¢

copy 3 ) copy '2:’
5 a'’ xe Eg @’ .
9 N copy 1',' b( ) X c
b x ¢ 7
L®
(1,(2) X c
”(2) % c copy 3|
copy 3 :
Q. Lo—® 1
, ‘ -
L. b xXc I copy 1
copy 1 (1),
L
‘ a9 x ¢
a9 x ¢
L
) Y b e
@ o, Lo~
L®
(1)
L

FIG. 19.

(a) Apply two steps of logical SWAPs to move logical qubits to copy 3 and with the same color. (b) Apply multiple logical

Cz gates between logical qubits supported on a® x ¢ (copy 1) and b® x c (copy 3) in parallel.

which leads to six copies of toric codes in total. Now if we
want to apply transversal CZ gates between toric-code copy
1 and 4, we can first apply the inverse of the disentangling
unitary ¥ to merge, e.g., toric-code copies 1, 4, and 5 into
a single 3D color code as
— 1)

VT®;~=1,4,5 TC(L)V = CC(L™M). (137)
We can then apply transversal S gate in this new 3D
color-code copy. Alternatively, we can also directly apply
transversal CZ gates between the disentangled toric-code
copies. We can first use the combination of logical ¢z and
Hadamard to implement logical SWAP to shuffle the log-
ical qubit to toric-code copy 4. We can now disentangle
color code CC(E((:I/)) into toric-code copies 1, 4, and 5,
and remerge copy 1, 2, and 3 into the first original color
code CC(LV) and remerge 4, 5, and 6 into the second
original color code CC(L?). We can then apply some
isometry T to the second color code copy CC(L?)) equiv-
alent to tori-code copies 4, 5, and 6, for example using the

FIG. 20.
choose g different axes to implement the 7 -rotation.

/ qla=b
tg—2)
®/b<g ) b(l

isometry belonging to the Fuchsian group introduced in
Sec. V B. As a simplest but very useful example, consider
the case that g in the quasi-hyperbolic code is even, we
can apply an involution, i.e., an order-2 isometry, imple-
menting a w-rotation (denoted by ) of the 3-manifold,
which can be understood as a w-rotation along the axis
going between a' and a'*® on each horizontal hyper-
bolic surface X, perpendicular to the vertical cycle c, as
illustrated in Figs. 20(a) and 20(b). Note that the exis-
tence of such involution requires the fiber surface X, being
very symmetric. One can choose X, to be the canonical
hyperbolic 4g-gon with the ith and (i + 2)th edge being
identified (see Ref. [25]). We then have the following map
to the homology basis:

7, a® — g@&t=h pD s pEFl=d s (138)
This w-rotation can be done with two steps of long-range
SWAPs through ancilla qubits, which needs long-range
connection between the qubits paired by the m-rotation.

(©)

E e TD
\ ™ 59§

(a) Apply a -rotation on each X, of the product manifold. (b) The 7 -rotation exchanges homological cycles. (c) One can
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(cl) logical swap

logical cz (C)

logical swap

b= » ¢

L5@
oLl

a¥ xc

b9 % ¢

Ll@

Ls®

FIG. 21.

(a) Apply three steps of SWAPs to exchange logical qubits on ¢ x ¢ and ¢+~ x ¢ in parallel. The blue arrows represent

the logical SWAP induced by the m-rotation. (b) Apply parallel logical qubits between qubits supported on a® x ¢ and b® x c. (c)
Apply three steps of SWAPs to shuffle the logical qubits to their original positions.

Alternatively, since the isometry can be considered as a
hyperbolic translation, one can just implement such trans-
lation by locally SWAP all the data qubits with by one
lattice site (going through the same number of ancilla
qubits) per time step. At most O(log(n)) time steps are
needed to implement any isometry since it is propor-
tional to the injectivity radius of the hyperbolic surface
X,. After applying this isometry, we can use disentangling
and remerging process like before to apply logical €z and
Hadamard to implement logical SWAP between toric-code
copy 4 and 1 to shuffle the logical qubits back to toric-code
copy 1. Through the above SWAP — isometry — SWAP pro-
cess, we have effectively shuffled the logical qubits to their
symmetric partners connected by the isometry. For exam-
ple, in the case of -rotation, for arbitrary set of i andj one
can perform the following logical SWAP in toric-code copy
1 in parallel:

@? x ¢,1) = @t x ¢, 1);

b7 x c,1) = BETT) x e, 1. (139)
We can then apply logical CZ and CNOT gates between log-
ical qubits on a®*!'=) x ¢ and &'~ x ¢ in toric-code
copy 1 for a selected set of i in parallel. After that, we can
apply the inverse of the logical SWAP in Eq. (139) to shuffle
the logical qubits back to their original places, as illustrated
in Fig. 21. This effectively applies logical cZ and CNOT
gates between logical qubits on ¢ x c and H€+!1=) x cin
toric-code copy 1 for a selected set of i in parallel. One can

also understand this as folding the circuit diagram along
the axis between i = g/2 and i = g/2 + 1 and apply logi-
cal gates along those logical qubits which meet each other,
as illustrated in Fig. 22(b).

In order to further enhance the connectivity of the logi-
cal circuit, one can apply in total g such w-rotation along
the axis going between a®’ and a”*V (mod g) with
p=12,...,g on %,, as illustrated in Fig. 20(c). This
allows one to apply logical €z and CNOT gates between
logical qubits on a'*?) x ¢ and @ +1=) x ¢ (mod g)
in toric-code copy 1 for a selected set of i in parallel. It
also allows one to apply logical SWAP between a'?) x ¢
and a®tP+1=) x ¢ (mod g), and between b*P) x ¢ and
b&FPH+1=D » ¢ (mod g). We can also understand this as
choosing g possible folding axes on the circuit diagram
between any i and i+ 1 and apply logical gates along
those logical qubits aligned with each other, as illus-
trated in Fig. 22(c). Through these g isometries, we have
greatly enhanced the connectivity and parallelizability of
the logical circuit.

B. Generic scheme for universal logical gate set

Here we consider obtaining a universal logical gate set.
The universal gate set we consider is Toffoli + Hadamard,
i.e., a Toffoli gate on three arbitrarily chosen logical qubits
and Hadamard gates on each logical qubit. This gate set is
also equivalent to cCz + Hadamard, i.e., CCZ on three arbi-
trarily chosen logical qubits and Hadamard on each logical
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FIG. 22. Parallelizability of logical circuits. (a) An example
logical circuit without using the isometry of the ancilla copy.
Parallel logical cz, CNOT, and SWAP gates can only be applied
between logical qubits with the same i label or have to involve
the logical qubits supported on X,. (b) The m-rotation of the
ancilla low-density parity-check code copy effectively creates a
fold axis in the logical circuit, allowing parallel gates applied
between symmetric pairs. (¢) One can introduce g-fold axis
which greatly enhances the connectivity and parallelizability of
the logical circuit.

qubit, since the combination of a cCz gate and Hadamard
gates can generate a Toffoli gate.

Since we have already demonstrated how to generate
parallelizable logical Hadamard gates on each logical qubit
as shown in Sec. VI A and illustrated in Fig. 18, here we
only need to show how to obtain a targeted logical CCz on
three logical qubits. In fact, we can get targeted logical cCcz
gates acting on any desired triplet of logical qubits.

In order to apply logical CCZ only on three target logical
qubits, we should avoid directly applying traversal T which
leads to a collective logical CCzZ gate acting on logical
qubits. We can use a second ancilla LDPC color-code copy
(as a specific example the quasi-hyperbolic color code) and
setting all the logical qubits in the ancilla copy at state |6>,
as illustrated in Fig. 23(a). One can then consider the two
copies of LDPC color codes as six copies of LDPC toric
codes. We start with three targeted logical qubits labeled
as L1, L2, and L3 as shown in Fig. 23(a). The logical qubit
L1 is supported on X, in toric-code copy 2. The logical
qubits L2 and L3 are supported on a” x ¢ and 5 x ¢ in
toric-code copy 1 respectively. We can use the disentan-
gling and remerging processes introduced in Sec. VI A to
apply two steps of parallel logical SWAPs (via the combi-
nation of logical CZ and logical Hadamard) to shuffle L1 to
toric-code copy 3 and then to copy 6, and shuffle L2 (L3) to
copy 3 (copy 4) and then to copy 4 (copy 5), as illustrated
in Fig. 23(a).

We can then apply transversal 7 gates on the second
LDPC color code, which yields a logical cCz between log-
ical qubit L1, L2, and L3, supported on X, a”’ x ¢, and
b x ¢ respectively, as shown by the interaction hyper-
graph in Fig. 23(b). We hence get the ccz + Hadamard
universal gate set. As pointed out in Sec. VI A, we can arbi-
trarily SWAP the logical qubits around through the logical
qubits supported on X,. Therefore, we are able to perform
targeted logical CCz gate on any desired triplet of logical
qubits with individual addressability.

C. Enhancing parallelizability of quasi-hyperbolic
codes with thickened Dehn twists

In Sec. VI A, we have shown a method to enhance par-
allelizability for generic homological LDPC color codes
using an ancilla copy and its isometry. However, this
method is slightly more sophisticated due to the use of
additional ancilla and SWAPs to implement isometry, and
the use of logical-X measurement to implement logical
CNOT and SWAP.

In this section, we provide a specific but simple and
powerful method for the class of quasi-hyperbolic codes,
where we use thickened Dehn twists to implement par-
allel logical CNOT between all logical qubits in the same
toric-code copy.

The thickened Dehn twist l~)wIX g1 acting along a 2-
cycle ay x S! of the product 3-manifold X, x S' can be
defined as applying Dehn twist D,, along the cycle o
on each hyperbolic surface X, perpendicular to the base
cycle S'. We note that Dehn twists can be implemented
by O(d) rounds of local retriangulation using Thurston’s
earthquake [27] or via a constant-depth circuit consisting
of local retriangulation and long-range SWAPs [25]. Both
schemes are fault-tolerant. The thickened Dehn twists can
be directly implemented by straightforwardly extending
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copy 3
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copy

copy 1

Protocol to implement targeted logical CCZ gate between any selected triplet. (a) The steps of logical SWAP shuffle the

selected triplet of logical qubits to the ancilla low-density parity-check color-code copy (equivalent to toric-code copies 4, 5, and 6).
(b) A logical ccz gate is applied only to three selected logical qubits in toric-code copies 4, 5, and 6 since all the other logical qubits

in the ancilla low-density parity-check code copy are set in the |0) state.

either of these schemes to each layer (fiber) of the product
manifold and are hence also fault-tolerant.

Now we investigate what logical gates these thick-
ened Dehn twists correspond to. In Fig. 24(a), we show
the standard 3g — 1 Dehn twists which form a generat-
ing set of the mapping class group on genus-g surface
MCG(X,) [82]. These Dehn twists are acted three types
of loops: the first two types are a (red) and b (blue)
(i=1,2,...,g)introduced before, while the third type are
g — 1 loops connecting neighboring genera, denoted by
f @ (yellow) (i = 1,2,...,g — 1). Note that when consid-
ering the mapping classes, all these loops are elements of
the first-homotopy group instead of first homology group
(Abelianization of the first-homotopy group), and hence
have directions which are indicated by arrows.

We first consider the thickened Dehn twist Dy,

applied along the 2-cycle D,u,. as illustrated in
Figs. 24(b) and 24(c). The Dehn twist D,u along the
1-cycle b induces the following map:

Dy VNN b(i)a(i)’ (140)

and acts trivially on any other loop along the stan-
dard first-homology basis of X, introduced in Sec. VA,
ie, {a? bDi=1,2,...,g}. As illustrated in Fig. 24(c),
bPa" is a twisted loop that goes through both cycle 5
and a”. Now the thickened Dehn twist D, induces the

FIG. 24.

(a) The 3g — 1 Dehn twist generators for the mapping class group on a genus-g surface ¥,. (b) and (c) The action of the

thickened Dehn twist along the 2-cycle b® x ¢ on £, x S'. (d) The action of the Dehn twist along a® on Z,.
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following map:

D %= bD4D x ¢ = (B? x ¢)(@? x ),

(141)

Dy :a

a® = pPg®,

and acts trivially on any other loops and membranes along
the first- and second-homology basis of £, x S! intro-
duced in Sec. VA, ie., By = {a?,b?,cli=1,2,...,g}
and B, = {b¥ x c,a? x ¢, 5| i =1,2,...,g}. As illus-
trated in Fig. 24(c), the thickened Dehn twist does a twist
on all the loop &' into b 4? in the 3-manifold. This thick-
ened Dehn twist induces the following map on the logical
operators in toric-code copy 1 (for simplicity with set the
logical qubits in the other 2 copies at |6>):

(D
Xb(i)xc

=~ (D (D
Db(i)xc 'Xa(i)xc - Xa(i)xc

(1) (1) =(1)

Zyi) = Z,0Zyi) (142)

where we have used the superscript to label the toric-code
copy. Note that the Poincaré dual cycles of a® x ¢ and

. . - . . < (1
b x ¢ are b and a” respectively, meaning that X %Xc

X &,-))XC) and 7&,-)) (Z(ll(,-))) are logical operators of the same
logical qubit. In order to clarify the logical gate map, we
also introduce the logical operator notation with an argu-
ment using the logical qubit label which are related to the
notations with the support of the operator as: X (¢ x ¢) =
)Ta(i)xc, Z(@? x ¢) = Zb(,-), XD x ¢) = )?ba)xc, Z(bY x
c) = Za(i). Note that here we use the logical-X membrane
(2-cycle) label to label the qubits. We can then rewrite
Eq. (142) with the alternative notations as

Dy e X" x ¢) = XV @ x XV B x ¢)
7P x ¢y = ZV 0 x Z" @ x o).
(143)

Therefore, the map in Eq. (143) corresponds to the follow-
ing logical CNOT gate:

Dy . = CNOT((a® x ¢; 1), (B? x c; 1)). (144)

Similarly, the Dehn twist D, along the 1-cycle a®
induces the following nontrivial map:

Da(i) : b(i) — Cl(i)b(i), (145)

and acts trivially on the loop along other homology basis,

as illustrated in Fig. 24(d). The thickened Dehn twist

D, . hence induces the following nontrivial map on the

membranes and loops:

D b x ¢ — aPb? x ¢ = (@? x ) x ¢),

D — qp®, (146)

a® xc

and the following nontrivial map on the logical operators:

=~ (D
D X ) xe
(1) (1) =)
Zyiy = Ly Ly -

-1 =D
— Xb(i)x X

a@Dxc A a®dxe

(147)

We can again rewrite the above expression using the
logical qubit label as
Da@xc :Y(l)(b(i) X c) —> )_((1)(b(i) X c))_((l)(a(i) X C)
7(1)(51(") X c) —> 7(1)(a(i) X C)Z(l)(b(i) X C).
(148)

Therefore we know the thickened Dehn twist corresponds
to the following logical CNOT:

D = CNOT((B? x ¢;1), (@ x ¢; 1)). (149)

a® xc

Now we investigate what logical gates the thickened
Dehn twists Dy correspond to. We first see that all the
g — 1loops 1 can be expressed by loops b¥) as

f(i) — (b(i))_lb(i+1),

i=12,...,e—1,  (150)

since loop /@ is essentially the subtraction of loop »®
from loop 5U*V as illustrated in Fig. 25(a). Now we con-
sider the Dehn twist Dy ) along the loop /', which imple-
ments the following nontrivial map on the neighboring
loop a”? and a'*1:

Df(i) :a(i) —>f(i)a(i),

a(H—l) _)f(i)a(i-'t-l)’ (151)

as illustrated in Figs. 25(b) and 25(c) respectively. It twists
the loop a® to go through the /  cycle and hence becomes
f@aD ] as illustrated in Fig. 25(b). The thickened Dehn
twists hence implement the following map on membrane
a' x ¢ and loop a':
D_f@xc adV xc— P40 x ¢ = BD)HHVGD x ¢,
a® — £ 00 — (D)= pHD G0
a™ x ¢ — £ DD ¢
= D)1 pED D o ¢

iany —>f(i)a(i+1) — (b(i))*lb(iJrl)a(iH), (152)
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FIG. 25.

which leads to the following maps on the corresponding
logical operators:

=~ (D w0 (M) bal)
Dy e X i e = X pi X pit 1 X g0 e

(1) =) =) =)
Zi = Ly ZyinZ o

—) B
X i) e ™ X o) o X plir1) o X g1 0

) =) (1)

—a
Zc(,(i)+1) = Zyi Zyirn Z gt - (153)

From the above map, we can infer that the thickened Dehn
twist Dy, corresponds to the following logical gate:

Dy e =ENOT((@? x ¢;1), (0" x ¢; 1))
.CNOT((@™V x ¢; 1), (B x ;1))
-CNOT((@? x ¢; 1), (BD x ¢; 1))

-eNOT((a"*V x ¢; 1), (B x ¢; 1)).
By using Eq. (144) and the fact that Dim e = 1 (when act-
ing on the Z,-homology), we reach the following sequence
of thickened Dehn twists to implement a logical CNOT:

Db(i“) chb(i) xcbf O xc
= cNOT((@? x ¢; 1), (B x ¢; 1))

.CNOT((@™D x ¢; 1), (0D x ¢; 1)). (154)

The Dehn twists in the above sequence are applied from
right to left, consistent with the usual operators in quan-
tum mechanics. Equation (154) represents a pair of logical
CNOT between neighboring tori corresponding to label i
and i + 1 in the product 3-manifold ¥, x S!, which were
hard to generate using logical Cz gates and Hadamard with-
out extra isometry of an ancilla LDPC color-code copy
discussed in Sec. VI A.

(a) Illustration of the relation between the cycles: £ @ = (5?)~1p# D (b) and (c) The action of the Dehn twist along f (V.

In order to obtain a single independent logical CNOT
between the neighboring tori, we can choose a sparse
encoding, i.e., set logical qubits labeled by (a™*! x ¢; 1)
and (b x ;1) at state |0) for even i as ancilla logical
qubits. In other words, we only store logical information
in logical qubits labeled by (a'”? x ¢; 1) and (b x ¢; 1)
for even i, as illustrated in Fig. 26(b). This gives rise to

Dy e Dy Dy 0 = TNOT((@? x €5 1), (0D x ¢5 1))
(155)

for even i.

Now we can use the following strategy to apply paral-
lel logical CNOTs: we can apply logical CNOTs between the
two types of tori with the same i label, i.e., CNOT((a® x
e 1), (6D x ¢; 1)) and CNOT((H?D x ¢; 1), (a¥ x ¢; 1)) via
Dy . and D, . respectively. Now if we want to apply
parallel logical CNOTs between neighboring tori with label
i and i + 1 respectively, we can split them into two groups
and perform them in two separate rounds. In order to per-
form parallel CNOT((a? x c; 1), (b%*D x ¢; 1)) (for even
i), we can SWAP all the targeted logical qubits (a') x
c; 1) and (bU*D x ¢; 1) (for even i) into an ancilla LDPC
code copy at the same homological cycles with all the
other logical qubits in the ancilla code copy set at the
\6) state and then perform the sequence of Dehn twists
Db(i+l)><cl~)b(i)xcbf @« on the ancilla LDPC code, as illus-
trated in Figs. 26(a) and 26(b). Afterward, we SWAP
these logical qubits back to the original code copy. Next,
in order to perform parallel CNOT((a/™V x c; 1), (b x
¢; 1)) (for even i), we can SWAP all the targeted logi-
cal qubits (@D x ¢;1) and (b? x ¢; 1) into the ancilla
LDPC code copy and then perform the sequence of Dehn
twists Db(Hl)XCDb(i)XCDf(i)XC on the ancilla LDPC code.
The protocol is complete after performing SWAP of logical
qubits back to the original code copy.
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FIG. 26.

Strategy to perform logical CNOTs between neighboring tori with label i and i + 1 respectively using thickened Dehn twists.

(a) One first perform two steps of logical SWAPs to shuffle the targeted logical qubits (¢ x ¢; 1) and (b%FV x ¢; 1) (for even i) to the
ancilla color code (toric-code copy 4). (b) In the ancilla color-code copy, the logical qubits are now encoded sparsely in an alternating
pattern, with the corresponding cycles (1-cycles which are extended to 2-cycles by taking a product with the cycle ¢) being highlighted.

All the remaining logical qubits are set in the ancilla state |0).

We note that the thickened Dehn twists can be per-
formed in parallel, and with all the Dehn twists discussed
above we hence can obtain parallel logical CNOTs and
SWAPs between all the neighboring logical qubits in the
logical quantum circuit. We further note that one can also
perform thickened Dehn twists along very nonlocal mem-
brane beyond those related to the (3g-1) MCG generator,
and in this case logical CNOTs and SWAPSs can be performed
on logical qubits separated far apart in the logical circuit
diagram.

D. Parallelizability and connectivity of the interaction
hypergraph

We have seen in the previous sections that for the quasi-
hyperbolic code, we are only able to apply the logical ccz
gate sequentially even with the use of extra ancilla LDPC
code copy. Similarly, although we have shown parallel log-
ical Clifford gates, their implementation is sophisticated in
the case of the quasi-hyperbolic code. We point out that
this is due to the restrictive structure of the interaction
hypergraph and graph of the quasi-hyperbolic code.

As shown in Fig. 9(a), the interaction graph of the quasi-
hyperbolic code has a starlike structure such that all the
hyperedges in the interaction graph connects to the three
logical qubits supported on the X, surface. This means
even with the ancilla LDPC code copy, all the logical
CCz gates have to involve a logical qubit supported on
>, which significantly limits the parallelizability of the

non-Clifford gates. Similarly, the interaction graph of the
logical cz gate in Figs. 9(b) and 16(b) is also starlike, since
except those collective logical Cz gate, all the individually
addressable logical cz gates are connected to the logical
qubit on X,.

We can summarize that there are two generic issues in
the interaction hypergraph and interaction graph in this
case. First, there are some vertices with very high degree,
and in fact with degree O(k), where k is the total number of
logical qubits. This means that one can only individually
address O(1) groups of logical ccz gates. Second, there
are O(k) low-degree vertices in the interaction graph only
connected to O(1) high-degree vertices, this significantly
limits the connectivity and parallelizability of the logical
circuit. For example, these O(k) low-degree vertices can
only interact with each other through the mediation of the
O(1) high-degree vertices.

Nevertheless, these issues are due to the very special
product construction of the quasi-hyperbolic code, which
leads to a very special triple-intersection structure. For
codes defined on generic 3-manifolds or hyperbolic 3-
manifolds, such as the generic mapping-torus construction
of 3-manifolds discussed in Sec. VC, we expect each
2D submanifold (surface) behaves similar to each other,
meaning that they have triple intersection with similar
number of other submanifolds. This suggests that each
vertex in the interaction hypergraph and graph will have
similar degree. Therefore, the special starlike structure in
the interaction hypergraph and graph of quasi-hyperbolic
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code will not show up, since no such special vertex should
exist. Moreover, we expect there is a large family of
generic 3-manifold such that there corresponding interac-
tion hypergraph and graph is sparse, i.e., each vertex only
has a constant degree (independent of the size of the hyper-
graph or graph), such as the example shown in Fig. 4(b).
The sparcity of the interaction hypergraph ensures that
constant number of logical CZ gate can be individually
addressed. Moreover, with such sparse interaction hyper-
graph and additional ancilla LDPC code copy, one can
perform parallel and addressable logical cCz gates. We fur-
ther conjecture that these manifolds can also have Betti
number proportional to the volume (the corresponding
codes have constant degree) and 1-systole and 2-systole
growing with the volume (the corresponding codes have
growing distance).

VII. DISCUSSION AND OUTLOOK

In this work, we have shown a deep connection between
seemingly distant fields. The essence of individually
addressable and parallelizable logical gates in homologi-
cal gLDPC is deeply rooted in the higher-form symmetries
of the underlying TQFT. Similarly, the triple-intersection
structure exists in qLDPC codes, TQFT, as well as the
topology and geometry of manifolds. It also determines the
complexity of the injected hypergraph magic state. There-
fore, a deeper understanding of one subject may greatly
improve the others.

Although we focus on the construction of LDPC color
codes supported on 3-manifolds which have transversal T
and S gates as the logical gates, one might worry that the
color-code stabilizers have relatively large weight and the
decoding for 3D color code also may be more sophisticated
than the 3D toric codes [85,86]. An alternative approach
will still use three copies of homological LDPC codes
supported on the same 3-manifolds and the corresponding
constant-depth circuit implementing cup products. In this
way, the homological LDPC code will still have relatively
low stabilizer weight corresponding to the triangulations
of the 3-manifold and one can use the usual 3D toric-code
decoder or the adapted version for hyperbolic spaces.

As for other future directions, although we have found
homological qLDPC codes on 3-manifold with constant
rate, we need to further bound its distance. It is known
that even to obtain the lower bound on the systole of 2D
hyperbolic geometry is generically hard outside the realm
of arithmetic manifolds. For hyperbolic codes with regu-
lar tiling, numerical studies give concrete estimate how the
systole or distance scales with the system size [87]. There-
fore, it is possible that systematic numerical study of the
systole of such a family of 3-manifolds will shed light on
the understanding of its scaling properties and verify our
conjecture.

For the families of almost-constant rate qLDPC codes
we found in this paper, such as the quasi-hyperbolic code,
the O(log(n)) overhead may not significantly reduce its
value in practice. Although we have focused on directly
implementing non-Clifford gates in this paper, these types
of codes may be especially useful for efficient magic-state
injection. For example, if one is able to find almost-
constant rate qLDPC codes with sparse interaction hyper-
graphs which are hence able to perform addressable logical
CCZ gates in parallel, then it is possible to produce O(k ~
n/logn) magic states in constant time, while in this case
the O(logn) factor reduction has negligible effect com-
paring to the constant-rate case even though the distance
is only d = O(log(n)). The low-distance feature makes
these codes suitable for fast and efficient injection of
intermediate-fidelity magic states to greatly improve the
magic-state distillation protocol.

Finally, we point out that although this paper focuses on
homological codes defined on manifolds, the cup-product
operation and triple-intersection structure, as well as the
higher-form symmetries can also be extended to expander-
based quantum codes, as shown in the follow-up papers
[51,52]. Therefore, the methods developed in this paper
are expected to have a broad application to fault-tolerant
quantum computing with qLDPC codes.
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APPENDIX A: BACK-ENGINEERING OF
3-MANIFOLDS FROM THE INTERACTION
HYPERGRAPH: ENHANCING
PARALLELIZABILITY OF LOGICAL GATES

Instead of searching for 3-manifolds with desired triple-
intersection structure, we can also try to back-engineer
3-manifolds from a given triple-intersection structure or
equivalently the corresponding base interaction hyper-
graph (or synonymously the intersection hypergraph). In
particular, it is desirable to obtain a sparse interaction
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hypergraph and graph as pointed out in Sec. VID. There
exists such a general recipe by Sullivan [64].
Let V= 7™ be a lattice of rank m for some positive
integer m and let
WAV — 7 (A1)
be a skew-symmetric three form on V. In Ref. [64], Sul-
livan proves that for any (¥, i) there exists a 3-manifold
M3 such that Hy(M3,7Z) =V and the algebraic triple-
intersection form on H,(M?3,7Z) =V,
[-N-N-lz: AHWMP,Z) — Z, (A2)
coincides with . Note that the discussion in this
Appendix is more general than the earlier sections where
we only consider the Z, algebraic triple intersection.
Instead, we also consider the general algebraic triple inter-
section with any integer value in Z. Here in analogy with
Eq. (110) the algebraic triple intersection evaluated on
three classes aé’) € H,(M3,7Z) for 1 <i < 3 is defined as

1 2 3. . 1 1 1
lel’ Nad Na|y = /M3 gy Uan Uas, € Z, (A3)

where a(, is the Poincaré dual in H'(M?,Z). The con-
struction of the 3-manifold M3 goes as follows: Let H,,
be the handlebody of genus m, i.¢., a solid surface of genus
m. Explicitly, one takes m copies of the solid cylinder, or a
handle, which is D? x [0, 1] and glues the two ends of the
handles to the boundary of the solid ball which is D? (see
Fig. 27).

The boundary of the handlebody H,, is a surface of
genus m,

(A4)

Given a mapping class f* in I'(X,,), two copies of H,, can
be glued along their boundaries using the mapping class,
f :0H, — oH,,. (AS)
The result is a closed, connected 3-manifold which will be
denoted as H(f).
Examples: The genus zero handlebody is the three-
dimensional disk with the boundary,
aH, = 52 (A6)
Gluing two copies of Hy along their boundaries using the
identity diffeomorphism yields the three sphere,

Hld) = S°. (A7)

FIG. 27. Two equivalent representations of the genus three
handlebody.

The genus one handlebody is

Hy =D* x S (AB)
Gluing two copies of H; along their boundaries using the
identity diffeomorphism identifies the boundaries of the
two D? together yielding a S? and the two circles are
identified to give a circle, the resulting 3-manifold is

Hld) = §* x S'. (A9)

Let f* be the mapping class of the two torus represented by

the matrix
0 -1
=1 9)

Since f maps the standard o and B cycles of the two torus
to B and « respectively, gluing two copies of Hy along their
boundaries using f/ identifies the boundary of the D? of the
first H; with the S' of the second H, and vice versa, this
yields the three sphere,

(A10)

H() = $°. (A1l)

The inclusion of the boundary aH,, = ¥, in H,, induces
the following map on the homology:
H(0H,,,Z) — H (H,,, 7). (A12)

Let K (m) be the kernel of this inclusion map and let G(m)
be the subgroup of the mapping class group I'(X,,) such
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FIG. 28. The red loops on the boundary surface bound a disk
in H3 and hence lie in the kernel K(3).

that G(m) acts trivially on K (m). The kernel K (m) is gen-
erated by those homology classes in dH,, which bound a
disk in the 3-manifold H,,. In Fig. 28 the cycles that bound
a disk and lie in K(m) are shown in red. The rank of the
kernel K (m) is m. If f belongs to G(m) then

Hy(H(),Z) = K(m) = Z". (A13)
We now identify the intersection form on H(f). Let

m = 3, and one calculates that any f* that belongs to G(m)
induces an action on H(X,,, Z) given by the matrix

1 0 0 0 1 1
O 1 0 1 0 1
O 01 1 1 0
T = s % % 1 0 0 (Al4)
¥ % x 0 1 O
% x x 0 0 1

Assuming that / belongs to G(3) we get that H>(H(f),
7Z) = 77, and in particular,

Hf) =1 =R3/Z> = §' x §' x S, (A15)
Moreover, the intersection number of the three classes in
H,(T?,7) is precisely one. In Fig. 29 a genus three surface
is shown in 7° such that the complement of this surface in
T3 is a disjoint union of two Hs.

Consider H,, as m handles attached to the three sphere,
with the handles 4;, #;, and iy, for0 <i <j <k <m+1,
attached to the northern hemisphere and the rest of the m —
3 handles attached to the southern hemisphere. Let o 4 be
the mapping class,

Oijk - 3Hm — 8Hm, (A16)
such that it acts as o from (Al4) on its restriction to
the northern hemisphere and extends by identity to the
southern hemisphere. It is clear that o;; ; belongs to the
subgroup G(m) hence H,(H(oi;x),7Z) = Z™. Moreover,
M3 (o; &) 1s a connected sum of T* % with m — 3 copies of
S? x S'. In particular, there is only one tuple of three dis-
tinct surfaces in M3 (o; &), namely the three two cycles
of T?, such that they have nontrivial intersection and the
number of their intersections is exactly one.

FIG. 29. T represented as a cube with opposite sides iden-
tified. The surface in blue is contained in 7% and has genus
three.

Let

T = I <k (0yj 1) k. (A17)
The mapping class 7 also belongs to the subgroup G(m) as
it is a product of elements from the subgroup G(m). Hence,
Hy(H(t),Z) = 7", and there is a natural labeling on the
cycles in Hy(H(t),Z) = Z" coming from the labeling on
the handles of H,,. Let I'; for 1 < i < m denote the cycles
in H,(H(t),Z). In Ref. [64] it is proved that

IT; NT; NTylz :=/ HMur urf =g,y (A18)

H()

where I' is the Poincaré dual in H'(H(t), Z) of the cycle
I;. If we let Fi,f,-, and T'; be the image of the cycles in
H,(H(7);Z,) via universal coefficient theorem, then we
get that

|Fi N Fj ﬂFkl = Qijk modZ, (A19)
where the left-hand side is as defined in Eq. (110). We
can encode the triple-intersection numbers of cycles in
H,(H(7),Z,) into the base interaction hypergraph intro-
duced in Sec. II D.

Figure 30(a) corresponds to the three torus, and it is
composed of a single prong corresponding to the single
intersection of the three cycles. In Fig. 30(b) we have four
two cycles labeled aéi) for 1 <i < 4 with

lel" e nad| =1 ned Nad? =1,  (A20)

and all other triplets of two cycles have intersection num-
ber zero. The manifold H(t) which corresponds to Fig. 30
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FIG. 30. (a)shows T, the gray vertices are the three 2-cycles
and the trijunction corresponds to the intersection point of the
three cycles. (b) shows a manifold with four two cycles repre-
sented by the gray vertices. There are two triplets of two cycles
which have algebraic intersection number one, these two triplets
can be read off from the trijunction.

is constructed by gluing two copies to Hy4, handlebody of
genus four, by using the mapping class

T =0123"0234. (A21)

If we impose the condition that for each two cycle ocg),
there exist exactly two triplets such that

e Nl naP| =16 N’ nai™ =1, (A22)
then the corresponding hypergraph is a sparse tree.

Figure 31(a) shows a tree composed of two prongs,
and it consists of five two cycles aé’) for 1 <i <5 with
intersection numbers,

s’ N nes? = oy’ Nas? N = 1. (A23)
The corresponding H(t) is constructed by gluing two
copies of Hs, the handlebody of genus five, by using the
mapping class,

T =0123"0145. (A24)
In Fig. 31(b) a sparse tree corresponding to intersection
structure of 13 two cycles o5 for 1 <i < 13 is shown. It is

constructed by gluing two copies of Hi3, the handlebody
of genus 13, by using the mapping class

T=0123"0145"0411,12 - 059,8 - 02,12,13 - 03,6,7- (A25)

Nevertheless, while such a recipe gives the right topol-
ogy which determines the desired logical gate structure, we
need to further optimize the geometry such that the Betti
number scales linearly or almost linearly with the volume
and hence the encoding rate approaches constant, and at
the mean time keep the systole (distance) growing with
the volume (number of qubits). This remains a challenging
task and we will further explore it in future works.

(a) (b) (,vém) «@ S’)

2
aé ) oy

Qg 04(26>

FIG. 31. Sparse trees corresponding to triple-intersection
structure of 3-manifolds H(z). In (a) the manifold is obtained
from gluing two handlebodies of genus 5, and in (b) the mani-
fold is obtained from gluing two handlebodies of genus 13. The
corresponding mapping classes used to glue can be found in
Egs. (A24) and (A25).

APPENDIX B: PROOF OF THEOREM 2

Here, we provide the proof of Theorem 2 in Sec. V B.

Proof. The volume of the twisted manifold M}
scales as

V= vol(Mg) = vol(Xg x [0,1])/ ((x,0) ~ (tx, 1))

= vol(Zg x [0,1]) = area(Z,) = 4n(g — 1) = O(g),
(B1)

where the first equality in the second line uses the fact that
the twist T does not change the volume at all since it only
changes the identification or gluing along the cut. The sec-
ond equality in the second line is due to the fact that the
base circle S! has unit length, while the third equality is
due to the Gauss-Bonnet theorem equation (48).

The homology H, (M;’; Z,) can be computed from the
action of T on H(X,; Z,) which we denote by 7. Let

I(z) = {v € H\(Zg;Z2) | 72 (v) = v} (B2)

be the subspace space of homology classes which are
invariant under the action of t,. Notice that /(t,) corre-
sponds to the eigen-subspace of eigenvalue one. As will be
discussed later in detail, Eq. (107) in Sec. V C shows that

H(MG: Zn) = 2y (B3)

for any mapping class t,. Since t is a finite-order element
it has its associated finite covering of degree equal to the

040361-39



GUANYU ZHU et al.

PRX QUANTUM 6, 040361 (2025)

order |T],

T X = X /(1) =45, (B4)
which is unramified. The theory of covering spaces gives
the following short exact sequence of groups:

1= 71(Zy) = m(Z/(t) > (t) > 1. (BS)
If o C Xz/(7) is a simple closed geodesic such that g(«)
is the identity element of the group (), then the preimage
m*(ar) is in 1 (X, ), in particular it is a disjoint union of
closed geodesics in ¥, with the number of components
equal to the order |7| and each component has length equal
to the length of «. If g(«) is not conjugate to the identity,
then one still has that 7*(«) is a disjoint union of closed
geodesics but the number of components depends on the
image ¢g(«) in . The number of components is always less
than or equal to the order |t| and it always divides the order
|t]. See Sec. 3.10 and proposition 3.11 of Ref. [88] for
details.

Leta C X /() be a simple closed loop which represents
some nontrivial homology class in H,(X,/(t),Z,). The
lift 7*(a) C X, is a disjoint union of N(«) loops where
N () divides the order |7],

JT*(CI) = {&1,...,6{]\[(“)}, (B6)
and there exists an element 7, in (t,) where for i in
{1,...,N(x)} we have

T.(@) = aip1 and T, (dn@) = ). (B7)
In particular, the linear combination
&l+"'+&N(a) =v (BS)

will be invariant under 7,. On the other hand, if v in
H\(%4;7/2) is invariant under the action of 7, then its
push forward m,(v) is a nontrivial homology class in
H\(Xg/(t);Z>). In Fig. 32 we show two loops « and B
on X./(t) in colors red and green respectively and their
lifts to X, assuming that both lifts have five components.
We also show a loop y on X,/(t) in blue, and assume its
lift has three components. In fact, we have a noncanonical
isomorphism,

I(z) = Hi(3g/(1); Zo), (B9)

which implies
Rank (/(z,)) = 2genus(X,/(1)). (B10)

An easy application of Riemann-Hurwitz formula gives

genus(5,/ (7)) = EMSED Z 1 (B11)

I7|

FIG. 32. The covering from Eq. (B4) showing lift of three
loops colored red, blue, and green.

1
Recall that g :=genus(X,) and [r]|= O(log2(g)),
Egs. (B11), (B10), and (B3) now imply

by (M) = Rank (HI(M3;Z2)> =0 M -1
log2(g)

= 0(g/logZ(g)) = O(V/log (V)),  (BI2)

where the last equality is obtained via Eq. (B1).
One can prove the lower bound of the 1-systole

1
sys1(M3; Zy) = Q(log2 (V)) by contradiction. We assume
there exists a noncontractible loop y in M; such that

1 1
length(y) < O(log2 (¥)) = O(log2(g)). Consider lifting
y in M; to a curve y in the covering space X, x
R. The lifted curve y starts at point (p,f) and ends at
(t"p,t+ m) for some m € Z. Since the bundle projec-
tion 77 : /\/lg — [0, 1]/(0 = 1) is length nonincreasing, we

1
have |m| < length(y) = length(y) < O(log2(g)). Since
1

we have order(t) = Q(log2 (g)) from Eq. (85), we obtain
|m| < order(t), which suggests p # t"p. Note that under
the covering map o : ¥, — X,/(1t) =: ¢S, both p and
T”p in X, are projected to the same point in ,S, therefore
p and t”p must differ by a nontrivial covering translation
of the cover . However, any nontrivial covering transla-
tion must move each point of the total space X, by no less
than twice the injectivity radius of the base ,S since the
geodisc balls of radius smaller than the injectivity radius
R(,S) must be disjoint. According to Eq. (87), we have

1
R(4S) > O(log2 (g)). Since the projection £, x R — %,

040361-40



NON-CLIFFORD AND PARALLELIZABLE FAULT-TOLERANT...

PRX QUANTUM 6, 040361 (2025)

is length nonincreasing, we have

length(y) = length(7) > d(p, ") > O(log? (g1)).
(B13)

This is contradictory to our initial assumption that

1
length(y) < O(log2 (g)) and we conclude the proof of the
lower bound of the 1-systole.
In the following, we prove the lower bound of
the 2-systole. Let z represent a nontrivial 2-cycle in
H>(My; 7). By the coarea formula we have

1/2
Area(z) > / |z N X x {1}]dt.
0

So for some 1y € [0,1/2], we have |z N X, X {fo}| <
24rea(z). If z N X4 X {t} is nontrivial in H,(Xg; Z,) then
from sys;(X,) 2 log(g) we get that Area(z) 2 log(g).
Otherwise, z N Xy x {fo} bounds a 2-cycle F' C X, x {t}.
Using Buser’s inequality with 1;(2z) 2 1, we can find a
F with Area(F) < Area(z). But then the cycle z + F — F
can be lifted to ¥, x R from which we can see that
Area(z) + 2A4rea(F) > Area(%,) 2, g. From the estimate
on Area(F) we get that Area(z) 2 g. Thus, we see that
sy52(My) 2 log(g) = Q(log V). |
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