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Classical shadow estimation (CSE) is a powerful tool for learning the properties of quantum states
and quantum processes. Here we consider the CSE task for quantum unitary channels. By querying
an unknown unitary channel U multiple times in quantum experiments, the goal is to learn a classical
description from which one can accurately predict many different linear properties of the channel, i.e.,
the expectation values of arbitrary observables measured on the output of U upon arbitrary input states.
Based on collective measurements on multiple systems, we propose a query-efficient protocol for this
task, whose query complexity has a quadratic advantage over the previous best approach for this prob-
lem, and almost saturates the information-theoretic lower bound. To further enhance practicality, we also
present a variant protocol using only single-copy measurements, which still offers much better query per-
formance than previous protocols that do not use quantum memory, and can serve as a key subroutine
for learning an arbitrary unknown Hamiltonian from dynamics. In addition to linear properties of unitary
channels, our protocol can also be applied to simultaneously predict many nonlinear properties, such as
out-of-time-ordered correlators.
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I. INTRODUCTION

In quantum mechanics, the time dynamics of a closed
d-dimensional system is governed by a unitary channel act-
ing on quantum states. Learning complex quantum dynam-
ics is a fundamental problem in physics and plays a crucial
role in many applications in quantum information process-
ing [1–5]. The traditional learning framework, known as
process tomography, aims to give a full characterization
of the unknown unitary channel U with high precision in
the diamond distance. As shown by a recent work [6], at
least (order) d2 applications of the channel are necessary
to achieve this task in any quantum experiment, even with
access to quantum memory.
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Actually, requiring the full classical description of the
unknown unitary channel is excessive for many applica-
tions. Instead, it is usually sufficient to predict certain
properties of U . This is similar to the case of quantum
states, where the framework of shadow tomography [7,8]
and classical shadow estimation (CSE) [9–19] has led to
results on predicting useful properties of a quantum sys-
tem by using much fewer samples than full tomography.
CSE has a notable feature that the measurement protocol
is independent of the specific properties to be predicted.
In other words, the measurements should produce some
classical data from which the properties of interest can be
calculated later [9,20]. This feature enables one to simulta-
neously predict multiple different properties of the system
without losing high efficiency.

Recently, the CSE formalism has been extended from
quantum states to general quantum channels [21,22].
Given query access to an unknown qudit quantum chan-
nel C that represents a physical process happening in a
laboratory, these works considered the task of predicting
a collection of M linear properties of the form

Tr(Ol C(ρl)) , l = 1, 2, . . . , M , (1)
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for arbitrary quantum states ρl and observables Ol. Inherit-
ing the mindset of CSE, the learning protocols of Refs. [21,
22] do not depend on the specific input states and out-
put observables. Provided that the (squared) Frobenius
norms of the observables are bounded by B ≥ maxl ‖Ol‖2

2,
they require O(d2B log M ) applications of the channel C
to achieve this learning task (see Sec. VI for details).
Although many works are beginning to emerge to improve
the query efficiency (i.e., reduce the number of applica-
tions) [23–29], they impose stringent restrictions on the
channel or on the input states and output observables, for
example, assuming that the channel can be generated in
polynomial time (see Sec. VI).

In this work, we re-examine the above significant learn-
ing problem under an alternative but natural and com-
mon assumption—the channel to be learned is unitary.
We denote the learning task in this scenario as CSE of
unitary channels (CSEU), which is of fundamental and
practical interest in quantum physics and quantum infor-
mation processing. For instance, the quantum gates and
circuits used in quantum computing are in general unitary.
As shown in Fig. 1, given access to an unknown unitary
channel U , CSEU aims to accurately predict properties of
the form specified in Eq. (1), with channel C replaced by
U . Such properties play crucial roles in various research
areas, including quantum machine learning [5,29,31,32]
and variational quantum algorithms [33–35].

Based on collective measurements on multiple systems,
we propose a protocol for CSEU that uses O(d

√
B log M )

applications of U . Compared with existing methods like
quantum process tomography of unitary channels (QPTU)
[6] or CSE of general channels (CSEC) [21,22], our proto-
col achieves a square-root reduction in the scaling behavior
with the dimension d (see Table I). In addition, by embed-
ding the problem of learning an unknown Boolean function
into the task of CSEU, we establish a complementary
lower bound, indicating that our protocol has the asymp-
totically optimal query complexity with respect to the
dimension (up to a log d factor). The lower bound is built
in a worst-case sense, namely, the learner is required to

make an accurate prediction for any input state and out-
put observable. We further show that it can be relaxed
when considering the average-case prediction over ran-
dom input states, thereby highlighting the separation in
query complexity between the worst- and average-case
considerations for the CSEU task.

To address the limitation that collective measurements
may be challenging to implement on current devices,
we further propose a variant protocol for CSEU, which
requires neither quantum memory nor ancillary systems.
This variant is appealing for practical applications because
it requires only the preparation of a computational-basis
state, the application of a random Clifford unitary to a sin-
gle system, and a measurement in the computational basis.
Compared with existing quantum memory-free learning
protocols with bounded ancilla, our protocol can signif-
icantly enhance the efficiency (see Table I). As a key
application, we combine this protocol with the polyno-
mial interpolation technique [24,36,37] to learn an arbi-
trary Hamiltonian H without any prior information on the
structure of H . Remarkably, even without using quantum
memory, our protocol can achieve much better perfor-
mance than previous approaches to this problem, in terms
of both the number of queries to H and total evolution time
under H .

The rest of this paper is organized as follows. In Sec. II,
we introduce the basic notation and necessary prelimi-
naries for this work. In Sec. III, we present our protocol
for CSEU and analyze its query complexity. In Sec. IV,
we establish an information-theoretic lower bound for the
query number required to complete the CSEU task. In
Sec. V, we study the performance of our protocol under
the average-case scenario over random input states. In
Sec. VI, we compare our CSEU protocol with a number
of previous protocols. In Sec. VII, we apply our CSEU
protocol to learn an arbitrary Hamiltonian. In Sec. VIII,
we generalize our protocol to predict nonlinear properties
of unitary channels and discuss an application in estimat-
ing out-of-time-ordered correlators (OTOCs). In Sec. IX
we summarize our results and discuss potential future

FIG. 1. Illustration of the CSEU task. The task contains two separate phases. In the learning phase, we apply the unknown unitary
channel U multiple times in some quantum experiments and obtain some classical data. In the prediction phase, we are given a
collection of quantum states ρ1, . . . , ρM and observables O1, . . . , OM . By performing classical postprocessing on the data collected
from the learning phase, the goal is to accurately predict linear properties Tr(Ol U(ρl)) for all l = 1, 2, . . . , M .
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TABLE I. Comparison of various protocols for the CSEU task (see Sec. VI for details). Here, d is the system dimension; B is an
upper bound on the squared Frobenius norm of the target observables; M is the number of linear properties to be predicted; and ε is
the target additive error. The parameter s in our protocol represents the number of systems collectively measured in the learning phase.
Each protocol is classified based on whether the protocol requires quantum memory, and whether its query complexity achieves the
optimal scaling behavior Õ(d) with respect to d. The performance of protocols in Refs. [23–29] are not shown here because they have
additional restrictions or assumptions on the input states, output observables, or the unitary channel to be learned.

Protocol Quantum memory? Query complexity Is scaling optimal in d?

Ancilla-assisted CSEC [21,22] (see Sec. VI A) No O
(
d2Bε−2 log M

)
No

Ancilla-free CSEC [21,22] (see Sec. VI A) No O
(
d3Bε−2 log M

)
No

QPTU protocol in Ref. [30] (see Sec. VI C) No O
(
d4ε−2

)
No

Our protocol with s = 1 (this work) No O
((

dε−2 + d2
√

Bε−1
)

log M
)

No

Protocol based on Ref. [11] (see Sec. VI B) Yes O
(
d2ε−2 log M

)
No

QPTU protocol in Ref. [6] (see Sec. VI C) Yes O
(
d2ε−1

)
No

Our protocol with s = �(d) (this work) Yes O
(

d
(
ε−2 + √

Bε−1
)

log M
)

Yes

directions. To streamline the presentation, most technical
proofs are relegated to the Appendices.

II. PRELIMINARIES

In this section, we define the key notation that will be
frequently used throughout the paper, and review different
models of learning quantum channels.

A. Notation and definitions

Consider an n-qubit Hilbert space H with dimension
d = 2n. We denote by D(H) the set of all density operators
on H, L(H) the set of linear operators on H, and LH(H)
the set of Hermitian operators on H. Let I be the identity
operator on H, and |�〉 := ∑d

i=1 |ii〉 ∈ H⊗2 be an unnor-
malized maximally entangled state, where {|i〉}i represents
the computational basis on H. We denote by U ∈ L(H)
an unknown unitary operator that we aim to learn, and
by U(·) = U(·)U† the corresponding unitary channel on
L(H). For any quantum channel C : L(H) → L(H), let

ϒC := (C ⊗ I) (|�〉〈�|) (2)

be the corresponding Choi operator, where I is the identity
channel. For any A ∈ L(H), we denote by ‖A‖ its operator
norm and ‖A‖2 its Frobenius norm. We write ψ := |ψ〉〈ψ |
for any pure state |ψ〉 ∈ H. For B ∈ [1, d ], we define the
set of observables

Obs(B) := {
O ∈ LH(H)

∣∣Tr(O2) ≤ B, ‖O‖ ≤ 1
}

. (3)

For positive integer t, we denote by �(t)
sym the projec-

tor onto the symmetric subspace of H⊗t, and κt = (t+d−1
t

)

the dimension of the symmetric subspace. An ensemble
E of pure states in H is said to form a state t-design if

and only if its tth moment agrees with that of the Haar
distribution, i.e.,

E
|ψ〉∼E

[
(|ψ〉〈ψ |)⊗t] = E

|ψ〉∼μH

[
(|ψ〉〈ψ |)⊗t] ≡ �(t)

sym

κt
, (4)

where the second expectation is over the Haar measure
μH on quantum states. For example, for any |φ〉 ∈ H, the
ensemble {V|φ〉}V∈Cl(n) is a state 3-design if the unitary
operator V is sampled uniformly from the n-qubit Clifford
group Cl(n) [38,39]. A more detailed introduction to state
designs is given in Appendix B 1.

We will frequently use the big-O, big-�, and big-�
notation for function asymptotics. In particular, for two
functions f , g : [0, ∞) → [0, ∞), f = O(g) if there exists
a c > 0 such that f (x) ≤ cg(x) as x → ∞, f = �(g)
if g = O(f ), and f = �(g) if both f = O(g) and f =
�(g). We will also use Õ and �̃ to hide factors that are
polylogarithmic in the leading-order term.

B. Learning quantum channels or Hamiltonians with
and without quantum memory

Following the classifications in Refs. [24,29,40], here
we describe several different models of learning an
unknown quantum channel C or Hamiltonian H , depend-
ing on the type of access to the quantum system and the
amount of additional resources utilized.

The first type of learning protocols work without quan-
tum memory [41]. That is, the learner can use the channel
C (or the time evolution under the Hamiltonian H ) only
once in each step. To be more explicit, when learning C,
in the kth round of experiments, the learner can first pre-
pare an arbitrary quantum state σk, then evolve it under
C to yield the output state (I ⊗ C)(σk), and finally per-
form an arbitrary quantum measurement on the output
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state, which is described by a positive operator-valued
measure (POVM); here, I is the identity channel acting
on the ancillary system. When learning the Hamiltonian
H , the channel C used in the above procedure is replaced
by Utk (·) = e−iHtk (·) eiHtk for describing the time evolution
under H , with tk > 0 being an arbitrary chosen time. We
call a protocol ancilla-assisted if it uses an ancillary sys-
tem, and ancilla-free otherwise. If an ancillary system is
allowed but its dimension is bounded by a constant, then
the protocol is ancilla-bounded.

The second type of protocols work with quantum mem-
ory, that is, they have the capability to store quantum data
during experiments. When learning an unknown channel
C, in each round of experiments, the learner is allowed to
access C multiple times before measuring, possibly inter-
leaving them with the application of other quantum chan-
nels. The resulting output state before the measurement has
the form

(C ⊗ I) ◦ CL−1 ◦ · · · ◦ C2 ◦ (C ⊗ I) ◦ C1 ◦ (C ⊗ I) (σ ) ,
(5)

where σ is an arbitrary initial state, and C1, C2, . . . , CL−1
are arbitrary quantum channels. Finally, the learner can
perform an arbitrary POVM on the output state. When
learning an Hamiltonian H , the channels C in the above
procedure are replaced with time evolutions under H , and
the output state in Eq. (5) is replaced by

(UtL ⊗ I) ◦ CL−1 ◦ · · · ◦ (Ut2 ⊗ I) ◦ C1 ◦ (Ut1 ⊗ I) (σ ) ,
(6)

where t1, t2, . . . , tL > 0 are arbitrary chosen times.

III. PROTOCOL FOR CSEU

In this section, we present our protocol for CSEU and
analyze its query complexity. The protocol is separated
into the learning phase, in which the unknown unitary
channel U is applied several times in quantum exper-
iments, and the prediction phase, in which we predict
desired linear properties of U by using the classical data
obtained from the learning phase.

A. Learning phase

In the learning phase, we use a measurement applied on
quantum states in D(H⊗s). This measurement, denoted by
Ms, is called the symmetric collective measurement. Sup-
pose {|φj 〉 ∈ H}K

j =1 forms a state (s + 2)-design. Then Ms
can be constructed as the following POVM:

Ms =
{

Aφ1 , Aφ2 , . . . , AφK ,1s −�(s)
sym

}
, (7)

where Aφj := (κs/K) φ⊗s
j , and 1s is the identity operator

on H⊗s. Thanks to Eq. (4), the sum of the operators Aφj

(a) (b)

FIG. 2. Learning phase of our protocol for CSEU: procedure
and intuition. (a) Schematic view of our learning algorithm
Alearn. In each round, we first prepare s copies of a pure state
ψ̂ chosen from a 4-design ensemble, and rotate them with the
unitary channel U , then measure the resulting states using the
symmetric collective measurement Ms. (b) Geometric intuition
of our protocol illustrated on the single-qubit Bloch sphere.

equals the projector �(s)
sym onto the symmetric subspace.

This measurement has been studied before and is known to
be optimal for many learning tasks [11,42–47]. In general,
the implementation of Ms on large systems with current
technology remains challenging. Nevertheless, for systems
containing only a few qubits, such measurements with
a small s have been successfully demonstrated in super-
conducting, trapped-ion, and photonic quantum systems
[48–51].

We denote by Alearn our quantum algorithm working
in the learning phase. To extract meaningful information
about U , as shown in Fig. 2(a), Alearn runs the following
learning procedure m times independently:

(1) Randomly choose a pure state |ψ̂〉 ∈ H from a
4-design state ensemble {|ψi〉}L

i=1; then prepare s
copies of the state ψ̂ .

(2) Apply the unitary channel U on each copy of ψ̂ .
(3) Measure the rotated state U(ψ̂)⊗s with the symmet-

ric collective measurement Ms. If the measurement
outcome Aφ̂ is obtained (φ̂ ∈ {φ1, . . . ,φK}), we then
record the classical description of the corresponding
pure state φ̂.

It is worth noting that we will never see the measurement
outcome (1s −�(s)

sym) in Step 3 of the above procedure,
because {Aφ1 , . . . , AφK } forms a POVM on the symmetric
subspace of H⊗s, and the state U(ψ̂)⊗s to be measured is
supported in this subspace.

Before providing a detailed explanation of Alearn, we
offer some additional remarks. First, if we choose parame-
ter s ≥ 2 in the learning procedure, then our protocol relies
on collective measurements and requires quantum mem-
ory. In contrast, when choosing s = 1, our protocol relies
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solely on single-copy measurements and does not need
quantum memory. In this special case, we use at most the
3-design property of the measurement Ms=1. Since any
orbit of the multiqubit Clifford group forms a state 3-design
[38,39], the random global Clifford measurement (RGCM)
used in the original CSE protocol [9] can be applied in
place of Ms=1 in our learning procedure, and the analy-
sis will be identical. RGCM only requires implementation
of Clifford unitaries and measurements in the computa-
tional basis, and is thus appealing to practical applications.
Second, recall that the initial state ψ̂ is chosen from a 4-
design state ensemble in the learning procedure. In fact,
this 4-design property is utilized only in the case of s ≥ 2
throughout the paper. When s = 1, the 3-design property
is sufficient for proving our results. Therefore, in the s = 1
case, we can prepare the initial state ψ̂ by simply applying
a random Clifford unitary to the computational-basis state
|0n〉〈0n|.

After each round of the learning experiments, the
description of the prepared state ψ̂ and the outcome φ̂ are
stored in a classical memory. It is instructive to look at the
expectation of their tensor product, which is clarified in the
following lemma; see Appendix C for a proof.

Lemma 1. The expectation of φ̂ ⊗ ψ̂ (over both random
state preparation and measurement outcomes) is

E[φ̂ ⊗ ψ̂] = (d + 1 + s)(I ⊗ I)+ s(U ⊗ U†)T(1,2)

d(d + 1)(d + s)
, (8)

where T(1,2) is the swap operator.

Therefore, after obtaining the description of ψ̂ and φ̂ in
a single run, we can apply a transformation to ψ̂ ⊗ φ̂ to
generate a classical snapshot X̂ , whose expectation con-
tains all information of the unknown unitary channel U .
Concretely, let

X̂ := d(d + 1)(d + s)(φ̂ ⊗ ψ̂�)− (d + 1 + s)(I ⊗ I)
s

,

(9)

where (·)� denotes the transpose operation (with respect
to the computational basis). According to Lemma 1, X̂ is
an unbiased estimator for the Choi operator ϒU of U :

E
[
X̂
] = [

(U ⊗ U†)T(1,2)
]�2 = ϒU , (10)

where E denotes the average over the randomness of
state preparation and quantum measurement in the learning
phase, (·)�2 is the transpose operation on the second sub-
system, and the second equality can easily be derived via
the tensor-network diagrams introduced in Appendix B 2.

From the quantum experiments we obtain a collection of
m independent classical snapshots of U :

UShadow(U , m) = {
X̂1, . . . , X̂m

}
. (11)

This collection, as the output of the learning phase, is
called the classical shadow data. As we shall see in the
following sections, many properties of U can be extracted
efficiently from UShadow(U , m).

The reason why Alearn learns all information about U
efficiently can be intuitively explained by a toy model illus-
trated in Fig. 2(b), where an unknown single-qubit unitary
channel U can rotate the Bloch sphere around an axis x̂U
by an angle θU . To recover the information about U , one
needs to determine both the value of θU and the direction of
x̂U . Mathematically, this goal can be achieved by randomly
choosing a few points on the sphere (two points are enough
in the usual case), and observe the positions to which they
are rotated. Physically, these operations correspond to first
randomly selecting a few pure states ψ̂1, . . . , ψ̂m on H
(Step 1 of Alearn), and then learning information about the
rotated states U(ψ̂i). We expect that the latter goal can be
efficiently achieved by performing Ms on multiple copies
of U(ψ̂i) (Step 3 of Alearn), because this measurement
is optimal for pure states for many estimation problems
[11,43–47].

B. Prediction phase

In the prediction phase, we are given classical descrip-
tions of M quantum states ρ1, . . . , ρM ∈ D(H) and
M observables O1, . . . , OM ∈ Obs(B), where Obs(B) is

ALGORITHM 1. Algorithm for Apred in the prediction phase.

Input: UShadow(U , m), ρ1, . . . , ρM , O1, . . . , OM

Output: Ê(O1, ρ1), . . . , Ê(O1, ρM )
1: Split the shadow data UShadow(U , m) into R batches of

equal size, where each batch contains q = m/R snapshots
(we may assume that m is a multiple of R for simplicity),
and set

Ŷ(r) :=
1

q(q − 1)d

rq∑

i,j=(r−1)q+1|i�=j

X̂iX̂j , r = 1, . . . , R.

(13)

2: for l = 1, 2, . . . , M , do
3: Construct R independent sample mean estimators:

Ẑ(r)(Ol, ρl) := Tr Ol ⊗ ρ�
l

)
Ŷ(r)

]
, r = 1, . . . , R. (14)

4: Compute the median of means:

Ê(Ol, ρl) := median
{
Ẑ(1)(Ol, ρl), . . . , Ẑ(R)(Ol, ρl)

}
. (15)

5: end for
6: return Ê(Ol, ρl) as the estimate for Tr(Ol U(ρl)).
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defined in Eq. (3). The goal is to accurately predict lin-
ear properties Tr(Ol U(ρl)) for all l = 1, 2, . . . , M using the
classical shadow data UShadow(U , m) = {X̂1, . . . , X̂m}.

Recall that each snapshot X̂i exactly reproduces the Choi
operator ϒU of the unitary channel U in expectation. As a
consequence, we have

E

[
Tr

(
(O ⊗ ρ�)X̂

)]
= Tr

[
(O ⊗ ρ�)ϒU

] = Tr(OU(ρ))
(12)

for any state ρ and observable O, where the second equal-
ity holds by channel-state duality [52]. Hence, a natural
way to predict Tr(OU(ρ)) is to calculate Tr[(O ⊗ ρ�)X̂i]
for many independent snapshots X̂i and then take their
average. However, as shown in Appendix E, this method
requires O(d2B/ε2) applications of U to predict a single
Tr(OU(ρ)) within additive error ε, even when collective
measurements on multiple systems are employed. If only
single-copy measurements are accessible, then the query
complexity further increases, reaching up to O(d3B/ε2).
Such high query costs are unsatisfactory.

To improve the efficiency, we need to construct an esti-
mator for the unitary channel in a different way. Inspired
by the CSE protocol for pure states in Ref. [11], we
note that the product of two independent snapshots is still
proportional to the Choi operator in expectation,

E
[
X̂iX̂j

] = E
[
X̂i
]
E
[
X̂j

] = ϒ2
U = dϒU , ∀ i �= j . (16)

In light of this, one can predict Tr(OU(ρ)) by calculating
the quadratic estimators

�̃i,j := d−1 Tr[(O ⊗ ρ�)X̂iX̂j ] (17)

for all index pairs {(i, j )| i �= j } and taking their average.
Since the number of different �̃i,j is much larger than that
of Tr[(O ⊗ ρ�)X̂i], this method is expected to enhance
the estimation precision and thereby reduce the query cost
compared with the former method. Indeed, as we shall see
in Sec. III C, it can achieve nearly a square-root reduction
in query complexity.

To be concrete, the procedure of our classical algorithm
Apred working in the prediction phase is summarized in
Algorithm 1. Thanks to Eq. (16), the operator Ŷ(r) defined
in Eq. (13) equals the Choi operator ϒU in expectation.
This fact implies that Ẑ(r)(Ol, ρl) constructed in Eq. (14)
is an unbiased estimator for the desired linear property
Tr(Ol U(ρl)). In Step 4 of Algorithm 1, we use the median-
of-means method [9] to suppress the failure probability of
accurate prediction.

C. Rigorous performance guarantees

Now we investigate the query complexity of our proto-
col for CSEU. That is, in order to achieve

Pr
{∣∣Ê(Ol, ρl)− Tr(Ol U(ρl))

∣∣ < ε ∀ 1 ≤ l ≤ M
}

≥ 1 − δ (18)

for some 0 < δ, ε < 1, how many applications of U are
required by our protocol? To answer this question, we first
analyze the statistical fluctuation of each sample mean esti-
mator Ẑ(r)(Ol, ρl). Using the definition of Ŷ(r) in Eq. (13),
for any quantum state ρ and observable O on H, we can
expand the variance as

Var
[
Ẑ(r)(O, ρ)

]
= 1

q2(q − 1)2d2

∑

i�=j

∑

k �=�
Cov

(
�i,j,�k,�

)
,

(19)

where q is the number of snapshots in each batch (see
Step 1 of Algorithm 1), Cov(·, ·) is the covariance between
two variables, and

�i,j := d�̃i,j = Tr
[ (

O ⊗ ρ�) X̂iX̂j
]
. (20)

The sum in Eq. (19) consists of five different cases: when
all indices i, j , k, � are distinct, the covariance is 0 by
independence; the other four cases are summarized in the
following lemma, which is proved in Appendix F. For
simplicity, we denote by ℘ = Tr(ρ2) the purity of ρ.

Lemma 2. The covariance term Cov
(
�i,j ,�k,�

)
has the

following upper bound for each combination (i, j, k, �)with
i �= j and k �= �:

(1) One index matches (|{i, j } ∩ {k, �}| = 1)

(a) Match in different positions (i = � or j = k):

O
(
d2 min{1, B℘}) . (21)

(b) Match in the same position (i = k or j = �):

O
(

d3℘

s
+ d2 min{1, B℘}

)
, (22)

where s is the number of systems collectively
measured in the learning phase.

(2) Both indices match (|{i, j } ∩ {k, �}| = 2)

(a) Order swapped (i = � and j = k):

O
((

d3

s4 + d2

s3 + d
√

d℘
s2 +

√
d℘
s

+ ℘

)
d2B

)
.

(23)
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(b) Same order (i = k and j = �):

O
((

d4

s4 + d3

s3 + d2

s2 + d
s

+ 1
)

d2B℘
)

. (24)

For all combinations of i, j , k, � in the rth batch with i �=
j and k �= �, there are O(q4) combinations where all four
indices are distinct; O(q3) combinations where exactly
one index matches; and O(q2) combinations where both
indices match. These facts, together with Eq. (19) and
Lemma 2, immediately imply the following proposition,
which clarifies the variance of Ẑ(r)(O, ρ).

Proposition 1. Given O ∈ Obs(B) and ρ ∈ D(H), the
variance of Ẑ(r)(O, ρ) is upper bounded by

O
[

1
q

(
d℘
s

+ min {1, B℘}
)

+ 1
q2

(
d4

s4 + 1
)

B℘
]

. (25)

Having obtained the variance, we can apply Cheby-
shev’s inequality to bound the failure probability of each
sample mean estimator Ẑ(r)(O, ρ):

Pr
{∣∣∣Ẑ(r)(O, ρ)− Tr(OU(ρ))

∣∣∣ ≥ ε
}

≤ Var
[
Ẑ(r)(O, ρ)

]

ε2 .

(26)

The query cost of our protocol can then be derived from
this bound.

Theorem 1. Suppose s ≥ 1 is the number of systems
collectively measured in our learning phase, ρ1, . . . , ρM ∈
D(H), and O1, . . . , OM ∈ Obs(B). To estimate all M prop-
erties Tr(Ol U(ρl)) within additive error ε and failure
probability at most δ, the number of queries required by
our protocol for CSEU is upper bounded by

O
((

max{d, s}
ε2 + max{d2, s2}√B

sε

)

log
(

M
δ

))

. (27)

Theorem 1 is a simplified version of Theorem G1 in
Appendix G. Note that the query complexity is closely
related to the value of s; see Fig. 3 for an illustration. In
particular, when s = 1, i.e., single-copy measurements are
used, the query number reduces to

O
((

d
ε2 + d2

√
B

ε

)

log
(

M
δ

))

. (28)

As s increases from 1, the query number decreases and
reaches the following minimum value when s = �(d),

O
(

d

(
1
ε2 +

√
B
ε

)

log
(

M
δ

))

. (29)

FIG. 3. The query complexity of our protocol [see Eq. (27)]
with respect to the dimension d. Here s denotes the number of
systems collectively measured in our learning phase. The optimal
complexity O(d) is attained when s = �(d).

When s exceeds �(d), however, the query number starts
to increase. Hence, if we are allowed to perform collec-
tive measurements on multiple systems, the best choice of
s is s = �(d). Equations (28) and (29) show that our pro-
tocol significantly outperforms previous approaches for the
CSEU task (see Sec. VI for details). This exceptional query
performance constitutes a key advantage of our protocol.

It is worth noting that while the symmetric collec-
tive measurement Ms with s = �(d) can achieve max-
imal reduction in query complexity, it demands both a
state �(d)-design and joint operations on �(d) systems.
These requirements make its experimental implementa-
tion extremely challenging with current technology. By
contrast, choosing s = 1 only requires performing Clifford
unitaries and measurements in the computational basis,
which are significantly easier to realize. In practice, one
may adjust the parameter s to strike a balance between
query cost and measurement feasibility.

IV. LOWER BOUND FOR THE QUERY
COMPLEXITY

Although our protocol has a much higher query effi-
ciency than previous approaches for the CSEU problem,
it still requires order d applications of the unknown unitary
channel U . One may further ask if a better protocol exists
or if there is a fundamental limitation on the query cost. In
this section, we show that indeed a �̃(d) query complexity
lower bound exists for the CSEU task, which stems from
information-theoretic reasons.

The CSEU task is formally defined as follows; we refer
to Fig. 1 for a visualization.

Definition 1 (CSEU task). The CSEU task involves
developing a protocol B that contains two separate algo-
rithms Blearn and Bpred. The “learning” algorithm Blearn
is given access to an unknown n-qubit unitary chan-
nel U ; after applying it multiple times in some quantum
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experiments, Blearn should output some classical data. The
“prediction” algorithm Bpred takes this classical data, a
collection of states ρ1, . . . , ρM in D(H) and observables
O1, . . . , OM in Obs(B) as inputs, and should output M
estimates E(Ol, ρl). The goal of the task is to reach

Pr{|E(Ol, ρl)− Tr(Ol U(ρl))| < ε ∀ 1 ≤ l ≤ M }
≥ 1 − δ, (30)

where 0 < δ, ε < 1 are accuracy parameters.

Theorem 2. Suppose 1 ≤ B ≤ d, 0 < δ, ε ≤ 1/3, and
M ≥ 1. Then any protocol has to query the channel U at
least �̃(d) times to complete the CSEU task.

By this theorem, an exponential query complexity
(with respect to the qubit number) for the CSEU task is
inevitable, even if highly complex adaptive or collective
operations are used. In addition, the scaling of the lower
bound in dimension d matches (up to a log d factor) the
query complexity of our protocol constructed in Sec. III
[see Eq. (29)]. In other words, our protocol for CSEU is
nearly query-optimal.

A. Proof of Theorem 2

In this subsection, we prove Theorem 2 via a reduction
from a problem of learning Boolean functions to the CSEU
task. That is, any protocol for the CSEU task can be mod-
ified to complete another task defined below, whose query
complexity lower bound is known in the literature. This
existing lower bound will imply that the CSEU task must
require a significant amount of queries.

Definition 2. The exact learning task of Boolean func-
tions involves developing a quantum protocol P for learn-
ing an unknown Boolean function c : {0, 1}n → {0, 1}.
Here P is given access to an oracle MQ(c), which is a
quantum unitary satisfying MQ(c)|x, b〉 = |x, b ⊕ c(x)〉 for
all x ∈ {0, 1}n and b ∈ {0, 1}. The goal of the task is to
achieve: with probability at least 2/3, P outputs a classical
function h such that h(x) = c(x) for all x ∈ {0, 1}n.

Lemma 3 ([53,54]). Any learning protocol has to query
the oracle MQ(c) at least �(2n) times to achieve the exact
learning task of Boolean functions.

Now we are ready to prove Theorem 2. Suppose the uni-
tary channel U is acting on n + 1 qubits, and there is a
protocol B = (

Blearn,Bpred
)

that can use N queries of U to
successfully achieve the CSEU task, with parameters B =
M = 1 and δ, ε = 1/3. In the following, we shall prove
that necessarily N ≥ �(2n/n), which implies Theorem 2.
Note that here we assume that the qubit number is n + 1
instead of n for the convenience of discussion. The proof
below is divided into two parts.

1. Part 1: Predicting many expectation values

In this part, we show that there exists a new protocol
B∗ = (B∗

learn,B∗
pred) that can use NO

(
log(M/δ)

)
queries

of U to complete the CSEU task with parameters B = 1,
ε = 1/3, any 0 < δ < 1, and any integer M ≥ 1.

Based on B, a new protocol B∗ is constructed as fol-
lows using the median-of-means technique: in the learning
phase, we run the algorithm Blearn in total k times inde-
pendently to obtain k pieces of classical data; in the
prediction phase, we classically process these data using
Bpred to obtain k estimates E1(Ol, ρl), . . . , Ek(Ol, ρl) for
each 1 ≤ l ≤ M , and we take the median of them as our
final estimate for Tr(Ol U(ρl)):

Ẽ(Ol, ρl) := median {E1(Ol, ρl), . . . , Ek(Ol, ρl)} . (31)

To estimate all Tr(Ol U(ρl)) accurately with failure proba-
bility at most δ, it suffices to choose k = O

(
log(M/δ)

)
by

an analysis identical to that used in the proof of Theorem 1.
Thus, the total number of queries required by B∗ is N · k =
NO

(
log(M/δ)

)
. In particular, when δ = 1/3 and M = 2n,

the query number reads

NO
(

log(M/δ)
) = NO(log(3 × 2n)) = NO(n). (32)

2. Part 2: Reduction to the learning task of Boolean
functions

In this part, we show that the protocol B∗ constructed in
Part 1 can be used to complete the exact learning task of
Boolean functions given in Definition 2. Consequently, the
lower bound on the query complexity for this exact learn-
ing task can be turned into a lower bound for the CSEU
task.

For x ∈ {0, 1}n, define quantum state ρx = |x, 0〉〈x, 0|
and observable Ox = |x, 1〉〈x, 1| ∈ Obs(1). Then for any
Boolean function c : {0, 1}n → {0, 1}, its corresponding
MQ(c) oracle (see Definition 2) satisfies

Tr
[
OxMQ(c)ρxMQ(c)†

] = ∣∣〈x, 1|x, c(x)〉∣∣2 = c(x). (33)

Recall that by using NO(n) queries of the MQ(c) oracle,
the protocol B∗ can estimate all Tr

[
OxMQ(c)ρxMQ(c)†

]

up to precision ε = 1/3, with failure probability at most
1/3. Let Ẽx be the estimate for Tr

[
OxMQ(c)ρxMQ(c)†

]

and define the function

h(x) :=
{

0 when Ẽx ≤ 1/2,
1 when Ẽx > 1/2.

(34)

According to Eq. (33), with probability at least 2/3, we
have h(x) = c(x) for all x ∈ {0, 1}n. Therefore, B∗ can
successfully achieve the exact learning task of Boolean
functions by using NO(n) queries. This query number can-
not be smaller than the lower bound in Lemma 3; that
is, NO(n) ≥ �(2n). It follows that N ≥ �(2n/n), which
completes the proof of Theorem 2.
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V. CSEU IN THE AVERAGE CASE

We have so far considered CSEU in the worst-case sce-
nario, where the learner is asked to make an accurate
prediction for any input state ρ and observable O. As
shown in Sec. IV, at least �̃(d) queries of the unitary chan-
nel U are required to achieve this goal. In this section, we
turn to consider CSEU in the average-case scenario, and
show that the query complexity lower bound �̃(d) can be
broken in many parameter regimes.

In the average-case scenario, we still consider that an
arbitrary observable O ∈ Obs(B) is input into the predic-
tion phase. Using the classical data obtained from the
learning phase, the goal is to find a real-valued function
E(O, ρ) that can predict Tr(OU(ρ)) within a small mean
absolute error

�(T , O) := Ave
ρ∼T

|E(O, ρ)− Tr(OU(ρ))| , (35)

where the average is over quantum states ρ that obey some
specific distribution T on D(H). In this section we use the
notation “Ave

ρ∼T
” instead of “ E

ρ∼T
” to avoid confusion with

the meaning of the expectation E in Sec. III.
The above task can be solved via our learning proto-

col developed in Sec. III: in the prediction phase, we set
the number of batches R = 1, and use Ê(O, ρ) in Eq. (15)
as the function for estimating Tr(OU(ρ)). As clarified in
the following lemma, the performance of our protocol in
the average-case scenario is closely related to the average
variance of Ê(O, ρ), see Appendix H for a proof.

Lemma 4. Suppose T is a state distribution on D(H),
O ∈ Obs(B), accuracy parameters 0 < δ, ε < 1, and

Ave
ρ∼T

Var
[
Ê(O, ρ)

]
≤ δε2

4
. (36)

Then, with failure probability at most δ, the mean absolute
error �(T , O) < ε.

When R = 1, the function Ê(O, ρ) reduces to the mean
estimate Ẑ(r)(O, ρ) in Eq. (14), whose variance has been
clarified in Proposition 1. So we can use Proposition 1
and Lemma 4 to determine the number of queries needed
by our protocol in the average-case scenario for any state
distribution T .

In the following, we assume that T = πd,λ is a distri-
bution of random density operators in D(H) constructed
by taking partial trace of Haar-random pure states on a
composite system [55–57].

Definition 3. The λ-induced distribution πd,λ of den-
sity matrix is the distribution on D(H) induced by the
uniform distribution of pure states in H ⊗ Hλ, where the
dimensions of H and Hλ are d and λ, respectively. A

state ρ following the distribution πd,λ can be generated
by ρ = Trλ(|ϕ〉〈ϕ|), where |ϕ〉 ∈ H ⊗ Hλ is a pure state
drawn from the Haar measure.

The average purity of quantum states ρ ∼ πd,λ reads
(d + λ)/(λd + 1) ≈ 1/d + 1/λ [58]. This fact together
with Proposition 1 immediately implies the following
corollary.

Corollary 1. Suppose 1 ≤ s ≤ d is the number of sys-
tems collectively measured in the learning phase, R = 1
is the number of batches we set in the prediction phase,
dimension λ ≤ d, and observable O ∈ Obs(B). Then

Ave
ρ∼πd,λ

Var
[
Ê(O, ρ)

]

= O
[

1
m

(
d
sλ

+ min
{

1,
B
λ

})
+ d4B

m2s4λ

]
, (37)

where m is the number of snapshots obtained from the
learning phase. In particular, when s = 1 we have

Ave
ρ∼πd,λ

Var
[
Ê(O, ρ)

] = O
(

d
mλ

+ d4B
m2λ

)
. (38)

From Corollary 1 and Lemma 4, we can easily deter-
mine the query number m · s of our protocol required to
carry out the CSEU task in the average-case scenario with
distribution πd,λ. First, if we are limited to single-copy
measurements, i.e., s = 1, then

m · s = O
(

d
λ ε2 + d2

ε

√
B
λ

)

(39)

queries are sufficient to ensure that the mean absolute error
satisfies �(πd,λ, O) < ε with high probability. This query
complexity is lower than that of our protocol in the worst-
case scenario [see Eq. (28)].

Second, if collective measurements on multiple systems
are accessible, then the conditions in Lemma 4 can be
satisfied by choosing s = �dλ−1/4� and

m = O
[

1
ε2

(
1
λ3/4 + min

{
1,

B
λ

})
+

√
B
ε

]

, (40)

in which case the query number reads

m · s = O
[

d
ε2

(
1
λ

+ min {λ, B}
λ5/4

)
+ d

√
B

λ1/4ε

]

. (41)

When B and ε are independent of the system size, the
query complexity reduces to m · s = O(dλ−1/4). Notably,
O(d3/4) queries of U are sufficient when λ = �(d). Hence,
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the query lower bound in Theorem 2 for the worst-case
scenario does not apply to the average-case scenario. Pre-
viously, such remarkable separation in query complex-
ity between the worst- and average-case considerations
has been demonstrated in certain channel learning tasks
[25,27].

VI. COMPARISON WITH PREVIOUS WORKS

In this section, we survey existing works related to
CSEU and compare them with our results. The perfor-
mance of these protocols on the CSEU task are summa-
rized in Table I in Sec. I.

A. CSE of general quantum channels

By applying the concepts of classical shadow formalism
to quantum states, two recent works [21,22] considered
CSE of general quantum channels (CSEC). They proposed
two protocols for CSEC that do not utilize any quantum
memory. The first protocol is ancilla-assisted: the learner
first prepares the Choi state (1/d)ϒC of the unknown chan-
nel C by applying C to the first system of the maximally
entangled state |�〉〈�|/d on H⊗2, and then performs CSE
on this Choi state. For any state ρ and observable O,
the property Tr(O C(ρ)) can be recovered by virtue of
channel-state duality [52]:

Tr(O C(ρ)) = d Tr
[(

O ⊗ ρ�) ϒC

d

]
. (42)

If the M observables Ol to be estimated are chosen from
Obs(B), this protocol requires O(d2Bε−2 log M ) applica-
tions of C to estimate the properties in Eq. (1) all within
additive error ε. However, this protocol requires an ancil-
lary system with dimension d, which may limit its practical
applicability.

The second protocol for CSEC is ancilla-free [21,22].
In each round of experiments, one prepares a random pure
state on H, evolves it under C, and then performs a ran-
domized measurement on the output state. This procedure
is identical to that of our protocol based on single-copy
measurements. Using the experimental results, one can
construct an unbiased estimator for the Choi operator ϒC ,
from which any desired linear property can be recovered.
To predict M properties in Eq. (1) all within additive error
ε, this protocol requires

O
(

d2 log M
ε2 max

1≤l≤M
‖S(Ol)‖

)
(43)

applications of C (see Theorem 2 in Ref. [21]), where

S(O) := 4[Tr(O)]2I + 2 Tr(O2)I + 4 Tr(O)O + 4O2.
(44)

Notice that ‖S(O)‖ can be very large for some specific
observables in Obs(B). In particular, due to the first term

in Eq. (44), it attains its maximum scaling �(dB) when
O =

√
d−1B I ∈ Obs(B). As a result, if all observables Ol

to be predicted are chosen from Obs(B), this protocol has
a O(d3Bε−2 log M ) query complexity.

In contrast to the two protocols mentioned above, our
protocol is designed for predicting properties of unitary
channels rather than general channels. However, our pro-
tocol based on single-copy measurements not only works
without quantum memory and ancilla, but also has much
higher query efficiency than the above protocols (see
Table I). To better visualize this advantage, let us con-
sider the case in which {Ol} is the collection of 4n Pauli
observables, and high-precision estimation with error ε =
1/d is desired. In this case, our CSEU protocol that does
not use quantum memory needs Õ(d3.5) queries, whereas
the CSEC protocols mentioned above [21,22] need Õ(d5)

queries. The intrinsic reason behind this advantage is that
our protocol employs the property of the snapshots X̂i pre-
sented in Eq. (16) to construct the quadratic estimator
d−1 Tr[(O ⊗ ρ�)X̂iX̂j ] (see Sec. III B). For a general quan-
tum channel, Eq. (16) may fail and such an unbiased
quadratic estimator cannot be constructed.

B. Learning protocol based on Ref. [11]

A recent work [11] found that when collective measure-
ments are used, the task of CSE for pure states can be
solved with a lower sample complexity than the original
shadow protocol in Ref. [9]. More specifically, suppose we
are given multiple copies of an unknown pure state σ , and
Q1, . . . , QM are arbitrary observables in Obs(B). To pre-
dict M expectation values Tr(Qiσ) all within additive error
ε, Ref. [11] showed that it suffices to use the following
number of samples:

O
((√

B
ε

+ 1
ε2

)

log M

)

. (45)

Based on this result, we can naively construct the fol-
lowing protocol for CSEU: one first prepares the (pure)
Choi state (1/d)ϒU of the unitary channel U , then per-
forms CSE on the Choi state using the protocol of
Ref. [11]. Suppose ρ1, ρ2, . . . , ρM are quantum states in
D(H) and O1, O2, . . . , OM are observables in Obs(B).
According to Eq. (45), to estimate Tr[(Ol ⊗ ρ�

l )(1/d)ϒU ]
within error 0 < η < 1 for all l, it suffices to query the
channel

O
((√

B
η

+ 1
η2

)

log M

)

(46)

times. In addition, by Eq. (42), to estimate Tr(Ol U(ρl))

within ε precision, one needs to keep the additive error η in
estimating Tr[(Ol ⊗ ρ�

l )(1/d)ϒU ] smaller than d−1ε. As a
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result, the query complexity of this protocol reads

O
(( √

B
d−1ε

+ 1
[d−1ε]2

)

log M

)

= O
(

d2

ε2 log M
)

, (47)

where we use the relation B ≤ d. By contrast, the query
complexity of our protocol based on collective measure-
ments is O

(
d
(
ε−2 + √

Bε−1
)

log M
)
, which improves the

scaling behavior in the dimension d quadratically.

C. Process tomography of unitary channels

Another approach for completing the CSEU task is to
first use quantum process tomography of unitary channels
(QPTU) [6,30,59,60] to construct a classical description
of the unknown channel U , and then use this description
to estimate Tr(OU(ρ)). When quantum memory is acces-
sible, Ref. [6] showed that �(d2ε−1) queries of U are
necessary and sufficient to output a classical description
that is ε-close to U in the diamond norm. Consequently,
any linear property Tr(OU(ρ)) can be estimated within
additive error ε from O(d2ε−1) queries. In the tomography
protocol of Ref. [6], the unknown channel U is applied in
series on one system of dimension d, so quantum memory
is needed but ancillary systems are not. Compared with our
protocol based on collective measurements, this protocol
has a smaller space overhead, but a larger query complex-
ity for completing the CSEU task when d > ε−1, which is
the usual case.

When quantum memory is not accessible, the protocol in
Ref. [30] has the highest efficiency among all QPTU pro-
tocols as far as we are aware. Using O(d2η−2) queries of
the unknown channel U , this protocol can learn a classical
description of the Choi state (1/d)ϒU within 0 < η < 1
trace distance (see Theorem 1 in Ref. [30]). From this
description, one can then estimate Tr[(O ⊗ ρ�)(1/d)ϒU ]
within additive error η for any state ρ and observable O.
According to Eq. (42), this implies a O(d4ε−2) query com-
plexity for estimating Tr(OU(ρ)) within ε error—nearly a
quadratic overhead compared with our CSEU protocol that
does not use quantum memory.

D. Other works

Recently, Ref. [23] proposed an efficient protocol with-
out quantum memory for learning to predict Tr(O C(ρ))
for an arbitrary unknown channel C, achieving a small
average error over input states ρ drawn from any locally
flat distribution. Here, O is restricted to a bounded-degree
observable that can be expressed as a sum of local observ-
ables, each has support on a constant number of qubits. In
contrast, our protocol for CSEU focuses on unitary chan-
nels, but can deal with the worst-case input states and
general observables.

Using quantum memory, Ref. [24] also gave an effi-
cient procedure for predicting linear properties Tr(O C(ρ))

for an arbitrary unknown channel C. However, here the
input state ρ is restricted to Pauli-sparse quantum states,
and the observable O is restricted to bounded Pauli-sparse
observables.

Instead of general quantum channels, recent works
[25–29] considered quantum channels or unitaries C that
can be generated in polynomial time, and showed that a
polynomial amount of queries are sufficient to estimate
Tr(O C(ρ)) in this restricted class. By contrast, our pro-
tocol for CSEU applies to arbitrary unitary channels, in
which case an exponential number of queries is inevitable
according to Theorem 2.

VII. APPLICATION IN HAMILTONIAN
LEARNING

A. Background and our result

Learning an unknown Hamiltonian is a central task
in many-body quantum physics. In an isolated quantum
system, the Hamiltonian H fully characterizes the sys-
tem’s time evolution through the dynamic operator e−iHt,
so all information about the future state of the system is
determined by its initial state and H . Beyond its funda-
mental significance in understanding quantum dynamics,
Hamiltonian learning has broad applications across various
fields, including quantum metrology and sensing [61,62],
and quantum device engineering [63,64].

Here we consider the problem of learning an unknown
n-qubit Hamiltonian H with respect to the normalized
Frobenius norm (NFN). More explicitly, given time evolu-
tion access to H , our goal is to learn a classical description
Ĥ ∈ LH(H) of the Hamiltonian, such that

Pr
{

1√
2n

∥∥∥Ĥ − H
∥∥∥

2
≤ ε

}
≥ 1 − δ (48)

for accuracy 0 < δ, ε < 1/3. Here we do not make prior
assumptions on the structure of H , but only have two
natural constraints Tr(H) = 0 and ‖H‖ = O(poly(n)).
According to Theorem 1.4 of Ref. [65], even with access to
quantum memory, any protocol has to make at least �̃(d2)

applications of H to solve this problem.
We choose NFN as the error metric because it reflects

how well we can predict the system on average based on
the learned description Ĥ of the Hamiltonian [66]. Sup-
pose we are given a known initial state ρ0, and we want
to predict observation expectation values of the system at
a given time t by using Ĥ . Starting from ρ0, the true state
ρ(t) at time t and the state ρ̂(t) we predict will be

ρ(t) = e−iHt ρ0 eiHt, ρ̂(t) = e−iĤ t ρ0 eiĤ t . (49)

Accordingly, the true and predicted expectation values of
a given observable O will be

〈O〉ρ(t) = Tr[Oρ(t)], 〈O〉ρ̂(t) = Tr[Oρ̂(t)], (50)
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respectively. The absolute value of their difference repre-
sents our prediction error based on Ĥ . If the initial state
ρ0 = |ψ0〉〈ψ0| is a random pure state drawn from the Haar
distribution, then the mean squared error can be bounded
as [66]

E
|ψ0〉∼μH

[∣∣〈O〉ρ(t) − 〈O〉ρ̂(t)
∣∣2
]

≤ 2

(

t ‖O‖2
‖Ĥ − H‖2√

2n

)2

.

(51)

Therefore, a small NFN-error bound guarantees a high
average accuracy in predicting the expectation values of
observables under a random initial state [66,67].

In recent years, the task of learning an unknown Hamil-
tonian H through its unitary dynamics has been exten-
sively studied in the literature [24,36,37,64–66,68–76].
Most existing protocols use repeated applications of the
Hamiltonian’s time evolution in each experiment, thereby
demanding the resource of quantum memory. In addition,
these protocols generally rely on strong assumptions about
the structure of H—for instance, assuming that H exhibits
sparse interactions or contains Pauli terms with constant
weights. However, in many practical scenarios, the Hamil-
tonian may have an unknown structure and involve arbi-
trary interaction couplings, which restrict the applicability
of these protocols.

Furthermore, it is worth mentioning that learning a
Hamiltonian H with respect to NFN is much harder than
simply estimating its Pauli coefficients, although the latter
is the focus of most previous Hamiltonian learning proto-
cols. More precisely, estimating all Pauli coefficients of H
within additive error ε only implies learning H within error
dε in NFN (see Appendix I), where d = 2n is the dimen-
sion of the system. Due to this reason, when attempting to
extend existing protocols to learn an arbitrary Hamiltonian
in NFN, the number of required experimental runs and total
evolution time under H would become prohibitively large,
as shown in Appendix I.

Here, to demonstrate the power of our CSEU protocol,
we show that it can be combined with the polynomial inter-
polation technique to learn an arbitrary Hamiltonian H
in NFN. The learning protocol is nonadaptive, and does
not need quantum memory or ancillary qubits. In each
round of experiments, it requires only the preparation of
a computational-basis state, the application of a random
Clifford unitary to a single system, a measurement in the
computational basis, and a real O(1/‖H‖)-time evolution
under H . The protocol’s query complexity and evolution
time complexity are summarized in the following theorem,
which is a simplified version of Theorem I1 in Appendix I.

Theorem 3. Given time evolution access to an arbitrary
n-qubit traceless Hamiltonian H with ‖H‖ = O(poly(n)).
There is an ancilla-free protocol without quantum memory

that outputs a classical description Ĥ ∈ LH(H) such that
Eq. (48) holds. Both the number of queries to H and the
total evolution time required by the protocol scale as

Õ
((

d2

ε2 + d3

ε

)
log(δ−1)

)
. (52)

To the best of our knowledge, this is the first protocol
based on Õ(d3) queries and evolution time for learning
an arbitrary Hamiltonian with respect to NFN. Notably,
even without using quantum memory, the query complex-
ity is still close to the known theoretical lower bound
�̃(d2) [65], demonstrating both high efficiency and prac-
tical applicability. In contrast, the most efficient protocol
in the literature requires Õ(d4) Hamiltonian queries and
total evolution time to achieve this task even if quantum
memory is accessible (see Appendix I).

B. Schematic overview of our Hamiltonian learning
protocol

In this section, we formalize the basic principles and
methodology of our Hamiltonian learning protocol. Addi-
tional technical details regarding the protocol can be found
in Appendix I.

Our goal is to learn an arbitrary unknown traceless
Hamiltonian H , which can be expanded in the form:

H =
∑

q∈{0,1,2,3}n

μ(q)σq. (53)

Here, σq are Pauli operators, and μ(q) ∈ R are Pauli coef-
ficients with μ(0n) = 0. For a system with an initial state
ρ evolving under H , the expectation value of an operator
O at time t can be written as [24,36,37]

〈O〉ρ(t) = Tr[OUt(ρ)] =
∞∑

k=0

(i t)k

k!
Tr[gk(H , O)ρ] , (54)

where Ut(·) := e−iHt(·) eiHt denotes the unitary channel
describing the time evolution, and

gk(H , O) := [H , [H , [. . . , [H︸ ︷︷ ︸
k times

, O] . . .]]], gk=0(H , O) := O.

(55)

As shown in Refs. [24,36,37], for any Pauli operator σq �=
I , there is a quantum state ρq and another Pauli operator
σq′ that satisfy Tr(i[H , σq′]ρq) = 2μ(q). This fact together
with Eq. (54) leads to the following key observation. For
any nonidentity Pauli operator σq, if the initial state ρ
and observable O are properly chosen, then the first-order
time derivative of 〈O〉ρ(t) at t = 0 tells us the Pauli coef-
ficient μ(q). In addition, this derivative can be extracted
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by performing polynomial interpolation on the function
t �→ 〈O〉ρ(t) [24,36,37].

Building on the above observations, our protocol inte-
grates the CSEU method developed in Sec. III and the
derivative estimation procedure of Ref. [24] to learn the
unknown Hamiltonian. In the first step, for several dif-
ferent time points t, we treat Ut as an unknown unitary
channel, and use our CSEU protocol to accurately estimate
the expectation value 〈O〉ρ(t) corresponding to each σq �= I .
Due to the high efficiency of our CSEU method, this step
requires much fewer Hamiltonian queries (and thus less
total evolution time) than existing approaches. The second
step of our protocol is classical postprocessing, in which
we estimate each Pauli coefficient μ(q) within additive
error ε/d by using polynomial interpolation, following the
same procedure as in Ref. [24]. Let μ̂(q) be the estimate
for μ(q); then our protocol outputs Ĥ = ∑

q μ̂(q)σq as the
learned description of H , which satisfies

‖Ĥ − H‖2√
d

=
√

1
d

Tr
[
(Ĥ − H)2

]

=
√ ∑

q∈{0,1,2,3}n

|μ̂(q)− μ(q)|2

≤
√√√√

∑

q∈{0,1,2,3}n

(ε
d

)2
= ε. (56)

In this way, the unknown Hamiltonian H is learned within
error ε with respect to NFN.

VIII. APPLICATION IN ESTIMATING OTOCS

So far we have considered predicting linear functions
of the unknown unitary channel U . Actually, the classi-
cal shadow data UShadow(U , m) obtained in our learning
phase may also be used to predict nonlinear functions of
U . One particularly crucial nonlinear function is the out-
of-time-ordered correlators (OTOCs). As a tool to quan-
tify quantum information scrambling, OTOC plays critical
roles in both quantum many-body physics [77,78] and
quantum information [79,80]. Suppose U(t) is a unitary
time-evolution operator and W is a local Hermitian opera-
tor. For chaotic dynamics, the Heisenberg operator WU(t) =
U(t)†WU(t) rapidly becomes nonlocal and noncommuta-
tive with an initially nonoverlapping local operator V. The
degree of this noncommutativity can be quantified by the
OTOC

C(U(t)) = Tr
(
ρWU(t)V†WU(t)V

)
, (57)

with ρ being the initial quantum state. To simplify the nota-
tion, in the following we often omit “(t)” and use U to
denote the unitary time-evolution operator.

For given W and V, below we consider the task of pre-
dicting OTOC by querying the unknown time-evolution
operator U several times. Using the tensor-network dia-
gram (see Appendix B 2), the OTOC can be written as

(58)

In this diagram, the order in which operators are mul-
tiplied is from top to bottom, “ ” and “ ” means the
periodic boundary condition for top and bottom legs, and
T(1,3) is the swap operator on the first and third systems.
Recall that each snapshot X̂ in the classical shadow data
UShadow(U , m) equals the Choi operator ϒU in expec-
tation. So one can predict C(U) by using the following
estimator constructed from pairs of distinct snapshots:

Ĉ(U) := 1
m(m − 1)

∑

i�=j

Tr
[ (

X̂i ⊗ X̂j

)

× (
W ⊗ (V†)� ⊗ W ⊗ (Vρ)�

)
T(1,3)

]
. (59)

Here the summation is over all m(m − 1) quadratic terms
with i, j = 1, . . . , m and i �= j . Due to the independence
between X̂i and X̂j , this estimator correctly predicts the
OTOC in expectation.

To study the query efficiency of this approach, follow-
ing Refs. [81,82], here we focus on the infinite temperature
thermal state ρ = I/d, and assume that W and V are both
unitary, traceless, and Hermitian operators. In this case, as
proved in Appendix J, the variance of our estimator reads

Var
[
Ĉ(U)

]
= O

[
1
m

(
d2

s2 + 1
)

+ d2

m2

(
d4

s4 + 1
)]

.

(60)

By combining this result with Chebyshev’s inequality, we
immediately arrive at the following proposition, which
clarifies the query complexity for estimating OTOC.

Proposition 2. In order to estimate C(U) within addi-
tive error 0 < ε < 1 and some high (constant) success
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probability, the number of queries used by our protocol is

m · s = O
(

d2

ε2 + d3

ε

)
(61)

when we use only single-copy measurements, i.e., s = 1;
and is

m · s = O
(

d
ε2 + d2

ε

)
(62)

when we use collective measurements on d systems, i.e.,
s = d.

Due to its shadow nature, our protocol can estimate
many OTOCs for different initial operators W and V simul-
taneously by classical postprocessing. In contrast, previous
methods [81,82] need to encode the information on W
and V into the initial state preparation, unitary evolution,
and final measurements. As a result, the measurement out-
comes can only be used to estimate the chosen OTOC. In
addition, our protocol based on collective measurements
can significantly enhance the query efficiency compared
with Ref. [82], as shown in Eq. (62). Furthermore, it
is straightforward to generalize our protocol to predict
higher-order OTOCs [82,83].

IX. CONCLUSION

In this work, we initiated a comprehensive investigation
of the CSEU problem, which is of fundamental interest to
both theoretical studies and practical applications. By uti-
lizing the power of collective measurements, we proposed
a novel protocol for the CSEU task, whose query complex-
ity is nearly asymptotically optimal for prediction in the
worst case, and can be further reduced for prediction in
the average case. To further enhance practicality, we also
introduced an alternative ancilla-free protocol based on
single-copy measurements, which achieves much higher
query efficiency compared with previous protocols that do
not use quantum memory. This protocol can serve as a key
subroutine for learning an arbitrary unknown Hamiltonian
with respect to NFN, significantly outperforming existing
approaches for this task. Furthermore, our protocols can be
extended to predict nonlinear properties of unitary chan-
nels, and have demonstrated high efficiency in estimating
OTOC, a crucial quantity in quantum many-body physics.
This work represents a significant advance in the study of
learning quantum channels, and is expected to trigger a
cascade of future research works on this subject.

There are some intriguing problems that merit further
investigation. First, although our protocol based on col-
lective measurements achieves a nearly optimal query
complexity, it applies the unknown unitary channel U in
parallel, resulting in a large space overhead. It is natural
to ask whether this overhead can be avoided by consider-
ing sequential applications of U [6], which would make

the protocol more practical. Second, our protocol applies
quadratic estimators in the prediction phase to estimate lin-
ear properties (see Sec. III B). It would be interesting to
study the potential benefits of higher-order estimators con-
structed from more snapshots, which may further reduce
the query complexity with respect to the parameter B. The
third question is whether our protocol based on single-copy
measurements can achieve the optimal query complexity
with respect to the system dimension d over all protocols
that do not rely on quantum memory. We leave these lines
of research to future study.
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APPENDIX A: FREQUENTLY USED SYMBOLS

In Table II, we list the frequently used symbols through-
out this paper for readers’ reference.

APPENDIX B: PRELIMINARIES

For our proofs, it will be useful to have some familiarity
with quantum state designs and tensor-network diagrams.
A more detailed review can be found in Ref. [84].

1. Quantum state designs

A Haar-random state |ψ〉 in the Hilbert space H is a
pure state drawn randomly according to the Haar measure
μH on quantum states. For integer t ≥ 1, the expectation of
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TABLE II. Frequently used symbols and their meanings.

Symbol Meaning

U the unknown unitary channel we aim to learn
ϒU the Choi operator of U
H the n-qubit Hilbert space that U acts on
d d = 2n is the dimension of H
D(H) the set of all density operators on H
Obs(B) the set of observables on H with bounded norms; see Eq. (3)
Alearn our algorithm working in the learning phase; see Sec. III A
Apred our algorithm working in the prediction phase; see Sec. III B

X̂i a classical snapshot of U obtained by Alearn; see Eq. (9)
Ms the symmetric collective measurement used in Alearn; see Eq. (7)
s the number of copies jointly measured by Ms in the learning phase
m the number of snapshots obtained by Alearn

R the number of batches used in Apred

q q = m/R is the number of snapshots in each batch

Ẑ(r) the mean estimator constructed from the rth batch; see Eq. (14)

Ê(O, ρ) our protocol’s final estimate for Tr(OU(ρ)); see Eq. (15)
ε the error that we can tolerate
δ the failure probability that we can tolerate
�(T , O) the mean absolute error for predicting Tr(OU(ρ)); see Eq. (35)
πd,λ the λ-induced distribution of density matrices; see Definition 3
H the unknown Hamiltonian that we aim to learn
�(t)

sym the projector onto the symmetric subspace of H⊗t

St the permutation group of order t
Tπ the permutation operator on H⊗t

d corresponding to π ∈ St

(|ψ〉〈ψ |)⊗t with respect to the Haar measure reads

E
|ψ〉∼μH

[
(|ψ〉〈ψ |)⊗t] = 1

κt
�(t)

sym, κt =
(

t + d − 1
t

)
,

(B1)

where �(t)
sym is the projector onto the symmetric subspace

of H⊗t, and κt is the dimension of the symmetric subspace.
An ensemble E of pure states in H is said to be a state

t-design if and only of its tth moment agrees with that of
the Haar distribution, i.e.,

E
|ψ〉∼E

[
(|ψ〉〈ψ |)⊗t] = E

|ψ〉∼μH

[
(|ψ〉〈ψ |)⊗t] = 1

κt
�(t)

sym.

(B2)

If E is a state t-design, then it is also a state (t − 1)-design
by definition.

Let St be the permutation group of order t. For any
element π ∈ St, we define its corresponding permutation
operator to be the unitary operator Tπ on H⊗t that satisfies

Tπ(|ϕ1〉 ⊗ · · · ⊗ |ϕt〉) = ∣
∣ϕπ−1(1)

〉 ⊗ · · · ⊗ ∣
∣ϕπ−1(t)

〉
(B3)

for |ϕ1〉 , |ϕ2〉 , . . . , |ϕt〉 ∈ H. For example, for π = (1, 2) ∈
S2, the corresponding permutation operator T(1,2) is the
swap operator. An important property of the projector�(t)

sym
is that it can be decomposed into a sum of permutation
operators:

�(t)
sym = 1

t!

∑

π∈St

Tπ . (B4)

2. Tensor-network diagrams

Tensor networks provide a graphical method that sim-
plifies the analysis of tensor operations. In tensor-network
diagrams, a linear operator A ∈ L(H) on the space H is
represented as a box with open legs:

(B5)

where the top leg stands for row index of A, and the bottom
leg stands for column index of A. The trace of A and the
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transpose of A are represented as

(B6)

respectively, where “ ” and “ ” means the periodic bound-
ary condition for the top and bottom legs. In particular, the
identity operator on H and its trace are represented as

(B7)

Given operators A, B ∈ L(H), their product AB is rep-
resented as a connection (a contraction of the indices)
between two boxes, and their tensor product A ⊗ B is
represented as putting A and B together with no leg
connection:

(B8)

An operator A ∈ L(H⊗2) is represented as a box that has
two legs on the top and two on the bottom, and its partial
transpose is represented as changing the directions of legs
on one side:

(B9)

In tensor-network diagrams, permutation operators are
represented as changing the position of legs. For exam-
ple, the swap operator is represented as exchanging two
legs, and cyclic permutation operators are represented as
sequentially moving each leg to its neighboring position:

(B10)

A particularly important diagram is that of the unnor-
malized maximally entangled state:

(B11)

from which we can easily deduce that (|�〉〈�|)�2 = T(1,2).

APPENDIX C: PROOF OF LEMMA 1

The expectation of φ̂ ⊗ ψ̂ (over both random state
preparation and measurement outcomes) is

E
[
φ̂ ⊗ ψ̂

] =
L∑

i=1

K∑

j =1

(φj ⊗ ψi)Pr
{
ψ̂ = ψi, φ̂ = φj

}

=
L∑

i=1

K∑

j =1

(φj ⊗ ψi)
1
L

Tr
[
Aφj (UψiU†)⊗s]

= 1
L

L∑

i=1

⎛

⎝κs

K

K∑

j =1

φj Tr
[
φ⊗s

j (UψiU†)⊗s
]
⎞

⎠ ⊗ψi.

(C1)

According to Lemma C1 below and the fact that {|φj 〉}K
j =1

forms a state (s + 1)-design (see Sec. III A), the term in the
parentheses in the last line can be rewritten as

κs

K

K∑

j =1

φj Tr
[
φ⊗s

j (UψiU†)⊗s
]

= I + sUψiU†

d + s
. (C2)

So we have

E
[
φ̂ ⊗ ψ̂

] = 1
L

L∑

i=1

(
I + sUψiU†

d + s

)
⊗ ψi

= I
d + s

⊗
(

1
L

L∑

i=1

ψi

)

+ s
d + s

(U ⊗ I)

(
1
L

L∑

i=1

ψi ⊗ ψi

)

(U† ⊗ I)

(a)= I
d + s

⊗ I
κ1

+ s
d + s

(U ⊗ I)
�(2)

sym

κ2
(U† ⊗ I)

(b)= I ⊗ I
κ1(d + s)

+ s
2κ2(d + s)

∑

π∈S2

(U ⊗ I)Tπ(U† ⊗ I)

= (d + 1 + s)(I ⊗ I)+ s(U ⊗ I)T(1,2)(U† ⊗ I)
d(d + 1)(d + s)

(c)= (d + 1 + s)(I ⊗ I)+ s(U ⊗ U†)T(1,2)

d(d + 1)(d + s)
, (C3)

which confirms Lemma 1 in the main text. Here (a) follows
from Eq. (4) in the main text and the fact that {|ψi〉}L

i=1 is a
state 2-design (see Sec. III A), (b) follows from Eq. (B4),
and (c) holds because T(1,2)(U† ⊗ I) = (I ⊗ U†)T(1,2).

In this proof, we use at most the (s + 1)-design prop-
ertity of the ensemble {|φj 〉}K

j =1 and the 2-design property
of the ensemble {|ψi〉}L

i=1. The (s + 2)-design propertity of
{|φj 〉}K

j =1 and the 4-design propertity of {|ψi〉}L
i=1 will be

used later in the proof of Lemma D1.
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The following auxiliary lemma follows directly from Lemma 13 in Ref. [11].

Lemma C1. Suppose integer s ≥ 1, pure state |ϕ〉 ∈ H, and {|φj 〉}K
j =1 forms a state (s + 1)-design on H. Then

κs

K

∑

j

φj Tr
(
φ⊗s

j ϕ⊗s
)

= I + sϕ
d + s

. (C4)

APPENDIX D: AUXILIARY LEMMAS

To establish our results in the main text, here we prepare several auxiliary lemmas.
Recall that our algorithm Alearn working in the learning phase outputs a classical description of the prepared state ψ̂

and the measurement outcome φ̂ in each round (see Sec. III A). In the main text, we have clarified the expectation of
their tensor product φ̂ ⊗ ψ̂ in Lemma 1. Here, we calculate the expectation of φ̂⊗2 ⊗ ψ̂⊗2, which is useful for proving
Lemma 2 in the main text (see Appendix F).

Lemma D1. The expectation of φ̂⊗2 ⊗ ψ̂⊗2 (over both random state preparation and measurement outcomes) is

E

[
φ̂⊗2 ⊗ ψ̂⊗2

]
= 2
(d + s)(d + s + 1)

(
1
κ2
�1 + s

κ3
�2 + s

κ3
�3 + s(s − 1)

2κ4
�4

)
, (D1)

where
�1 := �(2)

sym ⊗�(2)
sym, (D2)

�2 := (I ⊗ U ⊗ I ⊗ I)
[

I1 ⊗
(
�(3)

sym

)

2,3,4

]
(I ⊗ U† ⊗ I ⊗ I)

(
�(2)

sym ⊗ I ⊗ I
)

, (D3)

�3 := (U ⊗ I ⊗ I ⊗ I)
[

I2 ⊗
(
�(3)

sym

)

1,3,4

]
(U† ⊗ I ⊗ I ⊗ I)

(
�(2)

sym ⊗ I ⊗ I
)

, (D4)

�4 := (U ⊗ U ⊗ I ⊗ I)�(4)
sym (U

† ⊗ U† ⊗ I ⊗ I), (D5)

Ii denotes the identity operator acting on the ith system, and (·)i, j,k denotes the operator acting on the ith, jth, and kth
systems.

Proof of Lemma D1. We have

E

[
φ̂⊗2 ⊗ ψ̂⊗2

]
=

L∑

i=1

K∑

j =1

(
φ⊗2

j ⊗ ψ⊗2
i

)
Pr
{
ψ̂ = ψi, φ̂ = φj

}

=
L∑

i=1

K∑

j =1

(
φ⊗2

j ⊗ ψ⊗2
i

) 1
L

Tr
[
Aφj (UψiU†)⊗s]

= 1
L

L∑

i=1

⎛

⎝κs

K

K∑

j =1

φ⊗2
j Tr

[
φ⊗s

j (UψiU†)⊗s
]
⎞

⎠ ⊗ ψ⊗2
i . (D6)

According to Lemma D2 below and the fact that {|φj 〉}K
j =1 forms a state (s + 2)-design (see Sec. III A),

κs

K

K∑

j =1

φ⊗2
j Tr

[
φ⊗s

j (UψiU†)⊗s
]

= 2
(d + s)(d + s + 1)

[
(
I + sUψiU†)⊗2 − s(s + 1)

2
(
UψiU†)⊗2

]
�(2)

sym. (D7)

So we have

E

[
φ̂⊗2 ⊗ ψ̂⊗2

]
= 2
(d + s)(d + s + 1)

· 1
L

L∑

i=1

[(
I + sUψiU†)⊗2 − s(s + 1)

2
(
UψiU†)⊗2

]
�(2)

sym ⊗ ψ⊗2
i

= 2
(d + s)(d + s + 1)

· 1
L

L∑

i=1

[
I⊗2 + sI ⊗ (

UψiU†) + s
(
UψiU†) ⊗ I + s(s − 1)

2
(
UψiU†)⊗2

]
�(2)

sym ⊗ ψ⊗2
i . (D8)
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Since {|ψi〉}L
i=1 is a state 4-design (see Sec. III A), we can apply Eq. (4) in the main text to calculate the sum in Eq. (D8)

term-by-term. The first term is calculated as

1
L

L∑

i=1

(
I⊗2�(2)

sym

)
⊗ ψ⊗2

i = 1
κ2
�(2)

sym ⊗�(2)
sym = �1

κ2
, (D9)

where we have used the 2-design property of {|ψi〉}L
i=1. The second term is calculated as

1
L

L∑

i=1

[
sI ⊗ (

UψiU†)]�(2)
sym ⊗ ψ⊗2

i = s
L

L∑

i=1

(I ⊗ U ⊗ I ⊗ I)
(
I ⊗ ψ⊗3

i

)
(I ⊗ U† ⊗ I ⊗ I)

(
�(2)

sym ⊗ I ⊗ I
)

= s(I ⊗ U ⊗ I ⊗ I)

(

I ⊗ �(3)
sym

κ3

)

(I ⊗ U† ⊗ I ⊗ I)
(
�(2)

sym ⊗ I ⊗ I
)

= s
κ3
�2,

(D10)

where we have used the 3-design property of {|ψi〉}L
i=1. By a similar reasoning, the third term is given by

1
L

L∑

i=1

[
s
(
UψiU†) ⊗ I

]
�(2)

sym ⊗ ψ⊗2
i = s

κ3
�3. (D11)

The last term is calculated as

1
L

L∑

i=1

[
s(s − 1)

2
(
UψiU†)⊗2

�(2)
sym

]
⊗ ψ⊗2

i
(a)= s(s − 1)

2
· 1

L

L∑

i=1

(
UψiU†)⊗2 ⊗ ψ⊗2

i

= s(s − 1)
2

· 1
L

L∑

i=1

(U ⊗ U ⊗ I ⊗ I)
(
ψ⊗4

i

)
(U† ⊗ U† ⊗ I ⊗ I)

(b)= s(s − 1)
2

(U ⊗ U ⊗ I ⊗ I)
�(4)

sym

κ4
(U† ⊗ U† ⊗ I ⊗ I) = s(s − 1)

2κ4
�4,

(D12)

where (a) holds because (UψiU†)⊗2�(2)
sym = (UψiU†)⊗2, and (b) holds because {|ψi〉}L

i=1 is a 4-design.
Equations (D8)–(D12) together confirm Lemma D1. �

Note that, in the above proof, the 4-design property of {|ψi〉}L
i=1 is only utilized in the case of s ≥ 2. When s = 1, the last

term [s(s − 1)/2]
(
UψiU†

)⊗2 in the bracket of Eq. (D8) vanishes and thus the 3-design property of {|ψi〉}L
i=1 is sufficient

to prove Lemma D1.
The following auxiliary lemma follows directly from Lemma 14 in Ref. [11].

Lemma D2. Suppose integer s ≥ 1, pure state |ϕ〉 ∈ H, and {|φj 〉}K
j =1 forms a state (s + 2)-design on H. Then

κs

K

∑

j

φ⊗2
j Tr

(
φ⊗s

j ϕ⊗s
)

= 2
(d + s)(d + s + 1)

[
(I + sϕ)⊗2 − s(s + 1)

2
ϕ⊗2

]
�(2)

sym. (D13)

Lemma D3 (Hölder’s inequality). Suppose A, B are operators on H. Then

|Tr(AB)| ≤ ‖A‖1‖B‖, |Tr(AB)| ≤ ‖A‖2‖B‖2. (D14)
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Lemma D4. Suppose U is a unitary operator on H,
ρ ∈ D(H), and O ∈ Obs(B). Let OU := U†OU and ℘ :=
Tr(ρ2). Then

|Tr(O)| ≤
√

dB. (D15)

|Tr(OUρ)| ≤ min{
√

B℘, 1}, (D16)
∣∣Tr(O2

Uρ)
∣∣ ≤ min{

√
B℘, 1}, (D17)

∣∣Tr(OUρ
2)
∣∣ ≤ ℘, (D18)

∣∣Tr(O2
Uρ

2)
∣∣ ≤ ℘, (D19)

∣∣Tr(OUρ OUρ)
∣∣ ≤ ℘. (D20)

Proof of Lemma D4. Equation (D15) can be derived as

|Tr(O)| ≤ ‖I‖2 ‖O‖2 =
√

d Tr(O2) ≤
√

dB, (D21)

where the first inequality follows from Lemma D3, and the
second inequality holds because O ∈ Obs(B).

Similarly, Eq. (D16) can be derived as

|Tr(OUρ)| ≤ ‖OU‖2 ‖ρ‖2 = ‖O‖2 ‖ρ‖2

=
√

Tr(O2)Tr
(
ρ2

) ≤
√

B℘, (D22)

|Tr(OUρ)| ≤ ‖OU‖ ‖ρ‖1 = ‖O‖ Tr(ρ) ≤ 1, (D23)

given that ‖O‖ ≤ 1 when O ∈ Obs(B).
Equation (D17) follows from Eq. (D16) and the fact that

O2 ∈ Obs(B) when O ∈ Obs(B).
Equation (D18) can be derived as

∣∣Tr(OUρ
2)
∣∣ ≤ ‖OU‖ ‖ρ2‖1 = ‖O‖ Tr

(
ρ2) ≤ ℘. (D24)

Equation (D19) follows from Eq. (D18) and the fact that
O2 ∈ Obs(B) when O ∈ Obs(B).

Equation (D20) can be derived as

|Tr(OUρOUρ)| ≤ ‖OUρ‖2
2 = Tr[(OUρ)

†(OUρ)]

= Tr(O2
Uρ

2) ≤ ℘, (D25)

where the last inequality follows from Eq. (D19). �

APPENDIX E: PREDICTING Tr(O U(ρ)) BY
AVERAGING Tr[(O ⊗ ρ�)X̂i]

Recall that our protocol for CSEU outputs the clas-
sical shadow data UShadow(U , m) = {X̂1, X2, . . . , X̂m} in
the learning phase, which contains m independent clas-
sical snapshots. Given any quantum state ρ ∈ D(H) and
observable O ∈ Obs(B) in the prediction phase, as men-
tioned in Sec. III B of the main text, a simple way to predict

Tr(OU(ρ)) is to calculate Tr[(O ⊗ ρ�)X̂i] and take their
average:

Z̃m(O, ρ) := 1
m

m∑

i=1

Tr
[
(O ⊗ ρ�)X̂i

]
. (E1)

In this Appendix we shall show that, with this method, the
number of queries required to estimate Tr(OU(ρ)) within
additive error ε scales as O(d2B/ε2) even when collec-
tive measurements on multiple systems are used. If only
single-copy measurements are accessible, then the query
complexity further increases, reaching up to O(d3B/ε2).

The fluctuations of Z̃m(O, ρ) around its expectation
Tr(OU(ρ)) are controlled by the variance. By Lemma E1
below, we have

Var
[
Z̃m(O, ρ)

] = 1
m

Var
[
Tr

(
(O ⊗ ρ�)X̂

)]

≤ 1
m
�

[(
1 + d2

s2

)
dB

]
, (E2)

where the bound can be saturated when ρ is a pure state
and O = √

B/d I ∈ Obs(B).
By Chebyshev’s inequality, in order to suppress the

additive error of Z̃m(O, ρ) to ε with some constant suc-
cess probability 1 − δ, it suffices to choose m such that
Var

[
Z̃m(O, ρ)

] ≤ δε2; that is, to choose

m ≥ C
(

1 + d2

s2

)
dBε−2 (E3)

for some constant C > 0. So the total number of required
queries reads

s · m = C
(

1 + d2

s2

)
sdB
ε2 . (E4)

In the special case s = 1, i.e., only single-copy measure-
ments are used, we have s · m = O(d3B/ε2). This query
complexity agrees with that of the protocol for CSEC
developed in Ref. [21], which is ancilla-free and does not
use quantum memory (see Sec. VI in the main text). If col-
lective measurements on multiple systems are accessible,
the query number can be further reduced by increasing s.
When s = �(d), it can be reduced to the greatest extent, in
which case the query complexity reads s · m = O(d2B/ε2).

In contrast to the above method, our method for
estimating Tr(OU(ρ)) in the main text is based on
the quadratic estimator d−1 Tr[(O ⊗ ρ�)X̂iX̂j ] instead of
Tr[(O ⊗ ρ�)X̂i]. As shown in Table III below, in both
single-copy and collective measurement scenarios, the
quadratic estimator demonstrates strictly better query
efficiency.

030366-19



LI, YI, ZHOU, and ZHU PRX QUANTUM 6, 030366 (2025)

TABLE III. The query complexity of two different methods for estimating Tr(OU(ρ)).

Method Single-copy measurements with s = 1 Collective measurements with s = �(d)

Averaging Tr
[
(O ⊗ ρ�)X̂i

]
O
(
d3Bε−2

)
O
(
d2Bε−2

)

Averaging d−1 Tr
[
(O ⊗ ρ�)X̂iX̂j

]
O
(

d ε−2 + d2
√

Bε−1
)

[see Eq. (28)] O
(

d
(
ε−2 + √

Bε−1
))

[see Eq. (29)]

Lemma E1. Suppose ρ ∈ D(H) and O ∈ Obs(B). Then

Var
[
Tr

(
(O ⊗ ρ�)X̂

)]
≤ �

[(
1 + d2

s2

)
dB

]
, (E5)

where the inequality can be saturated when ρ is a pure state and O =
√

d−1B I .

Note that when the observable O is proportional to the identity, i.e., O = cI , the single-shot estimator

Tr
[
(O ⊗ ρ�)X̂

]
= Tr

[

(cI ⊗ ρ�)
d(d + 1)(d + s)(φ̂ ⊗ ψ̂�)− (d + 1 + s)(I ⊗ I)

s

]

= c d(d + 1)(d + s)
s

Tr(ρψ̂)− c d(d + 1 + s)
s

(E6)

is not a constant, and has fluctuation due to the randomness of ψ̂ . Hence, the variance of Tr
[
(O ⊗ ρ�)X̂

]
does not vanish

in this case.

Proof of Lemma E1. Using the definition of X̂ in Eq. (9) of the main text, we can expand the variance as

Var
[
Tr

(
(O ⊗ ρ�)X̂

)]
= Var

[
d(d + 1)(d + s)

s
Tr

[
(O ⊗ ρ�)(φ̂ ⊗ ψ̂�)

]
− d + 1 + s

s
Tr(O ⊗ ρ�)

]

=
[

d(d + 1)(d + s)
s

]2

Var
[
Tr

(
(O ⊗ ρ)(φ̂ ⊗ ψ̂)

)]

=
[

d(d + 1)(d + s)
s

]2 {
E

[(
Tr[(O ⊗ ρ)(φ̂ ⊗ ψ̂)]

)2
]

−
(
E

[
Tr((O ⊗ ρ)(φ̂ ⊗ ψ̂))

])2
}

≤
[

d(d + 1)(d + s)
s

]2

Tr
[ (

O⊗2 ⊗ ρ⊗2)
E

[
φ̂⊗2 ⊗ ψ̂⊗2

] ]
. (E7)

According to Lemma D1, the trace term in the last line of Eq. (E7) can be expanded as

Tr
[ (

O⊗2 ⊗ ρ⊗2)
E

[
φ̂⊗2 ⊗ ψ̂⊗2

] ]
= 2
(d + s)(d + s + 1)

Tr
[
(
O⊗2 ⊗ ρ⊗2)

(
�1

κ2
+ s�2

κ3
+ s�3

κ3
+ s(s − 1)�4

2κ4

)]
.

(E8)

Next, we calculate Tr
[(

O⊗2 ⊗ ρ⊗2
)
�j

]
for j = 1, 2, 3, 4, respectively. First,

Tr
[(

O⊗2 ⊗ ρ⊗2)�1
] = Tr

(
O⊗2�(2)

sym

)
Tr

(
ρ⊗2�(2)

sym

)
= 1

4
Tr

[
O⊗2 (I + T(12)

)]
Tr

[
ρ⊗2 (I + T(12)

)]

= 1
4
[
Tr(O2)+ (Tr(O))2

] [
Tr(ρ2)+ 1

] = O(Bd) , (E9)
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where the last equality follows from Lemma D4 in Appendix D. Second, Tr
[(

O⊗2 ⊗ ρ⊗2
)
�2

]
can be calculated via

tensor-network diagrams:

(E10)

where we use Lemma D4 to derive the last equality. Third, from the symmetry between �2 and �3 we have

Tr
[(

O⊗2 ⊗ ρ⊗2)�3
] = Tr

[(
O⊗2 ⊗ ρ⊗2)�2

] = O(Bd) . (E11)

Fourth,

Tr
[(

O⊗2 ⊗ ρ⊗2)�4
] = Tr

[
(U† ⊗ U† ⊗ I ⊗ I)

(
O⊗2 ⊗ ρ⊗2) (U ⊗ U ⊗ I ⊗ I)�(4)

sym

]

= 1
4!

∑

π∈S4

Tr
[(

O⊗2
U ⊗ ρ⊗2)Tπ

]

= 1
24

[
(Tr(OU))

2 + Tr(O2
U)+ 4 Tr(OU)Tr(OUρ)+ (Tr(OU))

2 Tr(ρ2)+ 4 Tr(OU)Tr(OUρ
2)

+ 4 Tr(O2
Uρ)+ Tr(O2

U)Tr(ρ2)+ 2(Tr(OUρ))
2 + 4 Tr(O2

Uρ
2)+ 2 Tr(OUρOUρ)

]

= O(Bd) , (E12)

where OU = U†OU, and the last equality follows from Lemma D4 again.
Therefore, Eq. (E8) can be rewritten as

Tr
[ (

O⊗2 ⊗ ρ⊗2)
E

[
φ̂⊗2 ⊗ ψ̂⊗2

] ]
= 2
(d + s)(d + s + 1)

(
1
κ2

+ 2s
κ3

+ s(s − 1)
2κ4

)
O(dB). (E13)

By plugging Eq. (E13) into Eq. (E7), we have

Var
[
Tr

(
(O ⊗ ρ�)X̂

)]
≤

[
d(d + 1)(d + s)

s

]2 O(dB)
(d + s)(d + s + 1)

(
1
κ2

+ 2s
κ3

+ s(s − 1)
2κ4

)
= O

[(
1 + d2

s2

)
dB

]
,

(E14)

which confirms the inequality Eq. (E5).
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At last, we show that the inequality Eq. (E5) can be saturated when ρ is a pure state and O = √
B/d I ∈ Obs(B). In this

case,

Var
[
Tr

(
(O ⊗ ρ�)X̂

)]
= Var

[
d(d + 1)(d + s)

s
Tr

[
(O ⊗ ρ�)(φ̂ ⊗ ψ̂�)

]
− d + 1 + s

s
Tr(O ⊗ ρ�)

]

= Var

[
d(d + 1)(d + s)

s

√
B
d

Tr(ρψ̂)

]

= B
d

[
d(d + 1)(d + s)

s

]2 [
Tr

(
(ρ ⊗ ρ)E[ψ̂ ⊗ ψ̂]

)
−

(
Tr(ρE[ψ̂])

)2 ]

(a)= B
d

[
d(d + 1)(d + s)

s

]2
[

Tr

(

(ρ ⊗ ρ)
�(2)

sym

κ2

)

− (
Tr(ρI/κ1)

)2

]

= B
d

[
d(d + 1)(d + s)

s

]2 [ 2
d(d + 1)

− 1
d2

]

= �

[(
1 + d2

s2

)
dB

]
, (E15)

where (a) follows from Eq. (4) in the main text and the fact that the state ψ̂ is chosen randomly from a 4-design state
ensemble. This completes the proof of Lemma E1. �

APPENDIX F: PROOF OF LEMMA 2

In preparation for proving Lemma 2, it will be convenient to first calculate the second moment of the snapshot X̂ , which
is defined in Eq. (9) of the main text.

Lemma F1. The expectation of X̂ ⊗ X̂ (over both random state preparation and measurement outcomes) is

E
[
X̂ ⊗ X̂

] = 2d2(d + 1)2(d + s)
s2(d + s + 1)

(
1
κ2
�̃1 + s

κ3
�̃2 + s

κ3
�̃3 + s(s − 1)

2κ4
�̃4

)
− d + 1 + s

s

(
�̃5 + �̃6

)
− (d + 1 + s)2

s2 �̃7,

(F1)

where

�̃1 :=
(
�(2)

sym

)

1,3
⊗

(
�(2)

sym

)

2,4
, (F2)

�̃2 :=
(
(I ⊗ I ⊗ U ⊗ I)

[
I1 ⊗

(
�(3)

sym

)

2,3,4

]
(I ⊗ I ⊗ U† ⊗ I)

[(
�(2)

sym

)

1,3
⊗ I2 ⊗ I4

])�2,4

, (F3)

�̃3 :=
(
(U ⊗ I ⊗ I ⊗ I)

[
I3 ⊗

(
�(3)

sym

)

1,2,4

]
(U† ⊗ I ⊗ I ⊗ I)

[(
�(2)

sym

)

1,3
⊗ I2 ⊗ I4

])�2,4

, (F4)

�̃4 :=
(
(U ⊗ I ⊗ U ⊗ I)�(4)

sym (U
† ⊗ I ⊗ U† ⊗ I)

)�2,4
, (F5)

�̃5 := ϒU ⊗ I ⊗ I , �̃6 := I ⊗ I ⊗ϒU , �̃7 := I ⊗ I ⊗ I ⊗ I , (F6)

and �2,4 denotes the partial transpose on the second and fourth subsystems.
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Proof of Lemma F1. We have

E
[
X̂ ⊗ X̂

] = E

⎡

⎣
(

d(d + 1)(d + s)(φ̂ ⊗ ψ̂�)− (d + 1 + s)(I ⊗ I)
s

)⊗2
⎤

⎦

= d2(d + 1)2(d + s)2

s2 E

[
φ̂ ⊗ ψ̂ ⊗ φ̂ ⊗ ψ̂

]�2,4 − d(d + 1)(d + s)(d + 1 + s)
s2 E

[
φ̂ ⊗ ψ̂ ⊗ I ⊗ I

]�2

− d(d + 1)(d + s)(d + 1 + s)
s2 E

[
I ⊗ I ⊗ φ̂ ⊗ ψ̂

]�4 + (d + 1 + s)2

s2 (I ⊗ I ⊗ I ⊗ I)

(a)= 2d2(d + 1)2(d + s)
s2(d + s + 1)

(
1
κ2
�̃1 + s

κ3
�̃2 + s

κ3
�̃3 + s(s − 1)

2κ4
�̃4

)
+ (d + 1 + s)2

s2 (I ⊗ I ⊗ I ⊗ I)

− d(d + 1)(d + s)(d + 1 + s)
s2

[
(d + 1 + s)(I ⊗ I)+ sϒU

d(d + 1)(d + s)
⊗ I ⊗ I

]

− d(d + 1)(d + s)(d + 1 + s)
s2

[
I ⊗ I ⊗ (d + 1 + s)(I ⊗ I)+ sϒU

d(d + 1)(d + s)

]

= 2d2(d + 1)2(d + s)
s2(d + s + 1)

(
1
κ2
�̃1 + s

κ3
�̃2 + s

κ3
�̃3 + s(s − 1)

2κ4
�̃4

)

− d + 1 + s
s

(I ⊗ I ⊗ ϒU +ϒU ⊗ I ⊗ I)− (d + 1 + s)2

s2 (I ⊗ I ⊗ I ⊗ I) , (F7)

which confirms Lemma F1. Here the equality (a) follows from Lemma 1 in the main text, Lemma D1 in Appendix D, and
the relation

[
(U ⊗ U†)T(1,2)

]�2 = ϒU . �

Now we are ready to bound the covariance term Cov
(
�i,j ,�k,�

)
for each combination of the four indices (i, j , k, �) with

i �= j and k �= �. In the rest of this appendix, Appendix F 1 deals with the case in which exactly one index matches in
different positions (i = � or j = k); Appendix F 2 deals with the case in which exactly one index matches in the same
position (i = k or j = �); Appendix F 3 deals with the case in which both indices match with order swapped (i = �

and j = k); and Appendix F 4 deals with the case in which both indices match with the same order (i = k and j = �).
Lemmas F2–F5 in the following subsections together will confirm Lemma 2 in the main text.

1. Exactly one index matches in different positions

Lemma F2. For all distinct i, j, k, we have Cov
(
�i,j,�j,k

) = O
(
d2 min{1, B℘}), where ℘ = Tr(ρ2).

Proof of Lemma F2. First, we have

Cov
(
�i,j,�j,k

) = E

[
Tr

((
O ⊗ ρ�) X̂iX̂j

)
Tr

((
O ⊗ ρ�) X̂j X̂k

)∗]
− E

[
Tr

((
O ⊗ ρ�) X̂iX̂j

)]
E

[
Tr

((
O ⊗ ρ�) X̂j X̂k

)∗]

(a)= E

[
Tr

((
O ⊗ ρ�) X̂iX̂j

)
Tr

((
O ⊗ ρ�) X̂kX̂j

)]
− Tr

[(
O ⊗ ρ�) dϒU

]
Tr

[(
O ⊗ ρ�) dϒU

]∗

= E

[
Tr

((
O ⊗ ρ� ⊗ O ⊗ ρ�)

(
X̂iX̂j ⊗ X̂kX̂j

))]
− d2 [Tr(OU(ρ))]2 , (F8)

where (a) holds because O ⊗ ρ�, X̂j, X̂k are Hermitian, and

E[X̂iX̂j ] = E[X̂j X̂k] = E[X̂ ]2 = ϒ2
U = dϒU . (F9)

The second moment term in the last line of Eq. (F8) can be further calculated as

E

[
Tr

((
O ⊗ ρ� ⊗ O ⊗ ρ�)

(
X̂iX̂j ⊗ X̂kX̂j

))]
= Tr

((
O ⊗ ρ� ⊗ O ⊗ ρ�)

(
E
[
X̂i
] ⊗ E

[
X̂k

])
E
[
X̂j ⊗ X̂j

])

= Tr
((

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU ) E
[
X̂ ⊗ X̂

])
. (F10)
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The expression of E
[
X̂ ⊗ X̂

]
in Lemma F1 has 7 terms. Plugging them into Eq. (F10), respectively, we get

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU ) �̃5

]
= d [Tr(OU(ρ))]2 ≥ 0, (F11)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU ) �̃6

]
= d [Tr(OU(ρ))]2 ≥ 0, (F12)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU ) �̃7

]
= [Tr(OU(ρ))]2 ≥ 0; (F13)

and

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU ) �̃1

]
= O(min{1, B℘}) , (F14)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU ) �̃2

]
= O(d min{1, B℘}) , (F15)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU ) �̃3

]
= O(d min{1, B℘}) , (F16)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU ) �̃4

]
= O

(
d2 min{1, B℘}) . (F17)

Here Eqs. (F14)–(F17) can be derived by using tensor-network diagrams. For example,

(F18)

where the last equality follows from Lemma D4.
Therefore, by Eqs. (F8) and (F10),

Cov
(
�i,j,�j,k

) ≤ Tr
((

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU ) E
[
X̂ ⊗ X̂

])

(a)≤ Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ ϒU )
2d2(d + 1)2(d + s)

s2(d + s + 1)

(
1
κ2
�̃1 + s

κ3
�̃2 + s

κ3
�̃3 + s(s − 1)

2κ4
�̃4

)]
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(b)= O
[

d4

s2

(
min{1, B℘}

κ2
+ sd min{1, B℘}

κ3
+ s(s − 1)d2 min{1, B℘}

2κ4

)]

= O
(
d2 min{1, B℘}) , (F19)

where (a) follows from Lemma F1 and Eqs. (F11)–(F13), and (b) follows from Eqs. (F14)–(F17). �

2. Exactly one index matches in the same position

Lemma F3. For all distinct i, j, k, we have Cov
(
�i,j,�k,j

) = O
(

d3

s ℘ + d2 min{1, B℘}
)

, where ℘ = Tr(ρ2).

Proof of Lemma F3. First, we have

Cov
(
�i,j ,�k,j

) = E

[
Tr

((
O ⊗ ρ�) X̂iX̂j

)
Tr

((
O ⊗ ρ�) X̂kX̂j

)∗]
− E

[
Tr

((
O ⊗ ρ�) X̂iX̂j

)]
E

[
Tr

((
O ⊗ ρ�) X̂kX̂j

)∗]

(a)= E

[
Tr

((
O ⊗ ρ�) X̂iX̂j

)
Tr

((
O ⊗ ρ�) X̂j X̂k

)]
− Tr

[(
O ⊗ ρ�) dϒU

]
Tr

[(
O ⊗ ρ�) dϒU

]∗

= E

[
Tr

((
O ⊗ ρ� ⊗ O ⊗ ρ�)

(
X̂iX̂j ⊗ X̂j X̂k

))]
− d2 [Tr(OU(ρ))]2 , (F20)

where (a) holds because O ⊗ ρ�, X̂j , X̂k are Hermitian, and E[X̂iX̂j ] = E[X̂j X̂k] = E[X̂ ]2 = ϒ2
U = dϒU . The second

moment term in the last line can be further calculated as

E

[
Tr

((
O ⊗ ρ� ⊗ O ⊗ ρ�)

(
X̂iX̂j ⊗ X̂j X̂k

))]

= Tr
((

O ⊗ ρ� ⊗ O ⊗ ρ�)
(
E
[
X̂i
] ⊗ I ⊗ I

)
E
[
X̂j ⊗ X̂j

] (
I ⊗ I ⊗ E

[
X̂k

]))

= Tr
((

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I) E
[
X̂ ⊗ X̂

]
(I ⊗ I ⊗ ϒU )

)
. (F21)

The expression of E
[
X̂ ⊗ X̂

]
in Lemma F1 has 7 terms. Plugging them into Eq. (F21), respectively, we get

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I) �̃5 (I ⊗ I ⊗ϒU )
]

= d [Tr(OU(ρ))]2 ≥ 0, (F22)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I) �̃6 (I ⊗ I ⊗ϒU )
]

= d [Tr(OU(ρ))]2 ≥ 0, (F23)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I) �̃7 (I ⊗ I ⊗ϒU )
]

= [Tr(OU(ρ))]2 ≥ 0, (F24)

and

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I) �̃1 (I ⊗ I ⊗ ϒU )
]

= O(d℘) , (F25)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I) �̃2 (I ⊗ I ⊗ ϒU )
]

= O(d min{1, B℘}) , (F26)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I) �̃3 (I ⊗ I ⊗ ϒU )
]

= O
(
d2℘

)
, (F27)

Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I) �̃4 (I ⊗ I ⊗ ϒU )
]

= O
(
d2 min{1, B℘}) . (F28)

Here Eqs. (F25)–(F28) can be derived by using tensor-network diagrams. For example,
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(F29)

where the last inequality follows from Lemma D4.
Therefore,

Cov
(
�i,j ,�k,j

) ≤ Tr
((

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I) E
[
X̂ ⊗ X̂

]
(I ⊗ I ⊗ϒU )

)

(a)≤ Tr
[ (

O ⊗ ρ� ⊗ O ⊗ ρ�) (ϒU ⊗ I ⊗ I)

×2d2(d + 1)2(d + s)
s2(d + s + 1)

(
1
κ2
�̃1 + s

κ3
�̃2 + s

κ3
�̃3 + s(s − 1)

2κ4
�̃4

)
(I ⊗ I ⊗ϒU )

]

(b)= O
[

d4

s2

(
d℘
κ2

+ sd min{1, B℘}
κ3

+ sd2℘

κ3
+ s(s − 1)d2 min{1, B℘}

2κ4

)]

= O
(

d3

s
℘ + d2 min{1, B℘}

)
, (F30)

where (a) follows from Lemma F1 and Eqs. (F22)–(F24), and (b) follows from Eqs. (F25)–(F28). �

3. Both indices match with order swapped

Lemma F4. For distinct i, j, we have

Cov
(
�i,j,�j,i

) = O
[(

d3

s4 + d2

s3 + d
√

d℘
s2 +

√
d℘
s

+ ℘

)
d2B

]
. (F31)
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Proof of Lemma F4. For distinct i, j, we have

Cov
(
�i,j,�j,i

) = E

[
Tr

((
O ⊗ ρ�) X̂iX̂j

)
Tr

((
O ⊗ ρ�) X̂iX̂j

)]
− E

[
Tr

((
O ⊗ ρ�) X̂iX̂j

)]
E

[
Tr

((
O ⊗ ρ�) X̂j X̂i

)∗]

= E

[
Tr

((
O ⊗ ρ� ⊗ O ⊗ ρ�)

(
X̂iX̂j ⊗ X̂iX̂j

))]
− d2 [Tr(OU(ρ))]2 ,

≤ Tr
((

O ⊗ ρ� ⊗ O ⊗ ρ�)
E
[
X̂ ⊗ X̂

]
E
[
X̂ ⊗ X̂

])
. (F32)

Define

ξ(μ, ν) :=
∣∣∣Tr

((
O ⊗ ρ� ⊗ O ⊗ ρ�) �̃μ �̃ν

)∣∣∣ , μ, ν ∈ {1, 2, . . . , 7}. (F33)

Then, according to Lemma F1, we can expand the last line of Eq. (F32) as

Tr
((

O ⊗ ρ� ⊗ O ⊗ ρ�)
E
[
X̂ ⊗ X̂

]
E
[
X̂ ⊗ X̂

])

= O
(

d4

s4 ξ(1, 1)+ d3

s3 [ξ(1, 2)+ ξ(1, 3)+ ξ(2, 1)+ ξ(3, 1)] + d
s

[ξ(2, 4)+ ξ(3, 4)+ ξ(4, 2)+ ξ(4, 3)]

+ d2

s2 [ξ(2, 2)+ ξ(2, 3)+ ξ(1, 4)+ ξ(3, 2)+ ξ(3, 3)+ ξ(4, 1)] + ξ(4, 4)+ (d + s)4

s4 ξ(7, 7)

+ d(d + s)
s2 [ξ(3, 5)+ ξ(3, 6)+ ξ(2, 5)+ ξ(2, 6)+ ξ(5, 2)+ ξ(5, 3)+ ξ(6, 2)+ ξ(6, 3)]

+ d2(d + s)
s3 [ξ(1, 5)+ ξ(1, 6)+ ξ(5, 1)+ ξ(6, 1)] + (d + s)

s
[ξ(4, 5)+ ξ(4, 6)+ ξ(5, 4)+ ξ(6, 4)]

+ (d + s)3

s3 [ξ(5, 7)+ ξ(6, 7)+ ξ(7, 5)+ ξ(7, 6)] + d(d + s)2

s3 [ξ(2, 7)+ ξ(3, 7)+ ξ(7, 2)+ ξ(7, 3)]

+ (d + s)2

s2 [ξ(5, 5)+ ξ(5, 6)+ ξ(6, 5)+ ξ(6, 6)+ ξ(4, 7)+ ξ(7, 4)] + d2(d + s)2

s4 [ξ(1, 7)+ ξ(7, 1)]
)

. (F34)

To bound the covariance, we derive bounds for all ξ(μ, ν) using tensor-network diagrams, as summarized in Table IV.
For example,

(F35)
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TABLE IV. Upper bounds for ξ(μ, ν) derived by using tensor-network diagrams. Here ℘ = Tr(ρ2).

ν = 1 ν = 2 ν = 3 ν = 4 ν = 5 ν = 6 ν = 7

μ = 1 O(dB) O(dB) O(dB) O(dB) O
(√

d℘B
)

O
(√

d℘B
)

O(dB)
μ = 2 O(dB) O

(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
dB

√
℘
)

O
(
d
√

d℘B
)

O(dB)
μ = 3 O(dB) O

(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
dB

√
℘
)

O(dB)
μ = 4 O(dB) O

(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
d2B℘

)
O
(
d
√

d℘B
)

O
(
d
√

d℘B
)

O(dB)
μ = 5 O

(√
d℘B

)
O
(√

d℘B
)

O
(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
B℘

)
O
(√

d℘B
)

μ = 6 O
(√

d℘B
)

O
(
d
√

d℘B
)

O
(√

d℘B
)

O
(
d
√

d℘B
)

O
(
B℘

)
O
(
d
√

d℘B
)

O
(√

d℘B
)

μ = 7 O(dB) O(dB) O(dB) O(dB) O
(√

d℘B
)

O
(√

d℘B
)

O(dB)

This equation and Lemma D4 together imply that

ξ(1, 3) =
∣∣∣Tr

[(
O ⊗ ρ� ⊗ O ⊗ ρ�) �̃1 �̃3

]∣∣∣ ≤ dB + 2
√

dB + B + 2
6

= O(dB) . (F36)

The other bounds in Table IV can be derived in a similar way.
By combining Eqs. (F32), (F34), and Table IV, we have

Cov
(
�i,j,�j,i

)

≤ O
(

d4

s4 dB + d3

s3 dB + d
s

dB
√

d℘ + d2

s2 dB
√

d℘ + d2B℘ + (d + s)4

s4 dB + d(d + s)
s2 dB

√
d℘ + d2(d + s)

s3 B
√

d℘

+ (d + s)
s

dB
√

d℘ + (d + s)3

s3 B
√

d℘ + d(d + s)2

s3 dB + (d + s)2

s2 dB
√

d℘ + d2(d + s)2

s4 dB
)

= O
[(

d3

s4 + d2

s3 + d
√

d℘
s2 +

√
d℘
s

+ ℘

)
d2B

]
, (F37)

which confirms Lemma F4. �

4. Both indices match with the same order

Lemma F5. For distinct i, j , we have

Cov
(
�i,j ,�i,j

) = O
[(

d4

s4 + d3

s3 + d2

s2 + d
s

+ 1
)

d2B℘
]

. (F38)

Proof of Lemma F5. For distinct i, j , we have

Cov
(
�i,j ,�i,j

) = E

[
Tr

((
O ⊗ ρ�) X̂iX̂j

)
Tr

((
O ⊗ ρ�) X̂j X̂i

)]
− d2 [Tr(OU(ρ))]2

≤ E

[
Tr

((
O ⊗ ρ� ⊗ O ⊗ ρ�)

(
X̂iX̂j ⊗ X̂j X̂i

))]
, (F39)

Note that the trace inside the last line of Eq. (F39) can be further written as

Tr
((

O ⊗ ρ� ⊗ O ⊗ ρ�)
(

X̂iX̂j ⊗ X̂j X̂i

))

= Tr
((

O ⊗ ρ� ⊗ O ⊗ ρ� ⊗ I ⊗ I
) (

I ⊗ I ⊗ X̂i ⊗ X̂i

) (
X̂j ⊗ X̂j ⊗ I ⊗ I

)
T(1,5)(2,6)(3)(4)

)
. (F40)

So the covariance satisfies

Cov
[
Tr

((
O ⊗ ρ�) X̂iX̂j

)
, Tr

((
O ⊗ ρ�) X̂iX̂j

)]

≤ Tr
[(

O ⊗ ρ� ⊗ O ⊗ ρ� ⊗ I ⊗ I
) (

I ⊗ I ⊗ E
[
X̂ ⊗ X̂

]) (
E
[
X̂ ⊗ X̂

] ⊗ I ⊗ I
)

T(1,5)(2,6)(3)(4)

]
. (F41)

030366-28



SHADOW ESTIMATION OF UNITARY CHANNELS PRX QUANTUM 6, 030366 (2025)

Define

ζ(μ, ν) :=
∣∣∣Tr

[(
O ⊗ ρ� ⊗ O ⊗ ρ� ⊗ I ⊗ I

) (
I ⊗ I ⊗ �̃μ

) (
�̃ν ⊗ I ⊗ I

)
T(1,5)(2,6)(3)(4)

]∣∣∣ μ, ν ∈ {1, 2, . . . , 7}. (F42)

According to Lemma F1, we can then expand the right-hand side of Eq. (F41) as

Right-hand side of Eq. (F41)

= O
(

d4

s4 ζ(1, 1)+ d3

s3 [ζ(1, 2)+ ζ(1, 3)+ ζ(2, 1)+ ζ(3, 1)] + d
s

[ζ(2, 4)+ ζ(3, 4)+ ζ(4, 2)+ ζ(4, 3)]

+ d2

s2 [ζ(2, 2)+ ζ(2, 3)+ ζ(1, 4)+ ζ(3, 2)+ ζ(3, 3)+ ζ(4, 1)] + ζ(4, 4)+ (d + s)4

s4 ζ(7, 7)

+ d(d + s)
s2 [ζ(3, 5)+ ζ(3, 6)+ ζ(2, 5)+ ζ(2, 6)+ ζ(5, 2)+ ζ(5, 3)+ ζ(6, 2)+ ζ(6, 3)]

+ d2(d + s)
s3 [ζ(1, 5)+ ζ(1, 6)+ ζ(5, 1)+ ζ(6, 1)] + (d + s)

s
[ζ(4, 5)+ ζ(4, 6)+ ζ(5, 4)+ ζ(6, 4)]

+ (d + s)3

s3 [ζ(5, 7)+ ζ(6, 7)+ ζ(7, 5)+ ζ(7, 6)] + d(d + s)2

s3 [ζ(2, 7)+ ζ(3, 7)+ ζ(7, 2)+ ζ(7, 3)]

+ (d + s)2

s2 [ζ(5, 5)+ ζ(5, 6)+ ζ(6, 5)+ ζ(6, 6)+ ζ(4, 7)+ ζ(7, 4)] + d2(d + s)2

s4 [ζ(1, 7)+ ζ(7, 1)]
)

. (F43)

To bound the covariance, we derive bounds for all ζ(μ, ν) using tensor-network diagrams, as summarized in Table V. For
example,

(F44)
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TABLE V. Upper bounds for ζ(μ, ν) derived by using tensor-network diagrams. Here ℘ = Tr(ρ2).

ν = 1 ν = 2 ν = 3 ν = 4 ν = 5 ν = 6 ν = 7

μ = 1 O
(
d2B℘

)
O
(
d2B℘

)
O
(
d2B℘

)
O
(
d2B℘

)
O
(√

d℘B
)

O
(√

d℘B
)

O(dB)
μ = 2 O

(
d2B℘

)
O
(
d2B℘

)
O
(
d2B℘

)
O
(
d2B℘

)
O
(
d
√

d℘B
)

O
(
dB

√
℘
)

O(dB)
μ = 3 O

(
d2B℘

)
O
(
d2B℘

)
O
(
d2B℘

)
O
(
d2B℘

)
O
(√

d℘B
)

O
(
d
√

d℘B
)

O(dB)
μ = 4 O

(
d2B℘

)
O
(
d2B℘

)
O
(
d2B℘

)
O
(
d2B℘

)
O
(
d
√

d℘B
)

O
(
d
√

d℘B
)

O(dB)
μ = 5 O

(√
d℘B

)
O
(
d
√

d℘B
)

O
(√

d℘B
)

O
(
d
√

d℘B
)

O
(
B℘

)
O
(
d
√

d℘B
)

O
(√

d℘B
)

μ = 6 O
(√

d℘B
)

O
(
dB

√
℘
)

O
(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
d
√

d℘B
)

O
(
B℘

)
O
(√

d℘B
)

μ = 7 O(dB) O(dB) O(dB) O(dB) O
(√

d℘B
)

O
(√

d℘B
)

O(dB)

where C1, C2, . . . , C23 are constants, and OU = U†OU. This equation and Lemma D4 together imply that

ζ(4, 3) =
∣∣∣Tr

[(
O ⊗ ρ� ⊗ O ⊗ ρ� ⊗ I ⊗ I

) (
I ⊗ I ⊗ �̃4

) (
�̃3 ⊗ I ⊗ I

)
T(1,5)(2,6)(3)(4)

]∣∣∣ = O
(
d2B℘

)
. (F45)

The other bounds in Table V can be derived in a similar way.
By combining Eqs. (F41), (F43), and Table V, we have

Cov
(
�i,j ,�i,j

)

≤ O
(

d4

s4 d2B℘ + d3

s3 d2B℘ + d
s

d2B℘ + d2

s2 d2B℘ + d2B℘ + (d + s)4

s4 dB + d(d + s)
s2 dB

√
d℘ + d2(d + s)

s3 B
√

d℘

+ (d + s)
s

dB
√

d℘ + (d + s)3

s3 B
√

d℘ + d(d + s)2

s3 dB + (d + s)2

s2 dB
√

d℘ + d2(d + s)2

s4 dB
)

= O
[(

d4

s4 + d3

s3 + d2

s2 + d
s

+ 1
)

d2B℘
]

, (F46)

which confirms Lemma F5. �

APPENDIX G: PROOF OF THEOREM 1

To prove Theorem 1, it suffices to prove the following
theorem, which is a stronger version of Theorem 1.

Theorem G1. Suppose s ≥ 1 is the number of sys-
tems collectively measured in our learning phase; accu-
racy parameters 0 < δ, ε < 1; ρ1, . . . , ρM is a collection
of quantum states chosen from D(H), with maxl Tr(ρ2

l ) =
P; and O1, . . . , OM is a collection of observables chosen
from Obs(B), with 1 ≤ B ≤ d. To estimate all M properties
Tr(Ol U(ρl)) within additive error ε and failure probability
at most δ, the number of queries required by our protocol
for CSEU is upper bounded by

O
((

dP + s min{1, BP}
ε2 + max{d2, s2}√BP

sε

)

× log
(

M
δ

))

. (G1)

Proof of Theorem G1. First, we consider the case of
M = 1, namely, the goal is to accurately predict
Tr(OU(ρ)) for an observable O ∈ Obs(B) and a quantum
state ρ ∈ D(H) that has purity ℘ = Tr(ρ2). Suppose we
want the probability in Eq. (26) to be at most 1/4, i.e.,

Pr
{∣∣
∣Ẑ(r)(O, ρ)− Tr(OU(ρ))

∣∣∣ ≥ ε
}

≤ 1
4

. (G2)

Thanks to Proposition 1, it is sufficient to have

1
q

(
d℘
s

+ min {1, B℘}
)

≤ ε2 and

1
q2

(
d4

s4 + 1
)

B℘ ≤ ε2,

(G3)
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where we ignored constant coefficients. These two condi-
tions can be achieved by choosing

q = C
(

1
ε2 max

{
d℘
s

, min {1, B℘}
}

+
√

B℘
ε

max
{

d2

s2 , 1
})

(G4)

for some constant C.

Recall that our final estimate is the median value
Ê(O, ρ) in Eq. (15). Assume that the number of batches
R is odd, then Ê(O, ρ) equals some Ẑ(r)(O, ρ). If Ê(O, ρ)
is a bad estimate, i.e.,

∣∣Ê(O, ρ)− Tr(OU(ρ))
∣∣ ≥ ε, then

at least half of the R estimates Ẑ(r)(O, ρ) are bad. Hence,
when Eq. (G2) holds for all r = 1, 2, . . . , R, the failure
probability of Ê(O, ρ) can be bounded by

Pr
{∣∣∣Ê(O, ρ)− Tr(OU(ρ))

∣∣∣ ≥ ε
}

≤ Pr
{

#
{

r :
∣∣∣Ẑ(r)(O, ρ)− Tr(OU(ρ))

∣∣∣ ≥ ε
}

≥ R
2

}

(a)≤
(R−1)/2∑

j =0

(
R
j

)(
3
4

)j (1
4

)R−j
(b)≤ exp

[
−R D

(
(R − 1)/2

R

∥∥∥∥ 3/4
)]

(c)≤ e−R D(1/2‖3/4), (G5)

where (a) holds because the R estimates Ẑ(r)(O, ρ)
are independent; D(x‖y) := x ln x

y + (1 − x) ln 1−x
1−y is the

Kullback-Leibler divergence; (b) follows from the Cher-
noff bound in Lemma G1 below; and (c) holds because
D(x‖y) is strictly decreasing in x when 0 < x < y < 1.
Therefore, to ensure that the failure probability in Eq. (G5)
is at most δ, it suffices to choose

R =
⌈

ln δ−1

D (1/2‖3/4)

⌉
= O

(
log δ−1) . (G6)

By Eqs. (G4) and (G6), the total number of queries used
by our protocol is

s · q · R = O
((

d℘ + s min{1, B℘}
ε2 + max{d2, s2}√B℘

sε

)

× log
(
δ−1)

)
, (G7)

which confirms Theorem G1 in the special case M = 1.
To complete the proof, now we consider the gen-

eral case of M ≥ 1. According to the union bound, if
our protocol can accurately predict one expectation value
Tr(OU(ρ)) with failure probability at most δ̃, then it can
also accurately predict M expectation values Tr(Ol U(ρl))

for l = 1, 2, . . . , M simultaneously, with failure proba-
bility at most M δ̃. This fact and the query number in
Eq. (G7) together confirm Theorem G1 in the general case
M ≥ 1. �

Lemma G1 (Chernoff bound). Suppose 0 < p < 1, inte-
gers k, z ≥ 0, and k ≤ pz. Then we have

k∑

j =0

(
z
j

)
pj (1 − p)z−j ≤ e−zD

(
k
z

∥∥∥p
)

. (G8)

APPENDIX H: PROOF OF LEMMA 4

Note that Pr{�(T , O) ≥ ε} ≤ δ is satisfied if the follow-
ing relations hold:

E[�(T , O)] ≤ ε

2
,

Pr
{
|�(T , O)− E [�(T , O)]| ≥ ε

2

}
≤ δ.

(H1)

Here and afterwards, the expectation E is over the random-
ness in our protocol.

First, we have

�(T , O) := Ave
ρ∼T

|E(O, ρ)− Tr(OU(ρ))|

≤
√

Ave
ρ∼T

(∣
∣∣Ê(O, ρ)− Tr(OU(ρ))

∣∣∣
2
)

. (H2)

It follows that

E [�(T , O)] ≤ E

√

Ave
ρ∼T

(∣∣∣Ê(O, ρ)− Tr(OU(ρ))
∣∣
∣
2
)

≤
√

E

[
Ave
ρ∼T

(∣∣∣Ê(O, ρ)− Tr(OU(ρ))
∣∣∣
2
)]

.

(H3)
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Second, Chebyshev’s inequality implies that

Pr
{
|�(T , O)− E [�(T , O)]| ≥ ε

2

}

≤ 4
ε2 Var[�(T , O)] ≤ 4

ε2 E
[
�(T , O)2

]

≤ 4
ε2 E

[
Ave
ρ∼T

(∣∣∣Ê(O, ρ)− Tr(OU(ρ))
∣∣∣
2
)]

, (H4)

where the last inequality follows from Eq. (H2) again.
According to Eqs. (H1), (H3), and (H4), the relation

Pr{�(T , O) ≥ ε} ≤ δ is satisfied if

E

[
Ave
ρ∼T

(∣∣∣Ê(O, ρ)− Tr(OU(ρ))
∣∣∣
2
)]

≤ δε2

4
. (H5)

In addition, we have

E

[
Ave
ρ∼T

(∣∣∣Ê(O, ρ)− Tr(OU(ρ))
∣∣∣
2
)]

= Ave
ρ∼T

[
E

(∣∣∣Ê(O, ρ)− Tr(OU(ρ))
∣∣∣
2
)]

= Ave
ρ∼T

[
E

( ∣∣∣Ê(O, ρ)
∣∣∣
2
− Ê(O, ρ)∗ Tr(OU(ρ))

− Ê(O, ρ)Tr(OU(ρ))+ [Tr(OU(ρ))]2
)]

(a)= Ave
ρ∼T

[
E

(∣∣∣Ê(O, ρ)
∣∣∣
2
)

−
∣∣∣E

[
Ê(O, ρ)

]∣∣∣
2
]

= Ave
ρ∼T

Var
[
Ê(O, ρ)

]
, (H6)

where (a) holds because E[Ê(O, ρ)] = Tr(OU(ρ)). Equa-
tions (H5) and (H6) together confirm Lemma 4.

APPENDIX I: ADDITIONAL RESULTS ON
HAMILTONIAN LEARNING

1. Performance of previous protocols for learning an
arbitrary Hamiltonian

To illustrate the advantage of our Hamiltonian learning
protocol, here we provide more details on the performance
of previous protocols for learning an n-qubit unknown
Hamiltonian H , including those in Refs. [24,36,37,66,
71,72,75]. These protocols are highly efficient when H
has a sparse or local structure. However, we show that
none of them can learn an arbitrarily complex H with
respect to the normalized Frobenius norm (NFN) using
only Õ(d3) Hamiltonian queries or total evolution time,
even with access to quantum memory. Actually, most pre-
vious works did not consider the problem of learning
fully arbitrary Hamiltonians, and only a few existing pro-
tocols can be modified to learn a completely unknown
Hamiltonian under our framework.

The Hamiltonian H of interest can be expressed as

H =
∑

q∈{0,1,2,3}n

μ(q)σq, (I1)

where σq are Pauli operators and μ(q) ∈ R are Pauli coef-
ficients. H is called a k-body Hamiltonian with M terms
if μ(q) �= 0 only for M Pauli terms σq with wt(σq) ≤ k,
where the weight wt(σq) denotes the number of qubits
on which σq acts nontrivially. Most previous Hamiltonian
learning protocols focus on estimating all nonzero Pauli
coefficients of H . That is, they aim to output accurate
estimates μ̂(q) for μ(q) that satisfy ‖μ̂ − μ‖∞ ≤ ε with
high success probability. Here μ := (μ(q))q∈{0,1,2,3}n and
μ̂ := (μ̂(q))q∈{0,1,2,3}n are the vectors of true coefficients
and estimated coefficients, respectively, and

‖μ̂ − μ‖p =
⎛

⎝
∑

q∈{0,1,2,3}n

|μ̂(q)− μ(q)|p
⎞

⎠

1/p

(I2)

denotes the �p norm of μ̂ − μ. Let Ĥ = ∑
q μ̂(q)σq be the

learned description of H , then we have

1√
d
‖Ĥ − H‖2 = ‖μ̂ − μ‖2 ≤ d‖μ̂ − μ‖∞, (I3)

where the inequality is saturated when |μ̂(q)− μ(q)| are
equal for all q ∈ {0, 1, 2, 3}n. Therefore, estimating all
Pauli coefficients of H within additive error ε only implies
learning H within error dε in NFN.

Reference [24] proposed an efficient protocol for learn-
ing the Pauli coefficients of an arbitrary traceless Hamilto-
nian H . It uses parallel queries to the time evolution under
H in experiments, and thus needs quantum memory. To
achieve ‖μ̂ − μ‖∞ ≤ ε with high probability, this protocol
requires Õ(n‖H‖4ε−4) queries to H and a total evolution
time of Õ(n‖H‖3ε−4). A similar performance is achieved
by the protocol in Ref. [72], which uses sequential queries
to H . According to the above discussions, if the goal is
to learn H within error ε in NFN, then the query number
and the evolution time required by these protocols are both
Õ(d4ε−4), assuming that ‖H‖ = O(poly(n)).

A recent work Ref. [66] proposed a protocol for learn-
ing a k-body Hamiltonian H with M terms, which is robust
to state preparation and measurement (SPAM) errors.
It employs sequential queries to H in each experiment
and achieves the following performance: By using N =
Õ(3kM ) independent experiments and a total evolution
time T = Õ(9kM 1/p+1/2ε−1), it can output estimate μ̂(q)
for everyμ(q) such that ‖μ̂ − μ‖p ≤ ε with high probabil-
ity, where p = 1 or 2. This protocol is highly efficient when
k is a constant. However, if we do not make prior assump-
tions about the structure of H , then k and M can take values
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up to k = n and M = d2. For this worst-case scenario,
learning H within error ε in NFN (that is, ‖μ̂ − μ‖2 ≤ ε)
requires a T = Õ(9nd2ε−1) ≈ Õ(d5.170ε−1) total evolution
time and N = Õ(3nd2) ≈ Õ(d3.585) experiments. Another
work [71] showed that one can achieve ‖μ̂ − μ‖∞ ≤ ε

from T = Õ(M 2ε−1) total evolution time. From the above
discussions, this result implies a T = Õ(d5ε−1) time com-
plexity for learning an arbitrary Hamiltonian within error
ε in NFN.

Reference [75] proposed an efficient protocol for learn-
ing an unknown Hamiltonian H with M Pauli terms.
In order to learn H within error ε in NFN, it needs
Õ(M‖H‖2ε−2) Hamiltonian queries, which reduces to
Õ(d2ε−2) if H is an arbitrary unknown Hamiltonian satis-
fying ‖H‖ = O(poly(n)). However, this protocol requires
not only the time evolution unitary e−iHt, but also the
backwards evolution unitary eiHt, which is physically unre-
alizable.

There are also Hamiltonian learning protocols that do
not use quantum memory and look beyond Hamiltonians
with sparse interactions [36,37]. To learn all coefficients
of a Hamiltonian H within additive error ε, the protocol
of Ref. [37] requires Õ(M 4ε−2) queries, and thus is unsat-
isfactory when H contains exponentially many terms; the
protocol of Ref. [36] requires Õ(9kε−2) queries, and thus is
unsatisfactory when H contains high-weight terms. From
the previous discussions, when the goal is to learn an arbi-
trary Hamiltonian within error ε in NFN, the query costs
of these protocols are more than Õ(d5ε−2).

Compared with these existing protocols, our Hamilto-
nian learning protocol demonstrates superior performance
by simultaneously (i) operating without the requirement of
quantum memory, and (ii) achieving a smaller query num-
ber and total evolution time (see Theorem 3 in the main
text), making it favorable for real-world implementation.

2. Details of our Hamiltonian learning protocol and its
performance

Given time evolution access to an arbitrary n-qubit
traceless Hamiltonian H with ‖H‖ = O(poly(n)). Our
goal is to learn a classical description Ĥ ∈ LH(H) of the
Hamiltonian, such that the following condition holds:

Pr
{

1√
2n

∥
∥∥Ĥ − H

∥
∥∥

2
≤ ε

}
≥ 1 − δ (I4)

for accuracy 0 < δ, ε < 1/3. Next, we present our learn-
ing protocol for this task in Appendix I 2 a and show its
performance in Appendix I 2 b.

a. Hamiltonian learning protocol

We follow the Hamiltonian learning protocol sketched
in Sec. VII B of the main text with the following parameter

choices: Our evolution time in each experiment is set to be
tj = T

2 (1 + zj ) for j = 1, 2, . . . , L, where

T = 1
‖H‖ , zj = − cos

(
2j − 1

2L
π

)
,

L =
⌈

2 log
(

8 ‖H‖√
2π ln(2)ε

)⌉
, ε = ε

d
. (I5)

In the first step of our protocol, for each time tj (1 ≤
j ≤ L), we treat Utj as an unknown unitary channel, and
implement our CSEU protocol in Sec. III to estimate the
expectation values 〈σq′ 〉ρq(tj ) = Tr

[
σq′ Utj (ρq)

]
, where the

input state ρq and the measured observable σq′ are chosen
as follows (see also Ref. [24, Lemma 6.1]): Let 1 ≤ i ≤ n
be such that qi �= 0; let q′

i ∈ {1, 2, 3}\{qi} and set q′
j = 0

for all j �= i; let

ρq := 1
d

(
I + i

2
[σq, σq′]

)
. (I6)

We denote by 2α̂(q)tj ∈ R our estimate of Tr
[
σq′ Utj (ρq)

]
,

which should achieve the following accuracy:

Pr
{ ∣∣∣2α̂(q)tj − Tr

[
σq′ Utj (ρq)

]∣∣∣ ≤ ε̃,

∀ q ∈ {0, 1, 2, 3}n\{0n}
}

≥ 1 − δ

L
, (I7)

where

ε̃ := 3Tε
4(L − 1)L(2L − 1)

. (I8)

Let 1 ≤ s ≤ d be the number of systems collectively mea-
sured by our CSEU protocol in each experiment. As
explained in Sec. III, if s > 1, then quantum memory is
required. If instead s = 1, then the CSEU protocol does
not need quantum memory and ancillary qubits; in each
round of experiments, it requires only the preparation of
a computational-basis state |0〉⊗n, the application of a ran-
dom Clifford unitary to a single system, a measurement in
the computational basis, and one application of Utj [i.e.,
one real O(1/‖H‖)-time evolution under H ].

In the second step of our Hamiltonian learning protocol,
we perform Chebyshev polynomial interpolation [24,37] to
estimate the Pauli coefficientsμ(q) by using α̂(q)tj learned in
the first step. The Chebyshev coefficients are estimated as

b̂(q)0 = 1
L

L∑

j =1

α̂
(q)
tj ,

b̂(q)l = 2
L

L∑

j =1

α̂
(q)
tj Tl(zj ), 1 ≤ l ≤ L − 1,

(I9)
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where Tl is the lth Chebyshev polynomial. They in turn
give rise to the first-order Taylor coefficients [24,37]

μ̂(q) := − 2
T

L−1∑

l=0

(−1)l b̂(q)l l2, q ∈ {0, 1, 2, 3}n\{0n}.

(I10)

Here μ̂(q) serves as our estimate of μ(q). Finally, we use
these estimated values to construct our learned description:

Ĥ =
∑

q∈{0,1,2,3}n\{0n}
μ̂(q)σq. (I11)

b. Performance of the protocol

The performance of our Hamiltonian learning proto-
col in the previous subsection is stated in the following
theorem, which is a stronger version of Theorem 3 in the
main text.

Theorem I1. Suppose the unknown n-qubit Hamilto-
nian H to be learned is traceless and satisfies ‖H‖ =
O(poly(n)); parameters 0 < δ, ε < 1/3; and s is the
number of systems collectively measured in each experi-
ment. With the accuracy guaranteed in Eq. (I7), the learned
description Ĥ in Eq. (I11) satisfies Eq. (I4). When s = 1,
our Hamiltonian learning protocol is ancilla-free and does
not use quantum memory; its query number to H and total
evolution time both scale as

Õ
((

d2

ε2 + d3

ε

)
log(δ−1)

)
. (I12)

When s = �(
√

d), our Hamiltonian learning protocol uses
quantum memory; its query number to H and total evolu-
tion time both scale as

Õ
(

d2.5

ε2 log(δ−1)

)
. (I13)

Proof of Theorem I1. We begin by proving that Ĥ given
in Eq. (I11) indeed satisfies Eq. (I4). First, by the union
bound, the accuracy guaranteed in Eq. (I7) implies that the
following condition holds with probability at least 1 − δ:

∣∣∣2α̂(q)tj − Tr
[
σq′ Utj (ρq)

]∣∣∣ ≤ ε̃

∀ q ∈ {0, 1, 2, 3}n\{0n} and 1 ≤ j ≤ L. (I14)

Second, according to Ref. [24, Appendix D], if Eq. (I14)
holds with ε̃ = 3Tε/[4(L − 1)L(2L − 1)], then μ̂(q) con-
structed in Eq. (I10) is an ε-accurate estimate of μ(q) for

all q �= 0n, i.e.,

∣∣μ̂(q)− μ(q)
∣∣ ≤ ε ∀ q ∈ {0, 1, 2, 3}n\{0n}. (I15)

Third, as explained in Sec. VII B, if Eq. (I15) holds with
ε = ε/d, then Ĥ in Eq. (I11) satisfies

1√
d

∥∥∥Ĥ − H
∥∥∥

2
≤ ε. (I16)

In conclusion, our protocol learns the unknown Hamilto-
nian within error ε in NFN, with success probability at
least 1 − δ.

Next, we calculate the number of queries to H and total
evolution time required by our protocol. Notice that the
Hamiltonian H is queried only in the first step of our pro-
tocol, in which we use the CSEU method to estimate linear
properties of the time-evolution channel Utj . Let 1 ≤ s ≤ d
be the number of systems collectively measured by our
CSEU protocol in each experiment. According to Theorem
G1 in Appendix G, for each 1 ≤ j ≤ L, in order to guar-
antee the relation Eq. (I7), our CSEU protocol needs to
query Utj (i.e., the Hamiltonian H ) the following number
of times:

N1 = O
[(

s
ε̃2 + d2

sε̃

)
log

(
4n − 1
δ/L

)]

= Õ
[(

sd2

ε2 + d3

sε

)
log

(
δ−1)

]
, (I17)

where we have used the relations Tr(ρ2
q) = O(1/d) and

Tr(σ 2
q′) = d, and the assumption ‖H‖ = O(poly(n)). In

the following, we consider two cases depending on the
value of s.

(1) First, when s = 1, our protocol does not use quan-
tum memory and ancillary qubits. In this case, the
total number of Hamiltonian queries is given by

Ntotal = LN1 = Õ
[(

d2

ε2 + d3

ε

)
log

(
δ−1)

]
, (I18)

and the total evolution time under H reads

Ttotal = N1

L∑

j =1

tj ≤ N1LT

= Õ
[(

d2

ε2 + d3

ε

)
log

(
δ−1)

]
. (I19)

Equations (I18) and (I19) confirm Eq. (I12) in
Theorem I1.
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(2) Second, when s = �(
√

d), our protocol uses quan-
tum memory. In this case, the total number of
queries to H is

Ntotal = LN1

= Õ
[(

d2�(
√

d)
ε2 + d3

�(
√

d) ε

)

log
(
δ−1)

]

= Õ
(

d2.5

ε2 log(δ−1)

)
, (I20)

and the total evolution time reads

Ttotal = N1

L∑

j =1

tj ≤ N1LT = Õ
(

d2.5

ε2 log(δ−1)

)
.

(I21)

Equations (I20) and (I21) confirm Eq. (I13) in
Theorem I1.

�

APPENDIX J: PROOF OF EQ. (60)

1. Main proof

When ρ is the infinite temperature thermal state I/d, and
W, V are unitary, traceless, and Hermitian operators, the
estimator Ĉ(U) defined in Eq. (59) can be rewritten as

Ĉ(U) := 1
m(m − 1)d

∑

i�=j

D̂(i, j ),

D̂(i, j ) := Tr
[(

X̂i ⊗ X̂j

) (
W ⊗ V� ⊗ W ⊗ V�)T(1,3)

]
.

(J1)

So the variance of Ĉ(U) can be expanded as

Var
[
Ĉ(U)

]
=

∑
i�=j

∑
k �=� Cov

[
D̂(i, j ), D̂(k, �)

]

m2(m − 1)2d2 . (J2)

We need to bound all of these covariance terms to bound
the variance. When all indices i, j, k, � are distinct, the

covariance is 0 by independence. For the other cases, the
covariance can be bounded by

Cov
[
D̂(i, j ), D̂(k, �)

]

= E

[
D̂(i, j )D̂(k, �)∗

]
− E

[
D̂(i, j )

]
E

[
D̂(k, �)∗

]

= E

[
D̂(i, j )D̂(k, �)

]
−

∣∣∣E
[
D̂(i, j )

]∣∣∣
2

≤ E

[
D̂(i, j )D̂(k, �)

]
. (J3)

Here the second equality holds because D̂(k, �) is real. To
see this, note that

D̂(k, �)∗ = Tr
[
T†
(1,3)

(
W ⊗ V� ⊗ W ⊗ V�)† (

X̂k ⊗ X̂�
)†
]

= Tr
[(

X̂k ⊗ X̂�
)

T(1,3)
(
W ⊗ V� ⊗ W ⊗ V�)

]

= D̂(k, �), (J4)

where the second equality holds because X̂k, X̂�, W,
V, and T(1,3) are all Hermitian operators; and the last
equality holds because W ⊗ V� ⊗ W ⊗ V� and T(1,3)
commute.

The following lemma summarizes the upper bounds for
E
[
D̂(i, j )D̂(k, �)

]
in different cases.

Lemma J1. For each combination of i, j, k, � with i �= j
and k �= �, the term E

[
D̂(i, j )D̂(k, �)

]
is

(1) O
((

d2/s2 + d/s + 1
)
d2

)
when exactly one index

matches (|{i, j } ∩ {k, �}| = 1).
(2) O

((
d2/s2 + d/s + 1

)2d4
)

when both indices match
(|{i, j } ∩ {k, �}| = 2).

For all combinations of i, j, k, � ∈ {1, 2, . . . , m} with
i �= j and k �= �, there are O(m4) combinations where
all four indices i, j, k, � are distinct; O(m3) combinations
where exactly one index matches (|{i, j } ∩ {k, �}| = 1);
and O(m2) combinations where both indices match
(|{i, j } ∩ {k, �}| = 2). These facts, together with Eqs. (J2),
(J3) and Lemma J1, imply that

Var
[
Ĉ(U)

]
≤ 1

m2(m − 1)2d2 O
[

m3
(

d2

s2 + d
s

+ 1
)

d2 + m2
(

d2

s2 + d
s

+ 1
)2

d4

]

=O
[

1
m

(
d2

s2 + 1
)

+ d2

m2

(
d4

s4 + 1
)]

,

(J5)

which confirms Eq. (60) in the main text.

030366-35



LI, YI, ZHOU, and ZHU PRX QUANTUM 6, 030366 (2025)

2. Proof of the auxiliary Lemma J1

To complete the proof of Eq. (60), in the following we prove Lemma J1, which bounds the term E
[
D̂(i, j )D̂(k, �)

]
for

all combinations of (i, j, k, �) with i �= j and k �= �. In particular, Appendix J 2 a deals with the case in which exactly one
index matches (|{i, j } ∩ {k, �}| = 1); Appendix J 2 b deals with the case in which both indices match (|{i, j } ∩ {k, �}| = 2).

a. Proof of the first statement in Lemma J1

Suppose indices i, j, k ∈ {1, . . . , m} are all distinct. Then we have

E

[
D̂(i, j )D̂(i, k)

]
= E

{
Tr

[
(X̂i ⊗ X̂j )(W ⊗ V� ⊗ W ⊗ V�)T(1,3)

]
Tr

[
(X̂i ⊗ X̂k)(W ⊗ V� ⊗ W ⊗ V�)T(1,3)

] }

= E

{ [
Tr

(
(X̂ ⊗ϒU )(W ⊗ V� ⊗ W ⊗ V�)T(1,3)

)]2 }
, (J6)

where the second equality holds because E[X̂j ] = E[X̂k] = ϒU [see Eq. (10) in the main text] and that X̂i, X̂j , X̂k are
independent snapshots. Drawing tensor-network diagrams, we have

(J7)

It follows that

E

[
D̂(i, j )D̂(i, k)

]
= E

{ (
Tr

[
X̂ (WUVU†W ⊗ V�)

])2 }
= Tr

(
E

[
X̂ ⊗ X̂

] (
WUVU†W ⊗ V� ⊗ WUVU†W ⊗ V�)

)
. (J8)

The expression of E
[
X̂ ⊗ X̂

]
in Lemma F1 has 7 terms. Plugging them into Eq. (J8), we get

Tr
[
�̃� (WUVU†W ⊗ V� ⊗ WUVU†W ⊗ V�)

]
=

{
O
(
d2

)
� = 1, 2, 3, 4,

0 � = 5, 6, 7,
(J9)

which can be derived using tensor-network diagrams. For example,
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(J10)

where (a) holds because Tr(V) = Tr(WUVU†W) = 0, and (b) holds because (WUVU†W)2 = V2 = I .
Equations (J8), (J9), and Lemma F1 together imply that

E

[
D̂(i, j )D̂(i, k)

]
= 2d2(d + 1)2(d + s)

s2(d + s + 1)

(
1
κ2

+ s
κ3

+ s
κ3

+ s(s − 1)
2κ4

)
O
(
d2) = O

[(
d2

s2 + d
s

+ 1
)

d2
]

. (J11)

In addition, we have

E

[
D̂(i, j )D̂(k, i)

]
= E

[
D̂(i, j )D̂(i, k)

]
= O

[(
d2

s2 + d
s

+ 1
)

d2
]

, (J12)

where the first equality holds because D̂(k, i) = D̂(i, k) by symmetry. Equations (J11) and (J12) together confirm the first
statement in Lemma J1.

b. Proof of the second statement in Lemma J1

Suppose indices i, j ∈ {1, . . . , m} are distinct. Then we have

E

[
D̂(i, j )D̂(i, j )

]
= E

{ [
Tr

(
(X̂i ⊗ X̂j )(W ⊗ V� ⊗ W ⊗ V�)T(1,3)

)]2 }

= Tr
[(

E

[
X̂ ⊗ X̂

]
⊗ E

[
X̂ ⊗ X̂

]) (
W ⊗ V� ⊗ W ⊗ V� ⊗ W ⊗ V� ⊗ W ⊗ V�) T(1,5)(3,7)

]
. (J13)

Define

γ (μ, ν) := Tr
[ (
�̃μ ⊗ �̃ν

) (
W ⊗ V� ⊗ W ⊗ V� ⊗ W ⊗ V� ⊗ W ⊗ V�) T(1,5)(3,7)

]
, (J14)

which can be bounded via tensor-network diagrams:

γ (μ, ν) =
{
O
(
d4

)
μ, ν ∈ {1, 2, 3, 4},

0 otherwise.
(J15)

The proof of Eq. (J15) is a simple analog of Eq. (J9) and is omitted.
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According to Lemma F1, we can then expand the right-hand side of Eq. (J13) as

Right-hand side of Eq. (J13)

= O
(

d4

s4 γ (1, 1)+ d3

s3 [γ (1, 2)+ γ (1, 3)+ γ (2, 1)+ γ (3, 1)] + d
s

[γ (2, 4)+ γ (3, 4)+ γ (4, 2)+ γ (4, 3)]

+ d2

s2 [γ (2, 2)+ γ (2, 3)+ γ (1, 4)+ γ (3, 2)+ γ (3, 3)+ γ (4, 1)] + γ (4, 4)+ (d + s)4

s4 γ (7, 7)

+ d(d + s)
s2 [γ (3, 5)+ γ (3, 6)+ γ (2, 5)+ γ (2, 6)+ γ (5, 2)+ γ (5, 3)+ γ (6, 2)+ γ (6, 3)]

+ d2(d + s)
s3 [γ (1, 5)+ γ (1, 6)+ γ (5, 1)+ γ (6, 1)] + (d + s)

s
[γ (4, 5)+ γ (4, 6)+ γ (5, 4)+ γ (6, 4)]

+ (d + s)3

s3 [γ (5, 7)+ γ (6, 7)+ γ (7, 5)+ γ (7, 6)] + d(d + s)2

s3 [γ (2, 7)+ γ (3, 7)+ γ (7, 2)+ γ (7, 3)]

+ (d + s)2

s2 [γ (5, 5)+ γ (5, 6)+ γ (6, 5)+ γ (6, 6)+ γ (4, 7)+ γ (7, 4)] + d2(d + s)2

s4 [γ (1, 7)+ γ (7, 1)]
)

= O
[(

d2

s2 + d
s

+ 1
)2

d4

]

, (J16)

where the last equality follows from Eq. (J15). Therefore, we have

E

[
D̂(i, j )D̂(j , i)

]
= E

[
D̂(i, j )D̂(i, j )

]
= O

[(
d2

s2 + d
s

+ 1
)2

d4

]

, (J17)

where the first equality holds because D̂(j, i) = D̂(i, j ). This equation confirms the second statement in Lemma J1.
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[57] K. Życzkowski, K. A. Penson, I. Nechita, and B. Collins,
Generating random density matrices, J. Math. Phys. 52,
062201 (2011).

[58] E. Lubkin, Entropy of an n-system from its correlation with
a k-reservoir, J. Math. Phys 19, 1028 (1978).

[59] J. L. O’Brien, G. J. Pryde, A. Gilchrist, D. F. V. James, N. K.
Langford, T. C. Ralph, and A. G. White, Quantum process
tomography of a controlled-NOT gate, Phys. Rev. Lett. 93,
080502 (2004).

[60] Y. Yang, R. Renner, and G. Chiribella, Optimal universal
programming of unitary gates, Phys. Rev. Lett. 125, 210501
(2020).

[61] V. Giovannetti, S. Lloyd, and L. Maccone, Advances in
quantum metrology, Nat. Photonics 5, 222 (2011).

[62] C. L. Degen, F. Reinhard, and P. Cappellaro, Quantum
sensing, Rev. Mod. Phys. 89, 035002 (2017).

[63] M. D. Shulman, S. P. Harvey, J. M. Nichol, S. D. Bartlett,
A. C. Doherty, V. Umansky, and A. Yacoby, Suppressing
qubit dephasing using real-time Hamiltonian estimation,
Nat. Commun. 5, 5156 (2014).

[64] L. Innocenti, L. Banchi, A. Ferraro, S. Bose, and M. Pater-
nostro, Supervised learning of time-independent Hamil-
tonians for gate design, New J. Phys. 22, 065001
(2020).

[65] A. Bluhm, M. C. Caro, and A. Oufkir, Hamiltonian property
testing, arXiv:2403.02968.

[66] M. Ma, S. T. Flammia, J. Preskill, and Y. Tong,
Learning k-body Hamiltonians via compressed sensing,
arXiv:2410.18928.

[67] Q. Zhao, Y. Zhou, A. F. Shaw, T. Li, and A. M. Childs,
Hamiltonian simulation with random inputs, Phys. Rev.
Lett. 129, 270502 (2022).

[68] A. Dutkiewicz, T. E. O’Brien, and T. Schuster, The advan-
tage of quantum control in many-body Hamiltonian learn-
ing, Quantum 8, 1537 (2024).

[69] E. Bairey, I. Arad, and N. H. Lindner, Learning a local
Hamiltonian from local measurements, Phys. Rev. Lett.
122, 020504 (2019).

[70] W. Yu, J. Sun, Z. Han, and X. Yuan, Robust and efficient
Hamiltonian learning, Quantum 7, 1045 (2023).

[71] H.-Y. Hu, M. Ma, W. Gong, Q. Ye, Y. Tong, S. T. Flam-
mia, and S. F. Yelin, Ansatz-free Hamiltonian learning with
Heisenberg-limited scaling, accepted by PRX Quantum.

[72] A. Zhao, Learning the structure of any Hamiltonian from
minimal assumptions, in Proceedings of the 57th Annual
ACM SIGACT Symposium on Theory of Computing (Asso-
ciation for Computing Machinery, Prague, Czechia, 2025),
pp. 1201–1211.

[73] H.-Y. Huang, Y. Tong, D. Fang, and Y. Su, Learning many-
body Hamiltonians with Heisenberg-limited scaling, Phys.
Rev. Lett. 130, 200403 (2023).

[74] J. Haah, R. Kothari, and E. Tang, Learning quantum Hamil-
tonians from high-temperature Gibbs states and real-time
evolutions, Nat. Phys. 20, 1027 (2024).

[75] J. Castaneda and N. Wiebe, Hamiltonian learning via
shadow tomography of pseudo-Choi states, Quantum 9,
1700 (2025).

[76] A. Bakshi, A. Liu, A. Moitra, and E. Tang, Structure learn-
ing of Hamiltonians from real-time evolution, in 2024
IEEE 65th Annual Symposium on Foundations of Com-
puter Science (FOCS) (IEEE, Chicago, IL, USA, 2024),
pp. 1037–1050.

[77] S. Xu and B. Swingle, Scrambling dynamics and out-of-
time-ordered correlators in quantum many-body systems,
PRX Quantum 5, 010201 (2024).

[78] C.-F. Chen, A. Lucas, and C. Yin, Speed limits and local-
ity in many-body quantum dynamics, Rep. Prog. Phys. 86,
116001 (2023).

[79] H. Shen, P. Zhang, Y.-Z. You, and H. Zhai, Information
scrambling in quantum neural networks, Phys. Rev. Lett.
124, 200504 (2020).

[80] C. W. von Keyserlingk, T. Rakovszky, F. Pollmann, and S.
L. Sondhi, Operator hydrodynamics, OTOCs, and entangle-
ment growth in systems without conservation laws, Phys.
Rev. X 8, 021013 (2018).

[81] B. Vermersch, A. Elben, L. M. Sieberer, N. Y. Yao,
and P. Zoller, Probing scrambling using statistical correla-
tions between randomized measurements, Phys. Rev. X 9,
021061 (2019).

[82] R. J. Garcia, Y. Zhou, and A. Jaffe, Quantum scrambling
with classical shadows, Phys. Rev. Res. 3, 033155 (2021).

[83] L. Leone, S. F. E. Oliviero, Y. Zhou, and A. Hamma,
Quantum chaos is quantum, Quantum 5, 453 (2021).

[84] A. A. Mele, Introduction to Haar measure tools in quan-
tum information: A beginner’s tutorial, Quantum 8, 1340
(2024).

030366-40

https://doi.org/10.1016/0024-3795(75)90075-0
https://doi.org/10.1145/3106700.3106710
https://doi.org/10.1063/1.4936880
https://doi.org/10.1007/s00023-007-0345-5
https://doi.org/10.1063/1.3595693
https://doi.org/10.1063/1.523763
https://doi.org/10.1103/PhysRevLett.93.080502
https://doi.org/10.1103/PhysRevLett.125.210501
https://doi.org/10.1038/nphoton.2011.35
https://doi.org/10.1103/RevModPhys.89.035002
https://doi.org/10.1038/ncomms6156
https://doi.org/10.1088/1367-2630/ab8aaf
https://arxiv.org/abs/2403.02968
https://arxiv.org/abs/2410.18928
https://doi.org/10.1103/PhysRevLett.129.270502
https://doi.org/10.22331/q-2024-11-26-1537
https://doi.org/10.1103/PhysRevLett.122.020504
https://doi.org/10.22331/q-2023-06-29-1045
https://doi.org/10.1103/j7b8-pb77
https://doi.org/10.1103/PhysRevLett.130.200403
https://doi.org/10.1038/s41567-023-02376-x
https://doi.org/10.22331/q-2025-04-09-1700
https://doi.org/10.1103/PRXQuantum.5.010201
https://doi.org/10.1088/1361-6633/acfaae
https://doi.org/10.1103/PhysRevLett.124.200504
https://doi.org/10.1103/PhysRevX.8.021013
https://doi.org/10.1103/PhysRevX.9.021061
https://doi.org/10.1103/PhysRevResearch.3.033155
https://doi.org/10.22331/q-2021-05-04-453
https://doi.org/10.22331/q-2024-05-08-1340

	I.. INTRODUCTION
	II.. PRELIMINARIES
	A.. Notation and definitions
	B.. Learning quantum channels or Hamiltonians with and without quantum memory

	III.. PROTOCOL FOR CSEU
	A.. Learning phase
	B.. Prediction phase
	C.. Rigorous performance guarantees

	IV.. LOWER BOUND FOR THE QUERY COMPLEXITY
	A.. Proof of Theorem 2
	1.. Part 1: Predicting many expectation values
	2.. Part 2: Reduction to the learning task of Boolean functions


	V.. CSEU IN THE AVERAGE CASE
	VI.. COMPARISON WITH PREVIOUS WORKS
	A.. CSE of general quantum channels
	B.. Learning protocol based on Ref. [11] 
	C.. Process tomography of unitary channels
	D.. Other works

	VII.. APPLICATION IN HAMILTONIAN LEARNING
	A.. Background and our result
	B.. Schematic overview of our Hamiltonian learning protocol

	VIII.. APPLICATION IN ESTIMATING OTOCS
	IX.. CONCLUSION
	. ACKNOWLEDGMENTS
	. DATA AVAILABILITY
	. APPENDIX A: FREQUENTLY USED SYMBOLS
	. APPENDIX B: PRELIMINARIES
	1.. Quantum state designs
	2.. Tensor-network diagrams

	. APPENDIX C: PROOF OF LEMMA 1
	. APPENDIX D: AUXILIARY LEMMAS
	. APPENDIX E: PREDICTING Tr( OU()) BY AVERAGING Tr[(O) i]
	. APPENDIX F: PROOF OF LEMMA 2
	1.. Exactly one index matches in different positions
	2.. Exactly one index matches in the same position
	3.. Both indices match with order swapped
	4.. Both indices match with the same order

	. APPENDIX G: PROOF OF THEOREM 1
	. APPENDIX H: PROOF OF LEMMA 4
	. APPENDIX I: ADDITIONAL RESULTS ON HAMILTONIAN LEARNING
	1.. Performance of previous protocols for learning an arbitrary Hamiltonian
	2.. Details of our Hamiltonian learning protocol and its performance
	a.. Hamiltonian learning protocol
	b.. Performance of the protocol


	. APPENDIX J: PROOF OF EQ. [d60](60)
	1.. Main proof
	2.. Proof of the auxiliary Lemma J1
	a.. Proof of the first statement in Lemma J1
	b.. Proof of the second statement in Lemma J1


	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


