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We present a new technique for efficiently simulating (in polynomial time) a class of one-dimensional
(1D) dissipative spin chains that, when mapped to fermions, have quadratic Hamiltonians, with the only
nonlinearity coming from Jordan-Wigner strings appearing in the jump operators, despite the fact that these
models cannot be mapped to quadratic fermionic master equations. We show that many such Lindblad
master equations admit an exact stochastic unraveling, with individual trajectories evolving as Gaussian
fermionic states, even though the full master equation describes a system inequivalent to free fermions.
This allows one to calculate arbitrary observables efficiently without sign problems, and with bounded
sampling complexity. We utilize this new technique to study three paradigmatic dissipative effects: the
melting of antiferromagnetic order in the presence of local loss, many-body subradiant phenomenon in
systems with correlated loss, and nonequilibrium steady states of a 1D dissipative transverse-field Ising
model. Beyond simply providing a powerful numerical technique, our method can also be used to gain
both qualitative and quantitative insights into the role of interactions in these models.
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I. INTRODUCTION

One-dimensional (1D) spin chains are paradigmatic
models in theoretical physics, informing our understand-
ing of a plethora of phenomena, including transport
[1,2], quantum phase transitions [3,4], and entanglement
dynamics [5—7]. Extending these systems to an open-
systems context with driving and dissipation gives rise to a
wealth of new effects and is also crucial for understanding
the many-body dynamics of many noisy intermediate-
scale quantum- (NISQ) era quantum simulation platforms,
where coupling to the environment can never be neglected
[8]. For some 1D spin models, the Hamiltonian can be
solved exactly via a Jordan-Wigner (JW) mapping to a sys-
tem of free fermions [9]. However, adding even innocuous-
looking forms of dissipation (e.g., local spin relaxation)
can break the integrability of the system, as the linear spin
operators appearing in dissipators pick up nontrivial JW
strings. Hence, outside of a handful of models that have
been solved exactly (see, e.g., [10—12]), describing the
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effects of even simple dissipative processes can require an
exponential computational overhead.

In this work, we will present a new technique to effi-
ciently simulate a class of Markovian dissipative spin
chains that are nontrivial, in the sense that they cannot
be mapped to quadratic fermionic master equations. We
focus primarily on 1D systems in which the Hamiltonian is
equivalent to free fermions but the presence of JW strings
in the dissipative terms makes the system no longer free;
however, we will relax this constraint later to show that
the technique can also work on a broader class of systems,
even including two-dimensional (2D) models.

Our method is based on an exact stochastic unravel-
ing of the master equation, chosen so that each individual
trajectory is a time-dependent fermionic Gaussian state.
This provides an efficient means for computing the dynam-
ics of observables, even though the average state is not a
Gaussian state and the full dynamics are not free fermion.
Our method possesses many advantageous features: it has
provable convergence results, it has a computational com-
plexity that scales only polynomially in the number of
spins, and it is free of any sign problems because it samples
from only physical trajectories [13]. Because our technique
is not limited to low-entanglement states (indeed, Gaussian
states can have arbitrarily high amounts of entanglement),
we believe our method can compliment existing simulation
techniques that rely on area laws to achieve polynomial
scaling.

Published by the American Physical Society
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FIG. 1. (a) A schematic of the class of models simulable using

our techniques: a 1D spin chain with linear dissipation that is
local or correlated between sites (jump operators 2; or L;, respec-
tively) and a Hamiltonian with anisotropic XY nearest-neighbor
exchange and possibly nonuniform local Z fields. Upon a Jordan-
Wigner (JW) transformation, due to nontrivial string operators
in the dissipators, the system is mapped to a fermionic model
inequivalent to free fermions. (b) We can interpret the action of
the string operators in the dissipation as a measurement and feed-
back process, where following each jump, a local Z, gauge field
undergoes a classical bit flip.

The magic underlying our approach is that for a class
of interesting master equations, we can find a stochas-
tic unraveling that directly maps to a kind of fermionic
measurement-plus-feedback dynamics (see Fig. 1). In this
mapping, nontrivial string operators are now interpreted as
feedback unitaries that follow a quantum jump, with each
unitary having the simple form of a Gaussian gauge trans-
formation. Using this correspondence, we show that our
technique is equivalent to a noisy Z, gauge theory where
the gauge fields are classically dynamical (i.e., they always
have definite values) (see Fig. 1). This has the benefit of
both making the dynamics efficient to simulate as well as
providing direct physical insights into the effect that string
operators have on the dynamics, which would not be as
easy to elucidate from other simulation techniques. This
also allows us to expand the technique beyond simple 1D
spin chains to more complicated Z, gauge theories, such
as the Kitaev honeycomb in 2D [14].

The remainder of this paper is organized as follows. In
Sec. II, we introduce open spin chains and briefly review
previously known results on simulation complexity. Then,
in Sec. III, we present the most general type of spin sys-
tem that we are able to simulate efficiently and present
two different algorithms loosely based on interpreting the
dynamics as being either in the Heisenberg or Schrodinger
picture. In Sec. IV, we give a few initial examples of
models that we can solve. We study the melting of anti-
ferromagnetic order in a 1D XX spin chain with loss, we

look at the dynamics and steady state of a dissipative Ising
model and we study many-body subradiant decay in a 1D
chain of emitters. Finally, in Sec. V, we present a gener-
alization of our technique to generic open fermion models
where the interaction is not a JW string or inspired by an
underlying spin model.

II. OPEN SPIN CHAINS: PREVIOUS WORK

There has been significant previous work studying open
quantum spin chains, both numerically and exactly, an
extremely brief outline of which we will give here. The
goal will be to set the context for our solution technique
and outline how the new class of models that we can solve
fits into the space of previously known results.

We will be interested exclusively in Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL) form master
equations, which represent the most generic possible com-
pletely positive trace-preserving Markovian quantum mas-
ter equations [15,16]. These have the form

p = —ilH,pl + ZLileT—E{LZTLnP}» (M
i

where H is the Hamiltonian of the system and the collec-
tion of operators L; are “jump” operators describing the
interaction with a Markovian environment. We will study
primarily 1D spin chains by mapping them to fermions via
the JW transformation [9]. If we have a set of spin-1/2
operators &, indexed by a lattice position i = 1,...,N,
then we can define a set of canonical fermion annihilation
operators

i—1
ATa. n ~ R
6 =|]]D99 | & =ioe, )
j=1

where 6, = (67 +i67)/2. These fermions obey the

. . . . A A AT AT
canonical anticommutation relations {¢;,¢;} = {cj,cj} =

0, and {¢;, 6’;} = 8;;. The products of fermion parity opera-
tors I1; are called JW strings.

By using such a mapping, one can directly relate the
simulability of a spin problem to whether or not it maps
onto a simulable system of fermions, which has been
well studied in the literature [17—19]. Considering first
the coherent (Hamiltonian) dynamics, the set of nearest-
neighbor spin interactions that map to quadratic Hamilto-
nians of the fermion operators are of the form

. A; .
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where A; € R and J;,J; € C. The dynamics of any Gaus-
sian state (for definitions of Gaussian states and/or oper-
ators, see Appendix A) under a quadratic Hamiltonian
remain Gaussian and therefore time evolving the state can
be reduced to time evolving the covariance matrix of the
Gaussian state. This reduces the problem of evolving an
exponentially large state vector or density matrix to the
dramatically simpler problem of evolving a polynomially
large covariance matrix.

When adding in dissipation and again mapping to
fermions, for a Gaussian state to remain Gaussian, we
again need the Hamiltonian to be quadratic in fermions.
However, we also require that each jump operator L; be
linear in fermion creation and/or annihilation operators.
One can immediately see that this will be problematic
when starting from the spin problem: linear spin opera-
tors pick up a JW string under mapping to fermions and
so time evolution with linear spin operators does not pre-
serve Gauss1an1ty For example, s1mple loss modeled by a
jump operator L; = 6, maps to L; = I1;_,¢;. Moreover, as

the string operators I, are extremely nonlocal, the result-
ing interactions in the fermionized model would appear to
be very long range and hence intractable.

There are a few circumstances in which spin chains
(with quadratic Hamiltonians) remain efficiently simula-
ble in the presence of dissipation. If the jump operators
are quadratic and Hermitian [such as the terms appear-
ing in Eq. (3), an example being dephasing noise], then
the dynamics are equivalent to a classically stochastic
quadratic Hamiltonian [20-22]. Specifically, in these sce-
narios the state is not Gaussian but the equations of motion
for all 2r-point correlation functions close on themselves,
making them efficiently simulable [23,24]. When noise is
sufficiently strong, it can damp out long-range correlations
such that the system undergoes a percolation transition and
then becomes simulable [25,26]. However, outside of these
particular cases, there is no efficient and exact method for
simulating what happens when the jump operators have
strings.

III. STOCHASTIC SIMULATION METHOD

A. Stochastic unraveling of the master equation

In this section, we will outline a new simulation tech-
nique that extends the set of efficiently simulable spin
models. Specifically, we will demonstrate how to simulate
a class of models where the non-Hermitian Hamiltonian
encoded in Eq. (1) maps to an operator quadratic in JW
fermions but where fermionic interactions arise through
string operators associated with the quantum jump terms.
We stress that the techniques presented below are numeri-
cally exact—given sufficient averaging, they recover unbi-
ased expectation values of the time-continuous master
equation. This is true regardless of the relative strength

of the noise and whether or not it is classical. Moreover,
the technique is entirely agnostic to the total amount of
entanglement in the system.

We study systems with Hamiltonians of the form given
in Eq. (3) and jump operators that can be written as sums
of 2-local linear spin operators:

3 A A+ A A+
Li = 1167 +1ip6, +1i36 | +1i46,,

ﬁi(_l)eiei (zlcz + lzzC ) + 1_[ (li,3€'i+1 + l,‘,4€?j+1)

A

=1TII; (li,lei — li,25j+li,33t+1 + li,45;~r+1) = ﬁ[iﬁ, “4)

where the /;; € C are arbitrary possibly time-dependent
coefficients. With this constraint, the only nonquadratic
interaction terms in the fermionic representation of the
master equation arise via the overall JW string operator
in the jump operators L;. It is crucial that we can factor
out a single string operator, which is why we are limited to
2-local jumps.

We will make this class of systems efficiently sim-
ulable by rewriting the master equation as a stochas-
tic average. We will unravel the master equation in
the “quantum jumps” picture. We can group together
the commutator and the anticommutator in Eq. (1) to
form the non-Hermitian effective Hamiltonian A off = H—
é ZiLlTL,. We next introduce the stochastic equation of
motion [20-22]

diyr) = —iflglyr)dt + ) L 1w, o)

i (Zi)

where d&; € {0,1} is a point process with mean d; =
(]:j]ii)dt, which implicitly depends on the state at a time
t. We can interpret the dynamics governed by Eq. (5) as
the state evolving under the non-Hermitian Hamiltonian
H o, with this smooth evolution interrupted with discrete
quantum jumps: at each instant in time, with a probabil-
ity (ijl:i)dt, the system undergoes a discrete jump defined
by the jump operator L;. Note that this time evolution
generically does not preserve the norm of |y) because
Her# HL.

The first crucial observation that we make is that as
we have constrained our jump operators to have the form
L = 1'[, le where 1'[, | 1s a string operator and L’ is a
linear fermionic operator, then L;FL,' = (L)L, 1t follows
that the effective Hamiltonian H o is a quadratic fermionic
operator. This in turn implies that all of the complexity
in the dynamics of each individual stochastic trajectory
arises from the finite “jumps”: the continuous-time evo-
lution under the effective Hamiltonian is purely Gaussian.
We will show below that the situation is even more favor-
able: because of the specific way in which string operators
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appear (i.e., they are exponentials of quadratic fermion
operators), they will also be easily simulable. Specifically,
we will show that each jump operator maps Gaussian states
to Gaussian states. We can thus view the jump process as
a Gaussian feedback process in which we apply a condi-
tional Gaussian transformation conditioned on whether or
not a quantum jump has occurred (see Fig. 1).

We will use this observation to derive two techniques
to efficiently simulate the master equation. The first is
roughly based on a “Heisenberg-picture” interpretation,
where we directly solve for the time evolution of opera-
tors instead of the state. This method provides an appealing
intuitive picture of the effect of the interactions encoded
in the strings. The algorithm has a computational com-
plexity that is polynomial in the number of spins but still
turns out not to be the most efficient way to simulate
the dynamics. The second is based on a “Schrédinger-
picture” interpretation, where the state itself is dynamic,
and this is more numerically efficient than the Heisenberg-
picture interpretation. In the remainder of this paper, we
provide intuition and examples of the different types of
models that can be simulated, and in Appendix B we give
the most general 1D spin chain model that can be simu-
lated with our technique. Moreover, the technique can be
extended to higher-dimensional systems in certain cases
(see Appendix K).

Before proceeding, we note that Ref. [27] has derived a
result on Lindblad dynamics that applies to a subset of our

J

general class of simulable models. If we restrict attention
to models where the Hamiltonian is strictly (fermionic)
number conserving, and dissipation only involves loss,
then Ref. [27] provides a method for computing the spec-
tral decomposition of the Liouvillian (using its lower-
triangular block-diagonal structure). The spectrum can be
obtained from A. off alone and this can then be used to recur-
sively calculate eigenmodes. We stress that this result does
not apply to the more general class of models that we con-
sider, where the Hamiltonian need not conserve excitation
number and where dissipation can involve particle loss and
addition. Even in the more restricted loss-only setting, our
approach remains extremely valuable, as using the results
of Ref. [27] to compute the dynamics of observables still
results in an exponentially hard problem (for more details,
see Appendix D).

B. Heisenberg picture

On any given stochastic trajectory, the system evolves
under H ., punctuated by quantum jumps. Consider time
evolution from f=0 until # = ¢, starting from a pure
state | ), during which a specific trajectory undergoes m
quantum jumps. We index these jumps withj = 1,...,m
and use Zij to denote the jump operator corresponding
to jump j. For this specific trajectory, the expectation
value of an arbitrary observable O at time ¢ = tr takes the
form

A A At at ot A N N A N
O)(ty) = <w|elHeﬂ¢1LlTl L elHeﬁ(tm—th)L;FmelHeﬁ({/ ~tm) e~ H ettty —tm)Lime—lHeff(tm—tmq) » .Lile—lHefffl W)/N(f), (6)

where N (f) corresponds to state normalization. To help
elucidate the structure here, we introduce the set of opera-
tors Isj = 1:[,‘1 121,»2 e f[,-j. (i.e., the product of string oper-
ators associated with jumps 1,2,...,7). We define the
Heisenberg-picture time evolution for an operator under
the non-Hermitian Hamiltonian evolution as

A

0Ounnorm = i (I:I Zﬁ“éunnorm - Ounnorm[:I eﬂ') > (7)

IN = d(1) = it —HAer), (8)

where O = Ounnorm/N.

A

(OND) = (wIdH] @) ..

D] ) PuOP) )L, () -~ L (t) 1) N (0).

We next introduce a time-dependent non-Hermitian
Hamiltonian the form of which is set by the pattern of
jumps occurring along a specific trajectory of interest:

ﬁeﬂv, O<t<mt,

Hig(t) = )

PillewP;, 4 <1<,

where 7,41 = tr. Note crucially that as each string operator
I1; is Gaussian (i.e., an exponential of quadratic fermion
operators), so are the f’j operators. It follows that for
any trajectory, the corresponding I:I’eff(t) is a quadratic
fermionic operator for all times. With these definitions, our
expectation value takes the convenient form

(10)
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Recall that the ij’ are our jump operators without the over-
all string-operator prefactor [cf. Eq. (4)] and note that the
Heisenberg-picture operators here evolve according to the
trajectory-dependent non-Hermitian Hamiltonian H (D).
We see that we have a string of time-evolved opera-
tors, where each i;/_ (¢;) will be linear in fermionic raising
and lowering operators (as it is a linear-in-fermion opera-
tor evolved under a quadratic Hamiltonian). This is a very
tractable structure as long as our initial state |y/) is Gaus-
sian: it corresponds to computing an out-of-time-ordered
correlator (OTOC) of a Gaussian state, which can be
done efficiently. More explicitly, as each z;j (#/) is linear in

fermion operators, this OTOC can be efficiently computed
by diagonalizing H . and then computing a Pfaffian (for
details, see Appendix C). This gives the expectation value
for the observable O over a single stochastic trajectory; the
observable for the master equation can be computed by
averaging over the trajectories. Overall, this can be done
with asymptotic computational complexity O(N7), where
N is the number of spins in the chain, proving that observ-
ables can be efficiently simulated (for more details, see
Appendix C).

Equation (9) for our time-dependent conditional Hamil-
tonian has a straightforward interpretation: after each
quantum jump, we flip some of the signs in the effective
Hamiltonian based on the position of the jump and this
modified Hamiltonian then governs the evolution until the
next jump. These sign flips directly correspond to the string
operators effecting a position-dependent gauge transforma-
tion ¢; — —¢; for all of the sites to the left of the jump.
We thus obtain a useful intuitive picture for the action of
the string operators in the dissipators: they drive a kind of
time-dependent disorder that is correlated with the location
of the jumps.

We can make the above picture more explicit by gauging
the weak Z, symmetry in the problem. We first introduce a
set of auxiliary spins 7% (¢ = x,y, z) in each jump operator
of our original spin master equation via

A

AX A — A + A — A~ +
Lig =t (1;167 +1;26; +li,30,»+1+li,40i+1) .

(11)

The auxiliary spins do not appear in the Hamiltonian. Since
7 is a strongly conserved quantity, they have no impact on
the dynamics. Now, when we map to fermions, we find that

o=y M@l + 3 (Jieltw + 722, ) + e,
i

(12)
T = (iPeivra), (13)
Zi,G = Vi (li,le'i - li,2ej+li,3&i+1 + li,4é:'r+1) ) (14)

where p;; and ﬁ,,i are Majorana fermions. The gauge fac-
tors 77 that now appear in the Hamiltonian control the sign

of the interaction on each bond [28] and are dynamical
due to the dissipation. However, upon a stochastic unrav-
eling, the dynamics of the %f become completely classical,
because the jump terms all commute or anticommute with
the local gauge degrees of freedom:

A

[Lig,TT1=0 Vi),

{Lig, T} =0.

(15)
(16)

Hence, we can treat the gauge degrees of freedom as num-
bers %iz = =1 that are classically updated after each jump.
This is just another way of rewriting Eq. (9) where instead
of the Hamiltonian being time dependent, there is instead
a classically dynamical gauge field fluctuating between
1 « —1 after each quantum jump.

It is also interesting to point out that this interpretation of
a conditional gauge transformation being applied by each
quantum jump is an interesting type of nonreciprocal feed-
back identified in Ref. [29], where each jump applies a
unitary gate on a different subsystem. This interpretation
will prove useful in later sections to understand some of
the specific models that we consider and how they differ
from their free-fermion counterparts. Moreover, this inter-
pretation allows us to generalize the simulation technique
to higher-dimensional Z, gauge theories, e.g., the Kitaev
honeycomb, which we show can be simulated with noise
in Appendix K.

C. Schrodinger picture

While the previous Heisenberg-picture formulation pro-
vides useful intuition in terms of effective time-dependent
disorder, it is not the most efficient way to do simula-
tions. We now present things in the Schrédinger picture,
where only the state vector changes in time. To achieve
this, we make use of a second key observation: despite the
string-operator prefactor, the action of each jump operator
L: [cf. Eq. (4)] maps Gaussian states into Gaussian states.
To see this, we will decompose it into two factors and show
that each is Gaussianity preserving. First, we can con-
sider the string operator I1;. This is trivially Gaussian, as
it can equivalently be written as I; = exp(im Zji.:l 2?6,-),
which is just a time-evolution unitary generated by a
quadratic Hamiltonian. The remaining factor i; in our
jump operator is linear in fermionic raising and lowering
operators. Acting with such linear fermionic operators also
maps Gaussian states into Gaussian states (for details, see
Appendix A).

We assume throughout that our initial state is Gaussian.
Since the state |1/) remains Gaussian along each individual
trajectory [as defined in Eq. (5)], it suffices to only keep
track of its covariance matrix. It will be useful to do this in
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a Majorana basis. We hence define
a7
(18)

such that {y;,7,} = 28;. We then define the 2N x 2N
covariance matrix as

A A oAt
V2i-1 = Ci + ¢;,

Voi = i(Ci — 5?),

Ly = (yiy)- (19)

Our problem thus reduces to computing the evolution of
I';; (1) along each trajectory, due both to H off and the dis-
crete quantum jumps. Consider first the no-jump evolution.
If we allow Hy to be a general quadratic Hamiltonian
defined by an antisymmetric matrix H,

A=Y Hypi7), (20)
ij

then we can define X = 4iH as the generator of the
dynamics of I" via the nonlinear equation of motion,

1
0 =TX —X'T + T(X" —X)T. 1)

When A off 1S Hermitian, then X = X * and we recover the
standard equations of motion for the fermionic covariance
matrix. The nonlinear term encodes the fact the Hamilto-
nian is not Hermitian and the state norm is changing.

Next, we include the effects of quantum jumps. Note that
a given JW string operator I1,, can be written as

My =" [ ra-1vy- (22)
j=1

If we write the nonstring part of each jump operator as

L= "ly¥,
7

(23)

then following a jump involving L;, the state goes from

W) = W) = Lily) /(L.

The covariance matrix

1
dr,,, = (FX —X°T 4T —X)F)

m

ndt+Xi:(

Zkl l:kklzm;lnﬂ; (karnl + Tulpn — 1—‘lml—‘ml)

after the jump is defined as I'),, = (/| 7|¥'). We can
write this covariance matrix in terms of the prejump
covariance matrix I',,,:

- DY ARTCTA s M s P57
mn — 1. A A >
Y ow bl d)

where the expectation values are with respect to the state
prejump. This can be simplified greatly by noting that as
I1; is a string of Majoranas, it either commutes or anticom-
mutes with p,, and y,, depending on the sign of m — 2i. We
can collect all of these phases together and define

24)

; -1, m<2i
r __ b J— B
T = {+1, m > 2i, 25)
such that
ﬁi);m = U;nfmﬁ: (26)

Formally, these phases are keeping track of the conditional
gauge transformations being introduced by the string oper-
ators. In Sec. III B, we have introduced gauge operators

%,fl; here, we can observe that (%,fl) — ' (72) following a
quantum jump at a site i. Using these phase variables, we

find

Fr/nn — Zk[ l;ﬁklimﬁnnizo,?k)fm);n?l)
> bl V)
. Zkl l?klimf,,nﬁ,(l“kml“nz 4+ Tl — Tin L)
B 2 Gilu T

Hence, this gives us a simple way to update the covari-
ance matrix of the conditional state after a given quantum
jump. Note that the string operators enter this update rule
through the phase factors n',n’. This corresponds to the
effective unitary “feedback” operation occurring after each
fermionic jump (see Fig. 1).

Equations (21) and (27) completely specify how to
evolve the covariance matrix along a particular stochastic
trajectory. We can conveniently combine these rules into
a single stochastic equation of motion for the covariance
matrix:

. @27)

— T ) d&i. (28
Zkll:'kklilrkl ) i (29

As before, the d§; are independent nonlinear point processes that depend on the current state of the system, satisfying

d&? = d§ and dg = (Z,J-f[:i) dz.
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In Appendix C, we provide an explicit simulation
algorithm using these equations that works in O(N*) time,
and in Appendix E we show that for bounded observ-
ables (i.e., Pauli strings) the sampling complexity required
to obtain convergence is bounded and independent of the
system size. We stress that our equations and the corre-
sponding numerical technique are exact and not the result
of any approximations. In particular, they are agnostic to
the total amount of entanglement in the system.

D. Constraints on dynamics

While the above stochastic techniques are more compu-
tationally friendly, we can in principle recast Eq. (28), the
stochastic equation of motion for our covariance matrix,
as a deterministic equation for a probability distribution
p (T, ) on the space of possible covariance matrices. Using
this distribution, we could write down the exact density
matrix at all times as

) = / (T, 0pr T, 29)

where pr is the unique Gaussian state with covariance
matrix I. We derive the Fokker-Planck equation governing
p ([, 0 in Appendix F. It has a rather unwieldy structure
due the point-process noise; in particular, it is not local in
the space of covariance matrices.

The form of Eq. (29) also provides crucial insights into
generic features of the class of models that we study. Even
though we are able to describe master equations that cor-
respond to nonfree fermions (i.e., where Gaussian initial
states can evolve to non-Gaussian states), the dynamics are
inherently constrained: the state can at all times be viewed
as a classical mixture of Gaussian states, described by a
classical probability distribution p(I",7). We note that a
similar class of states has recently been studied for very
different reasons in Ref. [30]; the motivation here was to
simulate a class of interacting fermionic lattice models
with strong dephasing. This mixture of Gaussians repre-
sents a highly constrained state space. For example, the
only pure states in this space are simple Gaussian states.

We note that this is the same class of states that one
would get after time evolving with a classically stochas-
tic quadratic Hamiltonian, which is one way to model
quadratic Hermitian fermionic jump operators. However,
despite living in the same state space, we stress that a
classically stochastic free Hamiltonian admits significantly
simpler dynamics than our particular class of stochas-
tic spin models. A stochastic quadratic Hamiltonian can
be modeled by the following equation of motion for the
covariance matrix I':

T = —(XI —TXp) dt — Y (XTI — X)) dW;.  (30)

1

Here, dW; are independent Wiener increments, Xy = 4iH
is the static generator of the dynamics, and X; = 4iL;
are the matrices corresponding to the Hermitian jump
operators. This is a very simple set of dynamics, where
everything is linear, and the noise is a simple Wiener pro-
cess independent of the state. This can be contrasted with
Eq. (28), where the equation of motion becomes nonlinear
in I' and the noise itself is a nonlinear point process that
depends on the state, greatly increasing the complexity of
the problem.

Our results also imply that all information on the
evolved state (at any time) is encoded in 4N? stochastic
degrees of freedom. This should be contrasted against a
generic state, which requires one to specify 4" degrees of
freedom and, alternatively, a truly Gaussian state, which
has 4N? deterministic degrees of freedom. Note that a
polynomial number of stochastic degrees could still encode
an exponential amount of information, if there are an expo-
nential number of nontrivial moments of the distribution
function p (I", f). However, even in this extreme case, the
information is encoded in a more convenient manner. In
particular, (2n)-point correlation functions are encoded
in nth-order moments and are insensitive to higher-order
moments. Further, we never need to calculate any given
moment larger than order 2N (as this is the longest irre-
ducible string of Majorana operators) and so any individual
Pauli string is encoded efficiently in the distribution. There
are an exponentially large number of these Pauli strings
and so we cannot access all information efficiently, but we
can access arbitrary information efficiently.

Finally, we can also use our equations to derive a use-
ful deterministic but approximate equation of motion for
the trajectory-averaged covariance matrix I'. One sim-
ply takes the stochastic average of Eq. (21), making a
first-moment approximation (i.e., replacing each factor of
I with its average on the right-hand side). This gives
the following approximate equation for the trajectory-
averaged covariance matrix (i.e., the covariance matrix of
the unconditional state):

8tl:‘mn = (I:X _Xf*)mn
+ Z l;kklzl(ninn; - 1)(l:kml:nl + 1:‘kll:mn - 1:knl:ml)~
ikl
(31)

While not immediately obvious, this approximation
equation matches what one would obtain using a more
standard second-cumulant approximation on equations of
motion obtained directly from the full fermionic master
equation (for details, see Sec. G).

IV. NUMERICAL RESULTS

In this section, we highlight the power of our general
method by applying it to understand three paradigmatic
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examples of open spin chains. While we focus on 1D
examples here, we stress that our technique can also
be applied to certain higher-dimensional models (see
Appendix K). The three examples that we study corre-
spond to open spin models where a JW mapping results
in nontrivial strings in the dissipators. In each case, if one
simply ignores the strings, one is left with a quadratic
fermionic Lindbladian where the physics is easily under-
stood. The question is then to understand how the inclusion
of strings changes the physics, i.e., how the spin system is
different from that of the corresponding free-fermion sys-
tem. In our examples, the strings will lead to large changes
in either the dynamics or the steady state of the system.
In the first two examples [antiferromagnetic (AFM) order
melting and subradiance], we will look at how the addition
of the string operators can speed up the approach to the
steady state via effective scattering interactions, even if the
steady state is trivial vacuum with or without the presence
of the string operators. In the final example (an open Ising
chain), we will see how the strings can actually affect the
steady-state observables and effective temperature of the
steady-state distribution.

A. AFM-order melting in XX chains

Our first example is perhaps the simplest and seemingly
most trivial kind of open spin chain: an XX chain where
there is uniform local loss on each site. This would corre-
spond to a chain of qubits with nearest-neighbor couplings,
with each qubit having a finite 7} decay time. The system
evolves under the master equation given in Eq. (1), with

N-1
H

(67671 +676701) 5 (32)

J
E i Oit1

i= ko, (33)

This system has a unique steady state given by the spin-
polarized state | 1)®V. Furthermore, because the total
magnetization is a weak symmetry, we can characterize
the timescale for the decay of the total magnetization by
observing that if we define i = 1/N Y, 6,76, then this
decays with a simple exponential to zero:

(1) (1) = €™ () (0). (34)

This decay profile is identical to what one would find
for the dynamics of total density in the corresponding
free-fermion model, i.e., a tight-binding chain with singe-
particle loss on each site:

N-1

A=-J) ¢lew +He, (35)
i=1

L = Jxé. (36)

Hence, at first glance, it is tempting to conclude that
both the free-fermion and spin systems (i.e., fermions
with strings in the dissipator) are equally trivial. Surpris-
ingly, even in this maximally simple model, there are local
extensive observables where the spins and fermions have
dramatic differences in their dynamics. As the average total
density is not sensitive to the strings, we instead look at
how nonzero Fourier components of the average excita-
tion density decay. In particular, we focus on Néel or AFM
order, defined as the £k = m component of density:

=

~ 1 i At A 1 al inz
= NZ(—l) (1-2¢8¢) = NZ(—l) 5. (37)

i=1 i=1

We consider a scenario in which the system is initialized
at 1 = 0 into the Néel state so as to maximize (/f). We
then study how this order decays to zero. In the case in
which the dynamics are given by free fermions, in the ther-
modynamic limit, we can solve for this exactly. Defining
momentum-space annihilation operators as

~ 1 .
b= — ey, (38)

the AFM order (assuming infinite boundary conditions) is
given by

dk

o (39)

A@D) = / (Chenn)

where we define A(f) = (/I) (9). For free fermions, the inte-
grand has an overall decay at rate « and an oscillation set
by the energy difference of the momentum states £ and
k + m. This yields

T dk
A(t) — / e4lJCOS(k)t—Kl_ — e—KtJO(|4Jt|)’ (40)

2

where Jy is the Bessel function. The overall exponen-
tial decay here just corresponds to the decay of the total
particle density. More interesting is the Bessel-function
envelope, which is the result of the interplay between the
coherent Hamiltonian dynamics and the initial Néel order-
ing. The simple form here relies on the fact that momentum
is conserved (see Appendix H). At long times, the Bessel
function decays as #~!/2, giving a power-law-behavior
decay in the scaled correlation A(z) /e .

We can now turn to the spin model and again ask how
the AFM order decays starting from an initial Néel state.
The dynamics are now far more complicated, as the strings
in the loss dissipators play a nontrivial role. In particular,
they allow scattering between different fermionic £ modes,
disrupting the simple dynamics of the purely fermionic
model. Results for a N = 100 site spin chain using our
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FIG. 2. A plot of the time dynamics of the antiferromagnetic
(AFM) order parameter melting for either a 1D spin chain [cf.
Egs. (32) and (33)] or free fermions [cf. Eqs. (35) and (36)].
The fermion curve corresponds to the analytical solution in the
thermodynamic limit given by the Bessel function [cf. Eq. (40)]
and the spins are found for an N = 100 spin chain with open
boundary conditions, averaged over 50 000 trajectories.

simulation method are shown in Fig. 2, where we plot the
scaled AFM order A(f) /e *'. While for short times the spin
and fermion models show similar behavior (not surpris-
ing as few jumps have occurred), for larger times «¢ 2> 1,
the two systems have very different behavior. In particu-
lar, the decay of the scaled AFM order for the spin model
is oc 1/t and hence faster than the power-law decay 1/+/¢
found in the simple fermion model. The difference persists
for a large range of times, until a longer timescale on which
boundaries become relevant.

We can develop intuition for this result and even make
approximate quantitative estimates by starting with the
Heisenberg or OTOC formulation of the spin-system evo-
lution, where the spins look like the fermions, except that
every time there is a quantum jump, the sign of one of the
bonds in the Hamiltonian flips its sign, leading to a kind
of time-dependent disorder. A very crude way of trying to
model this is to consider a fermionic system with static
disorder, e.g., a Hamiltonian of the form

A=>"Jilei +He, (41)

1

where the J; € {J, —J} are random variables. To get an
idea of the decay dynamics, we could fix the disorder
level to mimic times in our spin model at which O(N)
jumps have occurred. This would be accurate for x7 2> 1,
which is where the spins and free fermions diverge. In
our approximate fermionic model, we can imagine that
the disorder will generate some dephasing of the coher-
ence between the k& and k 4+ 7 momentum modes that
determines the AFM order. Further, we expect that this
dephasing rate will depend on the group velocity of the
quasiparticles involved, for the simple reason that for some
fixed evolution time, “fast-moving” modes will experience
more of the spatial disorder than slow-moving modes. This

motivates an ansatz for the Néel order of the form

ék ék+ﬂ> ~ ot cos(k)i—t—4a®J? sin? (k)2 i (42)
where o is some unitless parameter dependent on the
correlation length of the noise and 4J2 sin? (k)2 = (vgt)2
is the distance squared over which a wave packet with
momentum k has propagated in time ¢.

Using this form, our disordered fermionic model will
have a faster decay of the Néel order than the disorder-
free case, because of the effective dephasing. We find that
the decay follows (for more details, see Appendix H)

1 €0s(J1)

A ~ e (43)

The faster power-law decay of 1/¢ is in very good agree-
ment with the full numerics for our spin model, as shown
in Fig. 2, indicating that at least for this model, the effec-
tive disorder picture provides good intuition for how spins
are different from those of simple free fermions.

B. Subradiance

Our approach is not limited to purely local dissipa-
tive processes but can also describe dissipation correlated
across adjacent sites. This motivates our second example:
a 1D XX spin chain where now we have correlated loss
on neighboring sites. This setup can be viewed as a min-
imal model for studying subradiant decay in an ordered
array of 1D emitters, a topic that has received considerable
recent interest (see, e.g., Refs. [31-38]). At a basic level,
subradiance corresponds to the existence of certain spin-
wave modes that have highly suppressed radiative decay
due to destructive interference. Such subradiant physics
has been studied in the context of a quantum memory for
light [39,40], as well as having shown surprising fermion-
like correlation patterns [33]. While this physics is well
understood when there is only a single excitation, the
physics with multiple excitations is far more complicated
and remains an open problem. Our model and simula-
tion technique provide a setting in which to study this
phenomenon with many excitations, in a manner that is
numerically exact.

Our minimal model for subradiance corresponds to a
master equation of the form in Eq. (1), with

A=—

SIS

N—1
AXAX /\y /\y

> 665, + 6760, (44)

i=1

Li = k(67 +6.,1). (45)

We note that the 1D subradiant models studied in
Refs. [31-38], describing ordered arrays of emitters, are
derived from a microscopic light-matter interaction and
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yield long-range Hamiltonian and dissipative interac-
tions. In contrast, all our interactions are nearest-neighbor.
There are nonetheless qualitatively many similar features
between our models. All models exhibit a dissipative gap
(slowest relaxation rate) that closes in the thermodynamic
limit. In our model, this gap closing scales as N2, whereas
the microscopically motivated models show a stronger
dependence o« N~3. Further, in both our model and the
more microscopic models, there is a set of single-excitation
subradiant modes indexed by an integer j, with the slow
decay rates growing as I'; ocj2.

Our correlated decay model will have a trivial steady-
state solution of the vacuum but the dynamics are greatly
altered by the correlation in the dissipation. The free-
fermion equivalent of this model (i.e., the spin model writ-
ten in terms of JW fermions, but with all string operators
dropped) has the form

N—-1

A=-J) ¢le +He, (46)
i=1

Li = k@ — &) (47)

H s (which is the same for both models) is diagonalized
using momentum modes, resulting in

A =2 (Jcos(k) — ix sin’ (k/2)e}er.  (48)
k

Hence, in the thermodynamic N — oo limit, there is a
specific momentum mode &k = 0 that never decays. At
the single-excitation level, this “subradiant state” persists
forever with periodic boundary conditions, and for times
quadratic in the system size for open boundary conditions.
This also leads to anomalous (nonexponential) scaling of
local observables in time, due to the fact that the dissi-
pative gap closes at k = 0 (i.e., this momentum mode is
undamped).

For concreteness, we imagine starting from the com-
pletely filled state (all qubits in their excited state) and
ask how the total number of excitations n(¢) relaxes. For
the case of free fermions, there is no scattering between
different momentum modes and so the total density in the
thermodynamic limit scales as (see Appendix I):

T dk -
(i) () = / 5 ¢ I = ey i, (49)
-7

where Iy is the modified Bessel function. Asymptoti-
cally, this gives a scaling law of the form (7)(f)|;—co ~
(4mkt)~1/? (for details, see Appendix I). The slow power-
law decay directly follows from the fact that long-
wavelength modes with wave vectors k close to £ = 0 have
very slow decay rates o< k2. Not surprisingly, this result has
no dependence on the strength of the exchange coupling J.
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FIG. 3. A comparison of the subradiant master equation for

spins [cf. Egs. (44) and (45)] and fermions [cf. Egs. (46) and (47)]
with J = k = 1. The free-fermion line is given by the analytical
expression in Eq. (49) and asymptotically scales as #~'/? (dashed
black line). The spins are found using the stochastic averaging
technique in the Schrédinger picture and represent an average
of 10000 trajectories of N = 100 spins. The local spin-number
density numerically fits a different power-law scaling of r~3/4
(dashed-dotted black line).

Turning now to the spin model (which corresponds
to fermions with string operators in the dissipators), the
dynamics will in general be more complicated. One might
expect that the above scaling will be modified by the effec-
tive interactions encoded by the strings, as now spin waves
(i.e., fermionic k£ modes) are not conserved but can undergo
scattering. Similar to free fermions, a single excitation pre-
pared in the subradiant mode will not decay (as in this
case interactions play no role). As soon as one has multi-
ple excitations, we expect strong differences. At a heuristic
level, interaction-induced scattering can scatter particles
from k£ = 0 into finite-k modes, providing a new decay
pathway out of the subradiant state.

In Fig. 3, we show results for the decay of the average
density for a chain of N = 100 spins, starting from the full
excited state and for J = k. We see that the spin model
exhibits a faster decay than the free-fermion model: at long
times, the decay follows a power law (71(f)) o< (k1) ~3/4, as
opposed to the 1/4/7 behavior of free fermions [41]. Here,
we again highlight the power of our technique: because
there is only loss in the system, the Lindbladians for the
free fermions and the spins have an identical spectrum
[27]. The Lindbladian spectrum alone is thus not enough
to understand the different decay behavior. Because the
dissipative gap closes as a function of k, the profile of
the Lindbladian eigenmodes is crucial to understanding
the long-time power-law relaxation in the thermodynamic
limit, which we are able to do using only polynomial
resources.

In Appendix I, we show that by running a simulation
in which we add random telegraph noise to the sign of
the couplings in H.y, we can recover the +3/* power-
law scaling. This follows from our intuition that the string
operators act as conditional gauge transformations—and
by adding in random fluctuations to these gauge fields, we
can qualitatively understand the dynamics of the system,
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similarly to how adding disorder has given us a qual-
itative picture of the AFM-order melting in Sec. IV A.
Unlike in the previous section, though, we take the signs
of the Hamiltonian couplings to fluctuate in time during the
dynamics instead of just inserting static disorder. The rea-
son for this is that because the subradiant model is gapless,
the probability for a jump to occur Zi@ji» is not decay-
ing exponentially and so we cannot assume that all jumps
happen roughly instantaneously. Instead, there is a non-
trivial probability of a jump at any point in the dynamics,
yielding the telegraph process.

In order to explore this behavior, it has been crucial to be
able to simulate very long spin chains, in order to properly
distinguish the short-time dynamics from the long-time
dynamics. By using a chain of N = 100 lattice sites, we
are able to show power-law scaling over two decades dur-
ing which there is more than one excitation in the system
(on average) [see Fig. 3].

We note that previous work numerically studying sub-
radiance in 1D spin chains has not observed that there is
any change in the power-law scaling of the mean excitation
density with time: in Ref. [33], the authors have observed
that mean particle number for a subradiant spin model has
decayed in time as ~!/2, like the free fermions, whereas we
observe r—3/#. One possible explanation for this discrep-
ancy is that the model studied in Ref. [33] was different
than the particular subradiant model that we study here,
being significantly more collective in both the dissipation
and the Hamiltonian interactions. Alternatively, it is also
possible that the authors would also have seen a change
in the power-law scaling of the mean density if they had
been able to simulate larger system sizes, as we study here,
which is closer to the thermodynamic limit. How generic
the observed power-law scaling is in other subradiant spin
models remains an open question.

In addition to just having access to the covariance
matrix, we also have access to higher-weight correla-
tion functions. In previous studies of subradiance, the
approximate “fermionization” of the dynamics has been
explored by studying the connected density-density corre-
lation function

Cij = (mng) — () (n;), (50)

where 7; = (67 +1)/2 is the fermion number density.
These density-density correlations have previously been
discussed in Ref. [33], where the authors saw the pres-
ence of exclusionlike correlation patterns that one would
expect from a free-fermion state. However, whereas they
could look qualitatively at the correlation pattern and see
fermionlike behavior, we have a large enough system and
long enough times to extract more quantitative data. This
correlator can be calculated extremely easily in terms of
our fermionized dynamics, because 6; is quadratic and
comes with no JW string.

For a system of purely free fermions (neglecting all
string operators), the time dynamics of the connected cor-
relation can be calculated explicitly in the long-time limit
(for details, see Appendix I):

Cij

(i) (ny)

— el 2t

(kt>li—j|) = (5D

Such a correlation pattern shows a fermionic exchange-
correlation hole due to Pauli exclusion. Moreover, it has
a time-dependent length scale / ~ (k#)'/>—or, in other
words, there is a dynamical exponent z = 2 for the size of
the hole, signaling a diffusive process. This can be under-
stood intuitively in the momentum-space picture by noting
that in the long-time limit, the state is roughly a Gaussian
centered around k& = 0, with a variance in the wave-vector
scaling like #~!/2. Inverting this rms wave vector in turn
gives a length scale, which exactly sets the spatial size
of the exchange-correlation hole. This would mean that
we expect the length scale might go as / ~ 1/(n) more
generally.

We can now ask what happens in the case of the spin
system, which is shown in Fig. 4. In Figs. 4(a) and 4(b), we
see a strong correlation-exchange hole appearing at both
kt =5 and «t = 50, showing the Fermi-like behavior of
the 1D subradiant spin chain. Moreover, looking at the line
cuts in Fig. 4(c), we can see that the hole is growing in
time, as was expected from the free-fermion system. To be
more quantitative on how the exchange-correlation hole is
growing, let us define the following averaged quantity:

_ Cii

Ci= Z —
s§i,j§N—s< i) (1)
li—jl=d

(52)

i.e., we average over a fixed separation |i —j| = d but
stay at least s lattice sites away from the edges to miti-
gate the boundary effects. For the free fermions in the bulk,

this should just be Gy~ ~ — exp(—d2/2«1). In Fig. 4(d),
we plot the logarithm of this quantity for a system with
N =100 lattice sites and s = 20 lattice sites, and find
a scaling collapse with a superdiffusive dynamical expo-
nent z = 1.75, which is different from the free-fermion
dynamical exponent. Moreover, if we were to use the naive
free-fermion picture that the length scale / ~ 1/{#n), this
would imply that the length scale should be / ~ /4, which
in turn would imply z = 4/3 # 1.75, which is incorrect.
The role that the interactions coming from the strings play
is incredibly nontrivial and affects the dynamical behavior
of the exchange-correlation hole. This again stresses the
fact that just because the entire spectrum is known, it is
still not enough to understand the dynamical phenomenon
of the model.

We note that in Ref. [42], the authors study a class
of dissipative free-fermion models that exhibit a tunable

030349-11



ANDREW POCKLINGTON and AASHISH A. CLERK

PRX QUANTUM 6, 030349 (2025)

x1072 Ci x1074C;
100 100 ~ '
0 0
- -
3 3
n n
1 - -1 - -3
1 Site ¢ 100 1 Site i 100
=)
(]
N
©
g
3
G
&
1 50 100
Site ¢
10°
_ @
v
gf 101
¥ - °
T 10—2 [
— .
1073 102
li—jl*/t
FIG. 4. (a),(b) The connected density-density correlation func-

tions C;; as defined in Eq. (50) for the subradiant spin model.
The spins are initialized in the all-up state and then the correla-
tion pattern is shown after (a) k¢t = 5 or (b) ¢ = 50. Note that
the correlations are primarily local, with some boundary effects
clearly visible at k¢ = 50. (c) The line cuts from (a) and (b)
though i = 50 in the center of the chain. Each curve is normal-
ized independently such that Csos0 = —1. As time progresses,
the size of the exchange-correlation hole is growing, which can
be seen by comparing the two line cuts. (d) The logarithm of
the windowed averaged correlation function — log (Cj;i—;|) [cf.
Eq. (52)], plotted for 50 < k¢ < 90 in steps of kt = 5. For free
fermions, this is simply |i —j|*>/(2f) [see Appendix 1], giving
a dynamical exponent z = 2. We observe scaling collapse for
the spins with z = 1.75. In all plots, N = 100 lattice sites and
J =k =1, and the data are averaged over 10 000 trajectories.

dynamical exponent. However, none of them are given
by 1.75.

C. Open Ising model

A final system that we can consider is an open Ising
model with a transverse field:

H=>"J&'6, +hé;, (53)

L= Jxé;. (54)

This model is distinct from the previous two as it has a non-
trivial steady-state solution. Moreover, if we consider the
analogous free-fermion model (where we drop the string
operators in the jumps),

A=Y "J@+e) @ —el,p+2mee, (59

Li = k&, (56)

then these two master equations will have different steady-
state solutions. Hence, we can compare directly the impact
of the strings on the steady state as opposed to the dynam-
ics, as we have done previously.

In order to access steady-state quantities using our sim-
ulation technique, we initialize the state to an arbitrary
Gaussian state (e.g., the vacuum) and then perform time
evolution until the observables of interest saturate and stop
changing in time.

In previous attempts to study the dissipative Ising
model, one technique that has been used is a so-called
“generalized Gibbs ensemble” (GGE) ansatz [43—45],
where it is assumed that the state remains diagonal in
the energy eigenbasis of the closed-system eigenmodes.
A related, less restrictive, approximation is to just make
the approximation that the density matrix is Gaussian and
that therefore one can use Wick’s theorem. As discussed in
Sec. III D, this is actually equivalent to assuming that the
higher moments of the distribution function are all triv-
ial. Such an approximation is well justified in the limit at
which the dissipation is vanishingly weak [45,46]. We also
find numerically that it tends to do well when the fixed
point is Gaussian, like the previous two examples. How-
ever, for this model, when all parameters J, 2,k = O(1),
this approximation will qualitatively fail. This can be seen
in Fig. 5, where we initialize a completely spin-polarized
state and then observe the time dynamics of the aver-
age local excitation density, the average nearest-neighbor
Ising correlation, and the energy density. Interestingly,
the mean-field theory and the free fermions tend to be
quite close together, whereas the spins have a significantly
greater value of the nearest-neighbor correlation function
and also a significantly smaller average energy density.
In fact, if one were to associate the steady-state energy
density with a temperature, the free fermions and the
mean-field solution would both have an effective negative
temperature, whereas the spins relax to a steady state with
a positive temperature (energy density smaller than the
infinite-temperature state). This lower temperature is due
almost exclusively to a significantly greater average AFM
correlation than the free-fermion solution. If we define the
AFM correlation as

N—1

vv 1 AXAX
XX = N_1 Z(Ui Oit1)s (57)

i=1
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FIG. 5. A comparison of (a) the dynamics of the mean value
of the XX interaction X;X;y; defined in Eq. (57) and (b) the aver-
age energy (I:I)/N = J(f?) + A(n). We can observe that for all
these operators, the actual dynamics (blue) differs qualitatively
from both the second-cumulant expansion (orange) as well as
the free fermions (green). The dashed black line corresponds to
the infinite-temperature energy density //2. Here, we have taken
J =« =1,h=0.5with N = 100 lattice sites and for the spins
we have averaged over 10 000 trajectories.

then for the spins, this value is roughly 5 times greater than
for the free fermions in the steady state (see Fig. 5). The
stronger correlations can be understood from the mean-
field phase diagram (for more details, see Appendix J),
which predicts a second-order phase transition in the AFM
correlation at the parameters we have chosen. Hence, the
mean-field value of the correlation would be nearly zero,
which is what is seen from the second-cumulant expansion
as well as the free fermions in Fig. 5. However, as was
predicted for much smaller system sizes in Ref. [47], the
actual spin system does not have a sharp transition from
ferromagnet to paramagnet but, instead, a slow roll-off of
the nearest-neighbor correlations, which is why the actual
spin system still has a large amount of correlation.

We also note that the fact that the mean field is quali-
tatively unable to predict expectation values in this model
highlights the power of our numerically exact technique.
We believe that the reason why mean-field fails in this case
is because the steady state of the system can be extremely
non-Gaussian. Essentially, we can imagine that the dif-
ferent individual trajectories are able to diffuse out over
the space of all Gaussian states. This is in contrast to
the previous two models studied, where the steady state
was Gaussian. Hence, because the dynamics are forced
to begin and end in a Gaussian state, they never “spread
out” very much in the Gaussian state space, which is why
the second-cumulant expansion is fairly successful in cap-
turing qualitatively some of the dynamics, as is shown in
Appendix 1.

In addition to this, the full numerical technique has
access to more information than just the quantum steady
state, if one takes the unraveling as being physically moti-
vated as opposed to simply a computational tool. For
example, if instead of the loss being the result of some sim-
ple relaxation process of the spins into the environment, we
instead imagine that each spin is being continuously mon-
itored to see whether or not it has decayed, then each tra-
jectory corresponds to an individual measurement record
[20-22]. If we now try to ask questions about observables
that are not linear in the density matrix, we will get differ-
ent answers if we look at observables of the averaged state
versus averaging over the observable on each trajectory.

One such example is the entanglement entropy. The
density matrix after averaging over trajectories will gener-
ically be a mixed state and so to discuss entanglement
entropy requires looking at mixed-state entanglement
monotones [48]. However, each stochastic trajectory
remains pure and so we can meaningfully discuss the
entanglement entropy of a given trajectory using more
standard means, e.g., the Rényi entropies. Of course,
before we do so, it is important to ask exactly what we
wish to take the entanglement entropy of: we are trying
to understand a spin state but we have used a highly non-
local transformation to map it into fermions in order to
understand it. A priori, the entanglement entropy of the
Gaussian fermion state has no relation to the underlying
spin model, since the JW is not local. However, as we
show in Appendix L, if we take “good” bipartitions, the
entanglement entropy is actually the same. Here, a good
bipartition is one where A = {i|1 <i <m}and B = {ilm <
i < N} for some chain of length of N, where the ordering
is defined by the JW transformation.

Given this, we can ask how the average bipartite entan-
glement entropy of each trajectory changes as we tune
through the closed-system phase transition and see whether
or not the open system is still sensitive to the closed-
system critical point. This is shown in Fig. 6, where
we plot the Rényi-2 entropy for varying values of 4/J.
It appears that when #/J < 1, the entanglement grows
monotonically in time before saturating to a steady-state
value, whereas when h/J 2 1 the entanglement peaks at
early times. Moreover, if we look at what the maximal
amount of entanglement achieves over all times, the most
entanglement seems to be near the closed-system phase
transition #/J ~ 1, and for the system sizes probed, the
entanglement at this point does not appear to obey an area
law.

V. GENERALIZATIONS

A. Fermions

The stochastic numerical technique introduced in
Sec. III has been formulated in order to try to study spin
systems that have been JW transformed into fermions with
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FIG. 6. The entanglement entropy on a trajectory level for the
open Ising model with J/k = 10 and variable #/J. We take
N = 125 lattice sites and average over 1000 trajectories, and also
quench from an initial product state of all spins down. (a) The
bipartite entanglement entropy as a function of time, where when
h/J is below the transition: it appears that the entanglement is
monotonic in time but peaks at some early time near the phase
transition. (b) Page curves where for each bipartition, we look at
where the entanglement is maximal as a function of time.

JW strings. However, there is no reason why it could not
be applied directly to a fermionic model that does not arise
originally from a spin problem (for examples of fermionic
master equations where the fact that trajectories remain
Gaussian has been exploited for simulation, see Refs. [49—
51]). Instead of thinking about string operators, we can
instead consider any jump operator of the form of a unitary
U multiplied by a Majorana-linear:

Li=0U) 1. (58)
j

In this case, we have that Zjii = ij I Lk Vi 1s quadratic
and therefore H.q will still be quadratic in the Majorana
operators.

The only other requirement is that the unitary opera-
tor U; is Gaussian—i.e., it maps quadratic operators to
quadratic operators. In the case of the OTOC picture, this
means that one can push the unitary onto I:Ieff(t) that is
updated after every jump and it will remain quadratic. Fur-
ther, we can also use the state-update picture, because then
the full jump operator remains Gaussian.

If U; does not preserve Gaussianity, then obviously the
state-update picture is not valid, because the state does
not remain Gaussian over each trajectory. One might be
tempted to think that we could instead use the OTOC pic-
ture, where now we just have to calculate a much longer
OTOC by leaving the unitaries in the expectation value

instead of gauging them into H ;. However, unless the uni-
taries can be written as a single Majorana string (in which
case they would be Gaussian anyway), each expectation
value for a given observable would require calculating a
number of Pfaffians that grows exponentially in the num-
ber of jumps, and the number of jumps will be extensive
in the system size. Therefore, this forces us to revert to
nonpolynomial scaling and cannot be done.

Thus, the most general type of jump operator that can
be simulated efficiently is one where U; is Gaussian. It is
interesting to note that Gaussianity is a gauge-dependent
choice: an arbitrary unitary rotation the jump operators
L —> > Vi Zj (with V a unitary matrix) does not affect the
unconditional dynamics of the master equation but it can
affect the individual trajectories. For this reason, although
the specific unraveling of a master equation is nonunique,
there can still be an “incorrect choice™: a linear combina-
tion of Gaussian unitaries need not be a Gaussian unitary.
In the spin examples, this can be seen from the fact that tak-
ing arbitrary linear combinations of 2-local jump operators
need no longer be 2-local.

B. Bosons

Let us define the set of bosonic operators a; that obey
the canonical commutation relations [&,,&T] =4; and
[&i > &j ]
in which the jump operator can be written as, e.g., L=
U.a ia;, such that H off 1S @ quadratic operator and therefore is
efficiently simulable. In some sense, though, this is a fun-
damentally different question from the fermions, because
linear bosonic operators do not preserve Gaussianity.

Therefore, in order to try to simulate this, it would
require working in the OTOC picture. However, we are
then left with the problem that, for a Gaussian bosonic
state, computing a high-weight observable is equivalent
to computing a Hafnian, and not a Pfaffian as it is for
fermions. While the Pfaffian can be computed efficiently
in polynomial time, the Hafnian is #P-complete and classi-
cally intractable—this underlies the complexity of Gaus-
sian boson sampling [52]. Hence, this problem remains
intractable.

Thus, the only problem that we could actually simu-
late for bosons is the case in which Zi = U, is a unitary
operator that preserves the Gaussianity in the state. This,
though, is equivalent to stochastically applying a Gaussian
unitary channel, which is trivially solvable, as the equa-
tions of motion for two-point correlation functions close
on themselves.

[a, , aT] = 0. We can similarly consider systems

VI. DISCUSSION AND CONCLUSIONS

We have introduced a new simulation technique for open
quantum systems, with special application to spin chains.
Our technique leverages the fact that many models that
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are interacting at the level of the master equation can be
made noninteracting after performing a stochastic unrav-
eling. We show that initially, Gaussian states time evolve
into states that are non-Gaussian, but that can be written
as a positive probability distribution over the Gaussian
states, which can then be classically sampled from effi-
ciently. This technique opens up new avenues in exploring
open quantum systems, in that it is not constrained to be
either Gaussian or to have low-entanglement. Our tech-
nique allows access to arbitrary system observables with-
out affecting complexity—even nonlocal and nonlinear
ones such as the entanglement entropy.

We have given three concrete examples of 1D spin
chains that can now be studied efficiently for large sys-
tem sizes. First, we have observed AFM-order-parameter
melting in an XX chain with local loss, where we have
seen that the string operators generate effective noise on the
Hamiltonian bonds. Next, we have studied subradiance in
a 1D spin chain with nearest-neighbor correlated loss. We
have observed that, despite not changing the actual spec-
trum, the effective scattering interactions generated by the
string operators can cause faster power-law relaxation to
the vacuum than in the case of free fermions. This can be
understood by noting that the population in the slowest-
relaxing modes is no longer conserved and can be scattered
into more quickly relaxing ones. Finally, we have looked
at the 1D Ising model with a transverse field and single-
particle loss in the direction of the transverse field. This
model has a nontrivial steady-state solution that is itself
non-Gaussian, and distinct from the steady state that one
would find if ignoring the string operators. We have found
that our technique is able to make quantitative predic-
tions about both dynamics as well as the non-Gaussian
steady state of this system in regimes in which simple
approximations (e.g., GGE) fail qualitatively.

We believe that in addition to the simple models outlined
above, our technique paves the way to further understand-
ing of open 1D spin chains. Our technique not only allows
one to numerically probe relevant models but it also gives
insights and intuition as to the effect that string operators
can have on the dynamics and steady state of the master
equation.

Finally, the technique is not fundamentally limited to
only 1D systems and an interesting further direction could
be the study of higher-dimensional spin models such as
the Kitaev honeycomb. Another interesting future direc-
tion would be to utilize the nonuniqueness of stochastic
unravelings, to see if there are alternative unravelings that
are either more optimal numerically [53] or that provide
different physical insights into the dynamics.
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APPENDIX A: GAUSSIAN STATES REMAIN
GAUSSIAN

In this appendix, we will prove that under each individ-
ual trajectory, initially Gaussian states will remain Gaus-
sian. This requires two steps: first, we will demonstrate that
time evolution under the effective Hamiltonian preserves
Gaussianity and then we will show that each quantum jump
preserves Gaussianity.

We define a Gaussian operator Og as the exponential of
a quadratic fermion operator:

Oc =exp [ Y099 (A1)

ij

A Gaussian state is a Gaussian operator that is also a
physical density matrix: i.e., it is positive and has trace
1. Gaussian operators form a group under matrix multipli-
cation, which can be seen by observing that commutators
of quadratic fermion operators are also quadratic fermion
operators, along with application of the Baker-Campbell-
Hausdorff formula.

For our general setup, we will take a quadratic Hamilto-
nian of the form

H=">"H;}:7, (A2)
Li=U> I, (A3)
J

such that lA]lTlA], = 1 and U; is a Gaussian unitary operator.
From here, we can observe that the effective Hamilto-
nian is

N Ao Aia i A A
Heg=H — EZLiLi = Z <Hi' - zLij> Vivis (Ad)

i i
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where L; =), I}l;;. Thus, the effective Hamiltonian is
quadratic and so the dynamics of the state (up to normal-
ization) are given by

pr oc et gy, (A5)
which is a product of Gaussian operators and therefore also
Gaussian.

The final step is to confirm that the state remains Gaus-
sian following each quantum jump. Since U; is Gaussian
and unitary, then the state Z,ﬁij is Gaussian if and only
if i];r i,,ﬁiji], To show that this is a Gaussian operation,
we will demonstrate that it is equivalent to appending an
auxiliary site, acting with a Gaussian operator, and then
projecting the auxiliary onto a Gaussian state. Then, we
will show that each of these is itself a Gaussian operation.

First, note that adding an auxiliary site in a Gaussian
state preserves Gaussianity, as one could always just imag-
ine changing initial conditions and the auxiliary state being
nondynamical, which is equivalent to inserting it in at a
later point. Acting with a Gaussian operator is tautologi-
cally Gaussian, so it remains to show that we can project
onto arbitrary Gaussian states. Let us define 4 to be our
system, B to be the auxiliary site, 045 to be the joint den-
sity matrix, and 14 ® pp to be a Gaussian state on B. Then,
we want to show that

fa = trg (s ® ) as(1s ® fp)) (A6)

is also Gaussian. Now, each individual operator within the
trace is Gaussian and so this reduces to showing that a
partial trace preserves Gaussianity. Note that

P\ (Tas Tas) (7
A A a1 Tup\ (va
= h = , A7
pap = P |:(VB> (FBA FBB) (VB)i| (A7)

up to normalization. The matrices I'44 and ['pp encode
local correlations and must be symmetric to satisfy Her-
miticity of the state, and the matrices I'y5 = '}, encode
correlations between system and auxiliary. Explicitly trac-
ing out the state gives us that

P4 = tTpPup

= Pf(I'p) exp [?AT(FAA — Ty 55 Ts074], (A8)

which is by definition a Gaussian state, and so projection
and partial trace is a Gaussian operation.

Now, finally, in order to show that the action of the
quantum jump preserves Gaussianity, we consider adding a
Gaussian auxiliary state g = |0)(0| and then acting with

the Gaussian unitary operator

U=exp | ach Zlij)?j —H.c.
J

(A9)

There are now two relevant cases: if ) _; /;;y; is Hermitian,
then there is an orthogonal transformation such that we can
assume that ) ; ;7 = By where B is a real normaliza-
tion. If it is not Hermitian, then we can make a unitary
Bogoliubov transformation such that .Zj Lij vy = B¢o. In
either case, we can then observe in this new basis that if
we take o = 7 /(28), then we can note that

S

pa =1t [ (L@ [1)(11n) T34 ® 10) 01 T (L @ 1)1 1»)]
i

AN IR
j j

(A10)

as desired.

APPENDIX B: SET OF SIMULABLE 1D SYSTEMS

Here, we will outline the most general type of 1D spin
chains that can be simulated using our technique. We will,
as before, define N to be the total number of lattice sites.
The Hamiltonian can be written as

I:I:I:\I3+If1free+ﬁint> (Bl)
Hy = Q167 + 267 + Q6% + Quby, (B2)
I:Ifree = Z Ai&iz + *]ia'i+a'i—_t-l+‘]i*6'i_6'iilﬁ (B3)
i
N 1 nz nz
A=Y Us (67 +1) (67 +1), (B4)
ij

where ;,A;,U; € R and J; € C. It is clear that H e
transforms to free fermions under JW. To understand how
to simulate H 5, we note that we can simply extend the size
of the Hilbert space to include two additional lattice sites
i =0,N + 1 and write a different Hamiltonian [54],

HYy = 03 (167 + 2067) + 6%, (2363 + Qu63). (BS)

Since [ﬁg,ag] = [Fl’a,o]“f,ﬂ] =0, they are constants of
motion and if we initialize these states in |+), then we can
formally trace them out and recover H 3. However, in the
new form, 4 5 clearly also transforms to free fermions in
an enlarged Hilbert space.
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The Hamiltonian Hiy is formally interacting following
the JW transformation:

Hi =Y Uyhify. (B6)
j

In order to simulate H int» We use the result from Ref. [30]
that if there is sufficient noise, the quantum channel involv-
ing a fermionic density-density interaction (which is what
Hin is) can be written as a map from convex sums of Gaus-
sian states into convex sums of Gaussian states. Hence, this
can be simulated in the exact same way as everything else
we have simulated by simply adding more stochasticity
as we sample Gaussian trajectories. We will not rederive
the result of Ref. [30] here but simply quote that the total
amount of noise must obey the inequality

DU <y Y, (B7)

1

where the y; are the set of dephasing rates defined below
in Eq. (B9).

Next, we can consider the most general type of jump
operators, which can be written as 2-local operators that
are linear in spin raising or lowering, or as dephasing:

2 A A+ A A+
Li =10, +lipo; +1i30, +liao, s
R ..

D; = A Yio;

where /; € C and y; € R*. We have already discussed at
length how one simulates L;. As regards D, it is simple
to note that because the jump operator is Hermitian, we
can treat this a stochastic Hamiltonian, i.e., we make the
transformation in free

(B8)
(B9)

A — A+ ik, (B10)
where the &; are independent identically distributed Gaus-
sian random variables such that & (0§ (¢) = 8;8(t — ).
Hence, Di can be simulated since H free Can be simulated.

APPENDIX C: COMPUTATIONAL COMPLEXITY

In this appendix, we will discuss the computational com-
plexity of both simulation techniques presented in Sec. I11.
We will estimate the computational complexity of matrix
multiplication of two N x N matrices as O(N?) using
standard algorithms.

1. Heisenberg picture

In the Heisenberg picture, we reduce the problem to
solving a series of OTOCs in order to time evolve a single
observable. There are three main steps to the algorithm:

(1) Diagonalize H ().

(2) Time evolve operators within the OTOC using
H eff(t)-

(3) Compute the expectation value of an operator at
time 7.

We will define the unitless number M to be the total
(expected) number of jumps over a given time trace of
time 7. Implicit within the above three steps is properly
identifying when to stochastically insert jump operators,
which requires knowing (ijzi)(t) for each jump operator,
which we assume to be an extensive number in the sys-
tem size (i.e., there are O(NN) independent jump operators)
and so calculating any given time trace requires evolving
at least O(N) operators. The algorithm works as follows:
we begin by initializing the number of jumps to be 0 and
H of(f) = H «(0). Then, we repeat the following steps for
the desired amount of time:

(1) Diagonalize H (?).

(2) Calculate the expectation value of each OTOC for
the set of jump operators, using the diagonalized
H of to time evolve them.

(3) Use these to decide whether or not to do a jump. If
so, update H cr(#) and update the OTOC.

(4) Increment time &¢.

In order to get good convergence, the time increment must
be O(N 1), as the probability of having any given jump in
a time interval 67 scales linearly with the number of jumps.
Now, we can calculate the computational complexity of the
algorithm outlined above. Step (1) is just matrix diagonal-
ization and therefore is O(N?). Step (2) is more costly. If
M jumps have occurred, then the OTOC can be written as
a string of 2M + 2 Majorana operators evaluated at differ-
ent times, assuming that the observable Ois quadratic. Our
OTOC is of the generic form

OTOC = (p1(t1) ... Vom+2(tam42)) = Pf(M> , (CD
My = ity (1)) — 8. (C2)

To calculate a single entry in the matrix M defined in
Eq. (C2) requires matrix multiplication using the diago-
nalized form of A o, making it O(N?). Since there are
(2M + 1)? elements of M , finding the full matrix is there-
fore O(M?N?). From here, we can calculate the expecta-
tion of a single quadratic operator by taking the Pfaffian as
in Eq. (C1). The Pfaffian is O(M?) and so the entire proce-
dure is O(N3M? + M?). Since this must be done for each
jump operator and these are extensive in the system size,
step (2) has an overall complexity of O(N*M? + NM?)
Step (3) requires deciding whether or not to do a jump,
which is O(N) since it requires summing each expec-
tation for each jump operator. Finally, step (4) is O(1).

030349-17



ANDREW POCKLINGTON and AASHISH A. CLERK

PRX QUANTUM 6, 030349 (2025)

All together, we note that in addition, since §¢ must be
O(N~1), the number of steps is extensive with the sys-
tem size and, additionally, since M = O(N) for extensive
systems after order-1 time evolution, we find that the total
computational complexity is O(N7).

2. Schrodinger picture

While the previous algorithm gives some intuition on
the role that the jumps play as dynamical phases, it is
computationally quite intractable for even modest system
sizes. The state-update technique will prove to be signifi-
cantly better from a computational-complexity standpoint.
First, we note that H off 18 now time independent. The new
algorithm can now be broken into two simple steps:

(1) Use He to increment the covariance matrix by a
single time step &¢.

(2) Use the covariance matrix to decide whether or not
to do a jump.

For the first step, we are time evolving according to a
matrix equation

1
4 =TX —X'T - T'(X —X"T. (C3)

In practice, we use a standard fourth-order Runge-Kutta
technique. The complexity is just defined by the matrix
multiplication, O(N?3). If we are performing a jump L,, the
covariance matrix transforms as

Zkl l;'kklilninn;(rkmrnl + Tiln — T lt)

Zkl l;‘klil L

Naively, computing this seems to be O(N*). However, if
we observe that we can define the matrix G = I*I", then

this reduces to
””) , (C5)

(Co)

| [——

. (C4)

GG GG
Pi Di

pi= Y Llilu.
T

pi will already be computed, as it is the probability of doing
a jump i. Calculating G is simply matrix multiplication,
which is O(N?), and once we have G we only require
O(N?) steps to update T, giving us a final complexity
O(N?) for each time step. Since there will again be O(N)
time steps, we arrive at a final complexity of O(N*) for
a single trajectory. This single trajectory simultaneously
calculates the entire covariance matrix. To gain access to
higher-weight observables requires, at each time step, tak-
ing a Pfaffian. The highest-possible-weight observable is a
string of O(N) Majorana operators, and so the most com-
plex observable requires taking the Pfaffian of an N x N

matrix, which is O(N?) and therefore does not affect
the computational complexity of the algorithm. Hence,
if one is interested in knowing a polynomial number of
arbitrary-weight Pauli strings, this can be done efficiently.

APPENDIX D: EFFICIENTLY DIAGONALIZABLE
LIOUVILLIANS

Here, we comment on the results contained in Ref. [27],
where it is shown that for a certain class of open spin
chains, one can find the entire eigensystem for the Lind-
bladian. Essentially, the authors show that in systems with
pure loss dissipation and Hamiltonians that conserve par-
ticle number, then one can block diagonalize the entire
Lindbladian £ in the particle-number basis such that it is
lower triangular. Specifically, let us define the Lindbladian
as the sum of two different superoperators:

L=H+K, (D1)
Hp = —iflenp + ipH g, (D2)
Kp=Y LpL!. (D3)

With this definition, we can see that in the particle-number
basis, H contains diagonal blocks and K strictly lowers
particle number by 1, so it contains only lower—trlangular
blocks. Hence, the entire spectrum of L is contained in H,
which is a quadratic operator of the fermions and can there-
fore be diagonalized: the string operators do not change
the spectrum of the Lindbladian. However, they can sig-
nificantly alter the left and right eigenvectors of L. 1tis
also shown in Ref. [27] that these eigenvectors can be
solved for recursively, giving the full eigensystem of the
Lindbladian.

This is an incredibly powerful result; however, as the
eigenmodes no longer take a simple form, trying to cal-
culate dynamics of observables is still an exponentially
difficult task unless the recursion relations can be solved
analytically. Even if one can analytically diagonalize an
exponentially large matrix, taking linear combinations of
an exponential number of exponentially large vectors still
requires exponential resources, even if the “hard part” of
performing the diagonalization is already done. Such a
problem can be seen in, e.g., Gaussian boson sampling:
one can analytically calculate the full spectral decomposi-
tion of the unitary matrix of a Gaussian boson sampler but
using this to estimate certain observables is still an expo-
nentially difficult task. The power of our technique is that
it allows one to efficiently calculate arbitrary observables.

Additionally, the technique that we have presented
here is not restricted to pure loss dissipation or particle-
conserving Hamiltonians, as is seen in the dissipative
transverse-field Ising model (TFIM) that we study in
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Sec. IV C. Moreover, in Sec. IV, we have shown that even
in a system in which the spectra are identical, the effect
that the strings have on the dynamics can still be very
nontrivial.

APPENDIX E: ESTIMATION ERROR AND
SAMPLE COMPLEXITY

In order to estimate the sample complexity required to
obtain convergence, it is simple to observe that if we are
only interested in calculating strings of Majorana operators
O, then each operator has a bounded spectrum and so its
expectation is bounded above and below: —1 < (é) <l
Hence, application of the Hoeffding inequality implies that
the probability

I’l€2
P(IE,[0] = O] =z €) < 2exp (—7> . (ED

where we have defined O = ((3) as the actual value and
E,[O] is the arithmetic mean after running » trajectories.
Hence, if we desire to estimate O with an error less than
€ with a probability of 1 — §, then we require a sample
complexity

2log(2871)
n> —Qa (E2)
Crucially, this estimator does not depend on the size of
the system and therefore does not affect the computational
complexity of the algorithm. Moreover, this is a worst-case
scenario: often, we know that each individual sample has
a variance that is significantly smaller than the maximal
variance. For example, in systems with pure loss, the total
number of particles in the system is tending to zero expo-
nentially quickly. Hence, e.g., the variance in the particle
number is also tending to zero exponentially quickly in
time and so the number of samples required to obtain a
small additive error is also tending to zero.

APPENDIX F: FOKKER-PLANCK EQUATION

In this appendix, we will derive a closed-form Fokker-
Planck equation (FPE) for the equation of motion of a real
positive probability distribution over Gaussian states. The
basis for this will be the stochastic equation of motion for
the covariance matrix derived in Sec. III. However, thj:
exact details of the equation are irrelevant. If we define X
to be a vectorized form of the covariance matrix, then we
can momentarily forget the physics and just treat the previ-
ously derived equation of motion as a nonlinear stochastic
differential equation driven by a point process. Specifically,

it is given by the general form

dX; = fi(X) dt + g; (X) d§;, (F1)
__J1, with probability N, dz,
dg; = {o, with probability 1— N, dr. (2

Let us find the It6 rules for this particular kind of equation
of motion. Let us suppose that ¢ (X) is an arbitrary func-
tion of X and that we wish to find its equation of motion.
Then, we can derive

dy = lim ¥(X (14 AD) — Y X ()

¥ (¥ +7 0081+ §00AE) - (D)
= lim

At—0 At

At.

(F3)
Let us first assume that in a time step Af, none of the
individual point processes occur. This has probability 1 —

> j N; At. With this probability, we set all of the &; to zero,
giving

¥ (X +7X)AL) —y(X)
lim ( ) At = %fi(X)At.

At—0 At 0.X;
(F4)

Now suppose that, instead, one of the point processes
occurs (the odds of multiple are negligible to order Af).
Then, we have that this term dominates as At — 0, i.e.,

¥ (% +700a1+200AE) -y (D)
lim A
At—0 At

S EAOAC g 0) —y )
At—0 At

=¥ (X +g5 () — ¥ (X).

t

(F5)
Hence, we can rewrite the equation of motion for i as
oy
dyr = —f;(X) dr
V=25 )

+Y [V (X +gy(0) -y D] . (FO)
J

From here, let us define p ()? , 1) as the probability distribu-
tion of X at time ¢. By definition, we have that

E[O](t) = / o(X,H0X) d"X. (F7)

Hence, we find that taking an expectation value of the di
gives us (suppressing sums for brevity such that repeated
indices are implicitly summed over)
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ELdy10 = [ [o(h.0 dy(D)] X

oy
| ox;

oy

= / ——fiX)pX, 1) dt + [ (X + g5 (X)) — v (XN, (X)p (X, 1) dr} "X,  (F8)

— f pX, 0P (X) d"X = / X)X, 0 + [ (X + g5 (X)) —W()?)]J\G()?)p()?,t)} d"X

| ox;

g

0.X;

! - I .
Y (X) (— i) e, 0] —Nj(X)p(X,t))} d"X

+ / [¥ (X; + g5 (X)) N; (X)p(X,0)] d"X. (F9)

At this point, let us define the vector-valued family of functions izj (X’ )= X+ gij ()? )é;, where ¢; is the ith unit vector. Let
us further assume that these functions are locally invertible. Then, consider the change of variables ¥; = /; (X). We can

define the Jacobian M; via the set of determinants of matrices AV/[]-,

M, = detd1, (F10)
- (Y )m
M) n = ) F11
W = (252" ) (F11)
Then, we can rewrite the second integral as
(F12)

Z/ ¥ (X + g D) N (X)p X, 1) d"X = Zfﬁ@‘w?j)(zvj o iTNY(X) x p(hy ' (Y)), 1) d'Y;.
J J

Therefore, we find that

- o 9 - o o -
0= f ¥ (X) (—mx,t) + X ) p X, 0] = Ny (X)p (X, 1) + M (N o by ) (X) x p(h;‘(X),o) dX. (F13)

Because the function  is arbitrary, this must hold for all possible functions and so we obtain the effective Focker-Plank

equation for the distribution,

HUL 1) = V- [f X)pX, D]+ Y (N; o b7 HX) x M7 (X) x p(h (X0, 1) = Ny (D) p(X, ).

J

Here, the gradient term is the standard drift term in nor-
mal FPEs. On the other hand, because we have a point
process of discrete jumps instead of the standard Wiener
increments, we have a much more complicated “diffusion”
term, which captures the effect of these stochastic jumps.

APPENDIX G: SECOND-ORDER CUMULANT
EXPANSION

The stochastic equation of motion is convenient that it
is in closed form but because it is stochastic it requires
averaging. The Fokker-Planck equation has a closed form
and is also deterministic but it is an equation of motion
for a 4N2-dimensional distribution function and therefore,

(F14)

outside of limiting cases, is analytically and numerically
somewhat intractable. To make further simplifications, one
possibility is to make a second-order cumulant expansion
by assuming that

T;Tu—T; Tu=0, (GD)

where the overline represents a noise average. If such a
simplification were to hold, then one could directly average
the stochastic equation of motion for the covariance matrix
and obtain the much simpler closed-form deterministic
equation, given by
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1 o
O = (DX = X*T = ST (X = X)) + 3, [ty Ty (Con Dot + TiaTon = i) = Gl Cia T

ikl

= (TX = X*D)pn + D Lilu(tayth = D(CinTnt + Titlonn — T D).

ikl

This has the same computational complexity of solving
any given individual trajectory, with the added benefit of
requiring no averaging.

Quite interestingly, we can observe that this approxi-
mation ends up being identical to assuming that Wick’s
theorem holds at all times ¢ in the state. To see this, let us
revert to the distribution function defined in Eq. (29). We
can directly calculate

AAAAA

=TT+ Tul e — Tl (G3)
and, therefore, if the second cumulant in the noise
vanishes, then Wick’s theorem also trivially holds. Numer-
ically, we find that this approximation often works surpris-
ingly well to calculate local expectation values when the
fixed point of the dynamics is a Gaussian state. We conjec-
ture that in such cases, because the state must both begin
and end in a Gaussian state, the trajectory-averaged state
during the time dynamics never deviates too far from being
actually Gaussian and so the approximation does well to
capture the dynamics.

APPENDIX H: AFM-ORDER MELTING

In this appendix, we will provide more context for the
AFM-order melting in both the spin system and the free
fermions.

1. Free fermions

For free fermions, we can formally make a unitary
transformation into plane-wave modes,

N

N 1 ijk 2,

Cp=—= Ze-’ i (H1)
VN

which allows us to diagonalize simultaneously the Hamil-
tonian and all the jump operators:

N

H=2J)"cos(k)(@)'e, (H2)
k=1

L, = Jxé,. (H3)

(G2)

(

The initial Neél state has a covariance given by

. 1
(@)Te)0) = 5 Gur+ Sirin), (H4)

. 1 .
S ((6‘;() f 6}) (f) — 5 ((Skl 4 8k,l+rr)ezl(cos k—cos l)t—Kl.
(H5)

Fourier transforming back into real space gives us that the
AFM order parameter is now given by

1 )
A =+ D (=@ e 0
— e—Kt Z e—4iJYCOS(k) ((E,}C)Ta;c+n>(0)
k

= le_” Z e Hreosh), (HE)

2 k

If we then take the continuum limit N — 0o, we can
replace the sum with an integral to find that, as expected,
we obtain a Bessel function A() = e *'Jy(|4Jt)).

The crucial thing to observe here is that the AFM order
is completely determined by the correlations at k —/ =«
and does not depend on the local density.

2. Spins

When we switch to spins, our intuition tells us that,
roughly speaking, we can think of the jumps as a kind of
dephasing noise: by randomly flipping signs in the Hamil-
tonian, we do not ever change the actual particle number
but, on average, we tend to dephase away correlations.

For an incredibly simple starting point, let us assume
that the only difference between the spins and fermions is
that the spins have disorder on the sign of the bond of each
Hamiltonian; i.e., let us define the effective Hamiltonian
for the spins as

N—1
Ay=J) &&lem +He, (H7)
i=1

where & = {—1,1} is a random variable. Now, because
we have taken open boundary conditions (OBCs), we can
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always gauge these phases away into the operators via
(H8)

Using these new operators, we can rewrite the gauged
Hamiltonian as

N—
Zé éi1 + He. (H9)

Taking infinite boundary conditions, we can diagonalize
this simply into plane-wave modes. Using this plane-wave
decomposition, we can then solve for how the underlying
degrees of freedom evolve:

—kt—2iJ cos(k)t+2iJ cos(l)t

&y =e (H10)

Using this expression, along with Eq. (H8), we can calcu-
late the disorder-averaged expectation value of the plane
waves in the ungauged basis:

—Kt

i

m,n.g,s

(Efen@ =

ei(km—ln)—i(qm—sn)—ZiJ cos(q)t+2iJ cos(s)t_[m T, ((a/q)Te;> (0)
(H11)

Now, if 7,7, = 1, we recover exactly the free-fermion
result, as desired. However, a more realistic noise model
would have these phases being incredibly correlated
locally: essentially, we are trying to ask about the expected
number of jumps that might occur between sites m and »
and then averaging over the parity of that number. In the
large-system-size limit, this will approach zero rapidly as
m — n becomes large.

We will posit phenomenologically that 7,7, =
exp(—a(m — n)?) for some constant o. We know that in
order to calculate the AFM order parameter, we simply
need to integrate over the correlations at 7. We will again
pass to the continuum limit and observe that this can be
rewritten as

1
Alt) = —e ™ | dxd
® N /}R ly

X /ﬂ ikﬂei(xfy)(k*q)e%ﬂ COS(q)tefot(xfy)z'
2 21
(H12)

If we rotate the angle into the new coordinates x = (x + )
and dx = (x — y), we can observe that x does not show
up in the integrand and simply cancels the factor of N in

the denominator. We can similarly perform the Gaussian
integral in éx, to arrive at

1 ™ dk d
A(f) = —e—“/ &
2 g 21 2w

(k—q)%/(4a) o4 cos(@)t (H13)

We can shift the integral over £ — k — g, to obtain that
(H14)

A = le‘”/ﬂ ﬂcﬂe—kz/(4a)e—4ﬂc08(k+q)t_
2 _p 27 21

Now, we make the assumption that « is small enough that
we can extend the bounds of integration to infinity with
minimal error:

A@) = - / / dke—"2/ ) y—4iJ cos(hkq)t.
_ (H15)

This further implies we can Taylor expand around small &
to find that

A(t) ~ %e / / — % —41Jt[cos(q) ksin(q)] dk

o L _/ S e~ diltcos@)—16as2 s @) (] 6)
2 r 271

This tells us how we expect the off-diagonal elements to
dephase:

—16a.J2 sin? (q)1

(@)'E, ) (D] ~e (H17)

Such Gaussian dephasing is common in quasistatic noise
processes and matches extremely well what we see in
numerics. Intuitively, it also makes a lot of sense: we
can think of the dephasing rate aJ? sin?(¢q) as the group
velocity multiplied by the inverse correlation length of the
noise—it tells us how much of the phase randomization a
given wave packet samples in time #. Wave packets that
move very slowly and have small group velocity take a
very long time to note that there is any phase disorder
in the lattice and therefore are much longer lived, and
vice versa for very fast wave packets. As can be seen in
Fig. 7, this intuitive picture matches the numerics, where
the rate at which the modes are damped out depends on
their group velocity. The modes at k£ = 0, 7 that have zero
group velocity are extremely long lived and the modes
at k = w /2,37 /2 with maximal group velocity decay the
most rapidly.

We can finally use this expression to derive the correct
power law. We wish to calculate

A(l‘) x /ﬂ ﬁefmjtcos(q)fmodz sinz(q)tz. (ng)
_x 2

At very long times, we can observe that only the values of
q near g = 0, are relevant. Hence, we can once again
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FIG. 7. Correlations in momentum space for an N = 100 site
XX spin chain in an initial Néel state with local loss on each site.
Note that the rate at which correlations decay is dependent on
their group velocity.

approximate this as a Gaussian integral and extend the
bounds to infinity. We also Taylor expand the exponential
to obtain

o
A(t) ~ / [cos(4Jf) + 2Jtg? sin(4Jp) e 1627 dg

T sin(4J1) 5
NG |:cos(4Jt) + o +O(t ):| .
(H19)

Hence, the leading-order scaling is simply cos(4J7)/|J¢|
up to a prefactor, which agrees extremely well with the
numerics.

APPENDIX I: SUBRADIANCE
1. Particle density

In this appendix, we will formally derive the long-time
particle-number density for the free fermions and discuss
how this is different for spins. The free-fermion master
equation is given by

A=7) ¢lei +He, (1)

1

Li = VK& — &) (12)

9C,, = —k (sin®(g/2) + sin’(¢’ /2)C,,

Using translational invariance, we can Fourier transform
this as before to obtain the new master equation:

H=2J"cos(k)(@)'e. (13)
k

Ly = V(1 — é5é, = —2ie** sin(k/2)¢,.  (14)
If the state is initialized to be completely filled, then
each momentum mode will decay independently of all the
others at a rate given by

(@)78) (1) = exp(—4x sin (k). (15)

From here, it is simple to integrate over all the momentum
modes to find the time dynamics of the average particle
density:

T dk .
(A(t)) = / E«e;)’e;)(t =e *LhQ2kt),  (16)

T

which asymptotically tends to (4m«xf)~!/?

limit.

We can think of the long-time behavior as effectively
integrating over a Gaussian in the long-time limit, such
that, as before, we can extend the bounds of the momen-
tum integral to infinity and expand sin®(k/2) ~ k*/4 to
find the asymptotic behavior. As one might expect, after
some time ¢ the only modes that are really contributing
have |k| < (4mif)~!/2, which are still roughly filled.

If we were to instead try to perform the same calcu-
lation with the spins, the crucial difference here is that
the different momentum modes are no longer conserved.
After some time, the noninteracting master equation is
trying to imprint a Gaussian distribution of £ modes cen-
tered at k = 0 with a width o = (8w« 7)~!/2. However, the
interactions allow the different £ modes to scatter, which
overall tries to make the distribution more uniform. The
competition between these two effects—the linear term
sharpening the distribution and the nonlinear term trying
to smoothen it—combines to allow density to leave the
system more quickly, which in turn changes the power
law.

We note that this simple scattering picture can be seen
at the level of the second-cumulant expansion as derived in
Appendix G. If we define C,, = ((6,()*?:;{/) to be the covari-
ance matrix in Fourier space, then the GGE equations of
motion are given by

in the long-time

K i - m' (' —q')+n(k' — i —ik v v v v
s 2 D (o = DA (| ety (1 - e (GG = Gy G ()

ki LU mom’ n
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FIG. 8. A comparison of the data in Fig. 3 for the full spin

model (blue) and the free-fermion model (orange) with the non-
linear time evolution from the second-order cumulant-expansion
method derived in Sec. G (green) and the telegraph-noise approx-
imation [cf. Eq. (I8)] (magenta). While the actual value of
the density at long times is not captured quantitatively, the
asymptotic power law is correctly identified to be approximately
(kf)~3/ by both the mean field and the telegraph noise.

This is the form of a momentum-conserving four-point
scattering interaction. We can directly time evolve the
second-cumulant equation of motion, which is able to
account for the scattering and qualitatively captures the
correct power law for the asymptotic decay of the mean
particle density (see Fig. 8).

Moreover, we can consider an even simpler heuristic
model, in which we think of the action of the spins as
causing random classical gauge-field fluctuations; i.e., let
us consider the following effective Hamiltonian:

8 'K A4 ~ A . ATA
Her = Z&' (J + 15) (cjci+1 + c,THci) - chZLc,». (18)
i

Here, & € {—1,1} is a random telegraph process. Unlike
in the AFM-order melting model, this time the dynamics
are subradiant and so we would expect that jumps are con-
tinuously happening for times up to t ~ O(N 2): hence, we
cannot treat & as simply static disorder. Instead, we will
assume that each &; is a telegraph process in which the
probability of flipping in a time step dt is given by

dr A R
PE — —&) = i%weﬁ— ATy, (19)

Using this model, we are also able to qualitatively capture
the dynamics of the spins, as can be seen in Fig. 8.

2. Density-density correlations

In addition to just studying where the average particle
density in the system is, we can also study density-density
correlations in the spin chain. We will be interested in the
connected correlation function

(110)

For a Gaussian state, this can be calculated using Wick’s
theorem to observe that C;; = —|(8§6j)|2. Using this for-
mula, we can first calculate how the connected correla-
tion function should evolve for the free-fermion model,
which is given (in the continuum limit, with separation

d=i—j)by
free dk ikd—4Kk sinz(k/2)t 2
Cirmn=—|[ e . (111

This can be computed by expanding the exponential,
noting that

f ﬂ‘ o ikd—4k sin? (k/2)t

— Z (_4Kt)n / ﬂ( Sin2n(k/2)e—ikd
2

n!
n=0
o~ (D" [ dk a2 i
— Z n' '/‘E (e / — e / ) e
n=0 ’
[ n 2n
_ Z (Kt') Z <2ln) / ;_lfeilg/ze_ik(z;q—j)/ze—ikd
par S AV 11
kD" [ 2
— Z (K') ( l’ld> — e—ZKlId(th)’ (112)
— nl \n +

where 1, is the dth modified Bessel function. This matches
on cleanly to the limit d = 0, at which we recover the value
for the local density. In the long-time limit «¢ > |i — j |2,
this can be approximated as

1
CMee (et > i = jP) ~ ———e /2 (113)

4kt

If we then normalize this by the total particle number, the
result looks like pure diffusion:

CI%e /(i) () — —e™ /2, (114)
which signifies a dynamical exponent z = 2. Instead, the

spins appear to observe scaling collapse with a dynamical
exponent of z = 1.75, signifying superdiffusive behavior.
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APPENDIX J: OPEN TRANSVERSE-FIELD ISING
MODEL

In this appendix, we will derive the mean-field phase
diagram for the open TFIM. The Hamiltonian and jump
operators (as noted in the main text) are given by

H= ZJ”“,{H + hé7, (J1)

Li = k6. (12)

This gives an equation of motion for the expectation of
spin observables:

9(57) = —h(5]) — 5(@-’“), (J3)
B(67) = —J (6767, + 6767 ) + h(6F) — §< 04)
0.(67) =J (6767, + 6767 ,) —k ((67) —1). J5)

From here, we make the approximation that expectation

values factor (O'aO"B )y = (G."‘)(Gjﬁ } and take the system

1

to be translatlonally invariant. We then obtain the new
equations of motion for o*”* as

30" = —ho? — %a", (J6)
0,07 = ho* —2Jo% 0% — %Uy, 7
0,0° =2Jo%c? —k(c” —1). J8)

There are two fixed points. The first is the trivial (param-
agnetic) phase when ¢ = ¢ = 0,07 = 1. We can solve

h/k
[

0 1 2
J/k

FIG. 9. The phase diagram for the mean-field dissipative
transverse-field Ising model (TFIM) as defined in Eq. (J10). The
star marks the point J = k = 2/ simulated in Fig. 5. The solid
black lines mark the phase boundary for the open system and the
dashed black line is & = J, the closed-system phase boundary.

—_ —
(<)} [e5) o N
1 1 1 1

Entropy S, (kt — c0)
S
1

0 - T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Position z/N

FIG. 10. A plot of the Page curve for the parameter h = J = «
as a function of the system size from N = 8 to N = 256. We
are showing the von Neumann entanglement entropy for each
partition, averaged over 1000 trajectories.

for the other fixed point to find that
(0%)2 = —— (4hJ — 41% — ?). (19)

This value must be positive, which tells us the phase dia-
gram. Let us define the scaled parameters & = h/k and
= J/k. Then, we require that

(J10)

\S]
\9]

In the limit k — 0, we then have that J2 — 1 ~ J2 and
we recover the closed-system phase transition at 2 = 0,.J.
Note that here, we have assumed the sign of #,J > 0.
However, local gauge transformations can move between
different sectors, such that the system is ferromagnetic if
h and J have the same sign and antiferromagnetic if they
have opposite sign. The phase diagram is shown in Fig. 9.

In addition to the mean-field phase diagram, we also
show data for the unraveled entanglement entropy scaling
with system size N in Fig. 10.

APPENDIX K: 2D MODEL

So far, we have exclusively focused on spin chains in a
single spatial dimension, as they can generically be trans-
formed into free fermions using the JW transformation.
However, there are certain 2D spin models that also have
a representation in terms of free fermions and can thus
be extended to open models amenable to our unraveling
technique. As an example, consider the Kitaev honeycomb
[14], a 2D spin model on a hexagonal lattice defined by the
Hamiltonian

Z a(l’])oﬁa(h])'*ﬂl(l,])’ (Kl)
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FIG. 11.
Eq. (K1).

The Kitaev honeycomb model as described in

where (i,j) is a sum over nearest neighbors and «(i,j) €
{x,v,z}, depending on the orientation of the bond (see
Fig. 11).

This model can be solved by defining on each lattice site
four Majorana fermions ¢ and p* (comprising two degrees
of freedom per lattice site) by

A A

6 =iciy’”. (K2)

There is an extra degree of freedom per lattice site, which
is fixed by defining the condition

076767 =i = ¢y plyi = 1. (K3)
Now, we can rewrite the Hamiltonian in the form
. ' i) @G ~ ~
H =Y iy (l%-a 7R )Cz‘Cf~ (K4)

(i)
For the moment, this does not look significantly better than
it was before: we have a four-point fermion interaction,
which cannot be generically solved. However, if we define
the gauge field 4;; via

Ay = ipe );j‘“’d), (K5)
then it is not difficult to check that [/Iij ,/I ] = 0 for all sets
of nearest neighbors (i,j) and (k, [). Further, these opera-
tors all commute with the Hamiltonian. Thus, we can take
A;j — A = %1 to be a static background field and write
down an effective quadratic theory for the ¢ operators via

H = Z iJa(i,j)Aijei&j-
(i)

(K6)

Hence, if the system is initialized as a Gaussian state in
terms of the ¢ operators, then time evolution under this

Hamiltonian will keep it Gaussian at all later times, making
it efficiently simulable.

Now, we can consider adding dissipative terms that are
local in terms of spin operators that preserve the simulabil-
ity of the system. For each bond of our lattice, we define
the generalized correlated dephasing operators

7l aaly) 2 ~a(iy)
Ll‘j —ll-jai +lij0j ,

(K7)
where the constants ll-lj’2 can be complex. If these con-
stants are all real, then this corresponds to a classically
stochastic Hamiltonian with local fields driven by white
noise. Further, the local fields do not commute with the
gauge operators, so this stochastic Hamiltonian would not
be solvable with free fermions. Static local fields have pre-
viously been studied perturbatively [14], as they open a
gap in the portion of the phase diagram with non-Abelian
anyons. However, we now show that the techniques in the
main text apply to this model.
First, note that

ZZZU — |111] |2 4 |112/ |2 + 2Re (lllj (112].)*> 6ia(iJ)aja(iJ),
(K8)

. A SN
= Heff=H—§ZL;'szi
(i)

= Z [Ja(iJ) —iRe <lllj (l;)*)] (}i“(i,/)&ja(i,/‘)
(i)

= Z iJot(i,j)Aij 2,81
(i)

(K9)

and so the effective Hamiltonian remains quadratic
with new complex coupling constants Joq,) = Ju(i,j) —
iRe (Z; (lizj)*). A non-Hermitian Hamiltonian of this form
has also been studied in Ref. [55]. However, the authors
study only the non-Hermitian Hamiltonian and completely
ignore the quantum jumps. We stress that the no-jump evo-
lution described by H . is only relevant to the experimen-
tally daunting situation in which each bond is continuously
monitored and one postselects on no-jump events. It is
not relevant to our (more general) situation of interest in
which dissipative effects arise from couplings to unmoni-
tored environments. Moreover, H off 18 trivially solvable as
it is completely equivalent to free fermions; the full Lind-
bladian including the jumps cannot be mapped onto free
fermions, which is what we are interested in studying. To
do this, the next question to ask is whether or not the sys-
tem remains Gaussian under a quantum jump. To address
this, we write our collapse operators using the previously
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introduced Majorana representation:

Ly =iyepf™ + iy (K10)
Naively, it appears that dissipation generated by such col-
lapse operators will not preserve Gaussianity, as they are a
linear combination of two quadratic operators.

The crucial observation will be that each "7, )?ja(l”)
anticommutes with the local gauge field: ‘

{?ia(i’/)»/iij} = {)A{ja(i’j),ziij} =0. (K11)

Hence, when we consider an unraveling, we can think
of the action of 7** 7**) as simply locally flipping
the sign of the gauge field, sending the classical variable
Ajj — —Aj;;. To see this more clearly, note that for each
bond we can define a Dirac fermion a; :

. | R ol
iy = 3 (Via(l’/) +%_a<w>)_

We can then explicitly write down the wave function for
the two different values of the local gauge field as

(K12)

Ay =—1)=10), |4y =1)=al|0),  (KI3)

where |0) is defined as the Dirac fermion vacuum such that
a;710) = 0. Using this explicit basis, we can then compute
that

PNy = —1) = =iy = 1) = 14y = 1),

(K14)

PNy = 1) = ip Py = 1) = |4y = —1).
(K15)
And so (up to a phase) both 7*“” and p*“ simply flip

Aj; from one eigenstate to the other eigenstate.

Thus, the action of the jump operator on the state can be
understood as moving the state to a different gauge sector.
Hence, we can classically keep track of the binary vari-
ables 4;;, as the operators Af,»j will always have a definite
value. Every time there is a quantum jump, we first must
update the classical bit value for 4;; and then we compute
the action of the following effective jump operator:

L =ill.e; — (=)Wt (K16)
which are linear and therefore preserve Gaussianity. The
sign (—1)“i+D/2 encapsulates the relative phase accu-
mulated in Eqgs. (K14) and (K15), where 4;; is evaluated
prejump. Thus, we can imagine that the jump operators are
exactly (up to possibly a relative phase) their free-fermion
counterparts, along with the fact that every time we do
a jump, we update the gauge fields (which also changes
the Hamiltonian). This is in exact analogy to the 1D case,
where we interpret the JW strings as updating the local
gauge field at the site of the jump.

APPENDIX L: BIPARTITE ENTANGLEMENT
ENTROPY OF THE SPIN SYSTEM

Here, we show that the bipartite entanglement entropy
for certain bipartitions is independent of whether we cal-
culate it for the spins or the fermions. To see this, let us
first observe that the JW transformation, when viewed as a
map from density matrices to density matrices, is unitary.
This can be done by picking a basis for both Hilbert spaces
and seeing that JW maps basis vectors to basis vectors. For
the spins, this basis is the set of Pauli matrices

By = {P\P,...Py|P; e (X,Y,2,1}). (L1)
For fermions, we can likewise choose a basis of the set of
Majorana operators:

o Imi € {0, 1}). (L2)

Bf :{)/lnlj’)znz...

Now, if we ask how a generic operator in the basis B;
transforms under JW, we can simply note that

i—1

X — l_[i);Zj—l),/\Zj V2i-1, (L3)
i=1
i1

Y — 1_[1')92/'71)72]' V2i» (L4)
J=1

Zi — iPri1 Do (L5)

Using the standard anticommutation relations for Majo-
ranas, it is easy to see that any string of Paulis can be
rewritten in the canonical form of an element of B, with
unit norm. It thus suffices to show that the map is surjec-
tive to show that this is a unitary map. However, this is also
easy by noting that given an arbitrary element of B, char-
acterized by a set of binary numbers {n,, ..., nyy}, then we
can write the Pauli string P, which is its preimage under
JW, as

ni—1 . ni

i—1
[[z|%] . @6
j=1

i—1
b= (]2 | %
j=1

A

P=PP,... Py. (L7)
Hence, the map is a surjective map of basis vectors to basis
vectors of equal-dimension vector spaces and is therefore
unitary.

Specifically, this means that for any arbitrary density
matrix, we can calculate any entanglement monotone from
the spectrum of the density matrix, which is unchanged
under unitary maps and therefore is completely unchanged
by the JW transformation. This line of reasoning tells us
that entanglement measures on the whole space (i.e., the
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full-state purity) is unaffected by the JW transform but
we also need to know whether it commutes with taking
a partial trace.

As it turns out, for any arbitrary bipartition of the
system, there is no reason why the entanglement of the
fermions needs to match onto the spin system. However,
let us suppose that we take a very special set of bipartitions
defined by sets of lattice sites

A={ill =i<mj,

B ={ilm <i <N},

(L8)
L9)

such that |A| = m,|B| = N —m. These are perhaps the
most natural bipartitions one can imagine taking, such that
both subsystems are simply connected using OBCs. Now,
let us focus on the 4 subsystem. In order to understand its
entropy, we need to know about the reduced density matrix

pa = trpp. (L10)

Now, we can construct a complete basis for this subspace:

A

Bou=1{P\Py...Py|P: € (X,V,Z,1}). (L11)
Since this is a basis, specifying the expectation value of
these operators completely specifies the state o4 and thus
the entanglement entropy. However, we can note that under
the JW transformation, we map the set

B4 — By 4, (L12)
where
Bra={y" 957 Py In; € {0,1}}, (L13)

and so again on this restricted subspace, we are simply
unitarily mapping basis vectors to basis vectors, and the
full information of the spin reduced density matrix is com-
pletely contained in the fermionic reduced density matrix
on the same sublattice. Thus, the two states have the same
entanglement entropy and we can calculate the fermionic
one (which is much simpler, since the state is Gaussian) in
order to learn what the entanglement in the spin system is.

Note that this argument breaks down when 4 is not a
simply connected subset, since the JW string would over-
lap with the complimentary subspace B and so the total
amount of information of the reduced spin system would
be encoded in fermionic operators with support in both
sublattices.
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