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Semiconductor-based spin qubits embedded into a superconducting microwave cavity constitute a fast-
progressing and promising platform for realizing fast and fault-tolerant qubit control with long-range
two-qubit coupling. The flopping-mode spin qubit consists of a single electron in a double quantum dot; it
combines a charge qubit with a spin qubit. With its strong and tunable cavity coupling, the flopping-mode
qubit is proven to be well suited for low-power qubit control and cavity-mediated long-range quantum
gates. The singlet-triplet (ST) and exchange-only (EO) qubits are multielectron realizations that go with-
out broadband control and are protected from some types of noise, but are challenging to couple to each
other and to microwave cavities. We combine the flopping-mode concept with the ST and EO qubits and
propose two new flopping-mode qubits that consist of three (four) quantum dots, occupied by two (three)
electrons near the (1, 0, 1) ↔ (0, 1, 1) [(1, 0, 1, 1) ↔ (0, 1, 1, 1)] charge transition. The two-electron sys-
tem augments the ST0 spin qubit with a charge qubit that interacts transversally and longitudinally with a
cavity. Both couplings are highly tunable, and the longitudinal coupling distinguishes the flopping-mode
ST qubit from the regular flopping-mode qubit. The longitudinal coupling allows for nondissipative uni-
versal control similar to superconducting transmon qubits. The EO flopping-mode qubit comprises four
dots occupied by three electrons and opens a new possibility to perform two-qubit gates for EO qubits that
are challenging to perform directly with the exchange coupling. We use input-output theory to provide
means of extracting the coupling strengths from cavity transmission data.

DOI: 10.1103/v1b6-r6jm

I. INTRODUCTION

Spin qubits in semiconductor quantum dots (QDs) [1]
are a promising platform for quantum computation and
have called a flourishing research field into action. The
absence of a nuclear spin in 28Si allows for qubits with
remarkably long coherence times [2,3] and quantum gates
with error rates in the range or below typical error thresh-
olds for fault-tolerant quantum computation [4].

Various qubit encodings beyond the single-spin (Loss-
DiVincenzo) qubit have been realized within this plat-
form, such as the singlet-triplet (ST0) qubit [5–7] and the
exchange-only (EO) qubit [8–13]. These encodings require
more than one quantum dot for each qubit, and in return
allow for partial or complete electric baseband control,
thus relaxing the requirements regarding high-frequency
driving or inhomogeneous magnetic fields. In addition,
the EO qubit allows for complete control using only the
exchange interaction [8,14]. However, this simplification
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comes with a substantial complexity of the implementation
of exchange-based two-qubit gates [8,9,15].

Universal quantum computing requires nonlocal two-
qubit gates, in addition to the nearest-neighbor gates that
can be directly implemented with the exchange interaction.
Multispin exchange-coupled quantum dot systems can also
be used to realize a spin bus, a spin chain, which can
be used as an intermediate-range two-qubit coupling [16–
19]. Moreover, superexchange can be used to couple two
spin qubits by placing them next to a mediator unit, (vir-
tual) excitations of which can mediate an indirect exchange
interaction between the spins of interest [20,21]. Long-
range interactions between EO qubits are hard to realize,
as the exchange interaction only couples nearest-neighbor
spins [22].

Long-range interactions between spin qubits may be
achievable by leveraging the interactions between local-
ized spins and delocalized cavity photons in a supercon-
ducting microwave cavity [23]. To achieve sufficiently
large spin-photon couplings, substantial electric dipole
couplings are required. Although the two-electron ST qubit
and the three-electron EO qubit possess an electric dipole
near a (1, 1)–(0, 2) or (1, 1, 1)–(1, 0, 2) charge transition
[24–28], the corresponding dipoles are relatively small.
However, by adding an empty dot, chargelike degrees of
freedom (charge qubits) can be integrated into spin-qubit
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systems. A paradigmatic example of such a spin-charge
qubit system is the flopping-mode spin qubit [29,30],
which extends the Loss-DiVincenzo (LD) qubit to one
electron in two dots, and lends itself to the realization
of fast long-range interactions without charge transport.
Due to the exchange of virtual photons, distant two-
qubit operations can be realized [31,32]. The coupling
can be achieved because the chargelike qubit can cou-
ple to the electric field of a superconducting cavity, and
establish coherent photon charge interactions. Then, due
to an artificial spin-orbit interaction, photon-spin interac-
tions can arise [33–38], allowing for nonlocal two-qubit
gates [39].

By injecting a probe field into the cavity and measuring
the output field, cavity QED can also be used to mea-
sure these couplings, or to perform a dispersive readout of
the qubit states [40–44]. In the case of the flopping-mode
spin qubit [36,45–47] the experimental realization was
successful [48], and entanglement between two cavity-
coupled qubits has been measured [46]. Electrically tun-
able tunneling and detuning of the dots give the system a
dipole moment and a magnetic-field gradient between the
dots gives rise to the spin-orbit coupling. This flopping-
mode qubit thus is a mechanism of making spin qubits
like the LD qubit “charge like.” The question arises as
to whether this is possible for more general spin qubits
such as the more noise-resistant delocalized multielec-
tron ST0- or EO-spin qubits, i.e., whether the ST and EO
qubits can be made “chargelike” in this way, by coupling
them to an additional unoccupied quantum dot. In this
paper, we introduce two new spin-qubit flavors that com-
bine the flopping-mode qubit with the ST0 and the EO
qubits and inherit some of the favorable properties of both
concepts.

This is done by equipping the singlet-triplet qubit and
the EO qubit with an additional, unoccupied quantum
dot. Starting from the ST0 qubit, the resulting qubit then
consists of three quantum dots in a magnetic-field gra-
dient. The system operates near the (0, 1, 1) ↔ (1, 0, 1)

charge transition, endowing it with an electric dipole
moment. Such an arrangement can also be used for a
cavity-based measurement of the exchange interaction in
adjacent quantum dots [49]. The flopping-mode EO qubit
comprises four quantum dots in a global Zeeman field.
Charge hybridization between the (0, 1, 1, 1), (1, 0, 1, 1),
and (1, 1, 0, 1) charge states provides the qubit with an
electric dipole moment. With this approach, one can use
the advantages of these two qubit types, while achiev-
ing a tunable transversal and longitudinal cavity coupling.
Particularly longitudinal coupling is a promising feature
as it is not subject to the Purcell effect and has already
been investigated both in superconducting systems such
as transmon qubits [50–53] and in spin qubits embed-
ded in superconducting cavities [54,55]. Moreover, as we
will show, the longitudinal coupling enables a coupling of

the EO subsystem (rather than subspace) qubit to cavity
photons.

Recently, a similar system, consisting of a triple quan-
tum dot occupied with two electrons has been studied in
Refs. [18,56]. These works investigate the use of the sys-
tem as two qubits, a single LD qubit and a flopping-mode
qubit, that can couple locally, while the flopping-mode
qubit is coupled to a resonator.

The remainder of this paper is structured as follows: In
Sec. II we introduce the model and we investigate and
derive an effective qubit Hamiltonian for the flopping-
mode ST qubit. In Sec. III we analyze the spin-photon
couplings from the effective Hamiltonian. In Sec. IV we
derive an equation for the cavity transmission and phase
and propose an experiment to obtain the spin-photon cou-
plings by analyzing these two quantities. We consider the
flopping-mode EO qubit in Sec. V. In Sec. VI and Sec. VII
we analyze dephasing times and two-qubit operations of
the two new qubits. Finally, we summarize our results in
Sec. VIII.

II. MODEL OF THE SINGLET-TRIPLET
FLOPPING-MODE QUBIT

The starting point of our model is the flopping-mode
qubit [36], consisting of one electron in a double quan-
tum dot, see Fig. 1(a), with both dots in a global Zeeman
field Bz. The electron can tunnel between the two ground-
state orbitals of the dots, with tunnel matrix element tc.
A perpendicular local magnetic-field gradient �b = 2bx
is applied to realize spin-orbit hybridization. The ground-
state energies of the dots differ by an energy ε. With the
electron spin S = 1

2σ and the charge degree of freedom τ ,
the Hamiltonian for this model is given by

Hfm,1 = ε

2
τz + tcτx + B

2
σz + �b

2
σxτz + gcτz(a + a†),

(1)

where τx and τz are Pauli matrices defined in the |L, R〉
basis, while σx and σz are Pauli matrices for the electron
spin. The last term describes the coupling of the charge
to a microwave cavity mode with coupling strength gc.
The charge parameters ε and tc are electrically tunable
and determine the effective spin-photon coupling [36]. The
maximum gc is reached at the charge sweet spot where
ε = 0. The flopping-mode qubit can be seen as an LD
qubit [1] extended by an additional tunnel-coupled empty
dot that enables spin-photon coupling. We extend this idea
of the flopping-mode qubit to the singlet-triplet ST0 qubit
[7] by adding an empty dot. The ST0 qubit is realized
by two exchange-coupled quantum dots occupied by one
electron each, immersed into an inhomogeneous magnetic
(Zeeman) field. To apply the “flopping-mode mechanism,”
i.e., endow this qubit with an electric dipole moment, this
ST0 qubit is coupled to a third, empty quantum dot. The
resulting model consists of three quantum dots occupied
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(a)

(b)

FIG. 1. Flopping-mode spin qubits. (a) Schematics and charge
energy levels of the (single-spin) flopping-mode qubit. A dou-
ble quantum dot (DQD) occupied by one electron is placed in a
global Zeeman field Bz in the chosen z direction. A perpendicu-
lar magnetic-field gradient bx in x direction is applied. The tunnel
coupling tc and the field gradient induce an effective (synthetic)
spin-orbit (SO) coupling. An energy splitting of the two charge
states can be achieved by detuning the two dots by ε. If |ε| � |tc|,
the electron is confined in one dot, effectively acting as an LD
qubit. If |ε| � |tc|, the electron is delocalized, thus allowing for
SO-coupling (flopping mode). (b) The proposed singlet-triplet
flopping-mode qubit. A third dot (3) is attached to a singlet-triplet
qubit (dots 1 and 2). Local magnetic fields Bi,z are applied to the
three dots and form a field gradient. One of the three charge states
is separated by the nearest-neighbor Coulomb repulsion energy
U1, the other two again form an effective flopping-mode qubit,
detuned by δ + J/2 � U1.

by a total of two electrons, see Fig. 1(b). The relevant low-
energy charge configurations are (1, 0, 1) and (0, 1, 1). This
charge degree of freedom is denoted by the Pauli oper-
ators τx and τz. Here τz |1, 0, 1〉 = |1, 0, 1〉, τz |0, 1, 1〉 =
− |0, 1, 1〉, τx |1, 0, 1〉 = |0, 1, 1〉, and τx |0, 1, 1〉 = |1, 0, 1〉.
The local Zeeman field at each dot j ∈ {l, c, r} is denoted as
Bz,j . The onsite energies of each dot and tunnel couplings
tlc and tcr between dots can be controlled electrically. The
Hamiltonian is given by

Hfm,2 =
[

J
4

(σ1 · σ2 − 1) + 1
2

Bc · σ1

]
1 − τz

2

+
[
δ + 1

2
Bl · σ1

]
1 + τz

2
+ tlcτx + 1

2
Br · σ2, (2)

where Si = 1
2σi are the spins of the two electrons (� = 1,

i = 1, 2) and J is the exchange interaction between dots 1
and 2, see Fig. 1(b). The three contributions in Hfm,2 can
be understood as follows: the 1

2 Br · σ2 term is the Zee-
man term for the second electron fixed in the right QD.
If the first electron is in the center QD the system is in the
(0, 1, 1) charge configuration, which is subject to a Zeeman
splitting 1

2 Bc · σ1 and the next-neighbor exchange interac-
tion (J/4)(σ1 · σ2 − 1). This is described by the first term
in Hfm,2 because (1 − τz)/2 = 1((1 + τz)/2) = 0. In the
other charge regime, the second electron is subject to the
charge detuning δ, see Fig. 1, and to the center-dot Zee-
man splitting 1

2 Bl · σ1. In addition, tunneling between the
charge configurations is possible, which is controlled with
tlc. The onsite energies can be chosen, such that the charge
configurations (1, 0, 1) and (0, 1, 1) are detuned by a con-
trollable detuning δ � U1, where U1 is the next-neighbor
Coulomb repulsion. A third charge configuration (1, 1, 0),
as well as charge configurations comprising double occu-
pation of dots, are energetically separated by either U1 or
the on-site Coulomb energy, and are thus neglected. The
system operates near the (0, 1, 1) ↔ (1, 0, 1) charge tran-
sition. Away from the charge transition, i.e., for δ � |tlc|,
the system is in the (0, 1, 1) charge state and the electron
spins couple with the exchange interaction J . This charge
state corresponds to a ST0 qubit next to an empty dot.
Inside the charge-transition regime, i.e., for |δ| � |tlc|, the
charge states hybridize. In the singlet-triplet basis of the
two-spin subspace, the Hamiltonian Eq. (2) restricted to
the computational ST0 subspace is found to be

Hsys = δ + J/2
2

τz + tlcτx + Bl,z − Bc,z

4
σ̃xτz

+ Bl,z + Bc,z − 2Br,z

4
σ̃x + J

2
σ̃z

1 − τz

2
, (3)

where the spin operators σ̃z and σ̃x act on the singlet and
triplet states |S〉 = (|↑↓〉 − |↓↑〉)/√2 and |T0〉 = (|↑↓〉 +
|↓↑〉)/√2 as σ̃z |S〉 = − |S〉 and σ̃z |T0〉 = |T0〉. In the
following, we define the gradient fields

�blc

2
= Bl,z − Bc,z

4
, (4)

�B
2

= Bl,z + Bc,z − 2Br,z

4
. (5)

Analogously to the flopping-mode qubit, the two low-
energy charge states are coupled to the electric field of the
microwave cavity mode Hc = ωca†a via the electric-dipole
Hamiltonian

HI = gcτz
(
a + a†) , (6)

where gc is the charge-photon coupling. In the follow-
ing, we set gc = 0.5 µeV = 120 MHz. The cavity-qubit
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FIG. 2. Schematics of the cavity setup. The cavity can leak at
the two exit ports 1 and 2 with leakage rates κ1 and κ2. The third
quantum dot of the singlet-triplet flopping-mode qubit is coupled
to the voltage at the center conductor of the cavity at an antin-
ode of the electric field E (near port 1). The cavity is probed
by injecting a microwave tone ain and observing the transmitted
signal aout. The electric-field profile E is indicated in red.

system is depicted in Fig. 2. The cavity has two ports,
port 1 and port 2, that are described by their photon-loss
rates κ1 and κ2, and the total decay rate is defined as
κ = κ1 + κ2 + κint with κint the internal photon loss. We
choose κ = 0.0128 µeV. A probe field [49] with frequency
ωr defined with the Hamiltonian

Hp = i
√

κ1
(
aine−iωrta† + a∗

ineiωrta
)

(7)

can be applied at port 1 (which we define to be the input
port). In summary, the entire cavity-qubit system is thus
described by the Hamiltonian

H = Hsys + Hc + HI + Hp . (8)

III. EFFECTIVE HAMILTONIAN

We diagonalize the charge part (δ + J/2)τz/2 + tlcτx of
the Hamiltonian Eq. (3) to obtain the charge eigenener-

gies 	 = ±
√

(δ + J/2)2 + 4t2lc. Next, a Schrieffer-Wolff
transformation is applied to H , projecting on the low-
energy charge sector. The resulting perturbation theory is
valid in the regime gc � �b, J � 	 where terms of order
O(g2

c /	) can be neglected. Note that Hp is invariant under
that transformation. The resulting effective Hamiltonian is
given by

Heff =
[

Jeff

2
+ gz(a + a†)

]
σ̂z

+
[

beff

2
+ gx(a + a†)

]
σ̂x + ωca†a + Hp . (9)

The dispersive shift and corrections due to vacuum fluc-
tuations are of order g2

c and are thus neglected here. The
Pauli matrices σ̂x and σ̂z act on the dressed spin states. The
terms Jeff and beff are the effective qubit parameters, which

are given by

Jeff = J
2
(1 + sin θ)

+ J 3

4
cos2 θ sin θ

J 2 sin2 θ − 4	2
+ J�b2 cos2 θ

J 2 − 4	2 ,

beff = −�blc sin θ + �B

+ �blc cos2 θ
J 2(sin θ − 1)(4	2 + J 2 sin θ)

2(J 2 − 4	2)(J 2 sin2 θ − 4	2)
,

(10)

with the orbital mixing angle θ = arctan[(δ + J/2)/2tlc].
To predict cavity transmissions in Sec. IV for ωc �
15 µeV ≈ 3.6 GHz, second-order energy corrections have
to be considered, see Sec. D. In addition to the renor-
malized qubit parameters, we find an effective transversal
spin-photon coupling gx and a longitudinal effective spin
photon coupling gz, both of the order gc/	,

gx = �blc

2
gc cos(θ)2

×
(

4	

J 2 − 4	2 + 4	

(2ωc + J sin(θ))2 − 4	2

)
,

gz = 1
8

gcJ cos2(θ)

(
4(	 − ωc)

(	 − ωc)2 − J 2 sin2(θ)

+ 8	

4	2 − J 2 sin2(θ)
+ 4(	 + ωc)

4(	 + ωc)2 − J 2 sin2(θ)

)
.

(11)

Unlike the flopping-mode qubit that comprises only
transversal coupling in its proposed operating regime [29],
the singlet-triplet flopping-mode qubit thus inherits the
observed ability of the ST qubit to couple longitudinally
[26]. We predict strong longitudinal couplings with the
possibility that gz > gx in the operating regime of our
model, thus exceeding the transversal coupling. Both cou-
plings are plotted in Fig. 3. The couplings are highly
tunable, with gx/gc, gz/gc → 0 for δ � |tlc|.

IV. CAVITY TRANSMISSION

A. Input-output theory

To extract the couplings from the cavity transmission
we use input-output theory [23,57]. The goal is to calcu-
late the cavity transmission T = | 〈aout,2〉 / 〈ain,1〉 |2 in the
quasistatic limit, thus the ratio of the output signal 〈aout,2〉
at port 2 and the input signal of the probe field at port
1, 〈ain,1〉. The output signal is related to the cavity field
via aout,2 = √

κ2a. For this, we first diagonalize the 2 × 2
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FIG. 3. Cavity couplings gz and gx for the ST0 flopping-
mode qubit. The effective spin-photon couplings are plotted in
units of gc. Note the opposite sign of gz and gx. The coupling
strengths are maximal if the qubit resonance is at −δ = J/2,
and decays as δ increases. Parameters used for the plot are
tlc = 20 µeV, ωc = 25 µeV = 6.04 GHz, Bl,z = 5.4 µeV, Bc,z =
5 µeV, and Br,z = 2 µeV.

effective qubit Hamiltonian

Hqb = Jeff

2
σz + beff

2
σx, (12)

and obtain the qubit energies

E0,1 = ±1
2

√
J 2

eff + b2
eff, (13)

with E1 > 0 > E0. Next, we solve the quantum Langevin
equations for the system in the stationary limit, i.e., t →
∞, such that ȧ = σ̇ij = 0, for i, j ∈ {0, 1}, with σij =
|i〉 〈j |. Here, |i〉 , i ∈ {0, 1} is the ith eigenstate of the effec-
tive qubit Hamiltonian (12). Applying a rotating-wave
approximation to remove the time dependence in H arising
from the probe field, these equations become

0 = ȧ = −i[a, Heff]

= −i
(
�ca − g01σ01eiωrt) − κ

2
a + √

κ1ain,1, (14)

and

0 = ˙̃σ01 = −i[σ̃01, Heff]

= −i ((E1 − E0 − ωr − iγ ) σ̃01 + g01 (p0 − p1) a) ,
(15)

with σ̃01 = σ01eiωrt, �c = ωr − ωc, the qubit dephasing
rate γ , the thermal population pi = 〈σii〉 = exp(−Ei/kBTdot),
i = 0, 1, and

g01 = gx
Jeff√

J 2
eff + b2

eff

− gz
beff√

J 2
eff + b2

eff

. (16)

In the following, we omit the tilde and set Tdot = 0.75 K.
Considering the expectation values of a and σ01 we can
rewrite Eq. (15) as

〈σ01〉 = χ(ωr)〈a〉, χ(ωr) = −g01(p0 − p1)

E1 − E0 − ωr − iγ /2
.

(17)

The function χ is the electric susceptibility of the sys-
tem [23], which encodes the qubit physics in the cavity
transmission. An analysis of the dephasing rate γ gives
γ = γp/2 + γ
 [36], where γp is the decoherence due to
phonons and γ
 is the dephasing rate due to charge noise.
For the remainder of this paper, we set γ = 0.004 µeV =
1 MHz. Substituting this into Eq. (14) and again replacing
a with its quasistatic expectation value, we find

T =
∣∣∣∣ −i

√
κ1κ2

ωc − ωr + g01χ − iκ/2

∣∣∣∣
2

. (18)

B. Results

Both gx and gz can be extracted from the cavity trans-
mission T by modulating the frequency of the drive field
ωr. At the resonance frequency ωr = ωc we obtain absorp-
tion unless the qubit energy splitting is on resonance with
the cavity, that is �E = E1 − E0 = ωc. Then we find an
avoided crossing in the cavity spectrum, and the mini-
mal width of the crossing (see Fig. 4) is 2g01

√
p0 − p1.

The absorption 1 − T and a cross section of the spec-
trum around the resonance of the qubit at δ + J/2 ≈
−11.750 µeV are depicted in Fig. 4 for tlc = 15 µeV, J =
4 µeV, Bl,z = 11 µeV, Bc,z = 7 µeV, and Br,z = 1 µeV.
The resonator frequency is chosen as ωc/2π = 10 µeV =
2.41 GHz. For T = 0.75 K we have p0 = 0.534 and p1 =
0.466 = 1 − p0. For these parameters, we calculate g01 =
0.069 µeV. The coupling g01 depends on gx and on gz,
see Eq. (16), and to extract these coupling parameters
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FIG. 4. Calculated cavity absorption 1 − T as a function of
detuning δ and probe frequency ωr. Note the avoided cross-
ing around the qubit resonance at δ = −11.75 µeV near −J/2.
The absorption spectrum is cut through the avoided crossing
along the vertical red line to determine 1 − T(ωr), see the
right panel. The distance between the two peaks indicates the
vacuum Rabi splitting. The width of the avoided crossing is
2|g01|√p0 − p1 = 0.004 µeV, resulting in g01 = −0.069 µeV,
with p0 = 0.534 and p1 = 0.466 = 1 − p0. Parameters for the
plot are tlc = 15 µeV, J = 4 µeV = 0.96 GHz, Bl,z = 11 µeV,
Bc,z = 7 µeV, and Br,z = 1 µeV. The resonator frequency is
chosen as ωc = 10 µeV = 2.4 GHz.

individually from the cavity output, a single cavity mea-
surement is not sufficient. However, one can obtain gx and
gz in two ways. One possibility is using that gx = 0 for
�b = 0, so gz|�b=0 can be resolved. By tuning �b, one
can then use the resolved gz and calculate gx from the
measurement. Since �b can usually not be tuned in situ,
this would require measurements across several devices
and thus demands an otherwise very high similarity of
the devices. Another way of resolving both couplings is
by measuring the cavity phase φ = arg(〈aout,2〉 / 〈ain,1〉)
in addition to the transmission, see Fig. 9 in Sec. B, for
the same parameters. We calculate gx/gc = −0.006 and
gz/gc = 0.06 for this case.

The couplings for different J are plotted as a function of
δ in Fig. 3. The two couplings can, in a parameter regime
as the used one, have opposite signs. At the resonance δ −
J/2 = 0, the two charge states are degenerate, and we find,
as for the flopping-mode qubit [36], maximal spin-photon
couplings at this operating point.

V. EXCHANGE-ONLY FLOPPING-MODE QUBIT

We now apply our flopping-mode approach to the
exchange-only (EO) qubit. The EO qubit can be realized
with three QDs and three electrons, one in each dot [8,9].
Analogously to the ST0 qubit, we study the case where an

FIG. 5. Exchange-only flopping-mode spin qubit. Top: four
QDs in a global magnetic field Bz . Dots 1, 2, and 3 form the
EO qubit when dot 4 is far detuned. The exchange couplings Jij
between dots i and j and the tunnel couplings tl between dots 3
and 4 and tr between dots 2 and 3 control the qubit-cavity cou-
pling and the qubit operation. Bottom: the four possible charge
states without double occupation, organized according to their
energy E. The state (1, 1, 1, 0) is gapped out by U1 � δ. If
δ � |tl|, |tr|, the ground state is an EO qubit coupled to an empty
dot and if δ � |tl|, the three low-lying charge states hybridize,
enabling the spin-photon coupling.

additional, empty QD is tunnel coupled to the EO qubit.
The treatment of the system is similar to the ST0 case, thus
we only highlight the distinct aspects in detail. We now
have a model with four QDs, labeled 1 through 4, occupied
with three electrons, see Fig. 5. A global magnetic field is
applied to separate the two decoherence-free subspaces of
the EO qubit (see below). The relevant independent param-
eters are now the exchange couplings J12 [J23] between
dots (1) and (2) [(2) and (3)] and the tunnel coupling tl
between dots 3 and 4. The tunnel coupling tr between dots
2 and 3, and the exchange interaction J34 between dots
3 and 4, are related to these quantities via J23 ∝ t2r and
J34 ∝ t2l , see Fig. 5.

As the ST0 case, our EO model neglects high-energy
terms due to onsite Coulomb repulsion of doubly occupied
dots U2j , j = 1, 2, 3, 4. While the ST0 flopping-mode qubit
comprises one additional low-energy charge state, we find
that the EO flopping-mode qubit comes with two addi-
tional charge states. The four low-energy charge configura-
tions are (1, 1, 1, 0), (1, 1, 0, 1), (1, 0, 1, 1), and (0, 1, 1, 1),
see Fig. 5. The configuration (1, 1, 1, 0) can be neglected,
as in the case of the (1, 1, 0) charge state in the ST0
flopping-mode qubit, because it is gapped out by the large
nearest-neighbor Coulomb energy U1. Thus, three states
remain, and if dot 4 is detuned by δ, then the Hamiltonian
of the flopping-mode EO qubit including charge and spin
degrees of freedom can be expressed in the charge basis
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spanned by the three low-energy charge configurations as

Hfm,3 =
[

J12S1 · S2 + J23S2 · S3 − J12 + J23

4

]

× |0111〉 〈0111|

+
[
δ + J12S1 · S2 − J12

4

]
|1011〉 〈1011|

+
[
δ + J34S2 · S3 − J34

4

]
|1101〉 〈1101|

+ tr (|1101〉 〈1011| + h.c.)

+ tl (|1011〉 〈0111| + h.c.) , (19)

where Si = 1
2σ i is the electron spin operator for electron i.

The mechanism behind Hfm,3 is that each term corresponds
to one charge configuration. All neighboring electrons in a
configuration experience the exchange interaction Jij Si · Sj
for i < j and j = 1, 2, 3, 4. in addition, tunneling between
the charge configurations is possible, denoted by tr and tl,
see Fig. 5.

The computational spin subspace of the EO qubit
is spanned by the states |S123 = 1

2 , S12 = 0, m〉 , and
|S123 = 1

2 , S12 = 1, m〉, where m = −1/2, 1/2 denotes the
projection of the total spin of the three particles S123 to the
z axis, and S12 = 0, 1 is the total spin quantum number of
the first two electrons. The qubit states can be written as

S12 = 0 : |0〉 = |S〉 |m〉 , (20)

S12 = 1 : |1〉 = 1√
3

(√
2 |T2m〉 |−m〉 − |T0〉 |m〉

)
, (21)

where |T2m=1〉 = |T+〉 = |↑↑〉 and |T2m=−1〉 = |T−〉 =
|↓↓〉 are the polarized triplet states of the first two spins.
Each of the two subspaces with either m = +1/2 or m =
−1/2 realizes a valid qubit encoding, however, they are
degenerate in energy unless a global Zeeman field is
applied to separate them. Because Eq. (19) does not mix
this subspace with the remaining eigenstates, we restrict
the Hamiltonian in Eq. (19) to the m = +1/2 or the m =
−1/2 subspace and, by adding (J12 + J23)/2 to it, we
obtain

HEO,comp

=
[

2J12 − J23

4
σz + 2m

√
3J23

4
σx

]
|0111〉 〈0111|

+
[
δ + β + J12

2
σz

]
|1011〉 〈1011|

+
[
δ + α + J34

4
(−σz + 2m

√
3σx)

]
|1101〉 〈1101|

+ tr(|1101〉 〈1011| + h.c.) + tl(|1011〉 〈0111| + h.c.),
(22)

with α = (J12 + J23 − J34)/2 and β = J23/2. Here, the σ -
Pauli matrices act on the |0〉, |1〉 states as σz |0〉 = − |0〉
and σz |1〉 = |1〉. Note, that the subspaces with m = ±1/2
differ only by the sign of the

√
3 terms. In the following

analysis, we look at m = +1/2 (however, see below for a
discussion of the subsystem encoding). The charge degree
of freedom of the four dots couples to the electric field of
a microwave cavity mode, similarly to the ST qubit (Fig.
2) with one additional dot. The coupling to the cavity field
is achieved by coupling dot 4 to the voltage at the center
conductor of the cavity. This varies the energy of the states
in which dot 4 is occupied, which is modeled by

HI = gc(a + a†)(|1011〉 〈1011| + |1101〉 〈1101|). (23)

In addition, a probe field described previously in Eq. (7)
can be injected into the cavity. Now we can proceed sim-
ilarly to the singlet-triplet case in Sec. II and derive an
effective qubit Hamiltonian. However, the situation is more
complex as there is one more charge state to consider.
We can write the energy configuration of the three charge
states as

(1, 1, 0, 1) (1, 0, 1, 1) (0, 1, 1, 1)

HC =
⎛
⎝ δ + α tr 0

tr δ + β tl
0 tl 0

⎞
⎠ . (24)

The energies of the charge states can be controlled by
δ � U1 � U2j as in the ST0 case. If δ + β ≈ δ � |tl|, the
charge configuration of the ground state is (0, 1, 1, 1). In
this regime, the system behaves asymptotically like the EO
qubit, i.e., only the |0111〉 〈0111| terms in the Hamiltonian
Eq. (22) govern the dynamics, thus the system then can be
described by

HEO = 2J12 − J23

4
σz +

√
3J23

4
σx, (25)

which is the triple-dot EO qubit Hamiltonian [58]. For
|δ| � |tl|, the charge states hybridize. For |δ| � |tl|, the
qubit decouples from the resonator, however, for δ < 0,
as the charge ground state consists of a hybridization of
(1, 0, 1, 1) and (1, 1, 0, 1), such that the EO qubit state is not
the ground state anymore and becomes unstable. A suitable
idle regime with uncoupled qubit and resonator is therefore
δ > 0 and δ � |tl|.

Now we proceed by diagonalizing the charge sector of
Eq. (22), followed by a Schrieffer-Wolff transformation in
the regime gc � J12, J23 � |Ei − Ej | and U24 ≥ U2j , with
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j = 1, 2, 3, for all eigenvalues Ei �= Ej of HC. Here, the U2j
for j = 1, 2, 3, 4 are the onsite Coulomb repulsion energies
of the four dots. The resulting effective Hamiltonian is of
the form

Heff =
[

Jeff

2
+ gz(a + a†)

]
σ̃z

+
[

jeff

2
+ gx(a + a†)

]
σ̃x + ωca†a. (26)

The effective Hamiltonian Eq. (26), with parameters given
in Sec. C, again consists of the effective qubit Hamiltonian
and longitudinal and transversal spin-photon couplings gz
and gx. These couplings are dependent on the tunnel cou-
plings as well as the detuning δ. We find that, unlike in the
ST0 case, the maximal coupling strength is not necessar-
ily reached where the charge states are degenerate. Rather,
the tunnel couplings tl and tr can shift the maximum. The
coupling strengths gz and gx as a function of δ are plot-
ted for m = +1/2 in Fig. 6. The subspace-specific term
2m

√
3 appears as a prefactor in gx, while gz is independent

FIG. 6. Cavity couplings for the EO flopping-mode qubit. The
effective spin-photon couplings gz/gc and gx/gc for tl = 18 µeV,
tr = 13 µeV (thus J23 = 1.3 µeV) as a function of δ. For the solid
(transparent) lines we have tl = 18 µeV (tl = 50 µeV). The res-
onator frequency is ωc = 20 µeV = 4.8 GHz. In this regime, the
couplings have opposite signs. If −δ ≈ J12/2, gz the couplings
reach a maximum. The couplings decays for δ � |tl|.

of m. Thus, gz is identical in both subspaces, and gx(m =
1/2) = −gx(m = −1/2). We can therefore envision using
the longitudinal coupling gz to couple the subsystem qubit
to the cavity, and to couple two subsystem qubits via the
exchange of cavity photons.

We can use the cavity phase φ to resolve gx and gz,
as shown in Fig. 7 for tl = 50 µeV, J12 = 11.3 µeV, tr =
50 µeV (thus J23 = 5 µeV). The resonator frequency is
set to be ωc = 8.2 µeV = 2.0 GHz. For T = 0.75 K we
find p0 = 0.532 and p1 = 0.468. A phase jump of π is
observed at the resonance. The two points where φ =
0 are separated by �wr = 2g01

√
p0 − p1, and together

with a fit to the cavity transmission over ωr, shown in
Fig. 10, gx and gz are extracted. For the given param-
eters, we find 2|g01|√p0 − p1 = 0.0017 µeV, thus g01 =
0.034 µeV. The cavity transmission, which is plotted in
Fig. 10 in Sec. B, can also be used to obtain g01. Calcu-
lating g01 from the effective parameters of Eq. (26) gives
g01 = 0.034 µeV, and this results in gz/gc = 0.06 and
gx/gc = 0.09. In the δ � |tl| regime in which the ground-
state charge configuration is (0, 1, 1, 1), the EO qubit
decouples, resulting in g01 = gx = gz = 0. The couplings
do not vanish for δ/|tl| → −∞. This can be explained by
observing that in the regime δ/|tl| → −∞, the ground state
is a hybridization of the (1, 0, 1, 1) and (1, 1, 0, 1) charge
states, which has a small residual electric dipole moment,
comparable to that of the ST0 flopping-mode qubit. The
above analysis shows that at the expense of adding one
additional dot to the EO qubit, one can achieve strong

FIG. 7. Cavity phase spectrum for the EO flopping-mode
qubit. The cavity phase φ for tl = 10 µeV, J12 = 11.3 µeV, tr =
50 µeV (thus J23 ≈ 5 µeV = 1.2 GHz). The resonator frequency
is ωc = 8.2 µeV = 1.98 GHz, p0 = 0.532, and p1 = 0.468 =
1 − p0. Around the qubit resonance at δ = 46.67 µeV, we find
a π phase jump from −π/2 to π/2. The vertical green line
gives φ(ωr) at the resonance. The distance of the points with
φ = 0 next to the phase jump is 2g01

√
p0 − p1 = 0.017 µeV,

thus |g01| = 0.034 µeV.
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spin-photon coupling gx,z/gc, up to an order of magnitude
stronger compared to three-dot approaches such as the RX
qubit [27]) while simultaneously operating the qubit at a
charge-noise sweet spot, see Sec. VI.

VI. QUBIT DEPHASING

In this section, we analyze the dephasing times and the
charge-noise sweet spots of the ST and EO flopping-mode
qubits. At the sweet spots, the qubit is insensitive to charge
noise to first order. The leading contribution of charge
noise is the noise of the baseband controlled detuning
parameter δ, which we denote as �δ. We set the rms value
of �δ to be 1 µeV [27]. The noise couples (longitudinally)
to the qubit, so the qubit energy EQ is shifted by�EQ(�δ).
In addition, we consider noise in the exchange interaction
J . If the noise is Gaussian distributed with zero mean, we
can calculate the phase, which the qubit picks up in a free
Ramsay decay approach,

�
 = Dδ

�

∫ t

0
dt′�δ(t′), (27)

with Dδ = dEQ/dδ. The Ramsay signal is then given as
[59]

fR(t) = 〈ei�
〉 = e−1/2〈�
2〉 = e−t2/(T∗

)2

. (28)

By expanding the exponential, we can calculate the
dephasing time to first order [27],

T∗

 = �

⎡
⎣2

⎛
⎝σ 2

δ D2
δ +

∑
j

σ 2
j D2

j

⎞
⎠

⎤
⎦

−1/2

, (29)

with the noise amplitude σδ (standard deviation of δ),
which, for a given spectral density of the noise S(ω) is
given by σ 2

δ = ∫ ∞
−∞ dωS(ω). In our qubits, j = J (ST0)

and j = J12, J23 (EO). For quasistatic noise, σδ = const.
For 1/f noise, i.e., S(ω) = A/|ω|, one has to introduce
frequency cutoffs, r = log(ωUV/ωIR) with ωIR (ωUV) the
infrared (ultraviolet) cutoff frequencies. We then find σδ =
Ar. The noise amplitude for J can be much smaller because
J can be controlled with slow, i.e., low-frequency (base-
band) pulses. We consider quasistatic noise and set σδ =
1 µeV = 0.1δ [27], and σJ ∼ 0.01J , thus σJ = 0.01 µeV
(σJ12 = 0.01 µeV, σJ23 = 0.001 µeV) for the ST0 (EO)
flopping mode [27]. We find dephasing times (up to first
order) away from a sweet spot of T∗


 = 0.05 µs (T∗

 =

0.2 µs) for the ST0 qubit (EO qubit). If Dδ = 0, the first-
order dephasing time becomes infinite. This defines a
sweet spot for the dephasing time. A evaluation of the
dephasing time [27] predicts sweet-spot dephasing times
up to 3 µs for the ST0 flopping-mode qubit in the cou-
pling regime (gz > 0.01gc), and 3 µs for the EO flopping

(a)

(b)

FIG. 8. First-order dephasing time T∗

 for the ST0 and EO

flopping-mode qubits. (a) T∗

 for the ST0-flopping mode qubit

in the (δ, J ) plane. At the charge noise sweet spots T∗

 increases

to approximately 2.8 µs in the regime of strong gz . The parame-
ters are bl,z = 5.4 µeV,bc,z = 5 µeV, br,z = 2 µeV, tlc = 20 µeV.
The red (blue) plots depict T∗

φ at a sweet spot with strong
spin photon coupling. They are at δ = const. = −1.91 µeV
(J = const. = 1.6 µeV). The dashed lines show T∗


 along δ =
−30 µeV and J = 2.5 µeV. (b) T∗


 for the EO-flopping mode
qubit in the (δ, J12) plane. At the charge-noise sweet spots
T∗


 increases to approximately equal to 0.5 µs − 0.7 µs in the
regime of strong gx,z . The parameters are tl = 18 µeV, tr =
13 µeV, thus J23 = 1.3 µeV. The red (blue) lines are at δ =
const. = −12.6 µeV (J12 = const. = 0.5 µeV). The sweet spots
for both qubits do not depend on the resonator frequency ωc.
For the marked sweet spots, we find gz ∼ 0.02gc (ST0) and
gz ∼ 0.01gc (EO).

mode qubit. In the top of Fig. 8, T∗

 is plotted in the (δ, J )

plane for the ST0 case with the parameters used to depict
gx,z in Sec. III and Sec. V. The blue maxima of T∗


 mark
the position of the sweet spots, the dot highlights a sweet
spot at an operating regime with strong spin-photon cou-
pling. The red and blue graphs depict the cross section of
T∗


 along the red (δ = const. = −1.91 µeV) and blue (J =
const. = 1.6 µeV) lines (the dashed lines: δ = −30 µeV,
J = 2.5μeV ). A smaller magnetic-field gradient �blc
leads to sweet spots at smaller J , but higher sweet spot
T∗


 > 5 µs. At the bottom of Fig. 8, T∗

 is depicted in
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the (δ, J12) plane for the EO flopping-mode qubit. The
blue maxima of T∗


 again mark the position of the sweet
spots. Here, the blue and red lines, marking a sweet spot at
a favorable operating point with strong spin-photon cou-
pling are at δ = const. = −12.6 µeV and J12 = const. =
0.5 µeV. Larger tl leads to sweet spots at larger J12. For
sweet spots at larger δ, a smaller tr is favorable; however,
at tl, tr � δ, Dδ ≈ 0, so the dephasing times increase in
that stable decoupled regime. The sweet spots have a stan-
dard deviation of approximately 10 µeV, exceeding the
noise standard deviation of approximately 1 µeV. Com-
paring with Fig. 3 and Fig. 6, we see that both qubits
possess sweet spots in their desired operating regime, i.e.,
a parameter regime with large spin-photon coupling.

VII. TWO-QUBIT GATES

One of the versatile applications of the ST and EO
flopping-mode qubits are two-qubit gates. For this appli-
cation, the Hamiltonian is

H(t) = EQ,1σz,1 + EQ,2σz,2 + ωca†a

+ [
g(t)x,1σx,1 + g(t)z,1σz,1

+g(t)x,2σx,2 + g(t)z,2σz,2
] (

a + a†) , (30)

where the energies of qubit one (two) are EQ,1 (EQ,2)
and the Pauli operators act on the qubit eigenbasis. We
denote gx,1(2) (gz,1(2)) as the transversal (longitudinal)
coupling of qubit 1 (qubit 2). The effective qubit-qubit cou-
pling strength determines the gate times tg . The transver-
sal qubit-qubit coupling term Jxσx,1σx,2 can be extracted
from perturbation theory up to second order [60,61].
The resulting coupling Jx ∼ gx,1gx,2/(ωc − ωr), implies
gate times tg ∼ 1 µs. Near a sweet spot, dephasing times
>0.5 µs ≈ tg , allowing for transversal gate operations. In
a regime with predominantly longitudinal coupling (see,
e.g., Fig. 3), however, one can drive the couplings g(t)z,i =
g(0)z,i cos(ωmt) with frequency ωm. A polaron transforma-
tion of Eq. (30) into a rotating frame with frequency ωm
can be performed to extract the longitudinal qubit-qubit
coupling term Jzσz,1σz,2 [62], with (time-independent) cou-
pling strength

Jz = −gz,1gz,2

2

[
1

�ω
+ 1

ωc + ωm

]
, (31)

for gate times ωmtg = mπ , δωtg = 2nπ , where �ω =
ωc − ωm. We can achieve Jz > Jx, without reducing the
fidelity, because Jz is independent of the photon number
[62], so the couplings gz,1, gz,2 can be increased coher-
ently and our qubits allow for gz > gx. This implies gate
times of approximately 0.3 µs, which may be applicable
even away from a sweet spot. Additionally, as longitudi-
nally coupled processes are faster than transversal ones due

to their nondemoliting nature, our qubits can be used for
fast nondemolition readout of ST0 and EO qubits. With
the two coupling types present, there are two regimes to
consider. If Jz(t) = Jz = const., i.e., ωm = 0, we find Jz
far off resonant, that is Jx � Jz. Here, the two qubits cou-
ple transversally. If ωm �= 0, ωr = 0, one finds Jz � Jx
i.e., the two qubits couple longitudinally. Following the
calculations from Ref. [31], we can estimate the optimal
transversal gate fidelity to scale with

Fopt ∼ 1 − 4π

5

√
γphκ

g2
c

, (32)

where the cooperativity C = g2
c /γphκ appears. With

the parameters from Sec. IV, κ = 0.0128 µeV, γph =
1 MHz = 0.004 µeV, and gc = 0.5 µeV, we find an opti-
mal gate fidelity of about F = 0.96 for the transversal
regime. For the operation of two qubit gates, no driving
field is necessary, thus photon losses are much smaller, κ =
0.004 µeV = 1 MHz. In addition, recent experiments [39]
obtain gc = 0.8 µeV = 192 MHz, and rapid progress is
made in increasing C further. This results in F ≈ 0.99. The
fidelity depends on the charge-photon coupling strength,
and thus on the effective gx and gz, because gx, gz ∝ gc.
It is, however, independent of the distance between the
qubits. For the longitudinal coupling regime, the gate
infidelity scales with 1 − F ∼ κ/(ωc − ωm) [62]. This is
independent of the coupling strength and depends only on
the cavity photon loss. The gate fidelity is thus limited by
the experimental setup.

VIII. SUMMARY

The flopping-mode qubit adds a charge degree of free-
dom to the LD qubit, to enable the coupling to a resonator
as well as low-power fast single-qubit gates. We combine
this idea with the ST and EO qubit concepts by propos-
ing to add a tunnel-coupled empty QD to the ST0 and
the EO qubits. We derive an effective Hamiltonian of the
emerging singlet-triplet and exchange-only flopping-mode
spin qubits. The resulting spin-photon coupling of these
systems is investigated and highly tunable longitudinal
and transversal couplings are found. By using input-output
theory, the cavity transmission and phase are calculated,
and the couplings are extracted from the transmission and
phase spectrum. The tunable interactions allow for elec-
trically controllable spin-photon couplings for the ST0
and EO spin qubits in the low-energy charge regime.
This allows for qubit operations at couplings exceeding
established coupling mechanisms, while operating at a
charge-noise sweet spot, justifying the additional quan-
tum dot of our systems. These represent promising steps
to realize cavity-mediated baseband-controlled two-qubit
interactions for ST0 and EO spin qubits, which are locally
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quite challenging to realize. In addition, the longitudi-
nal coupling is not dispersive and hence not subject to
the Purcell effect. This may increase qubit lifetimes [26].
In the future, one can extend this analysis and enhance
other qubits such as the four-spin singlet-only EO qubit to
become “flopping mode.” Here we have focused on calcu-
lating and extracting the qubit-cavity couplings. From here
on, one can apply known properties of the flopping-mode
qubit [42,63] to realize a readout protocol and qubit-qubit
coupling for the new qubit flavors, which are desired for
realizing larger quantum devices of semiconductor qubit
arrays with long-range cavity-mediated couplings.
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APPENDIX A: COMBINED COUPLING
PARAMETER

In this section, we define and plot the coupling param-
eter g01 as it appears in Sec. V, in the cavity transmission
and phase for the flopping-mode EO qubit. The coupling
g01 is a combination of the longitudinal and transversal
spin couplings and the effective EO flopping-mode qubit

FIG. 9. Cavity phase spectrum of the ST0 flopping-mode qubit.
The cavity phase φ for tlc = 15 µeV, J = 4 µeV, Bl,z = 11 µeV,
Bc,z = 7 µeV, and Br,z = 1 µeV. The resonator frequency is
ωc = 10 µeV. Around the qubit resonance at δ = −11.75 µeV,
thus δ + J/2 ≈ 0, we find a π -phase jump. The spectrum is cut
through the avoided crossing along the vertical red line to deter-
mine φ(ωr). The distance between the two points with φ = 0
each side of the phase jump is 2|g01|√p0 − p1 = 0.004 µeV thus
g01 = −0.069 µeV.

FIG. 10. Cavity absorption spectrum for the EO flopping-
mode qubit. The cavity absorption 1 − T for tl = 10 µeV, J12 =
11.3 µeV, tr = 50 µeV (thus J23 ≈ 5 µeV). The resonator fre-
quency is ωc = 8.2 µeV. Around the qubit resonance at δ =
46.67 µeV, we find an avoided crossing. The vertical red line
gives 1 − T(ωr) at the resonance. The width of the avoided
crossing is 2g01

√
p0 − p1 = 0.017 µeV thus |g01| = 0.034 µeV.

parameters,

g01 = gx
Jeff√

J 2
eff + j 2

eff

− gz
jeff√

J 2
eff + j 2

eff

. (A1)

To decouple the EO qubit from the cavity, g01 → 0, one
would choose δ � |tl|. At an operating point with δ < 0,
the EO qubit exists in an excited charge state that can decay
to a lower-energy state.

APPENDIX B: TRANSMISSION PHASE
(MODULUS) OF THE ST0 (EO) QUBIT

We plot the transmission phase φ for the ST0 flopping-
mode qubit in Fig. 9 for the parameters used in Sec.
IV B. In Fig. 10, we plot the absorption 1 − T for the EO
flopping-mode qubit with the parameters used in Sec. V.

APPENDIX C: EO QUBIT EFFECTIVE
PARAMETERS

In this section, we show the parameters of the effective
Hamiltonian Eq. (26). We define
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f = −(δ + α)2 + (δ + α)(δ + β) − (δ + β)2 − 3(t2l + t2r ),

g = 2(δ + α)3 − 3(δ + α)2(δ + β) − 3(δ + α)(δ + β)2 + 2(δ + β)3 − 18(δ + α)t2l + 9(δ + β)t2l

+ 9(δ + α)t2r + 9(δ + β)t2r ,

h = g +
√

4f 3 + g2.

(C1)

Diagonalizing HC leads to the charge eigenenergies, which we can write in a compact form with the cubic roots,

E1 = 2δ + α + β

3
− 21/3f

3h1/3 + h1/3

3 × 21/3 ,

E2 = 2δ + α + β

3
+ 1 + i

√
3f

3 × 22/3h1/3 − 1 − i
√

3h1/3

6 × 21/3 ,

E3 = 2δ + α + β

3
+ 1 − i

√
3f

3 × 22/3h1/3 − 1 + i
√

3h1/3

6 × 21/3 .

(C2)

The charge eigenstates are

v1 =
(−(δ + β)E1 + E2

1 − t2l
tltr

,
E1

tl
, 1

)
,

v2 =
(−(δ + β)E2 + E2

2 − t2l
tltr

,
E2

tl
, 1

)
,

v3 =
(−(δ + β)E3 + E2

3 − t2l
tltr

,
E3

tl
, 1

)
.

(C3)

The normalized charge eigenstates are ni = vi/|vi| and for i, j = 1, 2, 3 the j th component of ni is denoted as nij . We
define

ξ1 = 1
4

J34
(
1 − n2

21

) − 1
2

J12
(
n2

21 + 1
) + 1

4
J23

(
1 − n2

23

)
, (C4)

ξ2 = 1
4

J34
(
1 − n2

11

) − 1
2

J12
(
n2

11 + 1
) + 1

4
J23

(
1 − n2

13

)
, (C5)

ξ3 = J34 + 2J12

4
(
n2

31 − n2
11

) + 1
4

J23
(
n2

33 − n2
13

)
, (C6)

ξ4 = J34 + 2J12

4
(
n2

31 − n2
21

) + 1
4

J23
(
n2

33 − n2
23

)
. (C7)

The effective transversal coupling is then,

gx = 2m
8

√
3n13n33gc (J34n11n31 + J23n13n33)

×
(

1
E1 − E3 + ξ3 − ω

− 1
−E1 + E3 + ξ3 − ω

− 1
−E1 + E3 + ξ1

+ 1
E1 − E3 + ξ1

)

+ 2m
8

√
3n23n33gc (J34n21n31 + J23n23n33)

×
(

1
E2 − E3 + ξ4 − ω

− 1
−E2 + E3 + ξ4 − ω

− 1
−E2 + E3 + ξ2

+ 1
E2 − E3 + ξ2

)
. (C8)
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The effective longitudinal coupling can be written as,

gz = gc

4
(n13n33) ((J34 + 2J12) n11n31 + J23n13n33)

(
2

−E1 + E3 − ξ3
− 1

E1 − E3 + ξ3 − ω

+ 1
−E1 + E3 − ξ3 − ω

)

− gc

4
(n23n33)

(
n21n31

(
J34

4
+ J12

2

)
+ n23n33

J23

4

) (
− 2

−E2 + E3 − ξ4
+ 1

E2 − E3 + ξ4 − ω

− 1
−E2 + E3 − ξ4 − ω

)
+ (ξi ↔ −ξi, ω ↔ −ω) , (C9)

where (ξi ↔ −ξi, ω ↔ −ω) is defined as the same expression again but with ω and ξi replaced by −ω and −ξi for
i = 1, 2, 3, 4. The effective qubit parameters are

jeff = m
√

3
(
J34n2

31 + J23n2
33

) + m
√

3
2

[(
−1

4
J34n11n31 + 1

2
J12n12n32 +

(
J12

2
− J23

4

)
n13n33

)

× (J34n11n31 + J23n13n33)

(
− 1

E1 − E3 + ξ3
+ 1

−E1 + E3 + ξ1
− 1

−E1 + E3 + ξ3
+ 1

E1 − E3 + ξ1

)

+
(

1
4

J34n21n31 − 1
2

J12n22n32 −
(

J12

2
+ J23

4

)
n23n33

)

× (J34n21n31 + J23n23n33)

(
1

E2 − E3 + ξ4
− 1

−E2 + E3 + ξ2
+ 1

−E2 + E3 + ξ4
− 1

E2 − E3 + ξ2

)]
, (C10)

and

Jeff = −1
4

J34n2
31 + 1

2
J12n2

32 + 1
2

(
J12 − J23

2

)
n2

33

+ 1
2

[(
−1

2
J12n11n31 − 1

4
J34n11n31 − 1

4
J23n13n33

)2 1
−E1 + E3 − ξ3

+ 3
16

(J34n11n31 + J23n13n33)
2 1

−E1 + E3 − ξ1

+
(

1
2

J12n21n31 + 1
4

J34n21n31 + 1
4

J23n23n33

)2 1
−E2 + E3 − ξ4

+ 3
16

(J34n21n31 + J23n23n33)
2 1

−E2 + E3 − ξ2
+ (ξi ↔ −ξi)

]
. (C11)

APPENDIX D: SECOND-ORDER ENERGY CONTRIBUTIONS TO THE ST0 FLOPPING-MODE QUBIT

The second-order energy contributions are given as,

J 2
eff = J cos θ2

(
16�blc (�blc − B) 	2 − sin θ

(
4�blc�BJ 2 + J 4 + 16�b2

lc	
2 − 4J 2	2 + 8�b2

lcJ 2 sin θ
))

2
(
J 2 − 4	2

) (
J 2 sin θ2 − 4	2

) ,

b2
eff = cos θ2

(
4 (�blc − �B) J 2	2 + �blc sin θ

(
4�blc�BJ 2 + J 4 + 16�b2

lc	
2 − 4J 2	2 − 2J 4 sin θ

))
(
J 2 − 	2

) (
J 2 sin θ2 − 4	2

) .

(D1)
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