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We investigate the efficiency of approximate counterdiabatic driving (CD) in accelerating adiabatic
passage through exponentially small gaps. First, we analyze a minimal spin-glass bottleneck model that
is analytically tractable and exhibits both an exponentially small gap at the transition point and a change
in the ground state that involves a macroscopic rearrangement of spins. Using the variational Floquet-
Krylov expansion to construct CD terms, we find that while the formation of excitations is significantly
suppressed, achieving a fully adiabatic evolution remains challenging. Extending our investigation to real-
istic NP-hard spin-glass problems—specifically, the 3-regular MAX CUT and 3-XORSAT—we find again that
local CD expansions lead to negligible improvements in the final ground-state fidelity. These results high-
light the limited impact of local CD methods in overcoming the bottlenecks associated with first-order
quantum phase transitions. To address this limitation, we propose an alternative method, termed quantum
brachistochrone counterdiabatic driving (QBCD), which employs the approximate full CD connecting the
ground state and the first-excited state at a single-parameter value close to the critical point. In the mini-
mal spin-glass model, QBCD enables exponentially faster adiabatic evolution than the local strategies. To
alleviate the challenges of its experimental and classical implementation for realistic NP-hard problems,
we exponentially reduce the nonlocality of the QBCD Hamiltonian by sparsifying its matrix elements to
the density of the local expansions. Despite this drastic simplification, sparsified QBCD maintains finite
ground-state fidelity at driving times exponentially shorter than in local strategies and counterdiabatic
optimized local driving, demonstrating that even an exponentially reduced fraction of nonlocality near
the critical point is sufficient to achieve significant speedup across spin-glass bottlenecks. At the same
time, reduced nonlocality facilitates classical implementations via advanced numerical methods, while on
quantum hardware its truncation serves as a resource-efficient approximation scheme for higher-order CD

realizations.
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I. INTRODUCTION

The breaking of adiabatic dynamics in many-body spin
systems arises in a wide variety of scenarios ranging from
condensed matter physics to quantum simulation and quan-
tum computing. According to the adiabatic theorem, the
driving of a quantum system in a time shorter than the
inverse of the spectral gaps generally induces diabatic
transitions. Nonadiabatic dynamics limit the preparation
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of novel ground-state phases of matter in quantum simu-
lation. Excitations further account for errors in adiabatic
quantum computation, quantum annealing, and quantum
optimization algorithms. They are also responsible for
quantum friction in finite-time thermodynamics, limiting
the scaling of quantum heat engines and refrigerators,
among other quantum devices.

Enforcing adiabaticity in many-body quantum systems
is thus broadly desirable. Yet, it faces the need to overcome
small gaps in the spectrum of the driven system. By way of
example, hard instances of combinatorial problems might
be difficult to solve by quantum annealers because of the
presence of gaps on the driving path that are exponentially
small in the system size [1—4]. Such gaps render quantum
adiabatic evolution unfeasible in practice since the adia-
batic theorem requires the driving time 7 to be larger than
the inverse square of the minimal gap Api, [5,6]. The phys-
ical origin of these gaps remains a topic of active debate.
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Some authors have used perturbation theory to link them
to first-order quantum phase transitions [2,3], suggesting
they arise from Anderson localization [4,7]. Others argue
that the gaps have a nonperturbative origin [8] or result
from the clustering of solutions typical in spin-glass phases
[9]. Despite the debate, large-scale numerical simulations
have consistently demonstrated that certain models display
exponentially small gaps [1,10,11].

Facing the presence of small gaps and their dependence
on the system size has led to reformulations of the adi-
abatic theorem in a many-body setting [12,13], and the
notion of quasi-adiabatic continuation used to determine
the existence and stability of phases of matter [14—17].

These efforts have been accompanied by a closely
related quest for fast quantum control of many-body
systems, tackling the presence of small gaps on the adi-
abatic path. In the context of adiabatic quantum comput-
ing, tailoring the mixer or problem Hamiltonian has been
proposed to remove the exponential gaps from the path
[18-22]. Alternative methods involve additional “catalyst”
Hamiltonians, i.e., operators that act only at intermediate
times to amplify the gap [23-32]. Other strategies rely
on time discretization combined with the use of classical
optimization, leading to the quantum approximate opti-
mization algorithm (QAOA) [33,34], and the use of quan-
tum optimal control to tailor nonlinear parameter driving
[35-39].

The problem of speeding up the adiabatic evolution was
also addressed in other contexts, such as the application
of quantum control in chemistry and physics [40]. Sem-
inal works [41,42] showed that adiabatic evolution for a
generic Hamiltonian can be achieved in any finite time,
provided an auxiliary counterdiabatic driving (CD) con-
trol term is implemented. The CD term is constructed in
such a way as to cancel all diabatic transitions, realizing
exactly the adiabatic evolution of the reference uncon-
trolled Hamiltonian. While its explicit form is familiar
from early proofs of the adiabatic theorem [43] and can
be obtained directly given the spectral decomposition of
the instantaneous Hamiltonian, the CD Hamiltonian is
generically nonlocal and involves multiple-body interac-
tion terms [44—47]. However, it can also be obtained varia-
tionally via controlled expansions in increasingly nonlocal
terms [47—52], with exact adiabatic dynamics being recov-
ered when all the terms in the expansion are retained.
As a result, contrary to catalysts and ad hoc deforma-
tions of the driving Hamiltonian, CD provides a coher-
ent framework to address the problem of exponentially
small gaps. CD has been shown to boost the performance
of QAOA, motivating its use in quantum optimization
[53-59]. It should be noted that the required CD terms
cannot generally be realized in analog quantum anneal-
ers and simulators. However, they can be implemented
by digital [44,47,53,54,57—61] or hybrid digital-analog
quantum simulation [62,63]. Within such approaches, the

implementation is generally facilitated by the locality of
the interactions.

Despite a surge of interest in harnessing CD for many-
body interacting systems [44—58,64—69], crucial aspects
remain to be elucidated. Early studies pointed out the inter-
play between CD and the Kibble-Zurek (KZ) scaling at
second-order quantum phase transitions, which describes
the breakdown of adiabaticity while crossing critical point
in terms of universal equilibrium critical exponents [70—
75]. It was found that nonlocal CD terms are needed to sup-
press the KZ scaling and restore adiabaticity [44,46,75],
which is at odds with the quest for approximate CD terms
with locality tailored for implementations. The breaking
of adiabaticity described by KZ mechanism in first-order
phase transitions has been theoretically and experimentally
studied [76,77], while the use of bias fields in digitized
quantum optimization assisted by CD has only recently
been put forward [78]. The performance of CD in a prob-
lem with an exponentially small gap and frustration is
yet to be elucidated. Some works [79,80] have addressed
the CD-assisted annealing of ferromagnetic p-spin mod-
els, showing that CD improves the final fidelity while
still remaining exponentially small in the system size. The
effect of frustration, however, being at the basis of the
exponential difficulty of solving NP-hard problems, was not
considered. Furthermore, while in certain p-spin models,
simple antiferromagnetic catalysts can yield a polynomial
scaling of the gap [30], this cannot happen if the system is
frustrated [32].

Several vital questions thus arise: How efficiently can
approximate counterdiabatic (CD) driving improve adia-
batic passage through exponentially small gaps between
frustrated energy levels? Can alternative strategies be
developed to overcome these regimes more effectively?
Most importantly, what additional, minimal information
beyond local terms is required to achieve exponential
speedups in adiabaticity? And how far can the required
nonlocality and the evaluation range of parameters be
restricted?

In this work, we investigate whether local, approxi-
mate counterdiabatic (CD) driving can effectively suppress
excitations and accelerate adiabatic dynamics in many-
body quantum systems exhibiting exponentially small gaps
and frustration. To this end, we evaluate the performance
using three experimentally relevant metrics: the density
of nonadiabatic excitations, the ground-state gap, and the
final ground-state fidelity [81-89]. We find that while
local approximate CD can significantly reduce excitations
away from the adiabatic limit, its impact diminishes near
the adiabatic timescale. To address this limitation, we
introduce quantum brachistochrone counterdiabatic driv-
ing (QBCD), which yields a remarkable improvement by
relying solely on approximate knowledge of the ground
and first-excited states at a single point in parameter
space. We further validate these findings on two realistic
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NP-hard problems, demonstrating the superiority of an
advanced, sparsified QBCD method—featuring exponen-
tially reduced nonlocality—over both the local expansion
schemes and the counterdiabatic local optimized driving
(COLD) approach.

A. Summary of results

To address the questions above, we study a recently
introduced minimal model of a spin-glass bottleneck [90].
The model is an Ising-like spin chain that displays both a
small gap and frustration: not only does the gap to the first-
excited state scale exponentially with the system size L,
but also O(L) spins need to be flipped at the avoided cross-
ing to track adiabatically the ground state. These features
are due to a simple localization mechanism reminiscent
of the formation of bound states for delta-function poten-
tials on the real line. The model can be mapped onto a
chain of free fermions, which allows a complete analyt-
ical understanding of the small gap formation [90] and
the simulation of large systems to access the asymptotic
scaling. Although this model exhibits most of the essential
features of realistic spin-glass problems, we further extend
the investigation to two realistic NP-hard problems, the
MAX CUT and the 3-XORSAT problems [1], in which spin-
glass behavior and an exponentially small gap emerges for
numerically accessible system sizes, L 2 10.

First of all, we present a thorough analysis of the model
properties in Sec. II. While most properties were already
derived in the original reference [90], we elucidate the
role of a chiral symmetry that was previously mistaken
for a regular symmetry and provide a detailed derivation
of the free-fermionic representation of the model. Then,
after briefly reviewing counterdiabatic driving (CD) in
Sec. III A, we compute the free-fermionic representation
of approximate CD for the model under consideration in
Sec. III B.

In Sec. IV, we present our main results for the mini-
mal spin-glass model. We show that local, approximate
CD terms obtained without prior knowledge of the spec-
trum provide reasonable speedup only for a given regime
of driving times. We do so with two complementary
approaches. First, we consider the effect of CD terms on
the minimal gap along the adiabatic path, i.e., we study the
performance of CD as a gap amplification technique. Since
the CD Hamiltonian depends on the total evolution time,
defining a gap requires care. A solution is presented in Sec.
IV A, showing that if the problem Hamiltonian displays
a minimal gap Api, ~ e~%f, then adding CD terms leads
to Amin cp ™~ e %ol with acp being smaller than a but
remaining finite. Therefore, while CD accelerates the driv-
ing protocol exponentially, the scaling remains exponen-
tially hard. Second, in Sec. IV B, we confirm that CD does
not help the system overcome the smallest gap by directly
simulating the time evolution of the system. We consider

the number of kinks at the end of the schedule, display-
ing relevant suppression only for the short-time evolutions.
Meanwhile, significant improvement for slower schedules
can only be achieved for a sufficiently large number of
expansion terms due to the macroscopic rearrangement of
the ground states around the critical point. In the language
of free fermions, local CD maps to local fermion hopping
terms, while a nonlocal population transfer is needed to
track adiabatically the ground state.

In Sec. V, we introduce an approach to the bottleneck
problem by addressing directly the closing of the gap.
The QBCD Hamiltonian is constructed using approximate
knowledge of the eigenstates at a single-parameter value
near the transition. In the minimal spin-glass model, the
QCDB can be understood as driving the localized edge
states associated with the minimal gap. We show that
this approach achieves exponentially shorter adiabatic time
scales by exploiting only an exponentially small fraction
of the full counterdiabatic Hamiltonian. Combined with
its system-size-independent energetic cost, these features
support near-term experimental implementation.

We then test the generality of our findings in two
realistic spin glass models representing NP-hard optimiza-
tion problems, the MAX CUT and the 3-XORSAT. First, we
demonstrate the same limited efficiency of the first- and
second-order local expansion via the ground-state gap and
the final fidelity. Next, we introduce a yet further enhanced
version of the QBCD Hamiltonian by sparsifying it to the
density of the local expansion. Remarkably, this expo-
nentially reduced nonlocality still suffices to achieve a
comparable adiabatic speedup as the full QBCD. These
features significantly ease the challenges of implementa-
tion, making the approach promising for both experimental
platforms and large-scale classical simulations. Finally, we
test the COLD approach in the MAX CUT problem and find
that, even when implemented along optimized annealing
paths, its advantage over local expansion quickly dimin-
ishes with increasing L, whereas the sparsified QBCD con-
sistently outperforms it. In addition, the numerical effort
required by COLD grows rapidly, restricting its applicabil-
ity to very small system sizes (L < 10), at variance with
our approach.

A closing discussion in relation to previous findings
follows in Sec. VL.

I1I. MINIMAL MODEL OF SPIN-GLASS
BOTTLENECK

Consider the quantum many-body Hamiltonian [90]

Jiojoi, (D)
1

L
j=

L
H[M =—-(1— ,\)Zgjx —A
j=1

where A € [0, 1] is the driving parameter, and the chain
has an odd number of sites L = 2¢ 4+ 1, with a periodic
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boundary. We use square brackets to denote the depen-
dence on the parameter A, while we use parentheses for the
other functional dependencies, e.g., of A(f) on time. The
couplings are set to

J, J=4LE+1,

Ji=4-J, =241, 2)
1, otherwise,
where it is assumed
0<J <J<1, J*<J. (3)

From the pictorial representation in Fig. 1(a), it can be
seen that Eq. (1) describes an Ising chain with uniform fer-
romagnetic couplings, except for three weaker couplings
placed in diametrically opposite positions: two weak fer-
romagnetic ones (J) next to each other, and one weaker
antiferromagnetic one (—J’) on the other side. The condi-
tion J? < J' in Eq. (3) is more technical, and is explained
in Appendix B 4.

(@) ¢ -1 2 1 (b)

po1 | O—O 0—0 D-O-D-
O | Eo) = 0
f(-22_f<-2-3" : 20 20+1 9 0 6 0

(c) (d)
O-O-O-® D-O—-D—®
|E|,1>=' |E1,2> =.,_
D-O-0-O [ORORORO
(e)
1( ONORORO ocyoo>
E)=—(® 210 ;
V2T 0000 0-9-0-0

FIG. 1. (a) Ising chain of Egs. (1) and (2). The chain is
L = 2¢ + 1 sites long, with uniform ferromagnetic bonds (green
lines), except for two neighboring, weakly ferromagnetic bonds
(light green lines) and a single antiferromagnetic bond (red line).
The dashed gray line indicates the presence of the Z, reflection
symmetries [Egs. (5) and (A17)]. (b) The ground state at A = 1
(fixing L = 9) has only the antiferromagnetic bond frustrated
(dotted line). The other degenerate ground state with opposite
fermion parity is not shown. (c) and (d) Two degenerate first-
excited states at A = 1 (with L = 9), characterized by only one
weak ferromagnetic bond frustrated (dotted line). Two other
degenerate first-excited states are obtained by flipping all the
spins. (e) The restriction to the even fermion parity sector makes
the ground state nondegenerate and the first-excited manifold
two-dimensional. The positive fermion parity states are obtained
by means of symmetric combinations, as shown here for the
ground state.

The Hamiltonian in Eq. (1) possesses both Z, fermion
parity and Z, reflection parity symmetry,

L
Me =[]0 [MeHAMI=0; )
j=1
HRO-]'QHR = O-gfj+]a [HR’H[)"]] = O’ o = X,y,Z-
(5)

The second one is highlighted with a gray dashed line in
Fig. 1(a). In the following, we focus on the even fermion
parity sector, dynamically accessible from the ground state
atA =0.

A. Simple limits

To analyze the model, we consider the lowest energy
states at the beginning (A = 0) and end (A = 1) of the
driving schedule. At A = 0, the ground state is the prod-
uct state |Eo[A = 0]) = ]_[j(IT)j + |¢>,-)/J§, with even
fermion parity, Ilg |Eo[X = 0]) = |Eo[r = 0]). The first-
excited states are obtained by flipping a single spin.

At A =1, the presence of a single antiferromagnetic
bond in the loop leads to frustration. For 0 <J' < J < 1,
see Eq. (3), the ground-state energy is £y = —(L — 3) —
2J + J’, and the twofold degeneracy is lifted when restrict-
ing to the even-parity sector, yielding the symmetric state
\Ea“ ) The first-excited states correspond to configurations
with a single frustrated bond at j = 2¢ 4+ 1 and energies
E, = —(L — 3) —J/, with symmetric combinations in the
even-parity sector.

The ground state undergoes an exponentially small
avoided crossing with the first-excited state at an interme-
diate value of A, denoted by A.. Its explicit expression is
discussed in Appendix B 4. Across this critical value, the
ground state changes from a dressed version of the states
in Figs. 1(c) and 1(d) (A < A.) to a dressed version of the
state in Fig. 1(b) (A > A.), involving a macroscopic flip-
ping of half the chain. This behavior resembles transitions
found in spin-glass models.

In the remainder of this section, we provide a thor-
ough description of the avoided crossing, correcting minor
omissions in Ref. [90] while preserving the key results.

B. Fermionic representation and reflection parity
symmetry

By means of a Jordan-Wigner transformation, the spin
chain Eq. (1) can be mapped to noninteracting free
fermions, as shown in Appendix A 1. Upon introducing a
Majorana fermion representation and by a further transfor-
mation using fermionic operators accounting for reflection
symmetry (see Appendices A 2 and A 4, respectively), one
arrives at a one-dimensional hopping model with on-site
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potentials at the ends of the chain,

H =230, (r;jr;j+1+r;j+lrgj)

14
=1

J

14
=20=1 32 (P Ty T3y )
j=1

— M, (20T =1) = (1 =) 2T/ T, =1), (6)

where the I operators satisfy fermionic anticommutation
relations and possess reflection parity symmetry,

{TF. T} = 8kws
MRrCETR = £i7,

L5 T =T, T =0, (7a)
rHi=rf. (7b)

These identities make use of the chiral reflection parity
operator I1g, which is discussed in detail in Appendix A 3.
Introducing the vectors

-

N
M= 15 ), r*:(r*), (8)

and the effective single-particle Hamiltonian

T h—1
A—1 0 Ay
Ay 0 a—1

H]= A—1 0 ,}12. ’

Ay

0 A,
e A—1

)

the matrix representation of the Hamiltonian equation (6)
becomes

H[M = 2T PHAID ™ +AJ; + (1 — ). (10)

Thus, diagonalizing H[X] reduces to diagonalizing the
simpler one-particle hopping matrix H[A]. Here, calli-
graphic letters denote operators on this effective space, and
we use |1) for the corresponding single-particle modes.

C. Description of the avoided crossing

Although the matrix H[A] in Eq. (9) cannot be diago-
nalized generally, the entire spectrum can be studied by
a Fourier Ansatz, due to its translational invariance in the
bulk. Thus, the eigenstates must have a plane (or evanes-
cent) wave structure in the bulk, and the on-site potentials
acting on the ends of the chains only affect the bound-
ary conditions, as in the case of a piecewise constant (or
delta-function) potential.

v
NS

1@

FIG. 2. (a) Sketch of the boundary-localized eigenmodes |y ),
|[Yr) of the effective hopping Hamiltonian Eq. (9). (b) Spec-
trum of the hopping Hamiltonian Eq. (9) for £ =8, J = 0.5,
J' = 0.27. The many-body ground state of the I' Hamiltonian in
Eq. (6) is formed by populating all the negative-energy modes
at L = 0 (solid lines) and leaving the positive-energy modes
empty (dashed lines). The two localized modes €. (blue) and eg
(orange) undergo an avoided crossing at A = A.: while eg con-
tributes to the ground state for A < A (continuous portion of
the orange line), it is replaced by € for A > A. (the continuous
portion of the blue line). Since the spatial overlap between [y1)
and |yr) is exponentially small in L, also the gap A, remains
exponentially small according to Eq. (12).

As shown in Appendix B, the spectrum of the effec-
tive hopping model, Eq. (9), is essentially composed of
plane wave eigenmodes. Under the condition J? <.J’,
however, a couple of boundary modes are present [see also
Eq. (B19)]: Y1), localized at j = 0, and |yr), at j = L.
They are characterized by the exponential decay,

Yuj~ e gy ~ e REDR ()

see Fig. 2(a). Their eigenvalues undergo an avoided cross-
ing at & = A. with an exponentially small gap,

_ 1. JA-J%
al _
Apin X e ", a= 3 In o U2 >0, (12)

where A. depends on J and J’; see Appendix B 4. This gap
limits adiabatic driving, since the ground state switches
from [yR) to |y ) across A, [Fig. 2(b)], requiring the trans-
fer of a particle across the chain, i.e., flipping an extensive
number of spins.
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III. COUNTERDIABATIC DRIVING

A. Brief review of counterdiabatic driving

The adiabatic theorem in quantum mechanics states that
the time-evolved state of a system driven by a slowly
varying Hamiltonian H[A(#)] closely follows the corre-
sponding instantaneous eigenstate. A sufficient condition
for adiabaticity is

5 L mAO] R HADO] [n[AO]) |
(Eq[A (D] — En[A()])?

where |n[A(f)]) and E,[A(f)] denote the instantaneous
eigenstates and eigenvalues. If this condition is met, nona-
diabatic transitions between eigenstates are strongly sup-
pressed [43]; see also Refs. [5,6] for refinements and
rigorous bounds. Yet, a perfect adiabatic tracking can
be obtained at any finite driving rate if the dynamics is
generated by the modified counterdiabatic driving (CD)
Hamiltonian [41,42]

Hep(f) =

<1, (13)

HAM®] + 3, - Hi[A (D], (14)
with
Hi[M] = iZ(mn (n| —

—IZZ'm CLLIDY R

n  m#n

(n|dxn) [n)nl) — (15)

where the last equation assumes that the spectrum of
H[A\(1)] is nondegenerate [42]. The first term on the right-
hand side of H;[A] is the generator of parallel transport,
familiar from proofs of the adiabatic theorem. The sec-
ond term, which is diagonal in the instantaneous eigen-
basis, provides the correct Berry phase associated with a
perfectly adiabatic trajectory [91].

The challenge in utilizing the CD Hamiltonian, such as
the one in Eq. (15), comes from the fact that the terms
involved are highly nonlocal and multiple-body, being
|0,n)n| similar in structure to a projector [44]. For this
reason, a growing body of works has investigated the pos-
sibility of truncating the CD Hamiltonian to few-body
local terms, while retaining the suppression of diabatic
transitions [44-47,49,50,67,68]. A convenient framework
for this purpose relies on the Floquet-Krylov expansion of
the CD term [50—52]. Using the equivalent representation

+o0
Hi[] = - / dx e MMy, HaJe ™, (17)
0

with € = 0T, one can expand the integrand in powers of x
and find, upon integration,

H\)=i) jo[H,....[H3H]---].  (18)
n=1 2n—1 times

Here, a, = (—1)"e " is formally diverging, but allow-
ing the «,’s to be free variational parameters, one obtains
a controlled expansion of the CD term with increasingly
nonlocal operators [50]. To fix the parameters «,,, one may
employ a QAOA-inspired procedure, in which they are
updated recursively by using as a cost function the energy
at the end of the driving process [53—55,92], or an a priori
method like the minimization of the action [49],

SHy) = Tr (G'(H)GH)Y)), (19)
where

G(Hy) == dH[AMD] — i[H[A(D)], H1], (20)
with respect to the parameters «,,. We choose to follow the
second route, since it allows greater analytical control and
does not rely on heavy numerical optimization.

B. Approximate counterdiabatic driving for the
spin-glass bottleneck model

Following Refs. [49,50], consider the lowest-order
approximant to the CD term in the Floquet-Krylov expan-
sion. At the first order, the commutator [H 0, H], with H
in Eq. (1), contains terms 01 1 T oio; +1, motivating the
variational Ansatz (Fig. 3),

L

HODI=Y o <0y0 o /+1> 1)

J=1

The coefficients o;; can be found by minimizing the action
[Eq. (19)], as given by Eq. (C17) in Appendix C 2. Going
to the second order, from the computation of the nested
commutator [H,[H, [H, d,,H]]], one determines the varia-
tional Ansatz, H"[A] + H”[A], where

(2) (2] = Zﬂ]( /+] j+2+0 j+10—j+2> (22)

i —ig_y ia; —i; iy,

OSSNSO\
---— = = = = = -—---

lH2j—3 sz—z F2j—1 sz F2j+1 F2j+2 F2j+3

w HO
1

By —if, B

FIG. 3. The local approximate counterdiabatic Hamiltonians
Hl(l) [Eq. (21)] and Hl(z) [Eq. (22)] take a simple form in the I'
free-fermionic representation [Eq. (6)]: they are a longer-range
hopping terms, with fine-tuned coefficients ia; , i; . Higher-order
variational Ansdtze yield a similar structure with longer-range
couplings.
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Again, the coefficients {«;, 8;} can be determined by solv-
ing a2L x 2L linear system of equations [Eq. (C18)]. Gen-
eralizing, one needs to solve a nL x nL linear system for
the nth order term of the Floquet-Krylov expansion. Thus,
for finite n, the CD term can be determined efficiently with
the help of a classical computer.

At all orders of the Floquet-Krylov expansion of the CD
Hamiltonian, Eq. (18), the approximate CD term for the
spin-glass bottleneck model admits a free-fermionic repre-
sentation. The full derivation is reported in Appendix C,
and it leads to

L

1) ==2) G |l +aan]. @3
j=1

L
HODY = =2 f|clea+agu]. @4
j=1

Notice that the CD terms take the form of longer-range
hoppings. A similar longer-range-hopping form is acquired
in the FjjE basis as well; see Egs. (C15) and (C22). Thus,
CD helps the driving by preventing localization with two-
fermion longer-range hopping terms; see also Sec. VI for
further discussion.

IV. RESULTS

Here, we present our main results regarding the behavior
of CD in the quantum driving of the spin-glass bottleneck
model. While the Hamiltonian in Eq. (1) could be stud-
ied fully analytically, the introduction of the approximate
CD terms forces one to resort to numerical methods: the
variational Egs. (C17) and (C18) do not seem to have an
explicit analytical solution in the general case. Neverthe-
less, the simple structure of the model, together with the
mappings to ¢ and I' fermions performed above, allows for
a thorough understanding of the effect of CD on the driving
process.

A. Counterdiabatic driving and gap amplification

According to the adiabatic theorem, adiabaticity can be
preserved upon reducing the driving time, provided that
the gap is increased by the same factor. However, the con-
struction of the CD term outlined in Sec. III A indicates
that CD is more than a mere gap amplification method:
the operators involved are constructed in such a way to
transport a state along its adiabatic path, and they do so
by enforcing parallel transport while accounting for the
corresponding quantum phase. By contrast, catalysts and
gap-amplifying terms just enhance the dephasing due to
highly oscillatory terms eEm=En? for m # n, making the
adiabatic approximation hold to a better degree [23—32].

Notice that using a schedule A(¢) with vanishing deriva-
tive at the endpoints, the eigenstates of Hcp[A(7)], Eq. (14),

coincide with those of H[A(#)] at the beginning (A(0) =
0) and the end (A(T) = 1) of the protocol. Therefore,
when using approximate CD, one can apply the adiabatic
theorem to the dynamics generated by Hcp[A(#)] and try
to infer the success of the driving process from the mini-
mal gap Apincp along the path (by construction, the exact
CD term yields success with probability 1 and this study
would not make sense there). Noticing that the approxi-
mate Hcp depends on the final time 7, one cannot blindly
use the adiabaticity condition to estimate the time Tyq
needed for adiabaticity to hold. Nevertheless, it can be
used to determine self-consistently 7,4, if the dependence
Amincd = Amincp(7) is known.

In Fig. 4, the numerical results for the gap Apincp(7)
of the CD Hamiltonian are shown. The cubic ramp A(f) =
3(¢/T)? — 2(t/T)?, that satisfies 1(0) = A(T) = 0, is used.
From Fig. 4(a), one can see that, for large system sizes
and long driving times, the minimum of the gap remains
exponentially small in the system size: Apincp & e~@cnl

£30.. J=05,J'=0.27
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335599999333..;.fffffffoooooo
a 1074 X Vv feeee
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<1 1076+ **ﬁ;;;,v
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L
(b)
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<f ©000°° ° ..M
0000° .o..
= 107! s00 0000000000007 [ 000 L o
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FIG. 4. Gap amplification from counterdiabatic driving.
(a) For any driving rate, the minimal gap A, cp along the coun-
terdiabatic driving—assisted adiabatic path remains exponentially
small in the system size, both for the first-order [Eq. (21),
filled markers] and the second-order [Eq. (22), empty markers]
variational Ansdtze. The bare minimal gap A, is shown for
comparison with black crosses. (b) The counterdiabatic driv-
ing—assisted gap Amincp, despite being exponentially small in
the system size, is still exponentially larger than the bare gap
Amin: all the log-log fits (lines) are compatible with a growth
Amin,CD ~ AmineC(T)Lp with ¢(T) = a — acp(7).
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FIG. 5. The approximate counterdiabatic driving path displays

a minimal gap Apncp X el (3) Rate acp as a function
of the driving time T: the value of acp (dots) saturates at the
analytical value « in the absence of counterdiabatic driving in
Eq. (12) (solid lines), already for moderately short times. (b) The
approach to the asymptotic value is well fitted by a power law:
o —acp(D) ~ T2

From Fig. 4(b), however, one can notice that A, cp is still
exponentially larger than Ap,, as a function of the system
size L and for every fixed time 7. In other words, acp < «.
Also, there is no appreciable difference in the values of
acp extracted from either the first- or second-order expan-
sions; only the prefactor of the exponential is larger for the
second-order one.

From plots like that in Fig. 4(a), the exponential decay
rate acp Oof Apmincp is extracted for many values of 7,
and the values are reported in Fig. 5. The fits are per-
formed on the first-order expansion gaps; quantitatively
similar results follow from using the second-order expan-
sion gaps. One can see that already the first-order Ansatz is
sufficient to provide an exponential speedup for moderate
driving times, 7' < 25, as acp is substantially smaller than
a. Increasing the driving time, however, acp approaches
a: higher order CD terms would be required to maintain
the same gap amplification.

The conclusion above can be put on quantita-
tive grounds by estimating the adiabatic timescale for
approximate CD with the inverse of the minimal gap,
Taacp ~ Apincp(D- Using  Apinen(7T) = AgeecpDE,
with acp(T) >~ a — §/T? that is shown to hold up to high
precision in Fig. 5(b) (A¢ and § are two fitting coefficients),
one obtains

_ 25L
Taacp ~ Tage BLTaen x Ty <1 B _2) . (25)
Tad

where in the last step we expanded up to first order
the exponential and approximated T,qcp With T,q. One
can see that the solution T,qcp is significantly reduced
for moderate driving times, and it converges to the bare
value, T,q, upon increasing 7. Let us remark that both this
empirical power law and the coefficients are expected to

change in favor of smaller adiabatic times for larger order
expansions.

B. Performance of counterdiabatic driving

Above, the adiabatic theorem was used to predict the
performance of approximate CD. It was found that the gap
remains exponentially small in the system size, with the
relative advantage of CD decreasing for longer protocols.
To quantify more precisely how much CD improves the
adiabatic evolution, we next consider the average number
of bonds violated compared to the final ground state.

As before, a cubic ramp A(?) = 3(t/T)*> — 2(¢/T)>, sat-
isfying A(0) = A(T) =0, is employed. Upon initializ-
ing the system in the paramagnetic ground state of
H[X = 0], we consider the evolution with the approx-
imate CD Hamiltonians H[A()] 4+ A(OHDV[A(0)] (first-
order Ansatz) or H[A(D)]+ AO[HP[AD] + HP[A(D]]
(second-order Ansatz). Because of the free-fermionic
nature of the model under consideration, we evolve the
single-particle operators (c;, cj) or FkjE by means of Bogoli-
ubov—de Gennes equations, and then compute the desired
expectation values at the end of the protocol with the
appropriate contractions; see Appendix E for all the details.
This technique allows one to reach much larger system
sizes, which are needed in the present case to extract the
asymptotic scalings.

The results of our numerical simulations to assess the
performance of the driving are presented in Fig. 6. First,
we compute the kink number in Fig. 6, i.e., the number of
frustrated bonds at the end of the process. It is given by the
expectation value of the operator on the final state

K= (26)

> [1 = signtpoior, .

Jj=1

N —

This is an extensive observable that can be computed
with free-fermion techniques; the details are shown in
Appendix E 3. As shown in Fig. 6(a), the bottleneck of adi-
abaticity is represented by one remaining frustrated bond,
corresponding to the transition |Yg) — |¥). The time
required to anneal this last bond increases with the size
of the system, as indicated by the increasing length of the
plateau of (K)7 = (K)¥ (T). As illustrated in Fig. 6(b), the
effect of CD is more pronounced at fast driving and results
in an excitation suppression that scales extensively with
the system size. The improvement increases with the order
of the variational 4Ansatz, yet addressing the exponentially
small gap remains beyond the reach of low-order schemes
and would necessitate higher-order corrections.

The findings of Fig. 6 are consistent with the KZ pre-
diction for the density of defects formed in a quantum
phase transition [70—74]. The collapse in Fig. 6(b) con-
firms the expected scaling ~ 771+ = 77172 with v =
1 and z = 1 for the transverse-field Ising model. The three
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FIG. 6. Approximate counterdiabatic driving performance
measured by the expectation value of the kink number on the
final state: (K)7 = (K)y¥(T) [Eq. (26)]. (a) The kink number
decreases until it reaches the plateau unit value, corresponding
to a single frustrated bond. A driving time exponentially large in
the system size is needed to make (K)r < 1 and enter the adia-
batic regime. The effect of approximate counterdiabatic driving
is to reduce the kink number at smaller driving times (dashed
lines: first-order Ansatz; dotted lines: second-order Ansatz) with
respect to the bare driving with only the Hamiltonian (solid
lines). (b) Rescaling the kink number with the system size, a
good collapse is obtained at short times, signaling that approx-
imate counterdiabatic driving is improving (K )7 by an extensive
amount. However, the smallest exponential gap remains as hard
to be crossed as for the bare dynamics without counterdiabatic
driving terms.

weak links affect the dynamics only at long times, where
the KZ scaling gives way to a plateau for the defect density.
For fast-driving protocols, deviations induced by approxi-
mate CD terms reproduce the results of Ref. [44]. Overall,
CD improves the performance in the fast-driving regime
but remains ineffective in mitigating excitations across the
exponentially small gap, as discussed in Sec. VI.

V. QUANTUM BRACHISTOCHRONE
COUNTERDIABATIC DRIVING: EXPONENTIAL
SPEEDUP

In this section, we show how the efficiency of the driv-
ing can be improved beyond low-order CD expansions by

canceling ground—first-excited transitions near the critical
point A = A.

A. Comparison to the local approach in the spin-glass
toy model

While earlier Ansdtze required no spectral information,
here we assume approximate knowledge of the spectrum at
a single-parameter point. This resembles reverse quantum
annealing, where an approximate ground state improves
adiabatic performance [93—95]. Unlike many early many-
body CD approaches based on truncating nonlocal terms
[44,47], which can be as costly as full diagonalization,
methods like reverse annealing [93—95] or quantum Monte
Carlo methods [1,96] can provide the needed approximate
spectral data at moderate cost.

The key idea is to target the bottleneck by using approx-
imate left- and right-localized edge states, responsible for
the exponentially small gap, to construct the CD term at the
critical point. Multiplying it by the schedule derivative pre-
serves the spectrum at A = 0, 1 (see Appendix C4). In the
one-particle effective model, Egs. (9) and (10), the QBCD
Hamiltonian is

74QBCD _ l.(‘/fR|aAZ[[)~c]|WL)

(YR) (WLl = [Y) (Yrl],
27

with A. the minimal-gap point, Ay, the gap, and WL,R>
the edge states. This expression, equivalent to ¢ in the
two-level subspace, is reminiscent of the solution to the
quantum brachistochrone problem [97—99], motivating the
term QBCD.

The QBCD Hamiltonian, Eq. (27), cancels exactly the
transition between the ground and first-excited states only
at the gap-closing point; however, it also provides an effi-
cient CD term in the neighborhood thereof. This feature
can be inferred from the results shown in Figs. 7 and 8:
both the gap Aminoscp and the ground-state fidelity are
significantly increased with respect to the bare Hamilto-
nian. Here, the fidelity is captured by the kink number,
since a value K < 1 can arise only from the ground state.
In particular, from Fig. 8(a) one can see that for values of
T for which the bare Hamiltonian exhibits a kink number
plateauing very close to 1, the QBCD term is able to lower
itto (K)7 = 0.5. This implies that the ground state is found
at the end of the protocol with a finite probability of & 0.5,
which is significantly greater than the one found with the
bare protocol.

The effects of QBCD remain remarkably robust against
deviations from the exact critical point A., an essen-
tial feature in realistic settings where noise and fluctua-
tions hinder precise parameter identification and control.
Furthermore, this robustness reduces computational costs
in classical simulations and provides a resource-efficient
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FIG. 7. Gap amplification from the quantum brachistochrone

counterdiabatic driving term [Eq. (27)]. Comparing with Fig. 4,
one can see that HBCP ig able to significantly enlarge the min-
imal gap on the adiabatic path for all system sizes and driving
times.

route to approximate local CD protocols on quantum hard-
ware, particularly when suitable truncations are applied
[100,101].

To demonstrate this, we vary the analytically obtained
critical point A* (Appendix C4) within [0.851%, 1.1517]
and study the behavior of the minimal gap. We also per-
form a purely numerical search for the ground-state gap
and eigenstates using only 40 sampling points and vary A,
within the same interval in this approach. This requires far
less computational effort than simulating the full QBCD
protocol, yet captures the ingredients needed for its con-
struction. As shown in Fig. 9, the gap at the critical point
preserves its polynomial decay with the system size L

J=0.5,J =0.2501
101 4

/E‘\ 100_
S
1071+ (=8 — (=20
(=12 — (=24
— (=16 — (=28
1072 T - .
10° 10 107 10 10*
T
FIG. 8. Performance of the driving assisted by the quantum

brachistochrone counterdiabatic driving term [Eq. (27)]. The
expectation value of the kink number on the final state plateaus
for intermediate driving times, but the actual value of (K)r is
reduced when employing HlQBCD (dashed lines) with respect to
the bare evolution (solid lines).

o] T J =0.26
8 072y T
/M
g
E‘ 73
410 y R
—e- 0.925), = L1, Tl T,
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FIG. 9. Robustness of the minimal-gap scaling against devia-
tions between the applied quantum brachistochrone counterdia-
batic driving Hamiltonian and that taken exactly at A.. The red
dashed lines correspond to the approximate analytical results,
while the blue dotted lines follow from a purely numerical
approach. The black solid line corresponds to the analytical
approach at A, = A}. The curves clearly indicate a polynomial
decay rather than an exponential one.

up to ~10% deviations from A.. Interestingly, for ana-
lytically approximated QBCD, the minimal gap can even
increase slightly under small shifts, while for larger devia-
tions (e.g., A, = 1.1251%), the numerical construction still
outperforms local expansions by two orders of magnitude
for system sizes up to L = 600. Thus, constructing QBCD
from approximate spectral data is sufficient to realize an
exponential speedup of adiabatic time scales across an
exponentially small gap.

Finally, let us investigate the efficiency of the variational
and QBCD approaches presented from the perspective of
energy resources. Although reducing external resources
is essential for experimental realizations [102,103], the
energetic costs determine the speed at which the assisted
process can stay adiabatic [104,105]. The Hilbert-Schmidt
norm of the Hamiltonians, defined as |H,||*> = Tlr[HlJr Hi],
provides a natural measure to quantify the cost of CD
[44,51,52]. It can be shown (see Appendix D) that the
energy costs of the low-order expansions grow as

2
[~ 1 (28)

for the first- and second-order variational expansions,
respectively. The QBCD exhibits more favorable features
(Appendix D), as its norm is bounded in the leading order
with L,

| HOEP|* ~ o). (29)

This fact is a consequence of the exponentially localized
nature of the two single-particle states involved in the
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FIG. 10. Energetic cost of implementing the counterdiabatic
terms, as measured by the average Hilbert-Schmidt norm of the
Hamiltonian along the driving path. While the first- and second-
order variational terms have a cost that grows with the sys-
tem size, the quantum brachistochrone counterdiabatic driving
approach of Eq. (27) converges to an L-independent value.

avoided crossing and their appearance both in the gap and
the transition matrix element.

To also incorporate the time dependence in the com-
putation, in Fig. 10, the quantities l/TfOTdt||H1||2 are
presented. It is clearly demonstrated that ||H1(1)|| and

||H1(2)|| increase with the system size, while ||H<BCP||
remains independent of L up to the leading order. Thus,
not only does the QBCD approach achieve significantly
larger fidelities to the target state, but it does so in a
resource-efficient way.

We stress that the model’s specific features and free-
fermion representation were used primarily to access large
system sizes; compare numerical constructions with ana-
Iytical approximations, and evaluate energetic costs. As
we show in the following subsection, QBCD retains its
efficiency in more realistic spin-glass models.

B. QBCD in the 3-regular MAX CUT problem

Motivated by the efficiency of the QBCD approach
in the minimal spin-glass bottleneck, we now consider a
more realistic NP-hard problem, the 3-regular MAX CUT
[106,107], to assess QBCD in a practical setting. The 3-
regular MAX CUT problem describes the optimization task
of dividing a 3-regular random graph into two subgraphs
such that the number of connecting edges is maximal.
The solution for a given graph is equivalent to finding the
ground state of the following Hamiltonian:

M 146707

Hp=3 —2, (30)

c=1

where ¢ denotes the edge connecting the two spins that rep-
resent the vertices of the graph. Edge configurations are
distributed uniformly so that all spins appear in exactly

three interaction terms without repetition, ¢ # ¢;, imply-
ing a total M =3L/2 number of quadratic terms. In
Ref. [106], it was shown that the ground-state energy gap
of MAX CUT exhibits an exponential decay even for inter-
mediate system sizes, L = 8§, ..., 18 for problem instances
with twofold ground-state degeneracy. Correspondingly,
we also restrict the exposition to these instances and con-
sider the time evolution initiated from the fully paramag-
netic ground state governed by the Hamiltonian

L

L
H(®) = —AZ% —(1-0> o, @D
c=1 j=1

where the time dependence of the linear protocol was
omitted for brevity, A(¥) = t/T, t € [0, T].

First, we investigate the efficiency of the local vari-
ational expansion. Similarly to Sec. III B, we consider
two- and three-body terms in which all interactions are
restricted to spins connected by the graph edges. Allow-
ing also for all local couplings to be optimized, the first-
and second-order CD corrections read

M
H =" au(o7 o), + 07 07), (32)
c=1

cree crrer’e

M
HY = 3 S Pec (00,05,0) +04,0505)- (33)
1

c,c'=

In the second-order expansion, H 1(2), three-body terms run
over connected spins in the interaction graph of the MAX
CUT problem, indicated by the constraint Sey et and the
adapted order of indices, ¢; < ¢; = ¢} < ¢). The corre-
sponding minimization equation for the first- and second-
order expansions can be found in Appendix F.

To assess adiabaticity for system sizes L = 6,..., 18,
we consider both the ground-state gap and fidelity. As
shown in Fig. 11, the variational approach can amplify the
gap only by a constant factor, even for short driving times,
T = 2 (with adiabaticity completely broken down due to
excitations to higher energy modes), which is slightly more
pronounced for the second-order expansion compared to
the slow decay in the bare process; see Appendix G. The
final ground-state fidelities show even weaker gains: for
slow protocols, there is minimal improvement, while for
faster processes, fidelities can drop below those of the bare
evolution (Fig. 12). In contrast to this modest gap ampli-
fication and limited fidelity gains observed, QBCD retains
its efficiency and robustness in these more realistic spin-
glass models, similarly to the minimal spin-glass bottle-
neck. In particular, the QBCD Hamiltonian is constructed
using the ground-state gap, A, and the many-body ground
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FIG. 11. Ground-state energy gaps for the MAX CUT problem
without counterdiabatic driving, with first-order and second-
order local expansions (dotted lines), and with the sparsified
quantum brachistochrone counterdiabatic driving (solid lines).
Local methods yield only a constant-factor improvement over the
exponentially small gap of the bare protocol, as shown for short
driving times (7 = 2). The sparsified quantum brachistochrone
counterdiabatic driving leads to exponential gap amplification
across all timescales (7 = 2, 5, 20, 80).

(]GS)) and first-excited states (|ES)) near the critical point,

Hggcp
HIE

= —iw (IES)(GS| — |GS){(ES]). (34)
The approximate knowledge of these quantities is obtained
via the same purely numerical procedure employed for the
minimal spin-glass model, based on a search over only 40
parameter values.

To improve its practicality, we sparsify the QBCD
Hamiltonian by retaining only the L(L 4 1)/2 largest
matrix elements, matching the density of the quadratic
local expansion. Although the exact QBCD construction
involves only two states, selected out of the ~4 possible
energy level pairs of the full CD driving, the sparsification
further reduces its nonlocality exponentially, enabling a
practically realizable approximate implementation through
controlled truncation. This truncated scheme substantially
alleviates the resource demands of current local CD pro-
tocols and can facilitate the efficient realization of higher-
order CD expansions on quantum devices. Moreover, the
computational cost of constructing this sparsified QBCD
Hamiltonian grows only polynomially with the system
size, making it accessible for classical large-scale algo-
rithms as well [108,109].

The sparsified QBCD is tested via the ground-state gap
and final fidelity. As shown in Fig. 11, the gap is expo-
nentially amplified, decaying only approximately poly-
nomially even at intermediate driving times (7 = 5, 20)
and approaching the bare behavior near fully adiabatic

Fidelity

FIG. 12. Ground-state fidelity for the MAX CUT problem. Com-
parison of the second-order local counterdiabatic driving (dashed
lines) and no counterdiabatic driving (dotted lines) approaches,
with the sparsified quantum brachistochrone counterdiabatic
driving method (solid lines). Local strategies offer negligi-
ble improvement even in slow processes, while the sparsified
quantum brachistochrone counterdiabatic driving achieves finite
fidelity already at short driving times, where the other methods
yield exponentially small values.

timescales. Correspondingly, the final fidelity remains
finite at short driving times (7' = 1, 5), whereas the vari-
ational approach yields exponentially small fidelity except
near adiabaticity, highlighting that sparsified QBCD simul-
taneously amplifies the gap and preserves high fidelity
even far from the adiabatic regime. Thus, our results
demonstrate that sparsified QBCD pinpoints an expo-
nentially small nonlocal fraction whose inclusion alone
suffices to achieve exponential speedups. Although extrap-
olation to significantly larger system sizes remains chal-
lenging, the underlying key microscopic mechanisms indi-
cate that comparable performance may also extend to a
broader range of instances.

We also compare the performance of the sparsified
QBCD and the local expansion with the COLD approach
[68]. Within this scheme, one introduces an additional
local operator, O (¥, 1), to the problem Hamiltonian with
optimizable additional parameters,

Hcorp(t,y)
M L
1+ 070>
=1 2—1 — = > 07 + Oop(1, 7).

=

(35)

Following the strategy of Ref. [110], we choose Oy (t, )
as the second-order nested commutator Oy (t,y) =
y W sin2rwd) [Ho [Hy, Holl + vy sin(2m &) [Hy [H), H],
providing a more efficient annealing path by extend-
ing the total Hamiltonian with the even nested commu-
tators. The time- and parameter-dependent coefficients,
y12 | are subjected to further optimization within the
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local CD expansion framework, where the final fidelity of
the evolved state serves as the objective function. Since
the double commutator structure will contain terms like
[H() [Hl,H()]] ~7ZXZ+ X and [H1 [H],Ho]] ~YY+ ZZ,
the general form of the local CD expansion up to cubic
terms matches that of Eq. (33),

@  _ § z _y y _z
HCOLD - 2% (OCI 002 + Gcl Ucz)
C

M
y
+ ) Sey) Peer(07,02,0, +07,05,07). (36)
1

c,c'=

The minimization principle is written in terms of this local
CD term, together with the optimizable operator,

G(H((ZZO)LD) = 0,H () + 0, Oopi(t, ¥)

- l[H(t)aHé2O)LD] - i[Oopt(la }’)’H((ZZO)LD]
G37)

The corresponding trace minimization and the result-
ing system of equations for the sets of «. (A,t, ) and
Beo (A, t,p) are detailed in Appendix H. To perform the
numerical optimization, we employed MATLAB R2023’s
built-in genetic algorithm to search for the optimal set of
Fourier coefficients y(1:» that maximizes the final fidelity.
The optimization was repeated 100 times to ensure the
convergence of the results. As a first clear sign of the infe-
riority of the COLD approach compared to the QBCD,
the procedure proved to be computationally demanding,
restricting our analysis to systems with up to L =10
spins—only almost half the size studied in the QBCD
framework, which already exceeded the QBCD running
time by several orders of magnitude for the largest sys-
tem sizes. Despite these constraints, our setting already
surpasses that of Ref. [68,110], by using twice the num-
ber of spins, allowing for a more systematic exploration of
its performance in spin glasses. These results consistently
show that even modest extensions of local CD meth-
ods rapidly incur severe computational bottlenecks while
providing only marginal benefits in maintaining adiabatic-
ity near the critical point, reinforcing the conclusion that
QBCD offers a far more practical and scalable route for
larger systems.

Furthermore, we benchmarked the COLD method
against the sparsified QBCD protocol and the second-order
local CD expansion, Eq. (33), using the final ground-state
fidelity for L = 6, 10 spins averaged over 10 random graph
instances. As shown in Fig. 13, COLD benefits from its
variational optimization at intermediate and long anneal-
ing times. For small systems, COLD can get close to
the sparsified QBCD method, but this advantage dimin-
ishes with increasing system size due to stronger spin-glass
effects and additional diabatic transitions. QBCD, in con-
trast, maintains near-unit fidelity in the modest driving
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FIG. 13. Fidelity as a function of the driving time for the spar-

sified quantum brachistochrone counterdiabatic driving, coun-
terdiabatic optimized local driving approach, second-order local
expansion, and for the bare process, for various system sizes. (a)
Even for L = 6 quantum brachistochrone counterdiabatic driv-
ing provides a sizable improvement at intermediate times. (b)
For L =10 even close to adiabaticity, the quantum brachis-
tochrone counterdiabatic driving clearly outperforms the coun-
terdiabatic optimized local driving, while the latter gets closer to
the second-order expansion and the bare process results.

regime (7 < 15) by capturing global features and sup-
pressing nonlocal corrections, consistently outperforming
local CD approaches.

Finally, we compare the energetic requirements of the
local CD expansion with those of the sparsified QBCD,
by studying the system size dependence of the Hilbert-
Schmidt norm, similar to the minimal spin-glass model
(Sec. V A). As demonstrated in Fig. 16, for the MAX CUT it
implies the following scalings:

WH"|P ~L and [|HP|]? ~ L2, (38)
By contrast, the sparsified QBCD displays a much slower
growth, following approximately a linear slope for L < 20,
owing to the exponentially reduced nonlocality and the
finite deviations from the exact critical point (see Fig. 16
as well). While the divergence of the energy denominator
is significantly weakened by the finite deviations from the
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critical point in the approximate numerical construction,
the numerator itself becomes exponentially small. This
suppression stems from the sparse structure of 9, H, the
eigenstates, and their overall normalization factor scaling
as ~27L. Although the scaling is only approximately lin-
ear, the underlying microscopic mechanisms indicate that
such moderate growth is a comprehensible scenario for
larger systems. Taken together, they demonstrate that spar-
sified QBCD not only avoids the critical-point divergence
but also achieves a more favorable energetic scaling while
still retaining its efficiency in overcoming spin-glass bot-
tlenecks. This further demonstrates how QBCD provides
an avenue for approximate CD, facilitating implementa-
tions that place substantially lower demands on external
resources through systematic truncation.

C. Demonstration on the 3-regular 3-XORSAT

Finally, we test the QBCD method on the 3-regular
3-XORSAT, an optimization problem whose solutions cor-
respond to the ground state of a spin-glass Hamiltonian
with three-body interactions. In particular, the 3-XORSAT
problem can be formulated in terms of linear equations
modulo 2 with each of them containing three variables with
the constraint that each variable appears in exactly three
equations without repetition,

15N

‘x=y (mod2). 39)

Here 4 is an L x L matrix with each row containing only
three nonzero elements corresponding to the prescription
of the problem. As the possible outcomes can only be 0 or
1, the assigned variables can take the same values as well,
x; = 0, 1. The corresponding Hamiltonian is given by

M1+Jcrac7

Ccl Cc)cC3
Hp =3 ——— =, (40)

c=1

with alternating randomly as J. = +1 and with M = L.
Following the strategy of Refs. [11,106] we only consider
such instances where the ground state is nondegenerate,
allowing for a better characterization of the energy gap
at the critical point. In these instances, one can drop the
alternating coupling constant, J. = 1. The corresponding
quantum annealing Hamiltonian is written as

H(f) = —) Z

cl C2 C3

g —,\)Zo (41)

exhibiting an exponentially small gap around A. = 1/2,
where exponentially long driving times are required to
reach near-adiabatic dynamics. To this end, we probe the
performance of both the sparsified QBCD Hamiltonian and
the first-order locally optimized variational CD Ansatz by

the ground-state fidelity and the minimal energy gap at the
critical point. The first-order CD expansion is given by

(1) y y
E o (crqaczcrc3 + 061062%3 + aqaczcrq)
(42)

for which a similar system of equations can be derived
based on the variational principle as in the case of the MAX
CUT problem (see Appendix I).

Within the QBCD approach, we follow the same
strategy similar to the previous subsection, Eq. (34) and
determine the minimal gap, A and the corresponding
eigenvectors, |GS) and |ES) with a mesh of solely 40
points. Finally, the full QBCD was also sparsified to
the same density as that of the leading order local CD
expansion [Eq. (42)].

We again use the ground-state gap and final fidelity
to assess adiabaticity. As shown in Fig. 14, even for
short annealing times (7 = 5), the local expansion ampli-
fies the exponential gap decay only by a constant factor.
In contrast, the sparsified QBCD achieves exponentially
larger gaps with approximately polynomial decay, even
for longer times (7' = 10, 20, 80), with its effect disappear-
ing only once adiabaticity is reached in the bare process.
Further details are shown about the relative gap amplifi-
cation in Appendix G. Similar trends hold for the final
fidelity (Fig. 15): at short times (7 = 2), QBCD signifi-
cantly outperforms both the local expansion and the bare
process, even when the latter runs much longer (7 = 40).
In this regime, QBCD fidelities remain near unity, while
the local expansion and bare dynamics still show exponen-
tial decay (see Fig. 14). Overall, the results for the XORSAT

10°
g 1
I
410
1072 .
6 8 10 12 14 16 18
L

FIG. 14. Ground-state energy gap for the 3-XORSAT model.
Local counterdiabatic driving expansion shows only negligible
amplification even at short driving times (orange squares) 7 = 5,
compared to the bare process (red line). The sparsified quantum
brachistochrone counterdiabatic driving exhibits an exponential
amplification of the gap, as long as adiabaticity is not reached in
the bare process.
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FIG. 15. Ground-state fidelity for the 3-XORSAT problem. The

first-order local counterdiabatic driving method yields a slower
exponential decay at short driving times, but its advantage dimin-
ishes as the system approaches the adiabatic regime, where no
significant improvement is observed. In contrast, the sparsified
quantum brachistochrone counterdiabatic driving exponentially
enhances the fidelity across all timescales, yielding finite val-
ues already at 7 =2 and approaching near-adiabatic fidelity
for longer processes (T = 5,20,40). Solid lines refer to quan-
tum brachistochrone counterdiabatic driving, dashed lines to
first-order counterdiabatic driving, and dotted lines to no coun-
terdiabatic driving.

model further reinforce the conclusions drawn from the
case of the MAX CUT, highlighting both the efficiency and
the prospects of the sparsified QBCD to boost currently
realizable CD strategies.

Closing this subsection, we perform the analogous com-
parison of the local CD expansion and the sparsified
QBCD for the XORSAT model in terms of energetic
requirements. In this case, the Hilbert-Schmidt norm of the

v
A Max Cur HBCD vy °
2 [
v Max Cutr H{ ) v -
o A XORSAT HQBCD v o -7
%1014 1 o -~
i 10 ® XORSAT Hf ) v T~ I?
= o~
S o v -7 A
= - A
~I g 4 __-
v N A A" T,
® A Lo -
A __oemmm"TT
A
10! 2 x 10!
T

FIG. 16. Energy costs of the second- and first-order local
counterdiabatic driving expansions of the 3-XORSAT and MAX
CUT problems quantified by the Hilbert-Schmidt norms growing
approximately as ~ L2, in agreement with Egs. (38) and (43).
On the other hand, the sparsified quantum brachistochrone
counterdiabatic driving exhibits a much smaller norm growing
approximately linearly for the accessible system sizes.

second-order CD term scales as

IHP1P ~ L2, (43)
as shown in Fig. 16. The sparsified QBCD exhibits a sim-
ilar trend to that observed for the MAX CUT, with a slightly
faster yet still subleading growth. This parallel energetic
scaling further illustrates the MAX CUT results, showing
that sparsified QBCD significantly alleviates energetic
demands for implementation.

VI. DISCUSSION

In this study, we explored how quantum adiabatic
dynamics can be enhanced to overcome spin-glass bot-
tlenecks using various approximate counterdiabatic (CD)
driving schemes. Specifically, we examined the variational
local expansion and its improved version known as COLD.
We also introduced a new scheme—QBCD—which
focuses directly on the bottleneck region while relying
only on the approximate knowledge of an exponentially
small fraction of the full CD at a single-parameter value.
First, we tested the local expansion approaches on an
exactly solvable minimal spin-glass toy model described
by an Ising chain admitting a free-fermionic description
[90]. This model provides a valuable testbed with an
exponentially small gap and two macroscopically distinct
degenerate ground states. Its solvability gives access to
larger system sizes and the extraction of asymptotic scal-
ings, while the key ingredients and the level of efficiency
observed here are further demonstrated in spin-glass mod-
els. To this end, we employed the variational principle to
construct two- and three-body CD terms from the Floquet-
Krylov expansion, which can efficiently be simulated on a
classical computer [49,50] and has also recently been real-
ized on quantum hardware [100,101,111]. A key finding
is that, while these CD Ansdtze can exponentially amplify
the size of the minimal gap, it remains exponentially small
in the system size L, and the final ground-state probability
is of the same order of magnitude for times shorter than
~ e*t, with « given in Eq. (12).

Our analysis highlights key features of CD of frustrated
spin systems. First, from the gap characterization in Sec.
IV A, it can be inferred that CD can amplify the gap expo-
nentially in the diabatic regime, and thus substantially
reduce the diabatic transitions. However, reaching the
regime of driving times where diabatic transitions come
solely from the exponentially small ground-state gap, the
first two CD terms provide negligible improvement (see
Fig. 6) and higher-order expansions are required. On
the other hand, slowing down the driving schedule also
reduces the overall strength of the CD term, given the d,A
prefactor in Eq. (14). These features prevent the construc-
tion of an effective local CD term that ensures adiabatic
dynamics in the presence of exponentially small gaps
between frustrated energy levels.
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In this context, CD techniques, including the variational
formulation [49-51], aim to keep the evolved state close
to the instantaneous ground state. In our simple model, a
single transition spans the entire effective chain, Eq. (9),
meaning the state must be adjusted nonlocally to follow
the changing ground state.

As an alternative approach, we introduced the QBCD
Hamiltonian in Sec. V, which shares the structure of the
Hamiltonian for the time-optimal evolution in the quantum
brachistochrone problem for the corresponding localized
edge states. The QBCD Hamiltonian employs only an
exponentially small fraction of the full CD at a single-
parameter value, focusing exclusively on the ground and
first-excited states around the critical point. With the help
of it, the success rate of the protocol increases from a
vanishing probability to almost 0.5, as indicated by the
average final kink number. While implementing nonlo-
cal, multibody interactions on quantum hardware remains
challenging, QBCD shows that even an exponentially
small fraction of the full CD Hamiltonian can suffice for
exponential speedup: approximate knowledge at a single-
parameter point is enough, and the scheme remains robust
near the critical point, drastically alleviating implemen-
tation complexity. The constant energetic cost of QBCD,
in contrast to the diverging ones in the local expan-
sions, further underscores its practical advantages, paving
the way for experimentally feasible and resource-efficient
CD expansion schemes in both quantum and classical
simulations.

In the second part of the paper, we examined how our
findings extend to two realistic spin-glass models asso-
ciated with NP-hard problems, namely the 3-regular MAX
CUT and the 3-XORSAT problems. These models exhibit an
exponentially small gap already at system sizes L 2> 10,
accessible by classical numerical simulations. Specifically,
the 3-XORSAT problem extends the validity of our results
to cubic spin-glass Hamiltonians. Due to the limitations
in accessible system sizes, we used the final ground-state
fidelity—rather than the excitation density—as a measure
of adiabaticity, alongside the minimum gap. Our results
show that local CD expansions have a similar efficiency
as in the minimal spin-glass model. They yield only mod-
est improvements outside the adiabatic regime: the gap
is amplified primarily for fast quenches where, however,
excitations to higher energy states break down adiabaticity
completely. On the other hand, gap amplification termi-
nates for slightly shorter driving time scales than those
where the bare process fidelity starts to depart from zero.
At the same time, for intermediate and slow annealing
times, the fidelity under local CD driving preserves the
same exponential decay with system size as in the bare
dynamics, and thus no significant gains are obtained in this
regime.

For the QBCD method, we introduced an enhanced,
sparsified version that matches the density of the local

expansions. Our findings show that exponential speedup
across an exponentially small gap can be achieved with
only an exponentially small nonlocal contribution from
the already substantially reduced full CD term at a single-
parameter value, with persistent efficiency under finite
deviations from the critical point. In this sparsified scheme,
only a polynomially sized subset of eigenstate compo-
nents needs to be retained, and the ground-state gap
can be efficiently approximated using advanced large-
scale numerical techniques such as quantum Monte Carlo
methods [1,96] or reverse annealing [93—95], substan-
tially lowering computational resources and facilitating
large-scale classical implementations [108,109]. From the
viewpoint of quantum-device implementation, the con-
trolled truncation of the residual nonlocality guides the
construction of approximate local CD terms with dras-
tically reduced resource-requirements, enabling higher-
order CD expansions on near-term quantum hardware
[100,101,111].

Finally, we also compared the efficiency of the COLD
approach with the local expansion and the sparsified
QBCD in the MAX CUT problem. Although it provided
a noticeable improvement over the local expansion, its
performance remained consistently inferior to that of the
sparsified QBCD. Even for small systems (L = 6), spin-
glass effects already reduce the efficiency of COLD below
that of QBCD, and its numerical implementation proved
challenging even at modest sizes (L < 10). As L was
increased and spin-glass effects became stronger, the per-
formance of COLD converged to that of the second-order
local expansion. This highlights both its limited impact and
the substantially higher computational costs compared to
QBCD.

This combination of results suggests that the challenge
of traversing exponentially small gaps in these spin-glass
problems is primarily of entropic rather than energetic ori-
gin [112]. In other words, overcoming the bottleneck does
not require access to strong control fields but rather a min-
imal amount of information about where and how to steer
the quantum state. This perspective further highlights the
practical value of methods like QBCD, where even a small
fraction of nonlocal terms is enough to achieve efficient
evolution.

Our further results on the Hilbert-Schmidt norms in the
spin-glass models demonstrate that sparsified QBCD is
drastically less resource demanding than the correspond-
ing local CD expansions. In both the MAX CUT and XORSAT
cases, the unfavorable polynomial growth of local CD
expansions is replaced by a far more benign scaling under
the sparsified QBCD. This improved behavior arises from
the reduced nonlocality and the sparsity of both 9, H and
the eigenstates, which together suppress the divergences
that make the norm of the exact QBCD diverge at crit-
ical points. Taken together, these results further support
the notion that controlled truncation in sparsified QBCD
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can facilitate more resource-efficient implementations of
approximate CD, providing a natural pathway to higher-
order expansions.

Accordingly, while exploring alternative strategies
beyond a priori action minimization remains an interesting
direction, our results—and the preceding discussion—
suggest that concentrating on progressively improving
approximate implementations of QBCD may ultimately
be more effective for overcoming bottlenecks. Approaches
based on the integration of CD Ansdtze with optimal con-
trol methods—such as QAOA [53—56]—optimize control
fields iteratively using only the final state reached by the
dynamics [68]. However, these methods often suffer from
limited analytical transparency and can be hampered by
complex control landscapes and barren plateaus [113—
116]. In contrast, the sparsified QBCD already demon-
strates significant improvements and points toward a more
efficient approximate implementation using experimen-
tally accessible resources. Building on these advantages,
future work could combine QBCD with complementary
strategies, such as reverse annealing [93-95], bias fields
[78,117], Lyapunov control [58,59], quantum Monte Carlo
methods [1,96], or targeted control engineering near criti-
cal points.
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APPENDIX A: FREE-FERMION
REPRESENTATION OF THE HAMILTONIAN

1. Jordan-Wigner transformation and Dirac fermions

Start from the Hamiltonian equation (1). By applying a
set of one-qubit gates,

U= L (Al)
B ﬁ 1 1)’
by virtue of the identities
Uo*U'=—6°, Us’U'=6", Us’U'=6", (A2)
one can rewrite equivalently
L
Hp =Y [—)\Jj&f(?f“ +(1— )\)&;] . (A3)
j=1

Tildes are used to distinguish the two sets of Pauli matri-
ces for later convenience. This form of the Hamiltonian
is amenable to a Jordan-Wigner transformation, mapping
spins {6;} to Dirac fermions {c_*,,c;} by means of the
following identities:

A ) N B N 2 =z ot
Gr=e in jcj, 5; —ei7 ici, O‘jZ—ZCjCj -1, (A4)
where the string operator X; in the exponent reads
j—1
T =Y cler. (AS)
k=1

Another possible way of writing the transformation is

j—1 j—1
d=I1(=60)5". o=[1(-6))57.  (a6)
k=1 k=1

Then, the fermionic vacuum |0.) corresponds to spins pos-
itively aligned along x-axis in the original basis (|0.) =
|—)), and the fully occupied fermionic state corresponds
to the spins antialigned along x-axis (|1.) = |<)).

Applying the Jordan-Wigner transformation to Eq. (A3), one finds

L

>[-

H[A]

j=1

~

L

> |-

—

J
Jj

J J

~

2 (e_iﬂzf cj+eiﬂ2jcj) (e_mzf‘rlcj+1+ei”2f+1cj+1> + (1 —A) (20}0] — 1)]

(A7)

J

S i imel o irele:
<cTe"“f Gl eI e T, e e c,+1) +2(1 - ,\)cjcj} — (1= 1)L (AS8)
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= Z [—A.]j (C}¢;+1+C;Cj+l — cjc]TH—cjch) +2(1 — A)cjcj] — (1 =X)L

Jj=1

The Hamiltonian is manifestly a quadratic form in the cre-
ation or annihilation operators. In order to fix the boundary
conditions, one needs to look back at the original Hamilto-
nian Eq. (1). In terms of the spins, the boundary conditions
are periodic: 0, = o;. However, for the fermionic oper-
ators, it holds ¢;,; = +¢; or ¢j4; = —c; depending on
whether there is an odd or even number of fermions,
respectively. Since the initial state (ground state at A = 0)
is the fermionic vacuum |0,.), the correct sector to take is
the even one.

In order to simplify things, we will not use the rela-
tion ¢;;, = —c;, but equivalently use ¢;,; = ¢; and flip
the sign of the last coupling J; — —J;, while still working
within the even-parity sector. In order to keep track of this
change, we use tildes,

. J
J;, =1

Therefore, the Hamiltonian reads

ifj # L,

A10
ifj = L. (A10)

H[M] =

M~

i T T
[—XJJ (cjcj+1—|—cj Cil = CjCjy1—CiCiyl
1

-
Il

+ 231 —,\)cjcj] — A -WL (A11)

Il
M=

[_)‘jj (Cj - Cj) (Cjﬂ +Cf+1> +2(1 —A)C;Cj]

.
Il
—_

— (1= M)L. (Al12)

Notice that if any operator (different from the Hamiltonian)
has terms coupling ¢, with ¢y, also there the sign must
be flipped. We will use tildes to remember this fact.

2. Majorana fermions

From the Dirac fermion representation {c,-,cj}jLzl, one
can pass to an equivalent Majorana fermionic representa-
tion {y»; _1, ¥ }_14:1 by effectively doubling the length of the
chain. The defining relations are

1 i
— ) f Y P
Vaj-1'1= ﬁ (cj +cj>, Vo = NG (cj c_‘j),
(A13)
and the inverse transformation is
S Y- 11y V21— iy (Al4)

i 5 ¢ = s
! V2 ’ V2

(A9)

(

leading to anticommutation relations

(Ve e} = Sk (A1)

The Majorana representation is shown pictorially in
Fig. 17(a). One can rewrite the Hamiltonian as

L
H[A = =2i Y [Miyyva41 + (1= Dy ] -

j=1
(A16)

The boundary conditions inherited by the Dirac fermions
entail y;ip; = —y, (even-parity sector) but, as stated
above, we are employing yx42; = ¥ and the flipped cou-
plings J Iz

3. Reflection parity symmetry

The Hamiltonian equation (1), and thus its Majorana
representation [Eq. (A16)] is odd under the chiral reflection
parity symmetry I1g, defined by

TrYeIIR = Yar—k+1- (A17)
(a) Cy C C ('4 Cs (b) r]i r%
971 BV M5 BV Mo W
~.NJ’z 74 7/6—-—'—7—8 Yo v \..1% —————— .
FIG. 17. (a) Majorana representation of the chain for L = 5.

Each Dirac site is doubled into two Majorana sites, according to
Eq. (A13), and thus the length of the Majorana chain becomes
2L (i.e., 10 in the picture). Notice that the sign of the coupling
Ji. between the first and last Majorana fermions is flipped to take
into account the even fermionic parity; the bond is dotted in the
figure to highlight the fact. (b) Symmetrized Dirac representation
of the chain. Each Majorana operator y; is coupled with its sym-
metric partner y»;_j+1, according to Eqgs. (A24): in the picture,
this is shown as a color-code matching of the sites. The chain
goes back to a length of L because the sites to the right of the
symmetry cut (dashed gray line) become redundant.
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Indeed, the couplings satisfy J; = J;_;, and one can write

L
MrHTIR = —2i Z (M var—aj1721—27 + (1 = D yar—aj2¥ar—2j+1] (A13)
=1
L
=-=2i Z (M L var—ajr1van—2 + (1 = Myar o 12var2j41] (A19)
=1
-1
= =2 Y [Miyaprya + (L= Dyagaya ] = —H. (A20)
1=0

In the first line, the operator Mg was applied on the y’s; in the second line, J 7 was exchanged with J 1 in the third line,
it was set/ := L — j. H is odd under the reflection parity I1g, thus Iy is a chiral symmetry for H [118].
Before moving on, it is interesting to express the chiral reflection parity symmetry also in terms of the Dirac operators,

~ o~ ~ Y21 — 1Yy ~ VaL—2j+2 — iYaL-2j+1 4
Tre, Mg = Mr 2 7 I Tg = ! 7 T = —ic; i1 (A21a)
~ g ~ V-1t iy ~ VoL—2j+2 T iVar—2i+1 .
HRC- HR = HR R = = IC1—j+1, (A21b)
/ NG NG “
which shows that ﬁR also exchanges particles and holes. In terms of the spin operators, it holds instead
ﬁRO.';CﬁR = —ﬁR(;}ZﬁR = —ﬁRQ;LCj ﬁR = _iCL—j"Fl(_i)cz—j+lzczfj+ch—j+l = 6'If—j+1 = _O.Iic—j+1’ (A22)

while ﬁRO'jZ ﬁR involves also the transformation of the Jordan-Wigner string. Thus, the chiral reflection parity symmetry
is nonlocal in the spin representation of the Hamiltonian.

The nonlocality of Ik in the spin representation is “dual” to the nonlocality of ITr in the fermionic representation.
Indeed, the presence of the Jordan-Wigner string entails the transformation rules,

j-1 j-1 L—j+1
e, g = Tg l_[ Uk o; g = l_[ (_ULZ—k—o—l) U[—j+1:(_1)NF 1_[ (_‘71?) O i1
k=1 k=1 k=1
= (—D% (1 - 2Cz_j+1CL—j+l> crjr1 = (D¢, (A23a)
-1 J—1 L—j+1
Mre e = Tr [ [ (=07) o, T = [ [ (=07 _411) o/ == [ (=07) o,
k=1 k=1 k=1
= (D" (1- 2) e == (DY, (A23b)

where Ng := ZJ-L=1 cjcj is the total fermion number operator. The prefactor (—1)F is a nonlocal operator that makes
it more difficult to define creation and annihilation operators symmetrized with respect to ITr. This is the reason why
it is convenient to use the chiral symmetry Iy instead of the unitary symmetry I1Irx when working with the Dirac
fermions. A similar situation takes place in the Majorana representation. A comprehensive, modern view on the subtleties
of symmetries in Ising-like chains can be found in Ref. [119].

4. Reflection-symmetrized representation

Let us introduce symmetrized operators

Livk + Var—k+1

3rsE = , k=1,3,...,L, (A24a
k ﬁ )
Yk £ 1Var—kt1
rf=""—""""" k=24,...,L-1, (A24b)
k ﬁ
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where the factors &=/ were chosen so that
(L5 Toy =8, (TFT0=1{T. T} =0, (A25a)
ORrCEMR = 07, (CH=r7. (A25b)

These correspond to Eqgs. (7a) and (7b) in the main text, and are shown pictorially in Fig. 17(b). The inverse
transformation is

3y = F’j\/_;;", k=1,3,...,L, (A26a)

yk:F’jj;k_, k=24,...,L—1, (A26b)

Vi = F;L"‘“j;ﬂ"‘“ , k=L+1,L+3,...,2L, (A260)

Vi = /S VY , k=L+2L+3,...,2L—1. (A26d)
V2i

Let us split the Hamiltonian equation (A16) into the different contributions: for —AJ or (1 — A), and bulk or boundary.
Itholds forj =1,2,...,¢,

7 7 7 F;+F2_' F;+1_F;+1 Iﬁ;r‘+1"‘r2_'+1 F;_Fz_'
JjVZjV2j+l+JL—jV2L—2j)/2L—2j+l:Jj|: e T = ! S

V2 V2i V2 V2i
ijj + - + — +_ - + —
= _7 [(F2j+r2j> <F2j+1_r2j+l> - <r2j_r2j> <F2j+1+r2j+l>:|
= iJ; (M55 1 -T5 T 4) (A27)

and

Ty —T5_ T3 +T5 N ry—T; FZ_1+F2‘j_1i|

V2i V2 V2i V2
i(1 =)

=== [(mamrs) (r s ) - (v ) (7515

—i(1 =) (F;j_lr;j—rgj_lr;j), (A28)

(I =) (Vaj—1v2 + Var—2j—1Var—2) = (1 = 1) |:

while for the other sites

N SO S il S e 7 o
Jiyuyi =J1 1ﬁ 1 lﬁil — TL (rfry-r;ry), (A29)

T T/+T,

V2i 2

r .
(A =yvier = (1 —=2) = %(1 -0 (T T/=T/T]). (A30)

The Hamiltonian acquires the form

4 4
H =237, (r;; I~y r;jH) +20-m) (r;jflr;—rg;flr;j)
Jj=1 j=1

+ A (O =T + (0 =) (T T =T/ Ty), (A31)

010322-20



FIGHTING EXPONENTIALLY SMALL GAPS...

PRX QUANTUM 7, 010322 (2026)

which is the same of Eq. (6) in the main text, once
the J’s are restored from the J’s. One can verify that
[MrH[A]TIgr = —H[A] directly from Egs. (7a) and (7b).

5. Transformation of states

From the equations above, one can also find the relation
between the vacuum state for the ¢’s and the one for the
I"’s. Defining |0.) to be the state annihilated by all ¢;’s,
and |Or) to be the one annihilated by all the I",’s, it holds

4
0c) = (1 +T35_,T5) 0r)
k=1

(A32)

as one can check by directly applying each ¢; expressed in
terms of the F,f’s.

APPENDIX B: DIAGONALIZATION OF THE
EFFECTIVE HOPPING MODEL

The purpose of this Appendix is to provide the eigen-
decomposition of the system Hamiltonian equation (1) by
diagonalizing the effective 1D hopping model [Eq. (9)]. It
is convenient to rewrite the matrix as

-J; —-B
—B 0 J1
J1 0 -B
H=2 —-B 0 Jr ’
5
0o J
Jo —B

(BI)

where B := (1 — A)/A.

As a first thing, notice that for the choice of J;’s in
Eq. (2), the model is translation invariant in bulk (step 2),
while only the sites 1, L — 1 and L experience different
couplings. This fact suggests that plane waves are eigen-
functions of the system, provided the boundary conditions
are fixed.

Second, notice that for B =0 (i.e., at the end of the
anneal), there is an eigenstate localized at the left end j =
0, namely (1 0 0...)7. Similarly, when B = oo (i.e., at
the beginning of the anneal), one eigenstate is localized at
the right end, namely (0...0 1)7. In the following, these
localized states are determined with a scattering approach.

1. Plane waves in the bulk

Let us start by constructing the plane wave eigenvectors
of Eq. (B1) in the bulk. The eigenvalue equation H|vy) =

A€|Yr) reads, in components,

{_szj + Y2 = €¥y-1, (B2)

Yoj1 — B 1 = €Yy,

where the couplings J; of Eq. (2) have been specified.
Using the Fourier Ansatz

Voj—1 it [ Ak
- ~ , B3
( Vo <\ (B3)
the bulk eigenvalue equation acquires the form
—Bby + e *by =
. r+e b = €ay, (B4)
é ay — Bak = Gkbk.
From the linear system above, one determines
(e * —B)(e* —B) = €} (BS)
and
ay €k
—=——. B6
by ek — B (B6)

The first equation fixes the dispersion relation in the bulk,
and the second the relative scale of a; to b;. They need
to be supplemented by the boundary conditions, which fix
the admissible values of %, and the normalization condi-
tion, which fixes the overall scale of the eigenvector. In
order to simplify things, it is instrumental to work already
in the thermodynamic limit L. — oo, since this way, the left
and right boundary conditions are completely decoupled.
The two will be considered separately in the following
subsections.

2. Left-localized state

Here, consider a semi-infinite chain starting from j = 0
and ending at j = +o00. The only boundary condition one
needs to take into account is provided by the eigenvalue
equation at the first site,

J'Y1 — By, = ey, (B7)
that can be rewritten as
ay B
J'a, — Bb, = _ = = . B8
ay k= €k b T e (B8)

When supplemented with Egs. (B5) and (B6) and the nor-
malization condition, one obtains four equations for the
four unknowns ay, by, k, and €;. Here, we consider only
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the localized edge state, for which k = ix, « > 0. Elimi-
nating ay /by and €; from Eq. (B8) via Egs. (B5) and (B6),
one finds

1—€B
7 J/ 2, B9
=) (B9)
which has a real positive solution
I_J/z 4B2(J")2 N2 — 172
_p LSV HVABEOR H VY IR g

2B

3. Right-localized state

Here, consider the half-infinite chain that starts at j =
—oo and ends at j = L. Besides Egs. (B5) and (B6)
that describe the wave propagation in the bulk, the two
boundary conditions at the right end read

=By o +JeYr =e¥r1, JeYr1 — By =€y,

(B11)

Being the last site odd, the Fourier Ansatz [Eq. (B3)] needs
to be supplemented by
v ~ etley. (B12)

The boundary conditions [Eq. (B11)] read, in terms of the
Fourier Ansatz,

—Bay; + Jeikck = €;by, kae_ik — Bep = €rc. (B13)
From here, one can eliminate ¢, obtaining
J?by
€rby + Bay = . B14
kbx + Bay < 1B (B14)

Now, Egs. (BS), (B6), and (B14) and the normalization
condition are again four equations for the four unknowns
ay, by, k, and €. The right-localized state will have an
imaginary momentum k = —ik, k > 0, that can be deter-
mined by combining the cited equations. Since this would
lead to cumbersome equations, it is convenient to utilize a
workaround to determine the avoided crossing directly, as
in Ref. [90].

4. Avoided crossing

The avoided crossing takes place at the value of B such
that €;, is the same for the left (L) and right (R) localized
states. In principle, one should impose (e;)L = (ex)r by
using the expression Eq. (BS) with the values of «, and
kr determined above. However, it is convenient to notice
that, because of Eq. (B5), it must hold ki = kg, and from
Eq. (B6) follows (ar/br)L = (bi/ar)r (being kr = —ki, for

the choice of i’s). Thus, one determines (a;/by)L from
Eq. (B8), and equates it to (bi/ay)r from Eq. (B14), finding

J2
€+B=—

- (B15)

Plugging above € from Eq. (B5), with « taken from
Eq. (B10), one determines the value of B at which the
crossing takes place:

A=A = )]
I =272+ ()]

(B16)

C

The corresponding critical parameter value is given by
Ae = 1/(1 + B.) changing in between 0.5 and 0.6 for the
used values of J’ and J in the main text. From Eq. (B15)
follows

(J/)Z _ J4
= B17
T IM—221 T B17)
and in turn from Eq. (B5)
n? — ) (B18)
Ke=In———.
¢ J? — (J/)z

From the equation above, the condition ¥ > 0 implies for
the couplings
Jr<J, (B19)
which explains the requirement stated in Eq. (3).
The last step consists of determining the magnitude of
the gap at the avoided level crossing. Since |v.) and |¥/r)

determined above are not eigenfunctions of the chain of
finite length, one can argue that

L
Amin = (PLIH|YR) ~ Y e 2T elaDI2 ~ gmel 2,
j=1
(B20)

which corresponds to Eq. (12) in the main text. Indeed, the
hybridization of |y ) and |yR) is approximately given by
the off-diagonal matrix element (¢ |H|¥r) in the reduced
2 x 2 subspace spanned by |yr) and |y¥r) themselves.
All the factors dropped in Eq. (B20) are subleading with
respect to the exponential term.

APPENDIX C: FREE-FERMION
REPRESENTATION OF THE
COUNTERDIABATIC HAMILTONIAN

1. Chiral reflection parity of the CD Hamiltonian

As a first thing, let us investigate how the reflection
parity symmetry acts on the CD Hamiltonian, Eq. (17).
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Using the fact that ﬁRH ﬁR = —H, as proven in Sec. A 3,
it follows

~ ~ 1 [t ~ . o~
MrH e = — / dx f (x)TTge™ 9, He ™ TIx (C1)
1 oo . )
=3 / dx f(x) e ™1, He™ (C2)

1 +00 ) )
- _5,/ dy f(v) e 9, He ™™ = +H,,
—00
(C3)

having set y := —x. Thus, H; is even under the chiral
reflection parity, Eq. (A17), while H is odd. The same con-
clusion can be reached by noticing that in Eq. (18), there is
an even number of H’s at every order of the expansion.

At the same time, H; is even under the standard reflec-
tion parity, Eq. (5), as can be checked directly from the
spin representation.

2. First-order Ansatz

Let us move to the Hamiltonian equation (21). By apply-
ing the set of one-qubit gates defined in Eq. (A1), one can
rewrite

HOM] = Zaj (g &, + 676 ]H) (C4)

(©5)

J

L
HRHl(l)[)»]HR =2i Z & [vor—2j117V21-21-1 — Var—2j+2V21-2/ |

Jj=1

= 2iZ5lL—j [v2j+172-1 = Vo273 ]

Jj=1

= 2iZ&L_, [v21 vaj+2 = vaj—1va11]

Jj=1

This form of the CD Hamiltonian is expressed in terms of
Dirac fermions, Eq. (A4), as

Hl(l)[}»] = —ZiZ&j (e i % cTe_’”E/ ) + h.c.

(Co)

L

:_21'254,(5 ’"”’fc >+hc (C7)
j=l1

=_212a1 [/ j+l+CfC/+1i|5

where there is a tilde on the «;’s because of the fermion
parity symmetry; see above Eq. (A10).

Next, one has to rewrite the Hamiltonian above in terms
of Majorana fermions, Eq. (A14),

(C8)

L
- |1 . .
HD]=-2i)_ & [5()/2/—1 + iy2) (Voj+1 + iy242)
=1
1 . .
+ E(sz—l — 1y2) (Y2j+1 — 1¥2j42) (C9)
= ZiZ&j [)/2]' V2j+2 — 7/2j—1)/2j+1] . (C10)

It is convenient to check the reflection parity of the expres-
sion above for H,

(C11)

(C12)

(C13)

where in the first line Eq. (A17) was used, and in the second it was changed j — L — j. In order to have ﬁRH1 ﬁR = H,,
it must hold o; = a;_;, which indeed follows from the variational Eq. (C17).
At this point, one can pass to the symmetrized operators I'*. Using

—0j Y2j—1Y2j+1 + QL—j Var—2j Y21 —2j 42

QY2 Yoj+2 — AL VaL—2j—1V20—2j+1 = G (F Tty F2]+2) J=L2,...,¢-1,
QoyauYaesr — Ger1Vaert Vaers = o (T30 415,050

ar (=ya—1y1 +yuys) = @ (O T+ 1),

- & (FE, N EARES vl 11“2;“) i=12....¢

(Cl4a)

(C14b)

(Cl4c)
(C14d)
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it follows

4
) . ~ - - -
H, [X]:ZzZaj( y1Ty =T 2j+1)+2lz% (F Toj4— F;;+2F2j>
j=1
+ 2iaty (T5,T5 01 =T Tap) + 2id; (Ffr;—r;F;) : (C15)

The matrix representation reads (for £ = 3, thus L = 7)

0 —i()(7 —i()tl
iC(7 0 0 ial
. iO(1 0 0 0 —iOlz .
H W] =27+ —iay 0 0 0 i . (C16)
iO[z 0 0 0 —i()l3
—iotz 0 0 iOl3
iOl3 —iOl3 0

The variational coefficients «; are given by the solution of the system of equations obtained by the action minimization
of Eq. (19),

(81 =22 422 (S + 27 + 02 ) |0 + 202 (U101 +Jren) = =), (€17)
with periodic boundary conditions implied, which can be solved via linear algebra techniques with a cost polynomial in L.
3. Second-order Ansatz

When considered together, the first- and second-order approximate CD Hamiltonians Hl(l) + Hl(z), one can check that
the variational equations, obtained from the minimization of the action Eq. (19), are

(800 =207 22 (72, 422 02 ) oy 202 (g os + Jyaeyan) + 446 = DB—1dj1 + Bidyen) =

(81 =22 422 (J2y + 2+ T30 +20) | B + 22 (B + b)) + 400 = D(@jad; + o541 = 0.

(C18)
Thanks to the relation J; = J;_;, these equations are symmetric under the exchange
o < Qp—;, j=1,2,...,L,
B <~— Bi—j—1, j=12,...,L =2, (C19)

Br-1 <— Br.

One can check that the second-order Ansatz for the CD Hamiltonian, Eq. (22), is expressed in terms of Dirac fermions
as

HOD] = —2i Z B e+ gga). (C20)

Indeed, the same computation of Appendix C2 applies, and the intermediate operator 0", ; just cancels the Jordan-Wigner
string. The tilde on the B;’s is again to remind that the sign in front of any operator that connects the last sites of the chain
to the firsts needs to be flipped. Contrary to the cases above, where only the last coupling J;, or oz needed to be flipped,
here also 8;_; needs to.
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Proceeding in the same fashion of Appendix C 2, one finds

L
HP\] = 2iz,gj (V2 v2i 14 — Voj—17243] (C21)
j=1

and

2 o iy
H, )»]—212:3/< 23021~ Z 1 2/+3>+2’Z/31 (F s~ Z+4F2j>

+ 2B (T3 ol =T Torn) + 2ify (T3 To =T34 T)
+ 201 (T Ty =Ty Ty) +2ify (T3 T ~T3T5) . (C22)

In matrix form (for £ = 3, thus L = 7),

0 0 0 —iBs —ipi O 0
0 0 i 0 0 i 0
o -is 0 0 0 0 —ip|_
HP[=2T*|iBs 0 0 0 0 0 g | (C23)
B 0 0 0 0 —ifs O

0 —igp 0 0 s O 0

0 0 i —ifp O 0 0

—

4. Quantum brachistochrone counterdiabatic driving in the minimal spin-glass model

We report the details of how to compute HBP, Eq. (27). The left- and right-localized edge states of the effective
hopping model, |y ) and |{r) respectively, were derived in Appendix B for an infinitely long chain,

W) =(a b e®a e b e ay o), Yr)=( e Rag e by e ap bp ap cx) .
(C24)

Here, however, they are needed for a chain of finite length L. First of all, we set ai. = ag, by = br and k. = kg, which
from Appendix B4 is known to be valid at the avoided crossing. As explained in the main text, we want to obtain a
CD term from the knowledge of the avoided crossing alone. Let us also parametrize the ratio of @ and b by e™* = a/b.
Plugging |y ) into the eigenvalue equation of H, Eq. (B1), one can find the relation between u, « and the eigenvalue ¢,

e =J'e", e=J — Be (C25)

The right-end eigenvalue equation instead leads to

J2
B = —. C26
+€ ¥ (C206)
From here, one can derive the results
1 —JH[J2 = (J')? J? —J J2— () J'(1—J2
_ W= ) , len#’ 2= €27
JJIN?+1-2J?] JIN?+1—2J?] (1-J? [J2 — (JH?]

which are consistent with what found in Appendix B 4. Additionally, the last and first elements of the left- and right-
localized states, respectively, are found to be

JBe
= J/

b. (C28)
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At this point, the two localized edge modes read

e o~ (=D
1 e (=Dr—n
e K H .
e~ :
1 e HH 1 e;ZK
~ —2c , ~ e C29
: e KK
e~ (E=Dr—n 1
e~ (=D e M
JBe /]’ JBe H/J’

where the normalization factors Z; r need not be specified for the moment.
The derivative with respect to A of the effective Hamiltonian is

J 1
1 0 1
1 01
1 1
hH = 0 . (C30)
1 . e
0o J
J 1
Correspondingly, the approximate energy gap takes the form
J2—1)?
A _ 7 —(l—Dk— —lk— _ —(—1k —2
Amin ~ (¢R|H|WL) =Jhe M+—X2(J/)2 € M+()L 1)@6 (1 +e ll-)
Ja—1\°
+ (= Dr (e 4 e ED) 4 (77) eTH T (1 4 €, (C31)

while the matrix element of the parametric derivative of the Hamiltonian is

J2(n —1)?

U e U 4 pem =D 4 e21

(Rl HMlYL) = J e EDem 4
Jr—1

2
Y >e[""(l+e"). (C32)

4 (E _ 1) (efflcf2u 4 67(572)1() +J(

With all this information, the QBCD term H?BCP, Eq. (27), can be constructed. Notice that the normalization factors Z; g
cancel out and need not be computed explicitly.

APPENDIX D: ENERGY COST OF THE COUNTERDIABATIC HAMILTONIANS
In this Appendix, we compute the trace norms of the CD Hamiltonians. Starting with the QBCD Ansatz, Eq. (27), the

trace norm of the square results in two projectors, leading to

2 IWRIBHIY) P
[P = == Tl Wl + o (k] = 0(1). (D1)
Indeed, the ratio of the matrix element and the gap is size-independent to leading order, as follows from Egs. (C31)
and (C32). Note that the nonlocality and the exponentially small gap do not affect the overall energy cost.
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Concerning the approximate first- and second-order
variational CD terms, since the coefficients «;, 8; ~ O(J)
individually, one gets the typical scale for the norm

2 L 2
| =Y | _4Z|a|2+2|aL|2~L
n,m=1 n=1
(D2)
L
2
2| =3 || _4Z|,8|2+2|ﬁ P~

n,m=1 n=1

(D3)
that is diverging in the thermodynamic limit.

APPENDIX E: DETAILS OF NUMERICAL
SIMULATIONS
1. Particle-number-nonconserving free fermions

Suppose one wants to simulate numerically the quan-
tum driving protocol by working at the level of Dirac
fermions rather than Majoranas. Both H[A] and H[\] +
H{[\] belong to the more general family of fermionic
quadratic Hamiltonians

L L
H = Z ciHy ¢ + Z cH —|— Z CTHJr

ij=1 ij=1 ij=1
¥ Z T (E1)
ij=1

For now, it is assumed that H (and thus the matrices H) are
time-independent. The time-dependent case is recovered
easily, as shown later on.

Introducing the vector

T
\I/=<cl ¢ ... cr CI clTV CD, (E2)

one can rewrite succinctly

= UiHW, (E3)
where the matrix H reads
HH= | H
H:(H__ H‘*)' (E4)

By Hermiticity of H, one can choose the four submatrices
above to respect

HY=—(H™)", HF=—-(H") (B3
and

H = (1), HTT=— (). (E6)

To diagonalize H, it is sufficient to diagonalize H via
the introduction of Bogoliubov operators &. Define I/ to be
the matrix that diagonalizes H, i.e.,

H = UHgiagd". (E7)

Because of the symmetry in Eq. (ES), it holds [120—123]

= (), (E9)

with u, v being two L x L matrices, and

0
Mo = (6% ). (E9)

where € is the diagonal matrix of eigenvalues (that must
appear in positive or negative couples, as entailed by the
symmetries in Eqs. (E5)~(E6)). Finally, introducing

O = (;T) —Utw (E10)
one gets to the diagonal form
L
H=0Hug® =3 (5's - 55)
L
=Y (25 -1). (E11)

Jj=1

The Heisenberg time evolution of the operators c, ¢’ fol-
lows:

llj(t) — eiHl‘\pe—iHl‘ — ethuq)e—th

ef2iet 0
- u ( 0 e iet > %

fe(lt ) U =My,

(E12)

Thus, in order to time evolve the operators ¢, c’, one just
needs to compute the exponential of the 2L x 2L matrix H.
Let us move to the time-dependent case H = H (7).
Recall that states evolve with the time-ordered exponen-
tial: [ () = Te " J0H®d! |y (0)). Thus, passing to the

Schrodinger picture, operators evolve as
O(t) = Tel o HOl o0y Te=i o HW | (E13)

where T denotes the anti-time ordering. Notice that, upon
trotterization in time steps of df, it is the last time to act
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first on the operator, where the indices of the matrices are written down explic-

A A ' ' itly for convenience. The next time step reads
O(f) ~ MO ... H=didt 0y () =it (=dDdr __ ,~iHl ()

(E14) o1 =240t JiH (—didty it (1—d0dt jiH (=2di)ds
_ (,—2iH(t—db)dt iH (t—2dt)dt —iH (t—2dt)dt
For our W operator, the first Trotter step to apply is thus - (e )aﬂ € Ppe (E16)
_ (,—2iH(—dn)dr —2iH(1—2dbdt
eiH(z—dt)dz\IJa o iH(—dndr _ ( e—ZiH(t—dt)dt) , Wy (E15) = (6 )aﬁ (e ) By w,. (E17)
o b
Iterating, one gets to
. rt /
W(f) = Te 2o MOl (E18)

This form could have been guessed directly from Eq. (E12), but all the steps were performed for clarity, given the subtlety
of the antitime ordering.

2. Specification of the problem under consideration

The formulas above apply to the Dirac Hamiltonian, Eq. (A11), upon setting

1—x —AJy)2 /2
—AM/2 0 1—=x  —AR)/2
HT[A] = —\J2/2 , (E19a)
. 1—x =M )2
/2 —Mp_1/2 1=
0 —AJy/2 —\J1/2
A1 /2 0 —1Jp)/2
H A = Ao /2 e B . (E19b)
. 0 —AJp_1/2
Ay /2 Mp_1/2 0

One can check that the conjugation properties, Eq. (E6), are satisfied. The first-order CD Hamiltonian, Eq. (C8), reads
instead

0 —iO[l —iO[L
iOl] 0 —iO[z
HY[A]=0, HT[A]= ioy , (E20)
0 —l.OlL,1
oy, oy 0
while the second-order one reads
0 0 —iB —ifr—1
0 0 0 —ip, —ifr
iB 0 0 0
HT[A]=0, H™[A] = iB O ) (E21)
e —ify2
iBr—1 . o’ 0 0
iBL iBr—2 0 0
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We are using the same letter H for all the different Hamiltonians, bare or counterdiabatic, in order not to overload the
notation.
The QBCD Hamiltonian, Eq. (27), instead, reads in the I fermion representation

L

H]QBCD — Z F;_HZJQ'BCDF_

I (E22)

ij=1

In order to find the c-fermion representation of H, QBCD it is convenient to transform back the I'* operators to the Dirac
representation:
. T +
+ Wkt Y-k o ¢ Hc te—jy1—c_i
F"_T’ k=1,3,....L, ry_, =i—-?> ! Ca R NS
= i 2y
+ iyar—
rf = WOkl o4 L1, A ok A Ak RS 0
2 5= : C o=l
(E23)
From here, the corresponding Dirac Hamiltonian reads
1 p N
BCD BCD
HIQ =2 Z [HZQi—l,2j—l (Ci +e +ermiv — Ci—i+l> (C/T +¢ + CZ—j—H - CL*J‘H)
if
BCD
+ 7_((221',2]' (C, - C +cr—it1 + CL 1+1) (CT G + CL —j+1 + CL_]‘H) (E24)
BCD
H2Qi—l,2j (Ci + CZT +Crit1 — Cz 1+1) (CT G +CL 41T /+l)
BCD ;
HZQIZJ 1 (Cl - C +criv1 + CL l+1) (CJT + ¢ + cL*j«H — cL*j«Fl)] s

where the summations are running until £ + 1 for odd indices and until £ for the even ones. Above, H;; are the matrix
elements of the single-particle QBCD Hamiltonian. Decomposing further the expression above in the particle-number-
conserving and nonconserving blocks, one finds four different matrices H**, H*~, H~*, and H~~. For the sake of
brevity, we use a nonsymmetrized form of these submatrices, which does not obey Eqgs. (ES)HE6):

1
T+t QBCD QBCD QBCD QBCD
sz/ =7 (HZi—l,Zj—l - HZi,Zj + H2i—1,2j - H2i,2j—1> ) (E25a)
QBCD QBCD QBCD QBCD
HL i+1,L—j+1 = 4 ( Hy” 12j-1 T HZi,Zj - H2i71,2j + Hzi,zjq)’ (E25b)
1
QBCD QBCD QBCD QBCD
HL —itlj — Z ( HZi—1,2j—1 + HZi,Zj - H2i—1,2j + H2i,2j—1) > (E25¢)
1 .
QBCD QBCD QBCD QBCD
HIL —j+1 = Z (H2t 1,2/ -1 H2z 2] + H2i71,2j - H;Z;;-71 ) ’ (E25d)
for H+,
1
4— QBCD QBCD QBCD QBCD
Hij 2 (HZz 12171 H; 2 H2i—1,2j - HZ[,Zj—l) ) (E26a)
1
- QBCD QBCD QBCD QBCD
L—i+1,L—j+1 = 4 <H2i71,2j71 + HZi,Zj - H2i71,2j - Hzi,zjq) ’ (E26b)
1
- QBCD QBCD QBCD QBCD
L—it+lj — Z ( HyiZ 12j-1 " HZi,2j + H2i—1,2j + H2i,2j—l)’ (E260)
1
QBCD QBCD QBCD QBCD
HlL —j+1 = Z ( H2i71,2j71 - H2i,2j + H2i71,2j + HZi,ijl) > (E26d)
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for Ht~,

My = o (HEPE L+ M + HEE, 4 I, (E272)
Mt = 3 (MRS + O 4 HEPE, + HEA™,), (E27b)
My = 3 (MO0 + S + HEPD, ™). (E270)
Moty = 5 (PSP + D 4 HERD, 4 HE™,), (E274)

for H~*, and
My = o (HEE L — HEAD — HEE, 4 I, (E280)
it = g (D HOP D, D), (E28)
ey = 5 (P50, — HED 13Dy O (E280)
Mot yor = g (HEE, L+ HEP 4 D, — HEP ) (E280)

for H~~. Notice that the block Hamiltonians above separate into four further blocks, depending on whether the Dirac
fermions are to the left or right of site £.

3. Expectation values

Once the operators c(?), ¢’ (7) are obtained, expectation values can be computed (note instead that accessing the fidelity
is more complicated). For instance, the instantaneous energy expectation reads

'M“

L
(GSIH[M(®)1GS) = =1 Y _J; (=107 (o7, () |—>) — (1 = 4) Z CLAGIES (E29)

1

J

I
.gh

J; 0 (] 010 + ¢/ 0610 = 6 (O], 0 = ¢ (061 0) 10,
1

J

L
+2(1=2) > {0l ¢ (e (9 10.) — (1 = AL, (E30)

j=1

where H[A = 1](¢) is the Hamiltonian corresponding to the parameter A, evolved in the Heisenberg picture for a time 7.
Let us compute each term separately. Calling V := Te™2 o )4/ it holds

-
I Ml\

L 2L L
Jj (0cl el (], (@) 10c) Z D T 0 Vit Vit g WaWp 106) = Y TV Vit (E31)
Jj=1a,p=1

iy =1

where W; refers to ¢;, and ¥t to cj (and similarly for the corresponding rows and columns of V). A similar computation
leads to

L L
D T 0 € e 0100 = Y TV Vi (E32)
j=1 ij=1

L L
ZJ/‘ (0| Cj (t)Q;L+1 ®10.) = Z Jj Vj,iv(j+1)'f,ﬁ'a (E33)
j=1 ij=1
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L L
Y T 0010 = D TVt (E34)
j=l1 ij=1
L L
D {0l ¢] (0 0 10c) = > VitV . (E35)
j=1 ij=1
Putting everything together, one finds
L
<Oc| H[)‘](t) |Oc> =—A Z Jj [VjT,,‘V(/_;_l)T,iT + V_jT,iV_j+1,iT - Vj,iv(j_,_l)'f,ﬁ V V j+1 zT]
ij=1
L
+ 2(1—=2) Z VjT,,‘Vj,iT — (=)L (E36)
ij=1
Similarly, the kink number reads
L 1<
(0l K@10) =2 = 5 Z L Vit Vit + Vi Vit = ViVt — ViVt ] s (E37)
where
- 1 i =1,2,...,L—1
1] — b ‘]. b b b b (E38)
_1’ J = L

takes into account the restriction to the even-parity sector.

APPENDIX F: DERIVATION OF THE MINIMIZATION EQUATIONS FOR THE MAx CUT

In this Appendix, we derive the equations for the coefficients for the first- and second-order CD expansions for the MAX
CUT problem. The enlisted Hamiltonians at a given A value read as

=—xZ "1 i (l—A)Zo (F1)
H" =3 a (o0l + al0%,), (F2)
2
H1( ) — Zﬁc,c/‘SCz,CQ (chlaczac + acylaczac ) (F3)

In the first-order local expansion, the action integrand reads

L

2 1"

2
c=1

1+ 2ha,

X X
> o, +o

‘1 2

)

c=1

GH") = ]

+)"Zaﬁ |:(1 Cl C, )8(22 C/zaclac’a +6C] C’l(l 62 CZ)GLIGLZGC/]
¢,
M
+4(1—1) Zozc(acy1 afz - 061062) + A Zac(aqaczac 8cy, o+ o 061062801 02)
c=1
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M M
1+ 8(1 — M), 0% o7 1+ ZAac . .
= _Z 0c1%, Z (o Oy +002) +4d -2 Zacaglag’}z

€17 0261 €17 €27 ¢ cpoe

+XZaC[ — By By 02,07 0+ By (1 = 0y )0 072,07 + 84, 07,0707 + B¢, 0% 00 ] (F4)

where all terms have been ordered so that the strictly greater inequality is always understood between the subindices,
c1 < ¢z and ¢} < ¢). The corresponding trace norm reads

[1+8(1 — Ma]?
)

Tr[G'G] = 1

c

1
+ E 2(2)\.20[(;0(0/ + Ao + ) |:8c1,c/1 1 - 802,6/2) +d - 801,6/1)862,6/2 + 2801 ¢} 802 )  + 5(,’1,6/2 + 362,0/1]

c,c'

+x22<ac+aco aclc/HZZa (80061 (1 = Bep) + (1 = 80, Dby | + 1601 =22 D02 (FS)

Taking now the derivative with respect to a given a, the coefficient of A’c. will equal the number of ways the given
spins of o, appear in other interactions, that is 6 altogether for the two spins in «.. At the same time, all o will be coupled
to all other interactions that share at least one spin with it, plus the additional correlation term of 5c1,c/2 + 8625‘./1 . This yields

STr(GTG)

2 2 2
S = [64(1 — 2 + 1227 @ +20° Y [501,0/1 (1= 8ye) + (1= 80y )8yt + 28,0 + 280, ]

c/

= (5%0,1 + 80y F By F Ber ) 41 —2) = —2(L — 2). (F6)

For the second order, the action integrated reads

1+o0l0;
G(H1(2)) — Z 21 2 +Zo’ + 4(1 —)»)ZSQC/,BM (orcyloczaf, —Jcloczoc/)

c=1

)

+ A E (501,(;'2,3‘ 1 ¢80, 140 ,/a ,,GclaLz + 6, c’lﬂc,d5 /O'LIO'CZUC//O' ) E (862,63,80,cr + 552,51,3c'¢)0 o
C,C’,C” ~4

—A Z (ﬂc,c’acz,c’l + .Bc”,c/éc/z/,c’l)(l - 5c1,c’1’)802 0, ”U foho,

€172 ¢,
e "

+ (ﬁc,c’acz,c’l 80],0/1 + ﬂc,c//acz,c/{8C1,C,{)(1 - 80’ //)Gy o) 05,05

(&} Czc c

czc

+3 ) Beebey [o;(l 800y, (05,02, + 0505107 — 0580, (1 = By, 002, (07,07, + o—,,)]

e

X z X X z z
—A 2 : /60,0’502,0/1 [(1 - 60/{:"1)5‘” (o, on + chl C,/)chzoc, o 86’/1/:01 (1- 86/2/=¢’2)001 (Gc’{oCz + 00200/2/)00/2] ’
e

(¥7)

where the ordering in the indices, ¢; < ¢, < ¢} of the connected interaction edges is fixed, and those denoted by ¢” refer to
the ones of the second-order CD term. Here, the first term originates simply from the fact that in every three-body terms,
the corresponding o will lead to either o7 or ajy . The factor of 3 in the second line comes from the freedom of choosing
one of the ¢i_; , spins in the construction. The third and fourth lines correspond to the cases when the o0 terms can
potentially have nonzero commutator with the 6”¢* and o*¢” terms.
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The total second-order term thus reads as

M M
I+8(1—-Ma. , , I+ 2 ., | .
G(Hl(z) + Hl(l)) = — E — 0.0, + E — (o7, +02)

c=1 c=1

+ 2 Zac |:(1 Cl ¢ )862 c/zo'cl Gc/ U + 5c1 ) (1- 802 ch )Jcl O'czo'c/:l

+4(L =) Y 8, Becrol 05,00 — Z%c 4(1 = Mo — Mae + au)] 0;,050%,

€1 ¢
¢,

+ )\, E (801 C/ ﬁc 680, C//U //U //GCIGCZ + 802 Crlﬁcc/5 /! lo’clo’czo'c//o'c,/)

CCC

- Z (}\2802 < Beo +‘Sc/ qﬂc e =40 - }\)a‘> Oy 02

—X Z (,Bc,c’(scz,c’1 + ﬁc”,c’ac/z/,c’l)(l - 801,0’1’)802 0, HUCIUZVZ Gc + (B L/802 <) 8(22 “

c,c "

+ IBC,C” (Scz,c/l/ 8cz,c’1 (1= 86/ c”)acl 03}2 Oc’ Oc”

A Y Becrderel [ajl(l Sy o)y (0708, + 0505107, = 07 8y (1 = 8y )%, (07,0, +, aj,z,)]

(& les
o
Yy
1Y Becbrer [(1 — S0y (03,00 + 0205V 0% = 8y, (1 = 8y.0)07 (07,0 —l—oczac//)a,].
ec e

Now, the trace of the square reads

{[676] = Z [1+ 8(14— Me L

(F8)

2
43 T OW e+ h e+ @) [3 (1 = 8iy) (1= S Doy + 2800y 01y + 80y

+ )‘2 Z acz' [661,0’1 (1 - 662,0’2) + (1 - 801,01)802,0’2]

161 =22 80y Bl + Y 8ey [401 = 2B — Mee + a)]’

e, c,c

+ kz Z (80,2,01 le’,c’SC’ c” + 8c2 < ,3 ’C/ac/l/’c/z)

e

2
+y (Z 28 Be + M8 oy Bere — 4(1 — A)ac)

+ )"2 Z (,Bc,c’(scz,c’l + ﬂc’/,c’(sc/z’,c’l )2(1 - 56’1’,01)802,0’2’ + (lgc,c’Sq,c’l 802,0’1’ + ﬂc,c/’acz,c’l’acz,c’l )2(1 - 80’2,6/2/)

c. C/ (,H

T2 3 B [ (1= pen)dgey +8.s (1= 8ip) + (1= 8y DBegey + 8y (1= b |

ec
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For computing the derivatives, we again use combinatorial arguments. As all terms in G (H 1(1) + H 1(2)) originating from

different ordering of the connected spins are orthogonal to each other, the constant prefactor in front of A%8...~ is given by
four times the number of ways how a given spin can be involved in other interactions, i.e., by 12. This can be seen easily
by the fact that one gets a nonzero operator for the commutator whenever the first two operators of 67 o7, o, match any of

G
the three in o 0, 05. As both of the resulting commutators give orthogonal operators, eventually one obtains two times

the number of times the given ¢y, ¢;, and ¢z spins appear in the interactions. The off-diagonal terms connecting different
Ber-s are obtained similarly as in the first-order case, by enlisting all possible connections to other interaction pairs of

c,c’ or c'c”. One finds

§Tr(G'G)
S, B :
— 16}\-(1 _ )\‘) Z(ﬁC,C/SCi,CQ —+ ,Bc/,C(SC/Z,Cl) - 2()\- — 2)a
STr(G'G
% = 0= [64(1 = 2)7 +2427] oo

0= [64(1 = 1)* + 1227 ot + 207 > et [501,6/1 (1= 8eyp) + (1 =8, )8eycp + 280, + 28, ]

(F10)

+ 2)"2 Z(ac/z,c/{ﬂc/,c” + 8c/2/,clﬂc”,c) + 28c/2/,c/1 IBC”,c/ + 801,0/{(1 - 802,0/2/) + 2862,(:/1/:36,0”(1 - 80/2,0/2/)

C//

= 16A(1 — 1), 1 (@ + ).

APPENDIX G: GAP AMPLIFICATION WITHIN
THE LOCAL CD EXPANSION

In this Appendix, we provide further details about
the gap amplification of the local CD expansion in the
MAX CUT and 3-XORSAT models. The relative difference
energy gaps in the bare process without CD and in that
assisted by local CD admits a remarkably universal form of
(Ar(;;rzl?CD — Amin)/Amin ~ T~2 for both models, as shown
in Figs. 18 and 19.

1019 Basg
£ SSBx.
S
= 1074
E
<
| 10714
g L=6 ~ L=14
=4 L=8 = L=16
4 1072 L=10 = L=18
= ~ L=12
10! 10° 10!
T
FIG. 18. Relative difference between ground-state gaps with-

out counterdiabatic driving and with the local counterdiabatic
driving approaches. The improvement achieved by first-order
(solid lines, filled dots) and second-order (dashed lines, empty
dots) local expansions exhibits an approximate quadratic decay
with system size. Notably, the amplification of the gap vanishes
at driving times just preceding the onset of finite fidelity.

(F11)

APPENDIX H: DERIVATION OF THE
VARIATIONAL EQUATIONS WITH COLD FOR
THE MaAx Cur

In this Appendix, we derive the equations for the opti-
mized COLD approach with the second-order commutator
as optimizable operators. Due to the structure of these
extra operators, the general form of the local CD up to
three-body terms takes the same form as that of the second-
order local expansion. First, we write out explicitly the
optimizable operator,

; 101 4
4
~
"2 10°4

g
4

\

g10°! L=6 — L=14
= L=38 — L=16
i L=10 — L=18
- 1072 - L = 12

10! 10° 10!
T

FIG. 19. Relative difference between the energy gaps without
counterdiabatic driving and with the first-order Ansatz decaying
approximately as the minimal spin-glass bottleneck indepen-
dently of the system size. No essential gap amplification is
present around the driving times, where even without counter-
diabatic driving, the fidelity departs from zero.
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Oope = B [Ho, [H1, Holl + BP [Hy, [Hi, Holl
— BW sin(27 ) Za + Zacl < 8oy, e,)02, 06,07, + 2502,0/2(1 8ey. )05, 0500, + 2Z<Sczc 050507,
c,c

1+ 289 sin2rA) Z ( 0,00, — 0, Ucyz> (HD)

where H| = ZL y0; and Hp = Zc_l (14 07, 07,)/2 is the problem Hamiltonian, Eq. (30), for the MAX CUT, respectively.
From this, the full Hamlltonlan reads

A+ 48P sin(27 1) L. . :
HD n = > > ozol — (1 =) =38V sin@rr) Y o — 282 sin@mh) Z o} ol
¢ J

+2psin@rh) Y 8, 05,0507

c,c

€1 €27¢

+ BV sin(27 1) Z [861,0/1 1 - 8¢y c) )0, 00,0 + 3, 6/2(1 8¢y )oe, ac, oy, + 26, ¢ o, 00200/]

+ Zac ( 61032 + agl Cz) + Zﬁm,acz,c,l (06106200 + o*f,’l UCZO'C/) . (H2)
c,c

The corresponding G operator measuring the deviations from the exact CD,
G = Hy — Hp + 0,Oop — i [ =3ty — (1= W H) + O, H{” + 1], (H3)

can be written in the full explicit form as

L

G= Zo/ - = Z 1+ <—— + 4r cos(2n)»),8(2)> Z o 02 — 4 cos(2nk)/8(2) X:orcylacy2

L
+ 27 cos(2mr) BV | 3 Z o + Z 8ey., (1 — 562,0/2) o, aczzaf,

j=1 c,c

+ E 862 5 ( cl c ) GLIGC/ Ucz +2 2 562 clO'LIULZO'C/
- 2 y — § y
A aCSCz’crl (oqoczac + O'LIO'LZO'C ) A b, ¢ ( de, Cz) (0”0%06 + OLIO'LZO'C/>

e,

— § — y — § y
A aebe, (1 86,1,‘./1> (ocl aczac + oclaczac,> 2X Beo'de, o <0C1 aczac,/ + 0, O'CZO'C//>
c,c'

ec "

—2(1 — 2 ¥
2(0=2) ) Beedey e, (o*czaclac, —i—o’cldczo'c/)
c,c
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— 28 sin(27 1) ZZ&C< i et (a o, —0;0.)+§; Cz(cr o) — oo, ))

2 :2 : v _ y
+ oy <801,d1(1 de,, 62)0610620,051 8¢y a, (1 862’65)0(110610@06,

y y
+ 802adz(1 Cl Cl)aclac’ Oc Udl 52,‘11 (1 Cl Cl)adzaclac’ 062

y
+ 24, ¢ ey dy ocloczac,zadz — 28, ¢ & 8¢, A0, 0L100206,>

x Vo _ y y
+ § E ,Bd,d/(sdz,d; (801,d1 (1 L2 ¢! )Jcl 1) U¢-’20d20d/2 8c1,d2 (1 862,0/2)6d1 UC] UCQUL/ szad’
e dd

v _ _ y y
+ 8¢y, (1 — Llc/)aqoc/a odl d, 8cya, (1 SCljca)odzoClaL/o adl d/

y
+ 2862 ¢ 8.0, aczoc/ ord2 d/ 2862 ¢ 8¢, dzad O'cl aczac/ ora,2 d’)

2 v
—48@ sin(2m 1) |:Z Z(xd ( erd, (07 o czodz - GLlag’zodz) + 8e,, dz(ocl czadl — og’loczcrdl))

y
+ E E Baddaya, < e1.d Oy Lzo/a, — & dzadlcrcza”o/ad,
c,c dd

y y
+ 802612 1 CZG,Gdl d/ _802d1 61206105200’0/2>:|' (H4)

The corresponding action is given by the same terms as in the second-order case, supplemented by the proper additional
terms. Denoting again the terms from the second-order expansion by (1 — A)2Sy and A%Sy;, one obtains

[1+8(1 — Ma]?
)

Tr[G'G] = 7

(H5)

c

1
+ = 2(2)"20500[0’ + Ao +ap)) [801,6’1 (1— (Scz,c’z) + - 801,0’1)802,0/2 + 2801,0’1 662,6’2 + 861,0’2 + 6cz,c’l]

/

+ )‘2 Z [ c1, c Scz,cé) + (1 - 801,6/1)562,6/2]

F16(1 =12 80y B2+ > Seyer [0 = 2)Brer — Mate + )] + 42 8y e Bl Bt ot 4 By ot BEBer
1 B 1 2 ) 172 1 5 1°72

e, c,c c,c' ¢’

2
+ Z (Z )‘502,0’1 Bee + )“Sc’z,clﬁc’,c —4(1 — )»)Olc)
c !
+ )‘2 Z (,Bc,c’gcz,c’l + ﬂc”,c’ac/z’,c’l)z(l - 50’{,61 )802,0’2’ + (ﬂc,c"scz,c’l 602,0’1’ + lgc,c”acz,c’l’acz,c’l )2(1 - 8c’z,c/2’)
ec

+ Z ([—% + 4 cos(271)»),3(2)]2 + [—4n cos(ZnA)ﬂ(z)f)

+ (68" sin(zm))2 Z acttq (8¢y.dy + Scrds + Serds + 8erdy) (H6)
c,d
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. 2
+ (ﬂ(l) 51n(27'r)»)) Z ol |:8Cl,c/1 (1— 802’6/2)5611#/1 (1— 8d2,d/2)(8(:1,d1 acz,dzac/z,dé + 5cz,aﬁ 501»d23c/2,d§ + 80/2,61'1 502#2561,“6)
c,c . dd

+802,c/2(1 - 801,0/1 )‘Sdz,d’z(l - adl,d’l )(8cl,a’1 80’1,[1/1 562,d2 + (Scl,dzsc’l ,di Scz,a'l + (Sc’l ,d28c1,d1 Scz,di )]

. 2
+ (B sin@72)" Y BeeBaarSerd,Sara (acl,dl By dyOcl ) Sey By 842,01;)

e dd
. 2
+ (282 sin@r 1)) > tetta (8, ay8ey.dy + ey drOeray)
c,d
. 2
+ (2/3(2) 81n(2nk)) Z /BC,C’:Bd,d/acz,c/l adz,d’l (Scladl 802,51’2 + 801,d2 8c2,d1)
e dd
+2 (IB(I) Sll’l(ZJT)L)) (2,3(2) S11’1(27T)»)) Z ,Bc,c’ﬂd,d/(scz,c/l 8d2,d’1 (Scl,a'] 8(22,d2 + (Scl,dzfscz,dl)
e, dd
+ Y BeoBaa2BY sin@r2)8,, 1 8uya [801,41 (1 =80, )(1 = 84 p) + Seyay (1 = 8y )1 = 84y 1)

e dd

+2802,c/1 Sey.dyOay oy 2802,6/1 Sey.dyOay dg]

+ Z acﬁd,d’zﬂ(l) sin(27 ) [801,d1 (I - Scz,dé) + 802,d2(1 - Scl,da) + 561,d2 + 5c2,d1] + Zac6,3(1) sin(27 )
c,dd -

+ Z ﬂc,c/ZIB(l) Sin(277)‘)502,c/1 + Z Oécotd2,3(2) sin(272) [(Scl,d] +8cydy = 8erty — 802,011]

c,c c,d

+ Y BeeBaa2B? Sin@u NS0, o 84y ar [8eray + Serty — Serdy — Berar]
e dd

+ > eBaa 2 BP sin@a) [Seyay + Serdy — Serdy — Sera] - (H7)
cdd

From here, the variational equations for o, read

3 t
TrHG'G) = 0

c

é 2(6ﬂ(1) Sln(zn)"))z Z ad (501,d1 + 8C|,d2 + 802,d1 + Bcz,dz) + 2(2ﬂ(2) Sln(zﬂ)\.))z Z ad (acl,dl 5C2,d2 + 86|,d2862,d1)
d d

+ (B sin@r ) > [5c,c/0ld/ <5c1,d1 SeydrBct (1 = 8ey ot )1 = 84y 1) + 8.y Sey a8t ar (1 = 8, ) (1 =8y ,d/l))
ddd

e (Bepydenasey iy (1 = ey ) (1 = 81y.) + Ses.tyder ey (1 = S, )1 = 800 ) |

+ 2805020 Y Baar [Seray (1 = Bep) + Serts (1= By + ety + Sera

d,d
+ 2/3(2) sin(2mw A) Z Aq [801,011 + 862,d2 - 861,512 - 3c2,d1] + 4'8(2) sin(27 4) Z Baa [Scl’dl + 862"12 - 5c1,d2 N 8c2,d1]
d dd
2 2 2
+[6401 =22 + 12270 + 222 Y e [501,0,1 (1= 8ye) + (1= 80y )80yt +28,, 0 + 28000 ] (H8)
— 16A(1 = 2) D (BewrSel ey + Berebepe)) = =20 = 2) — 68 sin(2m ). (H9)
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On the other hand, for . one finds

Tr(G'G) = 0

u,v

= 2B sinw ) Y BaarSuy 18yt Gy Suy + Sy dySuy.ar)
d.d

+ 2(2ﬁ(2) Sln(zn)\,))z Z ,Bd,d’Suz,ul 8d2’d’1 (8u1,d1 81)2,d2 + 81{1,0’281}2,611)
dd

+4(BV sin@r 1) (2B sin7A)) Y BadrSuy.vy Syt Buyd Suyy + Suy ySry.ar)
d.d

+280sin271) Y @eyumaa [561,‘,1 (1= 8y + eray (1= 0y ) + By + SCM]
c,dd

+2Bsin2r 1) Y aeuvmda [eray + Serdy = Seraty — Seya ] + [64(1 — )7 + 2427 Be S, o
cdd

+ 207 Y B Beer 8.0y Bere) + 28y 1 Ber et + Sey (1= 8y ) + 280, 1 Beer (1 = 87 1)

c//

— 16A(1 — )")802,6/1 (e + )

=280 sin@72) Y Buv—ecbepit Suara, [561,611 (1= 8y ) (1 = 8y ) + ety (1 = 80 V(1 = 80
c,c . dd

+26, 1 Bey dy Bay = 2t Ser.dyBay ,d,z] — 280 sin(27 )8, 0,

- 2/8(2) sin(ZnA) Z 8u,v=c,c/5c2,c/1 8d2,d/1 [acl,dl + 862»“’2 - 801,d2 - 8C2sd1] : (HIO)
c,c . dd

APPENDIX I: FIRST-ORDER CD ANSATZ FOR THE 3-REGULAR 3-XORSAT

In this Appendix, we show the steps for the derivation of the minimization equation for the . coefficients in the XORSAT
problem. The first-order CD term already contains three spin interactions written as

c1ocyre c1cprey

HD = Zac (O’C),}IO’CZO’Q +olo0)ol +o0lo0 ay) (I1)

with the ordering ¢; < ¢; < ¢3. The argument of the action thus takes the form of

I+12(1 —A 1 + 3Aa,
G(H(l)) :_Z#Gcl z +Z—a( o, +g —|—O§3)

2 02 C3

+)"Zac(clc cha/(a +U )(7 +5c2c 6362 61(6 +U )0 )
+)\Zac 1. czc C3 C/)(O' +0 )(7630'0/ +6clc (1 _5c2,c’2)803 03(00106200/ +O'C20’c/0 ))

(1- cl 61)86‘2 02803 c}O'CIO’C/ (G + o, ))
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—|—kZac ((1 qc/)Sczc/U,a a/ovczac3—|—(l 620)8036/%]06/0 o 0/>
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c3 03 4] & () C c3

+2(1—-1) Zac <acyl 0,,0., + o0, 0,0, +o. 0.0, +0;0. 0. +0,0, 0. + aqaczac3) (12)
c
Note that the last five-body term in the fifth line is orthogonal to the first two due to the underlying graph structure.
This is the consequence of the rule that every spin can only appear in three interactions, while matching the indices
of (1 — 561,6/1 )862,(/2(1 8es, C3)ac 1‘7c 0'620’030’ and of &, 4 07 a ac 0,0, 1n the trace norm requires the matching of the
third spin by four different mteractlons A s1m11ar con51derat10n implies that also the last term in the third line, 8¢yt (1 =
8eyeh)0es 4, (e oczoc + 0;,07 0;,) is orthogonal to the first two, &, ¢ 0. (1 =3, 0/3)(0;‘1 + 07))o;,07,, as matching the
2 3

proper indices in the trace norm would require that the ¢ spin appears in four different interactions. As a result, the trace

of the square reads

Z (14 12(1 — Ma,)?

Tr[G'G] = 7

c

1 ) r
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where we have enlisted in the first three lines all the terms that distinguish between the ¢ # ¢’ and ¢ = ¢’ cases.

Although these expressions might appear slightly complicated at first glance, the terms o, ) ", 8. simplify to a constant
for all ¢ as it counts how many times the given edges of an interaction ¢ appear in other interactions. Consequently, it
gives a factor of 9. Additional differentiations also induce an additional factor of 2. The coupled «s follow the same rule,
those a, and o/ are connected that share at least one spin,

1822, + 96(1 — 1)2 + 22 Z o [3301 g+ 300y 1 28,0 28, ] +202 [ ) Bepe, + 8 C;]
e

=—-6(1-2)— g)“ Z I:acl,c’l + 802,0/2 + 803,0’3 + 6010/2 + 8clc/3 + 8c2c/3 + 6c20/1 + 8636/1 + 8630/2] . (14)
d#c

As a final remark, the last term counts how many interactions have at least one shared spin with ¢. This final result is
reported in the main text via simplified notation. The constraint ¢ # ¢’ provides a more compact notation and ensures that
only nonequal o s are considered.
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