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We construct examples of highly entangled two-dimensional states by exploiting a correspondence
between stochastic processes in d dimensions and quantum states in d + 1 dimensions. The entanglement
structure of these states, which we explicitly calculate, can be tuned between area law, sub-volume law,
and volume law. This correspondence also enables a sequential generation protocol: the states can be
prepared through a series of unitary transformations acting on an auxiliary system. We also discuss the
conditions under which these states have local, frustration-free parent Hamiltonians.
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I. INTRODUCTION

In many-body physics, quantum states are often ana-
lyzed through an information-theoretic lens by examining
universal features of how the entanglement entropy scales
with the structure of a bipartition. The ground states of
one-dimensional gapped local Hamiltonians have area-law
entanglement entropy [1], and the same relation has been
partially proved in two dimensions [2] and conjectured for
higher dimensions [3]. However, the entanglement entropy
can deviate by a constant in topologically ordered systems
[4,5], or even become super-area-law [6] in gapless states,
such as the logarithmic scaling in critical systems [7–9].

A series of recent works has constructed states with
entropy scaling faster than logarithmic growth, by exploit-
ing combinatorial structures in the wave function [10–15].
A notable example of this approach are the Motzkin spin
chains [10–12], which exhibit tunable entanglement scal-
ing, ranging from area-law to volume-law. Furthermore,
these states correspond to computations implementable by
a finite-state computation model with a first-in-last-out
stack, called push-down automata [16]. This result broad-
ens the understanding of the connection between entangle-
ment entropy and automata complexity theory [17,18] and
also points out a path to construct highly entangled states
by incorporating the structure of complex automata in the
wave function.
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The preparation of super-area-law states in experimental
quantum platforms remains challenging. Traditional adi-
abatic evolution often requires fine-tuned Hamiltonians
or nonlocal interactions and is hindered by the vanishing
of the energy gap. These difficulties arise because super-
area-law states exhibit long-range correlations that cannot
be captured by shallow local circuits. In contrast, quench
dynamics [19] and random unitary circuits [20] enable
fast entanglement growth, but the resulting states are
uncontrollable. Alternative methods, including multiscale
quantum circuits [21] and measurement-based feedback
protocols [22–25], are capable of generating states with
topological or logarithmic scaling. Recently, Ref. [16] has
exploited push-down automata techniques, which enables
the preparation of the super-logarithmic-law states through
sequential generation [21,26–34]—that is, using an aux-
iliary system that interacts with each qubit in a specific
order, or equivalently as a series of quantum channels. This
approach is closely related to the experiments of photonic
quantum computing [35–38].

However, these previous studies have primarily focused
on one-dimensional systems. While higher dimensions
offer richer entanglement resources and more intricate
structures, there are only a few examples of super-
area-law states discovered in two dimensions, which
involves critical fermion [3,8,9] or states that couple mul-
tiple Motzkin walks together [39–41]. Automata theory
becomes computationally intractable beyond one dimen-
sion, a difficulty already evident in two-dimensional sys-
tems where calculating or preparing area-law entangled
states—such as projected entangled-pair states (PEPS)—is
fundamentally hard [42]. Moreover, standard variational
ansatzes like PEPS also fail to efficiently represent
super-area-law entanglement. A general framework for
characterizing these states is still lacking, and practically
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preparing them through local operations remains an open
challenge.

In this work, we present a novel framework that estab-
lishes a correspondence between stochastic surface growth
models in d dimensions and quantum states in d + 1
dimensions [43]. This approach allows us to construct
super-area-law two-dimensional quantum states with con-
trollable entanglement properties. Specifically, we con-
sider the deposition-evaporation model of surface growth,
which provides a parametrized interpolation between
Kardar-Parisi-Zhang (KPZ) [44] and Edwards-Wilkinson
(EW) [45] dynamics. By encoding the classical evolu-
tion of this model into a quantum state, we characterize
the entanglement structure explicitly, revealing distinct
scaling behaviors that correspond to different underlying
stochastic processes. Our analysis demonstrates that the
entanglement entropy exhibits transitions between area-
law, sub-volume-law [46], and full volume-law scaling as
the model parameters are varied.

One of the key advantages of our approach is that it
enables the sequential generation of these states using local
quantum channels. This method not only provides a prac-
tical scheme for preparing highly entangled states on a
quantum processor but also offers insight into the dynami-
cal processes that give rise to volume-law entanglement in
natural physical systems.

Beyond state generation, we also explore the conditions
under which these entangled states serve as ground states
of local frustration-free parent Hamiltonians. By carefully
designing local constraints that enforce the local probabil-
ity structure of the deposition-evaporation dynamics, we
construct local Hamiltonians whose ground states coincide
with the sequentially generated states. This establishes a
direct connection between the stochastic surface growth
model and the physics of quantum many-body systems,
providing an alternative route to realizing highly entangled
quantum phases.

Our findings contribute to the growing understanding
of how classical stochastic dynamics can be systemati-
cally mapped onto entangled quantum states. This work
has potential implications for quantum simulation, ten-
sor network representations of many-body states, and the
study of entanglement transitions in higher-dimensional
quantum systems. More generally, our results suggest that
well-understood statistical mechanics models can serve
as valuable tools for constructing and analyzing exotic
quantum states with prescribed entanglement properties.

The paper is organized as follows. In Sec. II, we intro-
duce the two-dimensional deposition-evaporation model
and demonstrate how its classical dynamics can be
encoded into a quantum state. In Sec. III, we analyze
the entanglement structure of these states and establish
the entanglement phase diagram. Section IV discusses
the construction of local frustration-free parent Hamiltoni-
ans, and Sec. V details our sequential generation protocol.

We conclude with a discussion of future directions in
Sec. VI. We also provide a review of Motzkin states and
their sequential generation in Appendix A.

II. TWO-DIMENSIONAL SUPER-AREA-LAW
STATES FROM DEPOSITION-EVAPORATION

MODEL

We construct the two-dimensional states by encoding
the classical deposition-evaporation model, also known as
the entangler-disentangler quantum game [47], into the
states, as shown in Fig. 1. This is a surface growth model,
extending the idea of the ballistic deposition model [48–
51] and introducing ballistic evaporation. The surface is
initialized by placing a block at every second site [52],
which we call the horizon. Then, at each update step, we
randomly select a site and apply either deposition of two

(a) Deposition

Evaporation

Invalid Move

(b)

(c)

FIG. 1. Illustration of the deposition-evaporation model. (a)
Under the deposition with probability p , while the general intent
is to add two blocks, the height difference constraint determines
the outcome. Specifically, in the middle and right case where
adding two blocks violates the height difference constraint, the
only valid deposition leaves the surface invariant, as summa-
rized in Eq. (1). (b) Under the evaporation with probability 1 − p ,
while the general intent is to remove two blocks, the height dif-
ference constraint determines the outcome. Specifically, in the
middle and right case where removing two blocks violates the
height difference constraint, the only valid evaporation leaves
the surface invariant, as summarized in Eq. (2). (c) The invalid
moves that violate the height difference restriction.
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blocks with probability p or evaporation of two blocks
with probability 1 − p . Let hi(t) be the height of blocks of
site i ∈ [0, L + 1] at time t, and �t be the time step of each
update. While updating, we also impose the restriction that
the height difference of neighboring sites cannot be greater
than one: |hi(t) − hi+1(t)| ≤ 1. Therefore, with the initial
condition where height differences of the neighboring sites
are all one [53], the update rule of deposition is given by

hi(t + �t) = min{hi−1(t), hi+1(t)} + 1, (1)

with all three possible cases shown in Fig. 1(a). And the
update rule of evaporation is

hi(t + �t) = max{hi−1(t), hi+1(t)} − 1, (2)

with all three possible cases shown in Fig. 1(b). We also
impose the restriction hi(t) ≥ 0 and the boundary condi-
tions h0(t) = hL+1(t) = 0. In the continuum limit L → ∞
and �t → 0, this discrete stochastic process leads to the
KPZ equation [44,47,51],

∂h
∂t

(x, t) = 1
2

∂2h
∂x2 − λp

2

(
∂h
∂x

)2

+ η(x, t), (3)

where η is the Gaussian white noise and the coefficient
of the nonlinear term λp has the same sign as p − 1/2.
Morral-Yepes et al. [47] have investigated three phases
of this model and extracted the critical exponents. When
p < 1/2, λp < 0 stabilizes the roughness and suppresses
height growth; the height field of the middle point saturates
to O(1). When p > 1/2, λp > 0 gives KPZ dynamics, the
middle height 〈h(L/2, t)〉, where 〈·〉 means averaging over
trajectories of height field configurations, grows as O(t)
and saturates to O(L) at time [54] T ∝ L. The fluctuation

W(t) =
〈

1
L

∫ L

0
(h(x, t) − h̄(t))2dx

〉1/2

, (4)

where h̄(t) is the averaged height profile over space at time
t, grows as O(t1/3) before the middle height saturates. At
the critical point pc = 1/2, λp = 0 gives EW [45,47,51]
dynamics. The middle height 〈h(L/2, t)〉 grows as O(t1/4)

and saturates to O(
√

L) at time T ∝ L2. And the fluctuation
W(t) grows as O(t1/4) and saturates to O(

√
L) at time T ∝

L2 as well.
We encode the dynamics into a state on a two-

dimensional square lattice with spins placed on edges, first
focusing on the uncolored case:

As we focus primarily on the scaling, we consider a spe-
cific shape with L rows and L columns of plaquettes, where
L is odd. As demonstrated in Fig. 2(a), the physical 1

2 -
spins live on the edges of the lattice and the virtual height
field h̃i(t) lives on the plaquettes, where the spatial direc-
tion is horizontal and the time direction is vertical. Here
we use columns i = 1, . . . , L to label the spatial indices of
the plaquettes, and rows t = 1, . . . , L to label the tempo-
ral indices. Naturally, the spins around plaquette (i, t) are
labeled by si±(1/2),t±(1/2). With the same convention, the
vertex on column i between plaquettes at t and t + 2 should
be labeled by (i, t + 1). The spin gives the height differ-
ence of its connecting plaquettes 2si±(1/2),t+(1/2) = h̃i±1(t +
1) − h̃i(t). Thus we can impose Gauss’s law [55] of the
four spins around each vertex. As indicated in Figs. 2(b)
and 2(c), we use the plaquette height field h̃i(t) in column
i row t to encode the surface height profile hi(t) of site i
and time t. We can interpret the four spins around vertex
(i, t + 1) as an update of the blocks at site i happening at
time t + 2 (with no change at t + 1). Hence, at each time
t, we update the height at only even or only odd sites, and
hi(t + 1) = hi(t) = h̃i(t) if hi(t) is updated at t. Therefore,
an equal-time height profile can be read from the zigzag-
shaped spatial slice of the lattice. With these rules, we
take the superposition of spin configurations encoding the
deposition-evaporation dynamics,

(5)

where pα [56] is the probability of the trajectory α in the
surface height configuration space hi(t) and the dots rep-
resent the physical spin constrained by the height fields.
Here each configuration in Eq. (5) is constructed by the
local dynamics: at each site, the deposition or evapora-
tion process occurs with a probability of 1/2, and likewise,
the probability of no event occurring is also 1/2; when
a process occurs, the probability of deposition is p and
of evaporation is 1 − p . In this process, the configuration
should obey boundary conditions h0(t) = hL+1(t) = 0, cor-
responding the spins in the left- and right-most columns of
spins (t = 1, 3, . . . , L):

s 1
2 ,t− 1

2
=↑, s 1

2 ,t+ 1
2

=↓,

sL+ 1
2 ,t− 1

2
=↑, sL+ 1

2 ,t+ 1
2

=↓ .
(6)

We also impose the initial condition at the horizon, and in
the end post-select the final surface back to the horizon.
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(a)

(b)

(c)

(d)

FIG. 2. (a) We place the height fields on the plaquettes and the physical degrees of freedom, spins, on the edges. The horizontal
direction labels the spatial direction i of the dynamics, and the vertical direction labels the temporal direction t. Spins determine the
height field differences. Four spins around a vertex at (i, t + 1) define an update from hi(t + 1) to hi(t + 2) while keeping hi±1(t + 1) =
hi±1(t + 2) unchanged. (b) Examples of spin configurations that correspond to depositing two blocks and evaporating two blocks. (c)
Example of a spin configuration with no blocks removed or added. (d) Example of color matching: the same two red blocks deposited
at time t and evaporated at t′, then the two vertices corresponding to these two moves should both be labeled as r.

The initial and final conditions also constrain the spins in
the bottom and top rows (i = 1, 3, . . . , L):

si± 1
2 , 1

2
=↑, si± 1

2 ,L+ 1
2

=↓ . (7)

We require height hi(t) ≥ 0, which will be discussed in
the end of this section. Finally, we associate the weight
of the configuration with its probability pα generated by
the dynamics of the model and normalized among the
post-selected trajectories of the height field configuration.

Optionally, we can add the color matching condition
to obtain |�colored〉, i.e., encoding the color into the ver-
tices so that the color of a vertex reflects the color of the
blocks evaporated or deposited, as indicated by the sur-
rounding four spins. This is illustrated in Fig. 2(d), where
the color of the vertex evaporating two blocks should be
matched with the color of the vertex depositing the same
blocks. To do so, we can assign the color spin-1 qutrit c to
the vertex. When the vertex does not involve evaporated
or deposited blocks, we assign c = 0. When the vertex
involves evaporation or deposition of blocks, we assign
the color c = r, g (red, green) with equal probability, and it
should be the same as the color of the blocks it evaporates
or deposits. Then we use the superposition of all such spin

configurations,

(8)

where the dots on edges represent the physical spin- 1
2 and

boxes on vertices represent the physical color spin-1.
We emphasize that there are two ways to achieve the

height restriction hi(t) ≥ 0: (a) reflecting boundary condi-
tion, i.e., at hi(t) = 0, 1 height cannot be decreased (evapo-
ration might still be allowed as long as it does not decrease
the height; but when only deposition is allowed, the proba-
bility of deposition rescales from p to 1); or (b) absorbing
boundary condition, i.e., there is no constraint during the
evolution but we post-select the states with all hi(t) ≥ 0
in the end. Compared to the reflecting boundary condition,
the absorbing boundary condition suppresses the probabil-
ity of the configuration close to the height boundary h = 0.
We denote the states generated through reflecting boundary
condition as |�ref,colored〉 and |�ref,uncolored〉, and the states
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generated through absorbing condition as |�abs,colored〉 and
|�abs,uncolored〉.

III. ANALYSIS OF THE ENTANGLEMENT
STRUCTURE

In this section, we analyze the scaling behavior of the
entanglement entropy and demonstrate the super-area law
as we promised. We focus on the colored state |�colored〉
and we consider the space-slice cut at t = L/2. As we can
see in the following analysis, the reflecting and absorb-
ing boundary conditions enforcing hi(t) ≥ 0 give the same
scaling of entropy, which is mainly determined by the
probability distribution of height far away from h = 0. In
Appendix C, we show that with the color matching, any
state encoded by classical stochastic dynamics admits a
Schmidt decomposition [57]

|�colored〉 =
∑

hx

∑
�chx

√
2−Ahx phx |w�chx

L,hx
〉 ⊗ |w�chx

R,hx
〉, (9)

where phx is the probability of surface hx at the cut time
t = L/2 given by the deposition-evaporation dynamics and
boundary conditions, �chx is the coloring of blocks under
the surface hx (as illustrated in Fig. 3), and Ahx is the area
under the surface hx excluding the blocks from the initial
condition. This gives the entanglement entropy [40]:

S = α〈A〉 + Suncolored, (10)

where 〈A〉 is the averaged area under the surface at
time t = L/2 (as demonstrated in Fig. 3) and Suncolored =
−∑hx

phx log phx is the uncolored contribution. See more
details in Appendix C. Here we consider the large L limit,
which can be described by the dynamics in Eq. (3).

To properly evaluate the total entropy S = α〈A〉 +
Suncolored, we first calculate Suncolored, in order to verify that
it does not dominate over the leading term α〈A〉. Suncolored is
also the entanglement entropy uncolored state |�uncolored〉.
When p < 1/2, fluctuation W(t) does not scale with sys-
tem size L and h(x) is around O(1), thus Suncolored scales as
O(L). At the critical point p = 1/2, h(x, t) follows Gaus-
sian statistics controlled by fluctuation W(t) ∼ t1/4 due
to the linearity of the dynamics [45,58]. Therefore, the

FIG. 3. The visualization of entanglement entropy through the
cross-section of a time-slice. The distribution of the contour gives
Suncolored and the color matching under the contour gives 〈A〉 area
scaling.

FIG. 4. The entanglement phase diagram of the state generated
by the deposition-evaporation model with color matching.

entropy Suncolored ∼ L log(W) scales as O(L log L). We do
not have to consider the uncolored case with p > 1/2. This
is because, as shown in the next paragraph, with p > 1/2
the entropy S of colored states saturates to volume law
solely due to 〈A〉, making it unnecessary to check if 〈A〉
dominates over Suncolored.

Then we consider the contribution from 〈A〉 to the total
bipartite entropy S of the colored states |�colored〉. When
p < 1/2, the surface is confined near h = 0 and therefore
〈A〉 ∼ L and hence S ∼ L. At the critical point p = 1/2,
the surface evolves under the EW dynamics and the mid-
dle height grows as 〈h〉 ∝ t1/4. Then at t = L/2, 〈h〉 ∼ L1/4

and then 〈A〉 ∼ L5/4. Therefore S ∼ L5/4. Finally, when
p > 1/2, it evolves under the KPZ dynamics, with the mid-
dle height growing as 〈h〉 ∝ t. And thus at t = L/2, 〈h〉 ∼ L
and 〈A〉 ∼ L2. Therefore S ∼ L2. The phase diagram is
summarized in Fig. 4.

IV. CONSTRUCTION OF THE LOCAL PARENT
HAMILTONIAN

To better understand the local structure of the state, we
construct a Hamiltonian whose ground state is given by
|�abs,colored〉 [59], defined in Eq. (8). The uncolored ver-
sion |�abs,uncolored〉 can be obtained by removing the color
matching terms. The construction is based on punishing
the superposition that diverges from the probability given
by the update rules and boundary conditions. This gives the
frustration-free local parent Hamiltonian of |�abs,colored〉 in
Eq. (8),

H =
∑

i,t

⎛
⎝ 3∑

k=1

∑
c=r,b

∑
�S

�
k,c,�S
i,t

⎞
⎠+ �initial + �final

+ �left + �right + �color + HGauss. (11)

Here �initial, �final, �left, and �right enforce the boundary
conditions in both space and time, while HGauss enforces
Gauss’s law around each vertex. Together, these five
terms ensure that only spin configurations correspond-
ing to height field trajectories that satisfy the boundary
conditions can survive in the ground state. In addition,
�color penalizes invalid color assignments: a vertex that
indicates a surface change may not be colored 0, and a
vertex with no change may not be colored r or g. Finally,
�

k,c,�S
i,t enforces the update rules of deposition-evaporation
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dynamics and color matching, which will be described in
the next paragraph. �initial and �final require that the sur-
face starts rising from and ends shrinking to the horizon
configuration, which annihilates the state with Eq. (7). And
�left and �right require the left- and right-most sites remain
with no block deposited, annihilating the state with Eq. (6).
The constraints related to initial and final conditions at the
horizon are also discussed in the one-dimensional exam-
ples [10–12]. The explicit form of these four projectors
is given in Appendix D 1. Due to the locality of condi-
tions Eqs. (6) and (7), these four projectors act on the state
locally. Similarly, HGauss imposes an energy penalty on
any vertex that violates Gauss’s law, while �color projects
onto vertex states exhibiting color violations. They are also
local operators, and their explicit forms are provided in
Appendix D 1.

For finding the local projector �
k,c,�S
i,t , the enforcement

of update rules can be constructed from a local deforma-
tion from one trajectory to the other, while preserving the
surrounding height configuration and color matching. The
superposition of these two trajectories is constrained to the
local update rules. The minimal deformation is the change
of the height hi(t) on one plaquette, and such a change
involves four spins around the plaquette and should also
respect another eight spins under Gauss’s law. Consider
the following illustration as an example,

where the height of the center plaquette and its surround-
ing spins (in black dots) are to be deformed, and the other
eight gray spins are fixed. Recall that the height differ-
ence between plaquettes is always one. Then the center
height h can only be deformed to either h − 2 or h + 2,
depending on the surroundings. To make the deforma-
tion possible, three connected plaquettes in the horizontal
(e.g., blue arrow) and vertical (e.g., red arrow) directions
cannot be in a descending or ascending order in height;
otherwise, the deformation would break the height differ-
ence constraint. Then the restriction on the middle four
spins propagates to the eight surrounding spins through
Gauss’s law, i.e., the top and bottom two horizontal spins
should be the same, and the left and right two vertical spins
should be the opposite. Then around plaquette (i, t), once
the surrounding spins and involved color c are specified,
we can write down the local superposition |Dk,c,�S

i,t 〉, where
k = 1, 2, 3 labels the cases of allowed deformation by the
top and bottom four surrounding spins and �S label the left
and right four surrounding spins. Then the local projector

would be in the form

�
k,c,�S
i,t = I k,c,�S

i,t −
∣∣∣Dk,c,�S

i,t

〉 〈
Dk,c,�S

i,t

∣∣∣ , (12)

where I k,c,�S
i,t is the identity only on the subspace of allowed

spins and color configurations around plaquette (i, t),
respecting the color c matching and Gauss’s law constraint
from �S, and the top and bottom spins of case k. This local
projector annihilates the ground state. It also energetically
penalizes states with spin and color configurations around
(i, t) that are allowed by c and �S, but whose superposition
violates the prescribed updating probability. The explicit
forms of �

k,c,�S
i,t and |Dk,c,�S

i,t 〉 are given in Appendix D 1.

V. SEQUENTIAL GENERATION OF THE STATE

It is hard to approximate |�colored〉 for p ≥ 1
2 cases using

PEPS as the bond dimension grows super-polynomially
in L. The adiabatic state preparation can involve super-
polynomial time complexity, e.g., the inverse energy gap
in Ref. [40] is at least qL3

with q > 1. Motivated by the
encoded stochastic process, we can apply the method intro-
duced in Ref. [16] to sequentially generate |�ref,colored〉
[60] in Eq. (8). Recall that L is the number of plaquettes
in a row and column. We start with a quantum system
with Hilbert space Hem, called the emitter, which con-
tains L vertical stacks aligned side by side. Each stack is
a many-body chain with O(L) sites, where each site has
five states labeled by the symbols 0, r, g, E, F. In total, we
need O(L2) sites (each with on-site Hilbert space dimen-
sion five) for the state with size L2. Each state in Hem
corresponds to a configuration of deposited blocks, which
records the surface growth hi(t) for 1 ≤ i ≤ L. The emit-
ter is initialized with a reference pure state as in Fig. 5(a)
corresponding to the initial horizon configuration, where
each stack is vertical with E and F placed alternatively.
In the process of the sequential generation, nontrivial evo-
lution only occurs when E(F) moves up and down in its
own stack, enabling the deposition or evaporation of r, g
below E(F). Figure 5(b) illustrates the sequential applica-
tion of quantum channels to emit the spin qubits and color
qutrits. More precisely, at nth application of quantum chan-
nels, we bring a reservoir of qubits and qutrits with Hilbert
space Hn = H⊗(L+1)

0 ⊗ H⊗Nc
c , which is radiated to form

the nth row of qubits and qutrits of the state. Here H0 is
the Hilbert space of spin- 1

2 qubit (labeled by ↑ and ↓),
Hc is the Hilbert space of color spin-1 qutrit (labeled by
0, r, and g), and Nc, which denotes the number of color
qutrits acted on, is (L + 1)/2 for even n and (L + 1)/2 − 1
for odd n. The spin qubits are initialized in state ↓, and
the color qutrits are initialized in state 0. Then we apply
the unitary transformation Un on Hem ⊗ Hn. Notice that
the bottom row of spins in the lattice is not part of the
generation; it merely corresponds to the initial condition
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(a)

0

0

0 0 0 0 0 0 0
F

E

0 0 0 0 0 0 0

0 0 0 0 0 0 0

0

F

0

F

0

F0
E

0
E

(b)

F F FE E EF

U1

U2

U3

F E F E F E F · · · · · · · · ·... ... ...

FIG. 5. (a) The initialized stacks for sequential generation and the corresponding height configuration of the surface. (b) Schematic
of sequential generation: left—sequential application of unitaries Un; right—resulting state aligned with each Un. Spin qubits (blue
dots), color qutrits (blue squares), and emitter stacks (red squares labeled E/F) evolve as follows: red lines trace emitter dynamics,
blue lines trace radiated qubits and qutrits. Gray tilted lines denote the lattice geometry of radiated degrees of freedom. At step n, Un
acts on the emitter and newly introduced qubits and qutrits, which are then radiated to form a horizontal slice (blue, between dashed
lines aligned with Un and Un+1) of the full state. Bottom gray spins represent the fixed initial condition (not part of the generation).

of the height evolution and the initial state of the emitter
Hem. In the end, we post-select the outcome in the refer-
ence Hilbert space Hem and separate the desired state in
the history

⊗L−1
n=1 Hn [61].

When n is odd, Un = UE and we only update stacks
with E; when n is even, Un = UF and we only update
stacks with F. Locally, each update of E/F stacks involves
moving E/F and rewriting 0’s and r, g’s. To do so, we
need to match the configuration of the E(F) and its rel-
ative position to the other two F(E) in the neighboring
stacks. As illustrated in Fig. 6, UF(E) acts locally on the
three neighboring stacks, as well as two spin qubits and
one color qutrit, respectively. We can decompose Un into
local unitary operators,

UF = UbULUR

(L−1)/2−1∏
j =1

UF,j , UE =
(L−1)/2∏

j =1

UE,j . (13)

With the decomposition, Ub only acts on the boundary first
and (L + 1)th qubit (and not on the emitter) to enforce the

boundary condition,

〈↑↑ |Ub| ↓↓〉 = 1. (14)

F FEFEFE

F FEFEFE

UE,1

UE,2

UE,3

UF,1

UF,2

UbUb

F FEFEFE

F FEFEFE

(a)

(b)

UL

UR

FIG. 6. (a) Local decomposition of UE. (b) Local decomposi-
tion of UF.
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The operators UL and UR update only the second and Lth
spin qubits, respectively. Each uses data from the boundary
stack and its adjacent one, ensuring that the radiated spin
qubit encode the height difference between the boundary
and its immediate neighbor. The exact forms of UL and UR
are given in Appendix D 2. And UE,j updates only the 2j th
stack (with reference to the 2j − 1th and 2j + 1th stack),
the 2j , 2j + 1th spin qubits s2j ±(1/2),n+(1/2) as well as the
j th color qutrit at vertex (2j , n). Finally UF,j updates only
the 2j + 1th stack (with reference to the 2j th and 2j + 2th
stack), the 2j , 2j + 1th spin qubits s2j +1±(1/2),n+(1/2) as
well as the j + 1th color qutrit at vertex (2j + 1, n). Notice
that there are boundary qubits and qutrits already satisfy-
ing the boundary condition from initialization, and hence
no unitary evolution is needed for them.

There are three cases of local stack configuration as
shown in three colors in Fig. 7: (a) the three symbols reside
in a cross of five plaquettes, where E(F) is in the bottom
plaquette and two F(E) are in the left and right plaque-
ttes; (b) similar to case (a) but the middle E(F) is in the
top plaquette; (c) EFE(FEF) symbols are in ascending or
descending pattern from left to right. For these three cases,
we have different allowed moves:

0

0 0

0 0 0 0

0 0 0 0 0 0

0

0

F

F F F

E

E

0 0 0 0

0

0

0

0

0

0

0

F

E

0

r

r

Eg

g

g

g

0

0

F F

E

0

0 F F

E

c

c

h − 1

h − 1

h h0

h + 1

h − 1

h hc

F

F

E

g

g

h

h

h − 1 h + 10

0 0 0 0 0 0 0 0 0

g

g

r

r

r

r

g

g

FIG. 7. Three possible configuration of neighboring
EFE(FEF) symbols. The highlighted configuration in the
stacks is the state before the application of quantum channels.
The arrows point to the dashed boxes of possible moves and
radiated reservoir qubits and qutrits (in black, the other symbols
in gray are reference information). For demonstration purposes,
case (a) is in red and case (c) is in green. For simplicity of the
figure, case (b) is not explicitly drawn because it is a reversed
version of case (a).

(a) When F(E) is in the bottom plaquette of the
cross configuration, we can deposit two blocks and
rewrite the middle three plaquettes of the middle
stack from 00F(00E) to Fcc(Ecc) where c = r, g;
or the stacks can be unchanged and no rewriting
is needed. Correspondingly, the radiated qubits and
qutrits should be ↑↑ (for deposition) or ↓↓ (for no
change) and c (for deposition) or 0 (for no change).

(b) When F(E) is in the top plaquette of the cross
configuration, the stacks can be unchanged with
no rewriting; or we can evaporate two blocks and
rewrite the middle three plaquettes from Fcc(Ecc)
to 00F(00E) where c = r, g. Correspondingly, the
radiated qubits and qutrits should be ↓↓ (for no
change) or ↑↑ (for evaporation) and 0 (for no
change) or c (for evaporation).

(c) When EFE(FEF) symbols are ascending or
descending, no change on the stacks can be made;
the corresponding radiated spin qubits are ↑↓ and
↓↑ respectively, and the corresponding radiated
color qutrit is 0 for both cases.

According to these, the explicit matrix elements of UE(F),j
are given in Appendix D 2, where the nonzero elements
represent the allowed moves and the exact values are
given by the probability of all the events—no process,
deposition, or evaporation—that contribute to the surface
evolution recorded in the stacks change. Notice that we can
use the above procedure to generate the uncolored state
|�ref,uncolored〉 by restricting c to 0, r as only one color.

While this sequential scheme ends with a post-selection
whose success probability is exponentially small in L, we
can alternatively make the final check essentially determin-
istic by adding a brief evaporation-only “cooling” phase.
After the first L/2 rounds, when the space-like cut already
encloses a large area, we modify the local update so
that deposition is disabled (only “no event” or evapora-
tion occurs, i.e., p = 0). This makes the height profile
decrease and quickly drains the surface toward the hori-
zon. Running this cooling stage for L/2 additional rounds
empties the stacks with very large probability, so the
final post-selection merely removes rare residual configu-
rations. Operationally, this is implemented by setting the
tunable parameter p = 0 and turning off the deposition
branches Eqs. (D22) and (D28) in the same local channels;
no extra resources are required. Since the entanglement
entropy S ≥ 〈A〉 is lower bounded by the surface profile
at t = L/2, which is unaffected by the cooling phase.

VI. CONCLUSION

In this work, we have explored a novel approach
for constructing and analyzing super-area-law quantum
states by leveraging the correspondence between classi-
cal stochastic processes and quantum many-body wave

010311-8



SEQUENTIAL GENERATION. . . PRX QUANTUM 7, 010311 (2026)

functions. Specifically, we have demonstrated that the
classical deposition-evaporation model of surface growth,
which interpolates between KPZ and EW dynamics, can
be encoded into a quantum state, leading to a family
of highly entangled two-dimensional states with tunable
entanglement scaling. Our results highlight how different
stochastic processes govern the entanglement structure,
allowing for transitions between area-law, sub-volume-
law, and volume-law scaling.

A key feature of our construction is the sequential gen-
eration protocol, which enables preparing these entangled
states using a unitary circuit model. This approach builds
upon the push-down automata framework proposed in
Ref. [16] and extends it to two-dimensional systems. Our
sequential generation scheme offers a practical method for
preparing complex quantum states and suggests potential
implementations on near-term quantum devices.

Furthermore, we have established the conditions under
which these entangled states can serve as ground states
of local frustration-free parent Hamiltonians. By encod-
ing the probability structure of the deposition-evaporation
model into local Hamiltonian constraints, we construct
explicit Hamiltonians whose ground states coincide with
the sequentially generated states. This connection between
classical stochastic dynamics and quantum many-body
ground states offers a novel perspective for state prepara-
tion and Hamiltonian engineering.

In Refs. [40,41], other super-area-law states are con-
structed with parent Hamiltonians. The states, designed
from two-dimensional surface fluctuation and a different
color matching mechanism, have entanglement entropy
transiting from area law to volume law with S ∼ L log L
at the critical point. The parent Hamiltonians in these
two papers are rotational invariant, and hence the entropy
scaling is isotropic. Consequently, the Motzkin condi-
tion and the color matching condition are imposed along
both the time-slice and the space-slice, which cannot be
accommodated by the stack memory, and hence cannot be
sequentially generated. In contrast, the states constructed
in our work are not isotropic, since the color matching
along the space direction is not reinforced, even in the col-
ored case. To see this, we can also consider a time-like
cut, and the entanglement at the critical point is mainly
contributed by L uncolored and coupled Motzkin chains.
Lacking the entanglement contribution Eq. (10) from the
color matching, the entanglement entropy of the time-
like cut is lower than that of the space-like cut. Another
isotropic construction was presented in Ref. [39], where
bipartite entanglement at the critical point scales as S ∼
L3/2 and sequential generation is likewise not feasible.

In summary, our findings contribute to the broader
understanding of how classical statistical mechanics
models can inform the design of quantum states, with
implications for quantum computation, entanglement tran-
sitions, and tensor network representations of many-body

states. Future directions include extending this frame-
work to a broader range of classical dynamics in vari-
ous dimensions and investigating potential experimental
realizations and quantum computation applications [35–
38]. Notably, in one dimension, deformed Motzkin chains
exhibit symmetry-protected topological (SPT) order [62]
and thereby serve as resource states for measurement-
based quantum computation (MBQC), where SPT order
enables protected teleportation and single-qubit gate oper-
ations [63–65], underscoring the potential computational
utility of the two-dimensional state family we construct.
Our results also suggest a broader principle that entan-
glement features of the constructed states correspond to
classical information quantities of the underlying stochas-
tic trajectories. Exploring such connections, for example,
on mutual information, offers a promising direction for
future work.
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APPENDIX A: MOTZKIN STATES AND THEIR
SEQUENTIAL GENERATION

In this section, we briefly review the Motzkin state
formalism as a warm-up. The Motzkin state [10–12] is
defined within the local Hilbert space HL of L spin-2 (with
states ±2, ±1, 0), formed by the superposition of colored
Motzkin walks, i.e.,

|�q〉 = 1
N

∑
w∈ colored Motzkin walks

q
1
2A(w)|w〉 (A1)

where N is the normalization constant, q > 0 a tunable
parameter and A(w) is the area under the Motzkin walks.
Motzkin walks are random walks that start and end at the
origin and remain above h = 0, with the up (+), down (−)
spins corresponding to upward and downward moves of
one step, and zero (0) spins corresponding to no move,
respectively. At a given height, when it increases with the
upward spin of the color c = 1, 2, it should decrease with
a downward spin of the same color c. An example of a
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Motzkin walk is shown below, where ±1 spins are in red,
±2 spins are in green, and 0 spins are uncolored (black);
the colors are matched.

We can bipartite the one-dimensional chain at the
middle point and calculate the entanglement entropy. In
Ref. [12] it is shown that when q > 1, the entanglement
entropy follows the volume law S ∼ L; when q = 1, the
entanglement entropy follows the the sub-volume law S ∼√

L; and when q < 1, the entanglement entropy follows the
area law. Despite the state’s intricate entanglement struc-
ture, local frustration-free parent Hamiltonians for |�q〉
can nevertheless be constructed [10–12].

Gopalakrishnan [16] proposed a method of sequen-
tially generating the state in Eq. (A1) which has modified
weights of trajectories touching h = 0 but gives the same
entanglement scaling,

|� ′〉 =
∑

w∈ colored Motzkin walks

√
pw|w〉, (A2)

where pw is given by the colored biased random walk in
one dimension. Let pi(t) be the probability of the walk
being at height i at time t. The transition for i > 0 is given
by

pi(t + 1) = (1 − γL − γR) pi(t) + γLpi+1(t) + γRpi−1(t)
(A3)

with tunable parameter γL,R > 0 and γL + γR < 1; and the
transition for i = 0 is controlled by a reflection boundary
condition,

pi(t + 1) = (1 − γ0)pi(t) + γ0pi+1(t) (A4)

with a tunable parameter 0 < γ0 < 1. The generation
method is based on sequentially applying quantum chan-
nels on a quantum system with Hilbert space Hem, called
emitter, where each state |i〉 records the real-time height
i and coloring. The emitter is initialized with a reference
pure state |0〉〈0|, representing the initial zero height. The
nth application of the quantum channel involves apply-
ing the unitary transformation Un on the emitter Hem and
the nth reservoir qudit (spin-2) with Hilbert space Hn that
dictates the nth move of the walk. After the nth applica-
tion, the nth qudit is radiated out and does not interact with
the rest of the process. During the whole process, we col-
lect all the reservoir qudits as the physical system. In the
end, we post-select the outcome in the reference Hilbert
space Hem, where the reference state is desired to return

back to the initial zero height of the walk, and then we
disentangle reservoir qudits, generating the desired state
in the history

⊗L
n=1 Hn. Here each Un has no knowledge

about system size L and only acts on Hem ⊗ Hn locally in
time. This protocol provides a more efficient generation of
super-area-law states, as discussed in Ref. [16].

APPENDIX B: KPZ DYNAMICS FROM THE
DEPOSITION-EVAPORATION MODEL

We want to derive a stochastic differential equation
from the deposition and evaporation process, applying
the method developed in Ref. [50]. We define two white
Gaussian noise ηi(t) and χi(t). We pick ap such that
E[1χ≥ap ] = p . As argued in Ref. [50], the update rule can
be approximated by

hi(t + 1) = max{hi+1(t), hi−1(t)} + ηi(t) (B1)

or

hi(t + 1) = min{hi+1(t), hi−1(t)} + ηi(t). (B2)

for each site. Then this process can be written as

hi(t + 1) = θ(χi(t) − ap) (min{hi+1(t), hi−1(t)} + ηi(t))

+ θ(ap − χi(t)) (max{hi+1(t), hi−1(t)} + ηi(t)),
(B3)

where θ(x) is the step function. Then we can use the
following trick:

min{a, b} = aθ(b − a) + bθ(a − b),

max{a, b} = aθ(a − b) + bθ(b − a),
(B4)

and the substitution

θ(x) = 1
2

+ 1
2

sgn(x). (B5)

And we arrive at the following equation:

∂h
∂t

(x, t) = (�x)2

2�t
∂2h
∂x2 (x, t)

− sgn(χ(x, t) − ap)
�x
�t

∣∣∣∣∂h
∂x

∣∣∣∣
+ 1

�t
η(x, t), (B6)

where �x and �t are finite differences of x and t. We can
then use the approximation derived in Ref. [50]:

|∇h| � 〈|∇h|〉〈|∇h|2〉 (∇h)2, (B7)

where 〈· · · 〉 means steady-state averaging. We can then set
�x = �t = 1 and use λ/2 � 〈|∇h|〉/〈|∇h|2〉 where λ ≥ 0.
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Finally, we arrive at the equation,

∂h
∂t

(x, t) = 1
2

∂2h
∂x2 (x, t) − λ

2
sgn(χ(x, t) − ap)

(
∂h
∂x

)2

+ η(x, t). (B8)

If p → 1, Eq. (B8) reduces to KPZ,

∂h
∂t

(x, t) = 1
2

∂2h
∂x2 (x, t) − λ

2

(
∂h
∂x

)2

+ η(x, t). (B9)

If 1
2 < p < 1, Eq. (B8) is effectively a KPZ

∂h
∂t

(x, t) = 1
2

∂2h
∂x2 (x, t) − λp

2

(
∂h
∂x

)2

+ η(x, t), (B10)

where λp > 0. If p = 1
2 , Eq. (B8) is effectively EW,

∂h
∂t

(x, t) = 1
2

∂2h
∂x2 (x, t) + η(x, t). (B11)

If 0 < p < 1
2 is effectively a KPZ

∂h
∂t

(x, t) = 1
2

∂2h
∂x2 (x, t) − λp

2

(
∂h
∂x

)2

+ η(x, t), (B12)

where λp < 0. In such cases, roughness is stabilized and
height growth is suppressed.

APPENDIX C: SCALING OF ENTANGLEMENT
ENTROPY WITH COLOR MATCHING

In this section, we derived the entanglement entropy
with color matching in the stochastic process. We assume
that at each step, the allowed change in height (increase or
decrease) has the same size |�h|. We further require that
the colors assigned to the change should be matched at the
same height. We first consider the one-dimensional case of
state-encoded classical dynamics,

|�〉 =
∑

uncolored path i

∑
�c∈Ci

√
pip�c|i|w�c

i 〉, (C1)

where w�c
i is the colored classical path i, pi is the proba-

bility of occurrence of such a path given by the classical
dynamics (independent of color), �c ∈ Ci represents the col-
oring of each change along the uncolored path wi and p�c|i
represents the probability of the coloring of path wi. To
evaluate the entanglement entropy, we apply the Schmidt
decomposition by constructing partitioned states from the
superposition of left and right half-paths. These paths reach

a common height h at the cut position L/2, and share a
consistent unmatched color profile �ch at the cut:

|w�ch
L,h〉 =

∑
iL∈Lh�cL∈CiL ,�ch

√
piL|hp�cL|�ch,iL |w�cL

iL 〉,

|w�ch
R,h〉 =

∑
iR∈Rh�cR∈CiR ,�ch

√
piR|hp�cR|�ch,iR |w�cR

iR 〉,
(C2)

where Lh and Rh denote the sets of uncolored left and right
half-paths reaching height h at the cut. The sets CiL(R),�ch
include all the colorings of left and right half paths with
unmatched color profile �ch. The vectors �cL and �cR repre-
sent colorings of the left and right half-paths, respectively,
constrained to match the unmatched color profile �ch at the
cut. The term piL(R)|h is the probability of a given half-path
iL(R) conditioned on reaching height h, and p�cL(R)|�ch,iL(R)

is
the probability of assigning a valid coloring given iL(R)

and the unmatched profile �ch. For any full path i reaching
height h at the midpoint, the total probability and coloring
probability decompose as

pi = pi|h · ph = piL|h · piR|h · ph,

p�c|i = p�c|�ch,i · p�ch = p�cL|�ch,iL · p�cR|�ch,iR · p�ch ,
(C3)

where ph is the probability that an uncolored path reaches
height h at the cut L/2, and p�ch = 2−h is the probability of
assigning an unmatched color profile of size h. Therefore,
the Schmidt decomposition of the state is

|�〉 =
∑

h

∑
�ch

√
2−hph|w�ch

L,h〉 ⊗ |w�ch
R,h〉. (C4)

Then we find the entanglement entropy,

S = −
∑

h

ph log(2−hph)

=
∑

h

hph log 2 −
∑

h

ph log ph. (C5)

We define α = log 2, 〈h〉 = ∑
h hph as the average

height in the classical dynamics, and we let Suncolored =
−∑h ph log ph. Then we can simplify the entropy

S = α〈h〉 + Suncolored. (C6)

In two dimensions, the derivation remains the same,
except that the normalization from the number of color-
ing changes because at the cut the surface hx has to be
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matched, i.e.,

|�〉 =
∑

hx

∑
�chx

√
2−Ahx phx |w�chx

L,hx
〉 ⊗ |w�chx

R,hx
〉. (C7)

Then the entanglement entropy is

S =
∑

hx

Ahx phx log 2 −
∑

hx

phx log phx

= α〈A〉 + Suncolored. (C8)

This was calculated for a special case in Ref. [40]. We
emphasize that since ph(phx ) is independent of the post-
selection, 〈h〉(〈A〉) is not affected by the post-selection as
well.

APPENDIX D: EXPLICIT FORM OF PARENT
HAMILTONIAN AND MATRIX ELEMENTS OF Un

1. Explicit form of the parent Hamiltonian

Here we provide explicit construction of projectors in
Eq. (11),

H =
∑

i,t

⎛
⎝ 3∑

k=1

∑
c=r,b

∑
�S

�
k,c,�S
i,t

⎞
⎠+ �initial + �final

+ �left + �right + �color + HGauss. (D1)

The initial condition projector is

(D2)

where the first sum enforces the spin pattern and height
profile in Eq. (7), while the second sum ensures that the
surface does not dip below the horizon. Similarly, the final
condition projector is

(D3)

which enforces the spin pattern in Eq. (7) and prevents
the surface from rising back to the horizon. The construc-
tion of these constraints in Eqs. (D2) and (D3) was also

discussed in Refs. [10–12]. The left boundary condition
projector, enforcing Eq. (6), is

�left = 1
L

L∑
t=1

| ↓〉 1
2 ,t− 1

2
〈↓ | + | ↑〉 1

2 ,t+ 1
2
〈↑ |, (D4)

and the right boundary condition projector, enforcing
Eq. (6), is

�right = 1
L

L∑
t=1

| ↓〉L− 1
2 ,t− 1

2
〈↓ | + | ↑〉L− 1

2 ,t+ 1
2
〈↑ |. (D5)

The energy penalty of Gauss’s law violation at all vertices
is

HGauss =
∑

i+t odd
1≤i,t≤L

(
si− 1

2 ,t+ 1
2

+ si− 1
2 ,t− 1

2

− si+ 1
2 ,t+ 1

2
− si+ 1

2 ,t− 1
2

)2
. (D6)

Finally, the color projector on all vertices is

(D7)

Now we explicitly derive |Dk,c,�S
i,t 〉 and �

k,c,�S
i,t . Recall

that the minimum deformation is the spins and colors
around one plaquette. Then the height difference constraint
between the plaquettes implies that the eight surrounding
spins should be in the following pattern: the top and bottom
two horizontal spins should be the same, and the left and
right two vertical spins should be opposite. Then, there are
only four remaining categories for the boundaries or sur-
roundings where we can perform legal deformation, clas-
sified by the top two spins (both ↑ or ↓) and bottom spin
(both ↑ or ↓). These correspond to superposing the tra-
jectory of deposition and evaporation of the middle block
columns in the surface growth while keeping the height
of the left and right columns unchanged. The height evolu-
tion of the site corresponding to the center plaquette locally
forms a Motzkin path, and then, with the nonnegative
height constraint, the valid trajectory deformations are

(a) h → h + 2 → h versus h → h → h;
(b) h → h + 2 → h + 2 versus h → h → h + 2;
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(c) h → h → h − 2 versus h → h − 2 → h − 2;

as discussed in the one-dimensional cases [10–12].
Therefore, for the plaquette of hi(t), we can explicitly

write out three possible superpositions according to three
boundary conditions,

(D8)

(D9)

(D10)

where �S = (s1, s2, s3, s4) satisfying s1 + s2 = s3 + s4 = 0
and p�S,h = pLpRpUpL records the probability of evolution
at the left, right, upper, and lower vertices, following the
probability of a single vertex:

(D11)

(D12)

and

(D13)

Then we can construct the projector for each plaquette with
proper normalization,

�
k,c,�S
i,t = I k,c,�S

i,t − 1
p�S,h1

+ p�S,h2

|Dk,c,�S
i,t 〉〈Dk,c,�S

i,t |, (D14)

where I k,c,�S
i,t is the identity only on the subspace of allowed

spins and color configurations around plaquette (i, t),
respecting the color c matching and Gauss’s law constraint
from �S, and the top and bottom spins of case k. Then
the local projector �

k,c,�S
i,t would annihilate the states of

superposition of all valid trajectories based on the local
probability construction of evaporation and deposition.

To obtain the parent Hamiltonian of uncolored states
|�abs,uncolored〉, we only need to remove the color qutrits in
�

k,c,�S
i,t for �k�S

i,t , and to remove the color projector �color.
The Hamiltonian is modified to

H =
∑

i,t

(
3∑

k=1

�
k,�S
i,t

)
+ �initial + �final

+ �left + �right + HGauss, (D15)

which is also the same as the sequential generation.

2. Matrix elements of UL(R) and UE(F),j

Recall Fig. 6, UL and UR radiates out the second and
Lth spin qubit based on the neighboring stacks. Explic-
itly, UL radiates the second spin based on the relative F/E
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positions in the first and second stacks,

〈
F

E, ↑
∣∣∣∣UL

∣∣∣∣FE, ↓
〉

= 1, (D16)

〈
E

F , ↓
∣∣∣∣UL

∣∣∣∣ E
F , ↓

〉
= 1. (D17)

And UR radiates the Lth spin based on the relative E/F
positions in the (L − 1)th and Lth stacks,

〈
E

F, ↓
∣∣∣∣UR

∣∣∣∣EF, ↓
〉

= 1, (D18)

〈
F

E , ↑
∣∣∣∣UR

∣∣∣∣ F
E , ↓

〉
= 1. (D19)

Based on the discussion of three cases in Sec. V, we
can explicitly write out the matrix elements of UF(E),j
[66]. The nonzero elements represent the allowed moves,
and the exact values are given by the probability of all
the events—no process, deposition, or evaporation—that
contribute to the surface evolution recorded in the stacks
change. The matrix elements of UF,j are given by

〈 F
EcE

c
, ↑↑, 0

∣∣∣∣∣∣UF,j

∣∣∣∣∣∣
F

EcE
c

, ↓↓, 0

〉
=
√

1 + p
2

, (D20)

〈 0
E0E

F
, ↓↓, c

∣∣∣∣∣∣UF,j

∣∣∣∣∣∣
F

EcE
c

, ↓↓, 0

〉
=
√

1 − p
2

, (D21)

〈 F
EcE

c
, ↑↑, c

∣∣∣∣∣∣UF,j

∣∣∣∣∣∣
0

E0E
F

, ↓↓, 0

〉
=
√

p/4, (D22)

〈 0
E0E

F
, ↓↓, 0

∣∣∣∣∣∣UF,j

∣∣∣∣∣∣
0

E0E
F

, ↓↓, 0

〉
=
√

1 − p/2, (D23)

〈E
F
E

, ↓↑, 0

∣∣∣∣∣∣UF,j

∣∣∣∣∣∣
E
F
E

, ↓↓, 0

〉
= 1, (D24)

〈 E
F

E
, ↑↓, 0

∣∣∣∣∣∣UF,j

∣∣∣∣∣∣
E

F
E

, ↓↓, 0

〉
= 1, (D25)

where c = r, g splits the probability of uncolored events.
And the matrix elements of UE,j , which is the same UE,j

with the exchange of symbols E and F, are given by

〈 E
FcF

c
, ↑↑, 0

∣∣∣∣∣∣UE,j

∣∣∣∣∣∣
E

FcF
c

, ↓↓, 0

〉
=
√

1 + p
2

, (D26)

〈 0
F0F
E

, ↓↓, c

∣∣∣∣∣∣UE,j

∣∣∣∣∣∣
E

FcF
c

, ↓↓, 0

〉
=
√

1 − p
2

, (D27)

〈 E
FcF

c
, ↑↑, c

∣∣∣∣∣∣UE,j

∣∣∣∣∣∣
0

F0F
E

, ↓↓, 0

〉
=
√

p/4, (D28)

〈 0
F0F
E

, ↓↓, 0

∣∣∣∣∣∣UE,j

∣∣∣∣∣∣
0

F0F
E

, ↓↓, 0

〉
=
√

1 − p/2, (D29)

〈F
E
F

, ↓↑, 0

∣∣∣∣∣∣UE,j
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F
E
F

, ↓↓, 0

〉
= 1, (D30)

〈 F
E

F
, ↑↓, 0

∣∣∣∣∣∣UE,j

∣∣∣∣∣∣
F

E
F

, ↓↓, 0

〉
= 1. (D31)

For each case, the probabilities of all possible moves sum
to 1.
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