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Tensor network contraction on arbitrary graphs is a fundamental computational challenge with
applications ranging from quantum simulation to error correction. While belief propagation (BP) provides
a powerful approximation algorithm for this task, its accuracy limitations are poorly understood and

systematic improvements remain elusive. Here, we develop a rigorous theoretical framework for BP
in tensor networks, leveraging insights from statistical mechanics to devise a cluster expansion that
systematically improves the BP approximation. We prove that the cluster expansion converges exponentially
fast if an object called the loop contribution decays sufficiently fast with the loop size, giving a rigorous error
bound on BP. We also provide a simple and efficient algorithm to compute the cluster expansion to arbitrary
order. We demonstrate the efficacy of our method on the two-dimensional Ising model, where we find that
our method significantly improves upon BP and existing corrective algorithms such as loop series expansion.
Our work opens the door to a systematic theory of BP for tensor networks and its applications in decoding
quantum error-correcting codes and simulating quantum systems.
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I. INTRODUCTION

Tensor networks comprise a set of powerful mathemati-
cal and computational tools widely used in condensed
matter physics and quantum information science.
Originally developed for quantum many-body systems
[1,2], tensor networks have evolved into a unifying frame-
work that connects diverse areas of physics [3-7] and
computer science [8—12].

Despite their conceptual elegance and broad applicabil-
ity, the practical utility of tensor networks is fundamentally
limited by the computational complexity of tensor con-
traction. Contracting a tensor network—summing over all
internal indices to compute the final result—is central to
extracting physical quantities from the network represen-
tation. However, this operation generally requires expo-
nential runtime in the system size [8,13,14], motivating the
development of polynomial-time algorithms for approxi-
mate network contraction.
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Many such algorithms have been developed, often
exploiting special structures in the tensor network to
simplify contractions. For example, time evolving block
decimation (TEBD) [15,16] leverages the bounded growth
of entanglement to truncate the bond dimension. Other
algorithms exploit the network geometry; in particular, for
geometries without loops (such as one-dimensional matrix
product states [17,18] and tree tensor networks [19]),
exact contraction becomes efficient if performed in the
right order.

Belief propagation (BP) [20-24], a classical algorithm
rooted in computer science and statistical physics, has
recently emerged as a promising candidate for approxi-
mate contractions of tensor networks [25,26]. Originally
developed by Pearl for probabilistic inference in graphical
models [20], BP found its theoretical foundation in Bethe’s
work on lattice statistical mechanics [21]. BP has since
proven useful in tasks such as decoding classical and
quantum low-density parity check (LDPC) codes [27-33],
machine learning [34,35], and optimization [36,37]. While
BP was developed in the context of classical probability
theory, it is equally applicable to quantum systems and has
been widely adopted [38—47]. Notably, BP-based tech-
niques have been used to classically simulate major
quantum experiments, challenging claims of quantum
advantage [48,49].

BP offers several advantages over other methods: it is
polynomial time and parallelizable, applies to arbitrary
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geometries, and becomes exact on networks without loops.
However, the conditions under which BP is a good”
approximation are still not clear, especially in loopy
geometries. In addition, unlike methods such as TEBD,
which can be controllably improved (e.g., by increasing
the bond dimension), the traditional BP method is inher-
ently rigid and lacks a tuning parameter to trade off
computational resources for lower error rates.

In this work, we develop a systematic theory of belief
propagation (BP) for tensor network contractions to
address these challenges. Our main contributions are:
(1) establishing rigorous control over the difference
between the exact value Z and the BP contraction Z,
and (ii) designing an efficient algorithm that systematically
corrects the BP error with exponential convergence.

We achieve our results through a novel approach that
overcomes fundamental limitations of existing methods. In
Refs. [50,51], the authors take inspiration from earlier
work in statistical inference [52-59] to construct a Taylor
series known as the loop expansion in order to correct the
BP approximation value toward the ground truth. The
naive loop expansion starts from the BP value Z, at zeroth
order and sums corrections called loop tensors that grow
larger at higher orders. While this seems like a natural
tuning knob—when fully summed, the loop expansion
yields Z—the method suffers from a critical flaw: it does
not generally converge, even when individual loop tensors
decay exponentially. The fundamental problem is that the
expansion includes disconnected loops whose number
grows combinatorially with size, overwhelming any expo-
nential decay and causing divergence. The work [50] made
the first step in mitigating the combinatorial growth
through multiple self-consistent methods.

To resolve this convergence failure, we leverage insights
from statistical mechanics to construct an entirely different
series: a cluster expansion that converges to the logarithm
of the ground truth, log(Z), rather than Z itself. Starting
from log(Z,), our method sums modified corrections
called clusters, derived from loop tensors. Crucially, only
connected clusters contribute to our expansion, and their
number grows at most exponentially—not combinatori-
ally. This fundamental difference ensures that our cluster
expansion converges exponentially fast, solving the con-
vergence problem that plagues the loop series method.

We rigorously prove the exponential convergence of our
cluster expansion, provided that loop tensors decay expo-
nentially with a sufficiently large exponent. This resolves
the two main challenges of BP: it characterizes when BP is
accurate and provides a polynomial-time algorithm to
systematically improve it—something that loop series
expansions cannot achieve due to their inherent conver-
gence problems.

To understand when loops decay and the cluster expan-
sion converges, we conduct extensive numerical experi-
ments computing the free energy density of the 2D Ising

model and benchmark it against the exact solution. We
observe distinctive behaviors across the phase transition:
while BP performs well deep in the high-temperature and
low-temperature phases, it deviates from the ground truth
because of the presence of long-ranged fluctuations at the
critical point. There, we show that cluster expansion
significantly improves the BP error and converges faster
than loop expansion, independent of the system size.

The change from the loop expansion to the cluster
expansion is physically intuitive. Borrowing wisdom from
statistical mechanics, we interpret tensor networks as
partition functions. As an object that changes multiplica-
tively with system sizes, it is inherently unstable and is
hard to approximate with a series expansion. In contrast,
the logarithm of the partition function, or the free energy, is
an extensive quantity that changes additively with system
sizes. It has an additive response to local perturbation and
can thus be approximated with a series expansion. This
intuition is rigorized in our convergence proof and is
supported by our numerical experiments.

A. Comparison with existing and concurrent work

We compare our results with earlier and concurrent
works. References [52,53] first introduce the loop series
expansion in probabilistic graphical models. Reference
[50] generalizes the loop series expansion to tensor net-
works. Notably, they propose several methods to overcome
the divergence of the naive loop expansion. Their key
intuition is the extensivity of free energy which also
motivates our paper. In particular, the combinatorial tool-
box we will use formalizes the counting argument under-
lying their ‘“single-excitation” and ‘“multi-excitation”
approximation. Our results advance this line of work in
three key respects. First, the cluster expansion yields
explicit expressions for correction terms at all orders.
Second, it applies beyond the thermodynamic limit,
whereas the previous methods are restricted to that setting.
Lastly, we resolve an open question by showing that
sufficiently fast loop decay guarantees exponential con-
vergence of the cluster expansion.

There are also earlier attempts to derive modified
series expansion with better convergence than the naive
loop expansion. Notable examples include the linked
cluster expansion [60], also known as the cluster-cumulant
expansion [61] in the statistical inference literature.
Reference [51] employs the linked cluster expansion as
one of the subroutines to compute observables in time-
evolved quantum systems. Concurrent to our work,
Ref. [62] appeared which employs the linked cluster
expansion to perform extensive numerical simulations of
quantum ground states. We note that while the linked
cluster expansion is conceptually very similar to the cluster
expansion derived in our work, they are formally two
different series. See Sec. III C for an example. However,
we believe that our theory of convergence should apply to
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linked cluster expansion as well, since both series reflect
fundamentally the same physics.

B. Organization

This paper is organized as follows. In Sec. II, we review
the belief propagation algorithm and its connection to
tensor networks. In Sec. III, we introduce the loop and
cluster expansions, present our main convergence theorem,
and discuss its implications. In Sec. IV, we outline the
algorithmic procedure for computing the cluster expan-
sion. In Sec. V, we present numerical results on the two-
dimensional Ising model where the exact solution is
known. Finally, in Sec. VI, we discuss potential extensions
and applications of our work.

II. BELIEF PROPAGATION

In this section, we define our notation and introduce the
BP algorithm. We then introduce the loops series expan-
sion and show why it does not converge in general.

A. Tensor networks

We consider a tensor network, with no open indices,
defined on a graph G = (V,E) on N sites with sets of
vertices V and edges E. For each vertex v € V, we denote
the neighbors of v in G as NV (v). The degree of a vertex in
the graph is denoted d(v) == |[N'(v)|. The degree of a graph
is denoted A(G):=max,cyd(v). Next, we define the
notion of a tensor network on the graph. For edge
(v,w) € E we associate the bond Hilbert space 15,,, with
dim(B,,,) the bond dimension on that edge, which we take
to be uniform and equal to y without loss of generality.
Each vertex ve€V is then equipped with a tensor
T, e ®n€/\/(v) B,

We refer to the triple 7 = ({T,},cv, V. E) as a tensor
network. These networks have no “open” indices, and will
be used for the belief propagation algorithm, as detailed in
the following. Defined this way, the contraction of all the
tensors in the network is a scalar,

Z(T) = *l?EVTL" (l)

where * denotes contraction of tensor indices. Following
the convention in statistical mechanics, Z(7) is a sum of
local terms over local Hilbert spaces, which is what usually
defines a partition function in statistical mechanics. In fact,
any partition function of a local statistical mechanical
model can be written as a tensor network inheriting the
locality of the model. Generalizing this language, we refer
to Z(7) the partition function of the tensor network.
Note that Z(7) is strictly more general than the partition
function in statistical mechanics: in general, tensors 7', can
be complex, while in statistical mechanics we only sum
over non-negative quantities.

Following the same intuition, we will define the free
energy as the logarithm of the partition function, general-
izing the definition in statistical mechanics.

F(T) = log 2. 2)

One might worry that Z can be complex and thus
rendering F (7 ) multi-valued. In the following discussion,
we will always choose a normalization such that Z is
positive and store the phase information separately. This
ensures the uniqueness of F(7) in the neighborhood
where cluster expansion operates.

B. Belief propagation

Now we introduce the belief-propagation procedure. It
begins with defining message tensors on each edge of the
graph, with p,_,,, € B,,, denoting the message from node v
to w. We define a set of fixed-point messages on the
network through the notion of self-consistency between the
tensors and the messages. This requires that the contrac-
tion of all but one incoming message on any vertex v € V
must result in the outgoing message on that edge.
Mathematically, the self-consistent set M = {u,_,.},,,
satisfies for each v € V and each s € N (v),

( ® l"’ni—w) *TU = P’v—»nj, (3)
n; €N(v)/{n;}
Schematically,

Mnl—w /’tni—n/

where rank-one > denotes message tensors and 7', is the
local tensor at vertex v. In practice, the message tensors are
obtained through iteration of the self-consistency equation
until convergence [see Sec. IV B for details].

To evaluate the BP approximation, we first compute
L,y = Hyorw * Hyysp» that is the inner product between p,,_,,,
and p,,_,, [63]. For each v € V, the local contribution to the
partition function is then given as,

0 ;:[ ® ”"%}*TU, @)
neN ) VI

where we take the principal branch of the square root when
I1,,, is complex. The BP vacuum solution to the partition
function and the free energy is then given as,

Zy = Hz(v), 5)
veV
Fo= logZz. (6)
veV
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Here, Z, forms the BP approximation to Z. This is
graphically depicted as the following,

(@) (?4

Q—®~ Q< @
S %

Viewed as a mean-field approximation, the “traditional”
BP algorithm is used to approximate the exact partition
function with the vacuum solution Z,. Physically, the
message tensors can be viewed as a rank-one approxima-
tion of the influence of a complex environment. The local
reduced density matrices are then given by contracting the
rank-one environments into the local tensors as follows,

C. Loop series expansion

The loop series expansion [50] for the self-consistent
messages in terms of the “generalized loops” on the graph
can be written as follows. For each edge e = (r,s) €EE,
consider the identity 1. We define the orthogonal projector
Py by expanding the identity as,

]] — |p'r—>x1> <p‘x—>r| + PrL; (7)
This ensures that P |p,_) = 0 and {p,_,|P% = 0, hence
Py carries contributions orthogonal to the BP vacuum.
Now, consider the problem of evaluating the partition
function Z. Inserting the identity above at each edge in
the network, one obtains 2/El terms. Each term can be
expressed by an |E|-bit string s: E — {0,1}, where
s(e) = 0foredge e = (r, s) € E represents the BP vacuum
contribution from |p,_){p,_,| and s, = 1 represents the
“excited edge” contribution from the orthogonal projector
P;;. Bach configuration s defines an edge-induced sub-
graph [64] G, C G of excited edges. This results in,

Z=2y+) Z, ®)
s#0

where Z; denotes the contribution from configuration s
normalized by the vacuum contribution. Now, we note that
any configuration s which has an dangling edge will
vanish. The “vacuum” contribution is Zj.

Definition II.1. (Generalized loops). Consider a graph
G = (V,E). A generalized loop is subgraph C = (W, F)
with W C V, F C E, with the property that the degree of
any w € W in C is at least two. The weight of a generalized
loop is defined as the number of edges |F|.

We denote the set of generalized loops in graph G as L.
Note that a generalized loop need not be a simple loop or
even a connected subgraph. With mild abuse of notation,
we refer to generalized loops simply as “loops” and
specify “simple loops” when needed. We denote a loop
as [ € L with loop weight |/|.

Lemma II. 1. A non-zero excitation Z; is possible only if
G, is a generalized loop in G [50,52].

Hence, contributions such as the following with a
“dangling excitation” vanish,

i)

owing to T3 and T4 having degree one. Thus, it is possible
to write the series expansion involving only those con-
figurations which form generalized loops. Let us first
define formally a loop correction.

Definition 11.2. (Loop correction). Let [ be a generalized
loop in the graph. Each loop [/ has an associated loop
correction Z, € C, defined as

Z= ( 11 %)*( IT w ®uvw>*<HTU>,
(w.w)ev(l) (w.0)gV(l) v

€))

where V() is the set of vertices in the loop I.
For instance, a simple loop correction on the loop [ =
{(1,2),(2,3),(3,4),(1,4)} on a square lattice is,
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FIG. 1.

3
v

Loop series expansion. The contraction of a five-vertex tensor network can be exactly represented as the sum of the BP

@

vacuum and all the generalized loop excitations on the graph. The red line denotes the orthogonal projector as defined in Eq. (7).

where the message tensors from all other connected
vertices are contracted in.
The loop series expansion is then given as follows.
Lemma I1.2. (Loop series expansion). Consider the
expansion of the partition function of the tensor network
7 =({T,},cv,V.E) by resolving the identity at each
edge. Then, we have that
2(T)=20+ Y _ 2. (10)

leLlg

where the only non-zero excited contributions are gener-
alized loops [ in G = (V,E).

Crucially, the sum in Lemma I1.2 runs over all possible
loops, including disconnected ones. We illustrate this
expansion for a simple tensor network consisting of five
vertices in Fig. 1. The net contraction is given as a sum of
the BP vacuum along with all possible edge excitations,
which appear as generalized loops.

D. Divergence due to disconnected loops

Ideally, one would like to approximate the loop expan-
sion by truncating the series at some finite loop weight.
Specifically, we set a cut-off weight and sum over loops
with weights < m. Denoting this by Z,,, we have,

Zn=2y+)Y 7 (11)

letg
[l|<m

Empirically, one expects that if Z; decays exponentially

fast with [, then Z, provides a good approximation to
Z(T) with a modest cutoff m. A major problem with this

approach is the need to sum over generalized loops that
are disconnected. To see this, consider a tensor network
(PEPS) defined on a L x L two-dimensional square lattice.
On regular lattices such as the 2D square lattice, there are
combinatorially many disconnected loops. For example,
there are order (L;) disconnected loops of weight 8 formed
by two loops of weight 4 on plaquettes [Fig. 2(a)]. Going
to higher weights, there are order (L:) disconnected loops
formed by three connected loops, and so on. Therefore,
as one goes to higher m, the number of terms grows
combinatorially, outweighing the exponential decay of
individual terms. This represents a significant bottleneck
to the convergence of the loop series expansion, and
motivates us to look for improved techniques.

III. CLUSTER EXPANSION

In this section, we introduce the cluster expansion and
prove the main technical result: the tensor cluster expan-
sion converges if loops Z; decay exponentially in |/| with a
sufficiently large exponent. Crucially, the cluster expan-
sion technique overcomes the challenge of disconnected
loops. We first give a physical picture about why cluster
expansion provides a better series expansion than the loop
series expansion. We then introduce the cluster expansion
formally and state the main result. We give a toy example
and compare with earlier work in the end.

A. Physical intuition behind cluster expansion

As we have argued in the previous section, tensor
network contractions can be thought of as generalizations
of partition functions in statistical mechanics by adding

O« O

il
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(a)

FIG. 2.

(b)

(a) Disconnectedness and incompatibility. Example of a disconnected loop. (b) Example of two incompatible loops.
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sign structures. Now, partition functions are not stable
objects under local perturbations. For example, by heating
any one site to infinite temperature, the partition function
is changed by a constant multiplicative factor. To account
for this in a series expansion, each site must show up in a
constant fraction of terms. This is fundamentally why the
loop series necessitates the use of the disconnected loops
and the combinatorial growth of the number of terms in the
loop expansion of Z.

On the other hand, the free energy F is a well-behaved
object under local perturbations. When one site is heated to
infinite temperature, the free energy is changed only by a
constant additive factor. This behavior is realizable in
series expansions without disconnected objects: given a
fixed site, only a constant number of terms should be
involved in the expansion. Therefore, one naively expects
that the series expansion of the free energy is better
behaved.

Another related intuition regarding the cluster expan-
sion is the presence of non-linearity in the series to ensure
convergence. As we will see, the non-linearity in the loop
contributions added through the cluster method leads to
provable convergence.

B. Formal definition

Now we formally introduce the cluster expansion.
In particular, we employ the formalism of the abstract
polymer model [65] which provides black-box techniques
to prove convergence. Throughout this subsection, we will
work with the normalized tensor 7', defined as follows,

T,=—~ 12)

where Z(*) is the local contribution defined in Eq. (4).
Under this normalization, the BP contraction of T,, is one,
and correspondingly the BP free energy of T, is zero. We

will compute the cluster expansion of F(7), which is
related to F(T) by a constant offset, namely,

F(T)=F(I)+ ) log(z). (13)

Crucially, the loop series expansion of Z(T) contains
the contributions from all generalized loops, which
includes connected as well as disconnected loops. We
term the disconnected part as consisting of compatible
loops, in the following sense. Denote L, to be the set of
connected loops in the graph G.

Definition II1.1. (Compatible loops). Two loops /, /" in
L, are said to be compatible, written [ ~ ', if they do not
overlap; that is, they share no vertex or edge in the
underlying graph. A family I' C L, of loops is called

compatible if every pair of distinct loops in I is
compatible.

We give a pair of incompatible loops in Fig. 2(b). We
note that the notion of loop compatibility is conceptually
similar, though not identical, to the notion of connected-
ness of loops. Connectedness is a property of a single loop,
describing whether it can be decomposed into two dis-
connected subgraphs. In contrast, loop compatibility is a
relation between two distinct loops and does not depend on
their individual connectedness. If two loops are compat-
ible, their union forms a larger but disconnected loop.

Next, we define the object cluster. Intuitively, clusters
are a collection of loops, which can be described as a
multiset as follows.

Definition I11.2. (Clusters). A cluster is a collection of
tuples of the form

W = {(llv 7’]1)7 (12’ 7’]2), T (ZWH ’7m)}’

where each [; € L, is a loop and 7, is the multiplicity of the
loop /; in the cluster. The total number of loops in the
cluster is denoted as ny = ) 7" | 5.

We define the cluster weight |[W| = ", ,|;|, where |;]|
is the weight of loop /;. We also denote W! =[], #;!.
We denote the correction of the cluster Zy as the product
of the loop corrections raised to their respective
multiplicities:

Definition II1.3. (Cluster correction). For a cluster
W = {(ly,m). (o). -+ (o)}, the cluster correc-
tion is defined as

Zw =[] 2" (14)
i=1

where Z; are the corresponding loop corrections.

Given a cluster W, we define the interaction graph as
follows.

Definition I11.4. (Interaction graph). Given a cluster
W ={(,m),(lr,n2), (L, )}, we define the inter-
action graph Gw = (Vw, Ew) as follows: each loop I;
corresponds to #; distinct vertices, with the total number
of vertices being |Vw|=>_",#n;. There is an edge
(1,1') € Eyy either if the loops [ and /' are incompatible
I=l', or they are identical [ =1’

A cluster W is called connected if its interaction graph
G is connected—that is, there exists a path between any
two vertices in Gy. This connectivity condition is crucial:
we now establish that only connected clusters contribute to
the free energy expansion.

Lemma I11.1. (Connected clusters only). The free energy
can be expressed as

033010-6
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FI)y= Y. ¢(W)Zw, (15)

connected W

where the sum runs over all connected clusters W. The
coefficient ¢p(W) is called the Ursell function, given as

1, 1’]W:1
W) =< o7 > (=DECOL pyw>1 (16)

CeGy
C connected

where C is a connected subgraph of the interaction graph
Gw spanning all vertices, and E(C) is the edge set of C.

The proof of Lemma III.1 is rather technical so we defer
it to the appendix. Since the expansion involves only
connected clusters, an important question arises: how
many connected clusters must be enumerated in the
truncated sum? The answer depends fundamentally on
the graph structure, as quantified by the following com-
binatorial bound.

Lemma I11.2. Given any graph with n vertices and with
degree A, the number of connected clusters with weight
< m is upper-bounded by n(e(A + 2))*"

We prove this bound in the SM [66]. This bound reveals
that there are nA°" connected clusters per site, making
the enumeration computationally tractable for moderate
values of m. We also note that the base coefficient is not
optimal since we only use elementary techniques to give a
crude bound. Given this bound, we are then motivated to
truncate the cluster series at a finite cluster weight m to get
the truncated free energy F,,.

Definition II1.5. (Truncated cluster expansion). The
truncated partition function F,, is defined as

connected W
[W|<m

We will use the F,, to approximate F (7). Our main
technical result is to show that when the loop contribution
decays exponentially with their weight with an exponent
above a constant threshold, then the cluster expansion
converges and F,, gives a good approximation to F (7).

Theorem I11.1. (Convergence of the cluster expansion).
(Informal) Given a tensor network with degree A and
normalized by the BP fixed point. Assume there exists a
constant ¢ > ¢, = ©(log(A)) such that

1Z)| < e~clll. (18)

Then the series for F converges absolutely, and the error in
truncating the series at order m is bounded by

|F —F,| = O(ne=dtm+1), (19)

where d = ¢ — ¢.

We prove our main result in the SM [66], which is a
direct application of the Kotecky-Preiss condition [65]. If
we denote the true free energy density as f = JF /n and the
weight-m cluster approximation density as f, = F,,/n,
then we have that sufficient loop decay ensures,

[f = Ful = O(e70m+1), (20)

We discuss the implications of our main theorem, sum-
marized as the following corollary.

Corollary III.1. (Informal) Under the conditions of
Theorem 1,

1. BP error in free-energy density is bounded by
|f = fapl = O(e(v)), and,

2. Computing F,, with m = O(log(n)) gives a
polynomial-time algorithm to approximate F up
to inverse polynomial error.

At m =0, our theorem tells that BP approximates
the free energy density up to a constant additive error,
under the stated assumption. Further, cluster expansion
improves this error exponentially fast in m. Hence, to get
to an error ¢, one needs to enumerate clusters to order
m = (1/d)log(1/e). Moreover, all connected clusters
with weight <m can be enumerated in n e0lm) —
O(n/e'/?) time. Thus, the time complexity is poly(n) to
get to an inverse polynomial error in free energy density.

Finally, in certain cases such as simulating quantum
dynamics, the tensor network contraction Z(7) itself is
the physical observable, and we are interested in quantify-
ing its error. An additive error of € in F(7 ) corresponds
to a multiplicative error of @(e) in Z(7). Since these
observables are often of order O(1), this typically implies
an O(1) additive error. However, when the observables
become exponentially small, an O(1) additive error is no
longer meaningful. In contrast, a ®(e) multiplicative error
ensures that the additive error bar shrinks proportionally as
the observable decreases. This makes the cluster expansion
particularly favorable in such regimes.

C. Toy example

To illustrate the idea behind the cluster expansion and
compare it to the loop expansion, we consider a toy
example. Consider a tensor network on a one-dimensional
ring. The only generalized loop is the entire ring /, and the
loop contribution is Z;. Suppose we have normalized the
tensor network by the BP fixed point, so the BP contri-
bution is one. Then, the loop expansion gives

Z=1+4+2 (21)
and the free energy is

F =log(1+Z2). (22)
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On the other hand, the only possible clusters are
{(I, N}, {(1,2)},---, namely the same loop repeated
multiple times. In this case, all clusters of weight m are
{(l,m)}. Therefore, W! = m!. The part that sums over
connected spanning graphs evaluates to (—1)"*!(m — 1)!
which we illustrate in the SM [66]. Therefore, the Ursell
function can be computed to be ¢({(l,m)}) = <_1r31m+]. The
cluster expansion gives

F=> — 7 (23)

This is exactly the Taylor expansion of log(1 + Z;), which
converges for |Z;| < 1.

We note that in this small example, loop expansion
converges in the first order, while the cluster expansion
needs to go to higher orders. However, when |Z;| is small,
both methods agree on the leading order. As we will see
later, when contracting large tensor networks, we expect
cluster expansion to converge faster. We also note that
while the computation of the Ursell function is daunting
here, it is drastically simplified in large tensor networks
since one typically does not need to handle clusters with
many loops. In fact, in the numerical work in the next
section, the Ursell function can be brute-force enumerated
in the order we truncate.

Input: tensor network(s) {7}, max weight m

[ Enumerate weight < m clusters {W} & save ]

g

[ Compute BP messages & Fj, ]

[ Normalize 7 to I ]

[ Fp=Fy+ Y d(W)Zy ]
W

—

Compute ¢(W)Zy from g

Output: Fm

FIG. 3. Pseudocode of cluster expansion. Computationally
expensive steps are colored in red. When there are more than
one tensor networks, we assume they are defined on the same
graph so that they share the same clusters.

Finally, this toy example also illustrates the differ-
ence between the linked cluster expansion and our
cluster expansion. The linked cluster expansion produces
log(1+Z;) in one iteration [61], whereas our cluster
expansion is an infinite series expansion.

IV. ALGORITHMS

In this section, we present an overview of the algo-
rithmic procedure for computing the cluster expansion of
generic tensor networks. Figure 3 provides a pseudocode
summary. Suppose we are given a family of tensor net-
works {7} defined on a common graph G, and our goal is
to contract each network. The algorithm takes as input the
set {7} and a maximal cluster weight m, and outputs the
truncated cluster expansion F,, for each 7.

A. Cluster enumeration

The first step is to enumerate all connected clusters with
weight < m and save them. This step is computationally
expensive, as its complexity grows exponentially with m.
However, for a given graph G, this computation only needs
to be performed once. The cluster enumeration algorithm
is intricate; therefore, we provide a detailed discussion in
the SM [66]. Here, we summarize the main steps:

1. For each vertex, enumerate all connected loops with
weight < m supported on that vertex.

2. Repeat over all vertices to obtain a list of connected
loops, then deduplicate to remove redundancies.

3. For each vertex, enumerate all connected clusters
with weight < m supported on that vertex, using the
list of connected loops.

4. Repeat over all vertices to obtain a list of connected
clusters, then deduplicate.

For step 1, we use a depth- or breadth-first search
algorithm to “grow” a connected subgraph from each
vertex, recording the subgraph only when it forms a
generalized loop (see Definition II.1). Repeating this
process over all vertices yields a list of connected loops.
Since a single loop may be supported on multiple vertices,
we perform de-duplication to remove redundancies. The
deduplication in step 2 can be efficiently implemented by
storing a hash map of the loop objects. Every time a new
loop is found, one simply query the hash map and add the
loop only if the loop is not in the hash map.

Step 3 follows a similar approach: starting from each
vertex, we “grow” connected clusters using the list of
loops, and again deduplicate after repeating over all
vertices. Finally, we repeat step 3 for each vertex and
deduplicate to obtain the final list of connected clusters. As
in step 2, this deduplication can be performed on the fly by
maintaining a hash map.

Steps 1 and 3 have a runtime of O(exp(m)), while steps
2 and 4 add an additional factor of n [70]. Thus, the total
runtime is O(n exp(m)). In practice, steps 1 and 2 are the
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most time-consuming. The supplementary material [66]
discusses strategies to improve runtime, such as exploiting
symmetries (such as translational symmetry) of the
graph G.

B. Message passing and normalization

After enumerating all connected clusters, we proceed to
compute the cluster expansion for each tensor network 7.
The next step is to run BP on 7 to obtain the (approximate)
fixed-point messages {j,_,}. This is achieved by iter-
atively applying the following update rule until conver-
gence:

Hyos = < ® ""’r—>1)>*TU. (24)
reN(v)/{s}

Schematically,

Hngesy

Hnysy ;

ﬂv—»nj

Y -

For numerical stability, we normalize the message
vector by its two-norm after each update. This does not
affect the result in the end as any constant factor will be
canceled out when dividing by 7,,. Message passing is
typically efficient, as belief propagation often converges
rapidly. However, tensor networks with sign structures
may either fail to converge or converge slowly. Additio-
nally, message passing can admit multiple fixed points,
some of which may yield poor approximations.

Empirically, we find that the following strategies are
helpful: (1) initializing messages randomly (in case of
symmetry breaking), (2) damping the message passing—
i.e., updating messages as a convex combination of the old
and new values, and (3) adding a small amount of noise to
the messages at each iteration. It is imperative to ensure
that the self-consistency condition is satisfied to some
fixed error ¢ at each vertex, thatis, Vo€V, s €N (v) we
ensure,

< e. (25)
2

H ( X /’lr—w) *Tv — Hyss
reN(v)/{s}

Once the messages have converged, we compute the BP
free energy F,, and normalize the tensors 7 to 7 as in
Eq. (12). This normalization introduces a constant offset in
the free energy, so we add F, back to the final result.

C. Computing cluster contribution and final result

The final step is to load the list of connected clusters and
compute their contributions Zyy as described in Eq. (14).

This step is another computational bottleneck, since the
number of clusters grows exponentially with m. However,
it is highly parallelizable, as the contribution of each
cluster can be computed independently. For graphs with
significant symmetries (e.g., square lattices), many loops
share the same shape, allowing them to be batched together
for efficient graphical processing unit acceleration.

Each cluster requires contracting relatively small loop
tensors. When the bond dimension is small, this is
efficient. However, when the bond dimension is large
(which could happen in the context of simulating quantum
dynamics), optimizing the contraction order is necessary.
The Ursell function (W), defined in Eq. (16), can in
principle be precomputed, but in practice it is often
straightforward to evaluate. For example, in PEPS, the
Ursell function is always 1, —1, or —1/2 for weights up to
twelve. Finally, we sum over all connected clusters with
weight < m to obtain the truncated cluster expansion. The
final result is given by Fy + > w d(W)Zw.

V. BENCHMARK: 2D ISING MODEL

To demonstrate the efficacy of tensor network belief
propagation and validate the cluster expansion methodol-
ogy, we apply the framework to the paradigmatic two-
dimensional classical Ising model. This system serves as
an ideal testbed for several reasons: it possesses a known
exact solution due to Onsager [71], exhibits a second-order
phase transition with well-characterized critical behavior,
and the partition function can be naturally formulated
as a tensor network with constant bond dimension. The
numerical calculations which follow have been performed
using the ITensoxr [72] library.

We consider the classical 2D Ising model on a L x L
square lattice with N = L? spins and nearest-neighbor
interactions, as described by the Hamiltonian,

H{s;}] = =1 s;s;. (26)
(i)

where s; € {41} denotes the spin variable at site i, J > 0 is
the ferromagnetic coupling strength, and the sum runs over
all nearest-neighbor pairs (ij) on a square lattice with
periodic boundary conditions. The partition function is
given by

Z= Zexp <ﬁ2s,~sj>,
{s:} (i.j)

where # = 1/(kgT) is the inverse temperature.

To represent this partition function as a tensor network,
we use a factorization of the Boltzmann weights. For each
nearest-neighbor interaction, we use the identity
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1

ePsisi — ZW<Si7xvﬂ)W(sj’x’ﬂ)’

x=0

where the function w(s, x, f) is defined as

cosh(), =0,

wis.x.p) = { y/cosh(f) - s+ y/tanh(p =1.

We then define a rank-4 local tensor T ., at each
lattice site, corresponding to the four directions (up, down,
left, right), as follows:

Tx1x2x3x4 = Z W<S’x1vﬂ) 'W(S7x27ﬁ) 'W(S,X3,ﬂ) 'W(S,X4,ﬂ>.

s==1

The full partition function is then given by contracting
these local tensors according to the 2D square lattice
geometry:

Z= ZHT)

{x;} sites(i.)) i ” ” ”

where each index xl(3 is shared with the corresponding

neighboring site, and the sum is over all internal bond
indices x e {0, 1}, resulting in a bond dimension y = 2.

The tensor network contraction of this ensemble produces
the full partition function Z, from which thermodynamic
quantities such as the free energy density f =
—p~'In(Z)/N can be extracted.

A. BP vacuum

An important question underlying any approximation
scheme is understanding the regimes where it provides
reliable results. For BP on tensor networks, this translates

to identifying the physical conditions under which the
BP vacuum accurately captures the system’s behavior.
Since BP implements a tree-like mean-field treatment—
approximating each site’s environment with a rank-one
tensor—we expect it to perform well when mean-field
assumptions are valid: deep within a phase and away from
critical points.

Figure 4(a) tests this expectation by comparing the BP
vacuum solution (dotted blue line) with Onsager’s exact
result (solid black line) for the free energy density f(f) in
the region f € [0.25,0.55]. The BP approximation indeed
demonstrates good accuracy in both the high-temperature
paramagnetic phase (f < f.) and the low-temperature
ferromagnetic phase (> f.), where deviations from
the exact solution remain modest. However, significant
discrepancies emerge near the critical point encompassing
the phase transition, precisely where mean-field theory is
expected to break down due to a diverging correlation
length and enhanced fluctuations.

This behavior can be further understood through the
theoretical foundations of the BP approximation. The BP
vacuum solution implements the Bethe approximation,
treating the square lattice as a locally tree-like structure by
neglecting loop correlations. This is owing to the fact that
BP fixed points are stationary points of the Bethe free-
energy [73]. This mean-field-like treatment captures the
essential physics away from criticality, where local corre-
lations dominate, but becomes increasingly inaccurate near
the phase transition where long-range fluctuations and
thereby loop effects become significant.

For the Ising model on a Bethe lattlce with coordination
number z, the critical point occurs at ﬂc = 0.5In%; [74].
Since the squa.re lattlce has z = 4, the BP critical pomt is

located at figp = T ~ 0.347, which we can verify through

the divergence of the specific heat computed from the BP
vacuum free energy. This BP critical point lies below the

(a) T ® (c) -
08 ‘ 10 ° ‘
0.8+t | g —2 [
10 ‘
| t
| |
-09} } “ ‘
S~ \
RERTRE 4
[===Onsager 10 |
—1.0 |---BP |
Cluster weight < 4 |
—— Cluster weight < 6 |
—— Cluster weight < 8 |
—1.1¢F ——Cluster weight < 10 |
in N

0.25 0.30 0.35 0.40 0.45 0.50 0.55

)

FIG. 4.

025 030 0.35 040 045 050 055

025 030 0.35 040 045 050 055

B B

Ising free energy. (a) Comparison of BP vacuum solution and subsequent cluster corrections evaluated using the message-

passing fixed-point to free-energy density f(f) in the region f € [0.25,0.55] against the Onsager solution. The BP critical point is

identified at fgp = In2/2 (dashed gray line) and 2D Ising critical point 5, =1

n(1++/2)/2 (solid gray line). (b) Free energy density

error §f(f) for BP vacuum (dashed) and different cluster corrections of weight w € {4, 6, 8, 10} using message-passing fixed-point.
(c) Free energy density error of BP and cluster expansions evaluated with the symmetry-respecting fixed point.
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true Onsager critical point £, = In(1 4+ /2)/2 ~ 0.441,
explaining why BP accuracy deteriorates well before the
actual phase transition.

B. Cluster expansion

To systematically improve upon the BP approximation,
we implement the cluster expansion formalism by incor-
porating cluster corrections of increasing weight to the
BP vacuum. Figure 4(a) presents a detailed view of free
energy density in the region g€ [0.25,0.55], showing
the progressive convergence toward the exact solution
as cluster corrections of weight w € {4, 6, 8, 10} are added
to the BP vacuum. The two critical temperatures of
interest, fgp and S, are shown as dashed-gray and
solid-gray lines in the plot. A clear discrepancy between
BP and the exact solution appears in the intermediate
regime figp < f < f..

The cluster corrections exhibit distinct convergence
behavior across different temperature regimes. Deep in
both the high-temperature and low-temperature phases, the
cluster-corrected free energy rapidly converges to the exact
result, with higher-weight contributions becoming quickly
negligible. The convergence properties are further illumi-
nated in Fig. 4(b), which displays the free energy density
error 3f(f) = fapprox (B) = fexa(B) for the BP vacuum
(dashed) and successive cluster corrections of weight
we{4,6,8,10}. In both regimes f < fgp and S > f,,
the error decreases rapidly with increasing cluster weight,
indicating efficient convergence of the expansion.

In contrast, the intermediate regime pgp < f < f,.
exhibits markedly slower convergence. Here, BP mes-
sage-passing selects a symmetry-broken fixed point on the
Bethe lattice, while the true 2D system remains in the
paramagnetic phase. This mismatch in fixed-point sym-
metry leads to poor expansion behavior when expanding
around the message-passing solution, a phenomenon we
refer to as the “confusion regime.” Expanding around the
appropriate (symmetric) fixed point in this regime restores
uniform convergence across the high-temperature phase,
with the only breakdown occurring at the critical point
itself. This is shown in Fig. 4(c), thus highlighting the
crucial dependence of the cluster expansion algorithms on
the choice of the fixed-point. Hence, the symmetry-
respecting fixed-point is identical to the one obtained with
message-passing for f < fgp and f > f., however must be
the paramagnetic fixed-point in the confusion regime
B € [Prp, B.]. The emergence of multiple fixed-points is
further discussed in the SM [66].

C. Convergence: Clusters vs loops

We now present the central numerical evidence of this
work: a systematic comparison between our cluster
expansion method and the traditional loop series expan-
sion, revealing fundamental differences in how the

@ 6 By O
1072 \\EE! 10724
= B
B3
=
w10 \.\ 102 \ii

=
i w

~o—Cluster Exp.| N
-a-Loop Exp.

0.0 2.5 5.0 75 100 0.0 2.5 5.0 75 100

FIG.5. Loop and cluster expansions. Free-energy density error
of at (a) p = Pgp and (b) f = B, for cluster corrections (dashed,
blue) and loop corrections (dotted, red) as a function of cluster
(loop) weight w for system sizes L € {10,20,30} (decreasing
transparency). Curves of cluster expansion at different L col-
lapses because cluster expansion is automatically in the thermo-
dynamic limit.

algorithms scale. Figure 5 compares the approximation
errors of cluster corrections (dashed, blue) and loop
corrections (dotted, red) as functions of correction
weight we{4,6,8,10} for multiple system sizes
L €{10,20,30}. The results are plotted for (a) f = fgp
and (b) # = f., expanded around the symmetry-respecting
fixed-point.

The results reveal that while the cluster expansion
exhibits robust exponential convergence that remains
stable across all system sizes, the loop series expansion
suffers from fundamental instabilities: (i) significantly
slower convergence for any fixed system size, and
(ii) divergent behavior as the system size increases,
rendering it unsuitable for thermodynamic calculations.

This pathological behavior of loop expansions has a
clear mathematical origin. Consider the BP vacuum con-
tribution Z, = 28’ and a normalized weight-w loop con-
tribution Z,, = O(1) that is intensive in the system size
(normalized). The loop series expansion computes the free
energy density as

1 1
Nlog[Zo(l +NZ,)] =logzo + Nlog(l +NZ,). 27)

In the thermodynamic limit N — oo, the correction term
(1/N)log(l + NZ,) — 0, causing the loop contributions
to vanish and negating any systematic improvement.

In contrast, the cluster expansion computes the free
energy density as

%[log Zy+ NZ,] =logzy+ Z,. (28)
This is automatically in the thermodynamic limit in the
sense that the estimated free energy density does not
depend on the system size. This fundamental difference
ensures that cluster corrections provide stable, size-
independent improvements to the BP approximation,
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establishing the theoretical superiority of our tensor
network-based approach for systematic corrections to
belief propagation.

D. Loop contribution analysis and convergence
properties

An important question in the application of BP is the
identification of parameter (temperature) regimes where
such corrections on top of BP vacuum become most
significant, thereby delineating the domains of validity
for the BP vacuum approximation. To further address this
question, we analyze the average normalized loop con-
tributions Z,,(ff) as functions of inverse temperature for
loops of varying weight w.

Figure 6(a) presents the temperature dependence of
average loop contributions Z,, for w e {4, 6,8, 10} evalu-
ated using the message-passing (solid lines) and the high-
temperature fixed-point (dotted lines). For loops evaluated
using the message-passing fixed-point, the contributions
exhibit a maxima precisely at the BP critical point
Pep = In2/2. This behavior provides compelling evidence
that loop effects are intimately related to the correlations in
the system, as the peak is at critical point of the Ising
model on the z = 4 Bethe lattice fgp.

When loops are evaluated around the paramagnetic
fixed point, their magnitude grows monotonically as the
temperature is lowered. In the intermediate “confusion
regime,” however, care is required in interpreting
this growth. Although loops constructed from the
message-passing fixed point may exhibit smaller average
contributions than in the high-temperature phase, the
symmetry-breaking in the message-passing fixed-point
introduces a systematic bias: the “all-edges-excited” loop
sector acquires a finite O(1) weight. This reflects a
mismatch between the symmetry of the expansion point
and that of the true Gibbs state. As a result, loop decay is

(@) (b)

N\
s | 10° N e Saf
10 | o

0 -- - high-temp 10° >~
10 — message-passing - — o
9
0.25 030 0.35 0.40 045 0.50 0.5 4 6 8 10

w
FIG. 6. Ising loop decay. (a) Average loop contributions Z,,(f3)

for we {4, 6,8, 10} evaluated using the message-passing fixed-
point (solid lines) and the high-temperature fixed-point (dotted)
with the BP critical point identified at fgp = In2/2 (dashed gray
line) and 2D Ising critical point #, = In(1 + v/2)/2 (solid gray
line). (b) Decay of average loop contributions of the symmetry-
respecting fixed-point as a function of loop weight w in the low-
temperature phase f# = 0.55, high-temperature # = 0.25 and the
BP critical point figp = In2/2.

violated, and the cluster expansion fails to converge [as
seen in Fig. 4(c)]. In contrast, expanding around the
paramagnetic fixed point, which preserves the Z, sym-
metry in this regime, restores decay of loop contributions
and yields a well-behaved expansion [as seen in Fig. 4(d)].

Deep in either phase, loop contributions remain rela-
tively modest, indicating that the BP vacuum provides a
robust zeroth-order approximation in thermodynamically
stable phases. However, approaching the critical point,
the amplification of loop effects signals the need for
systematic inclusion of higher-order corrections to achieve
quantitative accuracy. As we have demonstrated, this
requirement is optimally addressed by the cluster expan-
sion method, which exhibits exponential convergence and
thermodynamic stability in precisely this challenging
regime.

Equally crucial for validating our theoretical framework
is examining the exponential decay rate of loop contribu-
tions Z,, with increasing weight w. Figure 6(b) investigates
this by analyzing the decay of loop contributions Z,,(f3) as
a function of loop weight w at three representative temper-
atures: the high-temperature phase (f = 0.25), the low-
temperature phase (f# = 0.55), and the BP critical point
(fgp =1In2/2). These are evaluated for the symmetry-
respecting fixed-point.

We observe rapidly decaying loop contributions at
f = 0.25, reminiscent of the traditional high-temperature
expansions. The decay curve at the BP critical point
f = Pgp shows larger loop magnitudes and slower decay,
owing to the criticality of the model on the Bethe lattice.
Finally, at low temperatures = 0.55, the loop magnitudes
are much smaller, yet they decay with a slower rate. This is
owing to the symmetry-breaking in the messages, with the
other symmetry sector occupying a constant weight. When
evaluating symmetry-broken quantities (e.g., longitudinal
magnetization) this slowdown is no longer a problem as
the cluster-corrections operate effectively in one of the two
ferromagnetic “valleys.”

These results indicate qualitatively that exponential
convergence of the cluster expansion tracks the rapid
decay of loop excitations. In contrast to the analytical
bounds, we note that Theorem 1 operates in the worst-case
regime: it assumes uniform decay ~e~l!l of all loops,
while in practice loop tensors display additional structure
(e.g., suppressed odd loops), leading to substantially
improved behavior beyond the worst-case guarantee.

VI. DISCUSSION

We have presented a systematic theory of belief propa-
gation for approximate tensor network contractions. Our
main contribution is the construction of a cluster expansion
that systematically improves upon the BP approximation.
We rigorously prove that the cluster expansion converges
exponentially fast if the loop contributions decay expo-
nentially with a sufficiently large exponent. This result
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resolves two main challenges of BP: (1) it explains when
BP provides a good approximation to the ground truth and
(2) supplies an error estimate controlled by loop contri-
butions. As a by product, it also yields a polynomial-time
algorithm that systematically improves the BP result.

To bring this technique into practice, we present a
detailed and optimized algorithmic procedure for comput-
ing the cluster expansion. We benchmark our algorithm
against both BP and the loop series expansion in the two-
dimensional Ising model. Our results show that while BP
deviates from the exact solution near the critical point, the
cluster expansion yields significant improvements. More-
over, we demonstrate, both numerically and analytically,
that the loop expansion fails to correct BP in the thermo-
dynamic limit. Notably, this happens even at leading order
before the onset of combinatorial growth.

While the cluster expansion does not converge in
adversarial cases (otherwise there will be severe complex-
ity-theoretic consequences), we believe that it should
converge in many physically-relevant setups. In particular,
the convergence of the cluster expansion reflects that the
system is short-range correlated. Therefore, incorporating
small clusters would already account for most of the
correlations. This idea is not new in the literature; many
earlier works have exploited short-ranged correlations to
simplify tensor network contractions, for example see
[75,76]. An important theoretical question is to understand
what kind of tensor networks admit a good BP approxi-
mation with a convergent cluster expansion.

Our work opens several avenues for future applications.
First, BP is widely used in decoding classical and quantum
error-correcting codes [31,77,78]. It would be interesting
to explore the application of our method to improve the
performance of BP-based decoders and provide rigorous
error estimates. In particular, it is known that naive BP fails
to give a threshold in quantum-LDPC codes because of the
degeneracy problem [43]. Since the cluster expansion
captures the short-range correlations omitted by the BP
approximation, it may help restore a threshold, if not
simply improving the decoding performance, which we
investigate in a forthcoming work [79].

Second, many classical simulations of quantum systems
and quantum dynamics heavily involve tensor networks,
and more recently BP and its combination with other tech-
niques [38] in studying quantum dynamics. It would be
interesting to explore the application of our method to
improve the accuracy of these simulations. In particular,
given well established competing methods such as TEBD, it
is important to understand the regimes where BP is advan-
tageous and can be incorporated into the simulators toolbox.

Finally, it would be interesting to extend our method
to other tensor network geometries, such as higher-
dimensional regular lattices or random expander graphs,
where many conventional approaches break down. Belief
propagation is particularly well-suited to these settings,

as it is one of the few techniques that can handle arbitrary
geometries while remaining computationally efficient.
Moreover, BP is known to perform exceptionally well
on locally tree-like structures, making it a promising tool
for studying complex tensor networks beyond standard
low-dimensional lattices.

Note added. After the completion of this work, a related
work employing cluster expansion on tensor networks was
posted [62]. See Sec. I A for detailed discussions.
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