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The optimal quantum measurements for estimating different unknown parameters in a parameterized
quantum state are usually incompatible with each other. Traditional approaches to addressing the mea-
surement incompatibility issue, such as the Holevo Cramér-Rao bound, suffer from multiple difficulties
toward practical applicability, as the optimal measurement strategies are usually state-dependent, difficult
to implement and also take complex analyses to determine. Here we study randomized measurements as
an approach for multiparameter quantum metrology. We show quantum measurements on single copies
of quantum states given by 3-designs perform near-optimally when estimating an arbitrary number of
parameters in pure states and more generally, approximately low-rank well-conditioned states, whose
metrological information is largely concentrated in a low-dimensional subspace. The near-optimality is
also shown in estimating the maximal number of parameters for three types of mixed states that are well
conditioned on their supports. Examples of fidelity estimation and Hamiltonian estimation are explic-
itly provided to demonstrate the power and limitation of randomized measurements in multiparameter
quantum metrology.
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I. INTRODUCTION

Quantum metrology is the study of parameter estima-
tion in quantum systems [1–4]. It has extensive applica-
tions in optical interferometry [5–8], frequency detection
[9–18], quantum imaging [19–22], etc. In single-parameter
estimation, the quantum Cramér-Rao bound (QCRB) char-
acterizes the ultimate precision limit of estimating one
parameter in quantum states through an information-
theoretic quantity called the quantum Fisher information
(QFI) [23–29], which is the classical Fisher information
(CFI) maximized over all possible quantum measurements
on quantum states. In multiparameter estimation, however,
the quantum Fisher information matrix (QFIM) and the
corresponding quantum Cramér-Rao bound is not always
attainable because the optimal quantum measurements that
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correspond to different parameters may not commute and
thus cannot be simultaneously implemented. Trade-offs
among the estimation precisions for different parameters
must be taken into consideration [30–60].

One popular solution of the measurement incompati-
bility issue in multiparameter metrology is to minimize
the weighted sum of estimation variances for a given
cost matrix, instead of aiming at optimizing the estima-
tion variances for all parameters. Holevo’s version of the
quantum Cramér-Rao bound (HCRB) [26,39–41], which
provides a tight lower bound for the weighted sum, was
extensively researched and applied [34,35,61–66]. It is
numerically solvable through semidefinite programs [61]
and analytically solvable when the number of parameters
is two [64]. The HCRB is attainable for generic quan-
tum states using collective measurements on infinitely
many copies of quantum states [39–41]. When restricted
to individual measurements on single copies of states, the
HCRB is attainable for pure states [31]. Individual mea-
surements also have known solutions for some specific
families of states, such as single-qubit states, via other
numerically solvable bounds (e.g., the Nagaoka-Hayashi
bound [32,33] and the Gill-Massar bound [30]). Another
line of research in multiparameter estimation focuses on
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FIG. 1. Schematics of randomized measurements for multiparameter quantum metrology. The measurement is taken on individual
copies of the same parameterized state ρθ := ρθ1,...,θm . The goal is to obtain estimates θ̂ = (θ̂1, . . . , θ̂m) with the highest precision as the
number of copies approaches infinity. In all of our theorems showing the near-optimality of randomized measurements, it suffices to
take the measurement to be a 3-design.

local state tomography, where optimal measurements for
uniformly estimating all parameters in pure states called
Fisher-symmetric measurements were found and studied
[47–49].

Despite the success of previous efforts in addressing
multiparameter estimation problems in quantum metrol-
ogy, several obstacles exist against its practical usefulness,
in particular when the system dimension is large. The first
obstacle is the implementation complexity. Collective mea-
surements on a large number of states are required in
general, which are almost experimentally infeasible. In
situations where individual measurements are sufficient
[31–33,47–49], the implementation can still be challeng-
ing when the measurement basis is complex. The second
obstacle is the computational resource required for identi-
fying the optimal measurements. The numerical computa-
tion of the HCRB scales polynomially with respect to the
system dimension, which can become quickly intractable,
e.g., for multiqubit systems as the number of qubits
increases. Note that searching for optimal individual mea-
surements that minimize the weighted sum of estimation
variance is an NP-hard problem that involves minimization
over a separable cone [65],which is even more challeng-
ing. Finally, the optimal quantum measurements obtained
from traditional approaches usually depend on the quan-
tum state, meaning they need to be updated adaptively
as the prior knowledge of the state is refined during the
experiment. The optimal measurements can also depend
on the cost matrix, limiting its application scenarios, e.g.,

in situations where the cost matrix is revealed only in the
post-processing phase after the measurement [67].

Here we propose randomized measurement protocols for
multiparameter metrology (see Fig. 1), where the above
mentioned obstacles are alleviated (see Table I). Ran-
dom unitaries and measurements [68] are widely applied
in quantum device benchmarking [69–71], learning and
tomography [67,72,73], etc., but were rarely explored
in multiparameter quantum metrology. Below we mostly
focus on randomized measurements on individual copies
of quantum states whose measurement basis forms a (com-
plex projective) 3-design [74,75], which can be realized
through applying a unitary 3-design [70,76,77] prior to a
projection onto the computational basis. The implementa-
tion of 3-designs was thoroughly investigated in previous
literature. In multiqubit systems, random Clifford circuits
form a unitary 3-design [78–80] and can be efficiently
implemented through linear-depth quantum circuits in 1D
architecture [81,82] and log-depth circuits in all-to-all
connected architecture with ancilla [83,84]. For general
qudit systems, approximate implementations [85–88] and
explicit constructions [89–91] were also proposed.

In this work, we demonstrate the optimality of ran-
domized measurements for different families of quantum
states (see Table II). We first prove the near-optimality
of randomized measurements for multiparameter pure
state estimation. We show the classical Fisher informa-
tion matrix (CFIM) obtained from randomized measure-
ments attains the QFIM up to a constant factor no larger

TABLE I. Comparison of traditional (individual) measurement protocols and our randomized measurement protocol for multiparam-
eter quantum metrology. See Appendix A for detailed explanations and extended discussions on collective measurements.

Traditional approaches 3-design measurements

Computational complexity Usually at least polynomial in system dimensions None (state-independent)
(for finding measurements)
Implementation complexity Usually unknown (polynomial in system dimension) Polynomial in qubit number
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TABLE II. Summary of main results.

Families of parameterized states Randomized measurements Examples

Pure states (Sec. IV) Near-optimal (Theorem 1) Secs. VII A and VII C 1
Approximately low-rank well-conditioned states (Sec. V) Near-optimal (Theorems 2, 3) Sec. VII C 2
Full-parameter rank-r well-conditioned states (Sec. VI) Weakly near-optimal (Theorem 4) –
General mixed states Not always (weakly) near-optimal Secs. II and VII B

than 4 for any parameterized pure states in any finite-size
systems. Next, we consider approximately low-rank well-
conditioned states, which are states whose metrological
information is largely concentrated in a low-dimensional
subspace, and further demonstrate the saturation of the
QFIM up to a constant factor, extending the result of pure
states. For both pure states and approximately low-rank
well-conditioned states, the near-optimality is independent
of the choice of cost matrices, aligning with the “mea-
sure first, ask questions later” framework [67]. We also
investigate mixed states in general and show the near-
optimality of randomized measurements for three families
of quantum mixed states which have a maximal number
of unknown parameters. Near-optimality is proved when
the cost matrix is the QFIM, a metric that was commonly
used to guarantee invariance under reparameterization and
equal importance of all parameters [30,47,48]. Finally,
we provide examples, including fidelity estimation and
Hamiltonian estimation (with and without quantum noise),
demonstrating the applicability and limitation of random-
ized measurements for different quantum metrological
tasks. In particular, we provide a mixed state fidelity esti-
mation example where randomized measurements do not
perform nearly optimally. Apart from theoretical results,
we numerically implement a pure state fidelity estima-
tion example using randomized measurements and a newly
designed near-optimal estimator, validating our theory and
demonstrating a clear advantage over existing protocols
(Fig. 3). These results highlight randomized measurements
as a powerful tool for multiparameter quantum metrology
with the potential for broad applications.

II. INFORMAL OVERVIEW

Below we first briefly introduce the setting of multipa-
rameter quantum metrology (a more formal introduction
is deferred to Sec. III A) and then we provide an infor-
mal overview of our results, with a focus on explaining
the underlying intuition behind them.

Consider a d-dimensional parameterized quantum state
ρθ in Hilbert space H, where parameters are denoted
by θ = (θ1, θ2, . . . , θm). m is the number of parameters
and � ⊆ R

m is the domain of θ . An estimator θ̂ (x) and
the corresponding positive operator-valued measurement
(POVM) M = {Mx}x is a function that maps the measure-
ment outcomes x to �. Here Mx are positive semidefinite

measurement operators satisfying
∑

x Mx = 1. The perfor-
mance of an estimator at θ is characterized by the mean
squared error matrix (MSEM),

V(M , θ̂ )ij =
∑

x

(θ̂ (x)i − θi)(θ̂ (x)j − θj )Tr(ρθMx). (1)

For single-parameter estimation (i.e., m = 1), V is a scalar
called the mean squared error (MSE).

In the paradigm of local parameter estimation, we focus
on analyzing the performance of locally unbiased estima-
tors that are unbiased at the true value of θ and in its
vicinity up to the first order. It is relevant in metrological
situations where the prior knowledge of θ is already given
in the vicinity of its true value, or roughly obtained from
a pre-estimation phase (which usually consumes a number
of experiments that are negligible compared to N , the total
number of copies of states available) [30,41,92–96].

The Cramér-Rao bound (CRB) [92–96] states that for
any locally unbiased estimator at θ ,

V(M , θ̂ ) � I(M )−1, (2)

where A � B denotes a relationship between two positive
semidefinite matrices A and B, where A − B is positive
semidefinite. Note that here we use “�” instead of “≥”
to emphasize the objects under comparison are matrices,
while later on when the discussion is restricted to single-
parameter estimation and I(M ) and J become scalars, we
will use ≥ instead. I(M ) is the CFIM, defined by

I(M )ij =
∑

x,px :=Tr(ρθMx) �=0

1
px

∂px

∂θi

∂px

∂θj
. (3)

I(M ) is a function of the POVM and ρθ and is independent
of the estimators. The QCRB [23–29] further states that,
for any locally unbiased estimator at θ ,

V(M , θ̂ ) � I(M )−1 � J −1, (4)

where J is the QFIM as a function of ρθ . For single-
parameter estimation, the QFI J is equal to the CFI I(M )

maximized over all POVMs [27]. For multiparameter esti-
mation, however, this does not always hold. The reason is
the measurements that are optimal with respect to differ-
ent parameters may not be compatible with each other, i.e.,
cannot be implemented simultaneously.
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Since the CFIM in general cannot attain the QFIM, we
introduce the concept of near-optimality (see details in
Sec. III C) and investigate situations where near-optimal
measurements exist. It is a property of a family of POVMs,
with a corresponding state family, stating that the ratio
between the CFIM and the QFIM is bounded below by a
constant.

We find in Theorem 1 that 3-design measurements
are near-optimal for pure states. A simple example
below provides some intuition behind this result. Con-
sider a one-qubit pure state |ψθ 〉 = (|0〉 + eiθ |1〉)/√2
with one unknown parameter θ . The optimal choice
of measurement basis will be in the x–y plane of the
Bloch sphere (see Fig. 2) because any component in
the z axis is not useful in discriminating |ψθ 〉 and
|ψθ+dθ 〉. Consider a projective measurement onto basis
{(|0〉 ± eiβ |1〉)/√2}. The corresponding probability distri-
bution is {cos2(β − θ/2), sin2(β − θ/2)}, and the CFI

I(M ) =
(
∂θ (sin2(

β−θ
2 ))

)2

cos2(
β−θ

2 )
+
(
∂θ (cos2(

β−θ
2 ))

)2

sin2(
β−θ

2 )

= sin2
(
β − θ

2

)

+ cos2
(
β − θ

2

)

= 1.

In fact, the CFI is I(M ) = J = 1 for any β − θ /∈ (π/2)Z,
which means (almost) all projective measurements on the
x–y plane of the Bloch sphere can achieve the QFI. To intu-
itively understand why all measurements on the x–y plane
can yield the same performance, we consider the situation
when θ is a small positive angle (see Fig. 2) and compare
projective measurements onto |±〉 (eigenstates of Pauli-
X , β = 0) and |±i〉 (eigenstates of Pauli-Y, β = π/2).

FIG. 2. Bloch sphere. Any projective measurement onto the
basis in the x–y plane is optimal in the task of estimating param-
eter θ in |ψθ 〉 = |0〉+eiθ |1〉√

2
, including the x-basis {|±〉 = |0〉±|1〉√

2
}

and the y-basis {|±i〉 = |0〉±i|1〉√
2

}.

The probabilities of obtaining |+〉 and |−〉 as outcomes
are approximately 1 − θ2/4 and θ2/4, respectively, with
corresponding derivatives approximately ∓θ/2. On the
other hand, for a measurement in the |+i〉 , |−i〉 basis, the
outcome probabilities are approximately 1/2 ∓ θ/2, with
derivatives around ∓1/2. In the first case, the derivatives
of the probabilities are small, but the distribution is highly
sensitive to changes in their values. In the second case,
the derivatives are large, but the distribution is less sen-
sitive to changes in the values of probabilities. These two
factors affect the overall estimation precision in opposing
ways, ultimately balancing each other out. As a result, the
CFI remains the same across all measurements in the x–y
plane. This shows for pure states the optimal measurement
to estimate one parameter is not unique and can spread
extensively in the entire space of POVMs, which provides
evidence that randomized measurements may be able to
achieve a near-optimal performance.

To see why the above discussion is still (surprisingly)
meaningful in a general d-dimensional Hilbert space,
we perform the following hand-wavy analysis on the
scaling of the CFI with respect to d. Consider a d-
dimensional pure state |ψθ 〉 and a projective measurement
M = {U |x〉 〈x| U†}d

x=1, where |x〉 is the computational
basis in the Hilbert space H. The CFI

I(M ) =
∑

x

〈x| U†(|∂θψθ 〉 〈ψθ | + |ψθ 〉 〈∂θψθ |)U |x〉2

〈x|U†|ψθ 〉 〈ψθ |U|x〉 .

We can naïvely compute the expectation values of the
denominators and the numerators when U is sampled from
the Haar measure. We have

EU[〈x|U†|ψθ 〉 〈ψθ |U|x〉] = 1
d

,

EU[〈x| U†(|∂θψθ 〉 〈ψθ | + |ψθ 〉 〈∂θψθ |)U |x〉2]

= J
2d(d + 1)

,

where we use the property of 2-design [see Eq. (31)] and
the fact that the pure-state QFI is J = 4(〈∂θψ |∂θψ〉 −
〈ψ |∂θψ〉 〈∂θψ |ψ〉). If naïvely, in the expression of I(M ),
we replace all numerators and denominators with their
expectation values, we can see the ratio between I(M ) and
J is a constant independent of d. Roughly speaking, as d
increases, the derivative of each probability decreases, but
the distribution also becomes more sensitive to changes
in the values of probabilities—because the number of
possible outcomes also increases. For example, compare
a Bernoulli distribution {1 − θ , θ} to a (d + 1)-outcome
probability distribution {1 − θ , θ/d, . . . , θ/d}. Their CFIs
with respect to θ are the same, equal to 1/(θ(1 − θ)),
and the latter has more numbers of outcomes but smaller
derivatives of each probability. In our case, these two
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factors also balance each other out, keeping the ratio
between I(M ) and J a constant. As the structure of the
randomized measurements does not depend on the specific
choice of parameter, the result should extend naturally to
multiparameter estimation.

The above analysis, though not rigorous, indicates when
a measurement is sufficiently random, it may potentially
achieve near-optimality for pure state estimation. We prove
this rigorously in Theorem 1 for 3-design measurements
where we explicitly construct a locally unbiased estima-
tor that achieves the QFIM up to a constant. We further
generalize this result to Theorems 2 and 3, where we
show near-optimality for approximately low-rank well-
conditioned states. Here, approximately low-rank well-
conditioned states means states which have a low-rank
support on which eigenvalues are above a positive con-
stant and the QFIM is close to the QFIM of the entire state.
It is practically relevant, e.g., in situations when we esti-
mate parameters in pure states or low-rank states subject
to weak noise.

We can perform a similar dimension analysis to under-
stand the intuition behind this result. Consider a rank-r
state ρθ = (1/r)	, where 	 is a projector and ∂θρθ =
−i[H , ρθ ]. Then calculation shows the QFI

J = 4
r

Tr(H	H	⊥), (5)

where 	⊥ = 1 −	. For M = {U |x〉 〈x| U†}d
x=1,

I(M ) =
∑

x

〈x| U†( 1
r (H	−	H))U |x〉2

〈x| 1
r	|x〉 .

For randomized U that is at least 2-design, the average
values of the denominators and the numerators are

EU[〈x| U†
(

1
r
	

)

U |x〉] = 1
d

,

EU[〈x| U†
(

1
r
(H	−	H)

)

U |x〉2] = J
2r2d(d + 1)

.

When r is a constant, i.e., ρθ is low-rank, we can see the
ratio between I(M ) and J is also a constant independent of
d—if we naïvely replace all numerators and denominators
with their expectation values in the expression of I(M ).
Although the replacement is not mathematically valid, it
provides some intuition behind Theorems 2 and 3.

One key assumption in the above definition of
approximately low-rank well-conditioned states is all
eigenvalues in its low-rank support must be above a
positive constant, the following shows a counter exam-
ple where this assumption is violated and randomized
measurements are not near-optimal. Rigorous discus-
sions can be found in Sec. VII B. Consider a single-
qubit state ρf = f |0〉 〈0| + (1 − f ) |1〉 〈1|, where f is

to be estimated. The optimal measurement is M =
{|0〉 〈0| , |1〉 〈1|} that achieves I(M ) = J = 1/(f (1 − f )).
When f or 1 − f is sufficiently small, J can be arbitrar-
ily large. On the other hand, if we consider measurement
M = {U |0〉 〈0| U†, U |1〉 〈1| U†}, we have

I(M ) =
∑

x=0,1

〈x| U†(|0〉 〈0| − |1〉 〈1|)U |x〉2

〈x|(f |0〉 〈0| + (1 − f ) |1〉 〈1|)|x〉 ,

and for randomized U in the two-dimensional Hilbert
space (that is at least 2-design),

EU[〈x|(f |0〉 〈0| + (1 − f ) |1〉 〈1|)|x〉] = 1
2

,

EU[〈x| U†(|0〉 〈0| − |1〉 〈1|)U |x〉2] = 2
3

,

both of which are independent of f . It suggests that
as f → 0, the CFI of randomized measurements will
not approach infinity—thus an infinitely large gap exists
between the CFI and the QFI. In particular, the counter
example is a qubit estimation example, which means
even for states constrained in a finite-dimensional space,
randomized measurements cannot be always near-optimal.

For general mixed states, not only randomized measure-
ments cannot be near-optimal, near-optimal measurements
(that only acts on individual copies of quantum states)
might not exist at all. A typical example is the full tomog-
raphy of mixed states, where the measurement incompat-
ibility issue cannot be avoided unless measurements on
many copies of states are allowed—which is beyond the
discussion of our work. Thus, we introduce the concept
of weak near-optimality to describe measurements that
perform almost the best among all other individual mea-
surements using a natural figure of merit as detailed in
Sec. III C. We found in Theorem 4 that 3-design measure-
ments are weakly near-optimal when estimating all param-
eters describing a rank-r state that is well-conditioned on
its support—we call this the estimation of full-parameter
rank-r well-conditioned states. Our result is consistent with
other existing results in the field of state tomography—e.g.,
Clifford measurements are optimal for learning all Pauli
observables of general mixed states [72,97].

When m, the number of parameters to be estimated in
general mixed states, is not maximal, randomized measure-
ments are usually not weakly near-optimal. One typical
situation is when the QFIM is attainable because the opti-
mal POVMs with respect to different parameters commute.
For example, we can consider an n-qubit state,

ρθ = 1 +∑
i∈S◦ θiPi

2n , (6)

where S◦ is a stabilizer group [98] excluding 1 and
we consider parameter estimation at θi = 0. The number
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of parameters m = 2n − 1 (which is far from the maxi-
mal number of parameters 4n − 1), the QFIM Jij = δij is
achievable by projective measurement onto the common
eigenstates of the stabilizer group. On the other hand, con-
sider a randomized measurement M = {pUU |x〉 〈x| U†}x,U,
where |x〉 is the computational basis and {pU, U} is a
unitary 2-design, we have

I(M )ij =
∑

U,x

pU 〈x|U†PiU|x〉 〈x|U†Pj U|x〉 = δij

2n + 1
,

(7)

which is a factor 1/(2n + 1) away from optimal. In gen-
eral, it is open for which types of mixed states randomized
measurements are weakly near-optimal.

Below, we will review concepts in multiparameter quan-
tum metrology and some previous results in Sec. III. We
provide the exact statements and proofs of our theorems
in Secs. IV– VI. In Sec. VII, we consider specific exam-
ples where we show how to apply our result in estimating
fidelity of pure states and in Hamiltonian estimation, and
also prove rigorously randomized measurements are not
near-optimal when estimating fidelity of some types of
mixed states.

III. PRELIMINARIES

A. Multiparameter estimation

Here we provide a detailed overview of multiparame-
ter estimation. First, an estimator (θ̂ , M ) is called locally
unbiased at θ = θ0 if and only if

θ0 =
∑

x

θ̂ (x)Tr(ρθMx)

∣
∣
∣
θ=θ0

, (8)

δij = ∂

∂θi

∑

x

θ̂j (x)Tr(ρθMx)

∣
∣
∣
θ=θ0

, ∀i, j . (9)

Throughout this paper, when there is no ambiguity, we will
usually not distinguish between θ0 and θ , and assume all
functions are evaluated at θ for notation simplicity. We will
only explicitly use the notation θ0 when we need to dis-
tinguish between the local point θ0 and the true unknown
parameter, which will be denoted by θ .

In classical statistics, the MSEM of any locally unbi-
ased estimator at θ is bounded below by the inverse of the
CFIM [see Eq. (2)]. I(M ) is a positive semidefinite matrix
in R

m×m and we further assume in this work that I(M )

is strictly positive, which means each parameter is iden-
tifiable (unless stated otherwise). This forbids redundant
parameterization and puts an upper bound on the number
of allowed parameters. Note that I(M ) depends on the state
ρθ and the value of θ but they are omitted for simplicity,
as is the case with many other concepts defined below. The

CRB at θ0 is saturable via the following locally unbiased
estimator [92–96] defined by

θ̂
opt
i (y; θ0) = θ0

i +
∑

x

(αi,x|θ=θ0)p̂x(y), (10)

where (; �) indicates dependence on �, αi,x = ∑
i(I(M )−1)ij

(∂j px/px) and ∂i is used as a shorthand for ∂/∂θi. p̂x(y) =
δxy , where y is the measurement outcome. E[p̂x] = px =
Tr(ρθMx) and E[p̂xp̂y] = δxypx. It achieves the CRB, i.e.,

V(M , θ̂opt) = I(M )−1. (11)

Given N copies of ρθ , the CRB is asymptotically saturable
for large N using the (asymptotically unbiased) maximum
likelihood estimator θ̂ (N )MLE [92–96]—

√
N (θ̂ (N )MLE − θ) con-

verges in distribution to a normal distribution centered
around 0 with variance equal to I(M )−1 as N → ∞. Note
that I(M ) here is additive—I(M⊗N ) = NI(M ), where we
use I(M⊗N ) to denote the CFIM when measuring ρ⊗N

θ

using POVM M⊗N = {⊗N
i=1 Mxi}(x1,x2,...,xN ). The factor of

N naturally occurs from the classical central limit theorem,
where the estimation variance is improved by a factor of N
when N i.i.d. samples are taken.

The CRB is a purely classical result. It provides a lower
bound on V(M , θ̂ ) that depends on the choice of POVM.
The QCRB [23–29] [see Eq. (4)] provides a more general
lower bound when the POVM can be chosen freely. J is
the QFIM as a function of ρθ and is additive with respect
to ρθ . It is defined by

Jij = 1
2

Tr(ρθ {Li, Lj }), (12)

where {·, ·} is the anti-commutator and Li are Hermitian
operators called symmetric logarithmic derivative (SLD)
operators, defined through

∂ρθ

∂θi
= 1

2
(Liρθ + ρθLi). (13)

Li is not uniquely defined by the equation above, but J is
invariant under different choices of Li. In this work, we fix
the definition of Li as below for future use,

Li := 2
∑

jk,λj +λk>0

〈ψj |∂iρθ |ψk〉
λj + λk

|ψj 〉 〈ψk| , (14)

where
∑

j λj |ψj 〉 〈ψj | = ρθ is the spectral decomposition
of ρθ . The QFIM J can be calculated as

Jij = 2
∑

k�,λk+λ�>0

Re[〈ψk|∂iρθ |ψ�〉 〈ψ�|∂j ρθ |ψk〉]
λk + λ�

. (15)
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For single-parameter estimation, i.e., when m = 1, J and
I(M ) are scalars, and J is attainable [27],

J = max
M :POVM

I(M ). (16)

Therefore, the QCRB [Eq. (4)] is asymptotically attain-
able, making the QFI J a perfect figure of merit to char-
acterize the performance of local parameter estimation on
state ρθ . For multiparameter estimation, however, J may
not be attainable by any POVM due to the measurement
incompatibility issue.

B. Previous Results

1. Holevo Cramér-Rao bound

To address the measurement incompatibility issue, it
helps to consider minimization of the weighted mean
squared error (WMSE), Tr(WV(M , θ̂ )), where W is a cost
matrix that is positive semidefinite in R

m×m. The QCRB
automatically provides a lower bound on the WMSE,

Tr(WV(M , θ̂ )) ≥ Tr(WJ −1) =: CF(W). (17)

The HCRB [26,39–41] provides a tighter lower bound
which states

Tr(WV(M , θ̂ )) ≥ CH(W)

:= min
X:={Xi}i

Tr(WRe[Z(X)])+
∥
∥
∥
√

WIm[Z(X)]
√

W
∥
∥
∥

1
,

(18)

where Xi are Hermitian operators acting on H satisfying
Tr
(
Xi∂j ρθ

) = δij and Z(X)ij = Tr(ρθXiXj ). Both CF(W)
and CH(W) are additive with respect to ρθ . The HCRB is
asymptotically approachable through a sequence of collec-
tive measurements M (N ) acting on ρ⊗N

θ when the state and
estimators satisfy certain regularity conditions [39–41].
The HCRB is computable through semidefinite program-
ming [61] and can be approximated by the QCRB up to a
factor of two as [51,63]

CF(W) ≤ CH(W) ≤ 2CF(W). (19)

The HCRB is achievable only through collective mea-
surements in general. When only individual measurements
on single copies are available, we denote the minimum
WMSE over locally unbiased measurements by

C(W) := min
(M ,θ̂ ): locally unbiased

Tr(WV(M , θ̂ )) (20)

= min
M

Tr(WI(M )−1). (21)

Note that C(W) cannot be further improved even when sep-
arable, adaptive measurements across multiple copies of

ρθ are available [30,99]. While C(W) is strictly larger than
CH(W) in general, for pure states, C(W) = CH(W), and
the HCRB is achievable through individual measurements
[31].

2. Gill-Massar bound

Collective measurements (as experimentally demon-
strated in [100]) can in general be much more powerful
than individual measurements. It can be seen from the
Gill-Massar (GM) bound [30] (see also Appendix D) that
applies to all individual measurements. It states that for
any d-dimensional quantum state ρθ and any (individual)
POVM M̃ ,

Tr(J −1I(M̃ )) ≤ d − 1. (22)

It sets a lower bound on Tr(JI(M̃ )−1) through Cauchy-
Schwarz inequality,

Tr(JI(M̃ )−1) ≥ Tr(1)2

Tr(J −1I(M̃ ))
≥ m2

d − 1
. (23)

For example, if we take W = J , CH(J ) ≤ 2m [eas-
ily seen from Eq. (19)], while C(J ) ≥ m2/(d − 1) [30].
When the number of unknown parameters is �(d2), e.g.,
in tomography, we have CH(J ) = O(d2) while C(J ) =
�(d3) which is significantly larger than CH(J ).

3. Fisher-symmetric measurements for pure states

Given a parameterized pure state ρθ , it was known
that there exists a rank-one measurement M (with 2d − 1
measurement outcomes) such that the Fisher-symmetry
condition is satisfied [47], i.e.,

I(M ) = 1
2

J , (24)

where 1/2 is the best possible constant for state tomog-
raphy, i.e., when the number of parameters m = 2(d − 1).
One can see this from the GM bound—if I(M ) = cJ from
some constant c, then Tr(J −1I(M )) = cm = 2c(d − 1) ≤
d − 1. (Note that although Eq. (24) was proven only for
state tomography, it automatically holds for arbitrary m.)

The above measurement [47] is a function of the state
ρθ and in practical implementation, must be adjusted
adaptively based on the accumulated knowledge of the
states [49]. In addition, both the computational complex-
ity and implementation complexity of this approach can
be costly. To overcome the limitation on state-dependence,
researchers studied universally Fisher-symmetric measure-
ments that are independent of states. It was known the
infinite-outcome Haar random measurements [101–104]
are universally Fisher-symmetric and can achieve Eq. (24)
for all pure states universally. However, they are exper-
imentally infeasible because they require infinite amount
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of classical randomness and exponential gate complex-
ity. In fact, [48] showed any measurement M satisfying
Eq. (24) for all pure states must contains infinite number
of measurement outcomes (and thus are not feasible). They
proposed the 2-design collective measurements on two
identical copies of the state as a workaround (as also exper-
imentally demonstrated for the single-qubit case [100]).
They showed that

I [ρ⊗2
θ , M ] = J [ρ⊗2

θ ], (25)

when M is a 2-design measurement on two copies of any
pure state ρθ . Here, we use I [�, M ] (J [�]) to denote the
CFIM (QFIM) of the state �, which is usually omitted
in the expressions. In practice, implementing a two-copy
measurement requires simultaneous access to and precise
cross-device control of two identical quantum sensors.
Consequently, a more experimentally accessible single-
copy (individual) measurement protocol remains highly
desirable. Our result partially resolves this challenge,
providing feasible finite-outcome individual measurement
protocols by tolerating a constant-factor suboptimality.

C. Definition of Near-Optimality

In this work, we will analyze the performance of ran-
domized individual measurements for parameter estima-
tion at a local point of θ . We define optimality conditions
of measurements for families of quantum states where a
constant-factor suboptimality is tolerated, in which case
we use the term “near-optimal” to represent a potential
constant-factor difference from the exact optimality. The
near-optimality property is particularly important in sit-
uations where the optimal estimation precision can scale
up or down with respect to system variables, e.g., the sys-
tem dimension, the noise strength, the number of unknown
parameters, etc. and near-optimality guarantees these scal-
ings to be preserved across the entire range of system
variables.

We first define quantum measurements that nearly satu-
rate the QCRB by the following.

Definition 1 (Near-optimality). A family of POVMs is
near-optimal for a family of parameterized quantum states,
if there exists a positive constant c (independent of the
state or POVM) such that for any state in the family and
its corresponding POVM M ,

I(M ) � cJ . (26)

Given a family of general mixed states, near-optimal
individual measurements may not exist. For example, for
maximally mixed states ρ = 1/d with maximal number
of unknown parameters, CF(J ) = O(d2) while C(J ) =
�(d3), implying the�(d) gap between I(M ) and J. There-
fore, we need a less stringent definition.

Definition 2 (Weak near-optimality). A family of
POVMs is weakly near-optimal for a family of parameter-
ized quantum states, if there exists positive constants c1, c2
(independent of the state or POVM) such that for any state
in the family and its corresponding POVM M ,

Tr(J · I(M )−1) ≤ c1 inf
M̃ :POVM

Tr(J · I(M̃ )−1), (27)

I(M ) � c2
Tr(J −1I(M ))

m
J . (28)

Recall m is the number of parameters. Equation (27)
implies the weak near-optimality measurement minimizes
the WMSE up to a constant when the cost matrix is taken
as the QFIM J. It guarantees the average near-optimal
performance of M . Equation (28) further guarantees the
measurement provides an overall near-optimal estimation
for all parameters, excluding the situation where the pre-
cision of some parameter is extremely low. We further
explain and justify this definition in Appendix B. We
prove whenever a near-optimal measurement exists, weak
near-optimality is equivalent to near-optimality. We also
explain how it functions as a proper generalization of the
Fisher-symmetry condition [47–49].

Below we will see randomized measurements are
(weakly) near-optimal in multiple interesting scenarios.

IV. PURE STATES

In this section, we consider randomized measurements
for pure state metrology and obtain the following result.

Theorem 1. When M is a POVM given by a 3-design,
for any pure state ρθ and any number of parameters m,

I(M ) � d + 2
4(d + 1)

J � 1
4

J. (29)

Here we use randomized measurements whose mea-
surement basis forms a 3-design. Specifically, we say
a randomized measurement is given by a 3-design if
M = {Ms = qsd |s〉 〈s|}s, where qs > 0 and

∑
s qs |s〉 〈s| =

1/d. {qs, |s〉} is called a (complex projective) 3-design
[74,75] if and only if

∑

s

qs(|s〉 〈s|)⊗3 =
∫

ψ

(|ψ〉 〈ψ |)⊗3dψ , (30)

where dψ is the (complex projective) Haar measure. One
natural way to implement a 3-design measurement is to
implement a random unitary U from a unitary 3-design
[70,76,77] and then implement projection onto the com-
putational basis. A unitary ensemble {qi, Ui} is a unitary
3-design if

∑
i qiU⊗3

i ⊗ U†⊗3
i = ∫

dUU⊗3 ⊗ U†⊗3 where
dU is the Haar measure. For multiqubit systems, random
Clifford circuits form a unitary 3-design [78–80].

010314-8



RANDOMIZED MEASUREMENTS... PRX QUANTUM 7, 010314 (2026)

Theorem 1 implies for pure states, the QFIM is always
saturable by 3-design randomized measurements up to
a constant factor, i.e., they are near-optimal for pure
states. This implies the universal optimality of 3-design
randomized measurements for estimating any number of
parameters in any pure states. Even in the context of
single-parameter estimation, our method is still useful in
providing an explicit measurement protocol that is always
near-optimal for any parameterized pure states. In par-
ticular, the choice of randomized measurements do not
rely on the knowledge of states or cost matrices (like in
[31]), thus fit into the “measure first, ask questions later”
framework [67] and substantially lower the complexity of
experiments.

Before we prove Theorem 1. We first provide two useful
properties [70,105] of 3-designs that we will use later,

∑

s

qs |s〉 〈s| 〈s|A|s〉 = Tr(A)1 + A
(d + 1)d

, (31)

∑

s

qs |s〉 〈s| 〈s|B|s〉 〈s|C|s〉

= 1
(d + 2)(d + 1)d

((Tr(BC)+ Tr(B)Tr(C))1

+Tr(B)C + Tr(C)B + {B, C}) . (32)

Proof of Theorem 1. We prove Theorem 1 by explicitly
constructing a set of locally unbiased estimators {θ̂i}i that
satisfy

V = 4(d + 1)
d + 2

J −1, (33)

where V := V(M , θ̂ ). This then implies Eq. (29) from the
CRB [Eq. (2)] and the fact that A � B is equivalent to
A−1 � B−1 for any positive matrices A, B. To construct
locally unbiased estimators, we first introduce an unbiased
estimator of ρθ using classical shadows [72],

ρ̂(s) = M−1(|s〉 〈s|) = (d + 1) |s〉 〈s| − 1, (34)

where M(·) = ((·)+ Tr(·)1)/(d + 1), and M is the
inverse map of M satisfying M−1(·) = (d + 1)(·)− 1. ρ̂
is an unbiased estimator of ρθ because

E[|s〉 〈s|] :=
∑

s

Tr(ρθMs) |s〉 〈s| = M(ρθ ), (35)

from Eq. (31), and then

E[ρ̂(s)] = E[M−1(|s〉 〈s|)]
= M−1(E[(|s〉 〈s|)]) = ρθ . (36)

We then define the locally unbiased estimators at any
local point θ = θ0 by

θ̂i(s; θ0) = θ0
i + Tr

(
(Xi|θ=θ0)ρ̂(s)

)
, (37)

where Xi are Hermitian operators which we will call devi-
ation observables that satisfies the locally unbiasedness
conditions

Tr(ρθXi)|θ=θ0 = 0, Tr((∂iρθ)Xj )|θ=θ0 = δij , ∀i, j . (38)

Here {Xi}m
i=1 are named deviation observables because they

are observables used to estimate the deviation of θ from θ0.
Xi can vary for different θ but the dependence is omitted
for simplicity. We will refer to estimators of form Eq. (37)
as local shadow estimators, a type of locally unbiased
estimator defined through deviation observables {Xi}i.

To make sure Eq. (38) is satisfied, we choose

Xi =
∑

j

(J −1)ij Lj , (39)

where Lj are SLDs. They satisfy Tr(ρθLj ) = 0 and Jij =
1
2 Tr(ρθ {Li, Lj }) by definition. We can verify Eqs. (8)
and (9) at θ = θ0 through

E[θ̂i(s; θ0)]|θ=θ0 = θ0
i + Tr(Xiρθ)|θ=θ0 = θ0

i , (40)

(∂j E[θ̂i(s; θ0)])|θ=θ0 = Tr(Xi|θ=θ0(∂j ρθ)|θ=θ0)

= 1
2

∑

k

(J −1)ikTr(ρθ {Lk, Lj })
∣
∣
θ=θ0

= δij . (41)

The MSEM obtained from this choice of deviation observ-
ables is at most a constant factor away from the inverse
of the QFIM, as we desire. For any Xi and corresponding
estimators [Eq. (37)], we have

Vij =
∑

s

Tr(ρθMs)(θ̂i(s; θ)− θi)(θ̂j (s; θ)− θj )

=
∑

s

qsd 〈s|ρθ |s〉 〈s|M−1(Xi)|s〉 〈s|M−1(Xj )|s〉

= d + 1
d + 2

(
Tr(XiXj )+ Tr(ρθ {Xi, Xj })

)

− 1
d + 2

Tr(Xi)Tr(Xj ), (42)

where in the second equality we use the dual map of
M−1 is itself. The third equality is obtained by plugging
in M−1(Xi) = (d + 1)Xi − Tr(Xi)1 and applying Eq. (32)
and the first equality in Eq. (38).
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Equation (42) holds for any choice of Xi and any mixed
ρθ . In the situation of pure states ρθ = |ψ〉 〈ψ | and defi-
nitions Eq. (39) of Xi, Eq. (42) can be further simplify by
noticing that

Li = 2(|∂iψ〉 〈ψ | + |ψ〉 〈∂iψ |), (43)

Tr(Li) = Tr(ρθLi) = 0, (44)

Jij = 4Re[〈∂iψ |∂jψ〉 − 〈ψ |∂iψ〉 〈∂jψ |ψ〉], (45)

Tr(LiLj ) = 2Jij . (46)

Applying Eq. (42) and noticing the second term is zero, we
have

(JVJ )ij = d + 1
d + 2

(
Tr(LiLj )+ Tr(ρθ {Li, Lj })

)

= 4(d + 1)
d + 2

Jij , (47)

which implies Eq. (33) if we multiply both sides of the
equation by J −1 on the left and right. �

Traditionally, given any POVM {Mx}x (including the
randomized measurement), it is always optimal to choose
the locally unbiased estimator in Eq. (10) because it min-
imizes V and achieves V = I(M )−1. However, a direct
calculation of I(M ) is challenging because the randomiza-
tion appears in both the denominator and the numerator of
the expression. In contrast, our proof, which uses the local
shadow estimator, only involves up to the third moment
of the randomization [when calculating Eq. (42)], where
3-designs are sufficient. It is open whether 2-design mea-
surements will be sufficient, and whether Theorem 1 can
be further improved using other types of locally unbiased
estimators and higher-order designs.

Note that in the proof of Theorem 1 (and in the proofs
of other theorems below), we introduce the local shadow
estimators [Eq. (37)], which are locally unbiased estima-
tor that achieves the near-optimal estimation precision.
For practical applications, one needs to first compute
the deviation observables Xi through Eq. (39) and then
performs randomized measurements on ρθ to estimate
Tr
(
(Xi|θ=θ0)ρ̂(s)

)
using ρ̂(s), the snapshots of classical

shadow. Two caveats remain: (1) the deviation observ-
able is a function of θ0 which is not known a priori; (2)
Tr(Xiρ̂(s)) may not be efficiently computable, both due to
the difficulty in computing Xi and the difficulty in obtaining
〈s|Xi|s〉.

To tackle caveat (1), the two-step approach [28,30,41]
is often adopted in quantum metrology, where a coarse
estimate of θ is obtained first and Xi is then evaluated
at the coarse estimate in order to calculate Tr(Xiρ̂(s)).
Section VII contains an example of fidelity estimation
where we numerically demonstrate the effectiveness of the
two-step approach.

To address caveat (2), we need to leverage special struc-
tures of Xi and measurements. Below we consider a n-qubit
system where the 3-design measurement is implemented
through random Clifford sampling. Assume |ψθ 〉 and its
derivatives |∂iψθ 〉 are all restricted to a subspace spanned
by a polynomial number of computational basis, which is
a common scenario in quantum metrology. Then the total
number of unknown parameters is at most a polynomial
in n, which means Xi is efficiently computable because
both the SLD Li and the inverse of the QFIM J are effi-
ciently computable. Furthermore, Xi can be decomposed
into a polynomial number of computational basis oper-
ators, i.e., Xi = ∑

x,y∈{0,1}n fx,y |x〉 〈y| where fx,y �= 0 only
for polynomial numbers of x and y. Then Tr(Xiρ̂(s)) is
efficiently computable because |s〉 is a stabilizer state and
Tr(|x〉〈y| ρ̂(s)) is efficiently computable. In general, to effi-
ciently compute Xi, we need both the SLD Li and the
inverse of the QFIM J to be efficiently computable. The
first condition is usually easily satisfiable for pure states
that have efficient classical representations. The second
condition is tractable in situations where J is diagonal or
block-diagonal (see examples in Secs. VII A and VII C).
To efficiently compute Tr(Xiρ̂(s)), further structures on Xi
are needed, e.g., a stabilizer formalism that efficiently rep-
resents Xi (see an example in Sec. VII C), etc. We leave the
study of general algorithms for computing Xi and sampling
〈s|Xi|s〉 for future work.

V. APPROXIMATELY LOW-RANK STATES

In this section, we consider a generalization of the previ-
ous result for pure states to approximately low-rank well-
conditioned states. They include not only low-rank states,
but also situations where the QFIM of some complex quan-
tum states can be well approximated by confinement in
a low-rank subspace. Previously, the optimality of low-
rank states and their approximate (noisy) versions was not
investigated in the context of either minimizing the WMSE
or the local state tomography, to the best of our knowledge.

We define approximately low-rank well-conditioned
states by the following.

Definition 3 (Approximately low-rank well-conditioned
state). A parameterized state ρθ is called an (μ, c)-
approximately low-rank well-conditioned state if it satis-
fies the following two conditions:

(1) There is a constant μ such that there is at least one
eigenvalue of ρθ that is at least μ.

(2) Let 	 be the projector onto the subspace spanned
by eigenstates of ρθ whose corresponding eigenval-
ues are at least μ.	⊥ = 1 −	 and p = Tr(ρθ	⊥).
There exists a constant c such that

J − pJ ⊥−J p � cJ . (48)
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J ⊥ is the QFIM after post-selecting on subspace
	⊥, i.e., the QFIM of 	⊥ρθ	⊥/Tr(ρθ	⊥) and J p

is the CFIM of a Bernoulli distribution {p , 1 − p},
i.e., J p

ij = (∂ip)(∂j p)/(p(1 − p)).

Condition (1) above guarantees the existence of a low-
rank approximation of the original state after projection
to a low-rank subspace 	. Condition (2) guarantees the
information of the unknown parameters are largely pre-
served after excluding the information from the subspace
	⊥. This condition is necessary because we do not want
the QFIM to concentrate on some high-dimensional sub-
space 	⊥ so that access to states in 	⊥ is required in
which case any low-rank approximation will fail. Finally,
it is worth noting that our definition implicitly assumes
the states are well-conditioned within the subspace 	, i.e.,
the ratio between the largest and the smallest eigenval-
ues inside 	 are bounded (because their eigenvalues are
above a constant μ). This is necessary because otherwise
randomized measurements may not be near-optimal (see
Sec. VII B). Pure states are a special case of approximately
low-rank well-conditioned states with μ = 1 and c = 1.

Below we first provide a proof of the near-optimality of
randomized measurements when θ are encoded in a unitary
rotation (which, in local parameter estimation, equiva-
lently means the derivatives of all eigenvalues are zero).
Then we provide generalization to all approximately low-
rank well-conditioned states. The case of unitary rotations
has a better constant and also serves as a perfect warm-up
before introducing the general case.

Theorem 2. Consider a (μ, c)-approximately low-rank
well-conditioned state ρθ satisfying ∂j λj = 0 for all of its
eigenvalues λj . Let M be a POVM given by a 3-design.
We have

I(M ) � d + 2
d + 1

· μc
2μ+ 2

J . (49)

Proof. We prove the theorem by finding locally unbi-
ased estimators such that

V = V(M , θ̂ ) � d + 2
d + 1

· 2μ+ 2
μc

J −1. (50)

We adopt again local shadow estimators defined in Eq. (37)
but will choose a different set of deviation observables Xi.
They will satisfy 	⊥Xi	⊥ = 0 which plays a crucial role
in bounding V, as we will see later. In the following, all
functions are evaluated at some local point of θ implic-
itly. We define the unnormalized state ρ⊥ := 	⊥ρθ	⊥ for
notation simplicity. We will also omit θ in ρθ .

Let Li be the SLDs of ρ. We define

L̃i = Li −	⊥Li	⊥

= 2
∑

jk:λj ≥μ or λk≥μ

〈ψj |∂iρ|ψk〉
λj + λk

|ψj 〉 〈ψk| . (51)

Then

Tr(ρL̃i) = 0 −
∑

j :λj<μ

〈ψj |∂iρ|ψj 〉

= 0 −
∑

j :λj<μ

∂i(〈ψj |ρ|ψj 〉) = −∂ip , (52)

J̃ ij := Tr(̃Li∂j ρ) = 1
2

Tr(ρ {̃Li, Lj })

= Jij − 1
2

Tr(ρ⊥{	⊥Li	⊥,	⊥Lj	⊥}). (53)

where in the second line we use 〈∂iψj |ρ|ψj 〉 + 〈ψj |ρ|∂iψj 〉
= λj (∂j 〈ψj |ψj 〉) = 0. Furthermore, we have ∂j λj = 0,
∂ip = 0 and J p = 0. Moreover, the SLDs of the post-
selected state ρ⊥/Tr(ρ⊥) on subspace 	⊥ are 	⊥Li	⊥.
They imply

Tr(ρL̃i) = 0, J̃ = Tr(̃Li∂j ρ) = J − pJ ⊥. (54)

Now we are ready to construct the locally unbiased
estimators, defined through deviation observables

Xi =
∑

j

(J̃ −1
)ij L̃j . (55)

The locally unbiasedness condition is satisfied because

Tr(ρXi) = 0, J̃ ij = Tr(Xi∂j ρ) = δij . (56)

We can then evaluate V using Eq. (42). The second term is
zero because

Tr(̃Li) =
∑

j :λj ≥μ

〈ψj |∂iρ|ψj 〉
λj

=
∑

j :λj ≥μ
∂i 〈ψj |ψj 〉 = 0.

Therefore,

J̃ VJ̃ = d + 1
d + 2

(K̃ + 2J̃ ), (57)

where K̃ij := Tr(̃LĩLj ), and we use J̃ ij = 1
2 Tr(ρ {̃Li, L̃j })

which holds because Tr(ρ {̃Li,	⊥Lj	⊥}) = 0. For any
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v ∈ R
m,

vTK̃v = 4
∑

jk:λj ≥μ or λk≥μ

∣
∣〈ψj |

∑
i vi∂iρ|ψj 〉

∣
∣2

(λj + λk)2

≤ 4
μ

∑

jk:λj ≥μ or λk≥μ

∣
∣〈ψj |

∑
i vi∂iρ|ψj 〉

∣
∣2

λj + λk
= 2
μ

vTJ̃v.

Therefore, K̃ � 2
μ

J̃ . Using Eq. (57), we have

V � d + 1
d + 2

(
2
μ

+ 2
)

J̃ −1. (58)

Condition (2) of the definition of approximately low-rank
well-conditioned states guarantees J̃ � cJ , which then
implies Eq. (50). �

Theorem 2 is a generalization of Theorem 1—Theorem
1 is directly implied from Theorem 2 when taking μ = c =
1 in Theorem 2. The key technique to prove Theorem 2
is to choose the deviation observables wisely by exclud-
ing their components in subspace 	⊥, which not only
largely preserves the original QFIM but also makes upper
bounding K̃ via the QFIM possible.

Below, we consider the general case where unknown
parameters can be encoded arbitrarily in the quantum state.
We prove in this case, randomized measurements are still
near-optimal for approximately low-rank well-conditioned
states.

Theorem 3. Consider a (μ, c)-approximately low-rank
well-conditioned state ρθ . Let M be a POVM given by a
3-design. We have

I(M ) � d + 2
d + 1

· μc2

2μc + 5
J. (59)

Proof. We prove the theorem by finding locally unbi-
ased estimators such that

V = V(M , θ̂ ) � d + 1
d + 2

·
(

2
c

+ 5
μc2

)

J −1. (60)

Similar to the proof of Theorem 2, we adopt the local
shadow estimators as our locally unbiased estimator, and
use the unnormalized state ρ⊥ := 	⊥ρ	⊥ for notation
simplicity.

Let L̃i be the SLDs of ρ. We define

L̃i = Li −	⊥Li	⊥+ ∂ip
1 − p

	

=
∑

jk:λj or λk≥μ

(
2 〈ψj |∂iρ|ψk〉
λj + λk

+ ∂ip
1 − p

δjk

)

|ψj 〉 〈ψk| .

(61)

Then

Tr(ρL̃i) = 0 − ∂ip + ∂ip = 0, (62)

J̃ ij := Tr(̃Li∂j ρ) = 1
2

Tr(ρ {̃Li, Lj })
= Jij − pJ ⊥

ij − J p
ij . (63)

To verify Eq. (63) holds, we note that

J ⊥
ii′ = 2

∑

jk, λj ,k<μ,
λj +λk>0

Re[〈ψj |∂i(ρ/p)|ψk〉 〈ψk|∂i′(ρ/p)|ψj 〉]
(λj + λk)/p

= 2
p

∑

jk, λj ,k<μ,
λj +λk>0

Re[〈ψj |∂iρ|ψk〉 〈ψk|∂iρ|ψj 〉]
λj + λk

− 1 − p
p

J p
ii′ ,

where in the first equality we use the definition of QFIM
and 	⊥∂i(ρ⊥/p)	⊥ = 	⊥∂i(ρ/p)	⊥. The second equal-
ity follows by direction calculations. Furthermore,

J̃ ii′ = 2
∑

jk, λj or λk≥μ

Re[〈ψj |∂iρ|ψk〉 〈ψk|∂iρ|ψj 〉]
λj + λk

− pJ p
ii′ .

Combining the two equations above, we have J̃ + pJ ⊥ +
J p = J , which indicates Eq. (63).

Let the deviation observables be Xi = ∑
j (J̃

−1
)ij L̃j . The

locally unbiasedness condition is satisfied because

Tr(ρXi) = 0, J̃ ij = Tr(Xi∂j ρ) = δij . (64)

Furthermore, let K̃ij = Tr(̃LĩLj ), we have, from Eq. (42),

J̃ VJ̃ � d + 1
d + 2

(K̃ + 2J̃ ). (65)

Note that the second term in Eq. (42) is negative semidef-
inite and thus can be ignored because it can only decrease
the right-hand side. As proved in Appendix C,

K̃ � 5
μ

J . (66)

Condition (2) of the definition of approximately low-rank
well-conditioned states guarantees J̃ � cJ , which then
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implies

V � d + 1
d + 2

(
5

cμ
J̃ −1 + 2J̃ −1

)

� d + 1
d + 2

(
5
μc2 + 2

c

)

J −1. (67)

�

Theorem 3 indicates that for any approximately low-
rank well-conditioned state, which includes the cases
where the eigenvalues of the quantum states depend on θ ,
randomized measurements can still be near-optimal.

VI. FULL-PARAMETER MIXED STATES

As discussed in Sec. III C, near-optimal measure-
ments do not exist for general mixed states. In these
cases, it is meaningful to consider weak near-optimality
(Definition 2). Here we provide several families of quan-
tum states where near-optimal measurements generally
do not exist, and 3-design randomized measurements are
shown to be weakly near-optimal. The states discussed
below are called rank-r well-conditioned states, which
represent states which have r non-zero eigenvalues and
the ratio between the largest and the smallest non-zero
eigenvalues are upper bounded by a constant.

Theorem 4. When M is a POVM given by a 3-design,
it is weakly near-optimal for the following family of
states:

(1) Rank-r well-conditioned states, whose number of
unknown parameters is maximal, i.e., m = r(2d −
r)− 1.

(2) Rank-r well-conditioned states ρθ that satisfies
	∂iρθ	 = ∂iρθ for all i where 	 is the projection
onto the support of ρθ , whose number of unknown
parameters is maximal, i.e., m = r2 − 1.

(3) Rank-r well-conditioned states ρθ that satisfies
	∂iρθ	 = 0 for all i where 	 is the projection
onto the support of ρθ , whose number of unknown
parameters is maximal, i.e., m = 2r(d − r).

Case (1) is the standard case of estimating a full-
parameter rank-r quantum state. Case (2) describes the
situation where randomized measurements act on a larger
Hilbert space than the Hilbert space ρθ lives in, which is
common in situations where ρθ is restricted to a small sub-
space of the actual physical system. Case (3) describes the
situation where the unknown parameters are encoded in the
derivatives of ρθ which takes ρθ outside its support, with
a typical example being pure states. A non-trivial example
would be ρθ = Uθρ0U†

θ where θ is encoded in some uni-
tary rotation Uθ and ρ0 is the rank-r maximally mixed state

	/r independent of θ . Note that here the rank r can scale
non-trivially with respect to the system dimension d and
the weak near-optimality in the three cases above does not
imply one another.

Proof of Theorem 4. Here we consider rank-r well-
conditioned states. In particular, we assume the condition
number inside the support of the state

κ = maxi λi

mini:λi>0 λi
(68)

is a constant. Note that mini:λi>0 λi ≥ 1/(rκ).
To show weak near-optimality, we will find locally unbi-

ased estimators such that Tr(JV), where V is the MSEM
with respect to it, is at most a constant factor away from
its minimum value. Again, we adopt local shadow estima-
tors [Eq. (37)] for the proof and use Eq. (42) to evaluate
Tr(JV). The deviation observables {Xi}i are defined by

Xi =
∑

j

(J −1)ij Lj , (69)

where Li are the SLDs. Let

Kij := Tr(LiLj )

= 4
∑

k�:λk+λ�>0

Re[〈ψk| ∂iρθ |ψ�〉 〈ψ�| ∂j ρθ |ψk〉]
(λk + λ�)2

. (70)

For any v ∈ R
m,

vTKv = 4
∑

k�:λk+λ�>0

∣
∣〈ψk|

∑
i vi∂iρθ |ψ�〉

∣
∣2

(λk + λ�)2

≤ 4rκ
∑

k�:λk+λ�>0

∣
∣〈ψk|

∑
i vi∂iρθ |ψ�〉

∣
∣2

λk + λ�
= 2rκvTJv,

which implies K � 2rκJ . From Eq. (42) and the CR bound
I(M )−1 � V, we have

JVJ � (d + 1)
d + 2

(2J + K) � 2(d + 1)(1 + rκ)
d + 2

J , (71)

which implies

Tr(JI(M )−1) ≤ Tr(JV) ≤ 2(d + 1)(1 + rκ)m
d + 2

, (72)

and, if we multiply both sides by J −1/2 on the left and right
and take the inverse,

I(M ) � d + 2
2(d + 1)(1 + rκ)

J . (73)

Below we use the GM bound (Eq. (22) [30], see also
Appendix D), to put upper bounds on Tr(J −1I(M )) put
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lower bounds on Tr(JI(M̃ )−1) for general M̃ that match
the scalings of the upper bounds in Eq. (72) in different
cases.

When ρθ belongs to case (1), i.e., is a rank-r well-
conditioned state with maximal number of parameters. We
have

m = r2 − 1 + 2(d − r)r = r(2d − r)− 1 = �(rd), (74)

where r2 − 1 corresponds to the degrees of freedom
within the support of ρθ and 2(d − r)r corresponds to
the degrees of freedom outside the support of ρθ . In this
case, the upper bound [Eq. (72)] and the lower bound
[Eq. (23)] on Tr(JI(M )−1) are both �(r2d). Also note that
Tr(J −1I(M )) ≤ d − 1 by GM bound. These indicate the
weak near-optimality of the randomized measurement M .

In case (2), both ρθ and its derivatives ∂iρθ are restricted
to the r-dimensional support of ρθ . m = r2 − 1. As shown
in Appendix D, the GM bound can be tightened into

Tr(J −1I(M̃ )) ≤ r − 1, ⇒ Tr(JI(M̃ )−1) ≥ m2

r − 1
. (75)

In this case, the upper bound [Eq. (72)] and the lower
bound [Eq. (75)] on Tr(JI(M )−1) are both �(r3), indicat-
ing the weak near-optimality of the randomized measure-
ment M .

In case (3), the derivatives ∂iρθ are restricted to the
off-diagonal block orthogonal to the support of ρθ . m =
2r(d − r). As shown in Appendix D, the GM bound can be
tightened into

Tr(J −1I(M̃ )) ≤ d − r, ⇒ Tr(JI(M̃ )−1) ≥ m2

d − r
. (76)

In this case, the upper bound [Eq. (72)] and the lower
bound [Eq. (76)] on Tr(JI(M )−1) are both �(r2(d − r)),
indicating the weak near-optimality of the randomized
measurement M . �

Theorem 4 demonstrates three cases of mixed states
where randomized measurements are weakly near-optimal.
The requirement that the states must have the max-
imal number of unknown parameters can be slightly
relaxed—the theorem still holds as long as the scaling of
the actual m is the same as the scaling of the maximal
number.

We remark that in the special case of full-parameter
maximally mixed states (r = d, κ = 1), a direct computa-
tion of the CFIM [48] showed 2-design measurements are
sufficient to achieve I(M ) = J/(d + 1) and thus weakly
near-optimal. 3-designs are unnecessary in this case. In
general, however, it is unclear whether 2-design mea-
surements will be sufficient for estimating full-parameter
rank-r states.

VII. EXAMPLES

In this section, we provide three examples to demon-
strate the power and limitation of randomized measure-
ments in multiparameter quantum metrology. We also
explicitly compute the deviation observables in several
cases, and illustrate the advantage of local shadow estima-
tors in one numerical example of fidelity estimation.

A. Fidelity Estimation: Pure States

1. Theory

Here we consider estimating the fidelity of a parame-
terized pure state to a fixed quantum state. According to
Theorem 1, randomized measurements are near-optimal in
this case. Without loss of generality, we assume

|ψθ 〉 := |ψf ,g〉 =
√

f |φ〉 +
√

1 − f |φ⊥
g 〉 , (77)

where f := |〈φ|ψθ 〉|2 is the fidelity of |ψθ 〉 to a fixed state
|φ〉, and |φ⊥

g 〉 is orthogonal to |φ〉. Specifically, we let θ1 =
f and (θ2, θ3, . . . , θm) = g. |φ⊥

g 〉 depends on g but |φ〉 is
independent of it. Here we explicitly calculate the MSE of
estimating f using the randomized measurement and the
local shadow estimator defined in the proof of Theorem 1,
which can be shown to be optimal. First, note that

Jff = 4Re[〈∂f ψ |∂f ψ〉 − 〈ψ |∂f ψ〉 〈∂f ψ |ψ〉] = 1
f (1 − f )

.

(78)

and, for any i,

Jfgi = 4Re[〈∂f ψ |∂giψ〉 − 〈ψ |∂f ψ〉 〈∂giψ |ψ〉] = 0. (79)

The QFIM is block-diagonal. From Eq. (39), the deviation
observable should be taken as Xf = Lf /Jff , i.e.,

Xf = 2f (1 − f ) |φ〉 〈φ| − 2f (1 − f ) |φ⊥
g 〉 〈φ⊥

g |
+ (1 − 2f )

√
f (1 − f )(|φ〉 〈φ⊥

g | + |φ⊥
g 〉 〈φ|), (80)

and, from Eq. (42), the MSE for estimating f is

Vff = d + 1
d + 2

(Tr(X 2
f )+ 2 〈ψ |X 2

f |ψ〉)

= 4(d + 1)
d + 2

f (1 − f ). (81)

Now we explicitly compare the performance of the ran-
domized measurement and local shadow estimator with
two other standard and widely used estimators.

(1) Optimal measurement and estimator. The projec-
tive measurement M opt = {|φ〉 〈φ| ,1 − |φ〉 〈φ|} is
optimal for fidelity estimation. The probability
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distribution of the projective measurement is {f , 1 −
f } and then we have

I(M opt)ff = 1
f (1 − f )

, I(M opt)fgi = 0, ∀i. (82)

Then the minimum MSE Vff = (I(M opt)−1)ff =
f (1 − f ) = (J −1)ff is achieved by the corresponding
optimal locally unbiased estimator [see Eq. (10)].
We see above that randomized measurements can
achieve the same MSE up to a constant factor
4(d + 1)/(d + 2), as also proved in Theorem 1. In
practice, randomized measurements can be more
advantageous than the optimal binary measurement
in situations where the latter is challenging to imple-
ment, e.g., when |φ〉 is highly entangled. Also, the
choice of randomized measurements do not depend
on |φ〉 while the projective measurement must.

(2) Standard shadow estimator. Another standard
method [72] to estimate fidelity using randomized
measurements is to use the standard shadow esti-
mator which is also a locally unbiased estimator
defined by

f̂ std(s) = 〈φ| ρ̂(s) |φ〉 , (83)

where ρ̂(s) is defined in Eq. (34). When the mea-
surement is given by a 3-design, the corresponding
MSE is

Vstd
ff = 2(d + 1)(1 + 2f )

d + 2
− (1 + f )2. (84)

In contrast to the local shadow estimator which is
only unbiased in the vicinity of its true value, the
standard shadow estimator is globally unbiased and
independent of the state and the parameters. How-
ever, the MSE obtained is not as small as the MSE
obtained using the local shadow estimator. We have,
for any f and d, Vstd

ff ≥ Vff , and the equality holds
only when f = 1/2 and d = 2.
In particular, when the fidelity f approaches 1,
which means the quantum state |ψθ 〉 is close to the
target state |φ〉, we have Vff → 0, while Vstd

ff →
(2(d − 1))/(d + 2) remains a positive constant. It
indicates a fundamental advantage of local shadow
estimators over standard shadow estimators.

2. Numerical simulation

To demonstrate the practical feasibility and advantages
of our methods, we numerically implement a pipeline of
pure state fidelity estimation using the local shadow esti-
mator, and compare it with the standard shadow estimator
[72] [Eq. (83)]. Our simulation is conducted using Qiskit

ALGORITHM 1. Local shadow fidelity estimation.

[108]. The data and codes are available online (see the Data
Availability section).

Our theoretical framework assumes knowing a fiducial
state that is sufficiently close to the true unknown state, so
that we can define the local shadow estimator (and devi-
ation observable) with respect to that fiducial state. To
apply this theory in practice, we adopt the following post-
processing algorithm (after N copies of states are measured
using individual 3-design measurements). One first obtains
a coarse estimate of (f 0, g0) describing the unknown state
[in the form of Eq. (77)] using, e.g., standard classical
shadow [72], and set it as the initial fiducial state. One
can then use the initial fiducial state to compute the devi-
ation observable [Eq. (80)] and evaluate the local shadow
estimator through

f 1 = f 0 + 1
N

∑

s

Tr
(
Xf 0 ρ̂(s)

)
, (85)

and update the estimator f̂ from f 0 to f 1. Note that updat-
ing ĝ is unnecessary because their influence on f̂ is only
second-order from the locally unbiasedness condition and
can be ignored when the initial guess (f 0, g0) is sufficiently
close to their true values. The above updating procedure
is repeated and terminates at step k when the stepwise
change

∣
∣f k − f k−1

∣
∣ converges below a small cutoff num-

ber, e.g., 10−6. Remarkably, the entire algorithm operates
by reusing the same set of measurement data, which means
there is no sampling overhead of our methods compared to
standard shadow estimator. Our protocol is summarized in
Algorithm 1.

As a concrete example, let us consider the following
parameterized family of n-qubit pure states,

|ψϕ〉 = √
ϕ0 |�〉 +

n∑

i=1

√
ϕi |�i〉 , (86)

where ϕ0 = 1 −∑n
i=1 ϕi. |�〉 = 1√

2
(|0〉⊗n + |1〉⊗n) is the

n-qubit GHZ state and |�i〉 = (σx)i |�〉 is the GHZ with
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bit-flip on the ith qubit. We choose n = 3 and choose
the target state |φ〉 from fidelity estimation to be the one
with parameters ϕ1 = ϕ2 = ϕ3 = 0.075. (Note this target
state is not a stabilizer state and its projector cannot be
implemented via Clifford gates.) We estimate the fidelity
of four unknown states to |φ〉 where ϕ1 = ϕ2 = ϕ3 =
0.10, 0.15, 0.20, 0.25, yielding the true infidelities 1 − f =
0.0073, 0.0570, 0.1459, 0.2759, respectively.

We implement Algorithm 1 to estimate fidelity from
N = 5000 randomized measurements and compare it to
the standard shadow estimator [Eq. (83)]. Specifically, we
obtain the initial coarse estimates {ϕ̂i}3

i=1 by computing the
overlap between |ψϕ〉 and |�i〉 using the standard shadow
estimator

ϕ̂i = 1
N

∑

s

〈�i| ρ̂(s) |�i〉 . (87)

We then compute the initial f̂ = f 0 = ∣
∣〈φ|ψϕ̂〉

∣
∣2 and start

to repetitively compute the local shadow estimators and
update f̂ until the stepwise difference is below 10−6. We
compare the performance of Algorithm 1 to the standard
shadow estimator f̂ std = 1/N

∑
s 〈φ| ρ̂(s) |φ〉. Both meth-

ods use exactly the same amount of experimental data
and the difference is Algorithm 1 adopts an additional
post-processing procedure.

Our simulation results are reported in Fig. 3. To demon-
strate and compare the performances of both estimators,
we create a large dataset containing many random Clifford
and measurement shots, and then subsampling 500 batches
of data to construct estimators and estimate their vari-
ance. Note that subsampling is a well-established method

to assess the estimator variance while avoid the computa-
tional burden of full resampling [106]. See the caption of
Fig. 3 for more details. We also plot our theoretic predic-
tions of the root mean squared error (RMSE, i.e., square
root of the MSE) given by 1/

√
N× the square roots of the

single-shot MSE in Eqs. (81) and (84). The factor of 1/
√

N
arises because the snapshots ρ̂(s) are i.i.d. For all val-
ues of fidelity simulated, the theoretical predictions agree
with the empirical RMSEs within the error bars. Notably,
though the MSE formula in Eq. (81) was derived in the
context of local estimation, it also accurately captures the
MSE for our Algorithm 1 where no prior knowledge of
f is provided. The advantage of local shadow estimators
over standard shadow estimators, as predicted by Eqs. (81)
and (84) is then established numerically.

Regarding the run time of Algorithm 1, we observe that
in most cases no more than five repetitions are sufficient
for the stepwise change of f̂ to converge below 10−6.

B. Fidelity Estimation: Mixed States

In contrast to the previous section, here we will show
a no-go example where randomized measurements can-
not be near-optimal—fidelity estimation for mixed states.
Specifically, consider the following single-parameter fam-
ily of d-dimensional quantum states,

ρf := f |φ〉〈φ| + (1 − f )
1 − |φ〉〈φ|

d − 1
, (88)

for some fixed pure state |φ〉. ρf can be understood as |φ〉
going through a depolarizing channel, and our goal is to
estimate the fidelity f := 〈φ| ρ |φ〉. Below we consider the

FIG. 3. Simulation of a 3-qubit pure state fidelity estimation task comparing standard and local shadow estimators. The target state
|φ〉 and four unknown states with different infidelities all come from a 3-parameter family of pure states described in Sec. VII A 2.
For each unknown state, we build a dataset by uniformly sampling 100 000 random Clifford and measuring each for 10 000 shots.
We then subsample 500 batches from the dataset, each consists of N = 5000 random Clifford and a single shot of measurement.
(Left.) Comparison of theoretical (square roots of Eqs. (81) and (84), divided by

√
N ) and empirical (averaged over 500 batches of

subsamples) root mean squared error of estimators. Error bars depict one standard error estimated via 200 round of bootstrap sampling
[106]. (Right.) Violin plots (smoothed histograms [107]) of estimation errors from 500 batches of subsamples for the four unknown
states labeled by the corresponding infidelity. The variance of our local shadow estimator decreases as the true infidelity decreases,
whereas the variance of the standard shadow estimator remains nearly constant.
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regime where 1 − f ≤ d−2, which means the mixed state
ρf is very close to the target state |φ〉. The QFI for ρf is
easily seen to be

Jff = 1
f (1 − f )

, (89)

We now show that randomized measurements are not
near-optimal for this task. In particular, this holds for
any d (even when d = 2). Since weak near-optimality is
equivalent to near-optimality in single-parameter metrol-
ogy tasks, randomized measurements are also not weakly
near-optimal here.

Let us first clarify our definition of randomized mea-
surements here. The results we present in Secs. IV–VI are
sufficient conditions for randomized measurements to be
near-optimal or weakly near-optimal. For all these results,
it suffices to take the POVM as any 3-design. To derive no-
go results, however, we need to specify the exact choice
of the POVMs. Below we prove the no-go results when
the POVM exactly forms a (complex projective) Haar
measure, and when it is a specific 3-design.

(1) Haar measure. Let the POVM element be M Haar =
{d dμs|s〉〈s|}s, where {dμs|s〉〈s|}s is the (complex
projective) Haar measure for d-dimensional pure
states [68]. Note that the dimension d should be
distinguished from the differential symbol d. The
probability density ps := Tr

(
(dM Haar

s /dμs)ρf
)

is

ps = d

(

f |〈s|φ〉|2 + (1 − f )
1 − |〈s|φ〉|2

d − 1

)

. (90)

Define τs := |〈s|φ〉|2. The CFI can be calculated
to be

I(M Haar)ff =
∫

dμs
(∂f ps)

2

ps

= d
(d − 1)2

∫

dμs
(1 − τsd)2

f τs + (1 − f ) 1−τs
d−1

.

(91)

Dividing the integral over s into two parts depending
on whether τs <

√
1 − f holds or not, we have the

following upper bound:

I(M Haar)ff ≤ d
(d − 1)2

(∫

τs>
√

1−f
dμs

(1 − τsd)2√
1 − f

+
∫

τs≤
√

1−f
dμs

(1 − τsd)2

(1 − f ) 1
d−1

)

≤ d
d − 1

(
d − 1√
1 − f

+ Pr[τs ≤ √
1 − f ]

1 − f

)

.

(92)

In the first inequality, we use f τs + (1 − f )(1 − τs)/

(d − 1)≥ (1 − f )1/(d − 1) and, when τs ≥ √
1 − f

and
√

1 − f ≤ d−1, f τs + (1 − f )(1 − τs)/(d − 1)
≥ √

1 − f . In the second inequality, we use the
fact that (1 − τsd)2 ≤ (d − 1)2 and that, when τs ≤√

1 − f ≤ d−1, (1 − τsd)2 ≤ 1. In Appendix E,
we show that Pr[τs ≤ √

1 − f ] ≤ (d − 1)
√

1 − f .
Thus, we have

I(M Haar)ff ≤ 2d√
1 − f

, (93)

⇒ I(M Haar)ff

Jff
≤ 2d

√
1 − f f . (94)

When taking 1 − f → 0, we have I(M Haar)ff /

Jff → 0. This completes the proof that M Haar is not
near-optimal.

(2) 3-design. For completeness, we now give another
example that a specific POVM forming a 3-design is
not near-optimal for mixed state fidelity estimation.
Take Eq. (88) to be an single-qubit state.

ρf = f |φ〉〈φ| + (1 − f )|φ⊥〉〈φ⊥|. (95)

where |φ⊥〉〈φ⊥| := 1 − |φ〉〈φ|. Consider single-
qubit random Pauli measurements

M P = { 1
3 |x±〉〈x ± |, 1

3 |y±〉〈y ± |, 1
3 |z±〉〈z ± |} .

(96)

Here |x±〉 denotes the ±1 eigenstate for Pauli X,
similar for the others. M P forms a (complex projec-
tive) 3-design satisfying Eq. (30). Now choose

|φ〉〈φ| := 1
2

(

1 + 1√
3
(σx + σy + σz)

)

. (97)

In the Bloch sphere, |φ〉 is located equidistant from
|x+〉, |y+〉, and |z+〉. With some calculation, one
can obtain the measurement outcome probability
and the CFI as

pa± := Tr(ρf M P
a±) = 1

6

(

1 ± 2f − 1√
3

)

,

∀a ∈ {x, y, z},

I(M P)ff = 2
1 + 2f (1 − f )

, (98)

When we take 1 − f → 0, we have I(M P)ff /Jff →
0, thus M P is not near-optimal despite being a 3-
design. As a final comment, if we rotate M P such
that |φ〉〈φ| is proportional to one of the POVM ele-
ments, then the measurement yields a CFI of 1

3 Jff
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and is thus near-optimal. However, such choices
of measurement are tailored to the state, and thus
should not be viewed as a generic randomized
measurement for our purpose.

C. Hamiltonian Estimation

Finally, we provide one example of quantum channel
estimation, which goes beyond the previously discussed
state estimation problem.

We will see that Theorems 1 and 2 can be applied in
a Hamiltonian estimation problem in the noiseless and
the noisy case, respectively. Specifically, we consider the
estimation of all Pauli operators in a Hamiltonian and
show two near-optimal estimation protocols minimizing
the WMSE with W = 1, one utilizing maximally entan-
gled states and the other one utilizing random stabilizer
states as input states. 3-design randomized measurements
are near-optimal in both the noiseless case (from Theorem
1) and the noisy case (from Theorem 2).

1. Noiseless case

We consider a Hamiltonian estimation problem in an n-
qubit system, where

Uθ = exp

⎛

⎝−i
d2−1∑

k=1

θkPk

⎞

⎠ , (99)

where d = 2n and {Pk}d2−1
k=1 are the set of multiqubit Pauli

operators {1, σx, σy , σz}⊗n excluding 1. Consider parame-
ter estimation at θ = 0 for pure input states [109]. Let the
input state of the unitary evolution be |ψ〉, we have the
QFIM J (ψ) of the output state

|ψθ 〉 := Uθ |ψ〉 (100)

equal to

J (ψ)jk = 4Re[〈∂jψθ |∂kψθ 〉 − 〈ψθ |∂jψθ 〉 〈∂kψθ |ψθ 〉]
= 4(〈ψ | 1

2 {Pj , Pk} |ψ〉 − 〈ψ | Pj |ψ〉 〈ψ | Pk |ψ〉),
(101)

where we use J (�) [110] to denote the QFIM when the
input state is �.

(a) Figure of merit

Different choices of input states |ψ〉 lead to different per-
formances of Hamiltonian estimation. To evaluate their
performances, we will use the trace of the inverse of
the CFIM as a function of the input state ψ and the
measurement M , i.e.,

Tr(I(ψ , M )−1) (102)

as the figure of merit. The function Tr(I(ψ , M )−1) can be
interpreted as the minimum achievable WMSE (according
to the CRB) with the cost matrix W = 1 [111], when the
input state is |ψ〉 and the measurement is M . The above
can be generalized to the case where we use an input state
ensemble to estimate the Hamiltonian, instead of a single
input state. Specifically, we can assume, with probabil-
ity p (i), we pick |ψ(i)〉 as an input state and M (i) as the
corresponding POVM. Then we use I({p (i),ψ(i), M (i)}) to
denote the corresponding CFIM. In particular, we have

I({p (i),ψ(i), M (i)}) (103)

= I

(
∑

i

pi |i〉 〈i|R ⊗ ψ(i),
∑

i

pi |i〉 〈i|R ⊗ M (i)

)

(104)

=
∑

i

p (i)I(ψ(i), M (i)), (105)

where we introduce the fictitious reference system R to
facilitate the calculation.

Below, we consider two types of input state ensem-
bles for the Hamiltonian estimation problem. We will see
they are both near-optimal and are equivalent up to a con-
stant factor. Here, we say an input state ensemble (along
with a corresponding measurement) is near-optimal, if it
achieves the minimum WMSE optimized over all input
state ensembles and measurements, i.e.,

w := inf
{p(i),ψ(i),M (i)}

Tr(I({p (i),ψ(i), M (i)})−1) (106)

up to a constant factor. Note that it is sufficient to consider
only pure input states here because of the convexity of the
CFIM. In Eq. (106), we also allow ψ(i) to be an entangled
state (and M to be a correlated measurement) across the
probe system and an arbitrarily large ancillary system as
explained below.

(b) Maximally entangled states

In the first scenario, we make use of an ancillary sys-
tem A, in which case the input state can be an entangled
state between the original probe system P and the ancillary
system. The Hamiltonian evolution acts only on the probe
system, and the measurement can act on the joint system.
Specifically, we choose the maximally entangled state as
the input state, i.e.,

|ψME
PA 〉 = 1√

d

d−1∑

k=0

|k〉P |k〉A , (107)

where {|k〉}d−1
k=0 is the computational basis. The QFIM can

be calculated through Eq. (101) where Pj are interpreted as
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(Pj )P ⊗ 1A, and we have

J (ψME) = 41, and Tr(J (ψME)−1) = d2 − 1
4

. (108)

The deviation observable for each parameter is

Xj (ψ
ME; θ) = i

2
[|ψME

θ 〉 〈ψME
θ | , Pj

]
, (109)

which induces the local shadow estimator that achieve the
QFIM up to a constant factor via 3-design measurements.
When θ is sufficiently close to zero, in order to esti-
mate θj , it is sufficient to use Xj (ψ

ME; (0, . . . , θj , . . . , 0)) ≈
Xj (ψ

ME; 0) + θj (d + 1)/2d
[(

Pj |ψME〉 〈ψME| − |ψME〉
〈ψME| Pj

)
, Pj
]

as the deviation observable to estimate θj ,
where we set θk �=j = 0 because their influence on the local
shadow estimator is second-order and we also ignore the
O(θ2

j ) term. The corresponding local shadow estimator
Tr(Xj ρ̂(s)) is then efficiently computable when the 3-
design measurement bases |s〉 are random stabilizer states
using the property that |ψME〉 is also a stabilizer state.

|ψME〉 minimizes Tr(J (ψ)−1) because for any ψ ,

Tr(J (ψ)−1) ≥ (d2 − 1)2Tr(J (ψ))−1 ≥ d2 − 1
4

. (110)

The above equalities hold when ψ = ψME. The first
inequality above is Cauchy-Schwarz and the second is due
to J (ψ) � Q(ψ) and

Tr(J (ψ)) ≤ Tr(Q(ψ)) = 4(d2 − 1), (111)

for any input state ψ , where Qjk := 4〈ψ | 1
2 {Pj , Pk} |ψ〉.

This implies

w ≥ d2 − 1
4

(112)

because for any ε > 0, there exists an input state ensemble
{p (i),ψ(i), M (i)} such that

w + ε ≥ Tr(I({p (i),ψ(i), M (i)})−1)

= Tr

⎛

⎝

(
∑

i

p (i)I(ψ(i), M (i))

)−1
⎞

⎠

≥ (d2 − 1)2
(
∑

i

p (i)Tr(I(ψ(i), M (i)))

)−1

≥ (d2 − 1)2
(
∑

i

p (i)Tr(J (ψ(i)))

)−1

≥ d2 − 1
4

= Tr(J (ψME)−1), (113)

where we use Eq. (103) in the second line, the
Cauchy-Schwarz in the third line, the CRB J (ψ(i))−1 �

I(ψ(i), M (i))−1 in the fourth line and Eq. (111) in the
last line. Thus, ψME is near-optimal for the Hamiltonian
estimation problem. For any measurement M given by a
3-design,

Tr(I(ψME, M )−1) ≤ 4Tr(J (ψME)−1) ≤ 4w, (114)

where we use Theorem 1 to show the first inequality.

(c) Random stabilizer states

In the second scenario, we consider ancilla-free sce-
narios, which is more favorable in practice because the
ancillary system is not always available. An input state
ensemble is necessary here because with a single input
state, at most d − 1 number of parameters can be esti-
mated. Here we choose

pC,(i) = 1
|U | , |ψC,(i)〉 = U(i) |0⊗n〉 , (115)

where U(i) is an element from the random Clifford unitary
ensemble U . Let the joint state on the fictitious reference
system R and the probe system P be

ρC
RP = 1

|U |
∑

i

|i〉 〈i|R ⊗ ψC,(i). (116)

Then

J (ρC
RP) =

∑

i

pC,(i)J (ψC,(i))jk (117)

= 4
(

δjk − δjk

d + 1

)

= 4dδjk

d + 1
, (118)

where we use

Ei[〈ψC,(i)| 1
2
{Pj , Pk} |ψC,(i)〉] = 1

d
Tr
(

1
2
{Pj , Pk}

)

,

Ei[〈ψC,(i)| Pj |ψC,(i)〉 〈ψC,(i)|Pk |ψC,(i)〉] = Tr(Pj Pk)

d(d + 1)
.

These are properties of random Clifford unitaries as a 1-
design and a 2-design. For any measurement M given by a
3-design,

Tr(I({pC,(i),ψC,(i), M })−1)

≤ 4Tr

⎛

⎝

(
∑

i

pC,(i)J (ψC,(i))

)−1
⎞

⎠

= (d + 1)
d

(d2 − 1) ≤ 4(d + 1)
d

w, (119)

where we use Eq. (103) and Theorem 1 to show the first
inequality and Eqs. (112) and (118) in the second step.
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For input states chosen randomly from a state ensemble,
we define the deviation observable for each parameter as

Xj (ψ
C,(i); θ) =

∑

k

(J (ρC
RP)

−1)jkLk(ψ
C,(i)) (120)

= i(d + 1)
2d

[ |ψC,(i)
θ 〉〈ψC,(i)

θ | , Pj
]
. (121)

They induce the following local shadow estimator (at θ0)
as a generalization of Eq. (37) to the case of random input
states,

θ̂j (s; i, θ0) = θ0
i + Tr

(
(Xj (ψ

C,(i); θ)|θ=θ0)ρ̂(s)
)

. (122)

It is a function of both i and θ0 where the index i of the
choice of the input state that is known to the experimenter.
The overall variance V in this case is the average of the
variance for different input states, which is given by

(JRPVJRP)jk = d + 1
d + 2

Ei

[
Tr(LC,(i)

j LC,(i)
k )

+Tr(ψC,(i)
θ {LC,(i)

j , LC,(i)
k })

]

= d + 1
4(d + 2)

Ei[J (ψC,(i))] = d + 1
4(d + 2)

JRP,

(123)

where JRP is the shorthand of the averaged QFIM J (ρC
RP).

The above shows how the local shadow estimators achieve
the near-optimal performance and the derivation follows
exactly from the proof of Theorem 1 after taking random
inputs into consideration.

To summarize, the discussion above [in particular,
Eqs. (114) and (119)] implies the following corollary of
Theorem 1:

Corollary 1. The maximally entangled state, or the
random stabilizer state ensemble, together with any 3-
design measurement, forms a near-optimal protocol for the
Hamiltonian estimation problem in Eq. (99) at θ = 0.

2. Noisy case

Using Theorem 2, the above discussions can be gener-
alized to the situations where quantum noise affects the
Hamiltonian estimation. We assume a Pauli noise channel,
in which case the parameterized quantum channel acting
on the probe system P becomes

Eθ (·) = (1 − q)Uθ (·)U†
θ+

d2−1∑

k=1

qkPkUθ (·)U†
θPk, (124)

where qk are the probabilities of Pauli error Pk which sum
up to the total noise rate q, and q < 1/2. We also define

q0 := 1 − q and P0 = 1 for future use. Again, we con-
sider parameter estimation at θ = 0. We will show that the
maximally entangled state and the random stabilizer state
ensemble can still achieve the optimal WMSE in the noise-
less case [Eq. (106)] up to a constant factor that depends
only on q.

(a) Maximally entangled states

In the first ancilla-assisted scenario, we have the max-
imally entangled state [Eq. (107)] as the input state. We
assume no noise on the ancillary system. Then (Pk ⊗
1) |ψME〉 are orthogonal to each other for different k.
(Below we omit ⊗1 for simplicity.) Let	 be the rank-one
projector onto |ψME

θ 〉 := Uθ |ψME〉, which is the eigenstate
of the output state Eθ (ψME) with the largest eigenvalue,
and the probability of post-selecting on subspace 	⊥ is
Tr(	⊥Eθ (ψ)) = q. The QFIM after post-selecting on 	⊥
satisfies

J ⊥(ψME) := J

⎡

⎣
d2−1∑

k=1

qk

q
PkUθψ

MEU†
θPk

⎤

⎦

�
d2−1∑

k=1

qk

q
J [PkUθψ

MEU†
θPk] = J [ψME

θ ] = 41,

(125)

where we use the convexity of the QFIM in the first
inequality, J [Pkψ

ME
θ Pk] = J [ψME

θ ] in the second equal-
ity. Here, we use J [�] to denote the QFIM of state �,
and thus J (�) = J [Eθ (�)] by definition. (Previously, the
dependence of J on the parameterized states was implicit,
as these states were always straightforwardly ρθ or ψθ .
However, in the current context involving multiple distinct
parameterized states, it is necessary to explicitly indicate
this dependence.) Meanwhile, the QFIM of the output state
Eθ (ψME) is

J (ψME)ij := J

⎡

⎣
d2−1∑

k=0

qkPkUθψ
MEU†

θPk

⎤

⎦

ij

= 2δij

∑

0≤k≤d2−1,
qk+qk+i>0

|qk+i − qk|2
qk + qk+i

. (126)

Note that the + sign in qk+i should be interpreted in the
following way: qk+i denotes the noise rate of the Pauli
operator Pk+i ∝ ηk,iPkPi. The derivation of Eq. (126) can
be found in Appendix F. Then

J (ψME)ij ≥ 4δij
|qi − q0|2
q0 + qi

≥ 4δij (1 − 2q)2, (127)
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where we use qi ≤ q in the last step. Combining Eqs. (125)
and (127), we have

J (ψME)− qJ ⊥(ψME) � (1 − 2q)2 − q
(1 − 2q)2

J (ψME). (128)

This means the noisy output state Eθ (ψME) is a (1 −
q, ((1 − 2q)2 − q)/((1 − 2q)2))—approximately low-rank
well-conditioned state, according to Definition 3. Applying
Theorem 2, we know when M is given by a 3-design,

I(ψME, M ) � d + 2
d + 1

(1 − q)2(1 − 4q)
2(2 − q)(1 − 2q)2

J (ψME)

� d + 2
d + 1

(1 − q)2(1 − 4q)
2(2 − q)

(41), (129)

where J (ψME) is the QFIM with the maximally entangled
state as the input state for the noisy Hamiltonian estimation
problem and 41 is the QFIM of the maximally entangled
input state in the noiseless case.

We can also calculate the deviation observable for each
parameter [Eq. (55)]. Using

L̃j (ψME) = 2i(q0 − qj )

q0 + qj

[|ψME
θ 〉 〈ψME

θ | , Pj ⊗ 1A
]

,

(130)

J̃ jk(ψME) = 4(q0 − qj )
2

(q0 + qj )2
δjk. (131)

we have

Xj (ψME; θ) = i(q0 + qj )

2(q0 − qj )

[|ψME
θ 〉〈ψME

θ | , Pj
]

, (132)

which is proportional to the deviation observable in the
noiseless case [Eq. (109)]. The simplification stems from
the proof of Theorem 2 where we show the sufficiency
to achieve near-optimal estimation by excluding the 	⊥
component in the SLD operators.

(b) Random stabilizer states

In the second ancilla-free scenario, we use the random
stabilizer state ensemble [Eq. (115)]. We first consider
the special case where the input state is |ψC,(0)〉 := |0⊗n〉.
Let |ψC,(0)

θ 〉 := Uθ |0⊗n〉. Let 	 be the rank-one projec-
tor onto Uθ |0⊗n〉, and 	⊥ = 1 −	. The probability of
post-selecting on subspace 	⊥ is

Tr
(
	⊥Eθ

(
ψC,(0))) =

∑

k:k̃ �=0n

qk =: q̃ ≤ q, (133)

where we define k̃ to be an n-bit string where k̃i is equal to
1 if Pk on the ith qubit is σx or σy , and k̃i is equal to 0 if Pk

on the ith qubit is σz or 1. We also have

J ⊥(ψC,(0)) := J

⎡

⎣
∑

k:k̃ �=0n

qk

q̃
PkUθψ

C,(0)U†
θPk

⎤

⎦

� J [ψC,(0)
θ ]. (134)

We show in Appendix G that

J (ψC,(0))− q̃J ⊥(ψC,(0)) � (1 − 2q)2 − q
(1 − 2q)2

J (ψC,(0)),

(135)

which indicates that the noisy output state Eθ (ψC,(0))

is a (1 − q, ((1 − 2q)2 − q)/((1 − 2q)2))—approximately
low-rank well-conditioned state. Note that when we use
an input state |ψC,(i)〉 := U(i) |0⊗n〉 where U(i) is a Clifford
unitary, we have

Eθ (ψC,(i)) = U(i)E ′
θ (ψ

C,(0))U(i)†, (136)

where E ′
θ is equal to E ′

θ with all Pauli operators Pk,
both in the noise channel and the Hamiltonian evolution,
replaced by U(i)†PkU(i). Equation (135) still holds under
such a replacement, and we conclude that Eθ (ψC,(i)) are
(1 − q, ((1 − 2q)2 − q)/((1 − 2q)2))-approximately low-
rank well-conditioned states for all i’s. Applying Theorem
2, we know when M is given by a 3-design,

I(ψC,(i), M ) � d + 2
d + 1

(1 − q)2(1 − 4q)
2(2 − q)(1 − 2q)2

J (ψC,(i)). (137)

Then

I({pC,(i),ψC,(i), M̃ }) =
∑

i

pC,(i)I(ψC,(i), M )

� d + 2
d + 1

(1 − q)2(1 − 4q)
2(2 − q)(1 − 2q)2

∑

i

pC,(i)J (ψC,(i))

� d + 2
d + 1

(1 − q)2(1 − 4q)
2(2 − q)

(
4d

d + 1
1

)

, (138)

where the last line is proved in Appendix G. The deviation
observables in this case may not have simple expressions
(see discussion in Appendix G).

To summarize, the discussion above [in particular,
Eqs. (129) and (138)] shows the near-optimality of the
maximally entangled state and the random stabilizer state
ensemble when q is sufficiently small. We have the follow-
ing corollary of Theorem 2.

Corollary 2. The maximally entangled state, or the ran-
dom stabilizer state ensemble, together with any 3-design
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measurement, forms a near-optimal protocol for the
Hamiltonian estimation problem in Eq. (99) at θ = 0, even
under the influence of sufficiently small Pauli noise.

VIII. CONCLUSIONS AND OUTLOOK

In this work, we showed randomized measurements are
near-optimal for pure states and approximately low-rank
well-conditioned states, and are weakly near-optimal for
three families of rank-r well-conditioned states. We also
provide examples where randomized measurements are
explicitly shown to be useful or proved to be suboptimal.

Our work not only establishes randomized measure-
ments are an important tool in multiparameter quantum
metrology but also highlights several open problems and
new research directions. First, although we classified
several important families of quantum states for which
randomized measurements have the near-optimal perfor-
mance, it still remains largely open in general which types
of mixed states can be estimated with randomized mea-
surements (weakly) near-optimally. Second, we mostly
analyze quantum measurements given by 3-designs, and it
is desirable to understand the performance of other types of
randomized measurements that are even more experimen-
tally friendly, e.g., tensor product of single-qudit 3-designs
(i.e., Pauli measurements in the qubit case), or approximate
3-designs (which can be implemented in log-depth circuits
[88]). Third, it will be interesting to study generalization of
our results to quantum channel estimation, instead of quan-
tum state estimation, with optimization of input states also
taken into consideration. Finally, our discussion is mostly
restricted to local parameter estimation, and it is interesting
to consider generalization to global parameter estimation,
using, e.g., Bayesian approach [112] and hypothesis testing
approach [113].
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APPENDIX A: RELATED WORKS ON
MEASUREMENTS FOR MULTIPARAMETER

METROLOGY

Here in Table III we present a detailed comparison of
some traditional measurement protocols and our 3-design
measurement protocol, as an extension of Table I. (Note
that we have listed only the most relevant protocols below;
there are other useful measurements not included here.)

APPENDIX B: JUSTIFICATION OF THE
DEFINITION OF WEAK NEAR-OPTIMALITY

In this Appendix, we justify the definition of weak near-
optimality (Definition 2).

First, we note that it is impossible to define weak near-
optimality without choosing a specific cost matrix as in
Eq. (27). If for some measurement M , there exists a
constant c > 0 such that for all cost matrices W � 0,

∀M̃ , Tr(W · I(M )−1) ≤ cTr(W · I(M̃ )−1), (B1)

then

∃ c > 0, ∀M̃ , I(M ) � cI(M̃ ), (B2)

It then implies

I(M ) � cJ , (B3)

because if Eq. (B3) is violated, there must be some spe-
cific parameter, which may be a linear combination of {θi}i,
such that its CFI is smaller than c times its QFI, violating
the saturability of single-parameter CR bound [Eq. (16)].
Therefore, M must be near-optimal.

Second, we prove some meaningful properties of the
weak near-optimality conditions.

(1) It is independent of parameterization. To be
specific, when we view ρθ as ρϕ which is a
function of ϕ where ϕ is a new set of param-
eters defined by ϕi = ∑

j Aij θj for some invert-
ible matrix A. We have ATI(M )|ρϕA = I(M )|ρθ
and ATJ |ρϕA = J |ρθ and Tr(J |ρϕ · I(M )−1|ρϕ ) =
Tr(J |ρθ · I(M )−1|ρθ ), showing Eq. (27)’s invari-
ance under reparameterization. Equation (28) is
also invariant under reparameterization, noting that
Tr(J −1|ρϕ · I(M )|ρϕ ) = Tr(J −1|ρθ · I(M )|ρθ ).

(2) It is a necessary condition of near-optimality. If
a measurement is near-optimal, then I(M ) � cJ �
cI(M̃ ) for some c any M̃ and Eq. (27) is satisfied.
Equation (28) also holds because

I(M ) � c
Tr(J −1J )
Tr(J −1J )

J � c
Tr(J −1I(M ))

m
J . (B4)
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TABLE III. Comparison of different types of measurements for multiparameter metrology. We compare them using multiple features
including: (1) Families of parameterized states, for which the measurements are optimal (under certain metric). This describes the
generality of the measurement protocol. (2) Dependence on cost matrices, which determines whether the weighted mean squared error
is minimized based on a specific cost matrix or the classical Fisher information matrix I(M ) is optimized to be as close to J as possible.
In the former case, the cost matrix must be specified before the measurement is selected and there is no guarantee of optimality under
other cost matrices. (3) Whether collective measurements are required, i.e., whether the positive operator-valued measurement needs
to be performed on more than one copies of the quantum state. Collective measurements are usually considered to be difficult to
implement than individual measurements. (4) Computational complexity to solve for optimal positive operator-valued measurements.
Note that when measurements are state-independent, i.e., universally optimal, e.g., 3-design, Haar and 2-design, there is no need to
solve for them and thus we mark the computational complexity here as “None”. The computational complexity required for identifying
the optimal positive operator-valued measurement for the mixed-state Holevo’s version of the quantum Cramér-Rao bound is expected
to be superpolynomial in d. Even though the value of Holevo’s version of the quantum Cramér-Rao bound is computable in Poly(d)
[61], the known optimal positive operator-valued measurement needs to be performed on at least Poly(d) copies of quantum states and
requires a classical computer of size at least superpolynomial in d to store [39] (For the Nagaoka-Hayashi and Gill-Massar bounds,
only special types of states were known to have optimal measurements in explicit forms; and thus we do not specify the computational
or implementation complexity in this table.) (5) Implementation complexity. The complexity to implement positive operator-valued
measurements was rarely investigated in literature of Holevo’s version of the quantum Cramér-Rao bound (and its variants). The
complexity to implement an arbitrary unitary operation is a d-dimensional system is �(d) [98]. Thus, the implementation complexity
of positive operator-valued measurements will be considered exponential in qubit number, unless with known simplifications. The
implementation of two-copy measurements, though may be feasible in some physical platforms (e.g., [100]), can suffer from issues in
synchronization, cross talks, and decoherence in general and thus is platform-dependent.

Measurements Family of states
Cost matrix

(Y/N)
Collective

(Y/N)

Computational
complexity for

identifying
POVMs

Implementation
Complexity

3-design

Pure,
approximately

low-rank,
full-parameter
mixed states

(Table II) N N None

Efficient in
multiqubit

systems

HCRB [26,39–41] Mixed states Y Y (Infinite
copies)

Unknown Almost infeasible

HCRB [31] Pure states Y N Poly(d), Semidefinite
programming [61]

Unknown

Direct optimization
[32]

Mixed states Y N NP-hard, Conic
programming [65]

Unknown

Nagaoka-Hayashi
[32,33]

Qubit states,
Other
examples

Y N – –

Gill-Massar [30,
Sec.VII]

Qubit states N N – –

Fisher-symmetric
[47,49]

Pure states N N ≤ Poly(d) Unknown

Haar [101] Pure states N N None Almost infeasible
2-design [48] Pure states N Y (Two

copies)
None Platform-dependent

2-design [48] Full-parameter
maximally
mixed states

N N None Efficient in multiqubit
systems

(3) It is a proper generalization of the near-optimality
condition, i.e., for any state where near-optimal
measurements exist, weakly near-optimal measure-
ments are also near-optimal. Suppose M̃ is near-
optimal and I(M̃ ) � cJ , and M is weakly near-
optimal. Then Tr(JI(M )−1) ≤ c1Tr(JI(M̃ )−1) ≤
(c1/c)m from Eq. (27), and from Eq. (28),

I(M ) � c2
Tr(J −1I(M ))

m
J � c2

m
mTr(JI(M )−1)

J � cc2

c1
J . (B5)

Therefore, M must be near-optimal.
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(4) In single-parameter estimation (i.e., m = 1), the
weak near-optimality condition and the near-
optimality condition are equivalent. In particu-
lar, when m = 1, Eq. (27) is equivalent to the
near-optimality condition and Eq. (28) is trivially
true. Note that Sec. VII B contains an example of
single-parameter estimation on mixed states where
randomized measurements are proven to be not
near-optimal, and they are also not weakly near-
optimal according to this property.

(5) It is a proper generalization of the Fisher-symmetry
condition. The Fisher-symmetry condition describes
the optimality of measurements for local state
tomography and is defined only for full-parameter
quantum states (i.e., when m is maximal). Specifi-
cally, a POVM is called Fisher-symmetric [47,48]
if I(M ) ∝ J and the GM bound is saturated at
Tr(J −1I(M )) = d − 1. Or equivalently, a POVM is
Fisher-symmetric if and only if

I(M ) = d − 1
m

J , (B6)

which makes sure M provides uniform and maximal
information on all parameters.

Below we show the Fisher-symmetry condition is
almost [115] equivalent to the weak near-optimality
condition.

We first show any Fisher-symmetric measure-
ment is weakly near-optimal. For full-parameter
pure states, a measurement is Fisher-symmetric
if and only if I(M ) = 1

2 J [47] and it is clearly
near-optimal and thus weakly near-optimal. For
full-parameter full-rank mixed states, a measure-
ment is Fisher-symmetric if and only if I(M ) =
1/(d + 1)J . It implies that Tr(JI(M̃ )−1) is min-
imized at m2/(d − 1) = m(d + 1) when M̃ =
M from Cauchy-Schwarz [Eq. (23)]. The first
equality is satisfied because I(M ) ∝ J and the
second equality holds because Tr(J −1I(M )) =
d − 1 and m = d2 − 1. Thus, Tr(JI(M )−1) ≤
Tr(JI(M̃ )−1) for any POVM M̃ . Furthermore,
I(M ) = (Tr(J −1I(M ))/m)J because I(M ) ∝ J.
Thus M is weakly near-optimal.

Next, we show whenever “nearly” Fisher-
symmetric measurements exist, weakly near-optimal
measurements are also nearly Fisher-symmetric.
Here a measurement is called nearly Fisher-
symmetric if

I(M ) � c
d − 1

m
J (B7)

for some positive constant c [as a relaxation of
the exact case I(M ) = (d − 1)/(m)J ]. For full-
parameter full-rank mixed states, m = d2 − 1. Let
M̃ be a nearly Fisher-symmetric measurement,
Eq. (27) implies Tr(JI(M )−1) ≤ c1Tr(JI(M̃ )−1) ≤
c1/c(d + 1)2(d − 1). Then

Tr(I(M )J −1) ≥ m2

Tr(JI(M )−1)
≥ c(d2 − 1)2

c1(d + 1)(d2 − 1)

= c(d − 1)
c1

, (B8)

and then from Eq. (28),

I(M ) � c2
Tr(I(M )J −1)

m
J � c2

c(d − 1)
c1(d2 − 1)

J = cc2(d − 1)
c1m

J . (B9)

The same analysis also works for full-parameter
pure states.

Finally, we remark that the discussion above
also shows if we require c1 = c2 = 1 in the
definition of weak-optimality (Definition 2), the
Fisher-symmetry condition would be exactly equiv-
alent to the weak near-optimality condition, when-
ever Fisher-symmetric measurements exist.

APPENDIX C: PROOF OF EQ. (66)

Here we provide a proof of Eq. (66) that appear in
Sec. V.

Let v be an arbitrary vector in R
m, we have

vTK̃v =
∑

jk:λj or λk≥μ

(
2 〈ψj |

∑
i vi∂iρ |ψk〉

λj + λk
+
∑

i vi∂ip
1 − p

δjk

)(
2 〈ψk|

∑
i′ vi′∂iρ |ψj 〉

λj + λk
+
∑

i′ vi′∂i′p
1 − p

δkj

)

(C1)

=
∑

jk:λj or λk≥μ
4

∣
∣〈ψj |

∑
i vi∂iρ |ψk〉

∣
∣2

(λj + λk)2
+
∑

i vi∂ip
1 − p

∑

j :λj ≥μ
2
〈ψj |

∑
i vi∂iρ |ψj 〉
λj

+ d	

(∑
i vi∂ip

1 − p

)2

(C2)

=
∑

jk:λj or λk≥μ
4

∣
∣〈ψj |

∑
i vi∂iρ |ψk〉

∣
∣2

(λj + λk)2
+ 2

∑
i vi∂ip

1 − p

⎛

⎝
∑

i,j :λj ≥μ
vi
∂iλj

λj

⎞

⎠+ d	

(∑
i vi∂ip

1 − p

)2

(C3)
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≤
∑

jk:λj or λk≥μ
4

∣
∣〈ψj |

∑
i vi∂iρ |ψk〉

∣
∣2

(λj + λk)2
+
⎛

⎝
∑

i,j :λj ≥μ
vi
∂iλj

λj

⎞

⎠

2

+ (d	 + 1)
(∑

i vi∂ip
1 − p

)2

(C4)

≤
∑

jk:λj or λk≥μ
4

∣
∣〈ψj |

∑
i vi∂iρ |ψk〉

∣
∣2

(λj + λk)2
+

∑

jk:λj ,k≥μ

(∑
i vi∂iλj

)2

λj λk
+ (d	 + 1)

(∑
i vi∂ip

1 − p

)2

(C5)

≤ 1
μ

∑

jk:λj or λk≥μ
4

∣
∣〈ψj |

∑
i vi∂iρ |ψk〉

∣
∣2

λj + λk
+ 1
μ

∑

jk:λj ,k≥μ

(∑
i vi∂iλj

)2

λj
+ (d	 + 1)

(∑
i vi∂ip

1 − p

)2

(C6)

≤ 2
μ

vTJv + 1
μ

vTJv + p(d	 + 1)
1 − p

vTJ pv (C7)

≤ 3
μ

vTJv + d	 + 1
d	μ

vTJ pv ≤ 5
μ

vTJv. (C8)

where d	 = Tr(	) is the dimension of the subspace
	. In the third and seventh line we use 〈ψj |∂iρ|ψj 〉 =
∂iλj + λj (∂i 〈ψj |ψj 〉) = ∂iλj , in the fourth and fifth line
we use 2ab ≤ a2 + b2 for any a, b ∈ R and in the eighth
line we use d	μ ≤ 1 − p , (d	 + 1)/d	 ≤ 2, and J p � J .
Equation (66) is then proved.

APPENDIX D: GENERALIZATION OF THE GM
BOUND

Here we review the proof of the GM bound [30] and
extend it to all cases discussed in Theorem 4.

To prove the GM bound [Eq. (22)], it is first important
to notice that the GM quantity Tr(J −1I(M )) is indepen-
dent of reparameterization. That means, it is sufficient to
prove the GM bound using one specific parameterization
of our choice. Let ρθ = ∑r

k=1 λk |ψk〉 〈ψk| where λk >

0 for k ∈ {1, 2, . . . , r} =: [r]. λ� = 0 for � ∈ {r + 1, r +
2, . . . , d}. (Note that the original proof [30] contains the
cases of r = 1, d and here we generalize the discussion to
arbitrary r). We can, without loss of generality, assume
the number of unknown parameters is maximal, because
increase the number of parameters can only increase the
GM quantity Tr(J −1I(M )) [30]. We choose the following
complete set of traceless Hermitian operator basis,

ρ,k�+ = |ψk〉 〈ψ�| + |ψ�〉 〈ψk| ,

ρ,k�− = i |ψk〉 〈ψ�| − i |ψ�〉 〈ψk| ,

∀k < �, k ∈ [r], � ∈ [d], (D1)

ρ,b =
r∑

k=1

cbk |ψk〉 〈ψk| , ∀b = 1, . . . , r − 1, (D2)

where

r∑

k=1

cbk = 0,
r∑

k=1

1
λk

cb′kcbk = δb′b, ∀b = 1, . . . , r − 1.

(D3)

Further let crk = λk for all k = 1, . . . , r. We have
C�−1CT = 1 from above, where C is a r × r real-valued
matrix whose entries are given by cbk for b, k ∈ [r] and�−1

is a diagonal matrix whose diagonal entries are λ−1
k . It then

implies �−1/2CTC�−1/2 = 1, i.e.,

r∑

b=1

cbkcbk′√
λkλk′

=
√
λkλk′ +

r−1∑

b=1

cbkcbk′√
λkλk′

= δkk′ . (D4)

Consider a parameterization of ρθ such that ∂iρθ = ρ,i. The
QFIM is

Jk�±,k′�′±′ = 4
λk + λ�

δkk′δ��′δ±±′ , Jk�±,b = 0,

Jb,b′ = δbb′ , (D5)

where (k, �) ∈ [r] × [d] and b ∈ [r − 1]. Since the CFIM
I(M ) cannot decrease if we replace any measurement oper-
ator M1 with its refinement {M2, M3} where M1 = M2 +
M3, it is sufficient to consider a POVM with rank-one
operators (|φx〉 is unnormalized),

Mx = |φx〉 〈φx| , |φx〉 =
d∑

k=1

axk |ψk〉 . (D6)

Then we have

010314-25



SISI ZHOU and SENRUI CHEN PRX QUANTUM 7, 010314 (2026)

Tr(J −1I(M )) =
∑

x

1
〈φx|ρθ |φx〉

⎛

⎜
⎝

∑

k<�
k,�∈[r]×[d]

∑

±

λk + λ�

4
〈φx|ρ,k�±|φx〉2 +

r−1∑

b=1

〈φx|ρ,b|φx〉2

⎞

⎟
⎠ (D7)

=
∑

x

1
〈φx|ρθ |φx〉

⎛

⎜
⎝

∑

k<�
k,�∈[r]×[d]

(λk + λ�) |axk|2 |ax�|2 +
r−1∑

b=1

(∑

k

|axk|2 cbk

)2

⎞

⎟
⎠ (D8)

=
∑

x

1
〈φx|ρθ |φx〉

⎛

⎝
r∑

k,�=1

|axk|2 |ax�|2 λk(1 − λ�)+
r∑

k=1

d∑

�=r+1

|axk|2 |ax�|2 (λk + λ�)

⎞

⎠ (D9)

=
∑

x

(
d∑

�=1

|ax�|2 (1 − λ�)

)

=
∑

x

Tr((1 − ρθ)Mx) = d − 1, (D10)

where in the first line we simply plug in the definition of I(M ) where

I(M )ij =
∑

x

〈φx|∂iρθ |φx〉 〈φx|∂j ρθ |φx〉
〈φx|ρθ |φx〉 ,

in the third line we use Eq. (D4) to eliminate cbk, and in the last line we use λ� = 0 when � ≥ r + 1 and 〈φx|ρθ |φx〉 =∑r
k=1 λk |axk|2. This proves Eq. (22).
Consider the second case in Theorem 4, where ∂iρθ are restricted to the support of ρθ . In this case, we exclude ρ,k�±

from the derivative operators where k ∈ [r] and � ∈ [d]\[r]. We have

Tr(J −1I(M )) =
∑

x

1
〈φx|ρθ |φx〉

⎛

⎜
⎝

∑

k<�
k,�∈[r]×[r]

∑

±

λk + λ�

4
〈φx|ρ,k�±|φx〉2 +

r−1∑

b=1

〈φx|ρ,b|φx〉2

⎞

⎟
⎠ (D11)

=
∑

x

1
〈φx|ρθ |φx〉

⎛

⎜
⎝

∑

k<�
k,�∈[r]×[r]

(λk + λ�) |axk|2 |ax�|2 +
r−1∑

b=1

(∑

k

|axk|2 cbk

)2

⎞

⎟
⎠ (D12)

=
∑

x

1
〈φx|ρθ |φx〉

⎛

⎝
r∑

k,�=1

|axk|2 |ax�|2 λk(1 − λ�)

⎞

⎠ (D13)

=
∑

x

(
r∑

�=1

|ax�|2 (1 − λ�)

)

=
∑

x

Tr(	(1 − ρθ)	Mx) = r − 1, (D14)

where 	 is the projector onto the support of ρθ . This proves Eq. (75).
Consider the third case in Theorem 4, where ∂iρθ are restricted outside the support of ρθ . In this case, we exclude ρ,k�±

and ρ,b from the derivative operators where k, �, b ∈ [r]. We have

Tr(J −1I(M )) =
∑

x

1
〈φx|ρθ |φx〉

⎛

⎝
∑

k,�∈[r]×([d]\[r])

∑

±

λk + λ�

4
〈φx|ρ,k�±|φx〉2

⎞

⎠ (D15)

=
∑

x

1
〈φx|ρθ |φx〉

(
r∑

k=1

d∑

�=r+1

|axk|2 |ax�|2 (λk + λ�)

)

(D16)

=
∑

x

(
d∑

�=r+1

|ax�|2
)

=
∑

x

Tr((1 −	)Mx) = d − r. (D17)

This proves Eq. (76).
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APPENDIX E: CONCENTRATION INEQUALITY
FOR COMPLEX PROJECTIVE HAAR MEASURE

In this section, we prove a concentration inequality of
the (complex projective) Haar measure, which is used to
derive Eq. (93).

Lemma E1. Let |φ〉 be a fixed d-dimensional state. Let
μs be the (complex projective) Haar measure. For any x ∈
[0, 1],

Pr
s∼μs

[|〈s|φ〉|2 ≤ x] ≤ (d − 1)x. (E1)

Proof. Let {|0〉 , |1〉 , . . . , |d − 1〉} be an orthonormal
basis for the d-dimensional Hilbert space. By the unitary
invariance of (complex projective) Haar measure, we can
take |φ〉 = |0〉. The state |s〉 sampled from the (complex
projective) Haar measure can be expressed by (see, e.g.
[68, Sec. 7.2]),

|s〉 := |s̃〉
√〈s̃|s̃〉 , |s̃〉 :=

d−1∑

k=0

(Xk + iYk) |k〉. (E2)

where Xk, Yk are independent standard normal random
variables. Thus,

|〈s|0〉|2 = |〈s̃|0〉|2
〈s̃|s̃〉 = X 2

0 + Y2
0

∑d−1
k=0(X

2
k + Y2

k)
. (E3)

The probability we want to calculate can be computed as

Pr[|〈s|0〉|2 ≤ x]

= Pr

[
d−1∑

k=1

(X 2
k + Y2

k) ≥ (x−1 − 1)(X 2
0 + Y2

0)

]

=
∫ +∞

0
dα

1
2

e−α/2�(d − 1, 1
2 (x

−1 − 1)α)
�(d − 1)

= 1 − (1 − x)d−1

≤ (d − 1)x. (E4)

Here we use the fact that X 2
0 + Y2

0 and
∑d−1

k=1(X
2

k + Y2
k) are

independent χ2 distributions with 2 and 2(d − 1) degrees
of freedom, respectively [116]. The probability density
function and the (upper) cumulative distribution func-
tion of χ2 distributions with k degrees of freedom are
given by

p(α) = α
k
2 −1e−α

2k/2�(k/2)
,
∫ +∞

α

dβ p(β) = �(k/2,α/2)
�(k/2)

,

(E5)

where �(�, �) is the upper incomplete Gamma function
and �(�) is the Gamma function. This completes the
proof. �

APPENDIX F: PROOF OF EQ. (126)

Here we prove Eq. (126), i.e.,

J (ψME)ij = J
[
(Eθ ⊗ 1)(ψME)

]
ij = 2δij

∑

k:qk+qk+i>0

|qk+i − qk|2
qk + qk+i

. (F1)

First, we note that the eigenstates of ρθ := (Eθ ⊗ 1)(ψME) are

|ψk〉 := Pk ⊗ 1 |ψME〉 , (F2)

with eigenvalues qk for k = 0, . . . , d2 − 1. Then

J (ψME)ij = 2
∑

k�:qk+q�>0

Re[〈ψk|∂iρθ |ψ�〉 〈ψ�|∂j ρθ |ψk〉]
qk + q�

. (F3)

Note that

〈ψk| ∂iρθ |ψ�〉 = − 〈ψk|
(
∑

k′
iqk′Pk′Pi |ψ0〉 〈ψ0| Pk′ − iqk′Pk′ |ψ0〉 〈ψ0| PiPk′

)

|ψ�〉

=
∑

k′
−iqk′ηk′iδk,k′+iδk′� + iqk′η∗

k′iδkk′δi+k′,� = −δk+i,�iq�η�i + δk+i,�iqkη
∗
ki. (F4)
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Here ηij is defined through Pi+j = ηij PiPj and ηk,i ∈ {±1, ±i} makes sure Pk+i ∈ {1, σx, σy , σz}⊗n. ηij = ±1 when
[Pi, Pj ] = 0 and ηij = ±i when [Pi, Pj ] �= 0. We also use 〈ψ0|PiPj |ψ0〉 = (1/d)Tr(PiPj ) = δij above. Then

Re[〈ψk|∂iρθ |ψ�〉 〈ψ�|∂j ρθ |ψk〉] = δij δk+i,�
∣
∣q�η�i − qkη

∗
ki

∣
∣2 . (F5)

We have

J (ψME)ij = 2δij

∑

k�:qk+q�>0

δk+i,�
∣
∣q�η�i − qkη

∗
ki

∣
∣2

qk + q�
= 2δij

∑

k:qk+qk+i>0

∣
∣qk+iηk+i,i − qkη

∗
ki

∣
∣2

qk + qk+i
. (F6)

Finally, note that

Pk+iPk = (Pk+iPi)(PiPk) = (ηk+i,iPk)(ηikPk+i) = ηk+i,iηikPkPk+i. (F7)

When [Pi, Pk] = 0, we have [Pk+i, Pk] = 0 and ηik = ±1 = −ηk+i,i. When [Pi, Pk] �= 0, we have [Pk+i, Pk] �= 0 and ηik =
±i = ηk+i,i. Also note that ηik = η∗

ki. We have

J (ψME)ij = 2δij

∑

k:qk+qk+i>0

|qk+i − qk|2
qk + qk+i

. (F8)

APPENDIX G: PROOFS OF EQS. (135) AND (138), COMPUTING DEVIATION OBSERVABLES

Here we first prove Eq. (135) in the main text, i.e.,

J (ψC,(0))− q̃J ⊥(ψC,(0)) � (1 − 2q)2 − q
(1 − 2q)2

J (ψC,(0)). (G1)

We first compute J (ψC,(0)), given by

J (ψC,(0))jj ′ = J
[Eθ (ψC,(0))

] = J

⎡

⎣
d2−1∑

k=0

qkPkUθψ
C,(0)U†

θPk

⎤

⎦

jj ′

=
∑

x,y∈{0,1}n

q̃x+q̃y>0

2Re[〈x| ∂j ρθ |y〉 〈y| ∂j ′ρθ |x〉]
q̃x + q̃y

, (G2)

where ρθ := Eθ (ψC,(0)) and |x〉 = |x1, x2, . . . , xn〉 are the computational basis, as eigenstates of ρθ at θ = 0. q̃x :=∑
k:k̃=x̃ qk are the corresponding eigenvalues. Note that

〈x| ∂j ρθ |y〉 =
∑

k

qk
(−i 〈x| PkPj |0⊗n〉 〈0⊗n| Pk |y〉 + i 〈x| Pk |0⊗n〉 〈0⊗n| Pj Pk |y〉) (G3)

is non-zero only when j̃ = x̃ + ỹ. This implies J (ψC,(0)) must be block-diagonal in the sense that J (ψC,(0))jj ′ =
J (ψC,(0))jj ′δj̃ j̃ ′ . Below we will use a matrix B to lower bound J (ψC,(0)) where J (ψC,(0)) � B, and

Bjj ′ := δj̃ j̃ ′

(
2Re[〈0⊗n| ∂j ρθ |j̃ 〉 〈j̃ | ∂j ′ρθ |0⊗n〉]

q̃0 + q̃j̃
+ 2Re[〈j̃ | ∂j ρθ |0⊗n〉 〈0⊗n| ∂j ′ρθ |j̃ 〉]

q̃0 + q̃j̃

)

, (G4)

where we specifically pick out two terms (x, y) = (0, j̃ ) and (x, y) = (j̃ , 0) from J (ψC,(0)). On the other hand, we have

J ⊥(ψC,(0)) � J [ψC,(0)
θ ], J [ψC,(0)

θ ]jj ′ = 4(〈0⊗n| 1
2 {Pj , Pj ′ } |0⊗n〉 − 〈0⊗n| Pj |0⊗n〉 〈0⊗n| Pj ′ |0⊗n〉). (G5)
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Our goal is then to show

B − q̃J [ψC,(0)
θ ] � (1 − 2q)2 − q

(1 − 2q)2
B. (G6)

Both Bjj ′ and J [ψC,(0)
θ ]jj ′ are zero when j̃ �= j̃ ′. Therefore, it is sufficient to show Eq. (G6) for blocks of matrices with the

same j̃ , i.e.,

Pj̃ BPj̃ − q̃Pj̃ J [ψC,(0)
θ ]Pj̃ � (1 − 2q)2 − q

(1 − 2q)2
Pj̃ BPj̃ . (G7)

for all j̃ ∈ {0, 1}n, where the projector Pj̃ = ∑
j ′:j̃ ′=j̃ |j ′〉 〈j ′|. Note that when P0BP0 = P0J [ψC,(0)

θ ]P0 = 0. Therefore, we
assume j̃ �= 0n, and prove Eq. (G7) below. We have

〈0⊗n| ∂j ρθ |j̃ 〉 =
∑

k,k̃=j̃

qk
(−i 〈0⊗n| PkPj |0⊗n〉 〈0⊗n| Pk |j̃ 〉)+

∑

k,k̃=0

qk
(
i 〈0⊗n| Pk |0⊗n〉 〈0⊗n| Pj Pk |j̃ 〉)

=
∑

k,k̃=j̃

qk (−i(−1)νk iνj )+
∑

k,k̃=0

qk

(
i(−i)νj (−1)zk ·j̃

)

= q0i(−i)νj

⎛

⎝1 + (−1)νj +1
∑

k,k̃=j̃

qk

q0
(−1)νk +

∑

k:k �=0,k̃=0

qk

q0
(−1)zk ·j̃

⎞

⎠

= q0i 〈0⊗n|Pj |j̃ 〉
⎛

⎝1 + (−1)νj +1
∑

k,k̃=j̃

qk

q0
(−1)νk +

∑

k:k �=0,k̃=0

qk

q0
(−1)zk ·j̃

⎞

⎠

=: q0i 〈0⊗n|Pj |j̃ 〉
(
1 + (−1)νj +1g1(j̃ )+ g2(j̃ )

)
, where i 〈0⊗n|Pj |j̃ 〉 = (−i)νj . (G8)

Here νk denotes the number of Pauli Y’s in Pk and zk is an n-bit string whose elements are 1 at locations where Pk is Pauli
Z and 0 otherwise.

∣
∣g1(j̃ )

∣
∣+ ∣

∣g2(j̃ )
∣
∣ ≤ q/q0. Then

Bjj ′ = δj̃ j̃ ′
4q2

0Re[〈0⊗n|Pj |j̃ 〉 〈j̃ |Pj ′ |0⊗n〉] (1 + (−1)νj +1g1(j̃ )+ g2(j̃ )
) (

1 + (−1)νj ′+1g1(j̃ )+ g2(j̃ )
)

q̃0 + q̃j̃
(G9)

= J [ψC,(0)
θ ]jj ′δj̃ j̃ ′

q2
0

(
1 + (−1)νj +1g1(j̃ )+ g2(j̃ )

) (
1 + (−1)νj ′+1g1(j̃ )+ g2(j̃ )

)

q̃0 + q̃j̃
. (G10)

When νj �= νj ′ , the numbers of Pauli Y’s in Pj and Pj ′ do not have the same parity. Plus that j̃ = j̃ ′, we have {Pj , Pj ′ } = 0
and Bjj ′ = J [ψC,(0)

θ ]jj ′ = 0. Therefore, we have

Bjj ′ = J [ψC,(0)
θ ]jj ′δj̃ j̃ ′δνj νj ′

q2
0

(
1 + (−1)νj +1g1(j̃ )+ g2(j̃ )

)2

q̃0 + q̃j̃

≥ J [ψC,(0)
θ ]jj ′δj̃ j̃ ′δνj νj ′

q2
0(1 − q/q0)

2

q̃0 + q̃j̃
≥ J [ψC,(0)

θ ]jj ′δj̃ j̃ ′δνj νj ′ (1 − 2q)2. (G11)

Therefore,

B � J [ψC,(0)
θ ](1 − 2q)2. (G12)

This implies Eq. (G6), noting that q̃ ≤ q.
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The above implies

J (ψC,(0)) � J [ψC,(0)
θ ](1 − 2q)2, (G13)

and this extends to all random stabilizer input states as explained in Sec. VII C. Then

∑

i

pC,(i)J (ψC,(i)) �
∑

i

pC,(i)J [ψC,(i)
θ ](1 − 2q)2 = 4d

d + 1
(1 − 2q)21, (G14)

which proves the last line in Eq. (138), where we use

∑

i

pC,(i)J [ψC,(i)
θ ]jj ′

= 4
∑

i

pC,(i)(〈0⊗n| U(i)† 1
2
{Pj , Pj ′ }U(i) |0⊗n〉 − 〈0⊗n| U(i)†Pj U(i) |0⊗n〉 〈0⊗n| U(i)†Pj ′U(i) |0⊗n〉) = 4d

d + 1
δjj ′ . (G15)

Here we use the 2-design property of the Clifford group. The same derivation has appeared in Eq. (118).
Finally, we explain how to compute the deviation observables. They are

Xj (ψ
C,(i); θ) =

∑

k

(J̃ (ρC
RP)

−1)jkL̃k(ψ
C,(i)). (G16)

When ψC,(i) = |0⊗n〉 〈0⊗n|,

J̃ (ψC,(0))jj ′ = Bjj ′ [details in Eqs. (G4) and (G8)], (G17)

L̃j (ψ
C,(0)) = 2

q̃0 + q̃j

(〈0⊗n| ∂j ρθ |j̃ 〉 |0⊗n〉 〈j̃ | + 〈j̃ | ∂j ρθ |0⊗n〉 |j̃ 〉 〈0⊗n|) [details in Eq. (G8)]. (G18)

Generally, when |ψC,(i)〉 = U(i)† |0⊗n〉, J̃ (ψC,(i))jj ′ and L̃j (ψ
C,(i)) can be calculated again using Eqs. (G17) and (G18) with

the following transformations:

(1) k̃ is an n-bit string where the lth number k̃l is equal to 1 if U(i)†PkU(i) on the lth qubit is σx or σy , and k̃l is equal to
0 if U(i)†PkU(i) on the lth qubit is σz or 1 and q̃x = ∑

k:k̃=x̃ qk accordingly.
(2) Similarly in Eq. (G8), νk denotes the number of Pauli Y’s in U(i)†PkU(i) and zk is an n-bit string whose elements are

1 at locations where U(i)†PkU(i) is Pauli Z and 0 otherwise.
(3) |0⊗n〉 〈j̃ | and |j̃ 〉 〈0⊗n| in Eq. (G18) should be replaced with U(i) |0⊗n〉 〈j̃ | U(i)† and U(i) |j̃ 〉 〈0⊗n| U(i)†.

Then deviation observables [Eq. (G16)] can be computed using Eqs. (G17), (G18) and J̃ (ρC
RP) = Ei[J̃ (ψC,(i))].

Let us consider a special case of global depolarizing noise, where q0 = 1 − q and qk = q/(d2 − 1) for all k �= 0. When
the input state is |0⊗n〉, we have for all j̃ �= 0,

g1(j̃ ) =
∑

k,k̃=j̃

qk

q0
(−1)νk = 0, g2(j̃ ) =

∑

k:k �=0,k̃=0

qk

q0
(−1)zk ·j̃ = − q

(d2 − 1)(1 − q)
, (G19)

〈0⊗n| ∂j ρθ |j̃ 〉 = q0i(−i)νj
(
1 + (−1)νj +1g1(j̃ )+ g2(j̃ )

) = i(−i)νj

(

1 − q + q
d2 − 1

)

, (G20)

J̃ (ψC,(0))jj ′ = Bjj ′ = 4δj̃ j̃ ′δνj +νj ′ is even

(
1 − q + q

d2−1

)2

1 − q + q(2d−1)
d2−1

(−1)νj (−1)
νj +νj ′

2 , (G21)
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⇒ J̃ (ψC,(0))jj ′ =
(

1 − q + q
d2−1

)2

1 − q + q(2d−1)
d2−1

J [ψC,(0)
θ ]jj ′ , (G22)

L̃j (ψ
C,(0)) =

1 − q + q
d2−1

1 − q + q(2d−1)
d2−1

Lj [ψC,(0)
θ ]. (G23)

Equations (G22) and (G23) show J̃ and L̃ are proportional to their noiseless versions. The same holds when input state is
any stabilizer state UC,(i) |0⊗n〉. Therefore, for global depolarizing noise, we have

Xj (ψ
C,(i); θ) = i(d + 1)

2d(1 − q + q
d2−1

)

[
|ψC,(i)

θ 〉〈ψC,(i)
θ | , Pj

]
, (G24)

which in the noiseless case (i.e., q = 0) equal to Eq. (121). In general, it is difficult to obtain closed-form expressions of
deviation observables for random stabilizer states under Pauli noise because J̃ (ρC

RP) may not be diagonal.
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[39] J. Kahn and M. Guţă, Local asymptotic normality for finite
dimensional quantum systems, Commun. Math. Phys.
289, 597 (2009).

[40] K. Yamagata, A. Fujiwara, and R. D. Gill, Quantum local
asymptotic normality based on a new quantum likelihood
ratio, Ann. Stat. 41, 2197 (2013).

[41] Y. Yang, G. Chiribella, and M. Hayashi, Attaining the
ultimate precision limit in quantum state estimation,
Commun. Math. Phys. 368, 223 (2019).

[42] P. C. Humphreys, M. Barbieri, A. Datta, and I. A. Walm-
sley, Quantum enhanced multiple phase estimation, Phys.
Rev. Lett. 111, 070403 (2013).

[43] M. D. Vidrighin, G. Donati, M. G. Genoni, X.-M. Jin,
W. S. Kolthammer, M. Kim, A. Datta, M. Barbieri, and
I. A. Walmsley, Joint estimation of phase and phase dif-
fusion for quantum metrology, Nat. Commun. 5, 3532
(2014).

[44] J. Suzuki, Explicit formula for the Holevo bound for two-
parameter qubit-state estimation problem, J. Math. Phys.
57, 042201 (2016).

[45] Y. Chen and H. Yuan, Maximal quantum fisher informa-
tion matrix, New J. Phys. 19, 063023 (2017).

[46] L. Pezzè, M. A. Ciampini, N. Spagnolo, P. C. Humphreys,
A. Datta, I. A. Walmsley, M. Barbieri, F. Sciarrino, and
A. Smerzi, Optimal measurements for simultaneous quan-
tum estimation of multiple phases, Phys. Rev. Lett. 119,
130504 (2017).

[47] N. Li, C. Ferrie, J. A. Gross, A. Kalev, and C. M.
Caves, Fisher-symmetric informationally complete mea-
surements for pure states, Phys. Rev. Lett. 116, 180402
(2016).

[48] H. Zhu and M. Hayashi, Universally fisher-symmetric
informationally complete measurements, Phys. Rev. Lett.
120, 030404 (2018).

[49] C. Vargas, L. Pereira, and A. Delgado, Near-optimal pure
state estimation with adaptive fisher-symmetric measure-
ments, arXiv:2412.04555.

[50] J. Yang, S. Pang, Y. Zhou, and A. N. Jordan, Optimal mea-
surements for quantum multiparameter estimation with
general states, Phys. Rev. A 100, 032104 (2019).

[51] A. Carollo, B. Spagnolo, A. A. Dubkov, and D. Valenti,
On quantumness in multi-parameter quantum estimation,
J. Stat. Mech.: Theory Exp. 2019, 094010 (2019).

[52] F. Albarelli, M. Barbieri, M. G. Genoni, and I. Gianani, A
perspective on multiparameter quantum metrology: From
theoretical tools to applications in quantum imaging, Phys.
Lett. A 384, 126311 (2020).

[53] J. Suzuki, Y. Yang, and M. Hayashi, Quantum state esti-
mation with nuisance parameters, J. Phys. A: Math. Theor.
53, 453001 (2020).

[54] Z. Hou, Z. Zhang, G.-Y. Xiang, C.-F. Li, G.-C. Guo, H.
Chen, L. Liu, and H. Yuan, Minimal tradeoff and ultimate
precision limit of multiparameter quantum magnetometry
under the parallel scheme, Phys. Rev. Lett. 125, 020501
(2020).

[55] F. Belliardo and V. Giovannetti, Incompatibility in quan-
tum parameter estimation, New J. Phys. 23, 063055
(2021).

[56] A. Candeloro, M. G. Paris, and M. G. Genoni, On the
properties of the asymptotic incompatibility measure in
multiparameter quantum estimation, J. Phys. A: Math.
Theor. 54, 485301 (2021).

[57] X.-M. Lu and X. Wang, Incorporating Heisenberg’s
uncertainty principle into quantum multiparameter estima-
tion, Phys. Rev. Lett. 126, 120503 (2021).

[58] H. Chen, Y. Chen, and H. Yuan, Information geometry
under hierarchical quantum measurement, Phys. Rev. Lett.
128, 250502 (2022).

[59] H. Chen, Y. Chen, and H. Yuan, Incompatibility measures
in multiparameter quantum estimation under hierarchi-
cal quantum measurements, Phys. Rev. A 105, 062442
(2022).

[60] S. K. Yung, L. O. Conlon, J. Zhao, P. K. Lam, and S. M.
Assad, Comparison of estimation limits for quantum two-
parameter estimation, Phys. Rev. Res. 6, 033315 (2024).

[61] F. Albarelli, J. F. Friel, and A. Datta, Evaluating the
Holevo Cramér-Rao bound for multiparameter quantum
metrology, Phys. Rev. Lett. 123, 200503 (2019).

[62] W. Górecki, S. Zhou, L. Jiang, and R. Demkowicz-
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