
Experimental Observation of Multimode Quantum Phase Transitions
in a Superconducting Bose-Hubbard Simulator
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The study of phase transitions and critical phenomena arising in quantum driven-dissipative systems,
and whether a correspondence can be drawn to their equilibrium counterparts, is a pressing question in
contemporary physics. The development of large-scale superconducting circuits provides an experimental
platform for these theoretical models. We report an experimental study of a multimode dissipative first-
order phase transition in a 1D Bose-Hubbard chain consisting of 21 superconducting resonators. This
phase transition manifests itself as a simultaneous frequency jump in all resonator modes as the frequency
or power of a pump tone is swept. By measuring the system’s emission spectrum through the transition, we
characterize the dim-to-bright phase transition and construct the full phase diagram. We further perform
time-dependent measurements of the switching between the two phases in the transition region, from
which we corroborate the transition line and extract transition times ranging from a few ms up to 143 s.
Our model, based on single-mode mean-field theory and cross-Kerr interactions, captures the features at
moderate pump powers and quantitatively reproduces the transition line. Our results open a new window
into nonequilibrium quantum many-body physics and mark a step toward realizing and understanding
dissipative phase transitions in the thermodynamic limit using superconducting quantum circuits. In
addition, our study opens new possibilities for sensing and cryo-switching applications.

DOI: 10.1103/rvhv-ms4t

I. INTRODUCTION

First-order dissipative phase transitions arise in non-
linear open quantum systems when the steady state of the
system exhibits a discontinuous jump as an external
control parameter, such as drive amplitude or frequency,
is varied. Across the transition, the system exhibits
bistability characterized by the coexistence of more than
one steady state, and a relaxation dynamics slower than the
system’s intrinsic timescales [1–4].
Driven-dissipative phase transitions have been studied

theoretically [1,2,5–13] and experimentally across various

platforms, including cold atomic gases [14–17], quantum
dots [18–21], and superconducting circuits [22–34]. These
transitions have recently received growing interest due
to their potential applications in areas such as quantum
sensing [31,35–40] and quantum computation [33,41]. In
superconducting circuits, first-order dissipative phase
transitions have been measured in arrays of Josephson
junctions [22], nonlinear resonators [23,28,29,31,32,42],
and linear resonators coupled to nonlinear two-level
systems [30,33,34,43].
Previous experimental studies have focused on measur-

ing how the nonequilibrium dynamics of the transitions
scalewith different parameters, like the number of particles
or couplings [23,24,26,29], extracting the Liouvillian gap
[32] as well as characterizing the hysteresis around the
bistable region [28,32]. Recently, some works have also
extracted the phase diagram of the transition [30,39].
Despite this progress, the experimental observation of
multimode first-order dissipative phase transitions in a
Bose-Hubbard metamaterial has remained unexplored.
Moreover, this type of transition has been theoretically
studied for 2D systems, but discarded for 1D chains [44,45].
In this work, we present clear evidence of a first-order

driven-dissipative phase transition in a 1D array of 21
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superconducting nonlinear resonators. This type of system,
not studied before, approaches the thermodynamic limit.
We experimentally observe multimode transitions when
only one of the modes is pumped. We characterize the
phase diagram of these transitions with both power
spectral density (PSD) measurements of the emitted field
and time-dependent measurements of the jump rates
between dim and bright phases, and find that the two
methods give the same transition line. A simplified single-
mode excitation model that incorporates self- and cross-
Kerr nonlinearities reproduces the observed behavior
across pump powers in semi-classical mean-field simu-
lations, using pump power as the only free parameter.
The structure of the paper is as follows: Sec. II

introduces the device and experimental setup and the
spectroscopy of the device at low power, showing the
metamaterial mode’s distribution. In Sec. III, we measure
the scattering parameter jS21j, while we sweep the fre-
quency of a pump at a constant power. This measurement
gives rise to multimode frequency-dependent phase tran-
sitions, which we explain with a single-mode model. In
Sec. IV, we extract the phase diagram of the system based
on PSD measurements. In Sec. V, we run time-dependent
measurements to obtain the dynamics of the system. We
find a good agreement between the transition point,
defined as the point at which the system is in the steady
state and the two metastates are quasiprobable, obtained
from the time-dependent measurements and the phase
diagram from the PSD. We end with a summary and
outlook in Sec. VI.

II. DEVICE CHARACTERIZATION

Our experiment implements a Bose-Hubbard system
with superconducting circuits [46–50] described by the
Hamiltonian [Fig. 1(a)]

Ĥ
ℏ
¼ ωr

XN
i¼1

â†i âi − J
XN−1
i¼1

ðâ†i âiþ1 þ H:c:Þ

−Ur

2

XN
i¼1

â†2i â2i þ Fðâ1e−iωpt þ â†1e
iωptÞ: (1)

Here, âi and â†i are the annihilation and creation
operators for the ith cavity, ωr is the resonant frequency
of each cavity. The parameter Ur denotes the on-site Kerr
nonlinearity, J is the nearest-neighbor coupling strength, F
is the pump amplitude, and ωp is the pump frequency. The
decay of each resonator is modeled by a Lindblad
dissipator with rate γ. The first term describes the energy
of each cavity, assuming that they are identical. The second
term represents photon hopping between nearest-neighbor
cavities. The third term accounts for the on-site Kerr
nonlinearity, which favors multiple-photon occupation in a

single cavity. The fourth term corresponds to the coherent
pump, which injects excitations into the first cavity. In
addition, the coupling to the environment induces decay,
which we model by single-photon losses, associated with
the Lindblad jump operators L̂i ¼

ffiffiffiffiffi
2γ

p
âi.

Our implementation consists of a chain of N ¼ 21
nearest-neighbor-coupled, lumped-element, nonlinear res-
onators [Fig. 1(b) false-colored in blue] [51,52]. For each
resonator, an array of NJ ¼ 10 Josephson junctions real-
izes a nonlinear superinductor. The chain is accessed via
input and output ports, capacitively coupled to the chain’s

(a)

(b)

(c)

FIG. 1. Bose-Hubbard chain characterization. (a) Schematic
representation of our experiment, with N cavities with energy ωr,
nonlinearity Ur, jumping rate J, and decaying rate γ. The circuit
diagram with LC resonators capacitively coupled is also in-
cluded. (b) False-color micrograph of the device, including
external connections. Blue: lumped-element resonator array
forming the Bose-Hubbard chain. The inset, marked with the
black square, shows three resonators with their array of Joseph-
son junctions as the nonlinear inductance. (c) Transmission of
the chain as a function of frequency, with the 21 modes of the
system showing up as peaks.
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first and last sites, allowing for direct probing and pumping
of the system.
Our device also includes two frequency-tunable, trans-

mon-type artificial atoms [53,54], capacitively coupled to
the chain. In the following, both transmons are kept detuned
from themodes of the resonators (atωq ≈ 3.2 GHz), and do
not participate in the experiments presented here.
We characterize our Bose-Hubbard chain parameters at

low power by measuring the transmission coefficient jS21j.
The spectrum of the system exhibits a transmission band
from 5.018 to 5.857 GHz, with 21 discernible peaks, each
reflecting a hybridized mode of the 21 resonators
[Fig. 1(c)]. From the response at low power and assuming
identical resonators, we extract their bare frequency, ωr,
from the center frequency of the band and the nearest-
neighbor coupling, J, from the transmission bandwidth,
4J. Comparing this theoretical model with our experimen-
tal data, we estimate ωr=2π ≈ 5.43 GHz and J=2π ≈
209 MHz (Appendix C). In addition, we obtain the total
loss of each eigenmode by fitting the response of the center
resonator at low power with the expression S21ðωÞ ¼
2 κ
γþ2iðω−ω0Þ [55]. In this expression, κ is the total radiative

decay to both the input and output ports, and γ is the total
decay. We obtain κ=2π ≈ 1 MHz and γ=2π ≈ 1 MHz with
a non-radiative decay γnr=2π ¼ 10.25 kHz for mode 13,
the pumped one in the following experiments. We empha-
size that the parameter regime explored here differs
significantly from that considered in Refs. [44,45]. In
those works, the dissipation rate is comparable to or larger
than the hopping amplitude (γ ≳ J), whereas in the present
setup we operate deep in the coherent regime with γ ≪ J.
As noted in Ref. [45], the crossover is expected to become
sharper at lower dissipation, a regime that was not
accessible numerically in those studies. Our results there-
fore complement previous work by addressing this low-
dissipation limit experimentally.

III. MULTI-MODE PHASE TRANSITION
SPECTROSCOPY

We add a coherent pump at a frequency ωp, and measure
the transmission jS21j through the metamaterial while
sweeping the frequency of the pump at a constant amplitude
[Fig. 2(a)] (see Appendix E for pump power dependence).
As the pump frequency approaches the resonant frequency
of one of the modes in the chain from above, the mode
undergoes a frequency shift up to a few tens of MHz.When
the detuning becomes too large, the frequency shift abruptly
stops, and the mode returns to its initial state. This behavior
has previously been observed in other systems [28] and
characterizes a first-order phase transition.
Remarkably, not only does the resonant mode experi-

ence the frequency shift, but changes of comparable
magnitude are observed across all modes of the array,
including those far detuned from the drive frequency.

We propose the following model to account for the
observed behavior. Expressed in terms of the Fourier
modes of the array, the Bose-Hubbard Hamiltonian in
Eq. (1) schematically reads

Ĥ
ℏ
¼

XN
k¼1

ωkâ
†
kâk −Ur

2

XN
k;l;p;q¼1

Cklpqâ
†
kâ

†
l âpâq; (2)

with ωk is the frequency of mode k, and Cklpq is a tensor of
couplings (cf Appendix D for its evaluation). It contains
self-Kerr terms∝ â†2k â2k, cross-Kerr terms∝ â†qâqâ

†
pâp and

(a)

(b) (c)

FIG. 2. Spectroscopic evidence of the phase transition.
(a) Transmission across the chain, jS21j versus probe and pump
frequencies at a fixed pump amplitude ϵ=γ ¼ 14.07. Each hori-
zontal arrow corresponds to the resonant frequency of a mode of
the undriven chain. When the pump is close in frequency to any
of the modes (dashed black line in the inset), the resonance
frequencies of all modes shift abruptly. (b) Mode-13 frequency
shift versus normalized pump detuning, Δ=γ for selected pump
amplitudes (color bar). Theory model results from Eqs. (4)
and (5) are shown as dash-dotted lines. (c) Normalized frequency
shifts of center-band modes (indices 10 to 15), δωi=ðγjαj2Þ
versus Δ=γ at fixed pump amplitude. Corresponding theory
predictions from cross-Kerr model for non-resonant (resonant)
modes are plotted as dashed (dot-dashed) lines.
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finally photon conversion terms that we neglect on the
basis that they are not energy conserving. We postulate that
only the quasi-resonant mode—the mode with the smallest
detuning from the pump—is effectively driven, acquiring a
finite photon population. The other modes are only shifted
in frequency by the cross-Kerr effect.
We are left to the study of an effective single-mode

bosonic system. We write its Hamiltonian in the pump
frame of reference,

Ĥ0

ℏ
¼ −Δâ†â −U

2
â†2â2 þ ϵ

ffiffiffiffiffiffiffiffiffi
γ=U

p
ðâ† þ âÞ; (3)

in which Δ ¼ ωp − ω0 is the detuning between the mode
bare resonance frequency and the pump. We introduce
effective, single mode quantities U ¼ 3

4
Ur
Nþ1

and ϵ ∝ F the
rescaled pump amplitude (see Appendix D for deriva-
tions). We add that the mode is subject to single-photon
losses, modeled by a Lindblad jump operator L̂ ¼ ffiffiffiffiffi

2γ
p

â,
with γ the total loss rate.
The steady state of this driven-dissipative system is well

known for its bistability [56]: in a certain ϵ and Δ
parameter regime, the system has two stable semi-classical
steady states, called bright and dim states based on their
respective high and low population number. The quantum
steady state, on the other hand, must be unique [57]: if the
pump amplitude is raised, it rapidly goes from dim to
bright. Finally, when U=γ → 0, either because Ur=γ → 0
or N → ∞, the photon population becomes macroscopi-
cally large. The fluctuations consequently become smaller,
and mean-field predictions are more accurate. It can be
interpreted as a thermodynamic limit due to the large
number of particles in interaction; this intuitive picture is
made rigorous by a path integral computation [58]. Finally,
when fluctuations vanish entirely, the limit between the
dim and bright regimes becomes a sharp, first-order phase
transition. In our case, the effective nonlinearity of each
resonator is further reduced by the presence of multiple
Josephson junctions. It scales as Ur ∼ Ec=N2

J [59], with Ec
the total charging energy of each resonator. In total, our
system reaches U=γ ∼ Ec=ðγNN2

J Þ ¼ 0.123.
We observe the sharp jump in photon occupancy by the

renormalization of the mode resonance frequency. To
compute analytically this frequency renormalization, we
first obtain the mode response functions in their steady
state, given by Gaussian fluctuations around the mean-
field value of the Keldysh partition function. Then, we
locate the pole of the response function (Appendix D), at

ω� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔþ 2γjαj2Þ2 − γ2jαj4

q
þ ωp; (4)

with α ¼ ffiffiffiffiffiffiffiffiffi
U=γ

p hâiss the mean-field value of the photon
annihilation operator. Then, α is obtained by solving the
mean-field self-consistent equation

�
1þ

�
Δ
γ
þ jαj2

�
2
�
jαj2 ¼ ϵ2

γ2
: (5)

We compare the model to spectroscopy measurements
of a single mode under varying pump powers. The global
scale of ϵ is treated as a single fit parameter, and adjusted
to achieve excellent agreement between frequency shift
measurements and the model [Fig. 2(b)]. Notably, this
single fit parameter suffices to capture all the pump power
values, on both sides of the transition, across every mode
of the chain. In addition, from the fitting in Fig. 2(b) and
the value of U=γ, we estimate a photon number around
200. Indeed, the transition happens in the thermodynamic
limit of infinite photon numbers.
Finally, we confirm that the cross-Kerr coefficients are

responsible for the frequency shifts by comparing the ratio
between the frequency shifts of several modes to γjαj2,
assuming that all modes have approximately the same
losses γ, and α ¼ 0 for all modes but the quasi-resonant
one, since they are far detuned from the drive. Numbering
the modes from lowest frequency (1) to highest (21), we
measure the central modes, 10 to 15, since they exhibit
more visibility in the spectroscopy measurements, while
pumping mode 13.
A detailed computation (Appendix D) in the case of

closed boundary conditions predicts a ratio of 4=3 for all
modes, which is consistent with the experimental evidence
[Fig. 2(c)]. The result is consistent for all modes, even if
the mode frequencies deviate from the ideal equal reso-
nator model, due to disorder in the resonators coming from
the Josephson junctions [24,51]. Since the pump scaling
has been calibrated on the previous measurement, this fit
does not require any free parameters. Note that, as
expected, the quasi-resonant mode (in blue), due to self-
Kerr, follows Eq. (4) instead and thus undergoes a different
shift, and does not align with the other modes, shifted by
the cross-Kerr effect.

IV. PHASE DIAGRAM

While spectroscopy measurements provide information
about the frequency shifts and quantitative experiment-to-
model agreement, it is important to underline that the
abrupt jump we observe in the frequency shift does not
align with the transition line, predicted, e.g., by numerical
exact diagonalization of the Liouvillian of the system.
Indeed, close to the transition, bistability manifests itself

by hysteresis [60]: past the transition, the system stays
trapped in its initial state, now metastable, for a macro-
scopically long timescale. The sudden jumps we observe
then correspond to the border of the bistability region,
where the metastable state vanishes and the system falls
back into its true ground state (Appendix F).
To accurately determine the transition line, we measure

the PSD of the system as a function of the pump frequency
and amplitude [Figs. 3(a)–3(c)]. For this measurement,
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the probe signal, used in the spectroscopy experiments, is
switched off. We sweep the pump frequency and power,
directly recording the emission from the chain. Furthermore,
the measurements are performed in an interleaved sequence
(pump on/pump off) to suppress the effect of thermal
excitations and fluctuations. Residual pump leakage is
subsequently removed during post-processing through sig-
nal filtering.
We observe two distinct emission regimes depending

on the pump power. For moderate pump power, ϵ=γ ¼ 1.5
[Fig. 3(a)], the emission occurs at a single (mode) frequency.
However, as the power increases to ϵ=γ ¼ 9.5 [Fig. 3(b)],
additional emission peaks emerge at other mode frequencies
of the chain. Our model, based on a single-mode excitation,
captures only the behavior for single-mode emission.
A closer inspection around the transition [Fig. 3(c)]

reveals clear changes in spectral structure. Far detuned
from the transition, the system remains in the vacuum
state, and no emission is detected. At the transition, a
strong emission peak appears at the pump frequency. Then,
deeper into the bright side of the transition, we detect two
emission peaks: one at the renormalized resonator bright
frequency, and another one symmetrically located with
respect to the pump frequency. This double peak is a
hallmark of the strongly nonlinear effects in the bright

phase dominated by the self-Kerr energy term; it is similar
in nature to a Mollow triplet [61].
We find a good qualitative agreement between our

measurement and the model result [Fig. 3(d)]. The
incoherent emission spectrum is computed from the
Keldysh response function (Appendix D). The obtained
analytical expression produces two emission peaks when
ω� > γ, which in practice is verified everywhere but at the
transition. Here, we obtain a single strong emission peak
around ωp. In this case, the mean-field value is obtained
numerically by the exact diagonalization of the Liouvillian
in the U=γ → 0 limit. The pronounced emission peak
coincides with the abrupt jump of α between its dim and
bright values, as predicted by Eq. (5).
From the measured PSD, we extract the emitted photon

number, hâ†âi, by integrating the emitted signal.
Repeating this photon-number procedure over a range
of pump frequencies and powers directly maps out the
phase diagram of the system [Fig. 3(e)]. Increasing the
pump power shifts the dim-to-bright phase transition to
progressively lower pump frequencies, while also extend-
ing the lifetime of the bright state. These trends are
consistent with the spectroscopy results (Appendix E).
The measured phase diagram can be compared to a

numerical transition line obtained from the single-mode

(a) (b)

(e)(d)(c)

FIG. 3. Photon emission from the metamaterial. (a) PSD against detuning over several modes at moderate pump power ϵ=γ ¼ 1.5.
Only the quasi-resonant mode emits. (b) PSD against detuning over several modes at a larger pump power, ϵ=γ ¼ 9.5. Other modes of
the chain start to emit. (c) Enlarged view of the resonant mode emission spectrum. (d) Theory prediction of the emission spectrum in (c)
(note the different scales). (e) Integrated power spectral density against detuning and pump amplitude. High emission indicates a high
photon number stored in the mode: we observe a phase boundary between the dim and bright states. The numerically computed
transition line is in black. The transition between single-mode and multimode emission is indicated by a black arrow.
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model, with the pump amplitude scale as the sole free
parameter. Adjusting this single parameter produces excel-
lent agreement between experiment and theory. The PSD
measurements exhibit a difference of 4 dBm less power
compared to spectroscopy, which is coherent with the
experimental setup, as we remove the probe signal
(Appendix G).

V. DYNAMICS CLOSE TO THE PHASE
TRANSITION

We access the dynamics of the Bose-Hubbard chain at
the transition with time-resolved measurements and use
them as another experimental tool to independently con-
firm the location of the phase boundary.
In a conventional thermodynamic first-order transition,

such as the liquid-vapor transition, the two phases coexist
in space, manifested as gas bubbles within the liquid or
liquid droplets suspended in the gas. A similar phenome-
non takes place for this dim to bright phase transition,
albeit in time rather than in space: the system will switch
between the two metastable steady states, with a character-
istic time exponentially large in the thermodynamic limit,
as the nonlinearity U=γ → 0.
Since the PSD is not time-resolved, we perform a two-

tone measurement at the dim-state frequencies while
applying a pump around the frequency of mode thirteen.
We acquire a time-resolved trace over two hours with an
integration time of 0.01 s for the four closest modes to the
pumped one [Fig. 4(a)]. In our trace, the dim state produces
a high-signal trace (blue). When the system transitions to
the bright state, the trace switches to a low-signal level
(purple). We demonstrate that the sudden switches of
resonance frequency across the chain’s modes occur syn-
chronously, with all traces exhibiting simultaneous jumps.
In the following, we track only the pumped mode.
We obtain the dwell times of the transition by assigning

each data point as belonging to the dim or bright states
using a threshold set at half the amplitude difference
between the two states [Figs. 4(b) and 4(c)]. Assuming the
jumps follow Poisson statistics, the dwell times in the
bright t↓ and dim t↑ states must follow an exponential
distribution, PðtÞ ¼ 1=τ expð−t=τÞ, with characteristic
dwell times τ↑ and τ↓, respectively. The maximum like-
lihood estimator for τ is simply the average of the sample
of dwell times. We obtain the dim and bright characteristic
times and observe a good agreement between the expo-
nential fits and the measured dwell-time histograms.
Superconducting circuits are subject to several sources

of noise occurring on long timescales, such as 1=f noise
sources, slow drift in the dilution fridge temperature, or
even cosmic ray events, which could significantly perturb a
measurement over such a long acquisition time. To detect
possible contamination of the statistical samples, we
conducted an Anderson-Darling test [62] and rejected
time traces failing at 15%.

(a)

(b)

(d)

(e)

(f)

(c)

FIG. 4. Time-resolved measurements. (a) Portion of measured
time trace for the resonant (color) and adjacent modes (gray).
The bright dwell times are in purple, the dim dwell times in
blue. (b) and (c) Histograms of dwell times reported for one
value of detuning and pump amplitude [Square in (d)].
Estimated exponential density probability functions in dashes,
providing the characteristic dwell times. (d) Characteristic dwell
times in bright and dim states against detuning at finite pump
amplitude. Their intersection provides the transition location.
Exponential model fits in dashes. (e) Dwell times at the first-
order transition line. Dashed line: exponential fit to the data.
(f) Extended phase diagram in the detuning/pump amplitude
plane. The integrated PSD data within the gray rectangle is the
same as in Fig. 3(e). Crosses denote direct measurements of the
first-order transition line obtained by dwell-time measurements
as in panel (d). The transition line predicted by theory is shown
as a black line.
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By repeating the protocol for various detuning values
at a fixed pump amplitude, we monitor the jump rates
across the bistability region [Fig. 4(d)]. These rates are
expected to obey a generalized Boltzmann form,
1=τ ∝ expð−EðΔ; ϵÞ=UÞ, where E represents an activation
barrier and the Kerr nonlinearity U measures the strength
of the fluctuations triggering the jumps [58]. Assuming
EðΔ; ϵÞ is linear in Δ in the vicinity of the transition line,
we propose an exponential fit of the switching rates
(dashed lines). The intersection of the two fits identifies
the detuning at which the dim and bright states are
equiprobable, marking the transition point.
We repeat this measurement at different pump ampli-

tudes. The obtained timescales at the transition line range
from a few ms to 143 s [Fig. 4(e)], prompting adjustments
to both the recording and integration times. Each time trace
is required to contain over one hundred switching events,
with integration times varied between 1 μs and 0.1 s
accordingly.
The dwell times exhibit distinct trends depending on the

pump amplitude. For ϵ=γ < 13.5, the times increase
exponentially along the transition line with a fitted
exponent e1.33ϵ=γ. This exponential increase is expected
in a first-order phase transition activated by tunneling [4].
Above this threshold, experimental values deviate from
this exponential trend, which we attribute to either changes
in the activation mechanism or to other sources of error at
these slow timescales. The longest timescale measured is
143 s, on par with the highest values reported in previous
studies about single-mode setups [33].
Finally, we report the transition points on the phase

diagram in the ðΔ=γ; ϵ=γÞ plane [Fig. 4(f)]. Since the pump
amplitude has already been calibrated for probed and non-
probed measurements, there are no additional parameters
to fit. We report an excellent agreement between the
transition lines measured via jump rate statistics and the
one obtained by numerical diagonalization of the system’s
Liouvillian. This measurement also supplements the one
provided by PSD measurements, and extends our meas-
urement of the transition line to larger detunings and pump
amplitudes.
We expect that the point where the line of first-order

transition stops displays critical behavior: bistability
should disappear with switch times reaching τ → 0,
while the response function characteristic time diverges
(Appendix D). This region is currently only accessible to
PSD measurements, and out of reach of the time-resolved
approach. Narrowing down its location by lowering U=γ
(thus raising switching times to measurable values) could
be the aim of follow-up investigations.

VI. DISCUSSION AND CONCLUSION

In this paper, we reported the first experimental obser-
vation of multimode dissipative first-order phase transitions

in a driven 1DBose-Hubbard chain comprising 21 nonlinear
resonators. Transmission measurements revealed that
pumping any single mode induces a uniform frequency
shift across all modes, a behavior reproduced by a minimal
single-mode mean-field model and attributed to cross-Kerr
interactions. PSD measurements characterized the dim-to-
bright phase transition and, if integrated over pump power
and frequency, yielded a phase diagram in quantitative
agreement with theory at moderate powers. Time-resolved
measurements revealed switching rates orders of magnitude
below any timescale of the system, up to 143 s, and located
the transition point via equal lifetimes of the bright and dim
states,with the resulting transition linematching both theory
and PSD data. At high pump powers, we observed an
additional multimode emission not captured by our cur-
rent model.
Our results represent a significant step forward in

understanding quantum phase transitions and many-body
dynamics in multimode photonic systems. An important
direction for future work is to extend the theoretical model
to include the collective processes that emerge at high
powers, in which non-energy-conserving terms are
expected to become relevant. Furthermore, we observed
no clear feature of the critical point, which could be
addressed in further studies. Aside from fundamental
questions, this device can also have important applications
in quantum science. The dim-bright 1st order phase
transition has been used, in single-mode setups, as a probe
of single microwave photons [33,37]. A multimode version
could enhance the avalanche signal and broaden the
detection bandwidth. Similarly, the sudden frequency
shifts imposed on all modes by a small variation of the
pump amplitude or frequency would allow the device to be
used as a collective cryo-switch [63].
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APPENDIX A: EXPERIMENTAL SETUP

Figure 5 illustrates the full wiring diagram of our
experimental setup, along with a legend identifying the
various instruments and microwave components involved.
The device is mounted inside a dilution refrigerator at
12 mK. To protect the sample from electromagnetic and
magnetic disturbances, it is enclosed in an rf-tight copper

shield and μ-metal enclosure, respectively. Incoming
signals are heavily attenuated to suppress thermal photon
noise, with 0 dB attenuators as thermalization stages along
the coaxial lines. On the output side, the signal is amplified
through several stages, starting with a cryogenic high
electron mobility transistor (HEMT) amplifier followed by
two room-temperature amplifiers. To reduce noise outside
the target frequency band and suppress aliasing, we add
band-pass filters at room temperature and low-pass filters
at low temperature.
We use a microwave transceiver (Presto, from

Intermodulation Products AB) capable of direct digital
synthesis in the band of interest. One of Presto’s output
channels is used to gate the output signal from a Keysight
AnapiCo frequency synthesizer, the pump. The other
Presto’s output channel probes the frequency modes of
our sample. Both signals are combined with a combiner at
the input of the metamaterial. We send flux dc signals with
a source measure unit (SMU) from our Keysight PXI
chassis through the microwave lines and a coil in a twisted-
pair dc configuration. dc flux keeps the emitters detuned
from the transmission band.

APPENDIX B: SUPERCONDUCTING
CIRCUIT SAMPLE

Our complete superconducting circuit sample in Fig. 6
features a Bose-Hubbard chain composed of 21 high-
impedance microwave cavities. Each cavity has an induc-
tor consisting of 10 Josephson junctions connected in
series and a capacitor created by a metal pad connected to
ground. The Josephson junctions provide large inductance,
resulting in a high characteristic impedance Zr ≈ 390 Ω
and, consequently, a strong coupling between adjacent
cavities. Coupling strength is set by the geometry and
physical spacing of adjacent cavities and it is denoted by J.
The total transmission bandwidth of the metamaterial
spans 4J [52].12 mK
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FIG. 5. Fridge connections. Different thermal stages are color-
coded by temperature. Room temperature equipment is at the
top, with signal lines leading to the device, including attenuators,
amplifiers, and filters to enhance signal-to-noise ratio (SNR).
Legend is on the right.
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Charge line Charge line

FIG. 6. False-colored image of the device. Connections to the
transmon are labeled for clarity. In blue: resonator array, in
orange: two transmon qubits, in green: readout resonators for the
transmons. Insets outlined in black: top corresponds to a close-up
of three resonators with the array of 10 Josephson junctions.
Bottom: asymmetric SQUID for the transmon.
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Although the sample includes two identical transmon
qubits capacitively coupled near the center of the meta-
material (sites 10 and 13), they were not used in the present
measurements. These transmons use asymmetric super-
conducting quantum interference devices (SQUIDs),
which give rise to two flux-insensitive points (”sweet
spots”). For the present study, however, the transmons
were deliberately biased far away from the Bose-Hubbard
resonances, so they do not participate in the measurements.
To further improve uniformity and symmetry across the
array, shadow inner pads connected with airbridges to
ground are added within each cavity, reducing fabrication-
induced mismatches.

APPENDIX C: EXTRACTION OF DEVICE
PARAMETERS

Table I lists the parameters extracted from the charac-
terization measurements of the Bose-Hubbard chain and
electromagnetic simulations of the device geometry, from
which the capacitance matrix is obtained. The extraction
procedure is detailed below.
At low powers, we can approximate our system to a

tight-binding model. Assuming identical resonators, the
Hamiltonian is given by

Ĥ ¼ ωr

XN
n¼1

â†nân −
XN−1
n¼1

Jðâ†nânþ1 þ â†nþ1ânÞ: (C1)

In this model, ωr is the bare resonator frequency, J is the
nearest-neighbor coupling between resonators, ân (â†n) is
the photon annihilation (creation) operator of the nth
resonator. Both ωr and J are obtained by comparing the
Hamiltonian with the transmission measurement in our
metamaterial in Fig. 1(c), as reported in themain text. These
values are supported by microwave simulations of the
system and room temperature measurements of the resis-
tance of the Josephson junctions, fromwhich we extract the
resonator and coupling capacitances and inductances,
respectively. Microwave simulations yield consistent val-
ues, ωr=2π ≈ 5.37 GHz and J=2π ≈ 190 MHz, with the

small discrepancies attributed to disorder in the Josephson
junction arrays.
In addition, we extract the coupling to the ports, κ,

and the total decay γ ¼ γnr þ κ, from a Lorentzian fit
to the transmission of the resonator, as reported in the
main text. The impedance of the resonators is extracted
from Zr ¼ 1=ωrCr, with Cr the resonator capacitance
from simulations. With this capacitance value, we
extract the scaled Kerr nonlinearity as U ¼ e2

2CrN2
JJN

¼
123 kHz [59,65].

APPENDIX D: THEORETICAL MODEL

1. Single-mode model

We focus on a single Fourier mode of the array. The
Hamiltonian governing the dynamics of the mode, as
written in the main text, is

Ĥ0 ¼ −Δâ†â −U
2
â†2â2 þ ϵ

ffiffiffiffiffiffiffiffiffi
γ=U

p
ðâ† þ âÞ: (D1)

Note that we expressed it in the reference frame of the
drive, such that Δ ¼ ωp − ω0. We also preemptively
rescaled the pump amplitude ϵ by the Kerr interaction
coefficient, such that it stays constant in the limit
U=γ → 0, which corresponds to a thermodynamic limit
where the photon occupation number diverges. We also
include single-photon losses in the model in the form of a
Lindblad jump operator L̂ ¼ ffiffiffiffiffi

2γ
p

â, where γ accounts for
all loss channels.
To deal with driven-dissipative systems out of equilib-

rium, it is convenient to use the Keldysh path integral
representation [66,67]. This allows us to perform a self-
consistent mean-field approximation and derive the
response functions of the system around this mean-field
solution in one, coherent framework. Themain object of the
theory is the partition function, Z ¼ R

D½αc; αq; α�c;α�q�eiS,
with αc, αq the classical and quantum fields defined from
the forward and backward fields (αþ and α− resp.), by αc ¼
ðαþ þ α−Þ=

ffiffiffi
2

p
and αq ¼ ðαþ − α−Þ=

ffiffiffi
2

p
. The Keldysh

action associated with our model is

S ¼
Z

dtα†DðtÞαþU
2
ðjαcj2 þ jαqj2Þðα�cαq þ H:c:Þ

− ϵ

ffiffiffiffiffi
2γ

U

r
ðα�q þ αqÞ; (D2)

where we employed a vector notation, α ¼ ðαc; αqÞ and
DðtÞ is a matrix of advanced, retarded, and Keldysh
propagators,

TABLE I. Model parameters and experimentally determined
values.

Parameter Symbol Value

Metamaterial center frequency ωr=2π 5.43 GHz
Nearest-neighbor coupling J=2π 209.7 MHz
Scaled Kerr-non linearity U 123 kHz
Resonator radiative decay κ=2π 1 MHz
Resonator non-radiative decay γnr=2π 10.25 kHz
Resonator impedance Zr 387.23Ω
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D ¼
�

0 DA
DR DK

�
¼

�
0 i∂t þ Δ − iγ

i∂t þ Δþ iγ 2iγ

�
:

(D3)

Mean field. The mean-field equation is obtained by
decomposing the classical field into a mean value and
fluctuations, αcðtÞ ¼ ᾱc þ δαcðtÞ. The quantum compo-
nent cannot acquire a mean-field value; for the sake of
consistency, we denote it αqðtÞ ¼ δαqðtÞ. Injecting it into
the action, we develop and collect all linear terms in δαq,
which read

Z
dt δα�q

�
DRðtÞᾱc −

ffiffiffiffiffi
2γ

U

r
ϵþU

jᾱcj2
2

ᾱc

�
þ H:c: (D4)

The bracketed term corresponds to an effective drive
field imposed on the fluctuations. We impose the self-
consistent condition hδαci ¼ 0, meaning that δαc is a pure
fluctuation field with no average value. Truncating the
action at quadratic order, this simply imposes that the
effective drive term is zero. We rearrange terms and square
the conditions to obtain the mean-field self-consistent
equation from the main text,

�
1þ

�
Δ
γ
þ jαj2

�
2
�
jαj2 ¼ ϵ2

γ2
: (D5)

where we have used the shorthand α ¼ ffiffiffiffiffiffiffiffiffiffiffi
U=2γ

p
ᾱc. This

quantity is linked to quantum observables by the relation
ᾱc ¼ hαci ¼

R
D½αc; αq�αceiS ¼

ffiffiffi
2

p hâi. Since the self-
consistent equation is a cubic polynomial in jαj2, several
analytical results can be derived from Cardano’s method
for root finding. First, we have a critical point at

Δ=γ ¼ − ffiffiffi
3

p
; ϵ=γ ¼ 2

ffiffiffi
2

p
=

ffiffiffiffiffiffiffiffiffi
3

ffiffiffi
3

pp
, where the system has

a triple root. In the phase diagram, this is where the first-
order transition line terminates. Below the critical point
exists a bistable region, where the three distinct roots
correspond to the dim and bright state, with an extra
unstable solution. This region is delimited by the lines
where degenerate roots are found,

ϵ

γ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2Δ
3γ

�
1þ

�
Δ
3γ

�
2
�
�2

��
Δ
3γ

�
2−1

3

�
3=2

s
: (D6)

Response functions. At the thermodynamic limit
U=γ → 0, the mean-field treatment is exact. The ground
state is Gaussian, displaced by ᾱc. To compute the response
functions, we return to the development of the action in
terms of fluctuation fields δαc and δαq. After the first-order
in δαq [Eq. (D4)], we collect quadratic terms. We note that
anomalous terms have appeared, of the form δαδα or
δα�δα�. We extend the formalism using Nambu bosons
[66], aðωÞ ¼ ðαcðωÞ;α�cð−ωÞ;αqðωÞ; α�qð−ωÞÞ=

ffiffiffi
2

p
, and

the quadratic part of the action is written as

S ¼
Z

dt a†D0ðtÞa; D0 ¼
�

0 D0
A

D0
R D0

K

�
; (D7)

each block being itself a 2 × 2 matrix. The retarded block
is

D0
R ¼

�
i∂t þ Δþ iγ þ 2γjαj2 γα2

γα�2 −i∂t − Δ − iγ þ 2γjαj2
�
;

(D8)

while the Keldysh sector stays diagonal, D0
K ¼ 2iUId2×2.

Wemove to the frequencydomain, and compute the response
functions from the propagators as GRðωÞ ¼ D0−1

R ðωÞ and
GKðωÞ¼−GRðωÞD0

KðωÞGAðωÞ. Consequently, the poles
of the retarded functions are foundby solvingdetD0ðωÞ ¼ 0.
Their expressions are

ω� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔþ 2γjαj2Þ2 − γ2jαj4

q
− iγ: (D9)

Several cases must now be distinguished.
If Δ > −γjαj2, the square root is real. The imaginary

part, linked to dissipation, is unaffected by the build-up of
photon population, while the real part, the resonance
frequency, shifts. The system dissipates energy close to
the positive frequency pole ω > ωp in the laboratory
frame, while the second pole, only present at jαj2 > 0,
amplifies incoming signals (the imaginary part of the
retarded Green’s function is positive).
If the square root is purely imaginary, the response

functions present a single peak at zero frequency (or at ωp
in the laboratory frame). Furthermore, at the critical point,
since γjαj2 ¼ −2Δ=3, one of the poles is at ω ¼ 0. The
response functions develop a singularity,GðωÞ ∝ 1=ω, and
consequently GðtÞ ∝ log t. This is the expected critical
slowing down of the system’s dynamics. Observing this
behavior, checking the location of the critical point, and
experimentally verifying the logarithmic response time
would be a stimulating experimental challenge, which, to
our knowledge, has not been achieved yet.
Emission spectrum. Within the Keldysh formalism,

this quantity is given by [67] SðωÞ ¼ i γ
2
ðGKðωÞ−

ðGRðωÞ − GAðωÞÞÞ. Note that since the response functions
only describe the field fluctuations, we only compute the
incoherent part of the emission spectrum. Using the
shorthand ω� ¼ �ω� − iγ, we write the spectrum as

SincohðωÞ ¼
2jαj4

ð1þ ðω−ω�
γ Þ2Þð1þ ðωþω�

γ Þ2Þ : (D10)

Concerning the dim state, jαj is weak, and no emission is
observed. In the bright phase, two emission peaks appear,
at ωp � ω� in the laboratory frame. They correspond to the
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amplification and attenuation peaks of the retarded
response. Finally, at criticality, a single, strong emission
peak is observed at ωp. Elsewhere along the first-order
transition line, the value of jαj rapidly grows from its dim
state value to its bright state value. In between, it also
produces a single, strong emission peak.

2. Multi-mode model

We now return to the full Bose-Hubbard Hamiltonian,

Ĥ ¼
XN
j¼1

ωrâ
†
j âj −Ur

2
â†2j â2j − J

XN−1
j¼1

ðâ†jþ1âj þ H:c:Þ:

(D11)

We first identify the eigenmodes of the system. This is
equivalent to diagonalizing a tri-diagonal matrix. The
eigenvectors are given by a discrete sine transform,

âk ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2

N þ 1

r XN
j¼1

âj sin
�

jkπ
N þ 1

�
: (D12)

The associated orthogonality relation,

XN
j¼1

cos
�

jkπ
Nþ1

�
¼

8><
>:

0 if k∈2Nþ1;

−1 if k∈2N⋆;

N if k¼ 0mod 2ðNþ1Þ;
(D13)

is used, e.g., to show that the change of variable preserves
the commutators, ½âk; â†l � ¼ δkl. The linear part of the
Hamiltonian is thus reduced to independent modes,PN

k¼1 ωkâ
†
kâk, with the dispersion relation ωk ¼

ωr − 2J cos ð2πk=ðN þ 1ÞÞ. We then insert the solution
in the interaction term. Applying the orthogonality relation
is cumbersome. We collect all cross-Kerr and self-Kerr
terms, which read respectively

1

4

Ur

N þ 1

XN
k¼1

�
3â†2k â2k þ 4â†kâk

XN
l¼1

â†l âl

�
: (D14)

We identify the prefactor of the cross-Kerr term
as U, the effective Kerr interaction. The effect of the
photon population in the quasi-resonant mode, e.g.
k ¼ 0, is then a frequency shift of the other modes
by 4U=3hâ†0â0i ≃ 4γjαj2=3.
When certain resonances conditions are met, these

number vary slightly. If N is odd, the central mode k ¼
ðN þ 1Þ=2 of the array has a self-Kerr coefficient of 4 in
the parenthesis of Eq. (D14). Similarly, for two modes k
and l such that kþ l ¼ N þ 1, the cross-Kerr coefficient is
6. These conditions have been avoided in the experiment.

APPENDIX E: PHASE TRANSITION
DEPENDING ON PUMP POWER

The response of our system depends strongly on the
applied pump power. Probing the complete transmission
band, as shown in Fig. 2(a), while varying the pump power,
reveals three different regimes of behavior (Fig. 7).
At low pump powers, the transmission spectrum

remains unchanged across the entire pump frequency
range, indicating that the system stays in its dim state
with no noticeable interaction between the pump and the
resonant modes.
Increasing the pump power leads to the emergence of

first-order phase transitions. This is the regime that we
study in our main experiments. This multi-frequency

(a)

(b)

(c)

FIG. 7. Transmission band depending on pump frequency and
power. (a) Low pump power ϵ=γ ¼ 0.14. The transmission
response is not affected by the pump. (b) At intermediate
powers, ϵ=γ ¼ 14.07, first-order transitions appear, reported in
the main text. (c) At high pump power ϵ=γ ¼ 28.08 some modes
disappear.
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response also provides a means to obtain the frequencies of
other modes in the chain without directly addressing them.
At even higher pump powers, certain modes disappear

from the transmission spectrum for specific pump frequen-
cies. The modes disappearing is a feature of chaos, already
reported before [26].

APPENDIX F: HYSTERESIS IN THE SYSTEM

A hallmark of bistability is the presence of hysteresis
around the transition, in which the system’s response to a
control parameter depends on its history. The system remains
“locked” in its initial phase across a finite range of the control
parameter, in this case, the pump frequency, before even-
tually undergoing a sharp transition to the other phase.
To prove this behavior, we measure the transmission

parameter, jS21j, while we sweep the pump frequency at a
constant power (Fig. 8). The sweep is done first from high
frequencies to low frequencies [Fig. 8(a)], in which the
system gets trapped in the bright state, and then from low
frequencies to high frequencies [Fig. 8(b)] with the system
trapped in the dim state. The sweep needs to be faster than
the jump rates, or the system will relax to the global steady
state, and hysteresis is lost.

APPENDIX G: PROBE EFFECT

We observe a consistent 4 dBm offset between the
transition frequencies measured from the PSD and those

extracted from the jumping rates and/or the spectroscopy.
We account for this shift in our fitting in Fig. 4(d).
To identify the source of this discrepancy, we study the

effect of the probe on the rates (Fig. 9). Varying either the
probe power or the number of probed modes significantly
alters the rates, consistent with earlier observations [28],
and even small probe-power changes (a few photons) have
a strong impact.
Increasing the probe amplitude at fixed pump conditions

[Fig. 9(a)] drives the system from the dim state to the
transition point and finally to the bright state, effectively
acting as an increase in pump power. Probing additional
modes produces a similar effect [Fig. 9(b)], with each
added probe (0.2 arb. units) corresponding to an apparent
pump power increase of ≈4 dBm, matching the shift
caused by our standard single-probe configuration.

[1] F. Minganti, A. Biella, N. Bartolo, and C. Ciuti, Spectral
theory of Liouvillians for dissipative phase transitions,
Phys. Rev. A 98, 042118 (2018).

[2] W. H. Zurek, U. Dorner, and P. Zoller, Dynamics of a
quantum phase transition, Phys. Rev. Lett. 95, 105701
(2005).

[3] D. Rossini and E. Vicari, Coherent and dissipative dynam-
ics at quantum phase transitions, Phys. Rep. 936, 1 (2021).

(a)

(b)

FIG. 8. Hysteresis of the system. (a) The pump frequency is
swept decreasingly (high to low). (b) The pump frequency is
swept increasingly (low to high).

(a)

(b)

FIG. 9. Effect of the signal probe on the dynamics of the
system. (a) Effect of the probe amplitude on the rates. (b) Effect
of the number of modes being probed.

CLAUDIA CASTILLO-MORENO et al. PRX QUANTUM 7, 033030 (2026)

033030-12

https://doi.org/10.1103/PhysRevA.98.042118
https://doi.org/10.1103/PhysRevLett.95.105701
https://doi.org/10.1103/PhysRevLett.95.105701
https://doi.org/10.1016/j.physrep.2021.08.003


[4] H. Risken, C. Savage, F. Haake, and D. F. Walls, Quantum
tunneling in dispersive optical bistability, Phys. Rev. A 35,
1729 (1987).

[5] O. V. Zhirov and D. L. Shepelyansky, Synchronization and
bistability of a qubit coupled to a driven dissipative
oscillator, Phys. Rev. Lett. 100, 014101 (2008).

[6] K. C. Stitely, S. J. Masson, A. Giraldo, B. Krauskopf, and S.
Parkins, Superradiant switching, quantum hysteresis, and
oscillations in a generalized Dicke model, Phys. Rev. A
102, 063702 (2020).

[7] F. Caleffi, M. Capone, and I. Carusotto, Collective excita-
tions of a strongly correlated nonequilibrium photon fluid
across the insulator-superfluid phase transition, Phys. Rev.
Lett. 131, 193604 (2023).

[8] F. Minganti, I. I. Arkhipov, A. Miranowicz, and F. Nori,
Liouvillian spectral collapse in the Scully-Lamb laser
model, Phys. Rev. Res. 3, 043197 (2021).

[9] F. Minganti, V. Savona, and A. Biella, Dissipative phase
transitions in n-photon driven quantum nonlinear resona-
tors, Quantum 7, 1170 (2023).

[10] D. Goncalves, L. Bombieri, G. Ferioli, S. Pancaldi, I.
Ferrier-Barbut, A. Browaeys, E. Shahmoon, and D. E.
Chang, Driven-dissipative phase separation in free-space
atomic ensembles, PRX Quantum 6, 020303 (2025).

[11] M. Soriente, T. Donner, R. Chitra, and O. Zilberberg,
Dissipation-induced anomalous multicritical phenomena,
Phys. Rev. Lett. 120, 183603 (2018).

[12] M. Soriente, T. L. Heugel, K. Omiya, R. Chitra, and O.
Zilberberg, Distinctive class of dissipation-induced phase
transitions and their universal characteristics, Phys. Rev.
Res. 3, 023100 (2021).

[13] L. Pausch, Fçois Damanet, T. Bastin, and J. Martin,
Dissipative phase transition: From qubits to qudits, Phys.
Rev. A 110, 062208 (2024).

[14] K. Baumann, C. Guerlin, F. Brennecke, and T. Esslinger,
Dicke quantum phase transition with a superfluid gas in an
optical cavity, Nature (London) 464, 1301 (2010).

[15] M. Greiner, O. Mandel, T. Esslinger, T. W. Hänsch, and I.
Bloch, Quantum phase transition from a superfluid to a
Mott insulator in a gas of ultracold atoms, Nature (London)
415, 39 (2002).

[16] F. Ferri, R. Rosa-Medina, F. Finger, N. Dogra, M. Soriente,
O. Zilberberg, T. Donner, and T. Esslinger, Emerging
dissipative phases in a superradiant quantum gas with
tunable decay, Phys. Rev. X 11, 041046 (2021).

[17] R. Labouvie, B. Santra, S. Heun, and H. Ott, Bistability in a
driven-dissipative superfluid, Phys. Rev. Lett. 116, 235302
(2016).

[18] J. Schliemann, A. Khaetskii, and D. Loss, Electron spin
dynamics in quantum dots and related nanostructures due
to hyperfine interaction with nuclei, J. Phys. Condens.
Matter 15, R1809 (2003).

[19] A. Russell, V. I. Fal’ko, A. I. Tartakovskii, and M. S.
Skolnick, Bistability of optically induced nuclear spin
orientation in quantum dots, Phys. Rev. B 76, 195310
(2007).

[20] O. Krebs, P. Maletinsky, T. Amand, B. Urbaszek, A.
Lemaître, P. Voisin, X. Marie, and A. Imamoglu, Anoma-
lous Hanle effect due to optically created transverse

overhauser field in single InAs=GaAs quantum dots, Phys.
Rev. Lett. 104, 056603 (2010).

[21] E. M. Kessler, G. Giedke, A. Imamoglu, S. F. Yelin, M. D.
Lukin, and J. I. Cirac, Dissipative phase transition in a
central spin system, Phys. Rev. A 86, 012116 (2012).

[22] I. Siddiqi, R. Vijay, F. Pierre, C. M. Wilson, L. Frunzio, M.
Metcalfe, C. Rigetti, R. J. Schoelkopf, M. H. Devoret, D.
Vion, and D. Esteve, Direct observation of dynamical
bifurcation between two driven oscillation states of a
Josephson junction, Phys. Rev. Lett. 94, 027005 (2005).

[23] P. Krantz, Y. Reshitnyk, W. Wustmann, J. Bylander, S.
Gustavsson, W. D. Oliver, T. Duty, V. Shumeiko, and P.
Delsing, Investigation of nonlinear effects in Josephson
parametric oscillators used in circuit quantum electrody-
namics, New J. Phys. 15, 105002 (2013).

[24] T. Weißl, B. Küng, E. Dumur, A. K. Feofanov, I. Matei, C.
Naud, O. Buisson, F. W. J. Hekking, and W. Guichard, Kerr
coefficients of plasma resonances in Josephson junction
chains, Phys. Rev. B 92, 104508 (2015).

[25] J. M. Fink, A. Dombi, A. Vukics, A. Wallraff, and P.
Domokos, Observation of the photon-blockade breakdown
phase transition, Phys. Rev. X 7, 011012 (2017).

[26] M. Fitzpatrick, N. M. Sundaresan, A. C. Y. Li, J. Koch, and
A. A. Houck, Observation of a dissipative phase transition
in a one-dimensional circuit QED lattice, Phys. Rev. X 7,
011016 (2017).

[27] T. K. Mavrogordatos, G. Tancredi, M. Elliott, M. J. Peterer,
A. Patterson, J. Rahamim, P. J. Leek, E. Ginossar, andM. H.
Szymańska, Simultaneous bistability of a qubit and reso-
nator in circuit quantum electrodynamics, Phys. Rev. Lett.
118, 040402 (2017).

[28] P. R. Muppalla, O. Gargiulo, S. I. Mirzaei, B. P. Venkatesh,
M. L. Juan, L. Grünhaupt, I. M. Pop, and G. Kirchmair,
Bistability in a mesoscopic Josephson junction array
resonator, Phys. Rev. B 97, 024518 (2018).

[29] Q.-M. Chen, M. Fischer, Y. Nojiri, M. Renger, E. Xie, M.
Partanen, S. Pogorzalek, K. G. Fedorov, A. Marx, F. Deppe,
and R. Gross,Quantum behavior of the Duffing oscillator at
the dissipative phase transition, Nat. Commun. 14, 2896
(2023).

[30] R. Sett, F. Hassani, D. Phan, S. Barzanjeh, A. Vukics, and
J. M. Fink, Emergent macroscopic bistability induced by a
single superconducting qubit, PRX Quantum 5, 010327
(2024).

[31] G. Beaulieu, F. Minganti, S. Frasca, M. Scigliuzzo, S.
Felicetti, R. Di Candia, and P. Scarlino, Criticality-
enhanced quantum sensing with a parametric supercon-
ducting resonator, PRX Quantum 6, 020301 (2025).

[32] G. Beaulieu, F. Minganti, S. Frasca, V. Savona, S. Felicetti,
R. Di Candia, and P. Scarlino, Observation of first- and
second-order dissipative phase transitions in a two-photon
driven Kerr resonator, Nat. Commun. 16, 1954 (2025).

[33] C. Berdou et al., One hundred second bit-flip time in a two-
photon dissipative oscillator, PRX Quantum 4, 020350
(2023).

[34] P. Brookes, G. Tancredi, A. D. Patterson, J. Rahamim, M.
Esposito, T. K. Mavrogordatos, P. J. Leek, E. Ginossar, and
M. H. Szymanska, Critical slowing down in circuit quan-
tum electrodynamics, Sci. Adv. 7, eabe9492 (2021).

EXPERIMENTAL OBSERVATION OF MULTIMODE… PRX QUANTUM 7, 033030 (2026)

033030-13

https://doi.org/10.1103/PhysRevA.35.1729
https://doi.org/10.1103/PhysRevA.35.1729
https://doi.org/10.1103/PhysRevLett.100.014101
https://doi.org/10.1103/PhysRevA.102.063702
https://doi.org/10.1103/PhysRevA.102.063702
https://doi.org/10.1103/PhysRevLett.131.193604
https://doi.org/10.1103/PhysRevLett.131.193604
https://doi.org/10.1103/PhysRevResearch.3.043197
https://doi.org/10.22331/q-2023-11-07-1170
https://doi.org/10.1103/PRXQuantum.6.020303
https://doi.org/10.1103/PhysRevLett.120.183603
https://doi.org/10.1103/PhysRevResearch.3.023100
https://doi.org/10.1103/PhysRevResearch.3.023100
https://doi.org/10.1103/PhysRevA.110.062208
https://doi.org/10.1103/PhysRevA.110.062208
https://doi.org/10.1038/nature09009
https://doi.org/10.1038/415039a
https://doi.org/10.1038/415039a
https://doi.org/10.1103/PhysRevX.11.041046
https://doi.org/10.1103/PhysRevLett.116.235302
https://doi.org/10.1103/PhysRevLett.116.235302
https://doi.org/10.1088/0953-8984/15/50/R01
https://doi.org/10.1088/0953-8984/15/50/R01
https://doi.org/10.1103/PhysRevB.76.195310
https://doi.org/10.1103/PhysRevB.76.195310
https://doi.org/10.1103/PhysRevLett.104.056603
https://doi.org/10.1103/PhysRevLett.104.056603
https://doi.org/10.1103/PhysRevA.86.012116
https://doi.org/10.1103/PhysRevLett.94.027005
https://doi.org/10.1088/1367-2630/15/10/105002
https://doi.org/10.1103/PhysRevB.92.104508
https://doi.org/10.1103/PhysRevX.7.011012
https://doi.org/10.1103/PhysRevX.7.011016
https://doi.org/10.1103/PhysRevX.7.011016
https://doi.org/10.1103/PhysRevLett.118.040402
https://doi.org/10.1103/PhysRevLett.118.040402
https://doi.org/10.1103/PhysRevB.97.024518
https://doi.org/10.1038/s41467-023-38217-x
https://doi.org/10.1038/s41467-023-38217-x
https://doi.org/10.1103/PRXQuantum.5.010327
https://doi.org/10.1103/PRXQuantum.5.010327
https://doi.org/10.1103/PRXQuantum.6.020301
https://doi.org/10.1038/s41467-025-56830-w
https://doi.org/10.1103/PRXQuantum.4.020350
https://doi.org/10.1103/PRXQuantum.4.020350
https://doi.org/10.1126/sciadv.abe9492


[35] S. Fernández-Lorenzo and D. Porras, Quantum sensing
close to a dissipative phase transition: Symmetry breaking
and criticality as metrological resources, Phys. Rev. A 96,
013817 (2017).

[36] Y. Chu, S. Zhang, B. Yu, and J. Cai,Dynamic framework for
criticality-enhanced quantum sensing, Phys. Rev. Lett. 126,
010502 (2021).

[37] R. Di Candia, F. Minganti, K. V. Petrovnin, G. S. Paraoanu,
and S. Felicetti, Critical parametric quantum sensing, npj
Quantum Inf. 9, 1 (2023).

[38] U. Alushi, A. Coppo, V. Brosco, R. Di Candia, and S.
Felicetti, Collective quantum enhancement in critical
quantum sensing, Commun. Phys. 8, 1 (2025).

[39] K. Petrovnin, J. Wang, M. Perelshtein, P. Hakonen, and
G. S. Paraoanu, Microwave photon detection at parametric
criticality, PRX Quantum 5, 020342 (2024).

[40] R. Rota, F. Minganti, C. Ciuti, and V. Savona, Quantum
critical regime in a quadratically driven nonlinear photonic
lattice, Phys. Rev. Lett. 122, 110405 (2019).

[41] L. Gravina, F. Minganti, and V. Savona, Critical Schrö-
dinger cat qubit, PRX Quantum 4, 020337 (2023).

[42] C. K. Andersen, A. Kamal, N. A. Masluk, I. M. Pop, A.
Blais, and M. H. Devoret,Quantum versus classical switch-
ing dynamics of driven dissipative kerr resonators, Phys.
Rev. Appl. 13, 044017 (2020).

[43] T. K. Mavrogordatos, Quantum phase transitions in the
driven dissipative Jaynes-Cummings oscillator: From the
dispersive regime to resonance, Europhys. Lett. 116, 54001
(2016).

[44] F. Vicentini, F. Minganti, R. Rota, G. Orso, and C. Ciuti,
Critical slowing down in driven-dissipative Bose-Hubbard
lattices, Phys. Rev. A 97, 013853 (2018).

[45] M. Foss-Feig, P. Niroula, J. T. Young, M. Hafezi, A. V.
Gorshkov, R. M. Wilson, and M. F. Maghrebi, Emergent
equilibrium in many-body optical bistability, Phys. Rev. A
95, 043826 (2017).

[46] R. Ma, B. Saxberg, C. Owens, N. Leung, Y. Lu, J. Simon,
and D. I. Schuster, A dissipatively stabilized Mott insulator
of photons, Nature (London) 566, 51 (2019).

[47] S. Hacohen-Gourgy, V V. Ramasesh, C. De Grandi, I.
Siddiqi, and SM. Girvin, Cooling and autonomous feed-
back in a Bose-Hubbard chain with attractive interactions,
Phys. Rev. Lett. 115, 240501 (2015).

[48] G. P. Fedorov, S. V. Remizov, D. S. Shapiro, W. V.
Pogosov, E. Egorova, I. Tsitsilin, M. Andronik, A. A.
Dobronosova, I. A. Rodionov, O. V. Astafiev, and A. V.
Ustinov, Photon transport in a Bose-Hubbard chain of
superconducting artificial atoms, Phys. Rev. Lett. 126,
180503 (2021).

[49] T. Orell, M. Zanner, M. L. Juan, A. Sharafiev, R. Albert, S.
Oleschko, G. Kirchmair, and M. Silveri, Collective bosonic
effects in an array of transmon devices, Phys. Rev. A 105,
063701 (2022).

[50] L. Chirolli, J. Polo, G. Catelani, and L. Amico, Synthetic
fractional flux quanta in a ring of superconducting qubits,
Phys. Rev. Res. 7, 043098 (2025).

[51] M. Scigliuzzo, G. Calajò, F. Ciccarello, D. Perez Lozano,
A. Bengtsson, P. Scarlino, A. Wallraff, D. Chang, P.
Delsing, and S. Gasparinetti, Controlling atom-photon
bound states in an array of Josephson-junction resonators,
Phys. Rev. X 12, 031036 (2022).

[52] C. Castillo-Moreno, K. R. Amin, I. Strandberg, M.
Kervinen, A. Osman, and S. Gasparinetti, Dynamical
excitation control and multimode emission of an atom-
photon bound state, Phys. Rev. Lett. 134, 133601 (2025).

[53] J. Koch, T. M. Yu, J. Gambetta, A. A. Houck, D. I. Schuster,
J. Majer, A. Blais, M. H. Devoret, S. M. Girvin, and R. J.
Schoelkopf, Charge-insensitive qubit design derived from
the Cooper pair box, Phys. Rev. A 76, 042319 (2007).

[54] A. Blais, A. L. Grimsmo, S. M. Girvin, and A. Wallraff,
Circuit quantum electrodynamics, Rev. Mod. Phys. 93,
025005 (2021).

[55] C. Eichler and A. Wallraff, Controlling the dynamic range
of a Josephson parametric amplifier, EPJ Quantum Tech-
nol. 1, 2 (2014).

[56] P. D. Drummond and D. F. Walls, Quantum theory of
optical bistability. I. Nonlinear polarisability model, J.
Phys. A 13, 725 (1980).

[57] D. Nigro, On the uniqueness of the steady-state solution of
the Lindblad–Gorini–Kossakowski–Sudarshan equation, J.
Stat. Mech. (2019) 043202.
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