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Gaussian building blocks are essential for photonic quantum information processing, and universality
can be practically achieved by equipping Gaussian circuits with adaptive measurement and feedforward.
The number of adaptive steps then provides a natural parameter for computational power. Rather than
assessing power only through sampling problems—the usual benchmark—we follow the ongoing shift
toward tasks of practical relevance and study the quantum mean-value problem, i.e., estimating observ-
able expectation values that underpin simulation and variational algorithms. More specifically, we analyze
bosonic circuits with adaptivity and prove that when the number of adaptive measurements is small, the
mean-value problem admits efficient classical algorithms even if a large amount of non-Gaussian resources
are present in the input state, whereas less constrained regimes are computationally hard. This yields a task-
level contrast with sampling, where non-Gaussian ingredients alone often induce hardness, and provides
a clean complexity boundary parameterized by the number of adaptive measurement-and-feedforward
steps between classical simulability and quantum advantage. Beyond the main result, we introduce clas-
sical techniques—including a generalization of Gurvits’ second algorithm to arbitrary product inputs and
Gaussian circuits—for computing the marginal quantities needed by our estimators, which may be of
independent interest.
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I. INTRODUCTION

Quantum computers are promised to provide computa-
tional power for solving various problems, such as integer
factorization [1] and time-dynamics simulation of quan-
tum systems [2], which are believed to be intractable
for any classical computer. However, due to demanding
experimental requirements, including a large number of
qubits and small error rates, achieving quantum compu-
tational advantage for solving practical problems remains
highly challenging. Thus, although the ultimate goal is to
build a universal quantum computer, many recent experi-
ments have focused on demonstrating quantum advantage
through sampling problems that are relatively easier to
implement in experiments [3–12] while many debates are
going on regarding the precise boundary between classical
simulability and genuine quantum advantage [13–26].

In bosonic systems, particularly in photonic platforms,
the most prominent paradigm for quantum advantage is
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boson sampling due to a relatively more straightforward
requirement, a linear-optical circuit [27–29]; consequently,
numerous experiments have been conducted to demon-
strate quantum advantage using boson sampling [7–12].
Despite its hardness results [27–29], it is also widely
recognized that universal quantum computation requires
more than linear-optical circuits, such as non-Gaussian
operations or measurement-and-feedforward operations
[30–34].

In theory, nonlinear gates such as Kerr interactions
are sufficient for universality [35]. In practice, how-
ever, such gates are extremely difficult to realize because
photons rarely interact, and inevitable loss and noise
further degrade the effect [36]. Consequently, feasible
bosonic gates in experiments are largely limited to Gaus-
sian unitaries. Since nonlinearity remains indispensable
for universality, many experiments instead rely on non-
Gaussian measurements combined with postselection or
feedforward [30,37–42]. For example, heralding can gen-
erate single-photon states from two-mode squeezed vacua,
while Gottesman-Kitaev-Preskill states can be approx-
imately prepared by postselecting certain outcomes in
Gaussian boson-sampling circuits [41–43]. Alternatively,
non-Gaussian resources can be supplied entirely through
the input states, provided that the measurement and
feedforward operations are available, for the universal
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quantum computation [34]. This has motivated recent
experimental efforts to go beyond the boson-sampling
framework by incorporating non-Gaussian resources, such
as measurement-induced nonlinear effects, to unlock more
versatile and powerful photonic processors. Representa-
tive directions include nonlinear boson sampling [40] and
adaptive boson sampling [44,45].

Importantly, some of these recent works aim not only to
demonstrate sampling-based quantum advantage but also
to move toward more practical computational advantages,
ultimately aligned with building a universal quantum
computer. From this perspective, it becomes increas-
ingly critical to understand the complexity of simulating
bosonic circuits for tasks beyond sampling. A particularly
important computational task is the quantum mean-value
problem because of its generality and practicality (e.g.,
Refs. [46,47]). More specifically, the quantum mean-value
problem encompasses various practical problems, such as
variational quantum algorithms (VQAs) and kernel-based
machine learning applications [44,45,48]. Furthermore, the
quantum mean-value problem for a universal quantum cir-
cuit is known to be BQP-complete [49,50]; hence, this
problem essentially captures the universal quantum com-
puter’s power, provided that the necessary resources are
supplied. This shift reflects a broader transition: extending
the role of photonic devices from demonstrating quan-
tum advantage in sampling problems to realizing practical
advantages in tasks more relevant to real-world applica-
tions. In this context, clarifying the boundary between
classical and quantum computational power is essential.

In this work, we investigate the complexity of simu-
lating bosonic circuits with measurement and feedforward
operations, focusing on how the computational cost of the
simulation depends on the number of measurements for
feedforward operations (see Table I for the main results).
Among various notions of simulation [51,52], we mainly
analyze and compare two: sampling and the quantum
mean-value problem. While non-Gaussian resources gen-
erally render the sampling problem classically intractable

[27–29,53,54], we show that the quantum mean-value
problem can remain efficiently solvable classically even
with highly non-Gaussian inputs, as long as the number of
adaptive measurements is limited. Hence, our main results
characterize the classical costs of these tasks as functions
of the number of measurements and feedforward. Addi-
tionally, it suggests that the requirement for the hardness
of the quantum mean-value problem is significantly more
demanding. We show this by presenting classical algo-
rithms that can efficiently estimate the expectation value
of a product observable when (i) the number of measure-
ments used for feedforward is at most constant and (ii)
the Hilbert-Schmidt norm of the observable is at most
polynomially large.

In this work, we use the term measurement-adaptive
Gaussian circuit for the following class of photonic archi-
tectures. We consider a collection of bosonic modes that
undergo layers of Gaussian unitaries, possibly interleaved
with L layers of measurements on some of the modes.
The measurement outcomes are processed classically and
can be used to choose the subsequent Gaussian unitaries
(feedforward). We allow general, possibly non-Gaussian,
product input states on some modes (e.g., single-photon
or GKP states), while the dynamical gates acting during
the circuit are Gaussian. The special case L = 0 corre-
sponds to a nonadaptive Gaussian circuit, whereas L ≥
1 yields a measurement-adaptive Gaussian circuit in our
terminology.

More specifically, considering practical relevance, we
analyze three circuit families in detail: (i) Gaussian cir-
cuits without feedforward, (ii) Gaussian circuits with
photon-number-resolving detection for feedforward, and
(iii) Gaussian circuits with Gaussian measurements for
feedforward. It is worth emphasizing that if a sufficient
number of photon-number measurements or Gaussian
measurements for feedforward is provided, the circuits (ii)
and (iii) become a universal quantum computer [30,34].
Hence, the quantum mean-value problem becomes BQP-
complete. Therefore, understanding the complexity of the

TABLE I. Comparison of sampling and quantum mean-value estimation complexities for different families of bosonic quantum
circuits: Gaussian circuit without feedforward, Gaussian circuits augmented by photon-number counting and Gaussian feedforward,
and Gaussian circuits augmented by Gaussian measurement and Gaussian feedforward. Here, M is the number of modes and L is the
number of measurement-and-adaptive operations. Asterisks represent the results from this work.

Sampling Quantum mean-value problem
(Gaussian input and measurement)

Gaussian circuits Efficient [31–33] *Efficient (Sec. V A, Theorem 1)
without feedforward
Gaussian circuits + *Efficient when L = O(log M ) *Efficient when L = O(1)
photon-number counting (Sec. V B, Theorem 2) (Sec. V B, Theorem 3),

BQP-complete for general L [30]
Gaussian circuits + *Efficient when L = O(1)
Gaussian measurement Efficient [31–33] (Sec. V C, Theorem 4),

BQP-complete for general L [34]
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quantum mean-value problem is crucial for delineating
regimes where such circuits remain classically simula-
ble (for example, with a bounded amount of adaptivity)
and regimes where they are powerful enough to enable
universal quantum computation. We also emphasize that
our classical algorithms are efficient when the Hilbert-
Schmidt norm of the observable is at most polynomially
large, which is precisely the regime targeted by many
proposals for practical quantum advantage. In photonic
platforms, such proposals typically consider expectation
values of few-mode or k-local observables, for example,
local Hamiltonian terms, correlation functions, witnesses,
or other figures of merit used as quantum-advantage
benchmarks, whose Hilbert-Schmidt norms grow at most
polynomially with the system size (e.g., photonic VQAs
[55–60]). In these scenarios, additive-error estimation
of such observables is the natural accuracy notion, so
our results identify a regime where practically motivated
mean-value tasks remain efficiently classically simulable,
even though the same architectures become BQP-complete
once unrestricted adaptivity is allowed.

To prove the efficiency of our classical algorithms, we
exploit low-rank structures of matrices arising in these
circuits, inspired by Gurvits’ second algorithm, which
enables us to compute the marginal probabilities of Fock-
state boson sampling [27,61]. It is well known that low-
rankness often significantly reduces the computational
complexity in evaluating functions such as the perma-
nent, hafnian, and loop hafnian [62–64]. Using these
observations, we design efficient classical algorithms for
simulating bosonic circuits with a limited number of
measurements for feedforward. In particular, by extend-
ing Gurvits’ second algorithm to more general setups,
our algorithms exploit the low-rank structure of matri-
ces associated with Gaussian circuits, which enables us to
approximate relevant quantities with significantly reduced
computational costs. We expect that our extension of
Gurvits’ second algorithm is of independent interest for the
complexity analysis of bosonic systems.

Our paper is organized as follows. In Sec. II, we
first compare our work to previously known results to
clarify our contributions. In Sec. III, we provide pre-
liminaries for our main results. In Sec. IV, we pro-
vide the details of the problem setups. In Sec. V, we
provide the main results about classical algorithms that
simulate measurement-adaptive Gaussian circuits. More
specifically, in Sec. V A, we consider Gaussian cir-
cuits without feedforward and provide the classical algo-
rithms that solve the sampling and quantum mean-value
problems associated with the circuits, respectively. In
Sec. V B, we introduce measurement-adaptive Gaussian
circuits by photon-number-resolving detectors and provide
the classical algorithms solving the sampling and quantum
mean-value problems, respectively. In Sec. V C, we con-
sider measurement-adaptive Gaussian circuits by Gaussian

measurements and provide the classical algorithms solving
the sampling and quantum mean-value problems, respec-
tively. In Sec. VI, we provide the main techniques that
are necessary for the classical algorithms. In Sec. VII, we
conclude.

II. RELATED PREVIOUS STUDIES

Conceptually, our study aims to find an analogous clas-
sical algorithm in bosonic systems to those for simulating
quantum circuits composed mainly of Clifford gates with a
few T-gates [65,66]. The analogy is that, in qubit systems,
circuits with stabilizer input states, Clifford operations, and
computational basis measurements are efficiently simula-
ble on classical computers by the Gottesman-Knill theorem
[67], whereas the addition of T-gates provides the nec-
essary “magic” for universal quantum computation. In
bosonic systems, Gaussian input states, Gaussian circuits,
and Gaussian measurements play the role of stabilizer-
Clifford circuits, i.e., easy to classically simulate, while
non-Gaussian gates correspond to T-gates, which make
the circuit hard to classically simulate [31,33]. More-
over, just as T-gates can be simulated via gadgets that
rely on measurement and feedforward, we also consider
measurement-induced non-Gaussian elements in bosonic
circuits [30,37].

This analogy has motivated a line of work on the clas-
sical simulation of Gaussian circuits augmented by lim-
ited non-Gaussian resources [53,54,68–74] while many of
which particularly focus on strong simulation, i.e., com-
puting the output (marginal) probabilities [53,54,69,72].
For example, Chabaud and Walschaers [53] and Mele
et al. [74] analyzed the role of non-Gaussian resources in
continuous-variable circuits and identified which types of
resources are necessary to achieve quantum computational
advantage. Chabaud et al. [69], Dias et al. [72], and Hahn
et al. [54] developed classical algorithms for simulating
Gaussian circuits with a small number of non-Gaussian
gates or inputs, primarily targeting sampling problems
and their strong simulations. Other works, such as Veitch
et al. [68], explored the role of Wigner function negativ-
ity as a resource for quantum computational power, while
Bourassa et al. [70] investigated fast classical simulation
methods for restricted classes of photonic circuits. More
recently, Calcluth et al. [73] provided sufficient conditions
for efficient simulation of bosonic circuits under resource
constraints. Overall, these studies mainly focus on classi-
cal simulation in the context of sampling problems, with
a focus on strong simulations, rather than the quantum
mean-value problem that we emphasize here.

Meanwhile, there is also a rich literature on estimating
output probabilities of bosonic circuits with additive error,
which is a special case of the quantum mean-value prob-
lem. In particular, quasi-probability-based methods have
been studied for estimating output probability distributions
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[51,75,76]. For example, Pashayan et al. [51,75] showed
that such estimation techniques can be carried out clas-
sically with complexity depending on the negativity of
the quasi-probability representation. While these methods
have been applied to several interesting systems, they have
not been specifically developed for the class of bosonic cir-
cuits we consider in this work. Additionally, whereas their
algorithms concentrate on estimating output probabilities,
our work addresses a more general problem: the quantum
mean-value problem. Furthermore, our method does not
explicitly depend on the negativity of the quantum circuits,
which is in stark contrast to the previous works, making
our method more generally applicable.

Finally, our previous work initiated the study of
the complexity of the quantum mean-value problem in
nonadaptive linear-optical circuits [77]. While the main
motivation there was to investigate the practicality of
boson-sampling-type architectures, passive linear optics
alone is not believed to render a universal quantum com-
puter. More generally, Gaussian circuits by themselves are
also nonuniversal; universality is recovered only when one
supplements Gaussian or linear-optical unitaries with suit-
able non-Gaussian resources or measurement-based feed-
forward, as in the Knill-Laflamme-Milburn (KLM) scheme
and Gaussian cluster-state architectures. Motivated by this,
in the present work, we extend this line of research from
passive linear optics to a broader class of bosonic circuits,
namely measurement-adaptive Gaussian circuits, where
Gaussian unitaries are interleaved with a finite number
of measurement-and-feedforward layers acting on possi-
bly non-Gaussian resource states. We emphasize that there
is increasing attention to the adaptive circuits due to their
potential practical applications [44,45,78]. From a techni-
cal standpoint, we employ a similar method for the main
routine of the classical algorithms. However, extending
from linear-optical circuits to Gaussian circuits with mea-
surement and feedforward requires a more challenging
subroutine, which is computing marginal probabilities for
general Gaussian circuits. To do this, we extend Gurvits’
second algorithm, which works only for Fock states and
linear-optical circuits, to arbitrary product states and Gaus-
sian circuits [27,61]. To this end, we also provide a clas-
sical algorithm for computing the overlap of a low-mode
quantum state evolved through a linear-optical circuit with
an arbitrary product state.

III. PRELIMINARY

In this section, we provide some preliminaries for the
main results (more details can be found in Refs. [79–
81]). We will mainly focus on M -mode bosonic systems
throughout this work. Here, the annihilation and creation
operators for ith mode are denoted by âi and â†

i , respec-
tively, and they satisfy the canonical commutation relation,
[âi, â†

j ] = δij and [âi, âj ] = [â†
i , â†

j ] = 0. In such systems,

any M -mode operator Ô can be written as a linear combi-
nation of displacement operators,

Ô = 1
πM

∫
d2M αχÔ(α)D̂

†(α), (1)

where χÔ(α) ≡ Tr[D̂(α)Ô] is called the characteristic
function of an operator Ô, and D̂(α) is an M -mode dis-
placement operator of an amplitude α ∈ CM which is a
tensor product of single-mode displacement operators, i.e.,
D̂(α) = ⊗M

i=1D̂(αi) = ⊗M
i=1eαiâ

†
i −α∗

i âi with αi ∈ C. The dis-
placement operator with zero amplitude is equal to the
identity operator D̂(0) = 1̂M , where 1̂M denotes the iden-
tity operator for the M -mode system. An important prop-
erty of the displacement operator that we frequently use is
the following twirling relation:

1
πM

∫
d2MαD̂(α)ÔD̂†(α) = Tr[Ô]1̂M . (2)

Note that the convention of integration is
∫

d2Mα =∫
CM
∏M

j =1 d2αj and
∫

C
d2αj = ∫∞

−∞ d Reαj d Imαj , where
αj = Reαj + i Imαj throughout this work.

A. Gaussian states, circuits, and measurements

In this work, we frequently consider Gaussian states,
Gaussian unitary circuits, and Gaussian measurements
[32,80,81]. Thus, we provide definitions for these objects.

First of all, Gaussian states are defined as the ones whose
characteristic function (or equivalently, the Wigner func-
tion) is Gaussian. The states that are not Gaussian are
called non-Gaussian states.

Gaussian unitary circuits are those that map Gaus-
sian states to Gaussian states. Otherwise, the circuits are
referred to as non-Gaussian. An essential property of
Gaussian unitary circuits is that by the Bloch-Messiah
decomposition, any Gaussian unitary circuit can be written
as a linear-optical circuit Û, the M -mode tensor prod-
uct of single-mode squeezing gates Ŝ(r) = ⊗M

i=1Ŝ(ri), and
another linear-optical circuit V̂, i.e., Ĝ = D̂(β)ÛŜ(r)V̂,
where β ∈ CM is the displacement vector and r ∈ RM is
the squeezing parameter vector. Here, a linear-optical cir-
cuit, a restricted family of Gaussian circuits, is defined
as an operator that transforms bosonic annihilation oper-
ators as

Û†âiÛ =
M∑

j =1

Uij âj , (3)

where U is the associated M × M unitary matrix to
the linear-optical circuit Û. Another important property
that is frequently exploited is that a Gaussian unitary
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circuit transforms a displacement operator into another
displacement operator [32,80,81],

e2i Im(α†β)D̂†(α′) = Ĝ†D̂†(α)Ĝ, (4)

where β is the displacement in Ĝ’s Bloch-Messiah decom-
position and α′ ∈ CM is a function of α that depends on
the Gaussian circuit Ĝ. More specifically, for a Gaussian
unitary that transforms the annihilation operators as

Ĝ†âĜ = X â + Yâ†+β, (5)

where â = (â1, . . . , âM ), we have

α′ = X †α − YTα∗. (6)

Gaussian measurements are the ones whose POVMs are
given as [32,81]

�̂(α) = 1
πM D̂(α)ρ̂GD̂†(α), (7)

where ρ̂G is a Gaussian state that defines the Gaussian
measurement. Gaussian measurements include homodyne,
heterodyne, and general-dyne detections, which are fre-
quently employed in current quantum optical circuits.
Without loss of generality, the Gaussian state ρ̂G that
defines the measurement can be assumed to be a pure
Gaussian state |ψG〉〈ψG| because the Gaussian measure-
ments represented by a mixed Gaussian state can be simu-
lated by those with a pure Gaussian state. Thus, we write
the Gaussian measurements’ POVMs as

�̂(α) = 1
πM D̂(α)|ψG〉〈ψG|D̂†(α). (8)

The completeness of POVMs is guaranteed by the twirling
property of the displacement operator, Eq. (2).

B. The median-of-means estimator

Finally, since all the estimators we use for our classi-
cal algorithms to solve the quantum mean-value problem
are based on the median-of-means estimator [77,82], let
us provide the relevant parameters. Suppose we want to
estimate the mean of a random variable X (α),

E[X ] =
∫

d2Mαp(α)X (α), (9)

where p(α) is a proper probability distribution, i.e., E[X ]
is the average of the random variable X (α) over α ∼ p(α).
Let Var(α) be the variance of the random variable X (α).
Then, the median-of-means estimator is an estimator μ

constructed by taking the median of means of subsamples,
and, importantly, it satisfies

Pr[|μ− E[X ] ≥ ε] ≤ 1 − δ, (10)

if we use N samples, where N ≥ 544Var(X )ε−2 log(1/δ)
[77,82]. Hence, to bound the sample complexity, it suf-
fices to find an upper bound on the variance (or the second
moment) of the random variable X .

C. Sampling by chain rule

Finally, our classical algorithms are randomized algo-
rithms based on sampling using the chain rule of con-
ditional probabilities. More specifically, when we have a
probability distribution p(n), one way to sample n from
the probability distribution is to use the chain rule of the
conditional probability,

p(n) = p(n1)p(n2|n1) · · · p(nM |n1, . . . , nM−1). (11)

Hence, if one can compute the marginal probability, by
sampling each random variable ni using the marginal prob-
abilities, one can sample n from the full probability distri-
bution p(n) [83]. Therefore, the complexity of computing
the marginal probabilities determines that of sampling.

IV. PROBLEM SETUP

For computational tasks, we will examine two problems:
(i) the sampling problem and (ii) the quantum mean-value
problem. We now provide precise definitions of these two
problems.

The sampling problem is defined as simulating the out-
put probability distribution of a given quantum circuit,
which is the basis of the current quantum-advantage exper-
iments, such as random circuit sampling [3–6] and boson
sampling [7–12]. Its definition is as follows:

Definition 1 (Sampling problem). Given as input an
efficient description of an (M + L)-mode product input
state |ψ〉, a quantum circuit E acting on (M + L) modes
that performs measurements on L modes with adaptive
control, and a measurement on the remaining M out-
put modes described by a POVM {�x}, generate output
samples according to the probability distribution p(x) ≡
Tr[�xE(|ψ〉〈ψ |)].

In the definition, two parameters, the number of out-
put modes M and the number of modes that are used
for measurement for adaptive control L, appear. When
L = 0, there is no adaptive control in the circuit. Our main
focus in this work is to investigate for which scalings of
L as a function of M the corresponding sampling prob-
lem admits an efficient classical simulation, i.e., can be
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solved in time polynomial in M , depending on the class
of quantum circuits E .

Note that in our definition, we choose the notion of sam-
pling as exact sampling; hence, it is the hardest for classical
computers (compared to approximate sampling).

For the quantum mean-value problem, the goal is to
estimate the expectation value of a product operator Ô =
Ô1 ⊗ · · · ⊗ ÔM for an output state of a quantum circuit,
|ψout〉, with an additive error,

〈ψout|Ô|ψout〉. (12)

For a finer complexity analysis, we consider a product
structure Ô = ÔA ⊗ 1̂B. Thus,

〈ψout|ÔA ⊗ 1̂B|ψout〉, (13)

where ÔA is the nontrivial part of the observable on sub-
system A, still assumed to be in a product form, i.e.,
ÔA =∏i∈A Ôi. We let l denote the number of modes in the
subsystem A.

Definition 2 (Quantum mean-value problem). Given as
input an efficient description of an (M + L)-mode prod-
uct input state |ψ〉, a quantum circuit E acting on (M + L)
modes that performs measurements on L modes with adap-
tive control, and an M -mode product observable Ô =
ÔA ⊗ 1̂B, estimate the expectation value of Ô with respect
to the output state of the circuit, Tr[ÔE(|ψ〉〈ψ |)] to within
additive error ε with success probability at least 1 − δ.

In this setting, the relevant size parameters are again the
number of output modes M and the number L of modes
used for adaptive control. Our goal in this work is to
identify regimes of L and classes of observables ÔA for
which this quantum mean-value problem admits an effi-
cient classical algorithm, namely one whose running time
is polynomial in M , 1/ε, and log(1/δ).

For quantum circuits, we will focus on the follow-
ing three different families: (i) Gaussian circuits without
feedforward, (ii) Gaussian circuits augmented by photon-
number measurement and adaptive Gaussian unitary gates
depending on the photon-number measurement outcomes,
(iii) Gaussian circuits augmented by Gaussian measure-
ment and adaptive Gaussian unitary gates depending on
the Gaussian measurement outcomes. Here, the choice of
the input states and measurements depends on the tasks.
The main reason that we investigate these three families
is the feasibility of their implementations in practice. One
may notice that we assume that all gate elements, includ-
ing adaptive operations, are composed of Gaussian gates,

which are experimentally accessible. Hence, for the hard-
ness results, non-Gaussian elements, necessary resources
for the hardness, are introduced through the input states
and measurements.

Whenever the underlying circuit model is universal for
quantum computation, in the sense that it can realize
any polynomial-size adaptive circuit, the corresponding
quantum mean-value problem is BQP-complete: additive-
error estimation of suitable observables already captures
the full power of a universal quantum computer. In our
measurement-adaptive Gaussian architecture, this univer-
sality can be achieved by allowing the number L of adap-
tive measurements to grow polynomially with the system
size [30,34], whereas our main results show that for any
fixed constant L the quantum mean-value problem for a
broad class of observables remains efficiently classically
simulable.

For the sampling problem, we restrict to Gaussian input
states and Gaussian measurements; otherwise, the corre-
sponding sampling problems are already known to be hard
to classically simulate due to boson sampling’s hardness
results [27–29,84]. Under this restriction, the first and third
circuit families are already known to be efficiently sim-
ulable, since all elements are Gaussian [85]. In contrast,
the second family is still nontrivial because it necessar-
ily involves non-Gaussian elements. On the other hand,
for the quantum mean-value problem, a general product
input state and measurement, which may be non-Gaussian,
is considered.

Finally, for simplicity, we will frequently assume that
relevant quantum states (not for Gaussian states) have a
finite maximum photon number,

|ψ〉 =
M⊗

i=1

⎛
⎝nmax∑

mi=0

a(i)mi
|mi〉

⎞
⎠ , (14)

where |mi〉 is the Fock state with photon number mi and
a(i)mi

is the coefficient of the ith mode’s mi Fock state. When
a given state does not satisfy this, we can approximate it
by truncating the state by choosing the maximum photon
number nmax appropriately. Although it induces an approx-
imation error, such an approximation error is negligible if
we choose nmax sufficiently large. Since the high photon
occupation probability decays quickly in typical physical
states, nmax does not have to be high in practice. For exam-
ple, the system with dual-rail qubit encodings, such as the
KLM protocol, requires only nmax = 1, and few-photon
Fock states or weakly squeezed states may not require
more than nmax larger than 10 in general. As an example,
Ref. [24], simulating large-scale Gaussian boson-sampling
experiments, uses nmax = 7–10 to suppress the truncation
error.

010329-6



CLASSICAL ALGORITHMS FOR MEASUREMENT-ADAPTIVE. . . PRX QUANTUM 7, 010329 (2026)

V. CLASSICAL ALGORITHMS

A. Gaussian circuits without feedforward

In many optical quantum circuits, Gaussian circuits are
relatively easy to implement, but not sufficient for uni-
versal quantum computation. Hence, additional resources
are introduced through non-Gaussian state preparation,
non-Gaussian measurements, and measurement and feed-
forward [30,37–39,41,42]. In this section, however, we
investigate Gaussian circuits without any measurement
and feedforward operations, but allow arbitrary input states
and measurements, and we consider the associated compu-
tational tasks.

1. Sampling

For sampling, we consider the following configura-
tion:

(1) Input state: product state;
(2) Quantum circuit: Gaussian unitary circuit;
(3) Measurement: Gaussian measurement.

As emphasized in the previous section, since such a con-
figuration can realize boson-sampling circuits [27–29],
classical simulation of their sampling behavior is known
to be hard. On the other hand, if the input state is restricted
to Gaussian states and hence the entire circuit is Gaus-
sian, it is well established that such circuits are efficiently
classically simulable [31–33].

2. Quantum mean-value problem

We now consider the quantum mean-value problem in
this setup with the following configuration:

(1) Input state: product state;
(2) Quantum circuit: Gaussian unitary circuit;
(3) Observable: product observable.

Thus, we consider approximation of 〈ψ |Ĝ†ÔĜ|ψ〉, where
Ĝ is a Gaussian unitary circuit, |ψ〉 is an arbi-
trary product state, and Ô = ÔA ⊗ 1̂B is a product
observable: For linear-optical circuits, it was proven
in Ref. [77] that estimating the expectation value
within additive error ε with success probability 1 −
δ requires O(M 2‖ÔA‖2

2Tr[ρ̂2
A] log(1/δ)/ε2) computational

cost, where ρ̂A ≡ TrB[Ĝ|ψ〉〈ψ |Ĝ†] is the reduced density
matrix on the system A. Here we extend this result from
linear-optical circuits to general Gaussian circuits:

Theorem 1 (Quantum mean-value problem in Gaus-
sian circuits without feedforward). Consider an M -mode
Gaussian circuit Ĝ and an arbitrary product input state
|ψ〉, and an M -mode product operator Ô = ÔA ⊗ 1̂B.
The expectation value 〈ψ |Ĝ†ÔĜ|ψ〉 can be approximated

within additive error ε with probability 1 − δ in running
time

O

(
M 2‖ÔA‖2

2Tr[ρ̂2
A] log(1/δ)

ε2

)
, (15)

where ρ̂A ≡ TrB[Ĝ|ψ〉〈ψ |Ĝ†] is the reduced density matrix
on the system A.

Proof sketch. Details are provided in Appendix A 1.
Using Eq. (1), the mean value can be rewritten as

〈ψ |Ĝ†(ÔA ⊗ 1̂B)Ĝ|ψ〉 =
∫

d2lαA p(αA)X (αA), (16)

where l is the number of modes in the subsystem A, and we
defined a probability distribution and a random variable,

p(αA) =

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

, X (αA) =
χ∗
ρ̂A
(αA) ‖ÔA‖2

2

χ∗
ÔA
(αA)

, (17)

respectively. By the twirling property, Eq. (2), p(αA) is
a normalized probability distribution. Thus, the expecta-
tion value equals the mean of the random variable X (αA),
which allows us to employ the median-of-means estimator.

By direct calculation, we show that the variance of X
is bounded above by ‖ÔA‖2

2‖ρ̂A‖2
2. Moreover, the prod-

uct structure of p(αA) and Eq. (4) guarantee that sampling
αA ∼ p(αA) and evaluating X (αA) can be done efficiently,
respectively. Explicitly, they can be written in a product
structure,

p(αA) =
∏
i∈A

∣∣∣χÔi
(αi)

∣∣∣2

π‖Ôi‖2
2

, (18)

X (αA) =
M∏

i=1

χ∗
ψi
(α′

i)
∏
i∈A

‖Ôi‖2
2

χ∗
Ôi
(αi)

, (19)

where α′ is defined by

D̂†(α′) = Ĝ†(D̂†(αA)⊗ D̂†(0B)
)
Ĝ, (20)

and computed in O(lM ). Hence, applying the median-of-
means estimator Eq. (10) with the above variance bound
then yields the claimed complexity. �

Hence, the algorithm runs as follows:

(1) Sample αA ∈ Cl from p(αA) by independently sam-
pling αi from |χÔi

(αi)|2/(π‖Ôi‖2
2);

(2) Compute X (αA) for the sampled αA by using
Eq. (6);
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(3) Apply the median-of-mean estimator to estimate the
expectation value.

Here, for sampling from |χÔi
(αi)|2/(π‖Ôi‖2

2), one may
consider various well-known classical algorithms. For
example, for general purposes rejection sampling and
Markov Chain Monte Carlo algorithms are natural choices
to perform the sampling [86] since we can efficiently
compute the probability density.

On the other hand, Theorem 1 shows that whenever
‖ÔA‖2

2 = O(poly(M )), there exists a classical algorithm
that efficiently solves the quantum mean-value problem for
Gaussian circuits. This condition is naturally met in many
relevant scenarios, such as local observables with support
on l = O(1)modes and low-rank (possibly global) observ-
ables whose Hilbert-Schmidt norm remains polynomially
bounded. The former is particularly relevant for near-term
applications that focus on estimating local quantities (e.g.,
VQAs [55–60]), as discussed in the Introduction.

We note that the dependence of the classical complex-
ity on the number of modes l in the subsystem A enters
mainly through the Hilbert-Schmidt norm ‖ÔA‖2

2 and the
local purity Tr[ρ̂2

A]. When l = ω(1), the Hilbert-Schmidt
norm can become extensive or even grow exponentially
with l (for instance, for highly nonlocal observables with
large support), which in turn can make the runtime expo-
nentially large. In contrast, for genuinely local few-body
observables or low-rank observables with bounded spec-
trum, ‖ÔA‖2

2 typically remains polynomial in M , so that
this potential source of hardness is absent. On the other
hand, if the output state is highly entangled, the purity of
the reduced state Tr[ρ̂2

A] can be significantly suppressed.
This suppression always reduces the complexity, but for
typical highly entangled states, one still expects at most an
inverse-polynomial suppression in M since typical highly
entangled states’ purity is at least inverse-polynomial in
the system size M [87,88].

We emphasize that the input state may be arbitrary as
long as it is a product state. Hence, even if the input state
has a large amount of non-Gaussian resources, such as a
high stellar rank [89], the corresponding quantum mean-
value problem is still easy, which is in stark contrast to the
sampling problem.

B. Photon-number-measurement-adaptive Gaussian
circuits

The Gaussian circuits considered in the preceding
section are not believed to be as powerful as a universal
quantum computer, even when supplemented with non-
Gaussian inputs or measurements [27]. Consequently, in
many photonic architectures, universal quantum compu-
tation is pursued through intermediate measurements and
feedforward, as the direct implementation of non-Gaussian
gates is often experimentally demanding. For feasibility,
we assume that the feedforward unitaries are Gaussian.

In this section, we consider photon-number-resolving
detections for feedforward operations. In other words, con-
ditioned on the detected photon numbers, a measurement-
outcome-dependent Gaussian operation is applied. We
now analyze the computational complexity of simulating
such circuits for both sampling and mean-value estimation,
with particular emphasis on the dependence on the number
of measurements and adaptive steps.

1. Measurement and feedforward

We now formulate circuits augmented with measure-
ment and feedforward (see Fig. 1). The circuit consists
of a computing register and a measurement register: the
modes in the computing register are retained until the final
measurement, while the modes in the measurement register
are measured in the middle, and the outcomes are used to
determine feedforward operations on either the computing
or measurement registers.

FIG. 1. Schematics of quantum circuits of interest in this work. The input state is a product state, and the quantum circuits are com-
posed of Gaussian circuits, measurements, and feedforward operations. More specifically, we consider photon-number measurements
(Sec. V B) and Gaussian measurements (Sec. V C) for feedforward operations. The final measurement on the computing register is
always Gaussian for sampling and implicit for the quantum mean-value problem, depending on the observable. Note that the final
measurement can also be adaptive through the final circuit layer ĜL+1.
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We begin with a product input state |ψ〉 and apply a
Gaussian unitary Ĝ(1),

|ψ(1)〉 = Ĝ(1)|ψ〉. (21)

Next, one of the modes is measured using a rank-one
POVM {|n1〉〈n1|}n1 , and an adaptive Gaussian unitary is
applied to the remaining modes,

|ψ(1)〉 → Ĝ(2)
n1
(1̂ ⊗ 〈n1|)|ψ(1)〉 ≡ |ψ̃(2)

n1
〉, (22)

where |ψ̃(2)
n1

〉 is a unnormalized state. More generally, at the
kth step, we have

|ψ̃(k)
n1,...,nk−1

〉 → Ĝ(k+1)
n1,...,nk

(1̂ ⊗ 〈nk|)|ψ̃(k)
n1,...,nk−1

〉 (23)

≡ |ψ̃(k+1)
n1,...,nk

〉. (24)

The intermediate (unnormalized) state can be rewritten as

|ψ̃(k+1)
n1,...,nk

〉 = 〈n1, . . . , nk|Ĝ(k+1)
n1,...,nk

· · · Ĝ(2)
n1

Ĝ(1)|ψ〉 (25)

≡ 〈n1, . . . , nk|Ĝn1,...,nk |ψ〉 (26)

≡ 〈n1, . . . , nk|ψn1,...,nk 〉, (27)

and the probability of observing outcome (n1, . . . , nk) is

p(n1, . . . , nk) ≡ 〈ψ̃(k+1)
n1,...,nk

|ψ̃(k+1)
n1,...,nk

〉. (28)

After L steps of measurement and adaptive operations,
the final state is written as

|ψ̃(L+1)
n1,...,nL

〉, (29)

and the corresponding probability distribution factorizes as

p(n1, . . . , nL) = p(n1)p(n2|n1) · · · p(nL|n1, . . . , nL−1).
(30)

By measuring the final quantum state |ψ̃(L+1)
n1,...,nL

〉, the com-
putation is completed. Now, let us consider the sampling
problem and the quantum mean-value problem, respec-
tively.

2. Sampling

We now consider a Gaussian input state and a Gaussian
measurement at the final stage. Thus, the configuration is
as follows:

(1) Input state: Gaussian input state;
(2) Quantum circuit: Gaussian unitary circuit with L

adaptive photon-number measurements;
(3) Final measurement: Gaussian measurement.

This restriction is natural because if we allow a non-
Gaussian measurement, then even without mid-circuit
measurements, the classical simulation of sampling is
already hard due to the hardness of boson sampling [27–
29]. Similarly, if we allow a non-Gaussian input with
Gaussian measurements, the resulting configuration has
also been proven to be classically hard [84]. Therefore,
throughout this subsection, we assume Gaussian inputs and
Gaussian final measurements.

Let L denote the number of modes used for adaptive
photon-number measurements. We prove that when L =
O(log M ), the sampling problem can be simulated effi-
ciently. More specifically, since the intermediate measure-
ments that are not used for Gaussian adaptive feedforward
can be deferred to the end of the circuit, we prove that the
sampling problem can be efficiently simulated if the output
measurement is composed of M Gaussian measurements
and L photon-number resolving measurements, where the
latter can be used for Gaussian feedforward.

Theorem 2 (Sampling in Gaussian circuits with pho-
ton-number measurement and Gaussian feedforward).
Consider an (M + L)-mode Gaussian input state, an (M +
L)-mode Gaussian circuit, and a measurement scheme
on the output modes that consists of (i) photon-number-
resolving measurements on at most L modes and (ii)
Gaussian measurements on the remaining M modes. The
photon-number measurements may be performed adap-
tively, in the sense that arbitrary Gaussian operations may
depend on the previous outcomes (Gaussian feedforward).
If L = O(log M ), then the sampling from the resulting out-
put distribution can be efficiently simulated on a classical
computer.

Proof. The output probability distribution of the final
Gaussian measurement {�̂(α)} under adaptive operations
on M modes can be written as

p(α) =
∑

n

p(n) p(α|n) (31)

=
∑

n

p(n)
〈ψn|(�̂(α)⊗ |n〉〈n|)|ψn〉
〈ψn|(1̂M ⊗ |n〉〈n|)|ψn〉

, (32)

where n ≡ (n1, . . . , nL), |ψn〉 ≡ Ĝn|ψ〉, and

p(n) = 〈ψn|(1̂M ⊗ |n〉〈n|)|ψn〉. (33)

Here, Ĝn denotes the feedforward Gaussian circuit con-
ditioned on outcome n, and �̂(α) is a Gaussian POVM.
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Hence, p(n) is normalized to 1 as

1 =
∑

n

p(n) =
∑

n

〈ψn|(1̂M ⊗ |n〉〈n|)|ψn〉

=
∑

n

〈ψ̃n|ψ̃n〉, (34)

where |ψ̃n〉 ≡ 〈n|ψn〉 is the unnormalized postmeasure-
ment state obtained when the measurement for feedfor-
ward is n.

Our classical sampling algorithm proceeds as fol-
lows. First, sample n from p(n) using a chain-rule-based
algorithm,

p(n) = p(n1)p(n2|n1) · · · p(nL|n1, . . . , nL−1), (35)

where the computational cost mainly depends on the
complexity of computing the marginal probabilities
p(n1, . . . , nk). Next, for the obtained n, sample α from

p(α|n) = 〈ψn|(�̂(α)⊗ |n〉〈n|)|ψn〉
〈ψn|(1̂M ⊗ |n〉〈n|)|ψn〉

, (36)

which completes the procedure.
The computational bottleneck is thus (i) computing

the marginal probabilities of p(n) and (ii) evaluating
〈ψn|(�̂(α)⊗ |n〉〈n|)|ψn〉. Since |ψn〉 is Gaussian, these
quantities reduce to evaluating loop hafnians [19,28],
whose cost scales exponentially in the number of measured
modes L [20]. Because �̂(α) is Gaussian, the numerator
also reduces to a loop hafnian of size L.

Therefore, the overall simulation is efficient whenever
L = O(log M ), establishing the theorem. �

Hence, in summary, the algorithm runs as follows:

(1) Sample n from p(n) by using the chain-rule-based
algorithm, where p(n)’s marginal probabilities are
given by loop hafnians [19,28];

(2) Sample α from p(α|n) for a given n by using the
chain-rule-based algorithm, which again reduces to
computing loop hafnians.

3. Quantum mean-value problem

We now turn to the quantum mean-value problem in
this circuit configuration. Thus, we now consider the quan-
tum mean-value problem in this setup with the following
configuration:

(1) Input state: product state;
(2) Quantum circuit: Gaussian unitary circuit with L

adaptive photon-number measurements;
(3) Observable: product observable.

Here, we assume a general product state as the input, and
the measurement is implicit since the goal is to estimate
the expectation value of an observable Ô. We show that if
the number of adaptive measurements L is constant, i.e.,
L = O(1), the observable can be efficiently estimated on a
classical computer, provided the Hilbert-Schmidt norm of
the operator Ô is at most polynomially large:

Theorem 3 (Quantum mean-value problem in Gaussian
circuits with photon-number measurement and Gaussian
feedforward). Consider an arbitrary product input state
and a Gaussian circuit, augmented by photon-number mea-
surements and Gaussian feedforward, which outputs an
M -mode quantum state, and assume that the input state has
a fixed maximum photon number. If the number of photon-
number measurements used for feedforward is L = O(1),
then the expectation value of an M -mode observable Ô =
ÔA ⊗ 1̂B can be approximated within additive error ε and
success probability 1 − δ in running time,

O

(
poly(M )‖ÔA‖2

2En[Tr(ρ̂2
n)] log(1/δ)

ε2

)
, (37)

where ρ̂n is the reduced density matrix on the system A
when the photon-number measurement outcome is n and
En[Tr(ρ̂2

n)] is the average purity.

Again, we emphasize that because the input can be an
arbitrary product state, it may have a large non-Gaussian
resource. However, this resource does not change the com-
plexity, unlike sampling; instead, the number of measure-
ments for feedforward drastically changes the complexity.

Finally, we remark that, as in the sampling task, if the
input state is Gaussian instead of an arbitrary state, then
sampling from p(n) and computing X (n, αA) that appear
in the proof remain efficient up to L = O(log M ) because
computing p(n) and X (n, αA) reduces to computing
(loop-)hafnians associated to L-mode Gaussian states,
which can be computed in O(exp(L)) [20].

Proof sketch. Details are provided in Appendix A 2.
Consider a general product input |ψ〉. The probability of
obtaining measurement outcome n is then written as

p(n) = 〈ψn|(1̂ ⊗ |n〉〈n|)|ψn〉, (38)

where |ψn〉 ≡ Ĝn|ψ〉 is the (unnormalized) postmeasure-
ment state for outcome n.

For a given measurement outcome n, the conditional
expectation value of Ô = ÔA ⊗ 1̂B is given by

〈ψ |Ĝ†
n(ÔA ⊗ 1̂B ⊗ |n〉〈n|)Ĝn|ψ〉

〈ψ |Ĝ†
n(1̂A ⊗ 1̂B ⊗ |n〉〈n|)Ĝn|ψ〉

, (39)
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and averaging over all outcomes gives

〈Ô〉 =
∑

n

〈ψ |Ĝ†
n(ÔA ⊗ 1̂B ⊗ |n〉〈n|)Ĝn|ψ〉, (40)

which is thus the expectation value we want to estimate.
We now rewrite the expectation value of Ô as

〈Ô〉 =
∫

d2lαA

∑
n

p(n) q(αA)X (n, αA), (41)

where l is the number of modes in the subsystem A, and we
defined a probability distribution and a random variable,

q(αA) ≡

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

, (42)

X (n, αA) ≡ ‖ÔA‖2
2〈ψn|(D̂†(αA)⊗ 1̂B ⊗ |n〉〈n|)|ψn〉

p(n)χ∗
ÔA
(αA)

,

(43)

respectively. Here, the normalization of q(αA) follows
from the twirling property of displacement operators,
Eq. (2). Due to the above expression of the expectation
value, our algorithm estimates 〈Ô〉 by sampling n ∼ p(n)
and αA ∼ q(αA), and then applying the median-of-means
estimator to X (n, αA).

By direct calculation, we upper-bound the variance of
X by ‖ÔA‖2

2 En[Tr(ρ̂2
n)], where ρ̂n is the reduced density

matrix on subsystem A for outcome n.
Finally, efficient implementation requires analyzing

three subroutines: (i) sampling from p(n), (ii) sampling
from q(αA), and (iii) computing X (n, αA).

Sampling from q(αA) is straightforward due to its prod-
uct structure, cf. Eq. (18). Sampling from p(n) amounts
to computing marginal photon-number probabilities of a
state obtained by applying a Gaussian circuit to a gen-
eral product input. This is nontrivial in general. For Fock
input states and linear-optical circuits, Gurvits introduced
an algorithm (the so-called Gurvits’ second algorithm) that
is efficient whenever the number of marginal modes is
constant [27,61]. We extend this algorithm to arbitrary
product input states and Gaussian circuits (see Sec. VI and
Appendix F for more details):

Lemma 1 (Computing photon-number marginal prob-
abilities in Gaussian circuits). Consider an M -mode
bosonic system, product states |ψ〉, |φ〉, a Gaussian uni-
tary Ĝ0, and an L-mode Fock state |n〉. Here, we assume
that the states |φ〉 and |ψ〉 have a fixed maximum photon
number. Then

〈φ|Ĝ†
0(1̂ ⊗ |n〉〈n|)Ĝ0|ψ〉 (44)

can be exactly computed in polynomial time in M if
L = O(1).

Note that |ψ〉 and |φ〉 may differ, which is an additional
generalization beyond Gurvits’ original setting. Using this
lemma, we can efficiently sample from p(n)whenever L =
O(1).

Finally, evaluating X (n, αA) requires computing a sim-
ilar overlap term. Since the lemma also applies when |ψ〉
and |φ〉 differ, we can absorb D̂†(αA) into the input and
compute the random variable X (n, αA) efficiently when
L = O(1).

This completes the proof of the theorem. More detailed
analysis can be found in Sec. VI and Appendix F. �

Thus, in summary, the algorithm runs as follows:

(1) Sample αA ∈ Cl from |χÔA
(αA)|2 by sampling αi

independently from |χÔi
(αi)|2;

(2) Given αA, we compute X (n, αA) by invoking
Lemma 1;

(3) Apply the median-of-means estimator for the col-
lected samples.

As in Theorem 1, the dependence on the system size
A, l, is implicitly determined by the Hilbert-Schmidt norm
of the operator ÔA and the average purity. For exam-
ple, the l = O(1) case can be efficiently solved using our
algorithm if L = O(1), whereas l = ω(1) can be hard for
our algorithm. We remark that this clearly suggests a tran-
sition between a setup with limited adaptivity and the
universal quantum computer through increasing the adap-
tive steps because while the universal quantum computer,
i.e., L = poly(M )with l = O(1) is sufficient to solve BQP-
complete problems, our theorem shows that the l = O(1)
case is easy for classical computer.

C. Gaussian-measurement-adaptive Gaussian circuits

In this section, instead of photon-number-measurement-
based feedforward, we consider feedforward based on
Gaussian measurements, which is more experimentally
accessible. Although the operations remain Gaussian, it
is known that if non-Gaussian input states are provided,
Gaussian circuits with Gaussian-measurement-based feed-
forward and Gaussian final measurements are sufficient for
universal quantum computation [34].

1. Sampling

Since this family includes, as a subset, the Gaussian
circuits considered in the previous section, simulating the
sampling problem with either general non-Gaussian input
states or general non-Gaussian measurements is classi-
cally hard. On the other hand, if both the input states
and final measurements are Gaussian, then the entire pro-
cess remains Gaussian, and simulating such circuits is
efficiently possible on a classical computer.
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2. Quantum mean-value problem

Let us consider the quantum mean-value problem in
this circuit configuration with a general product input |ψ〉.
Thus, we now consider the quantum mean-value problem
in this setup with the following configuration:

(1) Input state: product state;
(2) Quantum circuit: Gaussian unitary circuit with L

adaptive Gaussian measurements;
(3) Observable: product observable.

We now show that the computational complexity for solv-
ing this problem is at most polynomial in the system size
if the number of measurements for feedforward operations
is L = O(1):

Theorem 4 (Quantum mean-value problem in Gaussian
circuit augmented by Gaussian measurement and Gaus-
sian feedforward). Consider an arbitrary product input and
a Gaussian circuit, augmented by Gaussian measurements
and Gaussian feedforward, which outputs an M -mode
quantum state, and assume that the input state has a fixed
maximum photon number. If the number of Gaussian mea-
surements for feedforward is at most constant, i.e., L =
O(1), the expectation value of an M -mode product observ-
able Ô ≡ ÔA ⊗ 1̂B can be approximated within additive
error ε with probability 1 − δ in running time,

O

(
poly(M )‖ÔA‖2

2Eβ[Tr(ρ̂2
β)] log(1/δ)

ε2

)
, (45)

where ρ̂β is the reduced density matrix on the system
A when the Gaussian measurement outcome is β and
Eβ[Tr(ρ̂2

β)] is the average purity.

Interestingly, even if the measurements for feedforward
are Gaussian, the complexity increases as in the photon-
number measurement case. While surprising, on a high
level, this is consistent with a known result in Ref. [34],
which demonstrates that Gaussian operations, including
measurements and feedforward, are sufficient when GKP
states are provided as input.

Proof sketch. The details of the proof are provided in
Appendix A 3. First of all, the probability of obtaining β

for feedforward is

p(β) = 〈ψβ |(1̂A ⊗ 1̂B ⊗ �̂(β))|ψβ〉, (46)

where |ψβ〉 ≡ Ĝβ |ψ〉 is the (unnormalized) postmeasure-
ment state upon measurement outcome β and {�̂β =
D̂(β)|ψG〉〈ψG|D̂†(β)/πL} is Gaussian POVMs. Thus, the

expectation value when the outcome is β is

〈ψ |Ĝ†
β(ÔA ⊗ 1̂B ⊗ �̂(β))Ĝβ |ψ〉

〈ψ |Ĝ†
β(1̂A ⊗ 1̂B ⊗ �̂(β))Ĝβ |ψ〉

. (47)

If we take average over β, we obtain the expectation value,
which is written as

〈Ô〉 =
∫

d2Lβ〈ψβ |(ÔA ⊗ 1̂B ⊗ �̂(β))|ψβ〉 (48)

=
∫

d2lαAd2Lβp(β)q(αA)X (β, αA), (49)

where l is the number of modes in the subsystem A, and we
defined a probability distribution

q(αA) ≡

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

, (50)

and the random variable

X (β, αA) = ‖ÔA‖2
2〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ �̂(β))|ψβ〉

p(β)χ∗
A(αA)

.

(51)

By direct calculation, we prove that the vari-
ance of the random variable is upper-bounded by
O(‖ÔA‖2

2Eβ[Tr(ρ̂2
β)]), where ρ̂β is the reduced density

matrix on the Hilbert space A when the measurement out-
comes are β and the average is taken over the probability
distribution p(β).

For the algorithm, we need to be able to (i) sample from
q(αA), (ii) sample from p(β), and (iii) compute X (β, αA).
As before, (i) is easy because of the product structure of
ÔA. Computing the marginal probability of p(β) can be
done efficiently when the number of modes involved in
�̂(β) is at most constant, i.e., L = O(1) due to Lemma
1. Similarly, using Lemma 1, X (β, αA) can be efficiently
computed when L = O(1). Hence, the theorem. �

Thus, in summary, the algorithm runs as follows:

(1) Sample αA ∈ Cl from |χÔA
(αA)|2 by sampling αi

independently from |χÔi
(αi)|2;

(2) Given αA, we compute X (β, αA) by invoking
Lemma 1;

(3) Apply the median-of-means estimator for the col-
lected samples.

As we have seen from the two previous theorems,
Lemma 1 plays a crucial role in our classical algorithms.
For the rest of this paper, we introduce the classical
algorithm for the lemma.
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VI. CLASSICAL ALGORITHMS USING
LOW-RANK STRUCTURES

In this section, we present the details of Lemma 1, which
plays a crucial role in our classical algorithms. First, we
reduce the task of computing marginal probabilities in the
photon-number basis to evaluating an associated generat-
ing function (see below for the precise definition). We then
compute this generating function. As a first step, we show
that the amplitudes of few-mode quantum states can be
computed efficiently. Building on this, we demonstrate that
the generating function corresponding to photon-number
marginals over a small number of modes can likewise
be computed efficiently on a classical computer. The lat-
ter can be viewed as an extension of Gurvits’ second
algorithm [27,61]. Conceptually, these results leverage the
correspondence between few-mode structure and low-rank
matrices, making the relevant quantities amenable to effi-
cient classical computation or simulation. We expect that
the results—and their proofs—are of independent inter-
est in the study of computational complexity for quantum
optical systems.

A. Computing the marginal probabilities of Gaussian
circuits on photon-number basis

In this section, we show a way to compute the marginal
probability in the photon-number basis for the output state
generated by a Gaussian circuit Ĝ0 applied to a product
state |ψ〉. Let us consider a general expression

q(n) = 〈φ|Ĝ†
0|n〉〈n|Ĝ0|ψ〉, (52)

and its marginal

q(n1, . . . , nL) =
∞∑

nL+1,...,nM =0

q(n) (53)

= 〈φ|Ĝ†
0(|n1, . . . , nL〉〈n1, . . . , nL| ⊗ 1̂)Ĝ0|ψ〉. (54)

One may see that when |φ〉 = |ψ〉, q(n) represents the
(marginal) probability in the photon-number basis. Thus,
we call this function a marginal probability in a broader
sense even when |ψ〉 �= |φ〉. We have seen that this func-
tion plays a central role in the classical algorithms intro-
duced in Sec. V. We present a general recipe to compute
this function below. Note that we now assume that |ψ〉
and |φ〉 have a maximum photon-number cutoff nmax for
simplicity, as discussed in Sec. IV.

Before considering general cases, we first note that in
the case of a Gaussian state |ψ〉, this is expressed simply
as a loop hafnian with matrix size given by L [20,63,90]
and thus the complexity is exponential in the number
of modes. Thus, when L is at most logarithmic, we can
compute this quantity in polynomial time. However, in
more general cases, i.e., for non-Gaussian states, it may

not be written as a simple loop hafnian. Remarkably,
for Fock-state input |ψ〉 = |m〉 and linear-optical circuit,
there is a well-known algorithm, so-called Gurvits’ second
algorithm, which enables us to compute q(n) with com-
plexity O(N 2L+1), where N is the total photon number of
|m〉 (see Sec. VI B 1) [27,61]. Hence, when L = O(1), i.e.,
the number of marginal modes is at most constant, the
corresponding quantity can be efficiently computed using
classical computers. Our main contribution is to general-
ize this result for Fock states and linear-optical circuits
to general product input states |φ〉 and |ψ〉 and Gaussian
circuits.

The main idea is to exploit the following Fourier relation
[27,64] (see Appendix B for the details):

G̃(k) ≡ 〈φ|Ĝ†
0e−ikθ n̂·ωĜ0|ψ〉, (55)

G(
) ≡
∞∑

n=0

q(n)δ(
− ω · n) = 1

max + 1


max∑
k=0

G̃(k)eik
,

(56)

where n̂ ≡ (n̂1, . . . , n̂M ) is the photon number oper-
ator vector for M modes, where n̂i ≡ â†

i âi, k,
 ∈
{0, . . . ,
max}, θ ≡ 2π/(
max + 1), and ω ∈ RM . Thus, if
we want to compute the marginal probability of q(n) on
the Fock basis up to the Lth mode, we set

ω = (ω1, . . . ,ωL, 0, . . . , 0), (57)

where ωi = (nmax + 1)i−1. Then, each
 ∈ {0, . . . , (nmax +
1)L − 1} corresponds to distinct marginal probabilities of
q(n) where ni ≤ nmax. More explicitly, if we want to com-
pute q(n1, . . . , nL), we set 
 =∑L

i=1 ωini with ω defined
above and compute the corresponding G(
), which is
equivalent to q(n1, . . . , nL). Therefore, if we can compute
G̃(k), in principle, we can compute G(
) and thus its
marginal probabilities. Here, because we need to sum k
from 0 to 
max, the complexity increases as O((nmax +
1)L). With this in mind, computing q(n) or its marginal
probabilities boils down to exactly computing

〈φ|Ĝ†
0P̂(ϕ)Ĝ0|ψ〉 ≡ 〈φ|Ĝ|ψ〉, (58)

where P̂(ϕ) ≡ eiϕ·n̂ is a phase shifter with (ϕ1, . . . ,ϕL,
0, . . . , 0), which has exactly the same form of G̃(k). We
refer to this function as a generating function. Hence,
the main complexity of this algorithm is attributed to
computing G̃(k).

B. Generalized Gurvits’ second algorithm

In this section, we prove that

G̃(k) = 〈φ|Ĝ†
0P̂(ϕ)Ĝ0|ψ〉 (59)

is easy to compute when |ψ〉 and |φ〉 are product states
and ϕ has at most constant nonzero phases. Without loss
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of generality, let ϕ = (ϕ1, . . . ,ϕL, 0, . . . , 0) throughout this
section.

As mentioned above, it has been known for Fock states
and linear-optical circuits, |ψ〉 = |φ〉 = |n〉 and Ĝ0 = Û is
a linear-optical circuit, that G̃(k) can be computed in a
polynomial time when L is at most a constant:

Lemma 2 (Gurvits’ second algorithm [27,61]). Con-
sider an M -mode linear-optical circuit Û, a phase-shifter
operator P̂(ϕ) with ϕ ≡ (ϕ1, . . . ,ϕL, 0, . . . , 0), and a Fock
state |n〉. If L = O(1),

〈n|Û†P̂(ϕ)Û|n〉 (60)

can be exactly computed in polynomial time in the total
photon number in |n〉 and the number of modes M .

We generalize this to arbitrary product states |ψ〉 and
|φ〉, which may be different, and an arbitrary Gaussian
circuit Ĝ0:

Lemma 3 (Generating function). Consider an M -mode
bosonic system. Let Ĝ0 be a Gaussian unitary circuit and
P̂(ϕ) be the phase shifter with phase ϕ and |ψ〉 and |φ〉
be product states. If the number of nonzero elements in
ϕ ≡ (ϕ1, . . . ,ϕL, 0, . . . , 0) is L = O(1),

〈φ|Ĝ†
0P̂(ϕ)Ĝ0|ψ〉 (61)

can be exactly computed in polynomial time in M and
nmax.

Using the above lemma, we can immediately see that
Lemma 1 is true by using the relationship between G(
)
and G̃(k), which is restated here:

Lemma 4 (Lemma 1 restated). Consider an M -mode
bosonic system, product states |ψ〉, |φ〉, a Gaussian unitary
Ĝ0, and an L-mode Fock state |n〉. Then

〈φ|Ĝ†
0(|n〉〈n| ⊗ 1̂)Ĝ0|ψ〉 (62)

can be exactly computed in polynomial time in M and nmax
if L = O(1).

Hence, from now on, we will focus on proving
Lemma 3.

Before we do that, we emphasize that the generating
function is reduced to the permanent of a matrix with
rank depending on L [27,61] when |ψ〉 = |φ〉 are Fock
states and the circuit is a linear-optical circuit. We will
demonstrate how to compute this quantity as a warm-
up example to generalize the approach further below. On
the other hand, for Fock states and general Gaussian cir-
cuits, the generating function reduces to a loop hafnian

[64,90], which also allows a classical algorithm to exploit a
low-rank structure to reduce the computational complexity
[64]. Notably, such a structure still allows us to compute
the generating function even when |ψ〉 and |φ〉 are gen-
eral product states by using the classical algorithm from
Ref. [64], which will be shown in Appendix F.

1. Warm-up example: Permanent

To provide the main technique, we first consider the sim-
plest example: permanent. The permanent of an N × N
matrix A is defined as

Per(A) ≡
∑
σ∈SN

N∏
i=1

Ai,σ(i). (63)

There are many ways to compute the permanent of a
matrix, such as Ryser’s formula [91]. One of the meth-
ods that is relevant to our work is the polynomial method
[91]. To be more specific, we define a polynomial of
indeterminates x1, . . . , xN as

F(x1, . . . , xN ) =
N∏

i=1

⎛
⎝ N∑

j =1

Aij xj

⎞
⎠ . (64)

One may then notice that the coefficient of x1 · · · xN corre-
sponds to the permanent of the matrix A.

To illustrate how we leverage the low-rank structure of
a relevant matrix, let us review Gurvits’ second algorithm
[27,61]. Let A = W + I , where W is a rank-L matrix, i.e.,
W’s matrix elements can be written as

Wik ≡
L∑

s=1

u(s)i v
(s)
k . (65)

Then, Ref. [61] shows that if we define a polynomial of
indeterminates {a(s)u }L

s=1, {a(s)v }L
s=1,

F({a(s)u }L
s=1, {a(s)v }L

s=1) =
N∏

i=1

⎡
⎣1 +

L∑
s,s′=1

a(s)u a(s
′)

v u(s)i v
(s′)
i

⎤
⎦

(66)

and sum the coefficients of monomials whose degrees of
{a(s)u } and {a(s)v } match each other with multiplying the
factorial of the degrees of {a(s)u } (or equivalently {a(s)v }),
then we obtain the permanent. Note that the number of
monomials that appear in the computation is O(N 2L). The
calculation of the coefficients of the monomials involves
multiplying out N terms, where at each multiplication the
O(N 2L) coefficients have to be updated. Therefore, the total
cost is O(N 2L+1). Thus, when the rank of the matrix W is
at most a constant, the permanent of the matrix W + I can
be efficiently computed, unlike that of general matrices.
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2. Amplitude of low-mode states

In the section, for the subroutine of our algorithm for
computing the generating function, we consider the ampli-
tude in the form of 〈φ|Û|ψ〉, where Û is a linear-optical
circuit and we assume that |φ〉 is an L-mode state, which is
defined as

|φ〉 = |φ′〉 ⊗ |0M−L〉, (67)

where |φ′〉 is the nontrivial part and an arbitrary product
state on L modes and |0M−L〉 is the vacuum state on the
remaining M − L modes. We show that the amplitude is
easy to compute when L is small:

Lemma 5. Let Û be an M -mode linear-optical circuit,
|ψ〉 be an M -mode general product state, and |φ〉 be an
arbitrary L-mode state. More precisely, all but L modes are
vacuum. Then,

〈φ|Û|ψ〉 (68)

can be exactly computed in O(M (Mnmax + 1)L), where
nmax is the maximum photon number for each mode.
Hence, it can be efficiently computed when L = O(1).

Proof. Let us first examine Fock states. Consider a few-
mode Fock state |n〉 = |n1, . . . , nL, 0, . . . , 0〉 and arbitrary
Fock state |m〉. Then, the amplitude can be simplified as

〈n|Û|m〉 = 〈n|
M∏

i=1

1√
mi!

⎛
⎝ M∑

j =1

Uij â†
j

⎞
⎠

mi

|0〉 (69)

= 〈n|
M∏

i=1

1√
mi!

⎛
⎝ L∑

j =1

Uij â†
j

⎞
⎠

mi

|0〉. (70)

Now, note that the creation operators in the form of
(â†

1)
n1 · · · (â†

L)
nL survive and others are zero when con-

tracted with 〈n|. Also, such a term renders
∏M

i=1
√

ni after
contracting with 〈n|. This can also be interpreted using
the polynomial method by replacing the creation operators
by indeterminates x1, . . . , xL and introducing the prefactor∏M

i=1
√

ni as

M∏
i=1

√
ni!√
mi!

⎛
⎝ L∑

j =1

Uij xj

⎞
⎠

mi

. (71)

We then just need to pick up the monomials of xj after
expansion such that their degree matches with n, i.e.,
xn1

1 · · · xnL
L to compute 〈n|Û|m〉. In this procedure, the num-

ber of monomials we need to take care of is at most
O((MN + 1)L), where N is the total photon number. Also,

because we need to keep track of the coefficient for M
multiplications, the total cost is O(M (MN + 1)L).

Now, let us consider general product states |ψ〉 and |φ〉,
which are explicitly written as

|ψ〉 =
M⊗

i=1

⎛
⎝nmax∑

mi=0

a(i)mi
|mi〉

⎞
⎠ , |φ〉 =

M⊗
i=1

⎛
⎝nmax∑

ni=0

b(i)ni
|ni〉
⎞
⎠ .

(72)

For a general case, as in the lemma, we can simply use the
same method,

〈φ|Û|ψ〉 =
∑

n

b∗
n〈n|

M∏
i=1

nmax∑
mi=0

a(i)mi√
mi!

⎛
⎝ M∑

j =1

Uij â†
j

⎞
⎠

mi

|0〉

(73)

=
∑

n

b∗
n〈n|

M∏
i=1

nmax∑
mi=0

a(i)mi√
mi!

⎛
⎝ L∑

j =1

Uij â†
j

⎞
⎠

mi

|0〉

(74)

→
M∏

i=1

nmax∑
ni,mi=0

a(i)mi
b(i)∗ni

√
ni!√

mi!

⎛
⎝ L∑

j =1

Uij xj

⎞
⎠

mi

,

(75)

where am ≡∏M
i=1 a(i)mi

. For the last arrow, we apply the
same method for the Fock state above. Thus, again, after
expanding the polynomial of indeterminates x1, . . . , xL and
taking the summation over the coefficients of all the mono-
mials, we obtain the amplitude 〈φ|Û|ψ〉. Since the number
of monomials we need to consider is at most (Mnmax + 1)L,
the complexity is bounded by (Mnmax + 1)L, where nmax is
the maximum photon number for each mode. Again, for
the update for each multiplication, the total cost becomes
O(M (Mnmax + 1)L). �

3. Low-rank structure

As shown in the permanent case [61], a low-rank struc-
ture of a relevant matrix is crucial to reducing the complex-
ity. Now, we reveal the low-rank structure of the Gaussian
circuit that is obtained by Ĝ = Ĝ†

0P̂(ϕ)Ĝ0 when ϕ has a
few nonzero phases, which is depicted in Fig. 2. To be
more precise,

Lemma 6 (Bloch-Messiah decomposition and low-rank
structure). Consider a general Gaussian unitary cir-
cuit Ĝ0 and phase-shifter operator P̂(ϕ) with ϕ =
(ϕ1, . . . ,ϕL, 0, . . . , 0). Then, Ĝ†

0P̂(ϕ)Ĝ0 can be decom-
posed into a linear-optical circuit, at most 2L nonzero
squeezing operators, and another linear-optical circuit.
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FIG. 2. Schematics of Lemma 6. The lemma shows that for a Gaussian unitary circuit Ĝ0 and a phase shifter P̂(ϕ) where
ϕ ≡ (ϕ1, . . . ,ϕL, 0, . . . , 0), Ĝ†

0P̂(ϕ)Ĝ0 is equivalent to ÛŜ(r)V̂, where r = (r1, . . . , r2L, 0, . . . , 0).

Proof sketch. See Appendix C for the details. We prove
this lemma by direct calculation of the transformation of
bosonic annihilation operators through the Gaussian uni-
tary circuit Ĝ = Ĝ†

0P̂(ϕ)Ĝ0, where Ĝ0 is an M -mode gen-
eral Gaussian unitary operation, so that using the Bloch-
Messiah decomposition it can be written as Ĝ0 = ÛŜ(s)V̂,
where Û and V̂ are linear-optical circuits and Ŝ(s) is
squeezing operator with squeezing parameter s ∈ RM . For
this circuit, we can show that

Ĝ0âiĜ
†
0=

M∑
k=1

(
Aikâk + Bikâ†

k

)
, (76)

where we defined M × M matrices

Aik ≡
M∑

j =1

V∗
ji cosh sj U∗

kj , Bik ≡ −
M∑

j =1

V∗
ji sinh sj Ukj .

(77)

Here, one can see that the rank of the matrix B is equal to
the number of nonzero squeezing parameters sj ’s, which is
crucial for later use.

Using the above transformation, by direct calculation,
one may easily show that after the entire process Ĝ, we
have

Ĝ†âiĜ = âi +
M∑

k=1

(
Wikâk + Zikâ†

k

)
, (78)

where, if assume that ϕj = 0 for j > L, W and Z’s matrix
elements are written as

Wik =
L∑

j =1

[
(eiϕj − 1)Aij A∗

kj − (e−iϕj − 1)Bij B∗
kj

]
, (79)

Zik =
L∑

j =1

[−(eiϕj − 1)Aij Bkj + (e−iϕj − 1)Bij Akj
]

.

(80)

Hence, the ranks of W and Z are at most 2L. Thus, we can
write the matrices as

W =
2L∑

j =1

u( j )v( j )T, Z =
2L∑

j =1

w( j )z( j )T. (81)

In addition, the low-rankness of the matrix Z implies that
the Gaussian transform by Ĝ = Ĝ†

0P̂(ϕ)Ĝ0 has a structure
in which its squeezing parameters are nonzero only for 2L
modes, which completes the proof. �

4. Proof sketch of Lemma 3

In this section, we finally present the sketch of the
classical algorithm that computes the generating function
for Lemma 3. More specifically, the circuit is a general
Gaussian unitary Ĝ0, and thus the relevant quantity to be
computed is written as

〈φ|Ĝ†
0P̂(ϕ)Ĝ0|ψ〉 ≡ 〈φ|Ĝ|ψ〉 =

∑
n,m

amb∗
n〈n|Ĝ|m〉, (82)

where |ψ〉 and |φ〉 are arbitrary product states, which are
written as Eq. (72). Also, the phase vector is assumed to
be written as ϕ = (ϕ1, . . . ,ϕL, 0, . . . , 0), without loss of
generality. By using Lemma 6, the Bloch-Messiah decom-
position of the Gaussian unitary Ĝ is written as ÛŜ(r)V̂,
where Û and V̂ are linear-optical unitary circuits, and r is
the squeezing parameter vector with at most 2L nonzero
elements.

Let us focus on a simpler case: 〈n|Ĝ|m〉. Using the low-
rank structure, it can be rewritten as

〈n|Ĝ|m〉 = 1√
n!

〈r|V̂
⎡
⎣∏

i∈[M ]

(
Âi + B̂†

i

)ni

⎤
⎦ |m〉, (83)

where we defined

Âi = âi +
M∑

k=1

Wikâk, B̂†
i =

M∑
k=1

Zikâ†
k , (84)
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Cij = [Âi, B̂†
j ] = Zji +

M∑
k=1

WikZjk. (85)

Note that by Lemma 6, the rank of the matrix C is at most
2L since W and Z have at most 2L ranks and the number of
nonzero squeezing parameters is limited to at most 2L as
shown in Lemma 6.

By using the antinormal ordering [92] (see Appendix E),
we expand Eq. (83) and move all the creation operators to
the right,

1√
n!m!

∑
Y⊂Xn

∑
M∈Match(FXn ;Y→Yc)

(−1)|M|

⎛
⎝ ∏
(i,j )∈M

Cij

⎞
⎠

× 〈r|V̂
⎛
⎝ ∏

i∈Y\A(M)

Âi

⎞
⎠
⎛
⎝ ∏

i∈Yc\B(M)

B̂†
i

⎞
⎠ ∏

i∈Xm

â†
i |0〉, (86)

where Xn is the multiset composed of the elements
of n. For example, if n = (0, 2, 1), Xn = {2, 2, 3}.
Match(FXn ; Y → Yc) is the match of the Ferrers graph
[93] with vertices Y and Yc. More explicitly, the Ferrers
graph’s edges are defined as E = {(i, j )|i, j ∈ Xn, i < j }.
A(M) and B(M) represent the elements in Y and Yc that
are involved in the matching M, respectively.

We then show that the above expression can be com-
puted by using the polynomial method introduced in
Sec. VI B 1. More precisely, we show that Eq. (86) can be
written as a loop hafnian of a matrix K which has a low-
rank structure. After that, since the matrix C has a low rank,
which turns out to be relevant to the low-rank structure of
the matrix K , we invoke the following lemma, which states
that a loop hafnian of a matrix with a low-rank structure is
easy to compute [64]:

Lemma 7 (Loop hafnian of a matrix with low-rank struc-
ture [63,64]). Let � be an n × n symmetric matrix with
rank r and A be a matrix constructed by filling �’s diago-
nal matrix with arbitrary elements. Then the loop hafnian
of the matrix A can be computed in O(n( 2n+r−1

r−1 )). Thus,
when r is fixed, the cost is polynomial in n and when
r = O(log n), the cost is quasipolynomial in n.

Another observation to make this calculation easier is
that the number of nonzero squeezing parameters is at most
2L, so that the term 〈r| · · · |0〉 in Eq. (86) can be efficiently
computed using Lemma 5. In short, we write Eq. (86) as
a polynomial of indeterminates, the number of which is
at most (Mnmax + 1)16L, which makes it easy to compute
when L = O(1). We note that while the degree of the poly-
nomial is quite large at this moment, we expect that it
may be reduced, which we leave open. Also, if we restrict
our attention to linear-optical circuits, the degree of the
polynomial reduces to (Mnmax + 1)2L (see Appendix D).

VII. CONCLUSION

In this work, we presented classical algorithms for
solving the quantum mean-value problem in Gaussian
circuits, as well as in Gaussian circuits augmented by
(i) photon-number-resolving measurements with Gaussian
feedforward and (ii) Gaussian measurements with Gaus-
sian feedforward. To support these results, we also devel-
oped algorithms for computing amplitudes of low-mode
states and marginal probabilities of number-basis measure-
ments, which may be of independent interest and connect
to Gurvits’ second algorithm.

Our results reveal several conceptual insights. First,
low-mode and low-rank structures play a central role in
making certain bosonic computations classically tractable.
Second, we highlight an important contrast between sam-
pling problems and the quantum mean-value problems:
while non-Gaussian resources typically induce classical
hardness in sampling, mean-value estimation can remain
efficiently simulatable even in the presence of highly non-
Gaussian inputs, provided the number of adaptive mea-
surements is bounded. This distinction illustrates a richer
landscape of classical–quantum complexity for bosonic
systems.

Taken together, these findings not only provide concrete
classical algorithms but also clarify where the bound-
aries of quantum advantage may lie in Gaussian and
non-Gaussian regimes. We anticipate that these tools and
perspectives will aid future studies of bosonic circuits, both
as a benchmark for quantum experiments and as a step-
ping stone toward understanding the computational power
of non-Gaussian resources.

On the other hand, since our results emphasize the
role of adaptive measurements in the quantum mean-value
problem, it is natural to ask what role adaptive measure-
ments play in the corresponding sampling tasks. In our
setting, increasing the amount of adaptivity leads to an
easy-to-hard transition in the complexity of the mean-value
problem, whereas in the nonadaptive regime sampling is
already believed to be hard due to boson sampling. It is
therefore unclear whether, and in what sense, additional
rounds of adaptive (or non-Gaussian) operations change
the complexity of the sampling problem. There are related
studies that add nonlinear operations to boson sampling
[40], but neither our results nor these works currently pro-
vide a satisfactory complexity-theoretic understanding of
how sampling interpolates between nonuniversal boson
sampling and universal photonic quantum computation.

While we generalized the classical algorithm for quan-
tum mean-value problem in Ref. [77], the latter provides
another classical algorithm that computes the transition
amplitude of a quantum state under linear-optical circuits.
We believe that it is an interesting open question to extend
this algorithm to the adaptive setting due to its close
relation to various applications of bosonic circuits (e.g.,
quantum kernel methods [44,45]).
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Finally, we note that our generalized Gurvits’ second
algorithm takes polynomial time in the number of modes
M when the number of measurements for feedforward is
at most constant, i.e., L = O(1), and the degree of the
polynomial is not high for linear-optical circuits, as dis-
cussed above. Hence, our algorithm is expected to be
practically efficient to simulate recent experiments, e.g.,
the one in Ref. [45]. On the other hand, while our gen-
eralized Gurvits’ second algorithm for general Gaussian
circuits also takes polynomial time when L = O(1), the
degree of the polynomial is quite high, which may make it
less practical. Hence, improving the practical running time
is an important open question. More importantly, whether
our algorithm can be improved further to be efficient even
when L is logarithmic in the system size is another open
question.
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APPENDIX A: QUANTUM MEAN-VALUE
PROBLEM PROOFS

In this Appendix, we provide detailed proofs for classi-
cal algorithms for quantum mean-value problems.

1. Quantum mean-value problem in Gaussian circuits
without feedforward

We provide the full proof of Theorem 1, which is
restated here:

Theorem A1 (Theorem 1 restated). Consider an M -
mode Gaussian circuit Ĝ, an arbitrary product input state
|ψ〉, and an M -mode product operator Ô = ÔA ⊗ 1̂B.
The expectation value 〈ψ |Ĝ†ÔĜ|ψ〉 can be approximated
within additive error ε with probability 1 − δ in running
time

O

(
M 2‖ÔA‖2

2Tr[ρ̂2
A] log(1/δ)

ε2

)
, (A1)

where ρ̂A ≡ TrB[Ĝ|ψ〉〈ψ |Ĝ†] is the reduced density matrix
on the system A.

Proof. Let us consider a general Gaussian unitary cir-
cuit Ĝ and a general product input state |ψ〉. Then, the
expectation value of a product observable Ô = ÔA ⊗ 1̂B
can be rewritten as

〈ψ |Ĝ†(ÔA ⊗ 1̂B)Ĝ|ψ〉

= 1
π l

∫
d2lαATr[ÔAD̂(αA)]Tr[(D̂†(αA)⊗ 1̂B)

× Ĝ|ψ〉〈ψ |Ĝ†] (A2)

= 1
π l

∫
d2lαATr[ÔAD̂(αA)]Tr[D̂†(αA)ρ̂A] (A3)

= 1
π l

∫
d2lαAχÔA

(αA)χ
∗
ρ̂A
(αA) (A4)

=
∫

d2lαA
|χÔA

(αA)|2
π l‖ÔA‖2

2

χ∗
ρ̂A
(αA)‖ÔA‖2

2

χ∗
ÔA
(α)A

(A5)

≡
∫

d2lαAp(αA)X (αA), (A6)

where we defined the reduced density matrix, a probability
distribution, and a random variable,

ρ̂A ≡ TrB[Ĝ|ψ〉〈ψ |Ĝ†], p(αA) =

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

,

X (αA) =
χ∗
ρ̂A
(αA)‖ÔA‖2

2

χ∗
ÔA
(αA)

. (A7)

Here, using the property of the displacement operator,
we have

1
π l

∫
d2lαA|χÔA

(αA)|2 = Tr[Ô†
AÔA] = ‖ÔA‖2

2, (A8)

which shows that p(αA) is a proper probability distri-
bution. Thus, the above expression allows us to use the
median-of-means estimator for estimating the mean value.

We now analyze the complexity. First of all, sampling
αA from p(αA) is easy due to the product structure of ÔA,

p(αA) =

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

=
∏
i∈A

∣∣∣χÔi
(αi)

∣∣∣2

π‖Ôi‖2
2

, (A9)

which takes O(l) time to compute. Also, the random vari-
able X (αA) is easy to compute because ‖ÔA‖2

2 is easy to
compute due to the product structure and χ∗

ÔA
(αA) is easy
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to compute as shown above and

χ∗
ρ̂A
(αA) = Tr[D̂†(αA)ρ̂A]

= Tr[(D̂†(αA)⊗ 1̂B)Ĝ|ψ〉〈ψ |Ĝ†]

= 〈ψ |D̂†(α′)|ψ〉 =
M∏

i=1

〈ψi|D̂†(α′
i)|ψi〉, (A10)

where we used the property of displacement operators and
Gaussian unitary circuits,

D̂†(α′) = Ĝ†(D̂†(αA)⊗ 1̂B)Ĝ. (A11)

Here, α′ has a linear relation with αA so that computing α′
takes at most O(lM ) time. Therefore, the random variable
can be rewritten as

X (αA) =
χ∗
ρ̂A
(αA)‖ÔA‖2

2

χ∗
ÔA
(αA)

= χ∗
ρ̂A
(αA)

∏
i∈A

‖Ôi‖2
2

χ∗
Ôi
(αi)

= Tr[Ĝ|ψ〉〈ψ |Ĝ†D̂(αA)]∗
∏
i∈A

‖Ôi‖2
2

χ∗
Ôi
(αi)

(A12)

= Tr[|ψ〉〈ψ |D̂(α′
A)]

∗∏
i∈A

‖Ôi‖2
2

χ∗
Ôi
(αi)

=
M∏

i=1

χ∗
ψi
(α′

i)
∏
i∈A

‖Ôi‖2
2

χ∗
Ôi
(αi)

, (A13)

and computing this takes at most O(l + M ) cost.
Finally, we find the upper bound on the variance of the

random variable,

Var(X ) ≤
∫

d2lαAp(αA)|X (αA)|2

=
∫

d2lαA
|χÔA

(αA)|2
π l‖ÔA‖2

2

|χψ(α′)|2‖ÔA‖4
2

|χÔA
(αA)|2

= ‖ÔA‖2
2

∫
d2lαA

|χψ(α′)|2
π l (A14)

= ‖ÔA‖2
2‖ρ̂A‖2

2, (A15)

where, for the last equality, we used
∫

d2lαA
|χψ(α′)|2

π l

=
∫

d2lαA
|〈ψ |Ĝ†(D̂†(αA)⊗ 1̂B)Ĝ|ψ〉|2

π l

=
∫

d2lαA
|χρ̂A(αA)|2

π l = ‖ρ̂A‖2
2. (A16)

Hence, the median-of-means estimator can estimate the
mean value with the sampling complexity O(‖ÔA‖2

2‖ρ̂A‖2
2

log(1/δ)/ε2). Thus, combining all the complexities, the
total running time is given as O(Ml‖ÔA‖2

2‖ρ̂A‖2
2 log

(1/δ)/ε2). �

2. Quantum mean-value problem in Gaussian circuits
with photon-number measurements and Gaussian

feedforward

We provide the full proof of Theorem 3, which is
restated here:

Theorem A2 (Theorem 3 restated). Consider an arbi-
trary product input state and a Gaussian circuit, augmented
by photon-number measurements and Gaussian feedfor-
ward, which outputs an M -mode quantum state. If the
number of photon-number measurements used for feed-
forward is L = O(1), then the expectation value of an
M -mode observable Ô = ÔA ⊗ 1̂B can be approximated
within additive error ε and success probability 1 − δ in
running time,

O

(
poly(M )‖ÔA‖2

2En[Tr(ρ̂2
n)] log(1/δ)

ε2

)
, (A17)

where ρ̂n is the reduced density matrix on the system A
when the photon-number measurement outcome is n and
En[Tr(ρ̂2

n)] is the average purity.

Proof. Consider a general product input |ψ〉. First of all,
when the measurement outcomes are n, the corresponding
postmeasurement output state is (up to normalization) (see
Sec. V B)

〈n|Ĝn|ψ〉, (A18)

with probability

p(n) = 〈ψ |Ĝ†
n(1̂M ⊗ |n〉〈n|)Ĝn|ψ〉

= 〈ψn|(1̂M ⊗ |n〉〈n|)|ψn〉. (A19)

Thus, the expectation value when the outcome is n is

〈ψn|(ÔA ⊗ 1̂B ⊗ |n〉〈n|)|ψn〉
〈ψn|(1̂A ⊗ 1̂B ⊗ |n〉〈n|)|ψn〉

. (A20)

Since the measurement n is obtained with probability
p(n), we take the average over all possible outcomes in
the middle,
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〈Ô〉 =
∑

n

〈ψn|(ÔA ⊗ 1̂B ⊗ |n〉〈n|)|ψn〉 (A21)

= 1
π l

∫
d2lα

∑
n

〈ψn|(D̂†(αA)⊗ 1̂B ⊗ |n〉〈n|)|ψn〉χÔA
(αA) (A22)

=
∫

d2lαA

∑
n

p(n)q(αA)
‖ÔA‖2

2〈ψn|(D̂†(αA)⊗ 1̂B ⊗ |n〉〈n|)|ψn〉
p(n)χ∗

ÔA
(αA)

(A23)

=
∫

d2lαA

∑
n

p(n)q(αA)X (n, αA), (A24)

where we defined the probability distribution and the random variable

q(αA) ≡

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

, X (n, αA) ≡ ‖ÔA‖2
2〈ψn|(D̂†(αA)⊗ 1̂B ⊗ |n〉〈n|)|ψn〉

p(n)χ∗
ÔA
(αA)

. (A25)

Now, we analyze the complexity. First, to upper-bound the error of the estimator, we compute the second moment,

∫
d2lαA

∑
n

p(n)q(αA)
‖ÔA‖4

2|〈ψn|(D̂†(αA)⊗ 1̂B ⊗ |n〉〈n|)|ψn〉|2

p(n)2
∣∣∣χÔA

(αA)

∣∣∣2
(A26)

= ‖ÔA‖2
2

π l

∫
d2lαA

∑
n

|〈ψn|(D̂†(αA)⊗ 1̂B ⊗ |n〉〈n|)|ψn〉|2
p(n)

(A27)

= ‖ÔA‖2
2

π l

∫
d2lαA

∑
n

p(n)|χρ̂n(αA)|2 (A28)

= ‖ÔA‖2
2

∑
n

p(n)Tr[ρ̂2
n], (A29)

where ρ̂n is the reduced density matrix on the system A
when the measurement outcome is n. Thus, the variance is
upper-bounded by the Hilbert-Schmidt norm of the oper-
ator ÔA multiplied by the average purity of the reduced
state on the observable’s Hilbert space. Hence, the sample
complexity for the median-of-means estimator is given as
O(‖ÔA‖2

2En[Tr[ρ̂2
n]] log(1/δ)/ε2).

Meanwhile, we need to be able to sample from p(β)
and q(αA). Sampling from q(αA) can be efficiently done
because of the product structure,

q(αA) =

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

=
∏
i∈A

|χÔi
(αi)|2

π‖Ôi‖2
2

, (A30)

which takes at most O(l). Also, p(n) can be easily sampled
if the number of modes in |n〉 is not too large by Lemma
1. More specifically, when the number of modes in |n〉 is
L = O(1), sampling from p(n) takes at most polynomial
in M .

Also, in computing the random variable X (n, αA),
‖ÔA‖2

2 =∏i∈A ‖Ôi‖2
2 is easy to compute, and p(n) is the

same as the above. Also, χÔA
(αA) is easy to compute due

to the product structure of ÔA [see Eq. (A9)]. Finally,

〈ψn|(D̂†(αA)⊗ 1̂B ⊗ |n〉〈n|)|ψn〉
= 〈ψ |Ĝ†

n(D̂
†(αA)⊗ 1̂B ⊗ |n〉〈n|)Ĝn|ψ〉

= 〈ψ |D̂†(α′)Ĝ†
n(1̂A ⊗ 1̂B ⊗ |n〉〈n|)Ĝn|ψ〉 (A31)

= 〈φ|Ĝ†
n(1̂A ⊗ 1̂B ⊗ |n〉〈n|)Ĝn|ψ〉, (A32)

where we used

Ĝ†
nD̂†(αA)Ĝn = D̂†(α′). (A33)

Here, computing α′ takes at most O(Ml) and again by using
Lemma 1, we can compute this quantity in polynomial
time when L = O(1). Therefore, the total running time is
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at most

O

(
poly(M )‖ÔA‖2

2En[Tr(ρ̂2
n)] log(1/δ)

ε2

)
, (A34)

which completes the proof. �

3. Quantum mean-value problem in Gaussian circuit
augmented by Gaussian measurement and Gaussian

feedforward

We provide the full proof of Theorem 4, which is
restated here:

Theorem A3 (Theorem 4 restated). Consider an arbi-
trary product input and a Gaussian circuit, augmented by
Gaussian measurements and Gaussian feedforward, which
outputs an M -mode quantum state. If the number of Gaus-
sian measurements for feedforward is at most constant,
i.e., L = O(1), the expectation value of an M -mode prod-
uct observable Ô ≡ ÔA ⊗ 1̂B can be approximated within
additive error ε with probability 1 − δ in running time,

O

(
poly(M )‖ÔA‖2

2Eβ[Tr(ρ̂2
β)] log(1/δ)

ε2

)
, (A35)

where ρ̂β is the reduced density matrix on the system
A when the Gaussian measurement outcome is β and
Eβ[Tr(ρ̂2

β)] is the average purity.

Proof. Consider a general product input |ψ〉 and Gaus-
sian measurement POVMs,

1
πL D̂(β)|ψG〉〈ψG|D̂†(β). (A36)

First of all, when the measurement outcomes are β, the
probability of obtaining β is

p(β) = 1
πL 〈ψ |Ĝ†

β(1̂M ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))Ĝβ |ψ〉

= 1
πL 〈ψβ |(1̂M ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉,

(A37)

and the (unnormalized) postmeasurement state is

〈ψG|D̂†(β)|ψβ〉. (A38)

Thus, the expectation value when the outcome is β is

〈ψβ |(ÔA ⊗ 1̂B ⊗ �̂(β))|ψβ〉
〈ψβ |(1̂A ⊗ 1̂B ⊗ �̂(β))|ψβ〉 . (A39)

Taking the average over all outcomes β and defining |ψβ〉 = Ĝβ |ψ〉, the expectation value is written as

〈Ô〉 = 1
πL

∫
d2Lβ〈ψβ |(ÔA ⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉 (A40)

= 1
πL

∫
d2lαA

π l d2Lβ〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉χÔA
(αA) (A41)

= 1
πL

∫
d2lαAd2Lβ

‖ÔA‖2
2〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉

χ∗
ÔA
(αA)

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

(A42)

=
∫

d2lαAd2Lβp(β)
‖Ô‖2

2〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉
πLp(β)χ∗

ÔA
(αA)

q(αA) (A43)

=
∫

d2lαAd2Lβp(β)q(αA)X (β, αA), (A44)

where we defined a probability distribution and a random variable as

q(αA) ≡

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

, X (β, α) = ‖ÔA‖2
2〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉

πLp(β)χ∗
ÔA
(αA)

. (A45)
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Hence, the quantum mean value can be written as

〈Ô〉 =
∫

d2lαAd2Lβp(β)q(αA)X (β, αA), (A46)

which implies that the average of the random variable X (β, αA) over the probability distribution p(β)q(αA) is equal to
the mean value. If we use the median-of-means estimator, we can upper-bound the error of the estimator by finding the
upper bound on the second moment:

∫
d2lαAd2Lβp(β)q(αA)

‖ÔA‖4
2|〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉|2

π2Lp(β)2
∣∣∣χÔA

(αA)

∣∣∣2
(A47)

= ‖ÔA‖2
2

π2Lπ l

∫
d2lαAd2Lβ

|〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉|2
p(β)

(A48)

= ‖ÔA‖2
2

π l

∫
d2lαAd2Lβ

|〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉|2
〈ψβ |(1̂A ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉 (A49)

= ‖ÔA‖2
2

π l

∫
d2lαAd2Lβp(β)|χρ̂β

(αA)|2 (A50)

= ‖ÔA‖2
2

∫
d2Lβp(β)Tr[ρ̂2

β]. (A51)

Thus, the variance is upper-bounded by the Hilbert-Schmidt norm of the operator ÔA multiplied by the average purity of
the reduced state when tracing out the observable’s Hilbert space. Thus, the sample complexity for the estimator is given
as O(‖ÔA‖2

2Eβ[Tr[ρ̂2
β]] log(1/δ)/ε2).

Meanwhile, we need to be able to sample from p(β) and q(αA). Sampling from q(αA) can be efficiently done because
of the product structure,

q(αA) =

∣∣∣χÔA
(αA)

∣∣∣2

π l‖ÔA‖2
2

=
∏
i∈A

|χÔi
(αi)|2

π‖Ôi‖2
2

, (A52)

which takes at most O(M ). Also, p(β) can also be easily sampled if the number of modes L in |β〉 is not too large,

p(β) = 1
πL 〈ψ |Ĝ†

β(1̂M ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))Ĝβ |ψ〉 = 1
πL 〈ψ |Ĝ†

βD̂†(β)(1̂M ⊗ |0〉〈0|)D̂(β)Ĝβ |ψ〉 (A53)

= 1
πL 〈ψ |D̂†(β ′)Ĝ†

β(1̂M ⊗ |0〉〈0|)ĜβD̂(β ′)|ψ〉 = 1
πL 〈ψ ′|Ĝ†

β(1̂M ⊗ |0〉〈0|)Ĝβ |ψ ′〉, (A54)

where we used the property of the displacement operator,

D̂†(α′) = Ĝ†
βD̂†(α)Ĝβ . (A55)

More specifically, when L = O(1), by Lemma 1, we can sample from p(β) in polynomial time.
Finally, we analyze the complexity of computing the random variable X ,

X (β, α) = ‖ÔA‖2
2〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ |β〉〈β|)|ψβ〉

πLp(β)χ∗
ÔA
(αA)

. (A56)

The difficult part in computing the random variable is

〈ψβ |(D̂†(αA)⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))|ψβ〉 = 〈ψ |Ĝ†(β)(D̂†(αA)⊗ 1̂B ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))Ĝ(β)|ψ〉 (A57)

= 〈ψ |Ĝ†(β)(1̂ ⊗ D̂(β)|ψG〉〈ψG|D̂†(β))Ĝ(β)D̂(α′
A)|ψ〉 = 〈ψ |Ĝ†(β)(1̂ ⊗ |0〉〈0|)Ĝ(β)|ψ ′〉, (A58)
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but this can also be computed by using Lemma 1 when L = O(1). Thus, the total running time is given as

O

(
poly(M )‖ÔA‖2

2Eβ[Tr(ρ̂2
β)] log(1/δ)

ε2

)
, (A59)

which completes the proof. �

APPENDIX B: DERIVATION OF G̃(k)

In this Appendix, we provide a derivation of the following relationship between G̃(k) and G(
) in Eqs. (55) and (56)
[64]:

G̃(k) ≡ 〈φ|Ĝ†
0e−ikθ n̂·ωĜ0|ψ〉, (B1)

G(
) ≡
∞∑

n=0

q(n)δ(
− ω · n) = 1

max + 1


max∑
k=0

G̃(k)eik
, (B2)

where θ = 2π/(
max + 1) and

q(n) ≡ 〈φ|Ĝ†
0|n〉〈n|Ĝ0|ψ〉. (B3)

Let us compute the Fourier transform of G(
),


max∑

=0

G(
)e−ikθ
 =

max∑

=0

∞∑
n=0

q(n)δ(
− ω · n)e−ikθ
 = 1

max + 1


max∑

=0

∞∑
n=0

q(n)

max∑
l=0

eilθ(
−ω·n)−ikθ
 (B4)

= 1

max + 1


max∑
l=0

∞∑
n=0

q(n)e−ilθω·n

max∑

=0

ei(l−k)θ
 =
∞∑

n=0

q(n)e−ikθω·n =
∞∑

n=0

〈φ|Ĝ†
0|n〉〈n|Ĝ0|ψ〉e−ikθω·n (B5)

= 〈φ|Ĝ†
0e−ikθ n̂·ωĜ0|ψ〉 = G̃(k). (B6)

Hence, G̃(k) is the Fourier transformation of G(
), which enables us to compute the marginal probabilities of q.

APPENDIX C: LOW-RANK STRUCTURE IN GAUSSIAN CIRCUITS

In this Appendix, we provide an explicit derivation of the transformation of bosonic annihilation operators through the
Gaussian unitary circuit Ĝ†

0P̂(ϕ)Ĝ0. To be more specific, we prove Lemma 6:

Lemma C1 (Lemma 6 restated). Consider a general Gaussian unitary circuit Ĝ0 and phase-shifter operator P̂(ϕ) with
ϕ = (ϕ1, . . . ,ϕL, 0, . . . , 0). Then, Ĝ†

0P̂(ϕ)Ĝ0 can be decomposed into a linear-optical circuit, at most 2L nonzero squeezing
operators, and another linear-optical circuit.

Proof. First of all, the bosonic annihilation operator transforms under Ĝ0 = ÛŜ(s)V̂ as

Ĝ0âiĜ
†
0 = ÛŜV̂âiV̂†Ŝ†Û† = ÛŜ

⎛
⎝ M∑

j =1

V∗
jiâj

⎞
⎠ Ŝ†Û† = Û

⎛
⎝ M∑

j =1

V∗
ji(cosh sj âj − sinh sj â†

j )

⎞
⎠ Û† (C1)

=
M∑

j ,k=1

V∗
ji(cosh sj U∗

kj âk − sinh sj Ukj â†
k) =

M∑
k=1

(
Aikâk + Bikâ†

k

)
, (C2)
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where we used

Û†âiÛ =
M∑

j =1

Uij âj , ÛâiÛ†=
M∑

j =1

U∗
jiâj , Ŝ†(s)âiŜ(s) = cosh sâi + sinh sâ†

i , Ŝ(s)âiŜ†(s) = cosh sâi − sinh sâ†
i ,

(C3)

and we defined

Aik ≡
M∑

j =1

V∗
ji cosh sj U∗

kj , Bik ≡ −
M∑

j =1

V∗
ji sinh sj Ukj , (C4)

which characterize the Gaussian transformation. Here, we emphasize that the number of nonzero squeezing parameters
decides the rank of the matrix B. More precisely, if the number of nonzero squeezing parameters is L, then the rank of the
matrix B is at most L.

For the transformation under Ĝ†
0, we similarly have

Ĝ†
0âiĜ0 = V̂†Ŝ†Û†âiÛŜV̂ = V̂†Ŝ†

⎛
⎝ M∑

j =1

Uij âj

⎞
⎠ ŜV̂ = V̂†

⎛
⎝ M∑

j =1

Uij (cosh sj âj + sinh sj â†
j )

⎞
⎠ V̂ (C5)

=
M∑

j ,k=1

Uij (cosh sj Vjkâk + sinh sj V∗
jkâ†

k) =
M∑

k=1

(
(A†)ikâk − (BT)ikâ†

k

)
. (C6)

Because of the unitarity, after the transformation under Ĝ0 and then Ĝ†
0, i.e., the identity operation,

âi →
M∑

j =1

Aij âj +
M∑

j =1

Bij â†
j →

M∑
j ,k=1

Aij

(
(A†)jkâk − (BT)jkâ†

k

)
+

M∑
j ,k=1

Bij

(
(A†)∗jkâ†

k−(BT)∗jkâk

)
(C7)

=
M∑

j ,k=1

[(
Aij (A†)jk − Bij (B†)jk

)
âk + (−Aij (BT)jk + Bij (AT)jk

)
â†

k

]
, (C8)

the matrices A and B must satisfy the following conditions:

AA†−BB†=1, ABT = BAT. (C9)

Let C ≡ A† and D = −BT. After the entire process, including the phase shifter P̂(ϕ), the annihilation operator
transforms as

âi →
M∑

j =1

Aij âj +
M∑

j =1

Bij â†
j →

M∑
j =1

eiϕj Aij âj +
M∑

j =1

e−iϕj Bij â†
j (C10)

→
M∑

j ,k=1

eiϕj Aij

(
Cjkâk + Djkâ†

k

)
+

M∑
j ,k=1

e−iϕj Bij

(
C∗

jkâ†
k+D∗

jkâk

)
(C11)

=
M∑

j ,k=1

eiϕj Aij Cjkâk +
M∑

j ,k=1

eiϕj Aij Djkâ†
k+

M∑
j ,k=1

e−iϕj Bij C∗
jkâ†

k+
M∑

j ,k=1

e−iϕj Bij D∗
jkâk. (C12)
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Here, by assuming that ϕj = 0 for j > L, without loss of generality, and using Eq. (C9), we can simplify the expression
as

M∑
j ,k=1

eiϕj Aij Cjkâk +
M∑

j ,k=1

eiϕj Aij Djkâ†
k+

M∑
j ,k=1

e−iϕj Bij C∗
jkâ†

k+
M∑

j ,k=1

e−iϕj Bij D∗
jkâk (C13)

=
M∑

j =1

M∑
k=1

(
Aij Cjkâk + Bij D∗

jkâk + Aij Djkâ†
k+Bij C∗

jkâ†
k

)
(C14)

+
L∑

j =1

M∑
k=1

(
(eiϕj − 1)Aij Cjkâk + (e−iϕj − 1)Bij D∗

jkâk + (eiϕj − 1)Aij Djkâ†
k+(e−iϕj − 1)Bij C∗

jkâ†
k

)
(C15)

= âi +
L∑

j =1

M∑
k=1

(
(eiϕj − 1)Aij Cjkâk + (e−iϕj − 1)Bij D∗

jkâk + (eiϕj − 1)Aij Djkâ†
k+(e−iϕj − 1)Bij C∗

jkâ†
k

)
(C16)

= âi +
M∑

k=1

(
Wikâk + Zikâ†

k

)
, (C17)

where we defined

Wik ≡
L∑

j =1

(
(eiϕj − 1)Aij Cjk + (e−iϕj − 1)Bij D∗

jk

)
=

L∑
j =1

(
(eiϕj − 1)Aij A∗

kj − (e−iϕj − 1)Bij B∗
kj

)
, (C18)

Zik ≡
L∑

j =1

(
(eiϕj − 1)Aij Djk + (e−iϕj − 1)Bij C∗

jk

)
=

L∑
j =1

(−(eiϕj − 1)Aij Bkj + (e−iϕj − 1)Bij Akj
)

, (C19)

and hence each of the terms has a low-rank structure. More specifically, W and Z’s ranks are at most 2L. Thus,

W =
2L∑

j =1

u( j )v( j )T, Z =
2L∑

j =1

w( j )z( j )T. (C20)

Here, note that W + I and Z form a Gaussian transform. The low-rankness of the matrix Z implies that the Gaussian
transform has a structure in which its squeezing parameters are nonzero only for 2L modes. �

APPENDIX D: GENERALIZED GURVITS’ SECOND ALGORITHM FOR LINEAR-OPTICAL CIRCUITS

In this Appendix, we present a generalized version of Gurvits’ second algorithm for linear-optical circuits with an
arbitrary product input, generalizing it from Fock states,

〈φ|V̂|ψ〉 =
∑
n,m

amb∗
n〈n|V̂|m〉, (D1)

where |ψ〉 and |φ〉 are arbitrary product states, which are written as

|ψ〉 =
M⊗

i=1

⎛
⎝nmax∑

mi=0

a(i)mi
|mi〉

⎞
⎠ , |φ〉 =

M⊗
i=1

⎛
⎝nmax∑

ni=0

b(i)ni
|ni〉
⎞
⎠ . (D2)

Here, n = (n1, . . . , nM ) and m = (m1, . . . , mM ) and we are interested in a linear-optical circuit V̂ whose corresponding
unitary matrix V has a low-rank structure such that V = W + I with a low-rank matrix W. More precisely, let us assume
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that the rank of W is L, so that it can be written as

Wij =
L∑

k=1

u(k)i v
(k)
j . (D3)

To do that, let us first focus on a simpler case

〈n|V̂|m〉, (D4)

which is still a more general form than that of Gurvits’ algorithm because |n〉 is not equal to |m〉 in general. Here, because
the linear-optical unitary circuit preserves the photon number, we assume that |n| = |m|; otherwise, it becomes zero. Let
us introduce a notation Xn to represent a multiset corresponding to n, which is composed of ni times of i’s. For example,
for n = (2, 1, 0), Xn = {1, 1, 2}.

First of all, we have

〈n|V̂|m〉 = 1√
n!

〈0|
(∏

i∈Xn

âi

)
V̂|m〉 = 1√

n!
〈0|
∏
i∈Xn

(
âi +

M∑
k=1

Wikâk

)
|m〉 ≡ 1√

n!
〈0|
∏
i∈Xn

(
âi + b̂i

)
|m〉 (D5)

= 1√
n!

〈0|
[∑

X ⊂Xn

∏
x∈X

âx

∏
x∈X c

b̂x

]
|m〉 = 1√

n!

∑
X ⊂Xn

〈0|
[∏

x∈X

âx

∏
x∈X c

b̂x

]
|m〉 (D6)

= 1√
n!

∑
l≤n,m

(
n
l

) √
m!√

(m − l)!
〈0|
⎡
⎣ ∏

x∈Xn−l

M∑
j =1

Wxj â†
j

⎤
⎦ |m − l〉 (D7)

=
√

m!√
n!

∑
l≤n,m

(
n
l

)
1

(m − l)!
〈0|
⎡
⎣ ∏

x∈Xn−l

M∑
j =1

Wxj â†
j

⎤
⎦
⎡
⎣ ∏

x∈Xm−l

â†
x

⎤
⎦ |0〉, (D8)

where

〈0|
⎡
⎣ ∏

x∈Xn−l

M∑
j =1

Wxj â†
j

⎤
⎦
⎡
⎣ ∏

x∈Xm−l

â†
x

⎤
⎦ |0〉 (D9)

=
∑

σ∈S|Xn−l |:Xn−l→Xm−l

∏
x∈Xn−l

Wx,σ(x) (D10)

=
∑

σ∈S|Xn−l |:Xn−l→Xm−l

∏
x∈Xn−l

L∑
k=1

u(k)x v
(k)
σ (x) (D11)

=
∑

σ∈S|Xn−l |:Xn−l→Xm−l

L∑
k1,...,k|Xn−l |=1

|Xn−l |∏
i=1

u(ki)
Xn−l(i)

v
(kσ(i))
Xm−l(i)

(D12)

=
∑

su(Xn−l)

∑
sv(Xm−l)

δ([su(Xn−l)] = [sv(Xm−l)])
|Xn−l |∏

i=1

u(su(i))
Xn−l(i)

v
(sv(i))
Xm−l(i)

L∏
i=1

ki! (D13)

=
∑

su(Xn−l)

∑
sv(Xm−l)

δ([su(Xn−l)] = [sv(Xm−l)])
∏

x∈Xn−l

u(su(x))
x

∏
x∈Xm−l

v(sv(x))x

L∏
i=1

ki!, (D14)

where the summation over s(X ) is interpreted as the summation of a tuple from [L]|X | and [s(X )] denotes the multiset of
the elements of s(X ), and ki’s denote the multiplicity of i in the multiset [su(X )], which arises because of the redundancy.
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At this moment, let us ignore the delta function and the multiplicity factor
∏

i ki!, which will be taken care of later. The
full expression is then rewritten as

√
m!√
n!

∑
l≤n,m

(
n
l

)
1

(m − l)!

∑
su(Xn−l)

∑
sv(Xm−l)

∏
x∈Xn−l

u(su(x))
x

∏
x∈Xm−l

v(sv(x))x (D15)

=
√

m!√
n!

∑
l≤n,m

(
n
l

)
1

(m − l)!

⎛
⎝ ∏

x∈Xn−l

L∑
s=1

u(s)x

⎞
⎠
⎛
⎝ ∏

x∈Xm−l

L∑
s=1

v(s)x

⎞
⎠ (D16)

=
√

m!√
n!

M∏
i=1

∑
l≤min(ni,mi)

(
ni

l

)
1

(mi − l)!

(
L∑

s=1

u(s)i

)ni−l ( L∑
s=1

v
(s)
i

)mi−l

. (D17)

Now, to take care of the delta function, we introduce the indeterminates {a(s)u }L
s=1 and {a(s)v }L

s=1 and write the expression
as

M∏
i=1

√
mi!√
ni!

∑
l≤min(ni,mi)

(
ni

l

)
1

(mi − l)!

(
L∑

s=1

a(s)u u(s)x

)ni−l ( L∑
s=1

a(s)v v
(s)
i

)mi−l

(D18)

and keep the coefficients of the monomials in which a(s)u and a(s)v ’s degrees match each other [e.g.,
(a(1)u )

2(a(2)u )
3(a(1)v )

2(a(2)v )
3]. Finally, to take care of the multiplicity factor

∏
i ki, we then multiply the factorial of degrees

of a(s)u (or equivalently a(s)v ).
Now, for arbitrary product input states |ψ〉 and |φ〉, we have

〈φ|V̂|ψ〉 =
∑
n,m

amb∗
n〈n|V̂|m〉 (D19)

→
∑
n,m

amb∗
n

M∏
i=1

√
mi!√
ni!

∑
l≤min(ni,mi)

(
ni

l

)
1

(mi − l)!

(
L∑

s=1

a(s)u u(s)i

)ni−l ( L∑
s=1

a(s)v v
(s)
i

)mi−l

(D20)

→
M∏

i=1

nmax∑
ni,mi=0

a(i)mi
b(i)∗ni

√
mi!√
ni!

∑
l≤min(ni,mi)

(
ni

l

)
1

(mi − l)!

(
L∑

s=1

a(s)u u(s)i

)ni−l ( L∑
s=1

a(s)v v
(s)
i

)mi−l

. (D21)

Let us now analyze the complexity. The number of indeterminates we introduce is 2L, and each indeterminate may
have degree at most Mnmax. Thus, the number of coefficients we must keep track of is (Mnmax + 1)2L. Since there are M
product, the total number of operations is O(M (Mnmax + 1)2L).

APPENDIX E: ANTINORMAL ORDERING

The goal of this Appendix is to find the antinormal ordering of the following term:

N∏
i=1

(Âi + B̂†
i ), (E1)

where the commutation relations of the operators are given as [Âi, Âj ] = 0, [B̂†
i , B̂†

j ] = 0, and [Âi, B̂†
j ] = Cij . This Appendix

is based on Ref. [92]. To find its antinormal ordering, i.e., express the above by operators in which Âi’s always appear on
the left and B̂†

i ’s always appear on the right, we consider each term after expanding it, such as Â1B̂†
2Â3Â4B̂†

5Â6. Now, we
move all the creation operators B̂†

i ’s to the right by using the commutation relation. First, we denote Y as the indices of
the annihilation operators Âi and Yc as those of the creation operators B̂†

i . For example, for Â1B̂†
2Â3Â4B̂†

5Â6, Y = {1, 3, 4, 6}
and Yc = {2, 5}. We then move B̂†

i for i ∈ Yc one by one using the commutation relation. First of all, note that when we
move B̂†

j to the right, it only interacts with Âi with i > j .
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Let us start with the largest j ∈ Yc, say 5 for the above example. Using B̂†
5Â6 = [B̂†

5, Â6] + Â6B̂†
5 = −C65 + Â6B̂†

5, we
now have two terms,

Â1B̂†
2Â3Â4B̂†

5Â6 = −C65Â1B̂†
2Â3Â4 + Â1B̂†

2Â3Â4Â6B̂†
5. (E2)

Thus, when we use the commutation relation between Âi and B̂†
j , the associated term is split into two terms: one that

changes ÂiB̂
†
j to −Cij and the other that simply changes ÂiB̂

†
j to B̂†

j Âi. Using this property, one can easily see that for a
given Y and Yc, its antinormal ordering is simply written as

∑
M∈Match(FN ;Y→Yc)

(−1)|M| ∏
(i,j )∈M

Cij

∏
i∈Y\A(M)

Âi

∏
j ∈Yc\B(M)

B̂†
j , (E3)

where the Match is the possible matches in FN , which is the Ferrers graph whose edge set is E = {(i, j )|1 ≤ j < i ≤ N }
[93], and A(M) and B(M) represent the elements in Y and Yc that are involved in the matching M, respectively.

Since we need to take into account all possible pairs Y and Yc, we have

N∏
i=1

(Âi + B̂†
i ) =

∑
Y⊂[N ]

∑
M∈Match(FN ;Y→Yc)

(−1)|M| ∏
(i,j )∈M

Cij

∏
i∈Y\A(M)

Âi

∏
j ∈Yc\B(M)

B̂†
j . (E4)

APPENDIX F: GENERALIZED GURVITS’ SECOND ALGORITHM FOR GAUSSIAN CIRCUITS

In this Appendix, we provide a classical algorithm that computes the following using a low-rank property of the relevant
matrices:

〈φ|Ĝ|ψ〉 =
∑
n,m

amb∗
n〈n|Ĝ|m〉, (F1)

where |ψ〉 and |φ〉 are arbitrary product states, which are written due to the product structure as

|ψ〉 =
M⊗

i=1

⎛
⎝nmax∑

mi=0

a(i)mi
|mi〉

⎞
⎠ , |φ〉 =

M⊗
i=1

⎛
⎝nmax∑

ni=0

b(i)ni
|ni〉
⎞
⎠ . (F2)

Also, Ĝ is a Gaussian unitary circuit, and in particular, we are interested in a Gaussian unitary circuit generated by
Ĝ†

0P̂(ϕ)Ĝ0, where Ĝ0 is an arbitrary Gaussian unitary circuit and P̂(ϕ) is a phase shifter with phases ϕ whose nonzero
elements are a few, i.e., ϕ = (ϕ1, . . . ,ϕL, 0, . . . , 0). Hence, we prove Lemma 3:

Lemma F1 (Lemma 3 restated). Consider an M -mode bosonic system. Let Ĝ0 be a Gaussian unitary circuit and P̂(ϕ)
be the phase shifter with phase ϕ and |ψ〉 and |φ〉 be product states. If the number of nonzero elements in ϕ is L = O(1),

〈φ|Ĝ†
0P̂(ϕ)Ĝ0|ψ〉 (F3)

can be exactly computed in polynomial time in M .

Proof. Before we derive the full expression and the classical algorithm, let us first focus on 〈n|Ĝ|m〉 and then general-
ize, where Ĝ ≡ Ĝ†

0P̂(ϕ)Ĝ0. Let Xn be the multiset representation of n, which is composed of ni times of i. For example,
when n = (2, 1, 4), Xn = {1, 1, 2, 3, 3, 3, 3}. Xm is similar. Let Ĝ = ÛŜ(r)V̂ be the Bloch-Messiah decomposition of Ĝ,
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following Appendix C. Then,

〈n|Ĝ|m〉 = 1√
n!

〈0|ĜĜ†

(∏
i∈Xn

âi

)
Ĝ|m〉 = 1√

n!
〈0|Ĝ

[∏
i∈Xn

(
âi +

M∑
k=1

(
Wikâk + Zikâ†

k

))]
|m〉 (F4)

= 1√
n!

〈r|V̂
[∏

i∈Xn

(
âi +

M∑
k=1

(
Wikâk + Zikâ†

k

))]
|m〉 = 1√

n!
〈r|V̂

[∏
i∈Xn

(
Âi + B̂†

i

)]
|m〉, (F5)

where we defined

Âi = âi +
M∑

k=1

Wikâk, B̂†
i =

M∑
k=1

Zikâ†
k , Cij = [Âi, B̂†

j ] = Zji +
M∑

k=1

WikZjk. (F6)

Note that, as shown in Appendix C, W, Z, and C’s ranks are at most 2L and that only at most 2L ri’s are nonzero. Without
loss of generality, we set ri = 0 for i > 2L.

By using the antinormal ordering [92] (see Appendix E), let us expand it and move all the creation operators to the
right,

1√
n!m!

∑
Y⊂Xn

∑
M∈Match(FXn ;Y→Yc)

(−1)|M|

⎛
⎝ ∏
(i,j )∈M

Cij

⎞
⎠ 〈r|V̂

⎛
⎝ ∏

i∈Y\A(M)

Âi

⎞
⎠
⎛
⎝ ∏

i∈Yc\B(M)

B̂†
i

⎞
⎠ ∏

i∈Xm

â†
i |0〉, (F7)

where Y and Yc ≡ Xn \ Y are multisets that are subsets of Xn and the Match is the possible matches in FXn , which is the
Ferrers graph whose edge set is E = {(i, j ) ∈ Xn × Xn|j < i}. Also, A(M) and B(M) are the elements that are involved
in M from Y and Yc, respectively. That means that Y \ A(M) and Yc \ B(M) are vertices that are not involved in the
matching M. Here,

〈r|V̂
⎛
⎝ ∏

i∈Y\A(M)

Âi

⎞
⎠
⎛
⎝ ∏

i∈Yc\B(M)

B̂†
i

⎞
⎠ ∏

i∈Xm

â†
i |0〉 (F8)

= 〈r|V̂
∑

X ⊂Y\A(M)

∏
i∈X

âi

⎛
⎝ ∏

i∈Y\A(M)\X

M∑
k=1

Wikâk

⎞
⎠
⎛
⎝ ∏

i∈Yc\B(M)

M∑
k=1

Zjkâ†
k

⎞
⎠
(∏

i∈Xm

â†
i

)
|0〉. (F9)

Thus, let us first simplify the following:

〈r|V̂
∏
i∈A

âi

∏
i∈B

b̂i

∏
i∈C

ĉ†
i

∏
i∈D

â†
i |0〉, (F10)

where A ⇐⇒ X , B ⇐⇒ Y \ A(M) \ X , C ⇐⇒ Yc \ B(M), D ⇐⇒ Xm. Here,

∏
i∈A

âi

∏
i∈B

b̂i

∏
i∈C

ĉ†
i

∏
i∈D

â†
i |0〉 (F11)

=
∏
i∈A

âi

∏
i∈B

M∑
j =1

Wij âj

∏
i∈C

M∑
j =1

Zij â†
j

∏
i∈D

â†
i |0〉 (F12)

=
M∑

jB(1),...,jB(|B|)=1

M∑
j ′
C(1),...,j

′
C(|C|)=1

∏
i∈B

Wiji

∏
i∈C

Zij ′
i

∏
i∈A

âi

∏
i∈B

âji

∏
i∈C

â†
j ′
i

∏
i∈D

â†
i |0〉. (F13)

To simplify this expression, we first need to match all A and B to C and D first, and then the remaining elements in C and
D will be matched with the squeezed state 〈r|V̂. Here, a ⊂ A matches with a = da ⊂ D and b ⊂ B with db ⊂ D \ a, and
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A \ a with ca ⊂ C and B \ b with cb. Thus,
∏
i∈A

âi

∏
i∈B

âji

∏
i∈C

â†
j ′
i

∏
i∈D

â†
i |0〉 (F14)

=
∑

a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\da

∑
σ∈S|a|:a→da

∏
i∈a

δi,σ(i)

∑
σ∈S|ac|:ac→ca

∏
i∈ac

δi,j ′
σ(i)

∑
σ∈S|b|:b→db

∏
i∈b

δji,σ(i)

∑
σ∈S|B\b|:B\b→cb

∏
i∈B\b

δji,j ′
σ(i)

×
∏

i∈C\(ca∪cb)

â†
j ′
i

∏
i∈D\(da∪db)

â†
i |0〉. (F15)

Hence, we have

〈r|V̂
M∑

jB(1),...,jB(|B|)=1

M∑
j ′
C(1),...,j

′
C(|C|)=1

∏
i∈B

Wiji

∏
i∈C

Zij ′
i

∏
i∈A

âi

∏
i∈B

âji

∏
i∈C

â†
j ′
i

∏
i∈D

â†
i |0〉 (F16)

=
∑

a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\da

∑
σ∈S|ac|:ac→ca

∏
i∈ac

Zi,σ(i)

∑
σ∈S|b|:b→db

∏
i∈b

Wi,σ(i)

∑
σ∈S|B\b|:B\b→cb

∏
i∈B\b

(WZT)i,σ(i)

× 〈r|V̂
∏

i∈C\(ca∪cb)

M∑
j ′
i =1

Zij ′
i
â†

j ′
i

∏
i∈D\(da∪db)

â†
i |0〉 (F17)

=
∑

a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\da

∑
σ∈S|ac|:ac→ca

∏
i∈ac

Zi,σ(i)

∑
σ∈S|b|:b→db

∏
i∈b

Wi,σ(i)

∑
σ∈S|B\b|:B\b→cb

∏
i∈B\b

(WZT)i,σ(i)

× 〈r|
∏

i∈C\(ca∪cb)

M∑
j ′
i ,k=1

Zij ′
i
Vk,j ′

i
â†

k

∏
i∈D\(da∪db)

M∑
k=1

Vk,iâ
†
k |0〉 (F18)

=
∑

a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\da

∑
σ∈S|ac|:ac→ca

∏
i∈ac

Zi,σ(i)

∑
σ∈S|b|:b→db

∏
i∈b

Wi,σ(i)

∑
σ∈S|B\b|:B\b→cb

∏
i∈B\b

(WZT)i,σ(i)

× 〈r|
∏

i∈C\(ca∪cb)

M∑
k=1

(ZVT)i,kâ†
k

∏
i∈D\(da∪db)

M∑
k=1

(VT)i,kâ†
k |0〉, (F19)

where ca ∩ cb = ∅ and da ∩ db = ∅. Here, using the low-rank structure of W and Z, we simplify the expression further as
∑

σ∈S|ac|:ac→ca

∏
i∈ac

Zi,σ(i)

∑
σ∈S|b|:b→db

∏
i∈b

Wi,σ(i)

∑
σ∈S|B\b|:B\b→cb

∏
i∈B\b

(WZT)i,σ(i) (F20)

=
∑

σ∈S|ac|:ac→ca

∏
i∈ac

2L∑
l=1

u(l)i v
(l)
σ (i)

∑
ρ∈S|b|:b→db

∏
i∈b

2L∑
k=1

w(k)i x(k)ρ(i)
∑

ω∈S|B\b|:B\b→cb

∏
i∈B\b

2L∑
m=1

y(m)i z(m)ω(i) (F21)

=
∑

σ∈S|ac|:ac→ca

2L∑
lac(1),...,lac(|ac|)=1

∏
i∈ac

u(li)i v
(li)
σ (i)

∑
ρ∈S|b|:b→db

2L∑
kb(1),...,kb(|b|)=1

∏
i∈b

w(ki)
i x(ki)

ρ(i)

×
∑

ω∈S|B\b|:B\b→cb

2L∑
m(B\b)(1),...,m(B\b)(|B\b|)=1

∏
i∈B\b

y(mi)
i z(mi)

ω(i) (F22)

=
∑

σ∈S|ac|:ac→ca

∑
ρ∈S|b|:b→db

∑
ω∈S|B\b|:B\b→cb

2L∑
l1,...,l|ac|=1

2L∑
k1,...,k|b|=1

2L∑
m1,...,m|B\b|=1

∏
i∈[ac]

u(li)ca(i)v
(lσ(i))
ac(i)

∏
i∈[b]

w
(kρ(i))
b(i) x(ki)

db(i)

×
∏

i∈[B\b]

y(mi)
cb(i)

z
(mω(i))
(B\b)(i) (F23)
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=
∑

su(ca),sv(ac)

∑
sw(b),sx(db)

∑
sz(B\b),sy (cb)

δ([su(ca)] = [sv(ac)])δ([sw(b)] = [sx(db)])δ([sz(B \ b)] = [sy(cb)])

×
∏

i∈[ac]

u
(lsu(i))

ca(i) v
(sv(i))
ac(i)

∏
i∈[b]

w(sw(i))
b(i) x

(ksx(i))

db(i)

∏
i∈[B\b]

y(sz(i))
cb(i)

z(sy (i))
(B\b)(i)

L∏
i=1

(ki!k′
i!k

′′
i !), (F24)

where the summation over s(X ) is interpreted as the summation of a tuple from [L]|X | and ki, k′
i, k′′

i represent the multi-
plicity of u, w, y, respectively. Thus, ignoring the delta functions and the multiplicity factors, which will be taken care of
later, we can rewrite the expression as

∑
a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\a

∑
su(ca),sv(ac)

∑
sw(b),sx(db)

∑
sz(B\b),sy (cb)

∏
i∈[ac]

u
(lsu(i))

ca(i) v
(sv(i))
ac(i)

∏
i∈[b]

w(sw(i))
b(i) x

(ksx(i))

db(i)

∏
i∈[B\b]

y(sz(i))
cb(i)

z(sy (i))
(B\b)(i) (F25)

=
∑

a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\a

∏
i∈ca

2L∑
s=1

u(s)i a(s)u

∏
i∈ac

2L∑
s=1

v
(s)
i a(s)v

∏
i∈b

2L∑
s=1

w(s)i a(s)w

∏
i∈db

2L∑
s=1

x(s)i a(s)x

∏
i∈cb

2L∑
s=1

y(s)i a(s)y

∏
i∈B\b

2L∑
s=1

z(s)i a(s)z

(F26)

=
∑

a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\a

∏
i∈ca

f1(i)
∏
i∈ac

f2(i)
∏
i∈b

f3(i)
∏
i∈db

f4(i)
∏
i∈cb

f5(i)
∏

i∈B\b

f6(i), (F27)

where we introduced the indeterminates a(s)u , a(s)v , a(s)w , a(s)x , a(s)y , a(s)z to take care of the delta functions and defined

f1(i) =
2L∑

s=1

u(s)i a(s)u , f2(i) =
2L∑

s=1

v
(s)
i a(s)v , f3(i) =

2L∑
s=1

w(s)i a(s)w , f4(i) =
2L∑

s=1

x(s)i a(s)x , f5(i) =
2L∑

s=1

y(s)i a(s)y ,

f6(i) =
2L∑

s=1

z(s)i a(s)z . (F28)

In addition, to take care of the remaining creation operators, we replace them with indeterminates xk’s as in Sec. VI B 2,

∑
a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\a

∏
i∈ca

f1(i)
∏
i∈ac

f2(i)
∏
i∈b

f3(i)
∏
i∈db

f4(i)
∏
i∈cb

f5(i)
∏

i∈B\b

f6(i)

× 〈r|
∏

i∈C\(ca∪cb)

M∑
k=1

(ZVT)i,kâ†
k

∏
i∈D\(da∪db)

M∑
k=1

(VT)i,kâ†
k |0〉 (F29)

→
∑

a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\a

∏
i∈ca

f1(i)
∏
i∈ac

f2(i)
∏
i∈b

f3(i)
∏
i∈db

f4(i)
∏
i∈cb

f5(i)
∏

i∈B\b

f6(i)

×
∏

i∈C\(ca∪cb)

2L∑
k=1

(ZVT)i,kxk

∏
i∈D\(da∪db)

2L∑
k=1

(VT)i,kxk (F30)

→
∑

a⊂A∩D

∑
b⊂B

∑
ca,cb⊂C

∑
db⊂D\a

∏
i∈ca

f1(i)
∏
i∈ac

f2(i)
∏
i∈b

f3(i)
∏
i∈db

f4(i)
∏
i∈cb

f5(i)
∏

i∈B\b

f6(i)
∏

i∈C\(ca∪cb)

g1(i)
∏

i∈D\(da∪db)

g2(i), (F31)

where we defined

g1(i) =
2L∑

k=1

(ZVT)i,kxk, g2(i) =
2L∑

k=1

(VT)i,kxk. (F32)

The squeezed states’ coefficients will be taken care of later by using the indeterminates xk’s.
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Now we simplify the expression. Using

∑
b⊂B

⎛
⎝∏

i∈b

f3(i)
∏

i∈B\b

f6(i)

⎞
⎠ =

∏
i∈B

(f3(i)+ f6(i)), (F33)

∑
ca,cb⊂C

⎛
⎝∏

i∈ca

f1(i)
∏
i∈cb

f5(i)
∏

i∈C\(ca∪cb)

g1(i)

⎞
⎠ =

∏
i∈C

(f1(i)+ f5(i)+ g1(i)), (F34)

∑
a⊂A∩D

∑
db⊂D\a

⎛
⎝∏

i∈A\a

f2(i)
∏
i∈db

f4(i)
∏

i∈(D\a)\db

g2(i)

⎞
⎠ (F35)

=
∏

i∈A\D

f2(i)
∑

a⊂A∩D

∏
i∈(A∩D)\a

f2(i)
∑

db⊂D\a

⎛
⎝∏

i∈db

f4(i)
∏

i∈(D\a)\db

g2(i)

⎞
⎠ (F36)

=
∏

i∈A\D

f2(i)
∑

a⊂A∩D

∏
i∈(A∩D)\a

f2(i)
∏

i∈D\a

(f4(i)+ g2(i)) (F37)

=
∏

i∈A\D

f2(i)
∏

i∈D\A

(f4(i)+ g2(i))
∑

a⊂A∩D

∏
i∈(A∩D)\a

f2(i)
∏

i∈(A∩D)\a

(f4(i)+ g2(i)) (F38)

=
∏

i∈A\D

f2(i)
∏

i∈D\A

(f4(i)+ g2(i))
∏

i∈A∩D

[1 + f2(i)(f4(i)+ g2(i))], (F39)

the expression is simplified as
∏

i∈A\D

f2(i)
∏

i∈D\A

(f4(i)+ g2(i))
∏

i∈A∩D

[1 + f2(i)(f4(i)+ g2(i))]
∏
i∈B

(f3(i)+ f6(i))
∏
i∈C

(f1(i)+ f5(i)+ g1(i)). (F40)

And recalling

A ⇐⇒ X , B ⇐⇒ Y \ A(M) \ X , C ⇐⇒ Yc \ B(M), D ⇐⇒ Xm, (F41)

the full expression becomes
∏

i∈X \Xm

Fi

∏
i∈Xm\X

Ei

∏
i∈X ∩Xm

Di

∏
i∈Y\A(M)\X

Ai

∏
i∈Yc\B(M)

Bi, (F42)

where we defined

Ai = f3(i)+ f6(i), Bi = f1(i)+ f5(i)+ g1(i), Di = 1 + f2(i)(f4(i)+ g2(i)), Ei = f4(i)+ g2(i), Fi = f2(i). (F43)

Thus, we can simplify the expression as a loop hafnian,
∑
Y⊂Xn

∑
M∈Match(FXn ;Y→Yc)

∑
X ⊂Y\A(M)

× (−1)|M|

⎛
⎝ ∏
(i,j )∈M

Cij

⎞
⎠
⎛
⎝ ∏

i∈X \Xm

Fi

⎞
⎠
⎛
⎝ ∏

i∈Xm\X

Ei

⎞
⎠
( ∏

i∈X ∩Xm

Di

)⎛
⎝ ∏

i∈Y\A(M)\X

Ai

⎞
⎠
⎛
⎝ ∏

i∈Yc\B(M)

Bi

⎞
⎠ (F44)

=
∑
Y⊂Xn

∑
M∈Match(FXn ;Y→Yc)

∏
(i,j )∈M

(−Cij )
∏

i∈Y\A(M)\Xm

(Ai + Fi)
∏
i∈Xm

(EiAi + Di)
∏

i∈Yc\B(M)

Bi (F45)

=
∏
i∈Xm

(EiAi + Di)lhaf(K̃), (F46)
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where K̃ is a |Xn| × |Xn| matrix whose elements are given as

K̃ij =

⎧⎪⎨
⎪⎩

−Cij if i < j and
Ai + Bi + Fi if i = j and i /∈ Xm,
Bi + 1 if i = j and i ∈ Xm,

(F47)

where i, j ∈ Xn. Hence, the low-rank structure of C may be used. Let us also define a matrix K as the symmetrized version
of K̃ , i.e.,

Kij =

⎧⎪⎨
⎪⎩

−Cij if i �= j and
Ai + Bi + Fi if i = j and i /∈ Xm,
Bi + 1 if i = j and i ∈ Xm,

(F48)

and note that lhaf(K) = lhaf(K̃) if we define the loop hafnian to depend only on the upper triangular matrix (see
Appendix G). To exploit this low-rank structure, we can then invoke the following lemma:

Lemma F2 (Loop hafnian of a matrix with low-rank structure [64]). Let � be an n × n symmetric matrix with rank r
and A be a matrix constructed by filling �’s diagonal matrix with arbitrary elements. Then the loop hafnian of the matrix
A can be computed in O(n

( 2n+r−1
r−1

)
). Thus, when r is fixed, the cost is polynomial in n and when r = O(log n), the cost is

quasipolynomial in n.

As an example, let us first consider the case that n = m = (1, . . . , 1), i.e., Xn = Xm = [M ]. Then, the matrix K can be
treated as a matrix constructed by replacing the diagonal matrix of matrix C with Bi + 1. Hence, we can use the lemma,
and the complexity is O(M

(2M+2L−1
2L−1

)
). (See Appendix G for the algorithm.) More specifically, since C has a rank 2L, we

find a decomposition C = GGT, where G is an M × 2L matrix and then construct the polynomial

g(y1, . . . , y2L) =
M∏

i=1

⎛
⎝ 2L∑

j =1

Gij yj + Bi + 1

⎞
⎠ (EiAi + Di), (F49)

and multiplying appropriate prefactors to obtain the loop hafnian.
Now, let us consider more general n and m. In this case, the matrix K is constructed by repeating rows and columns

of the matrix C according to Xn and filling the matrix’s diagonal elements according to the definition of K . Hence, this
matrix still has a low-rank structure that enables us to invoke the above lemma. One may then observe that if we let
li ≡ min(ni, mi), define a polynomial

g(y1, . . . , y2L) = 1√
n!m!

M∏
i=1

⎡
⎢⎣
⎛
⎝ 2L∑

j =1

Gij yj + Bi + 1

⎞
⎠

li ⎛
⎝ 2L∑

j =1

Gij yj + Ai + Bi + Fi

⎞
⎠

max(0,ni−li)

(EiAi + Di)
mi

⎤
⎥⎦ , (F50)

and multiply appropriate prefactors, we obtain the loop hafnian. The final expression is a polynomial of {xi}2L
i=1

and {yi}2L
i=1 and {a(i)u }2L

i=1, {a(i)v }2L
i=1, {a(i)w }2L

i=1, {a(i)x }2L
i=1, {a(i)y }2L

i=1, and {a(i)z }2L
i=1. Finally, to deal with the squeezed states,

we replace xi with the corresponding coefficients of the squeezed states. To be more explicit, xi is replaced with
cosh−1/2 r tanhi/2 r

√
i!/(2i/2(i/2)!) for even i and with 0 for odd i, where r is the squeezing parameter for each. Then,

yi’s are taken care of using the method in Appendix G, and {a(i)u }2L
i=1, {a(i)v }2L

i=1, {a(i)w }2L
i=1, {a(i)x }2L

i=1, {a(i)y }2L
i=1, and {a(i)z }2L

i=1 are
taken care of as explained above.

Finally, let us now consider the general case,

〈φ|Ĝ|ψ〉 =
∑
n,m

amb∗
n〈n|Ĝ|m〉, (F51)
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which is the goal of this Appendix. Then, we define a polynomial

g(y1, . . . , y2L) =
M∏

i=1

nmax∑
ni,mi=0

a(i)mi
b(i)∗ni√

ni!mi!

⎡
⎢⎣
⎛
⎝ 2L∑

j =1

Gij yj + Bi + 1

⎞
⎠

li ⎛
⎝ 2L∑

j =1

Gij yj + Ai + Bi + Fi

⎞
⎠

max(0,ni−li)

(EiAi + Di)
mi

⎤
⎥⎦ .

(F52)

Then, by multiplying appropriate prefactors as above for
squeezed states’ coefficients, we obtain 〈φ|Ĝ|ψ〉 by appro-
priately selecting coefficients of the monomials as above.

Let us now analyze the complexity. Note that we have
introduced indeterminates {xi}2L

i=1 and {yi}2L
i=1 and {a(i)u }2L

i=1,
{a(i)v }2L

i=1, {a(i)w }2L
i=1, {a(i)x }2L

i=1, {a(i)y }2L
i=1, and {a(i)z }2L

i=1. Thus, the
number of indeterminates we introduced is 16L. All these
indeterminates can have a degree at most 3Mnmax due to
the quadratic form of EiAi in the expression and Di = 1 +
f2(i)(f4(i)+ g2(i)). Thus, the number of coefficients we
need to keep track of is (3Mnmax + 1)16L. Therefore, when
L = O(1), it can be computed in polynomial time. �

APPENDIX G: LOW-RANK LOOP HAFNIAN

For completeness, we provide the details of a classical
algorithm that computes the loop hafnian of a matrix with
a low-rank structure, which was proposed in Ref. [64] by
generalizing the algorithm for hafnian [63].

Let us first recall the definition of the loop hafnian of
an n × n matrix A. Consider the graph G whose adjacency
matrix is A. Here, the diagonal elements of A represent the
loops from a vertex to itself. Then, the loop hafnian can be
written as

lhaf(A) ≡
∑

M∈SPM

∏
(i,j )∈M

Aij , (G1)

where SPM is the set of all possible matchings of a graph
G, including loops. In many cases, as the hafnian, we
assume A to be a symmetric matrix because of the undi-
rectedness of the graph. However, one may define the loop
hafnian of a matrix that is not symmetric by always con-
sidering a match (i, j ) as either i ≤ j or i ≥ j . Then, the
loop hafnian depends only on the upper or lower triangu-
lar part, respectively. This property was used in Ref. [63]
and is used below to employ the low-rank structure for
computing the loop hafnian.

Before we present the algorithm, let us define the loop
hafnian in a different way. Let X ≡ [n]. Then, the loop
hafnian can be written as

lhaf(A) =
∑
Y⊂X

∑
M∈Match(FX ;Y→Yc)

∏
(i,j )∈M

Aij

∏
i∈Y\A(M)

Aii/2

×
∏

i∈Yc\B(M)

Aii/2. (G2)

Here, FX is the Ferrers graph, i.e., its edges are E = {(i, j ) :
j < i} and 1/2 factor is introduced to cancel out the redun-
dancy, and A(M) and B(M) represent the elements in Y
and Yc that are involved in the matching M, respectively.
Hence, this is consistent with the argument regarding the
lower triangular matrix above. Thus, the first product cor-
responds to the matches between distinct vertices, and
the last two products correspond to the loops. We may
generalize this expression to

∑
Y⊂X

∑
M∈Match(FX ;Y→Yc)

∏
(i,j )∈M

Cij

∏
i∈Y\A(M)

Ai

∏
i∈Yc\B(M)

Bi,

(G3)

and this is equivalent to

lhaf(W), (G4)

where the matrix W’s off-diagonal elements are equal to
Cij and diagonal elements are Ai + Bi.

We now provide the classical algorithm that takes
advantage of the low-rank structure [64]. Consider a sym-
metric matrix � and another symmetric matrix A which is
obtained by replacing �’s diagonal elements by μ. When
� has rank r, it can be decomposed as � = GGT, where G
is an n × r matrix. Then, we can compute the loop hafnian
of the matrix as

lhaf(A) =
∑

M∈SPM

∏
(i,j )∈M

Aij =
∑

a⊂[n]:|a|:even

haf(Aa,a)
∏
i∈ac

μi

=
∑

σ∈PMP(|a|)

|a|∏
i=1

Aa(σ (2i−1)),a(σ (2i))

∏
i∈ac

μi (G5)

→
n∏

i=1

⎛
⎝ r∑

j =1

Gij xj + μi

⎞
⎠ , (G6)

where PMP is the set of perfect matchings without loops,
and we introduced a polynomial with indeterminates xi’s.
Let P2s,r be the set of integer r-partitions of 2s, i.e., tuples
(p1, p2, . . . , pr) such that pi ≥ 0 for all i and

∑
i pi = 2s,

and let E2s,r be the subset of Ps,r such that pi is even
for all i. We then expand the polynomial and identify the
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coefficients λp as

q(x1, . . . , xr) =
[n/2]∑
s=0

∑
p=(p1,...,p2s)∈P2s,r

λp

r∏
i=1

xpi
i , (G7)

where we dropped a polynomial composed of an odd num-
ber of xi’s from the polynomial, Eq. (G6), because it is not
relevant to the loop hafnian. Since

|P2s,r| =
(

2s + r − 1
r − 1

)
, |E2s,r| =

(
s + r − 1

r − 1

)
, (G8)

the coefficients λp can be found in O(n|P2n,r|) running time
because there are |P2n,r| monomials whose coefficients are
kept track of and we have n multiplications. Meanwhile,
the loop hafnian can be written as

lhaf(A) =
[n/2]∑
s=0

∑
e∈E2s,r

λe

r∏
i=1

(ei − 1)!!. (G9)

Therefore, by expanding the polynomial (G7) and identi-
fying the coefficients, we can compute the loop hafnian in
O(n|P2n,r|) and when r is fixed, in O(nr).
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