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Variational counterdiabatic (CD) driving is a disciplined and widely used method to robustly control
quantum many-body systems by mimicking adiabatic processes with high fidelity and reduced duration.
Central to this technique is a universal structure of the adiabatic gauge potential (AGP) over a parameter-
ized Hamiltonian. Here, we reveal that introducing a new degree of freedom into the theory of the AGP
can significantly improve variational CD driving. Specifically, we find that the algebraic characterization
of the AGP is not unique, and we exploit this nonuniqueness to develop the weighted variational method
for deriving a refined driving protocol. This approach extends the conventional method in two aspects: it
assigns customized weights to matrix elements relevant to specific problems, and it effectively incorpo-
rates nonlocal information into local driving coefficients. We also develop an efficient numerical algorithm
to compute the refined driving protocol using computer algebra. Our framework is broadly applicable and,
in principle, it can replace any previous use of variational CD driving. We demonstrate its practicality by
applying it to adiabatic evolution along the ground state of a parameterized Hamiltonian. This proposal
outperforms the conventional method in terms of fidelity, as confirmed by extensive numerical simulations
on quantum Ising models.
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I. INTRODUCTION

Fast, accurate, and stable control of quantum systems is
of paramount importance to realize quantum state prepa-
ration, state processing, and information processing for
advancing quantum technologies [1]. High-quality quan-
tum control is realized by combining a theoretical scheme
to compute a driving protocol on classical computers with
experimental techniques to faithfully implement the proto-
col, both forming broad research areas [2]. While the early
development of quantum control focused on few-body sys-
tems, recent advances in quantum technology highlight the
need for methods tailored to many-body systems, such as
systems with tens to hundreds of qubits [3–5].

Controlling many-body systems poses a huge theoreti-
cal challenge, especially due to the exponential computa-
tional cost of simulating quantum dynamics on classical

*Contact author: naruo.ohga@ubi.s.u-tokyo.ac.jp

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

computers. Control methods such as quantum optimal
control [2] and reinforcement learning [6] rely on time-
evolution simulations to maximize the final fidelity, but
direct simulation requires exponentially large memory and
time for many-body systems. Compression methods such
as tensor networks have been incorporated to reduce this
cost [7], but they involve trade-offs between accuracy and
computational cost. In particular, this reliance on classi-
cal simulation is inappropriate for quantum computation,
which should exploit quantum dynamics beyond classical
simulations.

An alternative approach that avoids time-evolution sim-
ulations is to determine driving protocols from fundamen-
tal and universal structures of quantum systems. One such
structure is represented by an operator called the adiabatic
gauge potential (AGP), which endows a geometric struc-
ture with a parameterized Hamiltonian [8]. By implement-
ing the AGP as a driving Hamiltonian, we can perform
counterdiabatic (CD) driving [9–12]. CD driving mim-
ics adiabatic processes with—in principle—an arbitrarily
short duration, with the increased energy cost manageable
by the quantum speed limit [13–16]. CD driving inherits
the robustness of adiabatic processes [17,18] and is widely
used to stably guide a quantum state along an eigenstate
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of a time-dependent Hamiltonian. Explicit expressions of
the AGP have been derived for a variety of simple sys-
tems, including two- and three-level systems [19], har-
monic oscillators [20], many-body quantum spin systems
associated with free fermions [21], classical particles in
potentials [22], many-body and/or nonlinear systems with
scale-invariant dynamics [23,24], quantum systems associ-
ated with classical nonlinear integrable systems [25], and
classical spin systems [26].

In recent years, the variational AGP, a systematic
approximation of the AGP [8,27], has attracted attention
for its ability to overcome the difficulty of computing
and implementing the exact AGP in many-body systems.
The variational AGP is defined by minimizing an action
(a functional of operators) over experimentally feasible
operators. The action is derived from an algebraic char-
acterization of the exact AGP [22], and it could yield the
exact AGP if minimized over arbitrary Hermitian opera-
tors. The minimization can be easily computed even for
large systems, making the variational AGP practical for
many-body systems. Using the variational AGP as a driv-
ing Hamiltonian, we can realize approximated CD driving,
called variational CD driving or local CD driving.

Variational CD driving has been tested and applied to a
wide range of systems, leading to significantly improved
quantum control. Numerical tests have been performed on
spin systems with various lattice structures and interac-
tions [28–34] and on fermion lattice systems [27,35]. It
has been experimentally realized with nuclear magnetic
resonance [36], a tight-binding lattice of ultracold atoms
[37], and superconducting quantum computers [38]. Prac-
tical applications have been considered and tested, such
as heat engines [39,40], quantum state transfer [41,42],
quantum annealing and its varieties [28–33,43], and opti-
mization problems including integer factorization, portfo-
lio optimization, protein folding, and logistics [44–49]. In
addition, variational CD driving has been combined with
other techniques and ideas to derive a number of practical
methods, including Floquet engineering [50–54], tensor
networks [55,56], digital quantum simulation [44,45], Lie
algebra [51,57], the Lanczos algorithm [58,59], and opti-
mizations of the intermediate path [31,60,61]. From a
broader perspective, variational AGPs have been extended
to variational quantum algorithms [62–65], approximate
diagonalization [66,67], open quantum systems [68,69],
and classical Hamiltonian systems [70], and they have
been used as a sensitive probe for quantum phase tran-
sitions [57,59], quantum chaos [58], and singular macro-
scopic degeneracies [71].

In most applications, variational CD driving signifi-
cantly improves the driving quality, such as the fidelity to
the target state, compared to the bare time evolution with-
out adding the variational AGP. Nevertheless, the fidelity
often remains far from unity, particularly for many-body
and random systems (e.g., Ref. [29]). This is presumably

due to two key insufficiencies in the driving protocols
determined by variational CD driving. First, the driv-
ing protocol is ignorant of which eigenstate is targeted,
for example, whether it is the ground state or the high-
est energy state. Second, the local driving coefficient of
the protocol is often determined by the system’s local
parameters [27,28] and fails to globally integrate nonlocal
information, which is unfavorable for controlling highly
entangled eigenstates of many-body systems.

To overcome these two difficulties, this paper focuses on
a fundamental yet unaddressed aspect of variational AGP.
The variational method has always employed a specific
form of action. However, any functionals that attain their
minimum at the exact AGP could, in principle, play the
role of action for determining a variational AGP. There
should be an infinite number of such functionals. Differ-
ent actions should yield different approximated AGPs and
may help overcome the key issues of the existing method.
Although some literature mentions an alternative action
involving a Gibbs state [27,59], this action is difficult
to compute in many-body systems without compromising
practicality.

In this paper, we materialize this observation by both
advancing the fundamental theory of the AGP and devel-
oping a computational technique, revealing that the con-
ventional approach did not fully exploit the potential of
variational CD driving. We find that the algebraic char-
acterization of the AGP is not unique, and we introduce
an infinite variety of characterizations. By exploiting this
freedom, we develop a systematic framework for con-
structing actions tailored to specific purposes, termed
weighted actions. The weighted action overcomes the
above two insufficiencies of the conventional method.
First, it allows us to assign weights to relevant energy
eigenstates to reduce the approximation error of impor-
tant matrix elements. Second, the weighted action contains
nonlocal terms, allowing the resulting variational AGPs to
reflect nonlocal information of the system effectively.

We show that this theoretical advance can be practically
implemented by using computer algebra in general spin
and fermionic systems. Computer algebra is the computa-
tion performed with algebraic relations between operators
rather than matrix representations [72], and it can compute
variational AGPs from weighted actions in polynomial
time with respect to the system size. In particular, we
construct a concrete algorithm for general spin-1/2 sys-
tems and provide an explicit computational time analysis,
extending similar algebraic methods implicitly used in
some literature to compute AGPs [33,35]. An efficient C++
implementation is available in Ref. [73].

This proposal, which we term the weighted varia-
tional method, is practical and widely applicable, as it
can—in principle—generalize any previous application of
variational AGPs by simply replacing the conventional
action with weighted actions. This generalization is
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experimentally implementable without substantial new
difficulties, such as new driving fields/interactions or faster
control of the driving fields. To demonstrate the power of
our proposal, we apply it to quantum control along the
ground state of an arbitrary time-dependent Hamiltonian
by designing a weighted action that emphasizes lower-
energy eigenstates. We numerically test this application in
quantum Ising models with random couplings. The final
ground-state fidelity increases in almost all samples, and
the median increase reaches, for example, 19 times for
spin-glass systems. This enhancement is achieved even in
the short-duration limit and remains valid for larger system
sizes.

The remainder of this paper is organized as follows. In
Secs. II–IV, we present our proposal at three different lev-
els of generality. In Sec. II, we develop the most general
framework, including the extended algebraic characteri-
zations of the AGP, weighted actions, and the numerical
algorithm with computer algebra. Section III is at the sec-
ond level of generality, where we specialize the framework
to ground-state evolution. This specialization is still valid
for arbitrary quantum systems. Section IV presents the
most concrete results obtained from numerical simulations
of quantum Ising models. Section V analyzes the possi-
ble mechanisms behind the improvement in fidelity using
numerical analysis and the quantum speed limit formula.
Section VI concludes the paper.

II. GENERAL FRAMEWORK

A. Setup

We start with a general setup: consider a general quan-
tum system—few-body or many-body—with a parame-
terized Hamiltonian H(λ). Without loss of generality, we
assume that λ is scalar and takes values 0 ≤ λ ≤ 1. We
aim to realize an adiabatic process from λ = 0 to λ = 1,
keeping the population of each eigenstate intact except at
degeneracies. If we are allowed to take a very long time,
this goal is achieved simply by driving the system with the
Hamiltonian H(λ) with slowly modulating λ from 0 to 1,
as ensured by the adiabatic theorem [74]. However, prac-
tical driving protocols must achieve the process in a short
time to combat decoherence and dissipation.

A quick adiabatic process with an arbitrary schedule λt
can be achieved by CD driving. Consider adding a driving
Hamiltonian of the form λ̇tV(λt), where the dot denotes
the time derivative, and V(λ) is an operator depending
on λ. We evolve the system according to the Schrödinger
equation,

i�∂t|ψ(t)〉 = [H(λt)+ λ̇tV(λt)]|ψ(t)〉. (1)

By introducing the spectral decomposition,

H(λ) =
D∑

n=1

εn(λ)|φn(λ)〉〈φn(λ)|, (2)

with ε1(λ) ≤ · · · ≤ εD(λ), we can rewrite the Schrödinger
equation with the probability amplitudes of the eigenstates,
cn(t) := 〈φn(λt)|ψ(t)〉,

i�ċn(t) = κn(t)cn(t)+ λ̇t

∑

m
(m �=n)

[V(λt)−�(λt)]nmcm(t).

(3)

Here, κn(t) := εn(λt)+ λ̇t[V(λt)]nn − i�λ̇t〈φn(λt)|∂λφn(λt)〉
is a real-valued function, [· · · ]nm is the shorthand for
〈φn(λt)| · · · |φm(λt)〉, and �(λ) is a Hermitian operator
called the AGP,

�(λ) := i�
∑

nm
(n�=m)

|φn(λ)〉〈φn(λ)|∂λφm(λ)〉〈φm(λ)|. (4)

In the right-hand side of Eq. (3), the first term κn(t)cn(t)
only changes the complex phase of cn(t), keeping the
population |cn(t)|2 intact, but the second term causes unde-
sired nonadiabatic transitions, i.e., transitions from one
eigenstate to another. The nonadiabatic transitions can be
perfectly suppressed by choosing V(λ) = �(λ), which is
called CD driving [9–12]. In the energy eigenbasis of
H(λ), the CD driving term V(λ) is intuitively depicted as
a “hammer” that exerts an external force on the system to
make it follow an eigenstate faithfully [Fig. 1(a)].

The exact CD driving, however, has two crucial draw-
backs when applied to many-body systems. First, the cal-
culation of the AGP involves the diagonalization of the
Hamiltonian H(λ), which is usually impossible for many-
body systems. Second, the nonlocal many-body interac-
tions in the AGP hinder experimental implementation.
Implementable control fields are usually local, such as
one- and two-body. It has been proposed to use Floquet
engineering to effectively expand the implementable set
of control fields, including nonlocal interactions [50–53],
but the number of independently controllable fields is still
practically limited due to the constraint on the highest
achievable control frequency. It thus remains difficult to
implement the full AGP in many-body systems.

B. Conventional variational method

Given these practical difficulties in implementing the
full AGP, it is desirable to establish an optimal approxi-
mation of CD driving within the limited control fields at
hand. Reference [27] addressed this problem by proposing
a variational method to determine approximated AGPs.
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(a)

(b)

FIG. 1. Schematics of the methods of counterdiabatic (CD)
driving. (a) Concept of exact CD driving, depicted in the energy
eigenbasis of the original Hamiltonian H(λ). Gray curves repre-
sent the energy of the eigenstates of H(λ). Without CD driving,
the population escapes from the target eigenstates (e.g., the
ground state in this figure) during time evolution, as depicted
by the red curve (left). CD driving uses a driving force V(λ) =
�(λ), depicted as a “hammer” hitting the system, to ensure
that the system correctly tracks the target eigenstate during
time evolution (right). Exact CD driving keeps the system per-
fectly on the target, but it is impractical for many-body systems.
(b) Comparison between the conventional and weighted vari-
ational methods of CD driving. The conventional variational
method tries to design a hammer V(α(λ)) that hits all eigen-
states equally well (left). However, this goal may not be fully
achieved with a limited number of driving fields. In contrast,
our weighted variational method designs a specialized hammer
for important eigenstates (e.g., low-energy states in this figure),
providing a tailored approach to a specific problem (right). As a
result, our method can more effectively suppress the escape of
the population from the target eigenstates, as shown by the red
curves.

The variational method starts with an algebraic charac-
terization of the exact AGP [22],

[H(λ), ∂λH(λ)− i�−1[H(λ),�(λ)]] = 0. (5)

This characterization is equivalent to the following vari-
ational formula that minimizes an action S(1)λ [V] [27]:

�(λ) ∈ argmin
V

S(1)λ [V], (6a)

S(1)λ [V] := ∥∥∂λH(λ)− i�−1[H(λ), V]
∥∥2

, (6b)

where ‖A‖ :=
√

tr(A†A) denotes the Hilbert–Schmidt
norm. The minimization is performed over any Hermi-
tian operator V. Note that this variational formula only
fixes the part of V noncommuting with H(λ), as the action

S(1)λ [V] is independent of the part of V that commutes with
H(λ). Thus, the minimizer of S(1)λ [V] is not unique, as
indicated by the symbol “∈,” and �(λ) is one of them.
The meaning of the superscript “(1)” will be clarified later.
Since the action S(1)λ [V] is minimized by the true AGP,
the difference S(1)λ [V] − S(1)λ [�(λ)] can be interpreted as
quantifying how far V is apart from�(λ)without explicitly
using the matrix elements of V and �(λ).

Motivated by this interpretation, the variational method
determines the variational AGP by minimizing the action
S(1)λ [V] over an ansatz consisting of experimentally imple-
mentable Hermitian operators. For concreteness, we con-
sider an ansatz of the form

V(α(λ)) =
M∑

μ=1

αμ(λ)Aμ, (7)

where α(λ) ≡ (α1(λ), . . . ,αM (λ)) are λ-dependent scalar
coefficients to be optimized, and A1, . . . , AM are λ-
independent Hermitian operators. For practical applica-
tions, Aμ’s are taken to be experimentally feasible oper-
ators. For each λ, the coefficient α(λ) is determined by the
minimization,

α(1)(λ) := argmin
α∈RM

S(1)λ [V(α)]. (8)

Notably, the action S(1)λ [V(α)] can be calculated using
algebraic relations between the operators appearing in
H(λ) and Aμ, such as the spin operators for spin sys-
tems and the creation/annihilation operators for fermionic
systems [27,57], without diagonalizing the Hamiltonian.
This property makes the variational method practical for
many-body systems.

We can obtain further insight into this variational
method by expanding the action with the eigenbasis of
H(λ),

S(1)λ [V] = 1
�2

∑

nm

[εm(λ)− εn(λ)]2 |[V −�(λ)]mn|2

+ const., (9)

where “const.” refers to a term independent of V. This
expression shows that the minimization of S(1)λ [V] makes
Vmn as close to [�(λ)]mn as possible within a given ansatz.

C. Weighted variational method

Although the driving coefficient α(1)(λ) is determined
through an optimization, it is not guaranteed to provide
the best possible driving protocol because the optimization
depends on the choice of variational functional, i.e., how
we measure the “distance” between V and the exact AGP.
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In fact, the conventional variational functional S(1)λ has two
significant limitations, despite its widespread applications.

First, the conventional action does not reflect which
eigenstate is the target of the driving. Equation (9) shows
that the action S(1)λ [V] is the sum over the matrix ele-
ments |[V −�(λ)]mn|2 for all (m, n), and the minimization
of S(1)λ [V] tries to suppress all of these O(D2) terms.
On the other hand, minimization is carried out with only
M degrees of freedom, which is usually much smaller
than O(D2). Thus, the minimization problem is severely
underparameterized, and suppressing one matrix element
may conflict with suppressing another. This fact suggests
that we can improve variational CD driving by introduc-
ing an alternative action that assigns weights to relevant
energy eigenstates, prioritizing the suppression of errors in
important elements over unimportant ones.

Second, the action S(1)λ [V] often fails to incorporate
nonlocal information into variational AGPs. In simple sys-
tems, the coefficient α(1)μ (λ) from Eq. (8) often depends
only on local parameters. For example, in the Ising model
with Aμ acting on one spin, the coefficient αμ(λ) is deter-
mined solely by the local magnetic field and the nearest-
neighbor coupling constants around the spin [27]. More
generally, the action S(1)λ [V(α)] is always a sum of local
contributions whenever H(λ) and Aμ’s are sums of local
operators (see Appendix A 1). This locality is unfavor-
able for approximating the exact AGP, which is usually
nonlocal and sensitive to small perturbations in complex
many-body systems [75]. Therefore, variational CD driv-
ing may be improved by using an alternative action that
incorporates nonlocal information.

Motivated by these arguments, we introduce a system-
atic framework for constructing alternative actions, termed
weighted actions. Alternative actions should solve the
above two issues of the conventional action. At the same
time, they should be easy to compute without diagonaliz-
ing the Hamiltonian.

We start with developing alternative algebraic charac-
terizations of the AGP �(λ). Let us introduce a fictitious
Hamiltonian Pλ(H(λ)), where

Pλ(x) =
K∑

k=0

pk(λ)xk (10)

is an arbitrary polynomial with an arbitrary degree K and
possibly λ-dependent coefficients pk(λ). The key observa-
tion is that, regardless of the choice of Pλ(x), the AGP
�(λ) of the original Hamiltonian in Eq. (4) satisfies the
following algebraic characterization (see Appendix A 2 for
derivation):

[H(λ), ∂ ′
λPλ(H(λ))− i�−1[Pλ(H(λ)),�(λ)]] = 0. (11)

Here, ∂ ′
λ is the λ-derivative that ignores the λ-dependence

of the coefficients pk(λ). More precisely, it is defined by
∂ ′
λPλ(x(λ)) = ∑

k≥1 pk(λ)∂λ[x(λ)k] for any λ-dependent
quantity x(λ). This algebraic characterization extends Eq.
(5) and introduces an extra degree of freedom to the theory
of the AGP.

This algebraic characterization can be converted into
the following variational formula over a weighted action
S(P)λ [V] (see Appendix A 2 for derivation):

�(λ) ∈ argmin
V

S(P)λ [V], (12a)

S(P)λ [V] := ∥∥∂ ′
λPλ(H(λ))− i�−1[Pλ(H(λ)), V]

∥∥2
.

(12b)

This expression extends Eq. (6), and the minimizer
is unique up to the part of V that commutes with
Pλ(H(λ)). When Pλ(x) is a degree-one polynomial (K =
1), the action S(P)λ [V] is equivalent to the conventional
action S(1)λ [V] except for an overall multiplicative fac-
tor, which follows from ∂ ′

λ[p1(λ)H(λ)] = p1(λ)∂λH(λ)
and ∂ ′

λp0(λ) = 0. The difference S(P)λ [V] − S(P)λ [�(λ)] of
this action can be interpreted as measuring the “distance”
between V and �(λ) in a way different from the original
action and dependent on the choice of the polynomial. This
distance measure is still written without using the matrix
elements of V and �(λ).

Our proposal, the weighted variational method, deter-
mines the driving coefficients α(λ) by the constrained
minimization of the weighted action,

α(P)(λ) := argmin
α∈RM

S(P)λ [V(α)], (13)

where V(α) denotes the ansatz in Eq. (7). While the mini-
mization of S(P)λ [V] over all Hermitian operators gives the
exact AGP irrespectively of Pλ(x), the constrained min-
imization generally gives different results depending on
Pλ(x).

The weighted variational method extends the conven-
tional method in the two aforementioned aspects. First, it
enables us to assign weights to some of the matrix elements
|[V −�(λ)]mn|2. This property is clearly seen by expand-
ing S(P)λ [V] in terms of the Hamiltonian eigenbasis (see
Appendix A 2 for derivation),

S(P)λ [V] = 1
�2

∑

nm

[Pλ(εm(λ))− Pλ(εn(λ))]2

× |[V −�(λ)]mn|2 + const. (14)

Compared with the conventional action in Eq. (9), the devi-
ation between Vmn and [�(λ)]mn receives an additional
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weight,

w(P)mn (λ) := [Pλ(εm(λ))− Pλ(εn(λ))]2

[εm(λ)− εn(λ)]2 . (15)

In a practical application, the polynomial Pλ(x) should
be designed to assign weights to important elements for a
specific purpose. One example is to assign weights to low-
energy eigenstates to assist the adiabatic process along the
ground state, which will be explored in later sections.

Second, the weighted action contains nonlocal terms.
Even if the original Hamiltonian contains only local cou-
plings, the fictitious Hamiltonian for K ≥ 2 has nonlo-
cal interaction terms due to H(λ)2, H(λ)3, . . . appear-
ing in Pλ(H(λ)). Due to these nonlocal interactions, the
weighted actions contain nonlocal terms, enabling us to
effectively incorporate nonlocal information into the driv-
ing coefficients α(P)(λ).

The comparison between the conventional and weighted
variational methods is summarized more intuitively in Fig.
1(b). The “hammer,” i.e., the driving term V, from the
weighted variational method is tuned to work best for a
specific part of the energy spectrum, such as the low-
energy states. This is in contrast to the hammer from
the conventional method, which is not optimized for the
specific part of the spectrum. By this tuning, the ham-
mer is expected to hit the target state more accurately,
thereby suppressing deviations from the target dynamics
more effectively.

In general, a higher-degree polynomial Pλ(x) is favor-
able for designing a better action because we have more
freedom to choose the coefficients pk(λ). However, a
higher-degree polynomial requires more computation time
to minimize the action (Sec. II D). Therefore, the degree K
of the polynomial Pλ(x) should be set to the highest pos-
sible number under a practical limitation on computational
time.

We remark that if the Hamiltonian has a conserved
charge J (λ) satisfying [H(λ), J (λ)] = 0, we can make use
of J (λ) to construct more general variational characteriza-
tions and, hence, more fine-tuned weighted actions. This
could be used to suppress nonadiabatic transitions more
selectively, as discussed in more detail in Appendix A 3.

D. Computational algorithm using computer algebra

The minimization in Eq. (13) is efficiently solved by
an algebraic method, avoiding the costly manipulation of
matrix expressions of the Hamiltonian and driving opera-
tors. This is enabled because the algebraic expression of
S(P)λ [V] in Eq. (12b) involves no explicit matrix elements.

We first fix λ and discuss the calculation for a single λ.
Inserting the ansatz in Eq. (7) into the definition of S(P)λ [V]

in Eq. (12b), we obtain

S(P)λ [V(α)] = − 2
�2

M∑

μ=1

r(P)μ (λ)αμ + 1
�2

M∑

μ,ν=1

Q(P)
μν (λ)αμαν

+ const., (16)

where we define

Q(P)
μν (λ) := − tr

{
[Pλ(H(λ)), Aμ][Pλ(H(λ)), Aν]

}
,
(17a)

r(P)μ (λ) := i� tr
{
∂ ′
λPλ(H(λ))[Pλ(H(λ)), Aμ]

}
(17b)

for μ, ν = 1, . . . , M . The optimal α is found by solving
∂S(P)λ [V(α)]/∂αμ = 0, which turns into a coupled linear
equation

M∑

ν=1

Q(P)
μν (λ)αν = r(P)μ (λ) (μ = 1, . . . , M ). (18)

Thus, once we find Q(P)
μν (λ) and r(P)μ (λ), we can easily get

the optimal driving coefficients α(P)(λ) by solving this M -
variable linear equation with a standard numerical method.

We can compute Q(P)
μν (λ) and r(P)μ (λ) efficiently using

computer algebra for spin systems with an arbitrary spin
quantum number and fermionic systems. Computer alge-
bra stores operators, such as a Hamiltonian, by their
algebraic representations composed of elementary oper-
ators, such as spin operators for spin systems and cre-
ation/annihilation operators for fermionic systems [72]. It
performs computations such as addition, multiplication,
and trace by directly manipulating the algebraic represen-
tations, just as humans do by hand.

In physically natural setups, the computational time of
Q(P)
μν (λ) and r(P)μ (λ) with computer algebra scales polyno-

mially in system size, which is much more efficient than
the computation with matrix representations. Consider a
system on a lattice with N sites. The matrix representation
of an operator usually contains an exponential number of
nonzero elements with respect to N . Thus, the computa-
tion time with matrix representations scales exponentially
with the system size. In contrast, the computation time
with computer algebra is roughly proportional to the num-
ber of elementary operators involved in the computation.
Assuming that the number of elementary operators in H(λ)
and {Aμ} is a polynomial of N , which is valid in almost
all physically natural setups, the number of elementary
operators appearing in Q(P)

μν (λ) and r(P)μ (λ) is also a poly-
nomial of N . Thus, the computational time with algebraic
representations scales polynomially with the system size.

For concreteness, we below focus on a general spin-1/2
system consisting of N spins, labeled by i = 1, . . . , N . We
use Xi, Yi, and Zi to denote the Pauli operators acting on the
ith spin. The algebraic representation of an operator has the
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form of a sum of terms, and each term consists of a scalar
coefficient and a tensor product of Pauli operators, e.g.,
1.5X1Y2, where we omit the identity operators acting on the
remaining spins. Computer algebra manipulates this rep-
resentation using algebraic relations such as Xj Yj = iZj ,
Xj Xj = I , tr Xj = 0, tr I = 2N , and so on. We develop a
detailed algorithm for basic operations such as addition,
multiplication, trace, and commutators in Appendixes C 1
and C 2. These algorithms inherit basic ideas from exist-
ing computer algebra frameworks [33,72,76–79] and make
them more efficient and suitable for our purposes. Using
these basic algorithms, we present a concrete algorithm for
computing α(P)(λ) for a fixed λ in Appendix C 3.

Our computer algebra algorithm for general spin-1/2
systems can compute Q(P)

μν (λ) and r(P)μ (λ) in O(N K) time,
as shown in Appendix C 3. This computation time is ana-
lyzed under the following four assumptions. First, H(λ)
and A1, . . . , AM are k-local operators with k small and
independent of N . Second, the Hamiltonian consists of
O(N ) terms. Third, the driving operators {Aμ} satisfy either
one of the following conditions: (i) the number of driving
operators is M = O(N ), and each Aμ consists of O(N 0)

terms; (ii) the number of driving operators is M = O(N 0),
and each Aμ consists of O(N ) terms. In either case, the
driving operators {Aμ} have O(N ) terms in total. Fourth,
these O(N ) terms of {Aμ} are evenly distributed over
O(N ) spins so that each spin is acted on only by O(N 0)

terms. These four assumptions are satisfied by most phys-
ically natural setups, such as local control of the Ising and
Heisenberg models on a regular lattice of any dimension.
Under these assumptions, the computational time scales
as O(N K), where we neglect a multiplicative factor that
mildly depends on K because we will focus on a small K
such as K ≤ 5 below. Due to this polynomial scaling, our
algorithm can treat from tens to hundreds of spins (see Sec.
IV A for an example of the computational time).

This O(N K)-time algebraic computation is followed by
a standard numerical method to solve the linear equation
in Eq. (18). This step takes O(M 3) time if we use exact
methods, such as the Householder QR factorization [80].
Alternatively, iterative (approximate) methods, such as the
conjugate gradient method, can solve Eq. (18) in O(RM 2)

time, where R is the number of iterations required for con-
vergence within a specified tolerance [80]. Either way, the
M × M matrix Q(P)

μν (λ) is efficiently handled in polyno-
mial time of N since M is of O(N ) or less.

So far, we have considered the calculation for a single
value of λ. To calculate the driving coefficients for the
entire range of λ, we can, of course, repeat the calcula-
tion independently for many values of λ. However, we can
perform the calculation more efficiently if the Hamiltonian
has the form

H(λ) =
�∑

γ=1

fγ (λ)Fγ , (19)

where F1, . . . , F� are operators independent of λ,
f1(λ), . . . , f�(λ) are scalar coefficients, and � is a small
number such as 2 or 3. This condition on the Hamiltonian
is satisfied in a large portion of the applications of varia-
tional CD driving reviewed in Sec. I. By inserting Eq. (19)
into the expressions of Q(P)

μν (λ) and r(P)μ (λ) in Eq. (17), we
can separate the scalar coefficients dependent on λ from
the traces of operators independent of λ. Then, the evalua-
tion of the traces, which is the most time consuming step,
is common for all λ and needs to be done only once (see
Appendix A 4 for details). With our concrete algorithm for
spin-1/2 systems, the computational complexity for these
traces scales as O(N K), similarly to the single-λ case (see
Appendix C 3).

III. WEIGHTED VARIATIONAL METHOD
APPLIED TO GROUND-STATE EVOLUTION

A. Theoretical framework

We proceed to a more concrete analysis by specializ-
ing our general framework to ground-state evolution. We
assume that H(λ) has a nondegenerate ground state for all
λ, and we consider guiding the quantum state from |φ1(0)〉
to |φ1(1)〉 along the ground state |φ1(λ)〉 as closely as pos-
sible. For simplicity, we assume that the system is initially
prepared in |φ1(0)〉 without error.

To assist ground-state evolution, we choose a polyno-
mial Pλ(x) that assigns more weights to lower-energy
eigenstates. A simple reasoning behind this choice is
that we do not need to suppress nonadiabatic transitions
between high-energy levels. We provide a further justifica-
tion in Sec. V A. As discussed in Sec. II C, a larger-degree
polynomial Pλ(x) can give a better driving protocol but
requires more computational time. Therefore, we specify
Pλ(x) for each degree K ≥ 1, allowing users to choose K
based on realistic limitations on computational time. For
every K ≥ 1, we heuristically take a polynomial of the
form

PGS,K
λ (x) := (x − E(K)λ )K , (20)

where GS stands for “ground state,” and E(K)λ is a con-
stant optimized later so that the weights are concentrated
on low-energy states as much as possible. This polyno-
mial PGS,K

λ (x) corresponds to choosing the coefficients
pk(λ) = (K

k

)
(−E(K)λ )K−k in Eq. (10), where

(x
y

)
denotes

the binomial coefficient. Below, we use the notation
S(K)λ [V] ≡ S(PGS,K )

λ [V], α(K)(λ) ≡ α(P
GS,K )(λ), Q(K)

μν (λ) ≡
Q(PGS,K )
μν (λ), r(K)μ (λ) ≡ r(P

GS,K )
μ (λ), and w(K)mn ≡ w(P

GS,K )
mn (λ)

for conciseness. In this notation, the minimization problem
for determining the coefficient reads

α(K)(λ) = argmin
α∈RM

S(K)λ [V(α)]. (21)
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The degree-one (K = 1) action equals the conventional
action in Eq. (6b), consistent with the notation S(1)λ [V] for
the conventional action.

We analyze the weighted action S(K)λ [V] by examining
the additional weight w(K)mn (λ) onto the (m, n)th element,
introduced in Eq. (15). The weight is explicitly calculated
as (see Appendix B 1 for derivation)

w(K)mn (λ) =
{

[εm(λ)− E(K)λ ]K − [εn(λ)− E(K)λ ]K
}2

[εm(λ)− εn(λ)]2

=
K−1∑

s=−(K−1)

{
(K − |s|)[εn(λ)− E(K)λ ]K−1−s

× [εm(λ)− E(K)λ ]K−1+s}. (22)

This weight is better understood by introducing a state-
dependent weight, w(K)n (λ) := K2[εn(λ)− E(K)λ ]2K−2 ≥ 0.
We can then prove

0 ≤ w(K)mn (λ) ≤ max
{
w(K)n (λ), w(K)m (λ)

}
. (23)

Moreover, when [εn(λ)− E(K)λ ] and [εm(λ)− E(K)λ ] have
the same sign, w(K)mn (λ) lies between w(K)n (λ) and w(K)m (λ).
This fact implies that the weight is approximated as
w(K)mn (λ) � w(K)n (λ) � w(K)m (λ) when the state-dependent
weights further satisfy w(K)n (λ) � w(K)m (λ) (see Appendix
B 1 for the derivation of these properties). Due to these
properties, we regard w(K)n (λ) as the weight associated with
the nth eigenstate for heuristic discussions in the following.

The constant E(K)λ , which we call the energy shift, is
determined so that the heuristic weight w(K)n (λ) is concen-
trated on low-energy states as much as possible. This is
achieved by the following optimization:

E(K)λ = argmin
E∈R



(K)
λ (E), (24a)



(K)
λ (E) :=

∑
n[εn(λ)− E]2K−2εn(λ)∑

n[εn(λ)− E]2K−2 . (24b)

The function 

(K)
λ (E) is the average energy over the

weight [εn(λ)− E]2K−2, and a smaller 
(K)λ (E) implies
that the weight [εn(λ)− E]2K−2 is more concentrated
on low-energy states. Therefore, by choosing E(K)λ as
the minimizer of 
(K)λ (E), we can make the resulting
weight w(K)n (λ) = K2[εn(λ)− E(K)λ ]2K−2 emphasize low-
energy states as much as possible. We discuss the typical
behavior of the function 
(K)λ (E) and the energy shift E(K)λ

in Appendix B 2.
We remark that the particular polynomial form in Eq.

(20) is not the only possible choice. For example, we
could directly use the general polynomial form in Eq.
(10) and determine the coefficients p1(λ), . . . , pK(λ) by a

multivariate numerical optimization similar to Eq. (24) so
that the corresponding weight concentrates the most in the
lower-energy state. Nevertheless, the particular form in Eq.
(20) is simpler and performs sufficiently well, as demon-
strated in the following. Furthermore, the particular form
is expected to be robust, as its behavior can be theoretically
analyzed and supported (Sec. V A).

B. Computational algorithm

The numerical implementation of the weighted vari-
ational method for ground-state evolution involves two
optimization problems, one for the action S(K)λ [V(α)] and
the other for 
(K)λ (E). The minimization of S(K)λ [V(α)] is
efficiently performed with computer algebra, as discussed
in the general framework in Sec. II D. The minimization of


(K)
λ (E) is also efficiently computed using computer alge-

bra. To do so, we rewrite the function 
(K)λ (E) without
explicitly using the energy eigenvalues as



(K)
λ (E) = tr

{
[H(λ)− E]2K−2H(λ)

}

tr
{
[H(λ)− E]2K−2

}

=
∑2K−2

k=0 (−1)k
(2K−2

k

)
ω2K−1−k(λ)Ek

∑2K−2
k=0 (−1)k

(2K−2
k

)
ω2K−2−k(λ)Ek

, (25)

where we define ωk(λ) := tr[H(λ)k] for k = 0, . . . , 2K −
1. To minimize this function, we first compute the values
of ωk(λ) using computer algebra, which is completed in
polynomial time in system size. Then, Eq. (25) becomes
a rational function of E with known coefficients, and
the minimization of 
(K)λ (E) is easily conducted by stan-
dard numerical methods such as the Newton method. See
Appendix B 2 for further discussion on this optimization.

For general spin-1/2 systems, we summarize the entire
algorithm for the ground-state evolution in Appendix C 4,
where we show that the time for the algebraic computa-
tion scales as O(N K), similarly to the general framework.
Furthermore, if the λ dependence of the Hamiltonian is in
the form of Eq. (19), we can reduce the cost of evaluat-
ing the trace ωk(λ) by separating the λ-dependent coef-
ficients from the λ-independent traces, as has been done
for Q(P)

μν (λ) and r(P)μ (λ) in the general framework, without
changing the overall O(N K) scaling (see Appendixes B 3
and C 4 for details).

IV. NUMERICAL TESTS

A. System and setup

We test the weighted variational method with a quantum
annealing protocol on a transverse-field Ising model with
inhomogeneous parameters. Quantum annealing solves
optimization problems via ground-state evolution, with a
variety of real-world applications proposed, ranging from
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chemistry to finance [81]. An optimization problem is
encoded in the final Hamiltonian so that its ground state
corresponds to the optimal solution. The solution is found
by adiabatically reaching the ground state and perform-
ing a measurement on it. Since the target ground state
is unknown, the control protocol must be determined
without the target information. To meet this requirement,
variational CD driving has been used to enhance quan-
tum annealing protocols [28–33,43–49]. The conventional
method increases the final fidelity, i.e., the probability
of obtaining the correct optimal solution, but the fidelity
drops considerably for large systems [29].

Quantum annealing is precisely one of the situations
that suffer from the two shortcomings of the conventional
variational method (Sec. II C). First, the desired time evo-
lution is along the unknown ground state. Thus, suppress-
ing nonadiabatic transitions between high-energy states is
irrelevant, and a control method targeted at the ground
state is desired. Second, the local magnetic fields and
coupling constants between spins are spatially inhomoge-
neous to encode a specific problem, and the solution to
the problem is determined by globally integrating all infor-
mation from these system parameters. Thus, local driving
coefficients determined solely from nearby parameters are
unfavorable. Our proposal, which overcomes these two
shortcomings, can indeed enhance the fidelity of quantum
annealing processes, as we demonstrate below.

Consider the ground-state evolution of the following
transverse-field Ising model with random couplings:

H(λ) = (1 − λ)

N∑

i=1

Xi + λ

⎛

⎝
N∑

i=1

hiZi ±
∑

(i,j )∈�NN

Jij ZiZj

⎞

⎠

(26)

for 0 ≤ λ ≤ 1, where �NN is the set of the nearest-
neighbor pairs of spins ((i, j ) and (j , i) are counted only
once). We set � = 1 in all numerical results. We use the
two-dimensional square lattice of width Nw and height
Nh with open boundary condition. The number of spins
is N = NwNh, and the number of nearest-neighbor pairs
is |�NN| = Nw(Nh − 1)+ (Nw − 1)Nh. The longitudinal
magnetic field hi is sampled from an i.i.d. gamma distri-
bution with mean 1.0 and standard deviation 0.5, which
ensures hi ≥ 0. By changing the sign and coefficients of
the coupling term, we realize ferromagnetic, antiferro-
magnetic, and spin-glass systems. For the ferromagnetic
system, we choose the minus sign from the ± sign and
sample Jij from an i.i.d. gamma distribution with mean
1.0 and standard deviation 0.5. For the antiferromagnetic
system, we choose the plus sign and draw Jij from the
same gamma distribution. For the spin-glass system, we
sample Jij from an i.i.d. Gaussian distribution with mean
0 and standard deviation 1.0 (the choice of the ± sign is
irrelevant).

We employ two types of ansatz for driving operators:
the one-body driving ansatz,

V(α(λ)) =
N∑

i=1

αi(λ)Yi, (27)

and the two-body driving ansatz,

V(α(λ)) =
N∑

i=1

αi(λ)Yi +
∑

(i,j )∈�NN

αij (λ)(YiZj + ZiYj ).

(28)

The number of basis operators M is M = N for the one-
body driving and M = N + |�NN| for the two-body driv-
ing. In the latter case, we identify the set of coefficients
{αN+1(λ), . . . ,αN+|�NN|(λ)} with the set {αij (λ) | (i, j ) ∈
�NN} in an arbitrary order for notational convenience.
These driving operators are taken from the first order of
the nested commutator ansatz for variational AGPs [53],
and they can be experimentally realized by using gauge
transformations [27] or digitized driving [38,49].

We determine the driving coefficients α(K)(λ) by the
weighted variational method in Eq. (21) with degrees
K = 1, . . . , 5, and we numerically simulate the time evo-
lution. We take a simple linear schedule, λt = t/td for
0 ≤ t ≤ td, where td is the protocol duration, and solve the
Schrödinger equation in Eq. (1) with Hamiltonian H(λt)+
λ̇tV(α(K)(λt)) and the initial state |φ1(0)〉 using the QuTiP
package in Python [83,84]. We write the resulting time
evolution as |ψ(K)(t)〉. For comparison, we also compute
the time evolution without the driving term by setting
V(λt) = 0 in Eq. (1), whose result is written as |ψ(∅)(t)〉.

We measure the performance of variational CD driving
by the fidelity to the instantaneous ground state,

F (K)(t) := |〈φ1(λt)|ψ(K)(t)〉|2, (29)

for K ∈ {∅, 1, . . . , 5}, and in particular, the final fidelity
F (K)

f := F (K)(td) = |〈φ1(1)|ψ(K)(td)〉|2 at the end of the
protocol. We also introduce the gain G(K)f as

G(K)f := F (K)
f

F (1)
f

= |〈φ1(1)|ψ(K)(td)〉|2
|〈φ1(1)|ψ(1)(td)〉|2 . (30)

The gain measures the relative increase of the fidelity com-
pared to the conventional method, and it trivially satisfies
G(1)f = 1. These performance measures depend not only on
degree K but also on the realization of the random param-
eters {hi} and {Jij }, the choice of driving terms (one-body
or two-body), the system size N , and the protocol duration
td, but we make these dependencies implicit for brevity.
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Our algorithm for computing the driving coefficients
α(K)(λ) is efficient, and it can be applied to systems with
a large number of spins. For example, ten minutes of cal-
culation can deal with N = 4330 for K = 2, N = 360 for
K = 3, N = 84 for K = 4, and N = 37 for K = 5 with our
C++ implementation available in Ref. [73]. These values
are obtained from the calculations of the driving coef-
ficients for a one-dimensional Ising model (Nh = 1 and
Nw = N in the above setup) with the one-body driving at
100 values of λ ∈ [0, 1]. We used Algorithm 4 in Appendix
C 4 for the algebraic calculation and the conjugate gradi-
ent method to solve Eq. (18). We used an ordinary laptop
computer (MacBook Pro with Apple M3 Pro chip and 18
GB memory) and the Clang compiler with the level-O2
compiler optimization and CPU parallelization.

Despite this efficiency, we will focus entirely on smaller
systems, Nh = 3 and Nw = 3, 4, 5, and hence N = 9, 12, 15
in the following demonstration. The system size is con-
strained by the cost of the numerical simulation for our
demonstrative purposes, which would not be necessary
when testing our method on real quantum systems.

B. Ferromagnetic systems

We first demonstrate how the weighted variational
method with different degrees results in different driving
coefficients using a ferromagnetic system with N = 12
as an example. Figure 2(a) shows the weight associated
with the nth eigenstate, w(K)n (λ), for K = 1, . . . , 5. The
weight is more concentrated on low-energy states as K
increases. In Fig. 2(b), we plot the resulting driving coeffi-
cients α(K)μ (λ) for K = 1, . . . , 5 for the one-body driving
ansatz. As seen from the figure, both the shape and the
magnitude of the driving coefficients vary with the degree
K . A higher degree method tends to result in a larger
magnitude in this specific system, while this tendency is
not always true for other systems (see Fig. S1 in Sup-
plemental Material [82]). The increase in the maximum
magnitude is at most three times for almost all cases.
Thus, the difficulty of experimental implementation does
not qualitatively increase.

We test the weighted variational method in the same
ferromagnetic system of N = 12 with the one-body driv-
ing, which results in significantly improved fidelity. Figure
3(a) shows the time evolution of the fidelity F (K)(t) with
a short duration td = 0.01. The fidelity drops from unity
to almost zero (� 2.4 × 10−4) in the absence of the driv-
ing term (K = ∅). The final fidelity remains around 0.089
with the driving protocol calculated by the conventional
method (K = 1). With our weighted variational method
(K ≥ 2), the final fidelity is significantly improved up to
around 0.80 at K = 5, which is 8.9 times larger than the
conventional method.

The final fidelity F (K)
f depends on the protocol duration

td, as shown in Fig. 3(b). When the duration is sufficiently

(a) (b)

FIG. 2. Determination of the driving coefficients using the
weighted variational method with different values of K , exem-
plified with a ferromagnetic Ising model with N = 12. (a) The
weight on the eigenstates w(K)n (λ) plotted against the energy
eigenvalues εn(λ) for K = 1, . . . , 5 (purple to yellow). We use
λ = 0.25 as an example. Each weight is normalized so that
the area under the curve is constant for better visualization, as
the overall normalization is unimportant. The arrows show the
energy shift E(K)λ for K = 2, . . . , 5, which corresponds to the
center of the weight function. The energies ε1 and εD are the low-
est and the highest energy eigenvalues, and the gray histogram
shows the density of states. (b) The driving coefficients α(K)μ (λ)

at two representative sites of the one-body driving obtained from
the weighted variational method with K = 1, . . . , 5. Solid curves
represent α(K)μ (λ) of one of the sites, and dashed curves are for
another site. We plot the coefficients for all sites in Fig. S1 in
Supplemental Material [82].

long, the time evolution with and without CD driving both
achieve fidelities close to unity. In this regime, λ̇t = 1/td
is small, and the CD driving term becomes negligible
in the Schrödinger equation in Eq. (3). Then, the unit
fidelity is understood from the adiabatic theorem [74]. As
the duration td becomes shorter, the fidelity decreases and
converges to a constant value that depends on K . In this
regime, λ̇t = 1/td is large, and the first term κn(t)cn(t)
becomes negligible in Eq. (3). We can then recast Eq. (3)
into a form independent of the duration td by using the
chain rule (λ̇t)

−1∂tcn(t) = ∂λcn(tλ), where tλ is the inverse
function of λt. This makes the final fidelity independent of
td [27,71]. In other words, the time evolution in this short-
duration limit is determined solely by the discrepancy
between the exact and approximated AGPs. In the follow-
ing, we always focus on this regime and set td = 0.01 to
investigate the impact of the discrepancy.

Figure 4 shows that the enhancement of the final fidelity
is not limited to the specific instance (the set of realiza-
tion of the random parameters {hi} and {Jij }) but holds
more generally. We generate 100 instances of ferromag-
netic systems for each of the system sizes N = 9, 12, 15,
calculate the driving protocols of the one-body driving for
K = 1, . . . , 5 for each instance, and perform a quantum
simulation for every K ∈ {∅, 1, . . . , 5} for each instance.
As shown in Fig. 4(a), the final fidelity F (K)

f varies from
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(a) (b)

FIG. 3. Performance of the weighted variational method in a
ferromagnetic Ising model of N = 12 with the one-body driv-
ing. We simulate the time evolution with the driving protocol
obtained by the weighted variational method with K = 1, . . . , 5,
where K = 1 is the conventional variational method, and K ≥ 2
are our proposal. We also simulate the time evolution without
counterdiabatic driving, represented by K = ∅. (a) The time evo-
lution of the fidelity to the ground state F (K)(t). (b) The final
fidelity F (K)

f plotted over different protocol durations td.

instance to instance, but it is within the same order of mag-
nitude. The median of the final fidelity increases as the
degree K increases for every system size N . In Fig. 4(b),
we show the gain G(K)f , i.e., the relative increase of the final
fidelity. The gain is greater than unity in all instances and
for all K ≥ 2, and the median gain increases as we increase
K for every system size N . For K = 5, the median of the
gain G(5)f is about 4.9, 8.7, and 14 for N = 9, 12, 15, respec-
tively, demonstrating a significant improvement in the final
fidelity.

Figure 4 also shows the system-size dependence of the
results, where the final fidelity F (K)

f and gain G(K)f follow
different trends. The median final fidelity is smaller for a
larger system size N for each K ∈ {∅, 1, . . . , 5} [Fig. 4(a)].
This behavior in the absence of CD driving (K = ∅) and
with the conventional method (K = 1) is well known in
the literature (see Ref. [29] for a detailed investigation),
and it reflects the intrinsic—and presumably unavoid-
able—difficulty of realizing adiabatic processes with a lim-
ited number of driving fields. This fundamental difficulty
persists in the weighted variational method, as suggested
by our results with K ≥ 2. On the other hand, the median
gain increases as the size N increases for every fixed K ≥ 2
[Fig. 4(b)]. This result implies that the weighted variational
method becomes more advantageous for larger systems in
terms of gain. It suggests that our proposal is still effective
for even larger systems than those tested here.

C. Antiferromagnetic and spin-glass systems

The ferromagnetic system presented in the previous
section has no frustration or competition between the
coupling and external fields. To test the general applicabil-
ity of the weighted variational method to more disordered

(a)

(b)

FIG. 4. Numerical test of the weighted variational method in
ferromagnetic systems. We generate 100 instances for every sys-
tem size N = 9, 12, 15 and perform the weighted variational
method for K = 1, . . . , 5 for each instance. We use the one-body
driving and a short duration td = 0.01. (a) Final fidelity F (K)

f for
different values of degree K and system size N , where K = ∅ is
the absence of counterdiabatic driving, K = 1 is the conventional
variational method, and K ≥ 2 are our proposal. Circle repre-
sents the final fidelity for each instance. Black × mark shows
the median, and the error bar indicates the quartile range calcu-
lated for each (N , K). (b) Gain G(K)f , i.e., the relative increase of
the final fidelity compared to the conventional method. The final
fidelity F (K)

f is divided by F (1)
f of the same instance. Black ×

mark and error bar are the median and quartile range of the gain.
Some outliers are above the upper bound of the axis.

and chaotic systems, we perform a similar numerical test
on antiferromagnetic and spin-glass systems. We randomly
generate 300 instances of antiferromagnetic systems and
300 instances of spin-glass systems (100 each for N =
9, 12, 15), compute the driving coefficients, and perform
quantum simulations similarly to the previous section.
We plot representative driving coefficients in Fig. S1 in
Supplemental Material [82], which tends to show more
complicated behavior than in Fig. 2(b).

We first observe the time-dependent fidelity F (K)(t) and
the dependence of the final fidelity on protocol duration td
for representative systems (Fig. S2 in Supplemental Mate-
rial [82]), confirming that they are qualitatively similar to
those in Fig. 3. Concretely, the fidelity F (K)(t) drops from
unity to a lower value over time evolution, and when we
shorten the duration td, the final fidelity F (K)

f converges to
a constant value dependent on K . Thus, we can evaluate
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(b)

(c)

(a)

FIG. 5. Numerical test of the weighted variational method in
antiferromagnetic systems. We generate 100 instances for every
system size N = 9, 12, 15 and perform simulations similarly to
Fig. 4. (a) Final fidelity F (K)

f with the one-body driving, varying
the system size N and the degree K . (b) Final fidelity F (K)

f with
the two-body driving. (c) Gain G(K)f with the two-body driving.
In all panels, some outliers are above the upper bound of the axes.

the overall performance by focusing on the final fidelity
with the shortest duration td = 0.01, as we have done for
ferromagnetic systems.

In the antiferromagnetic systems with the one-body
driving, conventional CD driving does harm to the adi-
abatic process, but the weighted variational method can
assist the process [Fig. 5(a)]. The final fidelity with the
conventional method F (1)

f is smaller than the fidelity with-
out CD driving F (∅)

f in most instances (287 instances
out of 300), meaning that the conventional method hin-
ders the adiabatic process. Nevertheless, the median of
F (K)

f increases as K increases for all system sizes, and
the final fidelity F (5)

f at K = 5 is greater than F (∅)

f for
about 75% of the instances. Thus, the weighted variational

method can recover the advantage of CD driving even
when the conventional variational method does not lead
to improvement.

We can circumvent this peculiar behavior of antiferro-
magnetic systems by using the two-body driving [Figs.
5(b) and 5(c)]. The final fidelity with the conventional
method F (1)

f is higher than the final fidelity without CD
driving F (∅)

f in most instances (283 instances out of 300),
which implies that the conventional method is advanta-
geous when used with the two-body driving. The final
fidelity is further improved by the weighted variational
method with K ≥ 2 [Fig. 5(b)]. As shown in Fig. 5(c),
the gain G(K)f exceeds unity in all instances for all K ≥ 2.
The median gain reaches 5.3, 9.9, 11 for N = 9, 12, 15,
respectively, at K = 5.

For the spin-glass systems, the one-body driving is valid
for a large fraction of instances, while the instance-to-
instance variations of F (K)

f and G(K)f are stronger than for
the previous two classes of systems (Fig. 6). The conven-
tional method F (1)

f is better than the bare time evolution
F (∅)

f for a large fraction of instances (259 instances out of
300), and the weighted variational method with a larger
degree K further improves the final fidelity [Fig. 6(a)].
The gain is greater than unity for all K ≥ 2 in most of the
instances (295 instances out of 300), as shown in Fig. 6(c).
The gain is more dramatic than that in the ferromagnetic
and antiferromagnetic systems. The median of G(5)f is about
10, 13, 19 for N = 9, 12, 15, respectively.

In all the cases above, a larger system size results in a
larger median gain G(K)f for every fixed K ≥ 2 [Fig. 5(c)
and 6(b)]. This fact suggests that our method remains pow-
erful for chaotic and disordered systems of larger sizes,
even beyond the sizes tested in this section.

V. PROPERTIES OF THE DRIVING
COEFFICIENTS FROM THE WEIGHTED

VARIATIONAL METHOD

We analyze the properties of the driving coefficients
obtained from the weighted variational method and discuss
how these properties contribute to the observed improve-
ment in the final fidelity, thereby bridging between the
theoretical framework in Secs. II and III and the numerical
results in Sec. IV. As discussed in Sec. II C, the weighted
action extends the conventional action in two aspects: it
assigns more weights to important matrix elements and
incorporates nonlocal terms. We examine how these fea-
tures manifest in the resulting driving coefficients from
both theoretical and numerical analyses. Throughout this
section, we fix a single λ and omit the λ-dependence of
quantities such as H(λ), εn(λ), �(λ), S(K)λ [V], w(K)mn (λ),
w(K)n (λ), α(K)(λ), and E(K)λ , except in Eq. (33).
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(a)

(b)

FIG. 6. Numerical test of the weighted variational method in
spin-glass systems. We generate 100 instances for every system
size N = 9, 12, 15 and apply the weighted variational method
with the one-body driving similarly to Fig. 4. (a) Final fidelity
F (K)

f with varying the system size N and the degree K . (b) Gain
G(K)f . In both panels, some outliers are above the upper bound of
the axes.

A. Effect of the weights on low-energy eigenstates

We analyze how the weights on low-energy states affect
the action and improve the ground-state fidelity. We invoke
the expansion of the weighted action into matrix elements
[Eq. (14)]. We will show that the matrix elements asso-
ciated with lower-energy states are closely related to the
ground-state fidelity by using the quantum speed limit
formula and an additional numerical calculation. This the-
oretical analysis supports the expectation that emphasizing
these elements is favorable for improving the ground-state
fidelity.

We decompose S(K)[V] into contributions from each
eigenstate T (K ,n)[V], which we call the partial action (see
Appendix B 4 for derivation), as

S(K)[V] = 2
�2

D∑

n=1

w(K)n T (K ,n)[V] + const., (31a)

T (K ,n)[V] :=
∑

m:w(K)m ≤w(K)n

(εn − εm)
2χ(K)mn

w(K)mn

w(K)n
|[V −�]mn|2 .

(31b)

Here, w(K)n ≡ K2(εn − E(K))2K−2 is the state-dependent
weight introduced in Sec. III A, and we define χ(K)mn := 1/2

if w(K)m = w(K)n and χ(K)mn := 1 otherwise. This decomposi-
tion shows that S(K)[V] is understood as a weighted sum
of the partial actions T (K ,n)[V] with the weight w(K)n . The
partial action T (K ,n)[V] penalizes those deviations [V −
�]mn whose weight w(K)m is smaller than w(K)n . The par-
tial action depends on K , but the dependence is merely
algebraic, with a scaling between O(K0) and O(K−2) (see
Appendix B 4). This algebraic dependence is much weaker
than the exponential dependence of the weight w(K)n on K .
Therefore, the K-dependence of S(K)[V] is predominantly
captured by the weight w(K)n in the decomposition in Eq.
(31a).

Using this decomposition, we first discuss the behav-
ior of S(K)[V] in the K → ∞ limit. For a suffi-
ciently large K , the weight w(K)n is concentrated on the
ground state, and thus, the action S(K)[V] is approx-
imated by 2�−2w(K)1 T (K ,1)[V]. Furthermore, T (K ,1)[V]
is approximated by K−2(ε1 − E(K))2

∑
m:m �=1 |[V −�]1m|2

(see Appendix B 4). Combining these two approximations,
we observe that the action S(K)[V] approaches

S(∞)[V] := 2
�2

∑

n:n�=1

|[V −�]1n|2 (32)

up to an overall normalization and a V-independent con-
stant term in the K → ∞ limit [we show another deriva-
tion of Eq. (32) in Appendix B 4]. This limiting action
penalizes only [V −�]1n for n ≥ 2, i.e., the matrix ele-
ments of (V −�) between the ground and excited states.

In fact, this penalty function in Eq. (32) is suitable for
suppressing nonadiabatic transitions from the ground state
to the excited states. The escape of the population from the
ground state is caused only by [V −�]1n with n ≥ 2, as
seen from the Schrödinger equation in Eq. (3). Moreover,
the final fidelity, denoted by |c1(td)|2 in the notation of Eq.
(3), obeys the quantum speed limit formula [see Eq. (31)
of Ref. [57]]

arccos |c1(td)| ≤
∫ td

0

|λ̇t|
�

√∑

n:n�=1

|[V(λt)−�(λt)]1n|2dt.

(33)

The expression inside the square root in Eq. (33) is equal to
�2S(∞)[V]/2. Since arccos x is a decreasing function over
0 ≤ x ≤ 1, Eq. (33) provides a lower bound of the final
fidelity |c1(td)| in terms of S(∞)[V]. It shows that if the
time integral of

√
S(∞)[V] is smaller, the final fidelity is

closer to unity. In this sense, the action S(∞)[V] is a natu-
ral penalty function to determine driving coefficients that
could maximize |c1(td)|. We call S(∞)[V] the ideal action
for convenience.

Next, we focus on realistic values of K such as K ≤ 5.
For such a small K , the weight w(K)n is not peaked enough
to single out the n = 1 partial action T (K ,1)[V] in Eq. (31a),

020347-13



NARUO OHGA and TAKUYA HATOMURA PRX QUANTUM 7, 020347 (2026)

and it is only mildly concentrated in the broad range of
lower-energy states. Nevertheless, this mild concentration
could still lead to an improvement in CD driving by the
following mechanism. Let us hypothesize that T (K ,n)[V]
depends smoothly on n, and thus T (K ,n)[V] with small n is
closer to T (K ,1)[V] than T (K ,n)[V] with large n. Then, even
a mild concentration of w(K)n in small n’s can shift S(K)[V]
toward T (K ,1)[V]. The n = 1 partial action T (K ,1)[V] is
expected to be close to the ideal action because it con-
tains the same set of terms as the ideal action ([V −�]1n
with n ≥ 2). Therefore, under the above hypothesis, the
weighted action is expected to approach the ideal action
as K increases, even for small K . This scenario provides a
possible way to understand the improved final fidelity with
small K .

This scenario is indeed numerically confirmed with our
example systems (Fig. 7). We define α(∞) and α(K ,n) as the
minimizers of S(∞)[V(α)] and T (K ,n)[V(α)], respectively,
and plot the deviation ‖α(K ,n) − α(∞)‖2

2 by varying K and
n, where ‖ · ‖2 is the 2-norm. The figure shows that the
deviation does not depend significantly on K , but it has
a clear trend with n. The deviation is small for the ground
state and tends to be larger for a larger n. This trend implies
that T (K ,n)[V] with small n is closer to the ideal action than
T (K ,n)[V] with large n, consistent with the above scenario.
Note that the deviation shows an irregular behavior around
εn � E(K) for K ≥ 2, but this irregularity does not signifi-
cantly affect the overall action S(K)[V] because the overall
magnitude of T (K ,n)[V] is small for such n. This irregular
behavior occurs because the weight w(K)n is close to zero
when εn � E(K), and thus T (K ,n)[V] contains only a small
number of terms, making its minimization too sensitive to
individual elements [V −�]mn.

The scenario is also confirmed by looking at the devia-
tion between the coefficient α(K) from the weighted varia-
tional method, which is the minimizer of S(K)[V(α)], and
the ideal coefficient α(∞). We plot the deviation ‖α(K) −
α(∞)‖2

2 in Fig. 7 (dashed horizontal lines). The plot shows
that the driving coefficient α(K) approaches the ideal coef-
ficient α(∞) as K increases, confirming the scenario above
even for a small K .

B. Nonlocality of the driving coefficients

Next, we demonstrate that the driving coefficients from
the weighted variational method reflect the nonlocality
of the weighted action. We capture the nonlocal depen-
dence of the driving coefficients on the system parameters
by giving a small perturbation to a system parameter
and observing the resulting change in the driving coef-
ficients. Concretely, we modify the longitudinal field at
site 1 by ln h1 → ln h1 + δ ln h1 and compute the resulting
change in the driving coefficients ln |α(K)μ | → ln |α(K)μ | +
δ ln |α(K)μ | for every indexμ of the driving terms. We define

(a)

(b)

FIG. 7. Deviation of the driving coefficients from the “ideal”
coefficient α(∞), which minimizes the ideal action S(∞)[V(α)].
Colored dots represent the deviation ‖α(K ,n) − α(∞)‖2

2 plotted
against the energy eigenvalue εn, where α(K ,n) is the minimizer
of the partial action T (K ,n)[V(α)]. Dashed horizontal lines denote
the deviation ‖α(K) − α(∞)‖2

2, where α(K) is the driving coeffi-
cient obtained from the weighted variational method of degree
K . We fix N = 12 and λ = 0.25 as an example. (a) Ferromag-
netic system with the one-body driving. (b) Spin-glass system
with the one-body driving.

the response function as

R(K)
μ := δ ln |α(K)μ |

δ ln h1
, (34)

which varies from instance to instance. Here, we focus on
the logarithmic change (fold change) so that the response
function is independent of the magnitudes of h1 and |α(K)μ |.
Taking N = 15 as an example, we assign the indices μ as
in Fig. 8(a) so that a larger index corresponds to a driving
field at a farther position from the perturbed spin.

For the one-body driving, the response functions for the
conventional method (K = 1) behave differently from the
response functions for our proposal (K ≥ 2) [Fig. 8(b)].
The response functions for K = 1 are exactly zero except
for α(1)1 . In contrast, the response functions for K ≥ 2 are
nonzero at all sites, which means that the driving coeffi-
cients with K ≥ 2 depend nonlocally on the parameters of
distant spins.

For the two-body driving, the response functions are
nonzero for any μ and any K ≥ 1, but their magni-
tudes differ significantly between K = 1 and K ≥ 2 [Fig.
8(c)]. The response functions for K = 1 drop exponen-
tially with the spatial distance between the perturbed spin
and the site on which the driving field acts. On the other
hand, the response functions from the weighted variational
method (K ≥ 2) remain at significantly higher values even
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(a)

(c)

(b)

FIG. 8. Response of the driving coefficient α(K)μ to a perturba-
tion in the longitudinal magnetic field. We fix N = 15 (Nw = 5
and Nh = 3) and λ = 0.25. The index μ of the driving terms runs
from 1 to 15 for the one-body driving [Eq. (27)]. The index runs
from 1 to 37 for the two-body driving, in which μ ≤ 15 are the
coefficients on the Yi terms, and μ ≥ 16 are on the (YiZj + ZiYj )

terms [Eq. (28)]. (a) Indices of the spins (μ = 1, . . . , 15) and the
pairs of neighboring spins (μ = 16, . . . , 37) used in this figure.
We give a perturbation δ ln h1 = ln 1.02 at spin 1 (blue). (b)
Absolute value of the response function |R(K)

μ | for ferromagnetic
systems with the one-body driving. Circle shows the median, and
the error bar shows the quartile range of 100 instances. (c) Abso-
lute value of the response function for antiferromagnetic systems
with the two-body driving. The median and quartile range over
100 instances are shown.

when the distance increases. This difference implies that
the weighted variational method can incorporate nonlocal
information much more efficiently than the conventional
method.

VI. CONCLUSION AND OUTLOOK

In this paper, we have proposed the weighted vari-
ational method to derive refined variational AGPs for
general parameterized Hamiltonians, which significantly
improves variational CD driving. The proposal combines
a theoretical advance and a numerical algorithm (Sec. II).
On the theoretical side, we find that the exact AGP has
an infinite variety of algebraic characterizations involving
fictitious Hamiltonians Pλ(H(λ)), which results in an infi-
nite number of weighted actions. Minimizing a weighted
action under an operator ansatz gives an improved CD
driving protocol. We have also developed a computer

algebra algorithm to perform the minimization efficiently
in polynomial time with respect to the system size.

We have applied our proposal to ground-state evo-
lution (Sec. III) and demonstrated that it significantly
improves the final fidelity in quantum Ising models (Sec.
IV). The median improvement in final fidelity is more
than tenfold for N = 15 for all three classes of systems,
and this improvement is robust across the vast major-
ity of randomly generated instances, except for 5 out
of 300 spin-glass instances. We have analyzed its pos-
sible mechanisms from two aspects in Sec. V. First, the
weighted action emphasizes the partial actions associated
with lower-energy states, whose minimizers are closer
to the minimizer of the ideal action. The ideal action is
a suitable penalty function for suppressing nonadiabatic
transitions from the ground state, as understood by the
quantum speed limit formula. Second, due to the nonlocal-
ity of the weighted action, the driving coefficients depend
on the system parameters in a nonlocal way.

Our proposal is applicable to a wide range of systems,
and we expect that it can improve almost all previous
uses of conventional variational CD driving. In particu-
lar, our concrete C++ implementation of the ground-state
evolution of spin-1/2 systems can be readily applied to
various practical problems. It can be used to improve the
preparation of nontrivial quantum states, such as the GHZ
state [61] and the Kitaev ground state [32], as well as to
enhance computational tasks such as optimization [44–49]
and adiabatic quantum computation. Testing these applica-
tions with a greater number of spins than those used in Sec.
IV is an important future work. Our theoretical framework
should also be straightforwardly applicable to the ground-
state evolution of fermionic systems after implementing a
computer algebra for fermions. A more nontrivial future
application is to quantum processes other than ground-state
evolution. Such processes include the adiabatic preparation
of the highest energy state and a mid-spectrum eigenstate
[37], as well as the adiabatic evolution of a Gibbs state
to assist heat engines [39,40]. These processes would be
improved by designing weighted actions that emphasize
the relevant parts of the energy spectrum. For example, a
weighted action for preparing a mid-spectrum eigenstate
could be designed by regarding the problem as the prepa-
ration of the low-energy state of [H(λ)− eλ]2, where a
constant eλ is chosen close to the energy of the target
state, and using our framework of ground-state evolution
in Sec. III.

The weighted variational method can be combined
with various existing frameworks to further improve CD
driving. For example, some literature considers optimiza-
tions of the intermediate driving path between fixed ini-
tial and final states by equipping the Hamiltonian with
extra degrees of freedom to be optimized [31,60,61].
This approach can be easily combined with the weighted
variational method. Although the extra optimization
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requires us to compute driving coefficients multiple times,
this computational cost can be reduced by separating
parameter-independent traces of operators with parameter-
dependent coefficients, as has been discussed in Sec. II D.
It is also an interesting direction to incorporate weighted
actions into existing frameworks with tensor networks
[55,56], digital quantum simulation [44,45], and Floquet-
based methods [50–54], which enhance variational CD
driving in ways that complement our proposal. In particu-
lar, the Floquet engineering can produce effective coupling
terms that are hard to implement directly. The coefficients
on these effective terms can be improved using our method.

From a computational point of view, we leave two
problems for future work. First, as mentioned above,
a computer algebra framework for fermionic systems
should be explicitly constructed and implemented. This
can be achieved by combining an existing treatment of
fermionic operators based on normal-order products [35]
with our algorithm for spin-1/2 systems. Second, while
our algorithm works for systems without any regular struc-
ture, it may be possible to find a more efficient algorithm
by taking advantage of regular lattice structures. In fact,
the traces of the powers of the Hamiltonian tr(H k) for k =
1, 2, . . . for such systems have been efficiently evaluated
using graph-theoretic considerations in high-temperature
expansion of Gibbs states [85,86]. Similar considerations
may be useful for evaluating Q(P)

μν (λ) and r(P)μ (λ) more
efficiently.

While we have focused entirely on the application of
variational AGPs to CD driving, our results may also have
implications for the roles of variational AGPs as probes of
fundamental properties of quantum many-body systems.
The exact AGP, along with closely related concepts such
as the quantum geometric tensor [15,21,87,88] and the
regularized AGP [89], is known to be a sensitive probe
of quantum phase transitions [90] and quantum chaos
[89]. Inheriting this role, variational AGPs have been used
to probe phase transitions [57,59], quantum chaos [58],
and macroscopic singularities [71]. These roles of varia-
tional AGPs could be enhanced by the weighted variational
method. For example, the variational AGP obtained from
the weighted variational method for ground-state evolu-
tion (Sec. III) should reflect the properties of the ground
state more sensitively than the conventional method, and
thus it may be more sensitive to quantum phase transitions,
which are most prominent in the ground state. Exploring
the impact of the weighted variational method in these fun-
damental contexts is another interesting direction for future
research.
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APPENDIX A: APPENDIX TO THE GENERAL
FRAMEWORK

1. Locality of the conventional action

We show that the conventional action is given by a sum
of local terms, assuming that H(λ), ∂λH(λ), and Aμ’s are
k-local operators with k small and independent of the sys-
tem size. More precisely, for a fixed λ, we assume that we
can write H(λ) = h1 + h2 + · · · , ∂λH(λ) = l1 + l2 + · · · ,
and Aμ = aμ1 + aμ2 + · · · , where hi, li, and aμi are oper-
ators that act nontrivially on at most k sites. Based on this
assumption, we can expand the action S(1)λ [V(α)] in Eq.
(6b) as

S(1)λ [V(α)] = −�
−2
∑

μij

∑

νi′j ′
tr
{
[hi, aμj ][hi′ , aνj ′]

}
αμαν

− 2i�−1
∑

μij

∑

i′
tr
{
[hi, aμj ]li′

}
αμ + const.

(A1)

In this expansion, [hi, aμj ] is zero if the domain of
hi does not overlap the domain of aμj . Otherwise,
[hi, aμj ] is at most a (2k − 1)-local operator. Further-
more, if the domains of [hi, aμj ] and li′ do not over-
lap, the trace tr{[hi, aμj ]li′ } is proportional to the product
tr{[hi, aμj ]} tr(li′), which is zero due to tr{[hi, aμj ]} = 0.
Otherwise, the operator [hi, aμj ]li′ is at most (3k − 2)-
local, and thus the trace tr{[hi, aμj ]li′ } is determined by
at most (3k − 2)-local information. Similarly, the trace
tr{[hi, aμj ][hi′ , aνj ′]} is either zero or dependent on at most
(4k − 3)-local information. Thus, the action S(1)λ [V(α)]
consists of local terms except for the “const.” term, which
does not affect the minimization.

This locality of S(1)λ [V(α)] does not necessarily
imply that the resulting coefficient αμ depends only
on local information. Nevertheless, this is true if∑

iji′j ′ tr{[hi, aμj ][hi′ , aνj ′]} = 0 for any μ �= ν, in which
case the determination of αμ is decoupled from the deter-
mination of αν . This situation arises, for example, for
locally interacting spin systems with the one-body driving
[27,28].

2. Derivation of Eqs. (11), (12), and (14)

We derive Eqs. (11), (12), and (14), which are central to
the general framework in Sec. II C. We fix a single value of
λ and omit the λ dependencies of quantities such as H(λ),
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εn(λ), |φn(λ)〉, �(λ), S(P)λ [V], and Pλ(x) for notational
simplicity.

To derive the algebraic characterization of the exact
AGP in Eq. (11), we first calculate ∂λ (|φn〉〈φn|) and
∂ ′
λP(H). The derivative of the projector |φn〉〈φn| is

∂λ (|φn〉〈φn|)
= |φn〉〈∂λφn| + |∂λφn〉〈φn|
=
∑

m

|φn〉〈∂λφn|φm〉〈φm| +
∑

m

|φm〉〈φm|∂λφn〉〈φn|

= i�−1
∑

m

(�nm|φn〉〈φm| −�mn|φm〉〈φn|) , (A2)

where the last equality uses the definition of � in Eq. (4)
and 〈∂λφm|φn〉 + 〈φm|∂λφn〉 = ∂λ[〈φm|φn〉] = 0. Using Eq.
(A2), we can calculate the λ-derivative of the fictitious
Hamiltonian P(H) = ∑

n P(εn)|φn〉〈φn| as

∂ ′
λP(H)

=
∑

n

[
∂ ′
λP(εn)

] |φn〉〈φn|

+ i�−1
∑

nm

P(εn) (�nm|φn〉〈φm| −�mn|φm〉〈φn|)

=
∑

n

[
∂ ′
λP(εn)

] |φn〉〈φn|

+ i�−1
∑

nm

[P(εn)− P(εm)]�nm|φn〉〈φm|

=
∑

n

[
∂ ′
λP(εn)

] |φn〉〈φn| + i�−1[P(H),�]. (A3)

This relation shows that ∂ ′
λP(H)− i�−1[P(H),�] is diag-

onal in the Hamiltonian basis, leading to the algebraic
characterization in Eq. (11).

Next, we show that the algebraic characterization in
Eq. (11) is equivalent to the variational expression in Eq.
(12), which extends the derivation of the conventional
variational method in Refs. [8,27]. The algebraic charac-
terization says that ∂ ′

λP(H)− i�−1[P(H),�] is diagonal
with respect to the Hamiltonian basis. The diagonal ele-
ments come solely from ∂ ′

λP(H) since [P(H),�] has
no diagonal elements. Let � := ∑

n[∂ ′
λP(H)]nn|φn〉〈φn|

denote the diagonal part of ∂ ′
λP(H). Then, the algebraic

characterization is equivalent to

∂ ′
λP(H)− i�−1[P(H),�] −� = 0. (A4)

This characterization of � is further equivalent to

� ∈ argmin
V

‖∂ ′
λP(H)− i�−1[P(H), V] −�‖2. (A5)

We expand the Hilbert–Schmidt norm as

‖∂ ′
λP(H)− i�−1[P(H), V] −�‖2

= ‖∂ ′
λP(H)− i�−1[P(H), V]‖2 − 2 tr

{
∂ ′
λP(H)�

}

+ 2i�−1 tr {[P(H), V]�} + tr(�2)

= ‖∂ ′
λP(H)− i�−1[P(H), V]‖2 + const., (A6)

where “const.” refers to terms independent of V, and we
use tr {[P(H), V]�} = tr {[�,P(H)]V} = 0 in the second
equality because � and P(H) are both diagonal in the
basis of H . Combining Eqs. (A5) and (A6) proves that the
algebraic characterization in Eq. (11) is equivalent to the
variational principle in Eq. (12).

Finally, we derive the expansion of S(P)[V] in Eq. (14).
Using the expression of ∂ ′

λP(H) in Eq. (A3), we can
rewrite the operator inside the Hilbert–Schmidt norm as

∂ ′
λP(H)− i�−1[P(H), V]

=
∑

n

[
∂ ′
λP(εn)

] |φn〉〈φn|

+ i�−1
∑

nm

[P(εm)− P(εn)] [�mn − Vmn]|φm〉〈φn|.
(A7)

Since the Hilbert–Schmidt norm equals the sum of the
squared absolute values of the matrix elements, the action
is given by

S(P)[V] =
∑

n

[
∂ ′
λP(εn)

]2

+ �
−2
∑

nm

[P(εm)− P(εn)]2 |�mn − Vmn|2,

(A8)

which proves Eq. (14).

3. Inclusion of a conserved charge

When the Hamiltonian has a conserved charge, our for-
mulation can incorporate it to derive a wider variety of
weighted actions. Let J (λ) be an operator that satisfies
[H(λ), J (λ)] = 0, and we expand it in the Hamiltonian
basis as

J (λ) =
∑

n

jn(λ)|φn(λ)〉〈φn(λ)|. (A9)

Introducing an arbitrary bivariate degree-K polyno-
mial Pλ(x, y) = ∑K

k=0
∑k

l=0 pl,k−l(λ)xlyk−l, we can use
Pλ(H(λ), J (λ)) as a fictitious Hamiltonian in our frame-
work. We can then determine driving coefficients by
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minimizing a weighted action of the form

S(P)λ [V] = ‖∂ ′
λPλ(H(λ), J (λ))

− i�−1[Pλ(H(λ), J (λ)), V]‖2

= �
−2
∑

nm

{
[Pλ(εm(λ), jm(λ))− Pλ(εn(λ), jn(λ))]2

× |[V −�(λ)]mn|2
}+ const. (A10)

This action can be useful for assigning weights more
selectively to relevant eigenstate pairs.

For example, let us consider that J (λ) ≡ J is a parity
operator independent of λ with the eigenvalues jn(λ) ≡
jn = ±1. The eigenstates are then split into even-parity
(jn = +1) and odd-parity (jn = −1) states. Let us also
assume that the driving operator Aμ has even parity for
all μ, meaning that JAμJ = Aμ. Then, the matrix ele-
ment [V(α)−�(λ)]mn is nonzero only when the states
m and n have the same parity. In this case, we can
use Pλ(H(λ), J ) = [H(λ)− E(K)λ ]K(J + 1) to prioritize
the suppression of nonadiabatic transitions between even-
parity states. With this choice, Pλ(εn(λ), jn) is zero for any
odd-parity n, and thus the weighted action only penalizes
the nonadiabatic transitions between even-parity states.

Note that the idea of focusing on a conserved subspace
of H(λ) has already been considered for the conventional
variational method on a specific system. Reference [30]
studies the p-spin Hamiltonian on spin-1/2 systems, which
conserves the total spin. The study compares the conven-
tional variational method applied to the subspace of the
maximum total spin with that applied to the whole Hilbert
space, finding that the former outperforms the latter for a
severely underparameterized ansatz. Since including J (λ)
in our proposal is considered a much generalized version
of this specific result, we expect that the inclusion of J (λ)
would indeed improve the driving fidelity.

4. Efficient algorithm for the entire range of λ

We discuss an efficient algorithm to compute the
driving protocol over the whole range of λ, assum-
ing that the Hamiltonian has the form of Eq. (19). We
first introduce some notation. Let f̃1(λ), f̃2(λ), . . . be the
list of all the possible k-fold products of the coeffi-
cients {f1(λ), . . . , f�(λ)} with k = 0, . . . , K . For example,
when K = 2 and � = 2, the list is (f̃1(λ), . . . , f̃6(λ)) =
(f1(λ)2, f1(λ)f2(λ), f2(λ)2, f1(λ), f2(λ), 1). The order of the
list does not matter. We define dg as the total number
of fγ (λ)’s contained in f̃g(λ). In the above example, the
numbers are (d1, . . . , d6) = (2, 2, 2, 1, 1, 0). We then define
λ-independent operators F̃1, F̃2, . . . by the relation

H(λ)k =
⎛

⎝
�∑

γ=1

fγ (λ)Fγ

⎞

⎠
k

=:
∑

g:dg=k

f̃g(λ)F̃g (A11)

for k = 0, . . . , K . In other words, F̃g is defined as the
terms in H(λ)dg whose λ-dependence is given by f̃g(λ).
In the example above, the operators are (F̃1, . . . , F̃6) =
((F1)

2, F1F2 + F2F1, (F2)
2, F1, F2, I).

Using these definitions, we can conveniently separate
Q(P)
μν (λ) and r(P)μ (λ) into λ-dependent coefficients and

traces of λ-independent operators. By combining Eqs.
(10) and (A11), the fictitious Hamiltonian is rewritten as
Pλ(H(λ)) = ∑

g pdg (λ)f̃g(λ)F̃g . Inserting this expression
into the definitions of Q(P)

μν (λ) and r(P)μ (λ) in Eq. (17), we
get

Q(P)
μν (λ) = −

∑

gg′
pdg (λ)pdg′ (λ)f̃g(λ)f̃g′(λ)Q̃μν,gg′ ,

(A12a)

r(P)μ (λ) = i�
∑

gg′
pdg (λ)pdg′ (λ)[∂λ f̃g(λ)]f̃g′(λ)r̃μ,gg′ ,

(A12b)

where we define

Q̃μν,gg′ := tr
{
[F̃g , Aμ][F̃g′ , Aν]

}
, (A13a)

r̃μ,gg′ := tr
{
F̃g[F̃g′ , Aμ]

}
. (A13b)

These expressions allow efficient computation of Q(P)
μν (λ)

and r(P)μ (λ). To calculate them over the entire range of λ,
we only need to calculate the traces Q̃μν,gg′ and r̃μ,gg′ once.

APPENDIX B: APPENDIX TO THE
GROUND-STATE EVOLUTION

1. Derivation of the properties of the weight

We derive the properties of the weight w(K)mn for ground-
state evolution in Sec. III A. We omit the λ dependencies
of εn(λ), w(K)mn (λ), w(K)n (λ), and E(K)λ for conciseness.

First, we derive the explicit expression of w(K)mn in Eq.
(22) as

w(K)mn =
[
(εn − E(K))K − (εm − E(K))K

(εn − E(K))− (εm − E(K))

]2

=
[

K−1∑

s=0

(εn − E(K))K−1−s(εm − E(K))s
]2

=
K−1∑

s=0

K−1∑

u=0

(εn − E(K))(K−1−s)+u(εm − E(K))(K−1−u)+s

=
K−1∑

s=−(K−1)

{
(K − |s|)(εn − E(K))K−1−s

× (εm − E(K))K−1+s}, (B1)

020347-18



IMPROVING VARIATIONAL COUNTERDIABATIC. . . PRX QUANTUM 7, 020347 (2026)

where we combined the terms with the same value of s − u
in the last equality.

Next, we prove the inequality in Eq. (23). Each term in
the last line of Eq. (B1) is upper bounded as

(εn − E(K))K−1−s(εm − E(K))K−1+s

≤ |εn − E(K)|K−1−s|εm − E(K)|K−1+s

≤ max
{|εn − E(K)|2K−2, |εm − E(K)|2K−2} . (B2)

Inserting this upper bound into Eq. (B1) and using∑K−1
s=−(K−1)(K − |s|) = K2 gives

w(K)mn ≤ max
{
w(K)n , w(K)m

}
, (B3)

which reproduces Eq. (23). Furthermore, when (εn − E(K))
and (εm − E(K)) have the same sign, each term in the last
line of Eq. (B1) is nonnegative, and thus we have a lower
bound,

(εn − E(K))K−1−s(εm − E(K))K−1+s

= |εn − E(K)|K−1−s|εm − E(K)|K−1+s

≥ min
{|εn − E(K)|2K−2, |εm − E(K)|2K−2} . (B4)

Inserting this lower bound into Eq. (B1) and combining
with Eq. (B3), we obtain

min{w(K)n , w(K)m } ≤ w(K)mn ≤ max{w(K)n , w(K)m }, (B5)

which shows that w(K)mn lies between w(K)n and w(K)m .

2. Determination of the energy shift

We discuss the typical behavior of the function 
(K)λ (E)
and the optimal energy shift E(K)λ in Eq. (24). We also
discuss a numerical procedure for minimizing 


(K)
λ (E)

to determine E(K)λ . We regard λ as fixed throughout this
Appendix subsection.

In Fig. 9(a), we show a typical shape of the func-
tion 


(K)
λ (E), which has one maximum and one mini-

mum. To understand this shape, we recall the definition
of 
(K)λ (E) in Eq. (24b), which says that 
(K)λ (E) is the
weighted average of the energy eigenvalues εn(λ) over
the weight [εn(λ)− E]2K−2. We plot the weight for six
values of E in Fig. 9(b). When E takes a large nega-
tive value [ε1(λ)− E] � [εD(λ)− ε1(λ)], the weight is
approximated as [εn(λ)− E]2K−2 � [ε1(λ)− E]2K−2, and
thus, it is almost uniform over the entire range of the
energy spectrum. As E is gradually increased, the weight
becomes an increasing function of the energy eigenvalue
over the energy spectrum, putting weight to the high-
energy states [green curves in Fig. 9(b)]. As E is further
increased, the minimum point of the weight passes through

(a) (b)

FIG. 9. Typical behavior of the function 

(K)
λ (E) and the

weight [εn(λ)− E]2K−2, exemplified with a ferromagnetic sys-
tem of size N = 12 with K = 3 at λ = 0.25. (a) Typical shape
of the function 


(K)
λ (E) (red), which has one maximum and

one minimum. The optimal energy shift E(K)λ is determined as
the value of E that minimizes 
(K)λ (E) (black dashed line). The
energies ε1 and εD denote the lowest and highest energy eigen-
values. (b) To understand this shape of 
(K)λ (E), we plot the
weight [εn(λ)− E]2K−2 for six different values of E (green to
blue). Green corresponds to a smaller E, and blue corresponds
to a larger E, as indicated by the arrows in panel (a). Each
weight is normalized so that the area under the curve is constant
for better visualization, noting that the overall normalization is
unimportant. Gray histogram shows the density of states.

the middle of the energy spectrum. Then, the weight
turns into a decreasing function of the energy eigenvalue
over the energy spectrum, and the weight concentrates on
the low-energy states [blue curves in Fig. 9(b)]. Finally,
as E becomes larger [E − εD(λ)] � [εD(λ)− ε1(λ)], the
weight becomes almost uniform again. This course of
change forms the maximum and minimum of 
(K)λ (E).

The optimal energy shift E = E(K)λ is determined so that
the weight [εn(λ)− E]2K−2 is the most concentrated on the
low-energy states. Due to the shape of 
(K)λ (E), the result-
ing E(K)λ is typically higher than the center of the energy
spectrum. This behavior is confirmed by Fig. 2(a).

The numerical minimization of 

(K)
λ (E) is a one-

dimensional optimization problem, and it can be stably
solved by the following procedure. We start with Eq. (25),
which shows that 
(K)λ (E) is a rational function of E. We
analytically calculate d
(K)λ /dE, which will again be a
rational function of E, and we equate the numerator to zero.
The numerator is a polynomial of E, and the resulting poly-
nomial equation is expected to have two real roots because


(K)
λ (E) has two extremum points. We need to solve the

larger root of the polynomial equation. For K = 2, the
polynomial equation is quadratic and analytically solvable,
and the larger solution gives E(2)λ . For K ≥ 3, we can use
standard numerical methods, such as the Newton method,
to get E(K)λ . As the initial value of the Newton method, we
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can use the analytical value of E(2)λ , which is expected to
be close to E(K)λ with K ≥ 3.

3. Efficient algorithm for the entire range of λ

When the Hamiltonian has the form of Eq. (19),
we can efficiently evaluate ωk(λ) = tr[H(λ)k] for k =
1, . . . , 2K − 1 by separating the λ-dependent coefficients
and λ-independent operators, as has been done for Q(P)

μν (λ)

and r(P)μ (λ) in the general framework in Appendix A 4.
We use Eq. (A11) to expand ωk(λ) = tr[H(λ)k]. For k =
1, . . . , K , we obtain

ωk(λ) =
∑

g:dg=k

f̃g(λ)ω̃g , ω̃g := tr(F̃g), (B6)

where f̃g(λ) and F̃g are the scalar coefficient and opera-
tor, respectively, defined by the expansion of H(λ)k in Eq.
(A11). Similarly, for k = K + 1, . . . , 2K − 1, we obtain

ωk(λ) =
∑

g:dg=K

∑

g′:dg′=k−K

f̃g(λ)f̃g′(λ)ω̃gg′ , (B7a)

ω̃gg′ := tr(F̃gF̃g′), (B7b)

where we used ωk(λ) = tr[H(λ)K H(λ)k−K ]. Once we
compute the traces ω̃g and ω̃gg′ , we can easily calculate
ωk(λ) over the entire range of λ.

4. Derivation of the partial action decomposition and
the ideal action

We derive the partial action decomposition and its
properties used in Sec. V A. We fix λ and omit the λ
dependencies of quantities.

To decompose the action into partial actions in Eq. (31),
we combine the expansion of the action in Eq. (14) and the
definition of the weight in Eq. (15) to obtain

S(K)[V] = 1
�2

∑

nm

(εm − εn)
2w(K)mn |[V −�]mn|2 + const.

(B8)

The summand is symmetric under the exchange of m and
n, and it is zero for m = n. Therefore, we can combine the
terms with (n, m) and (m, n) to rewrite

S(K)[V] = 2
�2

∑

nm
w(K)m ≤w(K)n

(εm − εn)
2χ(K)mn w(K)mn |[V −�]mn|2

+ const., (B9)

where we inserted χ(K)mn because if m and n satisfy w(K)m =
w(K)n and m �= n, both (m, n) and (n, m) appear in the

sum
∑

nm:w(K)m ≤w(K)n
. The decomposition in Eq. (31) easily

follows from Eq. (B9).
Next, we show that the K-dependence of the partial

action T (K ,n)[V] is between O(K0) and O(K−2). For sim-
plicity, we neglect the K-dependence of E(K) because the
dependence is subtle [see, e.g., Fig. 2(a)]. Then, the K-
dependence of T (K ,n)[V] is due to the ratio w(K)mn /w

(K)
n . This

ratio is written as

w(K)mn

w(K)n
= 1

K2

[
K−1∑

s=0

(
εm − E(K)

εn − E(K)

)s
]2

, (B10)

where we used the second line of Eq. (B1). The con-
dition w(K)m ≤ w(K)n implies |εm − E(K)| ≤ |εn − E(K)|, and
thus, the sum in Eq. (B10) is a finite geometric sum with
a common ratio (εm − E(K))/(εn − E(K)) ∈ [−1, 1]. From
Eq. (B10), we deduce the following scaling of the ratio
w(K)mn /w

(K)
n in three extreme cases: (i) if |εm − E(K)| �

|εn − E(K)|, the geometric sum converges quickly for a
small value of K , and thus the ratio scales as O(K−2); (ii)
if (εm − E(K)) � (εn − E(K)) and K is not too large, the
geometric sum is roughly proportional to K , and the ratio
scales as O(K0); However, as K becomes larger, the geo-
metric sum starts to converge, and the scaling changes to
O(K−2); (iii) if (εm − E(K)) � −(εn − E(K)), the sign alter-
nates in the geometric sum, and the value of w(K)mn /w

(K)
n

oscillates for a small K ; Nevertheless, the scaling even-
tually becomes O(K−2). A more general case lies between
these extreme cases. The scaling of T (K ,n)[V] is determined
by the sum of finitely many terms with these scalings,
and thus, the overall scaling also lies between O(K0) and
O(K−2).

The asymptotic formula of T (K ,n)[V] is obtained from a
similar consideration. Under the condition w(K)n ≥ w(K)m , we
can assume (εn − E(K))K � (εm − E(K))K for a sufficiently
large K . Using this relation in the first line of Eq. (22), we
can approximate the ratio w(K)mn /w

(K)
n as

w(K)mn

w(K)n
� 1

K2(εn − E(K))2K−2

(εn − E(K))2K

(εm − εn)2

= 1
K2

(εn − E(K))2

(εm − εn)2
. (B11)

Inserting this approximation, the partial action T (K ,1)[V]
is approximated by K−2(ε1 − E(K))2

∑
m:m �=1 |[V −�]1m|2,

where we used the fact that w(K)1 becomes larger than any
other w(K)m for a sufficiently large K . This asymptotic for-
mula of T (K ,1)[V] has been used in Sec. V A to show that
S(K)[V] approaches the ideal action up to normalization.

Note that the ideal action can be derived more directly
without relying on the partial action decomposition. In the
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limit K → ∞, the fictitious Hamiltonian for the ground-
state driving,

PGS,K(H) = (H − E(K))K =
D∑

n=1

(εn − E(K))K |φn〉〈φn|,

(B12)

approaches (ε1 − E(K))K |φn〉〈φn|, which is proportional to
the projection operator onto the ground state. Thus, P(εn)

approaches (ε1 − E(K))Kδn1. Inserting this into Eq. (14)
reproduces the ideal action in Eq. (32) up to normalization
and the constant term.

APPENDIX C: DETAILS OF THE COMPUTER
ALGEBRA FOR GENERAL SPIN-1/2 SYSTEMS

We discuss the details of the computer algebra algorithm
and analyze its computational time. We focus entirely on
spin-1/2 systems for concreteness, while a similar analysis
should be possible for spin systems with any spin quantum
number and fermionic systems.

1. Data structure and elementary operations

We propose a computer algebra framework of spin-1/2
systems. The idea of using algebraic computations in the
quantum mechanics of spin-1/2 systems is not new; it
has appeared repeatedly, but rather sporadically, in the lit-
erature [33,72,76–79]. Our framework inherits the basic
concepts from these previous frameworks, but is more
efficient and better suited for our purpose.

We introduce some notation for convenience. We use
A, B, . . . to refer to a general operator acting on the Hilbert
space of a system of N Pauli spins. An operator is
expanded as a sum of terms, each consisting of a scalar
coefficient and a tensor product of Pauli operators. For
example,

A = 1.5X1Z3 − 0.3X2Y3Y4 + 2.4Z4Z5Z6 (C1)

is an operator composed of three terms. We use σ , τ , . . .
to denote tensor products of Pauli operators, including I
as a special case. We define zA,σ as the scalar coefficient
before σ in A. For example, zA,σ = 1.5 for σ = X1Z3 in
Eq. (C1). We define |A| as the number of terms in A, e.g.,
|A| = 3 in the example in Eq. (C1). Below, we assume that
all terms are k-local, with k small and independent of the
system size. Based on this assumption, we will disregard
the number of Pauli operators per term and only count the
number of terms to evaluate the computational time.

Our computer algebra framework stores an operator
using a data structure called a hash table [91]. A hash
table is a set of correspondences from a “key” to a “value,”
which, in our case, is from a tensor product σ to the scalar
coefficient zA,σ . A tensor product of Pauli operators is rep-
resented by a list of Pauli operator kinds and indices, sorted

in ascending order of the spin index. For example, X1Z3 is
represented by a list [(X , 1), (Z, 3)], and the entire operator
A in Eq. (C1) is stored as

{[(X , 1), (Z, 3)] �→ 1.5, [(X , 2), (Y, 3), (Y, 4)] �→ −0.3,

[(Z, 4), (Z, 5), (Z, 6)] �→ 2.4} . (C2)

A hash table allows a quick lookup of its elements [91].
Given an arbitrary σ and a hash-table representation of an
arbitrary operator A, it only takes O(1) time to determine
whether σ is contained in A and, if so, to obtain the scalar
coefficient zA,σ . This search time is independent of |A| for
ideal hash tables.

We can efficiently perform elementary algebraic oper-
ations with this data structure. The addition of two oper-
ators, A + B, is completed in O(|A| + |B|) time by the
following procedure. We first copy the entire hash table
representing A in O(|A|) time, which we write as A′. Next,
we iterate through the terms of B and add each term to A′.
More precisely, for each term σ �→ zB,σ in B, we determine
whether σ appears in A′ or not in O(1) time. If σ is found
in A′, we update the scalar coefficient zA′,σ to zA′,σ + zB,σ
in O(1) time. If σ is not found in A′, we insert σ �→ zB,σ
into A′ in O(1) time. At the end of this iteration through B,
the hash table A′ stores the result of A + B. This iteration
operates in O(|B|) time. Thus, the entire computation for
A + B is performed in O(|A| + |B|) time.

The multiplication of two operators, A and B, is com-
pleted in O(|A||B|) time by the following procedure. We
prepare an empty hash table for storing the result. We pick
up one term σ �→ zA,σ from A and one term τ �→ zB,τ from
B, multiply the two tensor products σ and τ according
to the rules such as XiYi = iZi, YiZi = iXi, ZiXi = iYi and
XiXi = YiYi = ZiZi = Ii, multiply their scalar coefficients,
and insert στ �→ zA,σ zB,τ into the hash table for storing the
result. This procedure is done in O(1) time. We repeat this
procedure for all pairs of terms. Since there are |A||B| pairs,
the total computation time is O(|A||B|). This computation
time is also expressed as O(|AB|) because the resulting
product AB usually contains |AB| = O(|A||B|) terms.

We can similarly analyze the computation time of other
operations, such as subtraction and scalar multiplication. In
general, the computation time of any operation is roughly
proportional to the number of Pauli operators appearing
during the calculation.

2. Traces and commutators

We can efficiently compute traces and commutators
by special algorithms that take less time than naive
approaches. These algorithms will be crucial for efficiently
calculating weighted actions.

The trace tr(AB) for two operators A and B can be
computed in O(min{|A|, |B|}) time, which is faster than
computing the product AB. To achieve this performance,
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we use the fact that tr(σ ) = 0 for any tensor product of
Pauli operators σ �= I , except that tr(I) = 2N . Moreover,
the product στ becomes the identity operator if and only
if σ = τ . Therefore, the trace tr(AB) is given by tr(AB) =
2N ∑

σ zA,σ zB,σ , where the sum is over all σ ’s that appear in
both A and B. If |A| ≤ |B|, we can calculate 2−N tr(AB) by
picking up each term σ �→ zA,σ in A, looking up whether
σ appears in B, and if so, adding zA,σ zB,σ to the result. The
single lookup process is done in O(1) time regardless of |B|
using a hash table, and thus, the total computational time
is O(|A|). If |A| ≥ |B|, we can swap the roles of A and B to
complete the calculation in O(|B|) time. Therefore, we can
compute tr(AB) in O(min{|A|, |B|}) time.

Below, we use the star symbol (∗) between the two oper-
ators to clarify how we calculate the trace of a product of
operators. For example, tr(A ∗ BC) means that we eval-
uate tr(ABC) by regarding ABC as the product of A and
BC. In this case, we must compute the operator A and the
product BC before evaluating the trace, but we need not
compute the product ABC. The computation of the trace
thus takes O(min{|A|, |BC|}) time. Similarly, tr(AB ∗ C)
denotes that we evaluate tr(ABC) by preparing AB and C,
and the computation time of the trace is O(min{|AB|, |C|}).

The commutator [B, A] for two operators B and A also
has a fast algorithm. The commutator of two terms is zero
if they have no spins in common, e.g., [X1Y2Z3, X4Y5] = 0.
Therefore, we do not need to iterate through all pairs of
terms of B and A, but we can skip most of them. This
shortcut is achieved by the following procedure. First, we
assign integers 1, 2, . . . , |A| to the terms of A in an arbi-
trary order, and we prepare the set of indices �i(A) = {l |
lth term of A acts on spin i} for i = 1, . . . , N . This is done
by iterating through the terms of A once, taking O(|A|)
time. Next, we prepare an empty hash table to store the
result of [B, A]. We then iterate through each term σ �→
zB,σ of B. If, for example, σ acts on spins i = 3, 4, we com-
pute the commutator between σ and the terms of A whose
indices are in�3(A) ∪�4(A), and we add them to the hash
table for storing the result.

This procedure for computing [B, A] runs in O(N−1

|A||B|) time under the following assumptions in addition
to the k-local assumption for all operators. We assume that
A consists of O(N ) or more terms, and the terms are spread
evenly over an O(N ) number of spins so that each spin is
acted by at most O(N−1|A|) terms. Thus, the size of the
index set |�i(A)| is at most O(N−1|A|). For every term in
B, we compute the commutator with the union of at most k
sets out of�1(A), . . . ,�N (A) because B is a k-local opera-
tor. The union contains at most O(N−1|A|) terms, where
we neglect k because k is assumed to be small. Thus,
the iteration through B takes O(N−1|A||B|) time in total.
This analysis also shows that the number of terms in the
resulting commutator |[B, A]| is at most O(N−1|A||B|).

By extending this algorithm, we can also efficiently
compute the commutators [B, Aμ] between an operator

B and a series of operators A1, A2, . . . simultaneously.
To do so, we prepare the set �i({Aμ}) = {(μ, l) |
lth term of Aμ acts on spin i}, and we compute the com-
mutators [B, A1], [B, A2], . . . simultaneously by iterating
through the terms of B once, similarly to the above pro-
cedure. The computation time is estimated by replacing
|A| with

∑
μ |Aμ| in the previous paragraph, assuming

that A1, A2, . . . have O(N ) or more terms in total, and the
terms spread over O(N ) number of spins without con-
centrating on a few spins. Thus, the total computation
takes O(N−1|B|∑μ |Aμ|) time, and the resulting number
of terms

∑
μ |[B, Aμ]| is at most O(N−1|B|∑μ |Aμ|).

3. Algorithm and its time complexity for the general
framework

We detail the entire algorithm for computing the opti-
mal driving coefficients α(P)(λ) in the general framework
in Sec. II and evaluate its computation time. In computa-
tional time analysis, we only count the power of N and
neglect prefactors that depend mildly on K , since the val-
ues of K considered in this paper is small. We use notation
from Appendixes C 1 and C 2: the symbol |A| denotes the
number of terms in A, and we use tr(A ∗ B) to emphasize
that we evaluate the trace by preparing A and B without
computing the entire product AB.

We present two algorithms, Algorithm 1 for calculat-
ing α(P)(λ) for a single value of λ, and Algorithm 2 for
calculating α(P)(λ) over the entire range of λ. Algorithm
2 assumes that the Hamiltonian has the form of Eq. (19)
while Algorithm 1 does not require this assumption.

Algorithm 1. For a fixed λ, this algorithm takes the alge-
braic representations of H(λ) and ∂λH(λ), the algebraic
representations of Aμ for μ = 1, . . . , M , and the scalar
coefficients pk(λ) for k = 0, . . . , K as input. The algorithm
proceeds as follows:

(1) Compute the powers of the Hamiltonian, H(λ),
H(λ)2, . . . , H(λ)K , by iteratively multiplying H(λ).
The number of terms scales as |H(λ)k| = O(N k),
and therefore, this step takes O(N K) time in total.

(2) Compute the time derivative of the powers of
the Hamiltonian, ∂λ[H(λ)2], . . . , ∂λ[H(λ)K ], by the
Leibnitz rule,

∂λ[H(λ)k] =
k−1∑

l=0

H(λ)l[∂λH(λ)]H(λ)k−1−l. (C3)

Due to the scaling |H(λ)l[∂λH(λ)]H(λ)k−1−l| =
O(N k), this step takes O(N K) time in total.
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(3) Compute the fictitious Hamiltonian Pλ(H(λ)) and
its derivative ∂ ′

λPλ(H(λ)),

Pλ(H(λ)) =
K∑

k=0

pk(λ)H(λ)k, (C4a)

∂ ′
λPλ(H(λ)) =

K∑

k=1

pk(λ)∂λ[H(λ)k], (C4b)

by summing up the terms. These are done in O(N K)

time.
(4) Compute the commutators [Pλ(H(λ)), Aμ] simulta-

neously for all μ. Since |Pλ(H(λ))| = O(N K) and∑
μ |Aμ| = O(N ), the computation time is

O

(
N−1|Pλ(H(λ))|

∑

μ

|Aμ|
)

= O(N−1N K N ) = O(N K), (C5)

and the resulting commutators contain O(N K) terms
in total.

(5) For each μ, compute the commutators [[Pλ(H(λ)),
Aμ], Aν] for ν = 1, . . . ,μ simultaneously. Using∑

μ |[Pλ(H(λ)), Aμ]| = O(N K) and
∑μ

ν=1 |Aν | =
O(N ) for large enough μ, the total computation time
is

∑

μ

O

(
N−1|[Pλ(H(λ)), Aμ]|

∑

ν:ν≤μ
|Aν |

)

= O(N−1N K N ) = O(N K), (C6)

and the total number of resulting terms is O(N K).
(6) Compute r(P)μ (λ) for all μ by

r(P)μ (λ) = i� tr
{
∂ ′
λPλ(H(λ)) ∗ [Pλ(H(λ)), Aμ]

}
.

(C7)

Since |[Pλ(H(λ)), Aμ]| is less than |∂ ′
λP(H(λ))|,

the calculation of r(P)μ (λ) for a single μ is done
in O

(|[Pλ(H(λ)), Aμ]|) time. Thus, the calculation
for all μ takes time

∑
μ O

(|[Pλ(H(λ)), Aμ]|) =
O(N K).

(7) Compute Q(P)
μν (λ) for all (μ, ν) with μ ≥ ν by

Q(P)
μν (λ) = tr

{
Pλ(H(λ)) ∗ [[Pλ(H(λ)), Aμ], Aν]

}
,

(C8)

where we use − tr([A, B]C) = tr(A[C, B]) to deduce
Eq. (C8) from Eq. (17a). Since |[[Pλ(H(λ)),
Aμ], Aν]| is less than |Pλ(H(λ))|, the calculation

for a single (μ, ν) takes O(|[[Pλ(H(λ)), Aμ], Aν]|)
time. Thus, the calculation for all (μ, ν) with μ ≥ ν

takes the time
∑

μ,ν:μ≥ν O
(|[[Pλ(H(λ)), Aμ], Aν]|

)

= O(N K). Note that Q(P)
μν (λ) for μ < ν is known

from the symmetry Q(P)
μν (λ) = Q(P)

νμ (λ).
(8) Solve the M -variate linear equation in Eq. (18) to

determine α(P)(λ). Output α(P)(λ).

In total, the time for the algebraic computation [steps
(1)–(7)] scales as O(N K). Step (8) takes O(M 3) or O(RM 2)

time depending on the numerical algorithm, as discussed in
Sec. II D.

Algorithm 2. This algorithm assumes that the Hamil-
tonian has the form of Eq. (19). We use symbols and
definitions in Appendix A 4.

The algorithm takes the following objects as input:
the algebraic representations of the operators Fγ for γ =
1, . . . ,� and Aμ for μ = 1, . . . , M ; the λ-dependent coef-
ficients fγ (λ) for γ = 1, . . . ,�, their λ-derivatives ∂λfγ (λ)
for γ = 1, . . . ,�, and the λ-dependent coefficients of the
polynomial pk(λ) for k = 0, . . . , K , all as functions of λ
so that the program can evaluate the function values at an
arbitrary λ; a list of λ’s for which we want to compute the
driving coefficients.

The algorithm consists of two stages. In the first stage,
it computes the traces of λ-independent operators by the
following procedure:

(1) Compute the operators F̃g for all g by multiplication
and addition of Fγ ’s.

(2) For each g, compute the commutators [F̃g , Aμ]
simultaneously for all μ.

(3) For each g and μ, compute the commutators
[[F̃g , Aμ], Aν] for ν = 1, . . . ,μ simultaneously.

(4) For all (g, g′), compute

r̃μ,gg′ = tr
{
F̃g ∗ [F̃g′ , Aμ]

}
(C9)

for all μ, and compute

Q̃μν,gg′ = − tr
{
F̃g′ ∗ [[F̃g , Aμ], Aν]

}
(C10)

for all (μ, ν) such that μ ≥ ν.

In the second stage, the algorithm repeats the following
calculation for each λ in the list of λ’s:

(5) Compute the scalar coefficient f̃g(λ) for all g by mul-
tiplying fγ (λ)’s, and compute ∂λ f̃g(λ) for all g using
the Leibniz rule.

(6) Compute r(P)μ (λ) for all μ and Q(P)
μν (λ) for all (μ, ν)

with μ ≥ ν by Eq. (A12). Note that Q(P)
μν (λ) for μ <

ν is known from the symmetry Q(P)
μν (λ) = Q(P)

νμ (λ).
(7) Solve the linear equation in Eq. (18) to determine

α(P)(λ). Output α(P)(λ).
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The computation complexity for the first stage, which
deals with algebraic computation, scales as O(N K). This
is understood by analyzing the computation time for each
step similarly to the corresponding step in Algorithm 1.
Concretely, step (1) in Algorithm 2 corresponds to step (1)
in Algorithm 1, (2) corresponds to (4), (3) corresponds to
(5), and (4) corresponds to (6) and (7).

The computation cost of the second stage, which
involves only scalar computation, is dominated by step
(7), requiring O(M 3) or O(RM 2) time depending on the
numerical algorithm. Step (5) takes O(M 0) time, and step
(6) takes O(M 2) time, which are faster than step (7).

4. Algorithm for ground-state evolution

This Appendix subsection presents entire algorithms
specialized for ground-state evolution in Sec. III. These
algorithms combine the general algorithms in Appendix
C 3 with the minimization of 


(K)
λ (E) discussed in

Appendixes B 2 and B 3. The general algorithms are
slightly simplified by taking advantage of the simple form
of the polynomial, PGS,K(H(λ)) = [H(λ)− E(K)λ ]K . As in
Appendix C 3, we present two algorithms, Algorithm 3 for
a single value of λ and Algorithm 4 for an entire range
of λ. Our C++ code [73] implements Algorithm 3 and
Algorithm 4.

Algorithm 3. For a fixed λ, this algorithm takes the alge-
braic representations of H(λ), ∂λH(λ), and Aμ for μ =
1, . . . , M as input. The algorithm proceeds as follows:

(1) Compute the powers H(λ), H(λ)2, . . . , H(λ)K by
iteratively multiplying H(λ).

(2) Compute ωk(λ) = tr[H(λ)k ∗ I ] for k = 1, . . . , K
and ωk(λ) = tr[H(λ)K ∗ H(λ)k−K ] for k = K +
1, . . . , 2K − 1.

(3) Minimize the function 
(K)λ (E) to determine E(K)λ .
The details of the minimization are discussed in
Appendix B 2.

(4) Compute [H(λ)− E(K)λ ]k for k = 2, . . . , K by

[H(λ)− E(K)λ ]k =
k∑

l=0

(k
l

)
H(λ)l(−E(K)λ )k−l. (C11)

(5) Compute ∂ ′
λ

{
[H(λ)− E(K)λ ]K

}
by

∂ ′
λ

{
[H(λ)− E(K)λ ]K

}

=
K−1∑

l=0

[H(λ)− E(K)λ ]l[∂λH(λ)][H(λ)− E(K)λ ]K−1−l.

(C12)

(6) Compute the commutators [[H(λ)− E(K)λ ]K , Aμ]
simultaneously for all μ.

(7) For each μ, compute the commutators [[[H(λ)−
E(K)λ ]K , Aμ], Aν] simultaneously for all ν = 1, . . . ,μ.

(8) Compute r(K)μ (λ) for all μ by Eq. (C7).
(9) Compute Q(K)

μν (λ) for all (μ, ν) with μ ≥ ν by Eq.
(C8).

(10) Solve the linear equation in Eq. (18) to determine
α(K)(λ). Output α(K)(λ).

The total computation time for Algorithm 3 scales as
O(N K) for the algebraic computation [steps (1)–(9)] and
O(M 3) or O(RM 2) for the scalar computation [step (10)],
similarly to Algorithm 1. Concretely, the computation time
for steps (1) and (4)–(10) are the same as for the cor-
responding steps in Algorithm 1. The computation for
step (2) takes O(N K−1) time, and step (3) takes O(N 0)

time, making them negligible compared to the rest of the
algorithm.

Algorithm 4. This algorithm assumes that the Hamil-
tonian has the form of Eq. (19). We use symbols and
definitions in Appendixes A 4 and B 3.

The algorithm takes the following things as the input:
algebraic representations of the operators Fγ for γ =
1, . . . ,� and Aμ for μ = 1, . . . , M ; the λ-dependent coef-
ficients fγ (λ) for γ = 1, . . . ,� and their λ-derivatives
∂λfγ (λ) for γ = 1, . . . ,�, both as functions so that the pro-
gram can evaluate the function values at an arbitrary λ;
a list of λ’s for which we want to compute the driving
coefficients.

The algorithm consists of two stages. In the first stage,
it computes the traces of λ-independent operators:

(1) Compute the operators F̃g for all g by multiplication
and addition of Fγ ’s.

(2) Compute the traces ω̃g = tr(F̃g ∗ I) for all g and
ω̃gg′ = tr(F̃g ∗ F̃g′) for all (g, g′).

(3) For every g, compute the commutators [F̃g , Aμ]
simultaneously for all μ.

(4) For every g and every μ, compute the commutators
[[F̃g , Aμ], Aν] simultaneously for all ν = 1, . . . ,μ.

(5) For all (g, g′), compute r̃μ,gg′ by Eq. (C9) for all μ,
and compute Q̃μν,gg′ by Eq. (C10) for all (μ, ν) such
that μ ≥ ν.

In the second stage, the algorithm repeats the following
calculation for each λ in the list of λ’s:

(6) Compute the scalar coefficient f̃g(λ) for all g by mul-
tiplying fγ (λ)’s, and compute ∂λ f̃g(λ) for all g using
the Leibniz rule.

(7) Compute ωk(λ) for k = 1, . . . , 2K − 1 by Eqs. (B6)
and (B7).

(8) Minimize the function 
(K)λ (E) to determine E(K)λ .
The details of the minimization are discussed in
Appendix B 2.
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(9) Compute the scalar coefficients pk(λ) = (K
k

)

(−E(K)λ )K−k for k = 0, . . . , K .
(10) Compute r(K)μ (λ) for all μ and Q(K)

μν (λ) for all μ ≥ ν

by Eq. (A12).
(11) Solve the linear equation in Eq. (18) to determine

α(K)(λ). Output α(K)(λ).

The computation time of Algorithm 4 scales as O(N K)

for the first stage and O(M 3) or O(RM 2) for the second
stage, similarly to the above three algorithms.
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