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Quantum networks are a backbone of future quantum technologies thanks to their role in commu-
nication and scalable quantum computing. However, their performance is challenged by noise and
decoherence. We propose a self-configuring approach that integrates superposed quantum paths with
variational quantum optimization techniques. By estimating a cost function via repeated network uses,
our approach dynamically optimizes the superposition of noisy paths across multiple nodes to establish
high-fidelity connections between different parties. Our framework is in principle capable of adapting
to unknown noise without assuming parametric noise models or performing full process tomography.
We also discuss the role of vacuum coherence, a quantum effect central to path superposition that impacts
protocol performance. Additionally, we demonstrate that our approach remains beneficial even in the

presence of imperfections in the generation of path superposition.
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I. INTRODUCTION

Quantum networks can become a foundational technol-
ogy within societal infrastructures [1-5], offering unique
opportunities and applications including cryptography
[6,7], distributed quantum computing [8,9], quantum
interfaces between processor modules as a path toward
scalability [10] and enhanced distributed sensing [11-13].
Central to the functionality of these networks is the
transmission of quantum information, i.e., the transfer
of quantum states encoded in information carriers through
quantum channels and entanglement distribution between
parties [14-16].

Nevertheless, the reliability of such tasks is challenged
by the presence of decoherence and noise within the
quantum channels [17-20]. Extensive efforts have been
made to address these challenges in quantum communi-
cation scenarios, spanning various approaches including
quantum error correction [21,22], entanglement purifica-
tion [22-24], network tomography and benchmarking
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[25-27], and optimized network routing for entanglement
distribution [28-30]. More recently, works have exploited
the use of superposed trajectories where the information
carrier is sent through multiple noisy paths in coherent
superposition [31-38] or various superposed orders
[39-44]. Such approaches have revealed advantageous
quantum enhancements in contexts such as quantum com-
putation [35,39,45-48], quantum communications [49-56],
quantum metrology [57-59], general noise mitigation
[36,37,44], entanglement purification [60], randomized
benchmarking [61], and charging quantum batteries [62].
In this paper, we develop a general framework for
designing self-configuring quantum networks with super-
position of trajectories. By employing variational quantum
optimization (VQO) techniques [63,64], we aim to deter-
mine the most effective way to coherently combine
available paths between two parties in a network. Our
protocol generally achieves enhanced connections with
markedly higher fidelity than any classical mixture or
single-path strategy, even in the absence of detailed noise
characterization techniques for the network such as quan-
tum process tomography, or assumptions about specific
parametric noise models. This highlights the intrinsic
advantage of quantum path superposition as a noise-robust
resource. Moreover, our approach is applicable to quantum
networks with multiple intermediate nodes and nested
superpositions of paths, thus being compatible with both
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long-distance quantum communication and short-distance
chip-like connections for quantum computation. These
features are relevant in the development of robust and
adaptable quantum networks suitable for real-world
applications.

In addition, our work directly addresses the assumption
commonly applied to superposed trajectories and quan-
tum orders (e.g., quantum switch) that the degree of
freedom (DOF) controlling the paths superposed remains
noiseless [31,33,35,42,43]. In contrast to this idealized
scenario, we analyze cases where noise affects this
path DOF via fluctuations of superposition amplitudes.
Notably, we demonstrate that path superposition can still
yield advantages even if the path DOF experiences noise,
and especially when the noise strength is no stronger than
that affecting the information carriers. This yields key
insights into parameter regimes where our protocol is
operationally effective.

The paper is structured as follows. In Sec. II, we give
a high-level overview of the key ideas, motivations and
findings in this work, then proceed to review basic
concepts and notation in Sec. III. In Sec. IV we introduce
the essential tools needed to implement self-configuring
networks: the general network setting, the relevant
mathematical formalism underlying path superposition,
and VQO. We then showcase the capability of these
networks using two versions of the protocol, applicable
to direct two-node communication scenarios (Sec. VA)
and the general multi-node scenarios (Sec. VI A), respec-
tively. We numerically test the performance of each
protocol (Secs. VB and VI B, respectively) in a variety
of relevant scenarios and provide detailed analyses to
support and interpret the observations. Finally, we draw
conclusions about our results and provide an outlook for
future work in Sec. VIIL.

II. SUMMARY OF KEY IDEAS AND FINDINGS

In this section, we present a high-level overview of the
general setting, key concepts, findings, and principal
contributions of our approach.

We propose a framework that enables the constituents of
a given quantum network to autonomously determine
an optimized way to communicate via superposed paths,
see Fig. 1. Our approach generally yields improvements
in transmission fidelity compared with any single path
across the network. The core innovation of the work is a
self-configuring element, which dynamically optimizes
the amplitudes and phases of the path superposition.
Importantly, it adapts automatically to the network
topology and requires no prior knowledge of noise proper-
ties. Operationally, this is achieved through a variational
feedback loop, where a quantum state is repeatedly trans-
mitted through the network to estimate and improve a
cost function that depends on the fidelity of the trans-
mitted state. Furthermore, our approach does not rely on
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FIG. 1. General setting. Two arbitrary parties in a quantum
network seek to communicate. (a) Different paths can be used to
connect parties Alice (A) and Bob (B). (b) These paths can also
be utilized in coherent superposition to establish the connection.
Our self-configuring framework employs a quantum-classical
feedback loop (solid red arrows), in which a classical processor
optimizes the fidelity F' of a quantum state transmitted from
Alice to Bob by iteratively updating the parameters that control
the path superposition, 8., and 0,. Here we show the direct two-
node configuration, with the full protocol illustrated in Fig. 2. For
the more general multi-node configuration, see Fig. 7.

parametric noise models and avoids costly quantum
process tomography.

We demonstrate the essential role of vacuum coherence
in our approach and systematically characterize its robust-
ness against noise that directly affects the path DOF
(which controls the path superposition). Our approach
can be readily applied to arbitrary multi-node networks
where each node can generate new superpositions in a
nested fashion. These contributions potentially advance
the development of robust quantum communication in
realistic networks.

We consider general quantum networks where two
quantum devices (Alice and Bob) can communicate
through a complicated series of nodes and path channels
[Fig. 1(a)]. Rather than attempting to identify and utilize a
single “best” path between Alice and Bob, information is
sent into a coherent superposition of available paths, so
that multiple paths are traversed at once. Our approach
adjusts the amplitudes and phases of the path superposition
in a feedback loop, such that the transmission fidelity F
between Alice and Bob is maximized [Fig. 1(b) and
Sec. IV]. Via analytical calculations and numerical sim-
ulations, we provide a comprehensive performance analy-
sis of the protocol tailored to two different network
configurations: two nodes connected by multiple paths
with identical and non-identical noise types (Sec. V), and
multi-node network topologies featuring nested super-
positions and randomized noise parameters (Sec. VI).
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Two nodes—In this basic configuration, the quantum
network consists of Alice and Bob connected by multiple
noisy paths whose actions are represented by quantum
channels (Fig. 2, Protocol I and Sec. V A). This configu-
ration provides not only a minimal testbed for protocol
performance in a variety of noise strength regimes, but
also a gateway to direct analytical insights regarding the
fidelity advantage achievable through coherent path
superposition (Appendix A). We examine two protocol
variants: a deterministic version, which averages the
fidelities from all possible path DOF measurement out-
comes, and a probabilistic version, which postselects
outcomes with more favorable fidelities. We note that the
probabilistic version can be used for the heralded dis-
tribution of Bell pairs, a resource for quantum telepor-
tation, despite having a success probability less than
unity. Generally, the deterministic variant maximizes the
information throughput at the cost of additional local
unitary corrections, while the probabilistic variant yields
higher fidelity advantages without requiring a large
measurement budget.

The degree of noise mitigation achievable in our
protocol depends on what we refer to as the “vacuum
coherence” of each available channel—the extent to which
the environment of the channel remains unaffected by the
presence of an information carrier (Fig. 3 and Sec. VB 1).
The vacuum coherence of a channel is quantified by its
vacuum extension and therefore fully determined by its
microscopic details (Sec. IV, Appendixes B and C). For
concreteness, in most of the demonstrations of our protocol,
we specify the vacuum coherence by adopting a simple
repeated-interaction microscopic model (Appendix C).

For common types of noise, including dephasing,
depolarizing, and amplitude damping, substantial fidelity
improvements are attained compared to the best single-
path strategy. This is demonstrated for up to four identi-
cal channels (Fig. 4 and Sec. V B 2), two non-identical
channels (Fig. 5 and Sec. V B 3), and three non-identical
channels (Fig. 6 and Sec. V B 4). We find the deterministic
variant of our protocol is advantageous only above a
vacuum coherence threshold that depends on the noise
type, while the probabilistic variant offers an advantage as
long as vacuum coherence exists. Even when the path DOF
is itself noisy (Appendix D), meaningful mitigation can
still be achieved: the probabilistic variant of the protocol is
more robust to the path DOF noise, and the deterministic
variant is advantageous when the path DOF noise does not
exceed the noise acting on individual paths.

Multiple nodes—In the more general situation, the
network includes additional nodes that can serve as inter-
mediate hops or relays between Alice and Bob (Fig. 7,
Protocol IT and Sec. VI A). Paths are split and recombined
at stages delimited by Alice, Bob, and intermediate nodes,
producing nested superpositions across the network. Each
node in the network may prepare and manipulate the path

superposition, allowing us to dynamically select and
coherently combine multiple paths at different stages.

Numerical analyses on 5- and 12- stage networks
(containing 6 and 29 nodes respectively), with randomly
sampled noise strengths for the latter, demonstrate that our
self-configuring approach is effective in situations with
varying complexity (Figs. 8, 9 and Sec. VI B). Specifically,
it is capable of achieving significant fidelity improvements
within reasonable resource budgets in the presence of
statistical noise.

The above findings establish that self-configuring quan-
tum networks built using superposed trajectories offer a
powerful and flexible tool for enhancing quantum com-
munication. Our approach is broadly applicable to net-
works with unknown, fluctuating, or heterogeneous noise,
and can adapt on-the-fly to changing network conditions.
Our approach’s reliance on self-configuration, rather
than detailed knowledge of the network, holds promise
for both near-term quantum hardware and future large-
scale infrastructures.

III. BACKGROUND

In this section, we review relevant concepts and nota-
tions used throughout this work.

A. Quantum Channels

In an ideal scenario, channels connecting parties in a
quantum network enable perfect quantum information
transmission and entanglement distribution. However, in
practice, noise and decoherence effects are unavoidable.
Mathematically, these are modeled using completely
positive trace preserving (CPTP) quantum maps, described
through the Kraus operator (operator-sum) representation
[65]. Here, a channel C mapping pi" to p* is defined as

Clol) =Y _K.pl'Ky = p™, (M

where K, are Kraus operators satisfying > KiK, =1.
Some relevant instances of quantum channels (which we
employ in this work) are dephasing, depolarizing, and
amplitude damping maps [65]. Their corresponding Kraus
operators are

Dephasing: Ky = /1 — pyT, K, =/poo3, (2)

Ki=y/Foi 3
Amplitude damping :

Ko =0)(0[+ /1= po[1)(1], )
Ky =/Pol0) (1],

Depolarizing: Ky = /1 — poT,

033038-3



ALBIE CHAN et al.

PRX QUANTUM 7, 033038 (2026)

where p, is the noise probability associated with the
channel and the operators o; correspond to the Pauli
matrices X, Y, and Z for i = 1, 2, 3, respectively. The first
two channels are classified as unital, as they drive any input
state toward the maximally mixed state 1/2. In contrast,
amplitude damping is non-unital, corresponding to an
irreversible energy loss process where an arbitrary state
relaxes toward the ground state |0). While our approach is
intended to work with arbitrary (including random) noises,
we employ these channels for their inherent simplicity in
demonstrating the underlying features.

B. Stinespring dilation: Environmental formalism

The Stinespring theorem states that any quantum chan-
nel can be conceived as a unitary operation acting on a
larger Hilbert space [65]. More concretely, the effect of
a channel £ acting on a system S can be understood as a
unitary operation A that describes the joint evolution of S
and an auxiliary environment ‘“e.” The action of the
channel on an arbitrary state of the system p can be
described by tracing out the Hilbert space of the environ-
ment, i.e.,

E(p) = w[Alp ® le)c(el)AT]. (5)

where |¢), is the initial state of the environment.

The Stinespring dilation provides an explicit unitary
extension on a larger Hilbert space, while the Kraus
decomposition expresses the evolution in terms of a
sum over operators acting on the system. These two
representations of CPTP maps are related: the latter can
be derived from the former by expanding A in the
environment basis (spanned by states |s)). If we consider
the case of a system initially in a pure state |y), the
expansion reads

Ally) ® [e). ZK ) ® [s)e ©6)

where the Kraus operators are identified as

K = <S|eA|€>e' (7
By tracing out “e” and denoting p = |w) (|, we obtain
the standard Kraus decomposition of the CPTP map,

ZKpK ® |s). ’4 ZKSpK

A

Elp) = tr,

C. Figure of merit: Choi-Jamiotkowski (CJ) fidelity

To evaluate the performance of our approach, we need to
quantify the “closeness” between ideal and noisy realiza-
tions of our network setup. A useful quantity is the state

fidelity F, defined between an input state p™ and noisy
output state p°" as

. )2
F(pll’l’p()u[) :{ < p pout\/;> } , (9)

where F = 1 implies that p™ = p°. For quantum chan-
nels, F = 1 is achieved when the noise is absent.

Our approach proceeds by sending entangled input
states across quantum channels. As a result of the Choi-
Jamiotkowski (CJ) isomorphism [66,67], maximally
entangled input states allow us to completely characterize
a channel and capture the average effect of noise on an
arbitrary input state [68]. The Bell states are defined as
two-qubit maximally entangled quantum states

@) = (1 ® clol)|Py). (10)

where i, j€{0,1}, and |®yy) = [@F) = (|00) + 111))/V/2.
In this work, we choose pt = |®F), (®F], where we
designate “b” (Bob) as the half of the Bell pair being
transmitted and subjected to noise, while the other half “a”
(Alice) is retained by the sender. For a channel with Kraus
operators K, the output state is therefore

P = Z(“a ® [KJ)|®F) (@ |, (1, ® [KL],). (1)

Since |®T) is pure, Eq. (9) simplifies to
Fey = (@7 [pg!|@7). (12)

For our purposes, the significance of F¢; lies in its
relation to F, the state fidelity averaged over all single-
qubit input states on the Bloch sphere [69,70]

2Fcy + 1
-

F= (13)

In other words, F; serves as an indicator of the
average transmission quality. For the dephasing noise
Eq. (2) and the depolarizing noise Eq. (3), Fc; = 1 — po;
for the amplitude damping noise Eq. (4),
Foy = (1++/T—pg)*/4.

We note that estimating Fc;y is less costly than perform-
ing either a state tomography of po%' or a process
tomography of the channel £ [71]. Only three sets of
Pauli operators [o,], ® [6,], for i =1,2,3 need to be
measured at both Alice and Bob, and F¢y can be estimated
by using

@) (DF| = (“ Q@ 1+o0,®01—0,®0;,+03® 03).

(14)

~ |
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IV. TOOLS FOR SELF-CONFIGURING
QUANTUM NETWORKS

In this section, we introduce the framework and tools for
designing self-configuring quantum networks. First, we
outline the general setting considered in this work. Next,
we provide a brief overview of the formalisms governing
superposition of trajectories, stressing the equivalence
between different mathematical descriptions. Finally, we
give a brief overview of the basic idea of the protocol
employed in our work; the step-by-step details of imple-
mentation will be given in Secs. VA and VI A.

A. General Setting

Consider a general quantum network, as shown in
Fig. 1, where adjacent nodes or parties are connected
by noisy quantum channels. To transmit quantum infor-
mation or distribute entanglement, a link between two
(or more) parties is established via a path comprising a
sequence of channels [blue, red and green segments in
Fig. 1(a)]. Here, we further allow such links to be coherent
superpositions of multiple paths [Fig. 1(b)]. The task is to
design variational approaches that, without requiring
explicit knowledge of channel properties, determine the
best way to connect two (or more) parties, including the
use of superposed paths.

B. Superposition of Trajectories

The advantages of superposing quantum channels have
recently been explored [31-37], revealing broad applica-
tions across various areas of quantum information
[36,37,39,44,45,60,61]. Here, we briefly review the under-
lying mechanisms of this phenomenon, stressing the equiv-
alence between existing mathematical descriptions [31,33].

We explain how path superposition affects the action of
noisy quantum channels using a direct communication
(two-node) setup between Alice and Bob. In this setup,
we assume all paths have similar traversal times, so
that information leaving Alice at a given time along
different paths can arrive at Bob within a short time
window (this is not a strict requirement; see Sec. VII).
Furthermore, each path corresponds to a single quantum
channel; for simplicity, we further assume that channels
act independently.

To keep track of the path superposition, one designates a
path DOF (also known as the “control” DOF in literature)
in a Hilbert space spanned by |i),, withi =0,1,....,d — 1
denoting the path index (see Fig. 1(b)). We assume that the
system is in the coherent superposition of all d paths

"= )"
Za,l

in (15a)

® |g)in (15b)

where a; are the superposition amplitudes (we assume no
phases for simplicity), >_. |a;|*> = 1, and |¢$)™ is an input
state of the information carrier. The path superposition can
be generated, for instance, by applying a path DOF unitary
U.; € SU(d) to the system in the fiducial state |0), on the
Oth path immediately before it leaves Alice. Such a unitary
is realized by, e.g., beamsplitters in an optical system.
To determine the effect of network noise on the input
Eq. (15), we purify all d channels via the Stinespring
dilation theorem. As discussed in Sec. III B, once the
Hilbert space is expanded to include the environment DOF,
the overall effect of a quantum channel is a joint unitary
evolution of the system and its environment. If the system
takes the i-th path and interacts with the environment of
that channel, the environment state [e;), evolves into one
of the basis states |[s;). , while the corresponding Kraus
operator KE? is applied to the system, see Eq. (6).
Therefore, we can express the purified output state as

d—1
alih @l (ZK 9" s, ).
i=0
(16)
where we now keep track of the environment “e¢” com-

prising components €, e, -, €4_1-
Equation (16) represents an extended quantum channel
acting on both the input and path DOF; this is known as
the vacuum extension formalism [32]. To see this more
explicitly, we expand the environment states
8t>e, = Zag)|si>ei’ (Zg) =
Si

(silei)e, (17

where the vacuum amplitudes a§f> are inherent properties

of the channels determined by their specific physical
implementation [33], and satisfy the normalization con-
dition ) la{’ 2 = 1. However, we mention for complete-
ness that the normalization becomes an upper bound

>

S

2<1

= 4,

(i)

as,

(18)

when ag? are understood as effective vacuum amplitudes

corresponding to a minimal set of orthogonal Kraus

operators. A proof of Eq. (18) is given in Appendix B.
Substituting Eq. (17) into Eq. (16), we find

out ZK |l// 1n ® |S (19)

where s = (59, ", 54-1)s [$)e =®; [5;)e,» and we have
defined the extended Kraus operators that act in the
Hilbert space including both the path and system DOFs,
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d—1
< (il ® KV [k ) (20)
i=0 k#i

The component K(yf) is a Kraus operator acting on the

system on the i-th path, while each remaining vacuum
amplitude aﬁf) corresponds to an untraversed path k # i.
Tracing out all environment DOFs from Eq. (19), we
clearly see that the set of Kraus operators K defines a
vacuum-extended quantum channel, with the operator-sum

representation

out ZKsme" . (21)

Here, K, is block-diagonal in the path Hilbert space,
because the noises in all paths are assumed to be
independent and do not directly act on the path DOF.

While Eq. (21) provides a compact description of paths
in coherent superposition subject to independent noise, in
practice it is more convenient to express the output state
po explicitly in terms of its blocks in the path Hilbert
space. Starting from Eq. (21) and making use of the

normalization condition of ag), we find

d—

out Z out(ii) + Zp‘)m ij) (22)

i=0 i#]

with the diagonal p°*()) and off-diagonal p°"'/) blocks in
the path Hilbert space being

out ll E K 1n 11

pout(ij) _ F(l) pin(ij)FE/{gT (i + j)

V10

(23a)

(23b)

Here, the blocks of the input density matrix are given by
P = a;at|g)™ (g™ (see Eq. (15)], and the vacuum

interference operators Fslz) are linear combinations of

the Kraus operators with the vacuum amplitudes as
coefficients [32]:

Fi) = al"ky). (24)

Si

The diagonal blocks Eq. (23a) describe the action of
each channel on the i-th path, and their contribution to
Eq. (22) is a purely classical mixture. In contrast, the oft-
diagonal blocks Eq. (23b) capture the coherence between
pairs of paths i and j through each a, and F;,.

Both Egs. (20) and (22)—(24) imply that, in the presence
of path superposition, a well-defined quantum map
depends not only on the Kraus operators, but also on
the vacuum amplitudes and in particular the vacuum

interference operator F;,. In Appendix C 1, we calculate
F;, for the common quantum channels in Egs. (2)-(4)
using a simple repeated-interaction microscopic model
[72,73], which we incorporate in most of our protocol
simulations (Secs. V and VI). We further justify this choice
in Appendix C2 by analyzing a class of generic micro-
scopic models, which we adopt in the simulations of
Sec. VIB 2.

Once the system is subject to the noise and arrives
at Bob, we can apply a second path DOF unitary
U., € SU(d) to Eq. (22). This induces either constructive
or destructive interference (i.e., mixing) among the dia-
gonal and off-diagonal blocks; both potentially enabling
partial cancellation of noise in different paths. By meas-
uring in the path DOF basis [37], we can achieve noise
mitigation by selecting favorable measurement outcomes
and/or applying unitary corrections to improve individual
outcomes.

C. Variational quantum optimization

In realistic quantum networks, one must consider the
possibilities of arbitrary noisy channels that may drift and
fluctuate, as well as varying connectivity in intermediate
modes between Alice and Bob. It then becomes necessary
to introduce a “‘self-configuring” aspect that optimizes the
properties of the network in sifu, maximizes noise miti-
gation and enhances communication between nodes—all
without prior knowledge of the noise.

We achieve this aspect by integrating an overall VQO
routine in the path superposition protocol. Here, network
components controlling the superposition of paths depend
on tunable parameters. By variationally adjusting these
parameters in a feedback loop with the help of a classical
processor, we can optimize a cost function that charac-
terizes the effectiveness of noise mitigation in a given
communication task within the quantum network.
Executing the path superposition protocol with the opti-
mized parameters leads to a potentially enhanced trans-
mission fidelity from Alice to Bob. In this sense, the
network “self-configures” by adjusting parameters
based on the average or the best-case fidelity, making it
broadly applicable even when noise sources are unknown
and/or dynamic.

When performing the routine, we assume that properties
of each path in the network, namely the Kraus operators K
and the vacuum interference operator F.;,, remain con-
stant. In practice, the protocol will likely be effective as
long as K, and F;, drift slowly, such that the resulting
optimal parameters are valid for a reasonably long amount
of time after the optimization itself.

V. TWO-NODE PROTOCOL

In this section, we demonstrate how our protocol can
optimize direct transmission of a qubit from Alice to Bob

033038-6
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via d superposed paths. These paths may be selected
from a larger network based on resource constraints and
overall noise levels. After describing the relevant protocol,
we evaluate its performance via numerical simulation
involving a variety of different communication scenarios.
These scenarios permit direct investigation of different
channel combinations, vacuum amplitudes, and noise
affecting the path DOF.

A. Protocol Description

The complete protocol is shown schematically in Fig. 2,

summarized as Protocol I and is described below:

Step 0—Choose d non-interacting transmission paths
from Alice to Bob [Fig. 1(a)].

Step 1—Prepare a two-qubit state pt = |®*), (DT,
(see Sec. IIIC) as input, with the system initially
residing on one path, e.g., the Oth path |0)... This corres-
ponds to the full system state p? , = [0).(0|. ® pin.

Step 2—Apply the path DOF unitary U, (parameter-
ized by 6.) to generate the coherent path super-
position, corresponding to the state |y). = U |0)..
This requires 2d — 2 parameters (d — 1 magnitudes
and d — 1 relative phases) and produces the state

pc ab |Vl> <l//|c ®plarllgv (25)

where pic‘}ab takes the form of Eq. (15).
Step 3—Transmit the latter qubit in p}} through the noisy
paths to obtain the output p%" | keeping the other half

c, ab’

at Alice. p"“t now relates to p ' via Egs. (21)—(23).

Step 4—Apply the second path DOF unitary U,
(parameterized by @) to p% . then measure the

S pc ab 3 Qé\ > pgl;tb 5
. : Psucc B

A& (KO} B 3 one) (AR
G i) g e
R K® - i Va(Ocorr) 7 out
P 1] ‘ {{K(d—l})} ; A Vi-1(8corr) é Pab f;i
A A g =
= )
2 4 z j§
Uc1(0.1) ( 7 ) Ue2(0.5) S‘ 6 &
E ; £
< L Ropt
Fey
maximized

update {Ocls 0027 ecorr}é

FIG. 2. Schematic of the two-node protocol (Protocol I). The
directed lines indicate processes involving the classical hard-
ware. All red lines/boxes involve the VQO algorithm. The gray
boxes enclosing Alice and Bob denote all protocol aspects that
are accessible to them (preparation and postprocessing steps
respectively). Alice and Bob’s nodes are denoted as solid black
circles residing on the edge of their respective boxes.

path DOF in the |j), basis (j =0,1,---,d — 1). For
outcome j, the corresponding postmeasured state is

1 N ou
pgl]jt/ = ftrc(|]>c<]|cUc2pc ath ) (26)
J

where  the corresponding  probability P; =

(leUepiyUbli)e = t(l)elileUcapliy Usy)- Gener-
ally, U, requires d> —1 parameters since there
are d*>—1 generators of SU(d). Nevertheless,
as discussed in Sec. IV B, one can implement smaller
families of d-dimensional unitaries with fewer
parameters.

Step 5—Apply single-qubit local unitaries V( J) (para-
meterized by 6.,,,) on qubit “b,” now at Bob’s node
[74]. These are applied to each of the d post-
measurement states p"“‘ in Eq. (26):

out,corr

plem = (1, @ Vg1, @ V). @)

where j =0,1,---,d—1, Vt()j) € SU(2) has the form
VY (Ocorr)
B cos (BY)/2) ¢ sin (B) /2)
e sin (BU))2) €7+ cos (BU) /2)

(28)

and 0., = [0,y 60 ... pld=1) yld=1) sld=1)]

Step 6—Measure the output CJ fidelity F¢; either
deterministically or probabilistically. Deterministi-
cally, Fcy is averaged over all measurement outcomes
of the path DOF:

d—1
Forge = Y PHOTpRS @), (29)
j=0

where we have used Eq. (12). Probabilistically, the
measurement outcome with the largest P; is post-
selected:

FCJ prob — max(d)+|p0m COIT|(I)+>’ (30)

and we define the success probability
Psucc = maX(Pj)’ (31)

such that pg,.. > 1/d. Here, we postselect the most
likely outcome instead of the highest-fidelity out-
come, since the latter may occur too infrequently
to be practical. In practice, both Fcy; and pg,.. are
estimated with a measurement budget of N, Bell

pairs. If the path DOF outcome j is measured N;
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times, P; is estimated as N;/Ngs, and we allocate
N;/3 measurements to each of the three operators
[6/], ® [oi], (i =1,2,3) [see Eq. (14)]. For simplic-
ity, in this study we use a fixed N, for each
evaluation of the cost function, such that the total
number of Bell pairs consumed by our protocol is
Nghois multiplied by the number of cost function
evaluations (see Step 7). However, it is generally
more efficient to allocate measurement budgets
adaptively throughout the optimization process [75];
we expect the budget can be further reduced by
Bayesian optimization which builds on prior assump-
tions about the cost function [76,77].

In Sec. VB, we compare the deterministic and
probabilistic schemes in the limit of infinite mea-
surements Ny, — oo and give an example of the
effect of a finite measurement budget. We stress that
a large N, may be necessary if one wishes to
optimize the post-measurement states of the less
likely outcomes in the deterministic method. In
addition, a truly deterministic scheme may be im-
practical due to attenuation and imperfect detection.

Step 7—Repeat Steps 1-6 iteratively to find the optimal

parameters {0, 0, Ocor fop that maximize Fy. The
optimization is performed on a classical processor,
thus completing the feedback loop.

Note that for the probabilistic variant of our
protocol, optimizing Fc; alone may be insufficient
if the success probability pg,.. remains small; this is
particularly problematic in resource-constrained set-
tings. Instead, we optimize Fcy and pg,. Simulta-
neously by minimizing the cost function

U(l_FCJ)2+<1_V)(1_psucc>2’ (32)
where 0 <v <1 is an adjustable weight. A large
v~ 1 may not be enough to achieve a sufficiently
large pg,cc, €specially if the number of measurements
per cost function evaluation N, used to estimate
Fcyand pg,. is finite. On the other hand, a very small
v will favor pg,.. ~ 1 at the expense of Fcy, poten-
tially failing to produce an advantage. It is therefore
important to choose a weight that balances fidelity
and throughput. In the N, — oo limit, we find that
for a wide range of v, the optimized Fy and pg,. are
nearly independent of v (see also Figs. 9(c) and 9(e)
for the effect of varying v).

In practice, it is also convenient to employ a nested
optimization scheme: for given path DOF unitary
parameters 6., 0., we optimize the unitary correc-
tion parameters 6., for each path DOF measurement
outcome in a very fast inner loop; 6.;,8., are then
optimized in the outer loop. This approach takes
advantage of the fact that the cost function landscape
is much simpler in the 0, parameter space. For our
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noise model, owing to the absence of coherent noise,
the inner loop is trivial in the probabilistic variant of
the protocol [35].

Step 8—Finally, we characterize the performance of

the VQO by comparing the optimal coherent (super-
posed path) fidelity max(Fcy) against the incoherent
(single-path) fidelity F%J. For non-identical channels,
F, is regarded as the least noisy (i.e., highest-
fidelity) path. From these, we compute an infidelity
ratio

1—FY,

R= 1 —max(F¢y)’

(33)

as a relative measure of improvement over the
incoherent case. Any R > 1 corresponds to noise
mitigation: the larger R is, the greater the degree of
mitigation.

Protocol 1: Self-configuring protocol, two nodes (Fig. 2)

0.

1.

(D Select d noisy paths directly connecting Alice (‘a’) to Bob
(‘b”) to superpose.

(A) Prepare the Bell state pt = |®*),, (@], in path 0.

(A) Apply the path DOF unitary U, to generate a
superposition of the d paths, encoded in the state pic'fab
where system “c” is the path DOF.

(TR) Transmit system “b” of pic?ab through the d superposed

paths, with noise described by s Kraus operators {K§f>}
acting on each path i.

(B) Apply the path unitary Uy, to the transmitted state 2%, ,
then measure the path DOF in the |j), basis
(G=01,---,d=1). ,

(B) Apply single-qubit correcting unitaries Véf ) to each of the

d postmeasured states p;’g'fj.

(O) Measure the fidelity Fc; either deterministically
(average on all outcomes) or probabilistically (on the most
likely outcome only).

(F) Repeat Steps 1-6 iteratively, updating all unitary
parameters until F; is maximized.

(O) Compute the infidelity ratio R [Eq. (33)], based on
max(F¢y) and the single-path (incoherent) fidelity F.

Legend: I—protocol input, A—step at Alice, TR—transmission

step, B—step at Bob, O—protocol output, F—feedback loop

B. Performance Analysis

We now investigate the performance of our two-node

protocol using a combination of analytical calculations
(see Appendixes A and D) and numerical simulations with
the QuTiP library [78]. Motivated by our discussion in
Sec. IV B, we begin with a general analysis of vacuum
interference in Sec. V B 1. Thereafter, we always adopt
F;, of the simple microscopic model in Appendix C 1 for
concreteness. While this choice is grounded in physically
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meaningful assumptions (see Appendix C 2), the working
principles of the underlying protocol are independent of
the specific microscopic model.

For simplicity, unless otherwise noted, we employ a
minimal implementation of the d-path unitary U(@), which
comprises a product of two-mode beamsplitter unitaries
between adjacent paths:

UO) =Ty1404-1) - T23(62)T12(61). (34)

where the d x d unitary T,,,(0) is assumed to be a Y
rotation e~(?/2)Y embedded in the two-dimensional sub-
space spanned by paths m and n. The simplified parameter-
ization Eq. (34) is sufficient for achieving maximum noise
mitigation when the errors in the network are fully
described by Egs. (2)—(4) and have no coherent component.

In most of this section, we also assume an infinite
measurement budget N, — 00, such that the figures of
merit Egs. (29)—(31) are evaluated without statistical noise.
However, we demonstrate in Sec. V B 4 that the probabi-
listic variant of the two-node protocol is robust against the
statistical noise due to a finite Ngs.

1. Identical channels: Vacuum coherence analysis

We first examine the two-node scenario of Alice and
Bob connected by d identical paths with completely
identical noisy channels. Assuming no path DOF noise,
the optimal solution is simply the equal superposition of all
paths. Nevertheless, this situation is analytically tractable
and provides qualitative insights on the typical perfor-
mance of our path superposition protocol that can be
generalized to more realistic situations. We focus on the
interpretation of the results and relegate the mathematical
details to Appendix A.

The vacuum amplitudes @, and vacuum interference
operators F;, are essential in describing the action of
noise on a path superposition. Indeed, we will demonstrate
that vacuum interference as quantified by a, and F;, plays
a fundamental role in the success of our protocol. To this
end, we choose a specific form of F\;,, F., = oK,
where the zeroth (no-jump) Kraus operator K, is given
in Egs. (2)—(4) for the three noise types we consider
here, and «, is the corresponding effective vacuum
amplitude, assumed to be real and nonnegative for sim-
plicity and satisfying 0 < ap < 1. (Recall that, as shown
in Appendix B, the effective vacuum amplitude vector is
not necessarily normalized.) This choice of F, is
inspired by the microscopic model in Appendix C 1
where averaging the environment over many realizations
results in F;, « K. The effective vacuum amplitude «
can be said to quantify the “vacuum coherence” of the
channel: according to Eq. (17), it describes how much the
environment in the vacuum state remains unchanged

after interacting with an information carrier passing
through the channel.

Figure 3 demonstrates the relation between vacuum
coherence and the protocol performance for dephasing,
depolarizing and amplitude damping channels. We plot the
optimal infidelity ratio of the deterministic variant of the
protocol R4, as well as the optimal postselection success
probability pg,.. and the optimal infidelity ratio R, of
the probabilistic variant of the protocol, as functions of
for varying incoherent (single-path) fidelity F %J. For
greater transparency, we temporarily neglect the path
DOF noise.

For all noise types and any given F2,, the figures of
merit Ryeis Pouce and Rppop are all increasing functions
of ay. In particular, they reach their maximum values for
ap =1, and Ry > 1 and R, > 1 only when g # 0.
In other words, as expected, our protocol requires the
presence of vacuum coherence to be advantageous, and
stronger vacuum coherence results in a greater advantage.
Furthermore, given the same « and F %J, when the number
of identical paths d increases, Ry and R also increase,
whereas pg,.. decreases. This indicates that having more
paths in an equal coherent superposition can improve the
best fidelity and the average fidelity of the outcome, but
reduces the probability to obtain the best fidelity by
postselection (from having a greater number of outcomes).

It is also important to distinguish between the behaviors
of deterministic and probabilistic variants. In general, the
probabilistic variant is more flexible and less demanding:
it can tolerate a wider range of noise types and strengths
and requires less vacuum coherence compared to the
deterministic variant. However, there is a possibility of
failure which must be weighted against the gain in fidelity
[recall the weighted cost function Eq. (32)]. In contrast, the
deterministic variant necessarily succeeds whenever it is
employed, but it imposes stricter requirements on both the
noise characteristics and the amount of vacuum coherence
needed for an appreciable advantage.

For the deterministic variant, in the strong vacuum
coherence @y — 1 and weak noise limit F‘():J — 1, the
behavior of Ry, depends strongly on the type of noise:
Rget — d for the dephasing noise, Ry — 3d/(2d + 1)
for the depolarizing noise, and Ry — 2d/(d + 1) for
the amplitude damping noise [dotted horizontal lines in
Figs. 3(al), 3(bl) and 3(cl)]. The dephasing noise is
special in that it does not affect the state populations, such
that in the @y — 1 limit all d — 1 post-measurement states
that do not correspond to the maximally likely outcome
can be completely corrected by local unitaries; therefore,
these less likely measurement outcomes do not reduce R 4.
from the probabilistic limiting value d in the dephasing
case. Interestingly, in the oy — 1 limit, R, is independent
of F2,; for dephasing and depolarizing noise—a conse-
quence of the simple form of the Kraus operators.
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FIG. 3. Role of vacuum coherence in the two-node protocol for d identical paths. Assuming no path DOF noise, N, — o0, and the

vacuum interference operator is proportional to the zeroth Kraus operator, F;, = a;K,, we plot the optimal infidelity ratio R4, for
the deterministic variant of the protocol, together with the optimal postselection success probability pg,. and infidelity ratio R, for
the probabilistic variant of the protocol, as functions of the vacuum amplitude « in the case of (a) dephasing, (b) depolarizing or
(c) amplitude damping noise for various incoherent (single-path) fidelities F%J. The insets of (a3), (b3) and (c3) plot the thresholds a{)h,
below which the protocol is no longer advantageous deterministically, as functions of F2; (dotted lines). In the dephasing and
depolarizing cases, we also show a given by a simple microscopic model (solid lines), see Eqs. (C12) and (C13) (In the amplitude
damping case, the microscopic model always yields ay = 1; see Eq. (C19).) Furthermore, in panels (al), (b1) and (c1), the a{)h values
corresponding to the chosen F2; are highlighted by vertical red lines.

As another important observation, for a given noise type
and F %J, there exists a threshold vacuum amplitude ag‘,
such that for any o < ag‘ and any d, Ry, = 1 (i.e., there is
no deterministic advantage). Intuitively, this is because the
interference between different paths becomes weaker for
smaller a,, and at some point the post-measurement states
corresponding to the d — 1 less likely measurement out-
comes can no longer be sufficiently corrected. For all three
types of noise, all approaches 1 as F2; — 1; the full FY,
dependence [see Eqgs. (A24), (A31) and (A38)) is plotted
in the insets of Figs. 3(a3), 3(b3) and 3(c3), and a})h
corresponding to the chosen FOCJ values are also high-
lighted as vertical red lines in Figs. 3(al), 3(b1) and 3(c1).
The simple microscopic model in Appendix C 1 always

yields an effective a, above the threshold: For the
dephasing and the depolarizing noise, we show the a
given by the microscopic model [see Eqs. (C12) and
(C13)] in the insets, while in the amplitude damping case,
the microscopic model simply yields the maximum pos-
sible value ay =1 [see Eq. (C19)]. The full analytical
expressions of Ry, are given by Egs. (A23), (A30) and
(A37) for the three types of noise.

In contrast to the deterministic variant, for the probabi-
listic variant, pg. — 1 and R, — d always apply in
the @y — 1 and F’ %J — 1 limit regardless of the noise type.
The reason why Ry, — d is as follows: the equal
superposition of d paths places the same weight on each
term in the path DOF density matrix (d diagonal terms and
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d(d —1) off-diagonal terms) such that, with ay — 1,
postselecting the most likely path DOF measurement
outcome increases the relative likelihood of no error
occurring by a factor of d. In fact, this argument applies
to the more general case where the d channels are not
necessarily identical but have the same CJ fidelity, see
Appendix A 1 for details. We also note that R o, and pgyec
both smoothly depend on ag, such that the probabilistic
variant can give an advantage (R, > 1) for any F| 81 and
any nonzero . The analytical expressions of pg,.. and
Rpron for all three noise types are given in Egs. (A2la),
(A22), (A28a), (A29), (A35a) and (A306).

Finally, while vacuum coherence is crucial to the protocol
performance, we stress that a and F;, are inherent to the
environment of the network and thus generally not tunable.
In practice, F;, can be accessed experimentally by bench-
marking procedures [79], although neither the knowledge
of F;, nor any particular microscopic model is necessary
for our protocol to succeed. Henceforth, we assume for
concreteness that the F',;, of our noisy quantum channels are
given by the microscopic model in Appendix C 1, namely
Egs. (C12), (C13) and (C19).

2. Identical channels with path DOF noise

We continue the study of the two-node setup with d
identical paths, but turn our attention to the microscopic
models with varying FgJ, specifically in the presence of
the path DOF noise.

To simulate imperfections in generating the path
superposition, we consider an experimentally relevant
DOF noise model: fluctuations in the parameters
0= (6,,0,,---,0y) that control the path DOF unitary
U@)e{U.,U.,} [80]. The noisy action of U(@) on
the path DOF is an effective quantum channel C,
represented by an ensemble average over individual noisy

realizations U(@) sampled from a probability density
function p(@,0):

Colpe) = [ Bp@.0U@ONU@). 39

More concretely, we employ

262

5 pn
p(é, 0) = ;exp (— 10— 6] > (36)

(27[02)N/2

an isotropic Gaussian distribution with variance ¢* and

mean 6. In the presence of such noise, we therefore have

and

UeapQs Uly > Co, (02%). (38)

in Steps 2 and 4 of Protocol I, respectively.

Apart from the probability distribution function, the
noise model in Eq. (35) also depends on the parameter-
ization of U(@). For our minimal implementation Eq. (34),
when ¢ <« 1, the quantum channel described by Eq. (35)
has an error probability which is proportional to 6> and
grows linearly with d; the analytical form of this channel
can be found explicitly for d = 2 (see Appendix D 1). For
arbitrary o, it is also straightforward to numerically
implement Eq. (35) as a superoperator.

We now discuss the performance of our two-node
protocol, with d identical paths described by the micro-
scopic model in Appendix C 1 and the path DOF noise
modeled by Eqgs. (35) and (36). The results are reported in
Fig. 4 for noise strength ¢ < 0.5 and varying F%J, using
both the deterministic and the probabilistic variants of the
protocol.

We begin from the ¢ = 0 case. Once again, for all three
types of noise with a fixed F2,, having a larger d increases
both Rye and R but reduces pge.. In the weak noise
limit F; — 1, our microscopic model recovers ay — 1 for
all noise types (see Appendix C 2). Therefore, the F %J -1
limit in Fig. 4 is consistent with the FOCJ - l,ag— 1
limit in Fig. 3 for both the deterministic and the probabi-
listic variants. On the other hand, in the strong noise limit
F2;, - 1/2 (for dephasing noise) and F2; — 1/4 (for
depolarizing and amplitude damping noise), our protocol
offers no advantage for the dephasing and depolarizing
channels, but retains some advantage for the amplitude
damping channel. This is again consistent with Fig. 3,
since only the amplitude damping channel retains any
vacuum coherence in the strong noise limit (ay = 1; see
Eq. (C19)). Raet> Psuce @and Ry all vary smoothly as
functions of F2,; between the weak and strong noise limits.

For ¢ # 0, deterministic and probabilistic variants are
affected rather differently; we discuss the results qualita-
tively here, and give a quantitative analysis of the d = 2
case to O(¢?) and O(1 — F2,) in Appendix D 2.

As shown in Figs. 3(al), 3(bl) and 3(cl), the deter-
ministic variant gives no advantage, R4 = 1, when F %J
exceeds a threshold value F OCJ,th that is dependent on ¢ and
the noise type but independent of d (insets). An intuitive
explanation is that the path DOF noise has an impact
analogous to that of imperfect vacuum coherence || # 1:
in both cases, correcting the less likely measurement
outcomes becomes less profitable. To O(s?), we can
show that the infidelity of each individual path at this
threshold value is also O(c?), comparable to the effective
noise from o (see Egs. (D8), (D11) and (D15)). Once F%J
falls below the threshold, R starts to grow, eventually
reaching a maximum before approaching the ¢ =0
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0 0
FCJ FCJ

FIG. 4. Two-node protocol for d identical paths. The optimal R4 for the deterministic variant and the optimal pg,.. and R, for
the probabilistic variant are plotted as functions of F%J in the case of (a) dephasing, (b) depolarizing or (c) amplitude damping
noise, where the vacuum interference operator F;, is given by the microscopic model in Appendix C 1, and Ny, — 0. We also
show the effect of varying the path DOF noise strength o; note that ¢ = 0.1 is not shown for the probabilistic variant as it visually
overlaps with ¢ = 0. In particular, the threshold values F2; ; above which the protocol is no longer advantageous deterministically
are plotted as functions of ¢ in the insets of (al), (b1) and (c1), with 6 = 0.1, 0.2 and 0.5 highlighted by vertical red lines in each

panel and red markers in its inset.

values as F; further decreases. This behavior is remi-
niscent of the effect of the CSWAP noise in the related
superposed quantum error mitigation protocol introduced
in Ref. [36], which also acts on the DOF that controls the
coherent superposition.

Although the threshold value for F| 81 is independent of
d, for given ¢ and F| %J near the threshold, Ry exhibits a
saturating behavior as a function of d. This highlights a
key tradeoff of the deterministic variant of the protocol:
while larger values of d generally offer greater advantages,
they also exhibit increased sensitivity to the path DOF
noise which usually grows with d.

The threshold behavior in the deterministic variant of
the protocol is in stark contrast with the probabilistic
variant, which is much less sensitive to the path DOF

noise. As shown in Figs. 4(a2)-4(a3), 4(b2)—4(b3)
and 4(c2)-4(c3), pgcc and Ry, depend so slowly on o
that their 6 = 0 and ¢ = 0.1 values visually overlap, and
we begin to observe a significant reduction from the ¢ = 0
values only for ¢ = 0.2.

3. Two non-identical channels

We now turn to scenarios involving paths with different
noise types and strengths, where the utility of our protocol
begins to emerge. In Fig. 5, we consider d = 2 paths

with dephasing and depolarizing channels, respectively,

allowing the CJ fidelity of both paths, Fgi*™ and Fgi*”,

to vary independently. For both the deterministic and the
probabilistic variants, we observe that Ry and R
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FIG.5. Two-node protocol for d = 2 paths with dephasing and

depolarizing noises, respectively. We plot the optimal values of
(@) Rye for the deterministic variant, (b) pge. and (¢) Rypop for
the probabilistic variant as functions of F‘é] of both channels,
where the vacuum interference operators F;, are given by the
microscopic model in Appendix C 1, and Ny, — 0. The left
column corresponds to results without the path DOF noise,
and the right column corresponds to ¢ = 0.1 (deterministic) and
o = 0.5 (probabilistic). In each row, the inset of the left column
compares the ¢ =0 (solid) and o # 0 (dotted/dashed) cross
sections along the line Fr™™ 4 F&*P' = 1.9 (shown in the
upper right corner of every panel).

are maximal where

FO,depha _ FO,depol . . .
pass = Fgy ', corresponding to symmetric noise
strengths. The maximal R, in the absence of the path
DOF noise is 3/2 [see Eq. (A42)], which lies between the
maximal Ry values for two dephasing channels (2) and
for two depolarizing channels (6/5), whereas the maximal
Rprob Temains 2, as discussed in Appendix A 1.

Away from the diagonal, when one of the paths is much
noisier than the other, the less noisy path dominates in
the VQO, and the noisier path does little to improve the
overall F¢;. This is reflected by Re, Rprop and pgyec all

along the diagonal ridge

going to 1. We also observe that the probabilistic variant
maintains an advantage (R, > 1) for a larger range of
noise parameters than the deterministic variant does
(Rget > 1); in other words, the probabilistic variant is
more robust against noise asymmetries.

Interestingly, when we focus on a linecut along the
antidiagonal direction in the weak noise regime [i.e., with a
constant FEP™ 4 F2%P ~ 2 see insets of Figs. 5(al),
5(bl) and 5(cl)], R4e decreases more slowly away from

the diagonal on the Fi™™™ < FO*P side than the
opposite side. In other words, it is easier to improve a
depolarizing channel deterministically by using a noisier
dephasing channel compared with the opposite case. On
the contrary, pg,. and R, for the probabilistic variant
are almost symmetric with respect to the diagonal.

Let us now examine the effect of the path DOF noise. As
we have already noted for identical paths in Fig. 4, a finite
o reduces Ry, Pouce and Rpyrop everywhere. The reduction
is particularly strong for the deterministic variant in the
regime where both paths are less noisy than the path DOF
unitaries themselves [upper right corner of Fig. 5(a2)].
Meanwhile, the path DOF noise affects the probabilistic
variant much less drastically: for comparable reduction
in Ry and R, @ much larger ¢ is needed in the
probabilistic case [compare Figs. 5(a2) and 5(c2)]. It is
worth mentioning that both Ry and Ry, can be less
than unity when one of the channels is much noisier
than the other, since we have to use the less noisy
channel in the presence of the path DOF noise (which
is in this case independent of the superposition amplitudes
and phases).

To conclude this section, we mention that the above
observations are also qualitatively applicable to other
combinations of noise types, such as dephasing + dephas-
ing, amplitude damping + amplitude damping, and depo-
larizing + amplitude damping. The most notable
quantitative difference between these scenarios is that
the maximum Ry, attainable in the deterministic variant
can have different numerical values, which is already
obvious from the case of identical channels (Fig. 4).

4. Three non-identical channels

We now consider an example involving three non-
identical paths with all three different noise types in

Egs. (2)—-(4). We denote the CJ fidelities of the dephasing,

depolarizing and amplitude-damping channels as F%fepha’

0,depol 0,ad . . .. .
Fep 7, and F&°, respectively. For simplicity, we restrict

ourselves to a particular cross section of the parameter

0.deph: 0,depol
space, where FU ™ + FO 4 F34 =27, We also

assume no path DOF noise (¢ = 0); it can be verified
that 6 < 0.1 does not qualitatively impact the results
reported below on this cross section.

The ternary plots in Fig. 6 show the optimal (a) Ry,
(b) Psucc and (¢) Rpypp within the triangular cross
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FIG. 6. Two-node protocol for d = 3 paths with dephasing,
depolarizing and amplitude damping noises, respectively. The
vacuum interference operators F';, of all three channels are given
by the microscopic model in Appendix C 1. The sum of the CJ
fidelities of all channels is 2.7, and there is no path DOF noise
(6 =0). For the deterministic variant, panel (a) shows the
optimal R4 as a function of the three individual CJ fidelities
Foferha - phderol ang F% For the probabilistic variant, the
optimal pg,.. and R, are shown in panels (b) and (c) for the
Npois — oo case; in panel (d), we show R, for a finite number
of measurements per cost function evaluation, Ny, = 10°.

section [81]. Remarkably, in the middle of the ternary
plots where all three individual CJ fidelities are equal
Fee — et — p0ad — 09 all plotted quantities
reach their extremum values: Ry and Rpop, achieve their
maxima and pg,. finds its minimum. This mirrors the
d = 2 results in Fig. 5 and strongly hints at the general
result that our protocol is most effective when all paths
joining the superposition have comparable noise strengths.
Away from the center, Ry and Rp also show distinct
ridge features where one of the three paths is very noisy
and the other two have equal noise strengths; inspecting
the optimal path DOF unitaries on these ridges close to the
vertices of the triangular cross section, we find the VQO
favors an equal superposition of the two less noisy paths,
while avoiding the single noisiest path. Finally, on the
edges of the triangle where one of the three paths is almost
noiseless, the optimal path superposition is predictably
dominated by this noiseless path, such that Ry, Psucec and
Rpron all tend to 1, similar to Fig. 5.

Comparing the deterministic and the probabilistic
variants, we again find a maximum Rg4. that is lower
than the maximum R, In the chosen cross section,
the maximum Ry and the maximum R, are 1.589
and 2.795, respectively; in the weak noise limit

F g'ld epha | p g’Jd epol | p ?:'Jad — 3, these values become
1.636 and 3. The latter value further confirms that
Rprop — d in the weak noise limit when all d paths have
equal F2; and almost perfect vacuum coherence (see
Appendix A 1). In addition, R, has a rather symmetric
dependence on the individual F; as in the d = 2 case. In
contrast, Ry, 1s much less symmetric in comparison;
as shown by the bottom third of Fig. 6(a), it is difficult
to deterministically improve a less noisy dephasing chan-
nel using noisier depolarizing and amplitude damping
channels.

Finally, in Fig. 6(d), we examine the performance of the
probabilistic variant of our protocol with a finite number of
measurements N, = 10% per cost function evaluation. A
finite N, results in statistical noise in the estimation
of the cost function. Here we choose v = 0.909 in the
weighted cost function Eq. (32), the COBYLA method
[82—84] for the optimizer, and an equal superposition of all
three paths as initial guess. This is a reasonable starting
point since we are interested in utilizing as many paths
in coherent superposition as possible. For each channel
configuration in the triangular cross section, we perform
one single optimization run using N = 10° per cost
function evaluation, then calculate the R, and pgyec
corresponding to the optimized variational parameters in
the Ny — oo limit to characterize the protocol’s per-
formance. Only R, is plotted, since the behavior of pc.
is qualitatively similar to Fig. 6(b).

For all channel configurations, the optimization always
converges within 20 iterations, and the total measurement
budget never exceeds 5 x 10* Bell pairs. In the majority of
cases the cost function stops changing appreciably in fewer
than 10 iterations which corresponds to approximately
2.5 x 10* Bell pairs [85]. The advantage of the probabi-
listic scheme observed in the N, — oo limit largely
persists for Ny, = 10° at the center of the triangular cross
section, where the noise strengths in all paths are compa-
rable. This is expected since our initial guess is an equal
superposition. Interestingly, at locations very close to the
vertices of the triangle, the optimizer does not always
succeed in finding the optimal solution of the equal
superposition of the two less noisy paths, and may resort
to using only one of these two paths. This behavior stems
from our minimal implementation of the path unitary,
Eq. (34), where the first path is treated differently from the
other two paths.

In Fig. 6(d), we have adopted a path unitary imple-
mentation such that the first path is associated with
the dephasing noise; correspondingly, the optimizer is
more successful in the vicinity of the upper vertex
(Flterha pldepel p0ady 5 (0.7,1,1) than the other two

vertices, with the infidelity ratio along the line F%Jd"‘p‘ﬂ =

F %Jad approaching the N, — oo value of 2. We also note
the parameterization U(0) =T,5(05)T>5(0,)T2(0;)
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with one more variational parameter 65 for each of 8., and
0., allows us to explore the immediate vicinity of all three
vertices on equal footing without incurring a significantly
larger measurement budget. Once again, for N,y = 107,
the cost function stops changing appreciably in fewer than
10 iterations and 2.5 x 10* Bell pairs. Overall, Fig. 6(d)
demonstrates the ability of our protocol to gain an
advantage in the simple two-node scenario, even in the
presence of statistical noise.

The results presented in Figs. 5 and 6 support our
observation that the probabilistic variant is more robust
than the deterministic one for asymmetric noise types and
strengths, and further highlight the probabilistic variant’s
resilience to both path DOF noise and statistical noise.

VI. MULTI-NODE NETWORK PROTOCOL

To demonstrate the full capabilities and intent of our
protocol, we move on to more complicated multi-node
scenarios that involve intermediate nodes and permit
nested path superpositions. These larger-scale scenarios
demonstrate the VQO'’s flexibility in adapting to extended
topologies, as well as its ability to maintain advantages
even when each path is subjected to independently
randomized noise.

A. Protocol Description

The multi-node protocol (shown schematically in Fig. 7)
proceeds similarly to the two-node protocol in Sec. VA,
with some key differences. It is summarized as Protocol II
and described below.

Step O-Identify multiple non-interacting paths from
Alice to Bob. These paths may now divide and
recombine at intermediate nodes (not only at Alice
and Bob). At dividing nodes, a path splits and
interferes with vacuum; at recombining nodes, multi-
ple paths interfere to form new ones (note some do
not reach Bob and are discarded). The network is
partitioned into S + 1 stages (I =0, 1,2, ..., ), sep-
arated by dividing or recombining nodes. In stage /,
the system contains a superposition of d; path seg-
ments, with dy = 1 and d; # d;,, in general.

When transitioning between stages, we add vir-
tual “transit” nodes on unaffected paths. These
nodes do not change the physics of the paths they
lie on, but they enable bookkeeping of the path state
in Steps 2-3.

Step 1—Prepare a input Bell state pit = |®*), (|,
at Alice, giving initial state p? , = ]0).(0]. ® p

Step 2—At each dividing/recombining node in stage [,
apply a parameterized path DOF unitary Uél). It plays
the roles of U, in Step 2 and U, in Step 4 of the two-
node protocol. After projecting out any paths dis-
connected from Bob, the resulting state corresponds

to the start of stage [+ 1:

1,in 1out 2,in 2,0out 3,in 3,out 4,in out
pc ab cab pc ab pc ab pc abpc ab Pc ab — pc ab

determine
F85 (via
shortest
path
algorithm)

9
» Ropt

Fey
maximized

B9 (8eon) ™
[EDDY

<

gupdate {0 c,0; 0c,17 0&,27 0(:,37 gcorr}é

FIG. 7. Schematic of the multi-node protocol (Protocol II). D,
R, and T label dividing, recombining, and transit nodes respec-
tively. All red lines/boxes involve the VQO algorithm. Orange

dotted lines delineate the end of a stage / and start of a new stage

Iout I+1,in

I+ 1 corresponding to 1ntermed1ate states p., cab

respectively. Note that p7it = pit and p2%" = p0 . “X” denotes

paths that are disconnected from Bob and thus not postselected.

and p

(l::%),in _ H((;l) U<(; ) é(;lll)t U<(; )IH((: )’ (39)
where pi”i;b (pi‘(;‘gt) denotes the beginning (end) of

stage [ and p%" = p0 ..

The projector Hg) removes disconnected paths at

each stage transition and equals 1 if all paths remain
connected. Note that this occurs at [ =0 (since
d, > dy) and at Bob’s node itself, making it distinct
from the later path DOF measurement at Bob in Step
5. This projection is unique to the multi-node proto-
col, since it is not guaranteed that all paths directly
connect Alice to Bob. It reflects the fact that any
disconnected path is permanently lost to Bob and
prevents us from postselecting the corresponding
measurement outcome (see Step 7 below). Note that
we are not required to discard any paths at an
intermediate node; this decision is part of the under-
lying network topology, which ultimately depends on

the available hardware.

One way to build Uf;l) is to embed general para-

meterized U(2) matrices into a max{d;, d;,}-
dimensional identity matrix, akin to two-mode optical
beamsplitter decompositions [86,87],

il@aty) cos @ i(+7) sin @
e Cos e sSin
U(a’ ﬂ’ 7 9) = < _ei(*lpr}/) sin @ ei(7{1+}’) cos 9) ’

(40)
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Specifically, U is embedded in each 2 x 2 subspace
affected by the dividing and/or recombining nodes
separating stages [ and (I + 1), where cos” § and sin” §
are the transmitted and reflected fractions for each
incident beam respectively, a and f denote the corre-
sponding relative phases, and y is a phase relative to the

remaining paths [88]. If Uy)

is affected by noise acting
directly on the path DOF, Uﬁl)pi %tU CANSN () (pi‘g‘gt),
as given by e.g., Eq. (35).

Step 3—Transmit the latter half pi through the noisy
path segments until the next stage is encountered.
For each path segment in stage [, diagonal blocks
evolve as

louttt (Li) lmzz Li)t
cab E:K\u cab \11 ’ (41)

SLi
while off-diagonal blocks evolve as

pl.out(ij) _ F(I,i) l.in(ij)F(l.j)T

c.ab vio Fc,ab vio (l ;é ])7 (42)
where i, j€{0, 1, ...,d, — 1}, by direct analogy with
Egs. (22)—(24). The i-th path segment in stage [ is
characterized by the Kraus operators K Ef’l) and the

vacuum amplitudes aﬁl % Correspondingly, the vac-

uum interference operators are:

FUD =S "al k0. 3)

Sti

Step 4—Repeat Steps 2-3 until the final output p% =

cab T
pf . 18 obtained, representing the transmitted state at
Bob. We denote the collection of all path DOF unitary
parameters [«, 3, y and 0 in Eq. (40)] acting at the end
of stage [ by 0. .

Step 5—Measure the path DOF in the |j), basis

(j=0,1,...,dg — 1). Analogous to Eq. (26), the
post-measurement state for outcome j is
out 1 o out
pabj _P_tr0(|]>c< |Cpcab) (44)

J

where P; = tr(|j)c(j]cpl%)- The sum > . P
trpety, < 1 reflects transmission losses from discarded
paths (if any).

Step 6—Apply single-qubit unitary corrections V<>

(parameterized by 6..,) to each output state p;’]‘;} i

yielding pg"*" as given by Eq. (27).

Step 7—Meastire the CJ fidelity of the output Fy, either
quasi-deterministically via Eq. (29), or probabilisti-
cally via Eq. (30). While Eq. (29) is deterministic in
the two-node protocol, the potential losses at inter-

mediate nodes mean that the multi-node protocol has

a success probability pg,.. < trpdy where equality

corresponds to keeping all paths connected to Bob.

Step 8—Repeat Steps 1-7 iteratively, optimizing all
path and correction unitary parameters to find
{0c0.0c1, . 0c5_1,0c0 }op that maximize Fey or
minimize the weighted cost function in Eq. (32).

Step 9—As in the two-node protocol we characterize the
protocol performance in our numerical simulations
by calculating the infidelity ratio R in Eq. (33);
this requires a baseline CJ fidelity F2; without path
superposition. For multiple nodes, F(é] is again
chosen to be the highest CJ fidelity of any path
between Alice and Bob,

Fey = maxF &, (45)

where Fg) is the CJ fidelity of path p, and we

consider two paths to be distinct as long as they do not

overlap completely. In the weak noise limit, we may

(p)

approximate 1 — F/ as:

S—1
1= FE ] (1-F&") for1-FE <1,
s=1

(46)

for all segments s along path p. In numerical
simulations, since the density matrix of the system
can be computed sequentially along a given path
according to Eq. (1), we can efficiently maximize

F) via a modified Dijkstra algorithm [89] that
proceeds through the network stage by stage.

Protocol 2: Self-configuring protocol, multi-node network (Fig. 7)

0. (I) Identify multiple non-interacting noisy paths containing
dividing and recombining nodes from Alice (“a”) to Bob
(“b”). Divide the network into S + 1 stages
(1=0,1,2,...,5) delimited by these nodes

1. (A)Atstagel = 0 prepare the Bell state pt = |®), (@[,
in path 0.

2. (A/TR) Evolve the state from stage / to [ + 1 by applying the
unitary Ul to the path DOF (system “c”) followed by a

projector Hg) which removes any paths that no longer
reaches Bob after stage /. If no such path exists (e.g., for
1=0), 1" =1.

3. (TR) Within stage /, transmit system “b” of p;‘{, through the d,
superposed path segments, with noise described by s
Kraus operators {Kgfff’) } acting on each path segment (/, i).

4. (TR) Repeat Steps 3-4 until the final output p° is obtained

c,ab

at [ =
5. (B) Measure the path DOF in the |j), basis
(Gj=0,1---,d¢—1).

(Table continued)
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(Table continued)

Protocol 2: Self-configuring protocol, multi-node network (Fig. 7)

6. (B) Apply single-qubit correcting unitaries Vl(,’ ) to each of the
d postmeasured states /’gﬁ,tj-

7. (0) Measure the fidelity F; either quasi-deterministically
(average on all outcomes accessible to Bob) or
probabilistically (on the most likely outcome).

8. (F) Repeat Steps 1-7 iteratively, updating all unitary
parameters until F; is maximized.

9. (O) Compute the infidelity ratio R [Eq. (33)], based on
max(Fcy) and the single-path (incoherent) fidelity F,.

Legend: I—protocol input, A—step at Alice, TR—transmission
step (through intermediate nodes), B—step at Bob,
O——protocol output, F—feedback loop

B. Performance Analysis

We now simulate the multi-node protocol in two net-
works involving intermediate nodes and nested super-
positions. Specifically, we first explain the basics of the
protocol in a simple network, which can be reduced to
the two-node case in certain limits. We then showcase the
performance of our protocol in a much larger network,
where both the type and the strength of the noise in each
path segment are randomly sampled. Our approach aims to
demonstrate that VQO reliably achieves noise mitigation
for a wide variety of experimental constraints. For sim-
plicity, we assume no path DOF noise in this section
(6 = 0). This assumption is often justified in realistic
quantum communication setups using photons as infor-
mation carriers [90].

1. Basic Connectivity

In this section, we consider the simple network con-
figuration shown in Fig. 8(a), which contains a single
nested superposition. It consists of 5 stages (S = 4, with
dy=dy=dy=2,d, =3), with 2 dividing nodes (Alice
and Charlie) and 2 recombination nodes (David and Bob);
we have also added two virtual transit nodes for a
convenient mathematical description. One of the two path
segments (channels) emerging from David eventually
reaches Bob, while the other is immediately discarded.
The path segments directly connecting Alice with Bob are
subject to depolarizing noise (green), one segment con-
necting Charlie with David is an amplitude damping
channel (red), and the remaining segments are dephasing
channels (blue). For simplicity, we assume that all 4 path
segments in stages 1 and 3 have CJ fidelity p;, and all 3
path segments in stage 2 are characterized by the CJ
fidelity p,. In the limit of p, = 1, we can always choose
the path unitaries at Charlie and David to be identity, thus
recovering a simple d = 2 two-node network with one
dephasing channel and one depolarizing channel. In the

* ) 2]
- ‘ . E
‘ P1 C 1% D Py :
O O ip |
A P 12 P B
|:— {
00 05 1.0 — n=1 — p1=0.99
reflection /transmission p1=0.999 p1=0.95
(6) 3.0 (©) 1.00
”
””
,/'1.0
:L;? 0.8 4
0.6
— 05 1.0
0.6 0.8 1.0

D2

FIG. 8. Multi-node protocol for a simple 4-node network (with
two transit nodes) featuring a nested superposition. (a) Sketch of
the network, with its five stages (/ = 0,1, ...,4) separated by
dotted lines. Diamonds indicate dividing nodes (Alice and
Charlie) and recombination nodes (Bob and David), and circles
indicate transit nodes. Thick dashed lines indicate vacuum
inputs, solid black lines indicate input and output paths, and
red, blue and green lines indicate path segments with amplitude
damping, dephasing and depolarizing noise, respectively. The
output path at David is always discarded, whereas we can choose
to retain one or two output paths at Bob, depending on whether
the protocol is probabilistic or quasi-deterministic. The incoher-
ent CJ fidelity of each path segment (assumed to be either p, or
P») is given below the segment. Also shown inside the diamonds
are the optimal reflection (upper half) and transmission (lower
half) probabilities of the path DOF unitary at each node, valid for
the probabilistic variant with p; = 0.99, p, = 0.9 [star symbol
in (b) and (c)]. (b)—(c) R and pg,.. of the quasi-deterministic
variant (solid lines) and the probabilistic variant (dashed lines) as
functions of p, for varying p, in the Ny, — oo limit. The inset
of (c) shows the incoherent CJ fidelity of the entire network
F2 . pace and F2; for p; =0.999 and p, =0.99 are not
explicitly shown since they visually overlap with those
for p; = 1.

limit of p; = 1, we instead find a d = 3 two-node network
subject to the constraint of a discarded path.

In the current topology, since one path is discarded at
David before reaching Bob, as explained in Sec. VI A, we
do not have a fully deterministic variant for this network.
Instead, we can keep either both of the paths at Bob, or
only the path with the higher pg,... We refer to these two
versions of the protocol as quasi-deterministic and prob-
abilistic, respectively.

Figures 8(b) and 8(c) show how the optimization results
R and pg,.. depend on the chosen protocol and the
segment fidelities p; and p, in the Ny, — oo limit.
Following the general trend in the two-node examples, the
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probabilistic variant has higher R and lower pg,. com-
pared to the quasi-deterministic variant. We have also
chosen a point in the parameter space p; = 0.99,
p>» = 0.9 [star symbol in panels (b) and (c)], and shaded
each node in panel (a) by its corresponding reflection
(top) and transmission (bottom) probabilities of the
optimal solution found by the VQO. For this solution,
Charlie and David function approximately as 50/50
beamsplitters, while the path DOF unitaries at Alice
and Bob have a higher weight on the Charlie/David side,
in order to exploit the nested path superposition between
Charlie and David. For completeness, we have also
plotted in the inset of Fig. 8(c) the best single-path
(incoherent baseline) CJ fidelity F| %J of the network as a
function of p,; in this case, the single-path CIJ fidelity is
identical for all three paths from Alice to Bob.

We first discuss the limit of p; = 1, where R increases
monotonically with p,. In particular, for p, — 1,
Rprob = 3 in the probabilistic variant, corresponding
to having three paths with identical CJ fidelity, while
Rget — 2.015 in the quasi-deterministic variant. This
quasi-deterministic limiting value is still higher than the
limiting value Ry, — 1.636 of a fully deterministic
variant (see Sec. V B4), which would correspond to a
modified network where David’s currently discarded path
is retained and rerouted to Bob instead.

Curiously, even if p; is reduced slightly from 1, both
Rgee and Ry, are drastically reduced for p, close to 1.
This behavior is reminiscent of the effect of the path DOF
noise discussed in Sec. V B 2. Indeed, when p, is close to
1, we can think of stage 1 (3) as part of a noisy d = 3 path
DOF unitary spanning Alice and Charlie (David and Bob).
However, this analogy is not perfect because, unlike the
path DOF noise o, the deviation of p; from 1 is taken into
account in the incoherent fidelity F2; of the network and
thus also in the Rye and R, In the present case, if
we take p, = 1, the quasi-deterministic variant becomes
fully deterministic and yields Ry — 1.5 (see Sec. V B 3)
while the probabilistic variant again gives R4, — 2 when
p1 — 1. Therefore, for either protocol, with a fixed
p1 # 1, R attains its maximum for some p, <1 as
demonstrated in Fig. 8(b). That the limits p; — 1
and p, — 1 do not commute for the infidelity ratio R
is a result of the nontrivial topology of the network. In
comparison, pg,.. depends slowly on both p; and p,, as is
evident from Fig. 8(c); this is similar to the behavior of
Psuce 10 the two-node examples.

Let us also briefly comment on the behavior at a fixed
value of p,. For either the deterministic or the probabilistic
variant, R increases as p; approaches 1, again in agree-
ment with the picture of the effective noisy d = 3 path
DOF unitaries. Interestingly, as p; increases, pgcc
decreases in the quasi-deterministic variant, but increases
in the probabilistic variant.

2. Complex Connectivity

As another demonstration of the adaptability of the
multi-node protocol, we study the complicated network
depicted in Fig. 9(a). It allows multiple nested super-
positions, with 12 stages (§ = 11), 6 dividing nodes, 9
recombination nodes and 14 transit nodes [91]. Each path
segment is again subject to a dephasing, depolarizing or
amplitude damping channel modeled by the microscopic
model in Appendix C.

We begin with the weak noise regime, where noise
mitigation becomes highly desirable for quantum commu-
nication tasks such as teleportation or entanglement dis-
tribution. For each segment, we randomly sample CJ
fidelity values F; from a uniform distribution between
a baseline fidelity f, = 0.98 and 1, and color-code it
according to noise type and F%J itself (via the shade of
color). In the resulting network, the best single-path
fidelity F2; = 0.930 corresponds to the topmost path from
Alice to Bob.

Despite the complexity of the network, the VQO is still
able to find a solution with nontrivial path superposition
that improves on the best single-path fidelity F2,;. Here we
focus on the minimal parameterization scheme, where one
parameter @ is allocated to each dividing/recombining
node [we fix a = f =y =0 in Eq. (40)] for a total of
15 parameters. Again, the minimal parameterization pro-
duces the same optimized R and pg. as the full
parameterization scheme with four variational parameters
for each dividing/recombining node, since the noise
described by Egs. (2)—(4) has no coherent component.

Taking N € {10%,10%, 10, 00} per cost function
evaluation and a cost function weight v = 0.909, we
execute 500 optimization runs of the probabilistic variant
of the protocol, where exactly one path arriving at Bob is
postselected. We continue to employ the COBYLA opti-
mizer, with random initial guesses of @, sampled uni-
formly between O and 2xz; the same 500 sets of initial
guesses are used for all values of N,.. In Fig. 9(b), for
each value of Ny, we plot the resulting average 7_€pmb
and sample standard deviation o, of the advantage R
as functions of the number of iterations, together with
the “best” optimization run of R, The latter refers
to the run yielding the highest R, upon convergence (or,
in the Ny, — oo case, after 100 iterations). All of the
above are upper-bounded by the maximum attainable
advantage in the Ny, — oo limit, R, = 2.172, corre-
sponding to py,.. = 0.940 for v = 0.909 [star symbol in
Figs. 9(c) and 9(e)]. While we do not explicitly show pg,..
in Fig. 9(b), we remark that it almost always converges
faster than R -

The effect of statistical noise on the optimization is
apparent from Fig. 9(b). With N, = 10°, for most initial
guesses, R, ceases to improve within 20 iterations,
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FIG. 9. Multi-node protocol for a 12-stage network with 6 dividing nodes, 9 recombination nodes and 14 transit nodes. (a) Sketch of
the network. Components in the figure are similar to those in Fig. 8; however, we now color-code each path segment according to both
the noise type (amplitude damping, dephasing or depolarizing) and the incoherent CJ fidelity (the shade of color), which is for all noise
types sampled from a uniform distribution between 0.98 and 1. The least noisy single path is marked with arrows. We additionally show
the fully converged optimal VQO solution for the probabilistic variant in the Ny, — oo limit, including the reflection (upper half)
and transmission probabilities (lower half) at the parameterized nodes, and the probability of each segment being traversed within that
stage (grayscale). Here we set v = 0.909 in the cost function Eq. (32). (b) Average probabilistic variant infidelity ratio 7_2pmb (solid
lines) and 1-sigma-above-average level 7_2prob + oy (opaque lines) of 500 optimization runs with distinct random initial guesses, as
functions of the number of iterations for different values of Ng,q. Dashed lines are optimization runs which yield the highest R o,
upon convergence or (in the Ny — oo case) after 100 iterations. A dotted line marks the maximum attainable R0, = 2.172 for
Ngpois — oo after full convergence; for convenience we also highlight R, = 1 (no advantage). We assume one parameter per
dividing/recombining node [@ = f = y = 01in Eq. (40)]. (c) Distributions of the optimization results for the same 500 optimization runs
for each value of N,y plotted on the py,.. — Ryrop Plane. We also show the trajectory of the optimal pg. and Ry (i-€., the Pareto
front) in the Ng,oc — oo limit obtained by smoothly varying v, with the v = 0.909 values pg,.. = 0.940 and R, = 2.172 marked by a
star symbol. Insets depict the sample distributions on the pg,.. axis (bottom) and the R, axis (left) for each value of N,q, Where we
also mark the average (solid lines perpendicular to the axes) and (in the case of R ) the 1-sigma-above-average level (opaque lines).
(d) Relative entropy of coherence, C,q, and purity of reduced density matrix (inset) as functions of the stage index / in the optimal
solutions corresponding to the fully converged Ny, — 0o case shown in (a) (black) and the Ny, = 103 case with the best Rprob
shown in (b) (orange). We also show log d; (dashed), which is the upper bound of C,,. (¢) Pareto fronts of pg,.. and Roprop for different
noise strengths and vacuum coherence levels. The noise strength is measured by f, where we rescale the infidelities of all path
segments in (a) by (1 — f)/0.02. The vacuum coherence is quantified by the tuning parameter A > 0 in the generic microscopic model
in Appendix C 2, with larger A corresponding to decreasing vacuum coherence. The f, = 0.98 (i.e., no rescaling), A = 0 Pareto front
and the star symbol at v = 0.909 are the same as in (c).

corresponding to a total measurement budget of approx- To shed more light on the convergence behavior, in

imately 5 x 10* Bell pairs. Upon increasing Ny from
10° to 10°, the measurement budget increases by >100
times, but the improvement in R, is marginal on average
(Roprob increasing from 1.208 to 1.271), despite Ry in
the Ny, — oo limit increasing steadily within the first
50 iterations. Nevertheless, for each finite Ny (€.g.
Ngots = 10%), both the best-case value and the 1-sigma
mark of R (1.894 and 1.461 respectively) are consid-
erably higher than the average (1.208) [92].

Fig. 9(c), we plot Rop, Versus pg. at the end of all 500
optimization runs for each value of Ny, € {10°,10*, 10°}
as well as the individual distributions of R, (left) and
Psuce (bottom) in the insets. We also plot, in the Ny, — o
limit, the trajectory of the optimal values as the weight v
changes, which creates a Pareto front for the multiobjec-
tive optimization of R, and pg. [93]. As already
mentioned in Sec. VA, R — 1 and pgye. — 1 for small
values of v, while R, saturates when v is close to 1.
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The (pgyces Rprob) Vvalues for v = 0.909 are located at a
cusp of the Pareto front, approximately maximizing R,
without excessively penalizing pg.... As expected, the
distribution of (pgycc. Rprob) approaches the Pareto front
when Ny increases. While the improvement of the
average R, is marginal, as discussed above and further
highlighted by the left inset of Fig. 9(c), the bottom inset
clearly indicates that the average p,. improves signifi-
cantly with Ng,-

Figures 9(b) and 9(c) together indicate the importance of
choosing suitable initial guesses for the optimization in the
presence of statistical noise, a topic that we discuss further
in Sec. VIII. Note that in practice it is often sufficient to
have a suboptimal solution with reasonably high R and
Psuces and it is not always necessary to find the true
globally optimal solution, which may incur an excessive
computational cost.

We can take a more in-depth look at the properties of the
optimal VQO solution. For the optimal solution in the
Nghots = 00 limit, Fig. 9(a) shows in grayscale the reflec-
tion and transmission probabilities at each parameterized
node, alongside the probability to find the information
carrier in each path segment relative to other segments of
the same stage. Six of the dividing and recombination
nodes exhibit nearly completely reflecting or perfectly
transmitting behavior, whereas the remaining nine para-
meterized nodes have nonzero reflection and transmission
probabilities. In addition, 34 out of 37 path segments
noticeably participate in the optimal solution, and only
three segments (one in each of the stages [ = 2,4,7) see
negligible probabilities of being traversed. These suggest
that the optimal solution is indeed distributed across
multiple paths, as we may expect from the infidelity ratio
Rprop = 2.172 which is between 2 and 5.

To further quantify the coherent superposition across
different paths, we evaluate the relative entropy of coher-
ence [94] for the path DOF, with the system in the output

state of each stage /, i.e., pi’.‘;‘,;t. Specifically, we compute

Crat(1) = S(peiag) — S(PE™), 47)

where ploUt = trabpi";‘gt is the reduced density matrix in

the path DOF, p'o!

o diag is obtained by removing all off-

diagonal elements from pt®", and S(p) = —tr(plogp) is
the von Neumann entropy. Obviously, C,, = 0 for any
classical mixture of paths; on the other hand, in a stage
with d parallel path segments, C,,, reaches its maximum
value of log d for equal-weight superposition states. If n
paths form an equal-weight coherent superposition
while the remaining d —n paths have no weight, we
have C,. = log n. Therefore, C,.; accurately captures the
extent to which the path DOF is in a superposition state
in the path basis |j)..

Figure 9(d) depicts C, and logd, as functions of the
stage index [, both for the optimal Ng,,c — oo solution and
the best N, = 10° solution in Figs. 9(b) and 9(c). We see
that 0 < C,y < logd, throughout the network; in fact,
C, > log2 for stages 2 <[ <8 in the Ny — oo sol-
ution and for 2 </ <5 in the Ny = 10° solution,
indicating significant path coherence across the net-
work. For stages [ =4,7 in the Ngs — oo solution,
Co < log(d; — 1): this is consistent with our observation
in Fig. 9(a) that one path segment is almost completely
untraversed. Note that C,, directly characterizes the
coherence of the path DOF, but not its decoherence
due to the noise in the network. For the latter, a more
appropriate quantifier is the purity of the reduced density

matrix, tr(p:®")2. This is plotted in the inset of Fig. 9(d)
and decreases monotonically across the network for both
solutions, as expected.

Finally, we extend our analysis to the regime of stronger
noise and revisit the role of vacuum coherence discussed in
Sec. V B 1. To modify the noise strength over the entire
network, we rescale the infidelity of every segment
sampled in Fig. 9(a) instead of resampling the CJ fidelities
of path segments each time. Here we rescale by a factor of
(1 —fo)/(1 —0.98), such that f, = 0.98 corresponds to
no rescaling, the noise vanishes as f, — 1, and a lower
baseline fidelity f, corresponds to stronger noise; for
instance, fo = 0.95 and f; = 0.9 correspond to the best
single-path fidelities F&; = 0.835 and F2; = 0.702 respec-
tively. To tune the vacuum coherence within the framework
of the microscopic model, we introduce a phenomeno-
logical parameter A > 0, which quantifies how the vacuum
interference operator depends on the noise strength in the
weak noise limit; see Appendix C2 and in particular
Eq. (C35). A =0 corresponds to the microscopic model
in Appendix C I which we have employed thus far, and
increasing A results in diminished vacuum coherence for a
given noise strength.

In Fig. 9(e), we plot the Pareto fronts on the pg,c — Zprob
plane for different combinations of f, € {0.98,0.95,0.9}
and A € {0, 1,2} in the Ny — oo limit. We observe that
the optimal pg,.. and R, located at the cusp of the Pareto
front are both suppressed when we either increase the noise
strength (by decreasing f,) or decrease the vacuum coher-
ence (by increasing A). Provided the vacuum coherence is
maintained, our protocol is able to produce a meaningful
advantage even with a relatively high noise level f, = 0.9.
On the other hand, increasing A has a much larger effect
when the noise is strong. We attribute this to the power-law
dependence of the vacuum interference operators on the
channel fidelity in Eq. (C35), where the powers are linear
functions of A. Even though some advantage is retained
in the probabilistic scheme in the Ny, — oo limit as
long as A does not become infinite [recall Figs. 3(a3), 3(b3)
and 3(c3)], such advantage is unlikely to survive the
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statistical noise associated with finite Ny, when A is too
large. Therefore, a relatively low noise level is beneficial not
only for the infidelity ratio and the success probability, but
also in terms of the robustness against the loss of vacuum
coherence [95].

As a final note, the power-law dependence of the
vacuum interference operator in the toy model Eq. (C35)
is by no means universal. Real-world paths, for instance
long optical fiber links, can exhibit phase noise with
complicated frequency dependence [96], losses from
spatial mode mismatch [97], and correlated non-
Markovian noise [98], none of which is captured by the
simple noise models in Egs. (2)—(4). The parameter A thus
serves merely as an indicator of vacuum coherence
degradation, rather than a complete description of hard-
ware-level imperfections. In practice, the performance of
our approach should be assessed on a case-by-case basis
against realistic F;,.

C. Network topology considerations

Here, we briefly discuss how network topology affects
the performance of our protocol.

The advantage of path superposition depends on the
network topology. Regular lattice geometries (e.g., square
and triangular) are favorable for our protocol, since they
offer multiple path links with similar to equal lengths
between pairs of nodes [Fig. 10(a)]. This can satisfy
timing requirements for interference at beamsplitters,
provide natural modularity for scaling up, and offer
redundancy against links that fail or suffer from strong
noise which our protocol automatically avoids [99-101].
For these reasons, we foresee that our protocol has a
natural advantage in communication scenarios where
lattice geometries are available, such as within a large
data center or between city blocks.

In contrast, networks with single-link bottlenecks (e.g.,
linearly connected clusters of nodes) limit the performance
of our protocol, as all paths must traverse the bottleneck
[Fig. 10(b)] [99,102]. One possible example of a naturally
occurring network bottleneck is a satellite link in long-
distance quantum communication. Satellite links are
among the most efficient long-distance quantum channels
[103,104], with successful entanglement and quantum key
distribution protocols demonstrated over distances of more
than 1000 km [105-108]. However, low-Earth orbit
satellites have short overhead pass durations (5—10 min)
[103,106,109]; in addition, satellite-to-ground optical links
can be blocked by weather conditions [110-112] and are
subject to rapidly changing noise environments in the
atmosphere [113]. These conditions imply that it may
not always be efficient to optimize a path superposition
involving a satellite link. Nevertheless, we expect our
protocol to remain beneficial in the ground-based parts of
hybrid satellite-fiber networks [114], and the bottleneck
effect of satellite links can be mitigated by, e.g., encoding

(b) B

FIG. 10. Qualitative effect of quantum network topology on
protocol performance. (a) Regular lattice network geometries
contain multiple equal-length paths with (typically) similar noise
properties connecting Alice and Bob, enabling coherent super-
position and interference at intermediate nodes. (b) Clusters
connected by single links suffer from traversal bottlenecks, since
all incoming paths must traverse single links that do not permit
path superposition. Here, one can still fully exploit path super-
position in the clusters connecting Alice to Charlie and David to
Bob, but the overall advantage of the protocol remains limited by
the noise properties of the Charlie-David bottleneck.

information in a larger Hilbert space to increase through-
put [115,116] and creating a multi-satellite “constellation”
to add redundancy [117].

Our protocol has the algorithmic flexibility to be com-
patible with different network architectures and dynamic
network conditions. Nevertheless, a practical advantage can
only be realized through careful consideration of the net-
work. Therefore, it remains important to exploit redundant
routes and reduce bottlenecks as much as possible.

VII. PROSPECTS FOR EXPERIMENTAL
IMPLEMENTATION

Before concluding, we discuss prospects for near-term
experimental realization of our self-configuring protocol.

Proof-of-principle feasibility & scalability—A possible
experimental realization of our protocol operates entirely
within the photonic domain: path superpositions are
generated via beamsplitters (or interferometers), trans-
mission occurs via optical fibers, and Bob performs
projective measurements and possibly unitary corrections
on the information-carrying DOF (e.g., polarization).
These require only standard photonic components along-
side classical optimization hardware. As both represent
mature technologies, this suggests that proof-of-principle
protocol demonstrations are within reach [118-121].
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Looking forward, several technological developments
can enhance the scalability of the protocol within the
transmission distance limit imposed by photon loss.
These encompass fast reconfigurable photonic circuits
[122—-124] that can implement path degree-of-freedom
unitaries with low latency and allow for fast variational
optimization loops [125-127], and integrated circuits that
combine sources, interferometers, and detectors on chip
to minimize losses and stabilize relative phases at the
network nodes.

Experimental challenges—We anticipate two primary
challenges in the practical implementation of our protocol,
namely, achieving sufficient vacuum coherence and ensur-
ing interference between different paths.

We have previously discussed vacuum coherence as an
inherent property of the noisy quantum channel, which in
general cannot be tuned. Therefore, it is always possible
that the existing degree of vacuum coherence in a given
setup is not enough for our protocol to identify an
advantageous path superposition within a specified meas-
urement budget. Nevertheless, perfect vacuum coherence
is not a requirement for the success of our protocol,
especially for the probabilistic variant which maintains an
advantage in the presence of any nonzero vacuum
coherence (see Fig. 3). Furthermore, the variational
nature of our protocol ensures that paths with the
strongest vacuum coherence are automatically prioritized
in a path superposition. We also note that vacuum
coherence is generally strong in the weak-noise limit,
regardless of the concrete noise mechanism (see
Appendix C2). For these reasons, we do not expect
vacuum coherence to pose a fundamental obstacle to the
experimental verification of our protocol, particularly in
the low-noise regime, as we have demonstrated in
Sec. VIB 2 for f( close to unity.

On the experimental side, it is crucial that informa-
tion carriers traversing different paths interfere at Bob’s
and any other intermediate recombining nodes. Similar
path synchronization tasks have been accomplished in
other contexts, for example by inserting optical delay
lines as a passive, memory-free approach [128-131].
The interference between paths with large length
differences can in principle be fully guaranteed using
quantum memories [132-134], such that earlier-arriving
states are stored until they can be recombined with
later-arriving states. The use of quantum memories may
even allow superposing sequentially transmitted states
in the same quantum channel, further expanding the
applicability of our protocol. Overall, we expect that
the timing and path-length matching requirements of
our protocol will be straightforward to satisfy in a
future quantum network with memory-based quantum
repeaters, given sufficient coherence times and photon
conversion efficiencies.

VIII. CONCLUSIONS AND OUTLOOK

In this work, we introduced a self-configuring protocol
for a quantum network augmented by coherent path
superposition, which finds the configuration with the most
effective noise mitigation and the best transmission fidelity
using a quantum-classical feedback loop. The protocol
works by sending half of a Bell pair from Alice to Bob. At
Bob’s node, the Choi-Jamiotkowski fidelity and the post-
selection success probability are optimized. These quan-
tities are functions of the path DOF unitaries applied at the
network nodes and the unitary corrections performed by
Bob. We described the protocol both in the two-node case
and in the multi-node case and showcased its performance
under different conditions, specifically in the presence of a
form of path DOF noise. We found that the protocol
depends crucially on the vacuum coherence of quantum
channels within the network, having demonstrated the
vacuum coherence of three typical quantum channels using
a microscopic model. We showed that the probabilistic
variant, while exhibiting a nonzero probability of failure, is
generally more effective in improving the fidelity, more
robust against the path DOF noise, and has less stringent
vacuum coherence requirements. Finally, we numerically
demonstrated the adaptability of our protocol in a com-
plicated network configuration with multiple nodes and
path segments, as well as the effect of statistical noise from
a finite measurement budget.

Our protocol can be readily generalized to high-
dimensional quantum communication [135], where the
information carriers are qudits (with local Hilbert space
dimension d > 2) rather than qubits [136]. In this regard,
an important practical issue is the efficient estimation of
Fc;y for qudits. While fidelity estimation is much less
expensive than state tomography, which quickly becomes
prohibitively expensive for large d [137], it remains a
relevant question whether methods that are more efficient
and scalable than full tomography, such as partial tomog-
raphy [138-140], SWAP tests [141], and entanglement
witnesses [142], can be adapted to further enhance the
efficiency of fidelity estimation. In addition, we can
potentially further reduce the resource cost of our protocol
by sharing nonmaximally entangled qudit pairs between
Alice and Bob [143].

A key feature of our protocol is that it does not require
prior knowledge of the noise types and strengths in the
network. Nevertheless, we can avoid barren plateaus
and greatly accelerate convergence by “warm starts”
[144-151], in which the variational parameters are initial-
ized close to the optimal solution (or at least an advanta-
geous solution) in a problem-informed fashion. Intuitively,
if we know in advance that a certain path segment is noisier
and/or has lower vacuum coherence than the segments
parallel to it, we should choose our initial path unitary
parameters 6. such that the path unitaries place a lower
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weight on this segment. As another example, when we
embed a smaller network into a larger one by turning the
initial and final nodes into intermediate nodes (e.g.,
Charlie and David in Fig. 8), it is reasonable to expect
that the optimal @, in the smaller network remains close to
optimal for the larger network. Therefore, to achieve faster
convergence in a large network, we could first estimate 6,
by benchmarking the fidelity and vacuum coherence of
individual path segments [79], then run our protocol on
smaller networks consisting of subsets of nodes before
using the resulting optimized .. as the initial guesses of the
large network. We leave vacuum coherence benchmarking,
warm starts, as well as other experimental prospects
(Sec. VII) for future work.

Another potential research direction concerns the use of
quantum-controlled operations in conjunction with the
superposition of paths [35,41]. In our current protocol,
we have limited ourselves to applying postprocessing
unitaries to the information carrier after measuring the
path DOF at Bob. In practice, we can apply unitary
operations to any path before or after the measurement,
and even at any intermediate node in the multi-node
protocol. It is known that the error mitigation performance
using quantum-controlled operations exceeds or equals
that of path superposition; nevertheless, further investiga-
tions are warranted to characterize the interaction between
quantum-controlled operations and path superposition,
especially in the context of VQO.

Finally, we remark that our protocol does not rely
on quantum memories, nor does it make use of entangle-
ment generated at intermediate nodes. This fundamentally
distinguishes our protocol from the paradigm of quantum
repeaters [5,23,152,153], which are experimentally far
more demanding. Nevertheless, in a network equipped
with quantum repeaters, we expect our protocol to
remain applicable when multiple transmission paths
exist between pairs of nodes (see also discussions on
employing quantum memories for path synchronization in
Sec. VII). In particular, for all-photonic quantum repeaters
[118,154,155], the probabilistic variant of our protocol
may be used to distribute repeater graph states between
adjacent nodes with increased fidelity.
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APPENDIX A: ANALYTICAL EXAMPLES

In this appendix, we focus on the two-node setup and
analytically study the strong vacuum coherence limit
|ag| — 1.

1. Probabilistic Variant, Channels
with Equal CJ Fidelity

We first consider applying the probabilistic variant to d
distinct channels labeled by i = 0, 1, ..., d — 1 which have
the same CJ fidelity F| %J but generally different Kraus

operators. For channel i, a Kraus operator Kﬁf) can be
expanded in the orthogonal basis {1, X,Y,Z} as follows:

(AD)

where againo; = 1,X,Y, Zfor j =0, 1,2, 3, respectively.

For concreteness, we assume the noise represented by
each channel has no coherent component, and a unique no-
(i)

jump Kraus operator K;’ exists for each channel, whose

effective vacuum amplitude |ag)| — 1. Here “no-jump”
refers to a Kraus operator with a nonzero identity compo-

nent; in other words, cﬁ?o = 0 unless s; = 0. If we further

assume c(()l

cé':z) can be absorbed into the phase of the vacuum
amplitude vector), then “having no coherent component”

means that cgj.
part of cé’i could be absorbed into a unitary—a coherent
noise component. We note that these assumptions are
satisfied by all three noise types considered in this work,
Egs. (2)-(4).

Let us examine the properties of the expansion coef-
ficients ci’) 7 Inserting Eq. (A1) into Egs. (11) and (12), and
noting the Bell state | @), satisfies the following relation,

2) > 0 without loss of generality (the phase of

are real for all j # 0, since any imaginary

(@7[[Ta ® (0)p]|®T)ay =0 (j#0),  (A2)

we easily express C(()% (already assumed to be positive) in
terms of the CJ fidelity F2; of each channel,

Col,z) =/ Fére ¢ o=0 (s;#0). (A3)
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We can glean more insight from the normalization
condition KE?%K(;) = 1. Comparing the coefficients

of the 1 term, we readily obtain

(A4)

SI .]

Furthermore, comparing the coefficients of the Z term, we
have

0= S Re(clsel +icl;el)

i

= F(()ZJCO3 Zlm( l1C(>z)

5;#0

(AS5)

(i)

recalling Eq. (A3) as well as our assumption of ¢, i being

real for all j # 0. In the F 81 — 1 limit, Egs. (A4) and (A5)
together indicate that

o =0(1—F%) (j#0). (A6)

where the j = 1,2 cases are similar to the j = 3 case.
We now calculate the infidelity ratio R, We write

ao |a |e‘§f and consider the action of all channels on
the following equal superposition of paths:

(AT)

a-1 eii
=>_ Tl @@,
i=0

Equation (22) is now evaluated in a straightforward
fashion, with

outtz —
= ZZ el ® el
Sl

(A8a)

out(ii")

I o
——a<“>2c8ico/|>< e ® @ (i # 1),

P _d) 0 % .
il
(A8b)
where we have used the shorthand
ol = [1, ® (6)p]|O" )@ [[1, ® (6,)].  (A9)

Further applying the path DOF unitary U, and
projecting to path k, we find the post-measurement state
Eq. (26) to be

1 i i (i)
Pkﬂgtl)l,tk = EZQQ{) {Z Z(UCQ)ki(UCZ)zicgi?jcii?j’
il i

+ Z 02 kz 02 ’a(())a(() ) C(()lic(()l}*:| .

i#i’
(A10)

We now focus on & = 0 and choose a unitary that creates
an equal superposition in path 0, (U)o = 1/Vd for
every i. This gives

ot _ 1 (i) (i)
Pty = o 2l | 30 Y ellel
il i
(1) ()] (i) ()%
el clhel) }

i#l

(A11)

It then follows that P, the probability of measuring the
path DOF in |0)., has the form

Py=tr(Popy')

=7 [ CJ+ZZ’0‘0 ay
J#O il

(i)
0‘0 ao c0 Co .

(A12)

We have used Egs. (A2), (A3) and (A4); in particular,
Eq. (A2) ensures that only the j = j’ terms contribute to
Py. In the F; — 1 and |a(()l)| — 1 limit, inserting Eq. (A6)
into Eq. (A12), we obtain

Py=1- (1 - é) (1—F%) +0((1—F%)?). (Al3)

As an aside, if c& = O for any i and for any j # 0, which

is the case when every channel is either dephasing or
depolarizing, the double sum in Eq. (A12) simply vanishes
regardless of the value of ng.

To maximize the CJ fidelity of the output density matrix,
we generally need to apply a unitary correction, which
(j=0,1,2,3) forall
i and s; simultaneously. Under our current assumptions, no
unitary correction is necessary for the path DOF meas-
urement outcome 0. In Eq. (A11), only the j = j/ = 0 term
contributes to the CJ fidelity:

amounts to rotating the 4-vector cgl) ;

(@[ Poplty | F) 4 = <d+2|a0 ay )ng. (Al14)

i#i
Combining Egs. (A13) and (A14), in the F%J — 1 and

|agi)| — 1 limit, we find the following behavior for the
infidelity ratio,
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1—FY,

R b —
PO T @ [Pl [0 )

- d,

(A15)

independent of the details of the channels.

2. Identical Channels

Another case where we can easily gain analytical insight
is applying either the probabilistic or the deterministic
variant to d identical channels in equal superposition.
In this case, we can write o) =a, and c£’>j = ¢y, -
Equation (A11) continues to hold for the path DOF
measurement outcome 0, while for any other measurement
outcome k =1, ...,d — 1, the unitarity of U, results in

2 W)l =1, > (Ua)y=0 (k#0);

i i

(A16)

therefore, Eqs. (A10) and (A11) become

1 .
out __ JJ * 2 *
Popgpo = P E :Qab § :CS;,jcsi,j’ + (d = 1) || €0,jC.; |+
JJ S

(A17)
and
1 .
Prpgte :EZQQJJ <ch[,jcﬁi‘j/ — |a0|200,jc6j’> (k#0).
jj’ S
(A18)

We now evaluate Eqs. (A17) and (A18) for different
types of noise.

a. Dephasing Channels
For d dephasing channels,

1
Popip = 5 [(1 = po)(1+ (d = Dlao*)ely + poes):

(A19)
1
Pipp = y (1= po)(1 — |ag|*)o% + poed] (k#0).
(A20)
Thus, for the measurement outcome 0,
1
Py =—[1+4 (1= po)(d = 1)]agl], (A21a)

d

the correcting unitary V=1 as discussed in Appendix A 1,

1
(@F[Popglo| @)y = - (1= po)[1 + (d = Dlao];
(A21b)

for the measurement outcome k # 0,

Pk:

[1— (1= po)|aol*. (A21c)

QU=

and if |o|*> > 1 — po/(1 — py), the correcting unitary
vk =7,

(@ 1P 0 =20 (A210)
while if |ag|> <1~ po/(1—po), V¥ =1,
(A2le)

out,corr 1
(@ [Pepgs " |@F ) gy = g(l — po)(1 — |ag|?).

Therefore, using F%; = 1 — p,, we find

1—F,
R = s 0 )
—[1—(1—po)l/|1— (1= po)(1 + (d — 1)]ao])
1+ (1= po)(d —1)]ag|?
=1+ (d = 1] FYy,
(A22)
Ret = I_FOCJ

1= > (@ [ Prpgo ™ 1D )
— 1= pol/{1- [S0=p)(1+ (0= DlaoP)
4  maxpo. (1 po)(1 = laoP) |}

1, if Joro? <2 — -

=

d(1-F2))
(1=F¢)+(d=1)(1-|ao[*) FYy°

& b
if Jaol? > 2— -

a

(A23)

Equations (A2la), (A22) and (A23) are plotted in
Figs. 3(al)-3(a3). Note that these expressions are valid
for arbitrary noise strength p, and vacuum amplitude ay;
we have not taken the weak noise limit py — 0 or the
strong vacuum coherence limit |ay| — 1. In particular,
for given F2;, Eq. (A23) predicts a threshold vacuum
amplitude

1
ay = Z—F—O (dephasing), (A24)

CJ

below which the deterministic variant yields no advan-
tage; this is plotted in the inset of Fig. 3(a3). In the
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ag| = 1 limit, for arbitrary F2,, Egs. (A22) and (A23) are
CJ
reduced to

Roprob = d. Raee = d  (dephasing). (A25)

It is important to mention that the limits |ag| — 1 and
F%J — 1 do not commute: F%J = 1 automatically leads to
lag| = 1 (see Appendix C 2), but the converse is not true.

b. Depolarizing Channels

For d depolarizing channels,

1
Pty = (1= o)1+ (0= Do)l
Po 11 2, 33 A26
+ 3 (Qab+gab+gab) ’ ( )
1
Pt = (1= po)(1 = o)t
p
+3 (el + e + eiﬁ)] (k#0). (A2])

Thus, Eqgs. (A2la), (A21b) and (A2lc) continue to be
valid; in particular,

POZ

[1+ (1= po)(d — 1)|ao*]. (A28a)

QU=

If |ao|*> > 1— po/(3—3py), V¥ can be any traceless
U(2) unitary,

(@ PO ) =25 (A28D)
while if |ag|> < 1 — po/(3 —3pg), VW =1,
(@ PpETI@) = 2 (1= po)(1 = laof). (A280)
Therefore, using F OCJ =1— pg, we have
Roprob = 1+ (d — 1) |ag | F,. (A29)

which is identical to Eq. (A22), and

Ruet = [1—(1—po)]/{1— B(1_p0>[1+(d_1)|a0|2]
+%max{%, (1—po)(1— |a0|2)} }
) if Jaof? <45
| st i laol? > -k
(A30)

Equations (A28a), (A29) and (A30) are plotted in
Figs. 3(b1)-3(b3). Again, they are valid for arbitrary p,
and ay. Equation (A30) yields the threshold vacuum
amplitude

4 1
abh N (depolarizing),
3 3FY,

which is plotted in the inset of Fig. 3(b3). In the |ay| — 1
limit, for arbitrary F ?:J, Eqgs. (A29) and (A30) are reduced to

(A31)

Rpwob = ds Ryer — (depolarizing).  (A32)

_3d
2d+1

c. Amplitude damping channels

For d amplitude damping channels,

1 2
Popity = 25 {1+ (@ = Do) (1 + VT =po) e
2
+ (1= v/T=p0) el + po(e% + )]

+ po (el — el +icd + ) }-
(A33)

and

1 2
Puptc = 12 { (1= laoP) [ (14 VT=po) e
2
+ (1= VT=po) el + po(e% + )|
+ po(olh — el +ied + o) }(k £ 0).
(A34)

Therefore,

Py = [[1+(d—=1)]a|*](2 = po) + pol.  (A35a)
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<(D+ |P0P2§,to|q)+>ab

= L4 @ = DlaoP)(1 +

— 2.
17 1—po)*;  (A35b)

Pe= - 1(1 = JaoP)(2 — po) + pol (k £ 0),

2d (A35c¢)

and if |ap)? > 1 — po/(1 + /T = pg)?, V¥ can be any
purely off-diagonal U(2) unitary,

t, Do,
(@ Py, = 22

if |ag* < 1= po/(1+vT=pg)?, VI =1,

(A35d)

ut,corr 1 2
(@ |Ppc™ 0%y = 2 (1= lao ) (14 V/T=po )

(A35e)
Using F2; = (1 + /T = py)*/4, we obtain
Rows = |11+ (0= Dlap](1-22) + 22
o —3(14+T=py)?
B4 31 =vVT=po)*[1 + (d = Dlao’]’
(A36)

R = {1—%(14'\/1—170)2}/
{1= [ VI=porl = v+
samax(po. (14T~ 95 (1~ o)} .

(A37)

Equations (A35a), (A36) and (A37) are plotted in
Figs. 3(c1)-3(c3). Once again, if |ag| < a' where

(amplitude damping),  (A38)

1
VFes

we simply recover R4, = 1. In addition, in the p, — 0 and
lag| = 1 limit, Eqs. (A36) and (A37) are reduced to

2d

RProb —d, Raet = d—+1

(amplitude damping).
(A39)

d. Nonidentical Channels: An Example

We mention that the availability of analytic solutions is
not limited to identical channels. For instance, if we have
one dephasing channel and one depolarizing channel with
equal py, then in the |ay| — 1 limit, the only other path
DOF measurement outcome is |1),:

out Po

Pipigh =5 (@w + 035 +4ep)s  (A40)
in this case, P, = py/2, V) = Z,
(@ [Py gy = 5. (A41)
and
1—(1-—
O (=
= % (dephasing + depolarizing), (A42)

which is numerically verified in Fig. 5(al).

APPENDIX B: GENERAL FORM OF THE
VACUUM INTERFERENCE OPERATORS

The form of F,;, appearing in Eq. (24) requires that the
vacuum amplitudes > |a,|> = 1. This is because a, are
the expansion coefficients of the environment state |¢), in a
certain complete orthonormal basis |s).. This basis cor-
responds to a potentially very large set of physical Kraus
operators K, which are generally not orthogonal to each
other. However, in practice we are usually interested in
an effective representation of the quantum channel with
orthogonal Kraus operators instead, e.g. Egs. (2)—(4). In
this appendix, we will examine the properties of such an
effective representation; in particular, we will show that the
magnitude of the effective vacuum amplitude vector is no
greater than 1.

We denote the orthogonal effective Kraus operators by
K, and the corresponding effective vacuum amplitudes
by @&,. K, satisfies the orthogonality condition

w(K,K') = w(K,K})35,,. (B1)

Importantly, Eq. (B1) does not generally apply to the
original physical Kraus operators K. It is useful to expand
K, in the K, basis,

(B2)

Since K, and K, represent the same channel, we have
for an arbitrary density matrix p
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Z Z(Ks>ikpkl(KI>lj = ZZ(kr)ikpkl(i(I)lj’ (B3)

s ki ro kl

or equivalently

Z Z LsrL;r’<kr)ik(i{r’>;l = Z(kr)ik(kr);l’

s r

(B4)

where we have inserted Eq. (B2). Multiplying Eq. (B4) by
(I?,l)fk(f(,z)ﬂ, summing over all state indices i, j, k, [ and
using Eq. (B1), we obtain

E * 0 __
LsrlLsrz - 5r|r27
s

Therefore, if we perform a singular value decomposition

L'L=1. (B5)

L=UxV’ (B6)
where U,y and V,. are unitary matrices, and X, is a
rectangular diagonal matrix with real and nonnegative
diagonal elements, then all singular values (diagonal
elements of X) are 1.

The vacuum interference operator F.;, should also be
the same in both representations:

Fyio = Z&ﬁkr = Zast = Zaﬁl‘srkr'

r N sr

(B7)

Using Eq. (B1) again immediately gives the relation
between the two vacuum amplitude vectors a and a:

~x § *
a = asLsrv
s

Therefore, the effective vacuum amplitude vector &
satisfies

a=La.

(B8)

> &P =a‘a =o' (LLY)a = (a'U)(Z2)(U'a)

< (@'U)(U'a) =1, (B9)
where we have inserted the singular value decomposition
Eq. (B6), and taken into account the fact that the diagonal
elements of X' are either 1 or 0.

Equation (B9) indicates that the effective vacuum
amplitude vector cannot have a length greater than 1. A
simple example is a dephasing channel with two non-
equivalent Z Kraus operators, Ky = (1/v2)1,K, = K, =
(1/2)Z and a = (1/v/2,1/2,—1/2). To reproduce the
vacuum interference operator F.;, = (1/2)1, we can
choose the effective channel to be K, = (1/v2)1,
K, = (1/\@)2 and a = (1/\/5,0); it is clear that

la| =1/v/2 <1=|a|. The microscopic model in
Appendix C1 is another example; see the insets of
Fig. 3(a3) (dephasing) and Fig. 3(b3) (depolarizing),
and Eq. (C19) (amplitude damping).

APPENDIX C: MICROSCOPIC MODEL OF
QUANTUM CHANNELS WITH NONTRIVIAL
VACUUM INTERFERENCE

In this appendix, we discuss a microscopic model of the
quantum channels Eqgs. (2)—(4), where a qubit interacts
sequentially with many environment qubits [72,73]. We
will show that this model naturally yields nontrivial
vacuum interference operators which depend on the noise
parameter; furthermore, it gives us a concrete example on
which we can base our numerical demonstrations of the
path superposition protocol.

1. A concrete Example

We consider an information carrier qubit ¢ and a
collection of N,  environment qubits s,
n=0,1,...,Ng,, — 1. During the short time interval
t, <t <t,. 1, where t, = nAt, o interacts with s, through
an (anisotropic) interaction

3
H, = hios,,. (C1)
=1

For simplicity we assume the interaction strength in the
direction [, 4;, is independent of n. We further assume that
the environment qubit s, is in the state p, at time ¢,.

To find the effective quantum channel for this micro-
scopic model, we denote the density matrix at ¢, by p,,.. We
can express p,,; in terms of p, by calculating the joint
unitary time evolution of the system and the environment
and then tracing out the environment:

— trs [e—iAt 2111015;1_1'0" ® Py X eiAl‘ ZI’ j’l'o-l’sn,l’:| )
n n
(C2)

In the presence of path superposition, we can similarly
find the time evolution of the full density matrix including
the path DOF. Note that Eq. (C1) represents the contri-
bution of a path to the total Hamiltonian only when the
information carrier qubit is traversing that path; it is
reasonable to assume that there is no contribution when
the information carrier is not traversing that path. Based on
this assumption, we can write the time evolution of the off-
diagonal blocks of the density matrix as

(i) —iarS" 0650 (i) (i)
Pu1 = W () |€ ' Zl 1 %nipy, ® ps,

L (C3)
@ o e,
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where we have added the path index i and j # i to the
environment qubits sf,i), the system-environment couplings
lgi) and the environment states pﬁ’) If the paths are
independent, Eq. (C3) factorizes into the form of
Eq. (23b), pﬁffl = F(véz)p,gj)F%T, allowing us to extract
the vacuum interference operator for path i:

Fl0)

vio

i () 0 (i
:tfsgﬂ e lAtZI}“/ stn',pgi) . (C4)

To evaluate the partial traces in Eqgs. (C2) and (C4), we
need to know the distribution of the environment states
pgff. We will see below that this distribution has a profound
impact on the nature of the quantum channel.

a. Dephasing Channel and Depolarizing Channel

We first consider the particularly simple case where the

environment states are completely random, so that pﬁ? is

uniformly distributed on the Bloch sphere and tr olpgi)

vanishes for [ = 1,2, 3. To O(4?), Eq. (C2) turns into the
operator-sum form

0)0] [1)(0|
1= At(py + 1) 0
A= 0 1= At(py + py + 2p3)
0 Aty — 1)
At(py + o) 0

and has eigenvalues 1, 1 —2A7(p; +py), 1 — 2A7(py + p3)
and 1 — 2Az(ps + py ). Tterating the infinitesimal channel
by N, = t/At times corresponds to the superoperator
ANew | which has eigenvalues 1, e 2/(miH12) | o=2(( 1) apd
e~ 2!t Therefore, the Kraus operators of the con-
tinuum limit channel have the form

1 4 e 20(m+1) o p—21(matp3) 4 p—20(13+1)
Ko=\/ e e e 1. (©9)

4

i s,. (C10)

\/1 4 e 2(ite) _ p=21(hath) _ p=20(H3 1)
K 3=

and K| and K, are obtained from K3 by cyclic permuta-
tions of indices. On the other hand, the iteration of the
infinitesimal vacuum interference operator Eq. (C7) is
even more straightforward:

Fy = e 2t g, (C11)

3
Purt = ) KipK]. (C3)
=0

Ky = [1 —A;(/l% + 13 +,1§)] 1, K, =Atho,.
(Co)
Meanwhile, to O(4?), Eq. (C4) simply becomes
A
Fyo = {1 —T(ﬁ + 43 +x§)} 1, (C7)

where we have suppressed the path index.

We are often concerned with the continuum limit, where
the total time the information qubit interacts with the
environment is fixed to ¢, but there are a large number of
environment qubits N, = oo, such that At = t/N,, — 0.
The resulting quantum channel amounts to iterating the
channel in Eq. (C6) by N.,, times. This is most easily
achieved in the superoperator formalism: once we define
W = /112At, the superoperator corresponding to Eq. (C6)
takes the form

|0)(1] 1)1
0 At(py + 1)
At(py — ) 0 , (C8)
1= At(py + py + 2p3) 0
0 1= Ar(py + 1)

Equation (C10) represents an anisotropic depolarizing
channel. In the special cases of p; = p, iy = p, = 0 and
W = K, Eq. (C10) is reduced to a dephasing channel and an
isotropic depolarizing channel, respectively. In both cases,
we can now easily relate the error probability to the
vacuum interference operator of the channel. For the
dephasing channel, comparing with Eq. (2), we find

1 — e 2

D) ’ Fvio = (1 - 2170)‘_111]’ (C12)

Po =

for the isotropic depolarizing channel, comparing with
Eq. (3), we find

3(1— e~ 4 \d
=" Fuo=(1—2py) 1.
Po 4 ’ vio ( 3p0>

(C13)

It is clear from Eqgs. (C12), (C13) that our dephasing and
depolarizing channels have strong vacuum coherence in
the short-time limit + - 0 and py, — 0, and lose vacuum
coherence completely in the long-time limit # - oo and
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po — 1/2 or py — 3/4. Interestingly, Egs. (C12) and
(C13) are in agreement with an alternative microscopic
model in Ref. [37], where the system qubit is coupled to an
environment represented by a fluctuating magnetic field.

b. Amplitude Damping Channel
Another possibility for the environment state is that pgf,)
is always a pure state. This may happen if the environment
DOFs tend to rapidly relax to a ground state after each
use of the quantum channel. For simplicity, we choose
P =10%(0], 43 =0, and 4, = A, = A. Then, to O(i2),
Egs. (C2) and (C4) are simplified as

1
pus1 = Y _Kip,K]. (C14)
=0
Ky = [1 — (AAD2T + (A1) %03,
o= (1= QAP+ 06Pes (o
Kl = ﬂAt(Gl + le),
and
Fuio = [1 — (AA1)?]T + (AA1)%03. (C16)

Again, denoting p = 1?At, we find the superoperator
corresponding to Eq. (C15) to be

1 0 0 4 pAt
0 1-—2pAt 0
A= , (C17)
0 0 1 —2pAt 0
0 0 0 1 —4pAt

with eigenvalues 1, 1 —2pAf, 1 —2pAr and 1 —4pAt.
Therefore, the continuum limit channel has eigenvalues 1,
e M o720 and e and the continuum limit Kraus
operators are

K, =V 1—e*0)(1].

(C18)

Ko = [0){0] + e~ [1)(1],

The iteration of the infinitesimal vacuum interference
operator Eq. (C16) is again straightforward:

Fyio = |0){0] + e72[1)(1] = K,. (C19)

Therefore, for our microscopic model, the amplitude
damping channel has F;, = K, independent of the noise
parameter p, = 1 — e * (see Eq. (4)].

2. General Considerations

The above example inspires us to discuss general
properties of an arbitrary microscopic model, which

describes one of the three channels we have considered
in this work Egs. (2), (3) and (4).

We first note the fact that when concatenating two
channels of the same type, we obtain a new channel of
the same type as the original channels. Assuming the
error probabilities of the original channels are p(()n and

péz) and that of the concatenated channel is p(, we easily

show that

Dephasing : (1 - 2pg'>) (1 - 2[)(()2)) — 1= 2p,, (C20)

4 4 4
Depolarizing: <1 - gp(()l)> (1 — §p82)> =1— 2 Po-
(c21)

Amplitude damping: (1 - p(()l)> (1 - p(()2)> =1-—py,.

(C22)

To facilitate our discussion below, we also mention that
the vacuum coherence is perfect when there is no inter-
action with the environment. This is easily justified by
noting that the only Kraus operator is the identity and the
environment Hilbert space is one-dimensional, which
necessitates (up to an unimportant phase) a trivial vacuum
amplitude vector @y = 1 and a perfect vacuum interference
operator F;, = 1.

We now make an important conjecture: for a given
microscopic model, the vacuum interference operator
F,, of a channel is a smooth function of its error
probability p,. This conjecture follows naturally if, for
instance, the interactions with the environment DOFs are
spatially (temporally) uniformly distributed along the
path of the information (during the action of the chan-
nel), such that both F;, and p, are smooth functions of
the length (traversal time) of the channel. With the above
conjecture, we consider again the concatenation of two

channels with the same microscopic model but different

error probabilities pf)l) and p(()2>. If we place the concat-

enated channel in a path superposition, Eq. (23b) sug-
gests that the concatenated vacuum interference operator
should satisfy
2 1
Fuio(po) = Fuio (P5 ) Fuio (p8). (€23)
Equation (C23) places a strong constraint on the form

of F;,. For the dephasing channel, for instance, we can
expand F;, in the weak-noise limit:

Foio(po) = (1 - Zfﬁf’)ps)ﬂ + (Zﬂf)ps)og.
n=1 n=1

(C24)
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Inserting Egs. (C20) and (C24) into Eq. (C23), we find
the higher order coefficients are fully determined by the

first-order coefficients f 50) and f (lz)

)+ 0]

5=+,

=2t

(C25)

O\I'—

In other words, the vacuum coherence properties of
any microscopic model are completely encoded in fg())
and f{9

It is worth pointing out that f (10) and f gz) themselves

must satisfy further constraints. We can upper-bound the
norm of F;, as follows:

1 | ~ ~
Etrovaio = (1 - pO)|0[0|2 + pOlal|2
< (1= po)laol* + po(1 — |aol*) < 1 — py,

(C26)

where the effective vacuum amplitudes &, and &; corre-
spond to the two effective Kraus operators in Eq. (2), and
we have used Eq. (B9) and the facts that p, < 1/2
and |@/*> < 1. On the other hand, to O(p}), Eqgs. (C24)
and (C25) together lead to

1
E trFVlOFVIO

= (2Rer )t (LA + 2Ref )+ )

=1+ (2Ref(lo)>p0 + [2Ref§0>

+ 2(R<=,f§0))2 + 2<Ref§z))2} P} (C27)
Comparing Egs. (C26) and (C27), we find
1
Ref{” < 7. (C28)

and, when |Ref(10> + 1/2] < 1 so that the O(p3) term is as
important as the O(p,) term,
1
(Reft?) < (Res”) w5

—Ref\” — (C29)

Equations (C28) and (C29) are both constraints on the
real parts rather than the imaginary parts, since at the
lowest nontrivial order the imaginary parts simply corre-
spond to py-dependent overall phases of F.;,.

If we let f(lz) =0, it is possible to calculate the
expansion coefficients in Eq. (C25) to all orders and
obtain a closed-form solution

(0)

Fuio(po) = (1=2po) 1 1. (C30)
Equation (C12) is simply a special case of Eq. (C30)
with £ = —1/2.

It is straightforward to derive similar results for the
depolarizing channel and the amplitude damping channel,
whose vacuum coherence properties are likewise always
encoded in a few parameters. For the depolarizing channel,
in the special case that F;, < 1, Eq. (C23) leads to

4 N\
Flio(po) = <1 —gp()) 1,

while the constraint on f go)’ Eq. (C28), continues to apply.
For the amplitude damping channel, an ansatz consistent
with Eq. (C23) is

(C31)

Flio(po) = (1 = po)* Ky
(1= po)®[0)(0] + (1 — po)A*2[1)(1],

(C32)

where A is a model-dependent real number that is
independent of p,. Thus

1 P
2tro10FV1o = (1 - pO)2A (1 _70>
Po |~
= (12l + PP

resulting simply in A > 0. Interestingly, in the weak-noise
limit py <« 1, F;, has an expansion similar to Eq. (C24):

Fvio(p(]) = (1 +f >]] +f _03 + 0(p0)
(C34)

where fgo) = —2A—1/2 and f§Z> = 1/2 satisfy the con-
straints Egs. (C28) and (C29). Note that p,/2 rather than
po appears in Eq. (C34) since F; = 1 — po/2 4 O(p3)
for the amplitude damping channel.

The weak-noise expansions Eqs. (C24) and (C34) imply
that we can parameterize the vacuum interference of
the microscopic models described by Egs. (C30), (C31)
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and (C32) on equal footing via the coefficient fg()), or
equivalently = the  more  convenient  parameter
A= —fgo)/Z— 1/4. In terms of A, Egs. (C30), (C31)
and (C32) read

Dephasing: Fyio(po) = (1 —2pg)iA1,

4 A
Depolarizing: F,(pg) = <1 — —po> 1,
3 (C35)

Amplitude damping:
Fuio(Po) = (1= po)*|0)(0] + (1 = po)* 2| 1)(1].

In our multi-node protocol demonstration (Fig. 9), we
adopt the microscopic models defined by Eq. (C35). Here
the parameter A > 0 depends on the underlying noise
mechanism; A = 0 corresponds to the microscopic model
discussed in Appendix C 1, and larger A indicates weaker
vacuum coherence for a given fidelity.

APPENDIX D: NOISE ON THE PATH DOF

In this appendix, we derive the effective quantum
channel for our path DOF noise model, describe how it
is implemented in numerical simulations, and quantita-
tively explain the effects of the path DOF noise on our
protocol. For simplicity, we limit ourselves to our minimal
implementation of the path DOF unitary U(6) adopted
in Sec. VB.

1. Effective Quantum Channel

In the d = 2 case, only one parameter is needed, and U
has the particularly simple form

0 cos? —sin?
Uo) = exp<—15Y> = (singz cos;). (D1)
2 2

For finite o, we can numerically implement the path
DOF noise by writing down the corresponding super-
operator U(-)U",

QIO

cos?d —1lsing —1lsing  sin*Z
B Isin@ cos?  —sin?§ —1isin@ (D2)
B Isin@ —sin?§  cos?§ —1isin@

sin  1sing  1sind  cos*d

and calculating the € integral in Eq. (35) to obtain Cy in the
form of a noise-averaged superoperator. On the other hand,
in the weak path DOF noise limit ¢ — 0, we can analyti-
cally expand U(-)U' to O((8 — 6)?):

iy

U(O)p[U()]" = e~ 50-0) peiz0-0) 30

¥ | 1 -~
— e W1 =i (G- 0)Y - (0—0)1
e { 12(9 0) 8(9 0) }

Xp{ﬂ + i%(é—a)Y—é(é—e)ﬂe%”.
(D3)

Integrating over 6, we are left with only the constant and
quadratic terms,

02 62
RWWwaw=Q—Zy+me (D4)

Therefore, our implementation of the path DOF noise
with strength ¢ < 1 has a particularly simple effect in the
case of d = 2: a channel with a Y error that occurs with a
probability of ¢2/4.

To conclude this section, we briefly comment on the
implementation of arbitrary d. As in Eq. (D2), it is
straightforward to numerically find the channel Cy corre-
sponding to Eq. (34) in the superoperator representation;
indeed, we can factorize the @ integral and consider the
contribution of each two-path unitary 7, , separately. In
addition, in the 6 — 0 limit, the O(o?) scaling of the error
probability continues to apply. However, for d > 2, a
complication arises in that different 7, , usually do not
commute, such that the form of the effective channel is
much less transparent than Eq. (D4).

2. Role of Path DOF Noise in Protocol

Let us now study how the path DOF noise affects our
two-node protocol for d = 2 using Eq. (D4). We assume an
equal superposition of two identical channels with noise
parameter p,, both described by the microscopic model in
Appendix C 1.

a. Dephasing Channels

In the case of dephasing channels, after some algebra, we
find the post-measurement states at O(c¢?) and O(p,) to be

2
o p
Pty = (1-r0-3 e+ 2. )
2
o P
Pipily =5 e + 70923’ (D5b)

where gi{; is defined in Eq. (A9).

Here we have used Fj, = (1 — po/2)1 4 O(p3) for the
microscopic dephasing channel [see Eq. (C12)]. As a
result,
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2

Po=1-00-2  vy=1,
2
O
(‘1’+|P0PZE,‘0|‘I’+>ab =1—po— 7; (D6a)
2
Po O
p =002
1= 15
and lf Po > 62, Vl = Z,
+ OUL,COIT | gy + _ Po.
(DFP 1oy DT ) = R (D6b)
lfpo 50'2, Vl == 1],
out,corr 62
(DF|P1 oy " @ F )ap = 5 (Dé6¢)

Therefore, to O(c?), the probabilistic advantage is
minimally affected,

Po

2

| ey
I,LO,ﬁ

2 2

Rprob = -2,

(D7)

whereas the effect on the deterministic variant is much
more drastic:

Po
1 - l—po—";—l—max

(
{ 1, if p, < o2,
= P
Poto

Rdet: @0__2>
202

2o if Po > 0°. (D8)

Equation (D8) indicates that a deterministic advantage
appears only if the path DOF noise is weaker than the
noise in each individual channel (up to a constant
factor), po > o2. This is indeed numerically observed in
Fig. 4(al) and corresponds to a threshold CJ fidelity
of F;y =1—0c%

b. Depolarizing Channels

For the depolarizing noise,

o’ P
oy = (1= po = ) + 22 el + ¢ + ).

(D9a)

2
o Po
Pip% == 0%+ (om + 0% + 030)-

> G (D9b)

Correspondingly, Eq. (D6a) continues to be valid. If
Po > 302, V, can be any traceless U(2) unitary, and

(@ [P0y =2 (D100

if pg <36, V, =1,

2

T o
(@F|P1p [ Doy = = (D10b)

Therefore, Eq. (D7) continues to be valid, and the
deterministic infidelity ratio has the form

Ry = Po
“ 1—(1—p0—%2+max %,"72)
1, if py <362,
{5[)0‘];%62 ’ 1f p() > 30-2’ ( )

which predicts a threshold CJ fidelity of FQ; , = 1 — 30%;
see Fig. 4(b1).

c. Amplitude Damping Channels

For the amplitude damping noise,

2
Po © Po
Poplng = < -5 3)028 + 7 (o + )
p . .
+7g (ead —ielf +iel) + ), (D12a)

2
c p ) )
iy = e + 75 (o —ieip + i + ¢jp). (D12b)

8
correspondingly,
2
Pp ©
P :1____7 V :ﬂ,
0 42 0
2
(@ [Pyl @)y =1 =222 (D13w)
2
Po ©
Pi="="4—,
T2

if py > 46%, V, can be any purely off-diagonal U(2)
unitary, and

(@HPpR IO ) =21 (DI3D)

if p0S462, V] = ﬂ,

o2

<®+|P1P$,{icorr|q)+>ab =5 (D13c)
Therefore,
- (1-%)
Rprob = 1_,,_0_3_2 - 2, (D14)
1 - 1 ”20 o2
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and
(-
Raet = Po_ o : Po o
1—(1—7—7+max T’7)
1, if p, < 40°,
= D15
{317:%’ lf p0>462, ( )

where we have used F&; = 1 — po/2 + O(p3). This gives
a threshold CJ fidelity of FQ;, = 1— 20, as shown in
Fig. 4(cl).
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