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Estimating the fidelity between a desired target quantum state and an actual prepared state is essential for
assessing the success of experiments. For pure target states, we use functional representations that can be
measured directly and determine the number of copies of the prepared state needed for fidelity estimation.
In continuous variable (CV) systems, we use the Wigner function, which can be measured via displaced
parity measurements. We provide upper and lower bounds on the sample complexity required for fidelity
estimation, considering the worst-case scenario across all possible prepared states. For target states of
particular interest, such as Fock and Gaussian states, we find that this sample complexity is characterized
by the L'-norm of the Wigner function, a measure of Wigner negativity widely studied in the literature,
in particular in resource theories of quantum computation. For discrete variable systems consisting of
n qubits, we explore fidelity estimation protocols using Pauli string measurements. Similarly as for the
CV approach, the sample complexity is shown to be characterized by the L'-norm of the characteristic
function of the target state for both Haar random states and stabilizer states. Furthermore, in a general
black box model, we prove that, for any target state, the optimal sample complexity for fidelity estimation
is characterized by the smoothed L'-norm of the target state. To the best of our knowledge, this is the
first time the L'-norm of the Wigner function provides a lower bound on the cost of some information

processing task.
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I. INTRODUCTION

With the possibility to produce a variety of complex and
highly entangled quantum states in experiments, it is essen-
tial to develop reliable methods for certifying that a desired
target state has been prepared successfully. For a pure tar-
get state p = [y ) (1| and an actually prepared state o, an
operationally meaningful way to achieve such certification
is by estimating the fidelity F'(p, 0') through measurements
on the state o. For example, performing the projective
measurement {|v) (¥ |, 1 — [y ) (|} allows fidelity estima-
tion using a number of copies of o that depends only on the
desired accuracy and success probability, and that is inde-
pendent of the target state or system size. However, for
most states |y) (| of interest, performing this measure-
ment is not possible in practice in an efficient and reliable
manner. Therefore, it is sensible to express the fidelity
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as the overlap of certain functions representing the quan-
tum states, which can be directly measured with current
experimental techniques [1,2].

For continuous variable (CV) quantum systems with
m € N degrees of freedom, e.g., an m-mode photonic sys-
tem, we use the phase space representation of the fidelity
between a pure state p and a general mixed state o in terms
of their Wigner functions W, and W, given by

Flp.o) =" | W, (@)W, (@)da. (1)

(Cm

Assuming full knowledge of the pure target state p, the
fidelity can hence be estimated by directly measuring the
Wigner function W, («) at different points in phase space
a € C™ through Wigner tomography. This can be achieved
by using the fact that the Wigner function of ¢ is given by
the expectation value of the displaced parity operator [3],
ie.,

W, () = (%) Tr (D(w)T1ID* ()0 ), ()

with D(«) denoting the displacement operator and
1 = (= 1)V the parity operator, with N being the m-mode
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number operator (see Sec. IID for the definition). The
observable (2/m)" D()T1D*() has measurement out-
comes {(2/7)",— (2/7)™}, showing that we can estimate
W, () by some binary measurement on the state . A
practical scheme for performing these displaced parity
measurements relying on Ramsey interferometry was pro-
posed in Ref. [4] and was experimentally first implemented
by Nogues et al. [5], Bertet et al. [6] and Vlastakis et
al. [7]. Directly measuring the Wigner function in this
way and performing fidelity estimation using Eq. (1) has
become conventional in practice; see Refs. [§—12]. In the
following, we refer to the above-described paradigm as the
“Wigner model of fidelity estimation.”

On the other hand, for discrete variable (DV) quantum
systems consisting of n qubits, we consider the representa-
tion of the fidelity given by

1
Fp,0) =~ ) xo(P)to(P), 3)

PePy

with dimension of the overall system d=2", P, =
{1,X,Y,Z}®" denoting the set of Pauli strings of length
n and

Xo (P) = Tr(Po) “

denoting the characteristic function of the state o. Again,
assuming full knowledge of the pure target state p, we
can estimate the fidelity by measuring Pauli strings with
binary outcome in {1, —1} on the state o. We refer to this
paradigm as the “Pauli model of fidelity estimation” in the
following.

For both these settings, efficient fidelity estimation algo-
rithms are known for some special families of states,
e.g., well-conditioned states including stabilizer states [2].
However, as far as we are aware, no lower bound for
fidelity estimation is known. This raises the following nat-
ural question: Are there states for which fidelity estimation
is hard? More specifically, in the Wigner model of fidelity
estimation, are there states for which the sample complex-
ity is arbitrarily large? In the Pauli model, are there states
for which the number of samples required is exponen-
tial in n? Our results give an affirmative answer to both
these questions for Fock states [Eq. (10)] and Haar-random
n-qubit states [Eq. (17)]. Going beyond such hard states,
we can ask the following question: Which property of p
quantifies the sample complexity of fidelity estimation? We
identify the smoothed L'-norm as quantifying the opti-
mal sample complexity for fidelity estimation in a general
black box model [Eq. (7)].

A. Main results

We now describe more precisely the setup for our
results. We analyze for pure target states p the sample com-
plexity of fidelity estimation in the Wigner model and the

Pauli model, respectively denoted by N:fg (p) and Ngf: s(0).
They are defined as the minimal number of copies of the
state 0 needed to estimate the fidelity F'(p, o) with accu-
racy ¢ > 0 and probability of failure at most § > 0 in the
worst case over all states o with the use of the paradigms
described around Egs. (1) and (3) respectively.

For this, we unify the discussion for continuous and
discrete variable systems by considering general over-
laps of functions /' and g on some measurable space 2
with measure u. Inspired by Egs. (1) and (3), we choose
for CV systems Qj = C™ with rescaled Lebesgue mea-
sure duy (o) = n™da and for DV systems Qp = P, [13]
with up = (1/d) heounts With icount denoting the counting
measure.

The function f* corresponds to the Wigner function or
characteristic function of the target state p in the Wigner
model or the Pauli model respectively and hence full
knowledge of this function is assumed. On the other hand,
for the function g, which plays the role of the Wigner
or characteristic function of the prepared state o in the
Wigner model or the Pauli model respectively, we assume
we have black box access: that is, for each A € Q we
can obtain samples of a random variable Y, with binary
outcome space and that satisfies E[Y,] = g(A).

The objective is then to estimate the overlap

/Q 7 WgRdu) = fg FWELIu0) )

from as few samples of Y, at different points A as possi-
ble. We call this task “black box overlap estimation” in the
following.

Here, f/ is assumed to be fixed and the function g, for
which black box access is provided, is allowed to be any
element of some fixed set of functions S. The sample
complexity of black box overlap estimation, denoted by
N:s(f,S), is then given by the minimal number of sam-
ples of Y, needed to estimate the overlap (5) with accuracy
¢ > 0 and probability of failure at most § > 0 in the worst
case over all g € S. In particular, choosing 2 and p for
CV and DV quantum systems as outlined above and denot-
ing the set of possible Wigner and characteristic functions
by Sy and Sp respectively, we can make the following
identifications:

CV systems:  N/i(p) = N.s(W,,Sw),

N (6)
DV systems: N, 5(p) = Nes(Xo» Sp).

We provide upper and lower bounds on the sample com-
plexity of black box overlap estimation N,s(f,S) for a
large class of sets of functions S.
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1. Black box overlap estimation

For general measurable spaces 2 with measure p we
prove upper and lower bounds on the sample complex-
ity Nos(f,S) for f € L*(2, ) and all sets of functions
S C Spax Where for some fixed number » > 0 the set Spax
consists of all functions g satisfying |g|l;2q,,) < 1 and
gl @) < r. These conditions on the sets S and Spax
are motivated by the Wigner and Pauli models as for all
quantum states p of a continuous (or discrete) variable
system the corresponding Wigner (or characteristic) func-
tion satisfies |[W,ll,2cm ) <1 and [Wyllzeo@mpy) <
@2/m)™ (or N xpll2m, up) = 1 and |[[xpllzeopypupy) < D).
Hence, under the appropriate choice of €2 and p as above,
the sets of Wigner and characteristic functions for contin-
uous and discrete variable quantum systems respectively
provide examples of such sets S, i.e., Sy C Smax and
Sp C Smax-

For all such sets S, we provide an explicit algorithm
for estimating the overlap (5) yielding an upper bound
on N s5(f',S) (see Theorem 1) and furthermore, through
some information-theoretic argument, the corresponding
lower bound (see Theorem 2). For the particular choice
of & = Spax, these upper and lower bounds can be shown
to be essentially matching in their scaling in the relevant
variables f ', €, § since they are given as

(2¢) 1
(llf;L ) ln(35> <N€5(f Smax)
(Ch)
< i (Ilfll ) m(l)_ e
efoe) \ € — € )

Here, we have denoted the smoothed L'-norm of the
function f* by

I = inf I (8)

felt@ni? (),
If =/ la<e

Note that Eq. (7) provides an instance-optimal character-
ization for the task of black box overlap estimation, i.e.,
it identifies precisely the property of f that governs the
sample complexity as the smoothed L'-norm. The study of
instance-optimal bounds is well-developed in the learning
literature; for example for the problem of identity testing,
one of the flagship results is that classical identity testing is
characterized by a smoothed version of the L*/3-quasinorm
of the distribution to be tested [14] (see also Ref. [15] for
results for quantum identity testing in this direction).

For functions f* with a rapidly decaying tail as defined
in Sec. IIT and discussed in detail in Appendix A 1, which
include for example exponentially decaying functions on
Euclidean space, we find that the sample complexity is

characterized by the usual L'-norm as

2
Na,ﬁ(fnsmax) =0 <(|UF ”1) In (l>> ) (9)
& )

with the precise statement given in Corollary 1.

2. Fidelity estimation in the Wigner model

In Theorems 3 and 4 we give upper and lower bounds on
the sample complexity of fidelity estimation in the Wigner
model, N/5(p), for pure states p on L*(R™) from the
ones established for the abstract framework of black box
overlap estimation. In particular, the upper bound involves
the smoothed L'-norm of W,, giving that for every fixed
pure state p and in the worst case over all states o, the
fidelity F'(p, o) can be estimated by performing displaced
parity measurements on a finite number of copies of o,
ie, N 5(,0) < 0.

Showmg for general pure states p that these upper and
lower bounds on N/ 5(,0) are essentially matching simi-
larly to Egs. (7) and (9) is, however, hard as the set of
Wigner functions, Sy, is a proper and complicated subset
of Spax = BZ(O) ﬂB(z Jym (0). Hence, we focus on inter-
esting examples of states of continuous variable systems
and establish for those that the sample complexity can, up
to constants, be expressed in terms of the L'-norm of the
corresponding Wigner function:

Firstly, we consider the Fock states (|n)(n]),cy, i.€., the
eigenstates of the harmonic oscillator or number operator.
In this case, we find in Proposition 1 that their sample com-
plexity of fidelity estimation in the Wigner model is fully

characterized as
Wl \* (1
( In (E) . (10)

Here, the L'-norm of the Wigner functions of the Fock
states satisfies the scaling behavior

Wy ~ /1 (11)

as shown in Eq. (74) by straightforward use of known
asymptotic expressions of the [”-norms of the Laguerre
polynomials in Ref. [16]. Note this shows that there exist
states with arbitrarily large sample complexity.

As another example, we construct in Sec. IV A2 the
so-called spike states for any m-mode continuous vari-
able quantum system. These are pure states (0,),ey =
(1Y) (W) ,en on the Hilbert space L*(R™) whose Wigner
functions are uniformly vanishing as n — oo, i.e.,

N5 (m)(n]) = ©

I 5, Il oo m’ 0. (12)

Furthermore, we show that W, € L'(C™) for all n € N
with L!-norms blowing up and scaling reciprocally to their
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L*°-norms, i.e.,
WMl ~ Wl (13)

Using Eqgs. (12) and (13) together with the established
bounds on N!”g (p), we show in Proposition 2 that also for
the spike states the corresponding L'-norm characterizes
the sample complexity of fidelity estimation, i.e., precisely

2
W,
N/5(on) = © <“8—1) 1n<§) S

We believe that the existence of a sequence of pure
states satisfying Egs. (12) and (13) can be of independent
interest.

For p being a Gaussian state, we know that W, > 0
and hence by normalization of the Wigner function that
IW,1l1 = 1. From this, we see in Proposition 3 that the
sample complexity of fidelity estimation in the Wigner
model satisfies for all pure Gaussian states p

N (p) =0 (i In (1>) (15)
£,0 82 S

and hence that for all states o, the fidelity F'(p,0) can
efficiently be estimated with the use of displaced parity
measurements on a few copies of o.

In addition, looking at bounds that depend only on the
L'-norm of the state, we find in Theorem 5 a characteri-
zation of the sample complexity in the worst case over all
pure states p whose Wigner function has L'-norm less than
or equal to some fixed threshold value. In particular, we see
forallt > 1

2
t 1
sup  N5(p) = © ((—) In (—)) (16)
p pure state, ’ &€ I}

Wplly =t

showcasing that also in the considered worst case, the sam-
ple complexity has the same scaling behavior as the for
the Fock, spike and Gaussian states portrayed in Egs. (10),
(14) and (15) respectively.

Negativity of the Wigner function of quantum states
is an indication of nonclassicality [17—19] as it portrays
the fact that the Wigner function deviates from being a
proper probability distribution, implies that the quantum
state cannot be written as a convex combination of coher-
ent or, more generally, Gaussian states and furthermore
is equivalent to contextuality for CV measurements [20].
It has been shown that Wigner negativity is necessary
for quantum advantage, as computations involving only
positive Wigner functions are efficiently classically sim-
ulable [21-23]. The L!-norm of the Wigner function can
be regarded as a quantification of Wigner negativity [18],

with it being equal to 1 if and only if the Wigner function
is non-negative and otherwise being strictly greater than
1. However, in this context, the L'-norm of the Wigner
function provides only an upper bound on the cost of clas-
sical simulation [22—25] as there are states with a large
L'-norm that can still be simulated efficiently [26,27].
Interestingly, for the fidelity estimation problem we con-
sider here, we can achieve lower bounds on the sample
cost in terms of the Wigner L!'-norm. The results pre-
sented here in Egs. (7), (10), (14), (15) and (16) show an
interesting connection between the complexity of learn-
ing properties of a quantum state and its nonclassicality,
and we hope the techniques we introduce here, such as the
lower bound techniques and the smoothed L!-norm, find
further applications in the context of nonclassicality.

3. Fidelity estimation in the Pauli model

Applying again the results from the abstract paradigm of
black box overlap estimation to the Pauli model of fidelity
estimation yields upper and lower bounds on the corre-
sponding sample complexity NSP s(p) for all pure states p
on an n-qubit system (see Theorems 6 and 7).

In Proposition 4 we use these to find for Haar-random
pure states p with probability of at least 1 — 1/d that the
corresponding sample complexity is characterized as

~ (11 \*, (1 ~(d. (1
Ns(p) =0 ((%‘) In (3)) =0 (8—2 In <E>)
(17)

with the L'-norm defined by |[lx,ll = 1/d Y pep, (|

X, (P)|. Here, we used ® to denote the fact that the upper
and lower bounds in Eq. (17) match up to factors that
scale logarithmically in the leading order term. In partic-
ular, the result implies that in the worst case over all pure
states p the sample complexity blows up as d — oo, i.e.,

sup, N's(p) %). The L'-norm of x, has appeared in the

literature under the name “st-norm” in Ref. [28] and it was
shown in Ref. [29] that it provides a lower bound on a
magic measure obtained via an encoding into continuous
variable systems.

For stabilizer states p on n qubits, we have | x,[l; =
(d —1)/d = ©(1) (Proposition 5). Hence, Ns’} (p) is inde-
pendent of the system size and the fidelity F'(p,o) can be
estimated efficiently by performing Pauli measurements on
a few copies of o. This was shown in Ref. [2].

B. Related work

In Refs. [1,2], with use of the overlap formula (3),
upper bounds on the sample complexity of fidelity esti-
mation in the Pauli model have been established. In
particular, in Ref. [2] the upper bound in Proposi-
tion 5 for the sample complexity for stabilizer states was
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found as well as the worst case bound sup,, ;. N;: s(p) =
O ((1/626*) 4+ d/e*81n(1/8)) [with use of the Markov
argument around Eq. (10) in Ref. [2] ] or sup,, ;e N£6 (p) =
O (1/&*6 +d/e*In(1/8)) (with use of the “truncating
bad events” technique) [30]. In Remark 8, we improve
these worst case bounds by establishing sup , ;. N£ s(p) =

O (d/e*In(1/8)). Furthermore, we show that this worst
case sample complexity is tight (up to a logarithmic fac-
tor in the dimension) for Haar-random pure state p with
high probability (see Proposition 4).

Leone et al. [31] provide upper and lower bounds on
the sample complexity of the specific algorithm from Ref.
[2] for estimation of fidelity in the Pauli model. There,
the corresponding upper and lower bounds are given in
terms of the so-called 2- and 0O-stabilizer Rényi entropy
respectively.

In Ref. [32], an upper bound on the sample complexity
in terms of the L'-norm is given for the problem of esti-
mating the expectation values of observables in the Pauli
model. In this work, we use a similar sampling rule to
derive (with a simpler analysis) our upper bounds. More-
over, we provide nearly matching lower bounds in the case
of observables being either Haar-random pure states (see
Proposition 4) or stabilizer states (see Proposition 5) as
well as all pure observables in the low accuracy regime
(see Remark 9).

In Refs. [1,33] use of the overlap formula in terms of
Wigner functions (1) for fidelity estimation of CV systems
is discussed, although without the establishment of bounds
on the corresponding sample complexity. Reference [33]
as well as Ref. [25], in which a method for estimating the
probabilities of outcomes of a quantum circuit is presented,
and also Ref. [34], in which sufficient conditions for effi-
cient classical estimation of quantum kernel functions for
bosonic systems are provided, rely on a sampling rule sim-
ilar to ours [see Eq. (42)]. Moreover, in Refs. [25,33] it is
claimed that this sampling procedure is optimal as it has the
smallest variance. We stress that this optimality proof has
implicit assumptions: the estimator should be of a particu-
lar form [see Eq. (14) in Ref. [25] or Eq. (5) in Ref. [33]],
the sampling distribution remains the same during different
steps, and the global estimator is given by the empiri-
cal one. We know that for some CV states for which the
Wigner function has an infinite Z!-norm (see Theorem 2
in Ref. [35]), estimators satisfying these assumptions have
infinite variance but nonetheless our bound (7) gives an
algorithm with finite sample complexity. Here, we prove
our lower bounds on the sample complexity (see Theorems
2, 4 and 7) without making these assumptions. In particu-
lar, we allow the learner to choose adaptively the sampling
procedures. This allows us to prove the optimality of the
sampling rule (42) (applied on the corresponding smooth-
ing function 1) for S = Spax [see Eq. (7)], for the Fock,
spike and Gaussian states as well as the worst case in the

Wigner model [see Egs. (10), (14), (15) and (16)] and for
Haar-random and stabilizer states in the Pauli model [see
Eq. (17) and Proposition 5].

In Ref. [36] it was shown recently that full state
tomography using local Pauli measurements requires sam-
ple complexity of at least Q2 (9.118” /82). On the other
hand, as shown in Remark 8, fidelity estimation can
be done with sample complexity of only O (2"/&?).
Therefore, the use of protocols tailored to fidelity esti-
mation is more advantageous than the use of Pauli
tomography.

Huang et al. [37] recently considered the task of
quantum state certification, i.e., the decision problem of
whether the actually prepared state o is close to or far
from the target state p, on n-qubit systems from Pauli
string measurements. Incorporating the full n-bit string of
measurement outcomes obtained by measuring each Pauli
matrix for a given P € P, individually enables them to
prove an O(n?) = O(In*(d)) upper bound on the corre-
sponding sample complexity for almost all Haar-random
pure states. This is in sharp contrast to the lower bound
we found in Eq. (17), which is exponential in the number
of qubits due to our using only the binary measurement
outcome from the full Pauli string P € P,.

In Refs. [38—40] the authors consider fidelity estima-
tion of CV systems using heterodyne measurements [41]
instead of performing Wigner tomography through dis-
placed parity measurements, and establish upper bounds
on the corresponding sample complexity. Quantum state
tomography for continuous variable systems for different
measurement setups has been extensively studied: In Ref.
[42] quantum state tomography using homodyne detection
[43], a measurement scheme, which differs from displaced
parity measurements considered here, was studied. Fur-
thermore, continuous variable tomography under energy
constraints on the unknown state has been a topic of inter-
est in the literature: With restriction to classical shadow
tomography and using homodyne, heterodyne, photon-
number-resolving [44] or photon parity measurements,
Refs. [45,46] establish performance guarantees by provid-
ing upper bounds on the corresponding sample complexity
provided the unknown state satisfies certain energy con-
straints with respect to the photon number operator. The
mentioned protocols to perform direct fidelity estimation
[38—40] or shadow tomography [45,46] from heterodyne
and homodyne measurements all rely on such strong
energy constraints of either the target or the measured state
or both. In particular, in contrast to our algorithm for the
Wigner model using displaced parity measurements, these
results usually [47] give infinite sample complexity in the
worst case over all possible measured states o. For the
particular example of target states being the Fock states,
Proposition 1 shows that the sample complexity scales
linearly in the energy (or photon number) in the Wigner
model whereas the above-mentioned results relying on
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heterodyne and homodyne measurements give only (high
degree) polynomial or even exponential scaling.

From an experimentalist point of view, heterodyne and
homodyne measurements are hard to perform on con-
fined cavity fields, e.g., resonators, which are important for
quantum computing with bosonic modes [48—50]. In con-
trast, displaced parity measurements use qubits to encode
the parity and dispersive readout and nowadays provide
outcomes with almost perfect accuracy. The displaced par-
ity measurements we consider in the Wigner model are
much less sensitive to noise in the detection setup since
the encoding is done with the qubit as an ancillary system.

In Ref. [51], lower bounds (for general mixed states) and
upper bounds (for pure and Gaussian states) on the sample
complexity of full quantum state tomography using general
measurements are provided. There, the authors prove their
results again under the assumption that the unknown state
satisfies an energy constraint. Interestingly, their lower
bound implies that the scaling of the sample complexity
in terms of error parameter ¢ worsens when the number
of modes m increases. Note that in comparison, our analy-
sis here does not rely on an energy constraint on either the
target state p or the prepared state o. Our results are for
arbitrary states o and involve only the (smoothed) L'-norm
of the Wigner function of p, which can remain bounded
for arbitrarily high energy of p [52]. For an extended dis-
cussion of the relation between energy constraints and the
(smoothed) L'-norm, see Remark 3.

C. Outline of the article

The rest of the article is outlined as follows: In Sec. II
we discuss some preliminary facts which are needed for
the derivations in the rest of the paper.

In Sec. III we formally define the task of black box over-
lap estimation and show upper and lower bounds on the
corresponding sample complexity in Theorems 1 and 2 and
its classification for functions with a rapidly decaying tail
in Corollary 1.

In Sec. IV we formally define the task of fidelity esti-
mation in the Wigner model, discuss its connection to the
abstract black box estimation and show upper and lower
bounds on the corresponding sample complexity in Theo-
rems 3 and 4. In Sec. IV A we discuss instances for which
these upper and lower bounds can be shown to be match-
ing up to constants including the Fock states in Sec. IVA 1,
spike states in Sec. IV A 2, Gaussian states in Sec. [V A3
and the worst case behavior of the sample complexity in
Theorem 5.

In Sec. V we formally define the task of fidelity esti-
mation in the Pauli model, discuss its connection to the
abstract black box estimation and show upper and lower
bounds on the corresponding sample complexity in The-
orems 6 and 7. We then show in Sec. VA that these

upper and lower bounds are essentially matching for Haar-
random pure states in Proposition 4 and for stabilizer states
in Proposition 5.

In Appendix A we study properties of the smoothed L'-
norm. In Lemma Al we show continuity in the sense of
lim, o ||f ||(18) = ||f |l;. We then provide convergence rates
for this limit for functions with a rapidly decaying tail in
Appendix A 1, with an explicit example being the Wigner
functions of the Fock states.

In Appendix B, we investigate the noise robustness of
the fidelity estimation protocol described in Theorem 3 for
continuous-variable systems.

II. PRELIMINARIES

In this section we discuss some preliminary definitions
and facts which are needed for the derivations of the main
results of this paper.

A. Notation

For X beingasetandf,g : X — IR being two functions
we write /< g if there exists C > 0 such that forall x € X
we have f(x) < Cg(x) and furthermore f = O(g) if |/ | <
|g|. Similarly we write f 2 g if there exists ¢ > 0 such that

f(x) > cg(x) forallx € X andf = Q(g)if |/ | 2 |g]. We
denote by /' ~ gthatf S gandg = f and by f = O(g)
thatf = O(g) and f = Q(g).

B. L’-spaces and smoothed L!'-norm

Let 2 be some measurable space with some measure /.
In the following we denote for g € [1, 00] by L7(£2, C) and
L9(2,R) the Banach spaces of complex and real valued
Li-functions respectively. For brevity we often denote for
the case of complex valued functions L9(Q2) = LY(R2, C).
We denote the ball of real valued L?-functions with radius
r > 0 centered at some f* € L1(2,R) by

BU(f) = {g e QR |If —gly <7}

1/q
wmmvm=(Avuwqu .ay)

The smoothed L'-norm [53] of a function f € L*(,R)
for ¢ > 0 is defined to be

1P = inf  |[f .
fell@R)
f =fll2<e

(19)

As seen in Lemma Al in Appendix A the smoothed
L'-norm satisfies the natural continuity property
time yo 117 1157 = I/ 111

Note that for all f € L*(Q,R) and & > 0 the respec-
tive smoothed L'-norm is always finite, i.e., ||f ||§8)
< 00, which follows since L!(2, R) N L*(2,R) is dense
in L2(2, R) [54].
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C. Information-theoretic divergences

The Kullback-Leibler divergence between two probabil-
ity distributions P and Q on X is defined by

dP
DPIO) =/ dP(x) In <@(X)>
X

whenever P is absolutely continuous with respect to Q and
D(P||Q) = 400 otherwise.

For p,qe[0,1], we write D(pllg) = D(Pge(p)
|Pger(q)), where Ppe:(p) denotes a Bernouilli distribution
with parameter p. Note thatif § < 1/2,andp > 1 — 4 and
q < & we have D(p|lq) > D(1 — §||8) > In(1/(39)).

Furthermore, the x2-divergence is defined by

2
CPIO) = /X (Z—S(x)—l) o) (0)

if P is absolutely continuous with respect to Q and 400
otherwise.
These divergences satisfy the well-known bound

D(P||Q) < x*(P| Q). (21)

D. Wigner functions for continuous variable systems

For m € N we consider an m-mode quantum harmonic
oscillator on the Hilbert space H = L?(IR™). For a point in
phase space a € C” = IR?" the displacement operator is
defined as

m
D(at) = eXimr (wdp—ofar) — ) e e, (22)
k=1

where we denote by a; and aj the canonical bosonic
annihilation and creation operators of the A mode (see,
e.g., Chapter 5.2 in Ref. [55] or Chapter 8.3 in Ref.
[56] for a definition and discussion). Note that D(«x)
is a unitary operator with D*(«¢) = D(—«) and sat-
isfying the relation D(c)D(B) = e@F" ~¢"P2D(a + B),
where we denoted the real dot product between o, f
eCbya =Y aiy.

For a state p we can define its characteristic function as
Xp(@) := Tr (pD(@)) . (23)

The characteristic function is complex valued and sat-
isfies X;(a) = Xp(—a) and furthermore y, € L(C") =
LI(R*") for all g € [2,00] [57]. Therefore, we can
define the so-called Wigner function of p as the (sym-
plectic) Fourier transform of its characteristic function,

i.e., formally [58] through the integral expression
1 a-B*—a*.
W,(a) = ﬁ/me Py (B)dp
1

= — e2z;s(a-ﬂ*)xp(13)d13’ (24)

g cm
with df = dR(B)d3I(B) denoting the Lebesgue measure
on C™. Note that the Wigner function (24) is real valued
and can have positive and negative values. For p = |) (¢
being a pure state, the Wigner function is directly given by

2\" .
W,y(x,p) = (;) - Y+ )Y — )P Vdy,
(25)

where we changed coordinates to position and momen-
tum variables (x,p) € R?” through the relation o =
% (x 4+ ip). Note the integral in Eq. (25) is well-defined

as the integrand is in L'(IR™) and furthermore that this
definition of the Wigner function can be extended to
general mixed states by linearity.

The Wigner function W, for any state p is a quasiprob-
ability distribution as it can have positive and negative
values and satisfies the normalization [59]

1
/ W,(a)do = —/ W,(x,p)dxdp = 1. (26)
cm 2m R2m

An important class of states which have a non-negative
Wigner function is Gaussian states with defining prop-
erty being that their Wigner (or equivalently characteristic)
function is a Gaussian function. Notably, by Hudson’s
theorem [60,61], a pure state has a non-negative Wigner
function if and only if it is Gaussian. On the other hand,
the set of general mixed states with a non-negative Wigner
function has been shown to be strictly bigger than the
convex hull of all Gaussian states and is itself hard to
characterize [62,63].

The Hilbert-Schmidt inner product between two states
p and o can by Plancherel’s identity be expressed as
the inner product of the corresponding characteristic or
Wigner functions as

1
Tr(po) = — /(CM X, (@) xo () dox

m

=7" | W, ()W, (a)de. Q7

cm

Hence, in particular we know for p being a state that

(28)

1
H Wp”z = W”P”z = el

where we denoted the Hilbert-Schmidt norm of p by || o2
and used the fact that it is dominated by the trace norm.
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Alternatively to Eq. (24), we can write the Wigner func-
tion of p as the expectation value of the displaced parity
operator [3], i.e.,

2 m
W,(a) = (;> Tr (0 D()T1D* (@), (29)

with IT being the parity operator defined through the
relation (ITy)(x) := ¥ (—x) for all ¥ € L*(IR™) or alter-
natively in the Fock basis

> =ty

1=

'anm><n19"-anm .

From that we see that the Wigner function is bounded with

2 m
Wplloo < (;) :

From Egs. (28) and (30) and Holder’s inequality we see
that ¥, € L9(C™) for all g € [2, oo]. However, for all ¢ €
[1,2) there exist explicit (pure) states o such that WV, ¢
L1(C™) (see Theorem 2 in Ref. [35]). The set of functions
¥ € L>(R™) whose Wigner function of the correspond-
ing (possibly unnormalized) pure state satisfies Wy | €
L'(C™) is hence a proper subset of L*(IR™). It is called
the “Feichtinger algebra” and possesses rich mathematical
properties which are extensively studied in the literature
(see Chapter 7 in Ref. [64]).

(30)

A= M)
Ay =2, AL)

AN = AN ALYA - -

The algorithm then outputs a value ¢4 (f , A1, Y5 --»
An,Viy) € R. We demand that A works for any function
geS,ie, forall g €S fixed its output should estimate
the corresponding overlap (32). We say the algorithm A
has accuracy ¢ > 0 with failure probability bounded by
3 >0ifforallge S

A

¢A(f’)\'17y)\.]7"',A'Nﬂy)\.N)

>8>§6.

- ff()»)g()»)du()»)
Q

III. BLACK BOX OVERLAP ESTIMATION

We consider some measurable space 2 with measure u
and use the notation from Sec. IIB. Let » > 0 be some
number, which is fixed throughout the whole section. We
say one has black box access to some function g € B>°(0)
if for every A € 2 one can obtain samples from the unique
[65] random variable Y, = Y;(g) with outcome space
{r,—r} and

E[Y,] = g(h). (31)
In the following we consider subsets S € B>°(0) and
assume we have black box access to the functions g € S.

With that terminology the task of black box overlap esti-
mation is defined to be the following: Let ' € L*>(,R)
and S C L2(Q,R) N B2°(0). Then, provided we have full
access to the function /' and black box access to a function
g € S, the goal is to estimate

f 7 Mg0du() = / FOEL Gy  (32)
Q Q

using as few samples as possible of the random variable

Y, = Y, (g) for different points L € Q. More precisely, for
N € N, an N-query algorithm A for the task of black box

overlap estimation takes points Aj,...,Ay € Q and for
each A; a sample y,, € {r, —r} from Y,,. Here, we allow
for adaptive algorithms, meaning that the points A, or
their distributions when chosen at random, can depend on
f and the previous points Ay, ..., A;—; and corresponding
samples, i.e.,

—> ., sample from Y,

—>  , sample from Y,
(33)

SAN-1,Yiy.,) —> Yy sample from ;.

(

The optimal sample complexity of black box overlap esti-
mation for the function f and set S is hence defined
as

Ns(f,S) = inf{N € N|3N-query algorithm
with accuracye and failure probability bounded by §} .

Theorem 1, with the proof given in Sec. III A, proposes an
algorithm achieving this objective and provides an upper
bound on the number of points A needed to take samples
from Y;. Furthermore, Theorem 2 provides corresponding
lower bounds and is proved in Sec. III B. We see that in
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the case of S = Spax = Bf (0) N B2°(0), the optimal sam-
ple complexity is characterized by the smoothed L'-norm
of f [see Eq. (8) for the definition] as we show for all

g,8>0
2
rIf I I
(lfz—gl In 3_5 st,S(faSmax)

@\ 2
1
<2 inf (r”f”l ) ln<—). (34)
e'ef0e) \ € —¢&' é

Theorem 1 (Upper bound for black box overlap estima-
tion). Let f € L*(Q,R), r > 0 and S C B3(0) N BX(0).

Then we have
)\ >
1
e (V) (1Y 6
&'€[0,¢) g—¢ )

The upper bound holds true even when we restrict our-
selves to nonadaptive algorithms, i.e., where the A; in
Eq. (33) can depend on the function f* but not on the pre-
vious points Aj,...,A,; and the corresponding samples

RZSERERER /VIrD

NE,B(f’S) = 2

Remark 1. The algorithm proposed in the proof of
Theorem 1 also works more generally if instead of having
access to the two-outcome random variable Y;, we have
access to a general bounded random variable Y, satisfying

|V, <7 and E[Y,]=g®) (36)

for all A € Q. For this slightly changed model of black box
overlap estimation, we obtain the same upper bound as in
Eq. (35) for the corresponding sample complexity.

Theorem 2 (Lower bound for black box overlap esti-
mation). Let f € L*(Q,R), r> 0 and S C L*(Q,R) N
B2°(0). Then for €,8 > 0 the sample complexity of black
box overlap estimation is lower bounded as

o2t
Mot Sz s |EZEE] (L),
21L& €ES, Vz_gz 00 38
|/ f (€1—g2)|>2¢

(37)

Furthermore, for & = Spax = B2(0) NBX(0) and f €
Smax With ||f ||z = 1 this gives

A LA A
Nes(f,S) > 5 In <§> ) (38)

For a special class of functions 1, satisfying a certain
decay of tail condition, we show in Corollary 1 that the

upper and lower bounds in Eq. (34) match up to constants.
Here, it is important to have good control over the behavior
of the smoothed L'-norm ||/ ||§£) for different values of ¢.
As we see below, the sample complexity of black box over-
lap estimation is in this case then characterized by the usual
L'-norm of the function f .

For y,k > 0 and 2y C Q a finite measure set, we say a
measurable function f has a rapidly decaying tail of order
(y, x) outside Q2 if for all § > 0 we have

/ If M)ldpr) < Kd”. (39)
{Ir 1=831nQf

Note that a function f € L?(2, R) satisfying this condition
can be also shown to be in L!(2, R). Functions satisfying
this condition are discussed in detail in Appendix A 1. In
particular, in Lemma A2 it is shown that their smoothed
L'-norm satisfies the lower bound

WIS > (1f1 — 'eP — ey/10(Q0)

with B := 15 € (0, 1]and k" := 241/ U+y) |

(40)

Corollary 1. Let f € Spax = B2(0) NB>(0) with
I/ Il =1 and a rapidly decaying tail of order (y,«) out-
side 2y for some y,x > 0 and finite measure set 2y C Q
such that «, v/ (£20) < c¢||f ||1 for some universal constant
¢ > 0. Then we have

2
Nes(f + Smae) = © (('V; ”1) In (%)) @1)

for £,8 > 0 small enough, i.e., for all ¢,8 € (0,c’] where
¢’ > 0 depends on ¢ but not on f".

Proof. We get from Theorem 1 and the definition of the
smoothed L'-norm in Eq. (19) the upper bound

2
Nga(f,smagsz(r'v”l) 1n(1).
? & 1)

On the other hand from Lemma A2 and the fact that
i, v/ 11(Q0) < O(If 1), we have

A IE = 17 1 (1 = CeP)

for some C > 0 independent of f and . Hence, by the
lower bound (38) in Theorem 2 we find for all €,6 > 0
small enough

Nos(f St > ”|U(||§2€) 21 i
£,0 > Omax) — 2¢ n 38

Z(rufnl)Zln(L)
2¢ 38

010309-9



FAWZI, OUFKIR, and SALZMANN

PRX QUANTUM 7, 010309 (2026)

A. Proof of the upper bound on the sample complexity
N, e, V‘a S )

In this section we prove the upper bound on the sam-
ple complexity of black box overlap estimation given
in Theorem 1. The proof works by providing a specific
algorithm for the estimation task: Here, the tester chooses
random points A € 2 by sampling from the distribution

_ o
.
wheref is essentially the minimizer in the optimization of
the smoothed L'-norm in Eq. (19). For every A chosen, a
sample of the bounded random variable Y, ||f ||; sgn(f (X))
is obtained. With use of these samples, an empirical esti-

mator is calculated which, provided the number of samples
is high enough, is close to the overlap

p(X)

(42)

/Q 1 )g0)du(n)

by Hoeffding’s inequality [66]. This overlap approximates
the desired one in Eq. (32) since f* and the target function
f are close in the L?>-norm.

In Ref. [33] the concrete task of fidelity estimation in
the Wigner model is considered. There, the authors use the
sampling distribution (42), however with the smoothing
function ' replaced by the (nonsmoothed) Wigner func-
tion of the target state. Note that for continuous variable
systems there exist pure states whose Wigner functions
have an infinite L'-norm (see Theorem 2 in Ref. [35])
and for which, hence, the sampling procedure in Ref. [33]
is not well-defined. Similarly, in Refs. [25,34] the study
authors use the sampling distribution (42) relying on (non-
smoothed) Wigner functions for the tasks of estimating
the probabilities of outcomes of a quantum circuit and
efficient classical estimation of quantum kernel functions
respectively.

In Ref. [32] the problem of estimating expectation val-
ues of observables in the Pauli model is considered, with
the sampling procedure relying on the distribution (42)
with ' being replaced by the (nonsmoothed) character-
istic function of the respective quantum state. However,
the analysis of the resulting sample complexity for the
proposed algorithm is different from ours.

In Refs. [1,2] a similar algorithm is considered for the
concrete case of fidelity estimation in the Pauli model. For-
mulating their approach in terms in the abstract black box
overlap estimation framework, the study authors consider
the distribution

200
TAEN

instead of the distribution p (1) above, for sampling A €
Q. For every A chosen they then take samples from the

PR = (43)

random variable ||f'||3Y;/f (1) to construct an empirical
estimator for the overlap (32). This random variable is no
longer bounded, leading to a worse upper bound on the
corresponding sample complexity for many functions f .

Proof'of Theorem I. Let ¢ >0, & €[0,¢) and f €
L*(2,1R) N L'(2,R) such that ||f —f ||, < &’. Note that
such a function always exists since L>(Q, R) N L'(2, R)
is dense in L?(2, R) as remarked in Sec. II B. Consider the
random variable A with outcome space €2 and distributed
according to the probability density

_ @)l

I/ 111
Let g € S € B2(0) N BX(0), for which we assume we
have black box access, and let Y, = Y;(g) be the cor-

responding random variable with outcome space {r, —r}
satisfying Eq. (31). Consider the random variable

X = YAlf |l sen(f (A)).
Note that by definition we have
E[X] = E[Y, IIf Il sen(/ (A)]

e
= [ TN 007 sen (i
o 17

= /Q F0gdu).

p(d)

For N € N to be determined later we take samples
Al,...,Ay of A and then for each A; a sample y,; of ¥;..
Furthermore, we define the empirical average

_ 1 L ~
X == > il sen G,
i=1

Noting that by definition and the assumption (31) the
random variable X is bounded as
X1 < rIf s

we can use Hoeffding’s inequality [66], which gives

28—8/>

P ('Y - /Q FWgmdu()

N(e —¢)?
< eXp —ﬁ .
2r2|If 11y

Furthermore, note that by the Cauchy-Schwarz inequality
and the assumption that | g||, < 1 we have

(44)

‘ /Q 1 O0gdu(n) — fﬂ f (k)g(k)du(k)'
<|f —fl.<¢.
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Hence, we see that for § > 0 a total number of
~ 2
1
SEORD
e—¢ 1)

‘)? - /Q fWgMdu()

J

<e—¢ and ‘ /ﬂ fWg)du) — /ﬂ fg)du ()

samples suffices to have with probability greater than 1 — §

<¢

and thus, by the triangle inequality, give a good approximation of the desired overlap as

=

‘/Qf Mg)dur) — X

<g4+e—¢ =c¢.

Since ¢’ € [0, &) andf under the constraint above were
arbitrary, this proves Eq. (35). |

B. Proof of the lower bound on the sample complexity
Ne,a(f,S )

Here, we prove the lower bound on the sample
complexity of black box overlap estimation given in
Theorem 2. The first statement of Theorem 2, i.e.
Eq. (37), follows by some information-theoretic argu-
ment in which we show the hardness of the estima-
tion task by embedding the problem of distinguishing
two hypotheses. For the second statement of Theorem 2,
ie. Eq. (38), showing the lower bound for the choice
S = Smax = B3(0) N BX(0), we use the established Eq.
(37) together with a specific test function g € Spax, whose
existence is provided in Lemma 1. We first state and prove
this lemma and then give the proof of Theorem 2.

Lemma 1. Let f € L*(2,R) and € € (0, ||f ||2). Then
there exists g € L*(Q,R) NL>®(, R) such that the fol-
lowing three points hold: (1) [, f (MgM)du(r) > &, (2)

lgllz < Tand 3) liglleo < &/Ilf 1.

Remark 2. In the context of Secs. IV and V we consider
the specific choices of S being either the set of Wigner
functions or characteristic functions for valid quantum
states on L?>(IR™) or (C)®" respectively. There, the f con-
sidered is a Wigner function or a characteristic function
of some pure state p. However, the function g constructed
in Lemma 1 does in general not correspond to the Wigner
function or characteristic function of some state o. Hence,
in the context of fidelity estimation for continuous or dis-
crete variable systems in Secs. IV and V, we cannot use
Lemma 1 to establish the corresponding lower bound (38)
when o is assumed to be a valid state.

fg £ WgMd() — /Q i (k)g(/\)du()»)‘ + ')? - /Q f(/\)g()»)du(/\)‘

Proof of Lemma 1. In the following we explicitly con-
struct a function f € L'(22,R) N L*(, R) with

If —Fll<e (45)

and furthermore g € L*(,IR) NL®(R,R) satisfying
points (1) and (2) and furthermore

&

€
<<
gl = - = L
where the last inequality followed by the definition of the
smoothed L'-norm in Eq. (19).
For that, note first that by the dominated convergence
theorem we have lim._ f{lf|<c} If W)1Pdu(r) =0 and
hence we can define

¢y = sup {c € [0, 00] | [f(k)lzdu(k) < 82} > 0.

{If I<c}

Note that since ¢ < ||f ||, we have ¢, < oo. Furthermore,
since for all A €  we have limgy, [/ (1) [* 1)< (X) =
If (A)|21{V|<C*}(A), we have again by the dominated
convergence theorem

/ f (W)1Pdp(x) = lim If WPdu() < €.
{If I<cx} ete Jiif 1<e)
(46)
Therefore, we can define
T =/ rizen £ 0, (47)

which by Eq. (46) approximates f in the L?-norm, i.e.,
satisfies Eq. (45). Note that by definition we have that
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7 e LY(2,R) as

Wl = / If Ol (h)
{V|ZC*}

1
— If WIFdu() < ”f ”2
Co J{If |zca}

IA

We define the function g differently depending on whether
Cp < 82/|V 1 or ¢, > &2/|f l. In the first case ¢, <
2/|If Il1, we define

: =f1{w flh ]

and the normalized function g = //||A||,. By the definition
of ¢, and using 82/|[f li > c., we have

Al = /
{If\< g2

] If WPPdu) >¢e  (48)

I
and hence
&
gl = —— w < —
||h|| = | AT

Furthermore, using Eq. (48) again, we see

/f(?»)g()»)dll(?») =
@ {'”<|vn

Therefore, the function g satisfies pomts (1)-3).
On the other hand, in the case ¢, > /||f ||} we define

] If WIPdu@) = e.

g g7 |zc.)-

&
I/ 11

Clearly, we have | gl < &/ |U” Iy and furthermore by the

definition of f in Eq. (47)
f S Mghdu) = / If Wldur) = e.
Wi Jirizen

Lastly, we have using c, > &2/ |U’ |I1 that also

2

Igl3 = === udlf | = cb
T
2 / 82
S = lf MNdp(r) = —=—— <
I 17en Jurizen I e
and hence, also in this case, the defined function g satisfies
points (1)~3). [ ]

Proof of Theorem 2. Let g;,g> € S such that

/Q S ) (€1 — &) du(d)| > 2e. (49)

If such functions do not exist, Eq. (37) is trivially satis-
fied. Consider for i = 1,2 and A € 2 the random variable
Yi’) with outcome space {r, —r}, with » > 0 being the num-
ber which was fixed at the beginning of Sec. III, and
distributed according to

P(Yy) = r) = w’ P (Yf\i) _ —r)
_ 1 —gi()»)/r_

> (50)

Note that both pairs (gi, ()’;l))xgg) and (g, (Yf\z))xgg)
satisfy the assumption (31). We consider two situations:

(1) H, : The tester has black box access to g; through
the random variable Y(l)

(2) H; : The tester has black box access to g, through
the random variable Yf\ ).

Hence, if

e ) (e 02)_) (o () L))

and with the use of Eq. (49) a black box overlap esti-
mation algorithm with success probability 1 — § can find
which pair is present only by estimating the overlap
fQ f (M)g)du(r) up to additive error €. Let N be a suffi-
cient number of steps for this testand let Ay, ..., Ay € Qbe
the points where the tester chooses to sample the random
variable Y;. Let y,,,...,y., € {r, —r} be the correspond-
ing samples obtained. As explained around Eq. (33), we
allow for the algorithm to be adaptive, i.e., at each step ¢ the
variable A, can depend on the previous points Ay,..., A,
outcomes yy,, . ..,V , and the functionf', i.e.,

)"[ = )"t(f‘y)"lay)\,la s ,)Mt—la)ﬂ,,])-

We denote Z, = (4, ¥;,) and let IP’Zl """ “N be the distribu-

tion of Z,,...,Zy under H; and let IP’%};'"ZN be the law
of Z\,...,Zy under H,. Let £ be the event that the tester
returns the first hypothesis. We have by the data processing
inequality of the D divergence

1

(RZ% ,,,,, 2 le ’’’’’ ZN) > D (Py, () [ Py, (E))

> D(1—3]8)

1
> ln(38> (51)

On the other hand, using the notationZ _, = (Zy,...,Z;—1)

for ¢ € [N], we have
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t=1

N
®
=Y E,zopby, [D (P

=1

(c)
<

=1

@
Z Eouz o~y

=1

= Z Bz ~py,

=1

where in (a) we have used the chain rule of the D diver-
gence; in (b) we have used the fact that the distribution
of X, conditioned on Z_, does not depend on H; or H;
combined again with the chain rule; in (¢) we have used
the well-known inequality D < x? [see Eq. (21)]; in (d)
we have used the definition of ¥, [see Eq. (50)] and the
definition of the x2-divergence [see Eq. (20)].

Therefore, combining the inequalities (51) and (52), we
obtain

b(4) <ot

and hence

(g1 —2)°

2 2
r—g

o0

1

-1
H In (—
o0

36

(g1 2)?

—gz

N >

).

Since g1,g> € S under the constraint (49) were arbitrary,
this proves Eq. (37).

To prove Eq. (38) in the case of & = Spax = B1(0) N
B®(0) and ' € Spax With ||f |2 = 1, we first use the fact
that since g» = 0 € Spax We can conclude from Eq. (37)
that

1
Ns,S(fs Smax) = sup n <_) .
geSmx. 18115 38
|ffg|>28

2 YA,|(M,Z<1)
Ezp~pw, | X

Y |tZ 1)
Hy

I Pyxtl(lr Z<r)>:|

)]

(I—g1(x)/r)
1 —g)/r

Y |02 <1)
Hy

P

(1 +g()/r)?

(

gi() — g ()Vt))

)

:
[(

I +g()/r

— & (}‘t)

(52)

Furthermore, we can, without loss of generality, restrict
ourselves to 2¢ < ||f || = 1 as otherwise ||f ||§2£) =0 and
hence Eq. (38) is trivially satisfied.

Under this constraint, we want to show

1
sup 5~ = sup > (53)
2€Smax., ”g”oo Z€Smax. ”g”oo
|/ f2]>2¢ |/ f2]>2¢

Note that the left-hand side of Eq. (53) is clearly less than
or equal to the right-hand side, so we need to show only the
opposite inequality. Let (&,),eny € (0,00) be a sequence
such that ¢, > ¢ and lim,_, », &, = ¢. Define furthermore

2(e, — &)

1—2¢ (54

Kn: >

which for n € N large enough satisfies «,, € (0, 1] and to
which we shall restrict ourselves in the following. Let g €
Smax such that | [, / (Mg (A)dw(1)| > 2¢ and define

gn = (1 —Kkn)g + Ky 5gn (/Qf ()»)g()»)du()»)>f- (35)

Note first of all that since f,g € Spax = B%(O) N B>*(0)
we also have by the triangle inequality that g, € Spax.
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Moreover, we have

/Qf (?»)gn()»)du()»)‘ =1 =)

/ S (/\)g(k)du(k))
Q

+ K, > 2e, > 2e.
Since we also have

lgnlloo = (1 = k)lIglloe + Knllf lloo ——= lIglloos
n—>00

this proves Eq. (53).

To prove Eq. (38) note that we can restrict ourselves
to 6 < 1/3 as otherwise Eq. (38) is trivially satisfied. For
the case 2¢/||f ||§28) > r the statement follows by simply
lower bounding the supremum in Eq. (53) by choosing the
feasible function g = f". On the other hand, for the case
2e/\lf ||§25) < r, we can use Lemma 1 and use the function
g (with parameter 2¢) from there as a feasible function,

which gives
1
In{ —
<33>

Ns,S (f 5 Slnax) > sup >
2€Smax. 18115
| [ 72| =2¢

o)\ 2
. rif Il In 1
2¢e 36

and finishes the proof. |

IV. FIDELITY ESTIMATION OF CONTINUOUS
VARIABLE SYSTEMS

In this section we consider for m € N an m-mode har-
monic oscilator on the Hilbert space H = L>(IR"). We
study the task of estimating the fidelity between a desired
pure state p on L>(IR™), for which we have a theoretical
description, and a general state o, which is prepared exper-
imentally, by performing measurements on o. Since p is a
pure state, we can write the fidelity by Eq. (27) as

F(p,0) =n"
Cm

W, () Wy (a)dor. (56)

Assume that we are able to perform measurements of the
displaced parity operator (2/7)" D(a)T1D(«) with out-
comes in {(2/m)",—(2/7)"} on the state o for chosen
values of o € C™. Here, the values of « can be chosen
adaptively and hence depend on the previous values and
corresponding measurement outcomes. In the following
we refer to this model as the “Wigner model of fidelity
estimation.”

For this model, ¢ > 0 and § > 0 being the allowed addi-
tive error and probability of failure respectively and pure
state p fixed, which we call the “instanced-based setup,”

we denote the sample complexity of fidelity estimation in
the Wigner model by N!z (p): that is, N;’g (p) is the opti-
mal number of measurements on different copies of the
unknown state o needed to estimate F'(p, o) in the worst
case over all states o.

Due to the relation (29), the assumption that we are able
to perform measurements of the displaced parity operator
on o exactly means that we have black box access to the
Wigner function W, . Hence, estimation of the fidelity (56)
in this setup becomes a special instance of black box over-
lap estimation as discussed in Sec. III. In particular we can
make the identifications

Q> C"=R™
re— 2/m)"

S Q) = Wy(a)
g) = Wo(a)

and du(d) — 7"da

to which we have full access
to which we have black box access
Y, — Y, measurement outcome of observable

(2/7)" D()T1D(x) on state o.
(57)

Since = pw is given by the Lebesgue measure rescaled
by 7™, we introduce the corresponding L?-norms for g €
[1, 00) for notational clarity and to distinguish them from
the usual L?-norms by

1/q
IWollzacmpp) = (/ |Wp((¥)|quW(Ot))
Cn7
= 7" W, |, (58)

Note in particular, with that convention, we have from Eq.
(28) for all states p

IWoll2cmpyy < 1o

with equality if the state is pure.

For the subset S used in Sec. III, we are interested here
in the particular choice Sy consisting of all Wigner func-
tions W, for valid states o. Using Eqgs. (28) and (30), we
see that Sy C Bf(O) ﬁBfg/ﬂ)m (0), again with balls with
respect to the rescaled Lebesgue measure du (o) = n"do.

With the notation above, the sample complexity of
fidelity estimation can be written as

N5(p) = Nes(W,, Sw), (59)

with N, s(W,, Sy) being defined in Sec. III.

Formulating the achievability result of black box esti-
mation, Theorem 1, for this special case leads to following
result:

Theorem 3 (Upper bound on fidelity estimation for CV
systems). Let p be a pure state on L?(IR™) for which
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we have a theoretical description. Then, for any state o,
we can estimate the fidelity F'(p, o) with precision ¢ > 0
and failure probability at most § > 0 by measuring the
displaced parity operator on number

"y 2
AN 1
N(p) <227 inf (&) 1n(3) (60)

¢’€[0,e) e—¢

copies of the state 0. Note that by the argument around Eq.
(19), this in particular shows Ngwg (p) < oo. Furthermore,
the upper bound holds true even when we restrict ourselves
to nonadaptive algorithms.

Remark 3 (Relation to energy constraints). For the tasks
of shadow and full state tomography of CV systems,
the proposed algorithms in the literature usually require
that the measured state has finite energy with respect to
the bosonic number operator [45,46,51]. This assumption,
which is often referred to as an energy constraint, is used
to localize the state within a bounded region in the overall
infinite phase space.

In contrast, for the task of fidelity estimation considered
here, localizing the measured state o within phase space
in a similar manner is not necessary. Intuitively, this is
because, with the use of Eq. (56), the relevant part of phase
space is determined by the regions where the (absolute
value of the) Wigner function of the target state p is large.
Hence, the algorithm proposed in the proof of Theorem 1,
which is at the heart of the achievability result of Theorem
3, does not require bounded energy of the target state p
or the prepared state o and the obtained upper bound on
the sample complexity is given in terms of the smoothed
L'-norm of W, instead. From this we can already conclude
that energy is not the right quantity to determine hardness
for the task of fidelity estimation. To see this, note that the
smoothed L!-norm and hence also the sample complex-
ity can remain bounded even for arbitrary high energies
of the states as the following example shows: Consider
for some state p the family p, = D(a)pD*(a) for arbi-
trary parameters o € C”. The resulting Wigner functions
of p, are simply translations of the original Wigner func-
tionof p,i.e., Wy, (B) = W,(a + B). Hence, by translation
invariance of the smoothed L'-norm, we have by Theorem
3 that the sample complexity of fidelity estimation stays
uniformly bounded as

Ny 2
I7i"\ L (1
o €'€0,e) e—é¢ )

sup N;ffS (pe) < sup inf
’ 2
Wl 1
= inf M In{-) <o
&'€l0,¢) g—¢& 1)

while on the other hand the energy blows up for large
displacements as
Tr(N pe) ~ Tr(Np) + |a|? e

o|—00

In contrast, understanding whether finite energy implies
a finite L'-norm remains, to the best of our knowledge,
an open problem. Additionally, we leave as an interesting
open problem for future research the question of whether
imposing additional energy constraints on the target state
p can further improve the sample complexity of fidelity
estimation.

Notably, the upper bound on the sample complexity of
fidelity estimation of Theorem 3 holds true in the worst
case over all prepared states o. For certain target states
p, however, it is plausible that the sample complexity can
be improved when there is an additional energy constraint
on o. For example, performing full state tomography using
the algorithm in Ref. [51] for prepared states o with small
energy and then calculating the fidelity F'(p, o) using the
knowledge of the target state p can require fewer measure-
ments than performing direct fidelity estimation using the
algorithms of Theorem 1 and 3 if the smoothed L'-norm of
the Wigner function of p is large.

Remark 4 (Robustness regarding noise). In experi-
ments, the quantum system corresponding to the prepared
state ¢ is usually stored in a stationary bosonic mode, e.g.,
a resonator, to perform the displaced parity measurements.
The most prominent noise present in this setup is photon
loss. In Appendix B, we conduct a robustness analysis of
the fidelity estimation protocol of Theorem 3. In particu-
lar, as argued there, without any assumption on the energy
of the prepared state o, the quantum system can be heav-
ily distorted under photon loss [see Eq. (B1)], leading to
inaccuracy of the fidelity estimation protocol.

However, under the natural assumption that prepar-
ing o consumes only a finite amount of energy £ > 0
with respect to the bosonic number, i.e., precisely that
Tr(No) < E, and for target states p satisfying a similar
energy constraint [see Eq. (B4)], we can bound the addi-
tional error due to photon loss when estimating the fidelity
[see Eq. (B3)], showcasing the robustness of the protocol
of Theorem 3.

Proof of Theorem 3. Here, with the conventions from
Eq. (57), the smoothed L!-norm in Theorem 1 is given by
(" _ m (e : :

I WpllLl(Cm’MW) =na"|W,I|l; . Hence, we can immediately

read off from Eq. (35) that
("

2
2\ 1ol e 1
Nggw)sz(_) inf [ L1 ln(_)
’ T e'€[0,6) e—¢ 1)

’ 2
w, || 1
=22+l inf <M> In (-) [ ]
&’€[0,¢) g —¢& )
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Furthermore, from the lower bound on the sample com-
plexity of black box estimation in Theorem 2, we find the
corresponding lower bound on N!Ks (p) :

Theorem 4 (Lower bound on fidelity estimation for CV
systems). Let p be a pure state on L?>(IR™) for which
we have a theoretical description. Then for 0 < ¢ < 1/2
and 0 < § < 1/3 we have that the sample complexity of
fidelity estimation in the Wigner model is lower bounded

01,07 state,

as
-1
1
In| —
36
|F(p,01)—F(p,02)|>2¢ 00

(2)" = ren(s)
— Su ny—1J»\.
7)o W%\ 38

F(p,0)>2¢

N(p) = sup

A%

(61)

Remark 5. Note that the restriction 0 <& < 1/2 in
Theorem 4 is sensible as for allowed additive error ¢ >
1/2 one can always output 1/2 to estimate F(p, o) with
demanded precision without performing any measure-
ments on o. In other words, for ¢ > 1/2 we have the trivial
result

N5 (p) =0.

Proof of Theorem 4. Using Eq. (56) and the identifica-
tions (57), we immediately get from Eq. (37) in Theorem

2 that
— 1 1
In
(35)
o0

(62)

w
N(p) = sup
01,07, state,
[F(p,01)—F(p,02)|>2¢

We now focus on proving the second inequality in Eq.
(61). For that, consider that o, in Eq. (62) is the sequence
(Pn)pen from Lemma 2. Since p is pure, Eq. (91) yields
lim,, oo F(p, pn) = 0. Combining this with the fact that
lim,,—, o0 [| ), loc = 0 [see Eq. (90)], we obtain for every
state o that

2
W an < | o Pn |l 0o (”Wauoo)z
R ==
and hence
2 2m 1 1
NEW > <—> su In (—)
s =\ S e s

F(p,0)>2¢

<2)M ! (1>
=|— sup ——In(— ).
7)) ome oIl \38
F(p,0)>2e

Here, the last equality follows due to ¢ < 1/2 and the same
argument as for Eq. (53). Note that the corresponding func-
tion g, defined in Eq. (55) in the context here is the convex

(63)

combination of two Wigner functions and hence a valid
Wigner function itself. |

A. Matching upper and lower bounds for N!”; (p) for
examples of states

In this section we discuss two examples of families of
states for which the upper and lower bounds on N, 5(/0)
provided in Theorems 3 and 4 match. In partlcular we
give a full characterization of the sample complexity of
fidelity estimation in the Wigner model for (1) the Fock
states (|n)(n|),cy corresponding to the eigenstates of the
(1-mode) harmonic oscillator, (2) the spike states, which
we define in Sec. IV A2 and (3) Gaussian states, in terms
of the L'-norms of the corresponding Wigner functions.

In the case of the Fock states the key insight is that
the corresponding Wigner functions can explicitly be
expressed in terms of Laguerre polynomials [see Eq. (71)].
Combining this with the results on the asymptotic behavior
of the Laguerre polynomials in Refs. [16,67—69], we show
in Proposition 1 that the upper bound in Theorem 3 and the
first lower bound in Theorem 4 match, giving

(|| nn|||) <5)
(2 (})

The spike states on the other hand are a sequence of pure
states (0,),cy on L?(IR™) constructed in such a way that

their Wigner functions uniformly vanish as » increases,
ie.,

N5 (n)(nl) = ©

1Wplloe —> 0. (64)

Furthermore, we show in Lemma 2 that the L'-norms of
their Wigner functions blow up and exactly scale recipro-
cally to the L>°-norms, i.e.,

1ol ~ 1, 11 (65)
Hence, we can use the upper bound in Theorem 3 and the
second lower bound in Theorem 4, showing that

2
Ni(pn) = © (”WS—1> n(5)] @

We believe the existence of such a sequence of pure
states satisfying Eqs. (64) and (65) to be potentially of
independent interest.

Lastly, for Gaussian states p, the L'-norm of the cor-
responding Wigner function is by the normalization (26)
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equal to 1, i.e., [|W,|l; = 1. Combining this with the lower
bound provided in Theorem 4, we see in Proposition 3 that

1 1
=0(=In|- 67
GnG) @
for all pure Gaussian states p.
As a consequence of these results we find the following

worst case characterization of the sample complexity of
fidelity estimation in the Wigner model:

N5 (p)

Theorem 5 (Sample complexity of fidelity estimation in
Wigner model in the worst case). Let 0 <& < 1/2 and
0 < 8 < 1/4. Then for all > 1 we have

- N> (1
sup N s(0)=01(|-) In{<])]. (68)
p pure state, & S

Wplli <t

where the constants in © (- ) can be m-dependent. In partic-
ular, this shows that in the worst case over all pure states p
the sample complexity of fidelity estimation in the Wigner
model is infinite, i.e.,

sup  N5(p) = oo. (69)

p pure state

In the following sections we formally state and prove
the above-mentioned results for the Fock states, spike
states and Gaussian states and then provide the proof of
Theorem 5.

1. Sample complexity for Fock states

Proposition 1 (Sample complexity for Fock states).
Let 0 < ¢,6 < 1/4 and (|n)(n|),cy be the 1-mode Fock
states. Then we have the following characterization of the
corresponding sample complexity of fidelity estimation in

the Wigner model:
|LEIR n||| ( )
1)
—o(2m(2 70
} (?“(5))' Y

Remark 6. As seen in Proposition Al in Appendix A 1,

the smoothed L!-norm of the Wigner functions of the Fock
states satisfies

N (In)(n]) = ©

” I/V|ﬂ><"| ” 58) z “ I/Vln)(n\ H1 (I - C&‘ﬂ)

for all £ >0, 8 €(0,1/2) and some C > 0 possibly
dependent on § but independent of z and ¢. As discussed

at the beginning of Appendix A 1, this gives

e Wl (uWn)(nul)_

e'ef0e) & —¢& e

Hence, for the Fock states, the upper bound on the sam-
ple complexity in terms of the smoothed L!'-function in
Theorem 3 does essentially not become weaker when it
is expressed directly through the nonsmoothed L'-norm.
This further justifies our finding in Proposition 1 of a
characterization of the sample complexity of fidelity esti-
mation for the Fock states in terms of the L'-norm of the
corresponding Wigner functions.

For the proof of Proposition 1, we use the fact that the
corresponding Wigner functions can be expressed in terms
of the Laguerre polynomials L, as [see Eq. (36) in Ref. [70]
and Eq. (7.3) in Ref. [71]]

2 2
W@ = = ) (=D"e " L,@4|al®. (71)
T

Using the results from Ref. [16] on the [”-norms of the
Laguerre polynomials, we can deduce the following scal-
ing of the L'-norms of the Wigner function of the Fock
states:

[ Wiyiar || ~ /. (72)

This can be combined with Theorem 3, yielding the desired
upper bound on Nswg (|n){n]). On the other hand, using the
multiple asymptoti’c expressions of the Laguerre polyno-
mials from Refs. [67—69] for different regions in phase
space, we show explicitly below that

N

2
H (W22 = Winyal) 1
n

@2/m)* -

o0

Application of this to the first lower bound in Theorem 4
for specific choices of o7 and o, provides the correspond-
ing lower bound of NKS (|n){n|) in Proposition 1.

Proof of Proposition 1. We first start by proving the
corresponding upper bound in Eq. (70). We use the upper
bound in Theorem 3, which gives

Nyl < <“ i ”“1> In (é)

Asnoted in Eq. (71), the Wigner function of the Fock states
|n) (n| can be written explicitly as [see Eq. (36) in Ref. [70]
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and Eq. (7.3) in Ref. [71]]
Wiy (@/2) = r(=1)"e 2L, (laP),  (73)

with L, denoting the Laguerre polynomial of n™ order
and » = 2/m. From that we see that the scaling of the
corresponding L'-norms is given as

o 2
Wyl “/0 e 2L, (s7)|sds

=/ e PILy(s)|ds ~ /n,  (74)
0

where we used Lemma 1 in Ref. [16] for the last step.
Hence, we have shown

1
Nfi(nnl) S =5 In (§> . (75)

We finish the proof by providing the correspond-
ing lower bound in Eq. (70): Since ¢ < 1/4 we can
pick states crl(") = (1 —=3¢)|n)(n| +3¢e|n + 2){n + 2| and

02(") = |n)(n|, which satisfy

\F<|n><n|,af">) — F(n)(nl,0y")| =3¢ > 2¢

Hence, we see from the first lower bound in Theorem 4 that

-1

2
(Wa_(n) — Wo_(n)) 1
1 2 11'1 (_)
“w 38
2

N5 (Iny(n]) 2

2 — W
L7 o[, (1
_ L n+2) (n+2] In) (| In{—). (76)
9¢2 =Wy 3
o0

In the following, we estimate the quotient appearing in
the infinity norm in the second line of Eq. (76) to find
the desired lower bound on the sample complexity. We
do this by using the explicit form of the Wigner functions
in Eq. (73) and provide bounds in three different regions
of phase space, i.e., for phase space points « satisfying
(D) > < 1/n, 2) |a|?> € [77',1] or 3) |a|?> > 1. Here,
we introduced the shorthand notation 7 = n + 1/2. For the
first two regions we use the formula of Hilb’s type (see
Theorem 8.22.4 in Ref. [69] ], which for |a|? € [0, 1] gives

e 2L (o) = Jo@Viilal)

O (Je* In(Je| 2n7 ")) for|ar|* € [0,77'],

O (n=3%) for|a|? € [, 1]. 77)

Here, the Bessel function of order 0 was denoted by

0 -1 k 2 2k 2
) = Y 2 = 1= (3) +Ro). 09
k=0 ’

with the last equation holding by Taylor’s theorem, includ-
ing up to third order for small y, say y € [0,3], with
R(y) being the corresponding remainder. The remainder
satisfies

4
<

ROy < a (79)

which follows from the fact [72] that |J(§4) (»)| < 1 together
with the standard estimate for the remainder in Taylor’s
theorem (see Theorem 7.7 in Ref. [73]]. Let us focus on
the first phase space region close to the origin, i.e., |a|> <
1/#, in which case we get from the series expression of the
Bessel function

|J0(2\/7z F2lal) — J0(2x/§|a|)‘

o (=D (1 +2)* — ) |
Z (k)2

=12
< la?e™" < ol

where we used for the first inequality that |(7z 4+ 2)* —
=1 251 (%) < #*=13% together with the fact
that 3¥/k! < C for some C > 0. From this and Eq. (77) we
see

P2 (W21 (@/2) = Wi (@/2))°
2
= (¢ 2L () = e 2L, (af)
< (el + Odal* In(je| 27" ))* < Jal®,

where we used in the last inequality that |«|* In(Je|~?) < C
and |a|? In(n) < C for some C > 0. Furthermore, again for
lo|? < 1/, we have

L= 12 Wy (@/2)
=1-e " L2(jaf?)
=1 — (Jo@Vilal) + O(jal* In(ja| 20~ "))
=1—(1 —nlaf + RWVila|)
+ O(la|* In(lae| 7?27 1)))?

> 1 — (1 —cnla|®)? > cnlal?,
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where the first inequality holds for » large enough and
some 0 < ¢ < 1 and we used Eq. (79). From this we see

(W2 s21(@/2) = Wiy (@/2))°

sup
0=l <1/ 2= Wi (@/2)
> _ 1
S osup — < 5. (80)
o<jep<l 7 h

For the other two regions in phase space we use the
results highlighted in the table on page 699 of Ref. [67],
which gives

sup (¢ (Lya(laP) — Ly(la) ) = O (7 '72).
aeC
81)

Let us focus first on the second region in phase space,
i.e., |a|?> e [n~!,1]: For those phase space points we use
the fact that [Jo(y)| < 0.8/y!/? [68] for all y € R, which
gives by Egs. (73) and (77) that

L—r 2 W (@/2)

=1- (J0(2ﬁ|a|) + (9(71—3/4))2 >c (82)

for n large enough and some ¢ > 0. Dividing Eq. (81) by
Eq. (82) we find

(Wi r21(@/2) = Wi (@/2))°

sup
le2efi=1,1] 12— Winyl (@/2)
2
2
(e (Lusa(aP) = LCleP)) 4
< sup <-
lae|2e[i—1,1] c n
(83)

For the last phase space region, we again use the results
highlighted in the table on page 699 of Ref. [67], which
for |a| > 1 gives

_laf? _
e 2L (ja?) = O (n=1%)
and hence using again Eq. (73), we find
L= Wy (@/2) > ¢

for n large enough and some ¢ > 0. Hence, combining the
last inequality with Eq. (81), we see

(W) 21 (@/2) = Wiy (@/2))
sup

1
S-o (84
|>1 = Wiy (@/2) n

Therefore, combining Egs. (80), (83) and (84), we see

2
H (Pins2yws21 = W)™ ||

2 2
7= Wiyl

S | =

oo

and therefore from Eq. (76)

1

4 >
Ngs(In)(nl) 2 = In (38) ,

which together with the established Eq. (75) finishes the
proof. |

2. Sample complexity for spike states

In this section we define the spike states and analyze the
scaling behavior of the L'- and L>°-norms of their Wigner
functions. In particular for every number of modes m € N
the spike states are a sequence of pure states (0,),ey =
(1) (W) ey 00 L2(IR™) whose Wigner functions satisfy

15, lloo H—og 0. (85)

Here, the idea of the construction is to pick wave func-
tions ¥, with increasing uncertainty in both position and
momentum, which then leads to a further and further
spread out Wigner function. We pick such wave func-
tions by super-positioning “spikes” in position space,
which each have a high momentum uncertainty. In the
particular construction of Lemma 2 these “spikes” are
simply given by Gaussian functions. Super-positioning
sufficiently many at increasing distance also leads to high
position uncertainty and to a pointwise uniformly vanish-
ing Wigner function.

More precisely, the spike states are defined as follows:
Let ¢ € L>(R™) be the normalized (within L?(IR™), i.e.,
l¢llo = 1) Gaussian function centered at the origin, i.e.,

forx e R™
2 m/4 5
o(x) = (;) e . (86)

Consider for n € N the wave function defined for x € R™
by

1 n
Ya(x) = N k;qb(x — ), (87)
with
Wi = I’l3k61, (88)
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where e¢; = (1,0,...,0) € R™ and where we drop the
n-dependence for brevity. Furthermore, ¢, is the normal-
ization constant such that ||v,|l, = 1, which in particular
satisfies

n
=)

¢ (x — ) (x — pdx

=1 R™
=3 [ lee—woldr=n (89)
k=1 R’n’l

The n' spike state is defined to be the corresponding pure
state p, = V) (Yl

The particular spreading of the spikes parameterized by
the u; in Eq. (88) is chosen in such a way that for every
fixed point in phase space essentially at most only two
spikes contribute to the Wigner function in Eq. (25); see
the proof of Lemma 2 for more details.

Notably, we provide control of the speed of convergence
for the limit Eq. (85) and also on the blow up of the corre-
sponding L'-norms. In particular, we see that the sequence
of pure states satisfies

—1
W oullse ~ IWo, I

(see Remark 7). This is then used as key insight for prov-
ing the worst case characterization (68) of the sample
complexity in Theorem 4.

In the following lemma we provide the precise scaling
behavior of the L!- and L®-norms of the spike states:

Lemma 2 (Asymptotic behavior of spike states).

The pure states (0n)new = (1¥n) (Yal)yey on L*(R™)
defined by Eq. (87) have Wigner functions satisfying

W,, € L'(C™) and

2\" 1
IIWp,,Iloos4<—) - and Wyl =n. (90)
V4 n

Moreover, the corresponding sequence (), ey cOnverges
weakly to 0 in L2(IR™), i.e., for all ¢ € L?>(IR"™) we have

lim (g, ¥,) = 0. 1)

n—o0o

Remark 7. Note that the n-dependence of the bounds in
Eq. (90) is tight. This can be seen by use of the fact that
that since p, is pure we have || W, [|3 = =~ by Eq. (28)
and hence

Wl < 7" Wl
Use of this and the established bounds in Eq. (90) shows

1
1Woulloo ~ - and  |IWp, [l ~ n. 92)

Before giving the proof of Lemma 2, we show how we
can use it to obtain a characterization of the sample com-
plexity N (p,) from the upper bound and the lower bound
in Theorems 3 and 4.

Proposition 2 (Sample complexity for spike states).
Let0 <& < 1/2,0 < 8 < 1/4and (0,)pen = (W) (¥ en
be the spike states defined in Eq. (87). Then we have
the following characterization of the corresponding sample
complexity of fidelity estimation in the Wigner model:

2
/4
N (o) = © (”%) In (é) :

where the constants in ®( - ) can be m-dependent.

Proof. By the upper bound provided in Theorem 3 we
immediately see

W 2N
NZ;(,On) < 22m+1 (” m”l) In <_>
’ £ )
2
< g (ﬁ) In (1) ’
e )

where for the second inequality we have used Lemma 2.
To prove the corresponding lower bound we take n’ =

[n/€e] and state o, = 2ep, + (1 — 2¢) oy, Which satisfies

F(p,,0,) > 2¢. Furthermore, we have by Lemma 2 that

[Woylloo < 2€Wp, lloo + (1 =28)[[Wp,, [l

<16 <3> ¢
T n

Therefore, using the second lower bound in Theorem 4, we

see that
N (o) > 2\ 1 Na
n — - prp—— Ao
P =\a ) Iz 38
1 /n\2 1
(%)
16 \¢g 36
which finishes the proof. |

Proof of Lemma 2. We prove the result with phase
space being parameterized with position and momentum
variables (x,p) € IR?™, which corresponds to the change
of coordinates given by o = % (x+1ip).

Using Eq. (25) and the explicit form of the wave func-
tions in Eq. (87), we can calculate the Wigner function of
o, at phase space point (x, p) € R*" by
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1 /2\3m2
rem =1 (25

k=1

3m/2 n o
_L(2 Z o )P — (e L /
Cp \ T

k=1

k=1

where for the last line we used the standard relation
for Fourier transforming a Gaussian function (see, e.g.,
Lemma 7.3 in Ref. [56]).

Note that because of the specific choice of u; in Eq.
(88), we have for x € R™ fixed that there exists at most
one (ky, 1) € N? with k. > [, such that for the euclidean
norm we have

(94)

which can be seen by the following argument: Assume
for contradiction that there exists (k,/) # (i,j) with
k>1and i > and such that ||x — (ux + w) /2| <n/2

|

| W (s )

IA

k=1

IA

T

A

m n
= — (3) Z e*Z(X*(Mk+M1)/2)2 ei]”'(ll«k*ﬂ])*ﬁz/z’
T

(2 (e

(— D2
/ o Oy = (—p=)” i2py dy
IRm

20 (=nD/2? g2 g,

m

93)

and |lx — (u; + u;)/2|| < n/2. This hence gives

it = i = | = n[34+3" = 3" = 3| < 2.
(95)

Without loss of generality we can assume that i > k as for
k = i we immediately also have / = j from Eq. (95). With
use of £ > [ this gives

3i+3jz3i23k+123k+31+3’

which contradicts Eq. (95) and hence proves the desired
claim.

Using for (x,p) € IR*" the uniqueness of (k,l,) € N?
with &, > [/, and satisfying Eq. (94) and plugging this into

Eq. (93), we obtain together with the use of Eq. (89)

1 /2\" 2
e —2(x—(ug+up)/2)
(2) =

2 (2" —2(x— (g 111, /2)* - 2=+ /2)?
il e M 1L + Z 26— (it
n

k=1
k=1,(k,) 7 (ke )

4 (2\"
=-\- 5
=)

where we used e~ /2 < 1 for all € R and which hence shows the L>°-bound in Eq. (90).

On the other hand, using again the explicit form of the
Wigner function of p, in Eq. (93), we see

W ol =/ | W) () |dox =2'"/2 |W, (x,p)ldxdp
(Cm IR m

(

n
5 1m 3 / 20kt /22 =0 2 gy
nw R2M
k=1

n 2 2
= e e’ dxdp = n.
R2m

T m
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Lastly we want to show the weak convergence of the
sequence (¥,) e t0 0, i.e., Eq. (91). For that let ¢ € L*(R)
and & > 0 and pick R > 0 such that

/ lo(x)%dx < e,
Iell>R

which is possible due to the dominated convergence
theorem. Furthermore, note that we have for the Gaussian
function ¢ defined in Eq. (86), k € [1n] and n3F > R

2 R
/ |p(x — Mk)|2dx <./ — / 6—2(X1—n3")2dx1
llxlI<R T J_R
2 * 2x2 2(n3k 2
S _/ e X1 dxl S e~ (n3*—R) ,
T J—R+n3k

where the first inequality follows by the definition of 1 in
Eq. (88) and third inequality follows by standard Gaussian
tail bounds. Hence, using the Cauchy-Schwarz inequality
and the fact that v, is normalized in L?, we see for n large
enough

lolls
s Y] < / lo)2dx + 1212
v lxll>R o VCn

x Z\// ¢ 0 — ) Pl
k=1 [IxII<R

n

< Jo 4 1ol VS

C n— 00
T p=1

Since ¢ > 0 was arbitrary, this proves Eq. (91). ]

3. Sample complexity for Gaussian states

Proposition 3. Let p be a pure Gaussian state on
L>*(R™) and 0 < ¢,8 < 1/4. Then

1 1
Ni(p) =0 <8—2 In (g)) , (96)

where the constants in ®( - ) can be m-dependent.

Proof. For p being a Gaussian state, we have that
W, > 0 and hence by the normalization (26)

Wollr = 1. 97)

Therefore, we see from Theorem 3 the upper bound

1 1

For the corresponding lower bound we use the second
inequality in Eq. (61) in Theorem 4 for the sequence

of feasible states given by o, = 2¢p + (1 — 2¢)p,, where
(Pn)nen 1s the sequence of spike states defined in Sec.
IV A2, which satisfies lim,_. [|#,,llc =0 and hence
1, oo | W, oo = 2611, oo < 2. m

4. Proof of Theorem 5

In this section we give the proof of Theorem 5, which
essentially follows the same argument as the proof of
Proposition 2.

Proof. Lett > 1 and use Theorem 3 for the correspond-
ing upper bound as

sup Ns,ﬁ(Wpa SW)
p pure state,
1Wpll1<t

2
<22+l gup (—” Wp||1> In (l>
p pure state, & I}

1Wplli =t

2
< (1) In (1) '
£ 1)

For the corresponding lower bound in Eq. (68) we take
the second lower bound in Theorem 4 for the specific
choice p = p,, where n = [¢]| and (p,),cy are the spike
states defined and discussed in Sec. IV A 2. Note that p,
is feasible in Eq. (68) as by Eq. (90) we have |W, || <n
< t. Furthermore, let o, = 2¢p, + (1 — 28) p,y, where n’ =
[t/€]. Note that for that choice we have F(p,,0,) > 2¢ and
furthermore by Eq. (90) and the fact that 1/n < 2/t since
t > 1 that

2\" ¢
W lloo < 261 W lloo + (1 = 26) 1, lloo < c<;> :

for some C > 0 independent of 7, & and m. Hence, o, is a
feasible state in Eq. (61) and we obtain

sup Ns,&(Wps SW) = Ns,é(an:SW)

p pure state,
Wpll1 <t
2\ 1
> (= In(—
b/ | We, 112, 38
2
t 1
> (=) In[—
e 36

for some C' > 0. ]

V. FIDELITY ESTIMATION FOR DISCRETE
VARIABLE SYSTEMS

We consider for » € N an n-qubit quantum system

on the Hilbert space 'H = ((Cz)@n with dimension d =
2", The corresponding set of Pauli strings is denoted by
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P, ={1,X,Y,Z}®". Note that P, forms an orthogonal

basis on the space of operators on ((Cz)®n and we have
forallP,Q € P,

1

For p a state on (C2)®n we can define its characteristic
function as

Xp - Pn— [-1,1]
P — Tr(Pp).

In the following we consider the task of estimating the
fidelity between a desired n-qubit pure state p, for which
we have a theoretical description, and a general state o,
which we prepared experimentally, by performing mea-
surements on o. Since p is a pure state, we can write the
fidelity by using Eq. (98) as

1 1
Fp,0) =~ ) xoP)to(P) = —
PePy

+ D 0P (D).

PePy\{1}

(99)

Assume that we are able to measure any observable
P € P, with outcome in {1, —1} on the state o. Here, the
observables P can be chosen adaptively and hence depend
on the previous ones and their corresponding measure-
ment outcomes. Since x, (1) = 1 we can restrict ourselves
to Pauli measurements with P € P, \ {1} asfor P=1 a
tester does not gain any information. In the following we
refer to this model as the “Pauli-parity model of fidelity
estimation.”

For this model, ¢ > 0 and § > 0 are the allowed additive
error and the probability of failure respectively and pure
state p is fixed, which we call the “instanced-based setup.”
We denote the sample complexity of fidelity estimation in
the Pauli-parity model by N”;(p): that is, N';(p) is the
optimal number of measurements on different copies of the
unknown state o needed to estimate F'(p, o) in the worst
case over all states o.

Due to the definition of the characteristic function x,,
the assumption that we are able to perform measurements
of the observables P € P, on o exactly means that we have
black box access to the x, . Hence, estimation of the fidelity
(99) in this setup becomes a special instance of black box
overlap estimation as discussed in Sec. III. In particular we
can make the identifications

1
Q> P, \ {1} and du)+— c—ld,ucoum (P) with pcoune being the counting measure on P, \ {1}

re—1
S Q) = x,(P)
g) = xs(P)

Y)\ (ad YP

to which we have full access

In particular this leads to the following convention of
Li-norms for g € [1, 00)

1/q
o llg := D X (101)
PePp\{1}
and
X lloo = plmax | X (P)I. (102)

With these definitions we have ||, ||l = +/Tr(o2) — 1/d <
1 and hence by the Cauchy-Schwarz inequality

1
ol =5 > %P = Vdlxolh < vd. (103)

PePy\{1}

to which we have black box access

(100)

measurement outcome of observable P € P, \ {1} on stateo.

(

For the subset S used in Sec. III, we are interested here
in the particular choice Sp consisting of all characteristic
functions x, for valid states o. We see that Sp C Bf (XA
B$°(0).

With the notation above, the sample complexity of
fidelity estimation can be written as

NL5(0) = Nes(x- Sp),

with N 5(x,,Sp) being defined in Sec. I1I.
Formulation of the achievability result (Theorem 1) for
this special case leads to the following theorem:

(104)

Theorem 6 (Upper bound on fidelity estimation with
Pauli measurements). Let p be a pure state on ((Cz)®”
for which we have a theoretical description. Then, for any

010309-23



FAWZI, OUFKIR, and SALZMANN

PRX QUANTUM 7, 010309 (2026)

state o, we can estimate the fidelity F'(p, o) with precision
¢ > 0 and failure probability at most § > 0 by performing
Pauli measurements on number

@\ 2
1
ing (1%l gy (1
eefoe) \ € — & 8

copies of the state o. Furthermore, the upper bound holds
true even when we restrict ourselves to nonadaptive algo-
rithms.

Nfs(p) <2 (105)

Remark 8 (Worst case bound). Using Eq. (103), we see
that for all pure states p the sample complexity in the Pauli
model satisfies

d 1

As we see below, this worst case bound is essentially tight
as Theorems 7 and 4 show a lower bound on the sam-
ple complexity for Haar-random states which matches with
high probability Eq. (106) up to factors logarithmic in the
dimension d. Furthermore, we believe that this tightness
result can be strengthened by not relying on a random-
ized argument but, possibly inspired by the construction
of the spike states in Sec. IV A 2, finding explicit examples
of states for which the lower bound in Theorem 7 can be
shown to match Eq. (106) up to constants which are inde-
pendent of the system size. We, however, leave this as an
open problem.

(106)

Furthermore, from the lower bound on the sample com-
plexity of black box estimation in Theorem 2, we find the
corresponding lower bound on N, g s(p)

Theorem 7 (Lower bound on fidelity estimation with
Pauli measurements). Let p be a pure state on (C2)®n for
which we have a theoretical description. Then for 0 < ¢ <
1/2 and 0 < § < 1/3 we have that the sample complexity
of fidelity estimation in the Pauli model is lower bounded

as

-1
1
In{ —
36

(107)

(Xal - X02)2

N;\f&(p)z sup 1—X2
02

01,07 state,
|[F(p,01)—F(p,00)|>2¢

1 1
su In{—).
o st£e, | xo ”éo (33>

|F(p,0)—1/d| > 2e

A%

Proof. The first inequality immediately follows from
Theorem 2. For the second we use the first with the
choice o, = 1/d, which satisfies x,, = 0 on P, \ {1} and
F(p,00) = 1/d. |

Remark 9 (Matching upper and lower bound for
small ¢). Inspired from the construction in Lemma 1
consider for some pure state p and ¢ > 0 the operator

sen(x, (P)P |
a\" ol g\m ’

which has characteristic function x,(P) = Tr(Pw) =
3¢/l xpll1 sgn(x,(P)) for all P € P, \ {1}. This operator
o has normalized trace but is in general not positive semi-
definite and hence not a state (see Remark 2) unless ¢ > 0
is small enough. In particular, a naive operator norm bound
shows that w is in fact positive semi-definite if 0 < ¢ <
1/3d(d + 1).

Whenever w is a state we can combine Eq. (107)
with the argument in Lemma 1 to show the instanced-
based lower bound on the sample complexity of fidelity
estimation in the Pauli model

ol N>, (1
NP > (222 ) In(— ). 108
5,5(/0)_< 3e n 33 (108)
Note that

1

Fp,0) =~ 3 Xp(P)xo(P)
PePy
1 3 P 1
ey 1ol

from which we see that w is a feasible state in the sec-
ond line of Eq. (107). Furthermore, since by definition
I Xwlloo <3¢/llxolli Wwe can conclude the validity of
Eq. (108).

A. Matching upper and lower bounds for /V., j: s(p) for
examples of states

In this section we consider two examples of families
of states p for which the upper and lower bounds on
N’5(p) provided in Theorems 6 and 7 can be shown to be
eséentially matching. In particular we give a full character-
ization of the sample complexity of fidelity estimation in
the Pauli model for (1) Haar-random states and (2) stabi-
lizer states in terms of the L'-norms of the corresponding
characteristic function.

For a Haar-random pure state p = |W) (V| we find in
Proposition 4 with probability of at least 1 — 1/d that

on=a((5) () -2 ().

(109)
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Here, we used © to denote the fact that the upper and
lower bounds in Eq. (109) match up to factors that scale
logarithmically in the leading order term.

On the other hand, for stabilizer states p on n qubits,
we have that the L'-norm satisfies || Xplll <1 and is
hence independent of the system size. Using this, we can
characterize in Proposition 5 the corresponding sample
complexity of fidelity estimation in the Pauli model as

1. (1
Ns(p) =0 (8—2 In <g)> :

The upper bound in Eq. (110) can also be found in Ref. [2].

(110)

1. Sample complexity for Haar-random states

The following proposition shows that the upper and
lower bounds of Theorems 6 and 7 on the sample complex-
ity N”;(p) match (up to factors logarithmic in the leading
order) for Haar-random pure states with high probability:

Proposition 4. Let p = |W)(V¥| be a Haar-random pure
state on (C2)®", 0 < &,8 < 1/5. Then with probability of
at least 1 — 1/d, with d = 2", we have

=852 1)) -5(4m(2)

(111)

Here, we used © to denote the fact that the upper and
lower bounds in Eq. (111) match up to factors that scale
logarithmically in the leading order term.

Proof. For the upper bound we use Theorem 6, which
for all pure states p gives

Ny <2 (—”X"”l>2 In (l)
s = ) 8/

To prove the lower bound, we show in the following
that with high probability a Haar-random pure state p =
|W) (W] satisfies

Ind

”Xp”oo ,S -

y (112)

Let U € U(d) be a Haar unitary such that |¥) = U'|0). For
afixed P € P, \ {1} we consider the random variable

[ (U) = [{(¥|P|W)| = [(0]UPU"|0))].

The function /* : U(d) — R is 2-Lipschitz with respect to
the Frobenius norm denoted || - ||r. Let U, V € U(d) be two

unitary matrices. We have
If (U) —f (M| = [[(0]UPU'10)| — [(0|VPV|0)]|

2 01U = nPUT0)]
+ (O|VP(U — 1|0)]

® ¥ +
< [IP(U - "0} 121 UT10) ||
+ 171 10) [ 11PU — ) T10) |12

(© .
< 2I|P(U - N'llg =2I1U - V¥,

where (a) follows from the triangle inequality, (b) follows
from the Cauchy-Schwarz inequality and (c) uses the fact
that ||A|x)||» < ||4]||g for a pure |x) as well as the Frobe-
nius norm is unitarily invariant. So by the concentration
inequality of Lipschitz functions of Haar unitaries [74], for
alls >0

ds?
P(f (U) —E(f )] = s) < exp <_K)'

Moreover we have by the Cauchy-Schwarz inequality
E¢) < JE(?) = JE(wiP1w)?)

_[Te(PPY) +|Te(P)? 1
- dd+1) " Vd+ 1

So by the union bound

3
IP’(EIP e P\ (I} : [(V|P|W)| > 2,/481;d )
= 2 IP’(|<\IJ|P|\1/>|>2\/4810‘Z“’3)

PeP,\(1}

48 Ind? 1
stIP’(f(U)—E(f)>2\/ - _‘/d+1>
sdzlP(f(U)—E(f>>,/48?d3>

4. 8hnd 1
<dexp|—24—)=-.
48

Hence, when sampling from the Haar measure, with prob-
ability of at least 1 — 1/d, we find a pure state |¥) such
that for all P € P, \ {1}

481nd>
HWIPIW)] =2/ —

and therefore the corresponding pure state p = |W) (V|
satisfies Eq. (112). Consider the state o = 5¢p + (1 —
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5e)1/d, which satisfies F(p,0) — 1/d =5¢(1 —1/d) >
2¢ and has characteristic function x, = 5ex, on P, \ {1}.
Hence, this state is feasible in the optimization in the sec-
ond lower bound provided in Theorem 7, which with the
use of Eq. (103) gives

1 1 d 1
NP >_ " In|l=)>—""_In(—
es(P) X 2% n(33) ~ 2Ind n(sa)

2
> (Ind)~"! (@) In (%)

2. Sample complexity for stabilizer states

We say a pure state p = |) (| on ((C2)®" is a stabi-
lizer state if there are 2" Pauli strings P € P, satisfying

Ply) = |¥).

(113)

Proposition 5. Let p = |Y)(¥| be a stabilizer state on
(C2)®n. Then for all 0 < &,8 < 1/5 we have that

1 1
Ns(p)=© <8—2 In <g>) .

Proof. 1t is well-known that all the 2" Pauli strings
P € P, which satisfy P|y) =1 commute, and fur-
thermore for all remaining Q € P, we have x,(0) =
(¥, 0¢) = 0. Hence, we have that the L'-norm of the
characteristic function of p satisfies

(114)

1 d—1
o= >, 1XPl=——=<1 (115
PePy\{1}
From Theorem 6 we hence see
P O : 1 : 11
N5,3(0)= 2 n 3 . (116)

For the remaining lower bound we use the second line
in Eq. (107) in Theorem 7 for the state 0 = S¢p + (1 —
5e)1/d, which is feasible since F(p,0) — 1/d = 5¢(1 —
1/d) > 2¢ and satisfies || xollco = Maxpep,\(1} | X (P)]
< Se. [ |
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APPENDIX A: SOME FACTS ABOUT THE
SMOOTHED L'-NORM

For ©2 a measure space with measure , we defined in
Sec. 11 B the smoothed L'-norm of a function 1 € L?(2)
as

W1 = _inf ]
fell@)

I = lla<e

(A

Differently from the scope of the rest of this paper, in which
we restricted ourselves to real valued functions, we allow
in this section for real or complex valued functions. Hence,
for simplicity, we write as L?(2) the corresponding L4-
spaces without denoting the field over which the functions
considered are taking values.

The following lemma establishes that in the limit
& — 0 the smoothed L'-norm converges to the usual (non-
smoothed) L'-norm:

Lemma Al. Forallf e L*>(2) we have

lim 1/ 117 = If Ih, (A2)

where the right-hand side is understood as infinity if / ¢
LY(Q).

Proof. We use the relation for a measurable function f

/ lf M)ldp(x) = sup If ) ldp ),
Q Qce Jag
(o) <oo

(A3)

which follows directly from the definition of the Lebesgue
integral.

First we consider the case f € L'(R). Let § > 0. Using
Eq. (A3), we can pick a set of finite measure €2y € 2 such
that

)
/ )l < 5.
o

Let ¢ € (0,8/24/11(820)) and / € L'(Q) N L%() be such
that ||/ —f ||l < e. Then

Wih < | IF0)=FMWldu)+ | If Wldu®)
Qo Qo

+/ IF M)ldu)
2

x ~ 1)
= | F® =7 Wldue@) +IIf Ih + 7
Qo

010309-26



OPTIMAL FIDELITY ESTIMATION FROM BINARY MEASUREMENTS

PRX QUANTUM 7, 010309 (2026)

For the first term we use the Cauchy-Schwarz inequality,
which gives

~ ~ 8
; Q) =f Dldp@) = 1If —fllav/i(S20) = 5.
0

Using the fact that f was arbitrary under the constraints
above, we hence obtain

1 = 1f 1 — 8.

Noting that the opposite inequality ||f ||§€) < |\f Il is triv-
ially true and using the fact that 6 > 0 was arbitrary, we
obtain lim, o [/ I} = I/ II1-

To finish the proof we consider the case /' ¢ L'(2). We
have to show liminf; o ||/ ||§£) = 00. Assume for contra-
diction that there exists C > 0 such that for all ¢ > 0 we
have the uniform bound

i < c

Let Q¢ € Q be a set of finite measure. Note by argu-
ments similar to those above, it holds true that ||/ 1q, || is) <

lf ||(18) < C for all ¢ > 0. Hence, using the established
Eq. (A2) for the function f 1g, € L'(R2), we see

If |dpe(h) = lim [[f 19, |1¥ < C.
QO EJ,O

But use of the fact that €2y was an arbitrary set of finite
measure together with Eq. (A3) shows that f € L'(R),
which gives a contradiction and finishes the proof. |

1. Lower bound on the smoothed L!-norm for
functions with a rapidly decaying tail

The smoothed L'-norm of a function /', defined in Eq.
(19), satisfies the trivial upper bound ||/ ||§5) <|\f Il for
all & > 0. The gap here between the smoothed L'-norm
and the nonsmoothed L'-norm can in general be arbitrarily
large even for L'-functions for which the right-hand side is
finite. In particular, although by Lemma A1l we know that
lim, o [|f || E‘E) = ||f |l1, in general we have no control of the
speed of convergence when we are taking this limit.

In this section, we, however, restrict ourselves to func-
tions with a rapidly decaying tail [as made precise in Eq.
(A6)] and for which we can provide good control in the
relevant lower bound (see Lemma A2). Here, for instances
of interest, we obtain the lower bound

V15 = 11 1 (1= CeP) (A4)
for some C > 0 and 8 € (0, 1] independent of ¢ and the
specific function f . In particular Eq. (A4) holds true for

J being the Wigner functions W, of the 1-mode Fock
states as shown in Proposition A1.
For functions satisfying Eq. (A4), we find that [75]

(&'
e g ZQ(WM>

A5
e'el0,e) & — & & ( )

for ¢ > 0 small enough. As seen in the previous sections,
the sample complexity of black box overlap estimation
and fidelity estimation in the Wigner model and the Pauli
model can be upper bounded in terms of the smoothed L!-
norm, with the quantity of interest being the left-hand side
of Eq. (AS) (see Theorems 1, 3 and 6). Therefore, by Eq.
(A5) we see that for functions satisfying Eq. (A4), we do
not weaken this upper bound when choosing ¢’ = 0 and
providing it in terms of the (nonsmoothed) L'-norm. This,
hence, further justifies that the characterization of the sam-
ple complexity of the Fock states found in Proposition 1
is in terms of the usual L'-norms of the Wigner functions
Winyinl-

‘11)1( tlhe remainder of this section we formally define the
notion of functions with a rapidly decaying tail and prove
the mentioned lower bound on their smoothed L!-norm
in Lemma A2. After that we discuss as an example the
relevant class of eventually exponentially decaying func-
tions on R™, which includes the Wigner functions of Fock
states.

Let © be some measurable space with some measure (.
For y,k > 0 and ¢ € Q a finite measure set, we say a
measurable function f has a rapidly decaying tail of order
(y, k) outside 2 if for all § > 0 we have

f If MNdp () < k8. (A6)
{If 1=8)nQf

For such functions we have good control of the respec-
tive smoothed L'-norm as proven in the following lemma.
In particular the proof follows lines similar to those for
Lemma A1, however providing additionally a conver-
gence rate as ¢ — 0 by use of the rapidly decaying tail
assumption.

Lemma A2 (Lower bound on the smoothed L'-norm).
Let e,y,k > 0 and ) C 2 be a set of finite measure.
Furthermore, let /' € L?(2) with ||f || < 1 have a rapidly
decaying tail of order (y, ) outside €2¢. Then

WA = 1 1 — k6P — e3/1(Q),

with B :=y/(y +1) € (0,1] and &’ := 2« "/H7).

(A7)

Remark AI. Note that since f in Lemma A2 is supposed
to be in L>(R2) and have a rapidly decaying tail outside a
finite measure set, it is immediately also in L!(£2). Hence,
the right-hand side of Eq. (A7) is finite.
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Proof. Let f € L'(2) N LA() with ||f —f ||, < ¢ and
8 > 0 to be determined later. We have

If Il = / If (W dp(r) + / If (Wldp ()
{If >4} {If 1=8}N2
+ / If (Wldp(r)
{If 1=83nQ§
< / If (O —f (W) (r)
{If I>8}

+/Q I ) =f Wdp@) + IIf 11 + 87 (A8)
0

For the first term we use with the Cauchy-Schwarz inequal-
ity together with the fact that ||/ ||, < 1, which gives

/ If W) —f W) (r)
{If' 1>8}
< —Flov/i((f [ >8] < g

Similarly, we see for the second term in Eq. (A8) that
/ If ) =F 0)ldr(x) < ey/p(Q).
Qo

Plugging this into Eq. (A8) and using the fact that f
is an arbitrary feasible function in the optimization cor-
responding to the smoothed L'-norm in Eq. (19), we

S€e
& £
W1 = 1 11— ev/ie(R0) — Sk

Optimization over § > 0 and the choosing of § =
(e/1)7*D finishes the proof. [ |

For m € N and the special case 2 = R” equipped with
the Lebesgue measure, a class of particular interest which
satisfies the condition (A6) is eventually exponentially
decaying functions, i.e., f € L'(R™), which satisfy for
some ¢, C > 0 and ¢ C IR™ of finite measure

If ()] < Ce"! (A9)
for all « € R™ \ €. Such functions have a rapidly decay-
ing tail of order (y, k¢ +m) outside 2 forevery y € (0, 1)
fixed and «c, ;» being linear in C and k¢, ;,»/C depend-
ing on y, t,m but not f . This essentially follows due to the
standard inequality [76]

o0
/ e lda < / e P ay
{e~flel <5} In((1/8)1/%)

<s(n(1/8) + 1), (A10)

where constants independent of § are hidden in the <-
notation.

Note that the Wigner functions of the (1-mode) Fock
states W),y which are discussed in Sec. IV A 1 and given
in terms of Laguerre polynomials (71), are eventually
exponentially decaying in the sense of Eq. (A9). This can
be seen directly from the asymptotic expressions of the
Laguerre polynomials provided in Ref. [67] (consider there
the table on page 699 for convenience). From that we
can conclude the validity of the mentioned lower bound
on their respective smoothed L'-norm in the following
proposition:

Proposition A1. The Wigner functions of the 1-mode
Fock states (|n)(n|),cy satisfy

[Py = Wi, (1 = CeP) ~ Vn(1 = CeP)
(Al1)

foralle > 0,8 € (0,1/2) and some C > 0 possibly depen-
dent on B but independent of n and €.

Proof. We use the fact that the Wigner function of the
Fock states |n) (n| can be written explicitly [see Eq. (36) in
Ref. [70] and Eq. (7.3) in [71]] in terms of the Laguerre
polynomials as

2
Winy (@) = (=1)" (;) e 2l L, (4lal?),

Using the asymptotic expressions for the Laguerre polyno-
mials in Ref. [67], we see that

2
Wiy (@) < ce™"1®l

for all |a| > s/n for some s,c,t > 0 independent of n.
Therefore, by the discussion around Eq. (A9) we see that
Winyn has a rapidly decaying tail of order (y, ., ) out-
side Qo = B, z(0) C Cforall y € (0, 1). Here, ks > 0
depends linearly on ¢ and is independent of n. Noting that
the volume of €2 is of order n, we see from Lemma A2
that

[Pl = [ Wil S &% + /e S /e,

where =y /(y +1) € (0,1/2) and we are hiding all
constants which are independent of n and ¢ in the <-
notation. Use of the fact that || W[l ~ +/7 as noted in
Eq. (74) as a consequence of Lemma 1 in Ref. [16] finishes
the proof. |

APPENDIX B: ROBUSTNESS OF FIDELITY
ESTIMATION UNDER PHOTON LOSS NOISE

In the following, we discuss the robustness of the ideal
protocol proposed in Theorem 3 in the case of photon loss
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noise. Considering the 1-mode case for simplicity, pho-
ton loss is usually described as the quantum dynamical
semigroup A, = e'“loss corresponding to the Lindbladian

1
Eloss(a) = K(aoa* - E (NG + UN))’

with ¥ > 0 being the photon loss rate; see Sec. 5.2 in Ref.
[77] for a general discussion of the photon loss semigroup.

Even for arbitrarily short times ¢ > 0, it is known that
the photon loss semigroup can distort the quantum sys-
tem maximally with respect to trace distance when general
input states o are considered, i.e., more precisely

1
SUPEHAt(U)—U”l =1 (BI)

for all £ > 0 (see Proposition 1 in Ref. [78]]. Hence,
in the worst case over all prepared states o, we do not
expect that the protocol proposed for the achievability
result (Theorem 3) is robust with respect to photon loss.

However, actual experiments can use only a finite
amount of energy to prepare the quantum system, which is
why it is reasonable to consider only energy-constrained
states satisfying Tr(No) < E for some fixed energy
threshold £ > 0. For such states, the photon loss semi-
group satisfies the continuity bound (see Theorem 1 and
Example 5 in Ref. [79] ]

1
EHAt(O') —olli <3vVkEt (B2)

This bound can be used to obtain a robustness analysis of
Theorem 3: First, let us consider for simplicity the case
of the target state p satisfying W, € L'(C). Following the
protocol in Sec. III A a tester samples points in phase space
according to

| W ()]

A T AT

and for obtained sample « € C desires to measure the pre-
pared state o with respect to the displaced parity operator
(2/m) D()T[1D*(@x). In actual experiments, following the
standard approach from Ref. [4], this is obtained by stor-
ing the state o at first in a cavity and then displacing it,
resulting in the state o, = (2/7)D(a)o D*(«). The cavity
is then coupled to an auxiliary qubit for a fixed interac-
tion time #, > 0, after which the qubit is measured, which
effectively results in the measuring of the parity operator
IT = (= 1)V for the state o,. However, assuming noise in
terms of photon loss, the state which is actually measured
after this interaction time is Ay, (0,). We denote the out-
come of this measurement by Y, € {—2/m,2/7}, which
in particular satisfies E[Yo] = Wi, (o) (0) for o € C fixed.

The tester then considers the random variable
X =sgn(W,( @) Wyll1Ye.

In total the tester executes this whole process N times
to draw multiple samples from X and build an empirical
average.

Note that on expectation we have

E[X] :7'[/ Wp(a)WAtp((;a)(O)dOl.
C

From that and Eq. (56) we see

|F(p,0) — E[X]| Sﬂ[chp(a)||Waa(0)

— WAtp ((,a)(O)‘ dOl
52[C|Wp<a)| 0w — Ay (00)], de

S VKt /C Wy () |VE + |a|?da,

(B3)

where the second inequality follows by Eq. (29) and for
the last inequality we used the continuity bound for the
photon loss semigroup (B2) together with the fact that the
displaced state has energy Tr(No,) ~ Tr(No) + |a|?.

Hence, the protocol can be made robust given that
Jo IWo(a)|VE + |a|?do < oo, which can be seen as some
kind of energy constraint on the target state o [80]. In par-
ticular, for fixed desired accuracy ¢ > 0 to estimate the
fidelity, the tester obtains an estimator of the fidelity in the
worst case over all prepared states o with average energy
bounded by £ > 0 and target states p satisfying

(B4)

r]/ W, () |VE + |a)?da < &,
c

where we defined n = ,/k#,, which can be seen as a
parameter modeling the overall strength of the noise.

A bound on the corresponding sample complexity in
the presence of photon loss noise can be obtained sim-
ilarly as discussed in Sec. III A as we outline in the
following: As discussed there, we can avoid the assump-
tion W, € L! and in the first step of the protocol sample
1nstead with respect to p(a) = W(a)/|W(a)|1 for some
We L © satisfying ||W, — W||2 < &. The tester then
uses X sgn(W(a))||W||1Y as an estimator which sat-
isfies |X | < ||W||1 Similarly as in the expression for the
smoothed L! -norm, we can then perform optimization over
all such functions J¥ satistying additionally the energy con-
straint (B4) with W, replaced by W. More precisely, we
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find using Hoeffding’s inequality that

171,

2
1

N=0O inf — ] In (—)
el (C),61,69>0 e—& —& 8

s.t. g1 +ex<e
1Wp—Wla=e1,

1 fc 1@/ E+la|2da<e,
(B5)

copies of the state o are sufficient to estimate the fidelity
F(p,o0) using displaced parity measurements in the worst
case over all states satisfying Tr(No) < E.
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