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In quantum metrology, a major application of quantum technologies, the ultimate precision of estimating
an unknown parameter is often stated in terms of the Cramér-Rao bound. Yet, the latter fails to completely
characterize the distribution of estimates in the nonasymptotic regime. Optimizing metrology protocols
with respect to the Cramér-Rao bound can therefore lead to surprisingly poor finite-sample performance.
This can be avoided by quantifying the quality of a metrology protocol by the probability of obtaining an
estimate with a given accuracy. Using this intrinsically single-shot quantity naturally accommodates the
finite-sample regime. We show that the fundamental limits of this figure of merit can be quantified through
a multihypothesis testing problem between quantum states. Building on this connection, we derive an ana-
logue of the Cramér-Rao bound that contains explicit corrections relevant to the finite-sample regime. We
apply the finite-sample metrology framework to the example task of phase estimation with an ensemble of
spin-1/2 particles, giving unambiguous evidence that large quantum Fisher information does not guarantee
that a metrology protocol has a good finite-sample performance. Overall, analyzing the probability of suc-
cess allows the reliable study of quantum metrology in the finite-sample regime and opens up a plethora

of new avenues for research at the interface of quantum information theory and quantum metrology.
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L. INTRODUCTION

Metrology, the scientific study of measurements, has
naturally evolved to encompass the realm of quantum
theory. Quantum metrology seeks to realize practical
advantages by harnessing quantum effects. The growing
quantum technologies sector, especially, holds high expec-
tations for achieving unparalleled sensitivity with quantum
sensors. Anticipated applications range from the calibra-
tion of atomic clocks over gravitational wave detection to
potential medical uses [1-5].

It is crucial that the theory of quantum metrology
accommodates the limitations of near-term quantum sen-
sors. Usually, the number of quantum systems that can be
controlled is restricted, for example, being in the dozens
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for state-of-the-art sensors based on nitrogen-vacancy cen-
ters [6,7]. The slow operation speed of certain platforms
furthermore constrains the number of experimental repe-
titions that can be performed in a reasonable time frame
[8-10]. Another limiting factor is given by the inher-
ent drift of system parameters, which limits the available
time to conduct experiments before recalibration has to be
performed [11]. Metrology in the near term therefore hap-
pens in the finite-sample regime, in which the number of
experimental repetitions and simultaneously controllable
quantum systems is limited. The finite-sample regime is
also immediately relevant if the measurement time is very
short, for example, in the context of spectator qubits that
are used to perform a primitive form of error correction
through real-time feedback [12,13].

The central goal of quantum metrology is to devise
protocols that allow us to extract the parameter in ques-
tion, which we denote as ¢, as precisely as possible with
given resources. To determine an optimal protocol for a
metrological task, we need a figure of merit that measures
how well a given protocol estimates the parameter. The
common approach in quantum metrology [1-3,5,14,15] is
based on considering the mean-squared error of an estimate

Published by the American Physical Society
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1, i.e., E[(f — £)?], where the expectation value is rela-
tive to the randomness of quantum measurements as well
as any inherent randomness of the protocol. The quan-
tum Cramér-Rao bound [16] puts a fundamental lower
bound on the achievable mean-squared error. For an unbi-
ased estimator 7, i.e., satisfying E[f] =¢, the quantum
Cramér-Rao bound takes the form [5,16—18]

- 1
V E[( —1?] = ﬁ (1)

The quantity JF is the quantum Fisher information, which
measures how distinguishable the states of the family p (¢)
are around the true value . Much of the allure of the quan-
tum Cramér-Rao bound comes from the fact that it can be
saturated in many cases, for example, in the limit of many
independent copies of the quantum system. One thus fre-
quently resorts directly to the quantum Fisher information
as a figure of merit. A significant part of the metrology
literature revolves around finding protocols that exploit
entanglement to achieve Heisenberg scaling, meaning that
the quantum Fisher information scales as F = O(n?) rel-
ative to the number n of copies of the quantum system,
which contrasts with the classically achievable standard
quantum limit F = O(n).

Optimizing protocols for large quantum Fisher infor-
mation is a reasonable strategy in the asymptotic setting
where a large number of experimental repetitions can be
performed. The situation is considerably more involved
in the practically important finite-sample regime. The rea-
son for this is that the mean-squared error only constrains
the second statistical moment of the distribution of the
estimation error 7 — ¢. Hence, it only completely charac-
terizes the distribution when it is Gaussian. This is no
problem asymptotically, due to the central limit theorem,
but almost always leads to an incomplete characterization
in the finite-sample regime, in which higher moments of
the distribution cannot be neglected. This reasoning also
clarifies that the quantum Cramér-Rao bound still con-
strains the achievable precision, even in the finite-sample
regime, which means that large quantum Fisher informa-
tion is necessary for good performance, but on its own is
not sufficient—a phenomenon that we explicitly demon-
strate in the setting of phase estimation using an ensemble
of spins.

The existing literature contains a variety of approaches
that provide alternatives to the Cramér-Rao bound. Our
work is based on the notion of the success probability [19—
23], which captures how likely it is that the estimate 7 is
within a certain tolerance § of the true value ¢. Formally,
P[|7 — #| < 8] replaces the mean-squared error E[(7 — 1)?]
as the figure of merit. As we show, the success probabil-
ity gives a figure of merit that is especially useful in the
finite-sample regime.

Along these lines, it is worth noting that the success
probability and the mean-squared error are not fully inde-
pendent of each other. Indeed, Chebyshev’s inequality can
always be used to put a lower bound on the success proba-
bility in terms of the mean-squared error of the protocol. If
we consider a protocol that produces an unbiased estimate
that saturates the Cramér-Rao bound of Eq. (1), we obtain
the guarantee

A F
P[|t—t|§8]zl—8—2. (2)

Chebyshev’s inequality predicts that the success probabil-
ity approaches one polynomially fast when increasing &.
This is a weak guarantee, as we expect—and practically
achieve—an exponential decrease in the error probability.
In other words, guarantees based on Chebychev’s inequal-
ity may vastly overestimate the resources necessary to
achieve a desired success probability. In the context of the
Cramér-Rao bound we can still get an exponential decrease
if we aggregate multiple independent predictions through
a sample mean, in which case Hoeffding’s inequality pro-
vides a tighter bound. As we showcase later for the specific
case of phase estimation, we can significantly improve
upon this strategy when using entangled probe systems.

Before we discuss our novel contributions in detail, we
establish the notation and framework that we build on to
reliably capture the performance of metrology protocols in
the finite-sample regime.

II. FRAMEWORK FOR QUANTUM METROLOGY
IN THE FINITE-SAMPLE REGIME

Combining and generalizing prior work on alternatives
to the Cramér-Rao bound and global quantum metrology
[19-26], this section is devoted to formally defining the
success probability of a metrology protocol and to out-
lining how it can be used to define two other quantities,
the optimal tolerance and the sample complexity. Together,
these quantities form a holistic framework that is partic-
ularly suitable to exploring the finite-sample regime of
quantum metrology.

Formally, we consider the task of estimating an
unknown parameter that is encoded in a quantum state, as
depicted in Fig. 1 (parametrized channels will be discussed
in Sec. XI below). Let t — p(¢) be a one-parameter family
of quantum states, where the parameter ¢ belongs to some
fixed real interval 1 € I € R. For technical convenience,
we assume that the interval / is given as the domain of
the function ¢ +— p(¢) and henceforth omit explicit men-
tion of 7, all while assuming that ¢ belongs to the domain
of t — p(f). We note that p(f) does not necessarily need
to be a one-to-one function. However, if there are two val-
ues of ¢ that correspond to the same state, distinguishing
between these values will be impossible and hence limit
the metrological performance accordingly.
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FIG. 1. The setup we consider for quantum metrology in the

finite-sample regime consists of applying a measurement onto
the quantum state p(f) and inferring an estimate 7 of the value
of the unknown parameter ¢ from the outcome of the measure-
ment. The estimation process is successful if the estimate 7 and
the true parameter value ¢ differ by at most some fixed error
tolerance é. The finite-sample approach quantifies the probabil-
ity that the estimation procedure is successful. In contrast, the
standard quantum Cramér-Rao bound quantifies the variance of
outcome 7 for a given estimation procedure, fully characterizing
the distribution of estimates only after collecting many outcomes.

An important particular example of the above setup is
phase estimation, where an unknown phase shift imprinted
on a quantum system by a Hamiltonian evolution is to
be determined. It describes a wide range of tasks, includ-
ing interferometers, magnetometers, and quantum clocks.
We consider an ensemble of n spin-% particles (qubits),
which are prepared in a state pg. Every spin then indepen-
dently undergoes an unknown phase shift of ¢, resulting in
a state p(7). Afterwards, a measurement is performed on
the n spins, from which the value of the unknown phase
shift is inferred. The combination of a probe state p,, a
measurement, and the postprocessing of the measurement
outcomes into predictions 7 for the value of  constitutes an
example of a metrological protocol.

As we have motivated in the Introduction, the mean-
squared error is a figure of merit for quantum metrology
that may be misleading in the finite-sample regime. To
circumvent this issue, we can approach the problem of esti-
mating the parameter ¢ from an operational angle. Imagine
we want to estimate ¢ up to a tolerance of §, and if we man-
aged to do so, we call our procedure successful. A very
natural figure of merit for the quality of a metrological pro-
tocol is then the probability with which it produces such a
successful estimate [19-22,25].

We consider the setup of Fig. 1, where a parameter is to
be extracted from a parametrized quantum state ¢ — p(?)
through a quantum measurement. Physically, this process
is realized by performing a measurement and subsequently
postprocessing its outcomes into a prediction for the under-
lying parameter, 7. Mathematically, we can formalize the
metrological protocol as a positive operator-valued mea-
sure (POVM) 1 — Q(t). For a fixed value ¢ of the param-
eter, the probability of obtaining an estimate 7 is then given
by

Plz | 1] = Tr[p () O()]. 3)

We are left to mathematically model the fact that the
value of the parameter ¢ is unknown. In this work, we fol-
low established strategies from the field of global quantum
metrology [26] and consider two ways of doing so. The
first takes the Bayesian point of view, where the true value
of the parameter follows a prior distribution ¢ ~ (). The
Bayesian approach is especially suitable if there is indeed
existing knowledge about the underlying parameter, for
example, from prior experiments. The second approach we
analyze is one where we have no prior knowledge about
the true value 7. One might be tempted to model this sit-
uation using the Bayesian approach with a uniform prior
distribution. This, however, still corresponds to an assump-
tion about the underlying distribution. Instead, we take a
more fundamental approach and consider the worst case
over all possible values of ¢. This corresponds to a set-
ting where the ground truth is selected by an adversary.
We refer to this setting as the minimax setting, following
standard terminology in statistics. The name stems from
the two optimizations that are involved when we try to
come up with a good protocol: our maximization of the
success probability over possible protocols and the adver-
sary’s minimization of it over the different choices of the
true value ¢. For this point, see also Fig. 2. The minimax
setting also gives guarantees that hold for all possible prior
distributions of ¢ and, as such, enables a rigorous treatment
of the lack of any prior knowledge about the unknown
parameter.

These thoughts lead to the following formal definitions.
In the definitions,

1 if)t—1] <,

t— =
Wit = 7) 0 otherwise

“)

denotes the rectangular window function, which we use
to aggregate all possible predictions that are within our
accepted estimation tolerance. The window function is
a special case of a “deviation” or “dispersion” function
as used in previous work [19,21,23] that allows for an
interpretation as a probability.

Definition I (Success probability). For a given tolerance
3, a set of states p(f), possibly with prior w(¢), and a mea-

surement Q(t), the Bayesian success probability is given
by

0G5 11, 9, 0) = / dt p(ode ws(t — 7) Tip (HO(D)]
)

The minimax success probability is given by

7(6.p. Q) = inf / drws(t — ) THp(O@D]. (6)
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FIG. 2. The fundamental quantities forming the framework for
finite-sample metrology used in this work. The success probabil-
ity, defined intuitively through the statement given in the above
figure, forms the cornerstone of the framework. The tolerance is
obtained from it by answering the question: what is the small-
est tolerance that still guarantees a given success probability?
Similarly, the sample complexity is the answer to the question:
how many repetitions of an experiment do I need to perform
to achieve a certain tolerance at a fixed success probability?
We rigorously define them in Definition 1 (success probabil-
ity), Definition 2 (estimation tolerance), and Definition 3 (sample
complexity).

We observe that the success probability can be more
compactly written using the convolution notation

WWpXQ::/erO—rm@) %)

as
2G5, 10, 9, 0) = f dt (0 Trlo () (w3 % O)(0)]

_ f dede Te[u(0pOws(t — O]

- / dede Tr[u(0pOws(z — HOD)]

= /df Tr[(ws = {u - pH(OO()];  (8)

we use this notation in the rest of this work.

The success probability of Definition 1 quantifies the
probability that our metrology protocol outputs a correct
estimate. This is very reminiscent of the strategy used to
quantify the performance of learning algorithms pioneered
by Valiant [27], which was coined probably approximately
correct learning.

As we show in Sec. IV of the Supplemental Material
[28], both the Bayesian and minimax success probabilities
have basic continuity properties in all their arguments and
allow for intuitive monotonicity relations.

It is equally operationally relevant to require that our
metrology protocol should achieve a certain success prob-
ability and then to quantify the smallest possible estima-
tion tolerance for which that success probability is still
achieved. This leads to the following rigorous definition.

Definition 2 (Estimation tolerance). For a given suc-
cess probability n, a set of states p(¢), possibly with prior
u(t), and a measurement Q(t), the Bayesian estimation
tolerance is given by

5(77a M, 0, Q) = lnf{g/ = 0 | 77(8/’ M, 0, Q) > 77} (9)

The minimax estimation tolerance is given by

5(n,p, Q) :=inf{8' > 0| 7(8', p,0) = n}. (10)

Looking at the estimation tolerance as a figure of merit
instead of the success probability allows for a simpler com-
parison with the standard bounds encountered in quantum
metrology, as the tolerance has comparable meaning to
the standard deviation of an estimator quantified by the
quantum Cramér-Rao bound.

Both the success probability and the tolerance intro-
duced in Definitions 1 and 2 are truly single-shot quanti-
ties, in that they consider a single outcome of the quantum
measurement. Usually, however, the desired performance
can only be achieved by performing multiple repetitions
of the same experiment. We model multiple repetitions
of an experiment by having access to n copies of the
parametrized state, i.e., > p®"(f). The measurement
Q(7) is then performed collectively on the n copies of the
state.

The multicopy scenario leads us to a third operationally
relevant figure of merit, the sample complexity. It quan-
tifies the number of copies necessary to achieve guaran-
tees on both the success probability and the estimation
tolerance.

Definition 3 (Sample complexity). For a given success
probability 1 and tolerance 4, a set of states p(¢), possibly
with prior 14 (#), and a sequence of measurements {Q" (1)},
the Bayesian sample complexity is given by

n(n,8, w, p, {0™}) := inf{n" € Nn(s, w, 0", 0"") > n}.
(11)

The minimax sample complexity is given by

0,8, 0, {0™}) := inf(n' | 78, p®",0") = n}. (12)
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Results in the context of more general metrology tasks,
like state tomography or Hamiltonian learning, are there-
fore usually phrased in terms of the sample complexity. We
explore this connection and the multivariate generalization
of this framework in Sec. XIV below.

Practical settings in quantum metrology often involve
estimating an unknown parameter present in the dynam-
ics of a system, rather than directly encoded into the state
itself. We discuss this setting of parametrized quantum
channels in Sec. XI below.

With the preceding definitions, we possess a set of fig-
ures of merit that capture the performance of finite-sample
quantum metrology protocols. Here, we discuss the opti-
mal values these quantities can take when we optimize
over all possible metrological protocols. This brings us
to the following definitions of the optimal counterparts of
Definitions 1, 2, and 3.

Definition 4 (Optimal Bayesian quantities). The opti-
mal Bayesian success probability is obtained by opti-
mizing the Bayesian success probability over all possible
POVMs:

n*(8, u, p) :=supn(, i, p, Q). (13)
0(r)

We use it to define the optimal Bayesian tolerance

8" (m,m, p) ==inf{8' = 0| 0", u,p) =0}  (14)

and optimal Bayesian sample complexity

n*(n,8, 1w, p) 1= inf{n' € N | 7*(8, 11, p®7) = n}. (15)

The optimal minimax quantities are defined analo-
gously.

Definition 5 (Optimal minimax quantities). The optimal
minimax success probability is obtained by optimizing the
minimax success probability over all possible POVMs:

n*(8, p) 1= sup (s, p, 0). (16)
0(r)

We use it to define the optimal minimax estimation toler-
ance

8 p):=inf(8' 207", p) =0} (17)
and optimal minimax sample complexity
7*(1,8,p) = inf{n’ e N |75, p®") = n).  (18)

The optimal Bayesian and minimax success probabili-
ties have desirable properties such as convexity in their
arguments and data processing under noise channels, a
point we elaborate on in Sec. IV of the Supplemental
Material [28].

III. OVERVIEW OF RESULTS

In this work, we establish the following main results.

Computing optimal protocols. Optimizing protocols for
a high success probability gives strong operational guar-
antees in the finite-sample regime. As we show in Sec.
V, the optimization of protocols can be performed using
semi-infinite programming [29,30], a continuous analogue
of semidefinite programming [31,32]. In the specific case
when the measurement is fixed, we analytically give the
optimal way to postprocess the outcomes into estimates of
the underlying parameter.

Fundamental limits via hypothesis testing. In Sec. VI,
we discuss the relationship between the metrological
success probability and quantum hypothesis testing. In
Theorem 1, we rigorously establish that the task of estimat-
ing a parameter encoded in a state p(7) is at least as hard
as performing a quantum multihypothesis test between
parametrized states {p (t,»)}?i | associated with parameter
values that are separated by at least twice the tolerance
8, 1.e., |t; —t;| > 26 for i #j (see Fig. 3). This provides
us with an upper bound on the success probability for our
parameter estimation task in terms of the success probabil-
ity of the associated multihypothesis testing task. We make
use of this theorem to derive a simple relation between the
success probability and the fidelity of states in Corollary
2 that forms the basis of our further results on asymptotic
rates. Our theorem bears resemblance to a result of Berry
et al. [23] that also relates the performance of metrology
protocols to hypothesis testing.

Asymptotic rates of quantum metrology. In Sec. VII, we
exploit the hypothesis testing bound of Theorem 1 to study
the rate with which the success probability approaches one
when using increasingly more copies of the same quantum
state p(¢) while maintaining a fixed tolerance. In particu-
lar, we provide upper and lower bounds on error rates in
Theorems 2 and 3, and we present the exact asymptotic
rate for commuting (i.e., classical) metrology problems in
Corollary 3.

A finite-sample Cramér-Rao bound. The metrological
tolerance, which quantifies the smallest deviation of metro-
logical estimates that still guarantees a given success
probability, fulfills a role similar in spirit to the standard
deviation in the asymptotic framework of quantum metrol-
ogy. We exemplify this similarity in Sec. VIII by giving a
bound in Theorem 4 that resembles the Cramér-Rao bound,
but is valid in the single-shot setting. This showcases
the fact that, while not sufficient for good finite-sample
performance, large Fisher information is still a necessary
prerequisite.

A finite-sample analysis of phase estimation. We devote
Secs. XII and XIII to a minimax analysis of the problem of
estimating a phase imprinted on an ensemble of spin-% par-
ticles by a Hamiltonian evolution. For the general case of a
covariant Hamiltonian evolution, we give the measurement
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Metrological tasks consist of estimating some physical properties of a quantum system. A basic protocol involves preparing a

probe state po, letting it interact with the quantum system of interest, and then measuring the output state. We describe the most general
protocols in Sec. XI. (a) In quantum parameter estimation, the parameter ¢ € R indicates the physical property of interest, which may
be governed by an underlying random process with probability density function w. In the finite-sample approach, we identify the
success of the estimation procedure by correctly identifying parameter ¢ up to a given tolerance §. (b) In quantum hypothesis testing,
a set of quantum states with labels x € X is given and the task is to design a measurement that maximizes the probability of correctly
identifying the label x. (c) The core contribution of our work is a rigorous connection between quantum hypothesis testing and quantum
parameter estimation. Specifically, we show that the parameter estimation problem of (a) is at least as hard as distinguishing states that
are mutually at least 28 apart in the hypothesis testing setting of (b); see Theorem 1.

achieving the optimal success probability and provide a
formula in closed form in Theorem 5. This allows us to
find the optimal probe state in the phase estimation sce-
nario and to establish the optimal asymptotic rate of the
error probability in Theorem 6.

An exhaustive numerical comparison of different probe
states shows without a doubt that the quantum Fisher
information fails to reliably predict the finite-sample per-
formance of a probe state. A clear example of this is given
by the Holland-Burnett state, which has nearly optimal per-
formance according to the Cramér-Rao bound, but whose
finite-sample performance is very poor. We also observe
that the optimal probe states for finite-sample phase esti-
mation are notably different from typically considered
ones.

Further results. We use the hypothesis testing bounds
and the finite-sample Cramér-Rao bound to derive corre-
sponding bounds on the sample complexity of quantum
metrology in Sec. IX. This work takes significant inspira-
tion from single-shot quantum information theory [33-36],
in particular in its mindset. Correspondingly, we show in
Sec. X how the optimal success probability can be viewed
in terms of one-shot entropic quantities.

In Sec. XI, we show that the framework we use and the
main results we derive readily generalize to the setting in
which unknown parameter 7 is accessed through the use of
a parameter-dependent quantum channel ¢ — N (¢), where
richer estimation strategies, like adaptive strategies, are
available. We elucidate connections to other fields in Sec.
XIV and discuss a variety of open problems in Sec. XV.

IV. RELATION TO PRIOR ART

Here we provide a brief overview of the relation of our
work to prior works, and we refer the reader to Sec. I of the
Supplemental Material [28] for a more detailed account.

Prior works focusing on metrology with finite repeti-
tions [20,37—43] in both the classical and quantum cases
usually take a “large deviation” perspective, such that the
number of samples is understood to be finite but still
large. Also, Hayashi and Watanabe [43] provided general
and meaningful criteria for judging finite-length bounds
for the task of channel coding. The two criteria are effi-
cient computational complexity and asymptotic optimality.
These criteria are also meaningful within our framework
of finite-sample quantum metrology, and it is notable that
the optimal success probability that we define satisfies both
criteria.

The notion of the success probability that we define has
already appeared in Refs. [20,22,24]. Hayashi [20] also
defined a notion of the success probability with a given
tolerance similar to Definition 1. He studied the properties
of consistent protocols that ensure that the success prob-
ability, asymptotically, approaches unity for all nonzero
tolerances. For those protocols, a large-deviation analysis
where the number of samples is finite but still assumed
large was performed. This allowed the author to bound the
local curvature of the asymptotic rate defined in Eq. (32)
below. In our work, we go beyond this result by establish-
ing bounds that hold in the single-shot setting and that we
then use to establish bounds on the asymptotic rate that
hold for fixed tolerance § and that at the same time give a
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tighter constraint on its local curvature (see Sec. VI H of
the Supplemental Material [28]).

The authors of Refs. [20,44] have quantified asymp-
totic properties related to the achievable precision under
statistical assumptions on the estimators, something that
can be tightened with our results, as we explain in the
Supplemental Material [28]. References [41,42,45] have
extended this approach to quantum state tomography. The
problem of optimizing the metrological tolerance with a
given guarantee on the success probability has been treated
in Refs. [22,24,25,46,47], where some bounds have been
given. The existing body of literature on confidence region
tomography can also be seen as an instance of learning a
state with a given tolerance [46,48—51]. In a spirit simi-
lar to our work, connections between quantum metrology
and hypothesis testing have been used to obtain precision
bounds in the standard approach to quantum metrology
[24,46,52]. Berry et al. [23] gave a quantum Bell-Ziv-
Zakai bound that is highly versatile. While the rectangular
window function we use in our work does not fit into
the framework of Ref. [23], we believe that a modifica-
tion is possible that would yield a result that is similar to
the Bayesian version of our hypothesis testing bound on
the success probability. We detail this reasoning in Sec. I
of the Supplemental Material [28]. The reverse direction
of using metrology bounds to quantify channel discrim-
ination has also been explored [53]. Our analysis of the
phase estimation problem [19,54-59] generalizes a result
by Holevo [19] and has overlaps with Ima and Hayashi
[60] and Hayashi [61], who also used the Fourier-analytic
approach. Alternative methods for multiparameter estima-
tion are reviewed in Ref. [62]. Salmon et al. [63] studied
the case of a fixed measurement with a focus on the
admissibility of said measurement.

V. COMPUTING OPTIMAL MEASUREMENTS

Of the three quantities that form the basic framework
treated in this work, the success probability is the most
amenable to optimization. It is linear in the chosen mea-
surement, and we can show that the optimization over the
measurement Q(t) can be cast into the form of a con-
vex problem [32]. Specifically, it assumes the form of
a semi-infinite problem [29,30], so a semidefinite prob-
lem with infinitely many objective variables and finitely
many constraints, or the other way around. For the the-
ory of semidefinite programming to largely take over, the
involved functions must be analytically defined, smooth,
and convex [30], which can be safely assumed here. In
what follows, we refer to such infinite readings of semidef-
inite problems as convex problems. This formulation of the
optimization problem does not only provide a path to more
easily compute them, but is also a reliable tool to prove
upper and lower bounds.

Proposition 1 (POVM optimization). For a given tol-
erance 6 and a set of states p(f) with prior distribution
u(t), the optimal success probability n*(§, u, p) can be
computed using the convex program

&?goi/dz Tr[(ws * { - pH(OQO(D)] ' /dtQ(t) :]I}.
19)

The optimal success probability is equally characterized by
the convex program

1)1(1113 {Tr[ X1 X > (ws * {u- p})(®) forall z}.  (20)

The minimax success probability can be computed in a
similar way by additionally optimizing over all priors.

The second convex program in Eq. (20) is derived
through the notion of duality in semi-infinite program-
ming. The proof of the above proposition, along with a
more detailed statement is provided in Proposition 2 within
the Supplemental Material [28], where we also explic-
itly give the convex formulation of the minimax success
probability.

From a practical standpoint, it is also important that the
above semi-infinite program can actually be implemented
numerically while having guarantees on the quality of the
approximation.

Proposition 2 (Discretization). There exists a dis-
cretization of the convex program of Proposition 1 that
yields a semidefinite program that can be solved with stan-
dard tools. If p(?) is Lipschitz with respect to the trace dis-
tance, the error of the discretization can be made arbitrarily
small by choosing a suitable scale of the discretization.

We give detailed statements of the above in Sec. I F of
the Supplemental Material [28]. The optimal tolerance and
sample complexity can in principle be computed by com-
bining the above semidefinite program with binary search
[64]. The influence of discretization in quantum metrology
was also studied previously in Ref. [65].

The general structure of the solutions to the convex
problem of Proposition 1 is unclear a priori. Consequently,
the optimal measurement for a given metrological problem
might be either impractical or impossible to implement in
an experiment. A particular way to model experimental
restrictions is to consider the measurement performed on
the quantum system to be fixed. In the following, we study
how to best turn the outcomes of that measurement into a
prediction of the encoded parameter.

As shown in Fig. 4, we consider an estimation strat-
egy that begins by applying a fixed quantum measurement
described by a POVM {M (1)},. For instance, the POVM
might represent a projective measurement in a fixed basis
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Fixed
Measurement

Parametrized
State

Optimal
Postprocessing

FIG. 4. Metrology setting with fixed measurement as dis-
cussed in Sec. V. A parametrized state p(f) is measured with
a POVM {M (1)}, fixed by, e.g., experimental feasibility restric-
tions. We show that the optimal way of postprocessing the mea-
surement outcome X into predictions of the underlying parameter
t is given by a smoothed analogue of maximum a posteriori
estimation in the Bayesian case.

or a POVM with continuous outcomes, like homodyne
detection. Subsequently, the procedure infers from the out-
come A an estimate *(A) for the value 7 that is encoded in
the measured state.

In classical statistics, an essential technique to infer
the value of parameters is maximum-likelihood estima-
tion. When combined with Bayesian priors, it gives rise
to maximum a posteriori estimation (MAP). In our case,
we can model the joint distribution of the measurement
outcomes A and the ground truth # as

(. 0) ~ PATP[z | 2], @n

where P[] is the distribution of measurement outcomes
relative to the prior distribution w(#) and the given POVM
{M (M)}, and P[¢ | A] is the posterior distribution of the
ground truth given the observed measurement outcome,
which can in practice be obtained using Bayes rule. In our
setting, it is natural to predict the value for our ground truth
that maximizes the amount of posterior probability within
its tolerance window:

Tsmap(A) = arg max (ws * P[-[A]) (7). (22)

This smoothed maximum a posteriori (SMAP) estimate is
indeed optimal.

Proposition 3 (Optimal postprocessing of a fixed mea-
surement in the Bayesian setting). For a given tolerance §,
state set p(f) with prior (¢), and a fixed POVM {M (1)},
the optimal Bayesian success probability of an estima-
tion strategy that measures {M (1)} and postprocesses the
result is achieved by the smoothed maximum a posteriori
estimator:

sup (8, b 0, Ourex) = 1, 1, P, Oviegy ) (23)

Here, Oy, formally denotes the POVM obtained by
postprocessing the outcome of measuring M using 7*.

We present a proof of this fact in Sec. V of the Supple-
mental Material [28] and present explicit formulations of
the achieved success probability. We note that the situa-
tion is more nuanced in the minimax setting. The strategy
equivalent to SMAP is not necessarily optimal in this case,
but yields a practical upper bound.

VI. ULTIMATE LIMITS OF FINITE-SAMPLE
METROLOGY THROUGH HYPOTHESIS
TESTING

Intuitively, determining a parameter encoded in a quan-
tum system should be intimately related to the task of
distinguishing states for different values of the parameter.
In this section, we make this intuition rigorous and prove
that the success probability of a quantum metrology pro-
tocol is fundamentally limited by the distinguishability of
states associated with parameters spaced at the order of the
desired tolerance.

The optimal probability of success for distinguishing a
set of N quantum states {p;}", with prior probabilities
{pi}Y.|—a test between N quantum hypotheses—is given
by [66]

N

Pi({pipil) = sup > piTilpQ].  (24)
POVMs i=1

oY,

Similarly, the optimal minimax success probability is
defined as

P ({p})) == sup min Tr[p:Q;]. (25)
POVMs [ =/=N
oY,

Already, Yuen et al. [67] have studied an extension of
this definition with an additional cost matrix Cj; and the
associated optimal expected cost

N N
. 5{1& S Z Z piCyj Tr[p;0; 1, (26)
oy, =tj=1

and have shown that this constitutes a semidefinite prob-
lem. A look at Proposition 1 shows that our notion of the
Bayesian success probability can be understood as a con-
tinuous version of this definition in which the complement
of the window function, 1 — wjs, takes the role of the cost
function.

Because of this close resemblance of metrological prob-
lems to generalized multihypothesis testing problems, it is
unsurprising that every quantum multihypothesis testing
problem can be written as a particular metrology problem
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with suitably chosen prior distribution and tolerance (see
Sec. VI A of the Supplemental Material [28]).

We also establish a result in the other direction and
bound the optimal Bayesian and minimax success proba-
bilities for a metrological problem through multihypoth-
esis testing. To gather some intuition, let us consider the
minimax setting. The minimax optimal POVM Q guaran-
tees a success probability 7* for our metrological task of
estimating the parameter ¢ up to a precision of §. If we
are now tasked to distinguish between two states p(¢) and
o(?), we can approach the problem by measuring Q and
then predicting the value ¢ or ¢ that is closest to the mea-
surement outcome. If the tolerance regions around ¢ and
¢ do not overlap then, by the definition of the minimax
success probability, this approach also guarantees a prob-
ability of 7" for successfully distinguishing between p (%)
and p(¢). This in turn means that any upper bound on the
success probability for the distinguishing task is also an
upper bound on the success probability of the metrological
task.

The theorem below expands this reasoning to the
Bayesian setting and to the possibility of trying to distin-
guish multiple states along the trajectory.

Theorem 1 (Hypothesis testing bound). For a given tol-
erance 8, fix any set S = {(v, s)} of prior probabilities v €
[0, 1] and shifts s € R such that, for all distinct s,s" € S,
we have |s —s'| > 28 and ) _gv = 1. Then, for a state
set p(f) with prior w(z), we have the upper bound

0 (8, 1, p) < / AP 1t + 9)p(t + ))omes). 27)

Optimizing over the prior probabilities v then yields the
analogous upper bound in the minimax setting:

(8. p) < inf P ({p( + ) }ses)- (28)

The proof of the theorem is presented in Sec. VI B
of the Supplemental Material [28]. It also generalizes to
parametrized quantum channels, as discussed in Sec. XI
below. This theorem is related to a result by Berry et al.
[23], which established a connection between hypothesis
testing and quantum metrology as quantified by a “distor-
tion function” D(x) that measures how “bad” an estimate
is. Our setting corresponds to the choice of distortion func-
tion D(x) =1 — ws(x). While technically requiring the
distortion function to be differentiable, we believe that the
results of Ref. [23] imply a theorem that is similar to
Theorem 1. We detail this relation in Sec. I of the Sup-
plemental Material [28]. The upper bound on 1n* obtained
in this way differs from Eq. (27), but would also be suit-
able in our analysis of the asymptotic rate of the success
probability that we carry out below.

As the general formulation of Theorem 1 might appear
unwieldy, we present some more intuitive corollaries. We
first note that application of Theorem 1 is especially use-
ful analytically when restricting to two shifts, because then
the analytic expression for the success probability of binary
hypothesis testing due to Helstrom [68] can be used. Look-
ing at the minimax case with two shifts, we immediately
obtain what can be considered an analogue of Le Cam’s
two-point method [69].

Corollary 1 (Two-point method). For a given tolerance
3 and state set p(#), we have the following upper bound on
the minimax success probability:

m@.p) = inf Pl(p(0),p(t). (29)

The above result, together with the Fuchs—van de Graaf
inequalities, allows us to further deduce a relation to the
quantum fidelity

F(p,0) = Tr[(c'?pa'/?)!7?], (30)
which we use later to give a concise sample complexity

bound, as shown in Sec. VI C of the Supplemental Material
[28].

Corollary 2. For a given tolerance § and state set p (%),
we have the minimax error probability lower bound

1
L=7"(.p) = 7 sup F(p®,p)* (31

t—f|>25

We can use similar reasoning as in the derivation of
Theorem 1 to obtain a lower bound that makes use of
asymmetric hypothesis testing. The resulting bounds are
presented in Sec. VI D of the Supplemental Material [28].

We explore other directions that yield metrology bounds
of different forms in Sec. VI F of the Supplemental Mate-
rial [28]. Along the way, we present a bound for quantum
multihypothesis testing in Sec. VI E of the Supplemental
Material [28].

VII. ASYMPTOTIC BEHAVIOR OF THE SUCCESS
PROBABILITY IN THE INDEPENDENT AND
IDENTICALLY DISTRIBUTED REGIME

In this section, we consider our framework in the limit
where many independent and identically distributed (IID)
copies of the state are available. We aim to understand
this asymptotic limit of the finite-sample framework in
order to connect it to standard approaches in metrology
and information theory where many copies of the state are
assumed to be available. We exploit Theorem 1 to compute
an upper bound on the asymptotic rate with which both the
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Bayesian and minimax success probabilities approach one.
Formally, we define the asymptotic error rate as

. 1 * n
R*((Sa 2 /0) = nll)ngo_; log[l -n (5’ H, 10® )]7 (32)

when the limit exists. The minimax rate R (8, p) is defined
analogously.

We relate the asymptotic rate of a metrological problem
to the asymptotic rate of hypothesis testing [70,71], which
is given in terms of the Chernoff divergence

C(p,0) = — Oggl log Tr[p*c 1 ~]. (33)

In analogy to multihypothesis testing, where the asymp-
totic rate is given by the smallest Chernoff divergence
between two states that are to be discriminated, we obtain
the following upper bound.

Theorem 2 (Upper bound on the asymptotic rate). For
a given tolerance § and a set of states p(¢), possibly with
prior w(f), the Bayesian and minimax rates obey the upper
bounds

R'@G.p) =R Gp.p) = inf Clp@.p(),  (34)

where the optimization is over time values that have
nonvanishing support in the possible priors.

We emphasize that, for the above statement and those
that follow in this section, we implicitly assumed that the
support of u encompasses the whole admissible set of
values for parameter ¢ that is used to compute the mini-
max success probability. Restrictions to smaller admissible
sets of parameters are possible and the results carry over
straightforwardly. The above theorem establishes that a
metrological problem is asymptotically at most as hard
as the hardest binary hypothesis testing problem of two
states whose associated time values are at least 2§ apart.
The proof of the theorem uses Theorem 1 together with
Laplace’s principle and is presented in Sec. VI G of the
Supplemental Material [28].

In quantum multihypothesis testing, the smallest pair-
wise rate is actually achievable [71] and, because of the
results below on the commuting case, we believe this to
also be true in the case of quantum metrology, at least
under suitable regularity assumptions. While we were not
able to prove this general statement, we succeeded in
establishing a lower bound that guarantees an asymptotic
rate equal to the best pairwise hypothesis testing rate for
a fixed measurement sequence. Formally, we consider a
fixed sequence of measurements {M ™} for n € N with out-
comes A (cf. Sec. V), and denote the channel that maps

states to their output distributions over X as
MOLp) = [ G ar THoM O G) G5)

This sequence achieves the following rate for binary state
discrimination:

R(p,0,{M"™},en) := lim

_ %1og{1 — PEM®P [, M@ [}, (36)

With this notation in place, we have the following theorem,
which adds the additional assumption that the set of states
is continuous.

Theorem 3 (Asymptotic rate with a fixed measurement
scheme). For a given tolerance § > 0, a continuous set of
states p (¢), possibly with prior w(¢) of full support, and any
fixed measurement sequence {M ™} for n € N, we have

R'Gnp) 2R G.p) = inf Ro(0, p(0), (M),
(37)

In the above theorem, the possible values of ¢ are con-
strained to the domain of p(f) and priors that have full
support on said domain. Priors with restricted support ful-
fill the theorem with ¢ and 7 contained in the restricted
domain. The proof uses a discretization argument together
with the smoothed maximum a posteriori estimation tech-
nique introduced in Sec. V and is given in Sec. VI A of
the Supplemental Material [28]. We note that Hayashi [20]
presented some more explicit achievability statements in
the large deviation regime § — 0.

In the case where an optimal measurement sequence
is known, however, this lower bound already achieves
the rate. This is particularly true in the commuting (i.e.,
classical) case.

Corollary 3 (Asymptotic rate for commuting states). For
a given tolerance § > 0 and a continuous set of states p(¢)
such that [p(?), p(¢)] = 0 for all ¢, ¢, possibly with prior
u(t), we have

R'@G.pp) =R 6,p)= inf Clo®.p(), (38)

where the optimization is over time values that have
nonvanishing support in the possible priors.

We believe that the strong connection we established
here to hypothesis testing between multiple quantum states
serves as a motivation to further explore the connec-
tion between quantum metrology and quantum informa-
tion tasks. This should be a fruitful endeavor that allows
researchers with a background in quantum metrology as
well as in quantum information processing to make an
impact on quantum metrology.
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VIIL. A FINITE-SAMPLE CRAMER-RAO BOUND

In the asymptotic approach to quantum metrology, the
most important tool is the quantum Cramér-Rao bound,
which gives a lower bound on the standard deviation of any
locally unbiased estimate, relating it to the inverse square
root of the quantum Fisher information. We already argued
that the quantum Cramér-Rao bound also constrains the
precision in the finite-sample regime, as a good value of
the bound is a necessary but not a sufficient condition for
successful estimation.

In this section, we derive a lower bound on the minimax
estimation tolerance of Definition 2 that makes this fact
explicit. We note that lower bounds on the estimation tol-
erance sufficient to establish that the tolerance can at most
decrease with Heisenberg scaling have been derived in
Refs. [24,25,46]. These bounds, however, do not resemble
the Cramér-Rao bound.

We derive our bound from Corollary 2, which we
rephrase in terms of the sandwiched Rényi relative
entropies. They are defined in terms of a constant « €
(0,1) U (1,00) as [36]

lOg Tr[(o_(1—0[)/201)00(1—01)/201)0(]'
(39)

Du(p o) :=
oa—1

In our case, the value o = % is crucial, as it connects to the
fidelity of quantum states defined in Eq. (30):

Dip(pllo) = —Llog Tr[(c'pa!/?)!/?]

= —LlogF(p,0). (40)

With this notation at hand, Corollary 2 can be rephrased as

1 . ~
o () =, A D000
(41)

Before we come to the formal statement of our theorem,
let us outline how this bound behaves in the special case
of IID copies. We can make the choice ¥ = ¢ + 2§ in the
above bound. For sufficiently small §, we can perform a
Taylor expansion. We denote it as

N 1 1
Dip(p@ || p(t+ 1)) = Efz(t)fz + 315 07’
1
+ $f4(t)r4 +o, (42)

where we envision choosing 7 = 2§. The values f;(¢)
are the Taylor coefficients of the function 7 D, V0]
lp(t+t)] at T =0; an explicit formula is given in
Eq. (46) below. Because of the relationship between the
sandwiched Rényi relative entropy and the fidelity, the

coefficient f;(f) is a constant multiple of the quantum
Fisher information f,(f) = %.7-" (f); see Sec. VII B of the
Supplemental Material [28].

Let us now for simplicity drop the explicit time depen-
dence. If we could ignore the higher-order terms in the
Taylor expansion, we could simply choose 26 =t «
1/4/f> to render the error probability lower bound constant,
which would give us the desired scaling of the bound. We
will, however, need to work a bit harder to get something
analytically meaningful. Let us choose T = y/4/f> in the
above expansion. Then, as long as 26 = 7 is within the
radius of convergence of the Taylor series, we have

Dip(p@) | pt+1))

12 1f3 3 1f44
=5 +3!f23/2y +4!f22 + .

We immediately observe that the quality of the second-

order approximation depends on the ratios f, /f,” 2 To get
some intuition for these ratios, it is instructive to look at
the case of IID copies, i.e., p(f) — p®"(¢). In this case, the
additivity of the sandwiched Rényi relative entropy implies
that

(43)

Dip(p®" (@) || p®"(t + 7)) = nDy o (p (), p(t + 1)) (44)

This in turn means that all coefficients f, grow linearly in
n,ie., f, — nf,, which implies that

ho 1 b
2 -2)/2 2°
fzp/ ne=2)/ fzp/

meaning that higher-order ratios decay more quickly, justi-
fying the second-order approximation in the limit of large
n. Note that this is the same regime in which the standard
Cramér-Rao bound is attainable.

With the intuition we gained in the IID setting, we can
now make sense of the following theorem that applies in
the single-shot setting.

(45)

Theorem 4 (Finite-sample Cramér-Rao bound). For a
given smooth set of states p(¢), we define

1 o*
Ji(®) == —5 - log F(p(0), p(t + 1)) (46)
207 =0
and the coefficient
S |70
q :=sup sup ; 7 47)
t 3<peN | f5777(0)

We then have, for any desired minimax success probability
n>3/4,

8@, p) = (48)

r
Vinf, F(@)
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where

1 1

q
lo — > [log—— —T' > 0.
6v2 Call—m | Cad—m

(49)

The bound holds as long as I //inf, F (¢) does not exceed
the smallest convergence radius of the Taylor expansion of
the sandwiched Rényi relative entropy.

We note that the coefficient ¢ is a measure of close-
ness to a Gaussian shape of the fidelity curve 7 +—
F(p(f),p(t+ 7)) and again emphasize that f,(f) relates
to the quantum Fisher information as f,(f) = %.7-" (). The
proof'is presented in Sec. VII B of the Supplemental Mate-
rial [28]. As we discussed above, in the case of IID copies
p(t) — p®"(f), we have g = O(1/4/n), giving a bound
that is asymptotically constant.

The above gives a lower bound for the optimal minimax
tolerance that, asymptotically, has the expected scaling
both in the quantum Fisher information and the desired
logarithmic dependence on the success probability. It fur-
thermore is valid in the single-shot setting, where the
finite-size corrections depend on the higher-order deriva-
tives of the sandwiched Rényi relative entropy. We find
it conceivable that the ratio of the third to second deriva-
tive could give the factual second-order asymptotics, but
conclude that it would be necessary to find a matching
upper bound (i.e., a protocol) with similar performance
guarantees.

It is also interesting to gather some intuition about the
workings of the above bound. The right-hand side involves
the quantum Fisher information, which captures how much
states change under infinitesimal, and hence asymptotically
small, perturbations. This quantity yet puts a bound on
8, which is a nonasymptotic quantity. This is because we
effectively reduce to a setting where the quantum Fisher
information captures the dominant contributions to the
sandwiched Rényi relative entropy even at noninfinites-
imal distances—the case when it is dominated by the
second-order expansion. The coefficient ¢ measures how
close we are to this setting.

The proof of the above theorem hinges on the conver-
gence of the Taylor expansion of the sandwiched Rényi
relative entropy. As the convergence radius is the distance
to the closest pole of the function, we can conclude that the
smallest radius of convergence is

r:=min{|t| | F(p(?),p(t+ 1)) = 0 for some ¢}. (50)
This shows that in the case of IID copies, for example,
the radius of convergence is independent of the number
of copies. We thus do not expect the radius of convergence
to be an issue in practically relevant scenarios.

We further observe that the expansion we use is
very reminiscent of the Edgeworth—Gram-Charlier series

expansion method in statistics [72], with the ratios f,, / fzp 2

in analogy to the normalized pth cumulants. It is an impor-
tant direction of research to further our understanding of
the higher derivatives of the sandwiched Rényi relative
entropy.

IX. BOUNDS ON THE OPTIMAL SAMPLE
COMPLEXITY

The sample complexity of Definition 3 captures the
number of copies of a quantum system needed to achieve
a target tolerance with a guaranteed success probability.
It is a quantity for which bounds follow in a relatively
straightforward manner from our previous results. This is
because any bound that relates the tolerance and the suc-
cess probability to each other can be used to establish a
sample complexity bound.

We can use Corollary 2 in the form of Eq. (41) to obtain
the following concise minimax sample complexity lower
bound that involves the sandwiched Rényi relative entropy
of order 1/2 introduced in Eq. (40).

Corollary 4 (Two-point sample complexity bound). For
a given tolerance § and state set p(¢), we have the follow-
ing lower bound on the minimax sample complexity:

1 1

- = log .
4infl,_ys25 D12 (p(0) || p(¢)) 41 —1n)
(51)

n*(n,8,p) >

When talking about sample complexities, we usually
present them in big-O notation, where the relevant limits
are § — 0and n — 1. Inthe limit § — 0, the above bound
is dominated by close values ¢ = ¢ + 28, motivating a Tay-
lor expansion. As we have discussed in detail in Sec. VIII,
we have

Dip(p@) | p(t+28) = 1 F (08> + 0%,  (52)

where F(¢) is the quantum Fisher information at time 7.
This means that Corollary 4 immediately implies an 11D
sample complexity lower bound of

7 (1,8,p) > 0( Ly g#) (53)
I—n

min, F(1) 82

The above result applies to IID states. It is, however,
equally important to have a sample complexity bound that
does not rely on the IID structure of the underlying state.
This can, for example, happen when quantum metrology
with quantum channels is performed. In that case, we deal
with a parametrized family of states p" (f) for n € N. To
get results about this case, we build on our finite-sample
Cramér-Rao bound of Theorem 4. It relies on two quanti-
ties: the smallest quantum Fisher information inf; 7 (¢) and

030336-12



FINITE-SAMPLE QUANTUM METROLOGY

PRX QUANTUM 6, 030336 (2025)

the coefficient ¢ that quantifies the validity of a quadratic
approximation to the sandwiched Rényi relative entropy.

Many results in the literature on quantum metrology
analyze the asymptotic scaling of the quantum Fisher
information, which is usually F = O(n) in the standard
quantum limit and F = O(n?) in the Heisenberg limit [73].
We can “import” results of this type in the form of the
following corollary.

Corollary 5 (Sample complexity scaling bound). In the
setting of Theorem 4, where p(¢) is replaced with a
parametrized family of states {0 (£)},en, assume that we
have the following asymptotic scalings in n:

iItlf}—(n)(f)=0(na)a g™ = o(1), (54)

for & > 0. Then we have

_ 1/a
(. 8) > 0([10‘%[1/;#} ) (55)

The proof of the above corollary is given in Sec. VIII
of the Supplemental Material [28]. As was shown in Sec.
VIII, in the case of IID copies, we have « = 1 and g =
O(n~'7%) = o(1), reproducing the scaling of Corollary 4
up to a worse dependence on the inverse error probability.

X. RELATION TO ENTROPIC QUANTITIES

In the single-shot approach to quantum information the-
ory [35,36], many quantum information processing tasks
can be quantified through generalized notions of entropy.
In this section, we explore how our definitions relate to
some of these concepts.

We start by giving an alternative definition of the opti-
mal Bayesian success probability. To do so, we define
the conditional min entropy of a bipartite and positive
semidefinite classical-quantum operator [74]

Hmin(T| S)X == igngmax(XTS ” ]IT® 0'5), (56)

where the max-relative entropy [75] of two positive
semidefinite operators X and Y is given by

Dinax (X || Y) 1= log | Y 12XY 12 . (57)

We then have the following corollary of the dual formula-
tion of the optimal success probability in Proposition 1.

Corollary 6 (Relation to the conditional min entropy).
For a given tolerance § and a set of states p(f) with prior

distribution w(f), define the classical-quantum operator

Xisi= [ drlir @ s s - pD0s. (59
where 7 is the time register and S the system register. Then

Another angle on the same fact is given by defining
the max-relative entropy radius [76] of a set of positive
semidefinite operators X as

Fmax (X) 1= infm%i(Dmax(x o). (60)
o xe

In this case, the optimal success probability can be under-
stood as the max-relative entropy radius of the set of states
“smoothed” using the window function

log ™ (8, i, p) = rmax({(ws * [ - DD}, (61)

Both relations can be thought of as continuous ana-
logues of the known connection between the success prob-
ability of multihypothesis testing and the conditional min
entropy of classical-quantum states [74,76]. In addition
to the various known operational meanings of the condi-
tional min entropy [33,74,77—79], the relation of Corollary
6 endows it with yet another operational meaning, this time
in the context of quantum metrology. Notably, operator
Xrs of Corollary 6 is not normalized, unlike in the case
of multihypothesis testing, due to the window function ws.
Another instance in which the conditional min entropy of
a nonnormalized operator has an operational meaning is
in the context of channel simulation [78,79]. We provide
the proofs of both relations in Sec. III of the Supplemental
Material [28].

Finally, we exploit the connection between quantum
metrology and hypothesis testing derived in Ref. [46] to
give an alternative lower bound on the optimal minimax
success probability 77*. The lower bound is expressed in
terms of the hypothesis testing relative entropy [36,80—84]

Dy(pllo) := —log By (p Il o), (62)

where the asymmetric hypothesis testing error f; is
defined as

Bupllo) = dnf (TrMo] | Tr(Mpl = 0} (63)

We have the following proposition, reminiscent of a com-
parable result in Ref. [46].

Proposition 4 (Lower bound on the estimation tolerance
in terms of the hypothesis testing relative entropy). For a
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set of states p(¢) and any 0 < n < 7*(4, p), the minimax
tolerance satisfies

_ 1
5(n,p) = E/dt exp(—=Dy (p(t) | o)) (64)

for any state .

The proof exploits the semidefinite program dual for-
mulation of the hypothesis testing relative entropy and is
given next to the more general statement of Theorem 29
within the Supplemental Material [28]. We provide a proof
that is independent of Ref. [46] for completeness.

XI. METROLOGY OF QUANTUM CHANNELS IN
THE FINITE-SAMPLE REGIME

So far, we have considered the task of estimating a
parameter ¢ encoded in a set of states p(#). In practice,
as alluded to in Fig. 3, parametrized quantum states arise
from the interaction of a probe system with some phys-
ical process whose properties in the form of parameter
t we wish to determine. In this case, the primary object
of interest is not a set of parametrized states, but a set
of parametrized quantum channels t — N (¢), which rep-
resent the parameter-dependent evolution of the probe
system.

A. Access models

As quantum channels represent evolutions of quantum
systems, the possible ways of interacting with multiple
copies of them to extract the underlying parameter are
much richer than in the case of a parametrized quantum
state where the only way of interacting is to choose a suit-
able POVM. As we show in Fig. 5, a variety of access
models for multiple copies of quantum channels can be
distinguished. In the simplest case, the same single-shot
protocol is repeated multiple times and the individual out-
comes are processed classically, effectively reducing to
the case of the parametrized quantum state—we therefore
refer to it as the /ID case. In the parallel case, we use n
copies of the channel in parallel, but possibly with entan-
gled inputs and measurements. If adaptive processing is
allowed then every use of the channel can be followed
by a round of adaptive quantum processing before the
next channel use. Such causally ordered strategies are
modeled by quantum combs [85,86]. Finally, the most gen-
eral conceivable access to n copies of a quantum channel
allows for indefinite causal order of the channel uses, e.g.,
through the use of a quantum switch [87]. If such strate-
gies can be physically realized is still debated [88—90], but
in theory they lead to an asymptotic quadratic advantage
over the Heisenberg limit for infinite-dimensional systems
[73,91], and there exists a strict performance hierarchy in
the finite-dimensional case [92].

If we use a particular access model to interact with
n copies of a parametrized quantum channel and subse-
quently measure a POVM that predicts the underlying
parameter, we refer to this as a strategy. We can give a
formal description of access models and strategies via the
Choi representation formalism. In this framework, every
strategy within an access model for n copies of the chan-
nel, S,, is a function T — P,(t), P, € S,, that maps pos-
sible predictions to positive semidefinite operators. With
this, we can extend the definition of the success probability
(Definition 1) as follows.

Definition 6 (Success probability (channels)). For a
given tolerance 8, a set of channels N (¢) of which we can
access n copies, possibly with prior (), and a strategy
P, (1), the Bayesian success probability is given by

n@&, u,N,P,) = /dtu(t)dr ws(t — T)
x TH{CIN (D]®"Pu(1)},  (65)

where C[N(9)] is the Choi representation of the quantum
channel N (¢). The minimax success probability is given
by

78, N, P,) := inf / dr ws(t — 7) TH{CIN (18" Pu (1)}
(66)

Naturally, the optimal (Bayesian) success probability
relative to an access model is defined as

"8, 1, N, Sy) i= sup n(&, u, N,Py).  (67)

PyeSy

The other quantities of the framework are then obtained
from the success probabilities similar to Definitions 2
and 3.

In Sec. V, we showed that the optimal Bayesian and
minimax success probabilities can be computed by solv-
ing a convex optimization problem without duality gap. As
evidenced in Fig. 5, protocols that involve a parametrized
quantum channel have more moving parts that can and
need to be optimized. Let us, for example, take the simplest
case of only one use of the parametrized quantum channel.
In this case we have to optimize over both the probe state
po that is fed into the quantum channel and measurement
Q(7). Naively, the objective is then a nonlinear function
of the arguments of the optimization py and Q(t) and we
would not expect that this can be cast as a convex pro-
gram. However, if we change our perspective and combine
the preparation of the probe state and the measurement
into a single object represented by a parametrized quantum
comb, we can exploit the convexity of the set of quantum
combs to again cast the computation of the optimal suc-
cess probability as a semidefinite program. This reasoning
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(a)— U, '—N(t)ﬂ{ Us —
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FIG. 5. The different types of protocols that can be realized when accessing multiple (in this case, two) copies of the same
parametrized channel N'(f). We distinguish (a) the /ID case when the same single-shot protocol is repeated multiple times; (b) the
parallel case where the probe state can be entangled by a suitable unitary transformation; (c) the adaptive case where an auxiliary
system can be used as a memory to coherently adjust processing based on the outcomes of the first use of the channel (the gray shaded
area represents an instance of a quantum comb); (d) the case of indefinite causal order, where a superposition of orders of invocations
of the quantum channel can be used to boost the sensitivity. The blue and orange arrows represent the two orders of invocation. The
solid black line in the middle indicates an auxiliary system. The gray shaded area represents a general strategy with indefinite causal

order.

then immediately means that the case of adaptively inter-
acting with n copies of the channel can also be efficiently
optimized for. The same is true for strategies involving
indefinite causal order, as we summarize in the following
proposition.

Proposition 5 (Joint optimization). For a given toler-
ance 8 and a set of channels A/ (f) of which we can access n
copies, possibly with prior w(f), the optimal success prob-
ability n*(8, u, NV, S,)) and optimal minimax success prob-
ability n*(8, NV, S,) can be computed using a semi-infinite
program without duality gap for both adaptive S, = S3%
and indefinitely causally ordered S, = S*® access.

The detailed statements of the convex programs and
their duals are given in Sec. II of the Supplemental Mate-
rial [28].

B. Connection to hypothesis testing

The core contribution of this work is the rigorous con-
nection of success probability—based metrology with quan-
tum hypothesis testing given in Sec. VI. There, we gave
an upper bound on the success probability through the suc-
cess probability of a corresponding multihypothesis testing
problem between quantum states. As we show below, these
results carry over to metrology with parametrized quantum
channels. In this case, the reduction is to multihypothesis
testing between channels under different access models.
Formally, we define the optimal Bayesian success proba-
bility of testing n copies of the quantum channels {N;}Y_,
with prior probabilities {p;}"_, under the access model S,

as

N
Pi((piNYL,.Sw) = sup Y p; Te(CINI®"P),
(P, CSn i1
(68)

under the condition that the set {Pi}?’: | corresponds to a
valid combination of processing and POVM. The minimax
statement is given analogously by choosing the prior prob-
abilities adversarially for the chosen strategy. The fact that
our results from the state case carry over to this more gen-
eral case comes with little surprise when we realize that
upon fixing the strategy P(7) to the optimal strategy and
executing it right until before the final measurement is per-
formed, we obtain a parametrized set of states to which we
can then apply Theorem 1, leading to the following result.

Corollary 7 (Hypothesis testing bound (channels)). For
a given tolerance §, fix any set S = {(A,s)} of prior proba-
bilities A € [0, 1] and shifts s € R such that, for all distinct
5,5’ € S,wehave|s —s'| > 28and ), A = 1. Then, for
a set of channels N'(¢) of which we can access n copies
with prior @ (¢) and a fixed access model S,, we have the
upper bound

77*(5: Ma-/\/” Sl’l)

< / dtPE({A u(t + )N+ 9)}oses> Sn)- (69)

Optimizing over the prior probabilities A then yields the
analogous upper bound in the minimax setting

TN, 8 < inf PN (1 +9))es, Su). - (70)
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Because of the richer structure embodied by dif-
ferent access models for multiple copies of the same
parametrized channel N (f), we can define multiple types
of asymptotic rates to generalize the analysis carried out
in Sec. VII. Of particular interest to us are the rates cor-
responding to IID strategies R}, [Fig. 5(a)], because there
we can make use of our results on the asymptotics of the
state case, the rates corresponding to parallel strategies
R}, [Fig. 5(b)], and the rates corresponding to adaptive
strategies Ry, [Fig. 5(c)]. Starting from Corollary 7 and
following the same logic that led to Theorem 2 shows
that the asymptotic rates cannot exceed the corresponding
rates of distinguishing quantum channels, for which at least
some results are known [93-96].

XII. PHASE ESTIMATION OF A PURE STATE
HAMILTONIAN EVOLUTION

In this section, we analyze one of the most prototypical
scenarios of quantum metrology, namely, phase estimation
with pure states. We analyze the minimax success proba-
bility, as it represents the most stringent achievable guaran-
tees. It is further important to emphasize that our analysis
takes the perspective of global estimation, contrary to the
local estimation routinely seen in the literature.

As a first step, we establish a general result on the
minimax success probability in the U(1)-group-covariant
setting, which applies beyond phase estimation. We con-
sider a set of states |/ (f)) generated by unitary evolution
of a pure initial probe state |y) under a Hamiltonian H,
reflecting the evolution of a closed quantum system

[ (1) = e ™) = U@)|y). (71)

To ensure that ¢ can be understood as a “phase,” H is
assumed to have all differences between eigenvalues inte-
ger valued, in which case the recurrence time of the
Hamiltonian is guaranteed to be 27. Let H have a spectral
decomposition H = ), AIT;, where the A are the different
eigenvalues and the IT; are the projectors onto the possibly
degenerate eigenspaces. Then, we can expand

W) = valv), (72)
A

where we defined the normalized projections of |y) onto
the eigenspaces of H such that IT; |y) = ;. |¥).

For such a covariant set of states ¥ (¢) = |y (£)) (¥ (¢)],
the following theorem establishes that the pretty good mea-
surement [97—102] is minimax optimal, and we obtain
a closed-form solution for the optimal minimax success
probability. Our result generalizes an optimality result by
Holevo [19, Theorem 3], which included a restriction on
the window function that the rectangular window ws does
not fulfill. It is well in line with known results on the

optimality of the pretty good measurement in other covari-
ant state discrimination and parameter estimation tasks
[19,21,56,65,103—106].

Theorem 5 (Minimax optimal measurement). For a state
set 1 (¢) given by a pure initial probe state pg = |¥) (Y|
evolving under a Hamiltonian with integer eigenvalue dif-
ferences for time ¢ € [0, 27 ], the pretty good measurement

Orom() =Ry (OR™'?, where R = / dryr (),
(73)

achieves the optimal minimax success probability, equal to

TGP =Y Wl s =), (74)

Wy

where Ws(w) = sin(8w) /(7 w) is the Fourier transform of
the rectangular window w; at frequency w.

The above theorem establishes a direct relation between
the amplitudes of the probe state |) and the minimax
success probability. It especially shows that only the spec-
trum of the Hamiltonian and the absolute values of the
amplitudes matter. The proof exploits strong duality and
complementary slackness to establish a formula for the
optimal dual variable and is presented as Theorem 35
within the Supplemental Material [28].

One important consequence of Theorem 5 is that it
greatly simplifies the search for a minimax optimal probe
state. If we arrange the absolute values of the amplitudes
in a vector ¥ := (|¥,]); and construct the matrix associ-
ated with the Fourier transform, W, ;/ := ws(A — A’), then
the optimal minimax success probability is given by the
quadratic form

7@, 9) = (¥, WY). (75)

The optimal probe state is hence obtained by solving the
optimization problem

y*i=arg mwax{hlf, W) | Y5 = Oforall A, [¢ [l = 1}.
(76)
Because of the positivity constraint on the entries of the

vector, this is in general an NP-hard optimization problem
[107] in worst-case complexity.

XIII. PHASE ESTIMATION WITH AN ENSEMBLE
OF SPIN-% PARTICLES

We now turn our attention to the special case of phase
estimation on a spin chain [54,108], which we introduced
in the Introduction. This is a covariant problem in the
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sense of Sec. XII, with the single-spin Hamiltonian given
by H = diag(0, 1). If we have n spins separately evolving
under this Hamiltonian, the effective Hamiltonian is given
by summing up the local terms on the individual copies

Hy=Y H, H=I1""@Hal"" (7
i=1

As we have seen in Theorem 5, only the spectrum of the
Hamiltonian matters. For the Hamiltonian H,,, it is given
by spec(H,) = {0, 1,...,n}, which grows linearly in n. We
can therefore treat the equivalent problem of a Hamiltonian
with spectral decomposition H = Y _, k|k) (k|, where the
eigenvectors |k) are understood to be any eigenstate of
the Hamiltonian H, with energy k, e.g., |3) could be
[0,0,1,1,0,1) forn = 6.

A. Comparison of probe states

Applying Theorem 5 allows us to compute the opti-
mal minimax success probability (Fig. 6) and the optimal
minimax tolerance (Fig. 7) for different kinds of probe
states.

Our first and most obvious candidate for a probe state is
a generalized Greenberger-Horne-Zeilinger (GHZ) state

1
7

which is optimal in the standard approach to quantum
metrology [109—111]. However, in the minimax setting,
it fails spectacularly—with a minimax success probabil-
ity amounting to random guessing and a similarly high
tolerance (see Figs. 6 and 7). This is an immediate con-
sequence of the fact that the standard approach to quantum
metrology is concerned with local estimation. In our case,
however, the probe needs to be able to perform well in
a task of global estimation, i.e., the probe state should
allow us to discern values in the whole interval [0, 27].
The recurrence time of about 27 /n of the generalized GHZ
state means that it can very well resolve small differences
in values, but not larger ones.

Our next contender is the Holland-Burnett (HB) state
[112]

|GHZ,) := —=(|0) + |n})), (78)

1 n
k), (79)
Vn+1 kg(;

|HB,)) :=

which consists of an equal superposition of all energy
eigenstates. The associated success probability in the con-
text of phase estimation was also studied in Refs. [58,60].
As shown in Fig. 6, this probe state achieves almost opti-
mal success probability in the regime where n < 1/4.
This behavior can be explained by expanding the Fourier
transform of the window function, ws(w) = 8 sinc(Sw) /7,

“ A

| —— |GHZ,)
| — 9"
. |HB,,)
1077 - Gauss.
= Opt.
I I | | B
100 200 300 400 500 600
n

FIG. 6. Optimal error probability of quantum metrology that
can be guaranteed for any prior distribution for different probes
in the phase estimation scenario for § = 0.04. We compare a gen-
eralized GHZ state [Eq. (78), red], a tensor power of plus states
(green), the Holland-Burnett state [Eq. (79), orange], the Gaus-
sian state [Eq. (82), yellow], and the optimal state [Eq. (76),
blue]. The generalized GHZ state never performs well because
it cannot resolve the time globally. For n <« 1/§, the Holland-
Burnett state performs almost optimally, but has comparable
asymptotic performance to the tensor power probe. The Gaus-
sian probe performs almost optimally in a larger regime than the
Holland-Burnett state and has an intermediary asymptotic. The
overset plots show the energy profiles of the optimal probe for
n =41 (A), the optimal probe for n = 561 (B), and the tensor
power probe for n = 561 (C). The asymptotic rate in the IID
case is consistent with R A~ §2, whereas the optimal entangled
rate is consistent with R ~ §. We present additional numerical
results for different values of § in Sec. XI C of the Supplemental
Material [28].

around w = 0, because the largest frequency scales as
O(n):

(@) = %[1 — 0. (80)

The zeroth-order contribution to this term is given by

1)
TG, ) = ;(Z il 1| + 0(52w2>>

el

I}
= ;[wn% + 08 w™)]. (81)

In this limit, a probe that maximizes the one norm of the
amplitude vector is clearly optimal, which corresponds to
the Holland-Burnett state. This state was also identified in
previous work as a suitable probe state for phase estima-
tion with other cost functions [58,60,113]. In the case of
the optimal tolerance (see Fig. 7), we observe the inverse of
this behavior: for small », the performance is not satisfac-
tory. Asymptotically, however, the Holland-Burnett state
achieves the same Heisenberg scaling 8" = 0(1/n) as the
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FIG. 7. Optimal tolerance of quantum metrology that can be
guaranteed for any prior distribution for different probes in the
phase estimation scenario for fixed success probability 7 = 0.99.
We compare a generalized GHZ state [Eq. (78), red], a ten-
sor power of plus states (green), the Holland-Burnett state [Eq.
(79), orange], the Gaussian state [Eq. (82), yellow], and the opti-
mal state [Eq. (76), blue]. The generalized GHZ state never
performs well because it cannot resolve the time globally. The
tensor power of plus states performs adequately for small #,
but only achieves standard quantum limited scaling O(1/+/n)
asymptotically. For small n, the Holland-Burnett state does not
perform satisfactorily, but achieves the optimal Heisenberg scal-
ing O(1/n) in the asymptotic limit. The Gaussian probe performs
almost optimally except for very small n. We present additional
numerical results for different values of 77 in Sec. XI C of the
Supplemental Material [28].

optimal probe. As we show in additional numerics pre-
sented in Sec. XI C of the Supplemental Material [28],
the critical value of n at which the Holland-Burnett state
starts to enter the Heisenberg-scaling regime increases
with increasing success probability. This behavior also
contrasts with the fact that, with the sin’® cost function,
Heisenberg-limited scaling cannot be achieved with the
Holland-Burnett state [58].

Next, we have analyzed the performance of a separable
probe state. We chose IID copies of the optimal single-spin
probe state, the |+) = (|0) + |1))/\/§ state. We observe
in Fig. 6 that the success probability achieved with this
state reaches towards unity much more slowly than the
optimal probe state, with an asymptotic rate quadratically
smaller. When looking at the optimal tolerance in Fig. 7,
we observe the expected asymptotic scaling of the standard
quantum limit 8 = O(1//n).

We additionally compare the aforementioned probe
states with a Gaussian probe whose amplitudes have a
Gaussian shape:

1 28 n’
w,\ocexp[—zn+1|:)»—z] i| (82)

Choosing the standard deviation, +/(n + 1)/25 optimizes
the trade-off between the tails of the Gaussian in real and
frequency space, as becomes evident from the proof of
Theorem 7 in Sec. XI of the Supplemental Material [28].
Regarding the success probability, we observe in Fig. 6 that
the Gaussian probe performs close to optimally in a larger
regime than the Holland-Burnett state and achieves better
asymptotics, but also does not match the optimal probe.
In the case of the tolerance, we do, however, observe in
Fig. 7 that it nearly reproduces the optimal probe state. As
we show in additional numerics presented in Sec. XI C of
the Supplemental Material [28], a gap in tolerance opens
between the optimal and Gaussian probes when the tar-
get success probability is increased, but the Gaussian probe
preserves Heisenberg scaling and a good performance.

Last but not least, we study the optimal probe state. Nor-
mally, we would need to solve the optimization problem of
Eq. (76). However, in the special case we encounter here,
in which W is defined through the Fourier transform of
a rectangular window function and the eigenvalue spec-
trum has no gaps, we can build on prior work studying a
similar problem in the context of classical signal process-
ing [114], where W is referred to as the prolate matrix.
The continuous version of these tools [115] has already
been used by Imai and Hayashi to solve this problem
in the asymptotic setting [60]. Slepian [114] established
that the largest eigenvector of matrix W is given by the
so-called discrete prolate spheroidal sequence of zeroth
order. While he studied the problem without the positivity
constraint on the eigenvector, we can build on a differ-
ent result of Slepian to show that the largest eigenvector
is always nonnegative. In the case of phase estimation,
we can therefore compute the optimal probe by find-
ing the eigenvector associated with the largest eigenvalue
of W.

In our numerical investigations, we observe in Fig. 6
that the success probability tends towards unity with an
asymptotic rate quadratically greater than what is pos-
sible with the separable probe and also outperforms the
Gaussian probe significantly. It further achieves a clear
Heisenberg scaling 5 =031 /n) for the tolerance, as evi-
dent in Fig. 7, in accordance with the asymptotic results of
Ref. [60]. To get a feeling for the amplitude distributions
of the different probes, we plot in Fig. 6 the amplitude dis-
tribution over the eigenvalues of the optimal probe states
for n =41 and n = 561. These plots clearly show that
the optimal probe state for small » has a flat spectrum,
whereas, asymptotically, a moderately concentrated shape
is optimal. We compare this with the corresponding shape
of the tensor power probe at n = 561, which is much more
concentrated, explaining its inferior performance.

Our numerical results make it quite clear that the setting
of optimizing the success probability for a fixed toler-
ance and of optimizing the tolerance for a fixed success
probability are qualitatively different. We especially see
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that probes that perform well in one setting do not nec-
essarily perform well in the other.

B. Comparison with the Cramér-Rao bound

Finally, we also want to shine a light on the rela-
tion of the minimax tolerance with the quantum Cramér-
Rao bound. To compare the optimal estimation tolerance,
which is fundamentally dependent on the targeted success
probability, and the Cramér-Rao bound on an equal foot-
ing, we need a sensible way to assign a success probability
to the latter. In general, as the Cramér-Rao bound (CRB)
describes an achievable variance, we can model the dis-
tribution of the error 7 — ¢ as a normal distribution with
standard deviation o = 1/+/F and then compute the prob-
ability of obtaining an error within the target confidence
interval [—8, 8]. This yields a function

ners(8) = P(t € [=8,8] | T ~ N (0, 1/¥F)}  (83)

that we can invert to obtain §crg (7). While this is arguably
the most sensible way of adding a success probability
dependence to the Cramér-Rao bound, it also clearly shows
the difference between the asymptotic and finite-sample
regimes where other moments of the distribution cannot
be neglected. As the domain of parameter ¢ in phase esti-
mation is equivalent to a circle, we make our comparison
using a von Mises distribution [116] (a circular analogue
of the normal distribution) with concentration parameter
k=2F.

In Fig. 8, we plot the achievable tolerance for a sub-
set of the states presented above together with the inter-
polated quantum Cramér-Rao bound. We observe that,
for the IID state and the optimal state, the Cramér-Rao
bound faithfully predicts the achievable minimax toler-
ance after n &~ 10 repetitions. This is, however, not the
case for all states. The achievable tolerance for the GHZ
state essentially amounts to that associated with random
guessing because of the global nature of the problem,
while it achieves the maximum possible quantum Fisher
information.

More interesting is the behavior for the Holland-Burnett
state. We see that, for the moderate success probability
7 = 0.9, the performance is practically on par with the
optimal state and close to what the Cramér-Rao bound
would predict. For a larger target success probability of
7 = 0.999, however, a substantial gap opens where the
Holland-Burnett state performs as bad as the GHZ state
before it enters the Heisenberg scaling regime. As we
observe from the right-hand side of Fig. 8, this gap cannot
be explained by the Cramér-Rao bound that still predicts
a near-optimal performance. This behavior starkly under-
scores the fact that the Cramér-Rao bound—and with it the
quantum Fisher information—cannot serve as a figure of
merit to judge the performance of metrological protocols
in the finite-sample regime.

While the quantum Fisher information should not be
used as a figure of merit to optimize probe states, our
numerical results suggest that the optimal achievable quan-
tum Fisher information over all possible probe states is
still a good proxy for the optimal achievable tolerance
over all possible probe states. Care has to be taken, how-
ever, because the states that achieve the optimal achievable
tolerance and the optimal achievable quantum Fisher infor-
mation are very different. This observation is in agreement
with the results of Refs. [117,118], which showed that
the expected ratio between the square root of the optimal
achievable quantum Fisher information and the achievable
root-mean-squared error in a Bayesian [118] or minimax
[117] sense is . The ratios between the optimal mini-
max tolerance and the optimal Cramér-Rao bound in our
numerical experiments were a bit smaller than m, but
increase with 77. We suspect that the value 7 is approached
in the limit 7y — 1.

Another way of quantifying the optimal achievable
precision in phase estimation is given by the Bayesian
Cramér-Rao bound [108]. It generalizes the Cramér-Rao
bound by replacing the mean-squared error with the sine-
squared cost, a periodic surrogate, given as C(t — 1) =
4sin®[(t — 1) /2], and then quantifying the best achievable
value of this quantity in expectation over a prior distribu-
tion of parameter 7. This lifts the Cramér-Rao bound to
the global estimation setting. We repeat the comparison
described above for the Bayesian Cramér-Rao bound in
Sec. XI B of the Supplemental Material [28].

We observe that the Bayesian Cramér-Rao bound faith-
fully predicts that the GHZ state is a poor probe state
for global estimation. It does, however, show pathological
behavior that we attribute to the choice of the sine-squared
cost function: the minimax optimal probe state, as well
as the Holland-Burnett state, only achieve standard quan-
tum limited scaling in terms of the Bayesian Cramér-Rao
bound; see also Ref. [58] for a detailed discussion. As we
believe to have made a compelling case that the estima-
tion tolerance is an appropriate figure of merit to quantify
precision in metrology, we attribute this mismatch to a
shortcoming of the Bayesian Cramér-Rao bound caused by
the choice of the sine-squared cost function. As such, we
conclude that the Bayesian Cramér-Rao bound in this form
is a questionable figure of merit for quantum metrology.

C. Analytical results

The numerical observations presented in Fig. 6 motivate
an analytical study of the asymptotics of the minimax error
probability, extending the results of Sec. VI. There, we
established results on the asymptotic rate for IID copies
of the same state, which corresponds to the case of the ten-
sor power probe discussed above. We observe that, when
entangled probe states are allowed—corresponding to the
parallel setting—the asymptotic rate is much improved, as
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FIG. 8. Optimal tolerance of quantum metrology that can be guaranteed for any prior distribution for different probes in the phase

estimation scenario compared to the quantum Cramér-Rao bound interpolated with a von-Mises distribution. We compare a generalized
GHZ state [Eq. (78), red], a tensor power of plus states (green), the Holland-Burnett state [Eq. (79), orange], and the optimal state
[Eq. (76), blue]. The associated quantum Cramér-Rao bound is shown with dashed lines. As expected, the quantum Cramér-Rao
bound predicts the asymptotically achievable precision quite well. The probe states achieving the optimal precision, however, are
notably different. The GHZ state optimal for the Cramér-Rao bound performs badly in the finite-sample setting due to the global nature
of the estimation problem. The Holland-Burnett state achieves Heisenberg scaling asymptotically, but we observe that a gap between
the performance predicted by the CRB and the actual finite-sample performance opens up depending on the desired success probability

that underscores the fact that the Cramér-Rao bound alone cannot be used as a figure of merit in the finite-sample regime.

the rates we observe numerically are consistent with

Ry@®~3, R~ (84)

where we recall the definitions of rates associated with dif-
ferent strategies explained at the end of Sec. XI. In the
following, we make this observation rigorous.

As we already argued above, the optimal probe for phase
estimation on a spin chain is given by the discrete pro-
late spheroidal sequence (DPSS) of zeroth order [114]. We
obtain the optimal rate in the parallel case.

Theorem 6 (Optimal minimax rate). For a given min-
imax tolerance 0 < § < 7 /2, the parallel minimax error
rate is given by

1 + sin(8/2)

R 3 =1 -
par(®) Og(l — sin(8/2)

) —5+003).

The proof combines two results from Ref. [114] and
exploits the Perron-Frobenius theorem to establish positiv-
ity of the DPSS of zeroth order and is given as Theorem
37 within the Supplemental Material [28]. We note that this
result is not implied by a comparable result of Ref. [60] due
to the different setup. While the DPSS has no closed form,
there exist efficient approximations involving the modified
Bessel function of the first kind of zeroth order 7, [119]. In
our case, the optimal probe can thus be approximated by

choosing

8n 20 +1 ?
P R EET I e
and subsequently normalizing.

We can use the result on the rate for IID probes of
Theorem 2 to calculate

Ry () < —logcos?(3) ~ 5 (86)
for small §; see Theorem 40 within the Supplemental
Material [28]. Combined with the Theorem 6 this implies
that entangled strategies have a quadratic advantage in
the asymptotic minimax rate, which can be understood as
the rate analogue of the dichotomy between the standard
quantum and Heisenberg limits.

We further perform a theoretical analysis of the opti-
mal standard deviation for the Gaussian probe. We can use
tail bound estimates for the Gaussian distribution to prove
that the optimal choice of standard deviation [see Eq. (82)]
achieves half the optimal rate.

Theorem 7 (Minimax rate for Gaussian probes). For

a given minimax tolerance § > 0, the Gaussian probe
achieves the minimax error rate of

- ¢

RGauss(8) = =.

> (87)

The proof is presented as Theorem 38 within the Sup-
plemental Material [28]. The structure of the proof also
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allows us to determine the scaling of the optimal asymp-
totic tolerance, as detailed in Observation 39 within the
Supplemental Material [28].

XIV. EXTENSIONS AND CONNECTIONS TO
OTHER FIELDS

This section is dedicated to exploring the various con-
nections and possible generalizations of our definitions and
results to other areas of quantum metrology and quantum
information theory.

A. Multiparameter quantum metrology

Measuring multiple parameters at the same time [120,
121] creates additional challenges, such as having to rec-
oncile measurements [122,123] and probe states [53] that
are optimal for each parameter, but might be incompati-
ble. It furthermore offers a framework to study networks
of quantum sensors [124] and the optimal estimation of
functions of multiple parameters [125].

We can capture arbitrary instances of multivariate quan-
tum metrology by replacing the parameter space R with an
arbitrary set X' equipped with a distance measure d(x,y).
In this case, the success probability for a given set of states
x — p(x), prior distribution @ (x), and POVM y — Q(»)
is

neé, um, p,0) =/dxu(x)f dy ws(d(x, ) Tr[p(x)O()].
X X
(88)

The definitions for the tolerance and sample complex-
ity, the corresponding minimax quantities, and the optimal
quantities follow analogously as in the previous sections.
In Sec. IX of the Supplemental Material [28], we give a
generalization of the hypothesis testing bound of Theorem
1 to the multivariate case and use it to derive a multipa-
rameter analogue of Corollary 1.

A particularly well-studied variant of multivariate quan-
tum metrology concerns the task of state tomography, in
which the parameter space X’ is taken to be the quantum
state space itself and the distance is, for instance, taken
to be the trace distance. In this setting, our approach con-
nects with a series of works in quantum tomography on
establishing confidence regions in state space given mea-
surement data [48—51,126]. For pure states, the optimally
achievable error probability was quantified in Ref. [104].

In the same spirit, other tomography tasks, e.g., the
tomography of quantum channels and non-Markovian pro-
cesses in the form of quantum combs, can be considered in
the framework presented in Sec. II.

A similar situation is encountered when seeking to esti-
mate some property x, e.g., the expectation value of an
observable, of a general unknown state p. The fact that

multiple states can share the same property value x pre-
vents us from applying our tools directly, as we assumed
that one parameter value corresponds to one state.

This can be resolved by introducing so-called “nui-
sance” parameters, additional parameters that ensure that
each quantum state is associated with a distinct set of
parameter values. Taking the space of quantum states as
the parameter space introduces the maximal possible num-
ber of nuisance parameters. Using the distance function

de(p,0) == |x(p) —x(0)], (89)

then allows us to reduce the property estimation prob-
lem to a multiparameter estimation problem as described
above. A particular instance of this is shadow tomography
[127,128], where the distance between quantum states is
evaluated by comparing the expectation values on a given
set of observables O = {0}

do(p,0) := sup | Tr[O(p — 0)]|. (90)
0ecO

B. Cryptography and adversarial parameter
estimation

There is an emerging subfield of quantum metrology
concerned with its intersection with cryptography [129—
131]. As an example, we might seek a metrological pro-
tocol where the precision with which an eavesdropper
might estimate a parameter should be as low as possi-
ble. This regime corresponds to a regime of small success
probability, n — 0.

We make use of the fact that the success probability and
tolerance have a functional relationship that corresponds
to an inversion of the success probability seen as a func-
tion of the tolerance. This allows us to analyze the limit of
small success probability for smooth, i.e., arbitrarily often
differentiable, measurements Q(t).

Proposition 6. For a given set of states p(¢), possibly
with prior @ (f), a smooth measurement Q(t), and a small
success probability n, the Bayesian tolerance is given by

-1
s, u, p, 0) = g(/ dr (1) Tr[p(t)Q(t)]> + 0,
1)

whereas the minimax tolerance is given by

_ -1
501.,0) = 2 (inf o (00®])  + 0D, )

Both statements hold conditioned on the inverted quantity
being nonzero.

The proof is shown in Sec. VII of the Supplemental
Material [28].
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Let us now assume that Alice performs a quantum
metrology protocol and obtains a quantum state p4(f) that
is communicated to Bob via a quantum channel A/, such
that he receives the state pp(f) = N[p4(?)]. At the same
time, an eavesdropper Eve tries to obtain as much informa-
tion as possible about the transmitted state. The state Eve
can obtain in the worst case is modeled by the complemen-
tary channel N, [132], which describes the information
the environment can obtain when viewing N\ as part of
a larger, unitary evolution. As such, we assume that Eve
holds the state pz(f) = N.[p4(t)]. The above proposition
tells us that, if we want to limit the precision with which
Eve can estimate parameter ¢ from state pg(f), we need to
choose the initial state of Alice such that the quantity

sup / dt 1 () Trlos (VO]

= s / dt () Tr{paONIOOT)  (93)

is as small as possible.

C. Optimization over constrained sets of
measurements

In the formulation of the success probability as a convex
problem of Proposition 1, we optimize over all possible
quantum measurements of the system. We already obtained
the optimal postprocessing for the practically important
case of a fixed measurement. Another possible way of
including practical constraints is to only optimize over
POVMs from a set O that represents the implementable
set of measurements.

In this case, we obtain a restricted optimal success
probability % (8, i1, p) quantified as

n6(8, i, p)

‘= max { /df Tr[(ws * {i - pHOOD)] ‘ Qe Q}.
4)

The minimax variant, as well as the corresponding toler-
ance and sample complexity are then defined analogously
to their nonrestricted counterparts. A particular case of
interest appears when Q is a convex set, turning the
computation into a convex optimization problem. Such a
situation occurs, for instance, if we assume that Alice pre-
pares a state p(f) and sends it through a noisy channel
£ to Bob, who attempts to estimate 7 using any possible
POVM on his system. Bob’s optimal POVM Q(¢) can be
mapped to the POVM E£7(O(#)) on Alice’s system. Conse-
quently, Bob’s optimization over any POVM can be equiv-
alently expressed as Alice optimizing over all POVMs in
the image of £T. The set @ = {£T[0] | [dt Q) =L, O(1)

> 0} is a convex set and Bob’s optimal success probability
can be computed efficiently.

XV. FUTURE DIRECTIONS

In the standard approach to quantum metrology built on
top of the quantum Cramér-Rao bound, many fundamen-
tal problems have already been resolved. In the single-shot
setting, on the contrary, a large number of problems, both
fundamental and practical in nature, are still unsolved.
In this section, we highlight some problems of particular
interest. We also note that, for most of these problems,
classical counterparts also exist, extending to the task of
uncovering what features of finite-sample metrology are
purely quantum.

Open problem 1: developing measurement schemes with
performance guarantees. Arguably the most important
open problem is the development of metrology protocols
that have good guarantees on their performance in the
finite-sample regime. The development of such protocols
is necessary to judge in what regimes the bounds we devel-
oped in this work are tight and would also guide further
endeavors to improve them. First steps in this direction
have already been performed [20,58,104,118], but much
work still remains to be done, especially in the limit of
very small sample size.

The formulation of the success probability as a convex
problem provides an efficient way to compute the optimal
POVM associated with a discretized version of the esti-
mation problem. These solutions, however, are not likely
to provide additional insight on measurement schemes
that are perhaps suboptimal, but far more convenient to
implement than the optimal measurement.

Natural candidates for practical measurement schemes
are adaptive protocols [55,59], while on the theoretical
side the pretty good measurement that constitutes the opti-
mal measurement in the pure and covariant settings of
Theorem 5 could give generic achievability statements.
Promising candidates might furthermore be constructed
using the class of measurements studied in Sec. V in con-
junction with a particularly suitable basis for the fixed
measurement.

Open problem 2: improving the finite-sample Cramér-
Rao bound. The quantum Cramér-Rao bound (1) is the
fundamental cornerstone of the standard approach to quan-
tum metrology. Beyond its simplicity, much of its appeal
comes from the fact that there exists a measurement that
attains the bound. The situation is more complicated when
considering multiple parameters [62,121] or limitations on
our prior knowledge about the unknown parameter [117]
or the allowed measurement strategies. Nevertheless, it
is undisputed that in the asymptotic realm, the quantum
Cramér-Rao bound, and with it the quantum Fisher infor-
mation, carries detailed information about the attainable
precision. Understanding how quickly the convergence to
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the asymptotic regime happens is also of critical impor-
tance. We believe that a look into the classical literature
might offer some guidance [133].

As the estimation tolerance of Definition 2 fulfills
a comparable role to the standard deviation, establish-
ing achievable fundamental lower bounds is of key
importance. We already argued in the Introduction that
the Cramér-Rao bound still constrains the precision in
the finite-sample regime. Our finite-sample Cramér-Rao
bound of Theorem 4 is an important first step to rigorously
quantify this fact. It is, however, still an open problem as
to whether this bound is achievable. As the asymptotic
nature of the Cramér-Rao bound eats away many com-
plications, we expect that the exact way the achievable
fundamental limits of the estimation tolerance are quan-
tified is much more subtle. As such, continuing to develop
finite-sample Cramér-Rao bounds is of paramount impor-
tance to our understanding of the finite-sample regime and
the properties of the underlying set of states that influence
the achievable tolerance.

It would not be surprising if a different geometric quan-
tity than the quantum Fisher information would appear in
such a bound. This is because the converse on hypothe-
sis testing involving the fidelity of quantum states we use
to derive Theorem 4 is known to not be tight in certain
settings and that a proper converse should rely on the Cher-
noff divergence, which is in turn associated with a different
geometrical quantity, namely, the Wigner-Yanase-Dyson
information.

The achievability of the Cramér-Rao bound can also
be understood as the statement that there exists a mea-
surement such that the deviation of our estimate, 7 — ¢,
follows a distribution with variance given by the inverse
quantum Fisher information. This yields a full character-
ization of the estimation performance, involving a way
to assign success probabilities, if the distribution is com-
pletely specified by its variance—which means that it is a
normal distribution. Because of the central limit theorem,
this is exactly what happens in the IID limit. Conversely,
understanding the higher moments and cumulants of the
distribution of estimates should give us plenty of insight
into the finite-sample regime.

As the quantum Fisher information quantifies the behav-
ior of the fidelity F'(p(?), p(t + t) for small perturbations
7, we expect that other ways to quantify the distin-
guishability of states along the trajectory p(¢) that capture
regimes beyond small perturbations should be useful in
that regard. Higher-order derivatives of the curve p(?)
could serve as a starting point for this, which makes quanti-
tatively connecting them to finite-sample quantities like the
success probability and the estimation tolerance a crucial
direction of research.

Another very important problem in the same spirit is to
tackle the Bayesian case and see how our approach can
be connected to the Bayesian Cramér-Rao bound [108]

on a more fundamental level and how the choice of cost
function therein influences our conclusions.

Open problem 3: establishing the advantages from
entanglement and adaptivity. Delineating the boundary of
performance between different classes of protocols using
entangled and nonentangled probe states, adaptive and
nonadaptive processing, and coherent and incoherent mea-
surements is one of the principal research directions in
quantum metrology. Because of the more subtle nature
of the finite-sample regime, we expect a richer theory to
emerge in this regard. In particular, it is unclear whether
optimal measurements in the finite-sample regime require
the use of large amounts of coherence. When estimating a
single parameter in the many-sample regime, the Heisen-
berg scaling can be achieved with the use of only entangled
probe states and without the use of coherent measure-
ments [134]; does a similar statement also hold in the
nonasymptotic case? Also, can entanglement be replaced
with adaptivity, as, e.g., has been done in Ref. [58]?

Similarly, the impact adaptivity can have in the finite-
sample regime needs to be much better understood. While
there is no scaling advantage asymptotically [73], we
suspect that adaptive strategies could yield significant
improvements in the finite-sample regime. Also, they
could yield more practicable protocols. In the asymptotic
setting, a single qubit memory is sufficient to estimate a
quantum phase with Heisenberg scaling under adaptive
access [58,59].

In our investigations of the phase estimation exam-
ple, we observe an exact quadratic relation between the
asymptotic rates for IID states and entangled states for
small 8. This echoes the quadratic relation between the
standard quantum and the Heisenberg limits in the stan-
dard approach to quantum metrology. Understanding under
what conditions the relation

[R: (8, 1. NP

1 =1 95
320 RE (5, 11, N) @)

holds—especially for channels where Heisenberg-limited
scaling is impossible [135]—would further deepen our
understanding of the asymptotic rate for entangled inputs.
Open problem 4: establishing the effect of noise on esti-
mation performance. While noise can be implicitly treated
in our formalism by including it in the construction of the
parametrized set of states p () or channels N(f), a much
deeper understanding of the influence of noise is desir-
able, especially with an eye towards practical applications.
It would be instructive to see how much the influence of
noise destroys advantages of entanglement in our setting
[58,111,135,136]. As outlined in Sec. XIV, the minimax
success probability also pertains to communication tasks,
where the study of noisy channels is of utmost importance.
Can we therefore relate the decrease in success probability
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(or the increase in achievable tolerance) to properties of the
noise channel?

A deeper understanding of noise could then be used to
study the application of quantum error correction to finite-
sample quantum metrology [131,137]. As the existing
approaches to metrological error correction are intimately
tied to the local picture of quantum metrology, we also
expect a richer theory to emerge in the finite-sample case.

Open problem 5: understanding incompatibility in
finite-sample multiparameter quantum metrology. As dis-
cussed in Sec. XIV A, our definitions extend in a natural
way to multiparameter quantum metrology [138,139]. In
this setting, challenges arise that are not present in the
single-parameter setting, such as the incompatibility of
measurements and probes that are optimal for different
parameters [53,122]. These phenomena, particular to mul-
tiparameter quantum metrology, have been extensively
studied in the asymptotic context. To understand incompat-
ibility in the finite-sample regime, we first have to clarify
how it would be best quantified using the framework of
Sec. II. Any result in that direction will surely deepen
the understanding of these effects and their severity in the
finite-sample regime.

Open problem 6: quantifying generalized communica-
tion tasks. The minimax setting of quantum metrology has
a further interesting interpretation, as it directly quanti-
fies how well a sender Alice can communicate a scalar
parameter ¢ € R to a receiver Bob when she encodes the
parameter in a set of states p(¢). It is important to note
here that the worst-case nature of the minimax setting is
critical in quantifying the performance, as Alice wants to
be able to communicate any value ¢ with similar guar-
antees. In this sense, the minimax setting of quantum
metrology quantifies a generalization of the commonly
encountered task of communicating one of multiple dis-
crete symbols [36]. In practical scenarios, Alice will usu-
ally send the state through a quantum channel N that
degrades the message, giving an additional impetus to
study quantum metrology with the noise model p(f) —
Nlp®][131].

Open problem 7: resolving information-theoretic ques-
tions. In Sec. VII, we gave an upper bound on the asymp-
totic rate of quantum metrology, which is tight for com-
muting states. It is an open problem to determine under
which general conditions on the set of states this bound
is tight. Naturally, it is also interesting to quantify the
second-order asymptotics of the success probability. Pre-
sumably, this would first require progress on the second-
order asymptotics of the symmetric hypothesis testing
error probability for quantum state discrimination in the
general case. For pure quantum state tomography, explicit
expressions are known and could serve as guidance for fur-
ther improvement [104]. Another quite natural extension is
the question of mixed asymptotics: if we fix a desired scal-
ing of the tolerance, decreasing slower than the optimal

scaling, how fast can the success probability still attain
unity?

As already outlined in Sec. XI, the setting of
parametrized quantum channels offers much richer struc-
ture in its asymptotics, owing to the possibility of different
strategies (separable use, parallel use, adaptive use, and
indefinite causal order). Given that Corollary 7 explic-
itly relates the success probability of quantum metrology
under different access modes with the success probability
of a corresponding hypothesis testing problem with similar
access modes, we expect that the asymptotics of quantum
metrology with different kinds of strategies should relate
to the asymptotics of the corresponding multihypothesis
testing tasks.

XVI. CONCLUSION

Finite resources constrain the performance of quan-
tum metrology. This is especially true in today’s quantum
sensors, where both the number of experimental repeti-
tions that can be performed as well as the number of
controllable systems are limited. Metrology with present-
day hardware platforms thus happens in the finite-sample
regime. Despite its fundamental importance, the dominant
approach to quantum metrology, based on the Cramér-Rao
bound, is inadequate when it comes to reliably characteriz-
ing metrology in the finite-sample regime. The reason for
this is that the quantum Fisher information only charac-
terizes the variance of the distribution of estimates, which
can degrade the performance significantly if the estimates
do not follow a Gaussian distribution (as they would in
the asymptotic limit). Hence, optimizing metrology proto-
cols for large Fisher information can lead to protocols with
suboptimal performance in the finite-sample regime.

To get the most out of present-day hardware and to
build the most reliable quantum sensors, we need a theory
of quantum metrology that is reliable in the finite-sample
regime. In our work, we show that we can build a complete
theory of quantum metrology by shifting our perspective
away from the variance (equivalently, the mean-squared
error) as a figure of merit. Instead, we employ the proba-
bility that the estimate of the parameter lies within a fixed
estimation tolerance of the true value. This quantity tells us
something operationally relevant about the performance of
the metrology protocol, even if only a single repetition is
performed.

When considering the Cramér-Rao bound, the setting
of local estimation emerges naturally. The estimated value
will become increasingly accurate when employing more
samples in the asymptotic limit, justifying the assumption
that the value of the parameter is essentially known. This
contrasts with the finite-sample regime. When the param-
eter is already known to lie within a small interval, we
typically require a large number of samples to refine this
knowledge to a more accurate estimate of the parameter.
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If a finite number of samples are available, the limited
accuracy to which the parameter can be estimated from
those samples might be insufficient to provide any further
meaningful information about the parameter. Therefore,
parameter estimation in the finite-sample regime is more
naturally associated with the global estimation setting. We
adopt two ways of quantifying the fact that we do not
have precise knowledge about the parameter value: one
where we evaluate the worst case over the possible values
of the parameter (minimax), and another where we eval-
uate the success probability relative to a prior distribution
(Bayesian).

We use the success probability to establish a triad of
figures of merit for finite-sample metrology. Next to the
success probability, which quantifies the precision at fixed
tolerance, we have the estimation tolerance, which quanti-
fies the minimal tolerance at fixed success probability. The
triad is completed by the sample complexity, which mea-
sures how many repetitions we have to perform to achieve
guarantees on both the success probability and the estima-
tion tolerance. These three quantities form a general and
self-consistent framework for quantum metrology in the
finite-sample regime.

The suitability of our framework for finite-sample
metrology depends crucially on the fact that we can opti-
mize metrology protocols for our figure of merit. We
show that optimizing the success probability is a well-
posed problem that can be solved through semi-infinite
programming, a continuous generalization of semidefinite
programming, even when the parameter is encoded in a
parametrized quantum channel and adaptive protocols are
considered.

The Cramér-Rao bound quantifies the fundamental lim-
its to the achievable mean-squared error of a metrology
protocol. The core contribution of our work is to similarly
establish the fundamental limits of our triad of figures of
merit. We show that the success probability of a metrol-
ogy protocol is limited by the distinguishability of the
quantum states associated with the different values of the
parameter, more precisely by the success probability of a
quantum multihypothesis testing problem between states
spaced proportional to the tolerance. Our results iden-
tify a new bridge between the information-theoretic field
of quantum hypothesis testing, in which statements are
often of strong mathematical nature, and the significantly
more practical setting of finite-sample quantum metrol-
ogy. Building on this result, we establish a lower bound
on the optimal estimation tolerance that takes the form
of a finite-sample Cramér-Rao bound, again highlighting
the fact that large quantum Fisher information is indeed
a necessary condition for good finite-sample performance.
Similarly, we establish bounds on the sample complexity
that show that appropriate scaling of the quantum Fisher
information is necessary to achieve Heisenberg-limited
scaling asymptotically.

To illustrate our results, we analyze one of the most
prototypical problems in quantum metrology: the estima-
tion of an unknown phase shift imprinted on an ensemble
of spin—% particles through a Hamiltonian evolution. We
make use of the semi-infinite programming formulation to
establish the measurement achieving the optimal success
probability. In doing so, we give a closed-form formula
for the optimal success probability and use it to compare
different families of probe states for phase estimation.

This comparison shines light on the intricacies of the
finite-sample regime and shows that optimizing metrology
protocols for large quantum Fisher information can lead
to poor performance in the finite-sample regime, a find-
ing consistent with previous works [57,117]. We observe
that the optimal probe states have a distinctly different
form from the probe states considered in the literature. Our
numerics further exhibit clearly that the quantum Fisher
information is not indicative of the finite-sample perfor-
mance of a probe state. The Holland-Burnett state serves as
a good example: while it has near-optimal Fisher informa-
tion and achieves Heisenberg scaling asymptotically, the
performance in the finite-sample regime degrades signifi-
cantly compared to the optimally achievable one when the
desired success probability is increased.

Our work reinforces the value of a change of perspective
towards an operationally motivated figure of merit to study
the practically important finite-sample regime in quantum
metrology. We think that the theory of quantum metrology
advanced in this work will provide a fertile ground for fur-
ther investigation. While many fundamental questions are
already answered in the traditional approach to quantum
metrology, we observe the opposite picture in the finite-
sample regime, as we detailed in the preceding section. It
offers a plethora of intriguing questions, both about a better
understanding of the fundamental connection to hypothesis
testing, as well as to establishing new practical metrology
protocols with superior performance in the finite-sample
regime.
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