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We present a simple algorithm that implements an arbitrary n-qubit unitary operator using a Clifford + T
circuit with T-count Oð24n=3n2=3Þ and ancilla-count Oð22n=3n1=3Þ. The previous best T-count for unitary
synthesis was Oð23n=2nÞ with Oð2n=2Þ ancillae by [Low et al., Quantum 8, 1375 (2024)]. There is a
fundamental tradeoff between T gates and ancillae, and our algorithm extends the achievable regime of
this tradeoff, reducing the exponent in T-count from 3n=2 to 4n=3. The best known lower bound remains
Ωð2nÞ, so the optimal T-count for general unitary synthesis is still open. Our construction is based on a
recursive application of the cosine-sine decomposition, together with a generalization of the optimal
diagonal unitary synthesis method by [D. Gosset et al., Quantum 10, 2168 (2026)] to multi-controlled
k-qubit unitaries.
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I. INTRODUCTION

Decomposing arbitrary unitaries into smaller, structured
circuits is a fundamental and well-known problem in
quantum computation. This question is not only math-
ematically interesting—aiming to understand how com-
plex unitary transformations arise from simple building
blocks—but also of practical significance, as it forms the
basis of quantum circuit compilation. There is a long
history: early work studied exact synthesis using continu-
ous gate sets, such as single-qubit rotations together with
CNOT gates [3,4]. Researchers have also investigated
discrete universal gate sets as they can approximate any
unitary to arbitrary precision, with the Solovay-Kitaev
theorem providing the first general efficiency guarantee for
single-qubit approximation [5].
Among discrete universal gate sets, particular attention

has been given to decompositions into Clifford + T cir-
cuits. This focus is motivated by fault-tolerant quantum
computing: Clifford operations can typically be imple-
mented at low cost, while T gates are expensive due to the
overhead of magic state distillation and injection. It is
therefore natural to ask how arbitrary unitaries can be
compiled using as few T gates as possible, and what the
optimal T-count is.

Although this general question remains open, progress
has been made in certain special cases. One example is the
decomposition of single-qubit unitaries into Clifford + T
circuits [6–8], restated in Lemma II.4 and used as a
subroutine in our work. In this setting, the focus has been
on optimizing constant factors, which are crucial for
practical implementations.
Another important case is quantum state preparation,

which corresponds to implementing the first column of an
n-qubit unitary. With only a constant number of ancillae,
the T-count for quantum state preparation can be shown to
have a lower bound of Ωð2n=nÞ [9] using a counting
argument [1]. Surprisingly, it was shown that if exponen-
tially many ancillae are allowed, the number of T gates can
be substantially smaller than the number of the Clifford
gates [1], and an optimal T-count of Θð2n=2Þ was recently
established in Ref. [2].
For general unitary synthesis, when only a constant

number of ancillae is available, a lower bound ofΩð22n=nÞ
can be derived in a similar manner. However, [1] showed
that one can achieve a T-count of Oð23n=2 · nÞ using
Oð2n=2Þ ancillae, by reducing the task to preparing 2n

quantum states. This was the first result demonstrating
an asymptotic saving in T gates for unitary synthesis, and
it appeared in 2018. Subsequently, in 2021, Rosenthal
proved a query upper bound (with queries to classical
Boolean functions) of Oð2n=2Þ, which translates into a
T-count of roughly the same order, Oð23n=2Þ, while using
Oð2nÞ ancillae [10]. For a summary of these results and
other related scalings, see Table I. Since then, no further
improvements in synthesis algorithms have been obtained.
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Given arbitrarilymany ancillae, the current best lower bound
is Ωð2nÞ, given in Ref. [2] (restated in Theorem I.3 for
completeness). Determining the optimal T-count for unitary
synthesis remains an open problem. Two natural candidate
scalings have been discussed informally: 23n=2, suggested by
the best known upper bound from two distinct approaches,
and 2n, motivated by the analogy with quantum state
preparation, which exhibits a quadratic saving.
In this paper, we give a unitary synthesis algorithm that

reduces the T-count to Oð24n=3 · n2=3Þ. This provides
further evidence that the optimal scaling could be as
low as 2n.
Theorem I.1. (Main result). Let ϵ > 0 and set L ¼

nþ logð1=ϵÞ. Then any U∈Uð2nÞ can be ϵ-approximated
by a Clifford + T circuit using

O
�
24n=3 · L2=3 þ 2n · L

�
T gates

and

O
�
22n=3 · L1=3 þ L

�
ancillae:

In particular, for any positive integer k ≤ ðn− log2LÞ=3,
U can be ϵ-approximated by a Clifford + T circuit using

O
�
2ð3n−kÞ=2 ·

ffiffiffiffi
L

p �
T gates

and

O
�
2ðnþkÞ=2 ·

ffiffiffiffi
L

p �
ancillae:

When k ¼ Oð1Þ, Theorem I.1 gives a T-count of
Oð23n=2 ffiffiffiffi

L
p Þ and an ancilla-count of Oð2n=2 ffiffiffiffi

L
p Þ. This

corresponds to the naive recursive CS-decomposition
approach described in Sec. III A, and is a minor refine-
ment of the Oð23n=2nÞ scaling of [1] within the same
23n=2 regime. The main improvement of the present
work is obtained when k grows with n, which moves
further along the ancilla–T-count tradeoff and yields the
Oð24n=3L2=3Þ T-count.
The notion of approximation by a Clifford + T circuit in

Theorem I.1 is defined as follows.

Definition I.2. (Clifford + T approximation). Let
U∈Uð2nÞ. We say that U admits an exact Clifford + T
implementation using l T gates and m ancillae if there
exists C∈Uð2nþmÞ such that C can be written as a product
of l T gates and arbitrarily many Clifford gates, and

U ⊗ j0mi ¼ C · ðI2n ⊗ j0miÞ:

Given V∈Uð2nþmÞ and ϵ ≥ 0, we say that V implements
U to error ϵ if

kU ⊗ j0mi − V · ðI2n ⊗ j0miÞk ≤ ϵ:

In particular, if V also admits an exact Clifford + T
implementation, then we say thatU can be ϵ-approximated
by a Clifford + T circuit.

A. Proof overview

We begin by showing that any n-qubit unitary can be
decomposed into a product of 2n − 1 multi-controlled
single-qubit unitaries, obtained via a recursive application
of the cosine-sine decomposition. Each step of the recur-
sion halves the dimension and introduces multi-controlled
rotations, which ultimately yields 2n − 1 such gates
(Theorem III.5).
By carefully organizing this recursion, we observe that

many of these controlled unitaries share the same target
qubits and can therefore be grouped together. More
concretely, let k∈½n − 1�. Then the product of certain
consecutive blocks of 2k − 1 controlled unitaries has the
same k-qubit target register (say, the first k qubits), and
hence simplifies to a single multi-controlled k-qubit
unitary. There are in total 2n−k such consecutive blocks.
The remaining main technical step is to determine the

T-count for implementing a multi-controlled k-qubit uni-
tary. The inspiration comes from the algorithm of [2] for
synthesizing diagonal unitaries, together with a polyno-
mial factoring technique. A diagonal unitary is a special
case of a multi-controlled single-qubit unitary. The algo-
rithm of [2] delegates the application of Hadamard and
T gates to a specific target controlled by the other n − 1

TABLE I. Comparison of related T-count and ancilla-count scalings for constant approximation error.

Task Result T-count Ancillae

State preparation
Low-Kliuchnikov-Schaeffer [1] Oð2n=2 ffiffiffiffiffiffiffiffiffiffiffiffiffi

n log n
p Þ Oð2n=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

log n=n
p Þ

Gosset-Kothari-Wu [2] Θð2n=2Þ Oð2n=2Þ

Unitary synthesis

Counting lower bound Ωð22n=ðnþ λÞÞ λ
Low-Kliuchnikov-Schaeffer [1] Oð23n=2 nÞ Oð2n=2Þ

Rosenthal [10] Oð23n=2Þ Oð2nÞ
This work, the naive version (Sec. III A) Oð23n=2 n1=2Þ Oð2n=2 n1=2Þ

This work (Theorem I.1) O(24n=3n2=3) O(22n=3n1=3)
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qubits to a Boolean function of n − 1 variables. This
idea can be made more concrete via the following
example. Suppose U ¼Px∈f0;1gn−1 jxihxj ⊗ Vx is a multi-
controlled single-qubit unitary where each Vx∈Uð2Þ can
be written as a product of Hadamard and T gates:

Vx ¼ Hf1ðxÞ · Tf2ðxÞ � � �Hf2L−1ðxÞ · Tf2LðxÞ;

with Boolean functions fi∶ f0; 1gn−1 → f0; 1g. If we can
implement the corresponding Boolean function oracles
jxi ⊗ j0i ↦ jxi ⊗ jfiðxÞi, then U can be realized by
applying each Hadamard or T gate controlled by the
ancilla register holding jfiðxÞi.
In our setting, each multi-controlled single-qubit unitary

in the block can similarly be described by a Boolean
function f∶ f0; 1gn → f0; 1g. Moreover, since their tar-
gets lie only on the first k qubits, we find it convenient to
factor each Boolean function f as

fðx1;…; xnÞ ¼
X
i

giðx1;…; xkÞ · hiðxkþ1; � � � ; xnÞ;

where each gi is a polynomial in the first k variables and
each hi is a polynomial in the remaining n − k variables.
By treating gi and hi separately, we obtain a T-count of
Oð2nþk

2

ffiffiffi
k

p þ 4k · kÞ for implementing a multi-controlled
k-qubit unitary (Lemma IV.3). The ancilla overhead comes
from this amortization: the workspace stores the shared
Boolean-function values gi;j;b on the control variables and
the monomial data for the target variables while the
controlled Hadamard and T sequences are applied across
the entire block. Thus, the workspace grows with k for the
same reason the T-count decreases.
By setting k ≈ n=3, this approach yields a substantial

saving over the naïve strategy of decomposing each multi-
controlled k-qubit unitary into a product of 2k − 1 multi-
controlled single-qubit unitaries (Sec. III A).

B. The tradeoff between T gates and ancillae

Let λ denote the number of ancillae and R the number of
T gates. There is a notable tradeoff between the space
(ancilla-count) and time (T-count) complexity in all related
synthesis algorithms.
For the state preparation problem, it was first observed

in Ref. [1] and later refined by the algorithm in Ref. [2] that

ðnþ λÞ · R ¼ Ωð2nÞ;

and that there exists an algorithm achieving T-count
Oð2n=λÞ when λ ¼ Oð2n=2Þ. This tradeoff is essentially
optimal, since even with arbitrarily many ancillae there is a
lower bound of Ωð2n=2Þ on the T-count [2, Theorem 4.1].
For general unitary synthesis, we can derive an analo-

gous lower bound using the counting argument of [1]:

ðnþ λÞ · R ¼ Ωð22nÞ: (1)

In the regime λ ¼ Oð2n=2Þ, [1] gave an algorithm that
uses λ ancillae and Oð22n · n=λÞ T gates. However, the
regime of this tradeoff is far from optimal, since in
principle λ could scale up to Oð2nÞ. Extrapolating this
regime would then suggest the possibility of achieving a
T-count as small as Oð2nÞ.
Our algorithm essentially extends this tradeoff to the

larger regime λ ¼ Oð22n=3 · n1=3Þ. This also indicates
that, in order to further reduce the T-count beyond the
24n=3 scale, one would need a more sophisticated method
that leverages substantially more ancillae, possibly up
to Oð2nÞ; indeed, the lower bound in Eq. (1) forces
R ¼ Ωð24n=3=polyðnÞÞ at this ancilla scale.
A natural question is whether reducing T-count by using

additional ancilla qubits is practically meaningful. We
emphasize that this depends on the fault-tolerant archi-
tecture: in many settings, the dominant non-Clifford cost is
the preparation and delivery of high-fidelity T states,
whereas clean ancilla qubits and measurements are com-
paratively cheaper. From this perspective, trading ancillae
for T gates is not merely a theoretical artifact, but a
meaningful compiler-level degree of freedom.

C. Applications

Implementing arbitrary unitaries on n qubits is a
common subroutine in quantum algorithms, appearing for
example in first-quantized quantum simulation [11,12] and
in the preparation of matrix product states [13–15]. Such
unitaries are typically specified by 4n matrix elements
stored classically, and synthesizing them with minimal
T-count is crucial for practical implementations. Once
fault-tolerant quantum computers are available, unitary
synthesis will form part of the standard compilation
toolchain for higher-level algorithmic primitives. Our
synthesis technique could thus be used to reduce the cost
of these primitives, where classical preprocessing can
guide quantum circuit construction. Furthermore, since
T gates are expected to be relatively expensive on certain
hardware platforms, such as neutral-atom architectures,
lowering the T-count through our method may be espe-
cially impactful.

D. Lower bound

We include, for completeness, the current best known
lower bound of Ωð2nÞ on the T-count of unitary synthesis,
and conjecture that it is tight when ϵ is constant.
Theorem I.3. ([2, Theorem 4.3]). There exists U∈Uð2nÞ

such that the following is true. For any integerm ≥ 0, let U
be the associated quantum channel given by UðρÞ ≔
UρU† ⊗ j0mih0mj. For any adaptive Clifford + T circuit
A with kA − Uk⋄ ≤ ϵ, A must use Ωð2n · ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

logð1=ϵÞp þ
logð1=ϵÞÞ T gates. In particular, this T-count is the
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expectation over the randomness in the measurement
outcomes in A with worst-case input.

E. Notations

Throughout this paper, we use i ¼ ffiffiffiffiffiffi−1p
to denote the

imaginary unit, IN for the N × N identity matrix, and
½N� ¼ f1; 2;…; Ng. UðNÞ denotes the unitary group of all
N × N unitary matrices and SUðNÞ denotes the special
unitary group of all N × N unitary matrices with deter-
minant 1. Wewrite kAk for the operator norm of a matrix A
and kAk⋄ for the diamond norm of a quantum channel A.

II. PRELIMINARIES

In this section, we include a few lemmas that will be
used frequently in this paper.
The proof of the first lemma below is fairly standard via

a telescoping sum argument. We nevertheless include it in
the Appendix for completeness.
Lemma II.1. (Composition error bound). Suppose

that Vi∈Uð2nþmiÞ implements Ui∈Uð2nÞ to error ϵ for
some integer mi ≥ 0. Let m ¼ maxi∈½L�mi. Then ðV1 ⊗
I2m−m1 Þ � � � ðVL ⊗ I2m−mL Þ∈Uð2nþmÞ implements U1 � � �UL
to error Lϵ.
Given a bitstring a∈f0; 1gn, denote by wtðaÞ the

number of 1’s in a.
Lemma II.2. (Generating all monomials). The mono-

mial-generating unitary of degree n given by

jx1;…; xni ⊗ ⨂
a∈f0;1gn;wtðaÞ≥2

jyai ↦

jx1;…; xni ⊗ ⨂
a∈f0;1gn;wtðaÞ≥2

jya ⊕ xa11 xa22 � � � xann i;

where x1;…; xn; ya∈f0; 1g, can be written exactly as a
product of 2n − n − 1 Toffoli gates.
Proof. We trivially have all the degree-1 monomials

x1;…; xn. The algorithm then generates each degree-2
monomial using one Toffoli gate. More concretely, to
generate xi1xi2 for some 1 ≤ i1 < i2 ≤ n, apply a Toffoli
gate which is controlled on jxi1i and jxi2i and acts on jyai
where a∈f0; 1gn has two 1’s at positions i1 and i2 and
0’s elsewhere, i.e. a ¼ ei1 þ ei2 . The algorithm can
thus work recursively to generate all monomials. For
each integer i∈½2; n�, the algorithm can generate all
degree-i monomials by applying ðniÞ Toffoli gates con-
trolled on the appropriate degree-ði − 1Þ monomials
and degree-1 monomials. Overall, the number of Toffoli
gates used to generate all degree-n monomials isP

n
i¼2ðniÞ ¼ 2n − n − 1. ▪
Lemma II.3. (T-count for Boolean function oracles,

[1,16, Theorem 2]). Let r ≥ 1 be an integer and
f∶ f0; 1gn → f0; 1gr be an arbitrary Boolean function.
Define Uf as the unitary mapping jxijyi to jxijy ⊕ fðxÞi
for all x∈f0; 1gn and y∈f0; 1gr. Then Uf admits an exact

Clifford + T implementation using Oð ffiffiffiffiffiffiffiffiffiffi
r · 2n

p Þ T gates and
ancillae.
We also refer readers to [[2], Remark 2.2] for a nice

proof sketch of [16].
Lemma II.4. (Single-qubit Clifford + T approximation,

[8]). For any ϵ > 0 and any U∈SUð2Þ, there existseU∈SUð2Þ such that kU − eUk ≤ ϵ and eU is a product of
Oðlogð1=ϵÞÞ Hadamard and T gates.

III. COSINE-SINE DECOMPOSITION

In this section, we recall the cosine-sine (CS) decom-
position, and explain how it can be used recursively to
factorize any unitary into multi-controlled single-qubit
unitaries. This will serve as the structural backbone for our
synthesis results.
We begin by clarifying a piece of terminology that will

be used frequently throughout the paper.
Definition III.1. (Multi-controlled unitaries). Let k be a

positive integer smaller than n. We call U∈Uð2nÞ an
ðn − kÞ-fold controlled k-qubit unitary if, up to a permu-
tation of qubits,

U ¼
X

x∈f0;1gn−k
jxihxj ⊗ Vx; where Vx∈Uð2kÞ:

When the number of control qubits is clear from context,
we simply refer to U as a multi-controlled k-qubit unitary.
In particular, if U∈Uð2nÞ is described this way, the
number of control qubits is understood to be n − k.
The form

P
x jxihxj ⊗ Vx is block-diagonal and natu-

rally connects to the cosine-sine (CS) decomposition [17].
In this paper, we will only use a special case as summa-
rized in Theorem III.2. We refer interested readers to [18,
Sec. 2.1] for detailed illustration and a proof of the more
general case.
Theorem III.2. (Special case of the CS decomposition).

For any U∈Uð2nÞ, there exist V1; V2;W1;W2∈Uð2n−1Þ
and angles θ1;…; θ2n−1∈½0; π=2� such that

U ¼
�
V1

V2

�
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

≔V

·
�
C S
S −C

�
|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

≔D

·
�
W1

W2

�
|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

≔W

; (2)

where C ¼ diagðcos θ1;…; cos θ2n−1Þ and S ¼
diagðsin θ1;…; sin θ2n−1Þ.
We remark that
(i) V;W∈Uð2nÞ are block-diagonal and correspond to

1-fold controlled ðn − 1Þ-qubit unitaries. They are
both controlled by the first qubit and act on the
remaining n − 1 qubits;

(ii) The middle block D∈Uð2nÞ is a multi-controlled
single-qubit unitary controlled by the last n − 1
qubits and acts on the first qubit.
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By applying the CS decomposition recursively to V and
W, we obtain a factorization of any n-qubit unitary into
2n − 1 multi-controlled single-qubit unitaries. If many
consecutive multi-controlled single-qubit unitaries share
the same target, we can simplify the circuit by implement-
ing their product at once, since their product is itself a
multi-controlled single-qubit unitary. In our case, we
cannot do this exactly, but when the target qubits belong
to the same block, there are still opportunities to com-
bine gates.
We note that the order in which the target qubits appear

has a specific combinatorial structure. To better describe
this order, we introduce the following notation.
Definition III.3. (Position of the least significant 1). For

each i∈½2n − 1�, let tnðiÞ∈½n� denote the position of the
least significant 1 in the binary representation of i in n bits
(with leading zeros allowed), where the most significant
bit has index 1 and the least significant bit has index n [19].
For example, tnð1Þ ¼ n since the binary representation

of 1 is 0n−11, and tnð2n − 2Þ ¼ n − 1 since the binary
representation of 2n − 2 is 1n−10. When n ¼ 3,

i∶ 1; 2; 3; 4; 5; 6; 7 ⇒ t3ðiÞ∶ 3; 2; 3; 1; 3; 2; 3.

We will use the following simple proposition in the
proof of Theorem III.5.
Proposition III.4. For each i∈½2n−1 − 1�, we have

that tnðiÞ ¼ tnðiþ 2n−1Þ ¼ tn−1ðiÞ þ 1 ≥ 2.
Theorem III.5. (Recursive CS decomposition). For any

U∈Uð2nÞ, there exist U1;…; U2n−1∈Uð2nÞ such that
U ¼ U1U2 � � �U2n−1, where each Ui is a multi-controlled
single-qubit unitary targeting the qubit indexed by tnðiÞ.
As an example, the target qubits of U1; � � � ; U2k are

among the last k qubits. So their product U1U2 � � �U2k is a
multi-controlled k-qubit unitary acting on the last k qubits.
Proof of Theorem III.5. We will prove the claim by

induction on n.
The base case n ¼ 2 follows directly from

Theorem III.2: in Eq. (2), we have U1 ¼ V and U3 ¼ W,
both targeting at the second qubit since t2ð1Þ ¼ t2ð3Þ ¼ 2,
and U2 ¼ D, which targets the first qubit since t2ð2Þ ¼ 1.
For the induction step, assume the claim holds for n − 1

qubits. Given U∈Uð2nÞ, its CS decomposition has the
formU ¼ VDW as in Eq. (2). By the induction hypothesis,
each Vj;Wj∈Uð2n−1Þ can be decomposed into multi-
controlled single-qubit unitaries: for j ¼ 1; 2,

Vj ¼ Vj;1Vj;2 � � �Vj;2n−1−1;
Wj ¼ Wj;1Wj;2 � � �Wj;2n−1−1:

Here each Vj;i;Wj;i is an ðn − 1Þ-qubit unitary acting on
qubit tn−1ðiÞ∈½n − 1� where i∈½2n−1 − 1�.

For each i∈½2n−1 − 1�, define

Ui ¼
�
V1;i

V2;i

�

and

Uiþ2n−1 ¼
�
W1;i

W2;i

�
:

Each Ui (or Uiþ2n−1) inherits the control structure
from Vj;i (or Wj;i), with the first qubit acting as an
additional control. Then by Proposition III.4, each Ui
targets the qubit indexed by tn−1ðiÞ þ 1 ¼ tnðiÞ and is
controlled by the remaining n − 1 qubits. Similarly,
each Uiþ2n−1 targets the qubit indexed by tn−1ðiÞ þ 1 ¼
tnðiþ 2n−1Þ and is controlled by the rest of the
qubits.
Finally, let us set U2n−1 ¼ D, which is a multi-

controlled single-qubit unitary acting on the first
qubit and indeed tnð2n−1Þ ¼ 1. This completes the
induction. ▪

A. A naïve implementation using
Oð23n=2 · n1=2Þ T gates

It was shown in Ref. [[2], Theorem 1.2] that any
diagonal unitary D∈Uð2nÞ can be ϵ-approximated
by a Clifford + T circuit using Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n · logð1=ϵÞp þ
logð1=ϵÞÞ T gates and ancillae. In fact, if one takes a
closer look at the proof of [[2], Theorem 1.2], it directly
works for any unitary in the form of

X
x∈f0;1gn−1

jxihxj ⊗ Rx; as long as Rx∈SUð2Þ: (3)

Hence, one can relax the theorem to any multi-
controlled single-qubit unitary U, not just the diagonal
ones. This is because U can be written as a product of a
diagonal gate and a gate in the form of Eq. (3). We
summarize this generalization as below.
Corollary III.6. (T-count for multi-controlled single-

qubit unitaries). For any ϵ > 0 and any multi-controlled
single-qubit unitary U∈Uð2nÞ, there exists eU∈Uð2nþ1Þ
such that eU implements U to error ϵ and eU admits an exact
Clifford + T implementation using Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n · logð1=ϵÞp þ
logð1=ϵÞÞ T gates and ancillae.
Proof. Any multi-controlled single-qubit unitary

U∈Uð2nÞ, up to a permutation of qubits, can be
written as
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U ¼
X

x∈f0;1gn−1
jxihxj ⊗ Vx ðeachVx∈Uð2ÞÞ

¼
X

x∈f0;1gn−1
jxihxj ⊗ ðeiθx · RxÞ ðeachRx∈SUð2Þ; θx∈½0; 2πÞÞ

¼
0@ X

x∈f0;1gn−1
jxihxj ⊗ ðeiθx · I2Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≔D

1A ·

0@ X
x∈f0;1gn−1

jxihxj ⊗ Rx|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
≔R

1A:

It follows from the proof of [[2], Theorem 1.2] that
(i) there exists eR∈SUð2nÞ such that eR implements R to

error ϵ=2, i.e. kR − eRk ≤ ϵ=2.
(ii) there exists eD∈SUð2nþ1Þ such that eD implements

D to error ϵ=2.
(iii) Both eR and eD admit exact Clifford + T implemen-

tations using Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n · logð1=ϵÞp þ logð1=ϵÞÞ T

gates and ancillae.
By Lemma II.1, we know that eU ¼ eD · ðeR ⊗ I2Þ imple-

ments U ¼ DR to error ϵ, which completes the proof. ▪
Following from Theorem III.5, we know that any

U∈Uð2nÞ can be written as a product of 2n − 1 multi-
controlled single-qubit unitaries, i.e. U ¼ U1U2 � � �U2n−1.
By Corollary III.6, for each i∈½2n − 1�, there existseUi∈Uð2nþ1Þ such that eUi implements Ui to error ϵ ·
2−n and eUi admits an exact Clifford + T implementation
using

O
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n · logð1=ðϵ · 2−nÞÞ
p

þ logð1=ðϵ · 2−nÞÞ
	

¼ O
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2nðnþ logð1=ϵÞÞ
p

þ logð1=ϵÞ
	

T gates and ancillae. So naively, let eU ¼eU1
eU1 � � � eU2n−1∈Uð2nþ1Þ. Then by Lemma II.1, eU imple-

ments U to error ϵ and eU admits an exact Clifford + T
implementation with a T-count of

O
�
2n
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2nðnþ logð1=ϵÞÞ
p

þ logð1=ϵÞ�	;
and an ancilla-count of

O
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2nðnþ logð1=ϵÞÞ
p

þ logð1=ϵÞ
	
:

Thus, our naïve recursive CS-based synthesis achieves a
T-count of Oð23n=2 · n1=2Þ, improving slightly over the
previous best Oð23n=2 · nÞ scaling due to [1] while relying
on an arguably simpler analysis.

IV. LOWER THE T-COUNT

The key observation that lowers the T-count is that many
of the controlled unitaries in the recursive CS decom-
position can be grouped together.
Throughout this section, we will write tnðiÞ simply as

tðiÞ, since the subscript is always n. Let k∈½n − 1� be
a parameter that we will optimize later. To begin with,
note that each of U1;…; U2k−1 acts on one of the last k
qubits, since tð1Þ; � � � ; tð2k − 1Þ∈fn − kþ 1; � � � ; ng.
Their product U1 � � �U2k−1 is thus a unitary acting on
qubits in ½n�n½n − k� and controlled by qubits in ½n − k�, i.e.

W0 ≔ U1 � � �U2k−1 ¼
X

x∈f0;1gn−k
jxihxj ⊗ V0;x;

where V0;x∈Uð2kÞ. Similarly, since tð2k þ iÞ ¼ tðiÞ for
any i∈½2k − 1�, each of U2kþ1; � � � ; U2kþ2k−1 also acts on
one of the last k qubits. So their product W1 ≔
U2kþ1 � � �U2kþ2k−1 is also a multi-controlled k-qubit
unitary. Let us fully generalize this. For each j∈
f0; 1;…; 2n−k − 1g, let

Wj ≔ Uj·2kþ1 ·Uj·2kþ2 � � �Uj·2kþ2k−1
¼

X
x∈f0;1gn−k

jxihxj ⊗ Vj;x; (4)

where Vj;x∈Uð2kÞ. Overall,

U ¼ W0 ·
Y2n−k−1
j¼1

Uj·2k ·Wj: (5)

If we implement eachWj, a product of 2k − 1 controlled
unitaries, to error ϵ · 2−ðn−kÞ naively as in Sec. III A, the
T-count is Oð2kð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2nðnþ logð1=ϵÞÞp þ logð1=ϵÞÞÞ. If we
ignore the polynomial dependence on n and take ϵ to
be constant, this T-count is on the order of 2kþn=2.
However, we will show in Lemma IV.3 that there is a
cheaper way to implement Wj, with cost roughly on the
order of 2ðnþkÞ=2 þ 22k.
a. Notation Let Ui be a multi-controlled single-qubit

unitary targeting qubit tðiÞ, i.e.
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Ui ¼
X

x∈f0;1gn−1
jx1;…; xtðiÞ−1ihx1;…; xtðiÞ−1j

⊗ Vi;x ⊗ jxtðiÞ; � � � ; xn−1ihxtðiÞ; � � � ; xn−1j;

where Vi;x∈Uð2Þ. We adopt the following notation to
simplify the writing of Ui as

Ui ¼
X

x∈f0;1gn−1
jxihxj ⊗ ½Vi;x�tðiÞ;

where the subscript tðiÞ in ½A�tðiÞ indicates that A actually
acts on the qubit indexed by tðiÞ and the control qubits are
indexed by ½n�nftðiÞg.

A. Implementing multi-controlled k-qubit unitaries

In Lemma IV.1, we first show a special case of
implementing a product ofmmulti-controlled single-qubit
unitaries, each acting on one of k designated target qubits.
Then we plug in m ¼ Oð2kÞ and bound the cost of
implementing a general multi-controlled k-qubit unitary
in Lemma IV.3.
Lemma IV.1. (T-count for a product of multi-controlled

single-qubit unitaries). Let n;m; k be positive integers and
k < n. For each i∈½m�, let

Ui ¼
X

x∈f0;1gn−1
jxihxj ⊗ ½Ri;x�hi ;

where Ri;x∈SUð2Þ and hi∈½k�. Let U ¼ U1U2 � � �Um.
Then for any ϵ > 0, there exists eU∈Uð2nÞ such that kU −eUk ≤ ϵ and eU admits an exact Clifford + T implementation
using Oð2n=2 · ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m · logðm=ϵÞp þ 2k ·m · logðm=ϵÞÞ T
gates and ancillae.
Proof. We first describe the construction of eU∈Uð2nÞ.

For each i∈½m� and x∈f0; 1gn−1, since Ri;x∈SUð2Þ, it
follows from Lemma II.4 that there exists eRi;x∈SUð2Þ
such that kRi;x − eRi;xk ≤ ϵ=m and eRi;x can be written
exactly as a product of L Hadamard and L T gates where
L ¼ ⌈c · logðm=ϵÞ⌉ for some constant c > 0. More con-
cretely, let us write

eRi;x ¼ Hfi;1ðxÞ · Tfi;2ðxÞ � � �Hfi;2L−1ðxÞ · Tfi;2LðxÞ;

where fi;j∶ f0; 1gn−1 ↦ f0; 1g for each j∈½2L�. TheneUi ≔
P

x∈f0;1gn−1 jxihxj ⊗ ½eRi;x�hi implements Ui to error

ϵ=m. Overall, by Lemma II.1, eU ≔ eU1
eU2 � � � eUm imple-

ments U to error ϵ.
It remains to calculate the T-count and ancilla-count for

implementing eU.

Remark IV.2. Let us take a detour and recall the high-
level idea for implementing each eUi. The Boolean function
fi;j can be written as a polynomial in n − 1 variables
x1; � � � ; xhi−1; xhiþ1; � � � ; xn over F2. Let us write x ¼
ðx1; � � � ; xhi−1; xhiþ1; � � � ; xnÞ∈f0; 1gn−1. Suppose that we
can implement

jxi ⊗
�

⨂
j∈½2L�

jyji
�

↦ jxi ⊗
�

⨂
j∈½2L�

jyj ⊕ fi;jðxÞi
�
: (6)

Then we can implement eUi as follows:
(1) prepare 2L ancillae in j02Li.
(2) run Eq. (6) once on all qubits except the one indexed

by hi (whose state is jxhii).
(3) sequentially apply L controlled-Hadamard and L

controlled-T gates, each of which is controlled on
the corresponding qubit with state jfi;jðxÞi and acts
on the same qubit indexed by hi.

(4) run Eq. (6) once to uncompute each ancilla register
with state jfi;jðxÞi back to j0i.

In summary,

jxi ⊗ jxhii ⊗ j02Li

↦ jxi ⊗ jxhii ⊗
�

⊗
j∈½2L�

jfi;jðxÞi
�

step 2

↦ jxi ⊗ ðeRi;x · jxhiiÞ ⊗
�

⊗
j∈½2L�

jfi;jðxÞi
�

step 3

↦ jxi ⊗ ðeRi;x · jxhiiÞ ⊗ j02Li step 4:

So to implement eU, it boils down to the Clifford + T
implementation of Eq. (6) for each i∈½m� and how their
product can be optimized altogether.
We now continue the proof of Lemma IV.1. From now

on we write x ¼ ðx1;…; xnÞ, and each fi;j is extended to a
polynomial in n variables (i.e. its dependence on xhi is
trivial).
Since all the targeting qubits hi can only be in the first k

qubits, we can decompose fi;j in a way that separates the
variables x1;…; xk from the rest: for each i∈½m� and
j∈½2L�,

fi;jðxÞ ¼
X

b∈f0;1gk
ðxb11 � � � xbkk Þ · gi;j;bðxkþ1; � � � ; xnÞ; (7)

where gi;j;b is a polynomial in xkþ1; � � � ; xn over F2. We
denote all the gi;j;b polynomials together by

g∶ f0; 1gn−k → f0; 1gm·ð2LÞ·2k ; (8)

where gðxkþ1; � � � ; xnÞi;j;b ¼ gi;j;bðxkþ1; � � � ; xnÞ.
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Now we are ready to describe the final algorithm:
(1) Prepare M ancillae in j0Mi. Denote the input state as jx1;…; xni ⊗ j0Mi. We will specify M later.
(2) Recall g∶ f0; 1gn−k → f0; 1gm·ð2LÞ·2k defined in Eq. (8). Using [16] with r ¼ m · ð2LÞ · 2k, the unitary Ug given by

jxkþ1; � � � ; xni ⊗
 

⨂
i∈½m�;j∈½2L�;
b∈f0;1gk

jyi;j;bi
!

↦ jxkþ1; � � � ; xni ⊗
 

⨂
i∈½m�;j∈½2L�;
b∈f0;1gk

jyi;j;b ⊕ gi;j;bðxkþ1; � � � ; xnÞi
!

admits an exact Clifford + T implementation using Oð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n−k · r

p
Þ ¼ Oð2n=2 ffiffiffiffiffiffiffi

mL
p Þ T gates and ancillae. Applying

Ug gives

jx1;…; xni ⊗
 

⊗
i∈½m�;j∈½2L�;
b∈f0;1gk

jgi;j;bðxkþ1; � � � ; xnÞi|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
≔jAi

!
⊗ j0MAi:

Here, the ancilla count must satisfy M ¼ ΩðmL2k þMAÞ and MA ¼ Ωð2n=2 ffiffiffiffiffiffiffi
mL

p Þ.
(3) For each i∈½m�, we now describe how to implement eUi ≔

P
x∈f0;1gn−1 jxihxj ⊗ ½eRi;x�hi :

(a) Denote the input state by jx1; � � � ; xni ⊗ jAi ⊗ j0MAi.
(b) Apply the monomial-generating unitary in Lemma II.2 to produce the state that encodes all monomials in

x1; � � � ; xhi−1; xhiþ1; � � � ; xk. With a permutation of registers, the resulting state is given by

jxhii ⊗ jAi ⊗
�

⊗
a∈f0;1gk−1

jxa11 � � � xahi−1hi−1x
ahi
hiþ1 � � � xak−1k i|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≔jBi

�
⊗ j0MBi;

using Oð2kÞ Toffoli gates and ancillae. Here, the ancilla counts must satisfy MA ¼ Ωð2k þMBÞ.
(c) Set MB ¼ 2L · 2k. By Eq. (7), one can use 2L · 2k Toffoli gates to produce

jxhii ⊗ jAi ⊗ jBi ⊗
�

⨂
j∈½2L�

jfi;jðxÞi
�
:

(d) Use L controlled-Hadamard and L controlled-T gates to produce�eRi;x · jxhii
	
⊗ jAi ⊗ jBi ⊗

�
⨂

j∈½2L�
jfi;jðxÞi

�
:

(e) Uncompute the state to

jx1;…; xhi−1i ⊗
�eRi;x · jxhii

	
⊗ jxhiþ1; � � � ; xki ⊗ jAi ⊗ j0MAi:

(4) Apply Ug to uncompute jAi.
Overall, both the number of ancillae and T-count are Oð2n=2 · ffiffiffiffiffiffiffi

mL
p þ 2k mLÞ. ▪

We now bound the T-count for implementing a general multi-controlled k-qubit unitary.
Lemma IV.3. (T-count for multi-controlled k-qubit unitaries). Let k be a positive integer smaller than n. For any ϵ > 0

and any multi-controlled k-qubit unitary W∈Uð2nÞ targeting the last k qubits, i.e.

W ¼
X

x∈f0;1gn−k
jxihxj ⊗ Vx;

where Vx∈Uð2kÞ, there exists eW∈Uð2nþ1Þ such that eW implements W to error ϵ and eW admits an exact Clifford + T
implementation using Oð2ðnþkÞ=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kþ logð1=ϵÞp þ 4kðkþ logð1=ϵÞÞÞ T gates and ancillae.
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Proof. It follows from the recursive CS decomposition
in Theorem III.5 [see also Eq. (4)] thatW can be written as

W ¼ U1U2 � � �U2k−1;

where for each i∈½2k − 1�, Ui is a multi-controlled single-
qubit unitary targeting qubit tðiÞ∈½n�n½n − k�, i.e.

Ui ¼
X

x∈f0;1gn−1
jxihxj ⊗ ½ei·θi;x · Ri;x�tðiÞ;

where θi;x∈½0; 2πÞ, Ri;x∈SUð2Þ. Here we single out the
phases ei·θi;x so that each Ri;x admits a Hadamard+T
approximation following from Lemma II.4. Let us write

Ri ≔
X

x∈f0;1gn−1
jxihxj ⊗ ½Ri;x�tðiÞ

and

Φi ≔
X

x∈f0;1gn−1
jxihxj ⊗

h
diagðei·θi;x ; ei·θi;xÞ

i
tðiÞ

:

So Ui ¼ Ri ·Φi. To relate Φi to a unitary operator with
determinant 1, we use a similar trick as in the proof of [[2],
Theorem 1.2] and consider

Di ≔ Φi ⊗ j0ih0janc þΦ†
i ⊗ j1ih1janc

¼
X

x∈f0;1gn−1
jxihxj ⊗ ½I2�tðiÞ ⊗ diagðei·θi;x ; e−i·θi;xÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}anc

≔Di;x∈SUð2Þ

;

where the last equality is because

diagðei·θi;x ; ei·θi;xÞ ⊗ j0ih0j þ diagðe−i·θi;x ; e−i·θi;xÞj1ih1j
¼ diagðei·θi;x ; e−i·θi;x ; ei·θi;x ; e−i·θi;xÞ
¼ I2 ⊗ diagðei·θi;x ; e−i·θi;xÞ:

This additional ancilla register anc does not affect the
overall implementation of Ui because for any jψi∈C2n,

ðUijψiÞ ⊗ j0i ¼ ðRi ·Φi · jψiÞ ⊗ j0i
¼ ðRi ⊗ I2Þ ·Di · ðjψi ⊗ j0iÞ:

In other words, ðRi ⊗ I2ÞDi implements Ui to error 0.
Now, Ri ⊗ I2 and Di∈SUð2nþ1Þ are n-fold controlled

single-qubit unitaries, targeting qubit tðiÞ∈½n�n½n − k� and
qubit nþ 1 (i.e. register anc) respectively. Hence, we can
further simplify to write them as

Ri ⊗ I2 ¼
X

x∈f0;1gn
jxihxj ⊗ ½Ri;x�tðiÞ

and

Di ¼
X

x∈f0;1gn
jxihxj ⊗ Di;x;

where Ri;x; Di;x∈SUð2Þ. Overall,

ðWjψiÞ ⊗ j0i ¼ ðU1U2 � � �U2k−1jψiÞ ⊗ j0i

¼
 Y2k−1

i¼1

 X
x∈f0;1gn

jxihxj ⊗ ½Ri;x�tðiÞ
!

·

 X
x∈f0;1gn

jxihxj ⊗ Di;x

!!
· ðjψi ⊗ j0iÞ:

Applying Lemma IV.1 with m ¼ 2 · ð2k − 1Þ, we know
that there exists eW∈Uð2nþ1Þ such that eW implements
W to error ϵ and eW admits an exact Clifford + T imple-
mentation using Oð2ðnþkÞ=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kþ logð1=ϵÞp þ 4kðkþ
logð1=ϵÞÞÞ T gates and ancillae. ▪

B. Proof of Theorem I.1

Theorem I.1. (Main result). Let ϵ > 0 and set L ¼
nþ logð1=ϵÞ. Then any U∈Uð2nÞ can be ϵ-approximated
by a Clifford + T circuit using

Oð24n=3 · L2=3 þ 2n · LÞ T gates

and

Oð22n=3 · L1=3 þ LÞ ancillae:

In particular, for any positive integer k ≤ ðn− log2LÞ=3,
U can be ϵ-approximated by a Clifford + T circuit using

Oð2ð3n−kÞ=2 ·
ffiffiffiffi
L

p
Þ T gates

and

Oð2ðnþkÞ=2 ·
ffiffiffiffi
L

p
Þ ancillae:

Proof. It follows from the recursive CS decomposition
in Theorem III.5 [see also Eq. (5)] that
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U ¼ W0 ·
Y2n−k−1
j¼1

Uj·2k ·Wj;

where each Wj is a multi-controlled k-qubit unitary acting
on the last k qubits. We have already calculated the cost for
implementing each Uj·2k and Wj:

(i) By Corollary III.6, for each j∈f1; � � � ; 2n−k − 1g,
there exists eUj·2k∈Uð2nþ1Þ such that eUj·2k

implements Uj·2k to error δ and eUj·2k admits

an exact Clifford + T implementation using
Oð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n · logð1=δÞp þ logð1=δÞÞ T gates and
ancillae.

(ii) By Lemma IV.3, for each j∈f0; 1;…; 2n−k − 1g,
there exists eWj such that eWj implementsWj to error
δ and eWj admits an exact Clifford + T implemen-
tation using Oð2ðnþkÞ=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kþ logð1=δÞp þ 4kðkþ
logð1=δÞÞÞ T gates and ancillae.

Let δ ¼ ϵ · 2−ðn−kÞ=2 and L ¼ kþ logð1=δÞ ¼
nþ logð1=ϵÞ. Then the total ancilla-count is

O
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n · logð1=δÞ
p

þ logð1=δÞ þ 2
nþk
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ logð1=δÞ

p
þ 4kðkþ logð1=δÞÞ

	
¼ O

�
2
nþk
2

ffiffiffiffi
L

p
þ 4kL

	
; (9)

and hence the total T-count is

Oð2n−k ·
�
2

nþk
2

ffiffiffiffi
L

p
þ 4kLÞ

	
: (10)

For any positive integer k satisfying 2
nþk
2

ffiffiffiffi
L

p
≥ 4kL, i.e.

2k ≤ 2n=3 · L−1=3 or k ≤ ðn − log2 LÞ=3, we have that

ð9Þ ¼ O
�
2

nþk
2

ffiffiffiffi
L

p 	
and ð10Þ ¼ O

�
2

3n−k
2

ffiffiffiffi
L

p 	
: (11)

The ancillae and T gates tradeoff follows from the fact
that 2

nþk
2 · 2

3n−k
2 ¼ 22n. This proves the second part of

Theorem I.1. To prove the first part, we distinguish two
cases and choose k to minimize the T-count in each.

(i) When L ≥ 2n, we have that 4kL ≥ 2
nþk
2

ffiffiffiffi
L

p
for any k.

Then

ð9Þ ¼ Oð4k · LÞ and ð10Þ ¼ Oð2n−k · 4k · LÞ
¼ Oð2nþk · LÞ:

So we should set k to be the smallest possible
value, i.e. k ¼ 1.

(ii) When L ≤ 2n, let us set k ¼ bðn − log2 LÞ=3c. Then
by Eq. (11), we have

ð9Þ ¼Oð22n=3 ·L1=3Þ and ð10Þ ¼Oð24n=3 ·L2=3Þ:

Combining the above two cases gives

ancilla-count∶ O
�
Lþ 22n=3 · L1=3

�
;

and

T-count∶ O
�
2n · Lþ 24n=3 · L2=3

�
:

▪
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APPENDIX: PROOF OF LEMMA II.1

Lemma A.1. (Composition error bound). Suppose that
Vi∈Uð2nþmiÞ implements Ui∈Uð2nÞ to error ϵ for some
integer mi ≥ 0. Let m ¼ maxi∈½L�mi. Then ðV1 ⊗
I2m−m1 Þ � � � ðVL ⊗ I2m−mL Þ∈Uð2nþmÞ implements U1 � � �UL
to error Lϵ.
Proof. We will prove the lemma by induction on L.
The base case of L ¼ 1 is trivial. For the induction step,

assume the claim holds for a product of L − 1 terms
for some L ≥ 2, that is W ¼ ðV1 ⊗ I2m−m1 Þ � � � ðVL−1 ⊗
I2m−mL−1 Þ∈Uð2nþmÞ implements U ¼ U1 � � �UL−1 to error
ðL − 1Þϵ, i.e.

kW · ðI2n ⊗ j0miÞ −U1 � � �UL−1 ⊗ j0mik ≤ ðL − 1Þϵ:
(A1)

Without loss of generality, we can set m ¼ maxi∈½L�mi.
The goal is to show that when we add one more term of
VL ⊗ I2m−mL to W, for any n-qubit state jψi, we have that

XINYU TAN PRX QUANTUM 7, 033058 (2026)

033058-10



kW · ðVL ⊗ I2m−mL Þ · ðjψi ⊗ j0miÞ − U1 � � �ULjψi ⊗ j0mik ≤ Lϵ: (A2)

Let us adopt a telescoping sum argument to the left-hand side of Eq. (A2).

kWðVL ⊗ I2m−mL Þ · ðjψi ⊗ j0miÞ −U1 � � �ULjψi ⊗ j0mik
¼ kWðVL ⊗ I2m−mL Þ · ðjψi ⊗ j0miÞ −WðULjψi ⊗ j0miÞ þWðULjψi ⊗ j0miÞ −U1 � � �ULjψi ⊗ j0mik
≤ kWðVL ⊗ I2m−mL Þ · ðjψi ⊗ j0miÞ −WðULjψi ⊗ j0miÞk|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≔S1

þ kWðULjψi ⊗ j0miÞ −U1 � � �ULjψi ⊗ j0mik|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
≔S2

:

ðtriangle inequalityÞ

We now bound S1 and S2 separately.

S1 ≤ kWk · kðVL ⊗ I2m−mL Þ · ðjψi ⊗ j0miÞ −ULjψi ⊗ j0mik ðkABk ≤ kAk · kBkÞ
≤ kðVL ⊗ I2m−mL Þ · ðjψi ⊗ j0miÞ − ULjψi ⊗ j0mik ðkUk ¼ 1 for any unitary UÞ
¼ kVL · ðjψi ⊗ j0mLiÞ − ULjψi ⊗ j0mLik
≤ ϵ; ðVL implements UL to error ε and Definition I:2Þ

and

S2 ¼ kWðjψ 0i ⊗ j0miÞ −U1 � � �UL−1jψ 0i ⊗ j0mik ðsetjψ 0i ≔ ULjψiÞ
≤ ðL − 1Þϵ: ðinduction hypothesis in Equation ðA1ÞÞ

Hence S1 þ S2 ≤ Lϵ which proves Eq. (A2) and thus completes the induction. ▪
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