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We present a simple algorithm that implements an arbitrary n-qubit unitary operator using a Clifford + T

circuit with T-count O(2*/31%/3) and ancilla-count O(2>"/3n'/3). The previous best T-count for unitary
synthesis was O(2%/?n) with 0(2"/?) ancillae by [Low et al., Quantum 8, 1375 (2024)]. There is a
fundamental tradeoff between T gates and ancillae, and our algorithm extends the achievable regime of
this tradeoff, reducing the exponent in T-count from 37/2 to 4n/3. The best known lower bound remains
Q(2"), so the optimal T-count for general unitary synthesis is still open. Our construction is based on a
recursive application of the cosine-sine decomposition, together with a generalization of the optimal
diagonal unitary synthesis method by [D. Gosset et al., Quantum 10, 2168 (2026)] to multi-controlled

k-qubit unitaries.
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L. INTRODUCTION

Decomposing arbitrary unitaries into smaller, structured
circuits is a fundamental and well-known problem in
quantum computation. This question is not only math-
ematically interesting—aiming to understand how com-
plex unitary transformations arise from simple building
blocks—but also of practical significance, as it forms the
basis of quantum circuit compilation. There is a long
history: early work studied exact synthesis using continu-
ous gate sets, such as single-qubit rotations together with
CNOT gates [3,4]. Researchers have also investigated
discrete universal gate sets as they can approximate any
unitary to arbitrary precision, with the Solovay-Kitaev
theorem providing the first general efficiency guarantee for
single-qubit approximation [5].

Among discrete universal gate sets, particular attention
has been given to decompositions into Clifford + T cir-
cuits. This focus is motivated by fault-tolerant quantum
computing: Clifford operations can typically be imple-
mented at low cost, while T gates are expensive due to the
overhead of magic state distillation and injection. It is
therefore natural to ask how arbitrary unitaries can be
compiled using as few T gates as possible, and what the
optimal T-count is.
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Although this general question remains open, progress
has been made in certain special cases. One example is the
decomposition of single-qubit unitaries into Clifford + T
circuits [6-8], restated in Lemma II.4 and used as a
subroutine in our work. In this setting, the focus has been
on optimizing constant factors, which are crucial for
practical implementations.

Another important case is quantum state preparation,
which corresponds to implementing the first column of an
n-qubit unitary. With only a constant number of ancillae,
the T-count for quantum state preparation can be shown to
have a lower bound of Q(2"/n) [9] using a counting
argument [1]. Surprisingly, it was shown that if exponen-
tially many ancillae are allowed, the number of T gates can
be substantially smaller than the number of the Clifford
gates [1], and an optimal T-count of ®(2"/2) was recently
established in Ref. [2].

For general unitary synthesis, when only a constant
number of ancillae is available, a lower bound of (2% /n)
can be derived in a similar manner. However, [1] showed
that one can achieve a T-count of O(2**/2.n) using
0(2"?) ancillae, by reducing the task to preparing 2"
quantum states. This was the first result demonstrating
an asymptotic saving in T gates for unitary synthesis, and
it appeared in 2018. Subsequently, in 2021, Rosenthal
proved a query upper bound (with queries to classical
Boolean functions) of O(2"/2), which translates into a
T-count of roughly the same order, O(2%"/?), while using
O(2") ancillae [10]. For a summary of these results and
other related scalings, see Table 1. Since then, no further
improvements in synthesis algorithms have been obtained.
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TABLE I. Comparison of related T-count and ancilla-count scalings for constant approximation error.
Task Result T-count Ancillae
Low-Kliuchnikov-Schaeffer [1 02" /nl n/2 /
State preparation . - ( nlogn) 0@ logn/n)
Gosset-Kothari-Wu [2] 0(2"/?) 0(2"?)
Counting lower bound Q2% /(n + 1)) A
Low-Kliuchnikov-Schaeffer [1] 0232 n) 0(2"?)
Unitary synthesis Rosenthal [10] 0(2%/?) o(2")
This work, the naive version (Sec. 111 A) (232 p'/?) 0(2"?n'/?)
This work (Theorem 1.1) 02 /3p2/3) 0(22/3p1/3)

Given arbitrarily many ancillae, the current best lower bound
is ©(2"), given in Ref. [2] (restated in Theorem I3 for
completeness). Determining the optimal T-count for unitary
synthesis remains an open problem. Two natural candidate
scalings have been discussed informally: 23"/2, suggested by
the best known upper bound from two distinct approaches,
and 2", motivated by the analogy with quantum state
preparation, which exhibits a quadratic saving.

In this paper, we give a unitary synthesis algorithm that
reduces the T-count to O(2*'/3.n?/3). This provides
further evidence that the optimal scaling could be as
low as 2".

Theorem I.1. (Main result). Let ¢ > 0 and set L =
n +log(1/€). Then any U€U(2") can be e-approximated
by a Clifford + T circuit using

0<24n/3 CL23 pon -L) T gates
and
O(2*3.L'3 + L) ancillae.

In particular, for any positive integer k < (n —log, L)/3,
U can be e-approximated by a Clifford + T circuit using

0(2<3"_")/2 . \/Z) T gates

and
0(2(’”’")/2 . \/L—) ancillae.

When k= O(1), Theorem I.1 gives a T-count of
0(2*/2y/L) and an ancilla-count of O(2"/?y/L). This
corresponds to the naive recursive CS-decomposition
approach described in Sec. III A, and is a minor refine-
ment of the O(2%/2n) scaling of [1] within the same
23/ regime. The main improvement of the present
work is obtained when k grows with n, which moves
further along the ancilla—T-count tradeoff and yields the
O(24"/312/3) T-count.

The notion of approximation by a Clifford + T circuit in
Theorem 1.1 is defined as follows.

Definition 1.2. (Clifford+T approximation). Let
UeU(2"). We say that U admits an exact Clifford+T
implementation using £ T gates and m ancillae if there
exists CeU(2"*™) such that C can be written as a product
of £ T gates and arbitrarily many Clifford gates, and

U®|0") = C- (I ® [07).

Given VeU(2"*™) and ¢ > 0, we say that V implements
U to error € if

U |0") = V- (I» @ [0™))[| <e.

In particular, if V also admits an exact Clifford +T
implementation, then we say that U can be e-approximated
by a Clifford + T circuit.

A. Proof overview

We begin by showing that any n-qubit unitary can be
decomposed into a product of 2" — 1 multi-controlled
single-qubit unitaries, obtained via a recursive application
of the cosine-sine decomposition. Each step of the recur-
sion halves the dimension and introduces multi-controlled
rotations, which ultimately yields 2" —1 such gates
(Theorem IIL.5).

By carefully organizing this recursion, we observe that
many of these controlled unitaries share the same target
qubits and can therefore be grouped together. More
concretely, let k€[n — 1]. Then the product of certain
consecutive blocks of 2¥ — 1 controlled unitaries has the
same k-qubit target register (say, the first k qubits), and
hence simplifies to a single multi-controlled k-qubit
unitary. There are in total 2"~* such consecutive blocks.

The remaining main technical step is to determine the
T-count for implementing a multi-controlled k-qubit uni-
tary. The inspiration comes from the algorithm of [2] for
synthesizing diagonal unitaries, together with a polyno-
mial factoring technique. A diagonal unitary is a special
case of a multi-controlled single-qubit unitary. The algo-
rithm of [2] delegates the application of Hadamard and
T gates to a specific target controlled by the other n — 1
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qubits to a Boolean function of n — 1 variables. This
idea can be made more concrete via the following
example. Suppose U = ) e 131 [X) (x| ® V,, is a multi-
controlled single-qubit unitary where each V,€U(2) can
be written as a product of Hadamard and T gates:

V, = HAG) o h0) o g () ()

with Boolean functions f;: {0,1}"~! — {0, 1}. If we can
implement the corresponding Boolean function oracles
|x) ® [0) = |x) ® |fi(x)), then U can be realized by
applying each Hadamard or T gate controlled by the
ancilla register holding [f;(x)).

In our setting, each multi-controlled single-qubit unitary
in the block can similarly be described by a Boolean
function f: {0,1}" — {0, 1}. Moreover, since their tar-
gets lie only on the first £ qubits, we find it convenient to
factor each Boolean function f as

flx,.x,) = Zgi(xl’ s X)) (X ),

where each g; is a polynomial in the first k variables and
each h; is a polynomial in the remaining n — k variables.

By treating g; and h; separately, we obtain a T-count of
ntk

0(25Vk +4* - k) for implementing a multi-controlled
k-qubit unitary (Lemma I'V.3). The ancilla overhead comes
from this amortization: the workspace stores the shared
Boolean-function values g; ; ;, on the control variables and
the monomial data for the target variables while the
controlled Hadamard and T sequences are applied across
the entire block. Thus, the workspace grows with k for the
same reason the T-count decreases.

By setting k ~ n/3, this approach yields a substantial
saving over the naive strategy of decomposing each multi-
controlled k-qubit unitary into a product of 2% — 1 multi-
controlled single-qubit unitaries (Sec. III A).

B. The tradeoff between T gates and ancillae

Let A denote the number of ancillae and R the number of
T gates. There is a notable tradeoff between the space
(ancilla-count) and time (T-count) complexity in all related
synthesis algorithms.

For the state preparation problem, it was first observed
in Ref. [1] and later refined by the algorithm in Ref. [2] that

(n+2)-R=0Q(2"),

and that there exists an algorithm achieving T-count
0(2"/2) when 1 = O(2"/?). This tradeoff is essentially
optimal, since even with arbitrarily many ancillae there is a
lower bound of Q(2"/?) on the T-count [2, Theorem 4.1].
For general unitary synthesis, we can derive an analo-
gous lower bound using the counting argument of [1]:

(n+1)-R=Q(2%). (1)

In the regime A = O(2"/?), [1] gave an algorithm that
uses A ancillae and O(2%"-n/)) T gates. However, the
regime of this tradeoff is far from optimal, since in
principle A could scale up to O(2"). Extrapolating this
regime would then suggest the possibility of achieving a
T-count as small as O(2").

Our algorithm essentially extends this tradeoff to the
larger regime A= O(2%"/3.n'/3). This also indicates
that, in order to further reduce the T-count beyond the
241/3 scale, one would need a more sophisticated method
that leverages substantially more ancillae, possibly up
to O(2"); indeed, the lower bound in Eq. (1) forces
R = Q(2*/3 /poly(n)) at this ancilla scale.

A natural question is whether reducing T-count by using
additional ancilla qubits is practically meaningful. We
emphasize that this depends on the fault-tolerant archi-
tecture: in many settings, the dominant non-Clifford cost is
the preparation and delivery of high-fidelity T states,
whereas clean ancilla qubits and measurements are com-
paratively cheaper. From this perspective, trading ancillae
for T gates is not merely a theoretical artifact, but a
meaningful compiler-level degree of freedom.

C. Applications

Implementing arbitrary unitaries on n qubits is a
common subroutine in quantum algorithms, appearing for
example in first-quantized quantum simulation [11,12] and
in the preparation of matrix product states [13—15]. Such
unitaries are typically specified by 4" matrix elements
stored classically, and synthesizing them with minimal
T-count is crucial for practical implementations. Once
fault-tolerant quantum computers are available, unitary
synthesis will form part of the standard compilation
toolchain for higher-level algorithmic primitives. Our
synthesis technique could thus be used to reduce the cost
of these primitives, where classical preprocessing can
guide quantum circuit construction. Furthermore, since
T gates are expected to be relatively expensive on certain
hardware platforms, such as neutral-atom architectures,
lowering the T-count through our method may be espe-
cially impactful.

D. Lower bound

We include, for completeness, the current best known
lower bound of ©(2") on the T-count of unitary synthesis,
and conjecture that it is tight when € is constant.

Theorem 1.3. ([2, Theorem 4.3]). There exists U€U(2")
such that the following is true. For any integer m > 0, let U
be the associated quantum channel given by U(p) :=
UpU' ® |0™)(0™]. For any adaptive Clifford+T circuit
A with || A—U||, <e, A must use Q2" - /log(1/e) +
log(1/€)) T gates. In particular, this T-count is the
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expectation over the randomness in the measurement
outcomes in .4 with worst-case input.

E. Notations

Throughout this paper, we use i = v/—1 to denote the
imaginary unit, I/, for the N x N identity matrix, and
[N] ={1,2,...,N}. U(N) denotes the unitary group of all
N x N unitary matrices and SU(N) denotes the special
unitary group of all N x N unitary matrices with deter-
minant 1. We write ||A|| for the operator norm of a matrix A
and ||A]|,, for the diamond norm of a quantum channel A.

II. PRELIMINARIES

In this section, we include a few lemmas that will be
used frequently in this paper.

The proof of the first lemma below is fairly standard via
a telescoping sum argument. We nevertheless include it in
the Appendix for completeness.

Lemma 11.1. (Composition error bound). Suppose
that V;€U(2"*") implements U;€U(2") to error ¢ for
some integer m; > 0. Let m = max;c;;m;. Then Vi®
Lyn-my) =+ (Vp & Iyn-n, )EU(2"™) implements U, --- U,
to error Le.

Given a bitstring a€{0, 1}", denote by wt(a) the
number of 1’s in a.

Lemma 11.2. (Generating all monomials). The mono-
mial-generating unitary of degree n given by

|x17""xn>® ® |ya>'_>
ac{0,1}" ,wt(a)>2
K X) ® 0 @ v @YXy ),

ae{0,1}",wt(a)>2

where xi, ..., x,,y,€{0, 1}, can be written exactly as a
product of 2" — n — 1 Toffoli gates.

Proof. We trivially have all the degree-1 monomials
X1,...,X,. The algorithm then generates each degree-2
monomial using one Toffoli gate. More concretely, to
generate x; x;, for some 1 <i; < i, < n, apply a Toffoli
gate which is controlled on |x; ) and |x;,) and acts on |y,)
where a€{0, 1}" has two I’s at positions i; and i, and
0’s elsewhere, ie. a=¢; +e;. The algorithm can
thus work recursively to generate all monomials. For
each integer i€[2,n], the algorithm can generate all
degree-i monomials by applying (") Toffoli gates con-
trolled on the appropriate degree-(i — 1) monomials
and degree-1 monomials. Overall, the number of Toffoli
gates used to generate all degree-n monomials is

() =2"-n—1 m

Lemma 11.3. (T-count for Boolean function oracles,
[1,16, Theorem 2]). Let r>1 be an integer and
f:4{0,1}" - {0,1}" be an arbitrary Boolean function.
Define U as the unitary mapping |x)|y) to |x)|y & f(x))
for all x€{0, 1}" and y€{0, 1}". Then U, admits an exact

Clifford + T implementation using O(v/r - 2") T gates and
ancillae.

We also refer readers to [[2], Remark 2.2] for a nice
proof sketch of [16].

Lemma I1.4. (Single-qubit Clifford + T approximation,
[8]). For any ¢ >0 and any UeSU(2), there exists

UeSU(2) such that |U — U|| <€ and U is a product of
O(log(1/¢)) Hadamard and T gates.

III. COSINE-SINE DECOMPOSITION

In this section, we recall the cosine-sine (CS) decom-
position, and explain how it can be used recursively to
factorize any unitary into multi-controlled single-qubit
unitaries. This will serve as the structural backbone for our
synthesis results.

We begin by clarifying a piece of terminology that will
be used frequently throughout the paper.

Definition II1.1. (Multi-controlled unitaries). Let k be a
positive integer smaller than n. We call UeU(2") an
(n — k)-fold controlled k-qubit unitary if, up to a permu-
tation of qubits,

U= > x®V,.  whereV,eU(2").

xe{0, 1)

When the number of control qubits is clear from context,
we simply refer to U as a multi-controlled k-qubit unitary.
In particular, if U€U(2") is described this way, the
number of control qubits is understood to be n — k.

The form ) |x)(x| ® V, is block-diagonal and natu-
rally connects to the cosine-sine (CS) decomposition [17].
In this paper, we will only use a special case as summa-
rized in Theorem III.2. We refer interested readers to [18,
Sec. 2.1] for detailed illustration and a proof of the more
general case.

Theorem II1.2. (Special case of the CS decomposition).
For any UeU(2"), there exist Vy, V,, W, W,eU(2" 1)
and angles 6, ..., 0,1 €0, /2] such that

() () e

=V =D =W
where  C = diag(cosfy,...,co86,-1) and S =
diag(sin @y, ..., sin fy-1).

We remark that

(i) V,WeU(2") are block-diagonal and correspond to
1-fold controlled (n — 1)-qubit unitaries. They are
both controlled by the first qubit and act on the
remaining n — 1 qubits;

(ii) The middle block DeU(2") is a multi-controlled
single-qubit unitary controlled by the last n — 1
qubits and acts on the first qubit.
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By applying the CS decomposition recursively to V and
W, we obtain a factorization of any n-qubit unitary into
2" —1 multi-controlled single-qubit unitaries. If many
consecutive multi-controlled single-qubit unitaries share
the same target, we can simplify the circuit by implement-
ing their product at once, since their product is itself a
multi-controlled single-qubit unitary. In our case, we
cannot do this exactly, but when the target qubits belong
to the same block, there are still opportunities to com-
bine gates.

We note that the order in which the target qubits appear
has a specific combinatorial structure. To better describe
this order, we introduce the following notation.

Definition I11.3. (Position of the least significant 1). For
each i€[2" — 1], let 1,(i)€[n] denote the position of the
least significant 1 in the binary representation of i in n bits
(with leading zeros allowed), where the most significant
bit has index 1 and the least significant bit has index n [19].

For example, 7,(1) = n since the binary representation
of 1 is 01, and 7,(2" —2) = n—1 since the binary
representation of 2" — 2 is 1"7'0. When n = 3,

it 1,2,3,4,5,6,7 = 1(i): 3,2,3,1,3,2,3.

We will use the following simple proposition in the
proof of Theorem III.5.

Proposition Il1.4. For each i€[2"! —1], we have
that ,,(i) = t,(i + 2" ") = t,_,(i) + 1 > 2.

Theorem II1.5. (Recursive CS decomposition). For any
UeU(2"), there exist Uy,...,Un_;€U(2") such that
U=U,U,---Ujy_;, where each U, is a multi-controlled
single-qubit unitary targeting the qubit indexed by ¢, (i).

As an example, the target qubits of Uy,---, Uy are
among the last k qubits. So their product U U, - - - Uy is a
multi-controlled k-qubit unitary acting on the last k qubits.

Proof of Theorem II1.5. We will prove the claim by
induction on n.

The base case n =2 follows directly from
Theorem II1.2: in Eq. (2), we have Uy =V and U3 = W,
both targeting at the second qubit since 7,(1) = £,(3) = 2,
and U, = D, which targets the first qubit since 7,(2) = 1.

For the induction step, assume the claim holds for n — 1
qubits. Given UeU(2"), its CS decomposition has the
form U = VDW as in Eq. (2). By the induction hypothesis,
each V;,W;€U(2"") can be decomposed into multi-
controlled single-qubit unitaries: for j = 1,2,

V] - Vj,le,2 e Vj,2”7]—l’
W] - WJIWj,z M Wj,zu—]i].

Here each V;;, W, ; is an (n — 1)-qubit unitary acting on

qubit 7,_;(i)€[n — 1] where i€[2"~! —1].

For each i€ 2! — 1], define

_ (Vi
o= (M0

and

Wi
Uijo1 = ( ! Wz,i)'

Each U; (or U, ,-1) inherits the control structure
from V;; (or W;;), with the first qubit acting as an
additional control. Then by Proposition II1.4, each U;
targets the qubit indexed by 7, (i) + 1 =1,(i) and is
controlled by the remaining n—1 qubits. Similarly,
each U, ,.1 targets the qubit indexed by 7, (i) +1 =
t,(i+2"7!) and is controlled by the rest of the
qubits.

Finally, let us set U,.1 = D, which is a multi-
controlled single-qubit unitary acting on the first
qubit and indeed 1,(2""') =1. This completes the
induction. m

A. A naive implementation using
0(2%/2 . n1/2) T gates

It was shown in Ref. [[2], Theorem 1.2] that any
diagonal unitary De€U(2") can be e-approximated
by a Clifford+T circuit using O(,/2"-log(1/e) +
log(1/€)) T gates and ancillae. In fact, if one takes a
closer look at the proof of [[2], Theorem 1.2], it directly
works for any unitary in the form of

Z |x)(x| ® R,, aslongas R,eSU(2). (3)
xe{0,1}!

Hence, one can relax the theorem to any multi-
controlled single-qubit unitary U, not just the diagonal
ones. This is because U can be written as a product of a
diagonal gate and a gate in the form of Eq. (3). We
summarize this generalization as below.

Corollary I11.6. (T-count for multi-controlled single-
qubit unitaries). For any ¢ > 0 and any multi-controlled
single-qubit unitary U€U(2"), there exists UeU(2"+)
such that U implements U to error € and U admits an exact
Clifford + T implementation using O(,/2" -log(1/e) +
log(1/€)) T gates and ancillae.

Proof. Any multi-controlled single-qubit unitary
UeU(2"), up to a permutation of qubits, can be
written as

033058-5
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v="Y ilev,

xe{0,1}!

= Y e R

xe{0,1}!

[ X Wle (e

xe{0.1}7!

(each V,eU(2))

(eachR,€SU(2),6, €

> G @R,

xe{0,1}m!

[0,27))

=D

It follows from the proof of [[2], Theorem 1.2] that
(1) there exists ReSU(2”) such that R implements R to
error /2, i.e. |[R—R|| <e/2.

(ii) there exists DESU(2”+‘) such that D implements
D to error €/2.

(iii) Both R and D admit exact Clifford + T implemen-
tations using O(4/2" -log(1/¢) +log(1/€)) T
gates and ancillae.

By Lemma II.1, we know that U = D - (R ® I,) imple-
ments U = DR to error €, which completes the proof. m

Following from Theorem III.5, we know that any
UeU(2") can be written as a product of 2" — 1 multi-
controlled single-qubit unitaries, i.e. U = U;U, - - - Uyn_;.
By Corollary II1.6, for each i€[2" — 1], there exists
U,€U(2"*") such that U, implements U; to error € -

27" and U, admits an exact Clifford + T implementation
using

0(\/2” -log(1/(e 2*”))+log(1/(e-2*n)))

T gates and ancillae. So naively, let U=
U,U, - Up_,€U(2"). Then by Lemma IL.1, U imple-
ments U to error ¢ and U admits an exact Clifford + T
implementation with a T-count of

0(2" (V2" (n + log(1/€)) + log(1/¢)) ).

and an ancilla-count of

0(\/2"(11 T log(1/€)) + 1og(1/e)).

Thus, our naive recursive CS-based synthesis achieves a
T-count of O(2*/%.n'/?), improving slightly over the
previous best O(2%"/2 - n) scaling due to [1] while relying
on an arguably simpler analysis.

=R

IV. LOWER THE T-COUNT

The key observation that lowers the T-count is that many
of the controlled unitaries in the recursive CS decom-
position can be grouped together.

Throughout this section, we will write 7, (i) simply as
t(i), since the subscript is always n. Let k€[n — 1] be
a parameter that we will optimize later. To begin with,
note that each of Uy, ..., Uy_, acts on one of the last k
qubits, since #(1),---,t(2x=1)e{n—k+1,---,n}.
Their product Uj ---Uyx_; is thus a unitary acting on
qubits in [n]\[n — k] and controlled by qubits in [n — k], i.e.

Up_y = Z [x) (x[ & V.,

xe{0,1}

Wy:=U,---

where V,€U(25). Similarly, since #(2% 4 i) = #(i) for
any i€[2F — 1], each of Uy, -+, Uy o, also acts on
one of the last k qubits. So their product W, :=

Upiyy -+ Usipe_y is also a multi-controlled k-qubit
unitary. Let us fully generalize this. For each je&
{0,1,...,2"% — 1}, let
Wj = j-2k+l ° U]2k+2 ttt Uj_2k+2k7]
= ) V. “4)
xe{0,1}7*

where V;  €U(2%). Overall,

2]
U=Wo- [] Uy W, (5)

If we implement each W ;, a product of 2% — 1 controlled
unitaries, to error € - 2~ (%) naively as in Sec. IIT A, the
T-count is O(2¢(1/2"(n +log(1/€)) + log(1/¢))). If we
ignore the polynomial dependence on n and take ¢ to
be constant, this T-count is on the order of 2K+%/2,
However, we will show in Lemma IV.3 that there is a
cheaper way to implement W;, with cost roughly on the
order of 2(n+k)/2 4 22k

a. Notation Let U; be a multi-controlled single-qubit
unitary targeting qubit #(i), i.e
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Ui: Z |x1,...,X,(i)_1><x1,~--7xt(i)—1|

xe{0,1}!

® Vi,x ® |xt(i)v T vxn—1><xt(i)7 C X

’

where V;,€U(2). We adopt the following notation to
simplify the writing of U; as

U= > & Vid,

xe{0,1}!

where the subscript #(i) in [A],;) indicates that A actually

acts on the qubit indexed by #(i) and the control qubits are
indexed by [n]\{#(i)}.

A. Implementing multi-controlled k-qubit unitaries

In Lemma IV.1, we first show a special case of
implementing a product of m multi-controlled single-qubit
unitaries, each acting on one of k designated target qubits.
Then we plug in m = O(2*) and bound the cost of
implementing a general multi-controlled k-qubit unitary
in Lemma IV.3.

Lemma 1V.1. (T-count for a product of multi-controlled
single-qubit unitaries). Let n, m, k be positive integers and
k < n. For each i€[m], let

U,’:

S 0l ® R,

xe{0.1}!

where R;,€SU(2) and h;€[k]. Let U =U,U,---U,,.
Then for any e > 0, there exists U€U(2") such that ||U —
U|| < e and U admits an exact Clifford + T implementation
using  O(2"%-\/m-log(m/e) + 2% -m -log(m/e)) T
gates and ancillae.

Proof. We first describe the construction of UeU(2").
For each i€[m| and x€{0,1}""!, since R; ,€SU(2), it
follows from Lemma II.4 that there exists I~?,~VXESU(2)
such that ||R; — E,-,XH <e/m and I~€i_x can be written
exactly as a product of L Hadamard and L T gates where
L = [c-log(m/e)] for some constant ¢ > 0. More con-
cretely, let us write

Eix = H/a@) 72 L gliana () L ian ()

where f,;;: {0,1}"" > {0,1} for each je[2L]. Then
U = > vefoyt [X) (x| ® [Ei,x}hi implements U; to error
e/m. Overall, by Lemma IL1, U:= [71 (72 cee INJm imple-
ments U to error e.

It remains to calculate the T-count and ancilla-count for
implementing U.

Remark IV.2. Let us take a detour and recall the high-
level idea for implementing each U,. The Boolean function
fij can be written as a polynomial in n — 1 variables
Xpso oty Xp_1sXp 41,7 X, over [Fp. Let us write x =
(xXp. X 1. X 41, X, ) €{0, 1}"7". Suppose that we
can implement

e (@)~ ne( @ besm) ©

JER2L] je2L)

Then we can implement U; as follows:

(1) prepare 2L ancillae in |0?F).

(2) run Eq. (6) once on all qubits except the one indexed
by h; (whose state is |x;, )).

(3) sequentially apply L controlled-Hadamard and L
controlled-T gates, each of which is controlled on
the corresponding qubit with state |f; ;(x)) and acts
on the same qubit indexed by #;.

(4) run Eq. (6) once to uncompute each ancilla register
with state |f; ;(x)) back to |0).

In summary,

) ® |xs,) ® [0%)

= x) @ [x,) ® (/;%L]Uu(x))) step 2

o 1) ® (Res - 1) ® ( ® ]|fl-,,-<x>>> step 3

JERL

= %) ® (R - X)) ® [0%) step 4.

So to implement U, it boils down to the Clifford+T
implementation of Eq. (6) for each i€[m] and how their
product can be optimized altogether.

We now continue the proof of Lemma IV.1. From now
on we write x = (xy, ..., x,), and each f; ; is extended to a
polynomial in n variables (i.e. its dependence on x;, is
trivial).

Since all the targeting qubits /; can only be in the first &
qubits, we can decompose f; ; in a way that separates the
variables x|, ...,x; from the rest: for each i€[m| and
jelLl,

fij(x) = Z (xl;l"

be{0,1}*

b,
X0)  Gijp Kagrs e Xa)s (D)

where g; ;, is a polynomial in x;,---,x, over F,. We
denote all the g, ;, polynomials together by

g: {0, 1% > {0, 1}mCL2, 8)

where g(xg1. - X)i g = Gijp(Xeer o Xp).
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Now we are ready to describe the final algorithm:
(1) Prepare M ancillae in |0™). Denote the input state as |xj, ..., x,) ® |0M). We will specify M later.
(2) Recall g: {0, 1}"* — {0,1}™2L)2" defined in Eq. (8). Using [16] with r = m - (2L) - 2%, the unitary U,, given by

X1 %) ® ( [® |yi,j,b>> = X, X)) @ ( X b’i,j,b $9i,j,b(xk+1w'wxn)>>

iclm].jel2L], ielm],je2L],
bs((jll}k be{é.l}k

admits an exact Clifford + T implementation using O(v2" % - r) = 0(2"/>/mL) T gates and ancillae. Applying
U, gives
g

Xy, ...,Xn> ® ( [@mm,-,j,b(xkﬁ, - ,xn)>> (03] |0MA>.
i€[m].je2L],

bef0,1}k

=l)

Here, the ancilla count must satisfy M = Q(mL2* + M,) and M, = Q(2"/>\/mL).
(3) For each i€[m], we now describe how to implement U, := =D efo.ryt 10 (X[ ® R; ln
(a) Denote the input state by |x;,---,x,) ® |[A) ® |0MA>
(b) Apply the monomial-generating unitary in Lemma II.2 to produce the state that encodes all monomials in
Xi,ty Xp_1,Xp, 415"+ Xk With a permutation of registers, the resulting state is given by

|Xh[_> [39] |A> (%) ( ® |x‘ll xh}-T—ll hhi‘rl ak 1>) ® |OMB>

ae{0,1}+!

=|)

using O(2%) Toffoli gates and ancillae. Here, the ancilla counts must satisfy M, = Q(2* + Myp).
(c) Set My = 2L -2%. By Eq. (7), one can use 2L - 2F Toffoli gates to produce

)@ W) ©15) @ ( @ 1,0)).

JE[2L]

(d) Use L controlled-Hadamard and L controlled-T gates to produce

(ko)) eweme( @ 1w)

JEL]

(e) Uncompute the state to

it et © (Ri e 1,)) ® i) @ 4) @ 0M4).

(4) Apply U, to uncompute |A).

Overall, both the number of ancillae and T-count are O(2"/? - \/mL + 2% mL). L]

We now bound the T-count for implementing a general multi-controlled k-qubit unitary.

Lemma 1V.3. (T-count for multi-controlled k-qubit unitaries). Let k be a positive integer smaller than n. For any ¢ > 0
and any multi-controlled k-qubit unitary WeU(2") targeting the last k qubits, i.e.

w= 3 eV,

xe{0,1}*

where V,€U(2F), there exists WeU(2"*1) such that W implements W to error ¢ and W admits an exact Clifford + T
implementation using O(2"*X/2, /k +1og(1/€) + 4*(k 4 1og(1/€))) T gates and ancillae.
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Proof. 1t follows from the recursive CS decomposition
in Theorem IIL.5 [see also Eq. (4)] that W can be written as
W= U1U2 o U2k—1’

where for each i€[2% — 1], U; is a multi-controlled single-
qubit unitary targeting qubit ¢(i)€[n]\[n — k], i.e.

Z |x><x| ® [ei'B,-.X : Ri,x]z(,'),

xe{0.1)!

Ui:

where 6;,€(0,27), R;,€SU(2). Here we single out the
phases e so that each R;, admits a Hadamard+T
approximation following from Lemma II.4. Let us write

Y. Wl ® R,

xe{0.1)m!

Ri =

and

¢i =

> Wl @ [diag(ete ]

xe{0.1}7!

So U; = R; - ®,. To relate ®; to a unitary operator with
determinant 1, we use a similar trick as in the proof of [[2],
Theorem 1.2] and consider

Di = ®l ® |0><0|anc + ®j. ® |1><1|anc
= D I Ll ® diag(e e M)

n—1 anc
x&{0.1} =D, ,eSU(2)

(Wlw)) ® |0) = (U1Us - Uy w)) ® [0)

2k—1
:<H< > i@ Rl
i=1 \xe{0,1}"

Applying Lemma IV.1 with m = 2 - (2 — 1), we know
that there exists WeU(2"!) such that W implements
W to error € and W admits an exact Clifford + T imple-

mentation  using 20 0/2 [k +log(1/€) + 4% (k +

log(1/€))) T gates and ancﬂlae

B. Proof of Theorem I.1

Theorem 1.1. (Main result). Let ¢ >0 and set L =
n +log(1/€). Then any U€U(2") can be e-approximated
by a Clifford + T circuit using

O(*/3 . 123 427 L) T gates

and

where the last equality is because

diag(e'¥ix, i) @ |0)(0| + diag(e
i-0; e —i-0; 619“ e 19”)

lx ,e 191.):)'

_i'ei.x s e_i‘gi.x)

1) (1]
= diag(e
= I, ® diag(e"

This additional ancilla register anc does not affect the
overall implementation of U; because for any |y)€C?,

(Uilw)) ® [0) = (R
=R, ®1)-

®; - ) ® [0)
D; - (lw) ® 10)).

In other words, (R; ® I,)D; implements U; to error 0.

Now, R; ® I, and D;€SU(2""!) are n-fold controlled
single-qubit unitaries, targeting qubit 7(i) € [n]\[n — k] and
qubit n 4 1 (i.e. register anc) respectively. Hence, we can
further simplify to write them as

R ®1I, = Z ) ([ & [Ri o]
xe{0,1}"
and
D= > |x){x|® D
xe{0,1}"

where R; ., D; ,€SU(2). Overall,

) ( > XI®D,X>> (lw) ®10)).
x€{0.1}

023 . L'3 + L) ancillae.

In particular, for any positive integer k < (n —1log, L)/3,
U can be e-approximated by a Clifford + T circuit using

02BN/ .\/L) T gates
and
0(2"+0/2.\/L)  ancillae.

Proof. It follows from the recursive CS decomposition
in Theorem II1.5 [see also Eq. (5)] that
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where each W is a multi-controlled k-qubit unitary acting
on the last k qublts We have already calculated the cost for
implementing each U, and W;:

(i) By Corollary IIL6, for each je{1, .-, 2k =1},
U;»€U2"") such that U,y

implements U, to error 6 and U;y admits

there exists

0(\/2'1 log(1/8) + log(1/8) + 28 \/k + log(1/5) + 4*(k + 1og(1/5)))

and hence the total T-count is
0"+ (24VL +41)). (10)

For any positive integer k satisfying 23VL > 44L, fe.
2k <273 . L713 or k < (n—log, L)/3, we have that

9) = o(2 —o(2%

The ancﬂlae and T gates tradeoff follows from the fact
that 22" -2 =22 This proves the second part of
Theorem I.1. To prove the first part, we distinguish two
cases and choose k to minimize the T- count in each.

(i) When L > 2", we have that 4¥L > 2'3*\/L for any k.

Then

L) and  (10) L). (11)

(9)=0(4*-L) and (10)=0(Q"*.4k.L1)

= 002" L),

So we should set k to be the smallest possible
value, i.e. kK = 1.
(i) WhenL < 2" letussetk = |(n —1log, L)/3|. Then
by Eq. (11), we have

(9)=0(23.L'3) and (10)=0(2*/3.L23).

Combining the above two cases gives
ancilla-count: O(L +2*/3 . L1/3),
and

T-count: 0(2” L 4 24n/3 -L2/3).

an exact Clifford+T implementation using
O(\/2"-log(1/6) +1og(1/6)) T  gates  and
ancillae.

(i) By Lemma IV.3, for each j€{0,1,..., -1},

there exists W such that W 1mplements W to error
0 and W admits an exact Clifford + T implemen-

tation using O(2"9/2\/k +1og(1/8) + 4*(k +

log(1/68))) T gates and ancillae.
Let 6=¢-27"K/2 and L =k+log(1/8) =
n +log(1/€). Then the total ancilla-count is

(””f +4’<L) )
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APPENDIX: PROOF OF LEMMA II.1

Lemma A.I. (Composition error bound). Suppose that
V,;eU(2"™) implements U;€U(2") to error e for some

integer m; > 0. Let m = max;eym;. Then (V;®
12"’7"’1 ) M (VL ® IszmL )GU(2n+m) implemel’lts Ul e UL
to error Le.

Proof. We will prove the lemma by induction on L.

The base case of L = 1 is trivial. For the induction step,
assume the claim holds for a product of L —1 terms
for some L > 2, that is W= (V, ® Ioyn-m ) (V1 ®
Lyn-m,, )EU(2"T™) implements U = U, --- U, _, to error
(L —1)g, ie.

W Iy @ [0™)) = Uy -+ Upy @ [0")]| < (L = 1)e.

(Al

Without loss of generality, we can set m = max;e[z)m;.
The goal is to show that when we add one more term of
Vi ® In-n, to W, for any n-qubit state |y), we have that
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W= (Ve ® Iynm) - (jy) @ |0™) = Uy - Uply) ® |0M)]] < Le.

(A2)

Let us adopt a telescoping sum argument to the left-hand side of Eq. (A2).

IW(VL ® Iyn-m) - (lw) @ 10™)) = Uy -~ Uplw) @ [07)]]

=WV ® Lwm) - (Jp) @ |0™)) = W(ULlw) ® [0)) + W(ULy) ®[0")) = Uy --- ULly) @ [07)]
SIWVL® Iym) - (ly) ® 10™) = W(ULly) ® [0™)[| + [[W(ULly) ® [0") = Uy --- Uply) @ [0™)]].

::Sl

We now bound S, and S, separately.

St <WI- (Ve ® Iywm ) - (ly) @ [0™)) = ULly) @ [0™)]]

< (Ve ® Iynms) - (fw) @ 10™)) = Urlw) @ [0)]]
=V (jw) ® [0")) = ULly) ® [0"4)]]

::S2

(triangle inequality)

(lAB] < [[All - [1B]])
(JJU]| = 1 for any unitary U)

<e, (V, implements U to error ¢ and Definition 1.2)
and
Sy =[W(y'") @ [0") = Uy Upaly) @ [0M)]| (setly’) = Urly))
< (L—1)e. (induction hypothesis in Equation (Al))
Hence S| + S, < Le which proves Eq. (A2) and thus completes the induction. n
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