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We present a universal thermodynamic framework for quantum systems strongly coupled to thermal
reservoirs, identifying the class of initial conditions required for consistent thermodynamic behavior.
Unlike other approaches, our framework provides a unified description of both thermodynamic processes
and thermostatic properties, while preserving the same gauge freedoms as in the standard weak-coupling
regime and retaining the von Neumann expression for the thermodynamic entropy. Furthermore, the
formulation is entirely in terms of the system’s reduced state, relying only on variables accessible through
local microscopic control. It is therefore directly connected to experimentally accessible quantities,
making it possible to address operational questions concerning the controlled system—such as
determining the minimum work required to drive it between two prescribed states in the presence of
a strongly coupled reservoir. We validate our approach using a paradigmatic model of a structured bosonic

reservoir.
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L. INTRODUCTION

The thermodynamics of systems strongly coupled to
thermal reservoirs is a challenging problem that has
puzzled the scientific community for decades.
Fundamental concepts such as internal energy become
ambiguous when the interaction energy cannot be
neglected, making it difficult to establish general thermo-
dynamic laws [1-5].

This question has gained renewed interest with the
advent of quantum thermodynamics [6—10], which focuses
on applying thermodynamic principles to quantum sys-
tems coupled to thermal sources. Although most theoreti-
cal developments and experimental work [11-22] in
quantum thermodynamics assume weak system-reservoir
coupling, the contribution of the interaction energy to the
energetic balance is often non-negligible for microscopic
systems. In fact, many modern experimental platforms,
such as superconducting circuits, nanoscale solid-state
devices, and complex systems in chemical physics (e.g.,
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light-harvesting molecules and polariton chemistry), are
inherently subject to strong environmental interactions.
Consequently, recent technological advances are rapidly
bringing us into a regime where such interactions must be
explicitly accounted for [23-25]. Thus, the development of
a strong-coupling quantum thermodynamic framework is
no longer merely a foundational problem, but also a
practical imperative for understanding the energetic costs
and ultimate performance bounds of quantum-controlled
systems across multiple disciplines.

In order to include strong-coupling corrections to
quantum thermodynamic laws several approaches have
been suggested [26-41] (see also [42-66] for further
developments, including multi-bath cases or other kinds
of reservoirs). Not all of them allow for the formulation of
general thermodynamic laws. Among the most general
ones is the approach of [27,29,36,46], where the inter-
action energy is counted as part of the system’s internal
energy. The main feature of this framework is that general
first and second laws can be derived using the von
Neumann entropy. However, it fails to satisfy the usual
relations between thermodynamic variables at equilibrium.
More importantly, it defines certain thermodynamic var-
iables of the system—namely, its internal and free
energies—in such a way that they are no longer functions
of the system’s reduced state, but instead depend on
the global system-reservoir state. Since, according to the
quantum postulates, the density matrix contains all the
available physical information about a system, if internal
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energy, free energy, and thermodynamic entropy are
genuine physical properties of a quantum system, they
must ultimately be expressible in terms of its quantum
state. Moreover, from a practical point of view, this global
dependence implies that determining these thermodynamic
variables requires microscopic control over the reservoir’s
degrees of freedom. This is problematic, as the reservoir is
typically an exceedingly large system for which we can
control, at most, only macroscopic properties such as its
temperature.

Another general approach, somewhat aimed at over-
coming these difficulties, is based on the concept of the
Hamiltonian of mean force [26,30,32,34]. This formu-
lation recovers the usual relations between thermody-
namic variables at equilibrium and yields thermodynamic
laws using only system mean values. However, the
entropy in this framework deviates from the von
Neumann formula, making it difficult to interpret thermo-
dynamics from an informational  perspective.
Additionally, although in this approach all thermody-
namic variables depend solely on system operators,
determining the Hamiltonian of mean force still requires
control over the reservoir’s microscopic degrees of free-
dom. This requirement holds unless the set of thermody-
namic gauge freedoms in the strong-coupling regime is
expanded beyond that of the weak-coupling case, result-
ing in a theory agnostic to thermostatic properties [67].

To avoid this issue, a different Hamiltonian of mean
force formulation was suggested in Ref. [39] based
exclusively on the reduced dynamics of the system.
While this improves the measurability and practical
applicability of the framework, it renders it insensitive
to any strong-coupling effect at equilibrium (e.g., level-
dressing). This is so because in the approach of [39] the
thermodynamic variables take the same values at equilib-
rium regardless of the strength of the system-reservoir
coupling. Furthermore, the connection between informa-
tion and thermodynamics at strong coupling remains
unclear since, similar to previous approaches, the entropy
function used becomes equivalent to the von Neumann
function only in the weak-coupling limit.

The purpose of this work is to overcome most of these
difficulties by presenting a thermodynamic framework for
the strong-coupling regime that:

(i) Formulates general thermodynamic laws in terms of
system variables that depend strictly on the reduced
quantum state, thereby complying with quantum
principles and guaranteeing experimental acces-
sibility through purely local microscopic control.

(i) Preserves the same fundamental gauge freedom as
in the weak-coupling regime, establishing a rigor-
ously consistent and well-defined theory of strong-
coupling thermostatics.

(iii)) Retains the von Neumann expression for the en-

tropy, extending the foundational link between

information theory and physical thermodynamics
to arbitrarily strong system-environment couplings.
Before presenting this new framework, in Sec. II we
establish the specific dynamical setting under consid-
eration. Then, we introduce the concept of the “intrinsic
Hamiltonian of mean force” to describe strong-coupling
equilibrium thermodynamics in Sec. III. We proceed to
formulate general nonequilibrium thermodynamic laws
within this setting in Sec. IV. In Sec. V, we apply the
approach to a simple yet illustrative model of strong
coupling with a composite bosonic reservoir. We com-
pute thermodynamic variables, solve the dynamics,
and verify the validity of the proposed thermodynamic
laws. Detailed steps of the model’s solution, as well as
additional technical results, are provided in appendixes.
The final section is devoted to conclusions and
perspectives.

II. QUANTUM DYNAMICS OF A SYSTEM
COUPLED TO A THERMAL RESERVOIR

As already hinted at in the introduction, we choose a
system, with Hamiltonian Hg, interacting with a thermal
reservoir or bath with Hamiltonian Hy at a temperature
T = 1/kgp. The interaction Hamiltonian is denoted by
Vsr. As a result, the total Hamiltonian is given by

H = Hg + Hg + VgR. (1)
Assuming that at + = 0 the system is put into contact with

the reservoir, the system-reservoir state at a time ¢ is
formally given by

psr(t) = Usg(1)(ps(0) ® pR,/}>U§R(t>’ (2)
where Ugg(t) = exp(—+ Ht), and

e_ﬂHR

PR = Z with  Zg = Tr(e PHv). 3)

Strictly speaking, pg s must be rigorously defined as
a positive functional in the algebraic formulation of
quantum mechanics [68]. Indeed, for a reservoir with an
infinitely large, potentially continuous, number of degrees
of freedom, the continuous spectrum of Hy prevents
exp(—fHyg) from being a trace-class operator. However,
we shall continue using the density matrix notation pg 4 in
a formal sense.

For a total time-independent Hamiltonian H, it has been
shown [69-81] that, under certain conditions—such as the
interaction term Vgi being quasilocal (i.e. a local observ-
able or the limit of a sequence of local observables)—the
joint system-reservoir state thermalizes in the following
way:
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t —o0 e

psr(t) — psrp = —5—, 4)

where Zgg = Tr(e ). More specifically, if (X), and (X),
denote the mean value of a quasilocal observable X of the
total system-reservoir composite, in the states pgg(#) and
Psr p» Tespectively, the convergence (4) means

lim (X), = (X),. 5)

=00

As a result, the system state

ps(t) = Trg[Usr (1) (ps(0) ® /)R.ﬂ)UgR(t)]a (6)

relaxes in the long-time limit to the so-called “mean force
Gibbs state” [82], namely, lim,_ . ps(7) = Ps.eq» Where

o PH
PSeq = Trg < Zsx ) . (7

ITII. STRONG-COUPLING THERMODYNAMICS
AT EQUILIBRIUM

A. Standard Hamiltonian of mean force
thermodynamics

Once the equilibrium state has been reached, one way to
construct a strong-coupling thermodynamic framework is
to express the mean-force Gibbs state (7) in the form

o PH;
PSeq = "r 0 (®)
q ZS
where
% o —1 ZSR
H§(p) = —p ' log Z—RTrR(pSR.ﬂ) , &)

is the so-called “Hamiltonian of mean force,” and the
associated system partition function is given by

Zi = v _ Tr(e #"s)
Zr
[26,30,32,34,82]. This partition function reduces to the
usual one if the coupling is very weak so that Zgg ~ ZgZg,
with Zg = Tr(e™"#s) the usual partition function of the
system.

Similarly to the weak coupling situation where the
equilibrium thermodynamic variables are specified by
the partition function, analogous equations can be intro-
duced by using Z§(p):

F(B) = —p"log Z(p). (10)

E5(P) = —0dglog Zg(P) = Fs(P) + popFs(p),  (11)
Ss(B) =T~ [E5(P) — Fs(B)] = kpB9pF5(p).  (12)

where F§(f), E§(p) and S§(p) play the role of free energy,
internal energy and thermodynamic entropy of the system
at strong coupling. These definitions can also be motivated
by considering an isothermal process connecting two
system and reservoir equilibrium states (4) with different
system Hamiltonians, Hg(0) and Hg(1), respectively. The
free energy change is given by

Zs(p.1) Zg(p.1)
Zsr(B.0) Zg(p.0)’

where Zgg (B, j) = Tr[e?1U)], with H(j) = Hg(j) +
Hg +Vgqg for j=0,1, and we have used that
Zsr (B, J) = ZS(B, j)Zr(P), as Hi does not change in
the process. If we assume that, regardless of the
nature of the isothermal process, this free energy change
AFgr = AFj should be entirely understood as a system
free energy change, because only the system part of the
Hamiltonian has been changed, then one would identify
(10)—(12) with system thermodynamic variables.
Equations (10)—(12) can be rewritten in terms of the
Hamiltonian of mean force by using Z = Tr(e #s):

AFsg = —f~" log =—f'log

(13)

Fg(/}) - <H§>eq _ﬂ_ISVN(pS,eq)7 (14)
E;(ﬂ) - <H§>eq +ﬁ<aﬂH§>eq’ (15)
S;(ﬂ) = kBSVN(pS.eq) + kBﬂ2<a/1H§>eq7 (16)

with S,n(p) = —Tr(plogp) the von Neumann entropy,
that has a well-known meaning from the information
theoretic point of view, i.e. it quantifies the optimal
compression rate of a state p [83]. We see that because
Hg is a function of f3, the thermodynamic entropy departs
from the von Neumann expression in this approach, except
in the weak-coupling limit where (d;Hg), — 0.

B. The intrinsic Hamiltonian of mean force

Despite the motivation to introduce the previous defi-
nition of Hamiltonian of mean force Hg and its associated
partition function Zg, Egs. (10)—-(12) and (14)—(16) present
certain inconveniences. From a practical point of view,
Z§ = Zsp/Zg is generally a function of the reservoir
degrees of freedom, which makes F§ (and so E§ and
S3) inaccessible through system measurements alone. In
addition, the extra term in the entropy (16) due to dzHy
makes it difficult to establish a relationship between
informational and thermodynamic properties in the
strong-coupling regime.
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Nevertheless, all these expressions are subject to a
large degree of ambiguity due to the freedom in the
choice of Hg. Indeed, Eq. (8) remains invariant under
the transformation
Hy = Hy 4 f(P)1. -
Zi — Zie M),

with f(f8) an arbitrary function of  (and potentially other
system or environmental parameters).

Actually, this apparent “gauge” transformation for the
equilibrium quantum state can also be considered in the
weak-coupling case. That is, the equilibrium state
psp = e PHs[Zg is also invariant under (17), with Hg
and Zg playing the roles of Hg and Zg, respectively.
Therefore, from this point of view, there is also a large
degree of ambiguity in the choice of the exponent for the
standard Gibbs state. However, this ambiguity is strongly
reduced by the weak-coupling relation Eg = (Hs)e,-
Namely, the exponent of the weak-coupling equilibrium
Gibbs state is chosen such that it also represents the
internal energy operator (up to the —p factor, which
ensures the correct physical dimensions). This is not the
case in the Hamiltonian of mean force approach, where the
internal energy is given in (15) by the expectation value of
the operator Hg + ffdzHg. This operator does not coincide
with the exponent in (8) due to the presence of the
p-derivative term.

In order to correct this mismatch between the internal
energy operator and the exponent of the Hamiltonian of
mean force state, we now rewrite (8) as

1
o—PH:

PSeq = > (18)

z

with Hg a new Hamiltonian of mean force that satisfies
the property

(9pHE)eq = 0. (19)

Notably, the partition function associated with this
Hamiltonian of mean force,

7k = Tr(e_ﬂHg), (20)

is just a function of the system equilibrium state. To see
this, we use (18) to write

HE = —f"(10g Z& 4102 ps.cq): 1)

and then

(0pHE)eq = P2 (102 Z§ + (10Z Ps eq)eq)
- ﬂ_l (aﬂ IOg ZnS + <aﬂ 10gpS,eq>eq)' (22)

The last term vanishes (05102 ps cq)eq =

Tr(ps eq0p10g pseq) = 0. Indeed, if pg.q is full rank,

this can be proven using the spectral theorem
Pseq = 24 pi(BI;(B),  so  that  log(pseq) =
¢ log[p;(B)I;(B) and
Tr(pS,eqaﬁ log pS,eq)
(95P+)

ik Pk

=TrY _(0pp;)1; = 94Tr[ps cq) = 0. (23)
J

Here, we have used that IT; = H? inside the derivative to
obtain Tr(IT;d4I1; ) =Tr(I1;05I13) =2Tr(I1;0411;)8 1., which
implies Tr(IT;dsIl;) =0V j, k, and, jointly with the
orthogonality of the projections, the second equality.
Similarly, Tr[dI1;] = Tr[dsIT;] = 2Tr[I];d4I1;] = 0 and
the third equality follows. If pg ., is not full rank, or its
rank depends on f, the proof follows using a more refined
argument [84].

Going back to (22), since (10gps.cq)eq = —SwN(Ps.eq)s

the condition <aﬂH§>eq = 0 implies

log Z& — poy10g Z5 — Sun(ps.eq) = O. (24)
Rewriting this result in terms of the free energy
F§(B) = =B log Z§(p), (25)

and using the shorthand notation SyN(pseq) = Sins(f)
we obtain

[20sF5(8) — Suns(B) = 0. (26)

This implies that the thermodynamic entropy associated

with the Hamiltonian of mean force HnS is the
von Neumann entropy (up to the Boltzmann factor kp).

This may be expected from the condition (%Hg)eq =0
and Eq. (16). Therefore

Ss(B) = kpfP0sFs(B) = kgSyns(B).  (27)

On solving (26), we get
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PSns(a
) =Fp+ [2550 oy
Po a
Taking the limit of zero temperature f; — oo,
o S nsla
F(p) = F§(o0) — /ﬁ iNjf Laa,  9)

and so the partition function reads

24(p) = exp{ - Fi(eo) - / "2 )} G0

a

These last results in (21) yield

HE = FL(B) — p" log ps
SvN,S(a)

:Fns(oo) _ﬁ_l logpS.eq_/ﬂ > da,

3

a

which is just a function of the equilibrium state of the

system, up to the additive constant F' ﬁs(oo) that shifts the
zero point energy. This is the only freedom that remains,
matching the situation in standard weak coupling thermo-
dynamics. The internal energy is

EL(B) = FL(B) + Bo,FL(p)

© SN, SN,
:Fﬁs(oo)_/ﬁ Nai(a) do+ NﬁS(ﬂ)

= Tr(ps g H3). (32)
as desired. Notice that the second equality can also be
read as

F(B) = EL(B) — TSs(B), (33)

which was anticipated on consistency grounds.

Therefore, the condition Eg p) = (Hg)eq not only
removes the ambiguity in the definition of the
Hamiltonian of mean force and the reduced partition
function, but it also leads to all thermodynamic variables
at equilibrium depending solely on the system’s degrees
of freedom, through the properties of its reduced equilib-
rium state. Because of this, we shall refer to Hg as the
“intrinsic” Hamiltonian of mean force. In addition, the
usual equivalence between informational and thermody-
namic entropy is recovered via the von Neumann expres-
sion, and being its form universal, instead of writing ST we
denote it just by S = S*.

1. Consistency with weak-coupling case

We can check that the previously defined thermody-
namic variables approach the standard ones in the weak-
coupling limit. In this limit, the steady state becomes the
usual Gibbs state

e PHs

Zg

Vsr—0
PSeq — Psp =

(34)

and hence the von Neumann entropy becomes
Sws(B) = p(Hs) s +1ogZs (), with (Hs), = Tr(ps gHs).
Therefore

/OOSVN,SZ((Z> d(x:/oo [Tr(HSe_“HS) +10gZ§ (a)} da
) a i aZs(a) a

:/00 [_aaZs(a)_FlogZS(a)} da
p

aZg(a) o’

— / * " og Zs ()] da
p

=p " logZs () =—Fs(p). (35)
This result in (29) leads to F&(f) = F&(c0) + Fs(f).
Finally, using this equation and —p~'log(ps;) =
Hg+p'logZs in (31) we straightforwardly obtain
Hns = Hg + F*(c0). Consequently, as expected, in the
weak-coupling limit, the Hamiltonian of mean force and
its associated free energy equal the system Hamiltonian
and standard free energy, respectively, up to an arbitrary and

irrelevant additive constant that we shall take F' ns(oo) =0
from now on.

2. Connection between global and system changes

As noted previously in Sec. III A, the total free energy
change between two system-reservoir equilibrium states for
a process where only the system Hamiltonian is modified
Hs(0) — Hg(1) equals AF§ (13). Since Z§ # Zns, this free
energy change is no longer associated exclusively to a
system free energy change in the intrinsic Hamiltonian of
mean force approach. The reason is that, although only the
system Hamiltonian is modified during the process, the
strong system-reservoir coupling distributes the free energy
change across the entire system-reservoir composite.

More specifically, if Ssg(f) = kpSynsr(f) denotes the
entropy of the joint system-reservoir equilibrium state,
the total free energy change can be written in terms of the
internal energy and entropy changes as

AFSR - AESR - TASSR, (36)

with AEg = (H(1)); — (H(0))z. Writing the total
entropy using the quantum conditional entropy Sgs :=
Sgr — Sg of the reservoir conditioned on the system,
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namely the remaining uncertainty about the reservoir
state after accounting for the uncertainty in the system,
we obtain

AFg = AF + AFRlS, (37)

where
AFy = AEg g — TASg;s. (38)
Here, AEjj Rjs = AEgR — AEg is the change in the external
energy ER‘S, i.e. it represents the portion of the total

energy change that is not accounted for by the change
in the system’s internal energy. Likewise, ASgs
accounts for the contribution to the total entropy varia-
tion (37) that is not associated with changes in the
system’s entropy.

Thus, AFsg # AF tst because, although the external
driving modifies only the system Hamiltonian, the strong
interaction can simultaneously alter the external energy,
the reservoir entropy, and the system-reservoir correla-

tions, resulting in AF R\S # 0. We recover AFgg = AFnS

only when the change in the reservoir’s conditional
entropy is exactly compensated by the change in the
external energy, or when both trivially vanish, as in the
weak-coupling limit.

It is interesting to further decompose the conditional

free energy AFR‘s

by introducing the reservoir internal
energy ER [formally defined as the analog of Eq. (32)
under the substitution S — R], as well as the “correlation”

(or “interaction”) internal energy
Elon = Esg — E§ — E} 39
corr * SR S R* ( )

Using the identity Sqg = Ss + Sg — Isg, Where Ig is the
quantum mutual information, which quantifies the amount
of correlations shared between the system and the reser-
voir, we obtain

AFgg = AFE + AFY 4+ AF o, (40)

where
AFY = AE} — TASy, (41)
AFt = AE 4+ TAIg. (42)

Here, AFlﬁ2 is the change in the reservoir free energy,

whereas AF' Eorr represents an additional contribution to the
total free energy change arising from variations in the

system-reservoir correlations. Notice the positive sign of
the last term in AF, ﬁm, in contrast to the negative entropic

contributions appearing in AF ﬁs and AF %. The correlation
free energy therefore increases with the mutual informa-
tion, indicating that correlations constitute a source, rather
than a sink, of free energy, unlike entropy or disorder. This
provides a clear information-theoretic interpretation of the
decomposition of the equilibrium free energy (40).

Solving f03Fsg(B) = Ssr(fB) and using the entropic
identities above, the conditional, reservoir, and correlation
free energies also admit the integral representations:

o AS (a)
it — vN, R|S
AFLg = — /,; SNBSS e, (43)
© AS
AF% = — / Mda, (44)
B [04
o Algr(a
AFloy = / 751‘2( ) da. (45)
B a

Needless to say, all expressions involving the reservoir
energies or entropy should be understood in a formal
sense. Although their variations may remain finite, these
quantities are, strictly speaking, divergent because the
reservoir is an exceedingly large system, potentially with a
continuous spectrum of degrees of freedom.

3. Heat capacity

The fact that the thermodynamic entropy equals the
von Neumann expression using the intrinsic Hamiltonian
of mean force allows us to recover a familiar result in
standard thermodynamics. The heat capacity, i.e. the rate
of change of internal energy (heat) per temperature incre-
ment, can be written as

OEy OE;  0S
o7 = kb g =Py (46)

C5(p) =
where the last equality, satisfied also in standard thermo-
dynamics, follows here after (32). Note that since the
von Neumann entropy takes some finite Value at zero
temperature, and Sg(8) = Sg(o0) + f the
heat capacity must vanish at zero temperature, in analogy
with standard thermodynamics. These results express a
strong-coupling version of the Einstein statement of the
third law [85].

In addition, using the Snider-Wilcox formula [86,87]
for the parametric derivative of an exponential, it is

not difficult to obtain the equivalent equation CﬂS (p) =
2
(AH)% + B3 (0p(H))eq
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C. Density of states at strong coupling

In the weak-coupling equilibrium situation, the entropy
provides the average level of uncertainty (or information)
about the internal energy state of the system, which
follows the Boltzmann distribution at equilibrium. In
the general strong coupling case, one can ask which
“internal energy states” of the system the entropy actually
quantifies the uncertainty of. The answer is provided by
the density of states distribution @' (¢), introduced by the
Laplace transformation formula:

ZL(8) =: A " oi(e)ePede. (47)

In the standard, weak-coupling case, Zg(ﬁ) =Zs(p) =
Tr(e#5) and so0 ¢¥(e) = ole) = X2, deg(e, )o(e — &),
with ¢, the eigenvalues of the system Hamiltonian Hg
and deg(e,) their degeneracies. In the strong-coupling
case, the density of states is generally obtained from the
inverse Laplace transform of Eq. (47). An explicit example
of this calculation is given in Sec. V C.

One of the most appealing features of the density of
states is that it allows us to formulate statistical expressions
for thermodynamic quantities that remain valid regardless
of the strength of the coupling. Specifically, the internal
energy (32) can be written as

; :; ooee_sﬁe e = ooe €)o'(e)de
EX(p) ZW)A ret(e)de = [ epylerdi(e)de

(48)

which corresponds to a mean value of the energy variable
¢ in the Boltzmann distribution Pg(e) := e7P¢/ ZnS (p)

weighted by the density of states @f(e). Similarly, the
entropy (27) can be expressed as

Ss(f) = —kg / " Pa(e) log[Ps(e)]oH(e)de.  (49)

Thus, the formal structure of these thermodynamic expres-
sions is unchanged; all strong-coupling effects are encoded
in the modified density of states ¢ (e).

IV. STRONG-COUPLING NONEQUILIBRIUM
THERMODYNAMICS

In this section, we extend the above equilibrium strong-
coupling thermodynamic formulation to the nonequili-
brium case. To this end, we first consider the system and
thermal reservoir to be initially in the equilibrium state (4),
and for 7> 0 the total Hamiltonian becomes time-
dependent, H(t). This corresponds to a physical situation
in which certain parameters A, on which the Hamiltonian

depends, H(1), are externally driven in time, i.e. 1 = 4,,
so that we can write H(t) = H(4,).

The simplest situation arises when only the system
Hamiltonian depends on the external driving, in which
case the total Hamiltonian reads

H(l) :HS(t)+HR+VSR~ (50)

The interaction term Vg may also, in general, depend on
time, for instance to describe situations such as the
switching on or off of the system-reservoir interaction.
The following discussion remains valid in this more
general case, with the only difference being the exper-
imental procedure required to determine work changes,
which we comment on below.

A. Work definition and fluctuation theorem

In accordance with the standard convention, we regard
work as the energy cost of modifying the system’s
structural or dynamical constraints—effectively deforming
the potential landscape—as opposed to the energy changes
associated with the dynamical response, which are iden-
tified with heat and dissipation.

Since the total system-reservoir composite is a closed
system undergoing unitary evolution, its von Neumann
entropy remains constant, and any change in its total
energy is entirely attributed to work. More specifically,
the total work applied to the closed system-reservoir
composite, initially at equilibrium, satisfies the Jarzynski
fluctuation equality [9,88]

(e ") (o) = e PAFsk(D) (51)

where w = €, — €, is a stochastic variable corresponding to
the difference between the outcomes ¢, and €, of projective
filtering measurements of the total Hamiltonian at times
t and 0, respectively. The symbol (), denotes the
statistical average over such two-time measurement
results, and AFgR (1) = Fsr(f) — Fsr(0) is the difference
between the equilibrium free energies associated with
H(t) and H(0).

The fact that only equilibrium free energy differences
appear on the right-hand side of (51) allows us to introduce

the decomposition (37). Noticing that AF?{|S(I) is a
macroscopic, deterministic quantity (i.e. it does not fluc-

tuate with the outcomes of the quantum measurements),

4
we can multiply both sides by AFus® and bring this

factor inside the expectation value, leading to

i
() 0y = e, (52)
where w!:=w — AF f{\s(t)' This fluctuation relation

strongly suggests that the work performed on (or by)
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the system is given by the total work minus the conditional
free energy change AF %‘S(I).
Therefore, if the total instantaneous power is

d{H (1))
dt

W(t) = = Trlpsg (1) EH (1)), (53)

total work is

t .
W) = / Tr[psg (£)EL(#)]dF, (54)
0
and the system work is given by
WE () = W(t) — AFgg(1). (55)

Using Jensen’s inequality in (52), together with the
identity (w)(, 0y = W(#) [9,88], we obtain the second law
in the form

Wi(t) > AFL(2). (56)

Crucially, both sides of this inequality can be determined
by controlling and measuring the system alone, without
requiring microscopic control of the reservoir. As dis-

cussed, AFg depends only on the system state [see,
e.g., (29)], and the total work W also depends only on
the system state if the driving acts exclusively on the
system Hamiltonian (50),

W(1) —[Tr[pm(f)H(t’)]df’—AtTrws(ﬂ)Hs(l’)]dﬁ’-
(57)

To determine the correction AF qu
on the initial and final Hamiltonians and not on the specific
driving protocol 1,—we may consider driving the system
very slowly, such that the timescale of variation of 4, is
much larger than the relaxation time. In this quasistatic
limit, the system follows a trajectory of instantaneous
equilibrium states, pg () = ps ¢q(t), and the total work (54)

becomes

—which depends only

Wrev(t) = AlTrLDS,eq(t/)HS(ﬂﬂdt/
_ /0 "Trlpsr 5 () H(1)]dY

t Zen (1
- _ﬁ—'L %dﬂ = AF(1),  (58)

where the penultimate equality follows, for example, from
applying the Snider-Wilcox formula [86,87] for the para-
metric derivative of an exponential. Thus, since AFgg and

AF g depend solely on quantities defined on the system’s
Hilbert space, the correction AFluus = AFsqg — AF ﬂs =

S Tr{ps eq(r)[Hs(r) — HE(r)]}dr can be determined by
controlling the system degrees of freedom alone.
Moreover, for quasistatic driving, inserting (58) into (55)
yields
wh

Srev(1) = AF5(1). (59)
thereby saturating the inequality (56), as expected for a
reversible quasistatic transformation. Now, if we write the
total work as

W(t) = AFsp(1) + Wyiss (1), (60)

it follows from (55) that the system work takes the
analogous form

WE(1) = AFE(1) + W (1) 61)

In other words, the system work consists of the energy
required to traverse the intrinsic equilibrium landscape

(AF ﬁs) together with the thermodynamic friction generated
in the entire system-bath complex (W g, )-

Complementarily, using (40)—(42), Egs. (55) and (61)
can also be rewritten as

WE(r) = W(t) — [AER(1) + AEfo(1))
+ TASR(t) — TAIgg(1). (62)

This expression makes transparent the relation between the
total work and its system contribution. The changes in the
reservoir and correlation equilibrium internal energies—
which together constitute the change in the equilibrium
external energy AER|S(t)—are subtracted from the total
work because they are associated with degrees of freedom
other than the system. Likewise, the energetic cost asso-
ciated with reducing the equilibrium reservoir entropy and
increasing the equilibrium system-reservoir correlations is
not attributed to the system itself. Consequently, the terms
—TASg(t) and TAIgR(1) are also removed from the total
work in order to isolate the contribution associated
exclusively with the system. In the weak-coupling limit,
because the instantaneous global equilibrium state factor-
izes and the driving acts only on the system, the equilib-
rium state of the reservoir remains constant in time.

Consequently, AE%(t) -0, AEEW(:) — 0, ASg(t) » 0,

and Algg(7) — 0, naturally recovering Wg(t) - W(1).
Similar expressions to (61) and (62) are straightfor-

wardly obtained for the reservoir work Wln{ (exchanging
S <+ R) and the correlation work WEOH, satisfying
W(t) = W(t) + Wi(1) + Weon(1).
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Finally, if the interaction term becomes also explicitly
driving dependent, Vg — Vgr(2), the above reasoning
still applies [provided that Vg (¢) remains quasilocal to
ensure that the dynamics stays within the thermodynamic
regime in which the composite system is expected to
thermalize in the absence of driving, Eq. (4)]. However,
in that case the total work W, and therefore the system

work Wﬁs, are no longer functions solely of the reduced
system state. Their determination becomes more
demanding, but it remains possible provided that the
observer can measure the energy variation of the external
work system (e.g., a battery, a light field, etc.) supplying
or consuming the energy exchanged with the thermody-
namic setup.

B. Nonequilibrium first and second laws

In order to formulate fully general nonequilibrium
thermodynamic laws, consider the relation

F(t) = E(t) — TS(1), (63)

usually employed in standard weak-coupling thermody-
namics to define the nonequilibrium free energy F(t)
associated with a general state p(t), where E(¢) and S(t)
are its nonequilibrium internal energy and entropy, respec-
tively. This equation can be equivalently rewritten as

F(t) = F(t) = p~'Dp(1) | peq (1))- (64)

Thus, the difference between the nonequilibrium and
equilibrium free energies at time ¢ corresponds to the
“difference”—as measured by the relative entropy—
between the corresponding nonequilibrium and equilib-
rium states.

Relation (64) is particularly appealing because it admits
a straightforward generalization to the strong-coupling
case. Indeed, the actual state p(r) and the corresponding
equilibrium  state p.,(¢) are universally well-defined
objects, the equilibrium free energy is already provided

by Fé(t), and the quantum relative entropy functional
D[-||-] retains its standard form provided we retain the
von Neumann expression for the entropy in the non-
equilibrium regime,

Ss(1) = —kgTrlps(1) log ps(1)]. (65)

Therefore, the nonequilibrium free energy is naturally
extended to arbitrary coupling strengths as

FL(1) = FL(t) + ' Dps (1) |pseq (1)) (66)

Assuming the usual thermodynamic relation

FL(r) = EL(r) — TS5 (0). (67)

Equation (66) leads directly to the following definition for
the nonequilibrium internal energy:

E4(r) = Tr[ps (1) H§(1)]. (68)

The first law is then written as

EL(1) = 0%(r) + Wi (), (69)

where the heat is given by

04(1) = Trlps (1 H§ (1)] — Trlps (0)H§(0)] — W(r).
(70)

To formulate the second law in terms of nonequilibrium
thermodynamic potentials, we first note that

Dlpsr(t)[lpsr.4(1)] — Dlpsr (0)[|psr 5(0)]
= pIW(t) — AFsR(7)]. (71)

Here, we have used the fact that the system-reservoir
composite is a closed system, consequently, its von
Neumann entropy remains constant, and any change in
its energy equals the work, W(r) = Tr[pgr(2)H(t)]—
Trlpsr (0)H(0)]. Equation (71), together with (55), allows
us to write the system work as

WE(1) = AFL(t) + p~' ADgg 1), (72)

where ADgg (1) = Dgg(t) — Dsg(0) and we have adopted
the shorthand notation Dgg(t) = D[psg (1) |lpsr 4(1)]-

In addition, from (66), we write AFL = AFi+
B'ADg, where the analogous shorthand Dg(t) =
D[ps(1)||ps.eq(t)] has been used. Therefore, we obtain

BIWE (1) — AFL(1)] = ADsg (1) — ADg (1)

=[Dsr (1) = Ds(1)] = [Dsr (0) — D5 (0)].
(73)

From this expression, the second law in the form
Wi(t) > AFL(1) (74)

follows provided that ADgg () — ADg(z) > 0. This con-
dition holds under general thermodynamic initial condi-
tions, as we shall discuss shortly.

Alternatively, using (67) together with the first law (69),
Eq. (74) can be rewritten as the positive entropy production
inequality

Zs(r) = ASs (1) —

> 0. (75)
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1. Equilibrium initial condition
under Hamiltonian driving

Consider first the same initial condition used in
Sec. IVA, where the system and reservoir start in the
equilibrium state:

e_ﬂH(O)

PSRp = m ) (76)

and the system Hamiltonian (or, more generally, the
interaction term as well) is subsequently varied for ¢ > 0.
Under this initial condition, we have Dgg (0) = Dg(0) = 0,
so that the second law (74) follows from (73) due to the
monotonicity of the quantum relative entropy under partial
trace [89,90], namely Dgg(#) > Dg(t). Note that (74) is a
tighter inequality than (56) due to the positivity of the
relative entropy in (66).

2. Product initial condition

Consider now the case where the system and reservoir
are brought into contact at time # = 0, so that the initial
condition is a product state psg(0) = ps(0) ® prp. as
in (2). In the strong-coupling regime, this initial condition
is thermodynamically ambiguous because the fact that the
interaction term is nonzero during the evolution does not
clarify what its value is at the very initial time t = 0. This
is a critical point in the strong-coupling regime, as the
contribution of the interaction cannot be neglected in the
energy balance.

To make sense of the product initial condition in strong-
coupling thermodynamics, we must assume that V(0) =0
and account for the non-negligible thermodynamic cost
of switching on the interaction. Under this situation,
psr(0) = ps s ® pry and therefore

Dgr(0) = Dps(0) ® pr 4(0)|lps s(0) & prs(0)]
= Dlps(0)[lpr 4(0)] = Ds(0), (77)

where we have used the identity D(p; ® p,|lo) ® 0,) =
D(pi||o1) + D(p,||o2). Hence, Eq. (77) jointly with
the monotonicity of the relative entropy under partial
trace, Dgg(t) > Dg(t), implies the validity of the sec-
ond law (74), with the work given by the general
expression (55).

A particularly interesting case arises when the inter-
action is suddenly switched on at the initial time via a
quench V(t) = VO(z). In this case, the system work just
after the quench becomes

WE(0") = Trlps(0) ® pr4V] — AF;

Es(00). (78)

If, as commonly assumed [91], the first moment
of the interaction vanishes for the reservoir Gibbs

state, Trg[pr;V] =0, the system work reduces to

WE(0") = —AFg
energy is injected during the sudden quench (on average),
the system effectively behaves as if work had been
extracted from it, because a portion of the system internal
energy must be spent to establish the quantum correla-
tions with the reservoir required by the post-quench

Hamiltonian H.

(0™). Thus, even though no external

In the weak-coupling limit, WE(O*) =0 in any case,
and the standard thermodynamics of the weak coupling
follows. The entropy production (75) becomes

ASs(1) —

>0, (79)

with Qg(t) = [{ Tr[ps(#')Hs(¢')]dr’. Note that this does
not imply the positivity of the entropy production rate
Ss(1) — Qs(t)/T > 0 even in this limit. Ensuring a positive
rate typically requires slow driving in comparison to the
reservoir correlation time [9,92].

3. General thermodynamic initial conditions

One cannot presupposes that arbitrary initial conditions
for the system and reservoir will produce dynamics
satisfying the second law (74). Classically, this can be
illustrated [9] by a scenario where a rare fluctuation causes
all the velocities of an equilibrium gas to suddenly align in
the same direction, resulting immediately afterward in a
state of lower entropy. The second law is expected to be
satisfied only under specific initial conditions for the
system and reservoir, requiring the latter to behave as
an invariant source of thermal entropy that drives the
system to equilibrate with it at the same temperature. This
property defines what can be called “thermodynamic
initial conditions” and corresponds quantitatively to those
fulfilling the equality

Dlpsr(0)llpsr 5(0)] = Dlps(0)[lpseq(0)].  (80)

In other words, under thermodynamic initial conditions,
the entropic difference, as measured by the relative
entropy, between the system-reservoir state pgg(0) and
the global equilibrium state pgg 4(0) reduces entirely to the
system’s contribution, D[pg(0)||pseq(0)]. The reservoir
part adds nothing, making its net effect identical to the
thermal equilibrium case, leaving the system as the sole
independent source of nonequilibrium in the composite.

Now, the equality (80) is achieved if and only if
(see [93,94]) the total state pgg is connected to its reduced
part pg by the Petz adjoint map P associated with the
partial trace:
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PSR(O) - P[PS(O)]

= PY(0) 5. (0)ps (05 7 (0) @ x| p3fE(0).
(81)

The product and the equilibrium initial conditions are
particular cases for which this relation is satisfied: the first
corresponds to an arbitrary pg(0) with V(0) = 0, and the
second to pg(0) = ps,eq(O).

To better visualize the physical meaning of (81), it is
useful to consider the classical case in which all density
matrices are diagonal, with eigenvalues given by the
probabilities of obtaining a particular pure state (or micro-
state) labeled by j for the system and k for the reservoir:
Psr(J- k), Psrp(is k), ps(j), and pseq(j), respectively.
Since diagonal matrices commute, (81) simplifies in this
case to

~ psepli k)

psr(j k) = P ps(j) = ps(j)prp(klj), (82)
,eq

i.e. the probability of finding the reservoir in a specific pure
state k, conditional on the system being in pure state j, is
governed exactly by the equilibrium conditional probability
prp(k|j). To prepare one of these states, we simply
construct a statistical mixture after measuring the system
part of a joint equilibrium state, psg4(j. k) =
Ps.eq(J)Prg(k|j). Namely, starting from a large ensemble
of these systems all initially in the joint equilibrium state,
we measure the system part of each and group them by the
outcome. We then purposely filter these groups—discarding
or keeping specific proportions—such that the relative
frequency of each group perfectly matches the desired
target system probability pg(j).

The condition (80) is the noncommutative quantum
counterpart of this classical framework, defining the
thermodynamic initial states when quantum coherences
are present. In that case, if one considers decompositions
of the system Hilbert space Hg = @LIHS;\ ® HSIB and

writes the Gibbs state as

J
psrp(0) = D Peq.jOsh @ Osog (83)
=1

with p. ; a probability distribution, 6gx a density matrix in
J
the Hilbert space Hga and ogsg a density matrix in the
J J
Hilbert space Hge ® Hpy, the condition (80) is equivalent
J

to requiring an initial state that can be written in the form:

J
psr(0) = @Pj/)sf ® osir (84)
=1

with Psh being an arbitrary density matrix in HS?. This is
a consequence of the results in Refs. [93,94] but, for
the sake of completeness, we write down the explicit
proof in Appendix A.

Thus, the variety of allowed thermodynamic initial
conditions pgg(0) in the quantum case depends on how
many ways the state pgg 4(0) can be decomposed in the
form (83). For V(0) = 0—or in the weak-coupling limit
V ~0—we have pgg4(0) =pss ® pry [which corre-
sponds to J =1, Hgr =Hs, and dim(Hge) = 1], and
there are an infinite number of thermodynamic initial
conditions of the form pgg(0) = ps(0) ® pry. In the
opposite extreme, if the only way to decompose the
Gibbs state is the trivial one [J =1, dim(Hs») =1,
Hgp = Hs, yielding p; =1, oga =1, and ogg =
psrp(0)], then pgg(0) = psr(0) is the only possible
thermodynamic initial condition.

The classical result (82) naturally emerges from
this structure when J = dim(Hg) and dim(Hs;x) =

dim(Hgs) = 1. In this scenario, the quantum freedom
7

inside the blocks vanishes, leaving only the classical
variables p; = pg(j) and the diagonal reservoir states
ogsr With eigenvalues pg 4(k|j).

J

In analogy with the classical case, any valid quantum
thermodynamic initial condition (84) can be prepared
starting from the joint equilibrium state pgg 4(0) by
utilizing only local operations on the system S. First,
one performs a non-destructive projective measurement on
the system to determine the classical block label ;.
Because the joint equilibrium state is block-diagonal, this
measurement does not disturb the correlations with the
reservoir. Once the system is projected into block j, the Sf

part is tensor-factored from the reservoir. Therefore, one
can apply arbitrary local quantum operations (e.g., mea-
surements, unitaries, or re-preparations) strictly within
Hsl/_x to transform the equilibrium state s into the desired

target state pga. Finally, by statisticall'y filtering these
7

conditional states such that their relative frequencies match
the target p;, one perfectly constructs pgg (0).
Ultimately, this reveals a profound feature of quantum
thermodynamics: it is the necessity to preserve genuine
quantum correlations in the equilibrium state that acts as
the fundamental source of restriction on the initial states.
Unlike classical correlations, which can be freely condi-
tioned and filtered, arbitrary local operations on a quantum
system will generally destroy non-classical correlations
such as entanglement and discord shared with the reser-
voir. Therefore, valid thermodynamic initial conditions
are strictly confined to manipulating the entirely “disen-
tangled” subspaces HS?, while avoiding the creation of

quantum coherences between different classical blocks j.
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4. Initial system operations
on general thermodynamic states

In the cases considered so far, the entropy of the system-
reservoir composite remains invariant. One may instead
consider situations in which some general thermodynamic
state (81) is prepared and, before any driving protocol,
the system is subject to an arbitrary quantum operation
[not necessarily preserving the block structure (84)]
represented by a completely positive and trace-preserving
(CPTP) map £ and assumed instantaneous for the sake of
simplicity (e.g., a non-selective measurement), changing
the state according to

psr(07) = € ® Tpsr(0)]. (85)

Here, 7 denotes the identity map on the reservoir part.
Since any quantum map is the result of unitary evolution
on an enlarged space that includes auxiliary degrees of
freedom (e.g., a measurement apparatus), this scenario can
be formally embedded into our previous paradigm by
simply redefining the thermodynamic system to include
these extra variables (see [34] for an example of using this
idea in quantum thermodynamics). However, it is highly
desirable to determine the conditions under which the
second law remains valid for the system alone, without
requiring an explicit entropic accounting of these auxiliary
degrees of freedom.

To this end, note that the equilibrium free energy does
not change during the instantaneous initial operation; so
from (66), we find

AFL(0T) = g1ADg(0). (86)

On the other hand, since AFgs(0") = 0, a straightforward
calculation yields

P ADgr(0") = —TASsr(07) + W(07)
— —TASr(07) + W5(0), (87)

where

ASsr(07) = kgSin[psr(07)] — kpSinlpsr (0)],  (88)

is the total entropy change during the operation &£, and
W(0") = Tr{[psr (0") — psr (0)]H(0)} is the work per-
formed. Because we assume that the local action of &
on the system is instantaneous compared to the system-
reservoir dynamics, no heat is exchanged during this
process. Hence, subtracting (86) from (87), we find that
during the operation &:

ADgg(07) — ADs(07)

= B[WE(0%) - AF{(0%) — TASs(07)].  (89)

Now, taking the state (85) at 7 = 0™ as the initial condition
for the subsequent unitary evolution, the same steps used
to derive (73) now yield

ADsg (1,0%) = ADs(1,0%) = B[ W4(1.0°) — AF§(1,07),
(90)

where

Wi (1.0%) = /0 " Trlpsg (1) H(O)]dr — AFes(1,0%),
On

and we have introduced the shorthand notation
AX(t,0%) == X(t) — X(0"). Therefore, since AX(z,0")+
AX(0%) = AX(t) = X(r) — X(0), adding (89) and (90)
we arrive at

ADsg (1) = ADs(1) = | Wh(r) = AF§ (1) — TAS: (07|,
(92)

where Wns(t) = Wg(t, 0%) + W%(O*) is the total accumu-
lated system work, including the work performed by €.
Finally, as we have assumed that the state before the action
of £ is a thermodynamic state (81), we conclude that

WE(1) > AFL(1) + TASsR(07). (93)

To recover the second law in the form (74), certain
conditions on the operation £ are required. Consider, for
instance, a non-selective projective measurement, for
which E(p) = > II,pIl,. It is well known that this action
does not decrease the von Neumann entropy, so
ASgr(01) > 0, and thus (74) follows directly from (93).

More generally, the only maps for which ASgz (07) >0
for all states are the unital ones, satisfying £(1) = 1 (this is
a straightforward consequence of the monotonicity of the
relative entropy under CPTP maps [89,90]). In terms of
the Kraus operators M, of &, this condition requires
S MM =3 MiM,=1. Consider now a general
POVM with effects E, = M{M,. The polar decomposition
allows us to write M, = U,/E,, where U, is a unitary
operator on the system (or, in the general infinite-
dimensional case, a partial isometry). If the operators
U, are independent of x, then the map is unital and
ASgr(07) > 0, leading again to the second law. However,
if this is not the case, the operations U, represent a form
of post-measurement physical operation on the system
that is explicitly conditioned on the outcome x. In other
words, this feedback formally acts as a Maxwell’s
demon, preventing the derivation of the usual second

law Wg(t) > Affﬁs(t) in general. In such situations, the
only consistent strategy is to include the measurement
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apparatus as part of the thermodynamic description to
properly account for its entropic changes.

It should be emphasized that this derivation ensures
the validity of the second law over the entire interval
[0, 7]. However, this does not imply that the second law
must hold if one considers t = 07 as the starting point.
In fact, unless the measurement preserves the block
structure (84), the post-measurement state pgr(07)
will generally not be a thermodynamic initial state.
Consequently, the dynamics in the interval [0, ¢] could
exhibit apparent violations of the standard second law,
which are only compensated for by the entropic and
energetic cost of the measurement.

V. WORKED EXAMPLE: OSCILLATOR COUPLED
TO A COMPOSITE BOSONIC RESERVOIR

To illustrate the utility of the previous approach, we
apply it to describe the thermodynamic properties of an
oscillator system strongly coupled to a structured reservoir.
More specifically, we consider a quantum harmonic
oscillator S with Hamiltonian Hg = Awga’a coupled to
a composite thermal reservoir consisting of a discrete
oscillator O with Hamiltonian Hg = hwyd'd, and a
continuum C of one-dimensional oscillator modes with
Hamiltonian Hc = % [ dkw(k)b' (k)b (k). Here a, d and
b(k) stand for the annihilation operators for the system, the
discrete oscillator and a k-wavevector mode of the con-
tinuum, respectively. From now on we shall take units of
h = ky = 1. The discrete oscillator is potentially strongly
coupled to S via the interaction

Vo = k(a'd + ad"), (94)

and weakly coupled to the continuum by

Vo = / dkg(K)(d + d)[b(k) + bT(K)].  (95)

with g(k) some coupling function. Thus, the system S and
the continuum part C only interact through the discrete
oscillator O (see Fig. 1). This type of composite environ-
ment arises naturally in cavity QED and optomechanical
setups (see, e.g., [95]), and, in its fermionic counterpart, in
the description of impurities in solid-state environments
(e.g., [96]). Furthermore, a large class of other physical
environments can be mapped to these models using the
pseudomode, or reaction coordinate, method [97-99].

Since the coupling between O and C is assumed to be
weak, we can apply a Markovian treatment with the initial
condition

Psr(0) = pso(0) ® pe g, (96)

and derive a master equation for the dynamics of the
SO composite. This is done following the usual Davies

FIG. 1. Schematics of the model. The system oscillator S is
potentially strongly coupled, via the constant «, to one of the
oscillators O in the reservoir R, which in turn is weakly coupled,
via g(k), to the rest of the continuum reservoir oscillators C. See
the main text for a detailed description.

procedure [91,100-102].
Hamiltonian

First, we diagonalize the

5 w K a
I‘Iso:I‘]s—f-l‘lo'*‘VSO:[(lJf dl]|:K0 a)0:||:d:|

+ wq O C1 + B
= [c{ c;]{ 0 602} Lz} :colc{cl + wy 507,

o7)

where | = @y + k, @, = wy — k, and

o=l Ala) ©8)

In terms of ¢; and c,, the interaction between the discrete
oscillator and the continuum of modes is written as

dkg(k)

W(cl + ¢l — ¢y — ) b(k) + T (k)]

Voc =
99)

Since ¢; and ¢, are the eigenoperators of Hgg, with Bohr
frequencies —w; and —w,, respectively, [Hgg,c;]=

—wjcj, and w; — w, = 2k # 0, the master equation reads

dpso .
= — H s
dr i[Hso.pso)

2
an 1
+Zli[nj+l] (Cjﬂsocj _E{C;Cj’p50}>
j=
2 v 1
+Z§ﬁj (ijsocj—i{cjcj,pso}) (100)
j=1

Here,y = y; = 2nJ(w;), and ii; = [exp(fw;) — 1]7" is the

mean number of quanta with frequency w; of the con-

tinuum. The spectral density of the continuum is given by
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J(w) = ¢*[k(w)] % with k(w) the inverted function of
the “dispersion” relation w(k). For the sake of simplifi-
cation, we take a flat spectral density in the frequency
range that includes w; and w,, so y; = y. Furthermore, we
neglect the Lamb shift term (or assume that w;, have

already been renormalized).

A. Equilibrium steady state

The master equation (100) describes the relaxation
process pso(0) = psop With pso s = exp(—fHso)/Zso
the equilibrium steady state. From the total system-
reservoir composite perspective, the convergence (4) can
be expressed, for this model, as

t—0oo

Pso & pcp—Psop @ Pcp (101)
because the continuum C is weakly coupled to the
oscillator O. In addition, when the coupling between S
and the reservoir R = OC is weak [i.e. for k — 0 keeping
k/y fixed to not jeopardize the secular approximation in
(100)], the steady state factorizes to the product of usual
Gibbs states pso s & pcp~Ps s & pos®pcp>psp®pocs-

In the general case, (101) implies that the equilibrium
state of S is obtained by tracing out the discrete oscillator
O from pgp 3 = e PHso | 7. Since the state is Gaussian, it
is enough to determine the values of its covariance matrix

2((¢*) — (9)?)
(gp + pq) —2(q)(p)

(gp + pq) —2(q){p)
2p) = I
(102)

where the position ¢ and momentum p operators can be
written as

1 1
q:ﬁ(ajuﬂ) zz(cl tel+et+c)),  (103)
1 o 1 t i
p:i\/i(a_a)zi(cl_cl+cz_6)’ (104)

in terms of the eigenoperators of Hgg. A mechanical
calculation with the state pgoy leads to (g) = (p) =

{(gp + pq) = 0 and

1 0
1—|—1>{0 1]. (105)

The von Neumann entropy of a single mode Gaussian state
p can be calculated as [103-105],

B 1 1
=\ Ghar =1 T Sheem —

SVN(p) _ (1/“12‘ 1)10g<1/‘; 1) _(l/; 1)10g<IJ; 1>’
(106)

where v is the symplectic eigenvalue of ¢ given by

v = Vdeto = 24/(¢°)(p*)
1 1

B <eﬂ(wo+lc) -1 + oPlo—x) _ 1 + 1)- (107)

B. Equilibrium internal energy and heat capacity

Using (32) we obtain the internal energy from the
von Neumann entropy, and by differentiation, the heat
capacity (46). Figure 2 shows a comparison of the value of
the heat capacity and the internal energy (inset plot) as a
function of the coupling constant and temperature. The
behavior with T is similar to the standard case correspond-
ing to ¥ = 0, both quantities are monotonically increasing
functions of the temperature. On the other hand, increasing

the coupling « leads to higher values of both Cg and EnS
For the sake of comparison, the result for the usual

Hamiltonian of mean force partition function Zg is also

plotted on the right side of Fig. 2. This is calculated

from (11) with

_ZSRNZSO_ l—ei/jwo

CZr Zo  (1—e o) (1 —ePo2)’

Z; (108)
where we have used again that the coupling between O
and C is negligible. In this case, the heat capacity shows
an oscillation for small values of 7T, and larger couplings
lead to smaller C* for large temperatures, i.e. the opposite
behavior to C*.

C. Density of states

To calculate the density of states ¢f(£) we must invert
the Laplace transform in (47). This is difficult because,

1

I e —
I~

o

FIG. 2. Equilibrium energy (inset) and heat capacity as a
function of temperature for the intrinsic (left) and usual (right)
Hamiltonian of mean force. Plots for different values of the
coupling x are shown. All quantities are in units of wy = 1.
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FIG. 3. Comparison of the density of states for Zg (top) and Zg
(bottom) with the ones obtained with Zg and Zgq. In these plots
k = 1/2. The right axis indicates the degeneracy of each energy
level corresponding to the height of the approximated delta
functions. All quantities are in units of wy = 1.

on the one hand, there is no analytical closed form for ZnS
for this model, so the integral in (30) must be calculated
numerically. On the other hand, the inverse Laplace
transform of Zg (f) can be highly singular, with a proper
meaning only in the distributional sense. Thus, in order to
numerically calculate the inverse Laplace transform, £,
we introduce a regularizing factor and calculate

ol(e) = g [MZE (ﬁ)} (109)

ep

for some small ¢. In the limit of vanishing e, Qg(e)
approaches ¢f(e) in the distributional sense, in similar
fashion as

1 - —Sﬂ £0,E0—€ €

(110)

In Figs. 3 (for k = wy/2) and 4 (for k = wy/20) we
show the result of this approximate numerical inverse
Laplace transform of ZnS (), for € = 1073, obtained by the
Piessens algorithm [106]. For the sake of comparison, the
same approximate numerical inverse Laplace transform
applied to Zso (), Zs(p) (i.e. k = 0) and Z(f) is included.
However, in these last three cases, the result can be
obtained analytically:

300 -
—Zg
-------- Zso
200 - Zs
Qn
100
0
0
300
—
200 HZso
—— ZS
100
S
0
-100 -
-200 . . L L

FIG. 4. Comparison of the density of states for ZnS (top) and Zg
(bottom) with the ones obtained with Zg and Zgq. In these plots
x = 1/20. All quantities are in units of @y = 1.

1
_ —p(nw+mw,)
=) ¢
(1 =) (1 — e o) Z;

= 0so(e) = L' [Zso ()]

Zso(ﬁ) -

(111)
n,m=0
similarly,
* _ (1 - e—ﬂwo) * Q- ”
Zs(ﬁ) - (1 B e_ﬂw])(l _ e_ﬂwz) = Q (8) =42 I[Zs(ﬂ)]
= i 8le — (nwy + mw,)]
n,m=0

— Z ble — (nw; + mw, + wy)], (112)

n,m=0

and gs(e) = &71[Zs(B)] = S, 6(e — nay), as it is well-
known for a single harmonic oscillator.
We may see in both figures that the density of states for

ZL(B), ¢, is sensitive to the dressed Hamiltonian levels of
S due to the strong coupling with O, showing the same
peaks with some variations in height as the density of
states of SO, ggo. In fact, in Fig. 3 the degeneracy of
every peak of g and @' has been indicated on the right
axis for comparison. The result for Z§ () does not have the
same peak structure, with missing peaks with respect to
0so in Fig. 3 and becoming rather exotic with negative
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deltas in Fig. 4, as can also be seen directly from the exact
form (112). As a point of interest, the quantity ¢* was
previously calculated for a damped harmonic oscillator
and no indication of negative values was found [107].

As a check, in Appendix B, we calculate analytically
0% (&) to the first nontrivial order in x showing it has the
correct weak-coupling limit.

D. Nonequilibrium thermodynamics
for product initial conditions

We now focus on the nonequilibrium thermodynamics.
We will choose the system to be initially prepared in
a vacuum or squeezed vacuum state pg = |£)(£|, with
squeezing parameter & = re'?, so that the initial state of
SO is given by

pso(0) = &) (] ® po s (113)
As discussed in Sec. IV B, in order to make this initial
condition coherent with the thermodynamic formalism,
we shall consider the interaction Vg to be suddenly turned
on at t = 0. Since the initial state does not have enough
time to change due to this sudden quench, the only
thermodynamical effect during this process will be a finite
system work after the quench given by (78), which in this
case reads

WE(0") = —AFjg = —AFsp + AF}
=g 2 5= Zzﬁg(?g
~ o ZSO(?)) ﬂ‘llogzznﬁi(i?(:))
Al A
=" log i e}/;; )e (_1/3_0 T /ﬂ ) S”;ﬁ“) da,

(114)

where we have used that the interaction between O and C is
weak, and (30), with S,y(a) given by (106) and (107).

To solve the dynamics of the system from ¢ =07
onward, we apply the master equation (100) with this
initial condition and trace out the oscillator’s degrees of
freedom. Again, since the initial state pgo(0) is Gaussian,
and Gaussianity is preserved by the dynamics of (100),
we only need to study the time dependence of the first
moments and the covariance matrix o(t), Eq. (102). This is
done in detail in Appendix C, obtaining

(115)

and
t t
o(t) = {O‘“( ) ol )] 116)
021 (1) oxnl(t)
with
2
r . [
0= st 25
: S
+ (=1)/cos?(t) cos(2wyt — @) sinh 2}’}
+ (1= ) + ) + 1, (117)

and

015(1) = 63 (1) = e #cos?(kt) sin(2wyt — 6) sinh 2r.
(118)

The entropy is then calculated by (106) with the sym-
plectic eigenvalue

= \/deto(r) = \/"11(1)022<t) —oh(0).

In order to calculate the internal energy, we note that
since pg.q has the single symplectic eigenvalue (107),

= p(ﬁ = e_ﬁHd)/Zqﬁ’

(119)

it can be seen as a thermal state pg ¢

where Hy = ¢pa’a, Zy = Trle ?"s] = {1 —exp[—f ¢]} "
and ¢ is defined by
2 1 1
P R T R T (120)
Hence, from (21) we find,
n Z5(0")
Hg=Hy—p! logsT. (121)
¢
Thus, inserting this result in (68), we obtain
E(r) = Trlps (1) HY]
¢ 1y Z50)
=5 (g% +(p?) = 1) = log =
¢
¢ {Tr } L ZE(07)
z pllog=S "2
2 Zy
2
, . sin®(kt)
¢{e [cos (kt)sinh*r + o —
1 , Zi(o*
Fy (e ) f oS0,
2 Zy
(122)
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FIG.5. Internal energy (left), von Neumann entropy (inset) and
entropy production (right) for initially squeezed vacuums with
squeezing parameter r (in all cases @ = 0). The values k = 1/4,
y=1/10 and T = 1/2 were chosen. All quantities are in units
of @) = 1.

where we have used a'a=1(¢>+p?>—1), (115)
and (117).

With the entropy and the internal energy, we can obtain
the entropy production Xg(¢), Eq. (75), where the heat
Qﬁs(t) is given by (70).

The values of entropy, internal energy, and entropy
production are depicted in Fig. 5 for different values
of the squeezing parameter r. The internal energy
increases with squeezing, which is expected since
squeezing has an energetic cost. For the vacuum initial
state (r = 0), the internal energy and entropy increase
non-monotonically with ¢, reaching their maximum
values at long times, once the system equilibrates.
The oscillations become more pronounced in the pres-
ence of squeezing, where an initially higher internal
energy relaxes to a lower equilibrium value. The
entropy rises rapidly from zero at r =0 in a highly
oscillatory pattern before decaying to its equilibrium
value. The entropy production also increases and exhib-
its larger oscillations as the amount of squeezing grows,
reaching its maximum value once the system relaxes, in
accordance with the second law.

E. Nonequilibrium thermodynamics
for equilibrium initial conditions

Let us modify the previous situation by considering an
initial equilibrium state pgo(0) = pso 4. and by allowing
the system Hamiltonian to be externally driven. In par-
ticular, we consider a modulation of the system frequency,
Hg(t) = w(t)a’a. As a result, the system-oscillator
Hamiltonian is given by

Hso(t) = w(t)a'a + wyd'd + x(a’d + d'a)
w0

=, (t)c](t)ei (1) + wy(t)c (H)ea(t),  (123)

where

and

{C‘([)] —Y(r) {a} (125)
(1) d

are the normal mode frequencies and annihilation oper-
ators, respectively. These are obtained after diagonaliza-
tion of the matrix of (123) by the matrix ¥(¢), which is
orthogonal, symmetric, i.e. Y?(t) =1, and traceless
(see details in Appendix D). We assume that the rate
of change of w(t) is slow compared with the relaxation
time of the continuum so that the master equation (100)
is now modified [92,108] by replacing w; and c¢; by w;(t)
and c;(t), respectively:

dpso

dt t[pSO]

—i[Hso(1), psol
2

B S )

[\S}

n Zgﬁjm [cj,‘i<r>psoc,,-<z> ~5 {06 0pso} |

=1
(126)

For the driving function, we shall consider the following
specific form

o(t) = wy + Ae™ sin (Qt1), (127)
with 7,Q,4 > 0. Thus, ®(0) = wy and, if the damping
factor is finite # > 0, lim,_, o, ®(¢) = wy. For n =0 we
obtain a periodic modulation.

The details of the solution of (126), including the
calculation of covariance matrices, internal energy, and
work are devoted to Appendix D.

In Figs. 6 and 7 we show the results for internal energy
and work for a system initially prepared in an equilibrium
state pgq g, under damped (7 > 0) and periodic (7 = 0)
driving, respectively, as a function of time for different
values of the inverse temperature . As we can see, the
higher the temperature the more energetic the system is,
as expected. However, after the transient period, the
long-time behavior is markedly different. Under damped
driving, the internal energy relaxes to its initial value,
consistent with lim,_,,, () = w(0). Under periodic driv-
ing the internal energy settles to an oscillatory pattern
around the initial value. This arises from the work applied
to or performed by the system during each driving cycle.
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FIG. 6.

Internal energy (left) and system work (right) for initial
equilibrium states at inverse temperature S, with a damped
driving (127) (3 = 1/40). The values x=1/4, y=1/10,
A=1/4 and Q = 1/5 were chosen. All quantities are in units
of @y = 1.

As we can see, the greater the initial temperature, the more
work is required to shift the system frequency w(t) away
from its initial value. In the damped case (Fig. 6), the
power vanishes at long times and the system eventually
relaxes to the initial equilibrium mean force Gibbs state.
For the periodic case # =0 (Fig. 7), the system work
oscillates after relaxation with a similar frequency as the
internal energy, with a superimposed net increase on this
oscillatory behavior, thereby preventing its extraction in a
cyclical manner.

The values of entropy Ss(z) and entropy production
¥s(7), Eq. (75), with the heat given by Qﬁs(t) =
Eg(t p) — EE(O,ﬁ) — Wns(t), are shown in Figs. 8 and 9
for damped and periodic drivings, respectively. In the
damped driving case we observe that, after initial oscil-
lations, the system entropy relaxes to the initial value,
again due to the fact that lim,_ , w(f) = »(0). However,
the entropy production, despite having similar initial
oscillations, converges to some positive value, which is
larger for higher temperatures. This shows that, even
though the system returns to its initial state, this process
is irreversible. In the case of periodic driving, the system
entropy oscillates around the initial value for long times,
while the entropy production increases linearly at the same
time as it oscillates. This shows that in each driving cycle

0 50 . 100 150 0 100 . 200 300

FIG.7. Internal energy (left) and system work (right) for initial
equilibrium states at inverse temperature f, with a periodic
driving (127) (n = 0). The values k = 1/4, y =1/10, A = 1/4
and Q = 1/5 were chosen. All quantities are in units of wy = 1.

L5} e 2% 1072 ARMTARATATAN

0 100 200 O 50 100 150
t t

FIG. 8. Entropy (left) and entropy production (right) for initial
equilibrium states at inverse temperature S, with a damped
driving (127). The values x=1/4, y=1/10, A=1/4,
n =1/40 and Q = 1/5 were chosen. All quantities are in units
of Wy = 1.

the system produces a positive amount of entropy, and
hence the driving is not reversible. The slope of this linear
behavior of the entropy increases with temperature.

F. Weak-coupling limit

We may check that the appropriate result is recovered
in the weak-coupling limit k — 0. To see this, we evaluate
the quantity

max|E§ (1) — (Hs (1)), (128)
which indicates uniform convergence if approaching
zero as the coupling is decreased. In order to accomplish
this without jeopardizing the validity of the Davies
weak-coupling treatment, we adopt the parametrization
Kk = wy/(4¢) and y = wy/(10¢), so that the weak-coupling
condition is approached by increasing ¢ while keeping the
ratio x/y constant. This preserves the validity of the secular
approximation in the Davies generator. The results of
this analysis are presented in Fig. 10, for an initial product
state (113) without external driving (left), and for initial
equilibrium states with a periodic driving (right). The
value of (128) clearly decreases with £.

-1
9% 10 5
—(3=2
...... 8= a J
---3=2/3 :a,,-‘e‘""
1 Y/
£t
fn('
Ry,
Y
0
0 50 100 150 0 50 100 150
t t

FIG. 9. Entropy (left) and entropy production (right) for initial
equilibrium states at inverse temperature f, with a periodic
driving (127) (n = 0). The values k = 1/4, y =1/10, A = 1/4
and Q = 1/5 were chosen. All quantities are in units of @, = 1.
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FIG. 10. Measure (128) for initially squeezed vacuums with
squeezing parameter r (in all cases @ = 0) and no driving (left),
and for initial equilibrium states at inverse temperature f with
periodic driving (right), as a function of the parameter { which
accounts for the weakness of the coupling (see main text). In both
cases the values x = 1/(4¢) and y = 1/(10¢) were chosen.
For the no driving case, T = 1/2. For the periodic case (right),
A=1/4 and Q = 1/5. All quantities are in units of wy = 1.

G. Comparison with other strong-coupling
nonequilibrium thermodynamic approaches

Finally, it is interesting to compare the entropy pro-
duction we obtained with the one calculated according to
other strong-coupling thermodynamic approaches. In par-
ticular, this model is a prototypical case where the reaction
coordinate (RC) thermodynamic framework can be
applied [7,28]. However, it is important to note that in
the RC framework, the thermodynamic description must
be extended to include the RC (the oscillator O in our
case), which is physically a degree of freedom of the
environment. By contrast, in our approach, the thermody-
namic system is strictly taken to be the oscillator S alone,
while O is treated entirely as part of the thermal reservoir
(Fig. 1). Consequently, RC thermodynamics and the
intrinsic Hamiltonian of mean force describe the thermo-
dynamic properties of different systems—SO in the former
and S in the latter—and thus address different operational
paradigms. Yet, they remain fundamentally compatible.
By this, we mean that the entropy production in the
intrinsic Hamiltonian of mean force approach is bounded
from below by the one obtained via the RC approach,
namely:

g > Tso. (129)
Indeed, since S is a subsystem of SO, the entropy
production cannot be smaller for S than for the composite
SO. Otherwise, an observer restricted to manipulating and
measuring only S would somehow be able to execute a
process with greater thermodynamic reversibility than an
observer with full control over both S and O. From an
information-theoretic standpoint, tracing out the oscillator
O discards the information encoded in both the S-O
correlations and the internal state of O. Because informa-
tion is a thermodynamic resource, this unavoidable loss of
information strictly manifests as an additional source of
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10 x10 10 x10
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FIG. 11. Entropy production according to the intrinsic HMF

approach (blue), RC thermodynamics (orange), the naive
weak-coupling expression (green) and the approach including
the bare interaction energy (yellow), for an initial state pgo(0) =
psp ® poy and driving (130). The values for the driving time
74 — 0 (left) and 74 = 6 x 103 (right) are chosen, corresponding
to the quench and quasistatic limits respectively. For both plots
T =1/20, k) = 1/4 and y = 1/10. All quantities are in units
of gy = 1.

irreversibility—and thus higher entropy production—for
the local observer. The specific proof of (129) is given in
Appendix E.

On the other hand, this model has recently been
examined in Ref. [109] using the thermodynamic approach
of Refs. [27,29,46]. As discussed in Sec. I, in this
framework the interaction Hamiltonian is counted as part
of the system’s internal energy—defined by the expect-
ation value (Hg + Vgo)—while the system entropy is still
evaluated using the local von Neumann expression. Under
this partition, the positivity of the entropy production can
be proven for initial product states.

In Fig. 11, we plot the entropy production evaluated
across four distinct frameworks: our intrinsic HMF
approach (Zg), RC thermodynamics (Zgg), the approach
including the interaction Hamiltonian in the system energy
(Zs4v), and the bare weak-coupling approach (Zg’eak),
which takes the internal energy to be (Hg). These
quantities are calculated for an initial product of Gibbs
states, ps 3 ® pop—a state that is stationary only in the
vanishingly weak-coupling limit. The coupling strength is
parametrized as the sigmoid function

0 t<0,
k(1) = { Kosin? (2,,_,) re0,7,], (130)
Ko > 74

such that, in the quench limit (z4 — 0), the interaction is
switched on instantaneously at = 0 and remains constant
at kg for all ¢+ > 0, whereas in the limit 7y — oo, the driving
becomes quasistatic and maintains instantaneous equilib-
rium pgo(t) = pso (1)

In the left panel of Fig. 11 (quench limit, 74 — 0),
we verify that the bound in Eq. (129) is strictly satisfied.
Notably, Xg.y exhibits the largest values among all
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frameworks. This is physically counterintuitive from an
operational standpoint: evaluating Xg,y requires tracking
changes in (Vgg), which implies that an observer must
have simultaneous measurement access to both S and O—
a level of control comparable to that required in RC
thermodynamics. Yet, while the smaller value of Zgg
reflects the fact that this extended access allows irrevers-
ibility to be reduced, the large values of Xg,y suggest that
this framework significantly overestimates it.

This behavior is further confirmed in the right panel,
corresponding to the quasistatic regime (zy large). Here,
while Xg(7) = Xg0(7) 20, as expected for reversible
dynamics, Xg,v(f) > 0. Indeed, one can verify analyti-
cally that, in the quasistatic limit 74 — oo, the relation
Zs.v(t) = Dlpo(1)llpo(0)] + Iso(t) > 0 holds.

Furthermore, we observe that the weak-coupling expres-
sion ngeak yields unphysical negative values in both
driving regimes, underscoring the fundamental breakdown
of weak-coupling thermodynamics in this context. For the
initial state considered here, this follows directly from the
general analytical result ¥ = —D|[ps(7)||ps(0)] < 0.

VI. CONCLUSION

In this work, we establish a universal thermodynamic
framework for quantum systems that may be strongly
coupled to thermal sources. In contrast to other proposals,
our framework focuses on thermodynamic variables that
depend strictly on the system state and are therefore
accessible through microscopic control of the system
alone. This bridges a critical gap between theoretical
generality and experimental feasibility, enabling one to
answer concrete operational questions—such as determin-
ing the minimum work required to drive a strongly coupled
system from an initial reduced state pg(0) to a target state
ps(t) within a given time 7. Importantly, it provides a
consistent description of both equilibrium (including
thermostatics) and nonequilibrium properties, preserving
the same gauge freedoms as in weak-coupling thermody-
namics and retaining the von Neumann entropy as the
thermodynamic entropy. Thus, it ensures compatibility
with the principles of statistical mechanics and quantum
information theory. Moreover, we have clarified the exact
requirements for initial conditions to produce thermody-
namic behavior, characterizing this set as those states
where the system acts as the sole independent source of
initial nonequilibrium.

We have benchmarked the proposed approach by
applying it to a paradigmatic case of a strongly coupled
environmental model consisting of a structured bosonic
reservoir. This not only allows us to illustrate the internal
consistency of the formalism—including a direct com-
parison with alternative strong-coupling thermodynamic
approaches—but also its ability to yield meaningful
predictions for thermodynamic equilibrium quantities,

e.g., heat capacity and density of states, and nonequili-
brium dynamical behavior, e.g., entropy production.

One should note that, from a theoretical perspective, the
nonequilibrium thermodynamics proposed here does not
introduce substantial difficulties beyond solving the
dynamics of an open quantum system strongly coupled
to a thermal reservoir. Once the dynamics is known,
determining the thermodynamic variables reduces to
calculating the relevant expectation values. From an
experimental perspective, however, nonlinear functions
of the system state—such as the von Neumann entropy
or the logarithm involved in defining the intrinsic
Hamiltonian of mean force—typically require tomo-
graphic methods. Nevertheless, several recent works
have developed and experimentally implemented efficient
techniques to determine the entanglement Hamiltonian
[110-114], which is essentially the same type of loga-
rithmic state function required in our approach.

In light of these results, several directions for future
research can be considered. First, one could examine a
possible extension to multiple thermal reservoirs.
Additionally, it would be valuable to investigate math-
ematical questions, such as the conditions under which
the positivity of the density of states—derived from the
intrinsic Hamiltonian of mean force—can be rigorously
proven, or, less ambitiously, the positivity of the heat
capacity. Furthermore, exploring the implications of this
framework in the context of quantum measurement and
feedback control could provide new insights into the
thermodynamic cost of information processing. Finally,
applying the proposed framework on current experimental
platforms—such as trapped ions, superconducting circuits,
or optomechanical systems—appears feasible and would
offer a critical test of its practical applicability, potentially
guiding the development of next-generation quantum
technologies.
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APPENDIX A: PROOF OF THE GENERAL FORM
OF THERMODYNAMIC INITIAL CONDITIONS

To check that (80) is satisfied for (83) and (84) is
straightforward, so we shall prove the converse, i.e. that
(80) requires (83) and (84).

First, let us introduce an ancillary qubit system A and
consider the joint state

1 1
Pasr = 5|O>A<O| ® psr(0) +§ 1) A(1] ® psr(0).
(A1)

Defining the marginals p/, := Trsg(Phsr)s  Psg =
Tra(Pasr)> Pas = Trr(Plasr)> and ps = Trar (Plsr), the
monotonicity of the relative entropy with respect to the
partial trace implies:

D(pjsellPy ® Psg) = D(Pjsllra @ ps)- (A2)
If (80) is fulfilled, the CPTP map given in (81) satisfies
[93,94]:

psr(0) = Plps(0)]. (A3)
pSR,/J’(O) = ,PU)S,eq(O)]‘ (A4)
Since
, 1 1
Phs = 51004101 @ ps(0) +5 [1)a (1] @ ps.eq(0).  (AS)
, 1 1
Psr = 5 PSR (0) + EPSR,/}(O)» (A6)
L, 1
Ps = 5P5(0) +575.q(0). (A7)
the linearity of P ensures that
Psr = P(ps). (A8)
Pask = Za ® P(plys)- (A9)

Therefore, the monotonicity of the relative entropy under
the CPTP map 7, ® P leads to:

D(pjsellph ® Psg) < D(Psllps ® ps).  (A10)
This result, together with (A2), implies strict equality:

D(plysrllPs ® psr) = D(Pasllps ® p5). (A11)

Theorem 6 in Ref. [94] asserts that this equality is satisfied
if and only if there exists a partition of the system Hilbert
space Hs = D7_ Hs» ® Hgs such that

J 7

J
Pasr = 691 qjOas? ® OsPR (A12)
P

with states o5qa on Ha ® Hga and ogsg on Hes @ Hy and
J J J J
q; a probability distribution.
From (A1), we observe that there are no coherences

in the qubit basis for A. Therefore, the most general form
for every individual block is

Opsh = ¢ (10)A(0] ® Ps;*) + e ([Na(l] ® o5a),
(A13)

where ¢;; 2 0, > ¢ilj = 1, and pga and o¢a are valid states
J J
on Hga. Substituting this result into (A12), we obtain:
J

J
Pask = [0)A(0] ® 691 q;ColjPs? ® osir
=
J
+ DAl ® D gjcrjoss; @ ogpr.  (Al4)
=1

Comparison with (Al) straightforwardly leads to (83)
and (84) and with p; = 2q;c¢; and pq; = 2q;cy;-

APPENDIX B: POWER EXPANSION OF THE
DENSITY OF STATES
Expanding Eq. (106), with v given by (107), to second

order in k,

Pawgel™
SvN(ﬂ) = ehon 1

Pawgel(ef +1)

—log (ef®0 — 1)

+ 2P 1)} K~ - B1)
Under this approximation
Y 1 pwy _ 1
[ gy L2 )
s p
P (Pwy+1)—1 ,
... (B2
2wq(efo —1)? o (B2
and so, according to (30),
1 ﬂ(efﬁwo (ﬂw + ]) _ 672/}(»0)
i 0 2
Z o~ A
S(ﬂ) 1— e—ﬁa)o 2600(] _ e—/}(un):’! K=+
(B3)
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By expanding the geometric series, it is easy to prove that

= (n+2)(n+1
(1 — efﬁwo (Z e/irmm) Z n ) 7[)’na)0‘

n=0

This expression in (B3) yields

2
Z e —pnaw, + Z I’l + I’l + )ﬂ[efﬁmﬂ (ﬂwo + ]) _ 672/)’(1)}67/}11(1),(.2 + ...

~ Z —pnwy + Z n + 2 (n + ) [ﬁ( —p(n+1)wy ﬁ(n+2)w0> +ﬂ2w0€—ﬂ(n+l)w0]K2 4.
1 (s

~ —pnw - 2 ,—pnw, - —pnw 2 .

_;e 0+[4;n(n+l)ﬂe °+2w0;nﬁe ”:|K +

where we have simplified the summation

[s+] [s+]
(n+2)( Ye Plntle (n+2)( Ye Pt — Z 2nePreo,
=0 =0

n n

Using the result of the Laplace transform for the delta derivatives

/ ) (e — gy)ePede = prePo,

0

we finally obtain

o0 2 o0
s):Z&(e—nwo {Z nint+ 5”s—na)o)+ZL5’(£—nw0)}K2+--~
n=0

= P 2600

On the other hand, expanding (111) formally to second order in «:

0

0so(€) = Z {5[8 — (m+ n)wy] + (m —n)d'[e — (m + n)wylk +

n,m=0

(m—n)?

2

The second term is clearly odd in the double sum, so it vanishes. Changing the labels m +n =k, m —
term becomes

© k
ZZ& e —kwy) = Z(k—i— 5(e — k),

and for the third term

leading to

0so(€ Z(n—f— 1)6(e — nay) +§:W5”(e—nwo)x2+~-

n=1
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(BS)

(B6)

(B7)

} (B8)

n = [ the first

(B9)

(B10)

(B11)



INTRINSIC HAMILTONIAN OF MEAN FORCE...

PRX QUANTUM 7, 043014 (2026)

In addition, using this result for ggo(€), it is straightforward to obtain from (112):

0 (e) = i(n + 1)8(e — nwy) io: n+ 1)wo)
n=0 n=0
+{§:n(n+16)(n 1)5”e—na)0 i )5”[8—(n+1)a)0]}1<2+~-
n=1 n=1
= ié(s — nwg) + io: n(n +1) 8" (e — nawy)x* + (B12)
n=0 n=1

As expected, in the weak-coupling limit ¢%(e) and ¢* (&)
approach the correct density of states of an isolated
quantum harmonic oscillator. On the other hand, as
mentioned in the main text, the peaks of ¢"(e) coincide,
up to numerical precision, with those of @go(¢), which
approaches the density of states of two identical uncoupled
oscillators for vanishing «, leading to the degeneracy factor
(n+ 1) in the first term of (B11). In all cases, the first
nontrivial order contribution is the second-order term in .
However, due to the presence of exotic delta derivatives in
|

2((¢%); — (9)7)

o) = (qp + pq), —

2(q)/(p),

the expansion, it is difficult to infer a clear behavior from
these equations.

APPENDIX C: DYNAMICS OF THE
COVARIANCE MATRIX IN THE ABSENCE
OF EXTERNAL DRIVING

The covariance matrix o(f) of S is given by the
expectation values

It is convenient to solve the dynamics in the Heisenberg picture, i.e. for any SO operator X,

(X), = Trlpso(1)X]

(gp + pa), — 2{q)(p),
2P — (D) ) b
= Tr[pso Xu(t)], (C2)

where Xy(7) represents X in the Heisenberg picture. The master equation (100) in this picture reads

dXy(t)
dt

= L*[Xu(1)]

= i[Hso, Xu(?)

= (L*[XDu(0).

We easily obtain

. 4
LX[e;] = —<1a)j +4)c]
L*[Cjck} = — |:l(a)J —+ a)k) +g:| Cjck’

E*[CT-CIJ = -

) {i(wk—w) ](C cr— i), (C4)

for j = 1, 2. Therefore, as a result of (C3), we have

<cj.xH( )e; —l{cj cj, Xyt )}> %ﬁ,(c,-XH() —{c, i ()}>}

(C3)
(c))u(t) = e_(i‘”f*%)’cj, (C9)
(Cjck)H(t) — e_[i(wj+a’k)+%]’cjck’ (C6)

(clep)u(t) = eTli@—etiicte, + 7, (1 — e¥)5;. (CT)

For the initial state (113), the system squeezed vacuum
satisfies
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(a) =0.
(a*) = —e'%sinh rcoshr, (C8)
(a’a) = sinh?r,
and the Gibbs state for the oscillator,
(d) =0,
() =0, (C9)
(d'd) = [P — 1],
which implies [see (98)],
() = 2 ((a) — (1) (d)) = 0.
(ee) =3(a%), (C10)
(clex) =L ((a'a) + (265 — 1){dd)).
Using this result after taking mean values in (C5)
(c;), = el@iti(c)) = 0. (C11)
Similarly for (C6),
| a i -
(cjcn), =— 3¢ lilwj+o)+rei0 sinh rcoshr,  (C12)
and (C7),
1 (. 26, —1
<C;Ck>z = 567['(“”‘7“’1)@]’ <s1nh2r + eﬂc{)O _ 1)
+7i,(1—e)5. (C13)

Therefore, for the mean value of position and momentum,

(q), = V2Re(a), = Re({c}), + (c2),) =0,  (Cl4)

(p), = V2 Im(a), = Im((c,), + (c;),) =0.  (CI5)

For the second order moments:

(gp+ pq), =21Im{a®), =Im((cf), +2{cic2), + (c3),)
0y
= —Im{ [e7iont ein’]z%}ei’ sinh rcosh r
= cos?(kt) sin(2wyt — 0) e~ sinh 2r,
(C16)

= §(<C{C1>t + <C£02>t + <6162>t + <C£Cl>, +1)

i0
: ; e' 1 .
- —Re{ [eTiont 4 g~int]2 7} e sinh rcosh r

_1 Lt inh2 1
=5 {e 2 (smh r+eﬁwo — 1)

1
_r )
+ e72 cos(2kt) <smh b 1)

+ (7] + 71y) (1 — e77) + 1}

1 .
- Ecosz(m‘) cos[2wgt — B]e~" sinh 2r,

(C17)
2 t 2 1
(p*); = (a'a), —Re(a?), +5
1 o . 1
=5 [e‘i’ <s1nh2r + o 1)
+ e~ cos(2kt)  sinh?r — !
eﬂwo -1
+ (fll + flz)(l — e_%t> + 1:|
1 2 7 .
+5cos (kt) cos[2myt — Ole ' sinh 2r, (CI18)

which lead to the covariance matrix elements (117)
and (118).

APPENDIX D: DYNAMICS OF THE
COVARIANCE MATRIX IN THE PRESENCE
OF EXTERNAL DRIVING

The unitary matrix that diagonalizes the Hamiltonian

(123) i given by ¥ (1) = [(20: 2200 ] with unnormalized

orthogonal eigenvectors

<w(t)—wo>2 14+ w(t)—wy

v ,(1) = . x . (D1

+1

With this choice of the phases of the eigenvectors,
Yi5(t) = Y5 (¢), and Y(¢) is a symmetric, orthogonal,
and traceless 2 x 2 matrix, i.e. Y?(#) =1 and Y,,(t) =
—Y,,(1), as it can be easily checked. Using these proper-
ties, after taking the time derivative in (125), we find
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R S

u(t) =Y (6)Y12(1) = Y11 (1) Y12 (2).

Now, if A, is the dynamical map generated by £, in (126),
and X(7) is a time-dependent operator in the Schrodinger
picture, its evolution in the Heisenberg picture Xy(t) =
Af[X(1)] satisfies the equation

where

(D3)

dXy(t)
dt

= AH{LHX(O]} + AF[X(0)]

=i[Hgo(1), X(1)]y

3580+ 1 orce

From this and (D2) we may obtain the following system of
coupled differential equations,

with
vy
[ i—ien(2) —u(1)
wo= "0 e @9
The solution of this equation reads
clH(t)i| —i {01(0)] D7
o) =400 ] w7

with A () = T exp|[¢ Ly (s
and using (D7) we obtain

o =Yoo ] =20(2)

with A(t) = Y(1)A(1)Y(0).
Similarly, for the product of two annihilation operators
we find

2| et (cDu(?)
= (crc2)u(t) | = La(t) | (c1c2)u(2) |, (D9)

)ds]. By applying A on (125)

dfem(n)] _ cin() where we have written (c;c;)y(t) = [c;(¢)c;(1)]y(1) to
dt Lw(f)} L) |:62H(t) ]’ (b3 avoid a cumbersome notation, and
|
—[4+ 1201 ()] —~2u(1) 0
Ly(1) = u(1) =5 —i[w (1) + wy(1)] —u(t) (D10)
0 2u(1) —[ + 20y )}
The solution of this equation is
@u ] [ 40
(cre2)ulr) | =B(1) | ¢1(0)c2(0) | (D11D)
(e3)u(t) c3(0)
with B(f) = T explJ¢ Ly(s)ds]. From (125),
c3(1) a’
e1(ey(r) | =R(1)| ad |. (D12)
c3(1) d?
where
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(Y1, (2)]? 2Y1,(0)Y15(1) [Y12(0)]?
R(t) = ¢ Y (0)Yor (1) Yy (0)You(t) + Yia(0) Yoy (1) Yia(£)Y2a(2) (D13)
Y2 (0)]? 2Y51 ()Y (1) (Yo ()]

Using that Y(7) is symmetric and orthogonal, one easily
concludes that the same is true for R(t), R?(t) = 1. The
application of A} on (D12) gives

(eDu(?) ap (1)
(crc2)u(t) | = R(1) | (ad)u(2) (D14)
(e3)u(?) dy (1)
Introducing this equation in (D11),
ai (1) a’
(ad)y(t) | =B(t)| ad |, (D15)
d (1) d?
where B(t) = R(1)B(1)R(0). By taking mean values we

conclude that (a?), = (ad), = (d*), =0 for the states
where (a?) = (ad) = (d*) = 0. Among the considered
ones in Sec. V E, only the squeezed state does not satisfy
this property, (C8). To solve that case, using (D11) in (D9),
and taking mean values:

2B (c?) ) ()
at (cre2) | =La()B(1) | (cic) (D16)
(c3) (2)
-5 —u(1)
p(t) =5+l (1) — wy(1)]
L3(t) = //l(l) 2 10 :
0 u(t)
and
u(r) =%
The solution of this equation is
(cien)u(?)
Clen® | g0
(c5e)u(?) ,
(chea)u(?)

This equality must be satisfied for any initial state, so the
mean values are arbitrary and we conclude

(D17)

This equation, with the initial condition B(0) = 1 is easily
numerically solved, for instance by using Runge-Kutta
methods.

Lastly, we find

(che)y (o) (cien)u(r)
d | (ciea)ult) I (ciea)ult)
— = ., (D18)
@ | (e |~ cenatn | T
(c3ea)ul?) (ciea)u(D)
with
—u(1) 0
0 —u(1)
il () - ax(0)] (o) [ )
u(t) —
iy (1)
0
0 (D20)
iy (1)
c}(0)¢;(0)
CT C
_IT(O) 0 +¥(1), (D21)
¢,(0)c1(0)
c3(0)e,(0)
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with §(¢) = [¢ C(t, s)u(s)ds and C(t,s) = T exp[[! L3(s)ds]. Once more, by (125),

where

()P Y (
Yi(0)Yau () Yi(
Y (0)Yyu(t) Yot

Yo ()] Yol

G(1) =

Again, from the fact that Y (7) is symmetric and orthogonal,
one finds that the same is true for G(¢), G*(t) = 1.
Applying A¥ on (D22),

(cien)u(r) (a"a)y (1)

(clea)u(®) | _ (a'd)u()

ceon |~ [ @aun | P
(cher)u (D) (d'd)y(1)

and introducing this equation in (D21) we obtain

(a'a)y(1) a‘a

(a'd)y(r) | a'd

o | = | s | Y0 (D25)
(d'd)y(1) d'd

Here, C(f):=G(1)C(t,0)G(0) and y(r) := G(1)j(1). A
reasoning similar to that in (D16) and (D17) leads to
the equations

dC(t,0 s
C(;t ) _ Ly (0€(r.0), (D26)
with the initial condition C(0,0) = 1, and
dy(t
F) _ Ly(0)5(1) + u(), (D27)

dt

with the initial condition y(0) = (0,0,0,0)T. These two
equations can again be solved numerically with ease.

Thus, for an arbitrary initial state, taking into account
(D8), (D15) and (D25), we obtain

(@) = V2Re(a), = V2Re[Ay (1)(a) + Ann(1){d)],
(D28)

a‘a
a'd
d'a
d'd

, (D22)

) Yu(@Yn()  [Yu@P

) Yia()Ya (1) Yia()Yxn(1)

) Yiu()Yxn(t) Yi()Yxn(1) (023
) Yo ()Y (1) [V (1)]?

(p); = V2 Im(a), = V2 Im[A}; (1) {a) + Ap(1)(d)].

(D29)
<CIP + pQ>z =2 Im<a2>t
=2 Im([B,(1)(a®) + By,(1){ad)
+ Bys(1)(d*)], (D30)

(¢*), = (a*a), + Re(a?), +%

= Re[By(1){a*) + Byy(1){ad) + By5(1){(d*)]
+ Cpi(1){a*a) + Cpy(1){a'd) + Cy5(1)(da)

F Cul)id'd) +31(0) + 3,

(D31)

(%), = {a'a), ~ Rela?), + 5
— —Re[B1,(1)(®) + Bua(r){ad) + Bys(1) ()]

+ Cpi(1){a*a) + Ciy(1)(a'd) + Cy5(t)(d"a)

1
+ Cug(0)(d'd) + y, (1) + 5
(D32)

This allows us to determine the covariance matrix by
Eq. (C1). Once o() is obtained, the entropy is calculated
by (106) and (119).

To obtain the work, since Hg(t) = @(t)a'a, the inte-
gration of (54) in the Heisenberg picture gives
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waa[mmmwwmw

—/VMMﬂnﬂwwmwmwm®pw}

0

=[wwwwuﬂwm+camww

+ Cis(r){d'a) + Cra(t)(d'd) + y1(1')]. (D33)

Hence, by (55),

W&»—Abwwwqmwfm+CMwmw>

+ Ci(){dTa) + Cry(E)dd) + y, ()] — AFf{‘S.
(D34)

For the last term we have in this case

AF%\S:AFSR_AFE
i
Zer(t 75 (t
=—f""log SR()+ﬂ—1log ﬁs()
Zsr(0) Zs(0)
i Zsolt) oy ZE()
~—f og >4l log =3~
ZSO(O) Zﬁs(o)
Zh(t 1 — b1 (0)][] — p—Pes(0)
=p"'<log S()—log[ ¢ - )
ZS (O) [1 — e_ﬂml(t)] [1 — e_ﬂmz(t)]

(D35)

For Zns(t) in this expression, analogy with the usual
equilibrium state allows us to use (30), with

_ y(z)2+ g {u(t)z—i— 1}

- y(z)z— 1og [v(t)z— 1] |

SVN(tuﬁ)

(D36)

instead of S,n(f) inside the integral, where v(t) is the
symplectic eigenvalue of pg (1) = Trg[e 1)/ Zsr.
Following a similar procedure as in Sec. VA, we obtain

273, (1)
P (1) _q

I/(l‘) _ 2Yll(l‘)

= o) 1 + 1. (D37)

To calculate the nonequilibrium Hamiltonian of mean
force, we first note that since pg.q(f) has the single
symplectic eigenvalue (D37), it may be written as a thermal
state  pg eq(1) = e PHo0 /7, (1), with H,(1) = ¢(t)a’a,
Zy(t) = [1 — e PW]1 and ¢(1) defined by

1 Y3 (1) Yh(1)

Hence, from (31) we obtain

{0
H&ﬂ:¢hww—ﬂlkgzi5-

The nonequilibrium internal energy is therefore given by

(D39)

EL(1.) = Trlps(HE(1)]
T —1 Zn (t)
= $(0)(aa), ~p g

= ¢(1)[Cy1(1)(a’a) + Ca(1)(a"d) + C5(1)(d"a)

f
CLld'd) 4 (0] = e 220

(D40)

Thus, we can evaluate the thermodynamic quantities for
arbitrary initial state of the system SO from the initial
expected values (a), (d), {(a®), (ad), (d*), (a'a), etc. In the
case considered in Sec. V E of an initial equilibrium state
ps0(0) = pso s with a driving satisfying (0) = wy, these
are given by

(a) = (d) = (a*) = (ad) = (d*) =0, (D41)
1 1 1
(ata) = (d'd) = 3 Lﬂ“’1<°> — + @) J , (D42)
. 1 1 1
(a'd) = (d'a) =5 Lﬂ“’l O] e 1] . (D43)

Finally, we note that the expressions in this section
can also be used to describe the case of an initial product
state pso(0) = ps ® po 4 in the case of a sudden quench at
t = 0 followed by a driving for ¢ > 0. One just needs to

keep in mind that for the system work Wns(t > 0) the
additional term due to the quench (78) must be added

to (D34), and that for the internal energy, H%(O) = Hy.

APPENDIX E: RELATION BETWEEN THE
ENTROPY PRODUCTION IN THE INTRINSIC
HAMILTONIAN OF MEAN FORCE AND IN
REACTION COORDINATE THERMODYNAMICS

Consider a system S coupled to a thermal reservoir R
under general thermodynamic initial conditions, and
assume that the reservoir R = RC + R’ comprises a set
of reaction coordinates RC weakly coupled to the remain-
ing bath degrees of freedom R’. The external driving
only affects the S + RC degrees of freedom, i.e. Hy: is
time-independent. We establish that

Zg(t) 2 Zgrel(?). (E1)
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Namely, the entropy production calculated using the
intrinsic Hamiltonian of mean force for the system, Xg,
is bounded from below by the entropy production from
reaction coordinate thermodynamics, Xg,rc—which
incorporates the reaction coordinates (or pseudomodes)
of the environment within the extended system S + RC.
This result directly reduces to Eq. (129) in the example of
Sec. V, where the single environmental discrete oscillator
mode O serves as the reaction coordinate.

To prove Eq. (E1), we express the entropy production
¥(¢) in terms of the total work, and variations of the
equilibrium free energy and relative entropy. Using the
notation of Sec. IV B, we have

TZs(t) = Wi(1) — AF§(1)
= W(1) — AF(t) — AF§(t) — ' ADs ).
(E2)

For the equilibrium free-energy contribution, we find

Zer (1
AFHS(I) + AF%\S(I) = AFgg(1) = —p" logZSS:((O))
=5 logM = AFg. gc(2).

Zs rc(0)
(E3)

which holds because S + RC is weakly coupled to R/,
ensuring that the reservoir partition function Zy: remains
constant under driving and cancels in the ratio.

Next, consider the relative entropy variation:

ADg(t) = Dlps(1)]|ps.cq(t)] = D[ps(0)]|ps.cq(0)]
= Dlps(1)[|ps eq(t)] — Dlpsirc(0)]lpssrc 4(0)]
< ADggre(1). (E4)

Here, the second equality follows from the initial thermo-
dynamic conditions: since S + RC is weakly coupled to R’,
the initial global states factorize as

psrp(0) = psircp(0) ® prp(0),

psr(0) = psirc(0) ® pr4(0), (ES)
simplifying condition (80) to
Dlpsirc(0)[lpsircs(0)] = Dlps(0)[|ps.eq(0)].  (E6)

The inequality in the final step in (E4) then follows
directly from the monotonicity of the quantum relative
entropy under the partial trace, D[ps(7)||pseq(?)] <

Dlpsirc(t)llpsirep(2)]-

Substituting Eqgs. (E3) and (E4) into Eq. (E2), and
noting that the nonequilibrium free energy of the extended

system reads Fsire(f) = Fsire(t) + 7' Dsyrel(t), we
arrive directly at Eq. (E1).
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