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Hamiltonian simulation using product formulas is arguably the most straightforward and practical
approach for algorithmic simulation of a quantum system’s dynamics on a quantum computer. Here we
present corrected product formulas (CPFs), a variation of product formulas achieved by injecting
auxiliary terms called correctors into standard product formulas. We establish several correctors that
improve the accuracy of standard product formulas by orders of magnitude when simulating
Hamiltonians comprised of two exactly simulatable partitions, a common structure of lattice Hamil-
tonians. Importantly, injecting these correctors increases the overall simulation cost by only a small
additive or multiplicative factor. We show that correctors are particularly advantageous for perturbed
systems, where one partition has a relatively small norm compared to the other, as they allow the small
norm to be utilized as an additional parameter for controlling the simulation error. We demonstrate the
performance of CPFs by numerical simulations for several lattice Hamiltonians. Numerical results show
that our theoretical error bounds for CPFs match or outperform the empirical error scaling of standard
product formulas for these systems. We also demonstrate improvements offered by CPFs by
implementing small-size systems on actual quantum hardware, as well as on noisy and noiseless
quantum simulators. CPFs could be a valuable algorithmic tool for early fault-tolerant quantum
computers with limited computing resources. As for standard product formulas, CPFs could also be used

for simulations on a classical computer.

DOI: 10.1103/phk5-slkl

I. INTRODUCTION

Simulating the dynamics of quantum systems is argu-
ably the most natural application of quantum computers.
Indeed, quantum computation was originally motivated by
the problem of quantum simulation [1-3]. The solution
to this problem will allow us to probe the foundational
theories in physics, chemistry, and materials science,
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ultimately leading to potential practical applications such
as designing new pharmaceuticals, catalysts, and materials
[4-7]. The original proposal for simulating quantum
dynamics on a quantum computer was based on product
formulas. Indeed, Lloyd used a simple product formula in
the seminal work [8] to simulate quantum evolution under
local Hamiltonians. Later work [9] used high-order prod-
uct formulas to simulate the broader class of sparse
Hamiltonians [10]. Since then, a host of new algorithmic
techniques have been developed, enabling the design of
quantum algorithms for simulating quantum dynamics
with increasingly improved asymptotic performance as a
function of various parameters such as the evolution time,
the system size, and the allowed simulation error [11-20].
Despite the improvements in recent years, product
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formulas are still preferred for practical applications [21]
and have been predominantly used in experimental imple-
mentations [22-24].

Product formulas approximate the time evolution
exp(—iHt) generated by a time-independent Hamil-
tonian of the form H =) ,H, using a product of
exponentials of the individual summands H,. For suffi-
ciently small values of 7, the approximation error generally
scales as O(**1), where k is the order of the product
formula. For longer times, the time evolution is divided
into many steps, and short-time simulation is performed
for each step. The number of steps needed to reach a
certain error tolerance is reduced by increasing the order,
which motivates using higher-order product formulas.
Suzuki [25] developed a systematic method to generate
arbitrarily high-order formulas. Suzuki’s product formulas
are typically used in quantum computing and are consid-
ered standard product formulas. However, the number of
exponentials needed to generate higher-order formulas
using Suzuki’s method grows rapidly with the order.
Yoshida [26] developed an alternative method to obtain
product formulas with fewer exponentials. Unlike Suzuki’s
method, Yoshida’s method does not yield an explicit
analytic form for the higher-order formulas. Instead, it
requires deriving and solving a complicated set of simul-
taneous nonlinear polynomial equations. Due to these
limitations, product formulas of low orders, typically of
order k£ < 8, have been mainly used in practice [21,27].

Product formulas are preferred for practical application
due to their simplicity and because they do not require any
ancilla qubits or potentially costly operations, such as
block encodings or controlled evolutions. Additionally, the
empirical error of product formulas is typically much
better than the theoretical error bounds. For these reasons,
product formulas are expected to remain a competitive
approach for Hamiltonian simulation in practical applica-
tions, particularly for noisy intermediate-scale and early
fault-tolerant quantum computation. These considerations
motivate developing approaches to improve the efficiency
of product formulas.

Here we introduce corrected product formulas (CPFs)
that can improve the efficiency of existing product for-
mulas by orders of magnitude. CPFs are achieved by
injecting auxiliary terms, which we call correctors, into
existing product formulas. We introduce three types of
correctors to establish CPFs that reduce the approximation
error of existing product formulas by orders of magnitude,
thereby greatly improving the simulation cost of prior
product formulas quantified by the number of exponentials
used, which consequently leads to a reduction in the gate
count scaling. The corrected product formulas we establish
are high-order product formulas that can be used for
perturbed (a < 1) and non-perturbed (a = 1) systems
with a Hamiltonian of the form H = A + aB, where A
and B have comparable norms and are exactly simulatable.

This Hamiltonian form is a common characteristic of
lattice Hamiltonians used as effective models for many
physical systems; such Hamiltonians typically can be
divided into two exactly simulatable parts because either
they contain pairwise commuting terms or they can be
efficiently diagonalized. We also discuss the application of
CPFs for cases where the Hamiltonian partitions are not
exactly simulatable.

For non-perturbed systems, we establish a CPF of order
2k (CPF2k) with an error bounded as O(#**3), which is
two orders better than the error bound O(#***1) for the
standard (2k)th-order product formula (PF2k). We show
CPFs are more advantageous for perturbed systems, as
they allow the ratio of norms of the Hamiltonian partitions
to be used as an auxiliary parameter to control the
simulation error. Specifically, the CPF2k we establish
for perturbed systems has an error bound O(a?#**1) that
is a factor of a better than the error bound O(ar***!) of the
standard PF2k. We also develop correctors for the product
formulas based on Yoshida’s method. The CPFs we
establish for these formulas achieve the error bound
O(a?t**+1) for perturbed systems, providing a factor
of a improvement for their non-corrected versions.
Furthermore, we establish several customized low-order
corrected product formulas that yield orders of magni-
tude improvements compared with the error bound of
their non-corrected versions with respect to both «
and ¢. Similar to low-order standard formulas, the low-
order CPFs we establish could be preferred for practical
applications.

To utilize these correctors in practical applications, we
provide procedures to decompose the correctors into a
product of the exponential of Hamiltonian terms—a
process we call compilation for correctors—and rigorously
analyze the compilation error. The compilations we pro-
vide for correctors have applications that extend beyond
CPFs. They can be used to simulate the time evolution of a
linear combination of nested commutators [28,29], ena-
bling efficient synthesis of complicated unitaries on a
quantum simulator using a limited set of native gates. We
show the correctors only increase the cost of product
formulas by a small additive or multiplicative factor, while
the reduction in the total cost of simulation is significant.
Indeed, for some cases, the additional cost due to correc-
tors is only an additive constant factor independent of the
simulation time ¢. To validate our established error bounds
and to compare the performance of CPFs against their non-
corrected versions, we perform numerical simulations for
various (non-)perturbed lattice Hamiltonians. We also
implement both CPFs and standard PFs on actual quantum
hardware, as well as noisy and noiseless hardware sim-
ulators. Our numerical results show that the theoretical
performance of CPFs matches or exceeds the empirical
performance of standard product formulas. Our hardware
implementations indicate that CPFs can achieve higher
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accuracy simulations when compared to standard PFs in a
practical setting.

A. Relation to prior work

In Ref. [30], Suzuki developed several “hybrid” product
formulas of the fourth order using an approach similar to
the corrected product formulas we establish in this work
but limited to the fourth-order case. In particular, Suzuki
constructed fourth-order product formulas by adding extra
terms to some customized second-order product formulas,
where the extra terms consist of nested commutators in A
and B. Suzuki did not present a compilation for these
extra terms using the exponential of Hamiltonian terms.
Instead, the extra terms were simplified for a family of
Hamiltonians comprised of a Laplacian operator and a
potential energy operator that is a function of position.

Wisdom et al. [31] developed a modified version of a
commonly used second-order product formula known
as the leapfrog integrator, given in Eq. (2), by adding
corrector terms to the beginning and end of the leapfrog
integrator. When applied to perturbed systems with a
Hamiltonian of the form H = A + aB, their modified
product formula improves the approximation error of the
leapfrog integrator from O(at?) to O(a?t? + at**!) for
any integer k. However, this improvement is not explicitly
mentioned in Ref. [31]. For such perturbed systems,
Laskar and Robutel [32] showed a family of product
formulas exists that achieve the same error improvement.
They also constructed explicit product formulas for £ < 10
by solving a set of nonlinear algebraic equations that
become increasingly more complicated as k increases.
New families of product formulas similar to those of
Laskar and Robutel have also been developed in Ref. [33].
These prior works on improved second-order product
formula for perturbed systems have been used in classical
computing, particularly in astrophysics to simulate plan-
etary systems. See, e.g., Refs. [34,35] and the references
in the software package REBOUND [36] for simulating
planetary systems.

Another line of work in the literature is based on the
processing method for product formulas [37-39], in which
a product formula is generated by the composition PXP~!,
where X is a kernel operator and P is a processor operator.
This structure is especially useful in long-time simulations,
as P and P! cancel in successive steps of the simulation.
Ref. [37] presents a general study of symplectic product
formulas with processing and explicitly constructs proc-
essed product formulas of up to order 6. Later work [38]
extends this approach to formulas of order 12. Processed
product formulas can be viewed as a generalization of the
work of Wisdom et al., [31].

In contrast, the corrected product formulas we establish
in this work are high-order product formulas that apply to
both perturbed (@ <« 1) and non-perturbed (a@ = 1) sys-
tems. Using the three types of correctors we introduce,

we also develop several customized low-order product
formulas that reduce the error scaling of their non-
corrected versions with respect to both « and ¢. Further-
more, we provide constructive procedures for compiling
the correctors using the Hamiltonian terms and rigorously
analyze the error of the compilations.

Our established corrected product formulas achieve the
error scaling O(a?t**1) for perturbed systems. As we were
completing this work, we became aware of independent
work in Ref. [40] on simulating perturbed systems using
product formulas with the same error scaling as ours.
Specifically, Ref. [40] presents an algorithm called
THRIFT for approximating exp(—iH?) that achieves the
error O(a?t**1) for perturbed systems with the Hamil-
tonian H = A + aB. The approach of Ref. [40] is to move
into the interaction frame of A and simulate the resulting
interaction-picture Hamiltonians using product formulas.
Hamiltonian simulation in the interaction picture [41]
generally requires ancillary qubits and performing some
controlled evolutions to achieve a gate cost that, in theory,
scales better with the evolution time and simulation error
than product formulas. However, empirical studies show
product-formula-based approaches can perform better
in practice [21,27]. Reference [40], however, avoids the
requirements of the interaction-picture simulation and uses
the structure of the Hamiltonian to provide an ancilla-
free simulation that involves only a product of exponen-
tials according to terms of the Hamiltonian. Indeed, the
product formula proposed in Ref. [40] involves exponen-
tials of A and A + aH j, where H; are summands of B; i.e.,
B=) i H;. Reference [40] also shows the quadratic
error scaling in a cannot be improved using products of
time-ordered evolutions according to the terms of the
Hamiltonian. However, it presents non-product-formula
approaches based on the Magnus expansion to achieve
beyond-quadratic error scaling only for very small a.
Beyond-quadratic error scaling in o using the Magnus
expansion also appears in a concurrent work [42].

While the exponential of A + aH; can be efficiently
constructed by quantum gates for some Hamiltonians of
the form H = A + aB with exactly simulatable A, par-
ticularly for typical lattice Hamiltonians as shown in
Ref. [40], constructing such exponentials by quantum
gates could be challenging in general. The corrected
product formulas we establish in this work apply to both
perturbed and non-perturbed systems and only use the
exponentials of the Hamiltonian terms A and B. Addi-
tionally, the low-order CPFs we have established, specifi-
cally those in Tables I and I with a symplectic corrector,
only increase the simulation cost based on their non-
corrected versions by a negligible additive factor. In
comparison, the simulation cost of the THRIFT algorithm
using the proposed product formula in [40, Eq. (13)] is
higher than that of the associated ordinary product
formula [40, Eq. (12)] by a multiplicative factor.
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TABLE I.

Various correctors and the error bounds of (non-)corrected product formulas for perturbed (¢ < 1) and non-perturbed

(a = 1) systems with a Hamiltonian of the form H = A + aB, where partitions A and B have comparable norms. Here ad, (B) := [A, B]
denotes the adjoint action and ad’(B) = ad’ ' (|A, B]). Observe that some correctors are ineffective for non-perturbed systems.

Product Error bound for Error bound for
formula non-corrected PF Correctors corrected PF
PF1 O(alaP) Coymp = (5)aB O(al2l’)
2

Coymp = (%)ZaB + %adA (:ZB) O(@|AP + alAlh)

Coym = —%4ad,(aB) —4ad2;(A) O(a)a]?)

Ceom = Caymp © Coym With Coymyy = 52 (aB) O(al2]*)
PE2 O(ali]?) Coymp = —L2ad, (aB) O(?[4P + alaP)

Coym = 25ad} (aB) — £ ad2,(A) O(alaP)

Ceom = Csymp °© Csym with Csym = _j_;adiB(A) O(GMP)

k. B,.(L , O(@2|A] + a|a|*13)
B .
Coymp = Z”—,(Z')wadf{*‘ (aB)
= (2)!
PF4 O(a)A]?) Cyymp = cA*ad} (aB) with ¢ given in Eq. (12). O(a?|A?)
PF2k Vk>2 O(a) |+ Cyymp in the last line of PF2 correctors used in O(a? A2
the base case of CPF2k; see Eq. (11).
Cyym in PF2 correctors used in the base O(alA|?+3)
case of CPF2k; see Eq. (15).

TABLE II. Correctors and error bounds of (non-)corrected Yoshida-based product formulas (YPFs) for perturbed systems with

Hamiltonian H = A 4 aB, where a < 1 and where partitions A and B have comparable norms.

Product Error bound for Error bound for
formula non-corrected YPF Correctors corrected YPF
YPF6 O(ala|") Cyymp = cA%d3 (aB) with ¢ in Eq. (76) O + alA]”)
YPF8 O(alA|®) Csymp = cAad} (aB) with ¢ in Eq. (79) O(a*|2° + alA|')
YPF2k (k =3,4,5) O(alA1) C  By(1/2) (wp2)¥ad¥ ™ (aB) O] + al 443

symp —

j=

L (2))!

used in the base case S$(wg4) in Eq. (81)

B. Notation

Key notations we use are as follows. We denote the
nested commutator [A, [B, [C, ...]]| by [A, B, C, ...] and use
the term ‘depth’ to refer to the number of iterations in a
nested commutator. For instance, [A, B] has depth one and
[A,A,A, B] = [A,[A, [A, B]]]] has depth three. We also use
the notation of adjoint action for nested commutators
recursively defined with the base case ad,(B) = [A, B] as
ad’ (B) := ad} ' ([A, B]) for any integer j > 1, the depth of
the nested commutator. One example of this notation is
ad}(B) = [A,A, A, B]. We denote the spectral norm of
operators by || - ||. Unless otherwise specified, log is used
for the natural logarithm.

C. Organization

The rest of this paper is organized as follows. We begin
with a high-level description of our approach to establish
corrected product formulas and an overview of our main

results in Sec. II. In Sec. III, we develop several customized
correctors for standard product formulas of low orders and
elaborate our established correctors for high-order standard
product formulas applicable to both perturbed and non-
perturbed systems. There, we also discuss the advantages of
correctors for a broad class of structured systems. Section [V
covers the correctors we establish for the product formulas
based on Yoshida’s method. We elaborate in Sec. V our
approach for compiling the correctors and present compi-
lations for various correctors we develop. Our numerical
simulations for comparing the performance of corrected and
non-corrected product formulas are presented in Sec. VI.
We cover our hardware implementations in Sec. VII and
conclude by discussing our results in Sec. VIIIL.

II. CORRECTED PRODUCT FORMULAS:
APPROACH AND MAIN RESULTS

This section provides an overview of corrected product
formulas (CPFs) and our main results. Technical details to

033018-4



FASTER ALGORITHMIC QUANTUM AND CLASSICAL...

PRX QUANTUM 7, 033018 (2026)

establish the results are provided in subsequent sections.
We begin with the setup and assumptions. Consider a
system that evolves under a Hamiltonian H = Zj Hj, a
sum of time-independent terms H ;. We assume H can be
divided into two parts as H = A + B, such that both A and
B parts have similar norms and can be exactly simulated.
Many physically relevant systems are described by a
Hamiltonian that satisfies the norm and exact simulat-
ability assumptions. Examples of such Hamiltonians are
provided in our numerical studies in Sec. VI. For perturbed
systems where the norm of one partition is significantly
smaller than the other, we express the Hamiltonian as
H = A+ aB with 0 < a < 1, which we call the pertur-
bation parameter, and where A and B have similar norms.
We will later discuss the possibility of relaxing the exact
simulatability assumption for the small-norm partition for
perturbed systems, i.e., the partition aB. We will also argue
how our approach could be effective for generic cases
where Hamiltonian partitions are not exactly simulatable.
To develop CPFs, we focus on the Hamiltonian
H = A + B and replace B with aB for perturbed systems.
Let A be a complex number. Product formulas approximate
exp(AH) by a product of exponentials of A and B.
For Hamiltonian simulation, we have 1 = —ir with ¢ the
simulation time. The well-known Lie product formula

S1(4) = eMet? (1)

is a first-order product formula (PF1) that approximates
the exponential exp(4H) to the first order in 4. The second-
order product formula (PF2)

SQ(ﬂ) = eAA/ZeABe/IA/Z (2)

improves the approximation to the second order in A. Using
S5(4) as the base case, Suzuki constructed a (2k)th-order
product formula (PF2k) defined recursively as [25]

Sok(4) = [Soca (Pid) | Sak—a (1 — 4pr)2) X [Sara (pid))?

1
4_41/(2k71)’ (3)

with P =
which progressively improves the approximation by
increasing the order parameter 2k. We refer to these
formulas as the standard product formulas. PF2k can be
expressed as S, (1) = exp(K»;) for some operator K, that
we call the kernel of the product formula. Product formulas
thus generate an approximation of the exact kernel AH, and
the approximate kernel improves by increasing k. For
clarity, we note that our terminology differs slightly from
that used for processed product formulas [38], in which the
exponential of K is referred to as the kernel.
We use correctors to improve the approximation quality of
the standard product formulas without increasing k. Correc-
tors are auxiliary terms of the form exp(+C) multiplied to

the left and right of the standard product formulas to reduce
the error in approximating the exact kernel. Hereafter, we
refer to C as the corrector for convenience. We use three
types of correctors described below.

(i) Symplectic corrector

C C _ K

ekeC=e
with K= ek = K + ade(K)

(&

1
+-adi(K) + -

3 (see Lemma 6).  (4)

(i) Symmetric corrector

eCeKeC — oK'
1
with K’==K+2C—6[C+K,C,K]+--~, 5)
where ““---” comprises nested commutators with a

higher depth.

(ili) Composite corrector: Any composition of the
previous two correctors. For the composite correc-
tor denoted as C, o Cy, the corrector C, is applied
after C;. For example, if C; is symmetric and C, is
symplectic C,oC; denotes the transformation
eC2eCrekelie 0,

Of note is the symplectic corrector that adds only a
negligible additive cost to that of standard product for-
mulas. Specifically, for r steps of simulation, we have

(GCSy{(j./r)e_C)r = GCSZk(/l/r)re_Cy (6)

so only the implementation cost of exp(£C) in one step is
added to that of standard product formulas.

We use the expression for the modified kernel K’
in Eq. (4) and Eq. (5) to construct several customized
correctors for PF1 and PF2. The correctors and their effect
on standard product formulas are summarized in Table I.
The correctors we develop apply to non-perturbed systems
(a = 1) and perturbed systems (o < 1) with Hamiltonian
of the form H =A +aB. The key to establishing a
corrector for perturbed systems is an analytic expression
for the kernel K, of PF2 that comprises all first-order error
terms in o: the error terms in K, that are large in
magnitude. We use this analytic expression to construct
a symplectic corrector that removes all of the large error
terms in K,, yielding a CPF2 with the leading error
O(a?|4?), which is a factor of a better than the leading
error of the standard PF2. Specifically, we use the
following expression to obtain the large errors in the
kernel of PF2 (see Proposition 5 for a generic case)

eA/2BA/2 — oK)

2. B,:(1/2 ;
with Ky =0 A+ B+ Z%adﬁf(m, @)
=1 '
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where =5,y denotes equality modulo terms with degree
> 2 in B, and where B,(x) are Bernoulli polynomials
defined as

N B (®)

see Eq. (A7) for a few nonzero Bernoulli polynomials
at x = 1/2.

Equation (7) allows us to identify the large (in magni-
tude) error terms in the kernel of PF2 when simulating
perturbed systems. In particular, by replacing A — 1A and
B — aAB, the terms in the summation in Eq. (7) are the
large error terms in the kernel of PF2 for perturbed
systems. The first k error terms, for any k > 1, in this
summation can be removed by a symplectic corrector that
can be constructed using the modified kernel K’ in Eq. (4).
The symplectic corrector yields a kth-order CPF2 (not to
be confused with the order of standard product formulas).
We provide the symplectic corrector and its effect on
PF2 in the following proposition.

Proposition 1. (High-order symplectic CPF2 for per-
turbed systems). Given a Hamiltonian H = A + aB with
the perturbation parameter 0 < a < 1, and a complex

number A with [A|(||A]| + a||B]|) < 2. Let

S2 (ﬂ) = elA/Zea/lB/ZelA/Z (9)
be the second-order standard PF. For any integer k > 1, the
second-order CPF defined as

§5(4) = eCW S, (2)e= W

with the symplectic corrector

C(k) = Z 2f 1/2 /12fadf{*‘(B) (10)

approximates exp (AH) with error || exp (AH) — S5(4)| €
O[] + ala|*+3).

We remark that care must be taken in using the above
proposition. As the error
error with respect to both of them needs to be considered.
When the perturbation strength o is very small, fewer
terms in the series for C(k), perhaps much smaller than &
terms in the summation, may suffice to achieve a given
target accuracy. We also note that the constraint on |4]
ensures that both the series expansion of the product
formula and the series defining the corrector are con-
vergent (see Appendix A).

The established symplectic corrector removes first-
order error terms in « in all orders of A, up to the 2kth
order. We utilize this feature of the corrector and that a
CPF2 with a symplectic corrector has time-reversal sym-
metry, in the sense that S$(1)S5(—4) =1, to construct

high-order CPFs by a recursive formula 4 la Suzuki [25].
We state the recursive formula and the improvement
offered by correctors in the following theorem.

Theorem 2. (High-order CPFs for perturbed systems).
The (2k)th-order CPF defined recursively as

S5c(4) = [S5 o (Ped)P S5 o (1 = 4p)A)

X [S5 o (ped))* (Y k>2) (11)

with the base case S5(4) given in Eq. (10) and p; in Eq. (3)
approximates exp (AH) with error O(a?|A[*+1).

The high-order CPFs in this theorem are built from a
CPF2 with a symplectic corrector. This approach reduces
the approximation error by a factor of a. Still, it also
introduces additional terms in product formulas that are
not canceled in consecutive simulation steps, resulting in a
multiplicative factor in the simulation cost. The multipli-
cative factor is small but can be avoided by constructing
CPFs with a symplectic corrector. Such correctors only
add a negligible additive cost to the total simulation cost.
We construct a CPF4 with a symplectic corrector using
Eq. (7) and by analyzing the error terms of the standard
PF4. We present the CPF4 with a symplectic corrector in
the following proposition. Proof is provided in Sec. III D 2.

Proposition 3. (Symplectic CPF4 for perturbed sys-
tems). Define the constants

1
\3/_
(4S + (1 —4S) )

and

5760
+%s(1 —25)(1=3s)(1 —4s)(1—=5s) (12)

and let the fourth-order PF be

S4(2) = [S2(sA)S2((1 — 4s)A)[Sa(sV)*  (13)
with S,(4) given in Eq. (9). Then, the fourth-order CPF
defined as

S5(2) = €Sy (2)eC
with the symplectic corrector
C = ci*ad’ (aB) (14)
approximates exp (AH) with the error O(a?|A|* + a|A|").
We take a similar approach to establishing high-order
CPFs for a non-perturbed system. That is to say, first we
construct a CPF2 with time-reversal symmetry and then
use it as the base case to construct higher-order CPFs. The
CPF2 we construct for non-perturbed systems generates a
kernel with the leading error O(]A|’) that is two orders of
magnitude better than that for the standard PF2, which has
the leading error O(|1]*). The time-reversal symmetry of
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the constructed CPF2 allows it to be used as the base case
to recursively construct high-order CPFs that provide two
orders of magnitude improvement for the error of standard
PF with the same order as stated in the following theorem.

Theorem 4. (Higher-order CPFs for non-perturbed
systems). Let S5(1) be a CPF2 with the time-reversal
symmetry that approximates exp (AH) with error O(|4]°)
for a system with the Hamiltonian H = A + B. Then the
(2k)th-order CPF defined recursively as

85, (4) = [Sék—z(akl)]zsgk—z((] —4a;)A) [Sgk—z(akﬂ)}z
1

4_41/(2k+1) ’ (15)

with a k=

has time-reversal symmetry as well and approximates
exp (AH) with an error scaling as O(|4|**3).

Notice that the parameter a, differs from p; in Suzuki’s
recursive formula in Eq (3).

The correctors we establish for (non-)perturbed systems
are in terms of a linear combination of nested commuta-
tors; see, e.g., Eq. (10). To utilize the established correctors
in practical applications, we provide a compilation for
exp(+C) in terms of a product of the exponential of
the Hamiltonian terms. More specifically, we provide a
decomposition for exp(C) as [];e“*e’*® = exp(C+
ERROR) for some appropriately chosen real coefficients
a; and b;. This compilation incurs an error, denoted by
ERROR, but we keep it smaller than or within the same
order as the error in the corrected product formula.
Table III summarizes compilations for various correctors
and their associated errors and costs.

ITII. CORRECTORS FOR STANDARD
PRODUCT FORMULAS

In this section, we develop various correctors for the
standard product formulas. To show how correctors can
improve quantum simulation based on product formulas,
we consider a generic Hamiltonian of the foorm H = A + B
and replace B — aB for perturbed systems. We begin by
developing correctors for the first- and second-order
product formulas. Then, we describe the effect of correc-
tors for perturbed and some structured systems. We finish
this section by developing correctors for higher-order
standard product formulas.

A. Correctors for PF1

We begin with correctors for the first-order formula in
Eq. (1). For a A€ C with |1 < 1, the kernel of PFI is

K, :=1logS;(4)

1 1
= \H + E/IZ[A, B] —I-E/P[A — B, A, B]+ O(|A%),
(16)

where the leading error is second-order in A. Let us
take C =AB/2 as a symplectic corrector. Evidently,
this  corrector maps PFl to PF2  because
exp(C)S;(4) exp(—C) = S,(4). PF1 is thus as effective
as PF2 with a negligible additive cost. That is, for a
simulation with r steps we have

S2(/1)r = (ecSl (l)e—C)r = eC51 (ﬂ)’e_c = e%BSI (l)re_%B'
(17)

The additional cost here is due to the exponentials at the
beginning and end of the simulation.

Let us now take C = AB/2 + ¢,A*[A, B] as a symplectic
corrector with ¢, a constant to be identified. By Eq. (4) and
K, in Eq. (16), we have e€S;(1)e ¢ = eX with

1
K' =K, +|[C, K]+ 3 [C,C, K] + O (18)

1
= AH + <E — C2>/13[A,A,B]

+ (02 — 214> A[B, B, Al + O(]A]*). (19)

The proof is given in Appendix A. Setting ¢, = 1/12
removes the second term here, and we obtain the CPF1

3
e Coymp S, ( /1>efcsymp — AHA5[B.BAI+O(A]*)

A A2 ’
ymp — EB ‘I’EadA(B) ( O)

with  Cy

This CPF1 is particularly useful for simulating per-
turbed systems with Hamiltonian H = A + aB (@ < 1), as
its error scales as O(a?|A|?). With this CPF, @ now serves
as a parameter that can be used to reduce the approxima-
tion error. We defer a more detailed discussion of correc-
tors for perturbed systems to Sec. III C.

We now show how injecting correctors with the sym-
metric approach can remove the second- and third-order
error terms. Let C = ¢,4*[A, B] + ¢343[B, A, B] be a sym-
metric corrector with constants ¢, and c5 to be identified.
By Eq. (5), this corrector modifies the PF1’s kernel K in
Eq. (16) to K/, i.e., €S, (1)e€ = X1, as
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K, = K, +2C+ O(]]*)

1
= H + <2c2 +§>/12[A, B]

1
+—2[A—B+24c3B, A, Bl + O(2]Y) (1)

12
1
:/1H+E/13[H,A,B] + O(|A1Y), (22)
where we set ¢, = —1/4 and ¢3 = 1/12. Hence we have

the symmetric CPF1
eCoym 51( A)ecsym — M+ HABIHO(2]Y)

1 1
with  Cyypy = —Z/IzadA (B) — E/Pad%(A). (23)

The leading error term here can be removed by a
symplectic corrector. Specifically, applying the symplectic
corrector Cgypp = f—gadA (B) after the symmetric corrector
yields a composite corrector that removes both the second-
and third-order error terms from the kernel of PF1. The
resulting kernel is then K = 21H + O(]A]*), so the leading
error is the fourth error.

B. Correctors for PF2

The PF2 in Eq. (2) has time-reversal symmetry in the
sense that S,(4)S,(—4) = 1. This symmetry is crucial in
developing a high-order product formula, and we preserve
it in developing correctors for PF2. We begin with a
symplectic corrector. The kernel of PF2 is

K, :=log S,(4)

5 .
=AH = [A+2BA B+ P Ey . (24)

j=2

where E; is the order-A/ error operator comprised of nested
commutators of depth j — 1. Note that error terms have
odd powers because of the time-reversal symmetry. Let

22 1 22

be a symplectic corrector; this corrector is indeed a
particular case of C(k) in Eq. (10) with k = 1 that applies
to both perturbed and non-perturbed systems. By Eq. (4),
the CPF2 by this corrector is

S5(2) =e€8,5(A)e ¢ = Kot CKHO(12F)

— oHA5{B.BAI+O(f) (26)

as [C,K,] = 4 [A + B, A, B] + O(|2]°). The leading error
of CPF2 here is identical to that of CPF1 in Eq. (20).

However, the next error for CPF2 is of fifth order, whereas
it is of fourth order for CPF1. More importantly, CPF2 has
time-reversal symmetry, S5(4)S$(—4) = 1, which is a key
feature for developing higher-order CPFs.

By an additional symmetric corrector Cyyp, :% [B,B,A],
we can remove the remaining third-order error term.
This term can also be removed by first applying the
symmetric corrector followed by the symplectic corrector.
Specifically, we have

5
eCeCsym S2 (l)ecsym67C — elH+0(‘l‘ )

2 3

with C:—;—4adA(B), Csym:—i—gad%(A). 27)

The benefit of this composite corrector is that its
symplectic part is canceled in consecutive Trotter steps.
The CPF2 by this composite corrector has time-reversal
symmetry.

The third-order error term in the kernel K, in Eq. (24)
can be eliminated by only a symmetric corrector as

5
ecsym S2 (/'{)e_csym — elH"'O(Ml )

3

A
with  Coym =72 [A+ 2B, A, B, (28)

which follows from Eq. (5). The corrector contains only
odd-order terms, which enables constructing a compilation
that is itself time-reversal symmetric (see Sec. VA). This
symmetry of compilation is required for the recursive
construction of high-order CPFs.

A summary of the correctors we established is provided
in Table 1.

C. Correctors for perturbed and structured systems

The correctors we developed in previous sections apply
to generic systems. Here, we show that correctors are more
advantageous for perturbed systems in which one partition
of the Hamiltonian has a small norm. Specifically, we
show how symplectic correctors enable using the pertur-
bation parameter @ of such systems to reduce the simu-
lation error. Further, we discuss the advantages of
correctors for some structured systems.

To demonstrate the advantage of correctors for per-
turbed systems, let us write the standard PF2 as

(]
S»(2) = exp (A(A +aB) + ZAZJ+IE21+1>, (29)

Jj=1

where E; is the error operator comprised of nested
commutators of depth j — 1 associated with the error term
of order A/. The nested commutator E, for instance, is
E; =—3[A A aB] + 5 [aB.aB, A] as per Eq. (2). The
leading error term of PF2 is O(a|A|?) because the largest
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(in magnitude) term of Ej is adj(aB) = [A, A, aB]. The
symplectic corrector given in Eq. (26) indeed removes this
term from FE;, enabling a CPF2 with the leading error
O(a?|4]%). Specifically, by replacing B — aB in Eq. (25)
and Eq. (26), we have

eCS,(2)eC = elA+aB)+[B.BAIOW@)

with C = —aﬂadA(B)

with the leading error O(a?|A|*), which improves the error
O(a|A]?) of standard PF2 by a factor of a.

The error can be reduced further by designing a
corrector that removes the term with the largest magnitude
in E,; for larger values of j as well. To this end, we use

the key observation that ad? (aB) is the term with the
largest magnitude in E,;, | and that the constant prefactor
of such a term can be identified for each j. For example,
the corrector in Eq. (30), which removes the error
term O(a|A|?), comprises the largest term ad,(B) in E,
with the prefactor —5; of the largest term ad}(B) in Ej.

The corrector C = —a%adA(B) + a%adf‘ (B) not only
removes the error O(a|A|*) but also removes the error
O(a|AP). The second term of this corrector is the largest

term ad3 (B) in E, with the prefactor = of the largest term

5760
ad}(B) in Es.

The leading error can be progressively improved by
adding more terms to the corrector with appropriate
constant prefactors. We invoke the following proposition
from Ref. [32, Proposition 1] for the prefactors.

Proposition 5. For any s €R, the following equation
holds:

esA eBe( 1—5)A _ eK

B;(s)
il

with K=co)A+B+Y ~==adi(B). (1)

J=1

where =(,,) denotes equality modulo terms with degree
> 2 in B and B, (x) are Bernoulli polynomials in Eq. (8).

We remark that s = 1/2 for PF2 and that B;(1/2) =0
for all odd j. By these remarks and invoking the above
proposition, we obtain

eCk) 52( A)e—C(k) — eMA+aB)+O(a |2 +ai? )

with C(k) = ai%
=T '

Aad? ' (B). (32
Proof is provided in Appendix A. Note that this symplectic
corrector removes all errors O(a|A|¥*!) for j < k from
errors of PF2. That is, errors that are first order in « are
removed, and those that are second order in « remain.

We use this fact in Sec. III D 2 to develop high-order CPFs
for perturbed systems.

Perturbed systems are a type of structured system where
the structure is on the distribution of the norms of local
terms in the Hamiltonian. While correctors are advanta-
geous for perturbed systems, we now discuss the advan-
tage of correctors for a broader class of structured systems,
where the structure is on commutators. To this end, note
that the leading error term in PF2 is comprised of two
commutators, adj(B) and adj(A), and the symplectic
correctors discussed so far only remove ad3(B). For
structured systems where B commutes with [A, B], the
leading error of CPF2 with symplectic correctors would be
O(]A)°) and if the system is perturbed as well, the leading
error would be O(a?|1]3).

The Hamiltonian for a broad class of systems is of the
form H =T + V(x),i.e.,A = T and B = V(x), with T the
kinetic part that is quadratic in the momentum p and V(x)
the potential part that only depends on the position x.
Example Hamiltonians include the Hamiltonian of a
system of coupled harmonic oscillators or the Hamil-
tonian of massive quantum field theories [43]. The
commutator ad%(A) for such systems can be written as
some operator-valued function f(x) that depends only on
the position; therefore, it can be directly exponentiated.
Then we have

ecsymp eCsym S2 (ﬂ)ecsymefcsymp = eAH+O<MP>
. 2
with Cyn =—70f(x) and Cymp=C(k).  (33)

We have f(x) =—c?1 when T = p?/2 and B = cx
with ¢ €R, because ad}(A) = 1c?[x, [x, p?]] = —ic?1 by
[x, p] =il. In general, we have f(x) =—|VV(x)]*1 for
T = —V?/2 [30], so f(x) can be directly exponentiated.

D. Correctors for higher-order PFs

We now discuss how correctors improve the error of
standard high-order product formulas applied to both non-
perturbed and perturbed systems. For non-perturbed sys-
tems, we show that a simple symmetric corrector improves
the error of standard product formulas by two orders of
magnitude. For perturbed systems, we show that correctors
reduce the approximation error by a factor of the pertur-
bation parameter.

1. Higher-order CPFs for non-perturbed systems

The CPF2 with a symmetric corrector developed in
Sec. III B has time-reversal symmetry. This symmetry
allows CPF2 to serve as the base case to recursively
construct a CPF of order 2k (CPF2k) from a CPF of order
2k — 2. The approximation error of the resulting CPF2k
scales as O(|A|*+3), which is two orders better than the
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O(|A|**+1) error of the standard PF2k. Here, we present the
recursive construction of high-order CPFs applicable to
non-perturbed systems and establish the improvement
offered by correctors.

We begin with constructing CPF4 from CPF2. Let S§(4)
denote the symmetric CPF2 in Eq. (28). By the time-
reversal symmetry, we have

log S§(4) = A(A+B)+ Y W Ey.,. (34

j22

where the error operator E,;,; comprises some nested
commutators of depth 2j. As Suzuki’s formula of the
fourth order [44], we construct the CPF4 as

S5(4) = [S5(a)PS5((1 — 4ax)A)[S5(ax )P (35)

for some appropriately chosen a,. By the Taylor expan-
sion, we obtain

log S$(4) = A(A + B) + [4a3 + (1 — 4a3)|A°E
+0(121"), (36)
so setting 4a3 +4(1 —4a,)> =0, or a, = 1/(4 —4153),
yields the CPF4 with error O(|1|”). Observe that this CPF4
retains the time-reversal symmetry; i.e., S5(1)S5(—4) = 1.

Hence, CPF6 can be constructed similarly from CPF4. In
general, the CPF2k is recursively constructed as

§5(4) = [Sik—z(akﬂ)]zsﬁk—z((l - 4ak)/1)[55k—2(ak/1)]2
(Vk=>2), (37)

and setting

1
T4 _ 4/t
(38)

4 + 41 —4a )P =0, a

asserts that the approximation error of CPF2k scales
as O(|A]%+3).

2. Higher-order CPFs for perturbed systems

While CPFs for non-perturbed systems provide a two-
order improvement in the approximation error, here we
show a variant of higher-order CPFs constructed from a
CPF2 with a symplectic corrector is more advantageous
for perturbed systems. For such systems, we construct a
CPF2k with error scaling as O(a?|4|**1), where « is the
perturbation parameter. Compared with the O(al4|**1)
error of the standard PF2k, we see an improvement by a
factor of a for any order 2k. Notably, all intermediate
correctors cancel out because of the symplectic property,
so the overall simulation cost increases only by an additive
constant.

To this end, we utilize two key observations: a CPF2
with a symplectic corrector has time-reversal symmetry,
and the symplectic corrector removes the first order in « in
all orders of 4 up to the 2kth order. To formalize this
observation, we note that CPF2 with the symplectic
corrector in Eq. (32) can be written as

k
log S$(1) = A(A +aB) + Z’WHE/sz + O(ala+3),
=1

(39)

where Ej; ., is the error operator of order 2j + 1 com-
prised of some nested commutators of depth 2 excluding

the term adij (aB) that has the largest magnitude. Using
this CPF2 as the base case, the fourth-order CPF can be
constructed by Eq. (35) but with a, replaced with
pa=1/(4 —413). Because ||E}, || < a?, we have

k
log S5(4) = A(A + aB) + Zazf“Eng + O(a||*+3)
Jj=2

= 2(A + aB) + O(2|2]9). (40)

Notice that CPF4 preserves the time-reversal symmetry;
therefore, we can construct CPF6 from CPF4 in a similar
way. In general, CPF2k has the time-reversal symmetry
and is recursively constructed as

Sgk(/l) = [Sgk—z(Pkfl)]ZS;kfz((l —4pi)A) [Sgk—z(pk/l)]z
(41)

with p, given in Eq. (3). The approximation error
O(a?A]**t1) is better than the error of the standard
PF2k by a factor of a for any k.

Note that the CPF4 and higher-order CPFs constructed
by the above approach are built from a CPF2 with a
symplectic corrector. This approach reduces the error by a
factor of a, but it also introduces a small multiplicative
factor to the overall simulating cost. In contrast, construct-
ing CPFs with a symplectic corrector would only resultin a
negligible additive constant to the overall simulation cost.
In the following, we construct a CPF4 with a symplectic
corrector. First, we expand the kernel of standard PF4 in
Eq. (13) using Eq. (5) as

K, :=log S,(1) = log (eXe¥eX)

1
—2X+Y— 6[X + Y. X, Y]+ 0(A7)  “2)

with X and Y defined as
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X :=2log S,(s4)
= 2sH — 2—24 (sA)*|A + 2B, A, B
+2(sA)YEs + 0(14"), (43)
Y :=1log S,((1 —4s)4)
— (- 4@41{-%(1 — 45)1%[A + 2B. A, B]
+ (1 —4s)PEs + 0(4]"). (44)

where the right-hand sides follow from Eq. (24). We now
show

Ky =50 AH + cA%ad} (B) + O(|4]"), (45)
where ¢ is given in Eq. (12) and =;,) denotes equality
modulo terms with degree > 2 in B. To this end, note that s

in Eq. (12) is chosen to cancel the third-order error term
from the kernel of PF4. Hence we have

2X+Y = AH + (455 + (1 — 45))5Es + O(|4]7)  (46)

7
E(ZZ)/{H + % (455 + (1 — 4s)5)15adj(B), (47)

where the second line follows because by Eq. (7)

1 1 7

with the value of B4(1/2) given in Eq. (A7). Furthermore,
observe that

1
(X, Y] = (50 2* |:2SA, -3 (1— 4s)3ad§(3)]

e {_%fadiw), (1- 4s>A] +O(A) @9)

— L =0 =1 a2t} (8) + O
(50)

and the third term for K, in Eq. (42) is

—é X+7Y,X,Y]= —é[(l —25)AH + O(|A]%), [X, Y]]
(51)
=) 7i2s(1 —25)(1 = 35)(1 — 4s)(1 — 55)4%d" (B)
+ O(|2). (52)

Altogether, we obtain Eq. (45) for K,. The symplectic
corrector C := cA*ad} (B) modifies K, by Eq. (4) as

K =Ky + [C. K4+ O(|2]")
= K4+ ca*ad}(B), AH + O(21°)] + O(|]")
=(22) A + O(]4]). (53)

Proposition 3 follows from the above discussion and by
replacing B with aB.

IV. CORRECTORS FOR YOSHIDA-BASED
PRODUCT FORMULAS

In this section, we develop correctors for product
formulas obtained based on Yoshida’s method [26].
Similar to the standard product formulas, higher-order
product formulas in this method are obtained from the
second-order formula but with a smaller number of
exponentials. Specifically, instead of using the recursive
formula in Eq. (3), Yoshida [26] uses the ansatz

Stm(3) = <’” Sz(Wm—j+1/1)> Sz("’o@( Sz(“’ﬂ))
=1

i
(54)

J

m

1

to construct higher-order product formulas from the
second-order formula S,(1) given in Eq. (2). In parti-
cular, here the parameters m >0 and w;€R for j€

{0,1,2,...,m}, need to be determined so that S<’”>(/1)
yields an order-k product formula. To this end, one needs
to solve a set of simultaneous nonlinear polynomial
equations. The polynomial equations do not have a unique
solution, resulting in several product formulas for a given
order k. By this method, Yoshida [26] constructed sixth-
order product formulas and only some of eighth-order
product formulas. Several works have since pushed the
search to higher orders and found new solutions
[38,39,45-47]. In particular, Ref. [46] established several
tenth-order formulas and Ref. [47] found highly accurate
eighth-order formulas and also discovered new tenth-order
formulas. For convenience, hereafter we use YPFk to denote
the order-k product formula generated by Yoshida’s method.

We focus on constructing corrected YPFs that apply to
perturbed systems with Hamiltonian H = A 4 aB. To this
end, first we analyze the kernel of YPFs in Sec. IVA and
derive an expression for the kernel modulo terms with
degree > 2 in B. We then construct corrected YPFs by two
approaches. In the first approach, described in Sec. IV B,
we utilize the derived expression for the kernel to construct
symplectic correctors that generate corrected YPFs. In the
second approach, covered in Sec. IV C, we construct
corrected YPFs from a corrected second-order product
formula.
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A summary of correctors developed by these approaches
and their effect on YPFs is provided in Table II.

A. The kernel of YPFs
We begin by deriving an expression for the kernel of
YPFs with terms that have degree < 1 in B. The kernel

of S (1) in Eq. (54) up to the tenth order follows by
[26, Eq. (5.2)] and [47, Eq. (A17)] as

K" :=1og S (2)
= /1A1.mal +/13A3,ma3 +’15 (AS,mQS + BimﬂS)
+ A7 (A7 7+ B7 1+ C1mv7+ D7,,67)
+47 (A9.ma9 + Boufo+Cobur +C01S)

+Conts + D40 + D385+, 6

+Eg nés ) +O(A"), 59

where the variables in uppercase denote polynomials in the
scalar variables (wy,...,w,,) and the variables in Greek
letters, except 4, denote some nested commutators, which
are explicitly defined below. For instance, the polynomials
Aj,, are defined as A; , = W{) +2> % 1Wf We refer to
Ref. [26, Egs. (5.8-5.11)] for expressions of the rest of the
polynomials used in the A°> and A7 terms and to Ref. [47,
Eqgs. (A38—A45)] for those used in the A° term. Below we
state the expressions for the nested commutators a;, i Y
and provide equivalent expressions for them modulo terms
with degree > 2 in the operator B. Then we use these
expressions to construct the correctors. As usual in this
work, the symbol =,) used in the rest of this section
denotes equality modulo terms with degree > 2 in the
operator B.
The nested commutators «; are defined such that

log (e*/2ePe/?) =3 "y, (56)
=0

and for all a; used in Eq. (55) we have (see [47, Egs (6-8)
and Eq. (A16)])

=A+B, (57

1
E(>2) —ﬁadz( ) = EBZ <2>ad/2_\(8), (58)

7 1 1
— ' _ad*(B) — —ad*(A) + —ad,, (ad3 (A
aS 5760a A( ) 7203 ( )+360a A(a B( ))
1 \ ]
_ B)) — 2 2
+ 565305(ad} (B)) — 5 adk (adh (4)
1
2 2
+ 35 adj (adk (B))
= adt(B) = B, (La2 (B 59
=>257603A() 4—!453A< ), (59)
3] 3]
- d8(B) — —— ad,(ad’ (B
% = = 567680 294 (B) ~ 1612802244 (B))
13 2 4 53 3 3
2 _ B
30240 4% (B)) — 15505525 (ad (B))
1 1
4 (ad? 5
_ _ B

31 L (1
=2 967680 4 (B) = 1 <>ad() (60)

As before, B,;(x) are Bernoulli polynomials in Eq. (8);
few values at x = 1/2 are given in Eq. (A7). Note that the
prefactor of the equivalent expressions modulo terms with
degree > 2 matches the prefactor of the corrector in
Eq. (10). Similar to the above formulas, the expression
for ag modulo terms with degree > 2 is

1 1
Ay = =>2) 8'38 <2>ad§(8) (61)

By the above formulas and [47, Eqgs. (A3-A14)] we
have

L adi(B). (62)

Bs = a1, ay, 3] =1 2

for 5 in the 2> term of the kernel in Eq. (55);

_ T 6
B = ar, aq, as) =20 ) 5760 ady (B), (63)
[
87 = [ay, ap, ap, @y, a3] =(59) — 243(1 (B), (64)
r7 = a3, a3, 1] =(39) 0, (65)

used in the A7 term of the kernel; and

31
Po = lar, a1, 7] =(>2) ~ 967680 adi(B), (66)
7§ = a1, a3, a5) =2 0, (67)
7 = [, a1, 5] =20 0, (68)
y) = =20 69
7/9 [(15, al s a3] _<Z2) ’ ( )
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7
1

5y = [at, as) = ad? (as) =) 60 ad*(B),  (70)
0 = [a3. 03, @3] =22 0, (71)
55 = [ay, a3, a3, as] =5, 0, (72)

1
€9 = [a?,%] = adgl (a3) =(>2) —ﬁadi(B), (73)

used in the 1° term of the kernel. The equivalent expres-
sions for these nested commutators yield an expression
for the kernel of YPFs in Eq. (55) modulo terms with
degree > 2 in B.

B. Corrected YPFs by symplectic correctors

We now develop symplectic correctors for sixth-order
(YPF6) and eighth-order (YPF8) product formulas based
on Yoshida’s method. We remark that several product
formulas can be generated by Yoshida’s method for a given
order k. Nonetheless, the corrector we develop for a given
order applies to all product formulas in that order but with
a constant factor specified by the particular product
formula used.

We begin with the corrector for YPF6. Note that the
leading error for the kernel of YPF6 is of seventh order
in A. Specifically, by setting

A, =1, Az, =0, As,, =0 and Bs, =0
(74)
in Eq. (55), the kernel of YPF6 is
K" = A(A +B)
+ A(A7,,07 + B7,uP7 + C1,m77 + D7,267)
+ O(|4°) (75)
=(>2)4(A+B)

31 7 1
AT = A — B, ——D d¢ (B
+ ( 967680" 7" T 57607 24 7-m>a A(B)

=C

+O(12P). (76)

where the equality modulo terms with degree > 2 in B is
obtained from the formulas in the previous subsections.
Numerical values for the scalar variables (wy, ..., w,,) that
enter the polynomials A5 ,,, B;,, and D, are obtained
by solving the set of algebraic equations in Eq. (74).
Yoshida provides three solutions for m = 3 [26, Table 1]
that appear to be all solutions for the sixth order; Ref. [47]
also performed an extensive search and did not
find additional solutions. The expressions for the poly-
nomials Ay, By, and D5, are known and are given in

Ref. [26, Egs. (5.8)—(5.11)], from which we obtain the
numerical values for these polynomials and the numerical
value for the constant ¢ defined in Eq. (76).

Let us now assume we are given a perturbed system with
the Hamiltonian H = A + aB, where 0 < a < 1 1is the
perturbation parameter; for such systems B is replaced
with aB in the kernel. We take the symplectic corrector as
C = cA%d’(aB), where c is the constant in Eq. (76). As
per Eq. (4), this symplectic corrector modifies the kernel

K™ in Eq. (75) as

=(>2) AH + O(|2]" + a2]°), (77)

yielding an improvement in the leading error by a factor
of a. In contrast, the leading error of the non-corrected
YPF6 for perturbed systems scales as O(al4|”).

We take a similar approach to construct a symplectic
corrector for Yoshida’s eighth-order product formula. The
kernel of this product formula by Eq. (55) is

K" = A(A+ B)
+ 4 (Ag,mag + Boubo + Cinrs! + Co0rs)
O o)+ D
+ D) s + Eg_meg) + o> (78)

o (Le (N a,, - 31 By, —— DM _Lp,
81 8\2 )79 967680 ™" 5760 Om 24" O

ad§{ (B)+O(|A]"). (79)

where the equality modulo terms with degree > 2 in B is

obtained as before. Here Ag ,,,, By ,,, Dgr)n and Ey ,, are the

ninth-order polynomials in the variables (wy,...,w,,).
These variables are obtained by solving a set of algebraic
equations for which many solutions exist. Five solutions
with m = 7 are provided in Ref. [26, Table 2] and Ref. [47]
found many more new solutions; see Ref. [47, Tables I-III]
for some solutions with m = 7,8, 10. The ninth-order
polynomials are given in Ref. [47, Eqgs. (A38-A45)], from
which we obtain the numerical values for these polyno-
mials and the constant ¢ defined in Eq. (79).

Let us now take the symplectic corrector as C =
c28ad) (aB). Then by Eq. (4) we obtain the expression

K;;(m) _ Ké’”) +C, K<m)} ..
=(x2) AH + O 2 + al2|") (80)
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for the modified eighth-order kernel. Observe that the
leading error here is better than the leading error O(al||”)
for non-corrected YPF8 by a factor of a.

The described approach is applicable to sixth- and
eighth-order YPFs, as the error operators of orders greater
than 11 in the kernel are unknown. Next we describe an
approach that can be used for higher-order YPFs.

C. Corrected YPFs built from a CPF2
with a symplectic corrector

An alternative approach to constructing a corrected
version of YPF6, YPFS, and YPF10 is to use a corrected
version of the base product formula that generates these
higher-order product formulas. In this approach, we simply
modify the ansatz in Eq. (54) as

s (2) = (f[ ss<wm_f+la>> S50m02) (f[ ss<wfz>>,
71 7=1

(81)

where S$(wy4) is the corrected second-order product
formula (CPF2) with the symplectic corrector in Eq. (10).
For clarity, we restate the CPF2 as

SS(wed) = eCkwe) S, (wyh)e=Clkwe)

B,:(1/2 Y

with  C(k,w,) = a ;2(2(1)/') (wyA)¥ad " (B) (82)
to show the corrector is a function of the scalar variables
we. The parameter k here is chosen based on the order of
the YPF. Specifically, we choose k = 3,4,5 for YPF6,
YPFS8 and YPF10, respectively. As per Proposition 1, such
a corrector removes the error terms of order a|4|**! for
j=1,2,....k from S,(4). The remaining error terms are
of order a?|A|%*! for j < k and of order a|A|**! for j > k.
That is to say, the term with degree one in B is removed
from a; in Egs. (57)—(61) by the corrector. Consequently,
the term with degree one in B is also removed from the
nested commutators in Egs. (62)—(73).

In other words, the CPF2 maps the nested commutator
ayj41 In Eq. (56) with j < kto @y, where a,;, | does not
have terms with degree one in B. Likewise, the nested
commutators {f, 8,7, ...} in Egs. (62)—(73) are mapped to
nested commutators {B 5, 7,---} that do not have terms
with degree one in B. Consequently, the kernel K" in
Eq. (55) is mapped to K" that has error terms with degree
> 2 in B; all error terms of degree one in B are removed by

the corrector. For example, the kernel of the sixth-order
YPF in Eq. (75) is mapped as

Kém)AH + A7 (A7 ity + By B + Cr

+ D7,,67) + O(alA), (83)

Kém) —

making the leading error of the corrected YPF6 scale as
O(a?|2]" + a|A|?). It simply follows that the leading error
of corrected YPF2k for k > 3 by this approach scales as
O(a?|A**1 4 a|A|?+3), which is better than the error
O(a|A|***1) of non-corrected YPF2k by a factor of a.
The symplectic corrector used to correct the base product
formula in Eq. (82) depends on the variables w,. Therefore,
the correctors for adjacent CPF2s in the modified ansatz in
Eq. (81) do not cancel out. However, the positive and
negative components of the correctors can be combined to
reduce the number of exponentials due to the correctors.
Specifically, for two adjacent second-order formulas we have

Sy(Wed)Sa(wpld) > S5 (wed) S5 (werd)

= eClkwe) 5, (w,2)eC kwewy)
X Sy(wpd)emClhved, (84)
where
C'(k.wewpr) := —C(k,wg) + C(k,wgr)

zk:sz(l/z ( 2j+ 2,)12] d2/ 1(3)

(85)

is the combination of the negative and positive components
of the correctors. By this combination, the number of
exponentials due to the correctors in the ansatz in Eq. (81)
would be 2m + 2.

V. COMPILATION FOR CORRECTORS

The correctors we established are linear combination of
nested commutators of A and B. To use CPFs on a quantum
computer, we must compile the exponential of each correc-
tor into efficiently implementable operations. Here, we
provide a compilation as a sequence of products of
exponentials of A and B. The compilation produces an
error, but we keep the error at or below the order of the
approximation error by the CPE. Our compilations here can
also be used to simulate exponentials of linear combination
of nested commutators [28,29], enabling efficient synthesis
of complicated unitaries using a limited set of native gates.

Our compilations rely on two formulas. The key for-
mula is provided in the following lemma, followed by a
proof. The second is Eq. (5) for the symmetric corrector.

Lemma 6. eXe¥e ™™ = exp(e*dY).

Proof. By the Taylor expansion, we have

0

exp (eXYe™) = Z — (eXYe X)/

=) —eX(V)e ™ =e¥efe . (86)
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The lemma then follows by the well-known identity
e¥Ye X = e¥xy [32, Equation 21]. n

A. Compiling the correctors for PF1 and PF2

We begin with a compilation for the corrector C =
¢,4%[A, B] + ¢343[B, A, B] and build upon it to compile
other correctors. An instance of this corrector is the
symmetric corrector for CPF1 in Eq. (23). The error of
this CPF is O(]4|*), so we provide a compilation with an
error at most O(|A[*).

Let X(a, b) := e?eP*Be=@4 and let B := e*5 A, then
we have

Y(a,b) = X(a,b)X(—a,—Db) (87)

alA n—2alB

= eWe20iBedlA by [Lemma 6] (88)

1
::wp<—ZMB+2MA+3QMPM—2BJLM>

+O(14°)  [byEq. (5)] (89)

= exp(2abA*(A, B] + ab*2*[B, A, B]

90

+ A*Eq + O(JA])), ©0
where we used B =A+ bi[B,A]+ 3 (b1)?[B,B,Al+
L(bA)*ad}(A) + O(|2*), and where

1 1
E4 = gba3adi(3) — §Gb3ad%(A) (91)

is the error operator of the fourth order. By setting
appropriate values for parameters a and b, we achieve
the corrector C in the exponent of Eq. (90) with the desired
compilation error. This is achieved by setting 2ab = ¢,
and ab? = c;, which give a = ¢3/4c; and b = 2c3/c5.
Notice that exp(—C) here is implemented by a — —a.

We now build on Y(a, b) to compile exp(C) with C =
¢34°[B, A, B up to fifth-order error; Cyyy, in Eq. (27) is an
example of this corrector with ¢c3 = —1/48. Observe that
by Eq. (90) and Eq. (91)

Y(a, b)Y(a, —b) _ e2ab2/13[B,A,B]+(’)(W5)’ (92)

so any a and b satisfying 2ab?> = c; yield a valid
compilation. We simply take b =1 and a = ¢3/2. To
compile exp(c,4%[A, B]) with fourth-order error, we use
the product [29]

V51 V5ol /541 35
W(a) — e a/lAe > xlBeaiAe >—AB X e aﬂAeﬂB

— c@?[ABI+O(A*) (93)

with 6 primitive exponentials. By this compilation and
Eq. (5), we obtain the compilation

ecl/iB/Zw(cz)ec]lB/Z — ecl/lBJrL'z/lz[A,B]JrO(W“) (94)

for C = ¢|AB + c,A*[A, B], which uses 7 primitive expo-
nentials after merging adjacent exponentials.

Finally, we show the product with 7 primitive expo-
nentials

P(a) = X(a/2,a)e B X(—a/2, a)

with a = (4¢)'/3 ©)
provides a compilation for the exponential of C = cA3[A +
2B, A, B] with fifth-order error. An instance of this
corrector is Cyypy in Eq. (28) with ¢ = 1/48, which serves
as the base case for the high-order CPFs in Eq. (37).
Notably, the compilation P(a) is time-reversal symmetric,
and thus all error terms will have odd powers. This
symmetry is a crucial aspect of this compilation, as it is
required for recursively constructing high-order CPFs.
To see P(a) compiles exp(C), observe that P(a) =
S>(al)S,(—2al)S,(al), and by Eq. (24)

1 :
log P(a) = 1(13/13 [A+2B,A, B] + 2/12’“15'2/“, (96)
j22

so setting a® = 4¢ yields the desired compilation. We
summarize the correctors in Table III along with their
compilations and compilation errors. Figure 1 shows the
compilation error of various correctors for perturbed and
non-perturbed systems.

B. Compiling the correctors for higher-order PFs

Here we present a procedure for compiling the corrector
given in Eq. (32) for high-order product formulas and
then extend it to compile a corrector of the form C =
cA?mad¥"=1(B) for some integer m and constant c. An
instance of this corrector is used for CPF4 in Table I and
for the Yoshida-based product formulas of 6th and 8th
orders given in Table II. We begin with the following
proposition and use it to compile these correctors.

Proposition 7. Let Y(a,b) := X(a,b)X(—a,—b) with
X(a, b) = e**eb*Be=aA Then, for any m > 1,

0 m—1
IT r(ar.bo) [] Y(=ar,—bs) =€
=m—1 =0
m—1

with  C =53 21 Z bf[exp(adaﬂm) — exp(ad_aMA)]B,
/=0

97)

where =53y denotes equality modulo terms with degree
>3 in B.

Proof. We have
by Lemma 6. Let

X(a,b) = exp (bAexp(ad,4)B)
AZ :=exp(adi,4)B  and
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TABLE III.

Compilation for various correctors with their associated error and cost. The error is measured by the spectral norm of the

difference between the ideal and compiled correctors, and the cost by the number of primitive exponentials used. Y (a, b) is defined in
Eq. (90); W(a) in Eq. (93); and P(a) in Eq. (95). For the last corrector, a, = £ + 1 and b, are given in Table IV.

Corrector Compilation for exp(C) Compilation for exp(—C) Error Cost
C = c,%ad,(B) + c343ad% (A) (_4_2_2) y(%, ) o(|21*) 5
C = ¢,7%ad,(B) W(c,) W(—c,) o141 6
C = c;1%ad%(A) Y(=%. )Y (=%.—-1) Y(E. DY (5. -1) o(14P%) 9
C = ¢1AB + c¢,A*ad 4 (B) e BI2W (¢, )ec1#B/2 e B2W (—c,)e14B/2 O(|A1*) 7
C = c2%ad?(B) — 2c2%ad}(A) P(Vc) P(—v/4c) O(|AF) 7
Cc— Zf:l Byj(1/2) 1o adi";l(aB) [, Y(az b,) 11, Y(—az, —by) 1, Y(as,—b,) 11, Y(—az, by) O(a?|2?) 10k

(2)!

D, := A} — A;. Then X(£a,, +b,) = exp(+ib,A}) and

Y(as, by)Y(—az, —by)

= X(ay,bs)X(—as, —bs)*X(as, by) (98)
_ e,lhf/-\;e—mbfA;e/lbfA; (99)
— @24b (AT —A )43, ) AT 2R, AL A ]+ [by Eq.(5)]
(100)
— 2beDt (101)

13 ”»

where contains terms with degree > 3 in B. This
equation with # = 0 yields the first term for the corrector

C in Eq. (97). For the second term, we multiply Y (ay, b;)
from left and Y(—a,, —b;) from right as

Y(ay, by)e*Poty(—ay, —by)

. . o (102)
— eDIA] o= AbIAT g22boDy+ g —Abi AT olb 1A

— elbI/\Ttho[DOfZAh]Al_Jr-ueﬂblAT [byEq (5)] (103)
— ezi(boDo+b1D1)+~~’ [byEq. (5)] (104)

where “- - -” contains terms with degree > 3 in B, as before.
We can progressively add more terms to the corrector by
repeating this process. For m repetitions, we obtain

10°- ® (| (Heisenberg) e () (Hubbard) 10°4 Error bound: A3
e (, (Heisenberg) e (, (Hubbard) ® (4 (Heisenberg)
1072 e (s (Heisenberg) C; (Hubbard) 1024 o ¢ (Hubbard)
Error bound: A4 T * (s (Heisenberg)
10-4 10744 e Cs (Hubbard)
2 & 000"...
5 107 5 107 e
5 § .0"..' o -
S 10 2 10°% T
S 1010 S 1010 ..‘.,...o - ..‘-,...
R o
10124 —12] .o"’.... R - .‘-',.-"
0 10 T L ot
...... ...o"‘ Lot . ot
10714 e e 10714 e e
....... PRI NS
T T T T T T
1072 107! 10° 1072 107! 10°
A A

FIG. 1.

Compilation error of various correctors for perturbed (weak-coupling Hubbard model with o = 0.1) and non-perturbed

(Heisenberg model)

systems,

with Hamiltonian terms

normalized by

the

Hamiltonian norm. The correctors

are

Cy=—(x/4) — (y/12); C, = —(x/24); C3 = (@/2)AB + (x/12); C4 = (y/48) and Cs = (z/48) — (y/24), where x := 1%ad,(aB),
y = A*ad24(A) and 7 = A*adj (aB). Here we take A > 0 and numerically evaluate the error, the norm of the difference between exp(C)
and its compiled version. Solid lines indicate the error scaling.
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0 m—1
H Y(as, by) H Y(—a,, —b,) = ezzszfmﬁ...'
=m—1 7—0

(105)

Equation (97) then follows by D, = [exp(ad,, 1) —
exp(ad_,14)]B. "

To identify the set of compilation parameters {a,} and
{b,}, we now express the corrector C in Eq. (97) in a form
similar to that in Eq. (32). Let us expand the corrector C in
Eq. (97) as

C E(ZS) 24 Z b [exp(aduMA) —
m—1
(Z &

0 j m—1
2 01 <Z4b5a21 ‘>ad21 '(B).  (108)
2j—

J=1

exp(ad_,,4)|B  (106)

])ad’ (B) (107

Comparing with the high-order corrector in Eq. (32),
we obtain the set of linear equations

m—1 1
. B,.(1
} :bfai;kl _ 21(.2)

V1<j<k
8j /=

(109)

for b, given a set of values for a,. This set of equations can
be expressed as a matrix equation Ab = B as

- N -
ag aj [/ b() B2 (z)
3 3 3 lp (l)
ag ay a, b, 1] 2740
: |78
%1 2k—1 .. 21
ag ay Ay by _%sz (%) |
(110)

This matrix equation has a unique solution for m = k,
the case with a square matrix, and the solution is nonzero
for any set of nonzero values for a; such that a; # a;
for j # j. Hence, we take m =k, and for simplicity,
we select a; = j+ 1. We decompose the matrix A as
A=V(a}.a},...,a;_,)D, where V is a Vandermonde
matrix, defined as

1 1 - 1
X0 X1 Xl

V(X0 X115 ey Xpy ) 3= 5 5 > |, (1D
X0 o X
k=1 k=1 k-1
Xo o A N

and D is the dlagonal matrix D := dlag(ao, Ay eeey Ap_y)-

The solution of Ab =B is then b= D'V~'B. The

Vandermonde matrix has an explicit inverse, and its entries
are rational numbers for a set of rational numbers a,.
Specifically, the inverse of the Vandermonde matrix
V(a3, a3, ...,a;_,) can be written as [48]

-1 = (jHZ)Lj(l )(}HZL > (112)

where the lower triangular matrix L;(x) and the diagonal
matrix D; are defined as

U

)
@i~

2 2
D; = i~

L k=1 %2

(113)

and T; is the jx j identity matrix. The solution b has
rational entries for the chosen values a; = j + 1. Table IV
provides the solution for a few values of k.

We now use a modified version of the above approach to
compile a corrector of the form cA*"ad%"~!(B), where c is
a real number and m is an integer; see Tables I and II for
instances of this corrector. To this end, we need a set of
numbers a, and b, that, by Eq. (108), satisfy the set of
equations

2j— 17 0
be" {g(zm—n!

This set of equations is similar to the linear system in

Eq. (110) but with B = (0, ..., 0, (c/4)(2m —1)!) as the
right-hand-side vector. The solution to this linear system
yields a compilation for the corrector as in Eq. (97).

1<j<k

izm (114)

VI. NUMERICAL SIMULATIONS

To demonstrate the efficacy of CPFs and validate the
theoretical results in the previous sections, we perform
numerical simulations for several perturbed and non-
perturbed systems. We compare the empirical performance
of the order-k standard product formula (PFk) with that of
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TABLE IV. The solution for the linear system in Eq. (110) with
m=kanda;=j+1for 1 <k<5.

k=1 k=2 k=3 k=4 k=5
bo ==L po = =167} 64457 4 16705243 5 _ —1543769039
0796 Y0 —T1520 Y0 7 3870720 “0 ~ 928972800 0 7 81749606400
b, — -4 b, — 3643 b, — 4732843 b, — 10431823
1 = 23040 1 = 967680 1 = 928972800 1 = 1703116800
b, — =1669 5 103343, —28718033
2 7 3870720 2 7 103219200 2 7 18166579200
b — — 176509 b. — 8177231
3 7 1857945600 3 T 30656102400
b, = —=2105933
4 7 98099527680

its corrected version (CPFk) for k € {1, 2,4, 6} by numeri-
cally computing the total simulation error, as quantified by
the spectral norm of the difference between the exact time
evolution exp(—iHt) and its (corrected) product-formula
approximation.

We consider two settings for the simulations, one with a
fixed time step 7 and the other with a fixed number of steps
r. The purpose of fixed-r simulations is to illustrate the
scaling of the error with the simulation time 7 as 7 varies.
The results for fixed-z and fixed-r simulations are shown
in Figs. 2 and 3, respectively, with details of other
parameters provided in the figure captions. These figures
present results for first- and second-order product formulas
applied to one-dimensional (1D) perturbed and non-
perturbed systems. In Appendix B, we cover the results
for the 2D versions of these systems, higher-order for-
mulas, and additional simulations over a broader param-
eter range to further demonstrate the generality of the
improvements achieved by CPFs. Code for reproducing
our simulations is available in [49].

An important note for the fixed-r simulations in Fig. 3 is
that, with r fixed, increasing ¢t moves the simulation toward
a larger time step t = t/r, where the errors of different
product formulas (and their corrected versions) naturally
become closer. To see this, consider the error estimates
E, «x rt> and E, « r7’ of standard PF1 and PF2, respec-
tively, after r steps. Then E,/E,| « 7, so when 7 gets larger
and closer to 1, the errors become less separated. In
practice, if the goal were to simulate for longer times, one
would increase . The empirical errors also exhibit similar
behavior at longer times. For the same reason, the errors of
corrected and standard product formulas can also get
closer at longer times. The fixed-z simulations in Fig. 2
show a better separation of errors at longer times, espe-
cially for perturbed systems.

We also note that, as seen in Fig. 3, the empirical error of
standard product formulas at longer times is often sub-
stantially smaller than their theoretical error estimate
(obtained by multiplying the single-step error by the
number of steps; see errors with 6 in the plots). This is
because the basis error cancels between steps, whereas the
eigenvalue error accumulates; see [47] for details of these
errors. Importantly, observe that the empirical error of

CPFs is still smaller than the empirical error of the
corresponding PFs at all times, especially for perturbed
systems [see Figs. 3(c) and 3(f)]. The gap between errors
of corrected and standard product formulas can become
smaller when the standard product formulas exhibit good
empirical error at longer times, especially for perturbed
systems (Fig. 3), even though corrected product formulas
for such systems have a provably improved error scaling
by a factor of a for any time (see Table I).

A. Non-perturbed systems

We use the following lattice models as non-perturbed
systems in our simulations. For each model, we numeri-
cally evaluate the total simulation error for ¢ that varies in
the range 1 <7 < 10. For each ¢ in the fixed-r simu-
lations (Fig. 3), we divide the evolution time ¢ into » = 100
steps, so the time step 7:=1¢/r varies in the range
0.01 £7<0.1. In the fixed-r simulations (Fig. 2), we
fix 7 = 0.1 and increase r from 1 to 100, so t = rz ranges
over 0.1 <r < 10.

Heisenberg model. The first non-perturbed system we
use is the Heisenberg model on a 1D lattice with n sites
and periodic boundaries. This model’s Hamiltonian is
H = Z?;é 6,611, where 6, = (X;,Y;,Z;) is the vector
of Pauli operators acting on site j, and &, =6, by
periodicity. We partition H as H =A + B, where A/B
is the sum of Hamiltonian terms with even/odd j. Note that
terms within A and B mutually commute.

Ising model. The second non-perturbed system in our
simulations is the transverse-field Ising model. The
Hamiltonian of this model in 1D is

H=JH, +hH,;

n—2
H,, = ZXijH + Y022y - Z,5Y, 1
o (115)
n—1
Ho=) 7).
=0

where J is the strength of the nearest-neighbor interaction,
and £ is the strength of the external field. This Hamiltonian
is an instance of the XY model and can be analytically
diagonalized [50, Eq. 5]. The second term in H,, is a
boundary term (for n > 2) to impose conventional periodic
boundary conditions (i.e., ¢, = o) on the fermionic
operators {¢;} when the spin model is mapped to the
fermionic representation [51, p. 6]. We adopt this choice to
impose periodic boundaries to directly apply the formal-
ism of [50] for the exact time evolution of the Ising model.
Although this model is exactly solvable via efficient
diagonalization, it serves as a good testbed for demon-
strating the effect of correctors, especially on quantum
hardware (Sec. VII). We fix J = h = 1 for this model in
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FIG.2. Empirical errors of PFs (dashed lines) and CPFs (dotted and dash-dotted lines) for non-perturbed [left: (a)—(c)] and perturbed
[right: (d)—(f)] systems in simulations with a fixed time step. Each system is on a 1D lattice of size n = 8 with periodic boundaries.
CPF1(2) Symp denotes the CPF1(2) with the symplectic corrector in the second (first) row of PF1(2) correctors in Table I. CPFx Com
with x € {1,2} denotes CPFx with the composite corrector in Table I. Errors are evaluated at fixed z = 0.1 for the number of steps
1 < r <100, so that t = rz ranges over 0.1 < ¢ < 10. As expected from errors in Table I, PF2, CPF1 Symp, and CPF2 Symp perform
similarly for non-perturbed systems (a = 1). Observe that CPFs are more advantageous for perturbed systems (a < 1).
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FIG. 3. Empirical errors of PFs (dashed lines) and CPFs (dotted lines) for non-perturbed systems [top: (a),(d)] and perturbed systems
with fixed [middle: (b),(e)] and various [bottom: (c),(f)] values of the perturbation parameter a. Errors are numerically evaluated for
1 <t < 10 using fixed r = 100 simulation steps; & is the empirical error in one step, and the plots of 7§ (solid lines) show the theoretical
scaling of the total error obtained from the triangle inequality. Each system is on a 1D lattice of size n = 8 with periodic boundaries.
Correctors used are the same as those in Fig. 2. As expected from errors in Table I, CPF2 Symp performs similarly to CPF1 Symp and is
therefore omitted.
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our numerical simulations for non-perturbed systems. This
choice sets the unit of time for simulation.

Hubbard model with intermediate coupling. The
Hubbard model is an idealized Hamiltonian that captures
qualitative aspects of high-temperature superconductors.
Its Hamiltonian in second quantization is

H = _thop E (C;o-cj,o’ —+ C;ﬁcm) —+ Uim E nj,Tnj-l’
(ij).o J
(116)

where 6 € {1, | } labels the spin of fermions; c¢;, and c;’g
are the annihilation and creation operators of the fermion
with spin ¢ on site j; n;, is the associated number
operator; and (ij) denotes the sum over nearest-neighbor
pairs i and j. The first sum (the kinetic part of H) describes
the hopping of particles between neighboring sites, and the
second sum (the potential part) describes on-site inter-
action with strength Ui, We take fy,p, Uiy > 0 in our
numerical simulations, as these parameters typically have
positive values for fermionic systems.

Depending on the values of Uj, and #,, the Hubbard
Hamiltonian becomes a (non-)perturbed system. In the
intermediate-coupling regime, where Uiy X fp,, the
model is a non-perturbed system [52]. In our numerical
simulations, we consider the spinless model and set
Uini = thop- We write H = A + B in this regime, and take
A as the interaction part and B as the kinetic part of the
Hamiltonian.

B. Perturbed systems

We use the following models as perturbed systems in
our numerical simulations. For each model, we fix the
perturbation parameter to @ = 0.1 and numerically com-
pare the performance of PFs vs CPFs for various
correctors. We also consider cases with a = 0.3 and
a=0.01 in Fig. 3 to probe a broader range for the
perturbation parameter. All other simulation parameters
are identical to our simulations for non-perturbed sys-
tems. We note that small values of a, such as a = 0.01,
are more relevant for classical or high-precision simu-
lations than for implementations on noisy hardware,
because the improvements provided by correctors for
such cases can be well below current hardware noise.
Similarly, higher values of r (e.g., r = 1000 used for
simulations in Appendix B) are more appropriate for
classical simulations or fault-tolerant quantum com-
puters rather than near-term quantum computers.

Weak Hubbard models. In regimes where the Hubbard
model is a perturbed system, the Hamiltonian can be
decomposed as H = A 4+ aB, where A is the main part
and B is the perturbation part. The ratio Ujy/tp in the
Hubbard model determines this decomposition. We con-
sider two cases:

(i) Weak coupling regime. In this case, Uiy < fyop
and the kinetic part dominates; A is the kinetic part
and B is the interaction term. In our numerical
simulations, we fix #,,, = 1 and set the perturbation
parameter as a = Ujy,.

(ii) Weak hopping (strongly correlated) regime: In
this case, o, < Uiy (often the regime of interest)
and the potential term dominates; A is the inter-
action part and B is the kinetic part. In our
numerical simulation for this case, we fix U;, = 1
and set the perturbation parameter as a = fyqp.

Ising model with weak coupling. The third perturbed

system we use is the transverse-field Ising model in
Eq. (115) in the weak-coupling regime, where the inter-
action strength J is much smaller than the transverse field
h. We set h =1 in our simulations and treat J as the
perturbation parameter (/ = @ < 1), so time is measured
in units of 1/A; our simulations correspond to the dimen-
sionless ratio J/h = a.

VII. QUANTUM HARDWARE
IMPLEMENTATIONS

In this section, we demonstrate the improvements
offered by CPFs over the standard product formulas by
implementations on actual quantum hardware as well as on
noisy and noiseless quantum hardware simulators. To this
end, we compare the performance of CPF1 and CPF2 with
symplectic correctors against the standard PF1 and PF2 for
simulating the transverse-field Ising model. Due to hard-
ware limitations, we restrict our implementations to small
system sizes (i.e., small circuit width) and limit the circuit
depth to the hardware’s maximum reliable range. We
emphasize that the purpose of our hardware implementa-
tions is not to demonstrate quantum advantage, but rather to
demonstrate and validate that corrected product formulas
yield improved performance over standard product formulas
even on current noisy hardware. The consistency between
our theoretical analysis, classical simulations, and hardware
experiments provides compelling evidence for the practical
value of corrected product formulas.

For implementations on quantum hardware, we use
IBM’s 127-qubit QPU ibm_quebec (This hardware has
a median gate error rate of 7.258 x 1073 for ECR (two-
qubit) gates and 2.004 x 10~* for SX (single-qubit) gates.
The median T1 and T2 of this device is 311.83 ps and
231.83 ps, respectively.), which is of the Eagle r3 proc-
essor family. We use Qiskit Aer for noiseless hardware
simulations and FakeQuebec for noisy simulations,
which provides a simulated version of the ibm_quebec
QPU. We use these hardware and simulators to run
multiple quantum circuits of CPFs and standard PFs for
different system sizes and produce similar plots to those
in Fig. 3.

A key difference in the quantum hardware implemen-
tations compared to classical simulations is the metric we
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FIG. 4. Error of CPFs with symplectic correctors vs standard PFs for simulating the Ising model with a weak coupling on actual
quantum hardware (127-qubit ibm_quebec QPU), as well as noisy (127-qubit FakeQuebec) and noiseless (Qiskit Aer)
hardware simulators. Average infidelity is evaluated at 20 evenly spaced points in 0.1 <t < 1; shaded area around each line
represents one standard deviation above and below the average. The perturbation parameter a = 0.1 is used in all experiments.
r = 10 time steps and s = 10° shots are used for the hardware implementation and noisy simulation. For noiseless simulation, we

use r =1 and s = 10°.

use to quantify the approximation error. Motivated by
hardware limitations, we use average infidelity as the error
metric for hardware implementations. This metric is easier
to compute than the spectral norm used in our classical
simulations, which requires a full state tomography.
Computing the average infidelity requires exact imple-
mentation of the time-evolution operator. We give quan-
tum circuits for the exact time evolution of the Ising model
in Sec. VII A and describe our hardware implementations
in Sec. VII B. Figure 4 shows the results of our hardware
implementations.

A. Exact quantum circuit for Ising model

As an instance of the XY model, the transverse-field
Ising model can be analytically diagonalized, and the
quantum circuit for its exact evolution follows from
the diagonalization steps [50]. For the model with peri-
odic boundaries, these steps are as follows. First, the

Jordan-Wigner transformation is used to represent the
n-site Ising Hamiltonian (a spin or qubit Hamiltonian)
as a fermionic Hamiltonian with n interacting fermions.
The interacting fermionic Hamiltonian is then mapped to a
free fermionic Hamiltonian by a fermionic Fourier trans-
form followed by a Bogoliubov transform. The free
fermionic Hamiltonian is a diagonal Hamiltonian that
can be expressed as the qubit Hamiltonian

n—1
D = Z (l)ka,
k=0

Wy = \/(h — Jcos(2zk/n))? + J*sin®(2zk/n). (117)

The diagonal evolution under D for time 7 can be
implemented by applying a z-rotation gate R_(¢;) =
exp(—i¢yZ/2) on qubit k with angle ¢, = 2w;r. This
diagonal evolution, along with quantum circuits for
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FIG. 5.

Quantum circuits for the Ising model. (a) Circuit for exact evolution of n-site model by fast fermionic Fourier transform

(FFFT) and Bogoliubov transform (BOG). (b) Tailored circuit for the 2-site model. Gates inside the (left) right dashed box implement
the (inverse) unitary that diagonalizes the Hamiltonian. (c) Circuit for PF1 with gates in the left (right) box implementing the evolution

by the interaction (external field) term.

fermionic Fourier and Bogoliubov transforms, provides a
quantum circuit for the exact evolution of the Ising
model [Fig. 5(a)].

We use the tailored circuit in Fig. 5(b) for the exact evo-
lution of the 2-site Ising model H = JXoX| + h(Zy + Z;)
for our hardware implementations. This circuit follows
from the diagonalization of H = UDU', where U is the
diagonalizing unitary that we implement using the gates
inside the dashed box in Fig. 5(b) and

D = a)()Z() + 0)121

1 1
o, ‘=§(/10i/11)25(\/J2+(2h)2ij) (118)

is the diagonalized Hamiltonian with 4y,; the positive
eigenvalues of H.

B. Results of hardware implementations

For hardware implementation, we use the average
infidelity defined as

Average infidelity = Eyj,[1 — |<x|szactUappr0x|x)|2]
(119)

to quantify the approximation error. Here Ey,), denotes
the arithmetic average over all computational basis states
of the system under evolution. The exact unitary in our
implementations is the exact evolution of the Ising model,
and the approximate unitary is a corrected or standard
product formula. For hardware experiments, we compare
average infidelities of low-order CPFs with symplectic
correctors against the standard PFs of the same order.
Specifically, we use CPF1 with the symplectic corrector in
the second row of PF1 correctors in Table I and CPF2 with
the symplectic corrector in the first row of PF2 correctors

in Table I. For convenience, we express these correctors as

i 1
CE}I/:IIllp = — E(ZTB - Ea’ll [A, B},
1
2
Cffmp = ﬁarz [A, B] (120)
with A = —ir for Hamiltonian evolution. We use the

compilations in Table III for hardware implementations
of correctors.

In all experiments, we use the transverse-field Ising
model and fix 7 =1 and J = a = 0.1, with a the pertur-
bation parameter. This weakly coupled model can be
expressed as H = H_ + aH,, with H  (H_) the coupling
(external-field) term. Due to hardware limitations, we
restrict the system size (2-site and 4-site Ising model),
the number of time steps (» = 10), and the evolution time
(0.1 £t <1) for the actual and noisy hardware imple-
mentations. Given the hardware limitations, we use 10°
samples for computing the infidelity for each computa-
tional basis. The results of our hardware implementations
are presented in Fig. 4, showing that errors of CPFs are
smaller than those of PFs.

The quantum circuits in Fig. 5 are transpiled to the
native gates of ibm quebec QPU for hardware imple-
mentations. Table V provides the depth of the transpiled
circuits at different optimization levels of Qiskit’s com-
piler. Due to the limited number of steps r used for
hardware implementations, the depth of transpiled circuits
for CPFs is significantly higher than those of PFs,
especially at the lowest optimization level. The additional
circuit depth due to symplectic correctors becomes neg-
ligible as r increases, as it does not scale with r. We note
that no error mitigation techniques were used in our hard-
ware implementations for CPFs and PFs. Incorporating
these techniques could improve the results.
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TABLE V. Depth of the circuits transpiled to the native gates of ibm_guebec QPU for the exact evolution, the approximate
evolutions by corrected and standard product formulas, and the average infidelity (Infid) circuits for the 2- and 4-site Ising model used
for hardware experiments in Fig. 4. Duration of each time step is 7 = 0.1, and the total evolution time for r steps is r X 7. Transpiled
circuits are optimized using Qiskit’s compiler at different optimization levels: Level 1 provides a light optimization, Level 2 provides a
medium optimization, and Level 3 provides a heavy optimization [53]. Level-3 optimization is used for hardware experiments in Fig. 4.

Optimization level

Size Time steps for circuits PF1 (Infid) PF2 (Infid) CPF1 (Infid) CPF2 (Infid) Exact evolution

2 10 Level 1 91 (138) 91 (138) 154 (200) 145 (192) 49
Level 2 12 (12) 12 (12) 12 (12) 12 (12) 12
Level 3 12 (12) 12 (12) 12 (12) 12 (12) 12

4 1 Level 1 34 (263) 34 (263) 296 (526) 232 (461) 231
Level 2 48 (130) 46 (129) 389 (473) 309 (393) 77
Level 3 48 (111) 46 (110) 389 (454) 309 (374) 57

VIII. DISCUSSION

Product formulas have been the original proposal for
simulating Hamiltonian evolution on a quantum computer.
Despite the development of several other promising quan-
tum algorithms for this task in recent years, the conventional
approach based on product formulas remains competitive
for practical applications. In this work, we developed high-
order corrected product formulas (CPFs) based on three
types of correctors and established theoretical results
showing that CPFs improve the error bounds of standard
product formulas by orders of magnitude, leading to a
substantial reduction in the gate cost for Hamiltonian
simulation. The correctors we developed are based on a
linear combination of nested commutators, and we pre-
sented a procedure for compiling them using Hamiltonian
terms. Our approach for compiling nested commutators has
applications beyond CPFs; it can also be used to efficiently
synthesize complicated unitaries on a quantum simulator
with a limited set of native gates [28,29].

To verify the established error bounds and demonstrate
the performance of CPFs, we performed numerical sim-
ulations for various (non-)perturbed lattice Hamiltonians.
Our numerical results show that the theoretical perfor-
mance of CPFs matches or exceeds the empirical perfor-
mance of standard product formulas, which is often much
better than known theoretical bounds. We also comple-
mented our theoretical and numerical results with the
implementations of CPFs on actual quantum hardware, as
well as on both noisy and noiseless quantum simulators,
demonstrating the improvements that CPFs can provide in
using current and near-term quantum computers.

We applied correctors to construct CPFs for simulating
perturbed (@ < 1) and non-perturbed (a = 1) systems with
a Hamiltonian of the form H = A + aB, where A and B
have comparable norms. For non-perturbed systems, we
assume both partitions, A and B, can be exactly simulated,
while for perturbed systems, we assume only the main
partition, A, is exactly simulatable. The CPF of order 2k we
constructed for non-perturbed systems achieves an error

bound of O(1**3) providing two orders of magnitude
improvements for the error bound of the standard product
formula with the same order. CPFs, however, are more
advantageous for perturbed systems. In particular, we
established a CPF of order 2k for such systems that achieves
the error bound O(a?#*+1!), which is a factor of a better
than that for the standard product formula of the same order.
Furthermore, we established several customized low-order
CPFs summarized in Table [ that provide orders of
magnitude reduction in the error bound of low-order
product formulas. Similar to low-order standard product
formulas, the low-order CPFs are preferred in practical
applications, as high-order product formulas have a pre-
factor that grows rapidly with the order parameter 2k.

The Hamiltonian form we considered in developing
correctors is a common characteristic of lattice Hamil-
tonians. These Hamiltonians typically can be divided into
two exactly simulatable parts because either they contain
pairwise commuting terms or they can be efficiently
diagonalized, as seen in the example Hamiltonians in
Sec. VI. The assumptions taken for perturbed systems
apply for generic Hamiltonians of the form H =T+ V
with T the kinetic part that is exactly simulatable and V a
weak potential part with a small norm. A prime example
for this case is the electronic-structure Hamiltonian rep-
resented in the first-quantized plane wave basis in the
regime where the number of electrons p is much smaller
than the number of plane wave orbitals N (p < N): the
norm of the kinetic part in this regime is much smaller than
the norm of the sum of the potential parts [54].

While we demonstrated the advantage of CPFs in
simulating Hamiltonians with exactly simulatable parti-
tions, we remark that CPFs are not limited to such cases.
CPFs could also be advantageous even in cases where none
of the partitions are exactly simulatable. As in the divide
and conquer approach for Hamiltonian simulation [55],
CPFs can be used to simulate the evolution generated
by such Hamiltonians in terms of exponentials of the
Hamiltonian partitions, each of which can be subsequently
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approximated by standard product formulas. We expect
this approach to be more advantageous for cases where one
partition has a significantly smaller norm than the other.
A prime example for such cases is a Pauli representation
of the electronic-structure Hamiltonian in computational
chemistry, such as the minimal basis set. The spectral norm
distribution of the Hamiltonian terms (i.e., the distribution
of the magnitude of the Pauli coefficients) in this case is
sharply peaked [55-57]. By a hard cutoff on the spectral
norm, for instance, this Hamiltonian can be divided into
two partitions, one with few terms and a large norm and the
other with many terms and a small norm.

The high-order CPFs we developed are built from a CPF2
with a symplectic corrector for perturbed systems and a
symmetric corrector for non-perturbed systems. We have
also constructed a fourth-order CPF with a symplectic
corrector. A topic for future work is to develop higher-
order CPFs with a symplectic corrector. CPFs with sym-
plectic correctors are preferred, as these correctors cancel
out in the intermediate simulation steps, resulting in a small
additive cost to the total simulation cost. As for the standard
product formulas, we used the spectral-norm error as the
measure of error for CPFs. However, recent work [47]
suggests that the eigenvalue error is a more appropriate error
measure for product formulas. Comparing CPFs with
standard product formulas using eigenvalue error is another
avenue for future research. One especially appealing feature
of product formulas is that they often admit substantial
improvements over other Hamiltonian simulation tech-
niques when the error is evaluated in specific cases, such
as for specific input states [S8—63] or observables [64—-66],
rather than in worst-case settings. CPFs could similarly
benefit from improved performance under these more
practical error measures, making this an especially prom-
ising direction for further investigation.
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APPENDIX A: PROOFS

Here we provide a proof for the formula in Eq. (19) used
for the PF1 corrector and the symplectic corrector given in
Eq. (10) for PF2. We begin by proving Eq. (19) for the
corrector C = AB/2 + ¢,A*[A, B] used for PF1. By Eq. (4)
we have e€S;(1)e € =eki with K| =K, +[C,K|] +
11C.C K ] + O(|A]*) where

1 1
‘m:1m+BH5ﬁMﬂyﬁ§ﬁM—&Am

+ O(|A]*) (A1)

is the kernel of PF1. We expand the first commutator
in K| as

[C, K] = [(4/2)B + ¢,A*[A, B], A(A + B) + (4*/2)[A, B]

+O(141)] (A2)
I ) AV
= 2/1 [A, B] + <C2 4>A [B, B, A]
— c,A3[A A, B] + O()A]Y), (A3)
and the second commutator as
1 1
+ O(JA]*), (A + B) + O(|4*)]
= %/13 [B,B,A] + (’)(|/1|4). (A4)

Altogether, we have
! 1 3
K|, =2(A+B)+ 3¢ A’[A, A, B

+ <c2 _ 21—4)43 B,B,A|+ O(f)  (AS)

for the modified kernel.
PF2 corrector. We now prove the expression of the
symplectic corrector given in Eq. (10) for PF2. Using
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Proposition 5 with s = 1/2 and noting that Bernoulli
polynomials B;(x) = 0 at x = 1/2 for odd j, we have

e/IA/ZeJ,aB ef/lA/Z

j=1

== eK2 Wlth K2 E(Zz) j,(A + B)

/121 ad¥(B), (A6)

where =(,,) denotes equality modulo terms with degree
> 2 in B, and B;(x) are Bernoulli polynomials with few
nonzero values

By =1 B—_l B—7 B—_31

o= 2T 4740 67 1344°
127 —2555

By — —— Bjg= —" A7

87 3840° 10733792 (A7)

at x = % We note that the full expression of K, (without
modulo) is an infinite series that is convergent for

1
AIClA]l + al[Bll) < 5log2 (A8)

by [67, Theorem 2.2]. A symplectic corrector C modifies
K, according to Eq. (4) as K, = K, + [C, K,] +---. We
want K’ =(55) A(A + B). Observe that

c=3 B

B,i(1/2) .
[C. Ky) =50 Z 2’ / /szadf{(B).

1/2)
/2) o ady ™ (B) yields

(A9)

By this corrector, we have K =) A + B. The cor-
rector C(k) in Eq. (10) is obtalned by truncating the
series at j < k. We note that both the full corrector C and
its truncated version C(k) are convergent under the
condition in Eq. (A8), because the series for K, is itself
convergent.

APPENDIX B: EXTENDED NUMERICAL
SIMULATIONS

In this appendix, we present numerical simulations for
the two-dimensional (2D) versions of the perturbed and
non-perturbed systems considered in the main text, as well
as for higher-order product formulas. We also provide
additional simulations for 1D systems over a broader
parameter range to further demonstrate the generality of
the improvements achieved by CPFs. Specifically, we
consider larger 1D systems (n = 10), longer simulation
times (1 <¢<100), and a larger number of simulation
steps (r = 1000).

The results of fixed-time-step simulations for 2D sys-
tems are shown in Fig. 6. Figure 7 shows the results
for 2D systems in simulations with a fixed number
of time steps. The results for non-perturbed and per-
turbed systems of size n = 10 are shown in Figs. 8§
and 9, respectively. Additional simulation details are
provided in the captions of these figures. Simulations
for systems with n = 12 show similar behavior and are
omitted for brevity. Overall, these results confirm that
CPFs consistently outperform the standard product for-
mulas across a broad range of systems and simulation
parameters.
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FIG. 6. Empirical errors of PFs (dashed lines) and CPFs (dotted and dash-dotted lines) for non-perturbed [top: (a),(c)] and perturbed
[bottom: (b),(d)] systems in simulations with a fixed time step. Each system is on a 2D lattice of size 3 x 3 with open boundaries.
Correctors used are the same as those in Fig. 2. Errors are evaluated at fixed 7 = 0.1 for the number of steps 1 < r < 100, so t = rz
ranges over 0.1 < ¢ < 10. Observe that CPFs are more advantageous for perturbed systems (a < 1).
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FIG. 7. Empirical errors of PFs (dashed lines) and CPFs (dotted lines) for 2D non-perturbed [left: (a)—(c)] and perturbed [right:
(d)—(f) systems. Each system is on a 2D lattice of size 3 x 3 with open boundaries. Correctors used are the same as those in Fig. 2.
Errors are numerically evaluated at time 1 < ¢ < 10 using » = 100 simulation steps; § is the one-step empirical error, and the plots of 16
(solid lines) show the theoretical scaling of the total error obtained from the triangle inequality.
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