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Open quantum systems can be described by unraveling their Lindblad master equation into ensembles
of quantum trajectories. Here we investigate how the complexity of such trajectories is affected by
conservation laws and other dynamical constraints of the underlying Lindblad evolution. We characterize
this complexity using a data-driven approach based on the intrinsic dimension, defined as the minimal
number of variables required to encode the information contained in a data set. Applying this framework to
several systems, including variants of the quantum top and of the XXZ chain, we find that the intrinsic
dimension is sensitive to the structure of their dynamics. The Lindblad evolution in these systems is
typically chaotic, but additional constraints arise at specific parameter values, where the dynamics
becomes integrable, exhibits Hilbert-space fragmentation, or develops a closed BBGKY hierarchy, leading
to pronounced minima in the intrinsic dimension. Our approach results in an unsupervised probe of the
complexity of dissipative quantum systems that is sensitive to chaos and ergodicity-breaking phenomena
beyond the initial transient regime.
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I. INTRODUCTION

Understanding and quantifying the complexity of quan-
tum many-body dynamics is essential for several reasons.
At a fundamental level, complexity governs the spreading
of information and the onset of thermalization in closed
quantum systems, shaping our understanding of irrevers-
ibility and emergent statistical mechanics. Furthermore,
complexity determines the extent of classical simulability.
Several quantities have been introduced to characterize its
many distinct facets. Quantum resources, such as entan-
glement, non-stabilizerness, and non-Gaussianity, are
measures of the computational complexity of the under-
lying dynamics [1–7]. Krylov complexity and Nielsen’s
geometric complexity capture the scrambling of quantum
information, i.e. how deeply the system explores its Hilbert

space, with interesting connections to gravitational proper-
ties in the context of holographic dualities [8–13].
These quantifiers suggest that ergodic systems are

typically complex, displaying strong information scram-
bling and rapid growth of the associated quantum resour-
ces [14–21]. In contrast, ergodicity-breaking systems are
governed by the existence of additional constraints on their
dynamics. The prototypical example is integrability, which
gives rise to an extensive set of conserved quantities with
spatially local densities [22,23]. Other relevant phenomena
include localization,which suppresses quantumcorrelations
and leads to slow entanglement growth and frozen operator
dynamics [24,25], quantum many-body scars, which gen-
erate atypical trajectories with sub-thermal entanglement
within an otherwise ergodic spectrum [26,27], and Hilbert-
space fragmentation, associated to disconnected dynamical
sectors and thus may reduce the overall complexity [28,29].
Originally formulated for unitary dynamics, these con-

cepts have recently been extended to the domain of open
quantum systems [30–38]. Recent experimental and theo-
retical advances have enable the controlled engineering
of dissipation channels in synthetic quantum matter and
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enabled increasingly accurate characterizations of open-
system properties through many-body techniques, particu-
larly in systems governed by Lindblad dynamics [39–42].
Integrability in the context of Lindblad equations can be
defined by mapping the latter to an imaginary time
Schrödinger equation with non-Hermitian Hamiltonian.
A number of notable cases have been identified
[30,31,33,34,43–45], including examples exhibiting
“operator-space fragmentation” [32,33,35,46]. A mecha-
nism that is a priori separate from integrability and
influences the structure of open-system dynamics is the
decoupling of the Bogoliubov-Born-Green-Kirkwood-
Yvon (BBGKY) hierarchy, which leads to a substantial
simplification in the evolution of correlation functions
[47]. This property is a particular case of operator-space
fragmentation and has been exploited to obtain exact
results in Lindblad equations that are not necessarily
integrable [48–51].One observable consequence of the
BBGKY decoupling is the absence of hydrodynamic tails
in the late-time behavior of certain observables due to
kinematic reasons [51].
Ergodic and integrable dynamics both give rise to

characteristic signatures in the spectrum of the time-
evolution operator. For isolated quantum systems, the
famous Bohigas-Giannoni-Schmit and Berry-Tabor con-
jectures connect the regularity of the dynamics to the
spectral statistics of the Hamiltonian: systems with a
chaotic semiclassical limit are associated to eigenvalue
distributions that follow random matrix theory statistics,
while integrable models follow Poisson statistics [52,53].
The extension of this correspondence to open quantum
maps has become known as the Grobe-Haake-Sommers
(GHS) conjecture, suggesting that classically chaotic maps
should arise from a Lindbladian whose complex eigenval-
ues follow the non-Hermitian Ginibre ensembles [54,55].
The picture turned out to be richer. Indeed, it was later found
that dissipative quantum chaos, as characterized by spectral
statistics (i.e. the non-Hermitian Ginibre ensemble), could
appear even in the presence of classically regular behavior
[56,57]. In this manuscript, we provide a new example of
this phenomenon considering an autonomous quantum top,
that, notably, would be integrable both classically and
without dissipation [58,59]. The analysis of the spectrum
of the Lindbladian was also performed in several different
models without a semiclassical limit [60–64]. For dissipa-
tive systems, genuinely quantum dynamical distinctions
between chaotic and regularmotion have been elusive. This
is because the density matrix ultimately relaxes to a steady
state determined solely by the dominant eigenvalue of the
Lindbladian, which makes it largely insensitive to the
detailed structure of the spectrum. While the Grobe-
Haake-Sommers (GHS) conjecture identifies chaos
through the spectral properties of the Lindbladian, such
spectral signatures do not necessarily manifest in the
long-time evolution of observables. Consequently, any

signatures of dissipative chaos can typically be observed
only during the transient dynamics, before the system
reaches its steady state [56,65–68].
In this work we take a different route to characterizing

ergodic and non-ergodic behavior in open quantum sys-
tems: we take inspiration from classical dynamics, where
(non)ergodicity is directly observable in the structure of
phase space trajectories, for example through Lyapunov
sensitivity or the emergence of fractal attractors in driven-
dissipative models [69,70]. In the quantum setting, this
analogy is generally approximate: it can be formalized
through semiclassical phase-space representations, which
allow one to capture signatures reminiscent of classical
chaos. However, these features may be smoothed out or
altered by genuine quantum effects, small system sizes, or
strong dissipation.
A natural framework for exploring ergodicity in open

quantum systems is provided by quantum trajectories
(QT), which unravel the Lindblad equation into a stochas-
tic process that recovers the density matrix upon averaging
[71–73]. By monitoring the quantum system along a single
trajectory, the evolution consists of a smooth (non-
Hermitian) dynamics, punctuated by stochastic terms
dependent on the type of monitoring, that account for
interactions with the external environment. When a steady
state is reached, the QT do not necessarily become sta-
tionary, allowing one to observe dynamical effects beyond
the initial transient regime. Our approach is in part
motivated by the fact that in certain semiclassical models,
it has been observed that QT approach the attractors of the
limiting classical system [74,75], suggesting that individ-
ual trajectories can exhibit traces of quantum chaos. Our
analysis goes beyond the semiclassical limit and we will
show that the properties of many-body Lindblad dynamics
are reflected in the structure of the associated ensembles
of QT.
We quantify the complexity of trajectories in Hilbert

space by means of their intrinsic dimension. This complex-
ity metric has its mathematical roots in classical informa-
tion theory and in the theory of fractals. It is a fundamental
concept in the field of manifold learning and is commonly
used as a preamble to dimensional reduction [76–78].
Machine learning tools have emerged as powerful methods
for analyzing complex, high-dimensional data sets, which
are an intrinsic property of quantum many-body physics.
Their effectiveness relies on the insight that high-dimen-
sionality often arises from the representation of the data
set, while correlations can be effectively described by data
points embedded on a manifold with few relevant degrees
of freedom, which are what the intrinsic dimension
quantifies. The connection of intrinsic dimension with
information theory is based on Kolmogorov complexity,
which sets the theoretical limit on the compressibility
of information [79,80]. This notion represents a facet
of complexity that is complementary to computational
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complexity, which, in a quantum-mechanical context, is
more closely related to quantum resources or Nielsen’s
complexity. Chaotic classical dynamical systems are
known to give rise to a high Kolmogorov complexity.
The rate at which this complexity grows can be quantified
by the Kolmogorov-Sinai entropy, as established by
Brudno’s theorem [81,82]. Their orbits often explore
low-dimensional structures in phase space, such as strange
attractors, whose geometry can be characterized through
fractal-dimension estimators [69]. While classical attrac-
tors provide a paradigmatic example, dimensionality-
estimation methods can be applied more broadly to infer
the intrinsic dimension of arbitrary datasets. Their perfor-
mance and limitations have been investigated in the recent
data-science literature, where new estimators have also
been developed [78,83–86], allowing to establish the
intrinsic dimension as a complexity metric in unsupervised
learning applications [87–94]. Related ideas have been
successfully applied to statistical mechanics, identifying
for instance phase transitions [95–97] or revealing hidden
structures in synthetic and experimental data such as
snapshots of ultra-cold atoms, outputs of quantum simu-
lators [98] and a quantum scars [99].
In our approach, datasets are constructed from ensem-

bles of QT, allowing us to effectively quantify their
complexity. In contrast to semiclassical phase-space
descriptions, which necessarily retain only a reduced
subset of features, our analysis is performed directly on
the wavefunctions. The resulting datasets therefore pre-
serve the full information content of quantum states,
allowing to probe properties that are not captured in the
semiclassical limit. We perform a numerical investigation
of classes of Lindblad equations exhibiting structurally
distinct types of dynamics, with particular attention to the
dichotomy between dissipative integrability and chaos,
and to the decoupling of correlation functions. Our main
result is to show that the intrinsic dimension effectively
captures the complexity of the underlying dynamics.
This manuscript is structured as follows. Before

embarking on the analysis of particular models we present
a summary of our main results in Sec. II. In Sec. III we
then introduce the Lindblad formalism and discuss spectral
properties and the Lindblad analog of the BBGKY
hierarchy. This serves as a point of reference for the
discussion of our results. In Sec. IV we define QT and
discuss how their complexity can be quantified in terms of
their intrinsic dimension. Finally, we investigate several
models that exemplify different mechanisms of ergodicity
breaking. In Sec. V we consider the quantum top, an
effectively single-spin model, and study its quantum
trajectories, also discussing the parameter regime where
it contradicts the GHS conjecture. In Sec. VI we consider
trajectories of many-body spin chains, in relation to
integrability and BBGKY closure. Our analysis is based
on a specific unraveling, namely quantum jumps. The

robustness of our conclusions against alternative unravel-
ings is examined in Sec. VII. We conclude in Sec. VIII,
where the main findings are summarized. A discussion of
the semiclassical limit of the quantum top and details of
our numerical analysis are relegated to appendices.

II. MODEL SELECTION RATIONALE
AND SUMMARY OF RESULTS

As mentioned above, our analysis of the complexity of
open-system dynamics is based on the intrinsic dimension
of QT, a data-driven measure that captures the spreading of
QT in Hilbert space. We have applied this method to a set
of single- and many-body models, corresponding respec-
tively to variants of the quantum top (summarized in
Table I) and of the spin-1/2 Heisenberg XXZ chain with
dissipation (summarized in Table II).. These systems were
chosen because they are generically ergodic except for
some fine-tuned choices of parameters, each representing a
distinct mechanism of ergodicity breaking.
The quantum top is a simple system whose degrees of

freedom are defined by the components of a single angular
momentum operator Sα; α ¼ x; y; z, which we fix in a spin-
S representation. We then consider the following time-
dependent Hamiltonian

Ĥðωx;ωz; g; kÞ ¼ Ĥ0 þ
X∞
n¼−∞

δðt − nτÞĤk; (1)

where we have defined

Ĥ0 ¼ ωzŜz þ
g
S
Ŝ2z þ ωxŜx; Hk ¼

k
S
Ŝ2y: (2)

Ladder operators are defined as Ŝ� ¼ Ŝx � iŜy. We
couple the spin to a dissipative environment that polarizes
it in the negative-z direction. In Sec. V we show that the
corresponding Lindblad equation features three different
regimes: (i) quantum integrable with regular classical
limit; (ii) quantum chaotic with chaotic classical limit;

TABLE I. A summary of the different parameter regimes of the
driven-dissipative quantum top analyzed in Sec.V. TheHamiltonian
is defined in Eq. (1). Depending on the choice of the couplings
ωx;ωz; k, different dynamical regimes can be explored.

Driven-dissipative quantum top

Hamiltonian (autonomous/kicked) Ĥðωx;ωz; g; kÞ
Lindblad operator L̂ ¼ ffiffiffi

γ
p

Ŝ−
ωx ¼ k ¼ 0 Quantum and classically integrable

k ≠ 0 Quantum chaotic, classically chaotic
(see Figs. 2(b), 6(b))

ωx ≠ 0 Quantum chaotic, classically integrable
(see Figs. 2(c), 6(a))
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and (iii) quantum chaotic with regular orbits in the
classical limit.
We then turn to the many-body case and investigate the

effects of integrability and of the decoupling of the
BBGKY hierarchy on the intrinsic dimension by consid-
ering appropriate perturbations of the integrable XXZ
model with dephasing introduced in Ref. [30] and of
the fragmented model of Ref. [32]. The corresponding
Hamiltonian parts are particular cases of

ĤðJ1; J2;ΔÞ ¼
XL−1
j¼1

J1½σ̂xj σ̂xjþ1 þ σ̂yj σ̂
y
jþ1� þ Δ σ̂zjσ̂

z
jþ1

þ J2
XL−2
j¼1

ðσ̂xj σ̂xjþ1 þ σ̂yj σ̂
y
jþ1Þ; (3)

where σ̂αj ; α∈ fx; y; zg denote the Pauli matrices acting on
the site j∈ f1;…; Ng. The various Lindblad operators we
consider in Sec. VI are given in Table II.
Our results can be summarized as follows.
(i) For the quantum top, the intrinsic dimension of QT

discriminates between regular and chaotic regimes:
trajectories in integrable settings form effectively
one-dimensional manifolds, while chaos, either
induced by autonomous or time-dependent pertur-
bations, produces higher-dimensional structures
analogous to chaotic attractors. Notably, the intrin-
sic dimension agrees with the spectral signatures of
chaos in the regimewith a classical limit, suggesting
that the random matrix theory criterion should hold
even in absence of the quantum/classical correspon-
dence. As it will be discussed in the forthcoming
sections, the quantum top suffers from severe finite-
size corrections, due to the fact that the different
blocks of the Hilbert space grow polynomially
with S.

(ii) The spatially extended many-body systems in
Table II no longer give rise to one-dimensional
QT. However, the intrinsic dimension generally

exhibits a sharp minimum at integrable points in
parameter space, confirming that integrability struc-
turally suppresses the complexity of QT. In cases
where the BBGKY hierarchy decouples, similar
reductions are observed. The presence of strong
symmetries must be taken carefully into account,
since it can also affect the structure of QT through
the mechanism of dissipative freezing [100,101].

(iii) The observations summarized above appear to be
independent of the unraveling of the Lindblad
equation. More precisely, while the quantitative
value of the intrinsic dimension is unraveling-
dependent, we find that its qualitative behavior is
robust, with minima consistently identifying re-
gimes with constrained dynamics.

III. LINDBLAD DYNAMICS

The state of an open quantum system is characterized by
the density matrix ρ, and under the hypothesis of
Markovian dynamics, its time evolution is described by
the Lindblad equation [40,102,103]

dρ̂
dt

¼ Lρ̂; (4)

where

Lρ̂ ¼ −i½Ĥ; ρ̂� þ
X
α

�
L̂αρ̂L̂

†
α − 1

2
fL̂†

αL̂α; ρ̂g
�
: (5)

Here Ĥ is the Hamiltonian acting on the system degrees
of freedom, while the Lindblad (jump) operators L̂α

describe the effect of the environment. They are propor-
tional to

ffiffiffiffiffi
γα

p
, where γα ≥ 0 are the corresponding dis-

sipation rates [40]. The dynamics can be influenced by
structural properties such as integrability and the decou-
pling of correlation functions, that we review below.

TABLE II. The many-body case is represented by different variants of the XXZ Hamiltonian in the presence of next-neighboring
hopping and different instances of local and correlated dissipation. The four Models (A)–(D) represent different cases where ergodicity
is broken for different reasons (integrability, fragmentation) or because the BBGKY hierarchy decouples. Model D is integrable with
operator-space fragmentation for J1 ¼ Δ ¼ 0.

Quantum spin chains with local interactions and local coupling to the environment

XXZ Hamiltonian with next-nearest neighbor coupling ĤðJ1; J2;ΔÞ
Lindblad operators L̂ð0Þ

j ¼ ffiffiffiffiffi
γ0

p
σ̂zjL̂

ð1Þ
j ¼ ffiffiffiγ1

2

p ðσ̂j · σ̂jþ1 þ 1ÞL̂ð2Þ
j ¼ ffiffiffiffiffi

γ2
p

σ̂þj σ̂
−
jþ1L̂

ð3Þ
j ¼ ffiffiffiffiffi

γ2
p

σ̂−j σ̂þjþ1

Model (A) γ1 ¼ γ2 ¼ 0 Integrable with decoupled BBGKY hierarchy at J2 ¼ Δ ¼ 0 Figures 8(a), 8(b)

Model (B) J1 ¼ J2 ¼ 0; γ0 ¼ γ2 ¼ 0 BBGKY hierarchy does not decouple; Integrable for Δ ¼ 0 Figure 8(c)

Model (C) J2 ¼ Δ ¼ 0; γ1 ¼ 0 Dissipative freezing Figure 9

Model (D) J2 ¼ γ0 ¼ γ1 ¼ 0 Non-integrable; BBGKY hierarchy decouples for Δ ¼ 0; γ2 ¼ γ3; Figure 8(d)
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A. Dissipative integrability

Let us consider a one-dimensional spin chain with L
sites and Hilbert space H ≅ ðC2Þ⊗L that evolves under a
local Lindblad equation. It is convenient to employ the
standard “vectorization” map jiihjj → jiijji, whose out-
come is to represent the density matrix ρ̂∈EndðHÞ ≅
H� ⊗ H as a state vector jρ⟫∈H ⊗ H. In this represen-
tation, super-operators are represented by matrices on
H ⊗ H, which we denote using a check symbol. The
Lindblad equation then takes the form

d
dt

jρ⟫ ¼ Ľjρ⟫≡ ð−iȞþ ĎÞjρ⟫; (6)

where

Ȟ ¼ Ĥ ⊗ Î − Î ⊗ Ĥ�;

Ď ¼
X
α

�
L̂α ⊗ L̂�

α − 1

2
½L̂†

αL̂α ⊗ Îþ Î ⊗ ðL̂†
αL̂αÞ��

�
:

The Lindbladian Ľ can then be interpreted as a non-
Hermitian Hamiltonian of a system with doubled degrees
of freedom, in this case a 2-leg ladder [31], and a sufficient
condition for integrability is then that L̂ can be obtained
from a solution of the Yang-Baxter equation [22]. The
Lindblad structure of Ľ imposes constraints in addition to
integrability, but many examples have been identified in
recent years [30–34]. A different mechanism that can
significantly constrain Lindbladian dynamics is operator-
space fragmentation [32], which is the open quantum
system analog of Hilbert-space fragmentation [29]. In
fragmented models, there is a large number of subspaces
that are left invariant by the dynamics. In some cases the
projections of the Lindbladian onto these “fragments” can
be integrable [32,33].
An important difference between the quantum integra-

bility of Schrödinger and Lindblad equations arises from
their symmetries. In integrable models describing unitary
time evolution it is possible to construct an extensive set of
quasi-local operators that commute with the Hamiltonian
and one another. In integrable dissipative models one
instead obtains super-operators that commute with the
Lindbladian and one another. This condition identifies a
weak symmetry and is no longer sufficient to define
conservation laws: in this context the expectation values
of operators are preserved only by strong symmetries
defined by operators that commute separately with the
Hamiltonian and with all Lindblad operators [104,105].
The distinction between integrable and chaotic behav-

ior is typically reflected in its level-spacing distributions.
Having complex eigenvalues, the relevant spacings are
the distances sj ¼ jλj − λnnj j between each eigenvalue
λj and its nearest neighbor λnnj in the complex plane,
which are distributed according to generalizations of the

Poisson/Wigner-Dyson statistics of chaotic/integrable
Hamiltonians [54]. For an integrable Lindbladian, s is
distributed according to a 2d-Poisson process in the
complex plane

pð2DÞ
P ðsÞ ¼ πs

2
e−π

4s
2
: (7)

Even though pðsÞ ∝ s, there is no level repulsion in the
complex plane because the s is a Jacobian factor. Chaotic
Lindbladians instead have spacings distributed like those
of the eigenvalues of non-Hermitian random matrices.
These are described by the Ginibre ensemble

pGinUEðsÞ ¼
Y∞
k¼1

Γð1þ k; s2Þ
k!

X∞
j¼1

2s2jþ1e−s2

Γð1þ j; s2Þ ; (8)

where Γð1þ k; s2Þ ¼ Rþ∞
s2

tke−t is the incomplete Gamma
function. Expanding for s → 0 results in a pðsÞ ∼ s3 level
repulsion, which is independent of the symmetry class for
the three Ginibre ensembles GinOE, GinUE, GinSE,
unlike for the unitary ensembles GOE, GUE, GSE [54].
In practice, working with a single Lindbladian, the dis-
tribution of its eigenvalues is going to be dominated by
their density, which is highly model dependent, and it is the
distribution of the “unfolded” eigenvalues that should
follow the random matrix theory ensembles [106].
Unfolding amounts to removing the effect of the local
density from the spectra and is a standard procedure for
real eigenvalues, but it is more delicate in the complex
case. It is convenient to introduce the complex ratios

zj ¼
λj − λnnnj

λj − λnnj
¼ rjeiθj ; (9)

where λnnnj is the next-to-near neighbor of λj in the
complex plane. This removes the dependence on the local
density and implicitly unfolds the spectrum [63]. Under
the hypotheses of Poisson/Ginibre spectra, the distribution
of zj visibly changes, as the level repulsion results in a
suppression of the probabilities of finding zj close to the
origin of the plane and θ close to 0. An example of this
difference is shown in Fig. 2, where we apply this criterion
to identify regular and chaotic regimes of a dissipative
quantum top analyzed further in Sec. V. A simple quanti-
tative way to quantify the distinction is to calculate the
average cos θ, equal to 0 in the Poisson case, and cos θ ≈
−0.24 for the Ginibre ensemble.

B. Lindblad BBGKY hierarchy

Aparticularly simple class ofmodelswith operator-space
fragmentation is Lindblad equations with decoupled
BBGKY hierarchies for the equations of motion for corre-
lation functions. These exhibit significant simplifications in
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their dynamics, which are a priori not related to integra-
bility. Their structure is most easily explained by consid-
eringmodels of spinless fermions with creation annihilation
operators c†i ; cj that fulfill fc†i ; cjg ¼ δij. The expectation
value of a generic observable O evolves under the adjoint
Lindbladian

d
dt

hOi ¼ ih½H;O�i þ
X
α

�
hL†

αOLαi − 1

2
hfL†

αLα; Ogi
�
:

The operators On;m
fig;fjg ¼ c†i1…c†incj1…cjm form a basis

and obey a hierarchy of coupled equations of motion

d
dt

hOn;m
fig;fjgi ¼

X
fkg;flg

r;s

Kn;m
r;s ðfig; fjgjfkg; flgÞhOr;s

fkg;flgi;

where the specific expression of the kernel Kn;m
r;s can in

principle be derived by explicit substitution of On;m
fig;fjg into

the adjoint equation above. In general, exponentially many
terms in L can be generated. However, when the set of
jump operators is closed under conjugation, fL†

αg ¼ fLβg,
the dissipator can be written as a double commutator

d
dt

hOn;m
fig;fjgit ¼ ih½H;On;m

fig;fjg�it

− 1

2

X
α

h½L†
α; ½Lα; O

n;m
fig;fjg��it: (10)

If we assume that both the Hamiltonian and the jump
operators are quadratic in the fermionic operators, the
equations above preserve the number of fermions: an
operator can only mix with others carrying the same
number of fermion creation/annihilation operators, result-
ing in a decoupling of the hierarchy of correlation
functions [47]. This structural simplicity has been used
to obtain exact results in non-integrable Lindblad models
[48–51], and it is natural to ask whether an appropriate
measure of complexity could serve as a witness of this
dynamical simplification.

IV. QUANTUM TRAJECTORIES AND THEIR
INTRINSIC DIMENSION

Open quantum systems can be described by unraveling
their master equation into QT. This entails defining a
stochastic evolution on the Hilbert space, in such a way
that averaging over the realizations of the stochastic
process recovers the dynamics of the density matrix. A
single realization of the stochastic evolution is called a
quantum trajectory. Unraveling has been proven to be a
very useful numerical tool for the integration of Lindblad
equations and is also experimentally relevant, since it
accounts for the the dynamics of quantum systems subject
to monitoring [71–73]. Physical properties of QT have

recently attracted attention, fueling studies for instance on
their thermodynamics [107–110] and on measurement-
induced phase transitions [111–113]. The asymptotic
structure of quantum trajectories has also been recently
studied [114,115]. The aim of this paper is to investigate
whether QT inherit any property from the dynamical
structure of the associated Lindbladian. In particular, we
will analyze their complexity as quantified by their
intrinsic dimension. Such a correlation is not a priori
expected for integrable Lindblad equations, because weak
symmetries do not typically imply the existence of con-
servation laws that constrain QT [100,105].
There is an infinite number of ways to unravel the

Lindblad equation. Below we discuss the quantum jump
unraveling and the corresponding trajectories. Afterward
we will explain their data set representations and introduce
the intrinsic dimension as a measure to quantify their
complexity.

A. Quantum jumps

Quantum jump unravelings arise experimentally, for
example, from photon-counting processes: the system is
coupled to a monitoring apparatus and evolves determin-
istically until the detector measures a photon that was
entangled with the system, inducing a sudden collapse of
its wavefunction called quantum jump [72]. The jump
occurs at random times, and the dynamics is described by
the stochastic process illustrated below (consider for
simplicity an initial pure state jψ0i). For each time incre-
ment dt, the wavefunction evolves as jψ ti → jψ tþdti, with

jψ tþdti¼
8<
:

Lαjψ ti
kLαjψ tik with probability pα

e−idtHeff jψ ti
ke−idtHeff jψ tik with probability p0

: (11)

In Eq. (11), pα ¼ dthψ tjL†
αLαjψ ti, p0 ¼ 1 −P

α pα,
and the non-Hermitian Hamiltonian Heff ¼ H − 1

2P
α L

†
αLα.

The non-Hermitian term in Heff ensures the conserva-
tion of probability in the evolution. Each realization of the
stochastic process is characterized by the sequence n≡
fðt1;α1Þ; ðt2; α2Þ; � � � ; ðtn; αnÞ; � � �g with ti ∈ ½0; T�. The
mean state is defined as the average over all possible
QTs ρt ≡ En½jψ tinnhψ tj�. It is straightforward to show
that ρt evolves according to the Lindblad equation in
Eq. (4). While averages of observables can be equivalently
computed through QTs or the Lindblad evolution, non-
linear functionals of the state, such as higher moments
En½ðjψ tinnhψ tjÞk�, are not predicted by the Lindblad
equations, indicating that QT actually encode more infor-
mation than the Lindblad equation. The intrinsic dimen-
sion defined in the next subsection, the key quantity for our
characterization of the complexity of QTs, is a non-linear
function of the state.
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B. Intrinsic dimension

The intrinsic dimension Id is a quantifier of the minimal
number of independent parameters that are necessary to
characterize a given data set without significant loss of
information. An abstract data set can be represented by a
sequence of vectors fxigi¼1…N , where xi ∈RD and D is
called the embedding dimension. The embedding dimen-
sion depends on how data points are represented: a sub-
optimal encoding of the information contained in the
points would result in an inefficient representation. As a
result of correlations, data points are often restricted to a
submanifold of RD, and the intrinsic dimension is defined
as the dimensionality of this submanifold. This is a typical
property of complex data sets: an example in Physics is
that while ground states of many-body quantum systems
are mathematically represented as vectors in a high-
dimensional Hilbert space, they often allow for com-
pressed representations exploiting their entanglement
structure.
The estimation of Id is an active field of research, and

there are many approaches to it, each with its own
advantages and disadvantages [78]. The definition given
above is not practical, since the embedding manifold is
a priori unknown and the Id must be inferred from the
correlations of a discrete set of points. The correlation
dimension introduced by Grassberger and Procaccia for
fractals [116] is a suitable estimator, but suffers from a
density dependence problem. Other relevant approaches
involve principal component analysis (PCA), multi-dimen-
sional scaling (MDS) methods, neural networks [117–
121]. We focus on the 2-NN method, which estimates Id
using the distances to the first and second nearest neigh-
bors of each data point. We briefly describe the algorithm,
referring the reader to the original paper for a more
detailed discussion [85]. Given a distance function d on
the embedding space, for each data point xi one calculates
the distance to its nearest neighbor rnni ¼ dðxi; xnni Þ and to
its next-to-nearest neighbor rnnni ¼ dðxi; xnnni Þ. One then
defines the ratio μi ¼ rnnni =rnni ≥ 1, which removes the
influence of different densities in distinct regions of the
data set. Assuming that the neighbors reside in a small ball
with dimension Id ≤ D where points are uniformly dis-
tributed (formally from an Id-dimensional Poisson proc-
ess), the ratios μ follow a Pareto distribution pðμÞ ¼
Id μ−Id−1. Its cumulative distribution function Fðμ̄Þ≡
probf1 ≤ μ ≤ μ̄g satisfies

− log½1 − FðμÞ� ¼ Id log μ; (12)

which implies that Id can be estimated from a simple linear
regression of fðlog μi;− log½1 − F̂ðμiÞ�Þgi¼1…N , where F̂
is the empirical cumulative distribution function. The
assumption of uniformity is important, but mild, because
the data set only needs to be locally uniform on the scale of
nearest neighbors. In practice, one can check that this

hypothesis is satisfied from the accuracy of the linear fit
described above: real data sets typically show some minor
deviations, and the regression is then performed over the
linear region [85].
An important fact to note is that Id is scale dependent.

This behavior can be easily explained by looking at toy
examples. Consider a simple data set embedded in R2

constructed by sampling points from a 1d curve and adding
some Gaussian noise, cf. Fig. 1. On short scales the noise
spreads the data points in the plane, resulting in a two-
dimensional data set. However, on scales that are large
compared to the variance of the noise the underlying curve
emerges. The scale that the 2-NN method probes can be
quantified by the typical nearest-neighbor distance
r̄ ¼ 1=2 · rnn þ rnnn, where the bar denotes the average
over the data set. In the previous example Id ¼ Idðr̄Þ
would be a decreasing function, but the opposite behavior
is also possible. For example, the data set obtained by
sampling points from a space filling curve such as the
Hilbert curve would appear two-dimensional if the points
are not too dense, while on shorter scales the underlying
one-dimensional structure becomes evident. In general,
studying the scale dependence of Id provides complemen-
tary information on the data manifold [85,122–124].

C. Quantum trajectories as data sets

We start from a fixed, randomly chosen initial pure state
jψ0i. Given a set of N QT jψ tini

; i ¼ 1;…; N at least two
meaningful intrinsic dimensions could be considered. The
first is the Id of individual QT. Every trajectory is a
piecewise continuous curve (with discontinuities possibly
arising at jump times), therefore intrinsically one dimen-
sional. However, akin to what happens with classical
dynamical systems and chaotic attractors, one-dimensional
trajectories can be space filling and cover a higher-dimen-
sional portion of the Hilbert space, as we will show in
Sec. V. In this case, the data set associated to the i-th
trajectory is Di ≡ fjψ0i; jψdtini

; jψ2dtini
; � � �g, up to a

final time that is long enough to stabilize the result.

FIG. 1. Illustration of the scale dependence of the intrinsic
dimension. If the nearest neighbors lie at a distance comparable
to the scale of local noise, the structure appears two-dimensional.
Only at an appropriately large scale the underlying curve
emerges.
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To perform the analysis described in Sec. IV B, we have
to store the information contained in wavefunctions—
naturally living in a complex Hilbert space H—in real
vectors. For most of this work, we choose to do so by
separating the real and imaginary parts of each of their
components; as a consequence, the embedding space that
we employ is RD;D ¼ 2 dimH. Other possibilities exist:
for instance one could represent the quantum state by
storing expectation values of Hermitian observables.
Indeed, this is what we will employ in Fig. 4, where we
consider individual trajectories represented only by few
expectation values, in order to build an intuition.
The rest of our analysis will be dedicated to the intrinsic

dimension of the entire set of trajectories as a function of
time: at a given time t, different QT reach different points
spread out in the Hilbert space, and we estimate the
dimensionality of the structure they are covering. To
estimate Id at a time t we consider the data set

Dt ≡ fjψ tin1
; jψ tin2

; � � � ; jψ tinN
g (13)

and the nearest neighbors are classified according to the
Euclidean distance of the normalized wavefunctions

dðψ;ϕÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kjψi − jϕik2

q
: (14)

We then compute IdðtÞ ¼ Id½Dt� at several times t in
order to observe the evolution of the complexity of QT.
The advantages of this approach are twofold. First, it
provides us with a single, time-dependent measure of
complexity that is not associated with individual trajecto-
ries. Second, the points used to construct the data sets are
uncorrelated in time, which removes the influence of the
underlying one-dimensional structure of individual trajec-
tories. This results in a more direct applicability of the
Pareto assumption. A disadvantage of this approach is its
higher computational cost, which arises because the

calculation of Id cannot be run in parallel for every
individual trajectory. In Appendix B we compare the
results obtained from the two methods.
Finally, note that the Euclidean distance in Eq. (13) is a

convenient computational choice, but it is not necessarily
unique. For data points sampled from a smooth finite-
dimensional manifold, local intrinsic-dimension estimates
are expected to be invariant under changes of Riemannian
metric unless the data set is too sparse or noisy, since such
distances are locally equivalent and preserve the volume
scaling of small metric balls [87]. Another natural alter-
native that requires a further comment would be the Bures
distance, because it acts on rays in the projective Hilbert
space and not on wavefunction representatives. We have
checked that our results are robust under this metric
choice [125]

V. DRIVEN-DISSIPATIVE QUANTUM TOP

A prototypical model of quantum chaos is the kicked
top, which has been extensively studied in the context of
closed, unitary systems (e.g. [58,126–133]). The effects of
dissipation on spectral statistics were investigated in [54].
We begin our analysis revisiting the results of Ref. [54] and
extending them to a case where chaotic dynamics emerges
purely from quantum fluctuations. We start by recalling the
form of the Hamiltonian, cf. Eq. (1)

Ĥðωz; g;ωx; kÞ ¼ Ĥ0 þ
X∞
n¼−∞

δðt − nτÞĤk;

with Ĥ0 ¼ ωzŜz þ ðg=SÞŜ2z þ ωxŜx and Ĥk ¼ ðk=SÞŜ2y .
The top is subject to a periodic driving, chosen for

simplicity as impulsive kicks at times t ¼ nτ. It is well-
known that the top can be viewed as a model of many spins
undergoing infinite-range collective processes by identi-
fying the operators Ŝα with the components of the total

(a) (b) (c)

FIG. 2. Complex ratios of the GHS kicked top with parameters S ¼ 80;ωz ¼ 4; g ¼ 5, in the regular and chaotic regimes: (a)
ωx ¼ 0; k ¼ 0; γ ¼ 0.2 (integrable); (b) ωx ¼ 0; k ¼ 4; γ ¼ 4 (with kicks); (c) for ωx ¼ 2; k ¼ 0; γ ¼ 2. The level repulsion is well
captured by the angular distributions, having (a) cos θ ¼ 0.001, (b) cos θ ¼ −0.23, (c) cos θ ¼ −0.24.
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angular momentum operator of N ¼ 2S individual spins
1/2. In this case the 1=S scaling with the total spin is the
Kac factor of the associated long-range model [134].
Thanks to this representation the model can experimentally
realized for instance with cold atoms [129] or super-
conducting qubits [130]. In the large-S limit, the spectral
statistics of the Hamiltonian in Eq. (1) exhibits a crossover
from Poisson to Wigner-Dyson as the kick strength k is
increased, which is a signature of unitary quantum chaos
[58]. Another important property is that the quantum top
becomes semiclassical when the spin S is large, cf.
Appendix A. In this limit, 1=S acts as an effective
Planck’s constant that bounds quantum fluctuations. In
agreement with the BGS conjecture, the presence of chaos
signaled by the spectral statistics mirrors the emergence of
chaos in the limiting classical model, whose phase space
displays growing chaotic regions in presence of driv-
ing [53,106].
We now introduce dissipation through a jump operator

L̂ ¼ ffiffiffi
γ

p
Ŝ−. This gives rise to the Lindblad equation

dρ̂
dt

¼ −i½Ĥ; ρ̂� þ γ

S

�
Ŝ−ρ̂Ŝþ − 1

2
fŜþŜ−; ρ̂g

�
: (15)

Both the Hamiltonian and the dissipator commute with
the total angular momentum Ŝ2 ¼ Ŝ2x þ Ŝ2y þ Ŝ2z , which
therefore defines a strong symmetry, and the dynamics
takes place in a subspace with conserved spin. The
presence of dissipative chaos can be detected by analyzing
the spectrum of the Lindblad generator, as discussed in
Sec. III A. For a Floquet model like Eq. (1), one studies the
eigenvalues of the stroboscopic time-evolution operator.
Vectorizing the Eq. (15) leads to

Ľ≡ Ľ0 þ
X∞
n¼−∞

δðt − nτÞĽk; (16)

where Ľ0 ¼ −iȞ0 þ Ď includes the time-independent part
of the Hamiltonian and the dissipator, while Ľk ¼ −iȞk

only the kicks. Defining jρðtþ τÞ⟫ ¼ F̂ τjρðtÞ⟫, the evo-
lution operator for a single period is

F̂ τ ¼ eτL̂0eL̂k ¼ eτðD̂−iĤ0Þe−iĤk : (17)

We focus on two scenarios:
(i) We fix ωx ¼ 0 and vary the kick strength k.
(ii) We set k ¼ 0 and tune ωx.
The corresponding distributions of the complex ratios

defined in Eq. (9) are reported in Fig. 2. When k ¼ 0 and
ωx ¼ 0 the model is integrable [59] and correspondingly
shows signatures of 2d-Poisson statistics, cf. Fig. 2(a).
Adding kicks leads to chaotic behavior and complex ratio
distributions described by the Ginibre ensemble, cf.
Figs. 2(b) and 2(c). This was first studied in Ref. [65],

where the Poisson-to-Ginibre crossover, on increasing S,
was associated with the emergence of chaos as the kick
strength k is increased.
Including ωx makes the model quantum chaotic without

introducing chaos in its classical limit [135]. As we
describe in the Appendix A, the classical limit of
Eq. (15) is a dynamical system on the 2-sphere, and, in
absence of kicks, chaos is topologically forbidden by the
Poincaré-Bendixson theorem. Only the inclusion of a
driving term can generate chaotic orbits [69,70]. The
corresponding distribution of the eigenvalues shows sig-
natures of chaos, even when the behavior of the classical
limit remains regular, therefore providing an exception to
the GHS conjecture. We include in Fig. 3 the radial and
angular distributions to further support our claims. This
result also implies that a direct quantum analog of the
Poincaré-Bendixson theorem does not exist. Our obser-
vations are corroborated by recent literature [56,57], which

(a)

(b)

FIG. 3. (a) Radial and (b) angular distributions corresponding
to Fig. 2(c), showing the convergence of the complex ratios to
chaotic spectral statistics. The reference distributions are ob-
tained by sampling 200N × N random matrices with size
N ¼ 10000 from the Ginibre ensemble.
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support the idea that in open systems quantum chaos can
arise even in the absence of its classical counterpart.
Before calculating the intrinsic dimension, it is instruc-

tive to consider the trajectories on the 3d space spanned by
the expectation values hŜαi; α ¼ x; y; z evaluated in a
single QT, as shown in Fig. 4. For parameter values
corresponding to integrable Lindblad equations the under-
lying one-dimensional structure of these trajectories is
evident. For values of t between consecutive quantum
jumps the discrete points hSαit are aligned along a curve,
even though there are random discontinuities introduced
by the jumps. When quantum chaos is present according to
the complex level-spacing analysis, the trajectories appear
to “fold upon themselves” and the time series of hSαit fills
a region of higher dimensionality of the space.
Remarkably, this feature is present when chaos is intro-
duced by kicks as well as and when H is kept time-
independent, in agreement with the spectral statistics but
not with the classical limit. Counterexamples to the GHS
conjecture have been employed in the literature to question
the validity of the level-spacing statistics criterion for
dissipative chaos [57]. Our results instead support the
picture arrived at by means of the level-spacing statistics
analysis, indicating that it is the quantum-classical corre-
spondence that fails in this regime. This happens because

the regular classical dynamics can describe the model at
finite S only up to some time scale analogous to the
Ehrenfest time. Beyond that, theOð1=SÞ fluctuations bring
the state in a fully quantum regime, where the complete
spectrum has a significant influence on the dynamics.
The expectation values hŜαit only provide a small part of

the information encoded in the QT. To understand whether
the structure of chaotic trajectories is intrinsically higher-
dimensional we have to consider the data set formed by
the full QT jψðtÞi∈H. As wave functions in a high-
dimensional Hilbert space cannot be easily visualized we
focus on calculating the intrinsic dimension. As discussed
in Sec. IV C, we calculate Id as a function of time using the
data sets Dt ≡ fjψ tin1

; jψ tin2
; � � � ; jψ tinN

g, consisting of
the states of each of the N trajectories at the same time t.
The results are shown in Fig. 6. As we have seen in Fig. 4,
at early times trajectories spread over the Hilbert space
along independent directions. This corresponds to the
initial large-IdðtÞ regime in Fig. 5. At later times, the
trajectories get trapped in a complex subset of H, that
could be interpreted as an attractor. At any sufficiently late
time t, the points fjψ tini

g are randomly drawn from this
subset, implying that we can obtain an estimate of the
dimensionality of the attractor as a late-time average

(a) (b) (c)

(d) (e)

FIG. 4. Chaotic behavior of the dissipative quantum top as seen from individual QT. We plot two QT of the model given by Eq. (15)
with ωz ¼ 1; g ¼ 5; k ¼ 0, considering in (a), (b) ωx ¼ 0, in (c), (d) ωx ¼ 3 and in (e) ωx ¼ 5. Even if trajectories are always perturbed
by stochastic effects, the local structure between consecutive quantum jumps is one-dimensional in the integrable case (a). The
subfigure (d) is a zoom on the spiraling region at the end of the trajectories in (a), showing that different trajectories are attracted toward
the same one-dimensional region. Increasing ωx, a transient chaotic region starts to appear, where the trajectories get trapped before
escaping to another long-time attractor. As shown in (e), this structure is not one-dimensional, in contrast to the integrable case. For
sufficiently large values of ωx, the chaotic attractor takes over, as we depict in (e). The appearance of initially small chaotic regions that
become dominant increasing the integrability-breaking coupling is reminiscent of what happens in the classical systems, where chaotic
trajectories take over the phase space.
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Id ¼
1

jT − t̄j
Z

T

t̄
Id½Dt� dt; (18)

where Id½Dt� is estimated from Eq. (12) and t̄ is the time at
which its values become stationary. In Fig. 6 we show the
results for Id as functions of ωx and k. The results
corroborate the intuitive picture suggested by the time
evolution of the expectation values hŜαi: close to the
integrable point we estimate Id ≈ 1 and the intrinsic
dimension increases as we increase integrability-breaking
couplings, meaning that individual QT describe a data
manifold with increasing complexity. Including in the
model further dissipation channels induced by Ŝþ or Ŝz
would not break integrability [59], and the associated QT
remain one dimensional. Also the fluctuations, measured
by the standard deviation of the late-time values of Id, are
very small when the model is integrable.
Despite the fact that at the integrable point the intrinsic

dimension is minimal, its growth is rather smooth on
increasing the integrability-breaking term. This should be
contrasted with the many-body case discussed in the next
section, where the separation between integrable and
chaotic regimes is sharper. We expect that in this case,
due to the linear increase of Hilbert space dimension with
S, finite-size effects are more severe and one should go to
larger S to see a sharpening of the curves around the
integrable point. This motivated the finite-size analysis
shown in Fig. 7. Increasing S enlarges the embedding
space, whose real dimension is D ¼ 4Sþ 2. Within the
range of values considered, however, the dependence of Id
on S remains weak on the scale of the plotted values. At the

integrable point ωx ¼ 0; k ¼ 0, one obtains Id ≃ 1 inde-
pendently of the value of the spin, while at finite
integrability-breaking coupling the curves show only mild
increases or decreases depending on the parameter choice.
The available data therefore do not allow us to extract a
reliable asymptotic extrapolation.
Finally, in the autonomous case the immediate vicinity

of ωx ¼ 0 requires an additional comment, because at
finite S, we observe a shallow interval in which Id remains
close to its minimum value. As discussed in Sec. V, we
expect only ωx ¼ 0 to be integrable, but we have no
statistical evidence of quantum signature of chaos in the
spectra for small values of ωx, as spectral distributions are
known to exhibit finite-size crossovers in the vicinity of
integrable points [136]. A similar crossover, possibly
enhanced by the regular semiclassical limit, may be
affecting the intrinsic dimension as well. Consequently,
the finite-size data do not allow us to rule out residual
integrable effects for sufficiently small nonzero ωx, even
though the minimum of Id occurs at the expected point.
The values of Id show a tiny variation with the number of
trajectories, especially at non-integrable points. This is an
effect of the scale dependence of the intrinsic dimension,
that we study in detail in Appendix C. Calculating the Id
along single trajectories gives results consistent with the
above analysis, as discussed Appendix B.

VI. QUANTUM SPIN CHAINSWITH DISSIPATION

We now turn to the case of genuine many-body models
using variations of the spin-1/2 Heisenberg XXZ chain
with dissipation as our testing ground. This will allow us to
study the effects of quantum integrability, the decoupling
of the open-system analog of the BBGKY hierarchy for
correlation functions and strong symmetries on the intrin-
sic dimension of QT.

A. Models

We start by recalling the models introduced in Table II.
The many-body models we consider in the following are
summarized in Table II. Their unitary terms are particular
cases of the spin-1/2 Hamiltonian in Eq. (3)

ĤðJ1; J2;ΔÞ ¼
XL−1
j¼1

J1½σ̂xj σ̂xjþ1 þ σ̂yj σ̂
y
jþ1� þ Δ σ̂zjσ̂

z
jþ1

þ J2
XL−2
j¼1

ðσ̂xj σ̂xjþ1 þ σ̂yj σ̂
y
jþ1Þ:

(19)

For J2 ¼ 0 this reduces to the integrable spin-1/2
Heisenberg XXZ chain. The Lindblad equations are
chosen by combining (19) with specific choices of jump
operators:

FIG. 5. Time evolution of the intrinsic dimension for the
dissipative top with ωz ¼ 1; g ¼ 5;ωx ¼ 4.0; k ¼ 0 and γ ¼ 2,
S ¼ 30. The value of IdðtÞ is estimated using different numbers
of trajectories, encoding now the scale dependence of Id. With a
larger N, the points are on average closer to each other and probe
a finer scale of the data set, resulting in increasing values like for
the Id calculated along individual trajectories.
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(i) Model A: Local dephasing

L̂ð0Þ
j ¼ ffiffiffiffiffi

γ0
p

σ̂zj: (20)

The resulting Lindblad equation is non-integrable
as can be verified by a spectral statistics analysis
[60,63], except at the special point Δ ¼ 0 and
J2 ¼ 0. Yang-Baxter integrability at ðΔ; J2Þ ¼
ð0; 0Þ has been proven by constructing the vector-
ized representation of the Lindbladian, which be-
comes a non-Hermitian, integrable Fermi-Hubbard
model with imaginary interaction proportional to
iγ0 [30]. At the integrable point ðΔ; J2Þ ¼ ð0; 0Þ the
model features a decoupled BBGKY hierarchy as
well. Tuning J2 away from zero retains this feature,
while breaking integrability.

(ii) Model B: J1 ¼ J2 ¼ 0 and jump operators

L̂ð1Þ
j ¼

ffiffiffiffiffi
γ1

p
2

ðσ̂j · σ̂jþ1 þ 1Þ; (21)

where σ̂ ¼ ðσ̂x; σ̂y; σ̂zÞ. The purely dissipative
modelΔ ¼ 0 is known to be Yang-Baxter integrable
[31], while Δ ≠ 0 breaks integrability.

(iii) Model C: J2 ¼ Δ ¼ 0 and

L̂ð0Þ
j ¼ ffiffiffiffiffi

γ0
p

σ̂zj

L̂ð2Þ
j ¼ ffiffiffiffiffi

γ2
p

σ̂þj σ̂
−
jþ1

L̂ð3Þ
j ¼ ffiffiffiffiffi

γ3
p

σ̂−j σ̂þjþ1; (22)

This is relevant because, as we will see, changing
the dissipator can have subtle effects related to a
strong symmetry.

(iv) Model D: J2 ¼ Δ ¼ 0 and

Lð2Þ
j ¼ ffiffiffiffiffi

γ2
p

σ̂þj σ̂
−
jþ1 ¼ ðLð3Þ

j Þ†: (23)

This corresponds to a generalization of the
Quantum Symmetric Simple Exclusion Process
[32,137,138], which is known to exhibit a de-
coupled BBGKY hierarchy [51].

B. Results

The picture that emerged in Sec. V is that the
integrable points of the dissipative quantum top are
characterized by an intrinsic dimension Id ≈ 1, which
increases as chaotic behavior sets in. We now examine
how these findings extend to more general settings,
separating the discussion of the effects of integrability

(a) (b)

FIG. 6. Late-time average of IdðtÞ for the dissipative top with ωz ¼ 1; g ¼ 5; γ ¼ 2 and S ¼ 30, varying respectively ωx and k in (a),
(b). The error bars shown represent the standard deviation of IdðtÞ for late times. The integrable point of the quantum top is associated
to one-dimensional trajectories; when chaos is present the Id increases in a model dependent manner.

FIG. 7. Dependence of the Id of the autonomous quantum top
on the Hilbert-space dimension through the total spin size.
Different colors correspond to different values of the integra-
bility-breaking coupling.
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from those arising from the decoupling of correlation
functions and dissipative freezing.

1. Signatures of integrability

We start from the XXZ chain subject to dephasing
(Model (A)). QT are generated starting from a fixed
random state, and we calculate the intrinsic dimensions
as a function of time. The initial transient is generally
faster and more difficult to access than in the single-body
case, and IdðtÞ fluctuates almost immediately around its
late-time value. As shown in Fig. 8, the late-time average
of the intrinsic dimension clearly indicates the presence of
a quantum integrable point as the point of minimal
complexity. We have investigated the evolution of Id to
switching on either an exchange anisotropy Δ or a next-
nearest-neighbor hopping J2, which respectively break the
integrability of only the Lindbladian, and of both the
Lindbladian and its Hamiltonian part. Both perturbations

quickly drive Id to a constant larger value characteristic of
the non-integrable regime. Note that this value is unaltered
when Δ and J2 are both switched on, indicating that Id
does not simply react to any insertion of a new operator
generating the dynamics.
This example of the XXZ chain highlights the impor-

tance of calculating the intrinsic dimension on the Hilbert
space rather than focusing on a small number of expect-
ation values along QT, cf. Fig. 4. The results shown in
Fig. 8 are obtained for a short chain with L ¼ 8 sites. The
intrinsic dimension at the integrable point is Id ≈ 50,
which is much smaller than the embedding dimension
D ¼ 29, but still too large to be captured visually in a
simple way. To fully exhibit the drop in complexity of QT
by analyzing expectation values would require the iden-
tification of approximately 50 appropriately chosen oper-
ators, which is a highly nontrivial task in models without a
simple classical limit.

(a) (b)

(c) (d)

FIG. 8. Stationary intrinsic dimension Id obtained by averaging over N QT at late times for the many-body models described in
Table II: (a) Model Awith J1 ¼ 1; γ0 ¼ 1 for L ¼ 8, as a function of Δ, with J2 ¼ 0. For Δ ¼ 0 the Lindblad equation is Yang-Baxter
integrable. (b) Model A with J1 ¼ 1; γ0 ¼ 1 for L ¼ 8, as a function of J2, with fixed Δ ¼ 0.0; 1.0 and computed for N ¼ 800. For
Δ ¼ 0 ¼ J2 the Lindblad equation is Yang-Baxter integrable. (c) Model B with γ1 ¼ 1. ForΔ ¼ 0 the model is Yang-Baxter integrable.
(d) Model D with γ2 ¼ 1 from a state with fixed spin. For Δ ¼ 0 the BBGKY hierarchy decouples.
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In this case, increasing the length of the chain results in
a larger embedding space with dimension D ¼ 2Lþ1, and,
as reported in Fig. 10, the intrinsic dimension correspond-
ingly increases exponentially for all values of Δ, showing
no significant differences in the scaling law between
integrable and non-integrable points.
The effects shown in Figs. 8(a) and 8(b) could have their

origin in integrability or BBGKY decoupling, since the
correlation functions also decouple at Δ ¼ 0; J2 ¼ 0. To
separate the effects of integrability and BBGKY decou-
pling we consider Model (B), which exhibits an integrable
point with coupled hierarchy of correlation functions. In
Fig. 8(c) we show the results for Id as a function of the
anisotropy parameterΔ. We see that Id drops sharply at the
integrable point Δ ¼ 0. In contrast to the quantum top, at
these integrable points Id is significantly larger than 1.
This is expected, because in many-particle systems quan-
tum integrability imposes only an extensive number of
local constraints on the dynamics.

2. Signatures of decoupling and dissipative freezing

What we have observed so far does not exclude the
possibility that the BBGKY decoupling by itself could
affect the complexity of QT. Before specifically addressing
this question, we gradually turn on the dissipator in
Eq. (23) from the integrable XX chain with Δ ¼ 0; J2 ¼
0 already subject to dephasing (Model (C)). As reported in
Fig. 9, starting from a random state, we observe that
adding a finite γ2 > 0 sharply decreases the intrinsic
dimension. At a first glance this result seems challenging
to interpret, as γ2 is an integrability-breaking coupling.
This is caused by another effect that reduces the complex-
ity of QT, which had been called dissipative freezing
[100,101]. This model has a strong Uð1Þ symmetry
generated by the total magnetization Ŝz ¼ 1

2

P
L
j¼1 σ̂

z
j,

commuting separately with Hamiltonian and jump oper-
ators. Strong symmetries are associated with conservation
laws on average and preserving tr½ρ̂Q̂� for some charge Q
is not sufficient to enforce the conservation law along
individual trajectories. After a quantum jump induced by
an operator L̂, one has

hQ̂it → hQ̂itþdt ¼
hψ tjL̂†Q̂L̂jψ ti
hψ tjL̂†L̂jψ ti

and ½L̂; Q̂� ¼ 0 is not sufficient in general to preserve the
expectation values. Nevertheless, if jψ ti is an eigenstate
of Q with eigenvalue q one obviously obtains hQit ¼
q ¼ hQitþdt, and analogously for the deterministic term. If
a stochastic trajectory happens to hit an eigenstate, the
dynamics gets trapped in the eigenspace and expectation
values become frozen. While this may seem unlikely, it is
actually expected to happen under generic conditions
[100,101]. Instead, the strong symmetry condition together
with ðσ̂zÞ2 ¼ I implies that dephasing quantum jumps are
unable to modify the expectation values even if the state

(a) (b)

FIG. 9. Dissipative freezing mechanics as seen by: (a) the intrinsic dimension; (b) the expectation values of the charge.

(a) (b)

FIG. 10. Dependence of the Id of the XXZ chain with
dephasing (Model (A)) on the Hilbert-space dimension through
the chain length L (note the logarithmic scale). (a) Different
colors correspond to different anisotropies Δ; non-integrable
values are superimposed. (b) Ratio between the integrable and
non-integrable values, signaling a slight deepening of the
minimum as the sizes increase.
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belongs to a superposition of eigenspaces. Adding γ2 > 0
triggers the dissipative freezing, which becomes the main
phenomenon witnessed by the intrinsic dimension, there-
fore hiding the effect of the BBGKY decoupling. To
remove this spurious albeit interesting effect, we consider
an initial state with fixed spin. We note that in the previous
models we have considered this would only rescale all
dimensionalities, since the dynamics becomes constrained
in an eigenspace.
This brings us Model (D), with nearest-neighbor terms

in the Hamiltonian and dissipation induced only by
Eq. (23). As shown in Fig. 8, Id detects again the point
with structurally simplified for dynamics with a local
minimum at Δ ¼ 0, where the model exhibits a decoupled
BBGKY hierarchy. We conclude that the intrinsic dimen-
sion of QT is able to witness the complexity of Lindblad
dynamics, regardless of the mechanism driving the poten-
tial simplification.

VII. DEPENDENCE ON THE UNRAVELING

So far we have focused on the intrinsic dimension of
quantum jump trajectories. Any Lindblad equation has
infinitely many unravelings, it is therefore important to
check whether our findings are a special property of
quantum jumps, or if they are robust under modifications
of the stochastic process. Consider the transformation

L̂α → L̂α þ lα; (24a)

Ĥ → Ĥ − i
2

X
α

γαðl�
αL̂α − lαL̂

†
αÞ þ r; (24b)

where la ∈C and r∈R. This is a symmetry of the
Lindblad equation Eq. (4), and the evolution of the mean
state ρ is unaffected by the transformation. However, the
stochastic processes defined by the quantum jump protocol
over Eq. (24) are different, providing infinite unravelings
of the same Lindblad equation. Other unravelings exist,
such as homodyne or heterodyne QT (see Refs. [72,73]).
We focus on Eq. (24) because the parameters la; r allow us
to continuously deform the unraveling.
In Fig. 11 we show the intrinsic dimension for different

unravelings for the quantum top and the XXZ chain with
dephasing. For simplicity we have kept r ¼ 0 and for the
spin chain the unraveling has been modified considering
lj ¼ l equal at all sites. We see that the values of Id are in
general unraveling-dependent, but for all cases considered
the integrable point has always remained the point with
minimal intrinsic dimension. Varying l for the quantum
top results in approximately constant intrinsic dimensions
as long as the dynamics is chaotic. At the integrable point
Id increases with l, while the overall range of variation of
Id withωx decreases. The behavior for the dissipative XXZ
chain shows some interesting differences. Taking l ≠ 0
increases the values of Id, but varying l ≠ does not induce
appreciable variations on the intrinsic dimensions. We also
considered the quantum state diffusion unraveling [139].
In this case, however, the Pareto assumption underlying
the 2NN estimator appeared to break down. Since our
analysis is numerical, a systematic exploration of all
possible unravelings is beyond the scope of the present
work; we therefore leave a more detailed investigation of
alternative unravelings to future studies. Nevertheless, in
all scenarios analyzed here, the integrable point in param-
eter space is reliably identified by a minimum of Id.

(a) (b)

FIG. 11. Intrinsic dimension of quantum trajectories generated by different unravelings. The Id is always calculated at fixed times. In
(a) we consider the quantum top of Eq. (15) where integrability is broken by ωx > 0, and for simplicity we have taken l real. The
results for the XXZ chain with dephasing defined are presented in (b), where we have chosen instead an imaginary l, because it resulted
in a cleaner Pareto distributions.
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VIII. CONCLUSIONS

In this work we have investigated how the complexity of
Lindblad dynamics is reflected in the structure of the
corresponding quantum trajectories by determining their
intrinsic dimension. While the ensemble-averaged
Lindblad dynamics rapidly converges to a steady state
which does not retain any memory of the spectral structure
of the Lindbladian, the trajectories are not stationary and in
general occupy lower dimensional subsets of the Hilbert
space. The dimensionality of these structures reflects the
complexity of the underlying Lindbladian and shows
signatures of properties that impose constraints on the
dynamics such as integrability or the decoupling of the
BBGKY hierarchy. It is not a priori expected that such
constraints have an immediate effect on the dynamics of
QT because they are not associated with conservation
laws. Our work establishes that these constraints impose
correlations between trajectories which have the effect of
reducing their complexity.
Considering the quantum jump unraveling, the inte-

grable points of the dissipative quantum top are charac-
terized by an intrinsic dimension of quantum trajectories
equal to one, that increases in presence of perturbations
that drive the model toward ergodic dynamics. The
dependence of the intrinsic dimension on the model
parameters mirrors that of spectral-statistic indicators of
quantum chaos, including parameter regimes in which
dissipative chaos emerges in the quantum model despite an
underlying regular semiclassical limit, highlighting the
intrinsically quantum nature of this effect. For many-body
models, integrable trajectories remain complex but are
consistently associated with local minima of the intrinsic
dimension in the space of model parameters. Adding
generic perturbations in an ergodic regime does not
significantly change the intrinsic dimension. A qualita-
tively similar picture is obtained for dissipative models
with a decoupling point of their BBGKY hierarchy, where
the intrinsic dimension is again observed to exhibit a local
minimum, signaling a decrease in the complexity of the
underlying trajectories.
The pronounced minima identified here are stable across

the range of system sizes, as well as across the family of
unravelings considered. Nevertheless, given the fact that
our work is purely numerical and the available sizes cover
a limited range, additional work is needed to completely
clarify the thermodynamic behavior of the scenario we
described. Furthermore, while the qualitative structure of
the Id appears to be robust, its precise values may depend
on the specified unraveling.
Altogether, our findings establish the intrinsic dimen-

sion as a versatile data-driven probe of complexity in open
quantum systems, capable of distinguishing dynamical
regimes beyond what is accessible from ensemble-aver-
aged observables alone, while also offering a bridge
toward notions of classical chaos. At the current state, it

should be viewed as a probe of dynamical compression,
rather than as a standalone classifier of its microscopic
origin. Whether finer geometric features of the dataset can
further distinguish the microscopic origin of different
constraints is an interesting question that we leave for
future work.
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APPENDIX A: SEMICLASSICAL LIMIT AND
THE GHS CONJECTURE

The quantum top is semiclassical when the spin S is
large. In particular, it becomes equivalent to a classical
continuous angular momentum, defined by the reduced
magnetization operators m̂α ¼ Ŝα=S. In this limit the
spectrum of each component becomes dense, and the
angular momentum algebra turns into ½m̂α; m̂β� ¼
iϵαβγm̂γ=S, where 1=S becomes an effective Planck con-
stant that vanishes for S → ∞. The Lindblad Eq. (15)
implies the adjoint equation

d
dt
hm̂αi ¼ ih½Ĥ; m̂α�i þ

γ

S

�
Ŝþm̂αŜ− − 1

2
fŜþŜ−; m̂αg

�
:

Denoting mα ≡ hm̂αi, it is a matter of algebra to show
that the system, up to order 1=S corrections that arise from
hm̂αm̂βi ¼ mαmβ þOð1=SÞ, is equivalent to
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ṁx ¼ ωzmy − 2gmymz þ 2γmxmz

þ 2k
X
n

δðt − nτÞmymz (A1a)

ṁy ¼ ωzmx þ 2gmxmz − ωxmz þ 2γmymz (A1b)

ṁz ¼ ωxmy − 2γðm2
x þm2

yÞ − 2k
X
n

δðt − nτÞmxmy:

(A1c)

A direct check shows that these equations always
conserve the norm of the classical spin so that the
dynamics is constrained on the 2-sphere at a fixed
jm⃗j2 ¼ m2

x þm2
y þm2

z . According to the Poincaré-
Bendixson theorem, a classic result in the theory of
classical non-linear dynamics, in a two-dimensional
autonomous flow chaos is topologically forbidden [70].
The dynamics therefore must be regular when k ¼ 0 and
the only possible attractors are fixed points and limit
cycles. Both are known to exist for k ¼ 0;ωx ¼ 0, where
the presence of periodic orbits is related to a boundary time
crystal phase [140]. When kicks are introduced the
dynamics becomes explicitly time-dependent and chaotic
regions appear, as can be seen in Fig. 12.

APPENDIX B: INTRINSIC DIMENSION OF
INDIVIDUAL QUANTUM TRAJECTORIES

As we noted in Sec. IV C the intrinsic dimension of QT
can be calculated in at least two meaningful ways.
Throughout the main text of the paper we focused on
the intrinsic dimension as a function of time, i.e. the Id of
the set of Hilbert space vectors jψ tii; i ¼ 1;…; N reached
by evolvingN independent QT from an initial state jψ0i up

to the same time t. Another natural approach would be to
focus on individual QT. Here the expectation is that, after
an initial transient, QT get confined to a manifold with
dimension Id < D ¼ dimRH. As a result the states
fjψ0i; jψ iðdtÞi; jψ ið2dtÞi; � � � jψ iðtÞig of the ith QT for
sufficiently large t will provide a discrete approximation
of the attracting manifold. The time step dt used to
simulate a QT is a microscopic quantity, and it can be
convenient to subsample the trajectory by considering only
the state every Δt ¼ k · dt for some integer k ≤ 1. We
calculate the intrinsic dimension of the data set Di;Δt ¼
fjψ0i; jψ iðΔtÞi; jψ ið2ΔtÞi; � � � jψ iðtÞig using the 2-NN
method, and the results are then averaged over N trajec-
tories

I0dðΔtÞ ¼
1

N

XN
i¼1

I2-NNd ½Di;Δt�: (B1)

In this setting the ratio k between the time step Δt used
to construct the data set and the microscopic time step dt of
the simulation sets the scale on which the intrinsic
dimension is calculated. If Δt is sufficiently small the
one-dimensional structure of trajectories is expected to
emerge. Here we are interested in what happens when the
total evolution time is long enough, so that the trajectory
fill a submanifold of the Hilbert space, and Δt is large
enough to lose memory of the microscopic 1d structure.
In panels (a) and (b) of Fig. 13 we show the intrinsic

dimension along single trajectories for the quantum
top as functions of ωx and k obtained by averaging over
N ¼ 50 trajectories starting from a fixed random state.
Figures 13(c) and 13(d) show the analogous results for
the dissipative XXZ chain. Using the single-trajectory
method we were unable to estimate Id at the integrable

(a) (b)

FIG. 12. Phase space orbits of the classical limit of the quantum top in Eq. (A1) for (a) ωx ¼ 3; k ¼ 0; (b) ωx ¼ 2; k ¼ 0.2. The flow
is constrained on the sphere with constant jmj2, and the canonical variables are the standard cylindrical coordinates
z≡mz; cosϕ≡my=mx. The classical dynamics is regular as long as k ¼ 0, even when in presence of ωx ≠ 0 as in (a), complying
with the Poincaré-Bendixson theorem. Introducing kicks results in the typical chaotic phase space shown in (b).
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point on the quantum top ωx ¼ 0; k ¼ 0 because the
hypothesis of a Pareto distribution for the ratios μi ¼
rnnni =rnni breaks down (cf. Sec. IV B). This is a conse-
quence of the great regularity of long-time integrable
trajectories, for which it is not correct to assume that
nearest neighbors are extracted from a Poisson process.
When a chaotic coupling is switched on, the local structure
of the time series changes and we observe the emergence
of complex higher-dimensional attractors in the Hilbert
space with 1 < Id ≪ D. Adding even a tiny amount of
chaos is sufficient to remove the extreme regularity of the
integrable point and it becomes possible to estimate the
intrinsic dimension, as is shown in Fig. 14.
This issue does not arise for the dissipative XXZ chains,

which instead display a greater sensitivity to the choice of
Δt. We observe that small valuesΔt ∼ 10−2 do not result in
a Pareto distribution. For larger values Δt≳ 10−1 we
observe the expected scale dependence of the intrinsic
dimension, which arises due to the fact that by decreasing

Δt we probe a smaller scale and the values grow, signaling
a departure from the microscopic 1d structure. The
observed values for the intrinsic dimension and its func-
tional dependencies on ωx and k for the quantum top, and
Δ for the dissipative XXZ chain broadly comparable with
the late-time averages Id shown in Figs. 6, 8, confirming
that the two methods capture the same submanifold. Small
deviations in the estimated values of the intrinsic dimen-
sion between the two approaches are to be expected
because of the scale dependence, which is difficult to
control quantitatively. A more detailed discussion on the
scale dependence is included in Appendix C, focusing on
the time-averaged intrinsic dimension.

APPENDIX C: SCALE DEPENDENCE OF THE
INTRINSIC DIMENSION

The intrinsic dimension of an unknown data manifold
one aims to learn depends on the scale at which the

(a) (b)

(c) (d)

FIG. 13. Intrinsic dimension along individual trajectories. (a) and (b) Dissipative quantum top with ωx ¼ 1; g ¼ 5; γ ¼ 2 and total
spin S ¼ 30; (c) Model(A) with J1 ¼ 1; γ0 ¼ 1; J2 ¼ 0 and length L ¼ 8; (d) Model (B) with γ1 ¼ 1. We calculate multiple estimations

Iði;ΔtÞd ¼ Id½Di;Δt� for each trajectory i ¼ 1;…; N using different values of Δt. The errorbars displayed correspond to one standard

deviation of the mean of the sample fIði;ΔtÞd gi¼1;…;N. The mean values of Id show small variations withΔt, as they tend to increase when
the data set is observed at a finer scale able to capture “small” additional dimensions.
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manifold is probed, cf. our discussion at the end of
Sec. IV B. For a nearest-neighbor based algorithm like
the 2-NN method used in this paper, this typically results
in a dependence on the number of data points used to
estimate Id. Under the assumption that additional data
points will lie on the same submanifold, generating more
samples is expected to probe the data manifold on a finer
scale. Focusing on the intrinsic dimension at fixed times
and on the data set in Eq. (13), we explore this dependence
by increasing the number N of QT used to compute the
long-time average Id. To keep track of the scale we
compute the typical nearest neighbor distances r̄ ¼ 1=2 ·
rnn þ rnnn in each estimation of IdðtÞ.
In Fig. 15 we plot the long-time average of r̄, when the

QT have settled and IdðtÞ has relaxed. This results in a
decreasing power-law scaling with N, compatible with the

expectation of a fixed submanifold that is being probed at a
finer scale. The intrinsic dimension as a function of the
scale is shown in Fig. 16. At the integrable point of the
quantum top Id ≈ 1 regardless of the details, whereas
chaotic points exhibit an N-dependent Id, as already noted
in Sec. V. The dimensionality increases with the number of
QT and displays an approximately linear dependence on
the typical nearest-neighbor distances.
The behavior for the dissipative XXZ chain with finite

anisotropy is similar, while at the integrable point increas-
ing the number of QT results in a decreasing dimension-
ality, signaling an emerging simplification of the data
structure at a short scale. We note that it would not be
appropriate to extrapolate these behaviors to a hypothetical
N → ∞ limit since the intrinsic dimension is expected to
eventually display a plateau (up to further deviations

(a) (b) (c)

FIG. 14. Empirical cumulative distributions of the nnn/nn ratios for the dissipative quantum top with ωz ¼ 1; g ¼ 5; k ¼ 0, starting
from (a) with ωx ¼ 0 to increasingly chaotic models (b) and (c), with ωx ¼ 0.3 and ωx ¼ 1. The axis are log μ;− log ð1 − F̂ðμÞÞ so that
for a Pareto distribution the graph is supposed to be linear. The distribution in (a) is very different from the ideal law and Id cannot be
reliably estimated, but increasing ωx a Pareto law is approached and even when the distribution is not linear yet, like for ωx ¼ 0.3, an
effective Id can be estimated for most trajectories.

(a) (b)

FIG. 15. Typical nearest-neighbor distance r̄ as a function of the number of QT: (a) Quantum top with S ¼ 30 and ωx ¼ 6.0;
(b) Model (A) with L ¼ 8 and Δ ¼ 1.0. The inserts display the same data in log-log scale, highlighting the algebraic decay.
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induced by noise) [85,122]. In the range ofN considered in
our work there was no indication of such a plateau, and
significantly larger numbers of samples may be required to
detect one. Nonetheless, the minima become deeper when
more trajectories are considered both for the quantum top
(integrable Id ≈ 1, chaotic Id increasing with N) and for
the XXZ chain with dephasing (integrable Id decreasing
with N, chaotic Id increasing), signaling stability of our
results. We note a different behavior for the minimum
associated to the BBGKY decoupling, where Fig. 8(d)
shows complex and simplified points to all be decreasing
when a finer scale is probed. A drawback of the approach
we have used to analyze the scale dependence of Id is that
the statistical error due to the finite number of samples
increases at larger scales, and a more refined analysis
could be carried out with other algorithms, such as
Gride [122].
The main conclusion of our analysis of the scale

dependence of the intrinsic dimension is that the reduction
in the complexity of QT due to constraints in the under-
lying Lindblad equation is observed over a very wide range
of scales.
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