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Determining the conditions under which positive operator-valued measures (POVMs), the most general
class of quantum measurements, outperform projective measurements remains a challenging and largely
unresolved problem. Of particular interest are projectively simulable POVMs, which can be realized
through probabilistic mixtures of projective measurements and therefore offer no advantage over
projective schemes. Characterizing the boundary between simulable and non-simulable POVMs is,
however, a difficult task, and existing tools either fail to scale efficiently, provide limited experimental
feasibility, or work only for specific POVMs. Here, we introduce and demonstrate a general method to
certify non-simulability of a POVM by introducing a complete hierarchy of semidefinite programs. It
provides upper bounds on the non-simulability measure of critical visibility of arbitrary POVMs, which
are tight in many cases and outperform previously known criteria. We experimentally certify the non-
simulability of two- and three-dimensional POVMs using a trapped-ion qudit quantum processor by
constructing non-simulability witnesses and introducing a modification of our framework that makes them
robust against state preparation errors. Finally, we extend our results to the setting where an additional
ancilla system is available.
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Quantum measurements serve as an interface between
the classical and the quantum world and lie at the heart of
quantum technologies such as quantum key distribution
[1], quantum metrology [2], and quantum computing [3].
Usually, one considers projective measurements, which are
represented by projectors onto the elements of an ortho-
normal measurement basis. However, for some tasks it is
advantageous to employ generalized measurements, so-
called positive operator-valued measures (POVMs).
Although these cannot be realized directly due to their
non-projective nature, they can be implemented as pro-
jective measurements in a higher-dimensional Hilbert
space. While this need for additional dimensions compli-
cates their implementation in experiments, they are known
to yield advantages in tasks such as state discrimination [4]
and state tomography [5,6]. Despite these challenges,

numerous experiments across different physical
platforms have successfully implemented non-projective
POVMs [7–11]
Given their value in these tasks, much work has been

devoted to quantifying the dimension of the ancillary
Hilbert space required to implement certain POVMs
[12–15]. It has been shown that some POVMs, even if
they are not projective, can be implemented within the
original space through classical mixing of randomly
selected projective measurements [12]. POVMs that can
be simulated in such a way are called projectively
simulable. They form a proper subset of all POVMs
and yield no advantage over projective measurements.
Despite their intuitive definition, not much is known

about the set of simulable POVMs, other than that
sufficient white noise will eventually make every
POVM simulable [12]. A measure of simulability is thus
given by the critical visibility [12], which quantifies the
white noise robustness of POVMs with respect to becom-
ing simulable. A critical visibility of 1 signifies that a
POVM is simulable, whereas smaller values indicate larger
distances to the set of simulable POVMs. Notwithstanding
recent progress [13,16,17], several open questions and key
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issues remain, impeding a thorough understanding of the
geometry of the set of simulable POVMs.
First, while it is known that POVMs become simulable

if enough noise in terms of randomly selected outcomes is
added, it is generally a hard task to quantify the required
amount of noise exactly, as no efficient characterization of
the simulable set in high dimensions is known. This is
reminiscent of a similar situation in the context of robust-
ness measures of entanglement [18]. In a similar spirit, it is
therefore desirable to find efficient outer approximations
of the simulable set that allow us to find upper bounds on
the visibility of POVMs.
Second, we lack tools to calculate explicit decomposi-

tions of simulable POVMs in terms of projective mea-
surements. Such tools would be of immediate
experimental interest, as they provide a recipe for how
to implement these POVMs without ancilla systems.
Finally, implementing a non-simulable POVM requires

performing projective measurements in a higher-dimen-
sional Hilbert space. Therefore, demonstrating non-simu-
lability acts as a certificate of control over additional
degrees of freedom. Such claims, however, need to be
thoroughly and robustly certified, which, until now, has
only succeeded for a few, specific measurements
[14,15,19].
Here, we tackle these issues in a systematic manner. To

this end, we introduce a complete hierarchy of semi-
definite programs that yields a sequence of efficiently
computable outer approximations of the set of simulable
POVMs, which can be used to calculate upper bounds on
the critical visibility of arbitrary POVMs. We provide
numerical evidence that the hierarchy collapses at finite
levels. We observe that in many cases, this collapse can be
used to calculate exact visibilities together with specific
decompositions of simulable POVMs. Furthermore, we
show that our hierarchy outperforms recent similar
approaches in two ways. First of all, we construct a
specific family of non-simulable POVMs that, while being
detected by our hierarchy, are not detected to be non-
simulable by the previous detection methods proposed in
[12,17]. Second, exploiting the duality of semidefinite
programs, we construct witnesses for non-simulability.
Such witnesses can be measured experimentally by
measuring the target POVM on a carefully chosen set
of probe states. While such witnesses can be extracted
from any SDP-based certification method, they usually
suffer from being very susceptible to errors in state
preparation. We overcome this limitation in our approach
by modifying the hierarchy to significantly lower the
demands on the fidelity of the prepared states for
successful certification.
Next, we show the experimental viability of our meth-

ods by implementing a qubit symmetric informationally
complete (SIC) POVM and a qutrit real-space informa-
tionally complete POVM on a trapped-ion qudit quantum

processor [20] and use the constructed witnesses to certify
their non-simulability.
Finally, we extend our results to the setting where an

additional ancilla of a fixed dimension is available. It turns
out that adding small ancillary systems can increase the
projective simulability drastically [13,21]. To complement
the existing lower bounds in these scenarios, we develop
tools to calculate corresponding upper bounds on simu-
lability thresholds in the presence of ancillary systems.
The paper is organized as follows. After introducing

projective simulability in Sec. I, we construct the complete
hierarchy of semidefinite programs and provide evidence
for its finite level collapse in Sec. II. We apply it to a
variety of POVMs to calculate upper bounds on the critical
visibility and show that our hierarchy outperforms pre-
vious criteria. In Sec. III, we construct non-simulability
witnesses and show how to make them robust against state
preparation errors in Sec. IV. In Sec. V, we experimentally
demonstrate the relevance of our methods on a trapped-ion
quantum processor. Finally, in Sec. VI, we develop
methods for bounding projective simulability thresholds
in the presence of ancilla systems.

I. PROJECTIVELY SIMULABLE POVMS

A d-dimensional POVM with n effects is a set of
positive semidefinite matrices that sum to the identity, i.e.

M ¼ fM0;…;Mn−1g; Mi ≥ 0;
Xn−1
i¼0

Mi ¼ Id:

(1)

We denote the set of d-dimensional n-effect POVMs by
Mðd; nÞ. A POVM is called projective, if its elements are
orthogonal projectors, i.e.

P ¼ fP0;…; Pn−1g; PiPj ¼ δijPi;
Xn−1
i¼0

Pi ¼ Id:

(2)

In Ref. [12], the notion of a projectively simulable
POVM was introduced and defined as a classical prob-
abilistic mixture of projective measurements followed by
post-processing, which is then proven to be irrelevant
[12,17]. Mathematically, the set of all simulable POVMs,
denoted byPðd; nÞ, is therefore given by the convex hull of
the set of projective measurements. The effects of a
projectively simulable POVM can therefore be written as

Mi ¼
XN
k¼1

pkPk
i ; (3)

where fPk
0; � � � ; Pk

n−1g are projective measurements for
any k and fp1;…; pNg forms a probability distribution.
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The simplest quantitative measure describing the non-
projectivity of a POVM M is the critical visibility tðMÞ.
Adding enough white noise to each effect Mi renders the
noisy POVM defined via

ΦtðMiÞ ¼ tMi þ ð1 − tÞTrMi

d
I; 0 ≤ t ≤ 1; (4)

simulable. The critical visibility (sometimes called the
simulability threshold) is then defined by

tðMÞ ≔ maxftjΦtðMÞ∈Pðd; nÞ; t ≤ 1g: (5)

For a noise parameter of t ¼ maxð1d ; 0.02Þ, it is known that
any d-dimensional POVM becomes simulable.
Equivalently, one has tðMÞ ≥ maxð1d ; 0.02Þ for every
d-dimensional POVM M [12,13]. At least for small
dimensions, this bound seems to be not tight, since for

d ¼ 2 actually t ¼
ffiffi
2
3

q
≈ 0.8165 is enough to simulate all

POVMs by projective measurements [22]. In Ref. [12],
efficient criteria based on semidefinite programs (SDPs)
were introduced that can calculate the critical visibility
simulability for POVMs in dimensions d ¼ 2 and d ¼ 3.
They were later refined in Ref. [17], but in most cases, they
only yield upper bounds in d ≥ 4.
In the next section, we present a method to (in principle)

calculate the critical visibility for given POVMs in any
dimension.

II. SDP HIERARCHY

We formulate the problem of certifying the non-simu-
lability of a POVM in terms of a hierarchy of semidefinite
programs [23]. We point out that our method is reminiscent
of the symmetric extension for separable states and the
resulting Doherty-Parrilo-Spedalieri (DPS) hierarchy (see
Ref. [24]). We start by introducing the main idea of the
first non-trivial level of the hierarchy. To that end, consider
a d-dimensional n-outcome simulable POVM
M ¼ fM0; � � � ;Mn−1g, i.e., we can decompose its ele-
ments as

Mi ¼
XN
k¼1

pkPk
i ; (6)

where the Pk ¼ fPk
0; � � � ; Pk

n−1g form projective measure-
ments for any k.
If we can simulate M using the projective measure-

ments Pk, we can likewise simulate a bipartite POVM by
implementing with probability pk the local projective
measurement Pk ⊗ Pk ¼ fPk

i ⊗ Pk
jgn−1i;j¼0 with the prop-

erty that summing over the outcomes of the first (or the
second) party yields the measurement statistics of the
POVM M of the second (or the first) subsystem. The

procedure is visualized in Fig. 1. Given the decomposition
in Eq. (6), we can construct the corresponding POVM
elements via

Rij ¼
XN
k¼1

pkðPk
i ⊗ Pk

jÞ; (7)

which obey

Rij ≥ 0; (8)

Xn−1
i¼0

Rij ¼
X
k

pk

��X
i

Pk
i

�
⊗ Pk

j

�
¼ I ⊗ Mj; (9)

Xn−1
j¼0

Rij ¼
X
k

pk

�
Pk
i ⊗

�X
j

Pk
j

��
¼ Mi ⊗ I; (10)

Tr1ðVRijÞ ¼
X
k

pkPk
i P

k
j ¼ 0 ∀ i ≠ j: (11)

Here, Tr1 denotes the partial trace with respect to the first
subsystem. Equations (9) and (10) just follow from the fact
that the Pk

i form a measurement and thereforeP
i P

k
i ¼ I ∀ k:V is the two-qudit swap operator defined

as

V ¼
Xd−1
i;j¼0

jijihjij (12)

and fulfills the well-known relation

Tr1ðVðA ⊗ BÞÞ ¼ AB: (13)

FIG. 1. Left: a POVM is called simulable if it can be
implemented by performing with probability pk the projective
measurement Pk. Right: if a POVM on a single system is
simulable, one can simulate as well a bipartite POVM by
performing with probability pk the local projective measurement
Pk ⊗ Pk, which, upon marginalization, yields the measurement
statistics of the single-body marginals.
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Equation (11) then follows from the fact that elements
of a projective measurement are orthogonal, i.e.
Pk
i P

k
j ¼ 0 ∀ k and i ≠ j. Note that together with the

identity I, the swap operator (12) forms a unitary
d2-dimensional representation of the symmetric group
S2 (i.e. all permutations acting on two symbols).
Constraints (8)–(11) can easily be generalized if we

allow for larger m-partite matrices

Ri1���im ¼
XN
k¼1

pkðPk
i1
⊗ � � � ⊗ Pk

im
Þ: (14)

In order to generalize the swap constraint (11), note that
we can apply any swap operator, i.e. all unitaries Vμ that
act on m-partite qudit states via permutations (furnishing a
dm-dimensional unitary representation of the symmetric
group Sm)

Vπ ¼
Xd−1

i1;…;im¼0

jπði1 � � � imÞihi1 � � � imj for π∈ Sm; (15)

where πði1 � � � imÞ ¼ ðiπ−1ð1Þ � � � iπ−1ðmÞÞ. We define Vm to
be the subset of all those unitaries that represent trans-
positions, meaning that exactly two indices are swapped.
For example, in m ¼ 3 there are three different swap
operators corresponding to single transpositions

V3 ¼ fVð12Þ; Vð13Þ; Vð23Þg; (16)

where the subscript denotes the swapped systems. One
possible swap constraint would then read as

Tr1ðVð12ÞRi1i2i3Þ ¼
X
k

pkðPk
i1
Pk
i2
Þ ⊗ Pk

i3
¼ 0 ∀ i1 ≠ i2:

(17)

In Appendix A, we demonstrate that it suffices to consider
single transpositions only instead of all m! permutations.
We can now define the following hierarchy of SDPs

HmðMÞ with input POVM M

HmðMÞ ¼ max
Ri1 ���im

t (18)

s:t: Ri1���im ≥ 0; (19)

Xn−1
i1 ;…;ij−1 ;

ijþ1 ;���;im¼0

Ri1���im ¼ I ⊗ � � � ⊗ ΦtðMijÞ ⊗ � � � ⊗ I;

∀ j ¼ 1 � � �m; ij ¼ 0 � � � n − 1; (20)

TraðVðabÞRi1���imÞ ¼ 0;

∀ VðabÞ∈Vm if VðabÞji1;…; imi ≠ ji1;…; imi: (21)

Here, Tra means that we trace out system a, and we ensure
that ia has to differ from ib. This ensures that the swap
constraint reduces to a product of distinct projectors and
therefore vanishes. The SDP (18) takes a d-dimensional,
n-outcome POVM M as input and calculates the minimal
amount of noise (maximal t) one has to add, such that the
necessary constraints for simulability [Eqs. (19)–(21)] are
fulfilled. Therefore, this yields an upper bound on tðMÞ.
In general, higher levels of the hierarchy yield better

upper bounds on tðMÞ, which is encapsulated in the
following theorem.
Theorem 1 (Higher level of the hierarchy leads to a

better bound). Let tðMÞ be the critical visibility of a
POVM M and HmðMÞ be the solution to the mth level of
the SDP hierarchy (18). Then

H2ðMÞ ≥ H3ðMÞ ≥ � � � ≥ tðMÞ: (22)

Proof. Since HqðMÞ only consists of necessary con-
ditions on projective simulability, and we are maximizing
t, we trivially have

HqðMÞ ≥ tðMÞ ∀ q ≥ 2: (23)

Now we need to show that from a solution Ri1���iqþ1
to the

level m ¼ qþ 1, we can always construct a feasible point
for the qth level. For this, just define

Ri1���iq ≔
1

d

X
iqþ1

Trqþ1Ri1���iqþ1
: (24)

This obviously fulfills constraints (19) and (20). The swap
constraint (21) is fulfilled as well, because for a swap
operator V0

ðabÞ ¼ V00
ðabÞ ⊗ Iqþ1, that acts on system qþ 1

trivially, we have

TraðV00
ðabÞ ⊗ Iqþ1Ri1���iqþ1

Þ ¼ 0 (25)

⇒ TrðabÞðV00
ðabÞRi1���iqÞ ¼ 0 (26)

Therefore, the choice from Eq. (24) fulfills all constraints
inHqðMÞ, and since we are maximizing the visibility t, we
have

HqðMÞ ≥ Hqþ1ðMÞ: (27)

This proves the claim. ▪
In fact, one can strengthen Theorem 1 and show that a

slightly modified hierarchy is even complete, i.e., every
non-simulable POVM is detected for large enough m:
Theorem 2 (Completeness). Adding the constraints

VðabÞRi1���ia���ib���imVðabÞ ¼ Ri1���ib���ia���im ; (28)
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Xn−1
im¼0

Ri1���im−1im ¼ R̃i1���im−1 ⊗ I (29)

for all VðabÞ ∈Vm, ij ¼ 0 � � � n − 1 and arbitrary positive
semidefinite R̃ to the hierarchy Hm in Eq. (18) makes it
complete.
The proof can be found in Appendix B. In practice, we

found no difference in the obtained values of the original
hierarchy and the complete one.
In the following, we benchmark our hierarchy on the

following collection of POVMs.
1. SIC-POVMs. A SIC-POVM (symmetric informa-

tionally complete POVM) in dimension d consists
of d2 effects fulfilling TrMiMj ¼ ðδijdþ
1Þ=ðd2ðdþ 1ÞÞ and is known to be an optimal
measurement for state tomography [5,6]. While
no general construction of a d-dimensional SIC-
POVM is known, almost all known SIC-POVMs are
constructed from a carefully chosen fiducial vector
jψ0i such that M0 ¼ 1

d jψ0ihψ0j. The d2 effects are
then constructed via

Mi ¼ hiM0h
†
i : (30)

Here hi are Weyl-Heisenberg operators [25], i.e.,
i ¼ ði1; i2Þ is a multi-index and

hi ¼ Di1;i2 ¼ τi1i2Xi1Zi2 ; (31)

where τ ¼ −e−iπ
d , X ¼ Pd−1

j jj ⊕ 1ihjj is the shift
and Z ¼ P

d−1
j¼0 e

2πij=d is the clock operator. The
easiest case is that of d ¼ 2, where each SIC-POVM
is unitarily equivalent to M2 ¼ fM0;M1;M2;M3g,
where Mi ¼ 1=2 jΨiihΨij with

jΨ0i ¼ j0i;

jΨ1i ¼
1ffiffiffi
3

p j0i þ
ffiffiffi
2

3

r
j1i;

jΨ2i ¼
1ffiffiffi
3

p j0i þ e2πi=3
ffiffiffi
2

3

r
j1i;

jΨ3i ¼
1ffiffiffi
3

p j0i þ e4πi=3
ffiffiffi
2

3

r
j1i: (32)

SIC-POVMs were conjectured to be most robust to
projective simulability in Ref. [12], which was
recently proven to be false beyond dimension two
[17]. In fact, in d ¼ 3, all SIC-POVMs are (anti-
)unitarily equivalent to members of a single-param-
eter family of SIC-POVMs with different critical
visibilities, constructed from the fiducial vector
[26–28]

jψ0ðφÞi ¼
1ffiffiffi
2

p ðj1i − eiφj2iÞ; (33)

of which the most robust one is the so-called Hesse
SIC with φ ¼ 0 and a critical visibility of ½1þ
4 cosðπ=9Þ�=6 (the Hesse SIC is labeled SIC3c in
Ref. [29]). There, the cases of SIC3a and SIC3b
correspond to choosing φ ¼ π=18 and φ ¼ π=9,
respectively). SIC-POVMs constructed from φ ∉
½0; π=9� can be (anti-)unitarily mapped to a repre-
sentative with φ in that range. In general, SIC-
POVMs are known for finitely many dimensions,
including every dimension up to d ¼ 193 [30], and
they are conjectured to exist in all dimensions [31].

2. Real-space IC-POVM in d ¼ 3. If one restricts to
the real subspace in d ¼ 3, one can define a real-
space informationally complete POVM instead,
consisting of ðdþ1

2
Þ effects. Here, we choose M3r ¼

fM0;…;M5g with the six effects Mi ¼
1=2jΦiihΦij with

jΦ0;1i ¼
1ffiffiffi
2

p ðj0i � j1iÞ;

jΦ2;3i ¼
1ffiffiffi
2

p ðj0i � j2iÞ;

jΦ4;5i ¼
1ffiffiffi
2

p ðj1i � j2iÞ: (34)

3. General POVM in d ¼ 3. One can generalize the
fiducial vector in Eq. (33) to an arbitrary vector

jϕ0ðϑ;φÞi ¼ cos
ϑ

2
j1i þ sin

ϑ

2
eiϕj2i: (35)

In this way, one can represent each member of this
family by a point on a sphere with SIC-POVMs
located on the equator at ϑ ¼ π=2 (note that
φ ¼ ϕþ π). At the poles, e.g., where ϑ ¼ 0, the
POVM is trivially simulable, implying that their
critical visibility is equal to 1.

4. Flagged SIC-POVMs. In Ref. [17], it was found that
there is a POVM in d ¼ 4whose non-simulability is
more robust to noise than that of any SIC-POVM. It
is constructed by embedding the effects of the three-
dimensional Hesse SIC into a four-dimensional
space and adding the projector j3ih3j as an addi-
tional effect to obtain a complete POVM. The same
principle can be used to create a flagged version of
any POVM, and we additionally consider a three-
dimensional, flagged SIC2 with five effects.

5. Two-copy SIC-POVM. Finally, we consider the
four-dimensional POVM that is constructed by
tensoring the four effects of the qubit SIC-POVM
with the identity, i.e., we setMi ¼ 1=2jΨiihΨij ⊗ I,
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where the jΨii are given in Eq. (32). The SDP
criterion from Ref. [17] does not detect the non-
simulability of this POVM; however, as detailed
below, our hierarchy does.

We test our hierarchy on the introduced POVMs to
benchmark our method and list the results in Table I.
Notably, our hierarchy certifies the non-simulability of the
two-copy SIC-POVM M2 ⊗ I, giving the upper bound of
tðM2 ⊗ IÞ ≤ 0.8661, whereas the criterion of Refs. [17]
and [12] fails to detect its non-simulability completely. In
fact, we find a whole family of POVMs, for which this is
the case.
Lemma 3. LetM ¼ fMign−1i¼0 be a POVM in dimension d

with rank-1 effects, TrðMiÞ ¼ ðdnÞ and MiMj ≠ 0. Then
define the d ·m-dimensional POVM M̃ with
M̃i ¼ Mi ⊗ Im, where m is chosen, such that mðdnÞ∈N.
Then M̃ is

(i) detected to be non-simulable by the first non-trivial
level of our hierarchy, i.e., H2ðM̃Þ < 1,

(ii) not detected by the SDP criteria in Refs. [12]
and [17].

The proof can be found in Appendix C. This shows that
our hierarchy is stronger than previous criteria not only in
the limit of large levels but also already at its first non-
trivial level.
For the two-parameter family of POVMs constructed

from the vectors in Eq. (35), we show the results in Fig. 2,
where each point on the outer sphere is matched by a point
on the inner spheroid-like convex set, which is constructed
such that its distance to the sphere corresponds to the
critical visibility.

We note that in many cases we studied, the solution
Ri1���im directly reveals the decomposition of the noisy
POVM ΦtðMÞ into projective measurements (6). As a
result, the computed critical visibility tðMÞ is tight. For
the cases we studied, this seems to happen at the dth order
of the SDP hierarchy for a d-dimensional POVM. It is not
obvious that this should be possible, since from (14) it
seems that all Ri1;…;im are non-trivial sums of scaled tensor
products of projectors, and it seems difficult to extract a
single projector Pk

i1
or the right probability pk, see

Appendix D for details. The fact that we get explicit
decompositions of SIC-POVMs as well as random rank-1
POVMs in d ¼ 2; 3 leads us to the following conjecture.
Conjecture 4. For a d-dimensional POVM M the

hierarchy HmðMÞ defined in (18) collapses at the d’th
level, at which point the solution equals the critical
visibility

tðMÞ ¼ HdðMÞ: (36)

TABLE I. SDP results for critical visibilities tðMÞ in various
dimensions using different levels m of the hierarchy Hm in
Eq. (18). The labels for the SIC-POVMs correspond to those in
Ref. [29]. The � denotes POVMs, where we get tðMÞ by reading
off a projective decomposition from the solution of HdðMÞ (see
Appendix D). The † denotes POVMs, where tðMÞ was calcu-
lated in Ref. [17]. ♯ denotes the POVM, where the SDP from [17]
does not detect non-simulability, but HmðMÞ does.
d POVM M H2ðMÞ H3ðMÞ H4ðMÞ tðMÞ
2 SIC2� 0.8165 0.8165 0.8165

ffiffiffiffiffiffiffiffi
2=3

p
3 flag SIC2� 0.8193 0.7985 0.7985 0.7985
3 real IC3� 0.8529 0.8521 0.8521 0.8521
3 SIC3a� 0.8334 0.8004 0.8004 0.8004
3 SIC3b� 0.8334 0.8058 0.8058 0.8058
3 SIC3c� 0.8334 0.7932 0.7932 0.7932
4 flag SIC3c† 0.8348 0.8002 ? 0.7824
4 SIC2 ⊗ I♯2

0.9443 0.8665 0.8661 ?

4 SIC4a† 0.8453 0.8347 ? 0.8255
5 SIC5a 0.8544 0.8461 ? ?
6 SIC6a 0.8617 ? ? ?
7 SIC7a 0.8676 ? ? ?
7 SIC7b 0.8676 ? ? ?

FIG. 2. Faithful representation of the set of POVMs con-
structed from the fiducial vector in Eq. (35), where ϑ denotes the
polar and ϕ the azimuthal angle. Each point on the transparent
unit sphere corresponds to the fiducial vector of one of the
POVMs. The SIC-POVMs, constructed from Eq. (33), and their
(anti-)unitary equivalents, are located on the equator. The origin
corresponds to the maximally noisy measurement, such that
noisy versions ΦtðMÞ of POVM M on the surface of the sphere
lie on a straight line to the origin. The surface of the inner convex
set corresponds then to the noisy POVMs at their critical
visibilities, which in this picture corresponds to the distance
to the origin. This distance is highlighted by the color coding. On
the equator, we highlight some special choices of equivalence
classes of SIC-POVMs which correspond to those having the
lowest [Hesse SIC, orange, corresponding to the choice of ϕ ¼ π,
i.e., φ ¼ 0 in Eq. (33)], highest (green), and intermediate
(purple) critical visibility.
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Unfortunately, we are not able to prove this conjecture
or get more evidence in higher dimensions, since HdðMÞ
scales exponentially with d. However, we find that it holds
true, for instance, for random rank-1 POVMs in d ¼ 2; 3
and for the whole two-parameter family of POVMs
constructed from the fiducial vector (35), implying that
the representation of the simulable set in Fig. 2 is tight,
yielding a faithful representation of the set of simulable
POVMs in this family.
We conclude this section by highlighting another

application of our hierarchy in the context of state
discrimination. To that end, we ask how much arbitrary
noise in the form of another POVM a measurement can
tolerate before eventually becoming simulable. To that
end, we consider the noise model

Φ̃t;N ðMiÞ ¼ tMi þ ð1 − tÞNi (37)

for some arbitrary POVM N ¼ fN0;…; Nn−1g. This
allows to modify the hierarchy Hm in Eq. (18) by addi-
tionally maximizing over N and replacing Φt by Φ̃t;N in
Eq. (20) (technically, we optimize over subnormalized
POVMs that sum to ð1 − tÞI). In this way, the hierarchy
yields values H̃mðMÞwhich act as lower bounds on the so-
called generalized robustness R via RðMÞ ≥ 1=H̃mðMÞ −
1 [18,32]. Due to the completeness of our hierarchy, the
bound becomes an equality in the limit of large m. The
relevance of this bound lies in the fact that the generalized
robustness precisely quantifies the achievable advantage of
using non-simulable measurements over simulable ones in
a state discrimination task [33].

III. DUAL SDP AND NON-SIMULABILITY
WITNESSES

By studying the dual SDP, we can construct non-
simulability witnesses. The dual problem of H2ðMÞ is
calculated in Appendix A and takes the following form [V
is again the swap operator from Eq. (12)]

D2ðMÞ ¼ min
Ai;Dij

Xn−1
i¼0

2

d
½TrðAiÞTrðMiÞ� (38)

s:t: Ai þ VAjV þ ðI ⊗ DijV þ h:c:Þ ≥ 0 ∀ i; j; (39)

with Dij ¼ ðDjiÞ†; Dii ¼ 0;

Xn−1
i¼0

2

�
TrðAiÞTrðMiÞ

d
− TrðTr2ðAiÞMiÞ

�
¼ 1: (40)

The Ai are Hermitian d2 × d2 and Dij complex d × d
matrices. Calculating the critical visibility directly via the
dual side also yields advantages, as symmetries can be
used to reduce the number of optimization variables and
constraints, as detailed in Appendix A.

Similar to the case of entanglement witnesses, we can
construct non-simulability witnesses from the dual SDP.
Theorem 5. Let A0; � � � ; An−1 be operators satisfying

Eq. (39) and define Wi ¼ Tr2Ai. Then for any simulable
POVM ðM0;…;Mn−1Þ∈Pðd; nÞ

hMii ≔
Xn−1
i¼0

TrðWiMiÞ ≥ 0: (41)

This can be shown by applying the weak duality of
semidefinite programming; for a more detailed proof, see
Appendix E.
Conversely, if we find a POVMwhere Eq. (41) becomes

negative, we know that the solution is not in agreement
with t ≥ 1 and the POVM is therefore not projectively
simulable. Equation (41) hence describes a non-simula-
bility witness (see Fig. 3).
In principle, the witness can be evaluated directly using

measurement statistics, based on the spectral decomposi-
tion of the witness operators

Wi ¼
Xd−1
k¼0

λki jλki ihλki j: (42)

Equation (41) then reads:

Xn−1
i¼0

½TrðWiMiÞ� ¼
Xn−1
i¼0

Xd2−1
k¼0

λkiTrðjλki ihλki jMiÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
qki

; (43)

where qki denotes the probability of obtaining outcome i
upon performing the POVMmeasurement fM0;…;Mn−1g
on the input state jλki i. A negative witness expectation
value then certifies projective non-simulability of the
performed measurement.

FIG. 3. Schematic representation of the set of projectively
simulable POVMs (red region) as a convex subset of the set of all
POVMs. A non-simulability witness (solid line) separates
simulable POVMs from non-simulable POVMs (blue region).
For the definition of hMii see Eq. (41).
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IV. PREPARATION ERRORS

A major experimental challenge in evaluating Eq. (43)
experimentally occurs if the states jλki i are not prepared
perfectly. Similar to the case of entanglement witnesses,
where the same effect occurs if the measurement is not
implemented perfectly, this quickly leads to false detec-
tions of non-simulability [34,35].
To quantify this, assume that we prepare states ρki that

are close to jλki ihλki j in terms of the fidelity, such that the
experimentally observed quantities are instead given by pk

i
with

pk
i ¼ TrðρkiMiÞ; Fðρki ; jλki ihλki jÞ≡ hλki jρki jλki i ≥ Fk

i :

(44)

Here, the Fk
i are lower bounds on the fidelity of the

prepared states with respect to the target states.
In order to evaluate (43), one needs bounds on the qki

depending on the measured probabilities pk
i . Although this

is possible using wasteful fidelity estimates (see, e.g.,
Ref. [34]), such estimates lead to very high demands on the
fidelity on the order of 99.9% in order to observe a
negative expectation value of the witness.
To circumvent this, we develop a different approach,

yielding more relaxed bounds on the required fidelity and
therefore making the experimental certification much
more robust. The main idea is the following: we measure
the POVM ðM0;…;Mn−1Þ on approximate witness states
ρα assuming Fðρα; jλαihλαjÞ ≥ Fα, and then check if the
measured probabilities on the ensemble of states are
compatible with a projectively simulable POVM using a
suitable linear semidefinite approximation of a joint space
of measurements and prepared states, thereby eliminating
the need for overly tight fidelity bounds. We extend our
SDP hierarchy to include experimental data and expand
the R matrices by an additional system to encapsulate the
(unknown) experimentally prepared states. An infeasible
outcome then implies non-simulability of the performed
POVM. For this, we define

Rijα ¼
X
λ

pλPλ
i ⊗ Pλ

j ⊗ ρα: (45)

These Rijα are optimization variables in the SDP, which
fulfill similar constraints to those in (18) and furthermore
can be related to the measured probabilities and fidelities
in Eq. (44). For example,

Tr1
X
j

Rijα ¼ TrðMiÞI ⊗ ρα ≥ λmax
i I ⊗ ρα

≥ pmax
i I ⊗ ρα ∀ α; i; (46)

where λmax
i is the maximum eigenvalue ofMi and pmax

i the
maximal probability measured for the outcome i.

Additionally, the ρα are optimization variables constrained
by the fidelity estimates via

TrðραjλαihλαjÞ ≥ Fα: (47)

This method also takes statistical errors δ of the proba-
bilities pα;i into account, from which we can deduce a
confidence interval via Hoeffding’s bound [36]

Pðjpα;i − E½pα;i�j ≥ δÞ ≤ 2 exp ð−2Nδ2Þ; (48)

where E½pα;i� is the expected value of pα;i and N the
number of shots in the experiment. The complete extended
SDP is listed in Eq. (F6) in Appendix F. It is a hybrid
version of the primal and dual one, because it optimizes
over some Rijα matrices, which have very similar con-
straints as the Rij in the primal SDP (18) and also states ρα
which are close to the witness states from the dual side. In
principle, the states are not restricted to be the witness
states and can instead be arbitrary. However, the con-
straints in the SDP might not be strong enough for
differently chosen states, and we observe that, usually,
preparing eigenvectors of the witness operators leads to the
optimal expectation value of the witness.
Finally, we note that also the criteria from Refs. [12,17]

can be used to obtain non-simulability witnesses via their
duals. However, the method to account for preparation
errors introduced here is not applicable to them, and we are
not aware of a method to make those witnesses robust.

V. EXPERIMENTAL CERTIFICATION

To demonstrate the practicality of our witnesses, we
measured them for two POVMs. The first one is the qubit
SIC-POVM M2 from Eq. (32), which is known to be the
most non-projective POVM in dimension two [22] and has
relevance for applications such as quantum state tomog-
raphy [6]. The second POVM measured is the real-space
IC-POVM in d ¼ 3, M3r from Eq. (34).
Using the second level of the dual SDP (38), we obtain

that the optimal witness for both POVMs is given by
measuring directly the effect vectors (32) and (34),
respectively. In particular, for the 2D SIC-POVM, we get

Wi ¼ λ−jΨiihΨij þ λþðI − jΨiihΨijÞ (49)

with λ� ¼ 1=
ffiffiffiffiffi
24

p � 1=4. For M3r, we obtain

W0 ¼ κ0jΦ0ihΦ0j þ κ1jΦ1ihΦ1j þ κ2j2ih2j (50)

with κ0 ≈ −0.02453, κ1 ≈ 0.2287 and κ2 ≈ 0.2223. The
other Wi are obtained from W0 upon conjugation with
elements from the symmetry group generated from X ¼
j1ih0j þ j2ih1j þ j0ih2j and Z3 ¼ j0ih0j þ j1ih1j − j2ih2j.
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To get an estimate of the state preparation fidelity (47)
and the required number of shots N per state, we set the
probabilities to the ideally measured ones pα;i ¼ TrðραMiÞ
and calculate the minimal statistical error δ using Eq. (F6).
Then Hoeffding’s bound in Eq. (48) can be used to
calculate the minimum number of shots to achieve a
certain confidence interval. In Fig. 4, the minimum number
of shots at given state fidelities for 3σ and 5σ certification
intervals are plotted.
Both POVMs are measured on a universal qudit quan-

tum processor using one trapped 40Caþ ion in a macro-
scopic linear Paul trap. The trap is designed to hold linear
strings of ions, confined through a combination of an rf
potential oscillating at 23.5 MHz and a static potential

generating confinement along the crystal axis. A sketch of
the trap geometry can be seen in Fig. 5. The logical state of
the ion is encoded in its internal energy levels and can be
read out using state-dependent scattering of light that is
collected on an EMCCD camera. State preparation is
implemented using optical pumping as well as Doppler-,
polarization-gradient- and resolved-sideband cooling. A
thorough description of the experimental setup can be
found in Appendix G 1, as well as in Ref. [20].
We used the same processor for measuring both the 2D

SIC-POVMM2 in a qubit and the 3D IC3-POVMM3 in a
qutrit. In 40Caþ, we can access up to eight (meta)stable
states suitable for quantum logic, of which seven can be
experimentally distinguished. Qubit and qutrit are encoded
into two or three of the available levels, respectively. The
measurement of the qubit SIC (qutrit IC3) POVM is then
realized using a Naimark dilation that maps the informa-
tion onto 4 (6) of the available levels, followed by a
projective qudit readout. All logical operations were
carried out using resonant laser pulses coupling to the
S1

2
→ D5

2
transitions. The allocation of qudit states to

energy levels is shown in Fig. 7 in Appendix G 1.
The certification consists of two steps. The first is the

certification of the state preparation fidelity on a set of
fiducial states, a lower bound which is required as an input
for the experimentally constrained SDP, in particular, the
constraint in Eq. (47). Then, the POVM is measured on this
set of states.
The state certification protocol consists of preparing the

desired state and then measuring in the eigenbasis of the
target state. This procedure, which can be understood as a
variant of direct fidelity estimation [37], directly gives

FIG. 4. Number of shots N versus the required fidelity F of the
probe states for the qubit SIC and real-space qutrit IC3 POVM, to
obtain a violation with confidence intervals of 3σ and 5σ.
Thresholds correspond to fidelities at which no certification is
possible anymore.

FIG. 5. Schematic view of the trap and the course level
structure of the 40Caþ ion. A combination of rf potential on
the quadrupole blades and a dc potential on the endcaps confines
the ion in the trap center. Detection and readout are performed
using a 397 nm laser, computation or state manipulation using a
tightly focused 729 nm laser, coming in at a 67.5° angle to the
trap axis.

FIG. 6. Certified fidelity for the different states to be measured
by the POVMs. The top plot shows the states used for certifying
the 2D POVM, and the bottom one shows the states used for the
3D POVM certification. Each state represents the average of over
50 000 shots.
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access to the overlap or fidelity between the prepared and
desired state. Notably, the measurement bases are chosen
in a way that coherent errors in the state preparation are not
cancelled by, but rather add to errors in the measurement
rotations. The fidelity estimate thus includes the state
preparation and measurement errors and is guaranteed to
be a lower bound. Every state was certified with 50 000
shots. This was a compromise between measurement time
and data quantity, since more shots reduce the threshold
fidelity needed to certify non-simulabilty; see Fig. 4. The
results are shown in Fig. 6. The corresponding numerical
values can be found in Table III in Appendix G 3.
In the second step of the protocol the POVM was then

measured using the same state preparation sequence
followed by a unitary implementing its Naimark dilation,
such that it can be projectively measured in the extended
space of a four-dimensional (in case of the SIC-POVM) or
a six-dimensional (in case of the real-space IC3 POVM)
qudit. For each input state, 40 000 shots were used. For
more details, see Appendix G. The pk

i then correspond to
the probabilities of the different measurement outcomes of
the qudit after having applied the Naimark dilation and can
be found in Table IV.
The measured probabilities pk

i are then the basis of an
SDP that evaluates the likelihood of the measured data to
have come from a projectively simulable POVM. This
way, we are able to certify with well over 5σ confidence
(see Fig. 4) that the performed qubit POVMM2 as well as
the qutrit POVM M3r could not have been simulated by
projective measurements.

VI. POVM SIMULATION WITH AN ANCILLA

In the preceding sections, we have discussed projective
simulation for a situation where the experimenter has
access to and control over only the d-dimensional system
upon which the target POVM M acts. The situation
changes considerably if a dA-dimensional ancilla system
is added to the picture, i.e., if the now dAd-dimensional
operators Pk

i act on the joint system-ancilla Hilbert space,
while the POVM is only d-dimensional. Projective sim-
ulation with an ancilla entails that the simulation gives the
same measurement statistics as the target POVM. As
before, the projective simulability of a POVM can be
characterized by the critical visibility tðMÞ. Projective
simulation with visibility t means that for all
i∈ f0;…; n − 1g,

TrðρΦtðMiÞÞ ¼ Tr
�
ρ ⊗ j0ih0jA

XN
k¼1

pkPk
i

�

¼ Tr
�
ρTrA

�XN
k¼1

pkPk
i I ⊗ j0ih0jA

��
;

(51)

where ΦtðMiÞ ¼ tMi þ ð1 − tÞ TrðMiÞ
d I, and we have taken

the system-ancilla state to be ρ ⊗ j0ih0jA, without loss of
generality. Equation (51) implies that

ΦtðMiÞ ¼ TrA

�XN
k¼1

pkPk
i I ⊗ j0ih0jA

�
: (52)

We will use this condition to build criteria for projective
simulability. Obviously, if dA ≥ d, any POVM can be
perfectly projectively simulated (t ¼ 1), which is a con-
sequence of the Naimark dilation theorem. However, if the
experimenter has control over a smaller ancilla (dA < d),
the POVM can already be simulated to a considerably
improved degree compared to no ancilla. For example,
with a qubit ancilla, a dimension-independent lower bound
on projective simulability of 1=8 is known [13]; however,
generic upper bounds in such situations are not. To
investigate this question, we reformulate the problem of
projective simulability.
It has been noted in Refs. [17,38] that a necessary

condition for projective simulability can be built by
partitioning the space of the projective measurement by
the ranks of the measurement operators. We extend this
method to investigate the simulation of POVMs with an
ancilla. Let us denote as r⃗ ¼ ðr0; r1;…; rn−1Þ the tuple
such that ri are non-negative integers and

P
n−1
i¼0 ri ¼ dAd,

where ri ¼ rankðPk
i Þ. We call r⃗ a rank tuple and use it to

partition the space of projective measurements. We there-
fore substitute the index k in the above equations by the
pair ðr⃗; μÞ, where μ is the index of the projective meas-
urement within the set of measurements with rank struc-
ture described by r⃗. Using Eq. (52), this leads to the

condition Mh
i ¼ TrAð

P
r⃗ F

r⃗
i I ⊗ j0ih0jAÞ, where Fr⃗

i ¼P
μ pr⃗;μP

r⃗;μ
i and Fr⃗

i ≥ 0. Measurement completeness and

normalization lead to
P

i F
r⃗
i ¼ pr⃗I, where pr⃗ ¼

P
μ pr⃗;μ.

By definition, the trace of the projectors TrðPr⃗;μ
i Þ ¼ ri,

which implies that TrðFr⃗
i Þ ¼ pr⃗ ri. We then phrase the

question of projective simulation with an ancilla as the
following SDP:

max
Fr⃗
i

t

s:t: Tr1

�X
r⃗

Fr⃗
i I ⊗ j0ih0jA

�
¼ ΦtðMiÞ; TrðFr⃗

i Þ ¼ pr⃗ ri;

X
i

Fr⃗
i ¼ pr⃗ I; and Fr⃗

i ≥ 0: ð53Þ

The second constraint implies pr⃗ ¼ 1
dAd

P
n
i¼0 trðFr⃗

i Þ. For a
given target POVM M with effects fMign−1i¼0 and given
ancilla dimension, the above SDP gives an upper bound on
the maximum visibility tðMÞ.
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In Table II, we give the upper bounds on the maximum
visibility obtained with the above SDP for various POVMs
considered in this work.

VII. OUTLOOK AND CONCLUSION

In this paper, we introduced a hierarchy of semidefinite
programs to calculate robust upper bounds on measures of
non-simulability of POVMs and showed that in many
cases, the calculated bounds on the measure of critical
visibility are tight and outperform those of previous
bounding methods.
We then exploited the hierarchy to construct witnesses

that are robust to both measurement and state preparation
errors. Consequently, we implemented two POVMs, a two-
dimensional SIC-POVM and a three-dimensional six-
effect POVM, on a trapped-ion quantum processor using
their projective Naimark extensions to a higher-dimen-
sional space. Using our witness method, we showed that
these measurements could not have been simulated using
projective measurements in the original Hilbert space,
thereby certifying the experiment’s use of higher-dimen-
sional spaces.
Finally, we exemplified how our results can be extended

beyond simulation within the same Hilbert space. To that
end, we considered the concept of measurements with
ancillas, which simulate general POVMs using projective
measurements on a joint system with a dimensionally
restricted ancilla. We calculated upper bounds on the
critical visibility of such schemes for various POVMs
with a qubit ancilla.
While our SDP hierarchy increases in size quickly and

numerical evaluations are limited to low levels, we observe
that already the lowest nontrivial level yields robust
witnesses that outperform previous criteria and can be
calculated even for large dimensions.
Apart from providing essential tools for certifying non-

projectivity of measurements in experiments, our work
uncovered fundamental related questions. For instance, we

conjecture that our hierarchy converges to the true value of
critical visibility after a finite number of steps. Proving this
conjecture could shed light not only on the geometry of the
set of simulable POVMs itself but also on its relation to the
occurring subspace of mutually orthogonal marginals.
Another immediate question concerns the implications
of measurement dimensionality. Motivated by our upper
bounds on the critical visibility and previous findings that
even a two-dimensional ancilla leads to a dimension-
independent lower bound on the success probability, it
seems that further analyzing the geometry of this land-
scape might reveal intricate features of quantum theory in
general.
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TABLE II. SDP results for upper bounds on the critical
visibility for various POVMs along with qubit ancilla, obtained
using Eq. (53). The names for SIC-POVMs are according to
Ref. [29].

d dA POVM M tðMÞ (upper bound)
3 2 flag SIC2 1
3 2 SIC3a 0.9553
3 2 SIC3b 0.9519
3 2 SIC3c 0.9571
4 2 flag SIC2 1
4 2 flag SIC3a 0.9652
4 2 flag SIC3b 0.9652
4 2 flag SIC3c 0.9652
4 2 SIC4a ?
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APPENDIX A: PRIMAL AND DUAL SDP HIERARCHY

The m’th level primal SDP HmðMÞ is defined as

HmðMÞ ¼ max
Ri1 ���im ;t

t (A1)

s:t: Ri1���im ≥ 0; (A2)

Xn−1
i1 ;…;ij−1 ;

ijþ1 ;���;im¼0

Ri1���im ¼ I ⊗ � � � ⊗ ΦtðMijÞ ⊗ � � � ⊗ I; ∀ j ¼ 1 � � �m; ij ¼ 0 � � �n − 1; (A3)

TraðVðabÞRi1���imÞ ¼ 0; ∀ VðabÞ ∈Vm if VðabÞji1;…; imi ≠ ji1;…; imi: (A4)

Vm is the subset of all transpositions. All swap constraints containing larger permutations are automatically fulfilled
then. To show this, consider a general permutation Vπ that changes index a2 (we call Vπ the permutation, although it is
strictly speaking the representation of the group element π∈ Sm). Then

Tra2ðVπRi1���imÞ ¼ 0: (A5)

Vπ can be written as a product of disjoint cycles Vπ ¼ Vð���Þ � � �Vða1a2���alÞ. Since every cycle before Vða1a2���alÞ does not
act on system a2, we have

Tra2ðVða1a2���alÞRi1���imÞ ¼ 0: (A6)

Furthermore we can write any cycle as a product of transpositions Vða1a2���alÞ ¼ Vða1alÞVða1al−1Þ � � �Vða1a2Þ. Again,
because only Vða1a2Þ acts on system k2, we finally get

Tra2ðVða1a2ÞRi1���imÞ ¼ 0: (A7)

Using standard arguments, the dual program DmðMÞ of the m’th level SDP can be calculated to read

DmðMÞ ¼ min
Aiα ;α;DðabÞ;ði1 ;…;imÞ

Xn−1
i¼0

�Xm
α¼1

TrðAi;αÞ
�
TrðMiÞ

d
; (A8)

s:t:
Xm
α¼1

Aiα;α þ
X

VðabÞ ∈Vm;

VðabÞ ji1 ;…;imi≠ji1 ;…;imi

½ðIbd ⊗ D≠b
ðabÞ;ði1;…;imÞÞVðabÞ þ h:c:� ≥ 0 ∀ i1;…; im; (A9)

Xn−1
i¼0

Xm
α¼1

�
TrðAi;αÞTrðMiÞ

d
− TrðAi;α

α MiÞ
�
≥ 1: (A10)

Aiα;α are Hermitian and DðabÞ general complex matrices. For a fixed set of indices ði1;…; imÞ, the second sum in (A9)

runs over all transpositions that change the b’th index. The notation Ib and D≠b
ðabÞ means that the operators act on the b’th

subsystem or everything but the b’th subsystem, respectively (I is a d × d andD≠b
ðabÞ a d

m−1 × dm−1 matrix). The expression

Ai;α
α denotes the partial trace of Ai;α over every system except the α’th one. The last constraint in Eq. (A10) can be replaced

with an equality. To see that, note that taking the trace of Eq. (A9) for i1 ¼ i2 ¼ � � � ¼ im yields TrðAi;αÞ ≥ 0, implying that
the optimization function is always non-negative. Thus, replacing all Ai;α by cAi;α (and likewise for theDðabÞ matrices) for
some constant c∈ ð0; 1� can only yield a better solution, as long as they still obey constraint (A10). Thus, choosing c as
small as possible to reach equality in that constraint is optimal. This observation, together with setting m ¼ 2 then yields
the dual program D2ðMÞ that is displayed in Eq. (38) in the main text.
For Weyl-Heisenberg covariant SIC-POVMs, we further find the symmetry

Ai;α ¼ h⊗m
i A0;αðh†i Þ⊗m (A11)

can be imposed to reduce the number of optimization variables.

RAPHAEL BRINSTER et al. PRX QUANTUM 7, 033005 (2026)

033005-12



APPENDIX B: PROOF OF THEOREM 2

Here, we prove the completeness of the hierarchy in Eq. (18) together with the constraints in Eqs. (28) and (29). To that
end, we make use of Theorem 5.4 from Ref. [39], which establishes a de Finetti theorem for POVMs. In particular, it states
that the existence of matrices Ri1���im for all m fulfilling constraints (28) and (29), where R̃i1���im−1 are feasible solutions of
the hierarchy level m − 1 (which, in our case, is established with the same arguments as in the proof of Theorem 1),
implies the existence of a measure μðfE0;…; En−1gÞ over the set of n-outcome POVMs such that

Ri1���im ¼
Z

dμðfE0;…; En−1gÞEi1 ⊗ � � � ⊗ Eim: (B1)

It remains to show that this indeed yields a projective decomposition. To that end, we consider the second level of the
hierarchy and evaluate the trace over the swap constraint in Eq. (11) for fixed i < j:

0 ¼ TrðVRijÞ ¼
Z

dμðfE0;…; En−1gÞTrðEiEjÞ: (B2)

Thus, being a vanishing convex combination of non-negative numbers, almost all POVMs in the decomposition must
have orthogonal effects. As TrðEiEjÞ ¼ 0 implies EiEj ¼ 0 for positive semidefinite matrices, it follows that almost all
POVMs must be projective measurements, yielding a projective simulation of the POVM, and the claim follows.

APPENDIX C: PROOF OF LEMMA 3

Let M ¼ fMign−1i¼0 be a POVM in dimension d with rank-1 effects, TrðMiÞ ¼ ðdnÞ and MiMj ≠ 0 (for example a SIC-
POVM). Then define the dm-dimensional POVM M̃ with M̃i ¼ Mi ⊗ Im, where m is chosen, such that mðdnÞ∈N (e.g.
m ¼ n or m ¼ n

gcd ðd;nÞ).
We first prove (i), that H2 detects non-simulability of M̃.
From the constraints (9) and (10) one derives

X
j

Rij ¼ MA1

i ⊗ IA2
m ⊗ IB1B2

dm ;
X
i

Rij ¼ IA1A2

dm ⊗ MB1

j ⊗ IB2
m ⇒ Rij ¼ MA1

i ⊗ MB1

j ⊗ NA2B2

ij ; (C1)

with NA2B2

ij ≥ 0 since the Mi are rank-1. From (11) and TrA1A2
ðVRiiÞ ¼ M̃i [which easily follows from Eqs. (9) and (11)]

we get

TrA1A2
ðRijVA1B1

⊗ VA2B2
Þ ¼ MA1

i MB1

j|fflfflfflffl{zfflfflfflffl}
≠0

⊗ TrA2
ðVA2B2

NA2B2

ij Þ¼! δij MB1

i ⊗ IB2
m :

(C2)

From this we can deduce

TrA2
ðVA2B2

NA2B2

ij Þ ¼
8<
:

0; i ≠ j
n
d Im; i ¼ j:

(C3)

Then, by multiplying the last equation in (C1) with VA2B2
and tracing out A2 we get

TrA2
ðVA2B2

RijÞ ¼
8<
:

0; i ≠ j

n
dM

A1

i ⊗ MB1

j ⊗ IB2
m ; i ¼ j;

(C4)

and therefore X
j

TrA2
ðVA2B2

RijÞ ¼
n
d
MA1

i ⊗ MB1

j ⊗ IB2
m : (C5)
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But from the first equation in (C1) we also know that

X
j

TrA2
ðVA2B2

RijÞ ¼ MA1

i ⊗ IB1
m ⊗ IB2

m ; (C6)

which is in contradiction to (C5), and therefore the constraints in H2 can not be fulfilled simultaneously.
We now turn to showing (ii). The main idea of the necessary conditions on projective simulability in Refs. [12] and [17]

is to check whether a convex combination into POVMsN exists, where each effect must have an integer trace and not more
than d effects are allowed. But the POVM M̃ by itself already fulfills these conditions; therefore, it finds a feasible solution
and detects no non-simulability.

APPENDIX D: DECOMPOSITION FROM PRIMAL SOLUTION

In many cases, we can read off the decomposition in projective measurements from the solution of the primal SDP. The
SDP constraints are necessary conditions on

Ri1���im ¼
XN
k¼1

pkðPk
i1
⊗ � � � ⊗ Pk

im
Þ: (D1)

As an example, consider the decomposition of the noisy qubit SIC-POVM M0 ¼ Φ ffiffiffiffiffiffi
2=3

p ðSIC2Þ, which was already
given in Ref. [12]. The POVM decomposes into von Neumann measurements. Therefore, each measurement has two non-
vanishing effects spread across four elements, with ð4

2
Þ ¼ 6 measurements in total, i.e.

0
BBBBBBBBBB@

M0
1

M0
1

M0
2

M0
3

1
CCCCCCCCCCA

¼ pð0;1Þ

0
BBBBBBBBBB@

Pð0;1Þ
0

Pð0;1Þ
1

0

0

1
CCCCCCCCCCA

þ � � � þ pð2;3Þ

0
BBBBBBBBBB@

0

0

Pð2;3Þ
2

Pð2;3Þ
3

1
CCCCCCCCCCA
: (D2)

But in this specific form, Rij for i ≠ j actually becomes a product state, namely Rij ¼ pði;jÞP
ði;jÞ
i ⊗ Pði;jÞ

j , because there
is only one measurement which has two non- vanishing elements at positions i and j, and therefore only one term in the
sum (D1) survives. This means we can easily read off the projectors and pk by taking partial traces.
We can do the same for the three-dimensional POVMs, the only difference being that we have to go to the third level of

the SDP hierarchy. We propose a similar decomposition into ð9
3
Þ ¼ 84 rank-one projective measurements

0
BBBBB@

M0
0

..

.

M0
8

1
CCCCCA ¼ pð0;1;2Þ

0
BBBBBBBBBBBB@

Pð0;1;2Þ
0

Pð0;1;2Þ
1

Pð0;1;2Þ
2

..

.

0

1
CCCCCCCCCCCCA

þ � � � þ pð6;7;8Þ

0
BBBBBBBBBBBB@

0

..

.

Pð6;7;8Þ
6

Pð6;7;8Þ
7

Pð6;7;8Þ
8

1
CCCCCCCCCCCCA
: (D3)

The projectors can then be read off from Rijk with i ≠ j; i ≠ k; j ≠ k. In the cases we studied, only a subset of all 84
combinations are non-vanishing. For example, the optimal noisy versions of SIC3a and SIC3b decompose into 63
projective measurements. An analytical expression of the decomposition in 72 projective measurements of the noisy
version of SIC3c with t ¼ ½1þ 4 cosðπ=9Þ�=6 can be found in Ref. [17].
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APPENDIX E: PROOF OF THEOREM 5

To prove Theorem 5, it suffices to consider a simplified SDP of H2ðMÞ in (A1), which fixes the noise parameter to
t ¼ 1

H�
2ðMÞ ¼ max

Rij

0 (E1)

s:t: Rij ≥ 0; (E2)

Xn−1
i

Rij ¼ I ⊗ Mj;
Xn−1
j

Rij ¼ Mi ⊗ I; ∀ i; j ¼ 0 � � � n − 1; (E3)

Tr1ðVRijÞ ¼ 0; if i ≠ j: (E4)

The dual of (E1) reads:

D�
2ðMÞ ¼ min

Ai;Dij
TrðTr2ðAiÞMiÞ (E5)

s:t: Ai þ VAjV þ ðI ⊗ DijV þ h:c:Þ ≥ 0; ∀ i; j ¼ 0 � � � n − 1;

with Dij ¼ ðDjiÞ†; Dii ¼ 0; ∀ i; j ¼ 0 � � � n − 1:
(E6)

We can now use the weak duality of semidefinite programming, which states that for any feasible solution
TrðTr2ðAiÞMiÞ ≥ 0 holds. In this case, feasible means that the operators Ai fulfill Eq. (E6) and Eqs. (E2)–(E4) are
fulfilled as well. Since Eqs. (E2)–(E4) are just necessary conditions on simulability, this immediately proves Theorem 5.

APPENDIX F: CERTIFYING NON-PROJECTIVITY FROM EXPERIMENTAL DATA

By analyzing measurement statistics and employing necessary conditions on projective simulability, we can certify that
a performed measurement cannot be produced by only applying projective measurements.
For this, consider a measurement fMign−1i¼0 on an ensemble of states fραgr−1α¼1, yielding the probabilities

pα;i ¼ TrðραMiÞ; α∈ f0;…; r − 1g; i∈ f0;…; n − 1g; (F1)

0 ≤ pα;i ≤ 1; ∀ α∈ f0;…; r − 1g; i∈ f0;…; n − 1g; (F2)

X
i

pα;i ¼ 1; ∀ α∈ f0;…; r − 1g: (F3)

The measured probabilities pexp
α;i have some statistical error δα;i. For simplicity (and due to assuming a constant number

of shots for each state measured and applying Hoeffding’s bound, see below), we set all statistical errors equal δα;i ¼ δ,
although the same analysis can be done for different errors. Furthermore we know, the states ρα are close to some known
target states jλαihλαj, i.e.

Fðρα; jλαihλαjÞ ¼ TrðραjλαihλαjÞ ≥ Fα: (F4)

We want to check if the measured probabilities are in agreement with probability distributions arising from a
projectively simulable POVM. For this, note that we can always define the following matrices for simulable POVMs
(similar to SDP (18))

Rijα ¼
X
λ

pλPλ
i ⊗ Pλ

j ⊗ ρα: (F5)
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One can check the following feasibility SDP

findRijα;Mi; ρα; qα;i; (F6)

s:t: Rijα ≥ 0; RΓ
ijα ≥ 0; (F7)

Tr1ðVð12ÞRijαÞ ¼ 0 ∀ α; i ≠ j; (F8)

ρα ≥ 0; TrðραÞ ¼ 1; TrðραjλαihλαjÞ ≥ Fα; ∀ α∈ f0;…; r − 1g; (F9)

X
Mi ¼ I; Mi ≥ 0; ∀ i∈ f0;…; n − 1g; (F10)

pα;i − δ ≤ qα;i ≤ pα;i þ δ; ∀ α∈ f0;…; r − 1g; k∈ f0;…; n − 1g; (F11)

X
i

qα;i ¼ 1; ∀ α∈ f0;…; r − 1g; (F12)

Tr3
X
i

Rijα ¼ I ⊗ Mj ∀ j; (F13)

Tr3
X
j

Rijα ¼ Mi ⊗ I ∀ i; (F14)

Tr2
X
i

Rijα ≥ pmax
j I ⊗ ρα ∀ α; j; (F15)

Tr1
X
j

Rijα ≥ pmax
i I ⊗ ρα ∀ α; i; (F16)

X
i;j

Rijα ¼ I ⊗ I ⊗ ρα; ∀ α∈ f0;…; r − 1g; (F17)

Tr23

�
Vð23Þ

X
i

Rijα

�
¼ qα;jI; ∀ α; j; (F18)

Tr13

�
Vð13Þ

X
j

Rijα

�
¼ qα;iI; ∀ α; i (F19)

The optimization in (F6) is over POVM elements Mi,
states ρα and probabilities qα;i, which are related to
additional optimization variables Rijα via the constraints
(F13)–(F19). As an input it takes the experimentally
measured probabilities pα;i, their statistical errors δ and
lower bounds on fidelities Fα:pmax

i is the maximal prob-
ability measured for the outcome i. If the SDP fails to find
a solution and is therefore infeasible, this implies that the
implemented POVMwas not projectively simulable, as the
necessary conditions (F7)–(F19) cannot be satisfied
simultaneously.
The statistical error can be fixed beforehand, but

mathematically it is equivalent to minimizing this error
δ in Eq. (F6) and deducing a confidence interval from this
via Hoeffding’s inequality [36]

Pðjpα;i − E½pα;i�j ≥ δÞ ≤ 2 exp ð−2Nδ2Þ: (F20)

For the two-dimensional 4-effect POVM we get
δ ≈ 0.0336. For the three-dimensional 6-effect POVM
we get δ ≈ 0.0232. Both errors correspond to confidence
intervals of more than 5σ.

APPENDIX G: EXPERIMENTAL
IMPLEMENTATION

1. Setup

The experiment is performed on the same trapped ion
qudit quantum processor described in Refs. [20,40]. One
40Caþ ion is trapped in a linear Paul trap, and information
is encoded in the population of the metastable state (D5=2)
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and the ground state (S1=2). A schematic of both the
physical level scheme and the trap geometry can be seen in
Fig. 5. The ion is ground-state-cooled using first Doppler
cooling [41–43] and polarization gradient cooling [44,45]
coupling with 397 nm light to the dipole transition,
followed by resolved sideband cooling with a 729 nm
laser on the quadrupole transition. [46,47] The logical
states are then manipulated using an addressed 729 nm
laser with a < 1 Hz linewidth [48]. Additionally, an
866 nm and an 854 nm laser are needed for repumping
the ion from the D-manifold.

2. Qudit detection

State readout also utilizes the 397 nm laser, scattering
light resonantly and collecting it using an objective and
focusing it onto an Andor EMCCD camera. Scattering
light then corresponds to the ion being in the S1=2
manifold, no light to the D5=2 manifold. In order to
discriminate multiple different levels of the D5=2 manifold,
multiple sequential readout cycles have to be used: If the
ion starts with only one state encoded in the S1=2 manifold
(e.g. j0i), a first readout only gives information on whether
the ion was in j0i or another state. If the ion is found dark,
a narrow, resonant 729 nm laser pulse maps the j1i state to

the S-manifold, followed by another detection. If the ion is
again found dark, this repeats with j2i until the qudit state
of the ion is fully determined.

3. POVM measurement

Experimentally, two different POVMs are certified for
non-simulability: The 4-effect SIC-POVM in a 2D system
M2, and a 6-effect informationally complete POVM in a
real 3D system M3r.
We first measured the qubit SIC-POVM M2, as e.g.,

used in Ref. [6], given by projectors onto the tetrahedral
vectors in Eq. (32). The POVM measurement is imple-
mented using the unitary Û4 to map the qubit onto the
larger available ququart space (vectors j0i − j3i). This acts
as a Naimark dilation so that the outcomes from a
projective measurement in the computational basis of
the ququart directly correspond to the four different
POVM outcomes.
The 6-effect POVM M3r is measured in the same way.

It consists of projectors onto the vectors in Eq. (34), and is
implemented using unitary Û6 that maps the qutrit to the
qusext still available in the 40Caþ ion, which can then be
measured in the computational basis. The corresponding
unitaries read:

Û4 ¼

0
BBBBBBBBBB@

1ffiffi
2

p 0 0 1ffiffi
2

p

1ffiffi
6

p 1ffiffi
3

p 1ffiffi
3

p −1ffiffi
6

p

1ffiffi
6

p ð−1Þ23ffiffi
3

p ð−1Þ43ffiffi
3

p −1ffiffi
6

p

1ffiffi
6

p ð−1Þ43ffiffi
3

p ð−1Þ23ffiffi
3

p −1ffiffi
6

p

1
CCCCCCCCCCA
; Û6 ¼

0
BBBBBBBBBBBBBBBBBB@

1
2

1
2

0 − 1
2

0 − 1
2

1
2

0 1
2

0 1
2

1
2

0 1
2

1
2

1
2

− 1
2

0

1
2

− 1
2

0 1
2

0 − 1
2

1
2

0 − 1
2
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2

1
2

0 1
2

− 1
2

1
2

1
2

0

1
CCCCCCCCCCCCCCCCCCA

:

(a) (b)

FIG. 7. Schematic level diagram of a ion, including the Zeeman-splitting in the manifold. States used for logic are labeled as etc.
Arrows indicate the different lasers that are used for qudit manipulation as well as their wavelengths. Illustration of the qudit readout
process in the case of a ququart. In this example, we have to implement the readout routine three times to fully characterize the ion state.
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The fidelities of the prepared states are estimated as
explained in Sec. V in the main text and can be found in
Table III. The probabilities of the different outcomes are
listed in Table IV. While the state certification used 50 000
shots per state, the POVM was measured using 40 000
shots. This is because state certification has a greater
influence on the POVM witness uncertainty intervals.
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