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We introduce magic-augmented Clifford circuits—architectures in which Clifford circuits are preceded
and/or followed by constant-depth circuits of non-Clifford (“magic”) gates—as a resource-efficient way
to realize approximate k-designs, with reduced circuit depth and usage of magic. We prove that shallow-
Clifford circuits, when augmented with constant-depth circuits of magic gates, can generate approximate
unitary and state k-designs with ¢ relative error. The total circuit depth for these constructions on N qubits
is O(log(N /g)) 4 29%1°2h in one dimension and O(loglog(N /¢)) + 20%102h) in all-to-all circuits using
ancillas, which improves upon previous results for small £ > 4. Furthermore, our construction of relative-
error state k-designs only involves states with strictly local magic. The required number of magic gates
is parametrically reduced when considering k-designs with bounded additive error. As an example, we
show that shallow-Clifford circuits followed by O(k?) single-qubit magic gates, independent of system
size, can generate an additive-error state k-design. We develop a classical statistical mechanics description
of our random circuit architectures, which provides a quantitative understanding of the required depth
and number of magic gates for additive-error state k-designs. We also prove no-go theorems for various

architectures to generate designs with bounded relative error.

DOLI: 10.1103/myrb-nyhf

I. INTRODUCTION

Random unitaries have broad applications in quantum
information science, condensed matter physics, and high-
energy physics. On the theoretical side, random unitary
circuits provide a valuable toolset for investigating com-
plex quantum many-body phenomena, such as thermal-
ization and information scrambling in quantum dynamics
[1-3] and the physics of black holes [4—7]. On the practi-
cal side, random unitary operations provide a resource for
benchmarking quantum devices [8,9], performing efficient
measurements [10] and demonstrating quantum advantage
[11]. However, generating random unitaries drawn from
the Haar measure is a challenging task, typically requir-
ing resources that scale exponentially with system size
[12]. This challenge has motivated significant interest in
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designing quantum circuits that can efficiently generate
approximate random unitaries.

A useful concept for characterizing the degree to which
a circuit functions as a random unitary generator is the
approximate unitary k-design [13,14]. An ensemble of
unitaries, denoted by &,, is said to form an approximate
k-design if it is indistinguishable from the Haar ensemble
H by quantum experiments making at most & queries to the
unitary. More precisely, for the unitary ensemble, one can
consider two types of error constraints controlling the dis-
tinguishability in two classes of quantum experiments.

(1) Additive error. A unitary ensemble &, forms a uni-
tary k-design with e additive error if

10 — Pl < e, (1)

where ||-||¢ is the diamond norm [15], and CID(;;) is
the k-fold twirling channel defined as follows:

PP () 1= Eyee, UK (HUT®* @)
and similarly for the Haar ensemble. A bounded
additive error ensures that the ensemble is indistin-

guishable from the Haar ensemble in experiments
that make k parallel queries.
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(2) Relative error (or multiplicative error) [16]. Rela-
tive error is a stronger notion than additive error. A
unitary ensemble &, forms a unitary k-design with ¢
relative error if

(1-gof <o¥ <(1+e)df, (3)

where ® < @' means that & — @ is a completely
positive map. A bounded relative error ensures that
the expectation values of any positive operator in
the output states of the two channels differ by at
most a multiplicative factor [16]. Furthermore, it
ensures indistinguishability in any quantum exper-
iment involving up to k queries, including adaptive
strategies [17].

A closely related notion is that of an approximate state
k-design, which characterizes how well an ensemble of
pure quantum states approximates the statistical properties
of Haar random states. Specifically, an ensemble & of pure
states is said to form an approximate state k-design if its kth
moment,

P 1= Eyeg, Iy ) (|, (4)

approximates the corresponding moment of the Haar
ensemble. Again, the approximation can be quantified
either in terms of additive error or relative (multiplicative)
error:

additive error || ,ng) — ,Oélk)Hl <e, %)

V<o < +enf, (6

relative error (1 — &)py” = pg,

where, for Hermitian operators, p; < o, denotes that p, —
p1 is positive semidefinite. Unlike the case of unitary
designs—where only the relative error guarantees oper-
ational indistinguishability in adaptive experiments—the
additive error for state designs already suffices to ensure
indistinguishability even under adaptive protocols (see
Appendix A for further discussion). Similar to the uni-
tary case, a bounded relative error further ensures that any
positive operator in the two states acquires expectation
values differ by at most a multiplicative factor. We fur-
ther remark that approximate state k-designs constitute a
weaker notion than unitary k-designs and typically require
fewer resources to construct. In particular, a state k-design
can be constructed by applying random unitaries drawn
from a unitary k-design to a fixed reference state, such as a
product state.

Substantial progress has been made in constructing
quantum circuits that generate approximate unitary k-
designs. In a seminal work, Ref. [16] considered unitary
circuits composed of local two-qubit Haar random uni-
tary gates and showed that the circuit over N qubits with
depth O(k''N) forms an approximate unitary k-design up

to bounded relative error. The required circuit depth was
later improved in a series of works [18-26] to O(kN)
(linear in k) [26]. The design construction is further simpli-
fied in a major recent breakthrough [17,27], which showed
that one-dimensional shallow quantum circuits with depth
O(klog N) can achieve bounded relative error.

While the newer result significantly simplifies the the-
oretical requirements for constructing k-designs—parti-
cularly in terms of circuit depth—it still relies on the use
of generic two-qubit gates, which remain challenging to
implement on realistic quantum hardware. To this end, one
may consider circuit architectures composed primarily of
Clifford gates, with only a limited number of non-Clifford
(“magic”) gate insertions, which can reproduce various
aspects of Haar random unitaries [28—32]. Clifford gates
are often regarded as “free” operations, as they can be effi-
ciently simulated on classical computers and are naturally
compatible with fault-tolerant implementation in stabilizer
codes [33,34]. Adding magic gates to the Clifford cir-
cuit allows implementing universal quantum computation
[35]. Along this line, Ref. [36] investigates circuits com-
posed of global random Clifford unitaries interleaved with
single-qubit magic gates. They rigorously show that O(k*)
magic gates are sufficient to generate a unitary k-design
with bounded additive error, and that O(kN) magic gates
suffice to achieve bounded relative error. However, global
random Clifford unitaries require local quantum circuits of
linear depth for their implementation [37], which results in
a large overall circuit depth for the full protocol. This nat-
urally raises the question of whether unitary k-designs can
be realized by shallow circuits that consist predominantly
of Clifford gates.

In this work, we consider magic-augmented Clifford cir-
cuits, which consist of random Clifford circuits preceded
and/or followed by generic, constant-depth quantum cir-
cuits containing magic gates. We explore the possibility
for the output state ensemble to form an approximate state
k-design or the circuit ensemble to form an approximate
unitary k-design with both bounded relative and addi-
tive errors [38]. A key feature of these circuits is that
the magic gates and Clifford gates are not interspersed.
Since the random Clifford gates are relatively easy to gen-
erate [37], we are thus able to show that these circuit
architectures can realize k-designs at an improved circuit
depth. We here provide a nontechnical summary of our
circuit architectures to construct approximate state and uni-
tary k-designs—many of which involve low-depth Clifford
circuits augmented by constant-depth magic.

Our results, along with a comparison to previous works,
are summarized in Table 1.

Relative-error state design (Theorem 3, Sec. V A):
The state ensemble generated by two-layer Clifford circuits
operating on qubit blocks of size 2& = O(log(N/¢) + k?)
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followed by a product of unitary gates drawn from exact .-
designs acting on clusters of qubits of size £ = O(klog k)
forms a state k-design with ¢ relative error for &k <
O(+/N). Importantly, this construction only uses strictly
local magic.

N
QP00 9900 0000 PY-YY 000

VVTUY VYUYV vvrYY vervy vve vy

Relative-error unitary design (Theorem 4, Sec.
V B): Furthermore, the circuit ensemble of two-layer Clif-
ford circuits operating on qubit blocks of size 2& =
O(log(N /¢) + k?), sandwiched by local gates drawn from
exact k-designs acting on clusters of qubits of size £ =
O(klogk) forms a unitary k-design with ¢ relative error
for k < O(V/N).

K_L £
2000 9000 QO-0Q YO-QY QY-QQY

PP-00 9000 0E-00 E-00 000

Additive-error state design (Theorem 6, Sec. VI A):
The state ensemble generated by Clifford circuits operating
over qubit blocks of size 2& = O(log(N /¢) + k?) followed
by Ny = O(k* 4 log(1/¢)) single-qubit magic gates can
form a state k-design with ¢ additive error for k < O(V/N)
[41].

VVTIUY VYUYV vvrYY vverYy vver vy

Additive-error unitary design (Theorem 7, Sec.
VI B): Furthermore, the circuit ensemble of a unitary gate

drawn from k-design acting on Ny, = O(k* + log(1/¢))
qubits, followed by a global random Clifford unitary, forms
a unitary k-design with ¢ additive error for k < N + 1.

QLTI

Ny

A key intermediate result that allows us to prove these
results is the “uniformity condition,” which we introduce
in Sec. IV. Roughly speaking, it measures the devia-
tion of an ensemble of Clifford quantum circuits from
a global, random Clifford unitary gate. This condition
can be approximately satisfied by low-depth Clifford cir-
cuits and guarantees that such circuits, when augmented
with magic gates, can form approximate k-designs under
various measures.

Our results have a few implications.

Improved circuit depth for unitary designs: Our
construction of the unitary k-design with bounded rel-
ative error only requires a 1D local circuit depth of
O(log(N /g)) + 20%loghb) The construction has a decou-
pled scaling of depth with N and k, which was an
open problem [42]. The scaling improves the known
result of O(log(N/¢) - kpolylogk) in Ref. [17] for small
k> 4. Using circuits with all-to-all connectivity and
O(N (log(N /&) + k%)) ancillas, our construction requires
only depth O(log log(N /g)) + 20%klogh

State designs from local magic: Our result suggests
that an ensemble of states with strictly local magic [43—
48] can form an approximate state k-design (with bounded
relative error). Here, a state is said to contain only local
magic if one can convert it to a stabilizer state using a
constant-depth local unitary. Furthermore, we provide a
shallow-circuit construction for an additive-error state k-
design with a system-size independent number, O(k*> +
log(1/¢)), of single-qubit magic gates. This construction
with a constant number of magic gates (constant “magic”)
can be efficiently generated on a classical computer [49]
and is easy to learn [50,51].

Additive-error stabilizer state designs at low
depth: We demonstrate that Clifford circuits can gen-
erate stabilizer state k-designs with & additive error
in depth O(log(N/e) + k*) using 1D circuits and in
depth O(log log(N /) + log k) using all-to-all circuits with
ancillas.

010344-3



ZHANG, VIJAY, GU, and BAO

PRX QUANTUM 7, 010344 (2026)

Circuit parameters for the constructions of approximate k-designs over N qubits with ¢ relative or additive error for & > 4. d|p is the depth of 1D circuits with
geometrically local gates, dat-a1 1S the depth of circuits with all-to-all connectivity and ancillas. Here, magic depth refers to the number of instances in time where magic gates

are applied in the circuit.

TABLE 1.

State k-design Unitary k-design

w/ ¢ additive error

State and unitary k-design

w/ ¢ additive error

w/ ¢ relative error

- kpoly log k)

N

log —
€

o
dip = O(N) [40]

dlD

Haar random [17]

1
0] <N2k+N10g 4)
€

dip

Doped Clifford [36,39]

1
€

0 <k4 + klog

# of magic gates

)

1

€
N

0 (log log — + log k)
€

o <k2 + log

# of magic gates

1
= O(Nk—i—log 4)
€

# of magic gates

)

k
0 <k3 +log
k
0 (k4 poly log 4>
e

=0 (N + kpolylog —
&
support of magic gates

dip

g

N
=0<10g—+
e

dip

-0 (10g ﬁ) + 20(k10g/()
&

dip

Magic augmented Clifford (this work)

)

datl-to-all

N) + 20(klogk)

loglog —
€

magic depth = 20klogh)

=0

datl-to-all

# of magic gates

1
0 <k2 + log 4)
€
magic depth = 1

# of magic gates

Representational power of Clifford-augmented
states: Consider an ensemble of Clifford-augmented states
generated by Clifford gates acting on matrix product states
with bond dimension D or the output states of local uni-
tary circuits of a finite depth ¢ in any finite dimension.
We show that these ensembles cannot form a relative-error
state k-design with D = 6((N /¢)'/*) or for any finite .

A. Reader’s guide

The rest of this paper is organized into several sec-
tions that can be read either sequentially or selectively,
depending on reader’s interest.

(1) Section II provides a technical overview of the
main theorems and summarizes the intuition of these
results based on the effective statistical mechanics
model.

(2) Section III includes the preliminary background for
our main results. Sections III A and I1I B review the
definitions of approximate unitary and state designs,
respectively. Section III C reviews the algebraic the-
ory of the Clifford commutant developed in Ref.
[52].

(3) Section IV introduces the uniformity conditions.

(4) Section V presents our main results for designs with
bounded relative error. We prove that our circuit
architectures can generate state and unitary designs
with bounded relative error in Secs. VA and VB,
respectively. Section V C proves no-go theorems for
various other circuit architectures to form designs
with bounded relative error.

(5) Section VI presents the results for designs with
bounded additive error. We prove that the circuit
architectures we consider can generate state and uni-
tary designs with bounded additive error in Secs.
VI A and VI B, respectively.

(6) Section VII provides the physical understanding of
our results based on statistical mechanics mappings.

(7) We close with discussions and outlook in Sec. VIII.

(8) We present the results that are not our primary focus
and a list of notation in the Appendices.

Suggested reading paths:

(1) For readers interested in technical details: read Secs.
IV, V, and VI;

(2) For readers interested in an understanding of the
uniformity condition in terms of the statistical
mechanics: read Secs. IV and VII A;

(3) For readers interested in the statistical mechanics
picture of our construction for state design with
bounded additive error: read Sec. VII.
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II. TECHNICAL OVERVIEW

We provide a technical summary of our results. We
first present our main theorems in Secs. V and VI, spec-
ifying our circuit architectures and the required circuit
parameters to achieve approximate designs. See Table I for
comparison with existing literature. We then overview sta-
tistical mechanics understanding of our results developed
in Sec. VIIL

A. Main results
1. State designs with bounded relative error

In Sec. V A, we provide a construction for a state designs
with bounded relative error [defined in Eq. (6)] using low-
depth circuits.

Theorem (Relative-error state designs from low-depth
Clifford unitaries followed by constant-depth magic gates).
Consider a state ensemble £ = {UV|0)®V}) generated by
the circuit architecture below:

&
U{ 0009 0900 9000 9000 P00y
Vs Vi
VvV [T T0T~1T1T TTTT TT-TT TT-~1T1
1 V3
$=10)

v vY vvevY vvevy Yvevv $uedy

Here, U is a product of random unitaries drawn from
exact unitary k-designs acting on disjoint qubit clusters
of size £. The two-layer Clifford unitary ¥ consists of
Clifford gates acting on 2& qubits. Each Clifford gate is
drawn independently from an exact Clifford £-design. In an
N-qubit system with N = w(k* + log(1/¢)), the ensem-
ble £ can form a state k-design with ¢ relative error for
£ = O(log(N/¢) + k*) and £ = O(klogk).

In Sec. V C, we prove no-go theorems for state k-design
with bounded relative error. In particular, we show that
a state ensemble generated by Clifford gates acting on
matrix product states with a low bond dimension or general
short-range entangled states prepared by finite-depth local
unitaries in any dimension cannot form a state k-design
with bounded relative error for k£ > 4. The key observation
is that the stabilizer Rényi entropy of these states is not
close enough to that of Haar random states as required by
a small relative error.

Theorem. Consider an ensemble of states £ = {V|y)},
where V is a Clifford unitary.

(1) For |¢¥) being matrix product states with bond
dimension D, the state ensemble cannot form a state

k-design for k£ > 4 with ¢ relative error for D =
O((N/e)'/%).

(2) For |y) being states prepared by d-dimensional
local unitary circuits of depth #, the ensemble can-
not form a state k-design with ¢ relative error for
t = 5((log(N /&))/%).

2. Unitary designs with bounded relative error

In Sec. V B, we construct unitary designs with bounded
relative error [defined in Eq. (3)] using low-depth circuits.

Theorem (Relative-error unitary designs from low-depth
Clifford unitaries sandwiched by constant-depth magic
gates). Consider an ensemble & = {UVU'} of unitary cir-
cuits given by the architecture below:

£
U { 99-09 m ¢'¢'-'-¢§ 0000 _00-00
Va Vi
VS Tl [T TT=IT TT-11 111
|4 Vs

U'{ 90-99 0009 0600 90-00 09-00

where U and U’ are a product of random unitaries drawn
from exact k-design acting on disjoint qubit clusters of
size £, V' is a two-layer Clifford unitary. Each gate in the
two-layer Clifford unitary acts on 2& qubits and is drawn
independently from an exact Clifford k-design. In an N-
qubit system with N = w(k* 4 log(1/¢)), the ensemble
& can form a unitary k-design with ¢ relative error for
£ = O(log(N/¢) + k*) and £ = O(klogk).

The circuit depth of our construction follows from the
results for constructing random Clifford and Haar random
unitary gates [12,37]:

Corollary. In an N-qubit system with N = w(k> +
log(1/¢)), one can realize approximate unitary and state
k-designs with ¢ relative error in depth:

(1) O(log(N/¢)) + 20Klogh) y5ing 1D circuits.
(2) O(loglog(N /e)) + 29%1oeh ysing all-to-all circuits
with O(N (log(N /&) + k*)) ancillas.

The depth of our construction exhibits a decoupled scal-
ing of k and N. For 1D circuits with geometrically local
gates, our result improves the previous result O(log(N /¢)-
kpolylog k) for small £ > 4 obtained in 1D shallow Haar
random circuits [17]. For circuits with all-to-all connec-
tivity and ancillas, the O(log log(N /¢)) + 20%1°2h gcaling
was not known previously for £ > 4.
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Having presented our construction for unitary designs
with bounded relative error, we prove a no-go theorem in
Sec. V C. We show that finite-depth local unitaries sand-
wiched by Clifford gates cannot form relative-error unitary
k-designs with k > 4.

Theorem. Let V| and V, be Clifford unitaries, and U
be d-dimensional local circuits with depth bounded by
t. Then, the unitary ensemble {V;UV,} does not form a
unitary k-design for £ > 4 with ¢ relative error for ¢ =
o((log(N /&)'/?).

3. State designs with bounded additive error

In Sec. VI A, we prove the following theorem for the
state designs with bounded additive error [defined in Eq.

(3]

Theorem (Additive-error state designs from low-depth
Clifford unitaries followed by constant magic). Consider
a state ensemble & = {UV|0)®"V} generated by the circuit
below:

Ny 13
= —
U4 -1l ool 10 [-dl 111
Vs V4
174 [l-T7T TT-T7 T1-TT7 TT-TT TT-11
|1 V3
=10

vy Vvl GYevy vy dueoy

where U is a product of N, single-qubit gates drawn
independently from either an exact k-design or a gate set
{1, u,u"} with u being a magic gate, and V is a two-layer
Clifford unitary. Each Clifford gate in V" acts on 2£ qubits
and is drawn from an exact Clifford £-design. In an N-qubit
system, the ensemble £ can form a state k-design for k& <
O(+/N) with e additive error for & = O(log(N/¢) + k?)
and

(1) Ny = O(k* + log(1/¢)) if the single-qubit gates are
drawn from a k-design;

(2) Ny = O((k* + log(1/e)) log2 k) if the single-qubit
gates are drawn from {1, u, u'}.

We note that u in the single-qubit gate set {1,u, u"} can
be any magic gate, e.g., T-gate. Also, we can place magic
gates before the low-depth circuit as shown in Appendix
B. This result does not contradict our no-go theorem,
which applies to the designs with bounded relative, but not
additive error.

Our construction for additive-error state designs, involv-
ing a constant number of magic gates, is easy to generate
on a classical computer [49] and is easy to learn [50,51].

It also provides a feasible route to realizing random states
in an experimental platform with logical qubits encoded in
stabilizer codes.

While establishing these results, we also obtain a con-
struction for an approximate stabilizer state design in shal-
low circuits. Specifically, an ensemble £ forms a stabilizer

state k-design with & additive error if ||,0§k) — ,oék) I <e,

where p 1= Eyc [ ).

Theorem (Additive-error stabilizer state designs from
low-depth Clifford circuits). Consider a state ensemble
& = {V]0)®"} generated by a two-layer Clifford unitary V.
Each Clifford gate acts on 2& qubits and is drawn from an
exact Clifford k-design. In an N-qubit system, the ensem-
ble can form a stabilizer state k-design with ¢ additive error
for £ = O(log(N /¢) + k?).

Corollary. In an N-qubit system, one can realize
approximate stabilizer state k-designs with & additive error
in depth

(1) O(log(N/¢) + k?) using 1D circuits.
(2) O(loglog(N/¢e) +logk) using all-to-all circuits
with O(N (log(N /&) + k?)) ancillas.

With O(k* + log(1/e)) single-qubit magic gates, one can
realize a state k-design with ¢ additive error in the same
depths.

4. Unitary designs with bounded additive error

In Sec. VI B, we prove the following theorem for unitary
designs with bounded additive error [defined in Eq. (1)].

Theorem (Additive-error unitary designs from circuits
with magic gates over constant-number of qubits). Con-
sider a unitary ensemble & = {VU} generated by the circuit
below:

@il T-TTTT

Ny

Here, U is a random unitary drawn from a unitary k-
design with ¢/2 additive error, it acts on a subsystem M of
Ny qubits, and V is a global Clifford unitary drawn from
an exact Clifford k-design. The ensemble £ can realize a
unitary k-design for k < N + 1 with ¢ additive error for
Ny = O3 + log(1/¢)).
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Corollary. With O(k* polylog(k/e)) two-qubit magic
gates, one can realize approximate unitary k-designs with
¢ additive error in depth O(N + kpolylog(k/e)) using
1D circuits and in depth O(log N + k poly log(k/¢)) using
all-to-all circuits with N2 ancillas.

We would like to highlight the distinct architectural
choice made for constructing the additive-error unitary
design. Specifically, our approach employs global ran-
dom Clifford unitaries, which inherently require circuits
of linear depth, in contrast to the shallow-circuit architec-
ture used in other constructions. For applications where
minimizing the overall circuit depth—particularly with
respect to the system size N—is the primary objective,
one may instead use the aforementioned relative-error uni-
tary design, constructed by sandwiching local k-design
unitary gates acting on disjoint clusters of qubits. How-
ever, this alternative architecture incurs a substantial magic
cost, requiring that the number of non-Clifford gates scales
linearly in N. By contrast, our construction for an additive-
error design achieves favorable circuit depth under a fixed
magic budget. For a detailed comparison with the existing
results, see Table 1.

B. Statistical mechanics picture

A portion of our results can be interpreted in the lan-
guage of an effective classical statistical mechanics model
that describes the ensemble of circuits that we consider.
Similar mappings have been successfully used [3] to inves-
tigate a diverse set of quantum many-body phenomena,
ranging from entanglement growth and the onset of quan-
tum chaos [53—56] to the physics of random tensor net-
works [57,58], and measurement-induced entanglement
phases and transitions [59—64].

For a quantum circuit composed of random gates drawn
from a k-design, the average of the k-fold replicated circuit
can be mapped onto the statistical mechanics of “spins”
taking values in the permutation group S, which labels the
linearly independent set of operators that commute with
the k-th tensor power of an arbitrary unitary operator. For
a quantum circuit composed of random Clifford gates, the
structure of the effective statistical mechanics description
is richer. The average k-fold channel of a random Clifford
gate maps onto a summation over stochastic Lagrangian
subspaces X, which label operators in the Clifford com-
mutant, (i.e., the set of operators that commute with the
k-th tensor powers of Clifford unitaries, reviewed in Sec.
Il C). This results in a statistical mechanics model con-
sisting of “spin” degrees of freedom, each of which labels a
stochastic Lagrangian subspace. The S; permutation oper-
ators belong to the Clifford commutant and correspond to
a subset of the stochastic Lagrangian subspaces Xy 4.

Section VII A shows that approximate uniformity—a
key property satisfied by two-layer shallow-Clifford cir-
cuits that underlies our shallow-circuit constructions of
k-designs—is linked to a notion of strong ordering in
the statistical mechanics description. The strong order-
ing requires that any domain-wall excitation (neighboring
spins representing nonidentical Lagrangian subspaces) is
parametrically suppressed, which is a stronger condition
than simply being within the ordered phase of the sta-
tistical mechanics model. We show that strong ordering
can happen when each gate acts on O(log N) number of
qubits, corresponding to a sufficiently low temperature
O(1/log N) in the stat-mech model, which prevents small
domain walls from proliferating.

We note that in one dimension, strong ordering emerges
when the stat-mech model exhibits usual ordering, which
necessarily requires that the domain walls flipping an
extensive number of spins are suppressed. In higher dimen-
sions, although the stat-mech model can exhibit usual
ordering when the gates in the two-layer circuit act on an
O(1) number of qubits, strong ordering still requires each
gate to act on O(log N) qubits.

The analysis in Sec. VII A can be easily generalized to
the case of two-layer Haar random circuits studied in Ref.
[17]. There, the strong ordering that emerges when each
Haar random gate acts on O(log N) qubits explains why
such circuits form unitary designs with bounded relative
error.

Section VIIB provides a statistical mechanics under-
standing for why O(k*) [65] magic-gate insertions are
sufficient to convert shallow-Clifford circuits to state k-
designs with bounded additive error. The key observation
is that bounded additive error requires a strong ordering
in the stat-mech model, in which the spins are aligned
spatially to the subset of the stochastic Lagrangian sub-
spaces that corresponds to the permutation group S. In the
stat-mech model for the random Clifford circuit, inserting
single-qubit magic gates can be regarded as introduc-
ing a local “symmetry-breaking” field, which favors the
stochastic Lagrangian subspaces that correspond to Si.
Each magic gate thus creates an additional energy cost for
spins taking a nonpermutation value; the cost is O(1) for
magic gates drawn from a k-design and is O(1/log? k) if
the gates are drawn from {1,u, u'} with u being a generic
magic gate. In the strongly ordered stat-mech model for
Clifford circuits, there are a total of |2k,k‘ —|Sk| = 206
spin configurations spatially aligned to a nonpermutation
value, corresponding to an entropy O(k?). It is therefore
enough to insert O(k?) single-qubit magic gates—which
create an energy cost of O(k?) for these nonpermutation
configurations within the stat-mech description—to sup-
press these states and achieve strong ordering within the
permutation subspace. _

Our stat-mech mapping strongly suggests that the O(k?)
number of generic, magic gates inserted at arbitrary
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locations in the two-layer random Clifford circuit oper-
ating on logarithmic-sized qubit blocks is sufficient to
generate an additive-error state k-design. This heuristic
picture further motivates the search for other unitary cir-
cuit architectures (e.g., with local, two-qubit Clifford gates
and a constant number of magic gates) which can realize
additive-error designs.

III. PRELIMINARIES

In this section, we first review the definition of state and
unitary k-design and their approximation up to additive and
relative errors. We then review the algebraic structure of
the Clifford commutant.

A. Approximate unitary designs

We define the k-fold channel ®® (-) for an ensemble £
of unitary gates as follows:

o (1) 1= Eyee UPF () U, (7

Definition 1 (Approximate unitary design with bounded
additive error). The ensemble £ forms an approximate
unitary k-design with & additive error if

k k
0% — Py <&, 8)

where Qg ! is the k-fold channel associated with the Haar
random unitary ensemble.

The diamond norm ||-||¢, for superoperators is defined as
follows [15]:

@l =P ®id[l1-1 := Hgﬁﬁlll[d) ®1d](O)[li.  9)
Here, the superoperator @ and the identity channel id act
on operators in the Hilbert space H and a second Hilbert
space ‘H’ with the same dimension as H, respectively [66].

Operationally, the diamond norm bounds the additive
distinguishability of two channels. For any input density
matrix p on the Hilbert space H @ H/,

I[P ®id](p) — [®2 @ id](p) ]I} = |1 — P2llo, (10)

where ®;, and id act on operators in H and H’, respec-
tively. The trace distance is, in turn, related to the
success probability of distinguishing two density matri-
ces, Psucc = 1/2 + ||p1 — p2ll1/2, by the Holevo-Helstrom
theorem [67].

Definition 2 (Approximate unitary design with bounded
relative error [16]). The unitary ensemble £ is an approx-
imate unitary k-design with ¢ relative error if

(11

where “<” is the semidefinite ordering between channels:
D < O, iff &, — P is a completely positive map.

11— <o® <1 +e)0P,

In our detailed proofs, we always work with an equiv-
alent formulation of the semidefinite ordering ®; < ®; in
terms of the operator inequality below:

[®) ® id](Pepr) < [P2 ® id](Pepr), (12)
where Pgpr is the density matrix of EPR states between H
and H' [68].

A k-design with bounded relative error has the fol-
lowing operational significance. First, given a state p on
‘H ® H’, the probabilities for measurement outcomes on
the states [® ® id](p) and [®{F ® id](p) only differ by
a small multiplicative factor. This setup describes quantum
experiments where a unitary U drawn from an appropriate
ensemble can be queried k times in parallel. However, a
bounded relative error also implies that in a more general
adaptive quantum experiment, where k separate queries are
made to a unitary U, the output states when U is sampled
from £ or from the Haar ensemble are only separated by
2¢ in trace distance [17].

We remark that relative error is a stronger notion than
additive error; an approximate k-design with bounded rel-
ative error is necessarily an approximate k-design with
bounded additive error (Here, we provide an explicit
derivation. Assume CID(Sk) is within ¢ relative error of CID(;).
We have

(k) (k)
||CI>€ - cI>H ||<>

= max [|[(®g — Py) ® id(0) ||
ol <1

=2 max max TrM[(®¢ — Py) ® id](O)
[Oll; <1 0<M<1

<2e max max |TrM[®Py ® id](O)|
Ol <1 0=M<1

< 2¢ max [[[®y ® id](O)
IOl <1

< 2¢ max Eu-nll(U®F @ DOWU™®* @ D],
1=

= 2¢ max ||O||; = 2s.
0l <1

The last inequality follows from the convexity of the trace
norm), though the converse is not necessarily true [16].

In this work, we also consider approximate Clifford k-
designs, which are defined with respect to the distance
from the k-fold channel of random Clifford unitaries,
DL () = Epuc POk () V1EE,

B. Approximate state designs

We define the kth moment of an ensemble £ = {|y)} of
quantum states as follows:

PP =y [P )| (13)
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Definition 3 (Approximate state design with bounded
additive error). A state ensemble £ = {|y)} forms an
approximate state k-design with e additive error if

k k
o0& — ol <e, (14)

where p](f ) is the k-th moment of the Haar ensemble.

We note that the kth moment of the Haar random ensem-
ble takes the explicit form pl({k) = (1/dsym)Psym, where
Pgym is the projection onto the permutation symmetric sub-
space of the replicated Hilbert space H®¥, and dsym =
(*f=1) is the dimension of this subspace, with d =
dim H.

Operationally, an ensemble £ being a state k-design with
¢ additive error implies that, for any algorithm that makes
k queries of the state |y), the output state when [y) is
sampled from & or from an exact k-design is at most ¢ in
trace distance (see Appendix A). While the trace norm is
often challenging to compute, it is upper-bounded by the
two-norm, which is directly related to the frame potential

k k k k k
10® = o1 = V&1o® = oo = \Jat (FE = FP).

(15)

where the frame potential for an ensemble of states £ is
defined as

FO =By goe 1(§1) 1. (16)

For the Haar ensemble, the frame potential is given by
Fl({k) =1/dym ~ k!/d" for large d.

We note that an ensemble {U} forming a unitary k-
design with ¢ additive error implies that £ = {U 10)®M}
forms a state k-design with ¢ additive error because

108 = PPl = 1(@E" = @) (10(01M) s

<lo¥ — o, <e. (17)

In this work, we also consider approximate stabilizer
state k-designs, which are defined according to the trace
distance from the kth moment of random stabilizer states

P& =By W)W |®*. (18)

The notation [, .c means averaging over random stabi-
lizer states.

Definition 4 (Approximate state design with bounded
relative error). A state ensemble & = {|y)} forms an
approximate state k-design with ¢ relative error if

(1—opp =g’ = +e)prrs (19)

where p; < p, denotes that p,
nite operator.

— py 1s a positive semidefi-

The operational meaning of this definition is that there is
only a small, multiplicative error between the probability
of any given measurement outcome in ,oH or in ,o(k)
A sufficient condition that guarantees Eq. (19),

k
lpg? —

ported only on the permutation symmetric subspace for
any ensemble &, as this operator commutes with any per-

mutation. Furthermore, ,o(k) is the maximally mixed state
()7

pl({k)”oo < (d;;]ffl) ¢. This is because p‘(gk) is sup-

in this subspace, with eigenvalues

We make a few remarks. First, if the ensemble {U} forms

a unitary k-design within ¢ relative error, then £ = {U|0)}

forms a state k-design within ¢ relative error because (1 +
e)dDg‘) - @g‘) > 0 implies that

=[(1 + &)@ — ©71(10)(0®") > 0.

(20)

a1+ S)p(k) (k)

Similarly, CID‘(gk) -1 - s)CIJﬁC) > 0 implies the operator
inequality pg‘) —(1—¢) pg‘ ) > 0. Second, a state k-design
with e relative error is also a k-design with bounded
additive error

k k
1o — oI

= max

T (M M (o® <k)>
o<Mo <1 r|(Mi— )(10 ;OH)

<& max Tr<M+p >+8 max Tr(M_ (k)>
0=<M4 <1 0=<M_<1

= De¢. (21)

C. Commutant of Clifford tensor powers

In this section, we review the theory of the commutant
of Clifford tensor powers—the space of operators which
commute with the &-fold tensor power of any Clifford uni-
tary—as developed in Ref. [52]. This commutant naturally
appears in averages over random Clifford unitaries. We
first explain the algebraic structure of the commutant of
Clifford tensor powers and then provide formulae for aver-
ages over random Clifford unitaries and random stabilizer
states, which will be used in this work. We restrict our
attention to the Clifford group over qubits.

Operators in the commutant of the kth tensor power of
the Clifford group are labeled by stochastic Lagrangian
subspaces, a linear space defined below.

Definition 5 (Stochastic Lagrangian subspace). A lin-
ear subspace 7 C ng is a stochastic Lagrangian subspace

iff
(1) x-x—y-y=0mod4,V(x,y) €T
(2) dimT = k.
3) 1y:=1,...,1) e T
———

2k
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We use X x to denote the set of all stochastic Lagrangian
subspaces T C Z3*. For each T, we have an associated
operator in the commutant

rD= > Ix)l,
(xy)eT

k
)= Q@) (22)
i=1

For a system S with # qubits,
r(Ds = 1(D®". (23)

We omit the subscript when S represents the entire system.
In this work, we only consider the Clifford tensor powers
on the subsystem with n > k£ — 1 such that the opera-
tors #(7T) are linearly independent. The number of such
independent operators is | S 4| =[]y 2/ + 1) = 200,

The operator r(7) in the commutant follows the decom-
position [69]:

t(T) = 1(To,)r(T)r(To ). (24)

The operator r(7p) is a unitary operator, and the subspace
To ={(x,0x),x € Z’z‘}, where O belongs to the stochastic
rotation group defined below:

Definition 6 (Stochastic rotation). A k x k matrix O
with Z,-valued entries is a stochastic rotation iff

(1) (Ox)-(Ox) = x -x mod 4, Vx € Zk.
() 01; = 1,.

The stochastic rotations form a group, denoted as O,
which includes the permutation group S; as a subgroup.
In the Clifford commutant, the operator associated with a
stochastic rotation takes the form

1(To) = ) 10x) (x]. (25)

The operator r(7y) is associated with a defect subspace
defined below.

Definition 7 (Defect subspace). A linear subspace N C
ZX is a defect subspace iff

(1) x-x=0 mod 4, Vx € N.
(2) 1, e N+, ie,x-1;, =0 mod 4, Vx € N.

Here, Nt is the orthogonal complement of the defect
subspace N in Z’z‘, which includes N as a subspace accord-
ing to Definition 7. The stochastic Lagrangian subspace Ty
is given by Ty = {(x,x +y),x € N1,y e N}.

The operator »(7y) is proportional to the projection
operator Pcsg(n) onto the code space of the CSS code with
stabilizers (Z*X",u,v € N),

1(Tn) = 29" NPessn)- (26)

2k=2dimN gpecified by the

The code space is of dimension
stabilizer group with |[N|? elements.
We are now ready to write down the norm of operators

in the Clifford commutant,

It(T) ||y = 279N (7)o = 29N, (27)

Here, we use the decomposition of r(7) and the fact that the
unitary operators, r(7p,1) and r(7p2), leave the Schatten
norms invariant.

The overlap between two stochastic Lagrangian sub-
spaces 71 is given by

(T11T2) o= Trlr(Ty) "1(T3)] := 27TVl = 2dminT2),
(28)

Here, we introduce the vectorized notation [7)) :=
vec(r(7)) = Z(w)d |x) ® |y). For two different sub-
spaces T # T, dim(T) N Tp) < k—1,ie., T, T3] > 1.

The k-fold channel associated with the Clifford group
considered in this work can be expressed in terms of the
operators in the Clifford commutant [52,64]:

o () = Epec P (Ve

=Y Wec(Ty, T)r(T) Tr[r(T) T ()]
.1,

= ZWgc(Tl,T2)|T1)(T2|('), (29)

1.1,

where we assume n > k — 1 such that »(T) are linear inde-
pendent. The coefficients Wg (T}, T) are called Clifford
Weingarten function satisfying

Y Wee (T, )T H(T)] = 8,75 (30)
Vb3

We introduce the notation |77)(T3|(-) := r(T))Tr[r(T>) T
(-)], representing a superoperator. The decomposition Eq.
(29) follows from the properties [<I>(Ck '(0), V] = 0, and
<I>g‘ ) ([0, V®F]) = 0 for any operator O and Clifford unitary
V.

The kth moment of random stabilizer state over n qubits
is given by Ref. [52],

1
p = 7 > oKD, 31)

T

where the prefactor Z,; = 2" ]_[f;_oz (2" +2') and has an
upper bound Z,; < 2"%(1 + k25=") for n > k+logk — 2
[36].
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IV. UNIFORMITY CONDITION

In this section, we introduce the approximate unifor-
mity conditions for the k-fold channel of a Clifford unitary
ensemble and the £-th moment of a stabilizer state ensem-
ble. We show that a two-layer random Clifford circuit with
each gate operating on log-size qubit blocks can generate
a unitary ensemble that satisfies approximate uniformity.
This property guarantees that such circuits, when acting
on a product state, can generate a stabilizer state k-design
with bounded additive error (Corollary 1). The results in
this section and their relations are summarized in Fig. 1.

Definition 8 (Approximate uniformity condition for Clif-
ford unitaries). Let £ be an ensemble of quantum cir-
cuits composed of Clifford gates acting on N qubits.
The k-fold channel for this circuit ensemble satisfies the
g-approximate uniformity condition if

(1) The k-fold channel takes the form

o) =27 (7]
T

+27M Y AL TITHTL (3

.1

where T is a vector that labels the spatial _con-
figuration of T for each subregion, |T' 1)(7" b =
), IT1x)(Tox| is a tensor product of superopera-
tors over spatial regions labeled by x, and |T)(7] is
a superoperator associated with a spatially uniform
configuration of 7.

(2) The deviation from uniformity is bounded by ¢, i.e.,

A@E) = Y5 5, (T, T)| <&

Definition 9 (Approximate uniformity condition for sta-
bilizer states). Let € be an ensemble of Clifford states on
N qubits. The kth moment of this state ensemble satisfies
the e-approximate uniformity condition if

acting on [0)"

(Def. 8)
Approx. uniform
Clifford circuits

(Def. 9)
Approx. uniform
stabilizer states

(1) The kth moment can be written as

pe) =27 i+ 27Ny (DD, (33)
r T

where r(f) =), r(Ty), and r(T) is an operator
associated with a spatially uniform configuration of
T.

(2) The deviation from uniformity is bounded by

Ay ==Y 5 1f(D)] < e.

The approximate uniformity condition for the unitary
ensemble &, = {V} implies that the unitary ensemble can
generate a state ensemble & = {(V10)®V} with approxi-
mate uniformity. Specifically, the £-th moment of the state
ensemble is given by

pe) = dE(J0)0|®)

=23 D+ YT THT) | (34

T 11,1

Its deviation from uniformity has an upper bound,

Ap) = Z Zf(ﬁj"z) =< Z [f (T1,T2)| = e.
I 7 1.7
(35)

We remark that a state ensemble with approximate
uniformity is a state k-design with bounded additive error.

Theorem 1. Consider a stabilizer state ensemble satis-
fying the e-approximate uniformity condition. The state
ensemble forms a stabilizer state design with bounded
additive error & + k27N ** assuming N > k + logk — 2.

(Theorem 1)
Stabilizer state design

(Lemma 1)
Glued Clifford is approx. uniform

\. J \.

(Theorem 2)

Two-layer Clifford
is approx. uniform

(Corollary 1)

Two-layer Clifford generates
approx. stabilizer state design

FIG. 1. Summary of the results in Sec. IV.
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Proof. The kth moment of the state ensemble with
approximate uniformity is given by

pe’ =27 Y D+ Y (DD | (6)
T

T

The additive error has an upper bound (assuming N > k +
logk —2)

k k
lod — p&11y

< 27%Zyg = 1 1p& 1 + 273 1D - 1Dy
T

< k2N g, (37)

where we use the triangle inequality, and the bound on the
trace norm ||r(7)]|, = 2¢~4mN < 2k, [ |

Although the approximate uniformity in general does
not imply the ensemble to form designs under other
approximation measures, it is a crucial property that allows
one to convert the ensemble to an approximate design
when augmented with magic gates (shown in Secs. V and
VI). In what follows, we show that a Clifford ensemble
with approximate uniformity can be generated in low-
depth circuits.

The result stems from a gluing lemma; one can obtain
a Clifford ensemble with the approximate uniformity con-
dition by gluing small blocks of random Clifford unitaries
together.

Lemma 1 (Gluing lemma for Clifford ensembles with
approximate uniformity). Consider a system of three par-
titions 4, B, and C. Clifford unitaries V¢ are drawn from
an (exact) Clifford k-design, and V,z are drawn from
an ensemble of Clifford unitaries on AB satisfying the
¢’-approximate uniformity condition with ¢’ < 1.

A B C A B C
[LLLLL DL LLLLLOEL L L
VB

@
[TTTTT ~
[TTTTTTT TTTT

Assume that 7T is aligned in the overlapping region B, that
is, the k-fold channel CDSZ of {V4p} can be written as

ol = 27Nk | N7 (345
T3

+ > S ((Ts,T9), (Te, Tw) 1 T5)(Tola @ IT5)(Tuls |
T3,74.Ts.T6

(38)

Then, the unitary ensemble & = {VpcV,yp} satisfies the
uniformity condition up to the error

£ <& 427 NHOW), (39)
Proof. The k-fold channel of ensemble £ is given by

k) (k) (k)
q)g = CDBC ¢] CDAB

=27k Y " W (T, T2 B0 ) (Tl

Ti23

® | 1T3)(T3]4 ® [T (T3]3

+ Y S ((Ts. T5), (Te, Tw) 1T5) (Tsla ® | T1) (T 5
T4,T5,f6

(40)
as shown pictorially below:

A B c A B C

o/

where the dashed lines denote the Clifford Weingarten
function Wg (71, T2) on BC, and the solid lines connect-
ing two variables T and T3 denote Tr[r(T2);7(T3)5] =
INp(k=|T2,T3)

To show that dJ(Ek) satisfies the uniformity condition, we
divide the sum into three parts. The first part contains the
terms without 7y, Ts, and T satisfying 7y = T, = T3. The
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contribution of such configurations to ng{) is

27N Wec(T, DI, (41)
T

The contribution to the error A(dDg{)) is bounded by

Z |2N3Ck WgC(T’ T) _ 1| < 2—Ngc+0(k2)’ (42)
T

where we use the asymptotic behavior | Wgq(T,T) —
2-Nock| < 2-Nck=Npc+O0U") of the Clifford Weingarten
function in Appendix E 1. _

. The second part contains the terms without 7y, Ts, and
T, but either 7| # T, or T, # T3. The contribution of such
configurations to <I>(gk) is

27NAk*NB‘T2=T3‘ Z ZWgC(Tls TZ)

N#T3 T

|T3)(T314 @ |T1) (T3]3 ® |T1)(T2]c- (43)
The contribution to the error A(<I>(gk)) is bounded by

Z Z ZNBCkl We (T, T2)|2*NB|T2,T3| < 27N3+0(k2),
N#T3 T
(44)

where we use (1) if T} # T,, the Weingarten function are
suppressed as | Wg (1, Th)| < 2~Nack=Nac+0(?) a5 shown
in Appendix E 1; (2) if T, # T3, the factor 27817231 jg
suppressed as |T», T5| > 1. R .

The third part contains the terms with 7u, 75, and T.
The contribution to the error A(CD(gk)) is bounded by

> | ((Ts. 1), (T6. To)) |

T3,14,T5.T6
Z 2N3ck| We (T, T2)|2—NB|T2,73|
.1,
< Y (@5 Ty, Te. To)) | (1 + 27 V800D
T3,74,75,T¢
< /(1 427 NBT0U), (45)

In the second line, the first term (in the small bracket)
is from the terms with 7}y = T, = 75. The second term
comes from the terms that 77, 73, and 73 are not aligned.
In this case, these terms has a suppression either from
| WgC(TI: T2)| if T] 75 Tz or from 2_NB‘T2’T3| if T2 ;é T3.

To sum up, the deviation from uniformity is bounded by
A@P) < & 42700, (46)
where we use ¢’ < 1. |

Using the gluing lemma above, we can construct a
global Clifford ensemble with approximate uniformity
using two layers of Clifford k-design gates acting on qubit
blocks.

Theorem 2 (Approximate uniformity from two-layer
Clifford circuits). Consider an ensemble &, = {V'} of two-
layer Clifford circuits with each gate drawn independently
from an exact Clifford k-design. The Clifford ensemble
&, and the stabilizer state ensemble & = {V/|0)®"} sat-
isfy the e-approximate uniformity condition with & =
N2—§-1026+00) where £ is the size of the smallest over-
lapping regions in the two-layer Clifford circuit.

Proof. We bound the deviation from uniformity by
applying the gluing lemma sequentially for the two-layer
Clifford circuit. The error is accumulated by 2-§+0%)
for each application. We need to apply the gluing lemma
at most N/& times, where £ is the size of the small-
est overlapping regions in the two-layer circuit. Thus, the
deviation of the k-fold channel CDg;) from uniformity has an

upper bound A(®L)) < N27§-1066+0®)  This implies the
state ensemble & = {V]0)®"} satisfies the approximate
uniformity up to error & = N2 5 ~1og6+0G*) [ |

According to Theorem 2, to achieve the e-approximate
uniformity, it suffices to have overlapping regions of size
£ = log(N/e) + O(k*). Namely, one can realize it in shal-
low 1D Clifford circuits of depth d = O(log(N /¢) + k?)
[371.

As a corollary, since the uniformity condition implies
a stabilizer k-design with bounded additive errors
(Theorem 1), one can generate an additive-error stabilizer
state design using log-depth Clifford circuits [70].

Corollary 1 (Additive-error stabilizer state designs from
low-depth Clifford circuits). Let V be a two-layer brick-
work Clifford circuit, where each gate is drawn from an
exact Clifford k-design. Let & be the smallest size of the
overlapping regions of the Clifford unitaries. Then the state
ensemble {V]0)®"} forms an approximate stabilizer state
k-design with additive error ¢ < N2—¢-1086+0(),

In other words, one can achieve ¢ additive error
for & =log(N/e) + O(k*), or equivalently, in depth
O(log(N /e) + k*) using 1D circuits or in depth O(log
log(N/e) +logk) using all-to-all circuits and O(N
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(log(N/e) + k%)) ancillas [71].

1% V3

VUTVY VUTVY VVTVY YVTVY VUV

We note that a recent paper [72] proved that two-layer
Clifford circuits operating on log-size qubit blocks can
generate additive-error stabilizer state k-designs for k£ =
4,5. Our proof'is different and shows that such circuits can
in fact form designs for any £.

Furthermore, in Appendix C, we show that the unifor-
mity also implies that the log-depth Clifford circuits can
approximate the k-th collision probability in global random
Clifford gates up to a bounded relative error.

V. DESIGNS WITH BOUNDED RELATIVE ERROR

In this section, we show that the Clifford ensemble with
the approximate uniformity condition, when augmented
with constant-depth magic gates, can generate state and
unitary k-designs with bounded relative error. We further
prove no-go theorems for various circuit architectures to
generate designs with bounded relative errors. The results
in the section are summarized in Fig. 2.

A. State designs with bounded relative error

We prove that two-layer Clifford unitaries with each gate
acting on O(log(N/e) + k%) qubits followed by k-design
random unitaries acting on disjoint qubit clusters of size
O(klog k) can generate a state k-design with bounded rela-
tive error. The constructed state ensemble consists of states
with strictly local magic [43—48], namely each state can
be converted to a stabilizer state by a constant-depth local
unitary circuit.

Theorem 3 (Relative-error state designs from low-depth
Clifford unitaries followed by constant-depth magic gates).
Consider a state ensemble £ = {UV|0)®V} generated by

the circuit architecture below:

I
U{ 99-00 0000 00-00 0000 000y
Va Vay
VvV [T-T0 TTTT7T TT~TT1T TTTT TT-T1
Vi V3
v =10

VYTV VVTVY VVTVY YVTUY YVTUY

Here, U = ), ; Uy, is a product of random unitaries drawn
from exact uni’tary k-designs, each gate U, ; acts on a dis-
joint subsystem M, ; of size Ny; within M,. The two-layer
Clifford unitary V consists of multiqubit Clifford unitaries
drawn independently from exact Clifford k-designs.

The ensemble £ forms a state k-design with relative
error

g = N2 Elogé+0(%) | HOU)-N [k!(l I kzzil)]jv/g’
(47)

where £ is the size of the smallest overlapping regions
of the Clifford unitaries, and £ = min{N, ;} > klogk is the
size of the smallest subsystem that U, ; acts on.

This implies that, with £ = O(log(N /&) + k?) and £ =
O(klogk), the ensemble £ can form a state k-design with
¢ relative error, assuming N = o (k> + log(1/e)).

Proof. To begin, the k-th moment of the state ensemble
generated by a two-layer Clifford unitary can be expressed
as

p® =27+ Y (DD |, @8)
T

T

where 7 is a vector of Ty, each of which emerged
from averaging the k-fold channel associated with a Clif-
ford gate in the second layer at location x. The opera-
tor #(7) = @, r(Ty)m,, where M, labels the qubit block
that the Clifford gate at location x acts on. It satis-
fies the &’-approximate uniformity condition with & =
N2~£-10e6+0G%) que to Theorem 2.

Next, we apply the k-design random unitary gates over
subsystems M, ; of size Ny; within each qubit block M,.
Recall that the £-fold channel of each Haar random unitary
is given by

Epn U (U™ = " We(o, D)r(0) Tilr(x) " ()],
o,1eSk

(49)

where each o and t belongs to the permutation group Sy,
corresponding to a subset of the Clifford commutant. The
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Shallow Clifford ckts. generate
approx. uniform states (Sec. IV)

Shallow Clifford ckts are ap-
prox. uniform (Theorem 2)

%

k-design random uni-
taries on qubit blocks
9000 0000 OP-0R FO-AR FY-Gn

%

(Theorem 3)
Relative-error state k-design

(Theorem 4)
Relative-error unitary k-design

No-go theorems for Clifford

augmented MPS (Corollary 3)
and FDLU states (Corollary 4)

No-go theorem for FDLU
sandwiched by Clifford gates
(Corollary 5)

FIG. 2. Summary of the results in Sec. V.

resulting kth moment takes the form

p? =27 {Z r(G) We(3.,7)(%|7)

T

-

+ Y f(Dr@) We@, D(EIT) [, (50)
T

where ¢ (7) is a vector labeling configurations of per-
mutations o, T,; € S at location x, i, and Wg(c,7) :=
[1.; Welow:, w), (1T = [, (el T, (TIT) =
[ (il o))

(k)

To bound the relative error between p; ®

and py’, we
divide the contribution to pg‘) into three parts:

(1) The first part is given by the first term in
Eq. (50), choosing T =m €S;. The summa-
tion over T results in a delta function, i.e.,
ZM We(0ui Tei) (Tl ) = 86,7, Which identi-

fies each o,; with 7. This part of the contribution (3)

18

pI(k) — M Z ).

TESy

1)

010344-15

(2) The second part is given by the first term in Eq. (50),

taking T ¢ Sy

o =273 N rG) WeG, (T, (52)

G.T TeSy
which has a bounded co-norm

o1t lloe
<27 N @) oo WG, B (TIT)

5.7 TgSy

< 27 VQOWDNTT gy (1 4 22 M)

X,i

< 27Nk20(k2)*N [k'(l 4 kszl)]N/z . (53)
In the second inequality, we use [7(0)|o0 =
L GEIT) <200 and 3, | We(ow, o)l <
271 (1 4 k227w for k2 < 2Mei [73]. In the third
inequality, we take £ = min{N,;} to be the size of
the smallest qubit cluster.

The third part contains the remaining terms in the
summation

i =273 " f(Dr@) We e, (T IT.

T T

(54
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Its co-norm has an upper bound

o o < 273" |7 (D)
7

[T1 Y. r0e) Weors ) (il To)
x,i (Txﬂ,',‘fx,,' 0

(55)
Here, we consider the summation over each o, ; and

7y;. We consider two cases for 7 € Sy and T, ¢ Sj.
ForT, =m € §;,

D 100 WO, Tei) (Tl )

O ,i>Tx,i 00
= r(mlle = 1, (56)
For T, ¢ S,
D 100 WO i Tei) (Tl T
Ox,i>Tx,i 00
< Y | Weow Td)| (Tl T
< 27Meigl(1 4 K227 < 1, (57)

where we use |ty;, Tx;| > 1 and assume that £ >
klog k. Hence, we have

it lloo < 27> F(D] <27 (58)
T

Combining these results, we obtain an upper bound on the
relative error

(k) (k)
”Pg — Pu ll oo

k)
o o

(k)

(k)
< Il og

— P Mloo + 1o oo + 1040 oo
(k)
o lloo
< J22~NE 4 9OUD=N 1 (] 4 22ty V/e

+ (1 + k227Nk)8/

< 200Ny (1 4 2274 V/ 4 N8 losE400) (59
m

We remark that the magic gates do not need to act
on every qubit cluster in the final layer. In fact, one can
remove a finite fraction of Haar random gates within each
qubit block M,, while maintaining a bounded relative error.

Consider a qubit block of size & that a Clifford gate acts
on. Suppose no magic gates act on a subregion C of size
Nc inside the qubit block. We can follow a similar analy-
sis of the relative error except that in Egs. (53) and (55),
the summation involves terms with the nonpermutation
r(T)¢ in region C, which can have a greater spectral norm
17T clloo = 2Vc4mN than those of permutations. Using
the upper bound of its spectral norm [|#(T)cllo < 2VCk/2,
we obtain a modified multiplicative factor, e.g., in Eq. (53),

27¢ 1_[ KU1+ k2270 s 27 E-NOHNCk/2

< [ [k + 27, (60)

This factor is still bounded for N¢ = (1/k)é and ¢ =
O(klog k), indicating the possibility to remove at least 1/k
fraction of Haar random gates.

In the case with no magic gates in the subregion C, it
is tempting to distinguish this circuit from Haar random
states using magic measures. To begin, one can consider
magic measures on the subregion C. This cannot work
because Page’s theorem implies that in the thermodynamic
limit N — oo, the state on C is exponentially close to the
maximally mixed state with no magic, assuming that the
size of C is less than half of the system. Alternatively, one
might try to measure the magic in the entire system. Since
our circuits form a relative error design, the expectation
value of any positive operator is relatively close to the Haar
random value. This implies that, for example, the expecta-
tion value of the operator 7(7s) [defined in Eq. (69) in Sec.
V C], whose logarithm gives the second stabilizer Rényi
entropy, will acquire a value in our state ensemble that is
relatively close to the Haar value. Naively, one may expect
the magic in the entire system to deviate from the maxi-
mal value by an extensive amount. However, magic gates
on a subregion are capable of generating a near-maximum
stabilizer Rényi entropy when acting on a highly entangled
state, as shown in Ref. [74].

B. Unitary designs with bounded relative error

In this section, we show that an ensemble of Clif-
ford unitaries that satisfies the approximate uniformity
condition can be converted to a unitary design with
bounded relative error by sandwiching the Clifford uni-
taries with constant-depth Haar random unitaries. This
allows us to construct a unitary k-design with & relative
error using one-dimensional circuits with a total depth
O(log(N /¢)) + 20%1ogh) or ysing all-to-all circuits with
depth O(loglog(N /g)) + 20%loeh,

Theorem 4 (Relative-error unitary designs from
low-depth Clifford unitaries sandwiched by constant-depth
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magic gates). Consider an ensemble £ = {UVU'} of uni-
tary circuits given by the architecture below:

£
U { 09-99 m ¢¢"-¢§ 0000 _00-9Q
Va Vi
V{ Tl TT-IT IT-11 TT-1T 1111
|41 Vs

U'{ 9900 0000 99-00 00-00 00-0Q

Here, U= Q). Uy (U = @, » U, ) is a product of ran-
dom unitaries drawn from exact l%—liesign acting on dis-
joint clusters of qubits. Each gate U, ; (U ,#) acts on a
qubit cluster M, ; (M 3 ») of size Ny; (N] 7 ,) The two-
layer random Clifford ‘unitary ¥ consists of multiqubit
Clifford unitaries drawn independently from exact Clifford
k-designs.

The unitary ensemble £ forms a unitary k-design with &
relative error

g = 20002V [11(1 4 122~V 4 NpEloes+0Un)
(61)

where & is the size of the smallest overlapping regions
of individual Clifford gates, and ¢ = min{Nx,i,N;, s 18
the size of the smallest qubit cluster. Here, we have
assumed that ¢ > klogk. This implies that, with & =
O(log(N /e) + k) and £ = O(klog k), the ensemble £ can
form a state k-design with ¢ relative error assuming N =

w (k> 4 log(1/e)).

Proof. The relative error of CID(gk) to the unitary k-design
is bounded by [17]

92Nk k2 . . 2
s<7(1 )ng“ 00 lloo + 77

22Nk(1 + )
= 2 (e = ot s + et e + llgii )
k2
where Q(k) [CD(k) ® 1d](PgpRr) := Q(k) + Ql(lk ) + QI(IkI), and

Q(()k) 272NN r(0) ® (o). We divide the summation
over T in the k-fold channel associated with the two-layer
Clifford unitaries [Eq. (32)] into three parts, giving rise to

three contributions to Q(k).

Q{k) 22Nk Z ZWg(al,tl)Wg(Uz,Tz)«fl|7T>>

U]z‘[]zﬂESk

(o) r(o1) ® r(T2)

1
= Y Hm®r(r) =0y, (63)

meSy

o = W S WG, 7)) WeG, B) (T

612,712 TSk

(TIo2)r(01) ® (), (64)

fo?—zm >SS, Ty) WeGr, ) WeGa, T)

(7127:12T1 Tz

(@I TN (T2152)7(G1) ® r(Ta). (65)

The first and the second part are from the spatially
aligned 7 € S; and T ¢ S;, respectively. According to
Theorem 2, the two-layer Clifford unitaries satisfies the
uniformity condition up to error ZT 7 [f (T 1, T 2)\ <é

N2 —E-logE+O(?)
The co-norm of the second part is bounded,

_ 2 _N.; _N.;
loirlloe < 2722947 {1‘[2 Neikl(1 + K2 Nw)}

X,i

[ ]2 ™k +ie2™)

< 22Nk=2N+0() [k1(1 + k22_[)]2N/@ ,  (66)

where £ = min{Nx,,-,N;,’i,} is the size of the smallest qubit
cluster.

The oo-norm of the third part has an upper bound,
assuming ¢ > klogk,

loi lle < 272 Y " |f(T1, Ty)| <27Me. (67)
flsTZ

The derivation is similar to that for Eq. (58).
Altogether, the relative error has an upper bound

e < 2O(k2)—2N [k!(l + kzz—e)]ZN/ﬁ +N2—g—log$+0(k2)
+ k27N, (68)
Here, one can absorb k22~ into N2~¢-1og§+0(), [ |
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We remark that, similar to the case of relative-error state
design, one can remove a finite fraction of Haar random
gates within each qubit block in our construction while
maintaining a bounded relative error.

Corollary 2 (Circuit depth). In an N-qubit system with
N = w(k* + log(1/¢)), one can realize approximate uni-
tary and state k-design with ¢ relative error in depth
[75]:

(1) O(log(N /¢)) + 20%logh) with 1D circuits.
(2) O(loglog(N/¢)) + 20%logh \yith all-to-all circuits
using O(N (log(N /&) + k?)) ancillas.

Proof. The first statement follows from (1) any Clifford
unitary over £ qubits can be realized in depth d = O(§)
[37]; (2) any unitary operation over £ qubits can be realized
using O(¢4") two-local gates [12]. Hence, depth O(¢4°) is
sufficient for all-to-all circuits, depth O(£24%) is sufficient
for 1D circuits.

The second statement follows from Ref. [71] which
shows that any Clifford unitary on & qubits can be imple-
mented with all-to-all circuits in depth O(log &) using &2
ancillas. ]

C. No-go theorems

Here, we prove no-go theorems for designs with
bounded relative error.

We first consider an ensemble of Clifford-augmented
states generated by applying Clifford unitaries to initial
states with low entanglement. A subclass of these states are
the Clifford-augmented matrix product states (CAMPS)
[76,77]. CAMPSs can be efficiently simulated and have the
potential to host large-scale entanglement and an extensive
amount of magic. However, we show that an ensemble of
CAMPSs with bond dimension D = 6((N/¢)'/*) cannot
form a state k-design with & relative error for £ > 4. We
further show that in any dimension, finite-depth local uni-
taries followed by a Clifford unitary cannot generate a state
design with bounded relative error. The no-go theorem also
suggests that a unitary ensemble {V;UV,} with V;, being
Clifford unitaries and U being a generic shallow unitary
circuit cannot form a relative-error unitary k-design. The
no-go theorems challenge the naive expectation that magic
placed at the initial layer creates more randomness as the
Clifford unitary can spread and scramble magic.

The main idea behind the no-go theorem is that the
ensemble of Clifford-augmented states is distinguished
from the Haar random ensemble by measuring the Pauli
4-th moment, whose logarithm defines the stabilizer Rényi
entropy [78]. The 4-th moment is given by the expec-
tation value of a projection operator onto a CSS code
defined in the replicated space (see Appendix F), which
are positive operators that belong to the Clifford commu-
tant. The relative error of the 4-th moment sets a lower

bound on the relative error of the state 4-design. We note
that although such states cannot form relative-error state
designs, they can form additive-error state designs, as we
show in Appendix B.

We consider an ensemble £ = {V|y)} of Clifford-
augmented states generated by Clifford unitaries V acting
on short-range entangled states or one-dimensional matrix
product states |vy). We show that the ensemble is distin-
guished from the ensemble of Haar random states by a
positive observable,

r(Ts) =27V Y P, P ={Z'X",uv e Fy}. (69)
PeP

The expectation value of this operator is related to the
second stabilizer Rényi entropy M, () of state |) =
Vi),

1
TP = Eye 5 3 WIP ) = Eyg2 ™00,
P
(70)

Note that the operator 7(Ts) belongs to the Clifford com-
mutant; its expectation value is invariant under Clifford
unitaries,

(Yol & VER(Ts) VIO [9r0)®* = (ol ®* 1(Ts) 19r0)®* .
(71)

Theorem 5 (Lower bound on relative error from non-
maximal initial entanglement). Consider disjoint subsys-
tems M; of size N; in an N-qubit system, where the union
U;M; need not contain all the qubits.

The state ensemble £ = {V'|1y)} generated by Clifford
unitary V acting on state |y) cannot form an approximate
state k-design (for k£ > 4) with relative error

1 @ @)
<—|E 2728 (1 =25 Ny — 2
8_24[ SZ ( )=31,  (72)

where Si(z) = —log Tr(p?) is the second Rényi entropy
evaluated on subsystem M; of the initial state |v), and p;
is the reduced density matrix of |v/y) on M;.

Proof. For each member of the state ensemble, we can
lower bound the expectation value of »(Ts) by the follow-
ing procedure. On a single region M;, the summation over
all the Pauli operators that support on M; gives

8= 31 (ol P o) P = 2% Tr(p,) = 2957 (73)

Pi

We can view {xp, = 87| (ol P; |¥o) |°} as a probabil-
ity distribution. Since x; = §~!, the contributions from
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nonidentity Pauli operators are lower bounded by

27N L (Wol Pilo) 1F =278 ) " xel?
Pi#l Pi#l
1—6"!
22 — |
> Z—Nz—zs}z)(l _ 251.(2LN1*)'
(74)

> Ng2

Summing over all regions i, we get

(Yol ®* #(Ts) |10)®*

>V [1 +3 27287 (1 =287 i)} . (T5)

1

Averaging over the state in the ensemble £, we have

2 2
Trlr(Ts)pe’] = 27" [1 +EY 27287 (128 Ni)] ,

(76)
The Haar value is [78]
Tr(Ts)py 1 =27"Dyly > Tr[P®r(m)]
€Sy, PEP
4
= 77
2V +3 "

The difference in the expectation value can give a lower
bound to the relative error

log” = pit’ lloo
T T (0 = o)
>
- 1Tl

> 274N |:Eg Z 27251.(2)(1 _ 251.(2)7]\/[) _ 3i| ,

where we use the Holder’s inequality, and ||#(Ts)||; = 23V
(defect subspace dimension dimN = 1, and k£ = 4). The
relative error is bounded by

“)

@
llog (4)/01{ lloo > i |:Eg 22_25;2)(1 _25;2>_ ) — 3:| ‘
lop oo 24

1

(78)

If £ is an approximate state k-design with ¢ relative error
for k > 4, then (1 — s)pl({k) =< ,oék) <+ s),og‘). Taking

the partial trace over k — 4 copies of the system, we find

(1— 8),01({4) < ,024) <1+ 8),01({4). In other words, £ is an

approximate state 4-design with ¢ relative error. Since :01({4 )
has a flat spectrum, the above implies

4 4 4
108 = 2 lloe < €165 - (79)

Therefore an ensemble cannot form an approximate state
k-design for £ > 4 with relative error ¢ smaller than the
right-hand side of Eq. (78). |

The above proof can be understood as a classical sta-
tistical mechanics problem, where the lack of correla-
tions proliferates domain-wall excitations. We interpret
(W ®; P 1Y) |4 = W({P;}) as the Boltzmann weight of a
spin model, where we put a spin on every region M; that
are labeled by the Pauli operators on M;. We ask whether
the partition function Z = ) Pi) W({P;}) is relatively close
to the Haar value that is O(1).

The identity operator [[;/; gives the maximal weight
W({l;}) = 1. On Haar random states, the weights for any
spin configuration with nonidentity inputs are heavily
suppressed, that is to say, if {P;} # {/;}, then

Ey-uW({(P}) = Dyh Y Tr[r(m) R PP

TESY i

=3 x2"[1+02™)).

However, in states that are less entangled, there might be
domain-wall excitations that corresponds to {P;} with I on
all but one site. For every site M;, such domain wall gives a

o —25@ sP_n, .
contribution of at least 27°°i (1 — 2°i %), which could
be an O(1) number if N; = O(1) and N; — S = O(1).
The Boltzmann weights are also O(1), in contrast with the
Haar case Eq. (80). Since there is an O(N) number of such
regions, these configurations gives an overall O(N) con-
tribution to the partition function. In stat-mech language,
the energy cost of these domain walls cannot suppress the
large entropy, so they will proliferate.

As the first application of the relative error lower bound,
we prove a no-go theorem for ensembles of Clifford aug-
mented matrix product states.

Corollary 3 (No-go theorem for Clifford-augmented
MPS). Consider an ensemble of states £ = {V'|)}, where
V' is a Clifford unitary, and |y) are matrix product states
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whose bond dimensions are bounded by D,

OO0 0000000

The states cannot form an approximate state k-design for
k > 4 with ¢ relative error for [79] D = 6((N /&)'/*).

Proof. Since the bond dimension is upper bounded by

D, the subsystem Rényi entropy is bounded by 231'(2) < D?.
Suppose we choose a region M; such that N; = [2log D +
17, then N; — Si(z) > 1. There exists a choice of the regions
M; such that the total number of such region with N; =
[2log D + 17 is lower bounded by |[N/(2logD +2)| >
N/QlogD +2) — 1. That is to say, the relative error is
lower bounded by

1 N 1
> —|[—— —1)— —3].
24 | \2logD +2 2D*

Our no-go theorem suggests that CAMPSs with bond
dimension o((N/g)!/*) cannot form a relative error
k-design with k£ > 4. This implies that CAMPSs cannot
represent the output state of highly random Brownian
dynamics or the dynamics of generally time-dependent
Hamiltonians [80,81] that form relative-error unitary
designs. On the other hand, an ensemble of MPS with bond
dimension D = O(N*) can form an approximate state k-
design. This is because a state k-design can be generated
in random circuits of depth d = O(klog N) [17], whose
output states have an exact representation as MPSs with
bond dimension D = O(N*). The representation power of
CAMPSs with a bond dimension in between remains an
open problem.

The no-go theorem can be extended to Clifford-
augmented tensor network states in higher dimensions.
For example, for projected entangled pair states (PEPS) of
bond dimension D in two dimensions [82], we can choose
a [ x [ square region with / = [4log D + 17. The relative
error would have a similar lower bound

> 1 L 1 2 ! 3| (81
8 — — f—
~ 24 | \4logD +2 2D3(4log D+2)

in a L x L system. Hence, one cannot achieve ¢ relative
error with a constant bond dimension.

(80)

This result gives an upper bound on stabilizer Rényi
entropy of Clifford-augmented states: taking the log of
Eq. (80), we find M, < N — O(log N), suggesting that
these states have at least logarithmic deviation from the
maximum stabilizer Rényi entropy.

Corollary 4 (No-go theorem for states prepared by Clif-
ford-augmented FDLU). Consider an ensemble of states
(VU |0)®N}, where V are Clifford unitaries, and U are d-
dimensional local circuits with circuit depth bounded by z.
The states cannot form an approximate state k-design for
k > 4 with ¢ relative error for t = 6((log(N /¢))'/?), with
d = 0(1).

Proof. Consider a hyper-cubic subsystem M; (with each
side of length /) that contains N; = [¢ qubits. The bound-
ary of M; has area 2dl~'. For states prepared by local
unitary circuits with depth ¢, the entanglement entropy of
subsystem M; has an upper bound

SP (1) < Si(0) < 4dl*™ 4, (82)
where S;(7) is the von-Neumann entropy of M;.

We consider the subsystems with [ = [4dt+ 17, so
Si(z) () <¥—1. In a d-dimensional system of size
L x --- x L, the relative error has a lower bound
————

d

> ] L 1 ’ ! 3 83
= \aarv2 7 ) 2 st 7| (83)

Hence, the ensemble cannot form a state k-design with ¢
relative error for # logt = o(log(N /¢)). In particular, one
cannot achieve a small ¢ relative error with r = O(1). W

The no-go theorem for state k-design with bounded
relative errors also implies a no-go theorem for unitary -
design with relative errors (Corollary 5). We start with the
Lemma below.

Lemma 2 (Choi state of relative-error unitary design is
relative-error state design [83]). Let {U} be an ensemble
on N-qubit unitary U that forms an approximate unitary
k-design with relative error ¢’. Let |EPR) be an EPR state
between two copies of the system. Then, the state ensemble
€ ={U® I |EPR)} is an approximate state k-design with
relative error ¢ < (1 + &) (1 + k2271 + k2272N) — 1,
for k2 < 2V,

Proof. The k-th moment of the state ensemble & is
pék) = 0¥W 1= [®® ® id](Prpr), where ®® is the k-fold
channel of the unitary ensemble {U}. The unitary ensem-
ble being a k-design with relative error ¢’ implies that (1 —
oW < o® < (1+¢)0W. As shown in Ref. [17], o
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can be approximated by ,Q(k) 272NN L (0)L ® F(T),s

that is to say, (1 — k*2 N)Q(k) =< Q(k) <1+ kzsz)Q(()k)-
Therefore,

(k)

1 —k2M 1 -y < p <01 +eHA +K27Y

(84)

Our goal is to bound the relative error between ,o(k)
and the k-th moment of the Haar random state on
the doubled system (the left system and the right sys-
tem) pl(f)LR =D2_A1,kz r(m), @ r(;w)g. The only differ-

ence between p](f’ )LR and Q(k)

are relatively close to each other: 27 YDy, — 1 < k2272N

is the overall factors, which

so (1 —£k%2 ZN),O](_{{)R < Q(()k) < +k22_2N),ogi)LR. Com-
bined with Eq. (84), we conclude

(1=&)pfe < o < (L +e)pfe  (89)
withe = (1 +&)(1 + 2271 + k2272N) — 1. [ |

Corollary 5 (No-go theorem for Clifford sandwiched
FDLU). Let V7 and V, be Clifford unitaries, and U be
d-dimensional local circuits with depth bounded by .

Vi

[T I T T T T T T T TTITTITTTTTT
FDLU ) +t
LT T T T T T T T T T T T TTTTTTI

Vs

Then, the unitary ensemble {}V;UV,} does not form a
unitary k-design for k& > 4 with ¢ relative error for ¢ =
o((log(N /&)Yy, with d = O(1).

Proof. Consider the state ensemble £ = {((V1UV3),
® Iy) |[EPR)}. Each state |y) € £ is a Clifford-augmented
short-range entangled state, i.e.,

[¥) = (V1UV2)L ® Ir) [EPR)
= ((")1 ® (V3)r) (U, ® Ig) |EPR)..

Since |EPR) can be prepared from |0)®?" in a depth-1 cir-
cuit, (U, ® Ig) |EPR) can be prepared using a unitary cir-

cuitof depth # = ¢+ 1 in a system of 2V qubits. According

to Corollary 4, the relative error of this state ensemble from
a k-design has a lower bound
3} , (80)

1 L d 1
&> — 1) ————— —
24 4dt + 2 2 . D8df (4di'+2)-1

where we assume the system is of size N = L¢ with each
dimension of size L. Hence, according to Lemma 2, the rel-
ative error ¢’ between the unitary ensemble and a k-design
for k£ > 4 has a lower bound

. L d 1
g/>ﬁ[(m_ ) W_3]+1—1 (87)
= (1+16-27V)(1 + 16 -272V) |

For a depth ¢ being a constant, the relative error &’ is
unbounded. ]

VI. DESIGNS WITH BOUNDED ADDITIVE
ERROR

In this section, we construct state and unitary designs
with bounded additive errors using Clifford circuits aug-
mented with magic gates. We summarize the results in this
section in Fig. 3.

A. State designs with bounded additive errors

We prove that two layers of Clifford gates followed
by O(k?) single-qubit magic gates can generate a state
k-design with bounded additive error. A physical under-
standing of our result is provided in Sec. VII B by mapping
the frame potential to statistical mechanics models, where
magic plays the role of a symmetry-breaking field. We
also prove in Appendix B that one can alternatively place
random unitaries drawn from k-design before the Clif-
ford gates. To achieve ¢ additive error in this case, one
needs to apply a product of k-design unitaries over O(k? +
log(1/¢)) qubits, while each unitary acts on disjoint qubit
clusters of size O(klogk).

To prove that our construction forms a state design, we
first show that one can obtain additive-error state k-designs
over N qubits by applying single-qubit magic gates to
global random stabilizer states. Our proof uses the upper
bound of the additive error for state designs in terms of the
frame potential

”/O(k) (k) ” < 2Nk[F(k) Flglk)]' (88)

We prove a bounded additive error by providing an upper
bound on the frame potential difference.

Lemma 3 (Additive-error state design from applying
constant magic to random stabilizer states). Consider an
N-qubit state |¢) drawn from an approximate stabilizer
state k-design with ¢’ additive error. Apply Ny, single-qubit
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(Lemma 3)
Stabilizer state k-design aug-
mented by O(k?) magic gates
forms additive-error state k-design|

(Corollary 1)

Two-layer Clifford generates
approx. stabilizer state design

(Theorem 6)

Additive-error state
k-design in shallow ckts.

,

Alt. proof:

Gluing lemma between state
k-design and stabilizer state k-
design (Lemma 4 in Appendix D)

N

Global Clifford augmented by
k-design gate on qubit block
forms additive-error k-design

FIG. 3. Summary of the results in Sec. VI.

unitary gates, U; withi = 1, ..., Ny, to Ny, distinct qubits.
Assume N > k + logk — 2.

Ny

—~

Q- [ [l
¥

Q

Then, the state ensemble & = {U; - - - Uy,, |¥)} forms an
approximate state k-design with ¢ additive error.

(1) For U; drawn from (exact) unitary k-designs,

7 Ny
4
g < 200 <§) y (89)

(2) For U; drawn from {1, u, u'},

K2 2 U
e <29 (1—clog™?k) ? +&, (90

where c is a constant depending on the magic gate
u.

Proof. First, the additive error of the k-th moment of the
circuit ensemble can be upper bounded by the triangular

(Theorem 7)

Additive-error
unitary k-design

inequality

k k
1o (&) = ot I
k k k k
< 19 (o) = ol + 100 (2) = P (o)1
k k
<10 (o) = ol +e, o1

where @ff‘)(-) is the k-fold channel associated with the
single-qubit gate set that U; is drawn from, p(c’fi, and ,oék)
are the k-th moments of the stabilizer state k-design with
additive error & and an exact stabilize state k-design,
respectively. For the second inequality, we use the mono-

tonicity of 1-norm under quantum channels,

k k k k
190 (o) = & (&)l = 10 = oGl < &
92)
Next, we bound the distance between ®® (,o((:k)

pl({k ) using the k-th frame potential. Given that F’ g‘) > F, 1({]‘),

we here provide an upper bound for F ék). Specifically,

2
FO =Tt [d)fj‘) (pék))] —Tr [,Oék)@f,k) <pék))]

) and

1 N
= — Y AT (TP I, (93)
nk T,,T,
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where ®® = Ey.¢, U @ U*®* with &, being either
{1, u,u’} or an exact k-design, and |T})) and |T5)) are over
single qubits.

A key step of our proof relies on the bound on the over-
lap (T7|®P|T,) [36]. In the case that single-qubit gates
are drawn from {1,u,u’} (Lemma 2 of Ref. [36]), there
exists a constant ¢ > 0 such that for either 7} or 7, ¢ S;

(T |<i>§j‘>|T2)>} < (1—clog™2k) 2", (94)

In the case that single-qubit gates are drawn from an exact
k-design (Lemma 13 of Ref. [36]), we have for T ¢ S,

P = 2 ©5)

When T) is not a permutation, the Cauchy-Schwartz
inequality indicates that

N - 7
(TISPITN <\ (RIS T T) < \/;2@ (96)

We note that for 7} = T, = 7w € S} being a permutation,
(|®®|7) = 2k, Thus, inserting a single-qubit magic
gate suppresses the overlap (7;|®®|T,)) when either T}
or T, is not a permutation.

We divide the frame potential in Eq. (93) into two parts.
The contributions from Ty, T, € Sy are

1 A
FP = = 3 (o) (o | P |y
N,

k o ,TESK
1 K'Dy «
= 2 el =—7=, 97)
Nk ores; N,k

where Dy = % The deviation of F ® from the

frame potential k12~ of the Haar random state is bounded
by

k'Dyy K

OUk*)—N— kN
Zz%/ . oW <2 (98)

where we use an upper bound Zy; < 2V¥(1 + k2%=V) for
N > k+logk — 2 [36].

The contribution from either 7 ¢ Sy or 7, ¢ S; has an
upper bound

1 - .
FY = Y ()Y (1 S0 1)
N,k Ty or To ¢Sy

k
2200 N, (99)
Nk

where 0 < @ < 1 depends on the gate set of single-qubit
random gates. Specifically, a = /7/8 when the magic

gates U; are drawn from exact k-design, a = 1 — clog 2 k
for U; drawn from {1, u, u'} with u being a magic gate.
Putting these together F g‘) =F I(k) +F I(Ik), we have

k k k k
10 (o) = o 17 < 2% [FE - AP |

< 20(k2)—N 4 20(k2)aNM

< 206 Nt (100)
Inserting this result in Eq. (91), we obtain the upper bound
on the additive error ¢. |

Theorem 6 (Additive-error state designs from low-depth
Clifford unitaries followed by constant magic). Apply a
two-layer brickwork circuit ¥ to the initial state |0)®
where each gate is drawn from an exact Clifford k-design.
Let £ be the smallest size of the overlapping regions of
the Clifford unitaries. Then apply Ny, single-qubit unitary
gates Uy, . .., Uy,, to Ny distinct qubits, where each gate is
independently drawn from either an exact unitary k-design
or a gate set {1, u,u'} with u being a magic gate.

The state ensemble & = (® U; ) V10)®" forms an

approximate state k-design for k < O(+/N) with additive
error

g < 200 | Np-E-loErotD (g
where a = /7/8 if the single-qubit gates are drawn from
an exact k-design, and a =1 —clog 2k < 1 with the
constant ¢ > 0 if the gate is drawn from {1,u,u'}. In

other words, one can achieve ¢ additive error with & =
O(log(N /&) + k) and

(1) Ny = O(k* +log(1/¢)) for k-design random uni-

tary;
(2) Ny = O((k* + log(1/¢))log? k) for single-qubit
gates drawn from {1, u, u}.
Ny 3
A —
Ut -1 e b =0 -t
Vs, V4
Vv [T-TT T7-0T7 ITT--T07 TT~TT TT--TT
\%t V3
4 =10)

vy YEevY voevy Yvevy dvedy

Proof. A combination of Lemma 3 and Corollary 1. We
note that the assumption N > k + logk — 2 in Lemma 3 is
satisfied automatically as we require N > £ > O(k?). N

We note that if the single-qubit random unitaries are
drawn from approximate k-designs with additive error &’,

010344-23



ZHANG, VIJAY, GU, and BAO

PRX QUANTUM 7, 010344 (2026)

the additive error has an additional term (1 4 &)™ —
1, which follows from the triangular inequality and the
definition of diamond norm. This term is bounded for
Ny = O(k* +1og(1/¢)) as long as &’ is small enough. We
also note that in Appendix D, we proved a Lemma show-
ing that one can glue a state k-design and a stabilizer state
k-design using a Clifford k-design to form a state k-design
over a larger region. This Lemma combined with Lemma
3 can give an alternative proof of Theorem 6.

Corollary 6 (Circuit depth of additive-error state
designs). In an N-qubit system, one can realize approx-
imate state k-designs with ¢ additive error using O(k* +
log(1/¢)) magic gates in depth:

(1) O(log(N /&) + k*) using 1D circuits.
(2) O(loglog(N/e) + logk) using all-to-all circuits
with O(N (log(N /¢) + k%)) ancillas.

Proof. Similar to the proof of Corollary 2. ]

Our construction of state k-designs with additive error
only use O(k*+ log(1/¢)) (a system size independent
number) of magic gates. One may wonder why the k-th
moment of the ensemble cannot be distinguished from that
of Haar random states by measuring 7(7s) defined in Sec.
V C. This observable is related to stabilizer Rényi entropy,
which measures the magic of pure states. The reason is that
a state design with bounded additive error does not imply
a bounded difference between Trr(T%) p](_lk ) and Trr(Ts) pg‘) .
We may attempt to use the Holder’s inequality to obtain an
upper bound

—Pélk)Hl-
(102)

Tr{r(Ts) (& — o] < 1M(T9) oo - 102

However, [|7(Ts)|ls = 2V, leading to a very loose bound
2Ne. Furthermore, we note that a small O(1) difference
between Trr(Ty) ,ol({k ) and Trr(T S)pg‘) does not mean the
two states are close in the stabilizer Rényi entropy. This is
because r(7Ts) has an expectation value Trr(Ty) pg‘ ) that is
exponentially small in NV for a k-design; an O(1) difference
does not imply a bounded error for its logarithm, which is

the stabilizer Rényi entropy.

B. Unitary designs with bounded additive error

We consider the circuit that consists of Haar random
gates over O(k>) + log(1/¢) qubits followed by global ran-
dom Clifford unitaries. We prove that the circuit ensemble
forms an approximate unitary k-design up to e additive
error.

Theorem 7 (Additive-error unitary designs from circuits
with magic gates over constant-number of qubits). Con-
sider an N-qubit system with M being a subsystem of size

Ny. U, acting on M, is drawn from approximate unitary
k-design with additive error ¢'. V is drawn from (exact)
Clifford k-design acting on all qubits. Then, the ensem-
ble £ = {VU} forms an approximate unitary k-design up
to additive error & < &’ + 200)=Nu (1 4 k22-Nu) for k <
N + 19

Proof. Let M denote the complement of subsystem
M, with size Nj; =N — Ny. Let <I>(Ck) denote the k-th
moment of random Clifford unitaries on N qubits. Let

<I>g")M,6, denote the k-fold channel of an approximate uni-

tary design acting on M. Let <I>£/f’ )M denote the &-fold chan-
nel of an exact unitary design acting on M. By assumption

k k
| Pfre = Pitullo < ¢

The k-fold channel of our unitary ensemble is CID(gkl, =

QJg‘) o (CD(;)M@/ ®idy;). We first bound its diamond dis-

tance from <I>g‘) =Nk Y . lm) (| using the triangle
inequality:

k k k k k k
DL, — Do < D%, — hllo + 105, — 20 o,
(103)

(k)
HM,e

k-design CIDI(?M The first term is bounded by

where d>fgk}) is obtained by replacing ® , with the exact

k k
1oL, — @fyllo

= l‘aaxlll¢c o (Pupre — Pry) ®1d(O) |y
1=

< max [[(@uare — Puar) ®id(O) |,
011 =1

= [Py — Pumllo < €. (104)

Next we bound the distance || <1>(5k’)0 - d>(()k) lo, where
k k k .
oY) = o o (O, ®idy)
= > Wec(l, 12" ¢ o wy(o, 1)
T1,T2,0,r

) (x |2 ® |Ty)(T|®Nir. (105)
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The diamond norm of each term is given by (Appendix
E2)

1T (| @ |Ty) (T | ¥Vt ||

_ 2Nk7NM dim N;+Nj; (dim N; —dim N;)
= . ,

(106)

which follows from Eq. (E9) and the fact that the dia-
mond norm is multiplicative under tensor product [15]. We
decompose the sum into contributions from four classes of
(T1, T») pairs,
L:'={(T\, )| Ty =T € Sk}

II:={(T1, )| T2 € S, T1 # T2}

L= {(T\,T)I Ty = T2 ¢ Sk}

V=T, DI T2 ¢ Sk, Th # To}.

(107)

Let CIDY(), @ff ), CIDS?, and (Dfl\{,) denote the contributions of
the classes of (77, T») pairs to the sum Eq. (105). Using the
triangle inequality,

k k

1DE — 2 1lo
k k k k k
< 191" = &0 + 191 o + P11 1o + 1D -
(108)

Notice that when T, = 7 € Sj, we can sum over o to lock
T to be 7,

> o 2Mtrob We(o, 1) = 6y, (109)
Thus,
10" — oo + 0 Il
< I Weelr,m) =27 ) @ 1Vl
T
+ Y I Wee(T ) I G N 1o

T#m

< k!Z_N+O(k2) +k!2_N+0(k2) < 2—N+O(k2). (110)

For the second inequality, we use Eqgs. (E8) and (E9) to
bound the two terms. For the last inequality, we absorb the
factor k! into 20",

In classes III and IV, T, is not a permutation. In this
case, there is an overall suppression because 7, and o are
not aligned,

ZzNM(kfsz,ffI” We(o, )| < o Nu (k=1) Z | Wg(o, )|
< 27MEI(1 + K227,
(111)

where we used |Tp,0]>1 and ) [Wg(o,7)| <
27NM V(1 4 k227N [73]. In class 1T Ty =T> =T ¢

Sr, we use the upper bound on the diamond norm
D) (z|®M @ |T)(T|®Nor ||, < 2™ and obtain

1D llo < Y IWee(T, 1)) Y 2M b We(o, 7))
T¢Sk o,T

T (x| @ | T)(T1®No |

< 27N+ (1 4 g2~ Nry, (112)

For T} # T», the diamond norm can be greater than 2%,
but these contributions are suppressed by Wg (71, T>) as
T\ and T are not aligned. Using the third line in Eq. (ES),
we obtain

3 W1 T | IT) @ @ 17 (T |

T\ #T
<200, (113)
This implies
1OE o < 27 MH0E) (] 4 f22~Nory, (114)

Putting these together, we obtain an upper bound
10 — @Iy < & + 27 FOE (1 4 227N (115)

where we have absorbed factors of k! into 20%).
As a final step, we use the triangle inequality to bound
the additive error of the k-fold channel,

(k) (k) (k) (k) (k) (k)
”(Dg _CDH ||<> = ||CI)£ - CDO ||<> + ||CI>0 - cDH ||<>

< & + 200N (1 4 2Ny (116)
]

Corollary 7 (Circuit depth). With O(k* poly log(k/¢))
two-qubit magic gates, one can realize approximate uni-
tary k-designs with ¢ additive error in depth O(N +
kpolylog(k/¢e)) using 1D circuits and in depth O(log N +
kpoly log(k/e)) using all-to-all circuits with N2 ancillas.

Proof. A sufficient condition for achieving approximate
unitary designs with & additive error is to take Ny =
O(k* +1og(1/¢)). To realize an additive-error unitary
design on these qubits, circuits with depth O(log(Nys/¢) -
kpoly log k) suffice [17]. ]

We note that, in this construction, we place the magic
gate at the beginning of the circuit for a technical reason to
suppress the diamond norm because |||77) (72| is smaller
for T, € S;. We do not exclude the possibility of construct-
ing an additive-error unitary design if all magic gates are
placed at the final layer.
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We further note that the global Clifford unitary in this
construction might be necessary. In a recent paper [72],
it is shown that to form a Clifford k-design with bounded
additive error, Clifford circuits are required to have Q2 (N)
depth in one dimension or Q2 (log/N) depth with all-to-
all connectivity. This theorem can be modified to show
that shallow-Clifford circuits with the insertion of magic
gates acting on a constant number of qubits, even at arbi-
trary locations within the Clifford circuit, cannot realize
a unitary k-design with bounded additive error, since the
causal light-cone from the magic gates cannot cover a finite
fraction of the qubits in the system.

VII. STATISTICAL MECHANICS PICTURE

In this section, we provide a physical understanding of
several results in this work based on the mapping from
the kth moment of the random circuit to classical statisti-
cal mechanics models. Section VII A develops a stat-mech
understanding of why Clifford circuits operating on qubit
blocks of O(log N) qubits can satisfy the approximate uni-
formity condition. This also explains why shallow Haar
random circuits can form a unitary design with bounded
relative error [17]. Section VII B provides an understand-
ing for the required number of magic gates to convert the
shallow-Clifford circuits into state designs with bounded
additive errors.

A. Uniformity condition as strong ordering

Here, we consider the k-fold channel of random Clifford
circuits and bound its deviation from the uniformity con-
dition using the partition functions of statistical mechanics
models. We show that the two-layer circuit operating on
log-size qubit blocks can achieve approximation unifor-
mity as the stat-mech model develops strong ordering, i.e.,
excitations at all scales are suppressed due to large excess
free energy.

The k-fold channel of two-layer random Clifford circuits
can be expressed as

o) =27 N " o(T1, Ty) | T1)(T3)
Tlrfz

Z IT)(T| + Zf(Tl,T2)|T1><Tz|

(117)

The deviation from the uniformity condition is given by

A@P) =Y [f(T1, Ty

TlafZ
=Y le(Fi, Tl — |Sig]
711,7?2

+Z(1—

<Y 1gF Tl — | Sl +Zz|g<T1 TT) - 11.

11,1

(71, 71)| + g(T1,7T) — 1])

(118)

Each term g(fl, T5) in Eq. (118) can be written as a
summation over classical “spins” that label the stochastic
Lagrangian subspace in the Clifford commutant X4, i.e.,

g(T1, 1) = 2" Y " [ [ 4Tl Taam D (T 21 Ta )
T3q ¥

Wec (T x, T3) Wge(Tay, Ta ). (119)

Each spin T originates from the average over random
Clifford gates and is arranged as shown below:

© 0 ® O 0 O O O

6 6 & 0 0 0 0 O

Note that the summation is not yet the partition function of
a stat-mech model because the Weingarten function can be
negative. We introduce a function g Ty, T»), replacing the
Weingarten function in Eq. (119) with its absolute value,

g (T, To) =2 Y [ ] (Tsxl Taxc D (Toxl Tue)

T34 <

| Wee (T, T30 I Wee(Tax, Tox) ] (120)

The function g’(i’l, f’z) is an upper bound of |g(i’1, f’z)l
and is given by a summation over positive terms. Hence,
it can be interpreted as a partition function with fixed
boundary conditions set by 7} and 7. oo
First, we consider the quantity Z := ZTI 7 (T, 1),
which can be viewed as the partition function of a sta-
tistical mechanics model of T 1234 with free boundary
conditions. We consider the low-temperature expansion
of the partition function. The configuration with the low-
est energy has spins aligned in space and a degeneracy
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of |24 |. We invoke the Peierls argument to analyze the
excitations. The interaction between two neighboring spins
T; and T; contributes a factor of (7;|7;)) = 28 U=ITiT; )
or |Wgc( i, 1;)| to the Boltzmann weight. The Boltz-
mann weight is suppressed by 27 when 7; and T} are not
aligned. For & = alog N with a sufficiently large prefactor
a, the energetic cost of creating a domain wall outweighs
the entropic factor. In this case, the domain walls in the
stat-mech model are suppressed, and the partition function
is governed by the aligned spin configurations,

= | Desl(1 + N2 logE OGNy (121)

To make this more rigorous, one can analytically compute
the partition function using the transfer matrix method.

Next, consider the quantity g'(T T, T T), which maps to
the partition function of the same statistical mechanics
model but with the boundary spins fixed to be 7. A similar
analysis gives

&/ (T1,TT) = 1 + N2 ¢ logé+0(?) (122)

We note that g(Tl Tl) and g(Tl Tl) differ only in
the subleading term, and |g(T1 Tl) -1 =<1g (Tl Tl) -
1| < N2~ £E— logE—s—O(kz)‘

The above analysis leads to an upper bound on the
deviation from the uniformity in Eq. (118),

A@P) < NpElosE06), (123)

Hence, one can achieve approximate uniformity with & =
O(log N + k?), i.e., in depth O(log N + k?).

We remark that the approximate uniformity requires the
stat-mech model to develop strong ordering. In the usual
notion of an ordered phase, the domain-wall excitations
that flip an extensive number of spins are suppressed,;
however, small domain walls with O(1) energy costs are
usually proliferated. In contrast, the strong ordering here
requires the smallest possible domain walls to be sup-
pressed as the small domain walls can cause an O(1)
deviation from the uniformity. In the 1D stat-mech model
we obtain, two notions coincide because the domain walls
cause the same amount of energy regardless of the num-
ber of spins it flips. However, in higher dimensions, these
two notions are generally different. For example, in two
dimensions, the spin model can order when each gate in the
circuit acts on a constant number of qubits [84,85]; how-
ever, strong order still requires each gate to act on O(log N)
qubits.

The stat-mech mapping also explains the results in Ref.
[17] that relative-error unitary design requires two-layer
random unitary circuits with each gate drawn from a k-
design acting on O(log N) qubits. In that case, we can
introduce a similar uniformity condition for the k-fold
channel of Haar random circuits,

°F = 2"”‘ Z o) (] +2Nk Zf(a D)) (F]. (124)

o €Sy o,

®
@y

Its deviation from the diagonal approximation CIJ(()k) of the

k-fold channel of the Haar random unitary, AH(d)fgk)) =
> 5:1f(0,7)| has a similar statistical mechanics map-
ping. Here, the only difference is that spins take values
only in the permutation group S; due to Haar averaging.
We can show that each gate acting on O(log N) qubits is
sufficient for a small deviation. Crucially, a small devia-
tion here implies that the unitary ensemble forms a design
with bounded relative error because for the infinite norm
[r(0)]leoc = 1 for a permutation o € S;. However, for the
Clifford circuits, ||r1(7) ]|, = 24™N can take a large value;
the uniformity condition does not imply Clifford k-design
with bounded relative error.

We further remark that the gluing lemma essentially
implies strong ordering. It requires the spins to align while
introducing one additional spin to the stat-mech model; the
energetic cost of misaligned spins overcomes the entropic
factor.

B. Additive-error state designs: Magic as
symmetry-breaking field

The additive error of state k-th moment is controlled
by the frame potential. Here, we map the frame poten-
tial of random Clifford circuits with magic insertions to
the partition function of a classical statistical mechanics
model. The mapping provides physical understandings of
the depth of the Clifford circuit and the number O(kz) of
magic gates required for an approximate state k-design.
Similar stat-mech mapping has been developed for random
tensor networks [57,58], Haar random circuits [54,55], and
also more specifically random Clifford circuits [64,86].

First, we consider the state ensemble £ generated by
two-layer random Clifford circuits with open boundary
conditions. The frame potential provides an upper bound
for the trace distance between the kth moment of £ and
that of the ensemble C of random stabilizer states

log” = P17 = 20" = o115 < 2Y1FE = FON,
(125)
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where

FO =By pc [0 7Ty j0y@Y
(0|®Nk p((jk) |0>®Nk

— Z];,lk Z <O|®NkV(T) |O)®Nk

TeZyk

= Zy Sl = 27 S (1 + 025N, (126)

Here, we use (0|®¥ r(7)10)®™ =1 as (0,0,...,0) € T
for any T. The frame potential of £ is given by

(k)_E O®N J"V O®N2k
Fe’ =Ky, y,~e (017 V1 1720)

(0= p 10)=, (127)

where & = {VI V,10)} for V1, V, € £ contains states gen-

erated by a three-layer random Clifford circuit VJ{ V).
Expressing the average k-th moment of each Clifford gate
in terms of operators in the Clifford commutant [Eq. (29)],
we have

FE =720 > (Tl Taa)(T1clTas)

Tl,x’\'T4,x

L—1
[]‘[ (712l T2 Wee(Ta, Tg,x)<<T3,x|T4,x»}

x=1

(VAWAVENASD L VEVARTV IS (128)

where L = N /(2&). We note that the left-hand side of Eq.
(125) is positive, and therefore F' ék) > F((:k).

The frame potential F' fgk) is expressed as a summation
over classical variables T,. At this moment, the summation
involves terms with negative weights, as the Clifford Wein-
garten function can be negative. Instead, we can consider
an upper bound F’ ék) <F é(k),

FO =720 3 (Tl Taa ) (Tocl Tas)

T X~ T4,x

-1
|:1_[ (T1x| o)) |Wee(Tox, Tsx) | «T3,x|T4,x»:|
x=1

(T | T N (T3,0-11T4)), (129)

which is a sum over positive terms and can be viewed
as the partition function of a one-dimensional classical

statistical mechanics model (illustrated below),

The interaction between two neighboring spins 7; and 7;
contributes a factor of (T;|7;)) = 28U—ITLTiD (represented
by a solid line) or | Wg (7}, 7;)| to the Boltzmann weight
(represented by a dashed line). The Boltzmann weight is
suppressed by 275 when 7; and T are not aligned. For
& = alog N with a sufficiently large prefactor a, the ener-
getic cost of creating a domain wall outweighs the entropic
factor. In this case, the domain walls in the stat-mech
model are suppressed, and the frame potential is given by
the aligned spin configurations, leading to a value close to
FP.

Next, we consider inserting single-qubit magic gates
in the circuit. We insert the gates in the leftmost qubit
block for the simplicity of presentation. We comment on
inserting magic gates at other locations later on in this
section. The frame potential F' ‘(gk) is then given by a slightly
modified partition function below:

Averaging over single-qubit random gates drawn from
either an exact k-design or &, = {1,u,u'} with u being a
magic gate creates a suppressed Boltzmann weight (i.e., an
energy cost) when the spins on the leftmost boundary 77 ;
or T, above are not permutations. The weight associated
with 7' ; and T4 then acquires an upper bound,

Ny
<<T1,1| ®(<i>u>,~|T1,4>> = 25Nl P T, T € 8,

i=1

Ny .
<2Ma™2", ifTyyor Tay ¢ Sk,

Ny R
‘<<T1,1| ®<d>u>im,4>>

i=1

(130)

where (®,); = Ey~e, U ® U is the k-fold operator
associated with the random gate set on the i-th qubit, and
0 <a <1 depends on the gate set [see Egs. (94) and
(96)]. The suppressed weight can be regarded as a mag-
netic field acting on 7' ; and T;4. The field strength is
O(1) for k-design single-qubit gates and is O(1/ log® k) for
single-qubit gates drawn from {1, u, u'}.

The “magnetic field” favors permutation 7' € S; over
other stochastic Lagrangian subspace 7' € X . The energy
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cost for T ¢ S; is proportional to N, while the number
of T € Sy but T ¢ S is 200°) [87]. Hence, Ny = O(k?)
is sufficient to overcome the entropic factor. In this case,
the frame potential F é(k) is dominated by the lowest energy
configurations, in which the spins are aligned spatially and
are given by the same permutation. This leads to a frame
potential F’ gk) ~ k!/2V close to the Haar random value.

We note that inserting Haar random gates at other loca-
tions in the circuit modifies the stat-mech model in a
similar way by introducing magnetic fields at the corre-
sponding locations. Without a rigorous proof, we believe
that adding O(k?) single-qubit magic gates (drawn from
either {1,u,u} or an exact k-design) at random locations
in the log-depth Clifford circuit is sufficient to realize a
state design with bounded additive error.

VIII. DISCUSSION

In this work, we have presented constructions of approx-
imate state and unitary designs, which improve the previ-
ous results in terms of either the circuit depth or the number
of non-Clifford gates. We prove no-go theorems for var-
ious architectures to form designs with bounded relative
errors. We also provide physical understanding for several
key results based on the statistical mechanics mapping.

Our study leaves several open questions:

(1) The scaling of & in the circuit depth of our construc-
tions for relative error designs may not be optimal.
Our constructions require each Haar random gate to
act on a qubit cluster of size O(klog k) because we
use a rather loose bound on the distance between
operators in the Clifford commutant, |0, 7| > 1 for
o € Sy and T ¢ S;. Suppose one can obtain a bound
on the number of permutations of a certain dis-
tance from stochastic Lagrangian subspaces T ¢ Sj.
In that case, we might be able to reduce the size of
the Haar random gates, which would improve the
scaling of £ in the total circuit depth.

(2) Our design constructions use gates acting on qubit
blocks. It remains open whether the circuit ensem-
ble still satisfies the approximate uniformity if one
replaces two-layer random circuits with a brick-
work random circuit of depth O(log N) operating on
qubits.

(3) In our construction for additive-error state design,
the magic gates are not required to be drawn from
unitary k-designs and can instead be drawn from
a less random gate set {1,u,u'} with u being a
magic gate (e.g., T-gate). A natural question is,
in our other constructions of approximate designs
(e.g., with bounded relative errors), whether one can
replace the k-design random unitaries with a specific
set of magic gates, which might be easier to realize
in practice.

(4) Different from the unitary group, orthogonal k-
designs, which approximate the k-th moment of
Haar random orthogonal matrices, cannot be gen-
erated in sub-linear depth [17]. Reducing the magic
depth or the usage of magic gates in the construc-
tion is of particular interest in this case. It remains
open whether one can use linear-depth Clifford cir-
cuits augmented by constant-depth magic gates to
construct such designs.

Note added—After the completion of this work, we
became aware of an independent work that achieves e-
approximate k-designs over N qubits using a different
circuit architecture of depth O(logk - loglog Nk/e) [88].
The scaling of circuit depth with N is similar to ours,
while the scaling with k is different. Our circuit depth
for additive-error state designs saturates the depth lower
bound proved in their paper, and is therefore optimal.
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APPENDIX A: OPERATIONAL MEANING OF
ADDITIVE-ERROR STATE DESIGNS

In this Appendix, we consider an adaptive experiment
that queries a random state |¢) drawn from an ensem-
ble for & times. If the ensemble forms a state k-design
with bounded additive error, the output state would have a
bounded trace distance from the output of the experiment
that queries genuine Haar random states.
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Any adaptive experiment that queries the state & times
can be achieved by querying the states in parallel,

Wy Wy

VY

The most general adaptive experiment that queries & copies
of the state |1) is shown on the left. Let m denote the num-
ber of ancillas used in the experiments, and these ancillas
are initialized in |0)®". In the first step, we apply a uni-
tary W, acting on the ancillas and a copy of |¢). In the #-th
step, we introduce one copy of |y) and apply a unitary W;
that couple |¢) to all the degrees of freedom that we have
introduced previously. In the end, the output state of the
experiment is [You) = Wy -+ - W1 |0)%™ |¢)®*, which can
be viewed as applying a unitary to the initial state |y/)®¥,
as shown on the right. If the state |¢) is drawn from an
ensemble &£ that forms an approximate state k-design with
¢ additive error, the trace distance between the output state
and the output of an experiment that queries Haar random
states is

||E1//~5 |wout><wout| - EI/J"VH |w0ut><w0ut| ||1

k k
= o’ =il <& (AD)
The first equality is because the trace norm is invariant

under unitaries.

APPENDIX B: ADDITIVE-ERROR STATE
DESIGNS WITH MAGIC GATES IN THE FIRST
LAYER

In this Appendix, we provide a construction of the state
k-design with bounded additive errors by inserting magic
gates prior to the two-layer Clifford unitary.

Corollary Bl (Additive-error state designs from con-
stant magic followed by low-depth Clifford unitaries).
Consider a system of N qubits. Let M; denote disjoint sub-
systems, each containing ; qubits. Assume N; > 2 log k.
Let Ny = ), N; be the total size of these subsystems. The
unitaries U;, acting on subsystem M;, are independently
drawn from exact unitary k-designs. Let V' be a two-layer
brickwork circuit, where each gate is drawn form an exact
Clifford k-design. Let & be the smallest size of the over-
lapping regions of the Clifford unitaries. Then the states

V(®; Ui) 10)" form an approximate state k-design with
additive error

g < 27E71oRE0WD) 4 200 TT 2Nk (1 4 K227%). (BI)

1

In other words, one can achieve ¢ additive error with Ny, =
O(K* +log(1/¢)) and § = O(log(N /¢) + k%),

N
[l Lt f = L= d ] -]
Va Vi
V{ TLIT IT-1T IT-1T1 [T-1T1 IT-11
Wi V3
UL 98000 0u0 99709 49700 970y

Ny

Proof. Before applying the Clifford unitary, the state on
M = U;M;is a tensor product of Haar random states on M;,
whose kth moment is

Pg;) = |:Z ®Wg(a,~, ‘C,-)r(cr,—)Mi:| ® [0) (0|®V N |

0,T

(B2)

According to Lemma 2, the Clifford unitaries V satis-
fies the &’-approximate uniformity condition with & =

2—6-logé+0(%) The k-th moment of these Clifford unitaries
can be written as

o — 27N\ SY D+ 3 £, Tl Tl
r TlafZ
(B3)

Applying it to the initial state, the state kth moment
becomes

pék) — )Nk |:Z #(T) l_[ Z oNi(k=IT.0i]) We(o, 1)

T i 05,7

+ Zf(fl, Ty)r(Ty) l_[ Z Wg(o;, 7;)2Nik= 1201
Tl,fz i 05,7

(B4)

where i is the index for subregions M;, and 7> is the value
of T, on region M;. We decompose ,og‘) into three parts
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k K k K
pe’ = o + pit’ + pi, where

-2 Ner(n_) -2 NkD p(k)

(k) — Nk Z #(T) 1_[ Z oNi(k=IT.0il) Wg(o;, 7)),

T¢Sy i 0T

ol =27 f(T), Tyr(Th)

T.T»

1_[ Z We(oy, 7;)2Ni k1201

i 0,7

(B3)

Using the triangle inequality, the additive error is bounded
by

1o = ot I < o™ = I + o 1 + o -
(B6)
Each term on the right has an upper bound,
1o — o1 = 127Dy s — 11 - o 1 < k227N
(B7)
Lot I
<273 @I [T 2N 0 Weor, 1)l
T¢Sy i 05,7
< 206 1_[ Z 2N We(or, 1))
<200 TT27 Ykt + 227" (BS)
Here, we use |r(D)]; <2 and Z |Wg(a,~, )| <
K'(1 + k227N for k> < 2N,
ot e < 27 Y 1T, Tl - IIF(T) I
fljz
l_[ Z Nitk=IT2,,0il) We(o, 7). (B9)
i 0;},Tj

If Ty;€S, then Wg(o;, 7;)2Nik—1T200iD = 1 If
T,; ¢ Sk, then

Z oNi(k=IT2,i0i]) Wg(o;, 7))

Ti,Tj

< Y 2NV We(or, o)) < 27N+ 27M) < 1L

0i,Tj

(B10)

The last inequality is from the assumption N; > 2k log k.
Pluggmg it back to Eq. (B9) and using ||r(T1) I <2V we

have || o [l < i g f(T1,T>)| <& =27% lo;;s+o<k2)_
Putting these together, the additive error is bounded by

< 200 TT 27V (1 + K227y

4 p—E-logé+0U?)

k k
o = o1

(B11)
]

In this construction of an additive-error state k-design,
each state in the ensemble can be described by a Clif-
ford augmented matrix product state. The possibility of
such states to realize additive error designs has been stud-
ied in Refs. [40,89]. Compared to the existing results, our
construction has a reduced depth of the Clifford gates.

Our construction also suggests that an additive-error
state k-design with k = o(V!/?) does not require maxi-
mum magic. This improves the observation in Ref. [90]
that states with sub-maximum magic can realize additive-
error state k-designs for k = 6(N'/4), which is based on the
result of Ref. [36].

APPENDIX C: COLLISION PROBABILITIES IN
LOG-DEPTH CLIFFORD CIRCUITS

In this Appendix, we study the kth collision probabil-
ity in an ensemble of Clifford unitaries. We show that
this quantity obtained in two-layer random Clifford circuits
approximates the one for global random Clifford gates with
a bounded relative error. Our result is consistent with the
fact that anticoncentration happens at a logarithmic depth
shown in Refs. [91-94].

For a unitary ensemble £ = {V'}, the kth collision prob-
ability for a given computation basis |x) takes the form

2P x) = Epeg| (x| V]0)®N (C1)

For global random Clifford gates, this quantity is given by

P& = Epel (| V10)®Y P = Zy Sl (C2)

Corollary Cl1 (Relative error for the collision proba-
bility in log-depth Clifford circuits). Consider an ensem-
ble £ = {V'} of two-layer Clifford circuits with each gate
drawn independently from an exact Clifford k-design. Let
& be the size of the smallest overlapping regions in the
two-layer Clifford circuit. The two-layer Clifford circuit

achieves a relative error & = N2-§-1026+0%) in the k-th
collision probability with respect to global random Clifford
unitaries, 1.e.,

(1—epl <pPx) <A +epd forvx. (C3)

In other words, one can achieve ¢ relative error in depth
O(log(N /e) + k*).
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Proof. The k-fold channel of two-layer random Clifford
circuits satisfies the approximate uniformity according to
Theorem 2. Hence, it takes the form

o) =27M Z IT)(T1+ Y (T, T)I (T
7.7
(C4)
The kth collision probability is given by
Eye| (x| U]0)®N |
= Trllx)x|®F &L (|0)0|®)]

=M [Z Tellx)e] 4 (D TeA(D) T [0X01%]
T

+ S (T, Ty) Telle)ox|®F #(T)] Tr[r(T2) T 10)01%]

1.7

=27 1Sl + Y f (T, T) (C5)
Tl»fz
Here, we note that Tr[|x)(x|®* #(T)] = Tr[|0}0|®* +(T)] =

1 because any computational basis state |x) is related
to |0)®Y by a Clifford gate, whose k-th tensor power
commutes with 7(7) in the commutant.

The relative error therefore has an upper bound

k k
PP (x) — p

(k)

Pc
< 27¥Zyg— 1+ 27 %2y, 3 1T, D)
flafz
< kKN 4 Np—E-logs O, (C6)
m

APPENDIX D: GROWING ADDITIVE-ERROR
STATE DESIGNS WITH RANDOM CLIFFORD
GATES

We prove that a state k& design and a stabilizer state k£
design can be glued by Clifford unitaries drawn from a
Clifford k£ design to form a state k£ design over a larger
region with bounded additive error.

Lemma D1 (Gluing a state design and a stabilizer state
design using unitaries from Clifford design). Let A, B,
C, and D be disjoint subsystems of qubits. N4, Np, Nc,
and Np denote the size of the subsystems. Assume N¢ >
k+logk — 2. |Y) 5 is drawn from a state k-design up to

additive error g4, | V) p is drawn from an exact stabilizer
k-design. Vpc is drawn from a (exact) Clifford k-design.
Then Vpc |¥) 45 ® |¥) ¢p 1S an approximate state k-design

with additive error ¢ < g5 + 20("2)(2_NB +27Ney,

A B c D
[LLEL T

A B c D
e (M1 LA A
(k) (k)

Proof. We write the resulting state as py ap . ® ¢ cp- It
can be approximated up to additive error & by’

(k) (k)

—
Prag ® Pccp =Dy il

Vs kinep sk 2 T(0)ap ® r(Tcp,
o,T

(D1)

where pH ap 18 the kth moment of an exact k-design on
AB. After applying the random Clifford unitaries, the kth
moment of the state becomes

(k) (k) (k)
@ pe(Pyap ® Pccp)
2N BCk

Z Wec(Ty, Tp)2 VelT2o1=Nel 2. 5]

" DypiZnep i
apkENepk o

r(0)4 @ r(T1)pc ® r(T3)p, (D2)

The trace distance from the k-th moment of Haar ran-
dom states takes the form

(k) (k) (k) (k)
P 5P ® PC.cp) — Prascplh

Sy 1, Wee(T1, Tp) 2V G170 D+Nel T2 Ts)

0.3

D NAB,kZNCD,k

8T1,05T3,v

; D3
Dy (D3)

where we use [[r(0)4 ® r(T1)pc ® r(T3)plli <2, N =
N,y + Np + Nc + Np. For T5 = o, the summation over 75
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yields a delta function 87, ,. The corresponding contribu-
tion is

kN -1 —1 —1
2 Z ‘DNABJ‘ZNCDJ‘ — Dy

oeSk
< K[+ K27Nm) (1 4 k2" Nepy — 1 4 1227
< K227 Nas - j2kNep (12 4+ K2)27Y). (D4

For T; ¢ S, the contribution

kN
|WgC(T1 , 1) | o Np (k=|T2,0 N+Nc(k—1T2,T3))
DNAB,kZNCD,k

(D5)

is either suppressed by 278 or 27V¢ due to misalign-
ment of inside 2VB*—IT20D+Nc*=IT2.T3D = or suppressed
by misalignment in 77 and 75 to give | Wga(T1, T2)| <
2~Npck=Nsc+OU®)  The number of such terms are upper
bounded by 20>, When we sum those up, we at most get

2O(k2)(2—NB + 27N¢). To sum up, we have

(k) (k) (k) (k)
| CDC,BC(IOH,AB ® Pccp) — PH,ABCDHI

< 2063 (2=Ns 4 9Ny, (D6)

We can thus use the triangle inequality to upper-bound the
additive error

(k) (k) (k) (k)
1P sc(Prase ® PC.cp) — Prascplh
(k) (k) (k) (k) (k) (k)
< 1®cgc(Prupe ® Pe,cn) = Pepc(Pras @ Pecep)lh

(k) (k) (k) (k)
+ 1P pc(Prap @ Pe.cp) — Puascplh

(k) (k) (k) (k) (k) (k)
= ”pH,AB,s ® Peep ~ Prap @ IOC,CD“ 1+l q)C,BC(IOH,AB

(k) (k)
® IOC,CD) - /OHABCDHI

<&+ 200 (N 4 p~Ney, (D7)

APPENDIX E: MORE ON THE CLIFFORD
COMMUTANT

1. Asymptotics of Clifford Weingarten functions

We present the asymptotics of the Weingarten functions
of the Clifford group over n qubits. The results are based
on properties of an orthogonal basis analyzed in Ref. [36].

To begin, the k-fold channel QD(Ck) can be formulated
as an operator in the doubled Hilbert space via the

Choi—Jamiotkowski isomorphism,
(,I\)(le) = EVNC V®k X V*®k

= > Wec(TL THITH®"(T 12", (ED)
1.7}

Here, the states {|7;))}, vectorization of the operators
r(T), are linearly independent but not orthogonal, with
inner products given by (7;|7;)) = 2"*~1:7iD. One can
construct an orthogonal basis using the Gram-Schmidt
orthogonalization [95],

E) =) Ay 1T, (E2)

Jj—1

> sen(D [ [4TTne)".  (E3)

Mes;,M()=j =1

Ay =

It has the following properties [36]:

|4; — 2—nk| < 2—nk—n+0(k2))’ Vi
4;] < 2—nk—n+0(k2)’ Vi) (E4)
|Aij| < 2—n(k+|dimN,-—dimNj\)+O(k3)’ Vi),

The normalization is

((E|E;) — 27K| < 2nh—2nt0®) (ES)

Since dA>(Ck )isa projection operator, it is an equal weight
sum of an orthonormal basis,

Sk _ 1 WO
0% —; EEy ENEL (E6)

So the Weingarten functions can be expressed as

Wee(T ) =)

k

—ApA. E7
(Ex|Ex) W ED

We have the following asymptotics:
| Wee (T3, T) — 27 < 27k=m00)
C

| Wee (T, Tj)| < 2775400 i 4

IWgC(Ti,Tj)I < 27n(k+\dimNifdilan\)+0(k3)’ Vi,
(E8)

For i#j, we used the triangle inequality |dimN; —
dimNg| + | dim Ny — dimN;| > |dimN; — dimN; |.

010344-33



ZHANG, VIJAY, GU, and BAO

PRX QUANTUM 7, 010344 (2026)

2. Diamond norm

To bound the additive error of approximate unitary
designs, we use the diamond norm for the superoperator
|T))(T5|(-) = r(T))Tr[r(T>) " (-)] acting on a single qubit,

Tl = 2FFdimNamdimNy, (E9)

To prove this, we first use an upper bound of the diamond
norm (Lemma 3 of Ref. [36]),

HTD(T2lllo = ||E)IﬁaXlIIIYH)(TzI ®id(O)l
1=

= ||Iolﬁ?)<(1”r(Tl) ® Tri[((T>)" ® DOl

= llr(TD ”gﬁilllTn[(r(Tz)T ® O]l

= lIr(TV ”gﬁaxlll(r(Tz)T DOl
1=

= (T Ir(T2) @ Illoo = (T 1 I1(T2) [l
— 2k+dimN27dimN1. (EIO)

The notation Tr; is the partial trace over the first copy of
the system. The second line is because the trace norm is
multiplicative under the tensor product. The third line is
because the trace norm is nonincreasing under the partial
trace. The other direction is given by

T (T (T2 125 (T 11
TH(T —
T @llo = ==, KT
— 2k+dimN2—dimN1 ) (El 1)

APPENDIX F: STABILIZER RENYI ENTROPY
The stabilizer Rényi entropies are defined as [78]

My =—log | 27% 3" || Puy ) |

N
u,vEIFZ

= —1log Tr 2VP® |y) (¥|®), (F1)
where Py, = i"*Z"X" =i"? ®fv=1 ZUX Vi representing
all Pauli strings up to global phases. We take & to be an
integer multiple of 4. The Pauli moment P® factorizes
as a tensor product of single-qubit Pauli moments. The
single-qubit Pauli moment is

pH — 4-1 Z(ingan)(X)k — 4! szlanlk’
m,n m,n (F2)
L, =(,...,1) e Zk
——

k
This is a member of the Clifford commutant corresponding

to r(Ts) = 2PCSS({lk})a where PCSS({lk}) = P® ig the pro-
jection onto the CSS codespace associated with the defect

subspace {1;} that contains two elements, 0; and 1. In the
case of k = 4, this is the only CSS code projector in the
Clifford commutant [52], playing an important role in the
representation theory of the Clifford group [96].

APPENDIX G: LIST OF NOTATION

) oW, dDg‘), CDg‘): k-fold channels of an unitary
ensemble &, the ensemble of Haar random unitaries,
and the ensemble of random Clifford unitaries.

2) Q‘(gk), Ql({k): k-fold channels of a unitary ensemble £
and the ensemble of Haar random unitaries acting
on EPR pairs.

3) Q(()k)i an approximation of Ql({k ),

4) p‘(gk), pg‘ ), pék): k-th moments of a state ensemble
&, the ensemble of Haar random states, and the
ensemble random stabilizer states.

(5) r(7): a member of the Clifford commutant on a
single qubit.

(6) r(T)s: a member of the Clifford commutant on a
multiqubit system S.

@) #(D): @, (Ty).

(8) |T)): vectorization of r(7).

(9) (Ti|T2) : Te[r(T) Tr(T)].

(10) |T)(T3]: a superoperator
TrA(T) T ().

(1) [T @, 1710 (Tl

(12) o: a permutation that belong to S;.

(13) T ¢ S;: a stochastic Lagrangian subspace that is not
associated with permutations.

(14) r(o): a member of the Clifford commutant that is a
permutation operator.

(15) Wg(o,t): Weingarten functions for Haar random
unitaries.

(16) Wg(Ty, T>): Weingarten functions for random Clif-
ford unitaries.

(17) |Ty, T,|: distance between T; and 7, defined via
Tr[r(Ty) "r(T»)] = 251112l

(18) Dy ]_[f.‘z_ol (2" + 1), appears in ,oﬁlk).

(19) Zyx: 2V TIZ2 @Y + 27, appears in p.

(20) log: logarithmic function with base 2.

(21) |I-llp: Schatten p-norm.

| TO(T2]() = r(T1)
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