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We present a theoretical study of quantum correlations between interacting photons realized through
co-propagating Rydberg polaritons. We show that the spatial evolution of the n-photon wavefunction
is governed by a multiband dispersion featuring one massive mode and multiple massless modes with
degenerate Dirac points and n-fold rotational symmetry. The resulting band structure is warped, departing
from the single-band, parabolic approximation commonly assumed for interacting polaritons. Our
analytical results are supported by rigorous numerical modeling that fully accounts for photon propagation
inside the finite atomic medium. These findings advance the understanding of multiphoton interactions
and support the development of future multiphoton control tools.
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Rydberg polaritons, formed by coupling propagating
photons to Rydberg atoms in a dense atomic ensemble,
provide a powerful platform for studying quantum inter-
actions between a few particles [1,2]. Their strong inter-
actions arise from the long-range dipolar coupling between
their Rydberg constituents. In the quantum nonlinear
optics regime [3], Rydberg polaritons have been used to
suppress the transmission of more than one propagating
photons [4–7] and to demonstrate large conditional phase
shifts [8,9], bound states [10–12], and multimode inter-
actions [13,14] of two or three polaritons. Recently,
stronger interactions enabled the observation of vortex-
antivortex pairs in the two-polariton wavefunction
ψðx1; x2Þ and vortex rings and tubes in the three-polariton
wavefunction ψðx1; x2; x3Þ [15]. Here, xj are the photon
coordinates along the propagation direction, i.e., in one
spatial dimension.
These developments establish Rydberg polaritons as a

promising platform for multiphoton control and determin-
istic quantum logic. They also highlight the need for a
rigorous theoretical framework to quantitatively describe
quantum correlations arising from the propagation and
interaction of several photons, including vortex formation.
While previous theoretical models of interacting Rydberg
polaritons—such as the adiabatic potential approximation
[16], quantum field theory and Green function approaches
[17–19], and waveguide quantum electrodynamics models
[20–23]—offer valuable insights, they do not fully capture

the spatial evolution of few-polariton wavefunctions in
an extended medium. Although the model in Ref. [10]
successfully describes two-polariton dynamics, it neither
predicts the three-photon vortices observed in Ref. [15] nor
captures their unique symmetry reported here. Moreover,
its extension to higher-order correlations remains unclear.
Here, we study the stationary wavefunction

ψðx1;…; xnÞ of interacting polaritons in a spatially
extended medium. We reveal that ψ follows a multiband
Dirac-like dispersion in spatial momentum space, describ-
ing the dependence of the center-of-mass wavevector
Kðκ1 � � � κnÞ on the relative wavevectors κ1 � � � κn. In the
minimal model capturing the full symmetry of the prob-
lem, the dispersion features one symmetric massive mode
and n − 1 gapped antisymmetric modes. For n ≥ 3, the
antisymmetric modes are point-degenerate at zero momen-
tum and exhibit linear dispersion.
As an approximation, these antisymmetric modes can

be eliminated by assuming they adiabatically follow
the massive mode, thereby reducing the model to a
Schrödinger-like equation for a single massive mode in
n − 1 dimensions with an ðn!Þ-fold symmetry. This
approximation has already provided valuable insight into
the polariton dynamics in terms of two-photon and three-
photon bound states [10,12]. However, as shown in Figs. 1
and 3, the parabolic single-band approximation fails to
retain key features of the multiband structure, particularly
the linear-dispersion regions and the reduced n-fold dis-
crete rotational symmetry. Both are essential for describing
the evolution in finite media and capturing the effects of
interaction-dependent group velocity.
The multiband dispersion significantly impacts photon

correlations starting from n ¼ 3 photons. It reduces the
wavefunction’s rotational symmetry from 3! ¼ 6 to 3,
by distinguishing between cases where a photon pair
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propagates ahead of or behind a single photon. This
symmetry reduction was previously detected at a few-
percent level in photon correlation functions with a
single atom or an effective superatom (a fully blockaded
Rydberg ensemble) [11,24,25]. Here, we develop analyti-
cal and numerical models that capture these dynamics and
show that this asymmetry can be large and manifest as a
trigonal warping of the vortex ring formed by three-photon
interactions.

I. RESULTS

A. Multiband model for two and three photons

We begin with a minimal analytical model that correctly
captures the symmetry of few-polariton states in the
stationary regime.
Consider a medium of three-level ladder-type atoms

hosting Rydberg polaritons under conditions of electro-
magnetically induced transparency [4,26]. The single-
polariton propagation along the medium is governed by
HðxÞψ ¼ i∂tψ , where

HðxÞ ¼ −
0
B@ ic∂x

ffiffiffi
ρ

p
g 0ffiffiffi

ρ
p

g Δþ iΓ Ω
0 Ω δþ iγ

1
CA (1)

is the effective Hamiltonian for the atoms and photon. The
polariton wavefunction ψðxÞ ¼ ½EðxÞ; PðxÞ; SðxÞ�T con-
sists of amplitudes EðxÞ for a single photon (all atoms
in the ground state jgi), PðxÞ for one atom in the
intermediate state jpi, and SðxÞ for one atom in the
Rydberg state jsi. Here, g is the coupling strength of

the photon to the jgi ↔ jpi transition, ρ is the medium
density, Ω is the Rabi frequency of the jpi ↔ jsi driving,
Γ is the decay rate of jpi, γ is the decoherence rate of jsi,
and Δ and δ are the one-photon and two-photon detunings.
We consider jΔj ≫ Γ and, for simplicity, assume
Γ ¼ δ ¼ γ ¼ 0.
Importantly, realistic experiments [10–12,15] are con-

ducted under the steady state conditions, ∂tψ ¼ 0, allowing
us to simplify the model by eliminating the jpi states from
the equation HðxÞψ ¼ 0 via P ¼ −ð ffiffiffi

ρ
p

gEþΩSÞ=Δ. The
resulting Hamiltonian with eliminated P states reads

HðxÞ ¼
 
ν − ic∂x

ffiffi
ρ

p
gΩ
Δffiffi

ρ
p

gΩ
Δ

Ω2

Δ

!
; (2)

for ½EðxÞ; SðxÞ�T. Here, the shift ν ¼ ρg2=Δ stems from the
photon hybridization with the atomic states.
The Hamiltonian (2) can be straightforwardly general-

ized to two and three interacting polaritons, characterized
by multicomponent wavefunctions. For example, two
polaritons are represented by four wavefunction compo-
nents, EE, ES, SE, and SS, corresponding to each polar-
iton residing either in the propagating-photon state or
Rydberg state. The two-polariton Hamiltonian can be
written as Hðx1;x2Þ¼Hðx1Þ⊗ IþI⊗Hðx2ÞþV, where
the interaction potential V acting on SS originates from
van-der-Walls (vdW) interactions between Rydberg atoms
and is given by Eq. (A3).
Typically, n interacting polaritons are described by a

single effective equation for the scalar many-polariton
wavefunction [16–23]. The key feature of our multiband
description is that we no longer aim to obtain a single
equation for a scalar wavefunction ψ . Instead, we keep n
equations for n interacting photons; this procedure natu-
rally preserves the wavefunction symmetry.
In particular, for n ¼ 2 photons, we further simplify the

equations in the reduced E–S subspace by expanding to the
lowest nonvanishing order in Ω2, valid for our parameters
Ω=ð ffiffiffi

ρ
p

gÞ ∼ 10−3 ≪ 1. The coupling of the EE component
to ES and SE can then be neglected. The equations for the
remaining ½ES; SE; SS� components read

0
BB@

ν − ic∂x1 0
ffiffi
ρ

p
gΩ
Δ

0 ν − ic∂x2
ffiffi
ρ

p
gΩ
Δffiffi

ρ
p

gΩ
Δ

ffiffi
ρ

p
gΩ

Δ
2Ω2

Δ þ C6

jx1−x2j6

1
CCA
0
B@ES

SE
SS

1
CA ¼ 0:

(3)

We can now eliminate the SS state to obtain the equation
governing the two-polariton propagation:

ic
�
∂x1 0

0 ∂x2

�
ψ − νψ þ V2

2

�
1 1

1 1

�
ψ ¼ 0; (4)

(b)(a)

FIG. 1. Analytical momentum-space dispersion. (a) Two pho-
tons: Center-of-mass dispersion KðkÞ for two non-interacting
polaritons. The dotted line represents the single-band Schrö-
dinger approximation of the massive polariton branch, while the
solid lines show the full two-band Dirac-like dispersion.
(b) Three photons: Center-of-mass dispersion Kðkη; kζÞ for three
polaritons, highlighting the emergence of trigonal warping. The
black surface represents the single-band Schrödinger approxi-
mation, which fails to capture the warping. KðkÞ and Kðkη; kζÞ
are found from Eqs. (8) and (10), and all units in ρg2=ðcΔÞ.
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with ψ ¼ ½ES; SE�, where the renormalized interaction
potential V2 is given below. Similarly, we find for three
polaritons:

ic

0
B@

∂x1 0 0

0 ∂x2 0

0 0 ∂x3

1
CAψ − νψ þ V3

3

0
B@ 1 1 1

1 1 1

1 1 1

1
CAψ ¼ 0;

(5)

with ψ ¼ ½ESS; SES; SSE� corresponding to a single
propagating photon with the other excitations in the
Rydberg states.
A key feature of Eqs. (4) and (5) is the all-to-all

interaction between the wavefunction components, arising
from their coupling to the state with all excitations in the
Rydberg state (SS or SSS). The interaction potentials V2

and V3 depend on the polariton coordinates,

Vn ¼ ν

�
1þ 2

n

Xn
i;j¼1;i<j

r6b
jxi − xjj6

�−1
; (6)

for n ≥ 2 polaritons. We illustrate the spatial profile of the
Vn potentials in Fig. 2. It is useful to present them in the
normalized relative coordinates: r ¼ ðx1 − x2Þ=

ffiffiffi
2

p
for

n ¼ 2 and the spatial Jacobi coordinates η ¼ x12=
ffiffiffi
2

p

and ζ ¼ ðx13 þ x23Þ=
ffiffiffi
6

p
for n ¼ 3, with xij ¼ xi − xj.

The potentials vanish inside the “Rydberg blockade”
volume, when any two polaritons are closer than the
blockade radius rb ¼ ðC6Δ=2Ω2Þ1=6, where C6 is the
vdW coefficient, and approach the constant value ν at
large separations. Notably, for n ¼ 2, Vn reduces (up to
sign and offset) to the effective potential used in the
approximated Schrödinger model, see Fig. 2(a). Before
further discussing the interaction effects between polar-
itons, we examine the spatial dispersion outside the
blockade region.
In a homogeneous medium, Eqs. (4) and (5) remain

independent of the normalized center-of-mass coordinate

R ¼Pn
i¼1 xi=

ffiffiffi
n

p
. To this end, we assume translational

invariance and replace the spatial derivatives −i∂R, −i∂r,−i∂η;ζ by the corresponding momenta K, k, kη;ζ. This
allows Eqs. (4) and (5) to be solved for the dispersion
law—the normalized center-of-mass momentum K as a
function of k and k⃗ ¼ ðkη; kζÞ.
The dispersion law we now analyze is obtained with-

out including the vdW interactions and, in principle,
is identical to that of non-interacting polaritons.
Consequently, it governs the propagation of polaritonic
wavepackets even in the absence of interactions. Here,
however, we work in the reduced basis of the polariton
bands containing one propagating excitation and the
remaining excitations stored as Rydberg states, such that
the analysis naturally focuses on the bands that are most
strongly affected once vdW interactions are included. The
multiband dispersion therefore provides the propagation
framework within which the interaction-induced vortices
emerge and evolve.
For two photons, Eq. (4) yields in the center-of-mass

frame

− iffiffiffi
2

p ∂
∂R

ψ ¼ 1ffiffiffi
2

p
�−k 0

0 k

�
ψ − ν

c
ψ þ ν

2c

�
1 1

1 1

�
ψ;

(7)

where ν≡ V2ð∞Þ ¼ ρg2=Δ. Replacing −i∂R by K and
diagonalizing the matrix, we obtain

K�ðkÞ ¼ −
ffiffiffi
2

p
ν

2c
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2

�
ν

c

�
2

þ k2

s
: (8)

This characteristic Dirac dispersion is plotted in Fig. 1(a).
At k ¼ 0, there is a gap, and the eigenstates are the even and
odd superpositions, ES� ¼ ðES� SEÞ= ffiffiffi

2
p

. Near k ¼ 0,
the dispersion is parabolic [dotted curve in Fig. 1(a)],
corresponding to the Schrödinger approximation [4,10],

i
∂
∂R

ESþ ¼
�
− 1

2m
∂2

∂r2
þ

ffiffiffi
2

p
ν

c
−

ffiffiffi
2

p
V2

c

�
ESþ; (9)

wherem ¼ −ν=ð ffiffiffi
2

p
cÞ is the effective mass. For large k, the

dispersion becomes linear and deviates from the
Schrödinger approximation.
The difference between the parabolic approximation

and the full model is more pronounced for three polaritons,
as shown in Fig. 1(b). To derive the multiband structure,
we rewrite Eq. (5) using the relative momenta kη;ζ and
center-of-mass coordinate R,

(b)(a)

FIG. 2. Two-photon (a) and three-photon (b) effective poten-
tials. Here, the distances are plotted in terms of rb, and the
potential is normalized to ν.
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− iffiffiffi
3

p ∂
∂R

ψ ¼
ffiffiffi
6

p

3

0
B@

− 1
2
kζ −

ffiffi
3

p
2
kη 0 0

0 − 1
2
kζ þ

ffiffi
3

p
2
kη 0

0 0 kζ

1
CAψ

− ν

c
ψ þ ν

3c

0
B@

1 1 1

1 1 1

1 1 1

1
CAψ; (10)

and transform to the basis ESSþ ¼ ðESSþ SESþ
SSEÞ= ffiffiffi

3
p

, ESS− ¼ ðESS − SESÞ= ffiffiffi
2

p
, ESS0− ¼ ðESSþ

SES − 2SSEÞ= ffiffiffi
6

p
,

− iffiffiffi
3

p ∂
∂R

ψ ¼ − 1ffiffiffi
3

p

0
BB@

0 kη kζ

kη kζ=
ffiffiffi
2

p
kη=

ffiffiffi
2

p

kζ kη=
ffiffiffi
2

p −kζ=
ffiffiffi
2

p

1
CCAψ

− ν

c
ψ þ ν

c

0
BB@

1 0 0

0 0 0

0 0 0

1
CCAψ : (11)

At k⃗ ¼ 0, solving Eq. (11) for K yields one symmetric
state, ESSþ [blue surface in Fig. 1(b)], and two degenerate
antisymmetric states, ESS− and ESS0− [red surfaces
in Fig. 1(b)]. Near k⃗ ¼ 0, the symmetric state ESSþ
acquires mass,

Kðk⃗Þ ¼ 1ffiffiffi
3

p ck2

ν
; (12)

while the two antisymmetric states split, forming charac-
teristic Dirac cones described by

K ¼ − ffiffiffi
3

p ν

c
� jkjffiffiffi

2
p ; where k≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2η þ k2ζ

q
: (13)

Far from k⃗ ¼ 0, all three states mix, yielding warped
dispersion with C3v symmetry. This effect is similar to the
trigonal warping of Dirac cones in graphene [27], where
warping arises from the crystalline symmetry. Here, it
emerges naturally from the three-polariton coupling and
permutation symmetry. Importantly, this warping cannot
be captured by the parabolic equation Eq. (12), which
approximates the warped cone as a rotationally symmetric
paraboloid [black surface in Fig. 1(b)].
We note that Eqs. (4) and (5) that rely on jpi-state

elimination retain the minimal number of bands sufficient
to capture the symmetry. We provide a comparison to the
full model—without state eliminations—in Appendix D
and Figs. 6 and 7. Figure 7 demonstrates for n ¼ 3 photons
that the full model, comprising 33 ¼ 27 components,
features 19 bands and two degenerate Dirac-like points,
resulting from the splitting of the Dirac point in Fig. 1(b).
This splitting can be seen as a fine structure of the model

Eq. (5), that is sensitive to the contribution of jpi states
and appears in the next order in Ω=Δ. Our analysis shows
that the minimal model Eq. (5) very well describes the
dispersion of the experimentally relevant ESSþ band,
shown by the blue warped cone in Fig. 1(b).

B. Real-space consequences

We now demonstrate how the difference between the
single-band Schrödinger and multiband Dirac-like disper-
sions manifests in the real-space wavefunctions. For
simplicity, we consider a uniform medium of length L
(one typically chooses L ≈

ffiffiffiffiffi
2π

p
σ for a Gaussian cloud

with width 2σ [15]). For two photons, it is instructive to
divide the Hilbert space into quadrants corresponding to
zero, one, or two photons inside the atomic medium, as
shown in Fig. 3(a). Photon-photon interaction, mediated
by the atoms, occurs only when both photons are inside
(i.e., in the gray-shaded quadrant 0 < x1;2 < L). The green
lines x1 ¼ 0 and x2 ¼ 0, marking the entry points of the
first and second photons, define the boundary conditions
for the onset of interaction. These lines serve as effective
light-cone boundaries for the development of correlations.
Nevertheless, to simplify semi-analytic modeling, the
boundary conditions are typically adjusted so that the
interaction begins earlier, at R ¼ 0 for all r [dashed line
in Fig. 3(a)] [10,15]. Initially uncorrelated photons are
represented by the wavefunction ψðR ¼ 0; rÞ ¼ 1, which
accumulates phase as it propagates.
The steady-state wavefunction in the single-band

Schrödinger approximation is shown in Fig. 3(c). Phase
accumulates more rapidly when photons are close
together, generating vortex-antivortex pairs. The genera-
tion mechanism is robust, as it results from interference
between the two-photon bound state and the unbound part
of the wavefunction [15]. These vortex-antivortex pairs are
similar to those generated in a viscous flow around an
obstacle [28], also occurring, for example, in polariton
condensates [29] or electron hydrodynamics [30]. The
essential feature of our system is that the interaction kernel
plays the role of the obstacle. While the single-band
polariton model predicts these vortices, it also produces
unphysical correlations below the light-cone boundaries
R ¼ jrj (i.e. at x1;2 < 0, where only one photon is inside).
These arise because the Schrödinger equation does not
impose a speed limit on information propagation.
By contrast, our dual-band Dirac-like model, Eq. (4),

naturally enforces the light-cone limits, as seen in
Fig. 3(d). Furthermore, since two-photon interaction starts
only at R ¼ jrj in the dual-band model, the vortices shift
forward by ΔR. This shift can thus be understood as a
consequence of the light-cone limits imposed on the phase
pattern in Fig. 3(d).
For three photons, the impact of the multiband

dispersion is more pronounced and includes symmetry
reduction. We first analyze this effect analytically. The
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space ðx1; x2; x3Þ is divided into sections based on the
number of photons inside the medium [Fig. 3(b)]. The
faces of the three-photon section 0 < x1;2;3 < L (gray
shaded) act as effective light-cone boundaries, warping
the wavefunction. To understand the warping symmetry,
we identify two types of regions in that section: Three
“single ahead” regions, where a single photon propagates
ahead of a tight photon pair (e.g., x1 ≈ x2 < x3, or ζ < 0
for η ≈ 0), and three “pair ahead” regions, where a single
photon lags behind a pair (e.g., x3 < x1 ≈ x2, or ζ > 0 for
η ≈ 0). The single-ahead regions of the wavefunction
evolve predominantly from the section edges [green lines
in Figs. 3(b), 3(e)–3(g)], while the pair-ahead regions
evolve from the face centers (red lines).
As evident from the geometry, single-ahead configura-

tions begin to experience three-photon interaction at an
“earlier” R ¼ ðx1 þ x2 þ x3Þ=

ffiffiffi
3

p
compared to pair-ahead

configurations. They develop stronger correlations during

propagation, further reducing the wavefunction symmetry.
This effect is amplified by the group velocity dependence
on photon-photon interaction. Since a closely spaced
photon pair moves faster than a single photon [10,23,31],
the single-ahead configurations gradually compact and
interact more, while in pair-ahead configurations, the
single photon lags behind.
This behavior is captured by the multiband model

Eq. (5) in numerical wavefunction evolution [Fig. 3(f)].
It yields a reduced C3v symmetry, with correlations
building up faster for single-ahead compared to pair-ahead
configurations, as evident in Fig. 3(f) by the greater
accumulated conditional phase along the green lines
relative to the red lines. The symmetry of the wavefunction
becomes lower than that of the interaction potential V3,
compare Figs. 3(f) and 2(b). In contrast, the single-band
model retains the C6v symmetry [Fig. 3(e)]. The three-
photon interaction ultimately produces a phase vortex

(c)(a)

(b) (e)

(d)

(g)

(f)

FIG. 3. Analytical multiband model, real-space propagation. (a) Two-photon coordinate space: Schematic showing the propagation
center-of-mass coordinate R and relative coordinate r. Two-photon interaction occurs only inside the medium (0 < x1;2 < L, gray
area). The entry points x1 ¼ 0 and x2 ¼ 0 (green lines) serve as light-cone boundaries, below which two-photon correlations cannot
develop. (b) Three-photon coordinate space: Interaction occurs already when photon pairs are inside the medium (light-blue sections),
while full three-photon interaction requires all 0 < x1;2;3 < L. Regions above the green (red) lines correspond to a closely spaced
photon pair propagating behind (ahead of) a single photon. (c,d) Two-photon phase profiles: The phase of the two-photon wavefunction
under the single-band model (c) shows a vortex-antivortex pair at finite propagation distance R (gray line) but also unphysical
correlations outside the light-cone boundaries (x1;2 < 0). The full two-band dispersion (d) corrects the unphysical behavior, confining
correlations within the light cone and introducing a propagation delay ΔR in vortex formation. The calculation has been performed for
R ¼ 0…20c=ν for νrb=c ¼ 0.43. Thin vertical lines show the scale of the interaction potential, x1 − x2 ¼ �rb. (e–g) Three-photon
phase profiles: The phase of the three-photon wavefunction under the single-band model (e) retains a sixfold rotational symmetry and
fails to capture the warping. The multiband model (f) reduces the rotational symmetry to threefold, with the delay ΔRmanifesting here
as a delay of the vortex formation along the pair-ahead (red) lines. In (g), the isosurfaces of j∇ argðψÞj reveal a vortex ring with trigonal
warping, a hallmark of the three-photon interaction captured by the multiband model. Calculations in (e,f,g) follow Eqs. (C4)–(C7)
with νrb=c ¼ 1, as detailed in Appendix C. Panels (e,f) correspond to R ¼ 7.6c=ν.
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ring [15], which the multiband model predicts to exhibit
a trigonal warping [Fig. 3(g)]. We further explore this
warping in the next section.

C. Trigonal warping of three-photon vortices

We have developed a full numerical model to simulate
the exact dynamics in a Gaussian-shaped atomic cloud,
extending previous two-photon models [4,26]. We explore
the formation of three-photon vortices by numerically
solving all the 27 propagation equations [Eq. (A4)], as
shown in Fig. 4. The calculation details are given in
Appendix A. This provides the complete three-photon
wavefunction ψðx1; x2; x3Þ with its 33 ¼ 27 components
inside the cloud. For reference, Fig. 4(a) displays the
vortex-antivortex pair in the two-photon wavefunction.
A vortex is always accompanied by an antivortex due to
the bosonic symmetry, ψðx1; x2Þ ¼ ψðx2; x1Þ. For the
three-photon wavefunction ψðx1; x2; x3Þ, although the
C3v bosonic symmetry still holds, the single-ahead
(x1 ≈ x2 < x3) and pair-ahead (x3 < x1 ≈ x2) configura-
tions exhibit markedly different behavior.

At intermediate interaction strengths [Fig. 4(b)], vorti-
ces form only in the single-ahead configuration. Increasing
the interaction enables vortices in both configurations
[Fig. 4(c)], though the wavefunction remains asymmetric.
The phase diagram in Fig. 4(d) maps the parameter
regimes for forming single-ahead vortices (gray shading)
and all vortices (green shading). We quantify the inter-
action strength and duration using the dimensionless
parameters λ ∝ OD2

b and φ ∝ OD, respectively [15] (see
Appendix B for exact expressions). Here, OD is the optical
depth of the medium, and ODb ¼ OD · rb=L is the optical
depth of the blockade range. Similar to the threshold for
two-photon vortices [15], we identify thresholds for both
types of three-photon vortices (black and green lines).
Figures 4(e), 4(f) illustrate the corresponding three-

dimensional vortex structures. The first regime [Fig. 4(e)]
is characterized by three disconnected vortex tubes, each
originating from a single-ahead vortex. Their trigonal
symmetry, their emergence only when the three photons
are inside the medium, and their curved trajectories all
signal the presence of genuine three-body interactions.

(a) (b) (c)

(d) (e) (f)

FIG. 4. Numerical simulations of three-photon vortices with threefold rotational symmetry C3v. A Gaussian-shaped atomic cloud is
centered at x ¼ 100 μm (1σ ¼ 30 μm, OD ¼ 78–115). (a) Phase of the stationary two-photon wavefunction ψðx1; x2Þ, showing a
symmetric vortex-antivortex pair. (b,c,e,f) Phase of the stationary three-photon wavefunction ψðx1; x2; x3Þ, displaying different vortex
tube and ring configurations for (b,e) intermediate and (c,f) strong interactions. (e,f) show isosurfaces of j∇ argðψÞj, while (b,c) present
cross sections of argðψÞ along the shaded planes in (e,f). For an intermediate interaction strength (b,e), three-photon vortex tubes form
only in the single-ahead configurations (e.g., x1 ≈ x2 < x3), consistent with faster pair propagation. For longer and stronger interactions
(c,f), vortex tubes also form in the pair-ahead configurations (e.g., x3 < x1 ≈ x2), and the six tubes merge into a warped vortex ring with
a reduced C3v symmetry. (d) Phase diagram of three-photon vortex formation. The shaded regions mark the parameter regimes for
(gray) single-ahead and (green) pair-ahead vortices as a function of interaction strength λ ∝ OD2

b and φ ∝ OD, defined in Appendix B.
The red circle and square correspond to the conditions of (b,e) and (c,f), respectively. Calculations here follow Eq. (A4), with the
following parameters:

ffiffiffiffiffi
2π

p
σ ¼ 75 μm, rb ¼ 15.3 μm, Ω ¼ 9.5 MHz, Γ ¼ 3.03 MHz, γ ¼ 0.07 MHz, Δ ¼ 28.5 MHz, δ ¼ 1.03 MHz

(note that decay rates and Rabi frequencies are given in the half-width convention throughout this paper). The optical depths are:
OD ¼ 90 (φ ¼ 2.21π, λ ¼ 2.03) for Fig. 4(a), OD ¼ 78 (φ ¼ 1.92π, λ ¼ 0.42) for Figs. 4(b), 4(e), and OD ¼ 115 (φ ¼ 2.82π,
λ ¼ 0.47) for Figs. 4(c), 4(f).

BANKIM CHANDRA DAS et al. PRX QUANTUM 7, 043002 (2026)

043002-6



In the second regime [Fig. 4(f)], three pairs of vortex
tubes emerge already from pair-ahead vortices before the
third photon enters, reflecting two-body interactions with a
sixfold symmetry. As the third photon joins, these tubes
merge into a central three-body vortex ring. The warped
ring clearly reflects the trigonal symmetry of the under-
lying dispersion and the light-cone boundaries.

II. MULTIPHOTON MODEL

The simplified multiband model, Eqs. (4) and (5),
extends naturally to n > 3 photons. For instance, for
n ¼ 4, the Hamiltonian generalizes straightforwardly to:

Hðx1 � � � x4Þ ¼ Hðx1Þ ⊗ I ⊗ I ⊗ I

þ I ⊗ Hðx2Þ ⊗ I ⊗ I þ � � � þ I ⊗ I ⊗ I ⊗ Hðx4Þ;
(14)

and ψ ¼ ½ESSS; SESS; SSES; SSSE� after eliminating the
SSSS state. The general result is a system of n equations

i
∂ψ i

∂t
¼ −ic ∂ψ i

∂xi
þ νψ i − 1

n
Vnðx1;…xnÞ

Xn
i0¼1

ψ i0 ; (15)

where ψ i is the wavefunction amplitude with the ith
polariton in state E and the others in state S, and Vn is
the rescaled vdW interaction potential Eq. (6).
In the blockade range, where any two polaritons are

close, Vn ¼ 0. Without the interaction term Vn
P

n
i¼1 ψ i,

Eq. (15) describes n free photons, each propagating
independently with linear (massless) dispersion,
ψ i ∝ e−iωki

tþikixi , where ωk ¼ ck, ki is the wave vector
of ith photon, and we assume the translation invariance.
Since the photons are hybridized with the Rydberg state,

the coupling term persists even at large separations, where
Vn approaches the constant Vn;∞ ¼ ν.
Following the approach for n ¼ 2; 3, we solve Eq. (15)

in a translationally invariant system for the normalized
center-of-mass momentum K ¼Pn

i¼1 ki=
ffiffiffi
n

p
in the sta-

tionary regime. We assume that the photons are suffi-
ciently far apart so that Vn ≡ ν. The structure of the
multiband dispersion can be understood already for iden-
tical ki ≡ K=

ffiffiffi
n

p
, when Eq. (15) becomes

cKffiffiffi
n

p ψ i ¼ −νψ i þ
1

n
ν
Xn
i0¼1

ψ i0 : (16)

Summing equations with different i, we find

cKffiffiffi
n

p
Xn
i¼1

ψ i ¼ −νXn
i¼1

ψ i þ ν
Xn
i0¼1

ψ i0 ≡ 0: (17)

Thus, either K ¼ 0 or
P

n
i¼1 ψ i ¼ 0 which means that

K ¼ − ffiffiffi
n

p
ν=c to satisfy Eq. (16). The solution with K ¼ 0

corresponds to a single massive mode with ψ i ¼ 1=
ffiffiffi
n

p
,

and the solution with
Pn

i¼1 ψ i ¼ 0 is n − 1-fold degener-
ate. When ki ≠ K=

ffiffiffi
n

p
the mode with ψ i ¼ 1=

ffiffiffi
n

p
exhibits

a parabolic dispersion consistent with the Schrödinger
approximation [4,10]. However, for large k, the dispersion
becomes linear, deviating from the Schrödinger model.
The n − 1 degenerate modes split linearly when ki become
unequal.
We now illustrate this in more detail for n ¼ 4 photons.

Using the center-of-mass reference frame and the gener-
alized Jacobi coordinates [32], we define R ¼Pn

i¼1 xi=2;
η1 ¼ ðx1 − x2Þ=

ffiffiffi
2

p
; η2 ¼ ðx3 − x4Þ=

ffiffiffi
2

p
, and η3 ¼ ðx1þ

x2 − x3 − x4Þ=2. The four-photon dispersion equation
then becomes

− i
2

∂
∂R

ψ ¼ −

0
BBBBB@

1ffiffi
2

p κ1 þ 1
2
κ3 0 0 0

0 − 1ffiffi
2

p κ1 þ 1
2
κ3 0 0

0 0 1ffiffi
2

p κ2 − 1
2
κ3 0

0 0 0 − 1ffiffi
2

p κ2 − 1
2
κ3

1
CCCCCAψ − ν

c
ψ þ ν

4c

0
BB@

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

1
CCAψ ; (18)

where the relative motion wavevectors are κi ¼ −i∂ηi
and −i∂R ≡ K. The massive eigenstate of Eq. (18) corre-
sponds to

K ¼ cκ2

2ν
; (19)

where κ2 ≡Pn−1
i¼1 κ

2
i . At κ ¼ 0, when all ki are the same,

K is equal to zero as shown above for general n.
The corresponding four-photon dispersion is shown in

Fig. 5. The dispersion exhibits similarities to Fig. 1(b) for

n ¼ 3 photons. However, in this case, we observe a warped
cone (blue) with a fourfold rotational symmetry rather than
a threefold one. Additionally, a more complex threefold
degeneracy (red bands) emerges, which splits for κ > 0.
Such a dispersion law has similarities with a dispersion of
chiral fermions in three-dimensional crystals [27].
The progression from two to three photons, together

with the general n-photon multiband model developed
above, suggests a corresponding hierarchy of multiphoton
vortex structures. Preliminary analysis indicates that, for n
photons, the vortex core forms an (n − 2)-dimensional
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closed manifold in the relative-coordinate space (e.g., a
ring for n ¼ 3 and a spherical surface for n ¼ 4), sur-
rounded by the corresponding family of (n − 1)-photon
vortices. A detailed analysis of these higher-order struc-
tures is beyond the scope of this work.

III. DISCUSSION AND OUTLOOK

To summarize, we have analyzed how the spatial
symmetry of the wavefunction ψðx1; � � � ; xnÞ of n inter-
acting polaritons emerges from its multicomponent
structure. We provide analytical models and solutions
for multi-polariton dispersion and spatial propagation,
as well as a full numerical model for three photons that
describes the evolution in a nonuniform, finite medium.
Our model predicts C3v symmetry of warped vortex

rings present in the phase of ψðx1; x2; x3Þ. This symmetry
arises from the interplay between the multiband nature of
the dispersion and the medium’s finite spatial extent. Both
ingredients are essential for its emergence in the steady
state. Thus, strongly interacting polaritons should manifest
effects not captured by the traditionally accepted models of
interacting particles with parabolic dispersion and contact
interactions [12,17]. The predicted warped vortex struc-
tures and symmetry reduction are directly accessible
through multiphoton correlation measurements in existing
Rydberg-polariton platforms.
The existence of high-order dispersion degeneracies for

chiral fermions in three-dimensional solids, extending
beyond traditional Dirac or Weyl models, is well estab-
lished [27,33,34]. Here, we show that analogous degen-
eracies, potentially in even higher dimensions, are intrinsic

to the multicomponent interacting polaritons in the many-
body quantum optics regime, leading to observable phe-
nomena. We note that the emergence of topological struc-
tures from internal degrees of freedom is not unique to the
quantum few-photon regime. Analogous phenomena are
known in other multicomponent wave systems, including
classical vector waves with polarization degrees of freedom.
Likewise, in the mean-field regime, the non-scalar structure
of spinor condensate wavefunctions can support additional
topological singularities, such as half-vortices [35,36].
Generally, the formation of the vortices and antivortices

seems to be a universal phenomenon for the interacting
polaritons. It is tempting to associate it with the nontrivial
topological indices, for example, stemming from the
unidirectional propagation of the polaritons encoded in
the Hamiltonian Eq. (1) with the chiral −i∂x terms.
However, since the vortices and antivortices always come
in pairs, and the total topological charge is zero, it is not
immediately obvious whether this can be done. Our
extensive numerical simulations of two interacting photons
indicate that the formation of vortex and antivortex trains
is a universal feature holding for photon interactions,
which is present as long as the interaction potential
supports a bound state. The formal proof of this result
is out of the scope of this work.
While we do not foresee an immediate application of our

results in the sense of a new quantum-information protocol
enabled directly by the multiband structure, the results are
still relevant for quantum technologies based on strongly
interacting photons. In particular, deterministic photonic
quantum gates and few-photon state engineering require
precise control of photon-photon interactions, and the
multiband effects should be considered to achieve high-
fidelity operations. More generally, the multiband struc-
ture and the resulting symmetry reduction may provide
new ways to engineer and manipulate multiphoton
quantum states. We expect these ideas to be relevant for
future studies of flying photonic vortices and counter-
propagating interacting photons, and in particular to
multiphoton operations heralded by the detection of
auxiliary photons, where the internal structure of the
few-photon wavefunction is likely to play an important
role. This also applies to other quantum platforms with
propagating polaritons, for example, based on waveguide-
coupled atoms [22] or Rydberg superatoms [11,37].
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APPENDIX A: NUMERICAL MODEL FOR THREE INTERACTING POLARITONS

For the numerical model, we consider a weak coherent state of light, ψðtÞ, impinging on the medium of three-level
atoms. The total wavefunction is given by

jψðtÞi ¼ ϵj0i þ
Zþ∞

−∞

X3
i¼1

dx1Aiðx1; tÞâ†i ðx1Þj0i þ
1

2

ZZþ∞

−∞

X3
i;j¼1

dx1dx2AiAjðx1; x2; tÞâ†i ðx1Þâ†jðx2Þj0i

þ 1

3!

ZZZþ∞

−∞

X3
i;j;k¼1

dx1dx2dx3AiAjAkðx1; x2; x3; tÞâ†i ðx1Þâ†jðx2Þâ†kðx3Þj0i;
(A1)

where A ¼ ½E;P; S�, and the excitation operators are â ¼ ½ε̂; p̂; ŝ�. We assume jϵj ≪ 1 and neglect four or more
excitations. As described in the main text, the ground jgi, excited jpi, and Rydberg jsi states are coupled via the ladder-
type scheme

jgi⇄
Δ;Γ

g;
ffiffi
ρ

p
jpi⇄

δ;γ

Ω jsi;

forming Rydberg polaritons. The Hamiltonian governing the single-polariton propagation HðxÞψ ¼ 0, where
ψðxÞ ¼ ½EðxÞ; PðxÞ; SðxÞ�T , is given by Eq. (1) with parameters defined therein.
The two- and three-polariton wavefunctions ψðx1; x2Þ and ψðx1; x2; x3Þ have 32 and 33 components, respectively. The

effective Hamiltonian for a free three-polariton propagation is thus given by a 27 × 27 matrix constructed from HðxÞ as

Hðx1; x2; x3Þ ¼ I ⊗ Hðx2Þ ⊗ I þ I ⊗ I ⊗ Hðx3Þ þHðx1Þ ⊗ I ⊗ I; (A2)

where I is the 3 × 3 identity matrix. Additionally, the Rydberg interaction between the polaritons is described by the
Hamiltonian

V ¼ 1

2

ZZ
dxdx0Vssðx; x0ÞŜ†ðx0ÞŜ†ðxÞŜðxÞŜðx0Þ; (A3)

where ŜðxÞ is the excitation operator to the Rydberg state, and Vssðx; x0Þ ¼ C6=jx − x0j6 is the Rydberg interaction
potential. In our calculations, we project this Hamiltonian onto the three-polariton space.
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We consider an atomic cloud with a Gaussian density profile ρ ¼ ρðxÞ centered at xo=2 ¼ 5σ, such that the range
x∈ ½0; xo� fully contains the cloud. The equations of motion for the three-photon amplitudes then read:

∂tEEE ¼ −cð∂x1 þ ∂x2 þ ∂x3ÞEEEþ ig̃ðx1ÞPEEþ ig̃ðx2ÞEPEþ ig̃ðx3ÞEEP;
∂tEEP ¼ −cð∂x1 þ ∂x2ÞEEP − ðΓ − iΔÞEEPþ ig̃ðx1ÞPEPþ ig̃ðx2ÞEPPþ ig̃ðx3ÞEEEþ iΩEES;
∂tEES ¼ −cð∂x1 þ ∂x2ÞEES − ðγ − iδÞEESþ ig̃ðx1ÞPESþ ig̃ðx2ÞEPSþ iΩEEP;
∂tEPE ¼ −cð∂x1 þ ∂x3ÞEPE − ðΓ − iΔÞEPEþ ig̃ðx1ÞPPEþ ig̃ðx2ÞEEEþ ig̃ðx3ÞEPPþ iΩESE;
∂tEPP ¼ −c∂x1EPP − 2ðΓ − iΔÞEPPþ ig̃ðx1ÞPPPþ ig̃ðx2ÞEEPþ ig̃ðx3ÞEPEþ iΩEPSþ iΩESP;
∂tEPS ¼ −c∂x1EPS − ðΓ − iΔÞEPS − ðγ − iδÞEPSþ ig̃ðx1ÞPPSþ ig̃ðx2ÞEESþ iΩEPPþ iΩESS;
∂tESE ¼ −cð∂x1 þ ∂x3ÞESE − ðγ − iδÞESEþ ig̃ðx1ÞPSEþ ig̃ðx3ÞESPþ iΩEPE;
∂tESP ¼ −c∂x1ESP − ðΓ − iΔÞESP − ðγ − iδÞESPþ ig̃ðx1ÞPSPþ ig̃ðx3ÞESEþ iΩEPPþ iΩESS;
∂tESS ¼ −c∂x1ESS − 2ðγ − iδÞESSþ ig̃ðx1ÞPSSþ iΩEPSþ iΩESP − iVssðx2; x3ÞESS;
∂tPEE ¼ −cð∂x2 þ ∂x3ÞPEE − ðΓ − iΔÞPEEþ ig̃ðx1ÞEEEþ ig̃ðx2ÞPPEþ ig̃ðx3ÞPEPþ iΩSEE;
∂tPEP ¼ −c∂x2PEP − 2ðΓ − iΔÞPEPþ ig̃ðx1ÞEEPþ ig̃ðx2ÞPPPþ ig̃ðx3ÞPEEþ iΩPESþ iΩSEP;
∂tPES ¼ −c∂x2PES − ðΓ − iΔÞPES − ðγ − iδÞPESþ ig̃ðx1ÞEESþ ig̃ðx2ÞPPSþ iΩPEPþ iΩSES;
∂tPPE ¼ −c∂x3PPE − 2ðΓ − iΔÞPPEþ ig̃ðx1ÞEPEþ ig̃ðx2ÞPEEþ ig̃ðx3ÞPPPþ iΩPSEþ iΩSPE;
∂tPPP ¼ −3ðΓ − iΔÞPPPþ ig̃ðx1ÞEPPþ ig̃ðx2ÞPEPþ ig̃ðx3ÞPPEþ iΩPPSþ iΩPSPþ iΩSPP;
∂tPPS ¼ −2ðΓ − iΔÞPPS − ðγ − iδÞPPSþ ig̃ðx1ÞEPSþ ig̃ðx2ÞPESþ iΩPPPþ iΩPSSþ iΩSPS;
∂tPSE ¼ −c∂x3PSE − ðΓ − iΔÞPSE − ðγ − iδÞPSEþ ig̃ðx1ÞESEþ ig̃ðx3ÞPSPþ iΩPPEþ iΩSSE;
∂tPSP ¼ −2ðΓ − iΔÞPSP − ðγ − iδÞPSPþ ig̃ðx1ÞESPþ ig̃ðx3ÞPSEþ iΩPPPþ iΩPSSþ iΩSSP;
∂tPSS ¼ −ðΓ − iΔÞPSS − 2ðγ − iδÞPSSþ ig̃ðx1ÞESSþ iΩPPSþ iΩPSPþ iΩSSS − iVssðx2; x3ÞPSS;
∂tSEE ¼ −cð∂x2 þ ∂x3ÞSEE − ðγ − iδÞSEEþ ig̃ðx2ÞSPEþ ig̃ðx3ÞSEPþ iΩPEE;
∂tSEP ¼ −c∂x2SEP − ðΓ − iΔÞSEP − ðγ − iδÞSEPþ ig̃ðx2ÞSPPþ ig̃ðx3ÞSEEþ iΩPEPþ iΩSES;
∂tSES ¼ −c∂x2SES − 2ðγ − iδÞSESþ ig̃ðx2ÞSPSþ iΩPESþ iΩSEP − iVssðx1; x3ÞSES;
∂tSPE ¼ −c∂x3SPE − ðΓ − iΔÞSPE − ðγ − iδÞSPEþ ig̃ðx2ÞSEEþ ig̃ðx3ÞSPPþ iΩPPEþ iΩSSE;
∂tSPP ¼ −2ðΓ − iΔÞSPP − ðγ − iδÞSPPþ ig̃ðx2ÞSEPþ ig̃ðx3ÞSPEþ iΩPPPþ iΩSPSþ iΩSSP;
∂tSPS ¼ −ðΓ − iΔÞSPS − 2ðγ − iδÞSPSþ ig̃ðx2ÞSESþ iΩPPSþ iΩSPPþ iΩSSS − iVssðx1; x3ÞSPS;
∂tSSE ¼ −c∂x3SSE − 2ðγ − iδÞSSEþ ig̃ðx3ÞSSPþ iΩPSEþ iΩSPE − iVssðx1; x2ÞSSE;
∂tSSP ¼ −ðΓ − iΔÞSSP − 2ðγ − iδÞSSPþ ig̃ðx3ÞSSEþ iΩPSPþ iΩSPPþ iΩSSS − iVssðx1; x2ÞSSP;
∂tSSS ¼ −3ðγ − iδÞSSSþ iΩPSSþ iΩSPSþ iΩSSP − iVsssðx1; x2; x3ÞSSS:

(A4)

Here, the three-body interaction term is defined as
Vsssðx1; x2; x3Þ ¼

P
i<j Vssðxi; xjÞ, and the spatially

dependent coupling is given by g̃ðxÞ ¼ g
ffiffiffiffiffiffiffiffiffi
ρðxÞp

. These
27 equations can be solved to obtain the steady-state three-
photon amplitude EEEðx1; x2; x3Þ inside the medium, i.e.,
within the range 0 < x1;2;3 < xo.
To obtain the three-photon steady state, we numerically

evolve the system over time until convergence at suffi-
ciently large t. The evolution is performed hierarchically
on the different sections of the ðx1; x2; x3Þ space in
Fig. 3(b). We begin by solving for the steady-state wave-
function of a single polariton ψ iðxÞ, with i ¼ fE; P; Sg,
within the brown sections in Fig. 3(b). These solutions
serve as (stationary) boundary conditions for the three

light-blue sections [4,10,15]. We then compute the two-
photon steady-state wavefunction ψ ijðx; x0Þ within these
sections, using the initial condition ψ ijðx1;x2;t¼0Þ¼0

and solving the nine equations of motion for two interact-
ing polaritons (a reduced form of Eq. (A4), e.g., Eq. (S5) in
Ref. [15]). Finally, these solutions are used as boundary
conditions for the main (gray) section,

ψ ijkðx1 ¼ 0; x2; x3; tÞ ¼ ψ iðx1 ¼ 0Þψjkðx2; x3Þ;
ψ ijkðx1; x2 ¼ 0; x3; tÞ ¼ ψjðx2 ¼ 0Þψ ikðx1; x3Þ;
ψ ijkðx1; x2; x3 ¼ 0; tÞ ¼ ψkðx3 ¼ 0Þψ ijðx1; x2Þ;

(A5)

and we solve Eq. (A4) for the three-photon steady-state
amplitude ψ ijkðx1; x2; x3Þ with the initial condition
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ψðx1; x2; x3; t ¼ 0Þ ¼ 0. Examples of these results are
shown in Fig. 4.

APPENDIX B: PHASE DIAGRAM PARAMETERS

Here, we describe the parameters used for the phase
diagram in Fig. 4(d). Following Eq. (6) in the main text, we
assume that the two-photon interaction is governed by a
nearly-square potential Vð2ÞðrÞ ¼ U=ð1þ 8r6=r6bÞ, where
U represents the change in the refraction index due to the
Rydberg blockade, U ¼ ffiffiffi

2
p

ρg2=ðΔcÞ, and the (negative)
effective mass m ¼ −U=ð2cÞ arises from single-photon
dispersion. The interaction strength is quantified by the
parameter λ ¼ jUmjcr2b and the interaction duration is
quantified by φ ¼ UL=

ffiffiffi
2

p
. We note that these expressions

differ slightly from those in Ref. [15] due to a different
choice of rotated coordinates. Here we use r ¼ ðx1 −
x2Þ=

ffiffiffi
2

p
and R ¼ ðx1 þ x2Þ=

ffiffiffi
2

p
, whereas in Ref. [15], the

definitions were r ¼ x1 − x2 and R ¼ ðx1 þ x2Þ=2.

APPENDIX C: PROPAGATION OF TWO
AND THREE POLARITONS

Our results for the two-polariton propagation in
Figs. 3(c), 3(d) have been obtained by using a standard
finite-difference scheme in the real space. We rewrite
Eq. (4) in the center-of-mass frame, which is obtained
from Eq. (7) by replacing ν in the last term by the
interaction term V2. Next, we replace the derivatives over r
and R with the finite differences. We introduce a cutoff for
r ¼ �60rb, where we apply periodic boundary conditions
and propagate the solution from R ¼ 0 to R ¼ 20c=ν
with the initial conditions ESþ ¼ 1, ES− ¼ 0. For the
Schrödinger equation, we apply the same finite-difference
scheme for Eq. (9).
Results for three interacting polaritons in

Figs. 3(e), 3(f), 3(g) have been obtained from Eq. (5)
where the dependence on η and ζ is described in the
reciprocal space. We outline the calculation technique
below.
We solve Eq. (5) in the center of mass frame for

ψðη; ζ; RÞ with the initial condition ψðη; ζ; R ¼ 0Þ ¼
½1; 0; 0�T: The wavefunction is represented as

ψðη; ζ; RÞ ¼
X
b

ψbðRÞeiðbηηþbζζÞ; (C1)

where b are the reciprocal lattice vectors, defined as

bnm ¼ nb1 þmb2; (C2)

b1 ¼
2πD
S

e1; b2 ¼
2πD
S

�
1

2
e1 þ

ffiffiffi
3

p

2
e2

�
: (C3)

Here, n;m are integers, e1;2 are Cartesian basis vectors,
D ≫ rb is the lattice period, and S ¼ ffiffiffi

3
p

D2=2 is unit
cell area in real space. The numerical calculation in
Fig. 3(g) has been performed taking into account 1069
vectors b and D ¼ 120rb. Using this representation,
Eq. (5) is transformed into a system of 3N linear equations,
where N is the chosen number of basis states,

i
∂
∂R

ψb ¼

0
BB@

0 bη bζ

bη bζ=
ffiffiffi
2

p
bη=

ffiffiffi
2

p

bζ bη=
ffiffiffi
2

p −bζ=
ffiffiffi
2

p

1
CCAψb

þ
ffiffiffi
3

p
ν

c
ψb −

X
b0

ffiffiffi
3

p
V3;b−b0
c

0
B@

1 0 0

0 0 0

0 0 0

1
CAψb0 :

(C4)

This expression is similar to Eq. (11) with the additional
interaction term. Here,

V3;b−b0 ¼
1

S

ZZ
dηdζe−iðbηηþbζζÞV3ðη; ζÞ (C5)

is the Fourier component of the interaction potential.
Following Eq. (12), the Schrödinger equation approxima-
tion is obtained by replacing Eq. (C4) with the single-band
model for a single scalar amplitude ψb:

i
∂
∂R

ψb ¼ − cffiffiffi
3

p
ν
ðb2η þ b2ζÞψb

þ
ffiffiffi
3

p
ν

c
ψb −

X
b0

ffiffiffi
3

p
V3;b−b0
c

ψb0 :
(C6)

We diagonalize Eq. (C4) to find the eigenvectors

ψ ðbÞ
μ ðRÞ ∝ eiKμR with the corresponding eigenvalues Kμ.

The solution is then expressed as

ψðη; ζ; RÞ ¼
X
b;μ

eiKμReiðbηηþbζζÞψ ðμÞ
b hμj0i; (C7)

where hμj0i ¼ ½ψ ðμÞ
0 �1δb;1 is the overlap of the eigenvector

with the homogeneous initial solution.

APPENDIX D: PHOTON DISPERSION
IN THE FULL MODEL

Here we present the results of the numerical calculation
of the dispersion law Kðκ1 � � � κnÞ for the center-of-mass
wave vector K. We consider both n ¼ 2 and n ¼ 3
photons. As a starting point, we use either the full
Hamiltonian of the single photon coupled to atoms
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HEPSðkÞ ¼ −
 −ck ffiffiffi

ρ
p

g 0ffiffiffi
ρ

p
g Δþ iΓ Ω

0 Ω δþ iγ

!
; (D1)

[Eq. (1) in the main text] or the Hamiltonian with
eliminated p states

HESðkÞ ¼
 
νþ ck

ffiffi
ρ

p
gΩ
Δffiffi

ρ
p

gΩ
Δ

Ω2

Δ

!
; (D2)

where k is the polariton wave vector. Next, we construct
the two-polariton and three-polariton Hamiltonians

Hðk1; k2Þ ¼ Hðk1Þ ⊗ I þ I ⊗ Hðk2Þ; (D3)

Hðk1; k2; k3Þ ¼ Hðk1Þ ⊗ I ⊗ I þ I ⊗ Hðk2Þ
⊗ I þ I ⊗ I ⊗ Hðk3Þ (D4)

Finally, we solve the Schrödinger equationHψ ¼ ωψ to
find the dispersion law ωðk1 � � � knÞ. For example, for the
two-photon model with eliminated p states, we find

Hðk1; k2Þ ¼0
BBBBB@

ck1 þ 2νþ ck2
ffiffi
ρ

p
gΩ
Δ

ffiffi
ρ

p
gΩ
Δ 0ffiffi

ρ
p

gΩ
Δ ck1 þ νþ Ω2

Δ 0
ffiffi
ρ

p
gΩ
Δffiffi

ρ
p

gΩ
Δ 0 ck2 þ νþ Ω2

Δ

ffiffi
ρ

p
gΩ
Δ

0
ffiffi
ρ

p
gΩ
Δ

ffiffi
ρ

p
gΩ
Δ

2Ω2

Δ

1
CCCCCA:

(D5)

We consider the stationary regime, when ω ¼ 0. Thus,
we solve the equation ωðk1 � � � knÞ ¼ 0 numerically to find
the center-of-mass wave vector K ¼ ðk1 þ � � � þ knÞ=

ffiffiffi
n

p
as a function of the relative wave vectors given by

k ¼ k1 − k2ffiffiffi
2

p ðn ¼ 2Þ and

kη ¼
k1 − k2ffiffiffi

2
p ; kζ ¼

k1 þ k2 − 2k3ffiffiffi
6

p ðn ¼ 3Þ:

A comparison of the results of the dual-band model and
of the full 9-band model for two photons is presented in
Fig. 6. The calculation demonstrates that the full model
exhibits Dirac-like cones, which are satisfactorily repro-
duced by the model.
Figure 7 presents a comparison between the three-band

model Eq. (5), the 8-band model with eliminated p states,
and the full 27-band model. Both the 8-band model and the
3-band model very well reproduce the ESSþ band, which
is relevant for experiments [15]. However, the 27-band
model features even more complicated dispersion with two
split Dirac cones, instead of a single Dirac cone in 8-band
and 3-band models. This splitting of the Dirac cones can
be interpreted as an analogue of spin-orbit splitting in

solid-state band structure, where the polaritons’ degrees of
freedom related to the p-state components play the role of
a (pseudo)spin degree of freedom. The two panels in Fig. 7
are calculated for two different values of Ω=Δ, with panel
(b) corresponding to the realistic value Ω=Δ ¼ 1=3 [15].
Comparing these two panels, we see that the splitting
between the Dirac cones increases with Ω=Δ.

FIG. 6. Two-photon dispersion law ωðk1; k2Þ ¼ 0 under the
stationary conditions. Dashed lines correspond to the dual-band
model based on Eq. (4), solid lines correspond to the 9-band
model. Calculation has been performed for

ffiffiffi
ρ

p
g=Δ ¼ 300,

Ω=Δ ¼ 1=3. The wave vectors on all axes are normalized
by ρg2=ðcΔÞ

(a) (b)

FIG. 7. Three-photon multiband structure under the stationary
conditions. Dotted lines correspond to the 3-band model based
on Eq. (5), thin black lines to the 8-band model with eliminated p
states, thick red lines to the full 27-band model. Calculation has
been performed for

ffiffiffi
ρ

p
g=Δ ¼ 300 and for two values of (a)

Ω=Δ ¼ 0.02 and (b) Ω=Δ ¼ 0.33. The wave vectors on all axes
are normalized by ρ g2=ðcΔÞ.
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