
PRX QUANTUM 7, 020314 (2026)

Efficient Quantum Gibbs Sampling with Local Circuits

Dominik Hahn ,1,2,* Ryan Sweke ,3,4,5,6 Abhinav Deshpande ,3 and Oles Shtanko2,†

1
Rudolf Peierls Centre for Theoretical Physics, University of Oxford, Oxford OX1 3PU, United Kingdom

2
IBM Quantum, IBM Thomas J. Watson Research Center, Yorktown Heights, New York 10598, USA

3
IBM Quantum, IBM Research—Almaden, San Jose, California 95120, USA

4
African Institute for Mathematical Sciences (AIMS), Cape Town, South Africa

5
Department of Mathematical Sciences, Stellenbosch University, Stellenbosch 7600, South Africa

6
National Institute for Theoretical and Computational Sciences (NITheCS), Stellenbosch, South Africa

 (Received 30 June 2025; revised 13 January 2026; accepted 17 March 2026; published 23 April 2026)

The problem of simulating the thermal behavior of quantum systems remains a central open challenge in
quantum computing. Unlike well-established quantum algorithms for unitary dynamics, provably efficient
algorithms for preparing thermal states—crucial for probing equilibrium behavior—became available only
recently with breakthrough algorithms based on the simulation of well-designed dissipative processes, a
quantum-analog to Markov chain Monte Carlo algorithms. We show a way to implement these algo-
rithms avoiding expensive block encoding and relying only on dense local circuits, akin to Hamiltonian
simulation. Specifically, our method leverages spatial truncation and Trotterization of exact quasilocal
dissipative processes. We rigorously prove that the approximations we use have little effect on rapid mix-
ing at high temperatures and allow convergence to the thermal state with small bounded error. Moreover,
we accompany our analytical results with numerical simulations that show that this method, unlike previ-
ously thought, is within the reach of current generation of quantum hardware. These results provide the
first provably efficient quantum thermalization protocol implementable on near-term quantum devices,
offering a concrete path toward practical simulation of equilibrium quantum phenomena.
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I. INTRODUCTION

The exponential complexity of quantum many-body
systems has long posed a formidable barrier to our under-
standing of condensed matter, chemistry, and high-energy
physics. While classical methods have achieved notable
success in simulating some quantum systems, they often
break down in strongly correlated regimes—precisely
where the most intriguing quantum phenomena emerge,
such as high-temperature superconductivity or quantum
phase transitions [1]. Quantum computers, originally
envisioned by Feynman as simulators for these complex
systems [2,3], are now becoming a viable platform for
tackling such challenges as advances in quantum hardware
accelerate rapidly [4].
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Among the central goals in this domain is the prepa-
ration of thermal, or Gibbs, states—quantum analogs of
classical equilibrium distributions that encode all infor-
mation about a system at finite temperature [5]. These
states are crucial for exploring quantum statistical mechan-
ics [6] and serve as important computational primitives
in quantum machine learning, inference, and optimization
[7,8].

Despite their importance, the efficient preparation of
Gibbs states remains a central open problem in quan-
tum computing. Classically, Markov chain Monte Carlo
(MCMC) techniques, such as the Metropolis sampling
algorithm [9], have long been established as universal
and efficient algorithms for simulating classical ther-
mal states in many relevant cases [10]. However, while
quantum algorithms for quantum thermal-state prepara-
tion—including phase estimation techniques [11], thermal
bath emulation [12], quantum imaginary time evolution
[13], variational methods [14–16], and quantum Metropo-
lis algorithms [17,18]—have shown substantial progress,
each comes with trade-offs in terms of scalability, provable
guarantees, or compatibility with near-term devices.

A particularly promising direction involves the use
of open-system dynamics inspired by classical MCMC,
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wherein a quantum system evolves under dissipative evo-
lution that converges to a desired thermal state [19,20].
Recent breakthroughs [21,22] have led to developments
of quasilocal dissipative processes that converge to the
Gibbs state with provable guarantees on mixing time, at
least in certain regimes [23–25]. Using the direct analogy
with classical MCMC, we will refer to this approach below
as quantum Markov chain Monte Carlo (or qMCMC).
While earlier schemes required a continuous family of
jump operators in the corresponding Lindblad equation,
it has recently been shown that qMCMC can be imple-
mented with as few as one jump operator [26,27]. A
major challenge that remains is the intrinsic quasilocality
of these dissipative processes. As a result, current imple-
mentations [22,26] cannot exploit techniques from local
Hamiltonian simulation and must instead rely on block-
encoding methods, which are difficult to realize on noisy
quantum hardware (but see Refs. [28–30] for alternative
approaches).

In this work, we show how to address this remain-
ing challenge. Specifically, we demonstrate that applying
spatial truncation and Trotterization to qMCMC yields
thermalization protocols that can be implemented directly
with only local quantum circuits. Importantly, we provide
rigorous theoretical bounds showing that our proposed
protocol preserves logarithmic mixing time for high tem-
peratures. Additionally, in order to facilitate the execution
of this algorithm on near-term quantum devices, we show
that variational compilation can be used to compile the
local processes into circuits which can be executed on cur-
rently available quantum hardware, in a way that allows
one to trade off accuracy with circuit depth. As such, our
method opens a path toward thermal-state preparation that
is both analytically grounded and experimentally feasible
on near-term quantum devices.

More specifically, our implementation scheme consists
of three main steps. The first addresses one of the central
challenges in existing qMCMC algorithms: the quasilo-
cal nature of the dissipation. Our approach is to provide
truncated versions of these dissipative processes, result-
ing in a strictly local Lindbladian generator amenable to
circuit-based quantum simulation. This process can be
understood as constructing a Lindbladian satisfying a local
detailed-balance condition: each jump operator satisfies
detailed-balance condition with respect to a Hamiltonian
truncated to the system subset.

We show that jump operators computed on different,
overlapping Hamiltonian patches collectively generate a
Gibbs state of the full (untruncated) Hamiltonian. To estab-
lish this, we extended the rapid mixing analysis from
Rouzé et al. [31], originally applied to the scheme in
Chen et al. [22], to the more recent construction proposed
in Ding et al. [26]. This extension enables a more effi-
cient Gibbs sampler using only a few jump operators per
qubit. At sufficiently high temperatures, we show that the

output of the truncated dynamics converges to the true
Gibbs distribution when the truncation radius scales at
most logarithmically with system size. In contrast, accurate
estimation of local observables requires only a truncation
radius that is independent of system size. These results,
formalized in Theorems 1–3 below, provide the first prov-
ably efficient construction of local dissipative preparation
of Gibbs states.

Next, having obtained a truncated Lindbladian with
provable thermalization guarantees, we employ a random-
ized Trotterization strategy [28] and demonstrate that its
continuous-time evolution can be faithfully approximated
by a circuit composed of small local quantum channels.
This construction ensures that the convergence properties
of the continuous generator are retained, while the Trotter
error scales quadratically with the step size.

Finally, to bridge the gap between these finite-size
channels and operations available on realistic gate-based
quantum devices, we employ a variational compilation
framework. In particular, we give compelling numerical
evidence that variational compilation allows one to com-
pile these local channels into circuits with a single-qubit
reset operation, and a fixed desired number of two-qubit
gates, respecting hardware connectivity. Additionally, we
show that this framework allows one to trade-off circuit
depth with accuracy, which facilitates more accurate sim-
ulations in step with yearly improvements in gate fidelity.

The proposed protocol provides a practical alternative
to the amplitude-encoding and controlled-unitary frame-
works introduced in earlier works [22,26]. In particular,
it is more readily implementable on near-term and early
fault-tolerant quantum devices, which often face stringent
constraints on circuit depth and qubit connectivity.

We validate the full protocol through numerical sim-
ulations on one- and two-dimensional spin systems. The
results confirm rapid convergence to thermal states with
low-energy density and accurate local observables, even at
modest truncation radii that include only few near neigh-
bors. Moreover, the method exhibits some resilience to
noise, underscoring its applicability to near-term quantum
devices.

The remainder of the paper is organized as follows. In
Sec. II, we introduce the theoretical framework underly-
ing quantum thermalization via Lindbladian dynamics and
review the construction of quantum Gibbs samplers based
on the detailed-balance condition. Section III A presents
our main results on the truncation of quasilocal jump
operators, including formal error bounds and implications
for local observables. In Sec. III B, we describe the ran-
domized Trotterization scheme and derive its associated
error estimates. Section IV details our variational compila-
tion strategy for mapping the resulting local gadgets onto
shallow quantum circuits. Finally, Secs. V and VI report
numerical experiments on spin chains: first in an idealized
setting, then incorporating realistic hardware constraints.
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II. THEORETICAL BACKGROUND

This section introduces the necessary background for
understanding how to prepare a Gibbs state using the
qMCMC method based on Lindblad time evolution. A
comprehensive list of all definitions and notations for the
entire paper is available in Appendix A.

We consider a finite D-dimensional square lattice � con-
sisting of n sites such that each site a ∈ � is associated
with a qubit. Let the total Hilbert space of the lattice be H�,
the corresponding algebra of operators over this space be
denoted by M�, and the set of Hermitian operators denoted
by S�. Then, given H ∈ S� and a non-negative inverse
temperature β ≥ 0, our goal is to prepare the Gibbs state
defined as

ρβ := e−βH

tre−βH . (1)

In the remainder of this paper, we focus on local Hamilto-
nians of the form

H =
∑

X ⊂�

HX , (2)

where each term HX is strictly supported on a subset X ⊆
Baμ(rμ) ⊂ � involving a constant number of qubits inside
the ball Baμ(rμ) of constant radius rμ around qubit aμ ∈ �.

In the 1970s, Davies proposed that, in the weak-
coupling limit, the dynamics of a system coupled to a
large thermal bath at inverse temperature β is described
by a Markovian master equation that has the Gibbs state
for its Hamiltonian H as its unique fixed point [19,32].
The Davies process, when expressed in the Hamiltonian’s
eigenbasis, typically induces transitions between pairs
of eigenstates, resulting in nonlocal dynamics that often
involve all qubits in the system.

Recent works [21,22,26] have shown that the Davies
process arises as a special case within a broader fam-
ily of thermalizing Markovian dynamics that respects the
detailed-balance condition [see Eq. (9)]. In particular, the
foundational work of Chen et al. [22] demonstrated that it
is possible to construct a process that converges exactly to
the Gibbs state even when the transitions are modified to
have finite energy resolution, rather than mapping directly
from eigenstate to eigenstate. Building on this, the work
by Rouzé et al. [31] showed that at sufficiently high tem-
peratures, such algorithms exhibit rapid mixing, achieving
convergence to the Gibbs state in logarithmic time in the
number of qubits. In this work, we adopt a more recent
construction proposed by Ding et al. [26], which, in con-
trast to earlier approaches, requires only a finite number of
jump operators per qubit.

Specifically we consider dynamics that, acting on a den-
sity matrix ρ, can be described by a Gorini-Kossakowski-

Sudarshan-Lindblad equation

d
dt

ρ = Lβ(ρ) =
∑

a∈�

∑

α

Lβ
a,α(ρ), (3)

where each index α takes discrete values. Each local
Lindbladian term [33] Lβ

a,α takes the form

Lβ
a,α(ρ) = −i[Gβ

a,α , ρ]

+ Lβ
a,αρLβ†

a,α − 1
2
{Lβ†

a,αLβ
a,α , ρ}, (4)

where Gβ
a,α ∈ S� are Hermitian operators that we define

later, and the jump operators Lβ
a,α ∈ M� are given by

Lβ
a,α =

∫ ∞

−∞
dt f (t)eiHtAa,αe−iHt. (5)

Here, we choose Aa,α to be single-qubit Hermitian oper-
ators supported on the qubit at lattice site a ∈ �, as per
Eq. (16). Also, f (t) is a filter function given by

f (t) = 1
2π

∫ ∞

−∞
dν q(ν)e−βν/4eitν , (6)

where the envelope function q(ν) is symmetric, satisfying
q(−ν) = q∗(ν). It can be chosen such that the resulting
filter function effectively suppresses contributions to the
integral in Eq. (5) at large times t. For local Hamiltonians
H that satisfy a Lieb-Robinson bound, this implies that the
jump operators Lβ

a,α are quasilocal; in other words, they are
predominantly supported on qubits near site a.

To define the coherent term, consider the spectral
decomposition of the Hamiltonian H =∑i λiPi, where
λi ∈ R are eigenvalues and Pi ∈ S� are the correspond-
ing spectral projectors. The coherent term Gβ

a,α ∈ S� is
explicitly given by

Gβ
a,α = − i

2

∑

ν∈	(H)

tanh
(

−βν

4

)
(Lβ†

a,αLβ
a,α)ν , (7)

where 	(H) = {λi − λj | i, j } denotes the set of Bohr
frequencies of H , and for any operator A ∈ M�, the com-
ponent Aν ∈ M� is defined as

Aν :=
∑

i,j :λi−λj =ν

PiAPj , (8)

where the sum is taken over all pairs of energy levels
separated by frequency ν [34].

It can be demonstrated [26] that the chosen filter func-
tion and coherent term Gβ

a,α guarantee that the Lindbladian
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Lβ satisfies the Kubo-Martin-Schwinger (KMS) detailed-
balance condition

Lβ†(·) = ρ
− 1

2
β Lβ

(
ρ

1
2
β · ρ

1
2
β

)
ρ

− 1
2

β , (9)

where the adjoint superoperator Lβ† is defined with respect
to the inner product 〈A, B〉 = 2−n Tr

(
A†B

)
via the relation

〈A,Lβ(B)〉 = 〈Lβ†(A), B〉. The KMS condition, expressed
in Eq. (9), can be viewed as an extension of the detailed-
balance condition known from classical Markov processes
[10] to the quantum setting [22]. Directly from Eq. (9),
it follows that the Gibbs state ρβ is a steady state of the
Lindbladian [21], i.e.,

Lβ(ρβ) = 0. (10)

For concreteness, unless otherwise stated, we choose the
envelope function q(ν) in Eq. (6) to be a Gaussian,

q(ν) = exp
(

− (βν)2

8

)
. (11)

With this specific choice of q(ν), it is possible to give an
explicit expression for f (t) and Gβ

a,α as integrals in the time
domain. With the Gaussian choice in Eq. (11), f (t) is given
by (see Appendix C)

f (t) =
√

2
πβ2 exp

(
(β − 4it)2

8β2

)
(12)

and

Gβ
a,α =

∫ ∞

−∞
dtg1(t)e−iHt (13)

×
(∫ ∞

−∞
dt′g2(t′)eiHt′Aa,α†e−2iHt′Aa,αeiHt′

)
eiHt.

with

g1(t) =
⎡

⎣− 1

πβ cosh
(

2π t
β

)

⎤

⎦ ∗t

[√
2

β
e

1
4 − 4t2

β2 sin
(

2t
β

)]
,

(14)

where f (t) ∗t g(t) := ∫∞
−∞ dsf (s)g(t − s) denotes the con-

volution, and

g2(t) = 2
√

2
β

exp
(

(β − 4it)2

4β2

)
. (15)

Below, we consider operators in the form of single-qubit
Pauli operators, specifically

Aa,1 = Xa, Aa,2 = Ya, Aa,3 = Za. (16)

This specific choice of jump operators is motivated
by theoretical convenience: in the limit β → 0, the

resulting Lindbladian describes depolarizing noise (see
Appendix C 2). This simplification streamlines the ensu-
ing theoretical analysis for deriving the error and
performance-time bounds. Nevertheless, our framework
can, in principle, accommodate a much broader class
of initial operators—so long as they remain sufficiently
generic (for example, noncommuting with the Hamilto-
nian). Also, both the compilation strategy described below
and our numerical simulation methods permit arbitrary
operator choices. By selecting these operators strategi-
cally, one can optimize algorithmic runtime or minimize
circuit depth, tailoring them to a particular Hamiltonian
or compilation scheme. A comprehensive exploration of
these optimizations, however, lies beyond the scope of the
present work.

The performance of quantum Gibbs samplers is charac-
terized by their mixing time, defined as follows (e.g., see
Proposition E.4 in Ref. [22]):

Definition 1. For a given Lindbladian L, the mixing
time is the smallest time tmix satisfying

∀ρ, ρ ′ ∈ D� : ‖eLtmix(ρ − ρ ′)‖1 ≤ 1
2
‖ρ − ρ ′‖1. (17)

The mixing time provides a natural way to define the
runtime of the algorithm. Let ρ be the initial state and ρ ′
the fixed point of the channel L. It follows by the definition
of mixing time that the time t required for the system to
reach ρ ′ within a trace distance of ε > 0 is bounded by
t ≤ tmix log2(1/ε). Therefore, estimating the mixing time
is a central objective in our analysis.

Previously, it was demonstrated [31] that the quantum
Gibbs sampler introduced in Ref. [22] exhibits a mixing
time scaling linearly with the number of qubits n for tem-
peratures below a threshold β < β∗, where β∗ does not
depend on system size. This result was obtained by estab-
lishing bounds on the Lindbladian’s spectral gap, which,
due to the KMS detailed-balance condition in Eq. (9), pro-
vides an upper bound for the mixing time. This result was
improved in Ref. [23], which showed a logarithmic mixing
time for high enough temperature, by bounding an oscilla-
tor norm. Using analogous techniques from Rouzé et al.
[23], we demonstrate that the Lindbladian described by
Ding et al. [26], namely Eq. (3), also achieves convergence
to a Gibbs state with mixing time scaling logarithmically
with the system size, and we extend this result to truncated
dynamics that will be introduced later.

While we do not cover this in our work, one can also
consider using similar methods that have shown that quan-
tum Gibbs samplers effectively prepare thermal states in
the Fermi-Hubbard model at arbitrary temperatures and
weak interactions [24,25].
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III. ANALYTICAL RESULTS

In this section, we outline the steps required for a
hardware-efficient simulation of the Lindbladian described
by Eq. (3). The implementation procedure consists of three
main stages: (a) truncating the jump operators and the
coherent term, (b) applying Trotterization to the resulting
truncated Lindbladian, and (c) compiling the elementary
quantum channels that implement Trotterized evolution for
each Lindbladian component.

For the truncation step, we present formal results that
establish rigorous error bounds on the truncation error.
Specifically, we demonstrate that for sufficiently high tem-
peratures, which are independent of the system size, the
truncation error in evaluating both local observables and
the trace distance can be controlled by increasing the trun-
cation radius, as outlined in Corollaries 1 and 2 below.
In particular, Gibbs sampling generally requires the trun-
cation radius to scale logarithmically with the number of
qubits, whereas estimating the expectation value of local
observables requires only a constant radius.

Subsequently, we introduce a simulation protocol for
the truncated Lindbladian based on the randomized com-
pilation approach for open system dynamics [28]. This
protocol allows us to approximate the truncated dynamics
using a circuit consisting of local quantum channels, each
of which implements the short time evolution of a trun-
cated jump operator. The randomized approach reduces the
depth of the circuit and makes it independent of the num-
ber of jump operators, at the cost of increased sampling
overhead. The discussion of compilation of the circuit is
deferred to Sec. IV.

A. Truncation of quasilocal Lindbladians

In this section, we analyze the error arising from replac-
ing quasilocal operators with their locally truncated ver-
sions. Consider a Hamiltonian introduced in Eq. (2). Let
us introduce a fixed truncation radius r ≥ 0 and define the
locally truncated Hamiltonian Ha,r as the sum of all local
terms whose supports are contained within the ball Ba(r)
of radius r centered around qubit a,

Ha,r :=
∑

X ⊆Ba(r)

HX . (18)

Using this construction, we define the truncated Lindbla-
dian as

Lβ,r =
∑

a∈�

∑

α

Lβ,r
a,α , (19)

where

Lβ,r
a,α(ρ) = −i[Gβ,r

a,α , ρ]

+ Lβ,r
a,αρLβ,r†

a,α − 1
2
{Lβ,r†

a,α Lβ,r
a,α , ρ}, (20)

expressed through the truncated coherent terms and jump
operators

Lβ,r
a,α =

∑

ν∈	(Ha,r)

q(ν)(Aa,α)ν[a,r],

Gβ,r
a,α = − i

2

∑

ν∈	(Ha,r)

tanh
(

−βν

4

)
(Lβ,r†

a,α Lβ,r
a,α)ν[a,r].

(21)

Here, the projector Aν[a,r] is defined similarly to Eq. (8),
but using the projectors and eigenstates of the truncated
Hamiltonian Ha,r. This truncation procedure is summa-
rized in Fig. 1. Consequently, the resulting truncated jump
operators have compact support on Ba(r).

The truncation introduces a controllable error in the
resulting fixed point of the Lindbladian evolution, as estab-
lished in the following theorem.

Theorem 1 (Truncation error). The truncated Lindbla-
dian Lβ,r in Eq. (19), with the choice of complete set of
generators in Eq. (16), has a unique fixed point ρβ,r ∈ D�,
i.e.,

Lβ,r(ρβ,r) = 0.

Moreover, there exist constants β∗ > 0 and J > 0 such
that, for any β < β∗

‖ρβ,r − ρβ‖1 = O
(
(βJ )

r
2 n log n

)
. (22)

The proof of Theorem 1 is provided in Appendix D. To
establish this result, we invoke Lemma 2 from Ref. [22],
which provides an upper bound on the distance between
the fixed points of two Lindbladians, which is at most four
times of the product between: (a) mixing time tmix of one
of the Lindbladians and (b) the Schatten-1 induced norm
‖Lβ − Lβ,r‖1→1, which remains bounded and controllable
due to the (quasi)-locality of all terms appearing in each of
the Lindbladians.

Consequently, to derive the bound on the mixing time,
we extend the proof of rapid mixing from Rouzé et al.
[23] devised for the process in the work by Chen et al.
[22] to the algorithms we analyze, specifically the quantum
Gibbs sampler in Eq. (3) and the truncated Lindbladian in
Eq. (19). For the latter, we state the following result:

Theorem 2 (informal). Under conditions of Theorem 1,
the Lindbladians Lβ and Lβ,r, with r ≥ 0 have mixing time

tmix = O(log n). (23)

This proof builds on showing that the Lindbladian, simi-
lar to the one introduced in Chen et al. [22], for all O ∈ M�
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Hamiltonian

Gibbs state

Lattice truncations

Jump operators

(a) (b)

FIG. 1. Sketch of truncation-based dissipative Gibbs state preparation. (a) Starting from the target Hamiltonian H , we construct a
family of local, truncated-lattice Hamiltonians Ha,r. From these truncated models, we derive the corresponding local Lindblad jump
operators, which define global dissipative evolution that drives the system toward the desired Gibbs state. (b) Truncation schematic.
Left: Jump operator derived from the full-system dynamics on �, chosen to be a square lattice; only a portion of the lattice is shown.
The action of the jump operator decays exponentially with the graph (Manhattan) distance from the central qubit a ∈ �. Right: Jump
operator constructed by restricting the dynamics to qubits within a graph radius r (here, r = 2), yielding strictly local support.

satisfies the inequality [23]
∣∣∣
∣∣∣
∣∣∣etLβ†

(O)

∣∣∣
∣∣∣
∣∣∣ ≤ e−(1−κ)t|||O||| (24)

for some κ > 0 with the oscillator norm defined as

|||O||| :=
∑

a∈�

‖O − 1
2 Ia ⊗ tra(O)‖∞,

where tra(·) is partial trace over qubit a. From that state-
ment, it follows (cf. Appendix D)

‖etLβ
(ρ) − ρβ‖1 ≤ 2n‖ρ − ρβ‖1e−(1−κ)t. (25)

It turns out that κ can be bounded by exploiting the
quasilocality of the Lindbladian, provided the temperature
is sufficiently high, i.e., β < β∗. Crucially, since the proof
relies on the locality of the jump operators, the bound on
the mixing time for the original Lindbladian Lβ is always
greater than or equal to that of the truncated Lindbladian
Lβ,r. In particular, truncation does not worsen the mixing
time bounds at high enough temperatures.

As a direct corollary of the established results so far,
Theorem 1 provides an estimate for the required truncation
radius r. In particular, it asserts that:

Corollary 1. For any fixed β < β∗, the truncated Lind-
bladian Lβ,r has a fixed point ρβ,r that is ε-close to the
Gibbs state ρβ , provided that

r = 	
(

log
[n
ε

])
. (26)

The linear scaling with the number of qubits in Eq. (22)
arises from the general subadditivity of the trace distance
[3] and is unlikely to be improved if the goal is to sample

from the exact Gibbs distribution. However, in many phys-
ical applications, the primary objective is to compute the
expectation values of local observables. For this task, the
requirements on the truncation radius are more relaxed as
one can use restrictions such as the Lieb-Robinson bound.
The result is demonstrated by the following theorem.

Theorem 3 (Truncation error for local observables).
Under the assumptions of Theorem 1, consider β < β∗ and
let OX ∈ SX be supported on X ⊆ �. Then there exist con-
stants γ , η > 0, depending only on the model parameters
and β, such that ρβ,r satisfies

∣∣tr(ρβ,rOX ) − tr(ρβOX )
∣∣

≤ ‖OX ‖ c(|X |) [e−γ r + ne−ηdX
]

, (27)

where c(|X |) = O (poly(|X |)), n ≡ |�| is the number of
qubits, and

dX = min
a∈X

� (a, ∂�)

is the minimal graph distance from any a ∈ X to the
boundary ∂�.

For a fixed region X , the distance dX , which is distance
between X and to the complement �c of the lattice � and
is thus the distance to the boundaries, increases with sys-
tem size, which implies that the term |�|ν−1

η (dX ) vanishes
as the system becomes large. This term can therefore be
interpreted as a finite-size correction [35]. The proof of
Theorem 3 is detailed in Appendix E. This proof relies on a
theorem concerning the stability under local perturbations
of Lindbladians with logarithmic scaling of the mixing
time, as derived in Ref. [35]. In fact, this stability theorem
allows us to prove an even stronger statement. Specifically,
consider the time evolution generated by Lβ , exp

(
tLβ
)
,

and the time evolution exp
(
tLβ,r

)
. We show that for any
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observable OX supported on X , the distance between
exp
(
tLβ†

)
[OX ] and exp

(
tLβ,r†

)
[OX ] remains small for all

times t. The result then follows from considering the limit
t → ∞. We emphasize that the support X does not neces-
sarily have to be connected, thus this theorem also applies
to correlation functions. Also, note that the bound of c(|X |)
by a polynomial is useful when |X | is small, but it becomes
useless for global observables.

A direct corollary of Theorem 3 is:

Corollary 2. For any β < β∗, the truncated Lindbladian
Lβ,r admits a fixed point for which the expectation values
of observables whose support size is O(1) and sufficiently
distant from the lattice boundary are ε-close to those of the
Gibbs state ρβ , provided that

r = 	(log(1/ε)). (28)

Notably, this requirement is independent of the system
size and applies to observables located far from the lat-
tice boundaries, where the last term in Eq. (27) can be
neglected; that is, when dX = 	(log n).

In addition to the analytical results above, we also
present in Appendixes V and G 1 numerical experiments
aimed at evaluating the error in expectation values of
local observables in certain one-dimensional models. Our
findings indicate that the error remains modest even at
low temperatures (large inverse temperatures β), a regime
where the aforementioned theoretical bounds may not
strictly apply. Consequently, these numerical results sug-
gest that the practical validity of truncation methods
extends beyond the analytically predicted limits, at least
for one-dimensional systems.

B. Trotterization of truncated dynamics

After deriving the truncated Lindblad operator and
demonstrating its efficiency in preparing Gibbs states, the
subsequent step toward practical implementation is to dis-
cretize the evolution using Trotterization. Consider an
evolution over total time t = τM , where M is a large
integer. Then, we can partition the continuous evolution
into discrete time steps of length τ and approximate the
dynamics by

exp
(Lβ,rt

)→
[
∏

a∈�

exp

(
∑

α

Lβ,r
a,ατ

)]M

, (29)

where
∏

a∈� denotes a composition of channels applied in
an arbitrary but fixed order, see Fig. 2(a). This method
generalizes the Trotterization approach commonly used
in Hamiltonian simulations and is known to introduce an
error scaling quadratically with time t [36,37], as we will
see later in this Section.

To further reduce circuit depth, we introduce a random-
ized compilation method tailored specifically for Lindblad
dynamics at each discrete time step [28]. We define a
simulation trajectory

Eα
t,τ :=

M∏

i=1

∏

a∈�

exp
(
Lβ,r

a,α[a]τ
)

, (30)

where α[a] represents a single choice of operator over
site a, α = {α[a] | a ∈ �}. Next, we consider the index
α[a] to be selected independently and uniformly at ran-
dom, thus inducing a uniform probability distribution
α[a] ∼ �. Then we obtain that for sufficiently large M (see

(a) (b)

FIG. 2. Standard vs randomized Trotterization. (a) Standard Trotterization approximates continuous-time evolution by a sequence of
discrete operations Ea := exp

(∑
α Lβ,r

a,ατ
)

, where τ is the Trotter step size. Each operation is visualized as a stack of gates representing
the sum in the exponent. (b) To reduce circuit depth, we employ a randomized compilation strategy: at each Trotter step and for each
site a, we randomly select a single term exp

(
Lβ,r

a,ατ
)

from Eq. (30) by drawing α uniformly from the set of possible values. These
randomized operations correspond to shallower circuits derived from the exponentiation in Eq. (31). Averaging over many such
randomized circuit realizations recovers the full dynamics.
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Theorem 4 below),

exp
(Lβ,rt

) ≈ Eα∼�⊗n
[Eα

t,τ

]
, (31)

where the RHS represents the average of the randomized,
discretized evolution with time step τ . Practically, this
evolution is realized by randomly selecting Lindbladian
terms indexed by different values of α at each circuit layer
and averaging over the resulting quantum trajectories, as
illustrated in Fig. 2(b).

The following results shows that for sufficiently large
M , the output of these expectation values converges to the
expectation value of the target evolution.

Theorem 4 (Theorem 4 from Ref. [28]). The error of the
average channel Et,M in Eq. (30) can be bounded by

∥∥∥Eα∼�⊗n
[Eα

t,τ

]− etLβ
∥∥∥

�
= O

(
n2t2

M

)
. (32)

The proof of this theorem is in Ref. [28].

IV. CIRCUIT COMPILATION

The final step required for an implementation of the
Trotterized dynamics that is suitable for near-term quan-
tum hardware is a compilation of the local quantum chan-
nels into circuit-level gate operations. In principle, this
can be done efficiently using dilation methods, followed
by compilation into the desired gate set. According to
standard results in the literature [3], for a fixed r, this
compilation requires a number of gates that scales at most
polylogarithmically with the inverse of the additive error.

Here we show that a single-ancilla qubit is in fact suf-
ficient, and that variational compilation of the resulting
dilated unitary provides a practically feasible method for
yielding sufficiently short circuits for near-term imple-
mentation. More specifically, we provide a compilation
procedure for each channel exp

(
τLβ,r

a,α

)
, which represents

the randomized evolution described in Eq. (30). This can
be done by first defining the Hermitian operator

Oa,α
r :=

(√
τGa,α

r La,α†
r

La,α
r

√
τGa,α

r

)
, (33)

where La,α
r and Ga,α

r are the jump operators and associated
coherent terms, respectively, as was previously defined in
Eq. (21).

Then we can approximate (see Lemma 1)

exp
(Lβ,r

a,ατ
) ≈ Ca,α

r,τ (ρ), (34)

where we introduced the quantum channel

Ca,α
r,τ (ρ) := Tranc

(
Ua,α

r (ρ ⊗ |0〉〈0|anc)Ua,α†
r

)
, (35)

where Tranc(·) denotes the partial trace over the ancilla
qubit and the unitary Ua,α

r describes the evolution over a

time interval
√

τ as

Ua,α
r = exp

(−iOa,α
r

√
τ
)
. (36)

The channel described by Eq. (34) can be implemented
using the following procedure:

|0〉
Ua,α

r

Discard.

ρ

This subcircuit acts on a single-ancilla qubit initialized in
the state |0〉 and the subsystem supporting the jump oper-
ators. In architectures with a limited number of ancilla
qubits, reset operations can be utilized to obtain a fresh
supply of ancilla qubits.

This single-ancilla based construction can be used to
approximate the Trotter steps up to an additional error
comparable to the Trotter error itself, as follows from the
following lemma.

Lemma 1. The channel in Eq. (34) satisfies

∥∥Ca,α
r,τ − exp

(
τLβ,r

a,α

)∥∥
� = O(τ 2). (37)

This result was previously shown without the coherent
part in Ref. [28], while a detailed proof of the lemma is
provided in Appendix F. The proof is based on a stan-
dard Taylor expansion argument [38]. Notably, the error in
Eq. (37) can be further reduced to O(τ k) using k ancilla
qubits [39]. As a corollary, the compilation of channels
exp
(
τLβ,r

a,α

)
reduces to compilation of the unitaries in

Eq. (36).
Compiling the unitary involves designing a circuit for

a small subsystem of a D-dimensional lattice, encompass-
ing �(rD) qubits. According to Corollary 1, constructing
a circuit that exactly reproduces the Gibbs distribution
requires polynomial classical resources in one dimension,
but grows quasipolynomially with dimension for D > 1.
In contrast, when the goal is to estimate local observ-
ables, Corollary 2 shows that local channels can be con-
structed using only a constant number of qubits. The latter
results in a highly efficient compilation process from a
complexity-theoretic standpoint.

However, from a practical perspective, the runtime of
standard compilers may be prohibitive, and we may want
even shorter circuits, tailored to a specific architecture
and gate set. To achieve this, we can variationally com-
pile the necessary local unitaries resulting from dilation.
Specifically, we approximate the target unitary Ua,α

r with a
parameterized template circuit V(θa,α

r ), where θa,α
r denotes

the set of variational parameters defining the ansatz cir-
cuit [40,41]. An example of such a circuit for a one-
dimensional system with r = 1 is shown in Fig. 3(a). This
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(a)

(c)

(b)

FIG. 3. Gadgets for one-dimensional Hamiltonians. (a) The “ladder” device architecture, shown as an example of a local layout
for simulating thermal states of one-dimensional Hamiltonians. The lower row of qubits (solid blue) represents the system qubits,
while the upper row (dashed red) represents the ancilla. (b) The gadget connectivity for a truncation radius of r = 1, which requires
implementing a four-qubit unitary. (c) A template circuit example, consisting of m individually optimized modules followed by single-
qubit gates. The ancilla is initialized in the state |0〉 before the gadget is applied and is reset afterward to ensure correct initialization
for the next gadget. Each module consists of three controlled-Z gates arranged in an alternating pattern, interleaved with single-qubit
gates parametrized as in Eq. (38).

ansatz employs entangling two-qubit CZ gates interleaved
with parameterized single-qubit gates of the form

u(θ , φ, λ) =
(

cos
(

θ
2

) −eiλ sin
(

θ
2

)

eiφ sin
(

θ
2

)
ei(φ+λ) cos

(
θ
2

)
)

, (38)

where θ , φ, and λ are free parameters comprising the vec-
tor θa,α

r . Further decomposition of these single-qubit gates
into native hardware-specific operations can be performed
straightforwardly.

To determine the optimal parameters, we use minimiza-
tion

θa,α
r = arg min

θ
Ca,α

r (θ) (39)

of the loss function Ca,α
r (θ) that quantifies the discrepancy

between the target and the implemented quantum channels.
For systems with translational symmetry, it is sufficient to
optimize the resulting operation for each unique local con-
figuration, drastically reducing the overall number of inde-
pendent optimization tasks. The choice of loss function is
important to reduce classical simulation overhead.

In this work, we consider a modified squared-Frobenius
norm for the relevant matrix elements,

Ca,α
r (θ) :=

∑

i

∑

j ≤2k−1

∣∣∣
[
Ua,α

r

]
i,j − [V(θ)]i,j

∣∣∣
2

, (40)

where Aij corresponds to the matrix element of matrix A
and k is the total number of qubits in the gadget. Impor-
tantly, it is not necessary to match the entire unitary. Since

the ancilla qubit is always initialized in the state |0〉 and
discarded at the end, only the corresponding subspace of
the unitary contributes to the final outcome. We justify this
choice of loss function more in Appendix G 4.

In general, representing an arbitrary quantum channel
requires an exponential number of parameters in Eq. (39)
as a function of the radius r, which could in principle
make the optimization costly. However, one may note that
the channels appearing in Eq. (37), for small finite evolu-
tion times τ , admit accurate approximations via a Magnus
expansion in terms of jump operators in Eq. (21). Since
each jump operator can be generated with a combination
of linear-depth Hamiltonian simulation circuits by con-
struction, each jump operator and the channel itself exhibit
polynomial rather than exponential complexity in terms of
radius r. We therefore expect that, in practice, optimiza-
tion landscapes are substantially more benign than in the
fully generic case. This expectation is corroborated by the
results in the following section, which demonstrate that
comparatively low-depth circuits—significantly shallower
than those typically required for generic channels—are
sufficient to capture the relevant dynamics.

V. NUMERICAL STUDIES

In this section, we evaluate the accuracy of the pro-
posed Gibbs state preparation method using exact numer-
ical simulations of two types of nonintegrable Hamilto-
nians: mixed-field Ising spin chain and two-dimensional
transverse-field Ising model. Our results indicate that a
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relatively small truncation radius (r ≤ 3) and a moder-
ate number of Trotter steps (up to 100) are sufficient to
ensure rapid convergence of local observables, such as
energy density and correlation functions, to their thermal
expectation values as determined by exact diagonaliza-
tion. These findings demonstrate that the method operates
within the capabilities of what is commonly referred to as
noisy intermediate-scale quantum devices. In the following
section, we will examine how various noise levels affect
these simulations.

The Hamiltonian of the mixed-field Ising spin chain is

H =
∑

(i,j )∈S1

Sz
i Sz

j + g
n∑

i=1

Sx
i + h

n∑

i=1

Sz
i , (41)

where S1 is a set of nearest neighbors on a one-
dimensional ring with periodic boundary conditions, Sx

i :=
1
2 Xi and Sz

i := 1
2 Zi are spin-1/2 operators. We choose

g = (
√

5 + 5)/8 ≈ 0.9045 and h = (
√

5 + 1)/4 ≈ 0.809.
These parameters ensure that no single term dominates the
energy spectrum, placing the system deep in the noninte-
grable (chaotic) regime, with ballistic operator spreading
and rapid entanglement growth [42]. Such strong trans-
port dynamics aims to shorten the thermalization time. In
Appendix G 1, we also show that our truncated Lindbla-
dian method remains effective for examples of integrable
models and systems with U(1) symmetry.

The two-dimensional transverse-field Ising model is
given by

H =
∑

(i,j )∈S2

Sz
i Sz

j + g′
n∑

i=1

Sx
i , (42)

where S2 contains the nearest neighbors on a square lattice
with periodic boundary conditions. We choose g′ = 0.2.
The model is known to exhibit a thermal phase transition
[43].

We choose the details of the dynamics as follows. First
of all, we study quantum Gibbs state preparation start-
ing from a random product state. This choice is equiva-
lent to setting ρ(0) = ρβ=0, i.e., as the maximally mixed,
infinite-temperature state. Thus, one may consider it as an
energy-reducing, “cooling” process. The nonunitary part of
dynamics is generated by the transformed Pauli X , Y, and
Z operators acting on each qubit [see Eq. (16)] constructed
following Eq. (21) for a fixed truncation radius r. Unless
stated otherwise, we use a Gaussian envelope function q(ν)

defined in Eq. (11).
As the target of our numerical study, we analyze how

different parameter choices (e.g., Trotter step or trunca-
tion radius) impact the performance of the algorithm. As
the main precision metric, we use the Gibbs state energy

density and its deviation from the true value,

E(t) := 1
n

tr(ρ(t)H),

�E(t) := 1
n

∣∣tr(ρ(t)H) − tr(ρβH)
∣∣ ,

(43)

where ρ(t) is the result of the evolution

ρ(t) = Et,τ (ρ(0)), (44)

with Et,τ defined in Eq. (31) for a fixed Trotter step τ , and
time taking discrete values t = Mτ .

We also analyze the algorithm’s performance in repro-
ducing other local observables. To test this, we consider
the correlation function

δ(a, t) := tr[ρ(t)Sz
a1

Sz
a2

] − tr[ρ(t)Sz
a1

]tr[ρ(t)Sz
a2

], (45)

where a = (a1, a2). This function characterizes the emer-
gence of spin-spin correlations within the system. Since the
one-dimensional mixed-field Ising model does not exhibit
an equilibrium ferromagnetic phase, we expect the corre-
lator to decay exponentially with distance, i.e., δ(a, t) ∼
exp(−�(a1, a2)/l0), where �(a1, a2) is the spatial separa-
tion between a1 and a2 and l0 > 0 denotes the correlation
length.

In order to detect the phase transition in the two-
dimensional model, we analyze the heat capacity

Cβ := β2 (tr[ρ(t)H 2] − tr[ρ(t)H ]2) . (46)

In Secs. V A–V C, we study the performance of the
algorithm without accounting for compilation errors. In
Secs. VI A and VI B, we further compile each gadget into
two-qubit gates, assuming the architecture illustrated in
Fig. 3. In all cases, we compare the results to numerical
values obtained via exact diagonalization, i.e., the “ground
truth.”

A. Effect of truncation

Figure 4 shows how our protocol cools the system from
an infinite-temperature initial state to thermal states at
two values of temperature using a Trotter step τ = 0.1.
At the higher temperature (β = 1), the internal energy
already achieves best possible value with the relative error
�E(t)/|E(t)| ∼ 10−2 for the minimal truncation radius r =
1, and increasing r yields no noticeable improvement. By
contrast, at the lower temperature (β = 3), the conver-
gence depends strongly on r. We attribute this behavior
to the enhanced spin-spin correlations in the mixed-field
Ising model, which become more significant at lower ener-
gies. At the same time, the cooling rate, as measured by
the slope of the exponential decay at early times, is largely
insensitive to the truncation radius. A bigger picture across
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Trotter steps

0 2 4 6 8 10
t
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Δ
E

(t
)

(a) β = 1.0

r = 1
r = 2
r = 3
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Trotter steps
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t

(b) β = 3.0

FIG. 4. Effect of truncation on time convergence. Absolute error in the internal energy density �E(t) in Eq. (43) for the mixed-field
Ising Hamiltonian in Eq. (41) on a chain of n = 12 spins. Dynamics are generated by direct mixed-state simulations of the Trotterized
channel (29) with Trotter step τ = 0.1, for a system initialized in the maximally mixed state. The x-axis markers on the bottom denote
the physical time t, while those at the top indicate the number of Trotter steps M = t/τ . Curves correspond to truncation radii r = 1
(yellow), r = 2 (orange), and r = 3 (red). (a) Inverse temperature β = 1. (b) Inverse temperature β = 3.

temperatures is shown in Fig. 5. These plots illustrate that
the energy convergence is nonmonotonic across temper-
atures but rapidly converges with respect to truncation
radius at low temperatures.

The rapid convergence with respect to the truncation
radius is further demonstrated by local observables other
than energy density. In Fig. 6, we present the two-point
correlation function at β = 3. While the minimal trunca-
tion radius (r = 1) yields noticeable deviations from the
expected spatial profile, extending the radius to r = 3 suf-
fices to accurately reproduce the correct space correlation
profile.

These plots indicate that the radius r can be employed
as a systematic control parameter, which is increased until
the observable of interest converges to a stable value. The

results further show, as expected, that lower temperatures
require larger values of r to achieve convergence.

B. Effect of Trotterization

A critical parameter in our protocol is the choice of
the Trotter time step, τ . As shown in Fig. 7, for param-
eter regimes relevant to near-term quantum processors
(β = 1, r = 1), the Trotterization error constitutes the
dominant contribution to the total simulation error. By
reducing τ one can suppress this error by multiple orders
of magnitude; intriguingly, however, over the range of τ

values we examined the error does not display clear con-
vergence even up to τ ∼ 10−3, implying that truncation
artifacts remain subdominant. Unfortunately, a smaller τ

0 1 2 3 4 5
β

0.0

0.5

1.0

1.5

2.0

Δ
E

(t
)

×10−2(a)

t = 10, r = 1
t = 10, r = 2
t = 10, r = 3
t = 50, r = 1
t = 50, r = 2
t = 50, r = 3

0 1 2 3 4 5
β

−0.5

−0.4

−0.3

−0.2

−0.1

0.0

E
( t

=
50

)

(b)

Exact

FIG. 5. Energy convergence across temperatures. Absolute error in the energy density �E(t) in Eq. (43) for the same simulation as
in Fig. 4, plotted as a function of inverse temperature β. (a) Error �E(t) at t = 10 and t = 50 for truncation radii r = 1 (yellow), r = 2
(orange), and r = 3 (red). The pronounced rise at large β reflects mixing times that exceed tmix > 50. (b) Absolute energy density for
t = 50 and various truncation radii demonstrating convergence toward the true energy density (black curve) that reaches ground-state
value E0/n = −0.557 in the low-temperature (high-β) regime.
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�

10−5

10−4

10−3

10−2
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δ
(α

,t
)

r = 1
r = 2
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Exact

FIG. 6. Spatial profile of the two-spin correlators. Two-point
correlator δ(a, t) in Eq. (45) for spin pair a = (n/2, n/2 + �), as
a function of spin separation � for the mixed-field Ising chain in
Eq. (41) at inverse temperature β = 3 and time t = 10. Curves
correspond to truncation radii r = 1 (yellow), r = 2 (orange),
and r = 3 (red), while black crosses denote the exact results. The
accuracy of the exponential decay of correlations improves with
truncation radius.

necessarily increases circuit depth, which is severely con-
strained on noisy hardware without full fault tolerance.
We speculate that intermediate, early fault-tolerant archi-
tectures—where available qubit counts are the primary
limitation, rather than circuit depth—will provide an ideal
testbed for these Gibbs-state preparation methods.

C. Effect of the envelope function choice

The envelope function q(ν) in Eq. (6) provides an addi-
tional degree of freedom for tuning the precision of the
Gibbs-state preparation protocol. Aside from the constraint
q(−ν) = q∗(ν), no further analytic restrictions apply, yet
the choice of q(ν) markedly affects performance. Here, we

0 2 4 6 8
t

10−3

10−2

10−1

Δ
E

(t
)

τ = 0.005
τ = 0.01

τ = 0.05
τ = 0.1

τ = 0.2
τ = 0.5

FIG. 7. Trotter step dependence. Error in the thermal-state
preparation protocol for the mixed-field Ising Hamiltonian
[Eq. (41)] at inverse temperature β = 1, plotted as a function
of the Trotter time step τ for truncation radius r = 1. The rapid
decrease in error with smaller τ confirms that Trotterization is
the primary source of protocol inaccuracy.

compare the default Gaussian envelope of Eq. (6) against
two alternatives,

q(ν) = 1, (47a)

q(ν) = exp

(
−
√

1 + (βν)2

4

)
, (47b)

where Eq. (47b) represents a smoothed Metropolis-
Hastings filter introduced in Ref. [26], and Eq. (47a) is
a constant (flat) envelope. In each case, we additionally
renormalize the jump operators to preserve their Frobenius
norm relative to the Gaussian filter (see Appendix G 2 for
details). Although a flat filter formally leads to a divergent
filter function f (t), the jump operators and coherent terms
in Eq. (21) remain well defined operator on the support of
Ha,r. The numerical tests on local observables show that it
surprisingly yields the highest precision among the three
envelopes.

In Fig. 8 we compare the cooling dynamics and resid-
ual errors: the flat envelope q(ν) = 1 delivers the fastest
initial cooling and the smallest asymptotic error, whereas
the smoothed Metropolis-Hastings envelope exhibits the
slowest convergence and largest errors, with this discrep-
ancy growing at larger inverse temperatures, see Fig. 8(b).
These findings indicate that the envelope choice is a
powerful lever for optimizing Gibbs-state preparation and
merits a systematic study in future work.

D. Two-dimensional system

Finally, we present results for the two-dimensional
transverse-field Ising model defined in Eq. (42), demon-
strating that our protocol is capable of reproducing thermal
phase transitions in finite systems. Specifically, we com-
pute the heat capacity Cβ [cf. Eq. (46)] for simulations on
3 × 3 and 4 × 4 lattices. For the 4 × 4 system, we numer-
ically implement the protocol by averaging over 16 384
stochastic trajectories. We fix the truncation radius to r =
1, choose a Trotter step size τ = 0.1, and evolve the system
up to a final time t = 20.

In these simulations, we empirically find that replac-
ing the commonly used filter function in Eq. (11) with the
temperature-independent Gaussian filter

q(ν) = exp
(

−ν2

2

)
(48)

leads to significantly improved convergence toward the
exact results at low temperatures. The underlying intuition
is that the filter function must retain frequency components
comparable to the Hamiltonian gap, which may lie outside
the passband of standard temperature-dependent filters in
the low-temperature regime.
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(a) β = 1.0
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FIG. 8. Impact of the envelope function. Dynamics of our thermal-state preparation protocol with Trotter time step τ = 0.1. For this
plot only, jump operators and coherent terms in all cases are renormalized to Frobenius norm of the Gaussian filter for a consistent
comparison, see Appendix G 2. (a) At inverse temperature β = 1, the flat envelope q(ν) = 1 achieves the fastest convergence and
lowest steady-state error. (b) At β = 3, the performance gap widens, highlighting that an optimal choice of q(ν) can dramatically
accelerate the performance of the Gibbs sampler.

The resulting heat-capacity data are shown in Fig. 9. The
presence of a broad peak in Cβ signals a crossover between
the ferromagnetic and paramagnetic phases. These results

0.0 0.2 0.4 0.6 0.8 1.0 1.2
β

0.0

0.2

0.4

0.6

0.8

1.0

C
β

Lx = 3
Exact
Lx = 4
Exact

FIG. 9. Signatures of thermal phase transition in 2D
transverse-field Ising model. The heat capacity Cβ [cf. Eq. (46)]
as a function of inverse temperature β for the 3 × 3 (orange) and
4 × 4 (green) square lattices with periodic boundary conditions.
Comparison between exact data (dashed lines) and simulation
(dots, solid lines). The results for the 4 × 4 lattice were obtained
using sampling over 16 384 state-vector simulations, and the
shaded region indicates one standard deviation. The results
show that our protocol is able to reproduce the peak in the heat
capacity for finite systems.

demonstrate that the presence of a phase-transition bound-
ary does not pose a fundamental limitation to the present
algorithm.

VI. HARDWARE-AWARE SIMULATIONS

In Sec. V we characterized the performance of the exact
Trotterized channels, neglecting any overhead from com-
pilation and hardware noise. In this section, we incorporate
realistic circuit-compilation constraints and noise mod-
els to assess their impact on our Gibbs-state preparation
protocol.

A. Effect of circuit compilation

Our objective is to show that thermalizing Lindbladian
evolution can be approximated with a handful of circuits
with a manageable two-qubit gate count compatible with
the current noisy quantum devices.

The hardware compilation procedure proceeds as fol-
lows. We begin by approximating the Lindblad evolution
via Eq. (31). Each of these circuits is constructed by sub-
stituting every elementary exponential in Eq. (30) with
its approximate representation given in Eq. (34). The uni-
taries Ua,α

r are compiled using circuit templates illustrated
in Fig. 3(b), where the parameters are optimized via the
Adam algorithm [44] to minimize the loss function defined
in Eq. (39). We investigate circuit architectures comprising
m = 2, 4, 6, and 8 modules, which correspond to two-
qubit gate depths of d = 6, 12, 18, and 24, respectively. For
each configuration, the optimization is performed over 50
random parameter initializations, with 8000 optimization
steps per instance. The parameters yielding the lowest final
loss are selected for compilation. Further implementation
details are provided in Appendix G 3.
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FIG. 10. Compilation error. Error in circuit implementation using the randomized compilation strategy described in Fig. 2(b), where
each elementary operation is approximated using the template from Fig. 3(b). Results are shown for circuit depths d = 6, 12, 18, and
24, corresponding to m = 2, 4, 6, and 8 modules, respectively. The results are compared to Trotterized evolution with no compilation
error (dashed curve). Simulations are performed at inverse temperature β = 1.0 and final time t = 10. Panels show results for Trotter
step sizes: (a) τ = 0.5 and (b) τ = 0.1. The results show that for τ = 0.5, a depth of d = 12 suffices to render the compilation error
negligible compared to the Trotterization error. For the smaller step size τ = 0.1, a depth of d = 18 yields an energy density error of
approximately �E(t) ∼ 10−2 on a 12-qubit system.

To isolate the effects of gate compilation, we compare
the time dynamics of the compiled circuits to those of
the ideal Trotterized evolution, which employs the exact
unitary Ua,α

r in Eq. (36). We assess the performance of
the thermal state preparation protocol at inverse temper-
ature β = 1 for two Trotter step sizes, τ = 0.5 and τ =
0.1. The results, shown in Fig. 10, indicate that for τ =
0.5, a depth of d = 12 suffices to render the compilation
error negligible compared to the Trotterization error. For
the smaller step size τ = 0.1, a depth of d = 18 yields
an energy density error of approximately �E(t) ∼ 10−2

on a 12-qubit system. These depths are well within the
capabilities of current experimental platforms [4] and are

significantly lower than the estimated lower bound of d =
64 for generic four-qubit gate synthesis [45].

B. Effect of noise

Finally, we analyze the influence of noise on the accu-
racy of the simulations. To emulate realistic conditions,
we assume that each k-qubit unitary gate is followed by
a k-qubit depolarizing noise channel,

Nk(ρ) := (1 − pk)ρ + pk

4k − 1

4k−1∑

i=1

P(k)
i ρP(k)

i , (49)

10−5 10−4 10−3 10−2

p

10−2

10−1

Δ
E

( t
)

(a) τ = 0.5

10−5 10−4 10−3 10−2

p
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d = 6
d = 12
d = 18
d = 24

FIG. 11. Effect of noise. Accuracy of thermal-state preparation as a function of the depolarizing noise rate p , for inverse temperature
β = 1 and evolution time t = 10. Error bars reflect the statistical error arising from 103 random circuits and 1024 shots per circuit.
Results are shown for Trotter step sizes: (a) τ = 0.5 and (b) τ = 0.1. For target noise rates on the order of p ∼ 10−4, energy density
errors on the order of ∼10−2 are achievable.
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where P(k)
i denote the 4k − 1 nonidentity Pauli operators

acting on k qubits, and pk is the uniform k-qubit noise
rate. In our simulations, we consider only one- and two-
qubit gates, and set p1 = 0.1p and p2 = p , where p is a
global noise parameter. This reflects the empirical observa-
tion that two-qubit gates are typically the dominant source
of error in current quantum hardware, whereas single-qubit
gates have an order of magnitude less error.

Each data point in our analysis includes statistical uncer-
tainty arising from limited number of 103 independently
generated circuits corresponding to random trajectories
α ∼ �⊗n and a finite number of measurement shots, with
1024 shots per circuit. This amounts to approximately
106 shots per data point run on a hypothetical quantum
processor.

The simulation results are presented in Fig. 11. We
observe a distinct crossover in the accuracy as a function
of the noise rate p , with the crossover point p0 depen-
dent on the Trotter step size τ . For noise levels p > p0,
the error is dominated by noise, and increasing the cir-
cuit depth d leads to worse performance. Conversely, in the
regime p < p0, the primary contribution to the error orig-
inates from imperfect compilation, which improves with
increasing depth. This crossover behavior is transient: as
the circuit depth increases, p0 shifts toward lower values,
consistent with the expectation that compilation error van-
ishes in the large-depth limit, leaving noise as the sole
limiting factor. Our results further suggest that for target
noise rates on the order of p ∼ 10−4, energy density errors
on the order of ∼10−2 are achievable.

VII. DISCUSSION

This work introduces a framework for quantum Gibbs-
state preparation using local quantum circuits, extending
the qMCMC framework developed in Refs. [22,26]. By
integrating operator truncation, Trotterization, and varia-
tional circuit compilation, we demonstrate that the protocol
can be adapted for implementation on near-term quan-
tum hardware. Our results show that the steady state of
the truncated Lindbladian closely approximates the true
Gibbs state, both in trace distance and in expectation
values of local observables, with errors that can be sys-
tematically reduced by increasing the truncation radius.
In addition, the randomized Trotterization strategy ensures
low circuit depth while preserving theoretical convergence
guarantees.

A key strength of our approach lies in its flexibility.
The truncation scheme and circuit ansatz can be adapted
to arbitrary lattice geometries and hardware topologies,
making the method broadly applicable beyond the one-
dimensional systems studied numerically in this work.
Moreover, the use of variationally optimized circuit gad-
gets enables efficient compilation even under restricted
gate sets and limited qubit connectivity. This makes the

protocol more practical for experimental implementation
compared to earlier proposals [22,26], especially in set-
tings where only local operators and a small number of
ancilla qubits are available.

Several promising directions for future investigation
emerge from this study. One natural question concerns
the scaling of the required truncation radius at low tem-
peratures, particularly near phase transitions. While our
current focus is on the high-temperature regime, the pro-
tocol may be extensible to weakly interacting fermionic
systems at arbitrary temperatures, in light of recent theo-
retical advances [24,25]. Another important consideration
is noise: although our numerical results suggest robustness
to moderate levels of depolarizing noise, further improve-
ments may be possible by incorporating noise models
directly into the gadget optimization process.

Additionally, our investigation of different filter func-
tions reveals that algorithmic performance can be sub-
stantially improved through appropriate parameter tuning.
A systematic understanding of how performance depends
on the choice of filter remains an open question. Recent
work on quasiparticle cooling [46] suggests that algorith-
mic efficiency may depend sensitively on the structure
of low-energy excitations. Our results pave the way for
studying this dependence in greater depth and may ulti-
mately offer new insights into the nature of thermalization
processes.

Finally, an important open question is whether this
approach can provide a viable route to quantum advantage
on near-term or early fault-tolerant setting. Specifically,
future work must establish whether low-noise, finite-size
quantum processors can achieve sample complexity that
surpasses both established classical algorithms for simu-
lation of quantum thermal states [5] and leading tensor-
network methods of the relevant Lindbladian dynamics,
e.g., proposed in Ref. [47].
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APPENDIX A: LIST OF NOTATIONS

In this Appendix, we collect the main symbols, oper-
ators, and definitions used throughout the paper. We use
lowercase Latin and Greek letters for numbers, numeri-
cal functions, labels, and indices (e.g., n or β), uppercase
Greek letters for sets (e.g., �), uppercase Latin letters for
operators (e.g., H ), except for density matrices, which are
traditionally denoted by ρ. Calligraphic uppercase letters
represent superoperators (e.g., L), while sans-serif letters
denote linear spaces and algebras (e.g., H).

1. General notation

(a) n ∈ N—Number of qubits (system size). This num-
ber does not include ancilla qubits.

(b) � = {a1, . . . , an}—A finite D-dimensional square
lattice with n sites equipped with a graph structure.

(c) �(a, b)—The graph distance defined by

�(a, b) := min
�={a→c1,..., ck→b}

|�|,

where the minimum is taken over all paths �

between a ∈ � and b ∈ �.
(d) Ba(r) = {b | �(a, b) ≤ r}—The subset of lattice

sites located within a ball of radius r ≥ 0 centered
at site a.

(e) H{a} ∼= C
2—Local Hilbert space associated with

qubit at site a ∈ �.
(f) HX =⊗a∈X H{a} ∼= (C2)⊗|X |—Hilbert space of the

qubits subset X ⊆ �.
(g) MX = End(HX )—Algebra of linear operators act-

ing on HX for X ⊆ �.
(h) SX = {O ∈ MX | O = O†}—The set of self-adjoint

(Hermitian) operators.
(i) DX = {ρ ∈ SX | ρ ≥ 0, trρ = 1}—The set of den-

sity matrices representing mixed quantum states of
the qubits.

(j) H ∈ S�—Local Hamiltonian on the lattice �;
defined in Eq. (2).

(k) λi ∈ R—Eigenvalues (energies) of the Hamiltonian
H , indexed by i ∈ {1, . . . , 2n}.

(l) Pi ∈ S�—Projector onto the energy eigenspace of
eigenvalue λi, satisfying PiHPi = λiPi.

(m) β ∈ R≥0—Inverse temperature.
(n) ρβ ∈ D�—Gibbs (thermal) state associated with H

and inverse temperature β, see Eq. (1).
(o) F(k,l)

� ⊂ S�—Family of (k, l)-local Hamiltonians on
lattice � being a sum of terms that has no support on
more than k sites and each site appears on at most l
terms; see Definition B1.

2. Norms and distances

(a) ‖ · ‖1—Schatten 1-norm (trace norm) on operators.
For O ∈ M�, it is defined by

‖O‖1 := Tr
√

O†O. (A1)

(b) ‖ · ‖∞—∞-norm (operator or spectral norm) on
operators. For O ∈ M�, it is defined by

‖O‖∞ := sup
‖v‖=1

‖Ov‖ . (A2)

Here v ∈ H� and ‖v‖ = √〈v|v|v|v〉.
(c) ‖ · ‖�—Diamond norm on superoperators. For E :

M� → M� it is defined as

‖E‖� := max
X :‖X ‖1≤1

‖(E ⊗ I) X ‖1 ,

where I : M� → M� is the identity operator, and
the maximum is taken over X ∈ M⊗2

� .
(d) |||X |||—oscillator norm

|||X ||| :=
∑

a∈�

‖δa(X )‖∞,

where δa(X ) := X − 1
2 Ia ⊗ tra(X ).

(e) ‖L‖p→p : Induced p − p norm on a superoperator L,

‖L‖p→p = sup
O

‖L[O]‖p

‖O‖p
.

3. Dissipative dynamics

(a) t ∈ R≥0—Continuous time.
(b) Lβ : M� → M�—Lindbladian superoperator gov-

erning the dissipative dynamics that prepares the
Gibbs state ρβ ; see Eq. (3).

(c) Aa,α ∈ M�—Single-qubit operator acting on site a;
chosen to be Pauli operators; see Eq. (5).

(d) α ∈ N or R—Discrete index labeling jump opera-
tors defined within the neighborhood of qubit a ∈
�.

(e) f (t), q(ν) : R → C—Filter and envelope functions,
respectively; see Eq. (6).

(f) Ha,r ∈ S�—Truncated Hamiltonian for the neigh-
borhood of qubit a with radius r; see Eq. (18).

(g) Lβ,r : M� → M�—Truncated Lindbladian by the
radius r; see Eq. (19).

(h) ρβ,r : steady state of truncated Lindbladian Lβ,r,
introduced in Theorem 1.

(i) tmix ∈ R+—Mixing time, i.e., minimum time after
which the distance between any two states contracts
by at least a certain fixed fraction; see Definition 1.
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4. Trotterization and compilation

(a) τ ∈ R+—Trotter step size (time discretization).
Introduced in Sec. III B.

(b) M ∈ N—Number of Trotter steps, such that t =
Mτ . Introduced in Sec. III B.

(c) Ca,α
r,τ : M� → M�—Quantum channel that approx-

imates exp
(
τLβ,r

a,α

)
using one ancilla qubit and a

unitary operation. Introduced in Eq. (34).
(d) Et,τ : M� → M�—Randomized Trotterization

channel for evolution time t compiled as a sequence
of M = t/τ Trotterization gadgets with Trotter step
τ . Introduced in Eq. (30).

(e) m ∈ N—Number of repeating depth-3 modules in
the gadget compilation circuit. Introduced in Fig. 3.

5. List of functions

(a) f (t), q(ν) : R → C—Filter and envelope functions,
respectively; introduced in Eq. (6).

(b) g1(t), g2(t) : R → C—Kernel functions in time
domain, introduced in Eq. (13).

(c) g(ν1, ν2) : R → C—Combined kernel function for
the coherent term in frequency domain, introduced
in Eq. (C4).

(d) �(r0) function to bound the quasilocality of the
Lindbladian, introduced in Eq. (D12).

(e) η(β) function to bound the distance of the Lind-
bladian Lβ to the Lindbladian Lβ=0, introduced
in Eq. (D13). The analogous function η′(β) for
the truncated Lindbladian Lβ,r is introduced in
Eq. (D60).

(f) k(r0, β), function to bound the decay of the oscil-
lator norm for the Lindbladian Lβ , introduced in
Eq. (D14). The modified version to characterize the
oscillator norm decay for the truncated Lindbladian
Lβ,r, k′(r0, β), is introduced in Eq. (D60).

(g) u(r0), function appearing in definition of k(r0, β),
defined in Eq. (D15). The analogous function u′(r0)

for the truncated Lindbladian Lβ,r is introduced in
Eq. (D60).

(h) γ (x) = √
x/(1 + √

x), appearing in bounds for
fixed point and local observable errors, first appear-
ance above Eq. (D31).

(i) ξ1(r, βJ ) and ξ2(r, βJ ) functions appearing in
bounds of �(r0), first defined in Eqs. (D33)
and (D43).

(j) m(|X |) : R → R: quantifies how the truncation-
error bound for an operator’s expectation value
on X ⊂ � grows with the region size |X | (see
Theorem 3).

(k) b(r) : R → R: characterizes the decay of that error
bound as the truncation radius r increases (see
Theorem 3).

APPENDIX B: LIEB-ROBINSON BOUNDS

The error bounds for truncated Lindbladians arise from
the locality structure of the underlying lattice, which
enables the use of Lieb-Robinson bounds. This Appendix
provides a very brief overview of the Lieb-Robinson
bounds; for a more detailed introduction, see Ref. [31].

Definition B1. We define F(k,l)
� ⊂ S� to be the family of

(k, l)-local Hamiltonians on lattice � such that any H ∈
F(k,l)

� has the form

H =
∑

X ⊆�

hX ,

where each term hX ∈ SX acts on X ⊆ � with |X | ≤ k,
and such that each site a ∈ � appears in the support of at
most l terms in the sum. That is, for all a ∈ �, the number
of subsets X with a ∈ X and hX �= 0 is at most l.

For any Hamiltonian H ∈ F(k,l)
� , we define

h := max
X

‖hX ‖∞

as the uniform upper bound on the norm of the local terms
in the Hamiltonian, where ‖ · ‖∞ is spectral norm, see
Eq. (A2).

Assume that the parameters h, k, and l are independent
of the total number of sites n. Under these assumptions, the
Lieb-Robinson velocity is defined by

J := max
a∈�

∑

X �a

|X | ‖hX ‖∞ = O(hkl). (B1)

Given a radius r, the growth of an operator Aa ∈ Ma
supported on site a ∈ � is bounded by [48–52]

‖e−iHtAaeiHt − e−iHa,rtAaeiHa,rt‖∞ ≤ ‖Aa‖∞
(2J |t|)r

r!
,

(B2)

where Ha,r is a reduction of the Hamiltonian to the ball
Ba(r) of radius r centered at site a, as defined in Eq. (18).

APPENDIX C: DISSIPATIVE DYNAMICS
STRUCTURE

This Appendix provides explicit time-domain expres-
sions for the jump operators and the coherent term of the
Lindbladian in Eq. (4), which are necessary to provide the
proofs in Appendixes D and E.
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1. The Lindbladian in time domain

Let us focus our attention on the Gaussian envelope
function

q(ν) = exp
(

− (βν)2

8

)
. (C1)

After taking the Fourier transform, the corresponding filter
function from Eq. (6) becomes

f (t) = 1
2π

∫ ∞

−∞
dν exp

(
− (βν)2

8

)
exp

(
−βν

4

)
eitν

=
√

2
πβ2 exp

(
(β − 4it)2

8β2

)
. (C2)

The jump operators then have the form

La,α =
∑

ν∈	(H)

q(ν)e− βν
4 Aa,α

ν

=
∑

ν∈	(H)

exp
(

− (βν + 1)2 − 1
8

)
Aa,α

ν , (C3)

where Aa,α
ν are spectral components of the operator Aa,α as

defined in Eq. (8), and the coherent term in Eq. (7) is

Gβ
a,α = − i

2

∑

ν∈	(H)

tanh
(

−βν

4

) (
Lβ†

a,αLβ
a,α

)
ν

=
∑

ν1,ν2∈	(H)

g(ν1, ν2)Aa,α†
ν2

Aa,α
ν1

, (C4)

where the prefactor function is given by

g(ν1, ν2) := − i
2

tanh
(

−β(ν1 − ν2)

4

)

× exp
(

− (βν1 + 1)2 − 1
8

)

× exp
(

− (βν2 + 1)2 − 1
8

)
. (C5)

Introducing the shorthand ν± = ν1 ± ν2, this simplifies to

g(ν1, ν2) = − i
2

tanh
(

−βν−
4

)
exp

(
−β2ν2

+ + 4βν+
16

)

× exp
(

−β2ν2
−

16

)
. (C6)

The splitting into contributions in ν+ and ν− allows for
conversion into a time representation. Using the results in

Appendix A of Ref. [22], Gβ
a,α can be written as

Gβ
a,α =

∫ ∞

−∞
g1(t) e−iHt

×
(∫ ∞

−∞
g2(t′) eiHt′Aa,α†e−2iHt′Aa,αeiHt′dt′

)
eiHtdt,

(C7)

with the kernel functions g1(t) and g2(t) defined as follows
Appendix A of Ref. [22]. The first function is

g1(t) = 1√
2π

∫ ∞

−∞
dν− eiν−t 1

2π

1
2i

tanh
(

−βν−
4

)
e− β2ν2−

16

=
⎡

⎣ −1

πβ cosh
(

2π t
β

)

⎤

⎦ ∗t

[√
2

β
e

1
4 − 4t2

β2 sin
(

2t
β

)]
,

(C8)

where f (t) ∗t g(t) = ∫∞
−∞ f (s)g(t − s) ds denotes the con-

volution. The second function is

g2(t) = 1√
2π

∫ ∞

−∞
dν+ eiν+t exp

(
−β2ν2

+ + 4βν+
16

)

= 2
√

2
β

exp
(

(β − 4it)2

4β2

)
. (C9)

For future proofs, it would be useful to provide some upper
bounds for these functions. Using Young’s inequality and
taking into account that | sin(2t/β)| ≤ 1, we get

∫ ∞

−∞
dt|g1(t)| ≤

∫ ∞

−∞
dt

1

πβ cosh
(

2π t
β

) ×
∫ ∞

−∞
ds

√
2

β
e

1
4 − 4s2

β2

= 1
2π

×
√

2πe1/4

2
= e1/4

2
√

2π
. (C10)

Also, we can show that

∫ ∞

−∞
dt|g2(t)| =

∫ ∞

−∞
dt

2
√

2
β

e
1
4 e

− 4t2

β2 = e
1
4
√

2π . (C11)

Next, we prove the following results for the tails of these
functions.

Lemma C1. For any t0 ≥ 0, the functions g1(t) and g2(t)
satisfy

∫ ∞

t0
dt|g1(t)| ≤

√
2

2π3/2 e
1
4

(
e

π2
4 e− 2π t0

β + 1
2

erfc
(

2t0
β

))
,

(C12)
∫ ∞

t0
dt|g2(t)| ≤

√
π

2
e

1
4 erfc

(
2t0
β

)
. (C13)
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Proof. Consider first g1(t). We have for t0 > 0
∫ ∞

t0
dt|g1(t)|

≤
∫ ∞

t0
dt
∫ ∞

−∞
ds

1

πβ cosh
(

2πs
β

)
√

2
β

e
1
4 − 4(t−s)2

β2

≤ 2
√

2
πβ2 e

1
4

∫ ∞

t0
dt
∫ ∞

0
ds e− 2πs

β

(
e
− 4(t−s)2

β2 + e
− 4(t+s)2

β2

)
,

(C14)

where we used 1/ cosh(x) ≤ 2e−|x| in the last line and split
the integral over s into two halves

∫∞
0 and

∫ 0
−∞.

Let us consider the first integral in the form

I1 =
∫ ∞

t0
dt
∫ ∞

0
ds e− 2πs

β e
− 4(t−s)2

β2 ,

one finds by completing the square in s that

∫ ∞

0
ds e− 2πs

β e
− 4(t−s)2

β2 = β
√

π

4
e

π2
4 e− 2π t

β erfc
(

π

2
− 2t

β

)
.

Hence, we get

I1 = β
√

π

4
e

π2
4

∫ ∞

t0
dt e− 2π t

β erfc
(

π

2
− 2t

β

)
.

Since erfc(x) ≤ 2 for all x, we get the bound

I1 ≤ β
√

π

2
e

π2
4

∫ ∞

t0
dt e− 2π t

β = β2

4
√

π
e

π2
4 e− 2π t0

β .

The other term can be bounded as

I2 =
∫ ∞

t0
dt
∫ ∞

0
ds e− 2πs

β e
− 4(t+s)2

β2

≤
∫ ∞

t0
dt
∫ ∞

0
ds e− 2πs

β e
− 4t2

β2 = β2

8
√

π
erfc

(
−2t0

β

)
.

(C15)

This leads us to the expression in Eq. (C12). The expres-
sion in Eq. (C13) follows from bounding an Gaussian
integral. �

2. Zero-temperature Lindblad operator

In the infinite-temperature limit, i.e., as β → 0, the func-
tion g(ν1, ν2) in Eq. (C5) vanishes, implying that Gβ=0

a,α =
0. Moreover, from Eq. (C2), it follows that

lim
β→0

f (t) = δ(t), (C16)

where δ(t) denotes the Dirac delta function.

Given this limiting behavior, and choosing the oper-
ator set as in Eq. (16), the Lindblad generator in the
zero-temperature case simplifies to

Lβ=0(ρ) =
∑

a∈�

∑

α

(
Aa,αρAa,α† − 1

2
{Aa,α†Aa,α , ρ}

)

=
∑

a∈�

(
1
2

tra(ρ) ⊗ Ia − ρ

)
, (C17)

where tra is the partial trace over the single-qubit space
Ha and Ia ∈ Ha → Ha is the identity operator on qubit a.
This expression corresponds to the generator of the depo-
larizing noise channel, which drives the system toward the
maximally mixed state by uniformly averaging over local
Pauli operators [23].

APPENDIX D: BOUNDS ON THE TRACE
DISTANCE

This Appendix gives the proof for Theorems 1 and 2.

Theorem D1 (Truncation error, Theorem 1 restated).
Let H be a local Hamiltonian on a finite lattice � with
n qubits, ρβ the Gibbs state, and Lβ,r the truncated Lind-
bladian in Eq. (19). Then, there exists a constant β∗ =
1/500DJ such that for any β < β∗, there exists a unique
ρβ,r ∈ M� satisfying Lβ,r(ρβ,r) = 0 and J > 0, such that

‖ρβ,r − ρβ‖1 = O
(
(βJ )r/2n log n

)
, (D1)

where ‖ · ‖1 denotes the trace norm.

Theorem D2 (Theorem 2 restated). Let H be a (k, l)-
local Hamiltonian with Lieb-Robinson velocity J > 0 act-
ing on n qubits arranged on a D-dimensional lattice, and
let β∗ = 1/2020DJ . Then, for any β < β∗, state ρ and
ε > 0, the generator Lβ in Eq. (3) with the choice q(ν) =
e−(βν)2/8 and its fixed point ρβ satisfy

‖etL(ρ) − ρβ‖1 ≤ ε‖ρ − ρβ‖1 for all t = 	(log(n/ε)).
(D2)

From this statement, it follows that for β < β∗, the mixing
time of the Lindbladian Lβ scales as tmix = O(log n). This
statement is also true for the truncated Lindbladian Lβ,r

and its fixed point ρβ,r, respectively.

Note that the results for the nontruncated Lindbladian
generators presented in Ref. [26] are analogous to those
for the generators introduced in Ref. [22]. In particular,
for the latter generators, a logarithmic scaling of the mix-
ing time with system size at inverse temperatures β < β∗
was established in Ref. [23]. By leveraging the structure of
their proof, we extend this result to the Lindblad genera-
tor defined in Eq. (3) of Ref. [26] for the specific choice
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qa,α(ν) = exp
(−(βν)2/8

)
. Crucially, the argument relies

only on the quasilocality of the jump operators and hence
applies equally to any other choice of qa,α(ν) for which
the corresponding envelope function f (t) in Eq. (6) decays
sufficiently rapidly in t.

Furthermore, quasilocality of the jump operators is pre-
served under truncation. Consequently, the mixing time
remains logarithmic in the system size even when one
considers the truncated Lindbladian Lβ,r, albeit now with
respect to the perturbed fixed point ρβ,r. It therefore suf-
fices to prove Theorem D2 for Lβ,r, and hence to establish
Theorem D1.

The rest of the Appendix section is structured as fol-
lows. In Appendix D 1, we state the necessary propo-
sitions and lemmas to set up the proofs. These pre-
liminaries allow us to construct the proof of Theorem
D2 in Appendix D 2, which in turn relies on Lemma
D2, proved in Appendix D 3. Finally, we complete the
present Appendix section by proving Theorem D1 in
Appendix D 4.

1. Preliminaries

This subsection collects the necessary lemmas to pro-
vide the proofs for Theorems D1 and D2. The proof of
Theorem D1 is built on the following lemma that connects
the fixed points of a pair of close Lindbladians:

Lemma D1 (Lemma II.1 of Ref. [21]). Let L1 and L2 be
two generators of Lindbladian evolution with unique fixed
points ρfix(L1) and ρfix(L2), respectively. Then, the trace
norm difference between these fixed points satisfies

∥∥ρfix(L1) − ρfix(L2)
∥∥

1 ≤ 4 ‖L1 − L2‖1→1 · tmix(L1),
(D3)

where tmix(L1) denotes the mixing time of the generator
L1.

This lemma establishes a bound relating the distance
between the fixed points of two Lindbladian generators,
the superoperator difference norm ‖L1 − L2‖1→1, and the
mixing time tmix. The proof can be found in Ref. [21].

In order to prove Theorem D2 and a fast mixing time,
we make use of the following lemma:

Lemma D2. Consider the oscillator norm

|||X ||| :=
∑

a∈�

‖δa(X )‖∞,

where δa(X ) := X − 1
2 Ia ⊗ tra(X ). Under the same

assumptions as for Theorem D2, for β < β∗ there exists
a κ ≡ κ(β) with 0 ≤ κ < 1 such that, for any initial

observable X ,
∣∣∣
∣∣∣
∣∣∣etLβ†

(X )

∣∣∣
∣∣∣
∣∣∣ ≤ e−(1−κ)t|||X |||. (D4)

Additionally, for β < β∗, there exists a κ ′(β) with 0 ≤
κ ′ < 1 such that, for any initial observable X ,

∣∣∣
∣∣∣
∣∣∣etLβ,r†

(X )

∣∣∣
∣∣∣
∣∣∣ ≤ e−(1−κ ′)t|||X |||. (D5)

We provide the proof of this lemma, which relies on the
quasilocality of the Lindbladian, in Appendix D 3. It fol-
lows the steps of Ref. [23]. Furthermore, the proof gives as
a by-product a bound on

∥∥Lβ − Lβ,r
∥∥

1→1 which we use in
combination with Lemma D1 and Theorem D2 to obtain
the proof of Theorem D1.

2. Proof of Theorem D2

The proof follows the same steps as the proof for the log-
arithmic mixing time in Ref. [23] for the specific instance
of quantum Gibbs sampler in Ref. [22].

The uniqueness of the fixed point follows because the
operators Aa,α in the Lindbladian in Eq. (19) form a
complete set of generators and thus the Lindbladian is
irreducible [26,31]. Consider

‖etLβ
(ρ) − ρβ‖1 = sup

‖X ‖∞≤1
tr(X (etLβ

(ρ) − ρβ))

= sup
‖X ‖∞≤1

tr(etLβ†
(X )

(
ρ − ρβ

)
). (D6)

Here we used the definition of the adjoint operator
tr(XetLβ

(ρ)) = tr(etLβ†
(X )ρ), and the invariance of the

steady state under dissipative evolution etLβ
(ρβ) = ρβ .

Observe now, that tr(ρ − ρβ) = 0 and thus

tr(etLβ†
(X )

(
ρ − ρβ

)
)

= tr(etLβ†
(X )

(
ρ − ρβ

)
) − 2−ntr(etLβ†

(X ))tr(ρ − ρβ)

= tr(etLβ†
(X )

(
ρ − ρβ

)
) − tr(2−ntr(etLβ†

(X ))I
(
ρ − ρβ

)
)

= tr(
(

etLβ†
(X ) − 2−ntr(etLβ†

(X ))I
) (

ρ − ρβ

)
). (D7)

We can use this expression in Eq. (D6) and obtain together
with Lemma D2 that

‖etLβ
(ρ) − ρβ‖1

= sup
‖X ‖∞≤1

‖etLβ†
(X ) − 2−ntr(etLβ†

(X ))I‖∞‖ρ − ρβ‖1

≤ sup
‖X ‖∞≤1

∣∣∣
∣∣∣
∣∣∣etLβ†

(X )

∣∣∣
∣∣∣
∣∣∣ ‖ρ − ρβ‖1

≤ e−(1−κ)t sup
‖X ‖∞≤1

|||X ||| ‖ρ − ρβ‖1

≤ 2n‖ρ − ρβ‖1e−(1−κ)t. (D8)
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In the first line, we have used the fact that the trace over
many sites can be written sequentially as a composition of
trace over single sites. In the last line, we used

‖δa(X )‖∞ ≤ ‖X ‖∞ + 1
2
‖Ia ⊗ tra(X )‖∞ ≤ 2‖X ‖∞,

(D9)

since the operator norm is not increased by partial trace,
and thus |||X ||| ≤ 2n. From this it follows that

‖etL(ρ) − ρβ‖1 ≤ ε‖ρ − ρβ‖1, (D10)

with

t = 1
1 − κ

log
(

2n
ε

)
. (D11)

This concludes the proof of Theorem D2.

3. Proof of Lemma D2

In this Appendix subsection, we give the proof of
Lemma D2, following the same steps as Ref. [23].

Proof of Lemma D2. We define for any r0 ∈ N and β

the quantities

�(r0) =
∑

r≥r0

‖Lβ,r† − Lβ,(r−1)†‖∞→∞, (D12)

η(β) = ‖Lβ† − L0†‖∞→∞. (D13)

Each term appearing in the oscillator norm can be
bounded locally [23,53]. These local bounds allow bound-
ing the decay of the oscillator norm, as is shown in
Ref. [53]. More specifically, consider the following quan-
tity [Eq. (A35) of Ref. [23]], which arises from geomet-
rical considerations of the D-dimensional lattice and the
behavior of the oscillator norm,

k(r0, β) = 4(2r0 + 1)2Dη(β) + u(r0), (D14)

where u(r0) is defined as

u(r0) = 5(2r0 + 1)2D�(r0) + (5 + 2r0 + 2(2r0 + 1)D)

×
∑

l≥r0

(2l + 1)2D−1�(l)

+ 2
∑

l′≥r0

∑

l≥l′
(2l + 1)2D−2�(l). (D15)

Concretely, if there exists an r0 ∈ N and β such that
k(r0, β) < 1, then the inequality equation (D4) is satisfied
by the choice κ = k(r0, β). The remaining strategy for the
proof is thus the following: First, we provide bounds on
�(r) and η(β) for the Lindbladian Lβ . This allows us to
bound u(r0) for β < β∗, and a properly chosen r0 such that
k(r0, β) < 1, which will complete the proof. �

a. Bounding �(r)

In the following, the steps in (Ref. [23], Appendix B)
are adapted to the Lindbladian Lβ in Eq. (3).

As the first step, the Lindbladian equation (3) can be
rewritten as a telescopic sum

Lβ
a,α = Lβ,0

a,α +
∞∑

r=0

(Lβ,r+1
a,α − Lβ,r

a,α

) ≡ Lβ,0
a,α +

∞∑

r=0

Eβ,r
a,α ,

(D16)

with Eβ,r
a,α := Lβ,r+1

a,α − Lβ,r
a,α the finite difference operator

supported on Ba(r + 1) [54].
In this representation, the difference between Lβ

a,α and
Lβ,r

a,α is given by

Lβ
a,α − Lβ,r

a,α =
∞∑

r′=r

Eβ,r′
a,α . (D17)

It remains to be shown that the terms Eβ,r
a,α decay sufficiently

fast with the radius r.
We aim to show that there is a sequence of Lindbladians

with jump operators with support on a region of radius r
such that, for a fast-decaying function ζ(r),

∥∥Eβ,r
a,α

∥∥
∞→∞ ≤ ζ(r). (D18)

Recall the jump operators and coherent term of the Lind-
bladian Lβ,r

a,α:

Lβ,r
a,α :=

∫ ∞

−∞
eiHrtAa,αe−iHrt f (t) dt, (D19)

and coherent part

Gβ,r
a,α ≡

∫ ∞

−∞
g1(t)e−iHrt

∫ ∞

−∞
g2(t′)eiHrt′Aa,α†e−2iHrt′

× Aa,αeiHrt′dt′eiHrtdt (D20)

=
∫ ∞

−∞

∫ ∞

−∞
g1(t)g2(t′)Aa,α†

r (t − t′)Aa,α
r (t + t′)dt′dt.

(D21)

The explicit expressions for f (t), g1(t) and g2(t) with the
choice of q(ν) in Eq. (11) are given by [cf. Appendix C 1]

f (t) =
√

2
πβ2 e

(β−4it)2

8β2 , (D22)

g1(t) =
⎡

⎣ −1

πβ cosh
(

2π t
β

)

⎤

⎦ ∗t

[√
2

β
e

1
4 − 4t2

β2 sin
(

2t
β

)]
,

(D23)

g2(t) = 2
√

2
β

e
(β−4it)2

4β2 . (D24)
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In the following, we consider the dissipative part of the Lindbladian Dβ,r
a,α defined as

∀X : Dβ,r
a,α(X ) := Lβ,r

a,αXLβ,r†
a,α − 1

2
{Lβ,r†

a,α Lβ,r
a,α , X }. (D25)

To proceed, we note that using the triangle inequality, we have

∥∥Lβ,(r+1)
a,α XLβ,(r+1)†

a,α − Lβ,r
a,αXLβ,r†

a,α

∥∥
∞

= ∥∥(Lβ,(r+1)
a,α − Lβ,r

a,α)XLβ,(r+1)†
a,α − Lβ,r

a,αX (Lβ,r†
a,α − Lβ,(r+1)†

a,α )
∥∥

∞
≤ ∥∥(Lβ,(r+1)

a,α − Lβ,r
a,α)XLβ,(r+1)†

a,α

∥∥
∞ + ∥∥Lβ,r

a,αX (Lβ,r†
a,α − Lβ,(r+1)†

a,α )
∥∥

∞ . (D26)

We can further bound the terms using Hoelder’s inequality,

∥∥(Lβ,(r+1)
a,α − Lβ,r

a,α)XLβ,(r+1)†
a,α

∥∥
∞ ≤ ∥∥Lβ,(r+1)

a,α − Lβ,r
a,α

∥∥
∞ ‖X ‖∞

∥∥Lβ,(r+1)†
a,α

∥∥
∞ . (D27)

Using the same steps, the same result is obtained for 1
2 {Lβ,r†

a,α Lβ,r
a,α , X }. Combining Eqs. (D26) and (D27), this gives

∥∥Dβ,(r+1)
a,α − Dβ,r

a,α

∥∥
∞→∞ = sup

X

∥∥∥Dβ,(r+1)
a,α (X ) − Dβ,r

a,α(X )

∥∥∥
∞

‖X ‖∞
≤ 2

(∥∥Lβ,r
a,α

∥∥
∞ + ∥∥Lβ,(r+1)

a,α

∥∥
∞
) ∥∥Lβ,(r+1)

a,α − Lβ,r
a,α

∥∥
∞ . (D28)

Consider the last factor,

∥∥Lβ,(r+1)
a,α − Lβ,r

a,α

∥∥
∞ =

∥∥∥∥
∫ ∞

−∞
dtf (t)e−iHr+1tAa,αeiHr+1t − e−iHrtAa,αeiHrt

∥∥∥∥
∞

. (D29)

In order to bound the integral, we split the integration range in a short time interval t ∈ [−t0, t0] and long-time tails
|t| > t0. The choice of t0 will be fixed below such that the resulting bound shows explicit decay with r and it is explicit
that it vanishes in the limit β → 0.

For the short time interval t ∈ [−t0, t0], we use the Lieb-Robinson bound (B2). For the long-time tails, we use the trivial
upper bound

∥∥e−iHr+1tAa,αeiHr+1t − e−iHrtAa,αeiHrt
∥∥

∞ ≤ ∥∥e−iHr+1tAa,αeiHr+1t
∥∥

∞ + ∥∥e−iHrtAa,αeiHrt
∥∥

∞ ≤ 2
∥∥Aa,α

∥∥
∞ .

The last factor in Eq. (D28) can then be bounded by

∥∥Lβ,(r+1)
a,α − Lβ,r

a,α

∥∥
∞ ≤ ∥∥Aa,α

∥∥
∞

∫ t0

−t0
|f (t)| (2J |t|)r

r!
dt + 4

∥∥Aa,α
∥∥

∞

∫ ∞

t0
f (t)dt

≤ ∥∥Aa,α
∥∥

∞

(
(2Je|t0|)r

rr

∫ ∞

−∞
|f (t)|dt + 4

∫ ∞

t0
|f (t)|dt

)

≤ ∥∥Aa,α
∥∥

∞ e
1
8

(
(2Je|t0|)r

rr + 2e
−2t20
β2 β√

2π t0

)
. (D30)

In the second line, we used the estimate r! ≥ rr/er−1 and in the last line the upper bound on the complementary error
function erfc(x) ≤ e−x2

/
√

πx to evaluate the integrals.
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With the choice t0 = rγ (βJ )/2Je with γ (x) = √
x/(1 + √

x), this gives

∥∥Lβ,(r+1)
a,α − Lβ,r

a,α

∥∥
∞ ≤ e

1
8
∥∥Aa,α

∥∥
∞

(
γ (βJ )r + 4βJe√

2πrγ (βJ )
e
− r2γ (βJ )2

2(βJe)2

)
. (D31)

Furthermore, we have
∥∥Lβ,(r+1)

a,α

∥∥
∞ ≤ e1/8

∥∥Aa,α
∥∥

∞ . (D32)

Thus we have

∥∥Dβ,(r+1)
a,α − Dβ,r

a,α

∥∥
∞→∞ ≤ 4

∥∥Aa,α
∥∥2

∞ e
1
4

(
γ (βJ )r + 4βJe√

2πrγ (βJ )
e
− r2γ (βJ )2

2(βJe)2

)
≡ ∥∥Aa,α

∥∥2
∞ ξ1(r, βJ ). (D33)

For the coherent part, similar to our derivation of Eqs. (D26) and (D27), it can be shown that
∥∥−i[Gβ,r

a,α − Gβ,(r+1)
a,α , ·]∥∥∞→∞ ≤ 2

∥∥Gβ,r
a,α − Gβ,(r+1)

a,α

∥∥
∞ (D34)

and

∥∥Gβ,r
a,α − Gβ,(r+1)

a,α

∥∥
∞ ≤

∫ ∞

−∞

∫ ∞

−∞
|g1(t)g2(t′)|

∥∥∥Aa,α
r (t − t′)†Aa,α

r (t + t′) − Aa,α†
r+1 (t − t′)Aa,α

r+1(t + t′)
∥∥∥

∞
dt′dt. (D35)

We can split the interval into five regions as follows, with a different cutoff t0:

∫ ∞

−∞

∫ ∞

−∞
· · · =

∫ t0

−t0

∫ t0

−t0
+
∫ ∞

t0

∫ t0

−t0
+
∫ ∞

−∞

∫ ∞

t0
+
∫ −t0

−∞

∫ t0

−t0
+
∫ ∞

−∞

∫ −t0

−∞
. (D36)

The integral can be bounded as

∫ ∞

−∞

∫ ∞

−∞
| · · · | ≤

∫ t0

−t0

∫ t0

−t0
+
∫ ∞

t0

∫ ∞

−∞
+
∫ ∞

−∞

∫ ∞

t0
+
∫ −t0

−∞

∫ ∞

−∞
+
∫ ∞

−∞

∫ −t0

−∞
. (D37)

Consider the first integral. With a similar argument as Eqs. (D26)–(D28), we obtain

∫ t0

−t0

∫ t0

−t0
|g1(t)g2(t′)|

∥∥∥Aa,α†
r (t − t′)Aa,α

r (t + t′) − Aa,α†
r+1 (t − t′)Aa,α

r+1(t + t′)
∥∥∥

∞
dt′dt ≤ e1/2 (4Je|t0|)r

2rr

× ∥∥Aa,α†Aa,α
∥∥

∞ , (D38)

where we used the Lieb-Robinson bound and that
∫∞
−∞
∫∞
−∞ |g1(t)g2(t′)|dt′dt ≤ e1/2/2 (cf. Appendix C 1).

For the other long-time contributions, we simply bound
∥∥∥Aa,α†

r (t − t′)Aa,α
r (t + t′) − Aa,α†

r+1 (t − t′)Aa,α
r+1(t + t′)

∥∥∥
∞

≤ 2
∥∥Aa,α†Aa,α

∥∥
∞ = 2

∥∥Aa,α
∥∥2

∞ . (D39)

Given the tail bounds [cf. Eqs. (C12) and (C13)]

∫ ∞

t0
|g1(t)|dt ≤

√
2

2π3/2 e
1
4

(
e

π2
4 e− 2π t0

β + 1
2

erfc
(

2t0
β

))
, (D40)

∫ ∞

t0
|g2(t)|dt ≤

√
π

2
e

1
4 erfc

(
2t0
β

)
, (D41)
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the contribution of all the other terms in the integral in Eq. (D35) can be bounded as

2
(∫ ∞

−∞

∫ ∞

t0
+ · · ·

)
|g1(t)g2(t′)|dt′dt

∥∥Aa,α
∥∥2

∞ ≤ 2

⎛

⎜⎝
2e

1
2

π
e

π2
4 e− 2π t0

β + e
1
2
βe

− 2t20
β2

2t0
√

π

⎞

⎟⎠
∥∥Aa,α

∥∥2
∞ . (D42)

With the choice t0 = γ (βJ )r/(4Je) we obtain

∥∥−i[Gβ,r
a,α − Gβ,(r+1)

a,α , ·]∥∥∞→∞ ≤ e1/2
∥∥Aa,α

∥∥2
∞

(
γ (βJ )r + 8

π
e

π2
4 − πγ (βJ )

2βJe r + 8βJe√
πrγ (βJ )

e
− (rγ (βJ ))2

8(βJe)2

)
(D43)

≡ ∥∥Aa,α
∥∥2

∞ ξ2(r, βJ ). (D44)

With the assumption ‖Aa,α‖∞ ≤ 1, we can take ζ(r) in
Eq. (D18) to be

ζ(r) = ξ1(r, βJ ) + ξ2(r, βJ ). (D45)

ζ(r) is exponentially decaying in r and vanishes as β →
0. With the definition υ := βJ/γ (βJ ) = √

βJ (1 + √
βJ )

and taking r ≥ 1, a crude bound for ζ(r) is given by

ζ(r) ≤ 7γ (βJ )r + 44υe− r2

2e2υ2 + 50e− πr
2eυ . (D46)

For βJ ≤ 1/100, it can be verified numerically (cf. Fig.
12) that the term 7γ (βJ )r in Eq. (D46) is dominant [55],
therefore the other terms contribute at most 7γ (βJ )r. Thus
for βJ ≤ 1

100 , we obtain

∥∥Eβ,r
a,α

∥∥
∞→∞ ≤ ζ(r) ≤ 14γ (βJ )r, (D47)

and therefore

�(r0) =
∞∑

r=r0

∥∥Eβ,r
a,α

∥∥
∞→∞ =

∑

r≥r0

ζ(r) ≤ 14γ (βJ )r0

1 − γ (βJ )
.

(D48)

The proper r0 will be chosen below in Appendix D 3 c.

b. Bounding η(β)

As a next step, we have to bound η(β) = ‖Lβ† −
L0†‖∞→∞.

Consider L0. It can be shown (cf. Sec. C 2) that
L0†(X ) :=∑a∈�

( 1
2 Ia ⊗ tra(X ) − X

)
for any X . This is

the generator of the fully depolarizing channel.

As before, we consider coherent and dissipative parts
separately. For the jump operators, we have

∥∥Lβ
a,α − L0

a,α

∥∥
∞ ≤

∫ ∞

−∞

∥∥Aa,α(t) − Aa,α
∥∥

∞ f (t) dt (D49)

≤ ‖[H , A]‖∞

∫ ∞

−∞
|tf (t)|dt (D50)

≤ 2√
2π

e
1
8 βJ

∥∥Aa,α
∥∥

∞ . (D51)

Here we have used ‖A(t) − A‖∞ ≤ |t| ‖[H , A]‖∞ ≤ 2J |t|
‖A‖∞ [23]. With ‖Aa,α‖∞ ≤ 1, we obtain, with a similar
derivation as Eq. (D28),

‖Dβ†
a,α − D0†

a,α‖∞→∞ ≤ 8βJ√
2π

e
1
8 . (D52)

For the coherent part, we introduce c1 = ∫∞
−∞
∫∞
−∞ g1(t)

g2(t′)dt′dt. With our choice of the jump operators Aa,α , we
have (Aa,α)2 = I, and

10−3 10−2 10−1

βJ

10−5

10−3

10−1

101

44υe− 1
2e2υ2 + 50e− π

2eυ

7γ(βJ)

βJ = 1
100

FIG. 12. The contributions in Eq. (D46) for r = 1. As long
βJ ≤ 1

100 , the term 7γ (βJ )r is dominant.
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∥∥Gβ
a,α − c1I

∥∥
∞ ≤

∫ ∞

−∞

∫ ∞

−∞
|g1(t)g2(t′)|

∥∥Aa,α(−t′)Aa,α(t′) − I
∥∥

∞ dt′dt

=
∫ ∞

−∞

∫ ∞

−∞
|g1(t)g2(t′)|

∥∥(Aa,α(−t′) − Aa,α)Aa,α(t′) + Aa,α (Aa,α(t′) − Aa,α)∥∥
∞ dt′dt

≤ 4J
∥∥Aa,α

∥∥2
∞

∫ ∞

−∞

∫ ∞

−∞
|g1(t)g2(t′)||t′|dt′dt = e

1
2√
π

βJ
∥∥Aa,α

∥∥2
∞ . (D53)

This gives

∥∥−i[Gβ
a,α − c1I , ·]∥∥∞→∞ ≤ 2e

1
2√
π

βJ
∥∥Aa,α

∥∥2
∞ . (D54)

Putting Eqs. (D52) and (D54) together, this means we can bound

η(β) = ‖Lβ† − L0†‖∞→∞ ≤ ‖Dβ†
a,α − D0†

a,α‖∞→∞ + ∥∥−i[Gβ
a,α − c1I , ·]∥∥∞→∞ ≤

(
2e1/2

√
π

+ 8e1/8

√
2π

)
βJ < 6βJ . (D55)

c. Bounding u(r0)

It remains to get a bound for u(r0) in Eq. (D15),

u(r0) = 5(2r0 + 1)2D�(r0) + (5 + 2r0 + 2(2r0 + 1)D)∑

l≥r0

(2l + 1)2D−1�(l) + 2
∑

l′≥r0

∑

l≥l′
(2l + 1)2D−2�(l). (D56)

We define s = (βJ )1/D. By definition γ (βJ ) < (βJ )1/2 = sD/2. For r0 ≥ 1, and βJ ≤ 1
100 , γ (βJ ) < 1

2 and thus �(r) <

28γ (βJ ). We can thus bound

∑

l≥r0

(2l + 1)2D−1�(l) ≤
∑

l≥r0

(2l + 1)2D�(l) ≤ 14
1 − γ (βJ )

∑

l≥r0

(2l + 1)2Dγ (βJ )l ≤ 28
∑

l≥r0

(
(2l + 1)4sl)D/2

≤ 28

⎛

⎝
∑

l≥r0

(2l + 1)2sl/2

⎞

⎠
D

. (D57)

Similarly, we can bound

2
∑

l′≥r0

∑

l≥l′
(2l + 1)2D−2�(l) ≤

∑

l≥r0

(2l + 1)2D�(l) ≤ 28

⎛

⎝
∑

l≥r0

(2l + 1)2sl/2

⎞

⎠
D

. (D58)

We have thus

u(r0) ≤ 140((2r0 + 1)sr0/4)2D + 28
(
6 + 2r0 + 2(2r0 + 1)D)

⎛

⎝
∑

l≥r0

(2l + 1)2sl/2

⎞

⎠
D

≤ 140((2r0 + 1)2sr0/2)D + 140(2r0 + 1)D

⎛

⎝
∑

l≥r0

(2l + 1)2sl/2

⎞

⎠
D

. (D59)

For s < 1
2020 and r0 = 4, it can be easily shown that k(r0, β) < 1 in Eq. (D14), and this concludes the proof of Eq. (D4),

with βJ < 1/2020D.
Finally, we prove the statement for truncated Lindbladians [Eq. (D5)]. For truncated Lindbladians Lβ,r we have that

�(l) = 0 for l > r. Similarly to Eq. (D14), the exponential decay of the oscillator norm is characterized by

k′(r0, β) = 4(2r0 + 1)2Dη′(β) + u′(r0). (D60)
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Here u′(r) is a modified version of u(r), with

u′(r0) = 5(2r + 1)2D�(r0) + (5 + 2r + 2(2r0 + 1)D)
r∑

l≥r0

(2l + 1)2D−1�(l) + 2
∑

l′≥r

r∑

l≥l′
(2l + 1)2D−2�(l) (D61)

≤ 140((2r0 + 1)2sr0/2)D + 140(2r0 + 1)D

⎛

⎝
∑

l≥r0

(2l + 1)2sl/2

⎞

⎠
D

, (D62)

and η′(β) = η(β). For r0 > r, u′(r0) = 0 and k(r0, β) in Eq. (D14) is bound by η′(β) ≤ 6βJ = 6sD. We see thus that for
the truncated case as well, for r ≥ 1, κ ′ = k′(r, β) in Eq. (D14) is less than 1 for s < 1/2020. This proves Eq. (D5) as well
with βJ < 1/2020D, concluding the proof.

4. Proof of Theorem D1

In order to apply Lemma D1 for proving Theorem D1, it remains to bound
∥∥Lβ − Lβ.r

∥∥
1→1. But this follows imme-

diately from the proof for Lemma D2: note that the bounds of Lβ
a,α and Lβ,r

a,α derived for the ‖.‖∞→∞ norm also hold
for the ‖.‖1→1-norm. To see this, compare for instance with the bound in Eq. (D27). We have for the transition part
Tr

a,α(ρ) = Lβ,r
a,αρLβ,r†

a,α ,

∥∥Tr+1
a,α − Tr

a,α

∥∥
1→1 = sup

X

∥∥Tr+1
a,α (X ) − Tr+1

a,α (X )
∥∥

1

‖X ‖1
(D63)

= sup
X

∥∥∥(Lβ,(r+1)
a,α − Lβ,r

a,α)XLβ,(r+1)†
a,α + Lβ,r

a,α)X (Lβ,(r+1)†
a,α − Lβ,(r)†

a,α )

∥∥∥
1

‖X ‖1
.

However,
∥∥(Lβ,(r+1)

a,α − Lβ,r
a,α)XLβ,(r+1)†

a,α

∥∥
1

≤ ∥∥Lβ,(r+1)
a,α − Lβ,r

a,α

∥∥
∞ ‖X ‖1

∥∥Lβ,(r+1)†
a,α

∥∥
∞ (D64)

and thus
∥∥Tr+1

a,α − Tr
a,α

∥∥
1→1 ≤ 2

∥∥Lβ,(r+1)
a,α − Lβ,r

a,α

∥∥
∞
∥∥Lβ,(r+1)†

a,α

∥∥
∞ .

(D65)

The same argument holds for the other parts of the
Lindbladian Lβ,r

a,α . From this observation, it immediately
follows, using the same steps as in Appendix D 3:

∑

α

∥∥Lβ
a,α − Lβ,r

a,α

∥∥
1→1 ≤

∑

α

∞∑

r′=r

∥∥∥Eβ,r′
a,α

∥∥∥
1→1

≤
∑

α

7
γ (βJ )r+1

1 − γ (βJ )
= O((βJ )r/2).

(D66)

Adding contributions from n sites, we get
∥∥Lβ − Lβ,r

∥∥
1→1 = O(n(βJ )r/2). (D67)

Also, since we have proved the mixing time scales as log n,
it follows from Lemma D1 that the trace distance between

the steady states of the original and truncated evolution is
given by

‖ρβ,r − ρβ‖1 = O((βJ )r/2n log n). (D68)

This expression concludes our proof of Theorem D1.

APPENDIX E: ERROR BOUND ON LOCAL
OBSERVABLES

In this Appendix, we provide the proof for the following
theorem.

Theorem E1 (Truncation error of local observ-
ables; Theorem 3 restated). Under the assumptions of
Theorem 1, consider β < β∗ and let OX ∈ SX be sup-
ported on X ⊆ �. Then there exist constants γ , η > 0,
depending only on the model parameters and β, such that
ρβ,r satisfies

∣∣tr(ρβ,rOX ) − tr(ρβOX )
∣∣ ≤ ‖OX ‖ c(|X |) [e−γ r + ne−ηdX

]
,

(E1)

where c(|X |) = O (poly(|X |)), n ≡ |�| is the number of
qubits, and

dX = min
a∈X

� (a, ∂�)
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is the minimal graph distance from any a ∈ X to the
boundary ∂�.

For a fixed region X , the distance dX , which is distance
between X and to the complement �c of the lattice �

and is thus the distance to the boundaries, increases with
system size, which implies that the term |�|ν−1

η (dX ) van-
ishes as the system becomes large. This term can therefore
be interpreted as a finite-size correction [35]. The proof
exploits two key features: the rapid-mixing property of the
Lindbladian Lβ and the quasilocal nature of the pertur-
bation introduced by the truncation. Together, they allow
us to invoke the stability theory for local, rapidly mixing
dissipative systems developed in Ref. [35]. We summarize
these foundational results in Appendix E 1 and present the
detailed proof of Theorem E1 in Appendix E 2.

1. Stability of local and rapidly mixing Lindbladians

We will make use of the following stability result,
adapted from Ref. [35]:

Theorem E2 (Adapted from Theorem 7 in Ref. [35]). Let
L be a uniform family of local Lindbladians with finite
range interactions, a unique fixed point, and satisfying
rapid mixing. Consider a perturbation of the form

E� =
∑

a∈�

∑

r′≥0

Ea,r′ ,

where

(1) Each Ea,r′ acts on Ba(r′) and
∥∥Ea,r′

∥∥
1→1 ≤ εe(r′),

where ε > 0 is a small parameter characterizing the
perturbation strength and e(r′) is a rapidly decaying
function with e(r′) < 1.

(2) La,r′ + Ea,r′ is a Lindbladian itself for all a and
r′ ≥ 0.

For any finite lattice �, define L� =∑Ba(r)⊂� La,r the
truncated version of L on �

Tt = exp
(
tL�

)
(E2)

and

St = exp
(
t(L� + E�)

)
. (E3)

Then, for any observable OX supported on X ⊂ �, the
following bound holds:
∥∥∥T†

t (OX ) − S†
t (OX )

∥∥∥ ≤ c(|X |) ‖OX ‖ (ε + |�|ν−1
η (dX )),

(E4)

where dX = infa∈X ,b∈�c �(a, b) is the distance between
the set A and the complement of � with respect to Z

d,

ν−1
η (x) = e−ηx and η is a positive constant independent

of both � and t. Moreover, ν−1
η (dX ) ≤ (1 + dX )−D−1, and

c(|X |) is polynomially bounded in |X | and independent of
� and t.

Before proceeding, we make a few comments concern-
ing the result above. First, note that the result above is for
a uniform family of Lindbladians. We refer to Definition
3 in Ref. [35] for a precise definition, but informally one
can think of a uniform family of Lindbladians as a func-
tion that generates a finite-size version L� defined on �,
starting from a Lindbladian L defined on Z

d. Such uniform
families provide a rigorous framework for dealing with lat-
tice size scaling. We will apply Theorem E2 to the uniform
family Lβ,r, for which the finite-size version for any spe-
cific finite lattice � is defined as Lβ,r,�. Additionally, we
note that Theorem 7 in Ref. [35] is more general then the
adaption stated above, in that it allows for non-Lindbladian
perturbations, periodic boundary conditions, perturbations
with boundary terms, and local Lindbladians with either
exponentially decaying or quasilocal interactions (in which
case the function νη will differ). The proof in this case is
completely analogous, but we focus here on the case of
open boundary conditions to streamline the discussion.

However, none of these generalizations are necessary
for our purposes, and so we have omitted details relevant
to those cases from our presentation.

Additionally, as pointed out in Ref. [35]:

(1) For a fixed region A, the distance dX , which is dis-
tance between X and to the complement �c of the
lattice � and is thus the distance to the boundaries,
increases with system size, which implies that the
term |�|ν−1

η (dX ) vanishes as the system becomes
large. This term can therefore be interpreted as a
finite-size correction.

(2) The theorem allows OX to act on disconnected sub-
sets of the lattice �, meaning that it also applies to
correlation functions.

2. Proof of Theorem 3

We prove Theorem 3 by applying Theorem E2. Specif-
ically, as mentioned above, we consider as a starting point
the uniform family of Lindbladians Lβ,r for which Lβ,r,�

is defined via the RHS of Eq. (19). We also define Lβ,�

as the RHS of Eq. (3). Now, let Eβ,r
a,α be as defined in

Appendix D 3 a below Eq. (D16). We then note that if we
define

Eβ,r
a =

3∑

α=1

Eβ,r
a,α (E5)
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and

Eβ,r,� =
∑

a∈�

∞∑

r′=r

Eβ,r′
a (E6)

then via Eqs. (3), (19) and (D17) we have

Lβ,� = Lβ,r,� + Eβ,r,�. (E7)

As Lβ,� is itself a valid Lindbladian, the second condition
in Theorem E2 is fulfilled. To apply Theorem E2 for our
purposes, we still need:

(1) To prove that Lβ,r is rapid mixing and admits a
unique fixed point.

(2) To prove ‖Eβ,r′
a ‖1→1 ≤ εe(r′) for rapidly decaying

e(r′), for all r′ ≥ r.

We note that rapid mixing of Lβ,r is implied by the loga-
rithmic mixing time of Lβ,r, as proven in Theorem 2 [35],
and that the existence of a unique fixed point was proven
in Theorem 1. For the final remaining condition, note that
via the arguments of Appendix D 4 we have already proven
that

‖Eβ,r′
a,α ‖1→1 ≤ 7γ (βJ )r′ (E8)

as long as βJ ≤ 1/100. Using this, we straightforwardly
have for all r′ ≥ r that

‖Eβ,r′
a ‖1→1 ≤

3∑

α=1

‖Eβ,r′
a,α ‖1→1 (E9)

≤ 21γ (βJ )r′ (E10)

= [21γ (βJ )r] γ (βJ )(r
′−r). (E11)

As such, we can apply Theorem E2 with ε = 21γ (βJ )r

and e(r′) = γ (βJ )r′−r, which is rapidly decaying for all
r′ ≥ r. More specifically, Defining Tt = exp

{
(tLβ,r,�)

}
and

St = exp
{
(tLβ,�)

}
Theorem E2 yields

∥∥∥T†
t (OA) − S†

t (OA)

∥∥∥

≤ c(A) ‖OA‖ (21γ (βJ )r + |�|ν−1
η (dX )

)
, (E12)

which by taking t → ∞ gives

∣∣tr(ρβ,rOA) − tr(ρβOA)
∣∣

≤ c(A) ‖OA‖ (21γ (βJ )r + |�|ν−1
η (dX )

)
, (E13)

which implies the claim of Theorem 3.

APPENDIX F: PROOF OF LEMMA 1

In this Appendix, we present a proof of Lemma 1. We
begin with a brief restatement of the relevant definitions
and notations from the main text.

We are interested in providing a compilation procedure
for each elementary channel exp

(
τLβ,r

a,α

)
, which represents

the randomized evolution described in Eq. (30). To do this,
we define the Hermitian operator

Oa,α
r :=

(√
τGa,α

r La,α†
r

La,α
r

√
τGa,α

r

)
, (F1)

where La,α
r and Ga,α

r are the jump operators and associated
coherent terms, respectively, as was previously defined in
Eq. (21).

We consider the quantum channel

Ca,α
r,τ (ρ) := Tranc

(
Ua,α

r (ρ ⊗ |0〉〈0|anc)Ua,α†
r

)
, (F2)

with Tranc(·) denoting the partial trace over the ancilla
qubit and the unitary Ua,α

r describing the evolution over
a time interval

√
τ as

Ua,α
r = exp

(−iOa,α
r

√
τ
)
. (F3)

The circuit for the implementation of the channel described
by Eq. (F2) is given by

|0〉
Ua,α

r

Discard.

ρ

The error of this implementation is given by Lemma 1,
which we restate here.

Lemma F1 (Lemma 1 restated). The channel in Eq. (F2)
satisfies

∥∥Ca,α
r,τ − exp

(
τLβ,r

a,α

)∥∥
� = O(τ 2). (F4)

To prove this lemma, we first state the following auxil-
iary lemma, a standard result in functional analysis (e.g.,
see Chap. XIII, § 6 of Ref. [38]):

Lemma F2. Let X be a Banach space and let B(X )

denote the space of bounded linear operators on X ,
equipped with an operator norm ‖ · ‖B(X ). Suppose F :
R → B(X ) is (K + 1) -times continuously differentiable.
Then, for any x ∈ R, the Taylor expansion of F(x) about
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FIG. 13. Energy convergence across temperatures in the transverse-field Ising model. Energy density convergence for the transverse-
field Ising Hamiltonian in Eq. (G1) on n = 12 sites as a function of inverse temperature β, using a Trotter step size τ = 0.1. (a) Relative
energy error �E(t) after t = 10 and t = 50: errors decrease monotonically with increasing β, while the growing gap at large β signals
mixing times tmix > 50; variations across truncation radii r reflect residual truncation inaccuracies. (b) Absolute energy compared to
exact diagonalization: a truncation radius of r = 3 achieves near–ground-state fidelity up to high β, with slight deviations at larger β

due to finite-radius effects.

x = 0 satisfies

F(x) =
K∑

m=0

xm

m!
F (m)(0) + RK ,F(x),

where F (m) denotes mth derivative and the remainder
RK ,F(x) satisfies the operator norm bound,

‖RK ,F(x)‖B(X ) ≤ |x|K+1

(K + 1)!
sup

s∈[0,|x|]
‖F (K+1)(s)‖B(X ).

With this lemma, we prove Lemma F1.

Proof of Lemma F1. A proof excluding a coherent term
was given in Ref. [28]. The present version extends that
result to incorporate the modification introduced by an
additional coherent term.

Let use the following notation:

Tm,F := 1
m!

F (m)(0). (F5)

Then, consider the Taylor expansion of both operators in
the lemma statement as

Ca,α
r,τ = I + τT2,Ca,α

r,τ
+ R3,Ca,α

r,τ
(
√

τ),

exp
(
τLβ,r

a,α

) = I + τT
1,exp

(
τLβ,r

a,α

) + R
1,exp

(
τLβ,r

a,α

)(τ ),

(F6)

where I is the identity superoperator. Note that terms odd
in

√
τ in the first expansion are canceled due to tracing out

the ancilla qubit. Furthermore, the lowest-order terms in
this expansion coincide,

T
1,exp

(
τLβ,r

a,α

) = T2,Ca,α
r,τ

= Lβ,r
a,α . (F7)

Thus, using the triangle inequality, we obtain

‖ exp
(
τLβ,r

a,α

)− Ca,α
r,τ ‖�

= ‖R
1,exp

(
τLβ,r

a,α

)(τ ) − R3,Ca,α
r,τ

(
√

τ)‖�

≤ ‖R
1,exp

(
τLβ,r

a,α

)(τ )‖� + ‖R3,Ca,α
r,τ

(
√

τ)‖� ≤ Cτ 2, (F8)

1 2 3 4 5 6
�

10−3

10−2

10−1

δ
(α

,t
)

r = 1
r = 2
r = 3
Exact

FIG. 14. Spatial profile of the two-spin correlators. The cor-
relator δ(a, t), for the transverse-field Ising model defined in
Eq. (G1). The Trotter step size is �t = 0.1, β = 3.0. Results of
the correlator are shown after t = 10 and truncation radius r = 1
(yellow), r = 2 (orange), r = 3 (red), and the exact results (black
crosses). For a truncation radius r ≥ 2, the proposed protocol can
reproduce the correlator at large distances �.
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FIG. 15. Energy convergence across temperatures in the XXZ model. Energy density convergence for the XXZ Hamiltonian in
Eq. (G2) on n = 12 sites as a function of inverse temperature β, using a Trotter step size τ = 0.1. (a) Relative energy error �E(t)
after t = 10 and t = 50 steps: the error decreases monotonically with increasing β, while the widening gap between the two curves
highlights increasingly slow mixing at larger β. Even a truncation radius r = 3 fails to achieve rapid convergence at long times. (b)
Absolute energy compared with exact diagonalization: deviations at high β (low temperatures) reflect residual truncation errors and
extended mixing times.

where we used Lemma F2 on both terms separately and C
is a constant. This completes the proof of Lemma F1. �

APPENDIX G: ADDITIONAL MODELS AND
NUMERICS DETAILS

1. Additional models

We consider two additional spin-chain models. The
objective is to show that our approach remains effective for
integrable models and models with symmetries, indicating
that it does not rely on full thermalization.

a. 1D transverse-field Ising model

In the following, we present results for a simplified ver-
sion of the model in Eq. (41), namely the transverse-field
Ising model with periodic boundary conditions,

H =
∑

〈i,j 〉
Sz

i Sz
j + g

n∑

i=1

Sx
i . (G1)

Throughout, we set g = 0.6, placing the system within
the ordered phase of the zero-temperature quantum phase
transition at g = 1.0. Unlike the mixed-field Ising model,
the transverse-field Ising model is integrable and can
be mapped to a one-dimensional system of spinless free
fermions via a Jordan–Wigner transformation [56]. How-
ever, the thermalizing Lindbladian dynamics we consider
enables dynamics among the different sectors and thus
breaks the integrability.

Figure 13 shows the convergence of the energy toward
the thermal value. As with the mixed-field Ising model,
we observe rapid convergence to the Gibbs-state energy
density using a small truncation radius, r ≤ 3. Similarly,

Fig. 14 demonstrates that correlation functions are accu-
rately reproduced with the same truncation. These results
confirm that the algorithm remains effective even in inte-
grable settings.

b. XXZ model

Finally, we present results for the antiferromagnetic
XXZ model

H =
∑

〈i,j 〉
(Sx

i Sx
i+1 + Sy

i Sy
j ) + �

∑

〈i,j 〉
Sz

i Sz
j , (G2)

with � = 0.6, which puts the model far from the isotropic
point � = 1 and in the middle of the gapless phase that

6 12 18 24
d

10−5

10−4

10−3

〈 C
a

,α
1

(θ
)〉

τ = 0.5
τ = 0.1

FIG. 16. Variational compilation accuracy as a function of
template depth. Final loss values obtained by optimizing circuit
templates of depth d for different Trotter step sizes τ , for fixed
truncation radius r = 1. Each curve corresponds to a fixed τ ,
showing a systematic, monotonic decrease in compilation error
as the template depth increases.
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(a) (b)

(c) (d)

FIG. 17. Correlation between diamond-distance proxies. Distance measures between the target quantum channel and the trained cir-
cuit during variational compilation, shown for five independent trajectories illustrating the evolution of the distance under optimization
from different random circuit initializations. Dots represent raw data points, while solid lines depict a representative example trajectory.
Results are shown for different gadget constructions: (a) a one-qubit gadget (r = 0), (b) a T-gadget (r = 1), and (c) a long-T-gadget
(r = 2). (d) Same data as (a)–(c), focusing on the modified Frobenius distance and the upper bound to the diamond distance for various
radii r of the channel support.

exhibits quasi-long-range correlations at zero temperature.
The results are shown in Fig. 15. While the results indi-
cate that our algorithm still works even in this case for
high temperatures, the results for large inverse temper-
atures β > 1 show more significant deviations from the
exact thermal state than in comparison to the previous
models.

2. Renormalization of the Lindbladian

In Sec. V C and the corresponding Fig. 8, we compare
the effect of different envelope functions q(ν) in Eq. (6).
For better comparison, we fix the jump operators for dif-
ferent envelope functions to have the same norm as the
Gaussian case in Eq. (11).

Let Lβ,r
a,α|q(ν) and Gβ,r

a,α|q(ν) denote the jump operators and
coherent terms, respectively, introduced in Eq. (21) evalu-
ated using the envelope function q(ν). Then, we compute
the mean of the norms for all operators,

ϕβ,r[q(ν)] := 1
3

3∑

α=1

∥∥∥Lβ,r
a,α

∣∣
q(ν)

∥∥∥
2

. (G3)

Note that the norm does not depend on the qubit index
a due to translational invariance. The normalized jump
operators are then obtained by

Lβ,r
a,α

∣∣∣
q(ν),norm.

ϕβ,r

[
exp

(
− (βν)2

8

)]

ϕβ,r[q(ν)]
Lβ,r

a,α

∣∣∣
q(ν)

. (G4)
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In order to maintain detailed balance, the coherent terms
should be normalized as

Gβ,r
a,α|q(ν),norm. =

⎛

⎝
ϕβ,r[exp

(
− (βν)2

8

)
]

ϕβ,r[q(ν)]

⎞

⎠
2

Gβ,r
a,α|q(ν). (G5)

The performance of the renormalized jump operators is
shown in Fig. 8.

3. Optimization details

In this Appendix subsection, we provide details of the
optimization procedure of the compilation using the Adam
optimizer [44].

As the hyperparameters, we choose a learning rate lr =
10−3, first-moment decay rate β1 = 0.99, second-moment
decay rate β2 = 0.99, and regularization ε = 10−3. For a
given template, we initialize 50 different random config-
urations, iterate 8000 steps and choose the best configu-
ration after the optimization process. Figure 16 shows the
optimal outcomes, averaged over the unitaries Ua,1

r , Ua,2
r ,

and Ua,3
r .

4. Choice of loss function in variational compilation

In this work we consider the diamond distance between
channels and two proxies for the diamond distance, namely
its upper and lower bounds. This is because while com-
puting the diamond distance of two channels from their
specified Choi-Jamiołkowski matrix is formally efficient
via semidefinite programs [57], its upper and lower bounds
[58] are even more efficiently computable and particularly
amenable for use in a framework employing automatic dif-
ferentiation, such as JAX. Specifically, suppose a channel
C : DX1 → DX2 mapping input states with dimension d1 to
states with dimension d2 has a Choi-Jamiołkowski matrix
given by

J (C) = 1
d1

d1∑

i,j =1

|i〉〈j | ⊗ C (|i〉〈j |) . (G6)

The upper and lower bounds on the diamond distance
‖C1 − C2‖� between two channels C1 and C2 can be writ-
ten in terms of the difference in their Choi-Jamiołkowski
matrix [59] J (C1) − J (C2) =: J (�C) [58]. Specifically,
the lower bound is

‖C1 − C2‖� ≥ ‖J (�C)‖1 , (G7)

while the upper bound is

‖C1 − C2‖� ≤ 2d1 ‖Tr2|J (�C)|‖∞ , (G8)

where Tr2 denotes tracing out the second register in
Eq. (G6), namely the register to which the channel is
applied, and |A| denotes

√
A†A.

In Fig. 17, we compare these distance measures with
each other for gadgets involving 2r + 1 system qubits, with
the central qubit coupled to one additional ancilla qubit.
These plots show the progress of variational compilation
with random initialization for five different initializations
each. The “Frobenius distance” refers to the square root
of the quantity in Eq. (40). We observe that the various
distance proxies are well-correlated with each other and
with the diamond distance across a large range of values.
In Fig. 17(c), we do not compute the diamond distance and
instead use its upper bound as a proxy, having built evi-
dence in Figs. 17(a) and 17(b) that it correlates very well
with the diamond distance.

In Fig. 17(d), we plot the (modified) Frobenius distance
and the upper bound to the diamond distance from these
same runs. We illustrate data from different truncation radii
on the same plot to emphasize that there is no dimension-
dependent loss in going between the Frobenius distance
and the upper bound to the diamond distance.
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Almost all quantum channels are equidistant, J. Math. Phys.
59, 052201 (2018).

[59] The first term decreases slower with increasing r than
the other two terms, therefore it suffices to check
r = 1.

020314-34

https://doi.org/10.1103/PhysRevB.69.104431
https://doi.org/10.1007/s00220-006-0030-4
https://doi.org/10.1007/s00220-006-1556-1
https://doi.org/10.1137/18M1231511
https://arxiv.org/abs/1505.07811
https://arxiv.org/abs/0901.4709
https://doi.org/10.1063/1.5019322

	I.. INTRODUCTION
	II.. THEORETICAL BACKGROUND
	III.. ANALYTICAL RESULTS
	A.. Truncation of quasilocal Lindbladians
	B.. Trotterization of truncated dynamics

	IV.. CIRCUIT COMPILATION
	V.. NUMERICAL STUDIES
	A.. Effect of truncation
	B.. Effect of Trotterization
	C.. Effect of the envelope function choice
	D.. Two-dimensional system

	VI.. HARDWARE-AWARE SIMULATIONS
	A.. Effect of circuit compilation
	B.. Effect of noise

	VII.. DISCUSSION
	. ACKNOWLEDGMENTS
	. DATA AVAILABILITY
	. APPENDIX A: LIST OF NOTATIONS
	1.. General notation
	2.. Norms and distances
	3.. Dissipative dynamics
	4.. Trotterization and compilation
	5.. List of functions

	. APPENDIX B: LIEB-ROBINSON BOUNDS
	. APPENDIX C: DISSIPATIVE DYNAMICS STRUCTURE
	1.. The Lindbladian in time domain
	2.. Zero-temperature Lindblad operator

	. APPENDIX D: BOUNDS ON THE TRACE DISTANCE
	1.. Preliminaries
	2.. Proof of Theorem D2
	3.. Proof of Lemma D2
	a.. Bounding (r)
	b.. Bounding ()
	c.. Bounding u(r0)

	4.. Proof of Theorem D1

	. APPENDIX E: ERROR BOUND ON LOCAL OBSERVABLES
	1.. Stability of local and rapidly mixing Lindbladians
	2.. Proof of Theorem 3

	. APPENDIX F: PROOF OF LEMMA 1
	. APPENDIX G: ADDITIONAL MODELS AND NUMERICS DETAILS
	1.. Additional models
	a.. 1D transverse-field Ising model
	b.. XXZ model

	2.. Renormalization of the Lindbladian
	3.. Optimization details
	4.. Choice of loss function in variational compilation

	. REFERENCES


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


