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Quantum simulation of interacting many-body spin systems is routinely performed with cold trapped
ions, and systems with hundreds of spins have been studied in one and two dimensions. In the most
common realizations of these platforms, spin degrees of freedom are encoded in low-lying electronic
levels, and interactions among the spins are mediated through crystal vibrations. Here we propose a new
approach which enables the quantum simulation of two-dimensional spin systems with interaction
strengths that are increased by orders of magnitude. This, together with the unprecedented longevity of
trapped ions, opens an avenue for the exploration of phenomena that take place on long timescales, e.g.,
slow and collective relaxation in frustrated and kinetically constrained systems. Our platform makes use of
the strong dipolar interactions among electronic Rydberg states and planar confinement provided by a
Penning trap. We investigate how the strong electric and magnetic fields that form this trap affect the
properties of the Rydberg states and show that spin-spin interaction strengths on the order of MHz are
achievable under experimentally realistic conditions. As a brief illustration of the capabilities of this
quantum simulator, we study the entanglement in a frustrated spin system realized by three ions.

DOI: 10.1103/lsny-pn24

I. INTRODUCTION

Cold trapped ions arrange into crystalline structures that
can mimic condensed-matter systems [1–5]. Unlike con-
ventional solids, where interatomic separations are at the
subnanometer scale, trapped-ion crystals exhibit interionic
distances ranging from a few to tens of micrometers [6,7].
These large spacings enable high-fidelity optical address-
ing and precise manipulation of the internal electronic
states of individual ions [8–11], supporting quantum
simulation of interacting spin systems [12–22].
In quantum simulation platforms based on trapped ions,

spin-spin interactions arise from phonon-mediated optical
forces that couple internal electronic states to collective
vibrational modes [12,23–26], leading to typical Ising
couplings ranging up to 10 kHz [21,27]. Much stronger

interactions become accessible when ions are excited to
Rydberg states, whose large dipole moments produce
strong photon-mediated dipole-dipole couplings [28–31].
Experiments in Paul traps have already demonstrated
MHz-scale interactions and submicrosecond entanglement
generation in Rydberg-excited ions [32,33].
However, the confinement mechanism of Paul traps,

which uses inhomogeneous oscillating electric fields, is
detrimental to Rydberg excitation—especially for large
two-dimensional (2D) ion crystals [34,35]. To overcome
this limitation, we propose a quantum simulation platform
based on Rydberg ions confined in a Penning trap. Here, a
homogeneous magnetic field combined with a static quad-
rupole electric field ensures confinement in all spatial
directions [36–38]. Penning traps have demonstrated stable
trapping of large 2D crystals comprising hundreds of ions
under realistic experimental conditions [11,26,39–41]. Such
crystals provide a robust and scalable environment for
quantum simulation, where tunable long-range interactions
arise through Rydberg excitation.
In this paper we develop the theory of a quantum

simulator based on Rydberg ions in a Penning trap.
Particular attention is given to the fact that involved strong
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electric and magnetic fields modify the structure of highly
excited Rydberg levels. Under typical trapping conditions,
the Rydberg spectrum is located in the so-called Paschen-
Back regime, where internal electronic states are charac-
terized by well-defined orbital and spin angular momenta.
In these highly excited states, the diamagnetic inter-
action becomes significant as the magnetic-field strength
increases, inducing mixing between states of different
orbital angular momentum. We analyze how this mixing
influences the resulting spin-spin interactions, which are
controlled through microwave (MW) dressing of Rydberg
levels. To illustrate the potential of this platform, we con-
sider a concrete instance of a 2D quantum magnet imple-
mented with a planar three-ion crystal. In this triangular
configuration, the Rabi drive enables access to regimes
where the ground state exhibits geometric frustration
[42–44]. For experimentally realistic parameters [39,45],
we find that the resulting dipole-dipole interaction
strengths are on the order of MHz.
These strong interactions, together with the extraordi-

nary robustness and stability of ion crystals, open a new
perspective for quantum simulation: the fact that strong
confinement is provided for both ground state and Rydberg
ions mitigates the impact of mechanical forces [46–48].
Furthermore, given that interactions are electrostatic, the
vibrational degrees of freedom of trapped Rydberg ions
remain available and can be utilized for coherent or
dissipative manipulation. This can be exploited for in situ
laser cooling of the ion crystal in order to prevent heating.
Eventually, this may allow us to probe dynamical phe-
nomena, such as (quantum) glassy relaxation in many-
body systems with kinetic constraints [49,50], which
unravel on ultra-long time scales and are inaccessible
by current experiments.

II. SINGLE ION THEORY

In this section we develop the theoretical model describ-
ing the motional and electronic degrees of freedom of a
single Rydberg ion in a Penning trap. We discuss how the
trap generates confinement of the external motion and
analyze the structure of the electronic Rydberg states. We
also investigate how the electric and magnetic fields of the
Penning trap lead to the coupling between the ion’s
external motion and internal electronic dynamics.

A. Trapping fields and electron-core interaction

We describe a Rydberg ion using a two-body model: the
electron in the Rydberg state is treated explicitly, and the
ion core, comprising the nucleus and all remaining
electrons, is considered as a single particle. This treatment
is analogous to previous works which considered Rydberg
ions confined in Paul traps [28,51]. In our analysis, we
focus on ionic isotopes with zero nuclear spin, e.g., 40Caþ,
which is a well-established species in trapped ion

experiments [29,52]. Under such assumptions, a single
trapped Rydberg ion is well approximated by the minimal
coupling Hamiltonian for two charged particles in an
electromagnetic field [53]. The initial Hamiltonian in
the laboratory frame reads

H ¼ 1

2mc
½pc − 2eAðrcÞ�2 þ

1

2me
½pe þ eAðreÞ�2

− μe · Bþ 2eϕðrcÞ − eϕðreÞ þ Vðjre − rcjÞ; (1)

where e > 0 is the elementary charge. Here, we have the
electronic magnetic moment μe ¼ −ðgs=2meÞs, where
gs ≈ 2 and s is the electronic spin angular momentum;
we set ℏ ¼ 1 throughout the manuscript. The electron and
the ion core have positions re and rc, respectively, and
r ¼ jre − rcj is their relative distance. The conjugate
momenta for the electron and ion core are pe and pc,
respectively. In addition, the electron has mass me and
charge−e, and the ion core is described by a single particle
with massmc and chargeþ2e. A sketch of the model, with
relevant spatial quantities and magnetic field orientation, is
shown in Fig. 1.
The Penning trap features a combination of a homo-

geneous magnetic field and a quadrupole electric field
[36]. For the magnetic field, the vector potential is written
in the symmetric gauge, defined as AðrÞ ¼ 1

2
ðB × rÞ,

where the homogeneous magnetic field vector B ¼ Bez
is oriented along the z direction (ex, ey, and ez are the unit
vectors in Cartesian coordinates). The potential dictating
the interaction of the charged particles with the quadrupole
electric field EðrÞ can be cast into the form

ϕðrÞ ¼ −EðrÞ · r ¼ −βðρ2 − 2z2Þ: (2)

Here, ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
is the radial coordinate, and β

denotes the electric field gradient.

FIG. 1. Rydberg ions in a Penning trap. Length scales and
coordinate system. To describe a single ion, we use R and r, the
center-of-mass and the relative coordinates, respectively. The
distance between the ion core and the Rydberg electron scales
with the principal quantum number as ∼n2, reaching typical
values hri ≈ 100 nm. For typical trap frequency magnitudes, the
harmonic confinement yields an oscillator length of approxi-
mately l ≈ 10 nm. The equilibrium interparticle spacing, deter-
mined by the balance between Coulomb repulsion and harmonic
confinement, is on the order of R0 ≈ 10 μm.
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The central binding potential VðrÞ describes the effec-
tive interaction between the Rydberg electron and the ionic
core. It differs from the pure hydrogenic potential as it
accounts for the finite size and internal electronic structure
of the core charge. This potential includes contributions
from modified Coulomb, polarization, and spin-orbit
coupling terms:

VðrÞ ¼ VcðrÞ þ VpðrÞ þ VsoðrÞ: (3)

The modified Coulomb potential,

VcðrÞ ¼ − e2

4πϵ0r

�
2þ ðZnuc − 2Þe−αl;1r þ αl;2e−αl;3r

�
; (4)

describes the effective central potential of an ion with core
chargeþ2e. Here, ϵ0 is the vacuum permittivity, Znuc is the
nuclear charge, and αl;i are l-dependent parameters tabu-
lated in Ref. [54], where l is the quantum number of orbital
angular momentum. The induced polarization potential,

VpðrÞ ¼ − αcpe2

2ð4πϵ0Þ2r4
�
1 − e−ðr=rl;cÞ6

�
; (5)

describes the dipole moment induced in the ionic core by
the valence electron. Here, αcp is the static dipole polar-
izability of the doubly charged ionic core and rl;c is the
cutoff radius, which describes the effective size of the ionic
core. This cutoff is introduced to truncate the unphysical
short-range behavior of the polarization potential [55,56].
Finally, the relativistic spin-orbit coupling,

VsoðrÞ ¼
l · s

2m2c2r

�
1 − VlðrÞ

2mec2

�−2 dVlðrÞ
dr

; (6)

where VlðrÞ ¼ VcðrÞ þ VpðrÞ accounts for the
l-dependent, non-relativistic model potential. The term
½1 − VlðrÞ=ð2mec2Þ�−2 is introduced to regularize the non-
physical divergence near the origin [57]. Here, c is the
speed of light, and l and s are the orbital and spin angular
momentum operators associated with the internal degrees
of freedom, respectively.

B. Rotating center-of-mass frame and static
harmonic confinement

We introduce the coordinates of the center of mass,
R ¼ ðX; Y; ZÞ, and the relative motion, r ¼ ðx; y; zÞ, see
Fig. 1. Together with their respective conjugate momenta
P and p, they are defined as

R ¼ mcrc þmere
M

; r ¼ re − rc;

P ¼ pc þ pe; p ¼ mcpe −mepc

M
; (7)

where M ¼ me þmc is the total mass of the system.
Throughout this manuscript, we refer to the center-of-
mass motion as the external dynamics and the relative
motion as the internal dynamics. We proceed by defining
the unitary transformation [58]

Uðr;RÞ ¼ exp
�
−i eðmc þ 2meÞ

M
AðRÞ · r

�
; (8)

whose application transforms the total Hamiltonian H
[in Eq. (1)] according to

H ↦ U†HU ¼ HexðRÞ þHinðrÞ þHcoðR; rÞ: (9)

Here, we have separated the total Hamiltonian into
external, internal, and coupling terms. Next, we exploit the
fact that ionic core mass is much larger than the electronic
mass, mc ≈M ≫ me, with M being five orders of magni-
tude larger than me. We then arrive at the following
expressions for the Hamiltonian terms:

Hex ¼
1

2M

�
P − e

2
ðB ×RÞ

�
2

þ eϕðRÞ;

Hin ¼
1

2me

�
pþ e

2
ðB × rÞ

�
2 − μe ·B − eϕðrÞ þ VðrÞ;

Hco ¼
e
M

�
P − e

2
ðB ×RÞ

�
· ðB × rÞ þ 2eEðrÞ ·R;

(10)

where the arguments of the Hamiltonians as shown in
Eq. (9) are omitted for readability. The external
Hamiltonian describes a particle with mass M and charge
e moving in homogeneous magnetic and quadrupole
electric fields. The internal Hamiltonian, on the other
hand, describes a particle of mass me and charge −e, also
subjected to homogeneous magnetic and quadrupole elec-
tric fields, additionally influenced by the central potential
VðrÞ. A detailed derivation of the total Hamiltonian,
including the transformations of internal, external, and
coupling Hamiltonians, is presented in Appendix A.
The energy scales of the external dynamics are depen-

dent on three frequencies, in order named axial, cyclotron,
and radial frequencies:

ωz ¼
ffiffiffiffiffiffiffiffi
4eβ
M

r
; ωc ¼

eB
M

; ωρ ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω2
c − 2ω2

z

q
:

(11)

Given that the center of mass of the ion rotates with
frequency ωc=2 about the z-axis [59], it is therefore
convenient to move into a reference frame that is co-
rotating with this cyclotron motion. This is achieved via
the unitary transformation
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UðtÞ ¼ exp
�
− iωc

2
ðLz þ jzÞt

�
: (12)

Here, Lz ¼ XPy − YPx is the z component of the
angular momentum of the external motion and jz ¼
lz þ sz, with lz ¼ xpy − ypx, is the z component of the
total angular momentum associated with the ion’s internal
dynamics. The introduction of the rotation in spin space,
generated by sz, guarantees that the central potential is kept
invariant under the frame transformation. In applying this
transformation according to

H ↦ UHU† þ iU̇U†; (13)

one finds that the external Hamiltonian becomes

Hex ¼
P2

2M
þM

2

�
ω2
ρðX2 þ Y2Þ þ ω2

zZ2
�
; (14)

which is the Hamiltonian of a 3D harmonic oscillator
for the external motion. Unless stated otherwise, all
Hamiltonians from this point onward are expressed in
the rotating frame. According to Eq. (11), radial confine-
ment is only achieved, i.e., ωρ > 0, when axial and
cyclotron frequencies obey: ωc >

ffiffiffi
2

p
ωz [36].

Experimentally, ion rotation in Penning traps can be
stabilized using rotating-wall potentials, which generate
periodic electric fields that lock the crystal rotation
frequency [38,59–62]. In the present analysis, we consider
the ideal Penning trap potential and do not include addi-
tional effects such as rotating-wall fields, magnetic-field
inhomogeneities or misalignments, or higher-order electric
multipole contributions, thereby keeping the treatment as
general as possible. These additional terms may lead to
small shifts in the normal-mode frequencies; we assume
that they can be experimentally controlled to an extent
that they do not qualitatively alter the physical picture
discussed here.
To conclude this subsection, we provide typical

trapping parameters to establish the orders of magnitude
of the quantities associated with external confinement.
For 40Caþ ions, a magnetic field of B ¼ 1.85 T and an
electric field gradient of β ¼ 7.0 × 105 V=m2 yield axial
and cyclotron frequencies of ωz ¼ 2π × 412 kHz and
ωc ¼ 2π × 707 kHz, respectively [39,45]. For 9Beþ ions,
with B ¼ 4.46 T and β ¼ 2.0 × 106 V=m2, the corre-
sponding frequencies are ωz ¼ 2π × 1.47 MHz and ωc ¼
2π × 7.58 MHz [17,40,63,64]. Other ion species are pre-
sented in Appendix F.

C. Electronic states in the presence of electric
and magnetic fields

We now investigate how electronic Rydberg states are
affected by the electric and magnetic fields of the Penning
trap. The starting point for this analysis is the explicit form

of the internal Hamiltonian

Hin ¼
p2

2me
þ VðrÞ þ eB

2me
ðlz þ gsszÞ þ

e2B2

8me
ρ2

þ eβðρ2 − 2z2Þ: (15)

The first and second terms correspond to the kinetic
energy and the central potential of the internal electronic
motion, respectively. The third and fourth terms denote
Zeeman and diamagnetic couplings, respectively. The fifth
term is the coupling of the electron to the quadrupole
electric field. We base our discussion on the energy
eigenstates of the free Hamiltonian�

p2

2me
þ VðrÞ

�
jn; l; j; mji ¼ Enljjn; l; j; mji; (16)

where Enlj is the eigenenergy associated with the eigen-
state jn; l; j; mji, which is degenerate inmj. Here, j andmj

denote the total angular momentum and its projection
along the z-axis, respectively. The spin quantum number is
omitted since it is fixed at s ¼ 1=2.
For internal electronic dynamics, the quadrupole electric

fields produce energy shifts that are negligible compared
to the diamagnetic coupling. This follows directly from the
scaling of the two terms: while both scale with the internal
radial coordinate hρ2i ∼ n4, the diamagnetic term is
proportional to e2B2=ð8meÞ whereas the quadrupole term
is proportional to eβ. As a result, the quadrupole inter-
action becomes comparable to the diamagnetic coupling
only for gradients on the order of

βmax ≈
eB2

8me
∼ 1010 V=m2 ×

�
B
1 T

�
2

: (17)

This would exceed by three orders of magnitude the field
gradients used in Penning traps; moreover, such strengths
are close to the ionization threshold for a Rydberg electron
with n ¼ 50 and ml ¼ 0, see Appendix C.
As the magnetic field B increases, the energies of the

Rydberg states split into several components. In Fig. 2(a),
we display states with orbital angular momentum quantum
number l ≤ 2, explicitly the S, P, and D states, and high-
angular momentum states (l > 2, i.e., F, G, and H). For
increasing magnetic fields B, we distinguish two relevant
regimes. First, in the case of perturbative diamagnetic
coupling, the degeneracies associated with mj are lifted,
and the Rydberg states evolve into the Paschen-Back
regime; see Fig. 2(a), with magnified views of the S
and P states shown in Figs. 2(b) and 2(c). In this limit,
the internal Hamiltonian obeys the Schrödinger equation,
HinjLi ¼ ELjLi, where L ¼ fn; l; ml; msg. Here, ml and
ms ¼ �1=2 are magnetic and spin magnetic quantum
numbers, respectively. Second, for stronger diamagnetic

WILSON S. MARTINS et al. PRX QUANTUM 7, 033064 (2026)

033064-4



coupling, the term ρ2 induces quadrupole transitions with
Δl ¼ 0;�2, leading to mixing of Rydberg states with
different l.
To quantify the l-mixing caused by the diamagnetic

coupling, we define the magnetic field-dependent states
jELi ¼ jELðBÞi. These states are adiabatically connected
to the states jLi in the Paschen-Back regime, and are
obtained by solving the Schrödinger equation

HinðBÞjELðBÞi ¼ ELðBÞjELðBÞi; (18)

where the dependence of the internal Hamiltonian on the
magnetic field is made explicit. For practical purposes, we
are mostly interested in states with different orbital angular
momentum quantum numbers l. In such cases, we adopt
the shorthand notation jElðBÞi for states adiabatically
connected to the field-free state jli (l∈ fS; P;D;…g, in
spectroscopic notation). Unless explicitly required, the
dependence on B will be omitted hereafter for clarity.
Finally, a limiting condition for operating Rydberg

ions in a Penning trap is reached when the diamagnetic
interaction becomes comparable to the energy spacing
between adjacent Rydberg levels. In this regime, the
basis states jLi reorganize into Landau-like levels. This
threshold can be estimated by comparing the bound-state
energy difference of two consecutive principal quantum
numbers with the strength of the diamagnetic coupling
[65]. Neglecting spin-orbit coupling and treating the ionic
core as point-like, the bound-state energies are given by

En ¼ −2=ðmea20n
2Þ. The energy difference between

neighboring levels is ΔEn ¼ Enþ1 − En, which for large
n can be approximated as ΔEn ≈ 4=ðmea20n

3Þ. The expect-
ation value of the squared radial extension is hρ2i≈
ð5a20n4Þ=12. Under these assumptions, we obtain the
scaling relation between the magnetic field strength B and
the principal quantum number ndia for which the diamag-
netic term becomes the dominant contribution to the
Hamiltonian:

B >
1

ea20

ffiffiffiffiffiffiffiffiffiffi
384

5n7dia

s
: (19)

For B ≥ 2 T, this condition corresponds to ndia ≳ 52,
signaling the onset of the Landau-level regime [66].

D. Coupling of internal and external motion

The coupling between the internal and external degrees
of freedom leads to state-dependent corrections to both the
kinetic energy and the harmonic confinement potential of
the external motion. These corrections arise from treating
the coupling Hamiltonian in the static center-of-mass
frame,

Hco ¼
eB
M

ðxPy − yPxÞ þ
�
2eβ − e2B2

2M

�
ðxX þ yYÞ

− 4eβzZ; (20)

within the Born-Oppenheimer approximation and eva-
luating it using time-independent perturbation theory
[28,51]. In this approach, the center-of-mass coordinates
X, Y, and Z are treated as fixed parameters in the internal
Hamiltonian, justified by the much faster timescales of
internal electronic dynamics compared to those of the
vibrational external motion. For an internal electronic state
jLi in the Paschen-Back regime, the resulting second-
order energy shift takes the form

ΔEð2Þ
L ðR;PÞ ¼ P2

x þ P2
y

2M̃
þM

2
½ω̃2

ρðX2 þ Y2Þ þ ω̃2
zZ2�

þ ω̃c

2
Lz þ ω̃c YPx; (21)

where M̃, ω̃ρ, ω̃z, and ω̃c denote the state-dependent
modifications to the external mass and trapping frequen-
cies induced by the coupling. Explicit expressions for
these quantities, obtained from the perturbative expansion,
are given in Appendix D.
To give a quantitative estimate of the frequency and

mass modifications, we focus on the lowest angular
momentum Rydberg state jSi ¼ jn; 0; 0;�1=2i and its

respective second-order energy correction ΔEð2Þ
S . The

coupling Hamiltonian only causes dipole-type perturbative

FIG. 2. Energy spectrum of Rydberg states and the Paschen-
Back regime: (a) spectrum of Rydberg states for 40Caþ ions as a
function of the magnetic field B. The spectrum exhibits Zeeman
splitting and quadratic energy shifts arising from the diamagnetic
coupling. S, P, and D states are represented in blue, red, and
black, respectively; high-angular momentum states (l > 2) are
plotted in gray. (b),(c) Magnified view of the Paschen-Back
regime for S and P states, where we highlight the dominance of
the quantum numbers ms and ml. These states are used to con-
struct MW-dressed Rydberg states that generate non-vanishing
dipole moments. The colors are used to highlight the dominant
l-character of each state, where states with l > 2 are altogether
represented by gray lines. The technical approach to obtain the
Rydberg energy spectrum here and in the remainder of the
manuscript is described in Appendix B.
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couplings with states jPi ¼ jn; 1; ml;�1=2i, where ml ¼
0;�1. We further consider only couplings between the
states jSi and jPi with the same principal quantum number
n, which are the energetically closest states. Under these
assumptions, mass and frequency modifications in the
Paschen-Back regime can be approximated by the follow-
ing expressions.

M̃ ≈ − 3 M2

e2B2

EP − ES

jhSjrjPij2 ;

ω̃2
ρ ≈ − 1

3M

�
2eβ − e2B2

2M

�
2 jhSjrjPij2
EP − ES

;

ω̃2
z ≈ − 32e2β2

3M
jhSjrjPij2
EP − ES

;

ω̃c ≈ − 2eB
3M

�
4eβ − e2B2

M

� jhSjrjPij2
EP − ES

: (22)

Here, we have ignored the energy splitting for states jPi
with different ml. The modified axial and radial frequen-
cies resulting from the internal-external coupling for
Rydberg-excited ions are

ω0
ρ;z ¼ ωρ;z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ω̃2

ρ;z

ω2
ρ;z

s
≈ ωρ;z þ

ω̃2
ρ;z

2ωρ;z
: (23)

The frequency shifts for axial and radial confinement
are Δωρ;z ¼ ω̃2

ρ;z=ð2ωρ;zÞ. Furthermore, the shifts associ-
ated with the cyclotron frequency and external mass are
Δωc ¼ ω̃c and ΔM ¼ M2=ðM þ M̃Þ. For magnetic fields
B ≤ 2 T, the relative corrections Δωρ;z=ωρ;z, Δωc=ωc, and
ΔM=M remain below 10−3 for principal quantum numbers
from 30 to 50.

III. INTERACTING RYDBERG IONS

In this section, we investigate systems composed of
several trapped Rydberg ions. We begin by expanding
the electrostatic potential between ions into multipolar
contributions, which reveal the hierarchy of electrostatic
couplings (charge-charge, dipole-charge, dipole-dipole,
and quadrupole-charge). These terms are then collected
into internal, external, and coupling many-body Hamil-
tonians. Finally, we show howMW-dressing allows for the
generation of strong dipole-dipole interactions between
ionic Rydberg states.

A. Electrostatic interaction between trapped
Rydberg ions

The Hamiltonian forN interacting trapped Rydberg ions
has the form

H ¼
XN
i¼1

Hi þ
1

2

XN
i;j¼1
i≠j

Vij ¼ Hin þHex þHco; (24)

where, similarly to Eq. (9), we have separated the
Hamiltonian in terms of external, internal, and coupled
dynamics of interacting Rydberg ions. In this equation, the
first sum collects single-particle Hamiltonians described in
Eq. (10) and transformed into the rotating frame in
Eq. (13). The second sum describes the electrostatic
interactions between ions i and j,

Vij ¼
e2

4πϵ0

�
4

jRi −Rjj
− 2

jRi − ðRj þ rjÞj

− 2

jðRi þ riÞ −Rjj
þ 1

jðRi þ riÞ − ðRj þ rjÞj
�
:

(25)

We consider a regime in which the spatial extension of
the Rydberg-excited ion wave functions is much smaller
than the interparticle distances:

hrii; hrji ∼ hri ≪ hRi −Rji ∼ R0: (26)

A sketch with these lengths and their respective scales is
shown in Fig. 1. We then expand the potential Vij in
electric multipoles, and truncate the expansion at second
order in hri=R0. This results in the expression

Vij ¼
e2

4πϵ0

�
1

Rij
þ nij · ðrj − riÞ

R2
ij

þ r2i − 3ðnij · riÞ2 þ r2j − 3ðnij · rjÞ2
2R3

ij

þ ri · rj − 3ðnij · riÞðnij · rjÞ
R3
ij

�
; (27)

where we have defined the distances between the center
of mass positions Rij ¼ jRi −Rjj, and the normalized
axis vector between the pair of ions i and j, nij ¼
ðRi −RjÞ=Rij. The first term in the expansion represents
the Coulomb interaction between two singly charged ions
and is independent of their electronic excitation. For
Rydberg ions, the displacement of the valence electron
from the ionic core induces an electric dipole moment,
which interacts with the charge of the other ion, giving rise
to the second term, the charge-dipole interaction. The third
term describes the interaction between the charge and
the quadrupole moment of the Rydberg electron distribu-
tion. Both second and third terms are zero for neutral
Rydberg atoms, which can be shown by retaining the core
charge in the multipole expansion [67]. Finally, the fourth
term corresponds to the dipole-dipole interaction, which

WILSON S. MARTINS et al. PRX QUANTUM 7, 033064 (2026)

033064-6



becomes particularly significant when both ions are
excited to Rydberg states. Each of these interactions
contributes a distinct electrostatic effect, which is analyzed
in the following.
At sufficiently low temperatures, the ions crystallize

into well-defined structures called Coulomb crystals [68].
In such ion crystals, the ions vibrate about their equilib-
rium position, and their stability results from the balance of
repulsive electrostatic forces between the ions and the trap
confinement. Explicitly, the equilibrium positions of the
center of mass of the crystal ions, R0

i , are calculated by
solving the set of equations for each ion [69]

∇iVexjRi¼R0
i
¼ 0: (28)

The external potential Vex that dictates the center-of-
mass motion is defined as

Vex ¼
XN
i¼1

M
2

�
ω2
ρðX2

i þ Y2
i Þ þ ω2

zZ2
i

�þ 1

2

e2

4πϵ0

XN
i;j¼1
i≠j

1

Rij
:

(29)

The ratio between the axial and radial confinement
governs the geometry of the ion crystal. We define the
aspect ratio α ¼ ω2

z=ω2
ρ [70]. For small values of α, the

ions arrange in a linear string along the weakly confined
direction, whereas increasing α favors configurations that
are flattened into the transverse xy-plane. In practice,
planar crystals already appear for α of order unity and do
not require the asymptotic limit ωz ≫ ωρ; the precise
crossover value αc ¼ αcðNÞ depends on the number of
ions in the crystal [71]. Thus, throughout this work, planar
confinement refers to the regime α≳ αc, in which out-of-
plane distortions are suppressed and the crystal remains
effectively two-dimensional [72].
The Hamiltonian governing the external vibrational

motion of N ions becomes

Hex ¼
XN
i¼1

P2
i

2M
þ Vex: (30)

By performing a harmonic expansion in small displace-
ments around the equilibrium positions R0

i , the external
Hamiltonian can be written in terms of vibrational normal
modes [69], resulting in the collection of harmonic
oscillators:

Hex ¼
X3N
α¼1

ωαða†αaα þ 1=2Þ: (31)

Here, a†α and aα are creation and annihilation operators
associated with the vibrational normal mode of each
degree of freedom, where α¼ 1;…;3N. In Appendix E,

we explicitly derive the normal modes of vibration for a
planar three-ion crystal.
We proceed by describing internal and coupling

Hamiltonians for N trapped Rydberg ions. We define
charge-dipole, dipole-dipole, and charge-quadrupole
Hamiltonians:

Hcd ¼
1

2

e2

4πϵ0

XN
i;j¼1
i≠j

�
nij · ðrj − riÞ

R2
ij

�
; (32a)

Hdd ¼
1

2

e2

4πϵ0

XN
i;j¼1
i≠j

�
ri · rj − 3ðnij · riÞðnij · rjÞ

R3
ij

�
; (32b)

Hcq ¼
1

2

e2

4πϵ0

XN
i;j¼1
i≠j

�
r2i − 3ðnij · riÞ2

2R3
ij

�
: (32c)

We first consider the internal electronic motion, which
describes the relative motion of the valence electrons in the
modified central potential, superimposed by the electric
and magnetic potentials of the Penning trap, and other
valence electrons. The internal Hamiltonian then results in

Hin ¼
XN
i¼1

�
p2
i

2me
þ VðriÞ

�
þ eB
2me

XN
i¼1

ðlz;i þ gssz;iÞ

þ e2B2

8me

XN
i¼1

ρ2i þ eβ
XN
i¼1

ðρ2i − 2z2i Þ þHcq þHdd:

(33)

The charge-quadrupole term Hcq generates effective
gradient shifts whose intensity can be estimated as
δβ ¼ e=ð8πϵ0R3

0Þ. For inter-ion center of mass distances
of R0 ¼ 10 μm, quadrupole-charge coupling generates
electric field gradients of δβ ≈ 106 V=m2. As for the
quadrupole electric potential, the effective shifts due to
quadrupole-charge coupling are negligible compared to
the scales of the magnetic field for intensities considered
here; electric-field contributions only become comparable
to magnetic effects for β ≈ 1010 V=m2 when B ¼ 1 T. We
estimate maximum and minimum electric-field-gradient
shifts due to charge-quadrupole coupling as a function of
the number of ions in the trap; for typical trap parameters,
see Fig. 3. Our findings confirm that gradient shifts are
negligible in the considered parameter regimes for differ-
ent crystal sizes.
In the Paschen-Back regime, we then include the

quadrupole-charge contribution into the quadrupole
electric field potential and approximate the internal
Hamiltonian as
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Hin ≈
XN
i¼1

X
L

ELjLihLji þHdd: (34)

Finally, we turn to the coupling between external
vibrational motion and internal electronic states. This term
corresponds to the coupled dynamics of a single trapped
ion, arising from the coupling of the ions’ charge motion
with the Penning trap’s electric and magnetic fields and the
dipolar terms of the multipole expansion of the interaction
potential. The coupling Hamiltonian thus reads

Hco ¼
eB
M

XN
i¼1

ðxiPy;i − yiPx;iÞ − e2B2

2M

XN
i¼1

ðxiXi þ yiYiÞ

þ 2eβ
XN
i¼1

ðRi · ri − 3ZiziÞ þHcd: (35)

We have established all the ingredients to describe the
collective physics of trapped Rydberg ions.

B. Interaction between microwave dressed
Rydberg ions

In the following, we implement a scheme for generating
strong interactions between ions with MW-dressed
Rydberg states. For bare Rydberg states, the dipole
moments vanish, and the resulting van der Waals inter-
actions are small for Rydberg ions compared to neutral

Rydberg atom interactions. We thus generate strong
interactions via (near)-resonant MW dressing to couple
the internal electronic S and P states [32,73]. This choice is
motivated by the fact that these states are readily accessible
via laser excitation from the electronic ground state and are
energetically well separated from the degenerate manifold
of higher-angular-momentum states, see Fig. 2.
In the setting considered here, we assume that both

individual addressing with laser and MW fields and state-
selective readout can be achieved. Since the ion crystal
undergoes a global rotation, the fluorescence image of
each ion traces a circular trajectory on the camera. To
avoid blurring between neighboring ions, one may employ
sufficiently short exposure times, use stroboscopic illumi-
nation synchronized to the crystal rotation period, or
utilize time-resolved imaging systems. Such techniques
have already been demonstrated experimentally [11,74].
For the trap parameters considered here, typical inter-
ion separations are on the order of 10 μm, which consid-
erably relaxes the requirements on optical focusing
for both addressing and detection. In addition, the use
of a permanent-magnet Halbach assembly can provide
improved optical access, allowing laser beams to be
introduced along the x, y, and z directions.
Below, we describe a bichromatic oscillating field that

generates MW-dressing of Rydberg states and laser exci-
tation. In the dipole approximation, this field takes the
form EfieldðtÞ ¼ EfieldðtÞez, where

EfieldðtÞ ¼ EL cosðωLtÞ þ EMW cosðωMWtÞ; (36)

and ωL (ωMW) and EL (EMW) denote the laser (MW)
frequencies and field amplitudes, respectively. The corre-
sponding Hamiltonian describing the coupling of the
oscillating field with the internal motion reads

HfieldðtÞ ¼ −eEfieldðtÞ
XN
i¼1

zi: (37)

First, we note that this oscillating field Hamiltonian is
invariant under the frame transformation in Eq. (13).
Furthermore, this oscillating field drives transitions
between states with orbital angular momentum quantum
number Δl ¼ �1, conserving the magnetic quantum num-
ber ml. To include the oscillating field, we redefine the
internal Hamiltonian as

Hin → H0
in ¼ Hin þHfield: (38)

The oscillating field also generates an external motion
term proportional to eZEfieldðtÞ. This term can be neglected
since the laser and MW frequencies, on the order of at least
a few GHz, do not couple to the external dynamics.

FIG. 3. Gradient shifts induced by charge-quadrupole coupling
in a planar ion crystal. (a) Minimum and maximum inter-ion
distances, denoted by Rmin

0 and Rmax
0 , respectively, as functions of

the ion number N. Here, Rmin
0 corresponds to the shortest

separation between any pair of ions in the crystal, while Rmax
0

denotes the largest inter-ion distance. (b) Corresponding electric-
field-gradient shifts δβ generated by the charge-quadrupole
interaction as a function of N. The largest shift occurs at the
minimum inter-ion distances and reaches a value of approx-
imately δβ ≤ 8 × 105 V=m2. We set ωρ ¼ 2π × 300 kHz, assum-
ing sufficiently strong axial confinement such that the ions form
a planar crystal. For N ¼ 40, an axial trapping frequency ωz ¼
2π × 900 kHz ensures planar confinement for all ions. The
corresponding trap parameters are β ¼ 3.3 × 106 V=m2 and a
magnetic field B ¼ 2.83 T.
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The MW field couples the Rydberg states

jSi≡ jn; 0; 0;�1=2i;
jPi≡ jn; 1; 0;�1=2i: (39)

In addition, the laser field couples the MW-dressed
Rydberg states with the ground state jGi, which depends
on the specifics of the excitation scheme. As an example,
in experiments with 40Caþ ions, the Rydberg excitation
was implemented through a two-photon process [52,75].
In this case, the ground state of the valence electron is
j4S1=2i ¼ j4; 0; 0;�1=2i, and couples to the Rydberg
manifold through the intermediate states j3D5=2i and
j5P3=2i, leading to either jnS1=2i or jnD5=2i depending
on whether the targeted Rydberg state is of S or D type.
Under π-polarized excitation and choosing the Rydberg
state jSi ¼ jn; 0; 0;�1=2i for the excitation target, the
selection rule Δml ¼ 0 enforces the two-photon pathway
j3; 2; 0;�1=2i → j5; 1; 0;�1=2i → jSi. Rydberg states
can be accessed via the transition j5; 1; 0;�1=2i → jSi
with a wavelength of 286 nm [75]. In Appendix F, Tables II
and III show masses and one- and two-photon excitation
schemes for different ion species which can be used for
Rydberg excitation.
We apply the unitary transformation to move into a

rotating frame with respect to both MW and laser fields

Hin → UHinU† þ iU̇U†; (40)

where

UðtÞ ¼ ⨂
N

i¼1

eiEGt
�
eiðωLþωMWÞtjPihPji

þ eiωLtjSihSji þ jGihGji
�
: (41)

Upon applying the rotating-wave approximation to
eliminate the fast oscillating terms, the internal
Hamiltonian becomes

Hin ¼
XN
i¼1

½ΔLjSihSji þ ðΔL þ ΔMWÞjPihPji� þHdd

−XN
i¼1

�
ΩL

2
ðjGihSji þ H:c:Þ

þ ΩMW

2
ðjSihPji þ H:c:Þ

�
; (42)

where we notice that the dipole-dipole Hamiltonian is
invariant under transformation to the rotating frame of the
electric oscillating field [76]. Here, detuning and Rabi
frequency for MW and laser fields are

ΔMW ¼ EP − ES − ωMW; ΔL ¼ ES − EG − ωL;

ΩMW ¼ eEMWhSjzjPi; ΩL ¼ eELhGjzjSi:
(43)

To make manifest the MW-dressing, we diagonalize the
Hamiltonian describing the Rydberg states manifold,

HRyd
in ¼

XN
i¼1

h
ΔLjSihSji þ ðΔL þ ΔMWÞjPihPji

−ΩMW

2
ðjSihPji þ H:c:Þ

i
;

¼
XN
i¼1

½Δ−j−ih−ji þ Δþjþihþji�: (44)

This Hamiltonian generates dressed normalized eigen-
states and frequency detunings (i.e., eigenvalues), which
are given by

j�i ¼ 1ffiffiffi
2

p ½c�jPi � c∓jSi�;

Δ� ¼ ΔL þ
ΔMW �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

MW þ Ω2
MW

p
2

: (45)

The normalization coefficients c� are given by

c� ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ΔMWffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Δ2
MW þΩ2

MW

ps
: (46)

For the parameter regime studied here, we consider that
the energy splitting of MW-dressed Rydberg states is
sufficiently large such that we can neglect the off-resonant
coupling of the laser field of frequency ωL with the higher-
energy dressed Rydberg state jþi. In addition, we tune the
MW-field resonantly with the energy difference between
Rydberg states jSi and jPi, that is, ωMW ¼ EP − ES.
Under these assumptions, we obtain an effective two-
level system consisting of the dressed Rydberg state
j↑i ¼ j−i ¼ 1ffiffi

2
p ðjPi − jSiÞ and low-lying ground state

j↓i ¼ jGi, as seen in Fig. 4(b). The chosen MW-dressed
Rydberg state then possesses the dipole moments
ejh↑jzj↑ij ∝ ejhSjzjPij. To investigate how the magnetic
field-induced mix affects the dipole moments of dressed
Rydberg states, we show the dipole matrix element
hESjzjEPi in Fig. 4(c) as a function of the magnetic field
strength B.
To express the internal Hamiltonian as a two-level

system with states j↓i and j↑i, it is useful to define the
angle between the interparticle axis nij and the z-direction,
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θij ¼ cos−1
�
Zi − Zj

Rij

�
;

shown in Fig. 5(a). In the Paschen-Back regime, the
internal Hamiltonian reads

Hin ¼
XN
i¼1

ðΔP↑
i þΩσxi Þ

þ 1

2

e2

4πϵ0

XN
i;j¼1
i≠j

jhSjzjPij2
R3
ij

P↑
i P

↑
j ð1–3cos2θijÞ: (47)

Here, we have discarded the dipole matrix elements
ejh↓jzj↑ij ∝ ejhGjzjSij, since the dipole matrix elements
associated with Rydberg states are much larger than
those of the ground-Rydberg transition, i.e., ejhSjzjPij ≫
ejhGjzjSij. Additionally, we have defined the projector
onto the dressed Rydberg state and the laser drive on
the site i: P↑ ¼ j↑ih↑j and σx ¼ j↓ih↑j þ j↑ih↓j; fre-
quency detuning and Rabi frequency are Δ ¼ Δ− and
Ω ¼ ΩL=ð2

ffiffiffi
2

p Þ, respectively.
The charge-dipole Hamiltonian can be analogously

written in terms of the two-level system states. In the
Paschen-Back regime, it becomes

Hcd ¼
1

2

e2

4πϵ0

XN
i;j¼1
i≠j

hSjzjPi
R2
ij

	
P↑

i − P↑
j



cos θij: (48a)

In terms of the angles θij, it follows directly that
2D crystals confined to the xy-plane have vanishing
charge-dipole Hamiltonian (θij ¼ π=2), and consequently
there is no internal-external coupling in this situation
(see Sec. II D).

IV. PLANAR THREE-ION CRYSTAL

We derive a triangular spin Hamiltonian using a planar
crystal with three ions—the building block of a frustrated
quantum magnet. To this end, we compute the electrostatic
interactions among Rydberg states in the three-ion crystal,
with particular emphasis on the attainable dipole-dipole
interaction strengths. We find that the internal and external
degrees of freedom remain decoupled, while interaction
energies on the order of MHz can be achieved. We further
discuss finite-temperature and vibrational effects in the
resulting interactions. Moreover, we present estimates for
dephasing and decoherence processes due to fluctuating
fields and finite Rydberg state lifetimes.

A. External motion and normal modes
of vibration

We consider an ion crystal strongly confined along the
axial direction, forming an equilateral triangular configu-
ration in the xy-plane. For this system, we obtain the
equilibrium distances R0

12 ¼ R0
13 ¼ R0

23 ¼ R0, with

R0 ¼
�

3e2

4πϵ0Mω2
ρ

�
1=3

: (49)

FIG. 4. Microwave dressing scheme and relevant dipole matrix
element: (a) spectrum of Rydberg states for 40Caþ ions as a
function of the magnetic field strength B for principal quantum
number n ¼ 45. Here, we highlight the states S and P, which
are combined to form the MW-dressed Rydberg states. The
purple lines indicate the coupling between selected states, where
each of them corresponds to a spin magnetic quantum number
ms ¼ �1=2. (b) Two-level system consisting of the ground state
j↓i and the dressed Rydberg state j↑i. (c) Dipole matrix element
of Rydberg states as a function of the magnetic field strength B,
forms ¼ −1=2. Here, we highlight states S and P, represented in
blue and red, respectively.

FIG. 5. Two-body interaction coordinates for linear and planar
ion crystals. (a) Two interacting Rydberg ions in a Penning trap.
The schematic depicts the normalized interparticle axis vector
between ions i and j, nij, resulting in the angles θij for the
magnetic field B along the z-direction, i.e., B ¼ Bez; the sche-
matic also highlights that the π-polarized field along the z-axis
results in ml-conserving transitions. (b) Strong axial confine-
ment. (c) Strong radial confinement. In the latter, we have
defined the azimuth angle ϕij ¼ arctanðYi−Yj

Xi−Xj
Þ.
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The equilibrium inter-ion distance R0 depends on the
radial confinement frequency ωρ, which itself is deter-
mined by the Penning-trap parameters and the collective
rotation frequency of the crystal. Consequently, varia-
tions of the crystal rotation frequency modify both the
equilibrium geometry and the dipole-dipole interaction
strength. In particular, stronger radial confinement leads to
smaller equilibrium separations and therefore enhanced
interactions due to the approximate scaling Vdd ∝ R−3

0 .
Throughout this work, we consider the standard operating
regime in which the crystal rotates at an angular frequency
ωc=2, yielding stable planar configurations. More gener-
ally, however, the rotation frequency constitutes an addi-
tional experimental control parameter that can be used to
tune the interaction scale and collective mode spectrum,
although excessively weak radial confinement may com-
promise the stability of the planar crystal.
We expand the external Hamiltonian in terms of small

oscillations about the center-of-mass equilibrium posi-
tions, δRi ¼ Ri −R0

i . By writing the small oscillations
δRi in terms of creation and annihilation operators aα and
a†α, the Hamiltonian describing the vibrational external
dynamics reads

Hex ¼
X5
α¼1

ωα

	
a†αaα þ 1=2



: (50)

The normal-mode frequencies ωα are provided by the
radial frequency ωρ multiplied by mode-dependent scaling
factors. The confinement of the external motion to the
xy plane yields six degrees of freedom and hence six
normal modes. One of these, however, is a soft mode with
vanishing frequency ω0, which corresponds to in-plane
rotations. A minor anisotropy in the radial confinement
(assuming that ωρ can be rewritten as ωx and ωy for x- and
y-axis, with ωx ≠ ωy) breaks the rotational symmetry, and
gives that mode a finite frequency. The remaining frequen-
cies and their respective normal modes are ω1 ¼ ω2 ¼ ωρ,

the center-of-mass modes, ω3 ¼ ω4 ¼
ffiffiffiffiffiffiffiffi
3=2

p
ωρ, the rock-

ing modes, and ω5 ¼
ffiffiffi
3

p
ωρ, the breathing modes. The

derivation of the normal modes for the 2D three-ion crystal
is detailed in Appendix E.

B. Spin-spin interaction strength and
internal-external decoupling

We now turn to the internal electronic dynamics. For
ions located in the xy-plane, the angles between the
interparticle nij and the z-direction for each interacting
pair of ions are θij ¼ π=2, see Fig. 5. The resulting internal
Hamiltonian then becomes

Hin ¼ Ω
X3
i¼1

σxi − Δ
X3
i¼1

P↑
i þHdd; (51)

where the charge-dipole coupling vanishes and the dipole-
dipole interaction Hamiltonian reads

Hdd ¼
1

2

X3
i;j¼1
i≠j

VddðRijÞP↑
i P

↑
j : (52)

Here, we have defined the distance-dependent dipole-
dipole interaction potential, which is given by

VddðRijÞ ¼
e2

4πϵ0R3
ij
jhSjzjPij2; (53)

in the Paschen-Back regime. The force associated with this
interaction can lead to spin-phonon coupling. The coupling
strength can be estimated by performing the harmonic
expansion of Eq. (53) to leading-order contributions in the
spin-phonon coupling. Considering the linear phonon
term, the harmonic expansion generates the following
potential, given in terms of the operators aα and a†α:

VddðRijÞ ≈ V0 þ
X5
α¼1

Wα
ijða†α þ aαÞ: (54)

Here, we have defined the dipole-dipole interaction
strength V0 ¼ VddðR0Þ. The coefficients Wα

ij constitute
normal mode-dependent coupling strengths. In particular,
they vanish for the center-of-mass modes, i.e., W1

ij ¼
W2

ij ¼ 0, since these modes only act on the overall motion
of the three-ion crystal. The additional coefficients are
given by

−2W3
12 ¼ W3

13 ¼ −2W3
23 ¼ 2l3V0=R0;

−W4
12 ¼ 2W4

13 ¼ 2W4
23 ¼ 2l4V0=R0;

W5
12 ¼ W5

13 ¼ W5
23 ¼ 2l5V0=R0;

where lα ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ð2MωαÞ

p
the characteristic length of each

normal mode. Within the parameter range of Fig. 6, the
gradient terms in Eq. (54) that couple spin and vibrational
motion are negligible, withWα

ij=V0 ∼ 10−3. Therefore, the
internal and external dynamics are effectively decoupled,
justifying a description based solely on the spin degrees of
freedom of the internal electronic states. In practice, a
negligible spin-phonon coupling also enables high-fidelity
spin-state readout in experiments.
To study the achievable spin-spin coupling, we calculate

the dipole-dipole interaction strength arising from mag-
netic-field-dressed states,

V0ðBÞ ¼
e2

4πϵ0R3
0

jhESjzjEPij2ðBÞ; (55)

where the states jESi ¼ jESðBÞi and jEPi ¼ jEPðBÞi are
defined in Eq. (18). This expression also describes the
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interaction strength in the l-mixing regime, where the
diamagnetic term becomes important. Since V0 ∝ M−2,
different and less massive ion species may be utilized to
generate stronger interactions, e.g., Beþ or Mgþ, see
Appendix F. In the case of the 9Beþ isotope, the non-
vanishing nuclear spin also couples with the trap magnetic
field, creating hyperfine Zeeman splitting. Furthermore,
since

V0 ∝ ω2
ρ ¼

ω2
c − 2ω2

z

4
;

there is a trade-off between maximizing the dipole-dipole
interaction strength and maintaining the strong axial
confinement required for planar crystals. For a three-ion
crystal, planar confinement is achieved when ωz ≳ 1.61 ωρ

[70,71]. Imposing this condition, Fig. 6 shows V0 for
several principal quantum numbers n at fixed relative
confinement strength ωz=ωρ, with the inset displaying the
corresponding confinement frequencies ωz and ωρ.
The curves in Fig. 6 further show that V0 decreases as

the diamagnetic term becomes relevant, reflecting the
induced mixing between different orbital angular momen-
tum states. Since the diamagnetic term scales as n4, this
effect is more pronounced for higher n. Thus, while larger
n enhances the dipole moment, it also restricts the

magnetic-field range over which V0 remains strong.
For ωz ¼ 1.61ωρ, we obtain dipole-dipole interaction
strengths on the MHz scale. For comparison, frustrated
Ising interactions in a three-ion crystal were realized in
Ref. [15] with coupling strengths of approximately 2 kHz.
In contrast, the interactions considered here are approx-
imately three orders of magnitude stronger. This regime
enables the observation of frustration and entanglement in
a two-dimensional quantum magnet formed by a Rydberg-
excited three-ion crystal, well within experimentally rel-
evant coherence times [77–79].

C. Cooling and finite temperature effects

In the following, we discuss cooling strategies and finite
temperature effects in the quantum simulator. Given its
dependence on the ion’s motion, Eq. (54) indicates that
thermal occupation of the vibrational modes induces
fluctuations in the dipole-dipole interactions. In particular,
low-frequency magnetron-dominated modes (commonly
referred to asE ×Bmodes), whose frequencies depend on
ω− ≈ ωc=2 − ωρ, represent the weakest confined collec-
tive degrees of freedom in large Penning-trap crystals and
are therefore the most susceptible to residual thermal
excitation [26,80]. In the present platform, however, the
effective spin dynamics originate from direct dipole-dipole
interactions rather than phonon-mediated couplings, sub-
stantially reducing the sensitivity to finite motional occu-
pation. Consequently, thermally induced fluctuations
remain perturbatively small even for moderately occupied
collective modes. The primary experimental requirement
is therefore the preservation of crystal stability and inter-
ion spacing, rather than near-ground-state cooling of all
radial modes. Established Penning-trap techniques, includ-
ing axialization [61], rotating-wall confinement [62] and
mode-coupling-assisted cooling [81–84], provide effective
mechanisms for stabilizing these low-frequency degrees of
freedom over experimentally relevant timescales.
To quantify these effects, we note that thermal occu-

pation enhances the fluctuation amplitude according to

δRα ¼ lα

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hða†α þ aαÞ2i

q
¼ lα

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n̄α þ 1

p
; (56)

for each vibrational mode α. Residual motion then pro-
duces relative interaction fluctuations of the order

δV0

V0

∼ 10−3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n̄α þ 1

p
: (57)

The Bose-Einstein distribution gives the phonon occu-
pation number, n̄α ¼ ðeωα=kBT − 1Þ−1. A relative instability
below 1% of the spin-spin couplings is therefore main-
tained provided n̄α ≲ 50 for the most strongly coupled
modes, while less stringent accuracy requirements permit
substantially larger occupations. For a representative mode

FIG. 6. Dipole-dipole interaction strength in a planar three-ion
crystal. The figure shows the dipole-dipole interaction strength
versus magnetic field strength B for different values of the
principal quantum number n. The ratio between axial and radial
frequencies is set ωz=ωρ ¼ 1.61 (red) and ωz=ωρ ¼ 3.22 (blue),
respectively. The inset shows axial (dashed lines) and radial
(solid lines) frequencies as a function of the magnetic field
strength B. The principal quantum numbers are n ¼ 30; 35; 40
and 45. Values here are obtained with the eigenfunctions for
40Caþ ions.
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frequency of ωα ¼ 2π × 200 kHz, this occupation corre-
sponds to a temperature of approximately Tα ≈ 0.5 mK.
Such temperatures are achievable at the Doppler-cooling
limit for 40Caþ ions [85].

D. Microwave inhomogeneity and
field-fluctuation effects

In the following, we discuss the effects of imperfections
arising from MW inhomogeneities and field fluctuations
and strategies to mitigate them. In principle, the MW fields
may exhibit undesired spatial variations in intensity and
polarization impurity. The corresponding wavelengths
are λMW ¼ 2πc=ωMW ≈ 3 mm. By contrast, the size of
trapped-ion crystals typically remains on the hundred-
micrometer scale even for large systems. Figure 3(a)
shows that a crystal with N ¼ 40 ions reaches a maximum
inter-ion distance of Rmax

0 < 100 μm. Consequently, the
ratio satisfies Rmax

0 =λMW ≲ 0.1, substantially suppressing
the effects of spatial MW intensity modulations.
Experimentally, it has been observed that a MW field

with well-defined amplitude and polarization outside the
ultra-high-vacuum chamber can arrive at the center of the
ion trap with both quantities significantly distorted [73].
Such polarization impurities may introduce errors by
coupling to Rydberg states with magnetic quantum num-
bers ml different from those of the target state. One
approach to mitigate this effect is the use of micro-
structured traps with integrated antenna structures that
provide enhanced control over the polarization and propa-
gation direction of the injected microwave field. An
example of this technology, albeit operating at substan-
tially lower frequencies, is the integrated microwave
enhancement resonator developed for an electron Paul
trap [86]. In addition, the operating regime considered here
benefits from a strong Zeeman splitting, which lifts the
degeneracy between states with different ml by several
hundred GHz. Consequently, state selectivity can be
achieved not only through polarization control but also
through frequency discrimination. This large spectral
separation substantially suppresses unwanted off-resonant
couplings and reduces the sensitivity of the scheme to
residual polarization imperfections and fluctuations.
Fluctuations of the magnetic and microwave fields may

constitute an important source of qubit dephasing. In a
two-ion Rydberg gate experiment, MW power instability
was identified as the dominant contribution to the gate
error budget [32]. Motivated by these observations, in
Appendix G we derive the dephasing rates associated with
magnetic- and microwave-field fluctuations and estimate
their magnitude using experimentally reported noise lev-
els. Based on these results, we quantitatively evaluate and
compare the impact of the relevant decoherence mecha-
nisms in the system.

E. Decay rates from different dephasing
and decoherence sources

We now summarize all relevant dephasing and relaxa-
tion mechanisms and compare them with the achievable
dipole-dipole interaction strengths. We begin by consid-
ering the finite lifetime of the dressed Rydberg state j↑i.
Since j↑i is an equal-weight superposition of the states jSi
and jPi, its population decays through the decay channels
associated with both constituents. The population of the
dressed state evolves as

P↑ðtÞ ¼
1

2
ðe−t=τP þ e−t=τSÞ:

An effective decay rate, obtained from the initial
population decay, is

Γ↑ ≈
τ−1S þ τ−1P

2
:

For an example with a principal quantum number
n ¼ 45, the natural lifetimes of the Rydberg states
yield Γ↑ ¼ 2π × 15.0 kHz. Additional decay induced
by blackbody radiation leads to a contribution ΓBBR ¼
2π × 6.6 kHz at room temperature (T ¼ 300 K). In a cryo-
genic environment, where the temperature can be approxi-
mated as T ≲ 5 K, this contribution becomes negligible. A
summary of the decay rates and dephasing strengths
arising from finite Rydberg-state lifetimes, as well as
from fluctuating magnetic and MW fields, is presented in
Table I. Even after accounting for all decoherence chan-
nels, the finite lifetime of the Rydberg state remains the
dominant limitation. Importantly, the achievable dipole-
dipole interaction strengths are still significantly larger
than the effective decay rate of the dressed Rydberg state,
i.e., V0 ≫ Γ↑, allowing for coherent interaction dynamics
on timescales much shorter than those associated with
decoherence.

TABLE I. Estimated decay rates and dephasing strengths for
different channels. The decay rates are calculated using the
AlkCalc library [87]. The dephasing strengths are obtained from
root-mean-square field noise amplitudes found in recent experi-
ments [32,88]; the calculations are described in Appendix G.

Source Contribution

Natural state lifetime Γ↑ ¼ 2π × 15.0 kHz
Blackbody radiation (T ¼ 300 K) ΓBBR ¼ 2π × 6.6 kHz
Fluctuating magnetic field ΓB ¼ 2π × 1.1 kHz
Fluctuating MW-field ΓMW ¼ 2π × 3.0 kHz

QUANTUM SIMULATION WITH RYDBERG … PRX QUANTUM 7, 033064 (2026)

033064-13



F. Spin Hamiltonian and ground state physics

In the following, we examine the ground state of the
internal Hamiltonian of the three-ion crystal,

Hin ¼ Ω
X3
i¼1

σxi − Δ
X3
i¼1

P↑
i þ

V0

2

X3
i;j¼1
i≠j

P↑
i P

↑
j ; (58)

akin to an Ising model, where V0 represents the spin-spin
coupling. This Hamiltonian can be mapped into a geo-
metrically frustrated spin system. In this scenario, pairwise
interaction energies cannot be simultaneously minimized,
leading to a sixfold degenerate ground state when the Rabi
frequency vanishes, Ω ¼ 0 [89,90]. This degeneracy is
lifted for non-vanishing Rabi frequency Ω, resulting in the
selection of entangled states [42,43,91].
We briefly recall the spectrum of the spin Hamiltonian,

which we conveniently write as Hin ¼ H0 þ δH [92]. We
start by considering the state space of the Hamiltonian

H0 ¼ −ΔX3
i¼1

P↑
i þ

V0

2

X3
i;j¼1
i≠j

P↑
i P

↑
j : (59)

The Hamiltonian H0 is diagonal on the basis of pure
product states jσi ¼ jσ1σ2σ3i, with jσi ¼ j↓i; j↑i. By
tuning the laser frequency to Δþ V0 ¼ 0, the laser
becomes resonant with transitions whose energy cost is
offset by the dipolar interaction. In a triangular geometry,
this condition does not single out a unique excitation
pattern, but instead brings several competing many-body
configurations close in energy, including states with
different numbers of Rydberg excitations. The resulting
facilitation condition therefore imposes a kinetic con-
straint on the dynamics, promoting frustration by making
the allowed transitions explicitly dependent on the many-
body configuration [93,94]. In this regime, the spectrum
separates into two parts: the energy E ¼ 0 contains the
states j↓↓↓i and j↑↑↑i and the ground-state energy
E ¼ −Δ contains the degenerate set formed by the states

j↑↓↓i; j↓↑↓i; j↓↓↑i; j↑↑↓i; j↑↓↑i; and j↓↑↑i:

We proceed by introducing δH ¼ Ω
P

i σ
x
i perturba-

tively. Degenerate perturbation theory in this case is
simplified by adopting a basis that transforms according
to the irreducible representations of the symmetry group of
the equilateral triangle, generated by its rotations and
reflections [95–97]. This means that the basis states are
chosen such that they remain within invariant subspaces of
the group action [98]. Such a representation generates the
pair of symmetric states given by

jS1i ¼
1ffiffiffi
3

p ½j↑↓↓i þ j↓↑↓i þ j↓↓↑i�;

jS2i ¼
1ffiffiffi
3

p ½j↑↑↓i þ j↑↓↑i þ j↓↑↑i�;

and the four states in the form

jCr
1i ¼

1ffiffiffi
3

p ½j↑↓↓i þ e
2πir
3 j↓↑↓i þ e

4πir
3 j↓↓↑i�;

jCr
2i ¼

1ffiffiffi
3

p ½j↑↑↓i þ e
2πir
3 j↑↓↑i þ e

4πir
3 j↓↑↑i�;

where r ¼ �1 [42,99]. We consider first-order corrections
to the eigenstates and eigenvalues of Hin, obtaining states
and energies

jS�i ¼
1ffiffiffi
2

p ðjS1i � jS2iÞ; with Eð1Þ ¼ −ðΔ� 2ΩÞ;

jCr
�i ¼

1ffiffiffi
2

p ðjCr
1i � jCr

2iÞ; with Eð1Þ ¼ −ðΔ�ΩÞ:
(60)

Here, the sixfold degeneracy splits into four distinct energy
levels, with the ground-state energy EGS ¼ −ðΔþ 2ΩÞ.
Accordingly, the state jS�i (depending on the sign of Ω)
is selected under the perturbation introduced by δH
[100,101]. Figure 7(a) shows the spectrum of Hin for
V0 ¼ −Δ, while Fig. 7(b) displays the first-order pertur-
bative energies with their associated eigenstates. To ensure
that the Rabi coupling only lifts degeneracies within
the frustrated manifold, without qualitatively modifying

FIG. 7. Spectrum of the spin Hamiltonian. (a) Exact spectrum
of the Hamiltonian Hin ¼ H0 þ δH obtained by numerical
diagonalization under the facilitation condition V0 ¼ −Δ. At
zero Rabi frequency (Ω ¼ 0, vertical dashed line), the ground-
state manifold is sixfold degenerate; the corresponding frustrated
spin configurations are shown in the inset. (b) For finite Rabi
frequency (Ω ≠ 0), the transverse-field term δH lifts this
degeneracy and produces entangled eigenstates within the
formerly degenerate manifold. The dashed lines indicate the
first-order perturbative energy corrections associated with
the eigenstates illustrated on the right.
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the underlying interaction-dominated physics, we require
Ω=V0 ≪ 1.
Having established the structure of the energy spectrum

and the nature of the ground state, we now connect these
findings to experimentally accessible conditions. The
ground-state structure described above can be obtained
for Rydberg ions in a Penning trap by setting B ¼ 1.75 T
and β ¼ 0.51 × 106 V=m2, which results in confinement
frequencies ωz ¼ 2π × 350 kHz and ωρ ¼ 2π × 220 kHz
and a spin-spin coupling strength V0 ≈ 1 MHz for n ¼ 45.
This parameter regime is consistent with the current
experimental capabilities of Penning-trap architectures, as
well as Rydberg-excited ions [32,39,45]. The case exam-
ple of frustration using a three-ion crystal in a triangular
configuration may be extended to a large planar crystal
consisting of many such triangular unit cells. We expect
that this will give rise to a rich physics of frustrated states
with interesting multiparticle entanglement properties.

V. SUMMARY AND PERSPECTIVES

We have proposed and analyzed a platform for 2D
quantum simulation that is based on trapped Rydberg ions
in a Penning trap. Starting from a microscopic model, we
derived the single-ion Hamiltonian under external trapping
fields and identified the conditions under which Rydberg
states remain stable in the Paschen-Back regime. Through
MW-dressing, these states acquire sizable and tunable
electric dipole moments, enabling the implementation of
interacting spin systems. Our analysis shows that the
resulting dipole-dipole interactions reach MHz strengths,
enabling the buildup of many-body correlations on time-
scales much shorter than the intrinsic coherence times of
trapped ions. Finally, we investigated a planar three-ion
crystal, demonstrating that such a system leads to a quan-
tum spin model with frustrated interactions and entangled
ground states.
Quantum simulation with trapped Rydberg ions in a

Penning trap offers many opportunities: in large ion
crystals, spatially resolved Rydberg excitation permits the
realization of various effective lattice geometries, includ-
ing triangular, kagome, and hexagonal arrangements
[102], which allow for direct exploration of frustrated
magnetism and exotic quantum phases [11,103–110].
Moreover, coupled electron-phonon (vibronic) dynamics

can be realized by engineering interactions between
Rydberg states and collective modes of the ion crystal.
This is opening avenues for the quantum simulation
of molecular phenomena such as the Jahn-Teller effect
[111–114]. Furthermore, the extraordinary stability of
trapped ion systems together with strong dipolar inter-
actions among Rydberg states allows the study of slow
relaxation caused by so-called kinetic constraints. This
may open a new window for the investigation of intricate
non-equilibrium behavior such as glassy dynamics and
trajectory phase transitions [50,115–118].
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APPENDIX A: DERIVATION OF INTERNAL,
EXTERNAL, AND COUPLING HAMILTONIANS

In this appendix, we derive the single-ion Hamiltonian
in the center-of-mass reference frame. We begin with the
single-ion Hamiltonian in terms of center of mass and
relative coordinates, see Eq. (7),

H ¼ 1

2me

�
pþ emcðB ×RÞ

2ðmc þmeÞ
þ meP
mc þme

þ e
2
B × r

�
2

þ 1

2mc

�
p − emeðB ×RÞ

mc þme
− mc

mc þme
Pþ eB × r

�
2

− μe ·B − eEðRÞ ·Rþ e
�
m2

c

M2
− 2m2

e

M2

�
EðrÞ · rþ e

�
mc

M
þ 2me

M

�
½EðrÞ ·Rþ EðrÞ ·R�: (A1)

We proceed with the gauge-invariant transformation H ↦ U†HU, where Uðr;RÞ ¼ exp½−i eðmcþ2meÞ
M AðRÞ · r� [58].

The momentum operators transform as
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U†pU ¼ p − eðmc þ 2meÞ
2M

ðB ×RÞ;

U†PU ¼ Pþ eðmc þ 2meÞ
2M

ðB × rÞ;
(A2)

while the position operators r and R remain invariant. These relations follow from the identity ðr ×BÞ ·R ¼
−ðB × rÞ ·R and from the Baker-Campbell-Hausdorff formula. For ease of notation, we make γ ¼ ðmc þ 2meÞ=M.
The single-ion Hamiltonian comes as

H ¼ 1

2me

�
pþ e

2

mc þ γme

M
ðB × rÞ

�
2

þ 1

2mc

�
p − e

2

2me þ γmc

M
ðB × rÞ

�
2

þ me

2M2

�
P − e

2
ðB ×RÞ

�
2

þ mc

2M2

�
P − e

2

mc

M
ðB ×RÞ

�
2

þ 1

M

�
pþ e

2

mc þ γme

M
ðB × rÞ

��
P − e

2
ðB ×RÞ

�

− 1

M

�
p − e

2

2me þ γmc

M
ðB × rÞ

��
P − e

2

mc

M
ðB ×RÞ

�
− μe ·B − eEðRÞ ·Rþ e

�
m2

c

M2
− 2m2

e

M2

�
EðrÞ · r

þ e
�
mc

M
þ 2me

M

�
½EðrÞ ·Rþ EðrÞ ·R�: (A3)

We proceed by approximating mc ≈M and discarding corrections of order me=M, which are typically on the order of
10−5. As a result, we obtain the single-ion Hamiltonian in terms of internal, external, and coupling Hamiltonian terms:

H ¼ 1

2me

�
pþ e

2
ðB × rÞ

�
2 − μe ·Bþ VðrÞ þ eEðrÞ · r|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

internal dynamics

þ 1

2M

�
P − e

2
ðB ×RÞ

�
2 − eEðRÞ ·R|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

external dynamics

þ e
M

ðB × rÞ · P − e2

2M
ðB ×RÞ · ðB × rÞ þ eEðRÞ · rþ eEðrÞ ·R|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

coupling between internal and external

¼ HinðrÞ þHexðRÞ þHcoðR; rÞ; (A4)

which corresponds to Eq. (10). Here, Hex describes a free
particle with mass M and charge q ¼ e, moving in
homogeneous magnetic and quadrupole electric fields;
Hin represents a particle of mass me and charge q ¼ −e,
also subjected to homogeneous magnetic and quadrupole
electric fields, but additionally influenced by the central
potential VðrÞ.

APPENDIX B: INTERNAL HAMILTONIAN
DIAGONALIZATION AND RYDBERG

SPECTRUM

In this appendix, we present the computational approach
used to obtain the Rydberg energy spectrum. In the
Paschen-Back regime, the internal Hamiltonian is approx-
imately diagonal in the basis

Hin ≈
X
L

ELjLihLj; (B1)

where the labels L correspond to the asymptotic eigen-
states at large magnetic field. To incorporate the l-mixing
induced by the diamagnetic interaction, we introduce the

dressed eigenstates at a finite magnetic field:

HinðBÞjELðBÞi ¼ ELðBÞjELðBÞi; (B2)

which evolve adiabatically from the Paschen-Back states
jLi. The expectation value of an operator O in this basis is
evaluated as

hELjOjEL0 i ¼
X
JJ0

hJ∣ELi⋆hJ0∣EL0 ihJjOjJ0i; (B3)

with jJi ¼ jn; l; j; mji defined in Eq. (16). We have
omitted explicit dependence on the magnetic field
strength B.
In practice, the quantities ELðBÞ and jELðBÞi are

obtained by full numerical diagonalization of HinðBÞ in
a truncated Hilbert space. Since we focus on the Rydberg S
and P manifolds, we retain the isolated set of neighboring
states
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jðn − 2ÞFji; jðn − 2ÞGji; jðn − 2ÞHji;
jðn − 1ÞDji; jðn − 1ÞFji; jðn − 1ÞGi; jðn − 1ÞHji;
jnSji; jnPji; (B4)

which results in a 126 × 126 Hamiltonian matrix for 0 ≤
l ≤ 5 and jl − 1=2j ≤ j ≤ lþ 1=2. The homogeneous
magnetic field and electric quadrupole field generate
couplings that satisfy the quadrupole selection rules
Δl ¼ 0;�2. Consequently, second-order energy shifts of
the low-l states (l ¼ 0; 1; 2) involve transitions to states
with l ≤ 4 (G-states), which justifies the chosen truncation
of the Hilbert space.

APPENDIX C: ELECTRONIC LOSSES AND
IONIZATION DUE TO EXTERNAL FIELDS

In this appendix, we derive the thresholds for unwanted
electron loss due to external electric and magnetic fields.
To estimate these thresholds, we neglect the spin-orbit
coupling and approximate the central potential as

VðrÞ ≈ − e2

2πϵ0r
: (C1)

The resulting internal Hamiltonian can be decoupled
into Landau-like levels by expressing the wave function as

ψðρ; z;ϕÞ ¼ fðρ; zÞeimlϕ; (C2)

where ρ is the radial coordinate and ml ¼ 0;�1;�2;… is
the magnetic quantum number. The function fðρ; zÞ
satisfies the Schrödinger equation H0

infðρ; zÞ ¼ Efðρ; zÞ,
with

H0
in ¼ − 1

2me

�
1

ρ

∂
∂ρ

�
ρ
∂
∂ρ

�
þ ∂2

∂z2

�
þ eB
2me

ml

− e2

2πϵ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ z2

p þ m2
l

2meρ
2
þ
�
eβ þ e2B2

8me

�
ρ2

− 2eβz2: (C3)

We identify the associated effective two-dimensional
potential describing the electron confinement in the
Hamiltonian H0

in:

Veffðρ; zÞ ¼
eB
2me

ml − e2

2πϵ0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρ2 þ z2

p
þ m2

l

2meρ
2
þ
�
eβ þ e2B2

8me

�
ρ2 − 2eβz2: (C4)

We now perform a stability analysis of this potential
to determine the ionization limit. Minimizing Veff with

respect to the z-coordinate yields the equation

∂Veff

∂z

����
z¼z0

¼
�

e2

2πϵ0ðρ2 þ z2Þ3=2 − 4eβ
�
z0 ¼ 0: (C5)

This equation leads to two stationary branches: an
axisymmetric extremum at z0 ¼ 0, and an off-axis saddle
point defined by r31 ¼ ðρ21 þ z21Þ3=2 ¼ e=ð8πϵ0βÞ.
For the first branch (z0 ¼ 0), the confinement condition

∂2Veff
∂z2 > 0 implies the condition ρ < ½e=ð8πϵ0βÞ�1=3 for the
radial coordinate. For ml ¼ 0, which corresponds to the
Rydberg states considered in the main text, the absence of
the centrifugal term ensures that the potential minimum
lies at ρ ¼ 0. For the second branch, the stationary
condition with respect to ρ at r ¼ r1 gives

∂Veff

∂ρ

����
r¼r1

¼ − m2
l

meρ3
þ
�
6eβþ e2B2

4me

�
ρ ¼ 0; (C6)

which corresponds to a saddle point located at

ρ1 ¼
�

2m2
l

24emeβ þ e2B2

�
1=4

: (C7)

For ml ¼ 0, we obtain ρ1 ¼ 0, and the axial coordinate
yields two saddle points along the axial direction,
z1 ¼ �½e=ð8πϵ0βÞ�1=3. In addition, the effective potential
evaluated at these points is

Veffð0; z1Þ ¼ − 3

2

�
e5β
π2ϵ20

�
3=2

: (C8)

The ionization electric field gradient is obtained by
equating Veffð0; z1Þ to the bound-state energies approxi-
mated to En ¼ −2=ðmea20n

2Þ. As a result, βion ¼ 9.2 ×
1010 V=m2 for Rydberg states with principal quantum
number n ¼ 50. These gradients are almost 104 times
stronger than the maximum values realized in Penning
traps, as discussed in the main text. Under typical operat-
ing conditions, with β ¼ 107 V=m2, we find the ultimate
ionization limit corresponds to the Rydberg state
with n ¼ 228.

APPENDIX D: COUPLING BETWEEN
INTERNAL AND EXTERNAL DYNAMICS

In this appendix, we show the calculations of the
second-order energy shifts due to internal-external cou-
pling shown in Eq. (21). We start by rewriting the coupling
Hamiltonian as
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Hco ¼ −
ffiffiffiffiffi
2π

3

r
r


Y1
1ðϕ; θÞ

�
eB
M

ðPy − iPxÞ

þ
�
2eβ − e2B2

2M

�
ðX þ iYÞ

�
þ H:c:

�

−
ffiffiffiffiffi
4π

3

r
rY0

1ðϕ; θÞ4eβZ; (D1)

where Yml
l ðϕ; θÞ are spherical harmonics, and ϕ and θ are

azimuth and polar angles with respect to the z-axis. In
terms of the spherical harmonics, the couplings provoked
by the internal-external coupling are made explicit,

since terms ∝ Ymκ
1 ðϕ; θÞ only couple states with Δl ¼ 1

and Δml ¼ mκ.
Assuming internal electronic states in the Paschen-Back

regime, the second-order energy correction due to the
internal-external coupling results in

ΔEð2Þ
L ðR;PÞ ¼

X
L0≠L

jhLjHcojL0ij2
EL0 − EL

; (D2)

where jL0i ¼ jn0; l0; m0
l; m

0
si. The numerator of this expres-

sion is explicitly calculated as

jhLjHcojL0ij2

¼ jhLjrjL0ij2
3

�
e2B2

M2
ðP2

x þ P2
yÞ þ

�
2eβ − e2B2

2M

�
2

ðX2 þ Y2Þ þ 2eB
M

�
2eβ − e2B2

2M

�
ðLz þ 2YPxÞ

�
δl;l0þ1δml;m0

l�1

þ 32jhLjrjL0ij2
3

e2β2Z2δl;l0þ1δml;m0
l
: (D3)

Thus, the expressions for the frequency and mass
modifications in terms of the perturbative series are
given by

M̃ ¼ − M2

e2B2

�X
L0

jhLjrjL0ij2
EL0 − EL

�−1
δl;l0þ1δml;m0

l�1;

ω̃2
ρ ¼ − 1

M

�
2eβ − e2B2

2M

�
2X

L0

jhLjrjL0ij2
EL0 − EL

δl;l0þ1δml;m0
l�1;

(D4)

ω̃2
z ¼ − 32e2β2

3M

X
L0

jhLjrjL0ij2
EL0 − EL

δl;l0þ1δml;m0
l
;

ω̃c ¼ − eB
3M

�
4eβ − e2B2

M

�X
L0

jhLjrjL0ij2
EL0 − EL

δl;l0þ1δml;m0
l�1:

(D5)

Considering the state jLi to be jSi ¼ jn; 0; 0;�1=2i,
and calculating only the first dipole-allowed transition to
the next-neighbor state, n0 ¼ n, we obtain the expressions
in Eq. (22).

APPENDIX E: THREE-ION CRYSTAL
VIBRATIONAL NORMAL MODES

In this appendix, we derive the vibrational normal
modes of the planar three-ion crystal described in the
main text. The external Hamiltonian reads

Hex ¼ Tex þ Vex; (E1)

where Tex ¼
P

3
i¼1

P
u¼x;y P

2
u;i=2M is the external kinetic

energy and

Vex ¼
X3
i¼1

1

2
Mω2

ρðX2
i þ Y2

i Þ þ
1

2

1

4πϵ0

X3
i;j¼1
i≠j

e2

Rij
(E2)

is the external potential energy. To obtain the vibrational
motion about the potential equilibrium, we proceed by
expanding the potential Vex in terms of small displace-
ments around the equilibrium positions: δRi ¼ Ri −R0

i .
We group the small displacement coordinates in a single
vector given by Q ¼ Q0 −Q0, with

Q0 ¼ ðX1; X2; X3; Y1; Y2; Y3ÞT;
Q0 ¼ ðX0

1; X
0
2; X

0
3; Y

0
1; Y

0
2; Y

0
3ÞT: (E3)

Performing the harmonic expansion in the external
potential to the second order in the small displacements
Q, we obtain

VexðQÞ ¼ M
2
QTKQ: (E4)

Here, the matrix K is the Hessian matrix, defined as
K ¼ M−1ð∇ ⊗ ∇TÞq¼q0Vex and explicitly given by
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The vibrational normal modes are obtained by solving
the eigenproblem associated with the matrix K, i.e.,

M−1KM ¼ Ω2; (E6)

where

Ω ¼ diagðω0;ω1;ω2;ω3;ω4;ω5Þ; (E7)

whereM is the normal mode matrix andΩ is the matrix of
normal mode frequencies. Explicitly, the normal mode
matrix is written as

M ¼

0
BBBBBBBBB@
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Each column of this matrix represents a vibrational
normal mode, which is also a normalized eigenvector ofK.
The normal mode frequencies obtained by solving this
eigenproblem are

ωα ∈
�
0;ωρ;ωρ;

ffiffiffiffiffiffiffiffi
3=2

p
ωρ;

ffiffiffiffiffiffiffiffi
3=2

p
ωρ;

ffiffiffi
3

p
ωρ

�
: (E9)

Each mode and its respective frequency and degeneracy
are shown in Fig. 8. The first frequency is a zero-mode
frequency, i.e., ω0 ¼ 0, describing a free particle with no
restoring force. This is due to the three-ion crystal sym-
metry, which allows free rotations about the z direction.
To diagonalize the external Hamiltonian, we introduce a

set of annihilation and creation operators aα and a
†
α of each

phonon mode, totaling five modes. This allows us to write
the canonical coordinates and conjugate momenta as

Qβ ¼
X5
α¼1

Mβαlαða†α þ aαÞ;

Pβ ¼
X5
α¼1

Mβαi℘αða†α − aαÞ;
(E10)

where we have introduced characteristic lengths and
momenta, lα ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1=ð2Mωα

p Þ and ℘α ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðMωαÞ=2
p

,
respectively. In terms of aα and a†α, the external
Hamiltonian assumes the diagonal form

Hex ¼
X5
α¼1

ωαða†αaα þ 1=2Þ: (E11)

APPENDIX F: DIFFERENT ION SPECIES

In this appendix, we present the electromagnetic proper-
ties and excitation schemes of different ion species that can
be used for Rydberg excitation in a Penning trap. Table II
summarizes the properties relevant to one-photon excita-
tion for six ion species. We note that Beþ and Mgþ do not
possess a metastable D state and therefore require more
elaborate excitation schemes, typically involving vacuum-
ultraviolet lasers or multi-step excitation. In contrast, the
remaining ion species can be excited via two-photon
schemes, as demonstrated experimentally for Caþ and
Srþ ions [75,122]. The corresponding two-photon excita-
tion pathways and their associated wavelengths are listed
in Table III.

FIG. 8. Collective vibrational normal modes in the three-ion
crystal. The eigenfrequency

ffiffiffi
3

p
ωρ corresponds to the breathing

mode, the degenerate eigenfrequencies
ffiffiffiffiffiffiffiffi
3=2

p
ωρ and ωρ corre-

spond to rocking and CM modes, respectively. We identify a
vanishing frequency, ω0, associated with the rotation of the ion
crystal about the z-axis.
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APPENDIX G: DEPHASING DUE TO
FLUCTUATING FIELDS

In this appendix, we estimate the dephasing of the effec-
tive spin degrees of freedom induced by fluctuations of the
MW and magnetic fields. Here, the spin states correspond
to the dressed electronic states introduced in Eq. (45), and
we focus on the decay of their quantum coherence.
The Hamiltonian in Eq. (58) shows that such fluctua-

tions affect both the single-particle term proportional to Δ
and the interaction term proportional to V0. The resulting
dephasing, in addition to the contribution from the finite
lifetime of the dressed Rydberg state, acquires a modu-
lation that reads

fðtÞ ¼ e−iφðtÞ; (G1)

which describes the ensemble-averaged decay of the off-
diagonal element of the spin density matrix [123,124]. The
accumulated random phase is

φðtÞ ¼
Z

t

0

dt0 δFðt0Þ; (G2)

where δF denotes the fluctuation of a parameter F, and ∘
represents an average over noise realizations [123].

For fluctuations of the magnetic field B and MW Rabi
frequency ΩMW, the induced fluctuation of F can be
expressed to first order as

δF ¼ ∂F
∂B

δBþ ∂F
∂ΩMW

δΩMW: (G3)

Here, we assume that δB and δΩMW are Gaussian
distributed and constant during a single experimental

realization. Using e−iφðtÞ ¼ e−φ2ðtÞ=2, for zero mean
Gaussian fluctuations, one obtains

fðtÞ ¼ exp


− 1

2

��
∂F
∂B

�
2

σ2B þ
�

∂F
∂ΩMW

�
2

σ2MW

�
t2
�

¼ e−ðΓ2
BþΓ2

MWÞt2 : (G4)

Here, σB ¼ ðδB2Þ12 and σMW ¼ ðδΩ2
MWÞ

1
2 denote the

root-mean-square amplitudes of the magnetic- and MW-
field fluctuations, respectively. The quantities ΓB and ΓMW
characterize the corresponding Gaussian dephasing.
The dephasing induced by fluctuations of the detuning

Δ can be obtained from Eq. (G3). The derivatives are
obtained from Eq. (45), resulting in

∂Δ
∂B

¼ 1

2

�
∂ES

∂B
þ ∂EP

∂B

�
;

∂Δ
∂ΩMW

¼ − 1

2
; (G5)

which are valid for resonant dressing, i.e., ΔMW ¼ 0. The
magnetic-field contribution is determined by the field
dependence of the dressed-state energies ESðBÞ and
EPðBÞ, whereas the sensitivity to MW-amplitude fluctua-
tions is constant.
In addition, magnetic-field fluctuations induce fluctua-

tions of the interaction strength V0. Using Eq. (49), the
magnetic-field dependence of V0 can be obtained explic-
itly. For resonant dressing, V0 is independent of ΩMW and
therefore only magnetic-field fluctuations contribute. The
resulting derivative is

∂V0

∂B
¼ 2M

3

�
d2zωρ

∂ωρ

∂B
þ ω2

ρdz
∂dz
∂B

�
; (G6)

TABLE II. One-photon transition properties for different ion species. The table shows ionization mass and ionization specifics [120]
for possible ion species for quantum simulation with Rydberg ions in a Penning trap.

Ion
species

Mass (most
abundant isotopes)

GS ionization
limit (cm−1)

One-photon photo-
ionization wavelength (nm)

D5=2-states ionization limit
in wave number (cm−1)

D-states one-photon
photoionization (nm)

Beþ 9 146882 68.1 … …
Mgþ 24 121268 82.5 … …
Caþ 40 95752 104.4 82041 121.9
Srþ 88 88964 112.4 74128 134.9
Baþ 138 80686 123.9 75011 133.3
Ybþ 174 98207 101.8 … …

TABLE III. Two-photon transition properties for different ion
species. The table shows two-photon excitation schemes and
their respective wavelengths for different ion species [120,121].

Element Transitions Wavelength (nm)

Caþ 3D5=2 → 5P3=2 213.2
5P3=2 →cont. 284.6

Srþ 4D5=2 → 6P3=2 242.6
6P3=2 →cont. 303.9

Baþ 5D5=2 → 7P3=2 225.5
7P3=2 → cont. 326.0

Ybþ 5D3=2 → 7P1=2 245.4
7P1=2 → cont. 289.8
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where

dzðBÞ ¼ jhESjzjEPijðBÞ (G7)

denotes the magnetic-field-dependent dipole matrix
element. Equation (G6) reveals two distinct contributions
to interaction-strength fluctuations: variations of the radial
trapping frequency ωρ and variations of the dipole matrix
element dz. The latter becomes dominant at larger mag-
netic fields, where the diamagnetic interaction increasingly
mixes states with different orbital angular momenta [see
Fig. 4(c)]. In contrast, the radial-frequency contribution
grows approximately linearly with the magnetic field
because ωρ ∝ B.
We consider the parameter regime of the experiment

presented in Ref. [32]. Active stabilization of the MW
power intensity may reduce fluctuations to below 0.01%.
SinceΩMW ∝

ffiffiffiffiffiffiffiffiffiffi
PMW

p
, where PMW denotes the MW power,

this corresponds to a relative MW-amplitude noise

σMW

ΩMW
¼ 5 × 10−5: (G8)

Furthermore, Penning-trap experiments have demon-
strated magnetic-field instabilities below

σB
B

< 2 × 10−8; (G9)

for averaging times of approximately one minute, even in
the absence of magnetic shielding and using only passive
thermal stabilization [88].
Using these experimentally reported noise levels

together with the derivatives in Eqs. (G5) and (G6), we
estimate the dephasing strengths quoted in the main text
(see Table I). The absolute values of the relevant deriv-
atives are shown in Figs. 9(a) and 9(b). These results
indicate that dephasing arising from fluctuations of the
interaction strength is negligible compared to that caused
by fluctuations of the two-level splitting Δ. For a magnetic

field of B ¼ 2T, we obtain a dephasing strength ΓB ¼
2π × 1.1 kHz. Using the MW Rabi frequency reported in
Ref. [32], ΩMW ¼ 2π × 178 MHz, the corresponding
MW-noise amplitude is σMW ¼ 2π × 8.9 kHz. This yields
a dephasing ΓMW ¼ 2π × 3.0 kHz.
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