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Product formulas are a popular class of digital quantum simulation algorithms due to their concep-
tual simplicity, low overhead, and performance, which often exceeds theoretical expectations. Recently,
Richardson extrapolation and polynomial interpolation have been proposed to mitigate the Trotter error
incurred by the use of these formulas. This work provides a rigorous, general analysis of these tech-
niques for computing time-evolved observables, simplifying the interpolation algorithm in the process,
and shows that extrapolation generically improves the performance of product formulas for this task. We
demonstrate that, to achieve error € in a simulation of time 7 using a pth-order product formula with
extrapolation, circuit depths of O(T'*!/7 polylog(1/¢)) are sufficient—an exponential improvement in the
precision over product formulas alone. Furthermore, we prove that these algorithms achieve commuta-
tor scaling, and improve the 7 complexity for the interpolation algorithm. By relaxing the requirement
of performing exact Chebyshev interpolation, our simplified algorithm eliminates the need for fractional
implementations of Trotter steps, reducing computational overhead. Finally, we show these techniques
can be combined with the classical shadows method to estimate many time-evolved local observables.
Taken together, our findings provide the strongest evidence yet for the utility of Trotter error-mitigation

techniques in algorithmic applications.
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I. INTRODUCTION

Quantum simulation—the task of computing dynami-
cal properties of a quantum system—has been an early
inspiration and impetus for quantum computing, and is
among the most promising candidates for near-term quan-
tum advantage. Scientific domains such as quantum chem-
istry, nuclear physics, materials science, and high-energy
physics stand to benefit from robust, programmable quan-
tum devices, which can implement a quantum Hamil-
tonian of interest [1-5]. Beyond the study of quantum
phenomena, Hamiltonian simulation forms a key com-
ponent to more generic routines, such as linear system
solvers [6,7], and even the investigation of nonquantum
phenomena [8,9].
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Hamiltonian simulation is, by now, a relatively mature
subfield of quantum computing. Significant attention has
been given to all steps of the simulation procedure: qubit
mappings [10—12], state preparation [13], time evolution
[14—16], and measurement [17,18]. Time evolution has
received particular attention as it is often the most expen-
sive step in a full routine. Roughly speaking, there cur-
rently exist four families of time-evolution algorithms:
product formulas (also known as Trotterization) [16,19],
linear combination of unitaries (LCU) [20-23], quantum
walks [24], and qubitization [15]. Despite the inferior
asymptotic scaling of product formulas, they have many
desirable properties, including conceptual and practical
simplicity, lack of auxiliary qubits, natural incorporation of
Lieb-Robinson bounds, commutator scaling, and the ten-
dency to conserve desirable properties and symmetries of
the Hamiltonian [19,25-29]. Many of these desirable prop-
erties are believed not to hold for post-Trotter methods
in general [30]. Remarkably, the empirical performance
of product formulas is often comparable to the LCU and
qubitization methods in numerical studies [31,32], and far
better than leading error bounds predict [33]. These studies
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indicate a gap in our theoretical understanding of expected
Trotter error.

While the unexpectedly high empirical performance of
product formulas is fortunate, the current constraints on
quantum hardware still make simulating interesting Hamil-
tonians out of reach, motivating the search for improved
Trotter-based approaches that do not significantly increase
quantum resources. A wide range of product formula
algorithms have been suggested to optimize performance
according to properties of the Hamiltonian under consid-
eration [34—41] and by optimizing the circuit itself [42].
Additional progress has been made by recognizing that
time evolution is not a full algorithm, but ultimately a sub-
routine embedded within a measurement protocol. With
a suitable choice of measurements, the resulting classical
data can be processed to improve results without going
beyond product formulas. This amounts to algorithmic
error mitigation, which is conceptually similar to the hard-
ware error mitigation being developed and employed on
current devices.

Several Trotter mitigation approaches have been pro-
posed, including Richardson extrapolation [43,44], poly-
nomial interpolation [45], and parametric matrix models
[46]. Most of these results lack rigorous performance guar-
antees, and existing guarantees fail to capture expected
properties such as “commutator scaling,” whereby the
algorithmic cost is dependent on the Hamiltonian only
through nested commutators of its terms (see Sec. 11l A for
a detailed discussion of prior work). This lack of theoreti-
cal grounding may be surprising given that the Richardson
extrapolation and polynomial interpolation techniques are
remarkably simple and well-studied numerical techniques
that are employed in various settings.

This work makes several advances in the study of
Trotter error mitigation for quantum simulation. First,
we provide a fully specified Richardson extrapolation
algorithm with rigorous performance guarantees, utiliz-
ing well-conditioned schemes developed for multiproduct
formulas [23]. Second, we improve upon the polynomial
interpolation algorithm of Ref. [45] by drastically improv-
ing the error bounds and eliminating the need for fractional
evolutions of Trotter formulas, which required additional
quantum overhead and quantum signal processing. Finally,
we conduct a rigorous and unified performance analy-
sis of these algorithms for time-evolved expectation val-
ues. While these algorithms achieve the expected gains
in precision, we also prove that they exhibit commutator
scaling and O(T'*!/7) scaling with the simulation time
for a pth-order formula, both of which are not achieved
by any previous literature. For the first time, our analy-
sis considers both “coherent” and “incoherent” measure-
ment protocols for acquiring the expectation values for
various Trotter step sizes, and quantifies both the max-
imum circuit depth and total cost. On the way to these
results, we provide a concrete analysis of the Trotter errors

associated with Heisenberg evolution of observables; in
particular, we derive an explicit error series with guar-
anteed neighborhoods of convergence. These results are
likely to be of interest beyond the applications considered
presently.

We now briefly highlight some of these advances, which
are discussed at greater length in Sec. III. For the short-
depth method, we show that circuit depths of

O ((AT)'*!77 polylog(1/€))

are sufficient, where A is a factor depending on commuta-
tors of terms in the Hamiltonian, and where p is the order
of the product formula. For the method optimizing total
resources, we show that the overall number of Trotter steps
needed scales as

141/,
o (% polylog (1/6)) .

Essential to achieving these results is the fact that our
extrapolation approaches are well conditioned, such that
small errors in the data do not rapidly accumulate. We
show that two methods of performing the extrapola-
tion—Richardson extrapolation and polynomial interpo-
lation—obtain the same asymptotic performance up to
logarithmic factors. Crucially, the algorithms require no
additional control gates or ancillary qubits compared
to nonextrapolated product formulas, unlike the origi-
nal polynomial algorithm. The short depths and reduced
gate counts of extrapolated product formulas techniques
should be beneficial in both the NISQ and fault-tolerant
regimes. Moreover, we show the techniques can be natu-
rally combined with classical shadows to estimate M local
observable expectation values at once with only log(M)
overhead. This shadow extrapolation essentially allows us
to reconstruct a classical shadow representation of the final
state of the idealized time evolution.

The rest of this paper is outlined as follows. In Sec. I,
we provide the background on product formulas, varia-
tion of parameters, extrapolation techniques, and measure-
ment protocols. The main results are stated in Sec. III.
Section IV contains the technical error analysis of time-
evolved observables under product formulas, which we
then use to inform the complexity analyses of Richard-
son extrapolation (Sec. V) and polynomial interpolation
(Sec. VI). Section VII explores additional applications
for our findings and illustrations of the improvements
for concrete models. Section VIII presents an algorithm
combining classical shadows with extrapolation in order
to estimate many time-evolved observables. Finally, we
provide some discussion and concluding remarks in
Sec. IX.
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II. SUMMARY OF METHODS

In terms of the algorithms considered in this work, the
primary elements are product formulas, amplitude mea-
surement, and two extrapolation techniques: Richardson
and polynomial. For the theoretical analysis, we rely heav-
ily on variation of parameters from the theory of first-order
ordinary differential equations. This section briefly reviews
all of these components to help the reader understand the
main results and subsequent proofs. Those interested only
in statements of results are welcome to skip to Sec. III.

A. Product formulas

Consider a (time-independent) Hamiltonian H expressed
as a sum of I" terms

H=} H, (1)

for Hermitian H,. Product formulas are splittings of the
exponential e~ the time-evolution operator, along the
various terms /1,,. For example, the simplest product for-
mula, namely first-order Trotter, is defined by

r
Pi) = [ e, )

y=l1

where, by convention, we take the product going right to
left. The utility of product formulas arises from the fact that
there often exists decompositions of /7 into terms H, such
that each exponential e=*7' may be computed efficiently.
For example, [, may be k local, or H may be sparse and
thus decomposable into one-sparse terms.

Product formulas are meant to approximate the exact
time-evolution operator for short times ¢. Larger times can
be approximated to arbitrary precision by breaking the sim-
ulation time 7" € R into sufficiently many steps. A product
formula P is said to be order p if

P —e M = 0@t 3)
for small ¢. Thus, fortime 7 € Randr € Z,
e T _p(T/r)" = O(TP ' )1?). 4)

In this work, we only consider formulas of order at least 1.
The order is roughly a proxy for accuracy, although large
constant factors typically negate the advantage of high-
order formulas in typical instances. There exist product
formulas of arbitrarily large order, the most well-known
family of which is the Trotter-Suzuki formulas S,; of
order p = 2k. These are defined recursively as follows.

Fork =1,

1 r
$(0) == 1_[ e Hyi/2 l_[ e Hyi/2
y=I y=1

and for k € Z greater than 1,

S (®) = [Sag—1) @) 2 S2i—1y (1 — 4u) O [Saa—1) )%,

with a value of u; € R that is presently unimportant. One
useful property of S is that it is symmetric, meaning
So(—1) = S (0.

We will find it useful to define s := 1/r and treat s as a
continuous variable. It can be shown that P(s7)!/* is ana-
lytic in a neighborhood of s = 0 (see Ref. [45] or Lemma
1 below). In such a neighborhood, the product formula can
be written as an evolution under an effective Hamiltonian

PUs(sT) = ¢~ THerD)

He(sT) = H + ) Enis' TV, 5)
Jjzp
=H+ E(sT)

where E(f) := He(f) — H and Ej; are a set of coeffi-
cients with explicit form given by the Baker-Campbell-
Haussdorf (BCH) formula. When P is symmetric, the error
series is even in s, meaning £; .1 = 0 for odd ;.

B. Variation of parameters

Our primary technical tool in this work will be the varia-
tion of parameters equation for linear operators. Given two
matrices 4, B, the formula reads

t
emw:w+/f“%Nan ©)
0

This can be understood as a special case of the formula
from the theory ordinary first-order differential equations,
treating B as a perturbation [20].

We apply this formula by focusing on the relevant linear
operators acting on the space of observables (sometimes
dubbed “superoperators”). The exact and Trotterized evo-
lutions of an observable O under H are O(T) = T Qe AT
and O(T, s) = THAEGD) Q=iTHHEGD) regpectively, with
E defined in Eq. (5). We see that these are solutions to the
first-order differential equations

arO(T) = iady O(T)  070(T,s) = iady xin O(T,s),
()
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where adg(-) :=[H,-].
iadgm, Eq. (6) reads

Taking 4 =iady and B =

O(T, s) = 7% (0)

T
= T3 (0) + i/ dre/T—0adn adE<m(é(t,s)).
0
We can recursively insert the variation of parameters
equation into the right-hand side. Iterating this K — 1
times, for a value of K we will choose appropriately, we
get a series expansion for the time-evolved observable in
terms of the inverse Trotter step s.

O(T.5) = OD) + ) E;11.6(D(0) + Fi (5, T)(O).
Jjzp
®)

Here E and F are (super)operator coefficients. The F term
can be thought of a type of remainder, made smaller with
larger K, and the coefficients £ i +1,k consist of nested com-
mutators of the /,. These claims are made rigorous in
Sec. IV A. The value of this expansion is that, by increas-
ing K, we can make the remainder term irrelevant com-
pared to the dominant errors captured by the power series
in E; ;1 k. Thus, by characterizing the E; ;| ¢, it becomes
much easier to understand the effects of extrapolation on
the resulting estimate.

C. Extrapolation methods

Equation (8) defines a series expansion in terms of the
inverse Trotter step size s for the Trotterized time evolution
of an observable. This, in turn, gives us a series expansion
for the scalar-valued function

f(s) := (O(T,s)). ©)

Ideally, we wish to estimate f(0) to obtain a time-evolved
expectation value without Trotter error. By taking mea-
surements at particular values of s, we can extrapolate
to the s =0 ideal. Here we review the two methods
to perform this extrapolation considered in this work:
Richardson extrapolation and polynomial interpolation.

1. Richardson extrapolation

Given a function f with a series expansion, Richard-
son extrapolation is a method to get iteratively improved
estimates of a particular value [47,48]. Suppose we have a
function with the expansion

f&) =" ast
k=1

for some coefficients c;, and we wish to approximate f(0)
when the only information about f we have access to val-
ues of f(s) for s € {s1,...,s,}. Then we can iteratively

construct an approximation as follows. Suppose we choose
some 5o = s > 0 and 51 = x/k; for integer k; # 0. We see
that if we evaluate the function at a point f'(s/k;), we have

2
F(s/ky) = £(0) + clki + o (%) + 0.
1 1

Since f'(s/k;) and f(s)/k; match at first order, subtracting
the two equations yields

@ /k=[(s/k) = (1/ky = Df (0) + &s* + OG*)
or, after dividing by the factor multiplying f(0),

S/ —f(s/ki)
1/ky — 1

= FV(s) = £(0) + &5 + O(s).
(10)

Thus, we have constructed an estimator F(s) of £(0)
accurate to order O(s*). By comparison, f(s) is only
order O(s). The precise form of ¢, is irrelevant for the
present illustration. The procedure can be iterated again to
eliminate the ¢, terms, and so on as desired.

In general, a linear combination of m evaluations of £,
with suitably chosen coefficients b;, removes m terms in
the series expansion. An m-term Richardson extrapolation
F™ (s) has a small s behavior that satisfies

00
E CkSk

k=m+1

IF™(s) = £(0)] < Y |y

j=1
— 0(Sm+l).

Thus, by picking sufficiently small s and sufficiently large
m, we achieve a more accurate estimate of f(0). We can
then apply this to the series expansion from Eq. (8).

When applying a well-condition Richardson extrapola-
tion for time-evolved expectation values, we will find the
error scaling as

[F™(s) = (O(D)| = OG> T>"I+1P)

for a symmetric order p product formula. By choosing
the sampling points {s;}”, such that s; is the largest,
and all other are related by the Chebyshev nodes start-
ing from sy, one can also show robustness of the estimator
F (s) to noisy data [23]. We give a more thorough analy-
sis of Richardson extrapolation applied to Trotter-evolved
expectation values in Sec. V.

2. Polynomial interpolation

Here we review the proposal of Rendon et al. for using
polynomial interpolation as a Trotter extrapolation method
[45]. Given a real-valued function f(s) in a domain D C
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R, and given a set of values f(s;),...,f(su), there is a
unique (m — 1) degree polynomial P,,_f, which matches
the value of /" at each s;. A concrete representation may be
given terms of the Lagrange basis polynomials

Puif () =Y f(s)Lils),
i=1

where

Li(s) := 1_[ s =5

1<n<m (Si - Sn)

n#i

More importantly, P,/ may be computed by a number
of standard techniques such as barycentric interpolation,
which is efficient and stable to floating-point errors [49].
By choosing the sample points s; to be at the Chebyshev
nodes of an interval of interest, the interpolation will be
robust to errors in the computed values f(s;) [50]. These
features make interpolation a plausible tool for Trotter
extrapolation.

To apply polynomial interpolation to Trotter-evolved
expectation values f(s) of Eq. (9), we consider a neigh-
borhood [—¢,¢] of the origin, where £ € R, is to be
chosen based on problem parameters. This function can be
computed for both positive and negative s using product
formula evolutions on a quantum computer. Performing
a Chebyshev interpolation of m € 27, sample points, the
final estimate is given by P,,_f(0). Figure 1 depicts this
setup. One can show [45] that the interpolation error at the
point s = 0 is bounded as

B (In) i m
7(0) Pm—lf(0)|§§£[1§2€]v (§)|<2m - (1D

Utilizing the error expansion Eq. (8), we can bound the
derivative term as

3‘:”((3(T,s)) -0 (ngm(IH/p)) .

Hence, by choosing the interval with £ = O(T~*1/P)) we
get that the approximation error from Eq. (11) decreas-
ing exponentially with m. See Sec. VI for the complete
analysis.

D. Taking the measurements

So far, we have been concerned with the extrapola-
tion schemes and their accuracies. However, to implement
either Richardson extrapolation or polynomial interpola-
tion, we need to be able to take measurements of the
time-evolved observable at different value of s, and these
measurements come with intrinsic errors (regardless of
hardware effects). For successful overall error reduction,
we will require our measurements to be within some error
tolerance of the exact Trotter-evolved expectation value,
and from robustness guarantees, this allows us to extrapo-
late to within a small error of the ideal evolution. In this
work, we consider two schemes for performing the expec-
tation value measurements.

Method 1 (Incoherent): Simply time evolve the initial
state py under P79 (s;T), then measure the expectation
value by repeated measurement of O. The precision will
necessarily be shot noise limited, leading to a O(1/€?) cost
for precision €. However, circuit depths will only be as
long as needed to perform a single measurement, and often
these can be estimated straightforwardly with low depth
circuits (e.g., using classical shadows using randomized
single-qubit measurements).

Method 2 (Coherent): Use iterative quantum ampli-
tude amplification to achieve Heisenberg-limited scaling

FIG. 1.

———(0(T,s))
Pr-1f(s)

Schematic of the polynomial interpolation procedure. The dotted purple line is the true value of the Trotter-evolved expec-

tation value, (O(T,s)), and the blue line is the interpolating polynomial P,,_f(s) for m = 8. The red points are estimates of the
time-evolved expectation value obtained via product-formula evolution with measurement, which are then used to construct the
polynomial. The final estimator of the expectation value is given by P,,_f(0).
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Choose a set {s;}i%; of points
to sample from with a
largest step size s;.

/\

Incoherent Measurements
(Method 1):

Evolve the state under a
Trotter-Suzuki formula for
each inverse step size s; and

then measure the observable 0.

|

Repeat 0 (Elz) times to get
expectation value estimate

correct to within O0(e) of the
Trotterized expectation value.

Coherent Measurements
(Method 2):

Use iterative amplitude
estimation to estimate the
Trotterized expectation
value (O(T, s)) at each of
these points to get estimate
to precision 0(e).

Use Richardson extrapolation or
polynomial interpolation to
construct an estimate O satisfying
Ocst. = (0(T)) + O(sf™*?).

FIG. 2. Flowchart indicating the incoherent (Method 1) and coherent (Method 2) schemes for performing extrapolation of the time-
evolved expectation values using product formulas, where the specified time and final error are T and ¢, respectively. For each time-step
size, we need to make a measurement of the observable’s expectation to precision €. While the incoherent scheme is simpler and
requires shorter circuit depths, the coherent scheme achieves a quadratic speedup from using quantum amplitude estimation. Regardless
of the measurement protocol, the algorithm concludes with the same classical calculation of the acquired data.

O(1/€) in the measurement precision. This is essentially
a quadratic improvement over in error scaling Method 1
but involves longer circuit depths. Iterative protocols for
amplitude estimation require few auxiliary qubits while
still achieving competitive results compared to Fourier-
based methods. For our analysis, we consider specifically
the iterative quantum amplitude estimation protocol of
Grinko et al. [51].

A flowchart illustrating the entire extrapolation process
is given in Fig. 2. Method 1 optimizes for shorter circuit
depths at the expense of greater overall resources by using
incoherent measurements for observables. As such, this
method may be more promising for NISQ devices. Method
2 uses coherent measurements to improve the overall scal-
ing at the expense of longer circuits, and hence may be
more useful for fault-tolerant devices.

III. RESULTS

Our results are stated for two separate measurement rou-
tines for performing the expectation value calculations, as
discussed in Sec. II D. Figure 2 gives a schematic workflow
for the extrapolation protocols using either measurement
type. We now informally state the main results of our work;
see later sections for more rigorous formulations.

Theorem 1 (Trotter extrapolation resource counts
(informal)). Let O be an observable and H = Z)F, H, be

a time-independent Hamiltonian. Let Oy be the estimate
for a time-evolved expectation value on an arbitrary initial
state, (O(T)), produced by varying the Trotter step size of
a pth-order product formula, taking m measurement sam-
ples, and then extrapolating to the zero step-size limit using
either Richardson extrapolation or polynomial interpola-
tion. Then, for a simulation time 7, a relative error € can
be achieved, with high probability, such that

O(D)) — Ocqtl < €]1O]]

using O(log(1/€)) extrapolation points. Furthermore, the
maximum circuit depth and total gate count for each of the
estimation subroutines described above scales as shown in
the following table.

Cost

Method Max circuit depth Total gate cost

Incoherent O ((AT)'*!/7 polylog (1)) O (W polylog (é))

Coherent O (w polylog (é)) 0 (M polylog (é))

Here O hides log log factors, and A < 4Zy IH, | is a
nested commutator with full expression given in Lemma 7.
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TABLE L

Summary of asymptotic scalings for simulation protocols for time-evolved expectation values (without extrapolation)

where incoherent and coherent measurement procedures are used. Results are obtained using the current best scalings for product

formulas. This should be compared to the results in Theorem 1. The quantity aéﬁnﬂg <2 (Zy

|H, )P is a sum of p + 1 nested

commutators defined in Eq. (15). u is a different norm of nested commutators defined in Ref. [20]. A = Zy LA, ]|

Alternative methods without extrapolation

Cost

Method

Max circuit depth

Total gate cost

Trotter (incoherent) [19] 0 (

Trotter (coherent) [19]

1
(@) /P T+ P
1/p

1
c%tnf)”PT”‘/P)

0(“"

O

(p+1))1/pT1+1/p)

( €2+1/p
1
( (@&t l/pT1+1/p)

el+1/p el+1/p

Multiproduct formula (incoherent) [20] O (uTlog(1/€)) 0 (— log(1 /e))
Multiproduct formula (coherent) [20] 0 (%T log(1/ e)) 0 <? log(1/ e))
Qubitization (incoherent) [15] 0 (AT +log(1/¢€)) 0 (61—2 (AT + log(l/s)))

Qubitization (coherent) [15]

0 (é (AT + log(l/e))>

0 G (AT + 10g(1/e))>

These results demonstrate an improvement in circuit
depth over the direct application of product formulas by
an exponential in the error scaling, while maintaining the
same time scaling (see Table I for a direct comparison
for the results in Theorem 1). As we discuss in Sec. IIT A
below, our analysis improves on prior results for both
Richardson extrapolation and polynomial interpolation.
The extrapolated techniques are shown to inherit all of the
desirable properties of standard product-formulas meth-
ods, such as locality, commutator scaling, respecting the
system’s symmetries, etc.

In Appendix A, we show how the prefactors in Theorem
1 can be improved by taking into account symmetries of
the system. While our commutator A is not obviously com-
parable to the simpler aéfﬁm) commutator from Trotter
error bounds, we show (Corollary 2) that in certain regimes
our Trotter errors can indeed be bounded with aé’grﬁf essen-
tially replacing A?T!. We then use this in Sec. VII to show
concrete improvements in resource analysis by porting
over well-studied properties of aéﬁgrln) from prior literature
[19]. Though it appears difficult to show, the A error bound
likely exhibits significant improvements over norm-bound
estimates in general, even outside the parameter regimes
of Corollary 2.

We note that the results have either 1/€ or 1/€? scaling
for the coherent or incoherent measurement procedures,
respectively; this is a consequence of the measurement pro-
tocols, not the time evolution. Indeed, this scaling would
be present even for multiproduct formulas or qubitization-
based simulation combined with incoherent or coherent

measurement protocols, and lower bounds can be shown
from results in metrology [52].

Additionally, Method 1 (incoherent measurements) is
fully compatible with classical shadow techniques for esti-
mating many observables. To do this, in Sec. VIII we show
how to extrapolate in a way that essentially constructs a
classical shadow representation of the idealized final state
of the evolution. This allows us to estimate M different
local observables with probability > 1 — §, then we get an
additional resource cost O(log(M /3)).

Finally we note that the bounds in Theorem 1 are in
terms of the number of Trotter steps. The total num-
ber of elementary exponential operations comes with a
multiplicative factor YT', which may contain additional
information about scaling with system size. A true ele-
mentary circuit depth and gate cost would require more
specification of a computational model, such as a k local
or sparse matrix model.

A. Comparison to previous extrapolation results
1. Richardson extrapolation

The use of Richardson extrapolation to reduce Trotter
error was originally proposed in Ref. [43]. Although the
authors note that Richardson extrapolation should reduce
the error with repeated samples, the work does not provide
rigorous resource estimates in terms of the basic simula-
tion parameters. Subsequent work in Ref. [44] employs
Richardson extrapolation on actual quantum hardware,
observing improvements over bare simulation results.
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However, there appear to be errors in the formal treatment
of the algorithmic error, which we discuss in Appendix D.
As aresult, a rigorous asymptotic analysis of the scaling of
Richardson extrapolation for quantum simulation does not
appear to be present in the literature. We hope the present
work provides a more complete theoretical picture of the
Richardson approach.

2. Polynomial interpolation

The polynomial interpolation approach was introduced
and rigorously analyzed in Ref. [45]. There it was shown
that, to measure an observable at time 7, it suffices to use a
total number of Trotter exponentials (in the coherent mea-
surement case) scaling as O ((x T)?/e log(x T/e)), where
x = I'max, ||, |. This work improves the time scaling
to T'+1/7 which matches regular pth-order Trotter. More-
over, the norm bound yx is replaced with a commutator
expression that is upper bounded by x (up to small con-
stants), and is often much smaller for local Hamiltonians.
An important technical step to this commutator scaling
is showing the effective Hamiltonian is analytic within a
radius, which depends inversely on a commutator, not a
norm bound on H. This may be of independent interest.

Besides improving the analysis, we relax the require-
ment for exact Chebyshev interpolation, avoiding the need
for fractional queries of the form P° for § € (0, 1). This
leads to additional factors of log(l/€) in the complex-
ity, but we feel the reduction in overhead and conceptual
difficulty makes up for this. Our simplified approach can
now more genuinely be summarized as consisting only of
Trotter and classical postprocessing.

3. Other approaches using classical postprocessing

Other approaches at “dequantizing” Hamiltonian simu-
lation techniques exist, but are not directly related to the
present work. For example, Ref. [53] introduces a ran-
domized version of the multiproduct formula presented in
Ref. [23], achieving near-optimal scaling. However, the
method requires additional auxiliary qubits and control
operations. Further work on dequantizing the multiproduct
formula can be seen in Ref. [54], in which they improve
the scaling of the multiproduct formula and show it satis-
fies commutator scaling with a quadratic improvement in
the error associated with the size of the time steps relative
to standard p”-order product formulas. Other approaches
include constructing nonunitary channels, which can be
computed using classical postprocessing using randomized
compiling methods [38,55].

IV. ERROR ANALYSIS

In this section, we derive our primary technical results
and develop our most important tool: an explicit series
expansion, with respect to Trotter step, of a time-evolved

expectation value of an observable O evolved under a
product formula. The results contained here will be directly
applied to Richardson extrapolation and polynomial inter-
polation in the subsequent sections. Our approach is
inspired by recent work of Aftab et al. [20], although we
eventually deviate to write simpler bounds.

We begin with some essential notation and definitions.
A staged product formula P is defined as

T T
P@ = [[Te™ " w, (12)

v=Iy=I

where Y € Z, is the number of stages, a(, ,,) € R are coef-
ficients and 7, € Sr are permutations [19]. For the case
of Trotter-Suzuki formulas, Y =2 x 57! and |a(,,| <
2k/3% [56, Appendix A]. For p € Z,, a pth-order product
formula satisfies

P(t) — e M = o@P™) (13)

in the small ¢ limit. For ease of notation, let [X1.X; ... X,]
refer to a right-nested » commutator

(X1 Xy . X = X0, [Xo, [ X XD (14)

and define

r

W = )

Y1 )/2...)(/:1

I[Hy, Hy, ... H, Il (15)

It will be useful, for our purposes, to employ a BCH for-
mula based on right-nested commutators [57]. We first
define

¢ (Y1, Y2,....Y))

| i1 -1
:=j—22(—1)"" <Jd ) Yoy Yol (16)

oS

where §; is the set of permutations over j elements and d,
is the number of descents in o. An index i is a descent of o
if 0 (i) > o (i + 1). In these terms, the BCH formula reads

[Te" = . (a7
i=1
where
Z=ZX,~+Z_1'Z(I_ / _)¢_,- (Xﬁfl,...,X;fn).
i=1 j=2]' 7 Mleeedn
(18)
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Here

) €N = (19)

j=1

J =10

sums appropriately over the multinomial coefficient, and
X I refers to i copies of X in the argument. Equation (18)
is formal and may not converge, though a sufficient cri-
terion for convergence is absolute convergence in the
operator norm.

A. Error expansion of the time-evolved observable

We begin with a lemma concerning an error series
in the effective Hamiltonian H.g(f) generating P, which
approximates H for small ¢.

Lemma 1 (Effective Hamiltonian error series). Let P be
a staged product formula of order p, and let H.y be the
effective Hamiltonian of P defined by the relation

—itH g(0)

P =e

for t € R. Let £ € R, be such that, for all t € (—¢, £) the
sequence aé’oinm (amax Y|#]Y is bounded in 7, with apax :=
max,,, |a(U »|. Then the effective Hamiltonian admits a
power-series expansion

Hep(t) =H + Y Ej it

j=1

for t € (—¢,¢), where

5= () (114)

i=1
. Xj1 XJn
x ¢ (Hyl c X

Here n = YT is the number of terms in P and i € [n]
indexes the terms in order. Moreover, E; satisfies the bound

IE; 1l <

comm*

Amax L
( max )/ a(])
j?

Remark. Note that a radius of convergence ¢ certainly

exists by a norm bound on aé’;,inm; however our radius of
convergence is commutator dependent and will generally
be larger.

Proof. Consider P written as
P =] e, (20)

where H; = H,,. By definition, []}_, e~ il = ¢=efi' and
may therefore express Hes as a formal BCH expansion.

Using Eq. (18) with Z = —itH4(¢) and X; = —ita;H;,

—itHg(t) = Z —ita;H; + Z Z (r )

X ¢; ((—italHl)Xfl, ooy (—itayHYIm))

@n

Since P is at least first order, we have ), a;H; = H. Using
the multilinearity of ¢;,

eﬁ(’)_H+Zo ) Z(;f;) (Ud>

R anjn>

XJ1
X ¢j+1 <Hl P

=H+) {E, (22)

Jj=1

where we have defined the Hermitian error operators

- ‘”’ Z(, )(]‘[w)

x¢,< "9

. ,H;fn) . (23)

Applying the triangle inequality and using the definition of
¢; in Eq. (16)

IE; ||<—ZC )( |aiv'f)jiz

xZ( ) IHo ) - - - Hoaplll, — (24)

oES;

where by observing the argument of ¢; has exactly j terms,
we write

H ...Hy =HJ" . HY" (25)

with i, € {1,...,n}. We wish to reindex this sum to be over
i1,...,1;, with 7 varying freely, and accomplish this by
rehashing arguments used surrounding [20, Eq. (44)]. For
a given [H;, .. .H,-j], there exists a unique (ji,...,J,) € J
specifying the terms in that commutator, as the j; indices
give the number of each Hj, present in the commutator, and
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this is a function of a full (i, ...
we may write

R i\ [
- ”[['[il-ul_]i,']”<~) ( |a; I)
J!J2.Z AV ,E[l ‘

i]..ij=1

i1 -1
YR
i) o

where 7 = (ji,...,J,) is the vector of counts determined
by the i, and S(7y, ..., i;) € S; refers to the permutations,
which leave the sequence (ij,...,i;) invariant. There are
exactly ji!j»! .. .j,! of these. Thus,

_ 1
3 <d—1) < > I=ihlold @D

o€Sitsip) 0 ES(iyenniy)

,i7) specification. Thus,

IE; || <

and therefore

1 n

J
IEN < = Y Hi - H )] ] las
J i =1 k=1
Tnax
< > H:, - =l (28)

i,.dj=1

where am,y := max; |a;|. We now remember that each H;,
runs Y times over each term H,, in /. Thus, each sequence

H, Hy, ...H, is represented Y/ times in the multi-index
(i1,...,1;). Hence,
n r
SNHy - H =YY [Hy, . Hy
i dj=1 V1o =1
= T & (29)

This gives our upper bound on E; from the lemma state-
ment.

To summarize, we have that tHe(r) =tH + 32
E; 1/ provided that the series converges. A sufficient
condition is absolute convergence, namely the conver-
gence of

> I IE . (30)
=2

We note that Zj C/j? is a convergent series for all C €
R, and thus, by the squeeze theorem, it suffices that there
exists an J € Z such that for allj > J, [t/ |E;|| < C/j*.
Using our bound on ||Z; ||, this is satisfied provided
(amaletD] al <C (1)

comm —

for such j. This is equivalent to the condition provided in
the lemma. u

Observe that less stringent conditions for convergence
could be derived, e.g., by bounding the series witha 1/j !¢
decay for any € > 0 instead of 1/j2, and indeed the con-
dition under which such series converge is well studied
[58,59].

A symmetric product formula is one for which P(—¢) =
P~1(#). For pth-order formulas, the lowest E; are zero, and
for symmetric formulas, the error series for Heg is even, as
is captured in the following lemma.

Lemma 2. Let P(¢) be a pth-order staged product for-
mula, and suppose the BCH convergence condition of
Lemma 1 holds. Then the error operators E;; from
Lemma 1 are zero for all j < p. Moreover, for symmetric
P,E;j+1 =0forallodd;.

Proof. We will show that Heg(f) = H + O(¢”), which
directly implies the first claim of the lemma. The Hamilto-
nians Hex(¢f) and H may be defined through the logarithm

1 1
Hex(?) = _i_tl()gp(t)’ H = ~Z log U(?) (32)

and, in a neighborhood of 7 = 0, the logarithm may be
expanded in a power series.

He(r) — H

00 1)]

1
:0

[(P() —1Y*' = (U@ — 1Yy ]

1 (—1Y
== Z [Z( Y ~HPHo — Uk(t)):| - (33)
j=1 k=
Since P(f) — U(¢) = O(t?*") we have that P(f) — U(f) =
t?*1E(¢) for some analytic, operator-valued function E. In
fact, this implies
PiD — U = " ED () (34)
for some analytic E®. Factoring out the t**! from the
series, we find that
Hex(t) — H = t"E(1) (35)
where, again, £ is some analytic operator-valued function.
This shows that H.g(f) — H = O(t?) and thus, provided
the BCH series exists, all E; = 0 forj < p.
For symmetric product formulas, the condition P(—f) =
P(#) (P is unitary) implies for the effective Hamiltonian
that

(—itHen(2)) =—i(—t) Her(—1), (36)

which further implies Heg(?) is an even function. Thus, the
BCH error series is even provided it exists. |
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As an aside, it is possible that the order conditions from
Ref. [19, Theorem 9], could be adapted for our purposes.
However, they characterize their exponential error using
a time-ordered exponential, which is suitable for their
objectives but less so for ours.

We have thus characterized the error terms in Heg ade-
quately for our purposes. Moving towards our primary
interest, dynamical evolution of observables, we now wish
to construct an error series for an observable evolved under
a product formula. The following lemma provides what
we need, and mimics the ideas of Ref. [20]. Our analy-
sis is based on the variation of parameters applied to the
Hamiltonian evolution of observables.

Lemma 3. Let P be a staged pth-order product formula
and let O be an observable. For any s € R, let

O(T,s) := PVt (sTYOP*(sT)

be the product-formula evolution of O for duration 7 €
R, and Trotter step size s7, with s = 0 defined via the
limit. Let £ € R, be such that, for all s € (—¢,£) the
sequence aé{ﬁnm (amax Y|s|TY is bounded in 7, with apay :=
max,, |aw,)|. Let o = 2 if P is symmetric, 1 otherwise.
Then for any K € 7, the approximation error in O(T, s)
compared with the exact evolution O(T) := /T Qe
may be expressed as

OT,) =0+ Y E(DO),

je€olyzp

where E i+1(T) are superoperators whose induced spectral
norm ||-|| is bounded as

_ A U/pl
IEj 1 (D] < (@max YTY Y

=1

Lol
[]2m ).
(e + 12

k=1

(amaXT T')l
I

x )
J1:-JIEOL4Zp
Jite =i
Proof. By definition, we have that
Pl/S(ST) — e—iTHeff(t)’ (37)

where ¢ := sT is the Trotter step size. By Lemma 1, Heg
admits a convergent power-series expansions. We write
Hex(f) = H 4+ E(t), where

E®)= Y Euf (38)

Jje€olyzp

and zero terms are excluded by Lemma 2. In what fol-
lows, the independent parameters are ¢ and 7, and any ¢
dependence is left implicit. For observable O, and Her-
mitian A and E, the evolution equations for O(7) :=
DT QeI HAET and O(T) := T 0e™T are given by

arO(T) = i[H + E,O(D)], 3:0(T) = i[H,O0(T)]. (39)

The solution may be written in a superoperator formalism
O(T,s) = &"*4+0,  O(T) =" 0,  (40)

where ady (-) := [X, -] is (anti) Hermitian with respect to
the Hilbert-Schmidt inner product when X is (anti) Her-
mitian with respect to the standard inner product. In this
context, Eq. (6) gives

T
O(T,s) = O(T) + / dr T~ i ad, (O(1))). (41)

0

This can be viewed as a Heisenberg evolution in the interaction frame of H. Because adg is a bounded operator for
s € (—4,£), O admits a Dyson series expansion that can be obtained by iterating this formula. To illustrate, we carry out

this procedure explicitly. Iterating once,

- r A T T _ _ -
O(T,s) = O(T) + / dri e T3 jadp (O(1))) + / dr, / dr e T jadp M-8 ad . (O(1y)).  (42)
0 0 0

Iterating K — 1 times gives

~ K 1 T Tl T171 . . .
O(T,5) =0(N) + ) _ / dry / dv, ... / due’ T4 jady M) M jady . .. -1 M adp (O(Ty))  (43)
=1 Y0 0 0

T 7] -1 . . . ~
+ / dr / dr, . .. / drge T8 jad, /M= jad, ... o K175 8 j 4 (O(1k)). (44)
0 0 0
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By convergence of the Dyson series, the remainder term Eq. (44) tends to zero for large K. We thus focus on the partial
sums Eq. (43). Expanding the definition of £,

K-1 T 7]

/ drl/ drz.../ dre T~ jad, JdT— Wt ad, QU1 o d (O(1))
0

=1

K=l ot il -1 ! ) .
=> / dr, f dr, ... / du | [T D, ™ ™iadg, , ¢« | | (Ow) (45)
=1 /0 0 0

k=l \jk€0Z+>p

K-l a7 7 71 .
= Z/ dfl/ dfz-.-/ au| > 4 > <He’(fk 1T jady, +1) (O(m)), (46)
—Jo 0 0

JE€oZyzpl  ji..ji€0 Ly Zp
JitHi=

with g = T. We now reinsert ¢t = sT, and make a change of variables s; = t;/T. This gives

K—1

1 S1 S1—1 )
74/ dslfo dsz---/o ds | >0 1y > (nel(skls")TadHladb*ijrl) (O(Ts)).  (47)

=1 0 J€oZy>pl J1--jI€0 L4 =p
i+ ti=i

Next, we regroup the sum according to the degree of s, which yields

min{K—1,0j /p)}
Z (sTY Z Tl/ ds1/ ds; .. / ds; Z (He’m'( ! SK)ad”ladEl +1) (O(Ts)
J€oZy=p J1--JI€E0Zy=p
Jit 4=
Y. YE k(D). (48)
Jje€olyzp

Here, we have defined

min{K — 1|_//pj
Ej k(1) = 7 f ds, / ds, .. / ds; Y (]‘[el“x 1=s0Tadk j 9 m,) T (49)
J1-J1€02Z4+2p \k=l
Jiteti=
Altogether, we have forany K € Z,
O =0M= Y §E.(DO)+Rk(O), (50)

JjE€olyzp

where Ry — 0as K — 0. Further, observe that each £ i +1,k becomes constant in K for K > |j /p|. We write this operator
as simply Ej+1, and by convergence of the Dyson series 0@, T) = O(T) + > s’Ej+1 (T)(0).

Finally, we wish to bound the induced spectral norm of E i +1. Using the triangle inequality, unitarity of €™, and
evaluating the remaining integral,

U/pl U/pJ
Bl < 3 77*’/ / / (H lad, ., ||> <7 Z 3 1‘[||ad ).
J1 1160Z+>p " J1-J1€0 Ly =p
Ji+Hir= JitHir=

(51)
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Noting that ||ad,|| < 2||X|| and applying Lemma 1,

_ A i/pl Tl
1B =P 3o

= Jit =

U/rl

= (ama YTV )

I=1

which is the desired bound. |
The above result can be understood as providing a

Taylor series expansion about s = 0 for the Heisenberg-

evolved observable. We record this fact in a corollary.
Corollary 1. Under the assumptions and notation of

Lemma 3, O(T, s) is analytic ins € (—¢, £), and the deriva-
tives at s = 0 are given by

3 O(T,0) = j1E;11(T)(0)
foranyj € Z,.

Lemma 3 already provides a commutator bound on the
error in O(s, T), in terms of the expressions

L qUetD
j : I | comm
Jr-gi€oZezp \k=1 V€
Jit A=

Unfortunately, this bound is rather complex and challeng-
ing to reason with. For long simulation times 7, a more
useful bound can be derived that, in particular, is more
directly comparable to the recent commutator bounds of
Childs ef al. [19].

Corollary 2. Suppose T € R, is sufficiently large such
that

Qamax Yt T -
4n)yp -
Then

IEj 1 (D] < 2 [20850 7 (ama Y7 Y
We provide a proof in Appendix C. This form of error
leads directly to computational complexities in terms of
aéﬁﬁt,ln) , which is useful for comparison with standard Trot-
ter results.
More generally, we would like to ensure that A;; ade-

quately captures the “size” of H, and does not grow too

" J1-J1€0 Ly =p

(@max TT)I
X

/ .
st s TV
. comm (iK + 1)2

K=

Gie+1)
comm

m) ’ 2

/
[12
J1--J1€0Zy>p \k=1
St =

(

large with the indices j, /. In particular, we will subse-
quently describe error bounds using the simpler parameter

A= sup (54)

j€oZy>om
1<I<K

A

but first, we must ensure A exists.

Lemma 4. Let A;; be defined as in Eq. (53). Then 4, ; <
A0 Hy .

Proof. Taking a triangle inequality through the expres-
sion in Lemma 6, and using a norm bound on ac(’olnm,

1/G+D
!
1
A SZ(Z ||Hy||> Z Hm
v Ji-i€0 Ty zp =1 ¥
St A=
(35)
Next,
1/G+D

1
1
2 g5

J1--j1€0 Ly Zp k=1

it ti=i
1/G+D
. 1/G+D
G+I-1
=| 2! =(,_1) . (56)
J1--JI€N
14 A=)

We can then use that (j 7_171) < JH=1 < 2+l 1o get that

o IN/GH . :
¢ U < 5 put together, this provides the stated

bound. [ |

It will be convenient to adopt two simpler bounds on
E i +1 depending on the evolution time 7. From the bounds
previously derived in Lemma 3 we can straightforwardly
obtain a bound on the derivatives in terms of fundamental
simulation parameters.
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Corollary 3. Foranyj € Z,, we have, for “short times”
Amax YAT < 1

1Ej 1 (DI < 2(@max TATY,
and for “long times” amax YAT > 1,
||Ej+1(7)|| < 2(amax YATY 1H1/P),

Proof. For convenience we reproduce the bound on
lEj+1(T)|| from Lemma 3

U/p]
ll'laXT
(D < (Y 3 o X7

=1
i i
1—[2 Olc(]on:rni)
AT+ 1)2

k=1

<)

J1--J1€0 L4 Zp
JitHi=

U/pl

+1
< Z (amaxTT)\)] , (57)

where X is defined by Eq. (54). First, consider the case
Amax YAT < 1. We have

li/p]
~ . 1 .
IEj 41 (Dl < (@Gmax YATY E T (Amax YATY (e — 1)
=1

< 2(amax YATY . (58)

This provides the first bound of the corollary. For the long-
time case, we instead use the bound

L//pJ
IEj 11 (Dl < (amax YATY U7 Z

< 2(amax’r)‘T)l(H_l/p) (59)
completing the lemma. ]

V. RICHARDSON EXTRAPOLATION

Having laid the technical groundwork in the pre-
vious section, we now apply these results to ana-
lyze Richardson extrapolation for time-evolved observ-
ables. Before we begin, we briefly provide a more
detailed overview Richardson extrapolation to supplement
Sec. II C 1. A more general discussion of the method can be
found in Ref. [48].

In our context f : [0, £] — R is a smooth function, such

that

[ =fO)+ Y ¢sT +0(™,  (60)

Jj=1

where the o; € Z, form an increasing sequence. More-
over, suppose f(s;) can be computed for a monotoni-
cally decreasing sequence of inputs s; € (0, £]. Richardson
extrapolation provides a new function F" (s) satisfying

F™(s) =f(0) + Y &s7 +O@™+)  (61)

j=m

for some 1 < m < n. Thus, the convergence rate to f(0) for
small s is boosted from O(s°!) to O(s°"). The procedure
can be applied to C" functions on [0, c¢], and in this case
the relevant expansion is the Taylor polynomial.

There are several algorithms for performing Richardson
extrapolation. Regardless of how it is performed, the result
is a linear combination

F™ ()= bif (50, (62)

k=1

where the s; are themselves functions of s, and s =
maxy sy = s1. Moreover, b = (by, . .., b,,) solves the linear
system

Vb =é, (63)

where ¢; is the jth standard basis vector and V is a gen-
eralized m x m Vandermonde matrix, with elements Vj; =
sk’ " and oy = 0. For certain values of oj, an exact solu-
tion to Eq. (63) is known. In particular, if o; = nj for some
neZ\{0}andj =0,1,...,m — 1, then Vis the standard
Vandermonde matrix in terms ofyp, = sZ. Thus, the inverse

is known via the theory of Lagrange interpolation

b= (V" )ko—]"[n_ : (64)

ik Si Sk

For more general o;, Eq. (63) still holds, but it is less
clear if a closed-form solution exists in the mathematics
literature. This has important implications for higher-order
product-formula simulations that we will discuss later in
this section.

A proper choice of sample points is crucial for the
Richardson method to be well-conditioned, hence robust
to computational imprecision. For example, certain natural
choices, such as s; = s/k for k£ > 0, lead to poor condi-
tioning. In our context, the relevant condition number is
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the one norm ||b||; of b, which can grow very large despite
the summation constraint

> bi=1
k

enforced by Eq. (63). This results in a sign problem, where
small numerical errors in f(s;) are magnified by enormous
b, and hence large ||b||;, while the size of the answer f(0)
remains O(1). Some choices of s, such as a geometric
sequence s = o Ls; forw € (0, 1) are provably well con-
ditioned. However, in many applications such as our own,
computing s; closer to 0 becomes intolerably expensive.
To achieve low-depth Trotter evolutions, it is preferable
to keep the sample points s; as far from the origin as
allowable.

Additionally, for product-formula simulation, we would
also like to choose s = 1/r; for nonzero integer r;, since
otherwise we would have to apply fractional Trotter steps.
Although this is possible using quantum signal-processing
techniques, the overhead is potentially large and unde-
sirable—particularly if using a NISQ-era device. s; is a
parameter chosen appropriately to minimize the number
of Trotter steps necessary while also ensuring sufficiently
accurate simulations.

To meet the well conditioning and integer query con-
ditions we desire, we make use of the well-conditioned
extrapolation scheme of Ref. [23]. There the authors
were concerned with extrapolations of the unitary evolu-
tion operator, known as a multiproduct formula, but the
same scheme works for expectation values by linearity. In
particular, we let

(65)

ke(l,...,m).

(66)

R
T = Tscale Lin(n(Zk ~) /8m)—‘ ’

At a high level, this choice comes from rounding a subset
of the Chebyshev nodes to the nearest reciprocal integer.
The well-conditioned property comes from orthogonality
relations on the Chebyshev nodes; see the original work
for more details. We will make the explicit choice R =
V8m /7, chosen such that the r; are distinct, and 7. €
Z. scales to ensure the r; are large enough to accom-
modate longer evolutions. This scaling has no effect on b
and hence the conditioning. A useful upper bound for the
purpose of resource estimation is [60]

m =< rk/rscale =< 3m2- (67)
One can prove the following about this choice of extrapo-
lation points.

Lemma 5 (Well-conditioned Richardson extrapolation
[23]). Let f € C**2([—1,1]) be an even, real-valued

function of s, and let P; and R; be the degree j Taylor
polynomial and Taylor remainder, respectively, such that
f(s) =P;(s) +R;(s). Let

Fm (s)

= bif(s)
k=1

be the unique Richardson extrapolation of f at points
81,82, . .. ,Sy given by
s
Skg = —,
Tk
for r; defined in Eq. (66) and by, given in Eq. (64) for n = 2.
Then

F™(s) =£(0) + Y beRow(sp).

k=1

(68)

Moreover, ||b]|; = O(logm).

Proof. By the extrapolation properties of £, Y7~
biPyy,(s;) = f£(0). Equation (68) follows immediately. The
scaling of ||b||; with m is proven in Theorem 1 of [23] for
rscale = 1. However, b is invariant under a change in scale.
Indeed, if each r; is multiplied by 7, then in Eq. (64)
one has

Scale i
= by. (69)
g rgcale(r2 ’,.2)
Hence, for any rgae # 0, ||b]l1 = O(logm). [ |

A. Application to time-evolved observables

Richardson extrapolation may be applied to the prob-
lem of computing time-evolved expectation values, where
the Trotter step s is the extrapolation parameter and the
function of interest is

f(5) = (0,(T,9)) == tr (pyP'*T(sT)OP'*(sT)) . (70)
Here, p is the order of the product formula P. Note that
f(0) may be defined via the limit, and corresponds to the
ideal value.

In what follows, we will assume the extrapolation
always starts from the linear or quadratic error terms,
depending on the symmetry of the product formula. We do
not start the extrapolation from the smallest nonzero power
according to p. Although this may seem unnecessary for
large p, we wish to eventually utilise the well-conditioned
extrapolation of Lemma 5, which begins at second order.
It is possible that these concerns are primarily academic,
and practitioners may find it more reasonable to use an
alternative scheme without the theoretical guarantees.
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The following lemma characterizes the error in Richard-
son approach thus described, without committing yet to a
specific choice of sampling points.

Lemma 6 (Richardson extrapolation error). Let O be
an observable, H = ZJI: H,, be a time-independent Hamil-
tonian. Let P be a staged pth-order product formula
of symmetry class o, where 0 =2 if P is symmetric,
1 otherwise. Let

(Op (D)) : Zbk (Op (T, 51))

k=1

be an m-term Richardson extrapolation with om > p, and
ascending sequence of Trotter steps ry = /sy € Z,. Let
T € R, and suppose that the sequence (@max Y's1TY acoinm
is bounded in j (which implies the same for all s;). Then,
the error in the extrapolation, as compared to the exact
expectation value (O(T)), for any initial quantum state p,
satisfies

{O(T)) = (Op (T < 1011IBI1 D SE; 1 (D],

jE(TZ+
j=om

where [|b]l; = Y, 1bxl.

Proof. For any s € (0,s;], the hypotheses of Lemma 3
are satisfied, and thus the error series

(O(T,s)) =(OM) + Y §(E(D©O) (71

Jjeoly=p

is valid. The Richardson extrapolation procedure with m
samples will remove all terms up to O(s°”~D) in the
series, so that

(Op.m(D)) = (O(D)) = Zbk sm-»(T,50(0)), (72)

k=1

where R, is the Taylor remainder of degree ¢ and satisfies

Rom-ny(Tys) = Y JE (D).  (73)

jeoZyi>om
Applying Hélder’s inequality,

{Op (1)) — (O(D))| < |Ibll4 g% IR m—1y (T, s:) (O) |
< 161 1O]l max | Ry m—1)(T, s,
ke[m]

(74

and we now focus on the remainder of Eq. (73). By the
triangle inequality,
IRom-y () < > SNE DI (75

jeoZi>om

To obtain the lemma statement we simply substitute
s =51 and note that this produces maximum remainder
bound over all s;. |

With the relevant error bounds in hand, we turn to the
question of algorithmic cost to achieve an error within tol-
erance €. Given Trotter steps (r1,...,7,) € Z7 listed in
ascending order, the maximum Trotter depth is r,, and the
total Trotter depth is ), 7, for a single evolution. Multiple
evolutions are generally necessary for the measurement.

We start by using our error bounds to derive a suf-
ficient Trotter depth to achieve precision € in the esti-
mator, assuming exactly computed expectation values
throughout.

Lemma 7 (Sufficient Trotter depth). Suppose s, satisfies
the radius of convergence conditions of Lemma 6, and fur-
thermore is chosen such that s; (@max YAT) T2 < 1/2. To
achieve an error € such that

(O(D)) = (Op (D) < €O,

it suffices to choose a minimum number of Trotter steps
r1 = 1/s1 such that

1
4|1b]ly \ "
r1 = (Amax YAT)

€

for amx YAT < 1 (“short times”) and
4B\ 7
FI > (e YAT)'H77 (—1)
€

for amx YAT > 1 (“long times”).

Proof. From Lemma 6,

(O(D) — (Opu( < 101161 Y SJIE 1 (D

jeoZ=om

(76)

We then simply apply the two bounds of Corollary 3. For
short times,

{O(T)) = (O m(T))]
< 2/|OM 15111 (518max TAT)™ Y (s1@max YATY , (77)

jeoN

where we factored out the leading power. The remain-
ing series is bounded by 2 by our assumptions on s;. To
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achieve an relative error (i.e., normalized by ||O]|) of €, it
suffices then to choose r; = 1/s satisfying

1
4B\ ™
71 > Amax YAT s
€

(78)

as claimed.

For amxYAT > 1, we proceed in an entirely parallel
manner as the short time case: factoring out a leading
om power and noting that what remains in the series is
bounded by 2. This directly leads to the condition stated in
the lemma for long times, and concludes the proof. |

So far we have derived a set of bounds for the minimum
number of Trotter steps required to reach a given error. We
now examine the asymptotic scaling of the parameters.

Corollary 4 (Asymptotic Richardson costs). Consider
an m-term Richardson extrapolation of a time-evolved
expectation value in the setting of the previous lemma,
where P is symmetric. Choose the Trotter step size accord-
ing to Eq. (66), with 7 large enough such that | satisfies
the “long-time” condition of Lemma 7 for a choice of m
scaling as O(log(1/¢€)). Then, the maximum number of
Trotter steps that needs to be implemented scales as

maxry = O ((amax YAT) P Jog(1/€)) .

Proof. By satisfying the conditions of Lemma 7, the
extrapolation scheme achieves an € relative to ||O], in
the sense stated in that lemma. Since ||b||; = O(logm),
111> = O(1). Choose m = p [log(1/€)]. Then,

4\ Foe7al
(_) = O(1). (79)
€
Thus, from Lemma 7,
rn=0 ((amaxT)‘-T)(l+l/p)) (80)

is the minimum number of Trotter steps required to achieve
error €. To obtain an upper bound on the maximum number
of steps, we utilize the bounds Eq. (67) to obtain

7 < 3mry = O ((amax YA TP m) (81)

given our choice of m, this yields the scaling stated in the
corollary. [ ]

We remark that, in the above proof, the choice to make
m a multiple of p is mainly for simplicity of proof. For
our purposes, we treat p as fixed and not scaling with the
simulation parameters.

B. Resource estimates for Richardson extrapolation

So far, we have determined error bounds for the
Richardson procedure and provided partial results on the
resources required. In this section, we will derive full
resource costs. We examine two metrics: the maximum
circuit depth Dy, of Trotter steps needed, and the total
number Crye of Trotter steps required. The former is
arguably the most relevant metric for NISQ-era devices
where only short-depth circuits are possible to implement,
whereas Cryo¢ 1S more relevant for fault-tolerant devices.
We note that Cryo is proportional to the total number of
elementary operations required for the protocol.

There are two primary sources of error intrinsic to
our protocol: the extrapolation error (associated with the
Richardson extrapolation procedure) and the error in the
function values themselves. We suppose the estimates for
the function f* at points {s;};", are given by 7 (s), such
that the final estimate we have is F" (s) = Y7, bif (si).
The error in our final prediction is € = |f3(0) — F" (s)|,
which can be broken down as

[f3(0) — F™(s)|
< |f3(0) = F™ ()| + [F™(s) = F™(s)]

m—1 m—1
< Ufp(0) = F™ )| + | Y buf (s0) = Y buf (1)
k=0 k=0

< |Ol|(€ext + 1b]l1€data) (82)
where €.y is the (relative) interpolation error and |f'(sx) —
J (i) < 1|O||€data 1s the maximum (relative) error associ-
ated with each individual measurement point. To satisfy a
total relative error tolerance e, it thus suffices to ensure that

€

€
~o ata S - 83
ST (83)

€ext S

The resources required to satisfy the first of these inequal-
ities is essentially the content of Corollary 4 (the factor
of 1/2 is asymptotically irrelevant). To derive the theo-
retical results of this section and Sec. VI, we will assume
that data errors only result from the measurement protocols
on errorless quantum computers. The effects of hardware
imperfections can be straightforwardly incorporated, and
this is discussed in Sec. VII A.

1. Incoherent measurements
Within the incoherent scheme, let us consider how many
measurements are needed to ensure €ga., < €/2|b]1).
From Hoeffding’s inequality, we see that to achieve an
estimate (O)’ satisfying

|tr[ PP (sTYOP*(sT)po] — (O)'| < €qaall Ol (84)
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with probability > (1 — §’), it suffices to choose a number
of samples N satisfying

N> (2> (85)
(0] — 1.
B 2€§ata s 8/

By the union bound, it suffices to choose 8’ = §/m to have
an overall success probability of 1 —§ for all measure-
ments. Taking m = O(log(1/¢)) from Corollary 4, we have
that N scales as

L IBE . my [ (ogm)?
N_O( > log<§>)—0< = )

3
-0 (M) ) (86)

€2

Each measurement requires one product-formula evolu-
tion. The maximum Trotter step size is given in Corollary
4, and this directly gives the maximum Trotter depth.
Meanwhile, the total number of Trotter steps required
(which is proportional to the total resources) scales as

m
CTrot =< Nzrk
k=1

< Nri Yy (/)

k=1

l — R
<N D ’7sin(n(2k+ 1)/8m)—‘ @)

k=1

where we have used that 1/r; < 1/(rscalem) from Eq. (67).
Next, we have

| — R
S )
m = \ sin (n(2k+l)>

8m

M=

< Nr; S—R +1 (88)
= 72k + 1)

4
< Nr (R—(2 + logm) + 1)
v
= ON (amax YAT) VP m log(m)).

Using the scaling from Eq. (86), and m = O(log(1/¢)), we
arrive at our main result concerning the use of Richardson
extrapolation with incoherent measurements.

Theorem 2 (Resource costs for incoherent measure-
ments). Let (O, ,,(T)) be the m-term Richardson extrap-
olation estimate for (O(T)), taken by varying the step size
of a pth-order staged product formula, with samples taken

at the rescaled Chebyshev nodes as specified in Eq. (66).
The resource costs for computing this estimate such that

(O(D)) — (Opm(D)| < €]|OIl,

when using incoherent measurements uses a number of
sample points m = O(1/€). Moreover, the maximum Trot-
ter depth and total Trotter steps scales as

Dinax = O ((amax YAT) /7 log(1/6))

(amaxT)\D1+1/p
2

Crrt =0 < log(1/€)(log 10g(1/€))4> :

Here A < 4 Zy |, || is defined in Lemma 7 and there is a
failure probability of § = 0.01.

2. Coherent measurements

Although incoherent measurements are conceptually
simple and easy to implement, they give O(1/€?) scal-
ing rather than the optimal Heisenberg scaling of O(1/¢).
In this section, we consider the iterative quantum ampli-
tude estimation (IQAE) scheme developed by Grinko
et al. for this problem. Although the method deviates
by O(loglog1/e) from the ideal Heisenberg scaling, it
achieves better constant factors among rigorously analyzed
methods with true Heisenberg scaling that do not require
standard quantum phase estimation (QPE), a relatively
intensive routine with large qubit overhead [51]. Thus,
the method represents a practical yet rigorous algorithm
suitable for our purposes. We follow a similar analysis to
Ref. [45].

We assume the problem of measuring the expectation
value can be written as the problem of estimating an ampli-
tude, as is often done in practice via, say, the Hadamard
test. Assuming [|O| <1 (if otherwise, we can rescale
it), then performing a Hadamard test gives an amplitude
(1 4+ (0, (T,s)))/2. This amplitude can now be estimated
using IQAE. In particular, for each sample point s, we
need a number of calls to a Grover oracle Ny scaling as
Ref. [45, Section E]

1 2
Ng = 10 log(—mlog( i )) (89)

€data ) €data

where 3/m is the probability of failure per data point,
which by the union bound ensures an overall success rate
of 1 — 4. For a particular value of Trotter step s, we need
a total Trotter depth scaling as Ng/s. The maximum Trot-
ter step size needed to compute F (s) is maxy r, which
is characterized asymptotically in Corollary 4. Thus, the
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maximum Trotter depth is

Diax < Ngmaxry
k

b
—0 ((amamn”w log(1/e) 1201t
€

log(1/€) 5111
x log 5 log p

1+1/
_0 (w log(1/€)(log 10g(1/e))2) :

Meanwhile, the total number of Trotter steps, Cryot, 1S
bounded as

m

CTrot = NG Z Vk. (90)
k=1

Using the same reasoning as in Eq. (88), with N replaced
by Ng, we obtain

CTrot =0 (NG(amaxT)tT)lJrl/pmlog m)
max L A I+1/p
0 ((a T)
€

log(1/¢€)(log 1og(1/e)>3> :
(91)

We summarize the results of the above analysis in our
main result for Richardson extrapolation using coherent
measurements.

Theorem 3 (Resource costs for coherent measurements).
Let (O, »(T)) be the m-term Richardson extrapolation esti-
mate for (O(7)), taken by varying the step size of a
pth-order symmetric staged product formula, with sam-
ples taken at the rescaled Chebyshev nodes as specified
in Eq. (66). The resource costs for computing this estimate
such that

KO(T)) = (Op m(D))| < €l|Ol,

when using coherent measurements is given by

Dmax = O <(amaXT}"T)1+l/p
€

log(1/€)(log 10g(1/6))2) ,

YA +1/p
Crrot = O (M

log(1/€)(log 10g(1/6))3) ;

where A < Zy [, || is defined in Lemma 7 and there
is a failure probability of § = 0.01. Moreover, m =

O(log(1/e)).

VI. POLYNOMIAL INTERPOLATION

We now consider the polynomial interpolation algorithm
of Rendon et al. for mitigating Trotter errors. Let f(s) €
C"[—4,£] be a real-valued function, and suppose we have
the value of f* at points s1,57,...5,. Let P,_f be the
unique degree m — 1 polynomial interpolating f at the s. It
is possible to show [61] that the error of the approximating
polynomial in the interval [—¢, £] is bounded as

(m)
[f (s) = Pn—1f ()] < Sg[lgze] Vm—!(gﬂlwm(S)l,

where

om(s) = J(s =)
k=1
is the monic nodal polynomial. If we choose our samples
to be taken at the Chebyshev nodes on [—£, £], given by

(21’—1
s; = £ cos 3
m

then the interpolation satisfies a number of nice proper-
ties, such as robustness to errors in the interpolation values.
As in the Richardson extrapolation case, we are interesting
in bounding the error at s = 0. To do so, we can use the
following lemma.

n), ie{l,2,...,m},  (92)

Lemma 8 (Lemma 2, [45]). Letsi,ss,...,s, be the col-
lection of Chebyshev interpolation points on the interval
[—¢,¢]. Then the error of the interpolating polynomial
P,._1f with respect to f at s = 0 is bounded as

z m
— (m) -
[F(0) = P f(O)] < ,nax, I ()1 <2m> :

A. Application to time-evolved observables

From Lemma 8, we see that the key property in bound-
ing the error to polynomial interpolation is to bound the
derivative f ™ on [—¢, £]. We have already developed the
requisite tools in Sec. IV.

Theorem 4 (Polynomial interpolation error). Consider
a Chebyshev interpolation P,,—f(s) of the time-evolved
expectation value f(s) on the interval [—¢, ¢], for long
simulation time am.x YAT > 1, with

1
¢ = E(amaxTAT)*(lJrl/P)‘

The approximation error at s = 0 may be bounded as

O = Puf O _
lor =7

where y > 1.5andc < 11.
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Proof. From Corollary 1, the Taylor series for O(T, s) is
given by

OT,5) =0+ Y  §E (10

jeoZ=p

The mth derivative of O is then given by

~ | L.
POTs)= Y md"” 541(D(O0)

JjeoL
jzmax{p.m}

=m Yy (;)Emm(ow—m_ (93)
jeoZ
J=max{p,m}

Applying the triangle inequality and noting that |s| < £,
max _[[3"O(T,s)|
se[—6,6]
T\ i =
=mio] > (m)zf IEj (DI (94)

jeoZ
Jzmax{p.m}

Using Corollary 3 in the long-time regime,

max (8" O(T,s)|
se[—¢,0]

m!
<2001 >

jeol
Jzmax{p,m}

(;) (£(@max YA 7Y (95)

We now choose £ = %(amaxT)\T)*““/”). Doing so, the
infinite series is given by

i\ 1
SR
Jjeo m

J zmax{p,m}
and may be upper bounded by

> (m) 5 =2 (97)

j=m
Thus, the derivative is upper bounded as

m!

"O(T,s)|| < 4 )
max (90T, < 41011, (98)
Applying Lemma 8 gives
m!
[7(0) = Pu_1f (0)] = 4]10] : 99)
2m)m

Using a simplified Stirling-type upper bound m! <
V2mm(m/e)"e'/12™ one obtains

I (0) = Pp_1f(0)] < 43212\ /m(2e) ™| O||

< ce” "0, (100)
where y =In2 41— 1/(2e) ~ 1.509 and ¢ = 4+/2me!/1?
~ 10.9. This immediately leads to the statement of the
lemma. |

It is interesting to note that, while the factor of 1/2 in ¢
was chosen for simplicity, other choices will lead to dif-
ferent values of ¢, y. In particular, a factor approaching
1 should make the exponential decay more shallow and
increase the constant factor. However, it is interesting that
the form of the error dependence remains exponentially
decaying.

We now have the ability to estimate the number of
Trotter steps necessary to achieve a certain accuracy in
the interpolation, assuming the values f'(s;) are computed
exactly.

Lemma 9. In the setting of Theorem 4, to achieve a
relative error € such that

|O(T) — P f(O)] < €llOIl,

it suffices to choose m = O(log(1/¢)) and ¢ = %(amax

YAT)~U+1/P) This interpolation protocol requires a maxi-
mum number of Trotter steps

max ry = 0 ((amaxTAT)(lH/p) log(1/€)).

Proof. From Theorem 4, to achieve relative error ¢, it
suffices to choose m such that

ce " < e,

(101)

i.e., m = O(log(1/¢)). To find the maximum number of
Trotter steps needed for a particular sampling point, we
see from Eq. (92) that the smallest sy is given by k = m/2
and is of size O(m™"). Hence,

max g = O(tm) = O((Amax YAT)1FVP) Jog (1 /€)).
(102)

B. Resource estimates

As for the Richardson extrapolation case, for polyno-
mial interpolation we will have to deal with both the
algorithmic extrapolation error €.y and the measurement
EITOT €qary. We assume that each f(s;) is measured with
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eITor < €gara, 1.€., We measure a set of data points {f;};
such that |/ (s;) — fi| < €gata- Let f’mf be the polynomial
obtained from fitting to the data {f;};, then it can be shown
[50] that

max |P,f (s) — Puf ()| < Ly€qata,
se[—£,0]

where L, is the Lebesgue constant, which for Chebyshev
interpolation is bounded by 2/ log(m + 1) + 1.

Thus, in terms of the total error, €, we can make the
partition

€ €
€ext = 59 €data = E

To find the total resource costs for the polynomial interpo-
lation methods, observe that the analysis is identical to the
analysis performed in Secs. VB 1 and V B 2.

1. Stability to imperfect Chebyshev nodes

As in the Richardson extrapolation case, when per-
forming polynomial interpolation, we wish to ensure our
samples are taken from inverse integer values, which are
at or close to the ideal Chebyshev nodes. However, in
Appendix B, we see that by choosing a slightly larger value
of £, we get robustness to this sampling error but with
a new Lesbegue constant L, , which satisfies L), < 2L,,.
Thus, rather than sampling from the Chebyshev nodes
exactly, we can instead sample from the closest inverse
integer. The robustness condition is satisfied by choosing

1/€ = O ((@max Y212 m? log(m))

= O ((amax TAT)'T'/7 log? (1/€) loglog(1/€)) .
(103)

Thus the maximum number of Trotter steps scales as

0] ((amaxTAT)1+1/p log®(1/€) log log(1/€)).

Considering the total number Cry of Trotter steps only
changes the overall scaling by log log factors in 1/€, which
we neglect. We summarize these findings in the following
theorem.

Theorem 5 (Resource costs for polynomial interpola-
tion). Let P,f be the m-degree polynomial fit taken at
the inverse integers closest to the Chebyshev nodes in the
interval [—£, £]. The resource requirements to achieve error

(O(D) = Puf (0)] < €]lO]]

for incoherent and coherent measurement scales as the
following table.

Scaling Max depth, Dmax Total resources, Cryot
O (LennXADR togd(1/)) O (((nnXEDE 1ogi (1))

Incoherent O ((amaxTAD1+l/p 10g3(1/e)) 19) (W 10g3(1/e))

Coherent

Here, A <4} |H,|| is defined in Lemma 7, O hides
loglog factors, and there is a failure probability of § =
0.01. Moreover, m = O(log(1/¢)).

VII. APPLICATIONS

A. Error resilience

In the algorithmic analysis above, we made the standard
theoretical assumption of faultless quantum operations. At
the present time, errors due to hardware imperfections are
an unavoidable and significant difficulty in quantum com-
puting. We argue that the reduced circuit depths of our
extrapolation algorithms lead to improved robustness to
hardware errors compared with standard product formulas,
even without implementing hardware error mitigation.

Noise effects can be accounted for simply by returning to
Eq. (82) and noting that €4,,, may consist of both measure-
ment and intrinsic hardware error: €4aa = €meas + €hw. We
model the effects of hardware noise with a single parameter
n that gives a systematic error “per unit length” of the cir-
cuit. Thus, a product formula in 7; steps will accumulate
error going as nr;. Of course, this linear approximation
should only be expected for timescales for which nAT is
small. However, considering the expectation value f(n)
as a function of the noise, our linear approximation is an
upper bound on the error when £ is convex or concave in
n and converges as n — oo. This occurs in an exponen-
tial noise model, for example. Hence, our model captures
the essential features of the noise, or at least upper bounds
them.

For concreteness, let us consider the Richardson proto-
col. Under the above assumptions, the error in the final
estimate due to hardware can be at worst

0D 1B 1ry < nlbl1Fma. (104)

J

Recall that for long simulation times, r; = O((AT)'*1/7)
are required even in the absence of hardware noise. If € is
the desired precision of the estimator, then we find

~ €
120 ()

suffices to ensure an overall relative error O(¢) in the
expectation value. This noise tolerance compares favor-
ably with Trotter alone, for which 7. goes as O(e~/7)
leading to an extra factor of €!/7 in Eq. (105). While the

(105)
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above analysis is quite general, it is perhaps most relevant
to systematic errors (e.g., decoherence), since unbiased
random errors could be mitigated by increasing the number
of measurements.

B. Improvements to polynomial algorithm

In Sec. III A we have highlighted the improvements
this work provides to the original polynomial interpola-
tion algorithm of Ref. [45]: commutator scaling, improved
T dependence, and an elimination of fractional queries in
the algorithm. Here we illustrate how these features lead to
improved resource estimates in regimes of interest.

1. Estimating local observables

In their important work on Trotter error, Childs et al.
showed that commutator-dependent Trotter error bounds
can be significantly tighter than norm bounds for local
Hamiltonians and other physically relevant systems [19],
corresponding to improvements in algorithmic complexity.
As an example, for geometrically local Hamiltonians on a
lattice of n qubits, one has that aéﬁ:ﬁﬁf = O(n). In contrast,
a simple norm bound on H satisfies ZV IH, || = O),

leading to error scaling as O(n”*!) for constant 7, €.

Our error generally depends on a different commutator
than their work; however, Corollary 2 leads to an error
dependence on altl provided T is sufficiently large. For
example, for the symmetric second-order Trotter formula
(p = 2), one requires T = Q(n) to satisfy the conditions
of the corollary. For a constant dimension d of the lattice,
this is a natural timescale to consider. In this regime, one

ot = O(/).
For T = ©(n) this leads to an overall complexity of O(n?),

may replace XA in our main results with
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taking € € O(1). In contrast, the prior bound in Ref. [45]
of O(T*T"* max,, ||H, ||*), which leads to a O(d’*n*) scal-
ing. Looking at n alone, then, our bounds lead to quadratic
improvement over the original bounds of Rendon ef al.

2. Nuclear physics

As another example, we consider the bounds for a model
of nuclear interactions known as pionless effective field
theory, which was studied in the work [5]. Using the
bounds from Corollary 2 and combining with the com-
mutator bounds developed in Ref. [5], we can compare
this to the bounds in Ref. [45, Section 4]. By consider-
ing the minimum number of Trotter steps needed when
p = 1 and p = 2 product formulas with extrapolation, we
can compare this to the resource estimates from Ref. [45]
and plot the ratio of these bounds in Fig. 3. (Taking the
ratio removes the need to specify the desired error and
probability of success.) This demonstrates that even the
new bounds in this work drastically outperform previous
bounds, and hence give improved performance guarantees.

We note that because the polynomial interpolation
algorithm in this paper is similar to that in Ref. [45], in
practice we expect empirically similar performance once
an initial sampling point is chose. However, our work
shows that we can drastically reduce the resource costs
by orders of magnitude to achieve certain error guaran-
tees when choosing the sampling points, thereby reducing
resources of users of the algorithm. Put more simply, the
work in this paper gives users significantly stronger error
guarantees.

C. Numerics: Heisenberg chain

As a final example, we consider Richardson and
polynomial extrapolation of local observables on a random

Ratio of Trotter Steps for Simulation Time
Comparison with [RWW24]

1022 - o
1020 - -

1018 - .|

Ratio of Trotter Steps

1016 -

0 20 40 60

Simulation Time

Left: ratios of the number of Trotter steps p = 1 and p = 2 bounds in this work vs Ref. [45] needed to simulate the nuclear

EFT model. Cost estimates are for a time period of the crossing time of a single nucleon with 10 MeV of energy. Different lattice sizes
are considered. Right: the same as left, but where the simulation time is varied and the lattice size is held constant on a 10 x 10 x 10

lattice.
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Performance of Different Extrapolation Techniques
vs. Standard Product Formula for 7= 1
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| |
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10716

Richardson Extrapolation vs. Polynomial Interpolation
vs. Standard Product Formula with Error
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o
g g
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FIG. 4. Left: error comparison between the observable measured on the time-evolved state using Trotterization (black circles) vs
the extrapolated error (blue diamonds and red triangles) for different maximum numbers of Trotter steps per run on a system of six
qubits. The initial number of steps corresponds to approximately (A T)3/2. We see the plot levels out at the bottom due to floating point
precision. Right: the same as left, but where the extrapolation procedures are performed with a measurement error of 10~ for each
measurement. We see that the extrapolation procedures are limited by the measurement error.

Heisenberg chain. The Hamiltonian is given by

L—1 L
H =Y (XX + YiVip1 + ZZi) + ) _ Wi,

i=1 i=1

where {h;}-| are sampled independently and uniformly
over [—1, 1]. This Hamiltonian is well studied in the con-
text of Trotter simulation [32] as it is a simple system with
nontrivial Trotter error, and captures the essence of inter-
esting condensed-matter phenomena such as localization.
For all simulations shown, we consider the common p = 2
symmetric Trotter formula on L = 6 qubits. For the initial
state, we choose a randomly chosen classical bit string:
|x), x € {0,1}" and we choose a randomly chosen sum
of three Pauli strings to act as the observable. In order
to generate the figures in the following section, we have
used a minimum number of Trotter steps » = 1/spin =
[(AT)*?*]. Here A =3 ||H, ||, and the decomposition
H, is the naive one along the Pauli terms.

We consider the error associated with choosing a fixed
maximum circuit depth that we can utilize (e.g., if we
are limited by noise in the physical circuit), and then use
this to compare results from time simulation. That is, sup-
pose we want to predict (O(7)) but are restricted to some
maximum circuit depth (i.e., Trotter steps). How does the
unextrapolated error compare to the extrapolated error?

Figure 4 (left) shows that if we consider a fixed time and
as we increase the number of steps from a minimum value
of r = [(AT)3/ 2—|, using Trotter extrapolation drastically
reduces the error compared with just measuring the state
directly. However, as demonstrated by Fig. 4 (right), the
benefits of this are limited by the error associated by the
measurements at each point. As one might expect, neither
extrapolation techniques can improve results beyond the

limit to which we measure the observable we are extrap-
olating. We can also consider the case where we run the
simulation for different amounts of time and see how the
error scales with the number of nodes. From Fig. 5 we
see that the extrapolation holds for much longer simula-
tion times. We point the reader to Ref. [62, Chapter 3] for
similar numerics [63].

VIII. CLASSICAL SHADOWS

In this section, we consider the estimation of many time-
evolved expectation values using the classical shadow
technique. To use classical shadows alongside extrapola-
tion, simply run a classical shadow protocol on each of

Increasing Richardson Extrapolation Degree
at Different Simulation Times
100 T T T T

.
4

1074 .

Error in Final Approximation
=
9
o]
I
|

10712 - : |
eTime = 1
+Time = 10
+Time = 100
1 —16 I | | | |
0 0 2 4 [§ 8 10

Degree of Extrapolation

FIG. 5. A comparison in the performance of Richardson
extrapolation as a function of the Richardson extrapolation
degree for different simulation times.
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Shadow Extrapolation

of local observables {0;},

i=1’

evolved-state.

Input: A set of local Hamiltonian terms {/;} ;, and a list of time-step sizes Tjis;, and an overall simulation time. A set
Oracles: SHADOW , (|y) , {0 M| Nehadow» T'» 1, {h;};) which runs a classical shadow routine using Nypagow Samples,
on a state ) which has been time-evolved under the p*”-order Trotter operator for time T and time-step size ¢. It

outputs a list of estimates for each of the (/| /T 0;e~"HT |y) which is calculated using Ngpadow copies of the

Output: A set of estimates O; for each local observable expectation values.

128 max; [|O; || 2M |Tii
1. Nshadow < ’V Ejz - lOg( l(;l ll)-‘
2. for 1y in Tiig:
i=1

: M .

3. for O; in {Oj}jzl'
(a) for tg in Tiig:
: 1
L by — lyetis T=,0m)
ti#t ’

®) Ojes e X1 b1 0(10)

4. Return {éj,est}jlvi]

(a) {Oj(tk)}j[vil (_SHADOWP(W)s{Oi}M NshadOWsT’fk»{hj}j)

FIG. 6.
SHADOW, oracle we refer readers to Ref. [64].

the m states {p;};_, resulting from a Trotter evolution
with inverse step size s;. Then compute the expectation
values of interest using these shadows and perform the
extrapolation. We call this procedure shadow extrapola-
tion for brevity. Pseudocode for shadow extrapolation,
using Richardson extrapolation for concreteness, is given
in Fig. 6. Polynomial interpolation can also be used. We
note that this procedure is essentially allowing us to recon-
struct a classical shadow representation of the final state of
the un-Trotterized time evolution.

Classical shadows requires repeated computational basis
measurements on the time-evolved states pj, which is
cheap but limits us to shot-noise accuracy. From Ref. [64],
to estimate the expectation value of M local observables
{Oi}?i] to accuracy |tr[pO;] — O] < €data||O;|| With prob-
ability > (1 — §), it suffices to take a number of samples of
pr, which is bounded by

128 2M;
<=2 max |0, log (—’")
Edata i $

where m is the order of the Richardson extrapolator. Each
of these samples requires a single Trotter evolution whose
cost is determined by k& (the number of Trotter steps). The
following theorem is a simple corollary of the above results
on Richardson and polynomial extrapolation. We note that
shadow extrapolation is limited to O(1)-local observables
as opposed to the extrapolation procedures given earlier,
which apply to general observables.

Pseudocode for shadow extrapolation, using Richardson extrapolation for concreteness. For the implementation of the

Theorem 6. Let {O:(T)}, be a set of M O(1)-local
time-evolved observables O(T) = e"TOe~!, To get an
estimate [tr(pO:(T)) — O;] < €4aa| O:]| With probability >
(1 — §), the maximum Trotter depth scales as

Dinax = O ((.1)'+1/7 polylog(1/e)),

where we need to run experiments at no more than m =
O(log(1/€)) sampling points. Meanwhile, the total number
of Trotter steps for the entire protocol scales as

- (1 1 M
Crrot = O (—gm””ﬂ polylog (—) log (—)) :
€ € )

where O suppresses doubly logarithmic multiplicative fac-
tors.

IX. DISCUSSION AND CONCLUSIONS

In this work, we have shown that by performing prod-
uct formula evolutions with different time-step sizes, we
can use classical extrapolation techniques to predict the
expectation values of observables with gate complexity
scaling as O(T'*'/? /e polylog(1/€)), where we are ignor-
ing log log factors. We emphasize that the O(1/¢) scaling
arises from the measurement error, and that the effective
Trotter error scales as O(polylog(1/¢)).

In the NISQ regime, circuit depth is arguably the most
important cost metric. For this, we consider extrapola-
tion using shot-limited measurements of the observable
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or classical shadows. Here the fact coherent measure-
ments are not needed drastically reduces the constant
overheads needed and we see only circuit depths scal-
ing as O (T'+'/7 polylog(1/€)) are required. We expect the
resource scaling with error to be optimal up to log factors.
The Heisenberg measurement limit is a fundamental mea-
surement limit, which requires at least 2 (1/¢) scaling [52].
Thus we should expect our total resource cost to scale as
Q(1/€) in general.

1. Beyond standard product formulas

There are many proposals for modifying product for-
mulas, or otherwise combining them with simulations
algorithms [40,65]. In follow-up work it has been shown
that the Richardson extrapolation approach can be fruit-
fully applied to the gDRIFT algorithm to exponentially
improve error scaling [66]. It remains open whether these
modified algorithms can be combined with the Richardson
or polynomial extrapolation approaches considered here to
improve their performance.

2. State-dependent bounds

The bounds given in this work are also sensitive to the
“physics” of the system. That is, if the system has sym-
metries, or is restricted to a particular subspace, then we
can improve the error estimates given here by replacing
the spectral norm with a symmetry-respecting norm. We
demonstrate this in Appendix A, where we show that if
the evolution is restricted to a particular subspace, the var-
ious norms or commutators characterizing the error can
be replaced with quantities projected onto the relevant
subspace.

3. More tractable expressions for commutator scaling

Although the results in this paper demonstrate com-
mutator scaling in the error of Richardson extrapola-
tion, actually computing these expressions is likely to
be extremely computationally expensive. Developing an
expression, which can be computed efficiently, is an enor-
mously important task, as it allows us to upper bound the
amount of quantum resources needed to reach a guaranteed
precision. We hope that future work will find simplified
expressions for the commutator error.

4. Lower bounds

The work here gives an improvement on the Trotter
error for measured observables. In the general setting,
lower bounds have been proven for the performance of
Trotterization methods [67], but it remains to be seen if
similar bounds on the query complexity can be proven if
postprocessing is allowed.
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APPENDIX A: IMPROVED BOUNDS WITH
PHYSICAL KNOWLEDGE

Here we consider the case where the Hamiltonian may
have some physical symmetry. In this case, we may be
able to exploit this symmetry to improve our convergence
bounds. Let H = }; h;, where {#;}; are the terms used in
the Trotter decomposition. Then assume that there exists
some symmetry subspace denoted S, such that Il is a
projector onto the subspace S. We assume that the both
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the overall Hamiltonian and the individual terms in the
Trotter decomposition preserve the symmetry. That is, the
following holds:

[H.Ts]=0 [k,Tls]=0.
Consider a state |/s) € S. Then we see that
= e "'s |¥s)

= [ge MM IS |ys),

e it |ys)

where we have used that |Ys) = Ils|¥s) and [lg =
[1sI1s. Applying this to product formulas,

P 1ys) =[]e ™" lys)
J

= l_[ e~ s st |y, oy
J

Thus, because the simulation is restricted to a particular
subspace, we can consider the Hamiltonian restricted to
that subspace. In this case we no longer need to consider
the full operator norm and can consider a “symmetry-
projected” norm. We can define “symmetry-respecting”
norms, which characterize the rate of convergence.

As =Y TshTs].
J

For the case of commutators, from Lemma 6,

1/G+D
! Vet D
comm
0l IEDDIN | Ereeneto
Jl-jigoZyzp k=1 ~¥
S+t
and
r
)
aé}omm,s = Z ”HS[H)/lHyz H)/]]HS”
Y172y =1

These symmetry-respecting quantities can then be used in
place of A, ac({))mm in Lemma 6 and elsewhere, thus giving
us improved convergence results. We believe that similar
results should hold when the restriction to the subspace S
is not strictly preserved, i.e., there is some leakage to other
subspaces. For example, if one restricts to low-energy
states as per Ref. [25].

APPENDIX B: POLYNOMIAL INTERPOLATION:
ERROR FROM IMPERFECT CHEBYSHEYV NODES

As described earlier, if the Cheybshev nodes do not
coincide with the inverse integers, we may not be able to

sample exactly from the Chebyshev nodes as, if we restrict
ourselves to integer applications of the Trotter evolution,
we require s = 1/r, for r € Z. For any & € Z, the spacing
between inverse integers is

1 1) I (=DF
(E‘s+1>_52 gk

for sufficiently large £, (B1)

where one can use the standard bound on a geometric sum
to get the last line. We then use the following theorem.

Theorem Bl (Perturbed Chebyshev nodes, Sec. 3 of
Ref. [70]). Letx € [c,d], and let L,, Lebesgue constant of
the m + 1 Chebyshev points in [c, d]. The Lebesgue con-
stant of the points after they have been perturbed by < ey
away from the Chebyshev node, denoted L/, , is bounded by

Ly,
L, < ,
S
where ¢, satisfies
a(d—c)
€n=—>5—":
m*L,,

We can apply this to the case where we are not sam-
pling from the exact Chebyshev nodes. We now consider
the interval [—¢, £] on which we wish to learn the function
f5(s). Applying Theorem B1 with « = 1/2 gives

L;n S 2L}'n5
provided for
14
€m = .
" mcL,

If we consider the interval [—£, £], then the maximum dis-
tance between inverse point is at the boundaries. Hence
from Eq. (B1), the maximum distance between inverse
integers in [—£, €] is

1

< max
" gel-1/6,1/0) £2

< ¢

€

Thus, for a given m, we need to ensure that £ < (m*L,,)~".
We note that in general £ scales in terms of O(T'*1/9),
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while m = O(log(1/¢)) and L,, = O(loglog(1/¢). To sat-
isfy both bounds we can choose

€< ! ,
T (amax YA HVam?L,

and thus the minimum number of Trotter steps scales as

1 1
=0 ((amaxT)\T)l“/q log® (—) log log (—)) )
€ €

O (m/0)

APPENDIX C: SIMPLER BOUNDS FOR
COMMUTATOR ERROR

In this section we reformulate our bounds in such a way
to make them easier to compute with knowledge of low-
nested commutators.

Proof of Corollary 2. We first note the following “nest-

ing” property of a) s for any positive integers k,j such
that2 <k <j

comm °

(Ch

In particular, in the norm bound on £ j+1 from Lemma 3,
Jji = p for each k € [/]. Thus,

U/p] (41
(amax YT’ QAY< Pl
IEj 411 < (@max Y TY E L > 1‘[2—°;“““
d _ Ge + 1)
J1--Ji€0Z1=p \k=1
Jite =

i/p]

= (amax YT Y 2 (Gmax D e L @AY (i)

=1

Li/p] P+ -\ !
) 1 [ amax T T

= Qam TATY Y i (—ma comm )
I=1

The inner sum can be bounded as

> (i)
: 2
J1-J1€0 L4 =p Ve +1)
J1t+Hir=j

21
PO
CEE

oo

el
Jitetji=i =pl

l .
2 (1 +1- 1) —

e\ -1 ©»

leading to

bipl @+ 7\ !
2amax Y tcomm '
IEj 411l < Bamax YATY Z <W

(C3)

By our assumptions on 7, the parenthetical term in
Eq. (C3) is greater than one, and the sum can be bounded

@nay

> Mo

J1-J1€0 21 Zp k=1
St Hi=i

2 l_lw s

J1-J1€0 21 Zp k=1
JitHi=

by the largest power. Thus,

P+ A\ /Pl
2 (20 TSN T
IEj 11Dl < (e = 1) (4dmax YATY (%)

(4A)?
<2 |:421/p(a XT)YP - 1 a®Th 1/]’:|
— 4 comm
< 22080V (e Y)Y (C4)
which is the corollary statement. |

APPENDIX D: PREVIOUS LITERATURE ON
RICHARDSON EXTRAPOLATION

Here we discuss the previous work on Richardson
extrapolation by Vazquez et al. [44], which appears to
have incorrect derivations for the error in Richardson
extrapolation of observables.
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In Appendix A, Eq. (13) of Ref. [44], it is claimed that the iterated product formula has an expansion

Prr/) = 43 4, T (D1)
n=1 i

where the 4, are size O(1) in T and consist of nested commutators of the Hamiltonian terms. However, this expansion
is incorrect, which can be seen by comparison to a counterexample [71]. Consider the Hamiltonian H = X + Z and the
associated Trotterization e~*7/ke=#T/k Making the identification s = 1/k, using the standard BCH formula we get an
effective Hamiltonian

—iXsT —iZsT\ _ -+ > 1 i(sT)? (s7)* 575
log (e7™"e ") = —isT(X + Z) — (sT) E[X,Z] +— (X, X, 2N+ [Z,[Z,X]) — o [Z[X,[X,Z]]] +O(>T°)
=0
. . 2 . (ST)3 5
= —i(X +2)(sT) +iY(sT)* +i(Z + X) 3T O((sT)"). (D2)

We can then exponentiate this and consider the iterated first-order product formula to get

) ) . S2 T3
PUs(sT) = (e*lXSTe*lZST)”‘ = exp <—i(X + DT+ iYsT> +i(Z +X)T + 0(s4T5)> ) (D3)
To obtain a polynomial expansion in s, we use the variation of parameters equation
1
€A+B — eA + / dfe(l_r)ABe(A+B)t, (D4)
0

which we iterate 4 times to get the following.

1 1 7]
e +/ drie!l"4BeAn —|—/ dn/ dryell "4 BeAT—1) gonad
0 0 0

1 T (%)
+/ dTlf d‘L’z/ dr; eI~ AT =) po(r—13)4 g r34
0 0 0

1 T (%) 3
+ / dr, / dt / dr; / dty eI~ TABAT 1) BT B (B3~ A pTs(4+B). (D5)
0 0 0 0

We now make the explicit choice

A=—iT(X +2Z)

B=iYVsT*+i(Z +X)32_T3 + O*T) (B6)
- 3

and neglect any terms above O(s®). Since B is O(s), then the last line of Eq. (D5) is O(s*), hence we neglect it. Keeping
some A4 terms implicit for brevity, we have
273

1

A T

PUs(sT) = ¢~ TE+D +[ dr; AN GYsTE +i(Z +X)_s3 )e'
0

1 71 S2T3 S2T3
+ / dr / do, [eA“—fl) (iYsTZ +i(Z —|—X)T) A1) (iYsT2 +i(Z —|—X)T) eAfz}
0 0

1 'L'l 1’2
+ f dr / do / drs 7 (Vs T?) e ™) (1Y T) e @273 (iYs T '™ 4+ O(s*). (D7)
0 0 0
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Grouping the above according to combinations of s and 7,
the expression may be written as

PUs(sT) = e T 4 sTG\(T) + s*T° Go(T) + s*T* G5(T)
+ 8 T°Gy(T) + s’ T°Gs(T) + O(s*),  (D8)

where Gy, G,, Gz, G4, Gs = O(1) are matrix functions of T’
only. We note in particular that there are terms with scaling
O(s*TY), O(s3T%), and O(s*T?), which do not appear with
the ratio s 7"*!, which would be necessary for Eq. (D1) to
be valid. It can be checked that this occurs for higher-order
terms as well.

The incorrect series expansion given in Eq. (D1) is then
used in Appendix C of Ref. [44] and hence the errors
unfortunately propagate into this later section. In partic-
ular, through Eqgs. (15)~«18), which is where the error in
the Richardson extrapolation is derived. Following from
Ref. [44, eq. (17)] (and broadly using their notation) with
Ph(T/kj) = U+ E;, then

(O ', 1) = (Y| U'OU ) + (y| UTOE; |y)
+ (Y| E[OUNY) + (V| E] OF; |y) .

We now explicitly consider Richardson extrapolation with
| = 3 extrapolation points, for the Hamiltonian H = X +
Z. Following Ref. [44, eq. (17)],

=3
€= a; (y| U OE; |v)

j=1

(D9)

=3
1 1 1
=> a (y| U0 <T2k—G1 + PT3G2 + =T*G;

; K
+ g+ L1, |w>+o<i). (D10)
CH: q

‘We see that the Richardson conditions cancels off all terms
up to order O(kfz). This gives

= 1 1 1

Thus € = O (T°/k3}) is the asymptotic scaling of the error.
This gives an overall error scaling of the Richardson
estimator as

=3 7—6
> 4 (0k', D) = (W | U'OU|y) + O (F) . (D11)
=1

1

The result is that the asymptotic behaviour of the error
given in Eq. (7) in the main text of Ref. [44] appears to

be incorrect. The correct version of Eq. (D1) appears in
Ref. [20, Lemma 7]. We also realize that for the error in
Eq. (D11) to shrink, we require that k; = O(T?), and hence
we would require a number of Trotter steps (and hence cir-
cuit depths) scaling as O(T?). As such, the error scaling in
Eq. (D11) is consistent with the bounds present in the cur-
rent work, as seen in Theorem 1 where the time scaling is
O(T?) for p = 1 product formulas.
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