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Ground-state energy estimation for strongly correlated quantum systems remains a central challenge
in computational physics and chemistry. While tensor network methods like Density Matrix Renormalization
Group (DMRG) provide efficient solutions for one-dimensional systems, higher-dimensional problems
remain difficult. Here we present a variational double bracket flow (VDBF) algorithm that leverages Pauli
Propagation, a technique originally developed for classical simulation of quantum circuits, to efficiently
approximate ground-state energies. By combining greedy operator selection with coefficient-based fluctuation
truncation and energy-variance extrapolation, we obtain sub-1% relative errors for Heisenberg and Hubbard
lattices of up to 128 qubits. For a 10 x 10 Heisenberg lattice (100 qubits), vDBF obtains accurate results in
approximately 2 min on a single CPU thread, compared to over 50 h on 64 threads for DMRG. Accurate results
are also obtained for systems that are difficult for quantum Monte Carlo: on the maximally frustrated 8 x 8
J1—J, lattice and the hole-doped 8 x 8 Hubbard model, the tightest thresholds extrapolate to within a few
tenths of a percent of the best published variational estimates. We further test VDBF on the 84-qubit z-valence
active space of hexabenzocoronene, where the most reliable extrapolated correlation energies agree with
DMRG to within 1%. These results demonstrate that classical simulation techniques developed in the context

of quantum advantage benchmarking can provide practical tools for many-body physics.

DOL: 10.1103/kq3v-wheq

L. INTRODUCTION

The simulation of quantum many-body systems pro-
vides an indispensable tool for studying molecules and
materials, often revealing features that are difficult or
impossible to access experimentally. Improving our ability
to perform such simulations is therefore one of the most
important computational challenges in physics and chem-
istry, with direct implications for problems ranging
from high-temperature superconductivity to heterogeneous
catalysis. Unfortunately, strongly correlated systems
remain extremely challenging, and no general-purpose
classical method exists that can provide both reliable
and efficient results for arbitrary systems.

Most traditional techniques for approximating low-
energy quantum systems fall into one of three categories:
perturbative methods (MPn [1], CCn [2-5], GW [6-8],
etc.), stochastic methods (Diffusion Monte Carlo [9], Full
Configuration Interaction Quantum Monte Carlo [10,11],
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Auxiliary-Field quantum Monte Carlo (AFQMC) [12-14],
etc.), or tensor network states (DMRG [15-21], Projected
Entangled Pair States [22-27], Multi-Scale Entanglement
Renormalization Ansatz [28,29], etc.). Each framework
excels for certain classes of systems but has fundamental
limitations. Perturbative methods are effective when mean-
field treatments are qualitatively correct but break down
when many-body interactions become strong. Stochastic
methods can provide benchmark-quality results for
ground-state energies but are limited when the sign
problem cannot be controlled [30]. Tensor network states
provide ideal compactness for low-dimensional systems
but become less efficient in higher dimensions. Despite the
breadth of problems treatable by these and other methods,
systems that combine strong correlation with high dimen-
sionality remain challenging for classical simulation.

In light of rapid advances in quantum information science,
quantum computation has become an appealing approach for
such classically challenging problems. Quantum hardware
continues to improve [31-33], with growing qubit counts and
decreasing error rates, while algorithmic developments have
reduced the quantum resources required for accurate simu-
lations. However, current quantum hardware and algorithms
are not yet capable of outperforming classical methods for
many-body simulation, and the realization of an exponential
speedup remains uncertain [34].

Published by the American Physical Society


https://orcid.org/0009-0002-2445-4026
https://orcid.org/0009-0000-1170-0078
https://orcid.org/0000-0002-5604-2643
https://orcid.org/0000-0001-9923-6256
https://orcid.org/0000-0002-1312-9781
https://ror.org/01kg8sb98
https://ror.org/02smfhw86
https://crossmark.crossref.org/dialog/?doi=10.1103/kq3v-whcq&domain=pdf&date_stamp=2026-11-02
https://doi.org/10.1103/kq3v-whcq
https://creativecommons.org/licenses/by/4.0/

CHINMAY SHRIKHANDE et al.

PRX QUANTUM 7, 043022 (2026)

While quantum simulation has not yet demonstrated a
definitive advantage over classical methods, its develop-
ment has driven significant advances in classical simu-
lation techniques. The 2023 IBM Eagle experiment [32],
which claimed evidence for quantum utility in simulating
kicked Ising dynamics, sparked rapid development of
classical methods that ultimately matched or exceeded
the quantum results [35-37]. Central to these classical
responses were algorithms for approximating Heisenberg
evolution of Pauli operators (Sparse Pauli Dynamics (SPD),
Pauli Propagation (pP), and related methods), which
proved remarkably effective at simulating deep quantum
circuits [35,36,38-53]. These tools were developed to
benchmark quantum hardware, but their potential for
classical ground-state energy calculations remains largely
unexplored. In this work, we combine Pauli Propagation
with a variational double bracket flow (vDBF) approach
for ground-state energy estimation. Double bracket
flows have recently emerged as a powerful framework
in quantum computing [54], serving as the foundation for
algorithms such as Double-Bracket Quantum Imaginary
Time Evolution (DB-QITE) [55], optimized initializations
for variational ground-state optimization [51], and a
variety of other advanced quantum protocols [56-58].

By adapting this quantum-inspired framework for
classical execution, we benchmark vDBF on the 10 x 10
antiferromagnetic Heisenberg model, the frustrated 8 x 8
J, — J, lattice, the 8 x 8 Hubbard model at half-filling and
at one-eighth hole doping, and the z-valence active space
of hexabenzocoronene (HBC).

II. THEORY

To simulate the results of a quantum computation,
one generally aims to compute the expectation values of
observables for states that have been evolved by a
sequence of unitaries,

(0) = (0|UlU}---Uou, - U,U,|0). (1)

While this can be expressed equivalently in either the
Schrodinger or Heisenberg picture, the choice to evolve
the state, (y,|O|w,), or the operator, (0|0, |0), or both [36]
presents distinct opportunities for approximations.

Due, in large part, to the fact that the wave function is
generally a lower-rank object, the Schrodinger picture is
typically preferable. However, considerations of sparsity
can often lean in favor of the Heisenberg picture.
Physically relevant Hamiltonians are generally sparse,
while ground states are generally not [59]. Furthermore,
when the state is no longer pure (i.e., noisy circuits or finite
temperature), a density operator is needed, further reduc-
ing the computational distinction between the Heisenberg
and Schrodinger pictures.

Choosing Pauli strings, P;, (defined as the positive
Hermitian tensor products of Pauli operators) as an

operator basis, we can identify several computational
advantages for working in the Heisenberg picture arising
from their extremely simple and well-characterized math-
ematical properties [60—63]. Paulis can be conveniently
indexed in binary form, and operator multiplication can be
efficiently evaluated through simple binary operations on
integers. Because any two Pauli strings either commute
or anticommute, these can also be efficiently obtained
through binary operations. Due to the involution property,
Pauli strings have closed-form exponentiation, making
evolution of a state,

U0)) = ) = cos(3 ) ) = sin( 5) Py,

@)
or Pauli string,
U;(0)"P,U;(0)
cos(0)Py + isin(@)P;Py if [P, P;]#0 , 3)
B P if [P, P;]=0

exceptionally convenient. More general considerations
of exact exponentiation have recently been explored
by Izmaylov and coworkers [64] and Evangelista and
Magoulas [65,66]. Furthermore, the Heisenberg-picture
Pauli evolution naturally exposes simplifications from
Clifford or low-magic unitaries. While a /2 rotation
about any Pauli string has the potential to create a
maximally entangled state in the Schrodinger picture, this
angle corresponds to a Clifford gate, which, by definition,
maps Pauli strings to Pauli strings, leaving the coefficient
structure (and thus sparsity pattern) of any Heisenberg
operator unchanged. For example, compare the action of a
/2 rotation on either a state or an operator:

0:(5) ) = 5 ) = ilPa). @

assuming P; and P; do not commute. In the Schrodinger
picture, this Clifford evolution of a state generally
increases in complexity, whereas the Pauli string, P, is
just converted to a different Pauli, Py.

J°

A. Pauli evolution truncation

Simulating the sequential rotation of an operator by a
large number of Pauli strings, Eq. (1), results in an
exponentially increasing number of Paulis. However,
Eq. (3) illustrates that this Pauli sum will potentially have
a considerable amount of structure. Each rotation splits
each noncommuting Pauli in the Pauli sum into two
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FIG. 1. Schematic depiction of the evolution of a single Pauli
string (top) following three sequential small-angle Pauli rota-
tions. Background colors indicate the additional set of Paulis that
are included under tighter levels of coefficient truncation.

branches, a cosine and a sine branch, forming a binary tree.
If each rotation angle is small, then the cos branches
dominate, with the path weights diminishing exponentially
in the number of sin branches. In contrast, for near-Clifford
rotations (6 ~ x/2), the sine branch dominates. The sche-
matic in Fig. I illustrates the operator spreading that occurs
during sequential evolution.

Pauli evolution, therefore, creates a binary tree, such
that the evaluation of the final expectation value requires
one to sum the expectation values of all the leaves,
weighted by the weight of the branch. While this is clearly
exponential to do exactly, the fact that many of these paths
will have extremely small weights leads to a number of
truncation options.

One could take a depth-first search approach to this,
evaluating the sum path-by-path and aborting a given path
once the current weight drops below a threshold. This
requires essentially zero memory and is embarrassingly
parallelizable; however, it performs rather poorly due to
the need to go to very tight thresholds for convergence.
One reason for this is that each path can visit the same
Pauli, resulting in an opportunity for interference between
the paths. Instead, we use a breadth-first search approach
where the full operator at each time step is stored in
memory, providing the opportunity to account for inter-
ference between Pauli paths. Keeping track of the full
operator stabilizes truncation and facilitates the computa-
tion of properties such as four-point correlation functions.
In this paper, we perform truncations after each Pauli
rotation, deleting all Paulis whose coefficient absolute
value is smaller than a given threshold e.

This truncation approach is not new and has been used
in several implementations, including Refs. [35,52].

The approximation of Pauli Heisenberg dynamics has
been described with a variety of names, PP [38,52], Pauli
Backpropagation [67], Pauli Path simulation [53], and
SPD [35], each with different but related goals. Although
our current treatment of approximate Pauli evolution is
most closely related to SPD, since we are currently only

approximating the evolution by truncating small-
coefficient Paulis, we have also found truncations based
on Pauli weight truncation to be effective, and so we will
refer to our Pauli evolution treatment by the name of Pauli
Propagation, referencing the first detailed presentation of
the simulation strategy [38].

B. Double bracket flows

Having access to an efficient algorithm for approximat-
ing unitary transformations has the potential to be useful
for a variety of applications. The utility of quantum circuit
simulation is clear and well documented. In this work, we
are interested in applying PP to the problem of ground-
state energy estimation.

In order to define a unitary transformation that evolves a
state into the ground state, we start by adopting a double
bracket flow formalism. Double bracket flows are differ-
ential equations whose right-hand sides involve nested
commutators and which, when integrated, drive the system
toward specific targets. This approach was originally
introduced as the Similarity Renormalization Group in
1993 by Gtlazek and Wilson [68,69] and was independently
developed as a flow equation by Wegner in 1994 [70].

The basic idea is to define a Hamiltonian transformation
along a continuous timelike parameter, s, that moves in a
direction that minimizes some cost function. The “canoni-
cal commutator” [68,70] is defined using the commutator
of the Hamiltonian with the projection onto its own
diagonal, Hp:

d
2 H(s) =[G(s). H(s)] = [[Hp(s). H(s)]. H(s)].  (6)

Since G(s) is an anti-Hermitian flow generator operator,
this is analogous to a unitary evolution of H by a
time-dependent drive G(s), a process that preserves the
spectrum of H(s) at all times, and is thus a similarity
transformation. This choice of G(s) generates rotations
that minimize the off-diagonal components to zero when
the Hamiltonian commutes with its own diagonal. This
form of G(s) has been widely used, finding applica-
tions in physics [71], chemistry [72-74], and quantum

algorithms [51,54].

1. State-specific flow generator

While the canonical commutator would certainly suffice
for obtaining our target eigenstate because it achieves full
diagonalization, it may be unnecessarily powerful, and we
thus choose a flow generator that targets a single reference
state instead, G(s) = [H(s), p].

This generates evolution anytime the Hamiltonian does
not have p as a stationary state. We choose p to be the
projector onto a reference computational basis state, which
we will take, without loss of generality [75], to be the zero
state, p = [0)(0].
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Since the reference-state expectation value of the
right-hand side is just the energy variance, which is non-
negative, the energy is guaranteed to decrease until |0)
becomes an eigenstate:

L E(s) = ~2((H?) — (). %
s

We note that this choice of state-specific double bracket
flow generator was rigorously derived in the DB-QITE
framework [55], building on earlier Double Bracket
Quantum Algorithms work [54]. In particular, Ref. [55]
provides the first systematic derivation of Eq. (7) and of
the ansatz [H(s), p] used here. While this natural choice
converges well, the projector expanded in the Pauli basis is
highly nonsparse, requiring 2 diagonal Pauli strings,

00l < I+ > 2+ > Z,Zj+ - )

i<j

To avoid this exponential cost, we choose to truncate this
projector, where we approximate |0)(0| by keeping only Z
strings up to a certain Pauli weight. For all results presented
here, we keep only the one-body terms. While this might
seem like a dramatic approximation, evolving by only the
one-body terms will still work, as this generator will only
go to zero once H(s) becomes block-diagonal, where
Hamiltonian coupling between Hamming weight blocks
is driven to zero. However, with this approximation, the
integration of this equation takes longer to converge, as
demonstrated in Fig. 10 of Appendix A. Similar observa-
tions were also noted in Refs. [51,76]. Using this one-body
form, our double bracket flow generator becomes:

G(s) = [H(s), 2], )

——H(s) = _[[H(s), 2], H(s)], (10)

which is identical to the form derived in Refs. [51,54].
Integrating Eq. (10) for a small time, ds, we obtain the
following recursive transformation:

H(s + 65) = eC)¥ H(s5)e 00, (11)

Since our aim will be to approximate this process using
PP, we will want to first expand G(s) in the Pauli basis:

G(s) = _aiP: (12)

where g; depend on s and are purely imaginary. Since Js is
small, we can expand this solution in a product formula:

H(s _.I_ 5s) — egnP,,(iS e eg]PI(s‘YH(s)ef.glP](SS e ef.(/npnﬁ‘\'.

(13)

The exact Riemannian-gradient flow is guaranteed to
converge to the ground state for almost every initial state
with nonzero ground-state overlap: the energy decreases
monotonically, the critical points of the flow are exactly
the eigenstates of H, and all intermediate eigenstates
are saddle points, which first-order methods avoid with
probability 1 [77,78]. In practice, however, a trajectory
approaching a saddle point can significantly slow con-
vergence [77,79,80]. Approximating this flow via sequen-
tial Pauli rotations (Eq. 13) with adaptive step sizes and a
greedy selection of operators (detailed in the next section)
departs from the exact gradient direction; randomized
variants of such updates retain almost-sure convergence
guarantees [78,81], and while these guarantees do not
transfer as a formal theorem to our deterministic, truncated
implementation, the fixed-point structure is preserved:
each angle optimization is energy-nonincreasing, and
the greedy gradients vanish only when the reference has
become an eigenstate of the evolved Hamiltonian.

While recent approaches have sought to implement
these Riemannian gradient flows on quantum hardware
by approximating the exact gradient via random projec-
tions into polynomial-sized Pauli subspaces [77], our
deterministic vDBF approach allows for scalable classical
simulation of much larger systems. Using the equation
above, we could proceed by using PP to sequentially
evolve H(s) by the series of Paulis in G(s), each time
truncating H(s) by deleting Paulis with magnitudes
smaller than e. However, keeping és small (a requirement
to explicitly integrate Eq. 10) would require too many
rotations for efficient convergence. In the next section, we
propose a modification of this strategy that accelerates this
convergence.

C. Pauli propagation—vDBF

At this point, we depart from the direct integration of the
double bracket flow defined in Eq. (10). Rather than
choosing the time steps to be “small,” which would
inevitably require many Pauli rotations to converge, we
will instead choose an optimal angle, 87, for each Pauli, P;,
in the sequence, chosen to minimize the energy of the
reference state, |w) [82] by analytically minimizing the
cost function:

F(6,) = (ple O He P y)
= cos?(0;) (w|Hlw) + sin*(6,) (w|P;HP;|y)
—2icos(6;) sin(6;) (w|HP;|y). (14)
This will ensure that each Pauli rotation minimizes the

energy by the maximum amount possible. While this leads
to a trajectory that deviates from the specific double
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bracket flow defined in Eq. (10), we ultimately only care
about the final state. Since we are no longer faithful
to the flow of Eq. (10), the s parameter is no longer
meaningful, so we track the progress of this sequential
transformation with an index, indicating the number of
iterations: H(s) — H™.

1. Greedy selection of generators

Depending on the number of rotations performed
during the vDBF, H can accumulate many terms,
resulting in a flow generator for the current iteration,
G = Zj [H(”), Z;], that is even larger. However, not all

Paulis in G are equally important. Ideally, we would
only rotate by the most “variationally helpful” generators
within each iteration to avoid unnecessary computation. To
do this, we sort the operators in G by the derivative of
the energy with respect to rotation about each operator:

%<eieig,vPiH(n>e—ie,»g,~P,-> — 9i<[Pi’H(")]> (15)

=2¢,Im{(0|P;|c™)},  (16)
where |6")) = H|0) is computed only once per iter-
ation. This form allows the gradient vector to be efficiently
computed since we only need to read off the coefficient of
the ket in |¢!")) whose on bits match the X string in P;.

Having the operators in G") sorted by their reference-
state energy gradient, we then proceed to evolve by the first
n_rots angles per iteration (user-specified simulation
parameter). Setting n_rots = 1 would therefore result
in a single rotation by the operator with the largest gradient
in the G This would be a dynamic pool analog to how
Adaptive Derivative Assembled Pseudo Trotter Ansatz
Variational Quantum Eigensolver (ADAPT-VQE) [83,84]
chooses operators out of a fixed operator pool. However,
since evaluating the flow generator is not free, we find that it
is generally more efficient to perform several rotations for
each iteration, and so choosing n_rots to be tens to
hundreds (e.g., 50-500) seems to work well. We note that
this algorithm for designing a double bracket flow, which
uses optimal steps to converge to the ground state, can be
viewed as a classical version of the related quantum
algorithm, double bracket-diagonal operator iterations [51].

2. Operator truncation

In order to tame the exponential growth of the
Hamiltonian, we follow the coefficient truncation schemes
used in both SPD [35,36,46] and PP [48-50,52], by which
an operator expressed as a linear combination of Paulis,
O =, ¢;P;, is modified by deleting Paulis, P;, that are
considered unimportant. However, unlike the generic non-
equilibrium dynamics of a quantum circuit, the vDBF
approach has a well-defined reference state that allows us

to significantly reduce truncation error by truncating only
the operator’s reference-state fluctuation instead of the full
operator,

P; = 6P; + (0[P;|0)]. (17)

where, 5P; = P; — (0| P;|0)1. In our simulations, whenever
a Pauli’s coefficient magnitude drops below a threshold,
lc;| < €, we delete the operator’s fluctuation:

P, — (0|P;|0)1. (18)

Note that this truncation rule preserves the reference-
state energy contribution of P; exactly, since c;(0|P;]0)
remains in H regardless of whether the operator’s fluc-
tuation is retained. The truncation therefore introduces no
first-order error in the energy, with errors entering only
through subsequent rotations of the truncated operator.
We refer to this truncation as clip in Line 19 of the
Algorithm 1. While Pauli weight [47,52] (or Majorana
weight for fermionic Hamiltonians) [50] can also be used
to further decrease computational cost, we delay an in-
depth analysis of this for future work (initial calculations
seem to suggest it can be helpful) [85].

ALGORITHM 1. Variational double bracket flow

Input: H, y, ¢, n_rots, max_iter, conv_thresh
Output: H", generators, angles

generators < [|;

angles < [;

HY « H;

for n < 1 to max_iter do

B W N =

// Compute generator

5 G(n) - [H<”>, Z] Z]],
// Sort G by gradient
6  gradients < [|;
7 paulis < [|;
8 for g, P,€G™ do
9 Append g; x (y|[P;, H"]|y) to gradients;
10 Append P; to paulis;

11  perm « sortperm(gradients);
12 paulis < paulis[perm]

// Check for convergence
13 if norm(gradients) < conv_thresh then
14 break;

// Rotate by optimal angles
15 for j <« 1ton rots do

16 P« paulis|jl;

17 0 < COMPUTE_OPTIMAL_ANGLE(H™, y, P DE
18 H") — EVOLVE(H™, P;.0?);

19 H" « CLIP(H™, ¢);

20 Append 6} to angles;

21 Append P; to generators;

22 HOH « g
23 return H", generators, angles
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3. Zero variance extrapolation

Algorithm 1 lists the steps required to converge a
vDBF calculation for a given, user-specified accuracy
control, €. Because convergence can be slow, iterating
the algorithm until fully converged can become intractable
for large systems. However, as one approaches conver-
gence, a linear relationship between energy and variance
((H?) — (H)?) is expected. We leverage commonly used
zero-variance extrapolations to estimate the energy at
convergence, allowing us to stop iterating once a reliably
linear relationship is observed.

D. Comparison to existing methods

The vDBF method is related to several other simulation
techniques, both quantum and classical.

1. ADAPT-VQE

In ADAPT-VQE [83,84], one performs a variational
minimization of an ansatz that has the form of a sequence
of unitary transformations. The specific sequence of
generators is defined iteratively such that at each iteration,
the ground-state energy gradient is used as an importance
measure for determining which operator from a static,
user-defined operator pool should be added to the ansatz.
After adding each new generator, all the operators are
allowed to variationally relax. Our current vDBF algorithm
can be viewed as a classical realization of a modified
ADAPT-VQE, where only the last operator added is mini-
mized (avoiding the challenging nonlinear optimization).
This stepwise parameter assignment shares conceptual
similarities with the feedback-based quantum optimization
algorithm Feedback-based algorithm for quantum optimi-
zation (FALQON) [86], which also sets circuit parameters
sequentially based on local gradient measurements rather
than relying on global variational relaxation. However,
unlike both ADAPT-VQE and FALQON, which typically
draw from static, predefined operator pools, vDBF con-
structs its generators from a dynamically evolving operator
pool. We also note that shortly after the first preprint of this
paper was posted, an interesting related method called
Adaptive Derivative-Assembled Pseudo-Trotter ansatz
Variational Majorana Propagation Eigensolver was pub-
lished, which combined ADAPT-VQE with PP [87].

2. Iterative qubit coupled cluster

vDBF can be viewed as a classical version of iterative
qubit coupled cluster 1IQCC) [88,89] where the entanglers
are chosen based on the flow generator in Eq. (9) instead
of the direct interaction space, and the evolution is approxi-
mated using PP. Recent advancements also showed ways to
reduce operator growth while lowering energy [90], but
vDBF relies solely on greedy steepest-descent selection. A
recent preprint has also demonstrated a multistate variant,
which showed promising results on small systems [91].

3. Double bracket-diagonal operator iteration

In the recently proposed quantum algorithm double
bracket-diagonal operator iteration (DB-DOI), the
Hamiltonian is diagonalized through a double bracket
flow on a quantum computer [51], where each sequential
rotation can be determined variationally to minimize the
off-diagonal elements of the Hamiltonian. The current
vDBF method can be viewed as a classical version of the
DB-DOI approach, where the time steps are chosen to
minimize the expectation values of the reference state, and
the time evolution is approximated using the PP technique.

III. NUMERICAL SIMULATIONS

In order to assess the ability of vDBF, we first consider
two canonical quantum many-body problems as examples:
an antiferromagnetic Heisenberg spin lattice and the
Fermi Hubbard model. In both systems, we demonstrate
the vDBF method’s ability to provide fast estimates of
ground-state energies. Finally, we extend our analysis to a
complex molecular system, the polycyclic aromatic hydro-
carbon HBC.

A. Extrapolation procedure

To obtain stable extrapolations to the exact limit, we
leverage the fact that when the trajectory is near con-
vergence, we expect a linear relationship between the
energy and the energy variance [92-95]. However, further
from convergence, the deviation from linearity might be
non-negligible, and a simple linear regression might be
less reliable despite having a seemingly respectable R?
value. In order to obtain a more conservative estimate of
errors in our extrapolations, we take the extrapolated result
to be the average of a linear (b;) and a quadratic (b,) fit,
with the uncertainties reported as half the difference.
While we find that this extrapolation works surprisingly
well, the fact that each calculation often generates thou-
sands of data points means that one must decide how many
data points to include in the extrapolation.

In the calculations below, we start with the final step of a
given optimization trajectory (which occurs due to either
convergence or reaching the maximum number of iter-
ations allowed) and then include all the previous points up
to a cutoff which is chosen to minimize the uncertainty
((b; — by)/2) and maximize the R? value of the linear fit.
This balances precision with goodness of fit. Using this
“optimal” cutoff point in our data, our zero-variance
extrapolations are reported as the average of the linear
and quadratic fits, with the difference as the uncer-
tainty: Efi:o) = # + #.

All vDBF calculations were performed with our own
software, DBF.Jj1l [96] and PauliOperators.jl
[97], which use standard symplectic Pauli representations
for efficient binary manipulations. The DMRG calcula-
tions for Heisenberg and Hubbard models were carried out
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using the ITensors. j1 package [98], and the HBC was
done using BLOCK2 [99]. Selected configuration inter-
action (SCI) computations used the MPQC package [100].

B. Heisenberg Hamiltonian

The isotropic Heisenberg Hamiltonian is a standard
model not only for describing magnetic interactions in
materials but also for evaluating computational methods
for strongly correlated quantum systems. While the one-
dimensional (1D) lattice admits an analytic solution via the
Bethe ansatz, and DMRG provides an optimally efficient
numerical treatment, the simulation in higher dimensions
has no analytic solution and precludes efficient simulation
with a 1D Matrix Product State (MPS). While belief
propagation algorithms for general tensor network state
contractions have resulted in significant improvements
recently [37,101-103], the description of higher-dimen-
sional strongly correlated systems is still challenging.

We start by computing the ground-state energy of the
antiferromagnetic Heisenberg spin Hamiltonian:

(ij)

(19)

on two lattices: (a) a large one-dimensional 1 x 100
lattice and (b) a large two-dimensional (2D) 10 x 10

TABLE L.

square lattice. For the DMRG calculations, we used the
ITensors. jl software [98]. For 2D square lattices, we
used a snake pattern to define our Matrix Product Operator
Hamiltonian and initial MPS and ran symmetry-number-
preserved calculations for the half-filled state.

For the vDBF results, we chose the Néel state for our
reference state |0101---). Because the form of the pro-
jector, p, and the resulting approximate flow generator
(Eq. (9) ) assume the zero state, we simply transform our
initial Hamiltonian by a sequence of X gates so that we can
work directly with the zero state:

E®) = (0101 ---|[H©|0101---) (20)

= (0] XX, HO X, X, - - 0) 21)
Since each X; gate is a Clifford, the coefficient structure
of H is left unchanged. This feature will allow us to
consider entangled reference states in future work.
The results for the Heisenberg lattices are presented in
Table I, and complementary convergence plots are pro-
vided in Fig. 2.

1. 1 x 100 Heisenberg

Looking first at the one-dimensional 1 x 100
Heisenberg lattice, we find that all four thresholds achieve

Energy and site values for Heisenberg models for DMRG and vDBF. vDBF calculations are each run with the threshold, e,

defined in the top row, and max_iter = 100 and n_rots = 100. Energy denotes variational energies, while “Extrap. E” denotes
extrapolated energies; note that while vDBF is variational in principle, coefficient truncation removes the strict-upper bound in
practice. Uncertainties in the extrapolated vDBF energies, shown in parentheses, are given by half the difference between linear and
quadratic extrapolation, as described in Sec. III A. Discarded W. is the discarded weight from Sec. II C 3. 1 x 100 lattice has periodic

boundary conditions, and 10 x 10 has open boundary conditions.

. vDBF
Heisenberg
Lattice DMRG €: 1x1073 1x107* 5x 107 1x107
1 x 100 Energy: —0.443230 Energy: —0.439909 —0.440248 —0.440287 —0.440336
Extrap. E: —0.44120(3) —0.44223(4) —0.442363(2) —0.4429(1)
Error: 0.459% 0.226% 0.196% 0.079%
Variance: 0.0020 0.0024 0.0024 0.0025
Discarded W.: 0.054012 0.004627 0.002277 0.000376
Iterations: 100 100 100 100
X 800 len (H): 29272 249 696 483163 2340704
Time (min): 3.9 Time (min): 1.1 2.2 2.7 10.8
Threads: 64 Threads: 1 1 1 1
10 x 10 Energy: —0.628455 Energy: —0.621682 —0.621285 —0.621338 —0.621367
Extrap E: —0.628693 Extrap. E: —0.6277(2) —0.627506(6) —0.62780(3) —0.6284(2)
Error: 0.158% 0.189% 0.141% 0.045%
Variance: 0.0145 0.0146 0.0147 0.0149
Discarded W.: 0.39230 0.06304 0.03624 0.00944
Iterations: 100 100 100 100
X 3500 len (H): 189 593 3023 903 7 159 792 48 357 051
Time (min): 3213.9 Time (min): 2.5 18.2 394 249.8
Threads: 64 Threads: 1 1 1 1

043022-7



CHINMAY SHRIKHANDE et al.

PRX QUANTUM 7, 043022 (2026)

-0.433
Z _0.438 -
=
Q
‘»
o —0.443
o
>
> ® 1x1073
(] 1x10™
T, -0.448 1 ® 5x10°
® 1x107°
—DMRG
—-0.453 T T T
0.000 0.001 0.002 0.003 0.004

Variance per site [J2/N]

(a) 1x100 Heisenberg Lattice

—0.599
g _0.614 1
=
Q
‘»
o —0.629 -
[oN
5 ® 1x107
Q | 1x10™
5 -0.644 © 510°
® 1x107°
— DMRG
—-0.659 T

T T
0.000 0.006 0.012 0.018 0.024
Variance per site [J2/N]

(b) 10x10 Heisenberg Lattice

FIG. 2. Energy vs variance extrapolations for Heisenberg lattices using a series of vDBF thresholds: ¢ = 1 x 1073 (blue), 1 x 10~*

(orange), 5 x 1073 (green), and 1 x 107> (red). Extrapolations are shown as solid lines. DMRG best estimates (solid black line). 1%
error region with respect to the DMRG best estimate (gray-shaded area).

less than 1% error, with ¢ = 1 x 10~ doing so in just
1.1 min on a single thread. We observe systematic accuracy
improvement upon decreasing €; each tighter calculation in
the sequence decreases the deviations from DMRG, up to
the € = 1 x 1073 result, which has approximately 0.08%
error. While both the energy errors and discarded weight
decrease as ¢ is decreased, the cost also increases.

This data already illustrates a more general feature that
will be seen with the following examples as well: the
accuracy obtained at a given threshold is controlled by a
balance of two distinct error sources: (i) truncation error,
which is directly reduced by decreasing ¢ (as seen in
the discarded weight), and (ii) convergence error, which
generally grows as ¢ is tightened, both because tighter
thresholds empirically slow the convergence of the flow and
because the increased per-iteration cost reduces the number
of iterations affordable at a fixed compute budget. However,
since the energy-variance extrapolation lets us estimate the
converged energy from a partially converged trajectory, we
still obtain accurate results from relatively few iterations.

In Panel (a) in Fig. 2, the convergence and extrapola-
tions are shown for each of the four threshold values for the
1 x 100 lattice. As described above, we choose our data
cutoff point so as to minimize the uncertainty in our linear
fit, and the shaded regions in the curve show the difference
between linear and quadratic extrapolations. For this
system, the differences between linear and quadratic fits
are undetectable in the plots, indicating a good fit. We find
that even the raw energy, (0|H")|0) without extrapola-
tion, is already less than 1% error from the ground-state
energy for all four truncation thresholds.

To develop better physical insight into the nature of
our approximations, in Fig. 3, we have computed the spin-
spin correlation function vs distance, C(r) = (S;S,) —
(S1)(S,), by simply transforming the target observable
by the same sequence of unitaries that was constructed by

0.8
DMRG
061 — DBF
S .
S 0.4
c
S 0.2+
©
£ 00
[e]
O
-0.2
-0.4 1
-50 -25 0 25 50
Distance from center site (r)
FIG. 3. Spin-spin correlation functions for 1 x 100 site

Heisenberg lattice. C(r) = (S;S,) — (S,)(S,). Blue lines are
for converged DMRG results. Black line is vDBF (1 x 107%).

the vDBF. This gives us raw expectation values, which are
not expected to have the same accuracy as the energy, since
we do not currently have a way to extrapolate observables
to improve their accuracy, as we do with energy. However,
this provides direct insight into the origin of the computa-
tional speedups. DMRG shows the expected polynomial
decay of C(r), with nontrivial alternating correlations
extending across the entire 100-site chain. In contrast,
the vDBF correlations decay exponentially. Since the
sequence of Pauli rotations is chosen to greedily minimize
the energy, nonlocal correlations that do not directly affect
the energy are naturally discarded. This also indicates
that for gapped systems away from critical points (e.g.,
introducing anisotropy in J), we would expect VDBF to
perform even better, since there the correlations also decay
exponentially. Future work will need to focus on devel-
oping techniques for improving the accuracy of properties
beyond just the ground-state energy.
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2. 10 x 10 Heisenberg

Compared to the previous example, the 10 x 10 lattice is
both large and high-dimensional, making direct Tensor
Network States treatment challenging. In Table I, we
obtained relatively good DMRG convergence with a bond
dimension of 3500, which led to a very small extrapolation
correction of around 0.0002J /site.

All thresholds used for the vDBF calculations were able
to obtain less than 1% error with respect to the extrapolated
DMRG energies while requiring significantly fewer
resources than DMRG. For example, the e = 1 x 1073
calculation took only 2.5 min on a single thread, with an
error of 0.158%, whereas the DMRG calculation took
more than 2 days on 64 threads.

3. J1—J, Heisenberg: Frustrated 8 x 8 lattice

The previous two examples focus on bipartite lattices,
which although they remain challenging to many simu-
lation methods, are unique in that they do not suffer from
a sign problem (since the rotation of one sublattice by
local o, makes all the off-diagonal elements nonpositive).
Consequently, the previous examples are able to be effi-
ciently sampled using Monte Carlo techniques. In order to
test whether or not the performance of vDBF is somehow
benefiting from this lack of sign problem, we consider a
frustrated (nonbipartite) Heisenberg lattice by introducing
next-nearest neighbor (diagonal) couplings, J,.

H:JIZ§l§j+JZZ§t§j’
(ij) (P

(22)

-0.470

J—
Jo

—0.480 A

-0.490 -

8x10™*
4x10* o
2x10™*
e 1x10*
— RBM+PP

-0.500 -

Energy per Site [/1/N]

-0.510 T T T
0.000 0.012 0.024 0.036 0.048

Variance per site

(a) Energy Extrapolations at classical critical point:
JofJy = %

FIG. 4. Frustrated Heisenberg 8 x 8 lattice. (a) Energy vs variance extrapolations for J,/J, =

Energy per Site [/1/N1]

with periodic boundary conditions. When J, =0, the
model reduces to simple Heisenberg model, and the Néel
state is the lowest energy single configuration. When J,
becomes large, a striped configuration becomes the lowest
energy configuration, and the point at which these two
phases cross (J, = J;/2) represents the maximal frus-
tration point, where the two configurations are degenerate;
see Fig. 4(a) (inset).

While this degeneracy prevents one from selecting a
“good” reference state for vDBF, we can accelerate
convergence by warm starting the vDBF by first optimiz-
ing a sequence of rotations to minimize the reference-state
energy without truncation. In order to keep this untrun-
cated warm-starting optimization from creating excessive
operator growth, we choose the sequence of rotations to
form a set of qubit-disjoint Pauli transformations. This
sequence was defined by first coupling all horizontal edges
with XY Paulis, then vertical edges with XY Paulis, then a
2 x 2 tiling of XXXY plaquette Paulis, e.g.,

U(0) = ei0X1XoXsYa pi0sY2Xa pi03Y1Xs pi02Y3Xa 0i01Y1Xa (23

Since each 2 x 2 plaquette is disjoint [equivalent to
choosing a cluster mean field (Refs. [108-112])], the
operator spreading is minimal (H went from 768 terms
to 15 088 terms), making this optimization efficient such
that no truncation was needed. This improved reference
state lowered the initial energy from —0.25 J, /site (Néel)
to —0.4375 J, /site (plaquette) [113].

In order to evaluate the performance of our VDBF
extrapolations, we compare directly to the Variational
Benchmark dataset provided in Ref. [105]. From this

_ ] J2llh
0.45 2
— 0.1
— 0.2
~0.50 5- RBM#PR (21/1=5) | | '3
21
0.5
-0554 "
-0.60 1
i
-0.65 1 E—
. QMC (J21J1=0).
T T T
0.000 0.020 0.040 0.060 0.080

Variance per site

(b) Energy Extrapolations for range of J2/J1 ratios: [0, 3],

€ =8x10"* max_iter = 100

1

5 using a series of VDBF thresholds:

€=8x10"* (blue), 4x107* (orange), 2 x 10™* (green), and 1 x 10™* (red). (b) Loose extrapolations (¢ = 8 x 1074,

maxiter = 100) for range of J,/J, ratios. Extrapolations are shown as solid lines. Best estimate (black line) for J,/J,

1
218

Restricted Boltzmann Machine, RBM + PP obtained from Ref. [105]. 1% error region with respect to best estimate (gray-shaded area).
Best estimate for J,/J; = 0 from QMC. obtained from Refs. [106,107]. Periodic boundary conditions.
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TABLE II. Energy and Ssite values for the frustrated 8 x 8 J,—J, model at J,/J; = 0.5 (periodic boundary conditions) for vDBF
compared against the RBM + PP reference energy [104], the lowest V-score entry in the VarBench dataset [105]. vDBF calculations are
each run with the threshold, €, defined in the top row and n_rots = 50. Energy denotes variational energies, while Extrap. E denotes
extrapolated energies; uncertainties, shown in parentheses, are given by half the difference between linear and quadratic extrapolation,
as described in Sec. III A. Error is measured on the extrapolated energy relative to the reference. Discarded W. is the discarded weight

from Sec. 11 C 3.

vDBF
Ji=J
8 x 8 Lattice RBM + PP €: 8 x 1074 4x 107 2x 1074 1 x10™*
Jy/J, =0.5  Energy:  —0.498964 Energy: —0.487724 —0.487900 —0.487763 —0.487671
Extrap. E:  —0.494272(1)  —0.493903(2)  —0.495942(7)  —0.497638(3)
Error: 0.940% 1.014% 0.606% 0.266%
Variance: 0.0155 0.0149 0.0185 0.0218
Discarded W.: 15.341 11.327 7.152 4382
Iterations: 7278 5238 1632 798
len (H): 4 679 162 14 494 361 40 485 851 106 469 502
Time (min): 17.5 49.9 236.1 482.0
Threads: 1 1 1 1
dataset, we took —0.49896348, computed with RBM + PP,  TABLEII. Effect of frustration on vDBF efficiency after 100

to be our best estimate reference number, as it had the
lowest V-score for this system (0.00098).

Considering the zero-variance extrapolations in Fig. 4(a),
we again observe similar behavior in that tightening the
truncation threshold generally improves the extrapolated
energy estimates, quickly bringing them to within the target
1% of the best variational estimate from RBM + PP
calculations [104,105], with our tightest (1 x 10~#) calcu-
lation providing an energy and site of —0.4976, as shown in
Table II. Although the bare vDBF calculations are far from
converged (e.g., the calculation still had a variance and site
of 0.02 after 798 iterations), the extrapolations are quite
accurate. In fact, without extrapolation, the bare ¢ = 1 x
10~* vDBF energy was comparable to the RBM(a = 1)
energy from the same dataset, but with twice the variance.

While computing the absolute ground-state energy
accurately is clearly desirable, often times, one is more
interested in relative energies. In Fig. 4(b), we show
extrapolations from comparatively cheap calculations
(100 iterations at e = 8 x 10~ taking around 20 min total
for all systems) on a series of J,/J, ratios, ranging from 0
(the Heisenberg limit) to % (the classical critical point).
While we only have reference values for the end points, we
observe quite systematic behavior allowing us to compare
the extrapolated energies. The computed energy difference
between J,/J; = 0 and % is only in error of about 2%.

While the vDBF results in Table II show that we are
indeed able to obtain sub-1% accuracy for this spin-
frustrated problem, these calculations were considerably
more demanding than for the bipartite lattices considered
in the previous sections. In Table III, we show how both
the number of terms in the Hamiltonian, as well as the final
variance, increases as J, is increased from O to the
maximally frustrated point J, = J;/2. We observe that

iterations with € = 8 x 107*. J, and J, are defined in Eq. (22).
Both calculations run on 8 x 8 lattice with periodic boundary
conditions.

Jy len (H) Variance/site  Discarded W.
0 650 873 0.016 0.679
0.1 863 750 0.017 1.004
0.2 1 305 895 0.021 1.678
0.3 2 044 238 0.028 3.089
04 3 151 350 0.037 5.869
0.5 (critical point) 3 537 249 0.035 6.746

after 100 iterations, increasing J, results in a monotonic
increase in the size of the resulting transformed
Hamiltonian, with the critical point containing over 5x
the number of Paulis than in the Heisenberg case. Further,
the rate of convergence is also slowed for frustrated
systems, with the variance at 100 iterations at J, = .5J;
over twice that of the Heisenberg case. Nonetheless, vDBF
still attains sub-1% accuracy at the maximally frustrated
point despite this nearly order-of-magnitude increase in
operator count and the roughly twofold larger residual
variance. This indicates that the accuracy of the method
does not rely on the sign-problem-free structure of the
bipartite examples, but rather on the energy-variance
extrapolation, which seems to remain reliable even when
the underlying trajectory is far from converged.

C. Hubbard Hamiltonian
The Fermi—Hubbard Hamiltonian:

H=—1Y alaj,+UY fnhy—pd (A +h,). (24)
(i) i i
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TABLEIV. Energy and site values for Hubbard models with 128 qubits. All lattices have open boundary conditions. Results compare
DMRG, SCI, and vDBF methodologies. vDBF calculations are each run with the threshold, ¢, defined in the top row, and max_iter=
1000 and n_rots = 50. Uncertainties in the vDBF energies, shown in parentheses, are given by half the difference between linear and
quadratic extrapolation, as described in Sec. III A. The time reported are in minutes. "The ¢, = 0 SCI energy estimated via linear
energy vs variance relationship (similar to vDBF) using SCI energies with ¢; = {1073,5 x 1074,2.5 x 1074},

1 DBF
Hubbard 5¢ M
Lattice DMRG € 2.5x107% €: 1 x1073 1 x10™* 5x 107 1 x1073
1 x 64 Energy: —0.567997 Energy: —0.54671 Energy: —0.556624 —0.557581  —0.557266 —0.557107
Extrap: —0.56426" Extrap: —0.561953(1) —0.56784(1) —0.56945(1) —0.5699547(7)
Error: 1.064% 0.028% —0.256% —0.345%
Variance: 0.0227 0.0245 0.0258 0.0266
Discarded 0.7893 0.1294 0.0728 0.0183
W.:
Iterations: 1000 1000 1000 1000
x 211 Ngei: 13 429 409 len (H): 304 797 4 620 991 10 418 275 69 891 297
Time: 6.6 Time: 26 Time: 38.1 227.8 451.5 3056.7
Threads: 64 Threads: 128 Threads: 1 1 1 1
8 x 8 Energy: —0.77272  Energy: —0.76867 Energy: —0.766327 —0.767390  —0.767522 —0.759833
Extrap: —0.7805(2) Extrap: —0.77589" Extrap: —0.777186(1) —0.780655(3) —0.78102(3) —0.77995(4)
Error: 0.424% —0.020% —0.066% 0.070%
Variance: 0.0555 0.0555 0.0555 0.0873
Discarded 1.6133 0.3268 0.2014 0.0277
W.:
Iterations: 1000 1000 1000 307
x 6000 Ngei: 9 090 855 len (H): 584 905 10 622 036 26 995 422 131 216 940
Time:  5200.0 Time: 71 Time: 40.8 592.5 1462.9 1693.4
Threads: 64 Threads: 128 Threads: 1 1 1 1

is a canonical model for describing interactions in elec-
tronic systems across a wide range of phenomenological
settings. Changes in the balance of kinetic and potential
energy (1/U) or connectivity ((ij)) give rise to diverse
physics, including metal-insulator transitions, magnetism,
Mott insulating behavior, and high-temperature super-
conductivity. Furthermore, it serves as a fundamental
benchmark for evaluating new computational methods
for many-body physics [114].

In this section, we demonstrate vDBF’s ability to
estimate the ground-state energy of the Hubbard model.
Having previously investigated the Heisenberg model,
which governs the strong-correlation limit of the half-
filled Hubbard model, we now focus on the intermediately
correlated regime (U = 4¢) at half-filling, with open
boundary conditions. To target the half-filled ground state,
we set the chemical potential within the Mott plateau
(u = U/2) [115]. Analogous to the Heisenberg results,
we first compute a large one-dimensional 1 x 64 lattice
(128 qubits), then study a two-dimensional 8 x 8 lattice
(128 qubits) for which DMRG results were challenging to
obtain, and validate these energies against SCI calcula-
tions. We then turn to the hole-doped 8 x 8 lattice at
U =4+ with periodic boundaries, for which published

reference energies exist [116]. Because the half-filled
clusters have open boundaries, their energies cannot be
compared directly to the periodic lattice and thermody-
namic-limit values of Ref. [114]; we compare instead to
DMRG and SCI on the open boundary condition and use
the doped periodic lattice for the comparison against
published benchmarks.

In order to simulate this fermionic system with this
Pauli operator representation, we use a Jordan—Wigner
transformation to map the fermionic sites onto distinguish-
able lattice sites. For the vVDBF calculations, we chose the
Néel state as our reference state (alternating spin up and
down). For the DMRG calculations, similar to the 2D
Heisenberg model, we used a snakelike mapping to define
our site ordering. The vDBF, DMRG and SCI energies and
convergence data are presented in Table IV, and the
extrapolation plots are shown in Fig. 5.

For the 1 x 64 case, DMRG is well converged at
y =211, and no extrapolation is needed; vDBF errors
are reported relative to the variational DMRG energy. For
the 8 x 8 case, DMRG requires bond-dimension extrapo-
lation, and vDBF errors are reported relative to the
extrapolated DMRG energy.
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(a) 1x64 Hubbard lattice
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Energy vs variance extrapolations for Hubbard lattice using a series of vDBF thresholds: € = 1 x 1073 (blue), 1 x 107#

(orange), 5 x 107> (green), and 1 x 107> (red). Extrapolations are shown as solid lines. DMRG best estimates (solid black line). 1%
error region with respect to DMRG best estimate (gray-shaded area).

1. 1 x 64 Hubbard

For the linear 1 x 64 site Hubbard model, the extrapo-
lated energy from 1x 107, 5x 107>, and 1 x 1073
thresholds has an error of less than 1% relative to the
DMRG benchmark. As shown in Fig. 5(a), our variational
results surpass the accuracy of standard methods like
coupled cluster singles and doubles (CCSD) and coupled
cluster singles and doubles with triples correction
CCSD(T). Using zero-variance extrapolations, the SCI
calculations agree with the DMRG baseline, similar to
vDBF, as shown in Table IV. Consistent with the
Heisenberg model, increasing accuracy by tightening the
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CPU Time (min)

(a) 1x64 Hubbard lattice

truncation thresholds naturally increases computational
cost, as seen for 1x 1072, which took 3056.7 min,
compared to 1 x 1073, which took 38.1 min.

However, zero-variance extrapolation dramatically
lowers this computational cost. This can be seen from
the Fig. 6(a); rather than targeting full convergence, the
corresponding extrapolated energies (hollow circles) for
the tighter thresholds drop into the sub-1% error regime
almost immediately, demonstrating the effectiveness of
energy-variance extrapolations. In fact, it took only 10 min
to calculate a vDBF trajectory before the extrapolated error
dropped to within 1%.
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(b) 8x8 Hubbard lattice

FIG. 6. Energy estimates are plotted on a logarithmic time scale for the Hubbard lattices across four vDBF truncation thresholds:
€ =1 x 1073 (blue), 1 x 10~* (orange), 5 x 107> (green), and 1 x 1073 (red). Solid lines indicate the raw variational trajectories, while
hollow circles represent the corresponding linear energy-variance extrapolations computed using all prior iterations. The best
extrapolated DMRG estimates are indicated by the solid black line, and the 1% error threshold with the gray-shaded region.
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2. 8 x 8 Hubbard

Shifting our focus now to the two-dimensional Hubbard
model, we immediately note that in Table IV, the DMRG
results contain both a variational energy and an extrapo-
lated energy, since we were not able to go beyond the
bond dimension of 6000 while using a single compute
node with 64 threads due to memory and compute
time limitations. As such, our DMRG extrapolation yields
a substantial correction, amounting to approximately 1%
of the final energy estimate. Compared to DMRG, our
SCI calculations with around nine million determinants
achieve a competitive extrapolated energy at a lower
CPU time.

As we see in Fig. 5(b), all the thresholds obtain 99%
accuracy compared to the extrapolated DMRG results.
We also obtain a better energy estimate compared to CCSD
and CCSD(T). Consistent with the Heisenberg model, the
computational cost increases substantially as the trunca-
tion threshold is lowered. This is explicitly demonstrated
by the evolved Hamiltonian at e = 1 x 10~>, which grows
to contain approximately 131 million Pauli terms while
only reaching 307 iterations. We become memory-bound
at this point, as the number of terms in the commutation
calculation also reaches 600 million Pauli strings.

As illustrated in Fig. 6(b), the raw variational trajecto-
ries for both vDBF (solid lines) and DMRG (black points)
converge slowly. In contrast, the variance-extrapolated
vDBF energies (hollow circles) reach the sub-1% error
regime (gray-shaded area) more quickly than the DMRG
extrapolations, yielding highly accurate ground-state esti-
mates after fewer iterations or less time. To compare them
head-to-head, DMRG extrapolations took around 500 min
to reach the 1% region, whereas VDBF extrapolations fell
to the 1% error regime almost immediately.

3. 8 x 8 doped Hubbard

The doped two-dimensional Hubbard model is particu-
larly difficult because it has the sign problem absent at
half-filling. We therefore consider a periodic 8 x 8 lattice
with 56 electrons, equally divided between the two spin
sectors, giving a density of n = 0.875 and one-eighth hole
doping. We use U/t = 4, an intermediate-coupling regime
where kinetic and interaction energies compete on equal
footing, so a single-determinant description is unreliable.
This provides a challenging test of vDBF convergence and
energy-variance extrapolation.

For this example, we first converged a unrestricted
Hartree-Fock solution from a checkerboard initial guess
and used the UCCSD one-particle density matrix to
construct natural orbitals. The occupied and virtual spaces
were localized separately, producing the localized natural
orbital basis, which was used in the vDBF calculation
after doing a Jordan—Wigner transformation. Although
this orbital transformation increases the number of terms
we start with, the benefit from having a well-defined
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FIG. 7. Energy vs variance extrapolations for Doped 8 x 8
Hubbard lattice using a series of vVDBF thresholds: ¢ = 1 x 1073
(blue), 8 x 10~ (orange), 6 x 10~* (green), and 4 x 10~* (red).
Extrapolations are shown as solid lines. VAFQMC best estimates
(solid black line). 1% error region with respect to VAFQMC best
estimate (gray-shaded area).

occupied-virtual separation ultimately provides faster con-
vergence. To evaluate the doped Hubbard results, we
compare the vDBF energies with four published reference
values, as compiled in Table I of Ref. [116]: —1.01153¢
per site from fixed-node (FN) [114], —1.01391¢ from
VAFQMC [116], —1.00579¢ from Variational Monte Carlo
(VMC) [105], and —1.01923¢ from AFQMC [116,117].
We use the VAFQMC result as our main reference because
it gives the lowest variational energy among these
calculations.

The results are shown in Fig. 7 and Table V. The
reference values are more scattered here than for the half-
filled lattices; they differ from one another by up to 1.3%
(0.8% among the variational methods alone). All four
vDBF trajectories ran the full 1000 iterations. As € is
tightened, the extrapolated energy moves steadily toward
the VAFQMC value, from 0.63% aboveitate = 1 x 1073
to 0.18% at e = 6 x 107% and 0.09% at e = 4 x 1074,
Every extrapolation lies between the VMC and VAFQMC
values, i.e., within the spread of the reference methods.

D. Molecular Hamiltonian—HBC z-system

To evaluate vDBF’s performance on strongly correlated
chemical systems, we now target the ground-state energy
of HBC, Cy,H 3. As a large, symmetric polycyclic
aromatic hydrocarbon, HBC exhibits nontrivial electron
correlation, providing a rigorous molecular benchmark for
our approach.

The molecular Hamiltonian in second-quantized form is
given as:

_ i 7T
H = E hp,apa, + E 9pqrsApdqdsd,,
P4 p.q.r.s
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TABLE V. Doped Hubbard model on 8 x 8 lattice. Energy per site at U/t =4, N, = 56 (n = 0.875), with periodic boundary
conditions. VDBF calculations use the thresholds shown and n,,, = 50. Extrap. E is obtained from the energy vs variance fit;
uncertainties are half the difference between the linear and quadratic intercepts. Error is measured relative to the variational auxiliary-

field quantum Monte Carlo (VAFQMC) reference energy.

Reference energies vDBF
Doped
8§x8  VAFQMC VMC FN  AFQMC e 1x1073 8x 107 6x 10~ 4 %107
U/t=4 —1.013910 —1.00579 —1.01153 —1.01923 Energy: —0.984450  —0.984399  —0.983505  —0.982522

Extrap. E: —1.007577(6) —1.011519(2) —1.012138(4) —1.013027(3)

Error: 0.625% 0.236% 0.175% 0.087%
Variance: 0.1344 0.1392 0.1451 0.1517
Discarded W.: 7.242 6.489 5.576 4.474
Iterations: 1000 1000 1000 1000
len(H): 1852 073 2 556 110 3 873 056 6 961 382
Time: 165.5 226.1 404.9 750.3
Threads: 1 1 1 1

where h,,, and g,,,, are one-body and two-body electronic
integrals. We first perform a restricted Hartree-Fock
calculation using the Correlation-Consistent Polarized
Valence Double-Zeta basis set, which yields a mean-field
energy of —1601.26918095 Ha across a total of 678 spatial
orbitals. To make the problem computationally tractable,
we restrict the system to an active space of
42 electrons in 42 spatial orbitals, corresponding to the
full z-valence space of the molecule. The active-space
Hamiltonian is subsequently transformed into a localized
natural orbital basis obtained from a CCSD calculation.
The fermionic creation and annihilation operators of this
active space are then mapped to a Pauli-string representa-
tion using the Jordan—Wigner transformation (84 qubits).
To assess the accuracy of our vDBF correlation energies,

along with DMRG, we also compare with the TPSCI
[118-121] and SCI calculations.

In Table VI and Fig. 8, we summarize the ground-state
correlation-energy calculations for the HBC molecule. As
a benchmark, we performed DMRG calculations with a
maximum bond dimension of y = 1750, which was the
largest value accessible within our node memory limits.
The calculations are well converged at this limit, as dis-
carded weight was around 3 x 10~ and the extrapolated
energy was only around 1.5 mH. To verify convergence,
we also performed a high-level, computationally intensive
TPSCI calculation, which was in close agreement with the
DMRG estimate, suggesting that the DMRG and TPSCI
values provide a reliable reference window for this active
space. The SCI variance extrapolation overshoots the
DMRG reference, recovering more correlation energy than

TABLE VI. Correlation energy(E — Eryr) for HBC molecule. vDBF calculations are each run with the threshold, €, defined in the
top row, and max_iter = 1000 and n_rots = 50. Uncertainties in the VDBF energies, shown in parentheses, are given by half the
difference between linear and quadratic extrapolation, as described in Sec. III A. The percentage errors are calculated with respect to
the DMRG correlation energy. Timings for the tensor product selected configuration interaction (TPSCI) results are not compared,
as the setup involved a complicated multistep process, but the CPU cost is significantly higher than either DMRG or vDBE. "The
€; =0 SCI energy is estimated via a linear energy vs variance relationship (similar to vVDBF) using SCI energies with
€ ={25x107°,1 x 1075}.

SCI vDBF
DMRG TPSCI € 25x1073 e 1.6x10™ 8 x 1075 4 %1077 2x107°
Energy: —0.424931 Energy: —0.415978 Energy: —0.394326  Energy: —0.405024 —0.4058708 —0.404422 —0.401284
Extrap: —0.42653(2) Extrap: —0.42618(7) Extrap: —0.432597" Extrap: —0.429585(5) —0.42866(3) —0.434184(6) —0.437876(7)
Error:  —0.716% —0.499% —1.794% —2.660%
Variance: 0.0201 0.0188 0.0213 0.0248
DW: 0.1120 0.0693 0.0440 0.0280
Iterations: 1000 1000 1000 1000
X 1750 Ngei: 5965230  len (H): 1717 121 4717996 11 120 138 25 380 248
Time: 1010.7 Time: 37 Time: 108.8 283.6 667.0 1608.3
Threads: 64 Threads: 128 Threads: 1 1 1 1
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FIG. 8. Correlation energy vs variance extrapolations for the
HBC molecule using a series of vDBF thresholds: € = 1.6 x
10~* (blue), 8 x 107> (orange), 4 x 107> (green), and 2 x 107>
(red). Extrapolations are shown as solid lines, with uncertainties
(the difference between linear and quadratic fits) represented by
the shaded regions surrounding them. The DMRG best estimate
is indicated by the solid black line, while the 1% correlation-
energy error region relative to DMRG is shown as a gray-shaded
area. Reference energies are included for TPSCI (dashed teal
line), SCI (dashed purple line), CCSD (dotted gray line), and
CCSD(T) (dash-dot gray line).

the converged DMRG estimate, illustrating that variance
extrapolation can fail differently for different methods.

The vDBF results for HBC follow a similar pattern as
the lattice models, with one difference worth examining
closely. The two loosest thresholds, 1.6 x 10~* and
8 x 1073, extrapolate to within 1% of the DMRG refer-
ence, at —0.72% and —0.50%, respectively, while the two
tightest, 4 x 1075 and 2 x 1073, overshoot it by 1.79% and
2.66%. This is initially surprising, as one would ideally
expect to see systematic improvement as one tightens the ¢
thresholds. Figure 9 shows how this differs from the
Hubbard lattices: as in Fig. 6, the extrapolated energies
for all thresholds drop into the 1% region early on, but here
the tighter thresholds do not remain there, drifting away as
the calculation proceeds.

Investigating this nonmonotonic convergence, we first
note that the fidelity measure that directly depends on the
truncation threshold, the discarded weight, does indeed
behave as expected, systematically decreasing as we
decrease €. However, the measure that depends on con-
vergence of the flow (or optimization) directly tracks the
accuracy here, decreasing from 16 x 107 to 8 x 1073,
then increasing as e is tightened. So this calculation seems
to be limited, not by truncation, but rather flow conver-
gence. However, in principle, distance from convergence
is not alone a good metric for determining the accuracy
of the extrapolated energy. Once the energy-variance plot
becomes truly linear, then the extrapolated energy is
converged (although it is natural that the smaller the final

-0.357
—1.6x10"
— — 8x10°
S —4><10i
8 -0.382 4 _ e
> -
o
(0]
C
W -0.407 -
C
o ?
i
2 _0.432
@]
(&) °
-0.457 +——rrrpr————rrrm

45 299 2000

CPU Time (min)

FIG. 9. Correlation energy vs log time for the HBC molecule
using a series of VDBF thresholds: € = 1.6 x 107 (blue), 8 x
10~ (orange), 4 x 107 (green), and 2 x 10~ (red). vDBF
variational energies are shown as solid curves, while their
corresponding linear extrapolations over time are shown as
hollow circles. DMRG variational energies at different sweeps
are marked by black dots, with the final DMRG extrapolated
estimate shown as the solid black line. The 1% correlation-
energy error region relative to the DMRG estimate is denoted by
the gray-shaded area. Reference limits for TPSCI and SCI are
shown as dashed teal and dashed purple lines, respectively.

variance is, the more linear we would expect the fit to be).
From this result, we see that the tighter thresholds take
longer to reach the linear regime and thus require many
more iterations to converge the extrapolated energy. As
such, we interpret the 8 x 1073 calculation to be the most
robust HBC energy computed with vDBF.

To better understand the convergence behavior of the
extrapolation (not just for HBC, but for all systems in this
paper), in Appendix C, we explore how the extrapolations
behave as more iterations are included. Figure 12 plots
both the energy and the extrapolated energy as a function
of variance. Looking at the HBC curve [Fig. 12(g)], we see
that while the loose threshold extrapolated energies are
quite converged, the tighter calculations are still converg-
ing. From this plot is appears as though the tighter
calculations 4 x 107 and 2 x 107> would approach the
DMRG result with enough iterations.

IV. CONCLUSIONS

Classical simulation techniques developed to challenge
claims of quantum utility, Sparse Pauli Dynamics or Pauli
propagation, were originally designed to benchmark
quantum hardware. Here, we have shown that the same
ideas can also serve as efficient computational kernels for
estimating ground-state energies of strongly correlated
systems. Our variational double bracket flow method,
vDBF, combines Pauli propagation with greedy, gradient-
based selection of Pauli generators, coefficient-based
fluctuation truncation, and energy-variance extrapolation.
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This provides a compact operator-based route to ground-
state energy estimation without explicitly storing a many-
body wave function.

For the 10 x 10 antiferromagnetic Heisenberg model
(100 qubits), vDBF reaches sub-1% accuracy in approx-
imately 2 min on a single CPU thread; the comparable
DMRG calculation required over 50 h on 64 threads. For
the 8 x 8 Hubbard model at half-filling (128 qubits), our
DMRG calculations required y = 6000 and more than 80 h
over 64 threads, whereas VDBF reaches this DMRG
extrapolated energy to about 0.4% in 40 min and 0.07%
or better at tighter thresholds.

We also tested more challenging problems that exhibit a
sign problem. The maximally spin-frustrated J; —J,
model on an 8 x § lattice extrapolates to within 0.3%
of the best variational reference, although the presence of
spin-frustration results in a significantly greater number of
Paulis that must be tracked. For the hole-doped 8 x 8
lattice at U/t = 4, every vDBF extrapolation considered
fell within the target 1% error, and the tightest calculation
had an error of only 0.09% compared to the reference
VAFQMC value. These results demonstrate that Pauli
propagation can provide competitive ground-state energy
estimates at substantially reduced computational cost for
the lattice benchmarks considered here.

For a molecular example, we considered the full z-space
of hexabenzocoronene (84 qubits). Here we found that the
two loosest thresholds agree with our reference values
to within 1%, the best being —0.50% at ¢ = 8 x 107>,
while the two tightest overestimate the correlation energy
due to the fact that the convergence is slower for tighter
thresholds. Overall, these results show that vDBF achieves
competitive accuracy across both lattice and molecular
systems.

The proposed vDBF method is primarily meant to serve
as an energy-estimation approach, as it can recover
accurate ground-state energies even when the underlying
truncated operator representation does not faithfully repro-
duce all ground-state observables. This limitation is visible
in Fig. 3, where the unextrapolated spin-spin correlations
for the one-dimensional Heisenberg chain decay approx-
imately exponentially rather than with the expected alge-
braic form.

Several technical developments follow directly from
these limitations. Further characterizing the convergence
behavior as a function of thresholds will be important for
understanding the balance between operator fidelity and
convergence criterion (as highlighted in the HBC results).
A second priority is enforcing physical symmetries more
naturally. The current implementation uses individual
Pauli-string rotations, which make it difficult to impose
particle-number, spin, and other symmetry constraints
exactly. While Appendix D demonstrates that the resulting
drift in both quantities over the course of a run is relatively
modest, strict conservation is desirable for interpretation

and, likely, computational efficiency. Efforts in this direc-
tion will follow the techniques developed for leveraging
symmetry in the Pauli basis detailed in Refs. [122,123], we
expect to see important property improvements using
symmetry-preserving generators, grouped fermionic exci-
tations, or explicit penalty terms, which may improve both
convergence and interpretability. A third priority will focus
on developing a scalable parallel implementation follow-
ing the work of Ref. [39], which will give us access to
larger Pauli sums that can fit on a single node. Finally,
convergence at late iterations may be accelerated by
limited nonlocal reoptimization, such as variationally
relaxing the last k selected operators, or by coupling the
Heisenberg-picture vDBF flow to a Schrodinger-picture
correction inspired by Ref. [36].

More broadly, this work shows that techniques developed
to probe the boundary between classical and quantum
computation can be redirected toward long-standing classical
problems in strongly correlated matter. With improved
extrapolation stability, symmetry control, and observable-
specific extensions, Pauli-propagation-based methods may
become useful tools for difficult problems ranging from
frustrated magnetism and Hubbard-like models of correlated
materials to extended z-electron systems and molecular
active spaces relevant to chemical bonding and catalysis.
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sented in this manuscript is publicly available. The vDBF
algorithm is implemented in DBE;jl (Ref. [124]), which
depends on PauliOperators.jl (Ref. [125]) for symplectic
Pauli representations. DMRG calculations for the
Heisenberg and Hubbard models were performed using
the ITensors.jl package; DMRG calculations for hexaben-
zocoronene used BLOCK?2, and selected configuration
interaction calculations used MPQC. Input files, scripts,
and numerical data needed to reproduce the figures and
tables in this manuscript are available from the corre-
sponding author upon reasonable request.

APPENDIX A: COMPARISON TO EXACT
PROJECTOR

In the theory section above, we motivated the use of the
simple sum of single-qubit Z operators in the flow

043022-16



PAULI PROPAGATION ENABLES FAST CLASSICAL...

PRX QUANTUM 7, 043022 (2026)

12
—
—_—Z
9 2
5 — Z
] — 2y
5 61 — Zs
@
g — Zs
3_
0 -3 2 = 0
10 10 10 10
Time, t

FIG. 10. Convergence of the exact continuous double bracket
flow for different approximations to the projector for a 1 x 6
Heisenberg lattice. Z; indicates that only terms up to i are kept in
the projector.

generator, [H(s), > ; Z;| as an approximation to the more
complicated projector-based generator, [H(s), |y){w|].
While this approximation was made for computational
considerations, we show in Fig. 10 that this seemingly
aggressive approximation still works to drive the system to
the ground state. We plot the difference between the exact
ground-state energy and the time-dependent expectation
value of H(s), for various approximations to the exact
projection-based generator for a small system of a one-
dimensional six-site Heisenberg model. We see that while
the full projector (Zg) exhibits the fastest convergence
(Zs is actually identical here, since Zg simply adds the
277777 operator, which is a symmetry), all the other
n-body approximations still eventually converge.

While the Z; approximation is the slowest, the imple-
mentation is much more efficient. Further, in our final
algorithm, the final step-size is not determined by directly
integrating the double bracket flow, but rather chosen to
variationally minimize the energy.

APPENDIX B: TRUNCATION-CORRECTED
VARIANCE

In the plots above, we rely on zero-variance extrapo-
lations to obtain accurate ground-state energy estimates.
As discussed in Sec. IIC2, we explain how truncating
only the energy fluctuation instead of the full operator
provides a significant improvement to the accuracy of
the energy. To see this, consider the Hamiltonian at
iteration n just before truncation: H® = U',I;H“‘_”Un,
where U,, = e~» Truncation is performed by defining
a projection (super)operator, P, onto the Paulis in A"
which are determined to be important, i.e., the Paulis
which have coefficients |c;| > ¢. The truncated operator,
H™_ is then written in terms of this projector and its
orthogonal complement, Q) = 1 — P"):

H® = pn g 4 gl gn) (B1)

HM = p ) 4 <Q(ﬂ)[?1(n)>' (B2)

Keeping the expectation value instead of just deleting
the Q projection ensures that the operators expectation is
unaffected by truncation, (H")) = (H™), and the only
approximation is then in the downstream dynamics.

While the interpretation of this as a fluctuation trunca-
tion is physically insightful, one could equivalently obtain
this same result in a more mechanistic approach by using
“bare truncation” (where we do not add in the Q space
expectation value) and simply computing the “truncation
error” associated with projecting onto the P space and
accumulating this error over the sequence of rotations. For
example,

AP = (PWEMY — (F™), (B3)

After N rotations, the final energy would then be

expressed as:

EW = NG (B4)

7~
p~
=2
al
=z
~——
|
i1

(B5)

We similarly compute the final energy variance as:

N
VN = var(P AWN)) — Z AL

n=1

(B6)

where, AlY) = var(PWH™) — var(A™). This variance
correction provides an estimate of how much of the
variance reduction resulted from truncation rather than
convergence.

All the reported variances in this paper include this
truncation correction.

APPENDIX C: CONVERGENCE OF THE
EXTRAPOLATED ENERGY

Because vDBEF relies on extrapolation for quantitative
accuracy, it is important to inspect the behavior and
convergence of this extrapolation. In Figs. 11 and 12,
we plot the convergence of both the raw energies and
the extrapolated energies as a function of iteration and
variance, respectively. In order to ensure a more inter-
pretable extrapolation convergence plot, we choose the
number of points in a slightly different manner than in the
main text. Here, we perform the extrapolations with a
rolling window such that E,, ; is computed from the data
points which have variance up to 2 times the variance at
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FIG. 11. Convergence of the zero-variance extrapolation across the benchmark systems. Solid curves are the raw vDBF trajectories;

open markers are the running intercepts for each iteration. For each raw data point (E;, V), the extrapolation is performed using all the
previous data points up to 2V, ensuring that the extrapolation distance does not exceed the data range. Reference energies are the solid

black lines, with the 1% window shaded.

iteration 7. Using this rolling [V, 2V] window ensures that
the distance of extrapolation never exceeds the variance
range of the data.

Considering each system in turn, we find that overall,
the lattice systems generally display extrapolations that
quickly converge within the 1% error window. A couple of
exceptions can be noted. For both 1D Hubbard and
Heisenberg, we see that the loosest threshold, 1 x 1073,
seems to exhibit significant truncation error, which then
results in an extrapolation trajectory that deviates from the
tighter calculations. For the J,—J, model, it appears as
though the the extrapolations have not yet sufficiently

converged and will possibly increase in error with more
iterations, although the tighter thresholds seem to be
converging (with variance) a bit faster here. However,
for the molecular HBC example, we notice extrapola-
tion behavior that is much further from convergence for
the tighter thresholds. While the looser 16 x 10~ and
8 x 1073 extrapolations appear to have flatlined within the
1% region (consistent with Table VI), the tighter calcu-
lations are converging more slowly. It appears as though
4x107 and 2 x 10~ would need significantly more
iterations to converge their extrapolated energies to within
the target error window.
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FIG. 12. Convergence of the zero-variance extrapolation across the benchmark systems. Solid curves are the raw vDBF trajectories;
open markers are the running intercepts, each drawn at the variance of its window’s final iteration. For each raw data point (E;, V;), the
extrapolation is performed using all the previous data points up to 2V;, ensuring that the extrapolation distance does not exceed the data
range. Reference energies are the solid black lines, with the 1% window shaded. Same plot as Fig. 11 but x axis is variance instead of

iteration.

APPENDIX D: PARTICLE NUMBER AND
SPIN-PROJECTION CONSERVATION

In Sec. III B 1, we observed limitations in the ability of
vDBF to capture long-distance spin-spin correlations
in the Heisenberg example. For quantum chemistry
applications, the ability to obtain accurate estimates of
observables beyond just the energy is also valuable. In
Figs. 13 and 14, we plot the expectation values of the
number and spin-projection operators as a function of
iteration. Because individual Pauli rotations do not gen-
erally commute with either the number operator or the

spin-projection operator, the average number of electrons
and the spin projection are expected to fluctuate slightly
over the course of a vDBF optimization. From these plots,
we do indeed see that neither the particle number nor the
spin projection is constant, with deviations from the exact
values (42 electrons and S, = 0, respectively) given on the
y axis. Although particle number and spin projection are
not exactly preserved, we do see that the deviations are
quite small, generally in the fourth decimal place aside
from brief early-iteration transients. The particle-number
deviation is also biased toward a small net overall negative
charge. In future work, we will explore adding either
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FIG. 14. Absolute error in the corrected expectation value of
the evolved spin-projection operator with the circuits generated
using different thresholds for the HBC molecule.

symmetry penalties or symmetry-constrained rotations to
make the computation of properties more robust.

APPENDIX E: OPERATOR WEIGHT UNDER
THE JORDAN-WIGNER MAPPING

The vDBF truncation acts on Pauli coefficients, and the
Pauli weight depends on the fermion-to-qubit mapping.
Under Jordan—Wigner, an operator acting on a few orbitals
picks up a string of Z operators spanning the intervening
qubits, so its Pauli weight reflects orbital indices as much
as physical locality. The Majorana weight, twice the
fermionic excitation rank, is independent of the mapping,
so comparing the two separates the encoding from the
physics. Figure 15 shows both for the HBC trajectory at
€ = 2 x 107>, In the Pauli basis, panel (a), terms spread
across weights 0-84 within the first hundred iterations,
with most of the count between 14 and 56. In the Majorana
basis, panel (b), the same operator has support only at
weights 4, 6, and 8: the initial Hamiltonian is dominated by
weight 4, a weight-6 component takes over during the first
hundred iterations, and nothing above eight acquires
appreciable weight for the rest of the run. The apparent
spreading is therefore a property of the encoding, not of the
fermionic operator. What Jordan—Wigner renders as a
weight-30 Pauli string is a two- or three-body fermionic
operator.

The norm tells the same story. Panel (c) places almost all
of the centered L, weight at very low Pauli weight, and
panel (d) at Majorana weights 2—6, with only a small
contribution at 8 and above. Both distributions are sta-
tionary after the first hundred iterations, so the flow does
not progressively drive the operator toward higher fer-
mionic rank. The truncation, therefore, does not discard
high-body physics, and the results do not depend on the
Jordan—Wigner ordering.
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FIG. 15. Operator weight distribution along the HBC trajectory at ¢ = 2 x 107> (84 qubits, 1000 iterations). Left panels are in the

Pauli basis; right panels are in the Majorana basis. The top panels show the fraction of terms at each weight; the bottom panels show the
fraction of the centered L, norm. The identity contribution is removed from weight O in the lower panels.
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