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Characterizing quantum systems by learning their underlying Hamiltonians is a central task in quantum
information science. While recent algorithmic advances have achieved near-optimal efficiency in this task,
they critically rely on accessing arbitrarily short-time dynamics. This reliance poses severe experimental
challenges due to finite control bandwidth and transient pulse errors. In this work, we demonstrate that
Heisenberg-limited Hamiltonian learning can be achieved without short-time control. We introduce a
framework in which every query to the unknown dynamics has duration at least a prescribed minimum
time T, and show that this restriction does not preclude Heisenberg-limited scaling. The key ingredient is a
method for emulating the continuous quantum control required by iterative learning algorithms using only
such lower-bounded evolution times. This reduces the learning task to sparse pure-state tomography.
Notably, for logarithmically sparse Hamiltonians, our algorithm achieves the information-theoretically
optimal 1=ε scaling in total evolution time for any arbitrary constant minimum evolution time T. For
many-body (polynomially sparse) systems, we uncover a rigorous quantitative tradeoff, showing that the
minimum required evolution time can be significantly relaxed from the standard limit at a polynomial cost
in total evolution time. Our results affirmatively resolve a prominent open problem in the field and reveal
that high-bandwidth, ultra-short pulses are not fundamentally necessary for optimal quantum learning.
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I. INTRODUCTION

Understanding how interactions govern physical sys-
tems is a central goal of physics. In quantum systems,
these interactions are encoded in the Hamiltonian, which
dictates the system’s dynamical behavior. Precisely char-
acterizing this Hamiltonian from observed dynamics has
become a fundamental problem of broad interest, with
applications ranging from quantum metrology to quan-
tum device benchmarking and the verification of analog
quantum simulators [1–4]. A central question is therefore
whether one can efficiently learn the interactions gov-
erning an unknown quantum system directly from its time
dynamics, and under what control assumptions this is
possible.

The problem of learning an unknown Hamiltonian
from time evolution has been extensively studied [1–16].
A standard theoretical framework assumes that the
Hamiltonian is m-sparse in the Pauli basis,

H ¼
Xm
x¼1

αxPx; (1)

where fPxg are Pauli operators and fαxg are unknown
nonzero coefficients. Given oracle access to the time-
evolution operator e−iHt at chosen time durations ftigNi¼1,
the goal is to output an estimate H̃ that approximates H to
the desired accuracy. To evaluate the efficiency of learning
algorithms in this setting, two natural complexity measures
are commonly considered:

ttot ¼
XN
i¼1

ti; tmin ¼ min
i∈ ½N �

ti; (2)

where N denotes the number of time-evolution queries
used by the algorithm. While ttot captures the overall
dynamical cost of the protocol, tmin quantifies the shortest
timescale that the learner must physically access, and is
therefore the quantity most directly tied to experimental
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control constraints. Our focus in this work is precisely
to understand whether Heisenberg-limited Hamiltonian
learning remains possible when tmin is lower bounded
by an arbitrary fixed constant T > 0.
Recent works have achieved strong guarantees for

sparse Hamiltonian learning, including nearly optimal
dependence on the target precision in terms of total
evolution time [8,9,17]. A key requirement of these
state-of-the-art approaches is access to short-time discrete
control, namely, the ability to access sufficiently fine-
grained time evolution, including arbitrarily short-time
dynamics. This capability is crucial in iterative refinement
schemes: given a current estimate Hj of the unknown
Hamiltonian H, the learner seeks to isolate the remaining
unknown interactions by simulating evolution under the
residual Hamiltonian ΔHj ¼ H −Hj. This requirement
arises from the need to implement continuous quantum
control e−iΔHjt through multiple applications of discrete
control, as learning is fundamentally limited to the stan-
dard quantum limit in the absence of discrete control [14].
To synthesize this target dynamics, standard approaches

combine queries to the physical evolution e−iHt with
simulation of the current estimate Hj, and rely on
Trotterization [18–20]:

e−iΔHjt ≃ ðe−iHt=NeiHjt=NÞN: (3)

For this product formula to accurately approximate the
target evolution, the number of segments N must be
sufficiently large. As a result, the elementary query time
t=N must become correspondingly small, so access to
vanishingly short-time dynamics is built directly into the
simulation primitive. In particular, previous algorithms
require the minimum evolution time to scale as tmin ¼
Θð1=mÞ [17] or tmin ¼ Θð ffiffiffi

ε
p Þ [8,9], so the accessible time

window must shrink as the sparsity m grows or the target
accuracy ε is tightened.
Implementing increasingly short-time evolutions poses

a generic challenge in experimental platforms where the
target Hamiltonian is established through finite-bandwidth
controls [21–23]. The physical control parameters cannot
generally be switched instantaneously from an idle con-
figuration to the desired operating point. Instead, the system
undergoes a finite transient before reaching an approxi-
mately stationary evolution under the target Hamiltonian.
When the intended evolution window becomes comparable
to or shorter than this response or settling time, the transient
can constitute a substantial fraction of the implemented
dynamics, and a nominal pulse of duration τ need not realize
a clean evolution e−iHτ. This issue is particularly relevant
to Trotterization-based Hamiltonian-learning protocols, in
which such short unknown-evolution segments are repeat-
edly interleaved with additional controls.
Recent superconducting experiments provide concrete

evidence for this limitation. In flux-tunable qubits and

couplers, control-line distortions can produce delayed
response, overshoot, ringing, and longer-time drift before
the device settles at the target operating point. Recent
in-situ measurements found that, without compensation, a
superconducting qubit reached its target frequency only
after approximately 50 ns, and characterized distortions
over timescales ranging from nanoseconds to tens of
microseconds [24]. In a Hamiltonian-identification experi-
ment on Sycamore processors, finite parameter ramps
generated nontrivial dynamics, constituted the dominant
source of SPAM errors, and were identified as a severe
limitation of the architecture [25]. A recent 69-qubit
analog-digital superconducting-simulator experiment like-
wise identified Hamiltonian ramps as a potential vulner-
ability of sophisticated Hamiltonian-learning techniques
[26]. These observations highlight an operational distinc-
tion between implementing an isolated stationary evolu-
tion of duration τ and resolving the same additive duration
difference between two longer evolutions of durations T
and T þ τ. If T exceeds the settling time, both long queries
may contain an established plateau under the target
Hamiltonian, and the T þ τ query may be realized by
retaining the same calibrated turn-on and turn-off proce-
dures while extending the plateau by τ. Our access model is
intended to capture this regime. It does not eliminate
switching transients or the need to distinguish T from
T þ τ, but it avoids requiring a stationary-Hamiltonian
evolution window whose duration vanishes as the target
accuracy is increased. This motivates the central question
considered here:
These physical constraints strongly motivate studying

Hamiltonian learning in a fundamentally different regime:
one in which short-time evolution is not accessible.
Concretely, a setting where every available evolution time
is lower bounded by a constant T, independent of both the
sparsity m and the target accuracy ε. This leads to the
following central question:

Can one achieve Heisenberg-limited Hamilto-
nian learning without using short-time evolu-
tion?

A. Our contribution and technical overview

In this work, we show that Heisenberg-limited
Hamiltonian learning can be achieved without access to
arbitrarily short-time dynamics. For logarithmically sparse
Hamiltonians, every query to the unknown evolution can
have duration at least an arbitrary fixed constant T > 0,
while the total evolution time still scales as 1=ε in the
target accuracy and remains efficient in the number of
qubits. For polynomially sparse Hamiltonians, we obtain a
quantitative tradeoff between the minimum accessible
evolution time and the total evolution time. In particular,
one can achieve a constant minimum evolution time
independent of m at the cost of a quasi-polynomial
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overhead in the total evolution time, while still retaining
Heisenberg-limited scaling in ε (See Fig. 1).
The central difficulty is that existing Heisenberg-limited

algorithms rely on residual dynamics. Given a current
estimate Hj, one would like to isolate the remaining
Hamiltonian ΔHj ¼ H −Hj by implementing e−iΔHjt.
Standard product-formula implementations do this
through short steps such as

ðe−iHt=NeiHjt=NÞN; (4)

which directly requires access to e−iHt=N. Our main
observation is that each such short step can be rewritten
as a long-time step plus a correction:

e−iHτeiHjτ ¼ e−iHðTþτÞCjeiHjðTþτÞ; Cj ¼ eiHTe−iHjT: (5)

Thus, all queries to the unknown Hamiltonian have
duration at least T.
The correction Cj is not directly accessible because it

contains backward evolution under the unknown
Hamiltonian. However, its adjoint C†

j ¼ eiHjTe−iHT is
accessible using only forward long-time evolution under
H and simulation of the known Hamiltonian Hj. Our
strategy is therefore to learn a Hermitian generator W of

C†
j ¼ e−iW and use it to implement the inverse correction

needed in the long-time product formula. The key tech-
nical point is that this auxiliary generator has bounded
norm and sparsity, or quasi-sparsity, to be learned and
simulated efficiently.
Once residual dynamics can be emulated, the remaining

task is coefficient extraction. We reduce this step to sparse
pure-state tomography: applying the residual dynamics
e−iΔHjt to one half of a maximally entangled state encodes
the Pauli coefficients of ΔHj as first-order amplitudes. By
recovering these amplitudes and applying truncation to
enforce bounded norm and sparsity, we obtain a refined
estimate Hjþ1.
Iterating this refinement yields the main guarantees of

the paper. For logarithmically sparse Hamiltonians, our
algorithm allows any fixed minimum evolution time T > 0
while retaining Heisenberg-limited scaling in the target
accuracy. For polynomially sparse Hamiltonians, it gives
an explicit tradeoff between the minimum accessible
evolution time and the total evolution time. Thus, the
need for ultra-short-time dynamics can be removed
entirely in the logarithmically sparse regime and substan-
tially relaxed in the many-body regime. To the best of our
knowledge, this is the first work to establish a quantitative
tradeoff between the minimum accessible evolution time
and the total evolution time in Hamiltonian learning.

FIG. 1. Comparison between previous short-time control approaches and our framework. Previous Heisenberg-limited algorithms
rely on stroboscopic control and Trotterization, requiring many ultra-short evolution segments with small tmin. Our framework replaces
these short-time queries by long-time evolutions interleaved with learned auxiliary operations, ensuring that every query to the
unknown Hamiltonian has duration at least T. Thus, the short-time bottleneck is removed while Heisenberg-limited scaling in total
evolution time is retained.
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Our results resolve an open problem posed by Bakshi et al.
[17]. More broadly, we suggest a conceptual shift in
quantum learning from dynamics: access to ultra-short
evolution times is not a fundamental requirement for
information-theoretically optimal learning. We now for-
malize this learning model that avoids short-time evolution
and state the corresponding guarantees.

II. PROBLEM SETUP AND MAIN RESULTS

We now formalize the long-time Hamiltonian learning
problem and state the main results. The purpose of this
section is to specify the Hamiltonian model, the allowed
oracle access, and the resource measures used throughout
the paper.

A. Hamiltonian model

Let H∈C2n×2n be an n-qubit, m-sparse, traceless
Hamiltonian of the form

H ¼
Xm
x¼1

αxPx; (6)

where Px ∈ fI; X; Y; Zg⊗n are n-qubit Pauli operators and
αx ∈R are unknown nonzero coefficients. The sparsity
parameter m reflects the underlying physical structure of
the system: the regime m ¼ OðlognÞ characterizes highly
structured systems where a few key interactions dominate
the dynamics, whereas m ¼ polyðnÞ encompasses the
broader class of many-body Hamiltonians typically
encountered in condensed matter and quantum information
science.

B. Access model

We are given oracle access to the time-evolution unitary
UðtÞ ¼ e−iHt, for any evolution time t ≥ T, where T > 0 is
an arbitrarily large constant. That is, for each query the
learner may choose any time t ≥ T and obtain access to the
corresponding unitary UðtÞ.

C. Complexity measures

We evaluate the efficiency of a learning algorithm using
the following quantities:

(i) the total evolution time ttot ¼
PN

i¼1 ti,
(ii) the minimum evolution time tmin ¼ mini∈ ½N �ti,
(iii) the number of queries N .
Here t1;…; tN denote the evolution times used by the

algorithm. In our setting, the constraint tmin ≥ T prohibits
access to arbitrarily short-time evolution.
Definitions. Let H ¼ Pm

x¼1 αxPx be an n-qubit
Hamiltonian with eigenvalues fλjg2nj¼1. We use the follow-
ing notions of norm and sparsity:

(i) Matrix norms:

kHk∞ ≔ max
j∈ ½2n�

jλjj; (7)

kHkF ≔

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2n

X2n
j¼1

λ2j

vuut ¼
ffiffiffiffiffiffiffiffiffiffiffiffiX
x

α2x

r
: (8)

Here k · k∞ denotes the operator norm, and k · kF
denotes the normalized Frobenius norm.

(ii) Unitary distance:

dðU;VÞ ≔ min
ϕ
kU − eiϕVkF: (9)

Here dðU;VÞ denotes the distance between uni-
taries up to a global phase.

(iii) (Pauli) coefficient norms: for p ≥ 1,

kHklp
≔

�X
x
jαxjp

�
1=p

; kHkl∞
≔ max

x
jαxj:
(10)

(iv) (Pauli) sparsity:

suppPðHÞ ≔ jfx∶ αx ≠ 0gj: (11)

In particular, if H is given as in Eq. (6),
then suppPðHÞ ¼ m.

(v) (Pauli) quasi-sparsity: for ε ≥ 0,

suppPðH; εÞ ≔ min fsuppPðH̃Þ∶ kH − H̃kF ≤ εg:
(12)

Combining the above ingredients, we arrive at the
central problem studied in this work.
Problem 1. (Hamiltonian learning with minimum evo-

lution time T). Let H be an n-qubit, m-sparse, traceless
Hamiltonian of the form H ¼ P

m
x¼1 αxPx. Suppose we

are given oracle access to the time-evolution unitary
UðtÞ ¼ e−iHt, for any evolution time t ≥ T, where T > 0
is an arbitrarily large constant. The goal is to output an
estimate H̃ such that kH − H̃kl∞

< ε.
We say that the problem admits an efficient learning

algorithm if the total evolution time is polyðnÞ=ε, the
number of queries is polyðn; 1=εÞ, and the classical post-
processing time is polyðn; 1=εÞ.
This formalization captures a realistic experimental

regime in which the learner is restricted to accessing only
long-time dynamics, thereby avoiding transient control
errors associated with ultra-short evolutions. The key
challenge is to extract high-precision information—
namely, the individual interaction coefficients fαxg—from
such coarse, long-duration evolutions. The following
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results show that this is possible in logarithmically sparse
systems and remains possible for non short regimes in T,
with a quantitative tradeoff, for polynomially sparse
systems.

D. Main results

We now state our main guarantees for Hamiltonian
learning under the minimum-evolution-time constraint
in Problem 1. The first result applies to logarithmically
sparse Hamiltonians. In this regime, an exponential
dependence on the sparsity m remains efficient in the
system size, and the minimum accessible evolution time
can be chosen as an arbitrary fixed constant.
Theorem 1. (Learning logarithmically sparse Hamilto-

nians from arbitrary long-time evolution). Let H be an
n-qubit, m-sparse traceless Hamiltonian with kHk∞ ≤ 1.
There exists a learning algorithm that solves Problem 1
with access to e−iHt for all t ≥ T, using total evolution time

ttot ¼ Õ
�
min

�
4mT3

ε
;
4mT
ε2

��
; (13)

and minimum evolution time tmin ¼ T, with high proba-
bility. In particular, when m ¼ Oðlog nÞ, this gives an
efficient algorithm for any fixed constant T > 0, achieving
Heisenberg-limited scaling in the target accuracy while
never querying the unknown dynamics for times shorter
than T.
The overall complexity is given by the minimum of the

Heisenberg-limited and standard quantum limit scalings.
In the small-error regime, the Heisenberg-limited scaling
1=ε dominates. In the complementary regime, the 1=ε2

scaling applies; however, since the error ε is bounded
below by a constant independent of the desired accuracy,
the total evolution time in this regime is effectively a
constant in terms of ε. Consequently, combining both
regimes, the overall complexity is governed by the
Heisenberg-limited scaling.
The next result extends the framework to many-body

Hamiltonians with polynomial sparsity. Here the minimum
accessible evolution time can still be made substantially
larger than the 1=m-scale required by standard product-
formula approaches, at the cost of an increased polynomial
dependence on m.
Theorem 2. (Learning many-body Hamiltonians without

short-time evolution). Let H be an n-qubit, m-sparse
traceless Hamiltonian with kHk∞ ≤ 1. There exists a
learning algorithm that solves Problem 1 with access to
e−iHt for all t ≥ T, using total evolution time

ttot ¼ Õ
�
min

�
mKþ2T

ε
;
mKT
ε2

��
; (14)

provided that the minimum evolution time satisfies
tmin ¼ T ¼ Θðm−1=KÞ, where K∈N. The algorithm suc-
ceeds with high probability.
Moreover, choosing K ¼ ΘðlogmÞmakes the minimum

evolution time constant, tmin ¼ Θð1Þ, at the expense of
quasi-polynomial total evolution time,

ttot ¼ Õ
�
min

�
m2þlogm

ε
;
mlogm

ε2

��
: (15)

We emphasize that this constant-time guarantee is
qualitatively different from that of Theorem 1. More
explicitly, under the normalization kHk∞; kHjk∞ ≤ 1,
the parameter choice used in the proof is

tmin ¼ T ¼ m−1=K
16e

:

Therefore,

tmin →
1

16e
as K → ∞:

Thus, under this formalism, the constant minimum
evolution time guaranteed by Theorem 2 is at most
1=ð16eÞ, even with quasi-polynomial total evolution time.
In contrast, Theorem 1 allows tmin ¼ T for any arbitrarily
prescribed constant T > 0.
We emphasize that large minimum evolution time

does not by itself relax the required timing resolution.
In the long-time control-emulation step, the unknown
Hamiltonian is queried at times T and T þ Δtj, where

Δtj ¼
tj
Nj

¼ 1

32mηj½1=ð2
ffiffiffiffi
m

p
ηjÞ�

¼ Θ
�

1ffiffiffiffi
m

p
�
:

The protocol therefore still requires timing control with
resolution Δtj. However, this required resolution does not
become finer as the target accuracy ε decreases, although it
may still be demanding for large m. Operationally, the
protocol does not require the device to realize e−iHΔtj as a
stand-alone short evolution. Instead, it requires the dura-
tion of an already established long-time evolution to
be controlled accurately enough to distinguish T from
T þ Δtj. Our analysis assumes exact access to these
prescribed evolution times and does not account for timing
miscalibration or jitter.
These results show that the minimum accessible evo-

lution time and the total evolution time are tradable
resources in Hamiltonian learning. For logarithmically
sparse Hamiltonians, the short-time requirement can be
removed entirely while retaining Heisenberg-limited scal-
ing. For polynomially sparse Hamiltonians, our bounds

HEISENBERG-LIMITED HAMILTONIAN LEARNING... PRX QUANTUM 7, 043011 (2026)

043011-5



give an explicit tradeoff between increasing tmin and
increasing ttot. In particular, they allow constant tmin at
the expense of quasi-polynomial total evolution time. The
main remaining open question is whether polynomially
sparse Hamiltonians can be learned with polynomial total
evolution time while allowing tmin to be an arbitrary fixed
constant independent of m. We next describe the learning
architecture that proves Theorems 1 and 2.

III. ALGORITHM OVERVIEW

We now describe how the main algorithm is organized,
which is illustrated in Fig. 2. The protocol follows an
iterative refinement scheme. Starting from H0 ¼ 0, the
learner maintains an estimate Hj with

kH −Hjkl∞
≤ ηj;

and aims to produce Hjþ1 with ηjþ1 ¼ ηj=2. Thus each
round reduces to learning the residual Hamiltonian

ΔHj ¼ H −Hj

to accuracy comparable to ηj.

Each refinement round has two conceptual steps. First,
the learner emulates the residual evolution e−iΔHjtj using
only queries to the unknown dynamics e−iHt with t ≥ T,
together with simulations of known Hamiltonians. Second,
the learner converts this residual evolution into estimates
of the Pauli coefficients of ΔHj by applying it to one half
of a maximally entangled state and performing sparse
pure-state tomography.
Schematically, one round takes the form

Hj⟶
long-time emulation

ŨðjÞ
res ≈ e−iðH−HjÞtj

⟶
sparse tomography gΔHj ⟶

truncate
Hjþ1: (16)

The truncation step keeps the estimate m-sparse and
norm bounded, ensuring that the next round satisfies the
same structural promises.
The key new ingredient is the first step. Instead of

implementing residual dynamics through short product-
formula steps, we rewrite each short step as a long-time
query plus a correction unitary. This correction is imple-
mented by learning a structured generator Wj from the
accessible adjoint dynamics eiHjTe−iHT . The norm and

FIG. 2. Schematic overview of our iterative learning protocol. At iteration j, the current estimate Hj defines a residual Hamiltonian
ΔHj ¼ H −Hj. We first learn an auxiliary Hamiltonian Wj using only long-time evolutions under H, and then use Wj to emulate the
residual-control primitive e−iΔHjt. This emulated evolution reduces coefficient extraction to sparse pure-state tomography. After
estimating ΔHj, we update the estimate and apply the sparse bounded truncation map T k;c, which projects onto the set of k-sparse
Hamiltonians with coefficient magnitude at most c by minimizing the l∞-distance, thereby preserving sparsity and bounded
coefficients while approximately halving the estimation error at each iteration.

MYEONGJIN SHIN, JUNSEO LEE, and CHANGHUN OH PRX QUANTUM 7, 043011 (2026)

043011-6



sparsity, or quasi-sparsity, of Wj determine the final
complexity.
The algorithm uses this Heisenberg-limited refinement

once the current error is sufficiently small. For earlier
rounds, where the residual error is large, we use a simpler
standard-quantum-limit subroutine. The full protocol and
the crossover between the two regimes are given in
Sec. VI. We first develop the long-time emulation primi-
tive, which is the main technical contribution.

IV. LONG-TIME EMULATION OF RESIDUAL
DYNAMICS

We now construct the first ingredient of the learning
algorithm: a long-time implementation of the residual
evolution

e−iΔHjt ¼ e−iðH−HjÞt; (17)

given a current estimate Hj. Throughout this section, H
and Hj are m-sparse and satisfy kH −Hjkl∞

≤ ε, while
the learner may query the unknown dynamics only for
times τ ≥ T.
This primitive is essential for isolating the remaining

unknown coefficients during iterative refinement, but
standard Hamiltonian-learning protocols implement it
using short-time queries to the unknown dynamics. Our
goal in this section is to construct the same primitive using
exclusively long-time queries e−iHτ with τ ≥ T.

A. Standard approach: Trotterization

The conventional method for approximating continuous
quantum control relies on Trotterization [18–20]:

kðe−iHt=NeiHjt=NÞN − e−iðH−HjÞtkF

≤
t2 minfkHk∞; kHjk∞g

N
kH −HjkF: (18)

This approximation simulates e−iðH−HjÞt by repeatedly
applying the discrete control operation

e−iHt=NeiHjt=N: (19)

However, this approach intrinsically requires access to
short-time evolution e−iHt=N, which violates the long-time
evolution constraint considered in this work.
This is precisely the short-time bottleneck inherited by

previous Heisenberg-limited Hamiltonian-learning algo-
rithms. In an iterative learning scheme, one repeatedly
constructs a current estimate Hj and then uses residual
dynamics generated by H −Hj to refine the estimate.
When this residual dynamics is implemented through the
product formula above, every refinement step requires
many short applications of the unknown evolution e−iHt=N,

interleaved with simulations of the known estimate Hj.
Consequently, the minimum accessible evolution time
becomes tied to the product-formula step size. As the
desired accuracy improves, or as the sparsity-dependent
control error becomes more stringent, the required step
size must shrink. This is the mechanism behind the ultra-
short-time requirements in existing approaches.
Our goal is to break this link. We show that each short-

time product-formula step can be replaced by a long-time
query to the unknown Hamiltonian, together with a
correction unitary that is itself accessible through long-
time dynamics.

B. Our approach: Emulating short-time steps via
long-time dynamics

To bypass the need for short-time evolution, we rewrite
each elementary product-formula step as a long-time
evolution interrupted by a fixed correction unitary. Define

Cj ¼ eiHTe−iHjT: (20)

Then, for any τ ≥ 0,

e−iHτeiHjτ ¼ e−iHðTþτÞCjeiHjðTþτÞ: (21)

Indeed, substituting the definition of Cj cancels the
additional evolutions of duration T. Setting τ ¼ t=N, we
obtain the exact rewriting

ðe−iHt=NeiHjt=NÞN ¼ ðe−iHðTþt=NÞCjeiHjðTþt=NÞÞN: (22)

Crucially, every query to the unknown evolution on the
right-hand side has duration at least T. Thus, if the
correction unitary Cj could be implemented, the usual
product-formula approximation to e−iðH−HjÞt would
require no short-time evolution under H.
At first sight, this rewriting only shifts the difficulty

from short-time evolution to the implementation of the
correction unitary Cj. The useful viewpoint is to regard Cj

not as a black-box unitary to be estimated directly, but as a
correction to be implemented through a learned Hermitian
generator. That is, we seek a traceless Hermitian matrixWj

satisfying dðCj; eiWjÞ ¼ 0. If such a generator Wj is
known explicitly, then the missing correction Cj can be
implemented by simulating the known Hamiltonian Wj to
realize eiWj . In this sense, the problem of removing short-
time queries is reduced to the problem of learning a
suitable generator Wj for the correction unitary.
In the actual learning protocol, we only construct a

finite-precision estimate W̃j of Wj. Suppose that W̃j

satisfies
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kWj − W̃jkF ≤
ε0

2N
: (23)

Then replacing Cj ¼ eiWj by eiW̃j in the long-time
product formula introduces at most ε0 error over the N
product-formula steps. By choosing N sufficiently large
such that the right-hand side of Eq. (18) is at most ε0=2, and
by learning Wj to the corresponding accuracy, the product-
formula and replacement errors can be jointly bounded
by ε0:

dðe−iðH−HjÞt; ðe−iHðTþt=NÞeiW̃jeiHjðTþt=NÞÞNÞ
≤ ε0

2
þ ε0

2N · N ¼ ε0:
(24)

This approximate continuous quantum control primitive
will be used as a subroutine in the main Hamiltonian
learning algorithm (Algorithm 3).
The usefulness of this reduction depends on whether the

generatorWj can be learned and simulated efficiently. The
generator Wj could be dense in the Pauli basis, have large
effective complexity, or be difficult to simulate. The main
technical content of our construction is to show that one
can work with a generator Wj whose norm and Pauli
complexity are controlled well enough for both learning
and simulation. Wewill show below that, in the logarithmi-
cally sparse regime, Wj can be supported on a Pauli space
of size at most 4m. In the polynomially sparse regime, Wj

may be dense, but it admits a quasi-sparse approximation
obtained from the Baker-Campbell-Hausdorff (BCH)
expansion. These structural properties are what make
the formal rewriting above algorithmically useful.
It remains to explain how this generator Wj can be

learned using only the allowed long-time oracle access.
This is where the distinction between Cj and C†

j becomes
important.

C. Learning the correction generator Wj

We now explain how the correction generator Wj can
be learned using only the allowed long-time evolution
oracle access. Recall that W is chosen such that
dðCj; eiWjÞ ¼ 0. Here, a main difficulty is that Cj itself
is not directly accessible because it requires the backward
evolution eiHT under the unknown Hamiltonian H. Our
key observation to overcome this obstacle is that its
adjoint C†

j ¼ eiHjTe−iHT is accessible using only forward
evolution under H and simulation of the known
Hamiltonian Hj. Since dðCj; eiWjÞ ¼ 0, the same gener-
ator satisfies dðC†

j ; e
−iWjÞ ¼ 0. Hence, for every positive

integer q, we can implement, up to a global phase,

e−iWjq ¼ ðC†
jÞq ¼ ðeiHjTe−iHTÞq: (25)

Thus, long-time evolution access to H induces integer-
time evolution access to the auxiliary Hamiltonian Wj.
This is precisely the type of access used in Algorithm 1: by
querying e−iWjq for integer q, we learn an approximation
W̃j in normalized Frobenius norm.
Importantly, this procedure does not violate the mini-

mum-evolution-time constraint. Each application of C†
j

uses one query to e−iHT , whose duration is exactly T.
Implementing e−iWjq simply repeats this allowed long-
time query q times, so the minimum query time to the
unknown dynamics remains tmin ¼ T.
The efficiency of this learning step is governed by the

norm and sparsity ofWj. Moreover, the output W̃j must be
produced in a sparse or quasi-sparse Pauli representation,
since this is the Hamiltonian that will later be simulated to
implement the correction.

D. Implementing inverse time evolution of W̃j

For a known Hamiltonian W̃j, implementing eiW̃j is a
standard task in Hamiltonian simulation. The circuit
complexity of Hamiltonian simulation algorithms typically

ALGORITHM 1. INTEGEREVOLðUA; s; cF; c∞; c; εÞ: Hamiltonian learning in normalized Frobenius norm via pure-state
tomography using integer time evolution.

Input: Query access to UAðτÞ ¼ e−iAτ; τ∈N for a traceless Hermitian operator A ¼ P
x αxPx satisfying kAkF ≤ cFε and

kAk∞ ≤ c∞ε; target constant c; effective support size s ¼ suppPðA; cε=8Þ.
Output: An estimate Ã such that kA − ÃkF ≤ cε.

1 t ← bc=ð10cFc∞εÞc
2 δt ← cFc∞t2ε2

3 Prepare the maximally entangled state jΦi
4 Let V be a unitary such that VðPx ⊗ IÞjΦi ¼ jxi for all x
5 Prepare jψ ti ← VðUAðtÞ ⊗ IÞjΦi
6 Apply sparse pure-state tomography (Lemma 5) to learn jψ ti with accuracy δt using Oðs=δ2t Þ copies, and obtain coefficients fα̃xgx
satisfying ðPx jαx − α̃xj2Þ1=2 ≤ cε:

7 return Ã ←
P

x α̃xPx
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scales linearly with the norm and sparsity of W̃j and
polylogarithmically with the target accuracy [27–32].
Thus, for the learned correction to be useful, it is not
enough to approximateWj accurately in norm; the estimate
W̃j must also have bounded sparsity or quasi-sparsity.
Our learning subroutine is designed to satisfy this

requirement. It outputs W̃j within the sparse or quasi-
sparse representation guaranteed by the structural bounds
on Wj. Consequently, the cost of simulating eiW̃j is
governed by the same norm and sparsity parameters that
enter the learning of Wj.
In addition, eiHjðTþt=NÞ can be implemented efficiently,

since Hj is known, m-sparse, and satisfies the same
bounded-norm assumptions as the target Hamiltonian.
Therefore, the entire sequence in Eq. (24) can be realized
using only long-time queries to the unknown Hamiltonian
H, together with simulations of known Hamiltonians.
Therefore, in order to efficiently learn Wj and then

implement eiW̃j , it suffices to control the norm and sparsity,
or quasi-sparsity, of the correction generator Wj. These
structural bounds ensure both that Wj can be learned from
integer-time access and that the resulting estimate W̃j can
be efficiently simulated. Concretely, we need bounds on

kWjkF; kWjk∞; suppPðWjÞ; (26)

or, in the polynomially sparse regime, on the correspond-
ing quasi-sparsity of Wj. These bounds are summarized in
Table I for the two operational regimes relevant to our
main results. Notably, they are independent of j. We now
turn to their derivation.

E. Bounding the norm and (quasi-)sparsity of the
auxiliary Hamiltonian Wj

We now establish the structural bounds onWj that make
the above reduction efficient. There are two distinct
regimes of interest. When m ¼ Oðlog nÞ, an exponential
dependence on m is still polynomial in the system size, so
it suffices to show that W lies in the Pauli algebra
generated by the supports of H and Hj. This gives an
exact sparsity bound of order 4m. For polynomially sparse
Hamiltonians, this exact bound is no longer efficient, and

we instead prove that Wj admits a quasi-sparse approxi-
mation by truncating its BCH expansion. The two argu-
ments are different, but serve the same purpose: they
ensure that Wj can be learned and that the learned

correction eiW̃j can be simulated efficiently.
We first consider the logarithmically sparse regime,

where the target Hamiltonian satisfies m ¼ OðlognÞ and
the minimum evolution time T > 0 is an arbitrary constant.
Our goal is to bound the norm and sparsity of the auxiliary
generator Wj. In this regime, the sparsity parameter grows
only logarithmically with the number of qubits, so an
exponential dependence on m remains polynomial in n.
Thus, it is sufficient to prove an exact sparsity bound for
W, even if that bound scales exponentially in m.
The key observation is thatWj can be chosen inside the

finite Pauli algebra generated by the Pauli supports of H
and Hj. Indeed, the linear span of these supports over F2

has dimension at most 2m, and hence contains at most 4m

Pauli labels. This gives the exact sparsity bound
suppPðWjÞ ≤ 4m. The norm of Wj, on the other hand,
is controlled by Duhamel’s principle, which relates
the correction unitary eiHTe−iHjT to the residual
Hamiltonian H −Hj.
Lemma 1. (Informal, see Lemma 11 for details). Let

H;Hj be n-qubit, m-sparse traceless Hamiltonians satisfy-
ing kH −Hjkl∞

≤ ε. Then there exists an n-qubit traceless
Hamiltonian Wj such that dðeiHTe−iHjT; eiWjÞ ¼ 0, and
kWjk ≤ πTkH −Hjk and suppPðWjÞ ≤ 4m for any uni-
tarily invariant norm k · k.
Proof Sketch. We bound the size of the linear span

generated by the Pauli supports of H and Hj to bound
the sparsity of Wj. Let Cj ¼ eiHTe−iHjT . By Lemma 7,
there exists a traceless Hermitian matrix Wj satisfying
dðU; eiWjÞ ¼ 0, where dð·; ·Þ is the unitary distance defined
in Eq. (9), and kWjk ≤ πkI − Cjk. Applying Duhamel’s
principle (Lemma 6) yields kI − Cjk ≤ TkH −Hjk, and
hence kWjk ≤ πTkH −Hjk.
For the sparsity bound, let SH and SHj

denote the Pauli
supports ofH andHj, and define L ≔ spanF2ðSH ∪ SHj

Þ ⊆
F2n
2 . Then suppPðWjÞ ≤ jLj ≤ 4m. Using kH −Hjkl∞

≤ ε
together with them-sparsity ofH andHj, the lemma further
implies that kWjk∞ ≤ 2πmTε and kWjkF ≤ 2π

ffiffiffiffi
m

p
Tε. ▪

TABLE I. Bounds on the correction generator Wj in the two sparsity regimes considered in this work. Here, m
denotes the sparsity of H and Hj, ε satisfies kH −Hjkl∞

≤ ε, and K∈N.

Properties of Wj

m tmin Upper bound on kWjkF Upper bound on kWjk∞ (Quasi-)sparsity

Oðlog nÞ ∀ T > 0 2πTε
ffiffiffiffi
m

p
2πTεm 4m

polyðnÞ Θðm−1=KÞ ε
ffiffiffiffi
m

p
εm OðmK−1Þ
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We established upper bounds on the norm and sparsity
of Wj when the target Hamiltonian is OðlognÞ-sparse,
namely

kWjk∞ ≤ 2πmTε;

kWjkF ≤ 2π
ffiffiffiffi
m

p
Tε;

suppPðWjÞ ≤ 4m: (27)

Since these quantities scale polynomially with the
number of qubits n (in the regime m ¼ Oðlog nÞ), it
follows thatWj can be learned efficiently. We later present
an explicit algorithm for learning Wj (Algorithm 1).
We next consider the regime where the Hamiltonian

is polyðnÞ-sparse. Concretely, we assume m ¼ polyðnÞ
and T ¼ Θðm−1=KÞ for a constant K∈N. Our goal is
again to bound the norm and sparsity of the correction
generator Wj.
In this regime, the exact support bound suppPðWjÞ ≤ 4m

from the logarithmically sparse case is no longer useful,
since it is exponential in the system size. Thus, we cannot
hope to learn Wj by treating it as an exactly sparse
Pauli Hamiltonian with support 4m. Instead, it is enough
to show that Wj is quasi-sparse at the accuracy required
by the learning subroutine: although Wj may be dense, it
can be approximated in normalized Frobenius norm by a
Hamiltonian with only polynomially many Pauli terms.
We establish this quasi-sparsity using the BCH

expansion of the logarithm of Cj ¼ eiHTe−iHjT . When
T decreases as m−1=K, higher-order commutators are
increasingly suppressed. Truncating the BCH series there-
fore yields an approximation to Wj whose Pauli support
grows only polynomially with m, while the truncation
error remains below the accuracy needed for learning and
for implementing eiW̃j .
Lemma 2. (Informal, see Lemma 12 for details). Let

H;Hj be m-sparse traceless Hamiltonians satisfying
kH −Hjkl∞

≤ ε. Then there exists a traceless
Hermitian matrix Wj such that eiHTe−iHjT ¼ eiWj , and
for any l∈N we have kWjk ≤ kH −Hjk and

suppP

�
Wj;

εm−l=K
8

�
≤ OðmlþK=2−1Þ; (28)

for any unitarily invariant norm k · k, where T ¼
Θðm−1=KÞ for K∈N.
Proof Sketch. We express Wj using the BCH expansion

(Lemma 8). Since kTHk∞ þ kTHjk∞ ≤ log 2, the series
converges.

Let WðkÞ
j denote the kth order term. One can show that

kW −WðkÞ
j kF ¼ OðTk ffiffiffiffi

m
p

εÞ, while its Pauli sparsity
scales asOðmkÞ. Truncating the expansion at a sufficiently
large order yields an approximation ofWj whose effective

sparsity is polynomial in m, establishing the claimed
quasi-sparsity bound. Using kH −Hjkl∞

≤ ε together
with the m-sparsity of H and Hj, the lemma further
implies that kWjk∞ ≤ mε and kWjkF ≤

ffiffiffiffi
m

p
ε. ▪

We therefore obtain the bounds

kWjk∞ ≤ mε;

kWjkF ≤
ffiffiffiffi
m

p
ε;

suppP

�
Wj;

ε

8
ffiffiffiffi
m

p
�

≤ OðmK−1Þ: (29)

Thus, although Wj need not be exactly sparse, it can be
replaced at the required precision by a polynomially sparse
Hamiltonian. This is sufficient both for learning Wj using

Algorithm 1 and for simulating the learned correction eiW̃j .
The price is the tradeoff T ¼ Θðm−1=KÞ; K∈N, which
relates the minimum accessible evolution time to the
polynomial overhead in total evolution time. For every
constant K ¼ Oð1Þ, the quasi-sparsity of Wj becomes a
polynomial with m.
Since these quantities (norm, sparsity) scale polyno-

mially with the number of qubits n in both regimes, it
follows thatWj can be learned efficiently. We now analyze
the complexity of the algorithm for learning Wj

(Algorithm 1).

F. Complexity of learning
the auxiliary Hamiltonian Wj

We have shown that the norm and sparsity of Wj admit
polynomial bounds. Under these guarantees, standard
Hamiltonian learning algorithms require only polynomial
total evolution time. Our Hamiltonian learning algorithm
(Algorithm 1) for the auxiliary Hamiltonian Wj likewise
achieves polynomial complexity. In this section, we
explicitly compute the total evolution time required to
estimate Wj.
To this end, we first specify the constant c, which

controls the target accuracy. For simplicity, we set c ¼
Oð1= ffiffiffiffi

m
p Þ (see Appendix E for details). The remaining

parameters cF, c∞, and s in Algorithm 1 correspond to
upper bounds on kWjkF, kWjk∞, and the (quasi-)sparsity
of Wj, respectively, as derived in the previous section and
summarized in Table I.
The parameters in Algorithm 1 are given by

t ¼
�

c
10cFc∞ε

�
; δt ¼ cFc∞t2ε2: (30)

Since t must be a positive integer, we require
ε ≤ c=ð10cFc∞Þ ¼ ηsw. Since t must be a positive integer,
Algorithm 1 is applicable only when
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ε ≤ ηsw ≔
c

10cFc∞
:

In the logarithmically sparse regime, substituting
c ¼ 1=ð256 ffiffiffiffi

m
p Þ, cF ¼ 2π

ffiffiffiffi
m

p
T, and c∞ ¼ 2πmT gives

ηsw ¼ 1

10 · 210m2π2T2
:

Therefore, when Algorithm 1 is applied in round j with
ε ¼ ηj, our present guarantee for learning the correction
generator Wj, and hence for implementing the long-time
control-emulation procedure through this construction,
requires

kH −Hjkl∞
≤ ηj ≤ ηsw:

This is a sufficient condition arising from the positive-
integer evolution-time choice and the error bounds used
in Algorithm 1. Our analysis does not establish that
this threshold is necessary, and whether the long-time
control-emulation procedure remains valid under a weaker
accuracy condition is left as an open question. The com-
plementary regime ηj > ηsw is handled by the standard-
quantum-limit subroutine described in Appendix F.
The algorithm requires M ¼ Oðs=δ2t Þ queries to e−iWjt.

Each query to e−iWjt corresponds to evolution time OðtTÞ
of H, so the total evolution time is MtT ¼ OðstT=δ2t Þ.
Substituting the values of the parameters c; cF; c∞; s, we
obtain the following bounds. For logarithmically sparse
Hamiltonians,

MtT ¼ Õ
�
4mT3

ε

�
: (31)

In particular, this shows that the minimum accessible
evolution time can be chosen as an arbitrary constant. For
polynomially sparse Hamiltonians, we obtain

MtT ¼ Õ
�
mKþ2T

ε

�
: (32)

This demonstrates that the minimum evolution time T
can be relaxed from Θðm−1Þ to Θðm−1=KÞ at the cost of an
increased total evolution time. Overall, our approach
reveals a quantitative tradeoff between the minimum
evolution time and the total evolution time required to
approximate continuous quantum control in Hamiltonian
learning.
Our framework learns the unitary Cj in order to

approximate continuous quantum control. In principle,
this task could also be approached via general unitary
channel estimation [33]. However, producing an ε-accurate
estimate of an arbitrary n-qubit unitary requires Oð4n=εÞ

queries, which is exponential in the system size even
when the underlying Hamiltonian is sparse. In contrast,
our framework exploits the specific structure that Cj is
generated by the time evolution of a logarithmically sparse
Hamiltonian, and therefore achieves the same task using
only a polynomial number of queries. This highlights a key
advantage of our approach and underscores the importance
of leveraging dynamical structure in Hamiltonian learning.
The discussion above constructs the residual-evolution

primitive required at each refinement step. Once this
primitive is available, the remaining task is to convert
residual dynamics into coefficient estimates. This is
achieved by a separate reduction to sparse pure-state
tomography, which we describe next.

V. COEFFICIENT EXTRACTION BY PURE-STATE
TOMOGRAPHY

We now explain how the emulated residual dynamics is
converted into coefficient estimates. The basic idea is an
amplitude encoding of Pauli coefficients into a sparse
quantum state through the first-order expansion of the
time evolution operator. Recall that there are two uses
of pure-state tomography in our protocol. The auxiliary
use, described above, learns the correction generator Wj

needed to emulate residual dynamics. The primary use,
described in this section, extracts the coefficients of the
residual Hamiltonian ΔHj ¼ H −Hj once this emulated
dynamics is available. Both uses rely on the same first-
order amplitude-encoding idea: by applying an evolution
e−iAt to a maximally entangled state, the Pauli coefficients
of A are encoded in the amplitudes of the resulting
quantum state.
We now describe this reduction in a unified form. Let

A ¼ P
x αxPx be a Hamiltonian with P0 ¼ I and α0 ¼ 0,

and define the Pauli sparsity m ¼ suppPðAÞ. Suppose that
kAkl∞

≤ ε and that we can implement the time-evolution
operator e−iAt. For sufficiently small t, we have the
expansion e−iAt ¼ I − iAtþOðt2ε2Þ.
Using this evolution, we prepare the state

jψ ti ¼ Vðe−iAt ⊗ IÞjΦi, where jΦi is a maximally
entangled state and V is a unitary satisfying
VðPx ⊗ IÞjΦi ↦ jxi. A convenient choice is the modified

Bell-basis decoding circuit V ≔ ⊗
n

j¼1
½DSjAj

ðHSj ⊗ IAj
Þ×

CNOTSj→Aj
�; D∶ ¼ diagð1; 1; 1; iÞ. D acts on the output

of each qubit pair, in the basis order j00i; j01i; j10i; j11i;
and Px¼ ia·bXaZb, we have VðPx ⊗ IÞjΦiSA ¼
jbiSjaiA ≡ jxi.
Substituting the expansion of e−iAt yields jψ ti≃

j0i − it
P

x αxjxi. Hence, the Pauli coefficients αx can
be recovered via pure-state tomography of jψ ti. More
precisely, the approximation error satisfies
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				jψ ti − j0i þ it
X

x
αxjxi

				
l∞

≤ mt2kAk2l∞
≤ mt2ε2:

(33)

Learning jψ ti to accuracy Oðmt2ε2Þ yields an estimate
of tαx with the same accuracy, and hence an estimate of αx
with error Oðmtε2Þ. Choosing t ¼ Θð1=ðmεÞÞ ensures this
error is OðεÞ. Therefore, it suffices to learn jψ ti to
accuracy Oð1=mÞ.
Since A is (quasi-)sparse, the state jψ ti is also

(quasi-)sparse with sparsity parameter m. Sparse pure-
state tomography with accuracy Oð1=mÞ requires S ¼
Oðm3Þ samples, yielding a total evolution time of
OðStÞ ¼ Oðm2=εÞ, which matches the Heisenberg limit.
A detailed analysis, including extensions to other norms
such as the normalized Frobenius norm, is provided in
Appendix C. We now combine this coefficient-extraction
primitive with the long-time emulation primitive to obtain
the full iterative learner and its complexity.

VI. FULL LEARNING PROTOCOL AND
COMPLEXITY

We now assemble the components from the previous
sections into the full Hamiltonian learning protocol and
derive the complexity bounds in Theorems 1 and 2. Recall
from the algorithmic overview that the protocol follows an
iterative refinement strategy. At the beginning of round j,
we have an estimate Hj satisfying

kH −Hjkl∞
≤ ηj: (34)

The round learns the residual Hamiltonian

ΔHj ≔ H −Hj (35)

to accuracy proportional to ηj, and then updates Hj so that
the error is reduced by a constant factor.
In the small-error regime, one refinement round has the

concrete form

Hj⟶
INTEGEREVOL

W̃j ⟶
long-time PF

ŨðjÞ
res

⟶
SPARSEHAM gΔHj ⟶

T m;1
Hjþ1: (36)

Here INTEGEREVOL learns the correction generator
needed for the long-time emulation primitive developed
in Sec. IV. The resulting long-time product formula
implements the residual dynamics, which is then converted
into coefficient estimates by the pure-state tomography
reduction described above. The final truncation step
restores the promise that the estimate remains m-sparse
and norm bounded.

We now explain the main ingredients of Algorithm 3.
The algorithm maintains an estimate Hj inside the
feasible set

Sk;c ≔ fH0∶ suppPðH0Þ ≤ k; kH0k∞ ≤ cg: (37)

To enforce this condition after each update, we use the
sparse bounded truncation map

T k;cðHÞ ≔ arg min
H0 ∈Sk;c

kH −H0kl∞
: (38)

Starting from H0 ¼ 0, the algorithm aims to maintain
the invariant

kH −Hjkl∞
≤ ηj; ηj ¼ 2−j: (39)

Thus, each round only needs to learn the residual
ΔHj ¼ H −Hj well enough to halve the current error.
After J ¼ ⌈ log2ð1=εÞ⌉ rounds, the estimateHJ reaches the
target accuracy.
The algorithm has two regimes, separated by the cross-

over point ηsw defined in Algorithm 3. We emphasize that
ηj ≤ ηsw is not an initial assumption required for applying
the full learning protocol. Starting from H0 ¼ 0 and
η0 ¼ 1, each round with ηj > ηsw uses the standard-
quantum-limit subroutine stated as Algorithm 4 in
Appendix F, to construct an update that reduces the
maintained error bound by a constant factor. Once
ηj ≤ ηsw, the algorithm switches to the Heisenberg-limit
subroutine based on long-time control emulation. Thus,
when the target accuracy satisfies ε < ηsw, Algorithm 4
serves as an initial bootstrap stage for reaching the
theoretically guaranteed long-time control-emulation
regime; when ε ≥ ηsw, the algorithm may terminate
entirely within the standard-quantum-limit regime.

A. Small-error regime (ηj ≤ ηsw)

When the current residual error is sufficiently small, we
operate in a regime based on long-time control emulation.
This regime is responsible for achieving the final
Heisenberg-limited scaling in the target accuracy.
Intuitively, once we are close enough to the true
Hamiltonian, long-time evolution suffices to emulate
residual dynamics and extract higher-precision informa-
tion about the Hamiltonian. Each round consists of the
following three steps.
(1) Quantum control emulation (Algorithm 1). The goal

of this step is to coherently simulate the residual
evolution e−iΔHjtj without access to short-time
queries. To this end, we first learn an effective
Hamiltonian Wj that captures the discrepancy
between the true dynamics and the current hypoth-
esis. We then construct an approximate unitary
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ŨðjÞ
res via a product formula using only long-time

evolutions:

ŨðjÞ
res ¼ ðe−iHðTþtj=NjÞeiW̃jeiHjðTþtj=NjÞÞNj : (40)

Here W̃j approximatesWj, which is defined implic-
itly through the exact identity

dðe−iWj ; eiHjTe−iHTÞ ¼ 0: (41)

This construction can be interpreted as a strobo-
scopic simulation that cancels the known compo-
nent Hj while isolating and amplifying the residual
ΔHj. Using Algorithm 1 with c ¼ Oð1= ffiffiffiffi

m
p Þ, we

obtain

kWj − W̃jkF ¼ Oðηj=
ffiffiffiffi
m

p Þ:

This error accumulates linearly in the number of
repetitions Nj, yielding

kŨðjÞ
res − e−iΔHjtjkF ¼ O

�
Njηjffiffiffiffi
m

p
�

¼ O
�
1

m

�
: (42)

Thus, by choosing Nj appropriately, we ensure
inverse-polynomial accuracy in the implemented
residual evolution.

(2) Coefficient and structure learning (Algorithm 2).
Having obtained an accurate implementation of the
residual evolution, we convert this dynamical in-
formation into a state encoding the coefficients
of ΔHj. Specifically, we prepare

jψji ¼ Vðe−iΔHjtj ⊗ IÞjΦi ≃ j0i − itj
X
x≠0

αðjÞx jxi;

(43)

where tj ¼ Oð1=ðmηjÞÞ. This approximation
follows from the first-order expansion of the evo-
lution, valid since tj is sufficiently small relative
to kΔHjkl∞

. Applying sparse tomography, we

estimate these coefficients. Writing jψji ¼P
x βxjxi, the guarantee

jβx þ itjα
ðjÞ
x j ¼ Oð1=mÞ

implies that each αðjÞx can be estimated within error
Oð1=ðmtjÞÞ ¼ ηj=4. This yields an estimate gΔHj

satisfying

kH − ðHj þ gΔHjÞkl∞
≤ ηj=4:

Importantly, this step recovers both the support and
the coefficients of the residual Hamiltonian.

(3) Sparse bounded truncation (Lemma 9). We update
the hypothesis via

Hjþ1 ¼ T m;1ðHj þ gΔHjÞ:

The truncation operator T m;1 enforces that the esti-
mate remains m-sparse and has norm at most 1,
thereby preventing error accumulation and ineffi-
ciency across iterations. By stability of sparse
bounded truncation, we obtain

kH −Hjþ1kl∞
≤ ηj=2:

Thus, each refinement round reduces the error by
a constant factor while preserving the structural
constraints.

The total evolution time in the small-error regime is

tðjÞtot;small ¼ Õð4mT3=ηjÞ for logarithmically sparse

Hamiltonians and ÕðmKþ2T=ηjÞ for polynomially sparse
Hamiltonians. In the former case, T can be chosen as an
arbitrarily large constant. In the latter case, we require T ¼
Θðm−1=KÞ for some constant K∈N to ensure that the
simulation remains well-conditioned. See Appendix E for
detailed derivations.

B. Large error regime (ηj ≥ ηsw)

The long-time control-emulation step above is used only
once the residual error is sufficiently small. For larger ηj,

ALGORITHM 2. SPARSEHAMðUA;m; εÞ: Sparse Hamiltonian learning in l∞ norm via pure-state tomography.

Input: Query access to UAðτÞ ¼ e−iAτ for a traceless Hamiltonian A ¼ P
x αxPx satisfying kAkl∞

≤ ε and m ¼ suppPðAÞ.
Output: An estimate Ã such that kA − Ãkl∞

≤ ε=8.
1 t ← 1=ð32mεÞ
2 Prepare the maximally entangled state jΦi
3 Let V be a unitary such that VðPx ⊗ IÞjΦi ¼ jxi for all x
4 Prepare jψ ti ← VðUAðtÞ ⊗ IÞjΦi
5 Apply sparse pure-state tomography (Lemma 4) to learn jψ ti with accuracymt2ε2 usingOðm3Þ copies, and obtain coefficients fα̃xgx
satisfying jαx − α̃xj ≤ ε=8 for all x

6 return Ã ←
P

x α̃xPx
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the integer-time learning parameter in Algorithm 1 would
be too small to yield a useful Heisenberg-limited primitive.
In these early rounds, we instead use the simpler sub-
routine Algorithm 4.
In this regime, we avoid quantum control emulation and

instead directly learn UA;A0
ðtÞ using Algorithm 4. The

unitary is reconstructed via sparse pure-state tomography,
from which we extract gΔHj using its first-order expansion.
Compared to the small-error regime, this approach

incurs a worse dependence on ηj but avoids the overhead
of simulating continuous control. After truncation, we
again obtain Hjþ1 ∈Sm;1 with kH −Hjþ1kl∞

≤ ηj=2.
The total evolution time in the larger error regime is

tðjÞtot;large ¼ Õð4mT=η2jÞ for logarithmically sparse

Hamiltonians and ÕðmKT=η2jÞ for polynomially sparse
Hamiltonians. In the former case, T can be chosen as an
arbitrarily large constant, whereas in the latter case we
require T ¼ Θðm−1=KÞ for some constant K∈N. See
Appendix E for detailed derivations.

C. Total complexity and regime crossover

At the crossover point ηj ¼ ηsw (defined in
Algorithm 3), the small-error regime and large error
regime complexities coincide, and each is optimal in its

respective domain. Hence tðjÞtot ¼ minftðjÞtot;small; t
ðjÞ
tot;largeg

and ttot ¼
PJ

j¼1 t
ðjÞ
tot .

For logarithmically sparse Hamiltonians, we obtain

ttot ¼ Õ
�
min

�
4mT3

ε
;
4mT
ε2

��
; (44)

with minimum evolution time tmin ¼ T.
For polynomially sparse Hamiltonians, we obtain

ttot ¼ Õ
�
min

�
mKþ2T

ε
;
mKT
ε2

��
; (45)

with tmin ¼ Θðm−1=KÞ ¼ T for K∈N. This establishes
Theorems 1 and 2.
The resulting bounds show that the minimum accessible

evolution time is not merely a technical parameter of the
algorithm, but a resource that can be traded against total
evolution time. We now discuss the implications of this
tradeoff and several directions opened by the long-time
learning model.

D. Implementation cost of the quantum controls

Our main complexity bounds concern access to the
unknown evolution and do not explicitly count the gates
required to implement the remaining quantum controls.
We briefly summarize these costs here. We assume that the
known Hamiltonians are supplied through their explicit
Pauli decompositions and suppress polylogarithmic factors
in the target simulation accuracy.

ALGORITHM 3. MAIN: Hamiltonian learning in Heisenberg limit without short time control.

Input: Oracle access to e−iHτ for all τ ≥ T, where H is traceless, m-sparse, and kHk∞ ≤ 1; target accuracy ε∈ ð0; 1Þ.
Output: An m-sparse estimate H̃ satisfying kH − H̃kl∞

≤ ε.
1 Choose J ¼ ⌈ log2ð1=εÞ⌉
2 if m ¼ Oðlog nÞ then
3 s ← 4m, cF ← 2π

ffiffiffiffi
m

p
T, c∞ ← 2πmT, c ← 1=ð256 ffiffiffiffi

m
p Þ

4 else if m ¼ polyðnÞ and T ¼ Θðm−1=KÞ for some K∈N then
5 s ← OðmK−1Þ, cF ← 2

ffiffiffiffi
m

p
, c∞ ← 2m, c ← 1=ð256 ffiffiffiffi

m
p Þ

6 ηsw ← c=ð10cFc∞Þ
7 Initialize H0 ← 0
8 for j ¼ 0 to J − 1 do
9 ηj ← 2−j, tj ← 1=ð32mηjÞ, Nj ← ⌈1=ð2 ffiffiffiffi

m
p

ηjÞ⌉
10 Cj ← eiHTe−iHjT

11 if ηj ≤ ηsw then
12 Let Wj be Hermitian such that Cj ¼ eiWj

13 Implement integer-time access to UWj
ðtÞ ¼ e−iWjt via ðC†

jÞt
14 W̃j ← INTEGEREVOLðUWj

; s; cF; c∞; c; ηjÞ
15 C̃j ← eiW̃j

16 τj ← T þ tj=Nj

17 ŨðjÞ
res ← ðe−iHτj C̃j eiHjτjÞNj

18 Δ̃Hj ← SPARSEHAMðŨðjÞ
res; m; ηjÞ

19 else
20 gΔHj ← LEARNSTANDARDQUANTUMLIMITðUH;Hj;m; ηjÞ
21 Hjþ1 ← T m;1ðHj þ gΔHjÞ
22 return H̃ ← HJ
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First, consider simulation of the current estimate Hj.
Every occurrence of an unknown evolution e−iHτ, both
when learning Wj and when emulating the residual
dynamics, is accompanied by an evolution under the
known Hamiltonian Hj for a comparable duration.
Hence, summing over the complete protocol, the total
simulated evolution time under Hj is OðttotÞ. If Hj is
geometrically local on a constant-dimensional lattice, this
gives gate complexity ÕðnttotÞ using lattice-Hamiltonian
simulation techniques with ancillary qubits [34], or
OððnttotÞ1þ 1

2kÞ using a ð2kÞth-order product formula [35].
Since the truncation step preserves the Pauli sparsity and
coefficient bounds of Hj, its simulation has essentially the
same implementation cost as simulating a known
Hamiltonian from the target class.
The long-time product formula additionally requires one

implementation of eiW̃j per product-formula segment. Each
such segment also contains one query to the unknown
Hamiltonian, so the total number of correction operations
is at most the total query countN . Under the standard sparse-
Pauli simulation model, in which a bounded Hamiltonian
containing r explicitly specified Pauli terms can be simulated
for unit time using ÕðnrÞ two-qubit gates, the total gate
complexity of the correction operations is bounded by
Õðn4mN Þ for logarithmically sparse Hamiltonians, and by
ÕðnmK−1N Þ for polynomially sparse Hamiltonians with
fixed K. These are general Pauli-simulation bounds. Unlike
Hj, the learned correction W̃j neednot preserve thegeometric
locality of the original Hamiltonian, and its simulation may
therefore constitute the dominant digital-control overhead.
It remains to account for the learning and tomography

circuits. Both IntegerEvol and SparseHam prepare a Choi
state by generating n maximally entangled pairs, applying
the relevant evolution to one half, and applying the fixed
transformation V from the Bell basis to the computational
basis. Preparing the Bell pairs and implementing V require
OðnÞ Clifford gates and OðnÞ two-qubit gates per circuit
execution. Support identification is then performed by
computational-basis measurement and requires a single
measurement setting. The subsequent recovery of the
relative amplitudes may be implemented using pairwise
interference measurements between the reference ampli-
tude and each recovered support element. A direct imple-
mentation therefore uses Oð4mÞ or OðmK−1Þ distinct
measurement settings when learning Wj, and OðmÞ dis-
tinct settings when performing tomography of the residual
Hamiltonian. On a generic all-to-all architecture, each
such two-level basis change can be synthesized using
Oðn2Þ two-qubit gates, or OðnÞ gates given suitable
ancillary qubits and multi-controlled gate constructions.
Every circuit execution ends with OðnÞ single-qubit
measurements, and no collective measurement across
different experimental repetitions is required.

Thus, besides the analog evolution time ttot, the princi-
pal implementation costs are the simulation of Hj for total
time OðttotÞ, at most N simulations of the sparse correc-
tion Hamiltonians W̃j, andOðnÞ-size state-preparation and
measurement circuits for each tomography experiment.
The main practical advantage of our protocol is therefore
the removal of vanishingly short evolutions under the
unknown Hamiltonian, at the expense of additional digital
simulation of the learned correction Hamiltonians.
Overall, relaxing the minimum evolution time can

increase other implementation costs. In particular, the
tradeoff between tmin and ttot may also lead to larger gate
complexity through more applications and more costly
simulations of the learned correction Hamiltonians.
Achieving constant tmin while retaining near-optimal total
evolution time and circuit complexity remains an open
question.

VII. DISCUSSION

To the best of our knowledge, existing Heisenberg-
limited protocols for learning an m-sparse Hamiltonian
without continuous quantum control rely on access to
very short evolution times, with the minimum evolution
time scaling as tmin ¼ Θð ffiffiffi

ε
p Þ [9] or tmin ¼ Θð1=mÞ [36].

In sharp contrast, our framework demonstrates that
Heisenberg-limited Hamiltonian learning is possible
without access to very short-time evolutions, thereby
eliminating the need for ultra-short-time control in the
logarithmically sparse regime and substantially relaxing
it in the polynomially sparse regime. This represents a
qualitative shift in the paradigm of Hamiltonian learning:
rather than relying on fine-grained temporal access, one
can instead leverage long-time dynamics together with
suitable algorithmic reductions to achieve information-
theoretically optimal performance. In particular, for log-
arithmically sparse Hamiltonians, our results show that
Heisenberg-limited scaling can still be attained even when
the minimum accessible evolution time is fixed to be a
constant independent of the system size and target
accuracy.
An important limitation of the present approach is that

an efficient algorithm with an arbitrary fixed minimum
evolution time is obtained only for logarithmically sparse
Hamiltonians. This excludes extensive local models, such
as nearest-neighbor Ising-type Hamiltonians, whose num-
ber of interaction terms typically grows linearly with the
system size. The factor 4m in our current bound arises from
considering the full Pauli algebra generated by the sup-
ports of H and Hj, without using the geometry of the
interaction terms. We highlight the fundamental open
problem of characterizing the optimal tradeoff between
the total evolution time ttot and the minimum evolution
time tmin. Can one design algorithms that achieve ttot ¼
polyðm; TÞ=ε while maintaining tmin ¼ T? More broadly,
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what is the optimal dependence of ttot on the sparsitym and
the minimum evolution time T? Resolving these questions
would provide a complete understanding of the role of
temporal resources in Hamiltonian learning. One can
consider a local Hamiltonian on a bounded-degree inter-
action graph. On this Hamiltonian, nested commutators
can be nonzero only when the participating terms are
connected through overlapping supports. This suggests
that the correction generator may be described or approxi-
mated using connected local clusters, rather than by
enumerating the full Pauli algebra. A natural open question
is whether such a locality-sensitive analysis can remove
the exponential dependence on m and yield a polynomial-
time long-time-only learning algorithm with a constant
minimum evolution time. Establishing such a result even
for geometrically local Ising-type models, including non-
commuting variants, would be an important first step
toward extending our framework to physically relevant
many-body systems.
From an experimental perspective, this temporal-re-

source tradeoff also exchanges one implementation chal-
lenge for another. Our protocol avoids stationary evolution
intervals that become arbitrarily short with the target
accuracy, but the emulation of residual dynamics requires
product-formula sequences containing repeated long-time
evolutions. The potential advantage is that each long-time
query may contain a well-established stationary plateau
under the target Hamiltonian, rather than requiring the
device to reach, maintain, and leave the target operating
point within a vanishingly short interval. The cost is a longer
coherent sequence and greater circuit depth, which can
increase the effects of decoherence and accumulated control
errors. This tradeoff may therefore be favorable when
finite ramping and settling times are the dominant obstacle
to short-time access, while evolution under the settled
Hamiltonian remains sufficiently stable and coherent
throughout the longer sequence. Conversely, it may offer
little practical advantage when coherence time or accumu-
lated control errors are the dominant limitations, or when
short stationary evolutions can already be implemented
reliably. Thus, our results identify a hardware-dependent
operating regime rather than establishing that long-time
access is universally easier than short-time access.
This conceptual shift brings crucial clarity to the dis-

tinction between minimum evolution time and time res-
olution. While the minimum evolution time (tmin ≔ miniti)
is often referred to as the minimum time resolution in the
literature [5,9,36], from a hardware perspective, it is more
natural to formalize time resolution as a fundamental
discretization step δ (e.g., the clock speed of a control
generator). Under this definition, accessible evolutions are
restricted to UðtjÞ ¼ e−iHtj with tj ∈ δN, even if all such
times are required to satisfy tj ≥ tmin. Thus, tmin and δ
capture distinct experimental limitations: the former spec-
ifies the shortest duration for which the system must be

coherently evolved, whereas the latter specifies how finely
the evolution time must be programmable. Our results
address the former by showing that Heisenberg-limited
learning can be achieved without accessing ultra-short
evolutions. Determining the minimum time resolution δ
required for efficient Hamiltonian learning remains an
important open problem.
Beyond temporal constraints, a crucial practical direc-

tion is to study Hamiltonian learning under the limited
availability of ancillary systems. In many physical plat-
forms, introducing and maintaining clean ancillas is
highly restricted or costly. Inspired by recent progress
in ancilla-free Hamiltonian learning [8], it would be highly
desirable to develop ancilla-free algorithms that operate
solely using long-time evolutions. Furthermore, understand-
ing the interplay between long-time dynamics and addi-
tional control resources, such as static single-qubit fields
[37], may provide new avenues for improving practical
performance while maintaining theoretical guarantees.
From an experimental perspective, several additional

directions merit investigation. One natural question con-
cerns even more restrictive access models, where only a
limited subset of the system can be probed, without
requiring global control over the dynamics. In recent work
on quantum probe tomography [38], it has been shown
that, for certain structured Hamiltonians, Heisenberg-
limited scaling can be achieved even under such locality
constraints, using only local probe operations. It is there-
fore natural to ask whether similar guarantees can be
established in the long-time evolution regime considered
in this work. In particular, can one achieve Heisenberg-
limited Hamiltonian learning using only local probes
combined with long-time dynamics, thereby completely
eliminating the need for global control?.
Another important experimental consideration concerns

the precision with which long-time evolution can be
implemented. While our framework removes the need
for ultra-short-time control, it still implicitly assumes the
ability to realize time evolution for a prescribed duration T
with high accuracy. In realistic experimental settings,
however, such timing may only be achievable up to
multiplicative uncertainties, e.g., implementing an evolu-
tion time in the range ½ð1 − δÞT; ð1þ δÞT� for some
constant δ > 0. It is therefore an important open question
whether Heisenberg-limited scaling can still be achieved
under such timing imprecision. Addressing this question
would significantly enhance the robustness and practical
relevance of long-time Hamiltonian learning protocols.
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APPENDIX A: RELATED WORK

The interactions of a quantum system are encoded in its
Hamiltonian, and characterizing this Hamiltonian from
real-time dynamics is a fundamental problem in quantum
information and many-body physics. In particular, learning
an unknown Hamiltonian from access to its time-evolution
operator has been extensively studied; see, e.g., [1–15].
Beyond full reconstruction, more recent works have also
considered weaker primitives such as Hamiltonian testing
[39–45] and certification [45–48], which aim to verify
structural or spectral properties of a Hamiltonian without
fully learning it.
In this work, we focus on learning the full description of

an unknown Hamiltonian using only real-time dynamics. It
is by now well understood that Hamiltonian learning can
be performed quite generally using derivative-based esti-
mation techniques, which achieve total evolution time
scaling ttot ¼ OðlogðnÞ=ε3Þ [15].
More efficient guarantees are known under additional

structural assumptions. In particular, when the interaction
structure is known and the Hamiltonian is low-interaction
(e.g., bounded-degree local), one may assume that the
Pauli operators Px are fixed and only the coefficients αx are
unknown. In this setting, Huang et al. [5] show that the
Hamiltonian can be learned to accuracy ε using total
evolution time ttot ¼ ΘðlogðnÞ=εÞ with minimum evolu-
tion time tmin ¼ Θð ffiffiffi

ε
p Þ, achieving Heisenberg-limited

scaling in the error parameter and improving upon the
standard 1=ε2 dependence.

However, the assumption that the interaction structure is
known is often unrealistic in practice. Existing approaches
relying on this assumption typically require explicit
knowledge of the interaction terms, either to construct
commutator expansions [16] or to perform Hamiltonian
reshaping procedures that decouple the dynamics [5].
Learning the interaction structure itself has therefore

attracted significant attention [8,9,17]. In particular, for
Oð1Þ-local Hamiltonians, Bakshi et al. [17] construct
Goldreich-Levin-type queries using classical shadows,
enabling efficient identification of the support. Their
approach achieves Heisenberg-limited total evolution time
ttot ¼ Oðm=εÞ via a hierarchical learning scheme, while
maintaining a ε-independent minimum evolution time
tmin ¼ Θð1=mÞ for general local Hamiltonians and tmin ¼
Θð1Þ for local Hamiltonians when every site is acted on by
Oð1Þ terms, through approximate quantum control imple-
mented using constant-time Trotterization. Since the fun-
damental lower bound is ttot ¼ Ωð1=εÞ [14], this result is
optimal in its dependence on ε for local Hamiltonians.
Hamiltonian learning without locality assumptions has

also been explored [8,9]. The ansatz-free approach of [8]
achieves total evolution time ttot ¼ Oðm2=εÞ via a hierar-
chical learning scheme combinedwithHamiltonian reshap-
ing. This method isolates individual Pauli components
using Pauli twirling, allowing efficient estimation of co-
efficients. However, implementing the reshaped dyna-
mics requires repeated applications of ultra-short time
evolutions, resulting in a minimum evolution time of
tmin ¼ Θð ffiffiffi

ε
p Þ. The work of Abbas et al. [9] improves the

total evolution time to Oðm=εÞ, while retaining the same
requirement on tmin.
Lower bounds for Hamiltonian learning have also been

extensively studied [7,9,37,49]. It is known that any
algorithm that learns an m-sparse Hamiltonian to accuracy
ε in the Pauli-coefficient l1 norm requires a total evolution
time of at least ΩðmÞ [7]. This was later strengthened to a
lower bound of Ωðm=εÞ on the total evolution time
(Theorem 4.5 of [9]). Furthermore, learning a m-sparse
Hamiltonian H in the l∞ norm requires at least Ωðm=nÞ
experiments with H (Theorem 4.1 of [9]). Naturally, it
follows that for tmin ¼ T, the total evolution ttot is bounded
by ΩðmT=nÞ. It has also been shown that learning a
Hamiltonian using at most L discrete control operations to
accuracy ε in the l∞ norm requires total evolution time
Ωð1=ðLε2ÞÞ [8]. Consequently, achieving Heisenberg-
limited scaling necessitates at leastΩð1=εÞ discrete control
operations.
Practical aspects of Hamiltonian learning in the pres-

ence of static single-qubit fields have also been inves-
tigated [37]. In this setting, achieving Heisenberg-limited
scaling in the total evolution time requires either Oð1=εÞ
discrete control operations or a static field strength
v ¼ Ωð1Þ. Consequently, in the absence of static single-
qubit control, one must interact with the Hamiltonian at
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least Oð1=εÞ times. This implies that only with discrete
control, for tmin ¼ T, the total evolution ttot is bounded
by ΩðT=εÞ.
Finally, recent work on quantum probe tomography [38]

provides an alternative framework forHamiltonian learning
under restricted access models. In particular, it has been
shown that certain structured Hamiltonians (e.g., trans-
lation- and rotation-invariant nearest-neighbor systems)
can be reconstructed from local probes of Gibbs states
with query complexity polynomial in 1=ε and classical
post-processing time polylogarithmic in 1=ε. These results
demonstrate that Hamiltonian learning remains feasible
even under severely constrained measurement access.
Concurrent work. Concurrently with and independently

of this work, Cedillo Vayson de Pradenne, Cotler, and
Huang study Hamiltonian learning from repeated access to
a single fixed unitary U ¼ e−iHt, where t is unknown and
may be arbitrarily large [50]. Their protocol uses random
product-state inputs and randomized Pauli measure-
ments and, under structural and genericity assumptions
on local Hamiltonian families, recovers the normalized
Hamiltonian direction up to sign with inverse-polynomial
accuracy using polynomial resources. In contrast, our
protocol allows multiple chosen evolution times ti ≥ T
and uses coherent access, including maximally entangled
probes, to recover the full coefficients of any norm-
bounded Pauli-sparse Hamiltonian to an arbitrary l∞ error
ϵ. Moreover, our guarantees explicitly quantify the tradeoff
between the minimum and total evolution times while
retaining Heisenberg-limited scaling in ϵ.

APPENDIX B: PRELIMINARIES

We represent any traceless n-qubit HamiltonianH using
its Pauli decomposition

H ¼
X
x

αxPx; (B1)

where αx ∈R and Px ranges over the non-identity Pauli
operators.
We use several norms to quantify the size of a

Hamiltonian. The (unnormalized) Frobenius norm is
defined as

kHkFrob ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrðH†HÞ

q
: (B2)

The normalized Frobenius norm is

kHkF ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
TrðH†HÞ

2n

r

¼ 2−n=2kHkFrob ¼
�X

x
jαxj2

�
1=2

; (B3)

which coincides with the l2 norm of the Pauli coefficient
vector.
The operator norm is defined as

kHk∞ ¼ kHkop ¼ sup
kvk¼1

kHvk: (B4)

For Hermitian H, this equals the spectral norm maxijλij.
Since all Hamiltonians considered in this work are
Hermitian, we use the notation k · k∞ throughout.
We will also use the unitary distance

dðU;VÞ ¼ min
ϕ
kU − eiϕVkF: (B5)

Since d is a metric, it satisfies the triangle inequality.
We also define the Pauli-coefficient lp norm of H as

kHklp
¼ jμjp ¼

�X
x
jαxjp

�
1=p

: (B6)

In particular, kHkl∞
¼ maxxjαxj.

We will frequently use the following lemma relating the
Pauli-coefficient norms.
Lemma 3. (Pauli-coefficient growth under powers). Let

A ¼ P
x αxPx be an m-sparse Hamiltonian in the Pauli

basis. Then for every integer k ≥ 1,

kAkkl∞
≤ mk−1kAkkl∞

: (B7)

Proof. Let S ≔ suppðαÞ ¼ fx∶ αx ≠ 0g, jSj ≤ m.
Then

Ak ¼
X

x1;…;xk ∈ S

αx1 � � � αxk Px1 � � �Pxk: (B8)

Fix a Pauli operator Py. The coefficient of Py in Ak is
obtained by summing over all tuples ðx1;…; xkÞ∈Sk

satisfying Px1 � � �Pxk ¼ ωPy for some phase
ω∈ f�1;�ig.
Once x1;…; xk−1 are fixed, there is at most one choice

of xk such that the above equality holds. Hence the number
of contributing tuples is at most mk−1. Each term in the
sum has magnitude at most kAkkl∞

, which implies

jcoeffPy
ðAkÞj ≤ mk−1kAkkl∞

: (B9)

Taking the maximum over y yields the desired bound. ▪

1. Bell sampling

We recall the Bell basis and the Bell-sampling primitive
used throughout this work. For two qubits, the Bell
states are
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jσ00i ¼
1ffiffiffi
2

p ðj00i þ j11iÞ; (B10)

jσ01i ¼
1ffiffiffi
2

p ðj00i − j11iÞ; (B11)

jσ10i ¼
1ffiffiffi
2

p ðj01i þ j10iÞ; (B12)

jσ11i ¼
1ffiffiffi
2

p ðj01i − j10iÞ: (B13)

The 2n-qubit Bell basis is given by all tensor products
jσsi ¼ jσs1i ⊗ � � � ⊗ jσsni, where si ∈ f00; 01; 10; 11g.
Equivalently, we may index outcomes by s∈ f0; 1g2n
via the standard identification f00; 01; 10; 11g ≅ f0; 1g2
per qubit-pair.
Given an n-qubit state ρ, Bell sampling [51,52] means

measuring ρ⊗2 in the n-fold Bell basis fjσsigs∈ f0;1g2n . The
resulting outcome s has distribution qρðsÞ. For a pure state
ρ ¼ jψihψ j, this distribution is given by

qρðsÞ ¼ 2−njhψ�jPsjψij2. (B14)

Here jψ�i is the complex conjugate of jψi in the computa-
tional basis, and Ps is the n-qubit Pauli operator associated
with s.
For a unitary with Pauli expansion U ¼ P

x Ux σx,
measuring the Choi state ðU ⊗ IÞjΦi in the Bell basis
returns the label x with probability jUxj2. Equivalently,
there exists a fixed unitary V such that

VðU ⊗ IÞjΦi ¼
X
x

Uxjxi; (B15)

where V transforms ðσx ⊗ IÞjΦi into jxi.

2. Pure-state tomography

Our Hamiltonian learning algorithm reduces the prob-
lem to sparse pure-state tomography. We therefore analyze
the sample complexity of reconstructing a sparse pure
quantum state under two different norms. In particular, we
provide guarantees for recovery in the l∞ and l2 norms of
the coefficient vector.
Lemma 4. (Sparse pure-state tomography in l∞ norm).

Let jψi ¼ P
x αxjxi be a pure quantum state, and let

ε; δ∈ ð0; 1Þ. Assume there exists a set S⋆ with jS⋆j ≤ s
such that jα0 − 1j ≤ ε=3 and jαxj ≤ ε=3 for all x ∉ S⋆.
Then there exists a randomized procedure that, using

O
�
s
ε2

log
s
δ

�
(B16)

copies of jψi, outputs a coefficient vector α̃ satisfying
jα̃ − αj∞ ≤ ε with probability at least 1 − δ.

Proof. First measure Oðε−2 logðs=δÞÞ copies of jψi in
the computational basis and keep all indices whose
empirical probability exceeds a suitable constant multiple
of ε2.
By standard heavy-hitters guarantees, with probability

at least 1 − δ=3, the procedure returns a set T such that
jαxj > 3ε=4 implies x∈T and jαxj < 3ε=8 implies x ∉ T.
Since jαxj ≤ ε=3 < 3ε=8 for x ∉ S⋆, we have T ⊆ S⋆
and jTj ≤ s.
Moreover, every x ∉ T satisfies jαxj ≤ 3ε=4, and hence

jαTc j∞ ≤ 3ε=4. Also, jα0j ≥ 1 − ε=3 > 3=4, so 0∈T.
Next perform standard pure-state tomography restricted

to the support T to accuracy ε=20. Using

O
�jTj
ε2

log
jTj
δ

�
¼ O

�
s
ε2

log
s
δ

�
(B17)

copies, we obtain coefficients α̂ supported on T such that,
with probability at least 1 − δ=3,

kα̂ − eiϕαTk2 ≤
ε

20
(B18)

for some ϕ∈R.
Define

α̃x ≔
�
α̂0 α̂x; x∈T;
0; x ∉ T:

(B19)

Since

jα̂0 − eiϕj ≤ jα̂0 − eiϕα0j þ jα0 − 1j (B20)

≤
ε

20
þ ε

3
; (B21)

the phase correction ensures kα̃T − αTk∞ ≤ ε=2.
Therefore kα̃ − αk∞ ≤ max fkα̃T − αTk∞; kαTck∞g ≤ ε.
The claimed sample complexity follows by summing

the two stages, and the failure probability is at most δ by a
union bound. ▪
Lemma 5. (Sparse pure-state tomography in l2 norm).

Let jψi ¼ P
x αxjxi be a pure quantum state, and let

ε; δ∈ ð0; 1Þ. Assume there exists a set S⋆ with jS⋆j ≤ s
such that jα0 − 1j ≤ ε=4 and ðPx∉S⋆ jαxj2Þ1=2 ≤ ε=4. Then
there exists a randomized procedure that, using

O
�
s
ε2

log
s
δ

�
(B22)

copies of jψi, outputs a coefficient vector α̃ satisfying
jα̃ − αj2 ≤ ε with probability at least 1 − δ.
Proof. First measure Oðsε−2 logðs=δÞÞ copies of jψi in

the computational basis and keep all indices whose
empirical probability exceeds a suitable constant multiple
of ε2=s.
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By standard heavy-hitters guarantees, with probability
at least 1 − δ=3, the procedure produces a set T such that
jαxj > ε=ð2 ffiffiffi

s
p Þ implies x∈T and jαxj < ε=ð4 ffiffiffi

s
p Þ implies

x ∉ T, and hence jTj ¼ OðsÞ.
Moreover,

kαTck2 ≤ kαSc⋆k2 þ kαS⋆∩Tck2 (B23)

≤
ε

4
þ ffiffiffi

s
p

·
ε

2
ffiffiffi
s

p (B24)

¼ 3ε

4
: (B25)

Also, jα0j ≥ 1 − ε=4 > 3=4, so 0∈T.
Next perform standard pure-state tomography restricted

to the support T to accuracy ε=20. Since jTj ¼ OðsÞ, this
uses

O
�jTj
ε2

log
jTj
δ

�
¼ O

�
s
ε2

log
s
δ

�
(B26)

copies and returns coefficients α̂ supported on T such that,
with probability at least 1 − δ=3,

kα̂ − eiϕαTk2 ≤
ε

20
(B27)

for some ϕ∈R.
Define

α̃x ≔
�
α̂0 α̂x; x∈T;
0; x ∉ T:

(B28)

Since

jα̂0 − eiϕj ≤ jα̂0 − eiϕα0j þ jα0 − 1j (B29)

≤
ε

20
þ ε

4
; (B30)

the same phase-correction argument yields kα̃T − αTk2 ≤
ε=4. Therefore

kα̃ − αk2 ≤ kα̃T − αTk2 þ kαTck2 (B31)

≤
ε

4
þ 3ε

4
(B32)

¼ ε: (B33)

The claimed sample complexity follows by summing
the two stages, and the failure probability is at most δ by a
union bound. ▪

3. Technical tools

In this section, we collect several useful mathematical
lemmas that will be used throughout the proofs. We begin
with Duhamel’s principle, which provides a convenient
way to express and bound e−iXteiYt.
Lemma 6. (Duhamel’s principle [53]). Let X; Y be

Hermitian matrices, and let VðtÞ ≔ e−iXteiYt and
Δ ≔ X − Y. Then, for every t ≥ 0,

VðtÞ ¼ I − i
Z

t

0

e−iXs Δ eiYs ds: (B34)

Consequently, for any unitarily invariant norm k · k, we
have kVðtÞ − Ik ≤ tkΔk.
We next show that any unitary can be written, up to a

global phase, as the exponential of a traceless Hermitian
matrix with a controlled norm.
Lemma 7. (Traceless Hermitian representation of a

unitary). Let U be a unitary matrix. Then there exists a
traceless Hermitian matrix H such that dðU; e−iHÞ ¼ 0,
where dðU;VÞ ≔ minϕ∈RkU − eiϕVk and k · k is any
unitarily invariant norm. Moreover, kHk ≤ πkI −Uk.
Proof. By the spectral theorem, there exists an ortho-

normal basis fjψjigdj¼1 and phases θj ∈ ð−π; π� such that

U ¼
Xd
j¼1

e−iθj jψjihψjj: (B35)

Define

θ̄ ≔
1

d

Xd
j¼1

θj; (B36)

H ≔
Xd
j¼1

ðθj − θ̄Þjψjihψjj: (B37)

Then H is Hermitian and traceless, since

TrðHÞ ¼
Xd
j¼1

ðθj − θ̄Þ ¼ 0: (B38)

Moreover,

e−iH ¼
Xd
j¼1

e−iðθj−θ̄Þjψjihψjj ¼ eiθ̄U; (B39)

and hence dðU; e−iHÞ ¼ 0.
We now prove the norm bound. Since k · k is unitarily

invariant, it depends only on the singular values. In the
eigenbasis of U, both H and I −U are diagonal:
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H ¼ diagðθ1 − θ̄; � � � ; θd − θ̄Þ; (B40)

I −U ¼ diagð1 − e−iθ1 ; � � � ; 1 − e−iθdÞ: (B41)

For each j, we have

j1 − e−iθj j ¼ 2





 sin θj2




 ≥ 2jθjj

π
; (B42)

and hence

jθjj ≤
πj1 − e−iθj j

2
: (B43)

Let M ≔ maxjjθjj. Then jθ̄j ≤ M, and therefore

jθj − θ̄j ≤ jθjj þ jθ̄j ≤ 2M ≤ πmax
k

j1 − e−iθk j: (B44)

Since Φ is monotone with respect to coordinate-wise
inequalities, it follows that kHk ≤ πkI −Uk. ▪
We next invoke the BCH formula to express the product

of exponentials as a single exponential, enabling a term-
by-term analysis of the resulting generator.
Lemma 8. (Baker-Campbell-Hausdorff formula, Dynkin

form [54]). Let X; Y be bounded operators such that
kXk∞ þ kYk∞ < log 2. Then the Baker-Campbell-
Hausdorff series converges absolutely, and

logðeXeYÞ ¼
X
r≥1

BCHrðX; YÞ: (B45)

Here BCHrðX; YÞ is the homogeneous Lie polynomial
of degree r given by

BCHrðX; YÞ ¼
Xr
n¼1

ð−1Þn−1
n

X
ri;si≥0
riþsi>0P
n
i¼1

ðriþsiÞ¼r

½Xr1Ys1 � � �XrnYsn �
r
Q

n
i¼1ðri!si!Þ

:

(B46)

Here ½Xr1Ys1 � � �XrnYsn � denotes the left-normed com-
mutator associated with the word consisting of r1 copies of
X, followed by s1 copies of Y, and so on. Equivalently,
whenever sn ≥ 1, we have

½Xr1Ys1 �� �XrnYsn �¼ ðadXÞr1ðadYÞs1 �� �ðadXÞrnðadYÞsn−1ðYÞ;
(B47)

where adXðZÞ ≔ ½X; Z�, and adkX denotes its k-fold
iteration.
We next derive a bound on each BCH term in the

normalized Frobenius norm, which will be used to control
the contribution of higher-order terms.
Corollary 1. (Degreewise normalized Frobenius

bound for BCH coefficients). Assume the hypotheses of

Lemma 8, and let M ≔ maxfkXk∞; kYk∞g and
ε ≔ kX þ YkF. Then

kBCHrðX; YÞkF ≤ Cr Mr−1ε; (B48)

where Cr ≔ 22r−1rr=r! ≤ ð4eÞr.
Proof. Define the left-normed commutator

LrðZ1;…; ZrÞ ≔ ½Z1; ½Z2;…; ½Zr−1; Zr� � � ���. We will use
the inequality k½U;V�kF ≤ 2kUkFkVk∞.
By induction on r, it follows that for every 1 ≤ j ≤ r,

kLrðZ1;…; ZrÞkF ≤ 2r−1kZjkF
Y
i≠j

kZik∞: (B49)

Now fix r ≥ 2 (the case r ¼ 1 is trivial), n∈ f1;…; rg,
and a tuple ðr1; s1;…; rn; snÞ appearing in Lemma 8. Let
W¼½Xr1Ys1 � � �XrnYsn �¼LrðZ1;…;ZrÞ, where Zj∈fX;Yg.
Define the reference tuple ðZ̃1;…; Z̃rÞ by

Z̃j ¼
�

X; Zj ¼ X;
−X; Zj ¼ Y: (B50)

Since each Z̃j is a scalar multiple of X, we have
LrðZ̃1;…; Z̃rÞ ¼ 0 for r ≥ 2. By multilinearity and tele-
scoping,

LrðZ1;…;ZrÞ¼
Xr
j¼1

LrðZ̃1;…; Z̃j−1;Zj− Z̃j;Zjþ1; � � � ;ZrÞ:

(B51)

If Zj ¼ X, then Zj − Z̃j ¼ 0, while if Zj ¼ Y, then
Zj − Z̃j ¼ X þ Y. Hence only positions with Zj ¼ Y
contribute. Let q be the number of occurrences of Y, so
q ≤ r. Using Eq. (B49), we obtain

kWkF ≤ q 2r−1Mr−1kX þ YkF ≤ r 2r−1Mr−1ε: (B52)

Applying Eq. (B52) to the Dynkin formula in Lemma 8,
the factor r cancels the denominator r, yielding

kBCHrðX; YÞkF

≤ ð2r−1Mr−1εÞ
Xr
n¼1

�
1

n

X
ri ;si≥0
riþsi>0P
n
i¼1

ðriþsiÞ¼r

1Q
n
i¼1 ri!si!

�
:

(B53)

To bound the inner sum, set di ≔ ri þ si ≥ 1. Then

X
riþsi¼di

1

ri!si!
¼ 2di

di!
; (B54)

and hence
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X
ri;si≥0
riþsi>0P
n
i¼1

ðriþsiÞ¼r

1Qn
i¼1 ri!si!

¼ 2r
X

d1 ;…;dn≥1
d1þ���þdn¼r

1

d1! � � � dn!
: (B55)

Define

Tr;n ≔
X

d1 ;…;dn≥1
d1þ���þdn¼r

1

d1! � � � dn!
: (B56)

Then ðet − 1Þn ¼ P
r≥n Tr;ntr, so

Tr;n ¼ ½tr�ðet − 1Þn ¼ n!Sðr; nÞ
r!

; (B57)

where Sðr; nÞ is a Stirling number of the second kind.
Since n!Sðr; nÞ ≤ nr, we obtain Tr;n ≤ nr=r!.
Substituting into Eq. (B53), we obtain

kBCHrðX; YÞkF ≤ ð22r−1Mr−1εÞ ·
Xr

n¼1

1

n
Tr;n (B58)

≤ ð22r−1Mr−1εÞ · 1
r!

Xr
n¼1

nr−1: (B59)

Using
P

r
n¼1 n

r−1 ≤ rr, we conclude

kBCHrðX; YÞkF ≤
22r−1rr

r!
Mr−1ε; (B60)

for r ≥ 2.
Finally, Stirling’s bound r! ≥

ffiffiffiffiffiffiffiffi
2πr

p ðr=eÞr implies

Cr ¼
22r−1rr

r!
≤
22r−1erffiffiffiffiffiffiffiffi

2πr
p ¼ ð4eÞr

2
ffiffiffiffiffiffiffiffi
2πr

p ≤ ð4eÞr; (B61)

completing the proof. ▪
We next introduce a projection step onto the set of

sparse, norm-bounded Hamiltonians, which will be used to
maintain feasibility during the iteration.
Definition 1. (Sparse bounded truncation). Let Sk;c ≔

fH0∶ suppPðH0Þ ≤ k; kH0k∞ ≤ cg be the set of k-sparse
Hamiltonians with operator norm at most c. For a
Hamiltonian H, define

T k;cðHÞ ≔ arg min
H0 ∈Sk;c

kH −H0kl∞
: (B62)

Lemma 9. (Stability of sparse bounded truncation). Let
A be an m-sparse Hamiltonian with kAk∞ ≤ c, and let
B be a Hamiltonian satisfying kA − Bkl∞

≤ ε. Then
kA − T m;cðBÞkl∞

≤ 2ε.

Proof. Since A∈Sm;c, optimality gives
kB − T m;cðBÞkl∞

≤ kB − Akl∞
≤ ε. The claim follows

by the triangle inequality. ▪

APPENDIX C: REDUCTION TO PURE-STATE
TOMOGRAPHY

1. Correctness of Algorithm 2

In this section, we reduce Hamiltonian learning to pure-
state tomography. For convenience, define a unitary V
satisfying VðPx ⊗ IÞjΦi ¼ jxi for all x. Such a unitary
exists since the states fðPx ⊗ IÞjΦi∶ x∈ f0; 1g2ng form
an orthonormal basis.
Theorem 3. (Sparse Hamiltonian learning via pure-state

tomography). Let A ¼ P
x∈ f0;1g2n αxPx be an n-qubit

traceless Hermitian operator, where fPxg is the Pauli
basis and jsuppðαÞj ≤ m. Assume that kAkl∞

≤ ε. Then,
using queries to the real-time evolution operator e−iAt with
t ¼ Oð1=ðmεÞÞ, we can learn an m-sparse Hamiltonian A1

such that kA − A1kl∞
≤ ε=8. The total evolution time

is Oðm2=εÞ.
To prove Theorem 3, we first introduce the follow-

ing lemma.
Lemma 10. (First-order reduction to pure-state tomo-

graphy). Let A ¼ P
x αxPx be an m-sparse traceless

Hamiltonian with kAkl∞
≤ ε. Define

jψ ti ¼ Vðe−iAt ⊗ IÞjΦi ¼
X
x

βxjxi; (C1)

where t ≤ 1=ðmεÞ. Then j1 − β0j ≤ mt2ε2, and jβx þ
itαxj ≤ mt2ε2 for all x ≠ 0. In particular, learning jψ ti
allows one to recover the coefficients αx.
Proof. Let

R ≔ e−iAt − ðI − iAtÞ ¼
X
k≥2

ð−itAÞk
k!

: (C2)

Then

kRkl∞
≤
X
k≥2

tk

k!
kAkkl∞

(C3)

≤
X
k≥2

tk

k!
mk−1εk (C4)

¼ mt2ε2
X
k≥2

ðtmεÞk−2
k!

(C5)

≤ mt2ε2
X
k≥2

1

k!
(C6)

< mt2ε2; (C7)

where we used Lemma 3.
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Since α0 ¼ TrðAÞ ¼ 0, we have

VððI − iAtÞ ⊗ IÞjΦi ¼ j0i − it
X
x≠0

αxjxi: (C8)

On the other hand,

Vðe−iAt ⊗ IÞjΦi ¼
X
x

βxjxi: (C9)

Since the Pauli coefficients of R are bounded by kRkl∞
,

we have jβ0 − 1j ≤ mt2ε2 and jβx þ itαxj ≤ mt2ε2 for all
x ≠ 0. ▪
Now we are ready to prove Theorem 3.
Proof of Theorem 3. Since A is m-sparse, there exists a

set S⋆ with jS⋆j ¼ m such that αx ¼ 0 for all x ∉ S⋆
and 0 ∉ S⋆.
By Lemma 10, we have jβ0 − 1j ≤ mt2ε2 and jβxj ≤

mt2ε2 for all x ∉ S⋆. Applying Lemma 4, we obtain an
estimate β̃ ¼ fβ̃xg satisfying jβ̃x − βxj ≤ 3mt2ε2 using
Õð1=ðmt4ε4ÞÞ samples of jψ ti.
Since αx ∈R, for x ≠ 0 define α̃x ≔ − Imðβ̃xÞ=t. Then

jα̃x − αxj ≤
jβ̃x − βxj þ jβx þ itαxj

t
(C10)

≤
3mt2ε2 þmt2ε2

t
(C11)

¼ 4mtε2: (C12)

Define Ã ≔
P

x α̃xPx. Then Ã is Hermitian. Setting
t ¼ 1=ð32mεÞ yields

kA − Ãkl∞
≤ 4mtε2 ≤

ε

8
: (C13)

The number of samples is Õð1=ðmt4ε4ÞÞ ¼ Õðm3Þ, and
hence the total evolution time is Õðm3tÞ ¼ Õðm2=εÞ. ▪

2. Correctness of Algorithm 1

The correctness of Algorithm 1 is guaranteed provided
that ε ≤ c=ð10cFc∞Þ.
Theorem 4. (Sparse Hamiltonian learning in

Frobenius norm via pure-state tomography). Let A ¼P
x∈ f0;1g2n αxPx be an n-qubit traceless Hermitian

operator, where fPxg is the Pauli basis and
jsuppPðA; cε=8Þj ≤ s. Assume that kAk∞ ≤ c∞ε and
kAkF ≤ cFε. Then, using queries to the real-time evolution
operator e−iAt with t ¼ Oðc=ðcFc∞εÞÞ, we can learn
an s-sparse Hamiltonian A1 such that kA − A1kF ≤ cε.

The total evolution time is

Õ
�
scFc∞
c3ε

�
: (C14)

Proof. Let R ≔ e−iAt − ðI − iAtÞ. Then
kRkF ≤ t2kAkFkAk∞ ≤ cFc∞t2ε2, provided that
kAk∞t ≤ 1, which holds for t ≤ 1=ðc∞εÞ.
Define jψ ti ¼ Vðe−iAt ⊗ IÞjΦi ¼ P

x βxjxi. We also
have

VððI − iAtÞ ⊗ IÞjΦi ¼ j0i − it
X
x≠0

αxjxi: (C15)

Since the Pauli coefficients of R are bounded by kRkF,
we have jβ0 − 1j ≤ cFc∞t2ε2 and

�X
x≠0jβx þ itαxj2

�
1=2

≤ cFc∞t2ε2; (C16)

for x ≠ 0.
Since s ¼ suppPðA; cε=8Þ, there exists a set S⋆ with

jS⋆j ¼ s and 0 ∉ S⋆ such that

�X
x∉S⋆

jαxj2
�

1=2
≤
1

8
cε: (C17)

It follows that jβ0 − 1j ≤ cFc∞t2ε2 and

�X
x∉S⋆

jβxj2
�

1=2
≤ cFc∞t2ε2 þ

1

8
ctε: (C18)

Applying Lemma 5, we obtain β̃ satisfy-
ing kβ̃ − βk2 ≤ 4cFc∞t2ε2 þ ctε=2.
Define α̃x ≔ − Imðβ̃xÞ=t. Then

kα̃ − αk2 ≤
kβ̃ − βk2 þ kβ þ itαk2

t
(C19)

≤
4cFc∞t2ε2 þ ctε=2þ cFc∞t2ε2

t
(C20)

¼ 5cFc∞tε2 þ cε=2: (C21)

Define Ã ≔
P

x α̃xPx, which is Hermitian. Setting t ¼
bc=ð10cFc∞εÞc yields kA − ÃkF ≤ cε, provided
that c=ð10cFc∞εÞ ≥ 1.
The total evolution time is

Õ
�

st
ðcFc∞t2ε2Þ2

�
¼ Õ

�
scFc∞
c3ε

�
: (C22)

▪
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APPENDIX D: APPROXIMATING CONTINUOUS
QUANTUM CONTROL USING LONG-TIME

EVOLUTION

In this section, we show how to approximate continuous
quantum control using only long-time evolution.
Define Cj ≔ eiHTe−iHjT . By Lemma 7, there exists a

Hermitian matrix Wj such that dðCj; eiWjÞ ¼ 0. We
assume that H and Hj are m-sparse traceless
Hamiltonians satisfying kH −Hjkl∞

≤ ε. Our goal is to
learn a Hermitian matrix W̃ such that kW − W̃kF ≤ cε, for
a desired constant c, using queries to e−iHT and with total
evolution time achieving Heisenberg-limited scaling.
This procedure will serve as a subroutine for

Hamiltonian learning.

1. Approximating continuous quantum control with
arbitrary long time evolution

To efficiently learn the Hamiltonian Wj, we first bound
its norm and sparsity. Using Lemma 6 and Lemma 7, we
have

kWjkF ≤ πkI − CjkF ≤ πTkH −HjkF ≤ 2πT
ffiffiffiffi
m

p
ε;

(D1)

and

kWjk∞ ≤ πkI − Cjk∞ ≤ πTkH −Hjk∞ ≤ 2πTmε;

(D2)

since kH −Hjkl∞
≤ ε and both H;Hj are m-sparse.

We now bound the sparsity of Wj.
Lemma 11. (Pauli sparsity of a bounded logarithm).

Let H ¼ P
a∈ SH αaPa and Hj ¼

P
b∈ SHj

βbPb be

m-sparse Hamiltonians. Then any Hermitian Wj

satisfying dðeiHTe−iHjT; eiWjÞ ¼ 0 and kWjk∞ < π obeys
jsuppPðWjÞj ≤ 4m.
Proof. Let L ≔ spanF2ðSH ∪ SHj

Þ ⊆ F2n
2 and r ≔ dimL.

Then r ≤ 2m and jLj ¼ 2r.
Let AL ≔ spanCfPv∶ v∈Lg. Since Pauli multiplica-

tion is closed modulo phase, AL is a finite-dimensional
unital �-subalgebra. As H;Hj ∈AL, it follows from the
power-series expansion that eiHT; e−iHjT ∈AL, and hence

Cj ≔ eiHTe−iHjT ∈AL:

By the assumption dðCj; eiWjÞ ¼ 0, there exists a phase
ϕ such that

eiWj ¼ eiϕCj:

Set Cj;ϕ ≔ eiϕCj. Then Cj;ϕ ∈AL is unitary. Write its
spectral decomposition as Cj;ϕ ¼ P

k λkΠk, where the λk’s

are distinct and jλkj ¼ 1. Since Cj;ϕ has a finite spectrum,
each spectral projector Πk can be expressed as a poly-
nomial in Cj;ϕ, e.g., via Lagrange interpolation, and
hence Πk ∈AL.
It remains to show that the given Wj lies in AL. Since

kWjk∞ < π, the spectrum of Wj lies in ½−π; π�, where the
map θ ↦ eiθ is injective. Therefore, for each eigenvalue λk
of Cj;ϕ ¼ eiWj , there is a unique θk ∈ ½−π; π� such that
λk ¼ eiθk . Hence Wj is scalar on each eigenspace ranðΠkÞ,
and we can write

Wj ¼
X
k

θkΠk:

Since each Πk ∈AL, we obtain Wj ∈AL.
Finally, since Wj ∈AL ¼ spanCfPv∶ v∈Lg, its Pauli

support is contained in L. Therefore jsuppPðWjÞj ≤
jLj ¼ 2r ≤ 4m. ▪
We now apply Theorem 4 to learn Wj in normalized

Frobenius norm. Let s≔ jsuppPðWjÞj≤ 4m, cF ≔ 2πT
ffiffiffiffi
m

p
,

and c∞ ≔ 2πTm. Choosing c ¼ Oð1= ffiffiffiffi
m

p Þ, we obtain a
total evolution time of

Õ
�
scFc∞
c3ε

�
¼ Õ

�
4mT2

ε

�
(D3)

with respect to evolution under Wj.
We assume ε ≤ 1=ðm2T2Þ and set t ¼ Oð1=ðm2T2εÞÞ as

an integer. This enables queries to ðC†
jÞq ¼ e−iWjq for

q∈N. Since each query to C†
j ¼ eiHjTe−iHT requires

evolution time T under H, the total evolution time with
respect to H is Õð4mT3=εÞ.

2. Approximating continuous quantum control for
many-body Hamiltonians

WhenH is a many-body Hamiltonian, its sparsity scales
as m ¼ polyðnÞ. From the previous section, we have
jsuppPðWjÞj ≤ 4m, which becomes exponential in n.
Thus, directly learning Wj is infeasible.
To address this, we restrict the evolution time to scale

with the sparsity, setting T ¼ Oðm−1=KÞ for some constant
K∈N. In this regime, we show that Wj admits a quasi-
sparse approximation via the BCH expansion.
Lemma 12. (Quasi Pauli sparsity of the BCH generator).

Let eiHjTe−iHT ¼ e−iWj , where H;Hj are m-sparse trace-
less Hermitian Hamiltonians satisfying kHk∞; kHjk∞ ≤ C
and kH −Hjkl∞

≤ ε, for some constants C ≥ 1, ε > 0,
and K∈N. Then for every l ≥ 1, there exists T ¼
Θðm−1=K=CÞ such that
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suppP

�
Wj;

m−l=Kε
8

�
¼ OðmlþK=2−1Þ; (D4)

and satisfies kWjkF ≤
ffiffiffiffi
m

p
ε and kWjk∞ ≤ mε.

Proof. Assuming T ≤ 1=ð8eCÞ satisfies the conver-
gence condition of the Baker-Campbell-Hausdorff equa-
tion (Lemma 8), we have

Wj ¼ i
X
r≥1

BCHrðiHjT;−iHTÞ: (D5)

Since k − iHT þ iHjTkF ¼ TkH −HjkF ≤ T
ffiffiffiffi
m

p
ε and

maxfk − iHTk∞; kiHjTk∞g ≤ TC, Corollary 1 yields

kBCHrðiHjT; − iHTÞkF ≤ ð4TeCÞr ffiffiffiffi
m

p
ε; (D6)

kBCHrðiHjT;−iHTÞk∞ ≤ ð4TeCÞrmε: (D7)

Moreover, suppPðBCHrðiHjT;−iHTÞÞ ≤ ð2mÞr.
Define WðkÞ

j ≔ i
Pk

r¼1 BCHrðiHjT; − iHTÞ. Then

kWj −WðkÞ
j kF ≤

X
r≥kþ1

ar
ffiffiffiffi
m

p
ε ¼ akþ1

1 − a

ffiffiffiffi
m

p
ε: (D8)

Furthermore,

suppPðWðkÞ
j Þ ≤

Xk
r¼1

ð2mÞr ≤ kð2mÞk; (D9)

and hence suppPðWj; a
kþ1

1−a
ffiffiffiffi
m

p
εÞ ≤ kð2mÞk.

For T ¼ m−1=K=ð16eCÞ, we have a ¼ m−1=K=4 ≤ 1=4.
When k ¼ K=2þ l − 1 is an integer with k ≥ 1,

akþ1

1 − a

ffiffiffiffiffiffi
mε

p
≤
4

3
4−ðkþ1Þm−l=Kε ≤

1

12
m−l=Kε <

1

8
m−l=Kε .

suppP

�
Wj;

m−l=Kε
8

�
¼ OðmlþK=2−1Þ: (D10)

Thus the 1/8 target in Eq. (D10) is retained for these
integer truncation orders. This calculation does not specify
a rounding rule for noninteger k.
For this choice of T, we also have

kWjkF ≤
X
r≥1

ð4TeCÞr ffiffiffiffi
m

p
ε (D11)

≤
X
r≥1

ð1=2Þr ffiffiffiffi
m

p
ε (D12)

¼ ffiffiffiffi
m

p
ε; (D13)

and similarly kWjk∞ ≤ mε. ▪

We now aim to learn Wj within error cε in normalized
Frobenius norm. Suppose c ¼ Oð1= ffiffiffiffi

m
p Þ. Setting

l ¼ K=2, we obtain s ¼ jsuppPðWj; cε=8Þj ¼ OðmK−1Þ,
and parameters cF ¼ ffiffiffiffi

m
p

and c∞ ¼ m.
Applying Theorem 4, we obtain a total evolution time of

Õ
�
sc∞cFT
c3ε

�
¼ Õ

�
mKþ2T

ε

�
: (D14)

Notably, Theorem 4 remains applicable under this
quasi-sparsity condition.

APPENDIX E: MAIN ALGORITHM

In this section, we elaborate on the details of the main
algorithm. We first define the global parameters s; cF; c∞,
where s denotes the (quasi-)sparsity of Wj, and cF; c∞ are
constants such that kWjkF ≤ cFηj and kWjk∞ ≤ c∞ηj.
The desired error constant c will be specified later. The
values of these parameters are summarized in Algorithm 3.
The algorithm follows a hierarchical refinement scheme

that halves the error at each iteration:

kH −Hjkl∞
≤ ηj ⇒ kH −Hjþ1kl∞

≤
ηj
2
¼ ηjþ1:

(E1)

At iteration j, we define the local parameters

ηj ¼ 2−j; tj ¼
1

32mηj
; Nj ¼

1

2
ffiffiffiffi
m

p
ηj
: (E2)

After J ¼ ⌈ log2ð1=εÞ⌉ iterations, the estimate HJ sat-
isfies kH −HJkl∞

≤ ε.
We now describe the jth iteration in the regime ηj ≤ ηsw.
(1) Quantum control emulation (Algorithm 1). We

define the emulated control unitary

ŨðjÞ
res ≔ ðe−iHðTþtj=NjÞ eiW̃j eiHjðTþtj=NjÞÞNj; (E3)

where Wj satisfies e−iWj ¼ eiHjTe−iHT . In particu-
lar, for every t∈N,

e−iWjt ¼ ðeiHjTe−iHTÞt; (E4)

which can be implemented using only long-time
evolutions. Applying Algorithm 1 with parameters
s; cF; c∞ and error constant c ¼ 1=ð256 ffiffiffiffi

m
p Þ, we

obtain W̃j such that

kWj − W̃jkF ≤ cηj ¼
ηj

256
ffiffiffiffi
m

p : (E5)

Consequently,
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kðe−iHt=NjeiHjt=NjÞNj − ŨðjÞ
reskF

≤ kðe−iHτjeiWjeiHjτjÞNj − ðe−iHτjeiW̃jeiHjτjÞNjkF
≤ NjkeiWj − eiW̃jk ≤ NjkWj − W̃jk
≤

1

512m
: (E6)

By the Trotter formula,

kðe−iHtj=NjeiHjtj=NjÞNj − e−iΔHjtjkF
≤

t2j
Nj

ffiffiffiffi
m

p
ηj ≤

1

512m
: (E7)

Therefore,

kŨðjÞ
res − e−iΔHjtjkF ≤

1

256m
: (E8)

ThisOð1=mÞ control error is precisely the regime
required for the next step. The cost of learning W̃j is

Õ
�
4mT3

ηj

�
or Õ

�
mKþ2T

ηj

�
; (E9)

for m ¼ Oðlog nÞ and m ¼ polyðnÞ, respectively.
(2) Coefficient and structure learning (Algorithm 2).

Using ŨðjÞ
res, we approximate

jψji ¼ Vðe−iΔHjtj ⊗ IÞjΦi ≃ j0i − itj
X
x≠0

αðjÞx jxi:

(E10)

Applying Algorithm 2, we can learn ΔHj up to
error ηj=8 assuming access to e−iΔHjtj . Since we

instead use ŨðjÞ
res, this introduces an additional error.

Because

kŨðjÞ
res − e−iΔHjtjkF ≤

1

256m
; (E11)

this contributes at most 1=ð256mtjÞ ¼ ηj=8 to the
coefficient estimation error. Hence,

kΔHj − gΔHjkl∞
≤
ηj
4
: (E12)

This step uses Oðm3Þ queries to ŨðjÞ
res. Since each

query requires Nj calls to e−iHðTþtj=NjÞ, the total

evolution time is

Oðm3NjTÞ ¼ O
�
m2.5T
ηj

�
: (E13)

(3) Sparse bounded truncation and update (Lemma 9).
We restore the sparsity and norm constraints by

Hjþ1 ≔ T m;1ðHj þ gΔHjÞ: (E14)

By Lemma 9, this ensures Hjþ1 ∈Sm;1 and

kH −Hjþ1kl∞
≤ 2kH − ðHj þ gΔHjÞkl∞

≤
ηj
2
¼ ηjþ1: (E15)

This step is purely classical and requires no
additional quantum resources.

The overall complexity is dominated by the cost of
learning W̃j. Therefore,

ttot ¼
XJ
j¼1

Õ
�
4mT3

ηj

�
¼ Õ

�
4mT3

ε

�
; (E16)

for m ¼ OðlognÞ, and

ttot ¼
XJ
j¼1

Õ
�
mKþ2T

ηj

�
¼ Õ

�
mKþ2T

ε

�
; (E17)

for m ¼ polyðnÞ with T ¼ Θðm−1=KÞ, where K∈N.

APPENDIX F: HAMILTONIAN LEARNING WITH
LONG TIME DYNAMICS IN THE LARGE

ERROR REGIME

Algorithm 4 reconstructs the classical representation
(Pauli coefficients) of the unitary UA;A0

ðtÞ ¼ e−iAteiA0t.
Assuming kA − A0kl∞

≤ ε, for t ≤ 1=
ffiffiffiffi
m

p
we have

kUA;A0
ðtÞ − I þ iðA − A0Þtkl∞

≤ kUA;A0
ðtÞ − I þ iðA − A0ÞtkF ≤

ffiffiffiffi
m

p
εt2 ¼ δt: (F2)

Suppose we obtain ŨA;A0
ðtÞ satisfying minϕkŨA;A0

ðtÞ−
eiϕUA;A0

ðtÞkF ≤ δt, and write UA;A0
ðtÞ ¼ P

x αxPx and
ŨA;A0

ðtÞ ¼ P
x α̃xPx. Then jeiϕα̃x − αxj ≤ δt and

j1 − α0j ≤ δt, which implies

jeiϕ − α̃0j ≤ j1 − α0j þ jeiϕα0 − α̃0j ≤ 2δt: (F3)

Hence jαx − α̃�0α̃xj ≤ 3δt for all x, and thus
kα̃�0ŨA;A0

ðtÞ − I þ iðA − A0Þtkl∞
≤ 4δt.
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Finally,

kÃ − ðA − A0Þkl∞
(F4)

≤
1

t
kα̃�0ŨA;A0

ðtÞ − I þ iðA − A0Þtkl∞
(F5)

≤
4δt
t

≤
ε

4
; (F6)

where Ã ¼ − Imðα̃�0ŨA;A0
ðtÞÞ=t.

We now show how to reconstruct UA;A0
ðtÞ using only

access to UAðτÞ ¼ e−iAτ for τ ≥ T. Observe that

UA;A0
ðtÞ ¼ eiA0TUA;A0

ðTÞ†UA;A0
ðT þ tÞe−iA0T: (F7)

Thus, learning the Pauli coefficients of UA;A0
ðTÞ and

UA;A0
ðT þ tÞ suffices.

From Appendix D, we define sT ≔ suppPðUA;A0
ðTÞÞ

and sTþt ≔ suppPðUA;A0
ðT þ tÞÞ.

When m ¼ Oðlog nÞ, we have sT; sTþt ≤ 4m.
When m ¼ polyðnÞ and T ¼ Θðm−1=KÞ, we instead

define the quasi-sparsities sT ≔ suppPðUA;A0
ðTÞ; δtÞ and

sTþt ≔ suppPðUA;A0
ðT þ tÞ; δtÞ, for which sT; sTþt ¼

OðmK−1Þ.
Applying sparse pure-state tomography (Lemma 5), we

obtain estimates ŨA;A0
ðTÞ and ŨA;A0

ðT þ tÞ satisfying
dðUA;A0

ðTÞ;ŨA;A0
ðTÞÞ≤δt=2 and dðUA;A0

ðTþtÞ;ŨA;A0
ðTþ

tÞÞ≤δt=2 using ÕðmaxfsT; sTþtg=δ2t Þ queries.

This yields dðŨA;A0
ðtÞ;UA;A0

ðtÞÞ ≤ δt, where ŨA;A0
ðtÞ ¼

eiA0TŨA;A0
ðTÞ†ŨA;A0

ðT þ tÞe−iA0T .
Each query to UA;A0

ðTÞ or UA;A0
ðT þ tÞ requires time T.

Hence, the total evolution time is Õð4mT=ε2Þ or
ÕðmKT=ε2Þ, while the classical post-processing time is
polyðsÞ=ε2, where s ≔ maxfsT; sTþtg.
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