PRX QUANTUM 6, 030331 (2025)

Noisy Atomic Magnetometry with Kalman Filtering and Measurement-Based
Feedback

Julia Amorés-Binefa®!-" and Jan Kotodynski® 2

: Centre of New Technologies, University of Warsaw, Banacha 2c, 02-097 Warsaw, Poland
2Institute of Physics, Polish Academy of Sciences, Aleja Lotnikéw 32/46, 02-668 Warsaw, Poland

® (Received 2 April 2024; revised 15 May 2025; accepted 2 July 2025; published 20 August 2025)

Sensing a magnetic field with an atomic magnetometer operated in real time presents significant chal-
lenges, primarily due to sensor nonlinearity, the presence of noise, and the need for one-shot estimation. To
address these challenges, we propose a comprehensive approach that integrates measurement, estimation,
and control strategies. Specifically, this involves implementing a quantum nondemolition measurement
based on continuous light probing of the atomic ensemble. The resulting photocurrent is then directed
into an extended Kalman filter to produce instantaneous estimates of the system’s dynamical parame-
ters. These estimates, in turn, are utilized by a linear quadratic regulator, whose output is applied back
to the system through a feedback loop. This procedure automatically steers the atomic ensemble into a
spin-squeezed state, yielding a quantum enhancement in precision. Furthermore, thanks to the feedback
proposed, the atoms exhibit entanglement even when the measurement data are discarded. To prove that
our approach constitutes the optimal strategy in realistic scenarios, we derive ultimate bounds on the esti-
mation error applicable in the presence of both local and collective decoherence, and show that these are
indeed attained. Additionally, we demonstrate that, for large ensembles, the extended Kalman filter not
only reliably predicts its own estimation error in real time, but also accurately estimates spin squeezing at

short timescales.
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I. INTRODUCTION

Optical magnetometers that rely on atomic ensem-
bles pumped and probed with laser light [1] constitute
ultraprecise magnetic field sensors, achieving sen-
sitivities comparable to state-of-the-art superconduct-
ing quantum interference devices [2]. Not only do
they not require cryogenic cooling, but they have
also recently been miniaturized to chip scales [3].
As a result, they promise breakthroughs, e.g., when
used to sense magnetic fields in medical applications
[4-7], as well as in the search for new exotic physics
[8,9]. These tasks, in particular, fall into the category
of real-time sensing problems in which the sensor is
employed to track a time-varying signal (magnetic field)
while continuously acquiring measurement data. Such a
scenario may be considered the most demanding, as it
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requires the sensing procedure to be performed only once,
with the sensor being controlled “on the fly.” Although
entanglement—a crucial resource in quantum metrology
[10,11}—has been shown to significantly enhance the sen-
sitivity in experiments involving sufficiently many (inde-
pendent and identical) repetitions [12—14], there is yet to be
an experimental demonstration that this can be done in real
time with the entanglement being created by measurement
backaction [15], despite some prominent achievements
[16-18].

Apart from substantial experimental challenges, an
important hurdle is the proposal and verification of an
accurate dynamic model of the atomic noise, which would
then allow for the tools of control and statistical infer-
ence theory to be used in the design of a future device.
This contrasts with the setting of optomechanical sensors
operating at cryogenic temperatures [19], in which case
quantum Gaussian stochastic models have been proposed
and verified [20,21], allowing for spectacular demon-
strations of cooling and controlling such devices in real
time [22], while incorporating both measurement-based
[23-25] (also with the use of levitated nanoparticles
[26,27]) and coherent [28] feedback methods [29-31].

In our work, we close this gap by proposing a quantum
dynamical model of a continuously monitored atomic
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(spin-1/2) ensemble that incorporates measurement-
based feedback, and—in contrast to previous works
[32-36]—accounts for decoherence without relying on
any approximations. It allows us to simulate the exact
evolution of moderate-sized ensembles by resorting to
novel numerical tools [37]. As a result, we can identify
how to improve previous approaches [32—35], in order
to build an effective model that correctly describes typi-
cal experiments involving a large number of atoms, e.g.,
N =~ 10°-10"3 [12-14,16-18]. Such a reliable model
allows us to then construct for the first time an efficient
estimation+control scheme that leverages atomic entangle-
ment, i.e., spin squeezing [38,39], to sense a magnetic field
in real time at the ultimate quantum limit [40].

In particular, the effective dynamical model goes beyond
linearity while its noise remains Gaussian, as it is defined
within a frame that rotates with the ensemble’s overall
spin at the Larmor frequency. The model is then used to
construct an extended Kalman filter (EKF) [41,42], which
estimates the field along with the first and second moments
of the angular momentum. These estimates are in turn fed
back into a closed-loop system, where a linear quadratic
regulator (LQR) [27,33] stabilizes the state of the atoms.

The optimality of the procedure is verified by deriv-
ing and saturating bounds on precision that apply to any
sensing scheme involving measurement-based feedback.
These are a consequence of collective (cf. Ref. [43]) and/or
local atomic decoherence incorporated in the dynamics.
Moreover, as such noise-induced quantum limits scale
at best linearly with the number of atoms N (and the
sensing time), they exclude the possibility of surpassing
the so-called standard quantum limit (SQL)—disproving
previous conjectures based on numerical evidence [44].

Finally, by resorting to the exact dynamical model we
demonstrate that the proposed sensing scheme steers the
atomic ensemble into a state whose entanglement is ampli-
fied by the information acquired from past measurements,
i.e., a conditionally spin-squeezed state [39]. However, as
our scheme interprets and feeds back measurement out-
comes “on the fly,” the final atomic state also exhibits
unconditional spin squeezing [39], i.e., its entanglement is
assured without the need to store or reinterpret past mea-
surement data. Furthermore, in the experimental regime
[16—18] in which our effective model applies, we show that
the EKF also reliably predicts the conditional spin squeez-
ing, so that this form of entanglement can be used for other
tasks.

The manuscript is organized as follows. In Sec. II we
present the setup of the atomic magnetometer we choose to
consider. Section III discusses the numerical simulation of
the exact sensor model and how to approximate it by intro-
ducing the comoving Gaussian picture. Then, in Sec. IV,
we build upon the work in Ref. [43] by extending it to
include local decoherence, and establish ultimate bounds
on the achievable precision in magnetic field estimation.

Subsequently, in Sec. V, we detail our chosen estimation
and control strategies, namely, the EKF and LQR. The final
two sections, Secs. VI and VII, present our results. Specif-
ically, Sec. VI demonstrates that in the large-N regime,
our proposed EKF+LQR strategy can attain the noise-
induced ultimate bounds on precision. Moreover, Sec. VII
reveals that the introduction of LQR feedback prepares
the atomic state in a multipartite entangled state, as indi-
cated by the emergence of unconditional spin squeezing.
Finally, Sec. VIII summarizes our results and discusses
their implications.

II. SETUP

The main goal of the magnetometry experiment depicted
in Fig. 1 is to estimate a constant [40] magnetic field
B aligned with the z axis. An ensemble of N atoms is
used to indirectly probe the magnetic field B, while being
pumped with circularly polarized light along the x direc-
tion (see Fig. 1), such that only two energy levels of each
atom effectively contribute to the light-probing process
[45]. As a consequence, we may treat the atomic ensemble
as a collection of N spin-1/2 particles, whose spin pre-
cesses around the z axis at a Larmor frequency w = yB
induced by the magnetic field B, where y is the gyromag-
netic ratio. Moreover, the evolution of the total spin is then
described through the use of collective angular momentum
operators, J, = Zf\;l 69 /2 with @ = x,, z, that form an
(orientation) vector J = (J,,J y,f 7.

Furthermore, assuming that the atoms are initially
pumped (along x; see Fig. 1) into a coherent spin state
(CSS), the mean and the variance for each component of
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FIG. 1. Atomic magnetometry with estimation and control.
The magnetometer consists of an ensemble of spin-1/2 atoms,
initially pumped along x into a coherent spin state, which then
Larmor precess around the z axis due to the constant magnetic
field B to be determined. The total atomic spin is probed along
the y direction by the second beam that weakly interacts with
the ensemble, so that the corresponding spin component can be
continuously monitored via balanced photodetection. The out-
put photocurrent y(f) is then used to construct estimates of the
temporary dynamical parameters of the atomic ensemble, X(7)
(also containing the B-field estimate), and feed them into the
controller that instantaneously decides on the value, u(f), of the
extra magnetic field to be induced through the feedback coil, so
that arbitrary bias can be applied in real time to the estimated
magnetic field B.
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J() are given at time 7 = 0 by (J)ess = (N/2,0,0)T and
VESS = (0,N/4,N/4)" [38], respectively, where V<SS :=
(J2)css — (Ju)2ss. However, as explicitly shown in Fig. 2,
it is useful to visualize such a state as a quasiprobability
distribution on a (generalized) Bloch sphere—formally the
Wigner function projected onto a sphere (see Appendix A
[39])—which is centered at (j)css with the width in the
x,¥,z directions specified by the elements of V55,

Once pumped, the atoms are continuously monitored by
a linearly polarized probe beam directed along the y axis,
as shown in Fig. 1. The probe light is sufficiently detuned
from the relevant atomic transition, so that its interac-
tion with the atoms can be considered linear while still
inducing backaction due to the quantum nondemolition
(QND) character of the measurement [36,46]. In particular,
upon interaction with the atoms the probe-beam polariza-
tion gets (Faraday) rotated by an angle proportional to the
total angular momentum component along the probe prop-
agation, i.e., J y. As a result, the output photocurrent of
a differential photodetection measurement, which registers
small polarization-angle deviations, is given by [47,48]

y(Odt = 20vM (J , (D)o dt + /1 dW, (1)

where n is the detection efficiency and dW denotes
the stochastic Wiener increment, satisfying [dW?] = dt
according to It calculus [49]. The white-noise fluctuations
in Eq. (1) arise due to the shot noise of the photodetec-
tion process. However, by fixing their strength to unity, we
effectively renormalize the photocurrent y(#). As a result,
it is the measurement strength parameter M that—while
incorporating all the relevant experimental electronic,
light-matter couplings, etc. [46,50]—parametrizes the ratio
between the atomic contribution to the detected signal [first
term in Eq. (1)] and the magnitude of white noise [second
term in Eq. (1)].

An essential feature of the above formalism is the
incorporation of measurement backaction exerted onto
the atoms [47,48]. In particular, within Eq. (1), the
mean (j y(D)e) = Tr{p(c)(t)j y} is evaluated with respect
to the conditional atomic state, p,(9) = p(f|ly<), i.e., the
one most consistent (minimizing the mean-square dis-
tance [48]) with the particular measurement trajectory
observed, y<; = {y(7)}o<r<,. Additionally, to explicitly
write the dynamics of p, (f), we must also account for the
measurement-based control strategy introduced in Fig. 1.
This strategy assumes that, based on the photocurrent
record (potentially the whole history), y<,, estimates of
some dynamical parameters for the atomic system are
made—denoted by a vector X(¢) in Fig. 1, which includes
the estimate of the Larmor frequency, @ = y B, and hence
the B field. The estimates, X(f), are then used to set the
control (scalar) field to a specific value u(y<,), altering
the additional magnetic field applied instantaneously along
the estimated B and thus modifying the Larmor frequency

at time £ @ — o + u(y<). As the control field u(y<,)
depends on the whole measurement record y-,, the dynam-
ics of the atomic ensemble at each time step is not only
affected by the backaction of the current measurement, but
also dependent on the entire measurement record through
the addition of control.

Bearing this in mind and simplifying notation by denot-
ing the control field as u(f) = u(y<,), we write the stochas-
tic master equation (SME) that governs the dynamics of
the conditional atomic state p,(#) as [47,48]

dpey = —i(w + u())[J ., pldt

N
K1 A j
3 P Npodt + keaPU:bpod
p=

+ MD[J,pwdt + VaMHLT JpedW,  (2)

where the superoperators D and H are defined for any
operator/f and state p as D[/I]p = /I,O/TV — %{/IT/I, p}and
H[Alp = Ap + pAT — Tr{(4d + AT p}p.

The last two terms in Eq. (2) arise due to the back-
action of the continuous quantum measurement: the first
term represents the measurement-induced decoherence in
the basis of the observable being probed, J,; the sec-
ond term accounts for the stochastic jump dictated by
the photocurrent recorded during a particular time step,
dW = (v ()/ /1 — 24/TM (J,))dt according to Eq. (1).
This last term, crucially nonlinear in p,, opens doors for
conditional squeezing of the atomic state [32]. However,
to account for the impact of noise and verify the robust-
ness of our estimation strategies, we also incorporate in
Eq. (2) local and global decoherence terms. These terms
effectively dephase the atomic state along the z direction
of the estimated B field at rates o and ko for local and
collective dephasing, respectively. Local dephasing acts
independently on each individual atom j in the basis of
6 /2, while the collective term acts globally within the
basis of the collective atomic spin operator J..

I11. SIMULATING THE SYSTEM DYNAMICS

In this work, we explicitly simulate for the first time
SME (2). However, even though we adapt the most
recent numerical methods [37] to incorporate decoherence
and feedback, as discussed below, such a “brute-force”
approach is possible only for atomic ensembles of moder-
ate size. That is why our goal is still to propose an effective
model of dynamics that applies to relevant experiments
[16—18], and can thus be used to design the building blocks
of an estimation+control scheme—here, EKF+LQR intro-
duced later in Sec. V. Importantly, the numerical solution
allows us to validate our approach, so that our results can
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FIG. 2. Bloch sphere representation of the atomic state: linear-
Gaussian (LG) and comoving Gaussian (CoG) approximations.
The three-dimensional (3D) plot in (a) depicts the Wigner func-
tion of a CSS pointing along x in a generalized Bloch sphere
for N = 100. For large enough atomic ensembles (N >>> 1), the
curvature of the sphere at the maximum of the CSS Wigner func-
tion can be approximated by the LG plane, where the effective
phase-space quadratures, X and P, are defined as in Eq. (3). The
continuous measurement of the y spin component, which induces
spin squeezing of the atomic state, can then be interpreted as just
squeezing (antisqueezing) the X (P) quadrature at short times at
which the LG approximation still holds. Subfigure (c) visualizes
the effect of continuous spin squeezing on the Wigner function
of a CSS in the LG plane [shown in (b)]. In order for the Gaus-
sian picture to remain valid at longer times, we let the LG plane
rotate at the Larmor frequency w together with the atomic spin,
and refer to this description as the comoving Gaussian (CoG)
approximation.

then be extrapolated to relevant ensemble sizes, beyond the
reach of “brute-force” numerics.

First, however, let us provide the physical motivation
and reason why our effective model succeeds in describing
dynamics of large atomic ensembles. As shown in Fig. 2,
for a highly polarized ensemble, it is common to approx-
imate the Wigner distribution of the total spin on a Bloch
sphere with the distribution of a single bosonic mode in a
plane (phase space) [39], by using the Holstein-Primakoff
transformation [34,35]. However, such an approximation
employed in previous works [32-36] is insufficient for
our purposes, as it fails to correctly capture the Larmor
precession of the spin. Thus, in order not to lose neces-
sary information about the curvature of the Bloch sphere,
we move to a frame rotating at the Larmor frequency
(see Fig. 2) in which the effective bosonic modes copre-
cess with the spin. A similar approach has been pursued
when studying the emergence of a quantum chaotic behav-
ior in such a system [51]. Formally, as done below, this
corresponds to tracking the evolution of the ensemble
spin operators up to their second-order moments, with
higher-order contributions being ignored.

A. Exact model: mumerical solution

Optically pumped magnetometers operate with atomic
numbers in the range N &~ 103-10'® [12—14,16-18]. This
precludes any naive numerical simulations of the ensemble
dynamics, since the dimension of the underlying Hilbert
space scaling exponentially with N, i.e., as 2" for spin-
1/2 atoms. However, assuming that the system preserves
permutational invariance over the entire duration of its
evolution—meaning that any pair of atoms within the
ensemble is interchangeable—the dimension of the den-
sity matrix can be reduced to scale polynomially with N.
In particular, for a collection of spin-1/2 atoms, as the
density matrix then possesses a direct-sum structure with
each block being associated with a spin number j ranging
from 0 (%) to N /2 for even (odd) N, its complexity scales
as O(N?) [52—54]. Moreover, if the evolution is induced
by collective processes—i.e., generated by collective oper-
ators that are themselves permutationally invariant—any
initial state supported by the totally symmetric subspace
(with j = N/2), e.g., CSS, must evolve within it, further
reducing the complexity to O(N) [52-54].

In this work, we use the numerical solution of SME
(2) as a benchmark, which preserves the permutational
symmetry (or even the totally symmetric subspace in the
Kioc = 0 case). Specifically, for moderate N, we employ
the code of Rossi ef al. [37] that exploits the symmetries
of the system as described above. It resorts to numerical
integration of an SME by constructing the Kraus opera-
tors of the weak measurement at each time step, while also
guaranteeing the positivity of the density matrix [55,56].

B. Approximate model: comoving Gaussian picture
1. Linear-Gaussian regime

The exploitation of permutational symmetry is still not
sufficient to reach experimentally relevant values of N.
One approach is to further assume that the B field is
small and that the impact of local decoherence is negli-
gible. As a result, by considering small enough timescales,
t < 1/(M + keon), we can approximate (jx(l))(c> with its
unconditional average value (J,(f)) = Ne~M+keo)/2 /2
[43]. Geometrically, as depicted in Fig. 2, this corresponds
to effectively approximating the surface of the general-
ized Bloch sphere by a plane perpendicular to the collec-
tive angular momentum vector pointing in the x direction
[32,43,57]. This plane then defines an effective phase space
with position and momentum operators given by

=J,IT@) and P = J./\IT0),  (3)
which satisfy the canonical commutation relation
[X,P]~i,aslongasJ, ~ |{(J,(¢))|1 for sufficiently large
N [34,35]. As SME (2) then becomes equivalent to a set

of differential equations for the first and second moments
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of the quadratures in (3) that are linear in ()A( ) and (f’), as
well as in the magnetic field B [34,35], we refer to such a
regime as being linear Gaussian (LG) [43].

2. Beyond the linear-Gaussian regime

In real-life magnetometers [12—14,16—18], the atomic
spin must precess multiple times over the course of the
detection process to collect a sufficient signal. This pre-
cludes the LG approximation from actually being useful.
Therefore, to describe the system as approximately Gaus-
sian at all times, we allow the LG plane (see Fig. 2) to
Larmor precess with the mean angular-momentum vec-
tor (.f(t)) at frequency w [51]. We refer to this as the
comoving Gaussian (CoG) approximation. We expect this
approach to be valid under the following conditions: the

J

Ao = —(@ + uO)J o dt —  (keotl + 2K100 + M) o dt + 2/nMCS) AW,

Ay e = (@ + u®) o dt — 3 (keotl + 2k100) Uy Yo dt + 2/ MV dW,

AV = =2(w + u®)COdt + ke (VY + (J, )¢,

AV = 2w + u®)Cdt + ke (V) + (T

dve =Mu© +

dCY) = (@ + u(®)(VE = V)t — keon 2CS) + (J

2 — VYdt + Kioe

ensemble is large enough, ie., N > 1; the squeezing
due to the continuous measurement is not too strong to
wrap the Wigner function around the Bloch sphere; and
the local decoherence is moderate, allowing the dynam-
ics to be well described by only the first and second
moments.

In particular, by considering the conditional evolution
within the Heisenberg picture of the mean angular
momenta (J, (®)y, as well as their covariance
matrix with elements Cf;/; (1) := %[({j o (t),j FONS
— 2(Ja ()0 (/ p(D)o] such that V(1) := C2, (1) (o, B =
X,y,z), we derive in Appendix B based on SME (2) the
following set of coupled stochastic differential equations
(dropping the explicit ¢ dependence of all the quantities for
convenience):

(4a)
(4b)
N 2
(5 - 2V§f)>dt MO — 7O~ anCPdr, (4e)
2, — V)dt + Koo (%v - 2rff;>>dt — MV, (4d)
(e = Ve, (4e)
Jor 3 )e)dt — 2k10cCldt — SMCE) (1 4 8V ), (4f)
do =0, (4g)

where in Eqs. (4c)~H(4f) we importantly ignore all the
(stochastic) contributions that involve the third-order
moments, which can be found in Appendix B.

In what follows, we simulate the exact dynamics (2) of
the density matrix for low values of N to verify that Egs.
(4) correctly describe the evolution of the lowest moments
for modest values of decoherence and measurement-
strength parameters. As we observe the agreement to
improve with the atomic number at short timescales (see

(

Appendix H for further details) for the experimentally rel-
evant regimes of large N ~ 10°—10'3 [12-14,16-18], we
subsequently use Egs. (4) to simulate the dynamics of the
atomic sensor with sufficient accuracy.

Crucially, regardless of the size of the ensemble, we
construct the EKF based on the nonlinear dynamical
model (4). The output of the filter provides us with
real-time estimates of dynamical parameters, i.e., of x(¢) =
(o U)o VO, Vo, V9, C9, )" In turn, we use these
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estimates to devise the control strategy determining u(¢)
employed in either Eq. (2) or Eqgs. (4).

IV. ULTIMATE LIMITS ON PRECISION

With an established scalable method for simulating the
system, our attention now turns to one of the fundamental
questions in atomic magnetometry: how to most accurately
infer the true value of the Larmor frequency w for a partic-
ular measurement record y,. With the photocurrent being
continuously acquired, employing a Bayesian approach to
estimation is apt in this scenario, offering a systematic way
of continually updating our knowledge of the parameter as
new data become available.

Typically, in Bayesian estimation theory we seek an
optimal estimator @,(y<,) of @ that minimizes the average
mean squared error (AMSE) [58,59],

E[Azd)t] = p(yst,w)[{d)t(}’ﬁ) - w}z]

= /dwp(a))/Dy<,p(y<,lw)(5),(y<,) _w)z’
(5)

where the averaging [E[-] is performed over all measure-
ment trajectories up to time 7, [ Dy, and also over all
possible values of the estimated parameter, [ dw. The
prior distribution p(w) in Eq. (5) represents our knowl-
edge of w before collecting any measurement data, while
the likelihood p(y</w) is the probability of observing a
measurement record y, given the parameter value w. The
optimal estimator minimizing the AMSE is generally given
by the mean of the posterior distribution [58,59]:

@?pt(YSt) = EP(aﬂYﬁt)[‘“] = /dw Cl)p(a)|y§t)- (6)

Constructing the posterior distribution p (w|y<,) is a hard
task. However, in the case of systems with linear dynam-
ics and additive Gaussian noise, the posterior does not
have to be explicitly reconstructed since the optimal esti-
mator (6) is given by the Kalman filter (KF) [60,61]. For
nonlinear systems, other methods exist, such as the EKF
[42] or the unscented Kalman filter [62,63], that allow
one to efficiently tackle the problem, but do not guarantee
optimality.

A. Noiseless performance at small timescales

In the case of our system, the LG regime is exactly
the scenario in which the KF provides the optimal esti-
mation strategy. For instance, in the absence of noise, i.e.,
for k.o = 0 and ki = 0 in Eq. (2), the AMSE of the KF
(estimator) then follows the Heisenberg scaling in N and a

superclassical scaling in time [32,43]:

for t < (NM)~!. (7)

N2 pMP

However, both of the aforementioned scalings should be
taken with a pinch of salt, as they rely on the assumption
of ¢ being small enough for the LG regime to be valid.
In particular, the scaling in time must eventually become
at most quadratic due to the Hamiltonian being bounded
in Eq. (2) [64]. Furthermore, by ignoring quantum fluctu-
ations in the jx direction, we disregard the fact that the
optimal time ¢ actually decreases with N in Eq. (7), which
puts the Heisenberg scaling into question [65].

Nonetheless, the emergence of superclassical scalings
N? and £ in Eq. (7) is a manifestation of generating condi-
tional spin squeezing [38] at short timescales and, hence,
the ensemble then exhibits interatomic entanglement [39].
In particular, as depicted in Fig. 2, the continuous mea-
surement of J ¥ (X quadrature in the LG plane) squeezes
its variance in detriment of the variance of J. (P quadra-
ture in the LG plane) as time evolves. Since our interest
is in preparing a state highly sensitive to small variations
of w, we wish for it to have a maximal polarization along
x and maximal squeezing along y. How closely our state
aligns with this particular geometry is quantified by the
(Wineland) squeezing parameter §y2 [66,67], which effec-
tively compares any state with a CSS pointing along x.
Hence, we define its inverse as the relevant spin-squeezing
parameter [38], i.e.,

V(c)(t) VCSS -1 (jx(t))Z
=24 ::< i / J ) _ © (8
50 T ] ()2 N V() ®

which guarantees spin squeezing at time ¢ when
£,72(t) > 1, whereas, for £*(f) < 1, any spin squeezing,
and hence any multiparticle entanglement [39], cannot be
certified.

In experiments, £ 2 ~ 10(10 dB) and £ 2 ~ 100(20 dB)
have been achieved with magnetically sensitive [68] and
atomic clock [69] states, respectively, for an ensem-
ble of N ~ 10> rubidium atoms by conducting cavity-
enhanced premeasurements. Recently, £ 2 & 2.8(4.5 dB)
was demonstrated for N &~ 10'! by also taking into account
measurements conducted after the sensing phase of the
protocol (retrodiction) [70].

B. Noisy bounds

When moving away from the LG regime, the optimal-
ity of the estimation method, e.g., of the EKF, cannot
be assured. However, AMSE (5) can always be lower
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bounded by the Bayesian Cramér-Rao bound [58,71]:

1
= Flp@)] + J dop (@) Flpy=lo)]

E[A*D] )

with F[-] the Fisher information computed with respect to
the estimated parameter w; see Appendix D. The bound
is dictated by two distinct contributions: one coming
from our prior knowledge about the parameter, and the
other associated with information about the parameter con-
tained within the measured data. Importantly, as bound (9)
always applies for a given measurement scheme determin-
ing p(y</|w), it proves the optimality of the estimation
strategy considered when saturated.

Nonetheless, both Egs. (5) and (9) still depend on a par-
ticular choice of the measurement scheme. Hence, in order
to construct a benchmark applicable in any scenario, we
determine a further lower bound on AMSE (5) that is inde-
pendent of both the estimation method and the measure-
ment strategy. In particular, the presence of decoherence
allows us to derive such a bound in Appendix D, which,
for a Gaussian prior distribution, p (w) = N (uo, 09), reads

1
Ap] > — 1
1/0() + (keonl/t + 2K10c /tN) ™
Keoll 2K10c
+ .
Nt

E[

(10)

cy—oo 1

Bound (10)—that we refer to as the classical simulation
limit (CS limit) following Refs. [43,72,73]—applies at any
timescale, consistently vanishing when ko = kjoc = 0,
i.e., in the absence of noise. Otherwise, it holds for any
measurement-based feedback strategy, independently of
the initial state of the system, or the form of the mea-
surements (also adaptive) involved; see Appendix D and
Ref. [43].

As a consequence, the CS limit (10) directly disproves
the possibility of attaining the superclassical scalings of
N? and £ in the presence of decoherence. In partic-
ular, the first term in Eq. (10) sets an N-independent
bound dictated by the collective decoherence [43], while
the second term arising from the local noise follows the
SQL of 1/Nt—leaving room only for a constant-factor
quantum enhancement [73]. The latter observation unfor-
tunately disproves the conjecture about breaching the
SQL-like scaling in N despite local dephasing, formulated
in Ref. [44] based on numerical evidence.

V. ESTIMATION AND CONTROL

With a universal lower bound established for the AMSE,
let us propose the estimation and control strategies that
we anticipate to yield the lowest possible estimation error,
while remaining feasible for implementation.

A natural choice of an estimator tailored to the nonlin-
ear Gaussian dynamical model derived in Egs. (4) is the
EKF [41,42]. However, even though the CoG approxima-
tion accounts for the coprecession of the LG plane with
the mean angular-momentum vector (.f (1)), the measure-
ment direction is physically fixed to y and cannot be varied,
so that, e.g., the stochastic term in Eq. (4b) is always
determined by V). That is why the principal aim of the
measurement-based feedback that we introduce is to keep
(j (#)) pointing along its initial x direction, so that the mea-
surement may induce squeezing perpendicularly to J)
at all times, prolonging the LG regime of Fig. 2.

For this purpose, we use the LQR to find the control
law, which we expect to be optimal in the LG regime [33].
Within our scheme, the control field u(f) provided by the
LQR is built from the estimates of the EKF, unlike other
measurement-based control strategies that rely on feeding
back directly photocurrent (1) [74,75].

A. Estimator: Extended Kalman Filter

Within the CoG approximation, the ensemble dynamics
is completely described by a vector of dynamical param-
eters, X(1) = ((J ey () )os VO, VO, V19, C), @) T appear-
ing in Eqs. (4), referred to as the state in estimation theory
[41], which evolves according to a system of coupled
nonlinear stochastic equations of the form

X(0) = fx(0), u(?),§,1] an

with function f determined by the dynamical model (4),
and & denoting a vector of independent Langevin-noise
terms—here, £ = (£,0)" with the Wiener increment in
Egs. (4) then corresponding to dW = &dt [49].

Additionally, the observation of the true state x is per-
formed according to the measurement model (1), which
can be conveniently written as

y(0) = h[x(®),¢,1] = Hx(1) + ¢, 12)

where a general /4 function is linear in x for the case of
Eq. (1), with H = 2nv/M (0, 1,0,0, 0,0, 0). Moreover, we
must now impose the condition that { = ,/7 & in the quan-
tum setting, as the observation noise ¢ is correlated with
the state noise £ due to the quantum backaction [47].

Let us denote by X(¢) the EKF estimator of state x(¢) at
time ¢, and its corresponding error matrix by E[A%X ()] :=
Epy<x@1[(X(0) — x(6) (X() — x(1)) ). Although the latter
can in principle be computed only when having access to
the true state dynamics, the EKF also provides its esti-
mate for the error matrix, which we refer to as the EKF
covariance X.(t). Initially setting at t = O—prior to taking
any measurements—x(0) and X (0) = E[A?X(0)] to be the
mean and covariance of the prior distribution for the state,
respectively, the EKF estimator is found by simultane-
ously integrating the following differential equations along
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a particular photocurrent record y<, = {y(7)}o<r</ [42]:

X =1%,1,0,+ Ky —h%,0,4), (13a)
>=F—-GSR'H)S +Z(F —GSR'H)T
+ GO -SR'SHG" —TH'RT'HE, (13b)

which are coupled via the Kalman gain K := (ZH ' —
GS)R™!, whose explicit ¢ dependence we drop above,
similarly to the dynamical matrices F'(f) and G(¢).

The matrices Q :=E[££T] = (1,0;0,0),R := E[¢?] =
nand S:=E[§¢] = (/77, 0)" that appear in the Riccati
equation (13b) (and in the Kalman gain K) correspond to
the covariance and correlation matrices of the noise vec-
tors and, importantly, are predetermined. Moreover, the
dynamical matrices F(¢) := Vif|,.0 and G(f) := Veflz
(and H := Vh [76]) are defined as the Jacobian matrices
of function f (and /), whose symbolic form can normally
be precomputed—as done in Appendix F for the dynamical
model (4). However, as these are evaluated at, and hence
depend on, the current value of the EKF estimator X(7),
their exact (numerical) forms must be reevaluated at each
step of the EKF algorithm (13).

This stands in stark contrast to the special case of a lin-
ear model, i.e., when both f and /4 are linear in x(¢), so
that all F, G and H become independent of X(¢). As a
result, the Riccati equation (13b) can be solved indepen-
dently of Eq. (13a), i.e., prior to taking any measurements.
This is the special scenario in which the EKF estimator
consistently simplifies to the KF, with its covariance guar-
anteed to coincide with the true error at all times, i.e.,
() = E[A%X(H)] [41,42].

As this does not hold for nonlinear dynamical mod-
els such as model (4), we have to simulate the dynamics
of the atomic sensor in order to have access to the true
state x(¢) at all times. As a result, we can then explicitly
compute the error matrix E[ A?X(#)] by averaging over suf-
ficiently many measurement records. By then inspecting its
diagonal entries, E [Azi(t)] ¢¢» We obtain AMSESs for esti-
mating the conditional means, (co)variances, and Larmor
frequency, as appearing in Egs. (4), i.e.,

]E[Azb] = EP[)’fT,O(O)][é(C)(t) - O(C) (t)]? (14)

where O € (1), (), P, Vs Vs Gy ).

B. Controller: Linear Quadratic Regulator

As motivated at the beginning of this section, a naive
control strategy—that we refer to as field compensa-
tion—would be to just feed back the EKF estimate of the
Larmor frequency, i.e., set u(f) = —a(¢) in Egs. (4), which
should simply cancel the Larmor precession.

However, as will become clear below (see, e.g., Fig. 5 in
Sec. VII), such a solution is unstable due to the estimate of
the Larmor frequency, @(f) &~ w, being only approximate.
This leads to an error in compensating for the precession
that accumulates over time. That is why we resort to LQR
theory, allowing us to construct a stable control law that is
further guaranteed to be optimal in the LG regime.

In particular, we focus on the LG regime in which it
is sufficient to describe the system by only two [rather
than seven in x(f)] dynamical parameters, i.e., by state
z(t) = ((j y),w)T, which evolves under a linearized ver-
sion of Eq. (11) obtained by further approximating the
dynamical model (4) at short timescales [32,43]:

z(t) = Az(t) + Bu(t) + o (1)§. (15)
Here, now A4 := (0,J;0,0), B:=(J,0)" and o(t) :=
QVaMVE,0;0,1), with & = (£,0)7 being the same
stochastic term as in Eq. (11), such that dW = &£dt. Note
that, for this LG system, the variance of J Vs V;C’, is a
deterministic function with an analytical form [33,43].

Then, the LQR corresponds to the form of u(f) that
linearly depends on the state vector, here z(¢), while
minimizing a given quadratic cost function [41]:

I(w) = /OO dfz" (OPz(t) + u(t) Vu(d)] (16)
0

= / dtlps(J,)2) + pow® + vid (). (17)
0

Here, following Ref. [33], we have already chosen the
(time-independent) cost matrices P >0 and V' > 0 to
take a diagonal form, P = (p,,0;0,p,,) and V = v with
PJ>,Pw > 0and v > 0. For such a choice, it becomes clear
from Eq. (17) that the LQR, which minimizes /(u), not
only counteracts the Larmor precession by compensat-
ing for w > 0, but also importantly aims at zeroing the
angular-momentum component (j ) at any time.

Crucially, thanks to dynamics (15) being linear, the LQR
minimizing Eq. (16) can be generally found by ignoring
the stochastic part & in Eq. (15), which only increases
the attainable minimal cost (16) (on average) [41]. More-
over, given also a linear observation model, e.g., Eq. (12),
the optimal control problem can be solved independently
to the state estimation task [41]. In particular, the LQR
solution is then given by

u(t)y = — Kez(1), (18)
Ke:=V'BTx., (19)
0 =A"Sc+XcAd+P—SBV 'BTSe,  (20)

where the optimal control field u(¢) is linearly related at
any time to the state estimator, z(?) [i.e., the KF for state
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(15) and observation (12) dynamics], by the gain (matrix)
K¢. The gain is defined in Eq. (19) and involves the solu-
tion of the algebraic Riccati equation (20) for matrix Xc.
Now, as matrices 4 and B in Eq. (15) are time indepen-
dent, all ¥¢, K¢, as well as the LQR, can be determined
analytically [33]. In particular, the LQR in our case reads
u®) = —w() — 1 (J,(0)o> (2D

where A := /p;/v is a constant parameter that should
be appropriately chosen. Note that by letting A = 0 we
recover the (naive) field compensation strategy.

Furthermore, as in what follows we also use LQR
(21) beyond the LG regime—in particular, in the CoG
regime in which the EKF is used to estimate the full state
x(f) = ((jx)(c),( J)os VE, V‘C) Ve, C“) w) '—we general-
ize the control law (18) to read u(t) = —K¢c EX(f), where
E:=(0,10,...,0,0;0,0,0,...,0,1) just selects the rel-
evant state components of x(¢) that appear in z(¢), while
X(?) is now the EKF estimator in Eq. (13a).

VI. REAL-TIME SENSING PERFORMANCE

We benchmark the performance of the EKF+LQR strat-
egy, on the one hand, by demonstrating its superiority
over other estimationtcontrol strategies that involve less
sophisticated inference (KF rather than EKF) and feedback
(field compensation rather than LQR) methods. On the
other hand, we verify whether and at what timescales the
CS limit (10) (induced by the global and/or local decoher-
ence) can be attained—then proving the complete sensing
scheme to be optimal, i.e., being optimized over not only
the estimation+control strategy, but also the initial atomic
state and any measurements involved.

In order to do so, we focus on identifying the evolu-
tion in time of AMSE (5), E[A%&,]; see, e.g., Fig. 3(a).
However, in order to simultaneously monitor the dynam-
ics of quantum correlations and coherence exhibited by
the atomic ensemble, we also investigate the evolution of
the spin-squeezing parameter (8), E[Sy_z(t)], as well as the

ensemble polarization, E[(J,).]; see the main and inset
plots in Fig. 3(b), respectively.

Importantly, as the performance must be quantified on
average, all the three quantities have to be averaged, E[-],
over sufficiently many measurement trajectories obtained
when simulating the dynamics [77]. Furthermore, AMSE
(5) must be averaged over the prior distribution p(w),
which represents our a priori knowledge about the Larmor
frequency. However, in order to reduce the number of tra-
jectories computed and improve the clarity of the presented
plots, we avoid averaging over p(w), but rather present
measurement-trajectory averages for a fixed parameter
value that is representative of the assumed prior, i.e., for
w = u =+ oy given a Gaussian prior p(w) = N (19, 07).
For such an educated choice, the AMSE is consistently

always greater than the CS limit (10) evaluated for the
given oy > 0 [see, e.g., Fig. 3(a)] that, however, is always
valid on average [78].

In what follows, we firstly focus on relatively low
atomic numbers, N, for which we can explicitly simulate
the true dynamics of the atomic ensemble along a particu-
lar measurement trajectory, as described in Sec. IIT A. This
allows us to demonstrate the superiority of the EKF+LQR
strategy without making any approximations. However, as
we observe and confirm (see Appendix H) that, with an
increase of N, the evolution of atoms can be well described
at short timescales by the CoG approximation of Sec. 111 B,
we then use it not only to construct the EKF, but also
for simulations. As a result, we are able to consider an
experimentally relevant number of atoms, e.g., N = 10°
[68,69] used in Fig. 4 below, for which we may in detail
demonstrate the optimality of the EKF+LQR strategy by
saturating the CS limit (10). What is more, we show large
spin squeezing to then be generated and long maintained
despite decoherence—also for the unconditional dynamics
thanks to the feedback (LQR), i.e., when averaging over
the measurement trajectories.

A. Identifying the best estimation and control strategy

In Fig. 3(a) we first compare the AMSE of the frequency
estimate for four different estimationtcontrol strategies
when only the collective decoherence is present (kco > O,
kioc = 0). This allows us to also consider the simplest esti-
mation strategy based on the KF and linearized dynamics
(15) [32,43], which is not applicable as soon as xj,c > 0 in
Egs. (4). In particular, we compare the EKF with no con-
trol (in green), the EKF with field compensation [denoted
by u(f) = —w(f), in blue], EKF+LQR [u(?) as in Eq. (21)
with A =1, in red], and the (linearized) KF combined
with the LQR (in purple). As evident from Fig. 3(a), the
EKF+LQR approach consistently outperforms all other
strategies. Moreover, the results highlight the importance
of using an estimator (EKF) that can handle nonlinearities
in the system, rather than a linear one (KF). Addition-
ally, they stress the necessity of devising an appropriate
feedback strategy following the principles of the LQR
optimal-control theory.

Additional figures are presented in Fig. 3(b), in order
to show that the EKF+LQR strategy (red) is the only one
that keeps the ensemble both spin squeezed and polarized
along x (main and inset, respectively) significantly beyond
the LG regime [t < (M + keon) ™' [43], shaded in gray].
When no control is applied (green), the atomic state is still
squeezed on average [E[§] ~2(1)] > 1], but quickly depolar-
izes with the precession. When attempting to cancel the
precession with just the estimate of the frequency, u = —@
(blue), both the polarization and spin squeezing (8) are
rapidly lost. Controlling the sensor with an EKF+LQR
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FIG. 3. Performance of different estimation and control strategies. Subplot (a) presents the evolution of the estimation error (AMSE)

for different estimation+control strategies that involve either the KF (purple) or EKF (all other) as estimators, and either no feedback
(green), or field compensation (blue) or the LQR (red) as feedback methods. These strategies are compared against the CS limit
(black), which sets the ultimate bound on the attainable error. The EKF+LQR strategy outperforms all other schemes and maintains
a decreasing error trend even beyond the LG regime (shaded gray area). Subplot (b) shows the dynamics of the spin-squeezing
parameter (8) for all estimation+control strategies, while its inset depicts the corresponding evolutions of the spin polarization (J) (all
with consistent coloring). For the EKF+LQR strategy, both also include the values predicted by the EKF (pink dashed line), which are
overoptimistic. The parameters used in SME (2) for simulations are N = 200, k.o = 0.02, k1o =0, M = 0.3, w = 1,and n = 1. The
KF and EKF estimators are initialized with mean X(0) = (N/2,0,0,N/4,N /4,0, 119) " and covariance £ (0) = diag(0,0,0,0,0,0,07)
dictated by the initial CSS state of the atoms, and the Gaussian prior distribution for @ ~ N (i, 002). All results are obtained after
averaging over v = 1000 measurement trajectories, whereas w averaging is avoided by choosing its true value w = 1 for a prior with

Ho =+ op = 1.5and op = 0.5.

instead of using u = —® achieves an ideal outcome, pre-
serving both spin squeezing and polarization well past the
coherence time 1/k.o at about E[Syfz] ~ 1.25(0.97 dB),
and extending all the way to ¢ = 30, as shown in Fig. 3(b).
Correct estimation is also crucial; employing a KF (purple)
instead of an EKF, even combined with the best feedback
strategy (LQR), results in a worse performance in terms of
spin squeezing, although polarization is maintained.

1. Using the EKF to estimate spin squeezing

A key advantage of using Kalman filtering techniques,
or more generally Bayesian inference [58], over, e.g.,
model-free machine-learning methods [79-81], is the fact
that the former provide errors for their estimates, which are
accurate as long as the dynamical model can be trusted.
As noted in Sec. V A, this is the case for the KF when
LG stochastic models are considered, for which the KF’s
covariance is assured to represent the true average error,
ie, () =E[A’X(#)] [41,42]. For quantum LG mod-
els without feedback, the KF can thus be directly used
to reconstruct conditional dynamics of any (Gaussian)
quantum observable X (®) [21], even when only the uncon-
ditional dynamics is available due to, e.g., the model of
measurement backaction being unknown [18].

In our case, to only have access to the unconditional
dynamics of the system would mean having an uncondi-
tional evolution dictated by Eq. (2) without any feedback
[since u(?) is trajectory dependent, i.e., u(¢) = u(t|y<,)] and
with the last dW-dependent term dropped. Then, the term

(j (D))o in the detection model (1) should be reinterpreted
as J,(t) ~ N((jy(t)), Azjy(t)), so that it represents the
particular value of J (1) occurring at time +—being drawn
from the corresponding unconditional (Gaussian) Wigner
function.

For any such unconditional dynamics, as long as it
is LG, after initializing the KF to x(0) = ()A( (0)) and
T (0) = A2X (0), the KF directly provides us in real time
with%(r) = (X (1)), and T () = Afc)f( based on the mea-
surement data being recorded [82], i.e., the mean and vari-
ance, respectively, of the conditional (Gaussian) Wigner
function correctly describing X (1) given the measurement
record [83,84]. Hence, as covariances of the KF then
represent conditional variances of quantum observables,
these can be directly used to, e.g., certify entanglement in
QND-based experiments [18].

In contrast, as we possess an explicit model of the condi-
tional dynamics (2), its solution (in the Heisenberg picture)
for any moment of a quantum observable already cor-
rectly accounts for the measurement record observed (and,
in our case, a given strategy of the measurement-based
feedback) [48]. Such moments, in particular (.f MO
and A%C)f «(t) = V¢, then constitute (classical) dynamical
parameters that can be tracked in real time, in the same
way as the Larmor frequency w. Thus, one should view
the CoG model (4) as a nonlinear approximation of SME
(2), which captures the conditional evolution of classical
parameters (means and variances for the observables of
interest), whereas the EKF is rather just a tool to infer these
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FIG. 4. Performance in estimation and spin squeezing extrapolated to large atomic ensembles, here N = 10°. Subplots (a) and (b)
depict the case of pure collective decoherence ko1 = 0.005, whereas subplots (c) and (d) deal with pure local decoherence ko, = 0.05.
(a),(c) Error (AMSE) attained by the EKF+LQR strategy (red circles) when estimating @ and its average prediction by the EKF
(blue line), E[Z,.], both being lower bounded by the CS limit (10) (black line). For collective decoherence, the performance of
the KF+LQR strategy is also included (gray circles) to emphasize its failure beyond the LG regime (pink shading in all subplots).
(b),(d) Evolution of the spin-squeezing parameter (8) for conditional (blue line) and unconditional (red circles) dynamics, as compared
with its classical threshold (horizontal dash-dot line). The evolution of the ensemble polarization (j x) = E[(j )] (green line) is also
shown in both cases in the extra lower plots. Both the conditional spin squeezing and the polarization in (b) and (d) are estimated very
accurately by the EKF on average (superimposed dashed black lines). The above data are simulated by employing the CoG model
(4) with the other parameters set to M = 0.05, w = 1, and n = 1. As in Fig. 3, the KF and EKF estimators are initialized with mean
%(0) = (N/2,0,0,N/4,N /4,0, 110) " and covariance X (0) = diag(0,0, 0,0, 0,0, 002) dictated by the initial CSS state and the Gaussian
prior distribution for @ ~ N (o, ). All results are obtained after averaging over v = 20000 measurement trajectories, while @
averaging is avoided by choosing the prior with oy = 0.5 and o = w + o9 = 1.5.

in an efficient way, with w being estimated in parallel. As  for which the CoG model (4) used to construct the EKF
a result, in contrast to the KF discussed above, the EKF  approximates well dynamics (2) only at short timescales
is initialized with the estimates of <.fa 0))e = (j Yess and [t < (M + keon)”']. However, we show in what follows
A%C)ja (0) = V(0) = VS being determined by those of that, for relevant sizes of atomic ensembles, e.g., N = 10°
the initial CSS state and known exactly with no errors,  in Fig. 4 below, as long as the CoG approximation (4) is
i.e., with the corresponding covariance elements of the  valid, the estimates provided by the EKF correctly predict
EKF initially set to zero, i.e., £po(0) = 0 for all O # w  the spin-squeezing parameter (8) on average.

in Eq. (14).

Nonetheless, the EKF estimates of relevant quantum 2. Benchmarking against a classical strategy with a
means and variances, if accurate, can be directly used to, strong measurement
e.g., predict the conditional spin squeezing of the ensem- In order to complete the discussion about the role
ble. Still, one should be careful with such a procedure,  of continuous spin squeezing and the necessity to gen-
as the EKF may overestimate on average both the spin-  erate entanglement in achieving the AMSEs shown in

squeezing parameter (8) and the ensemble polarization,  Fig 3, we decide to further benchmark the real-time esti-
E[g, (1] and E[(/ )], as shown with the pink dashed  mation+control strategies against a classical scenario in
lines in the main and inset plots of Fig. 3(b), respectively.  which no entanglement is generated. As an alternative, we
This is a result of operating at low N =200 in Fig. 3,  consider the scheme in which the experimenter, rather than
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Conditional versus unconditional spin squeezing. The exact (N =

cond.
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100) spin-squeezing dynamics with collective decoher-

ence is shown depending on the control strategy: LQR (left column) versus (naive) field compensation (right column). Subplots (a)
and (c) depict the evolution of angular momentum components in the J (red) and J , (blue) directions, in particular their conditional
and unconditional means that consistently match. Subplots (b) and (d) compare the dynamics of the average unconditional (in red)
and conditional (in blue) spin-squeezing parameters (8), also verifying whether they surpass the classical value (horizontal black line).
Vertical dashed gray lines mark the relevant times for which we explicitly plot the spherical Wigner functions (bottom row) repre-
senting the instantaneous unconditional state. Note that, for the LQR control (left), even though the width along y of the distribution
progressively narrows with time, the amplitude of the Wigner function also decays. The other parameters used in SME (2) for simula-
tions read kcon = 0.005, kjoc = 0, M = 0.1, w = 1, n = 1. The EKF is initialized with mean %(0) = (N/2,0,0,N/4,N /4,0, jo) " and
covariance X (0) = diag(0,0,0,0,0,0, ag) dictated by the initial CSS state, and the Gaussian prior distribution for @ ~ N (1o, 002).
All results are obtained after averaging over v = 500 measurement trajectories, while w averaging is avoided by choosing the prior

with oy = 0.5 and o = w + 09 = 1.5.

continuously probing the atomic ensemble until a given
time ¢, performs any possible strong measurement at t. In
such a case, rather than following the conditional dynamics
(4), the ensemble evolves undisturbed [following Egs. (4)
with M — 0] until it is destructively measured. As elabo-
rated on in Appendix G, the AMSE within such a scheme
can still be constrained by the Bayesian Cramér-Rao bound
(9), but with F[-] being replaced by the quantum Fisher
information (QFI) [85].

We demonstrate in Appendix G, by resorting to exact
numerical simulations for the real-time scenarios as above
and explicitly computing the relevant QFI for the classi-
cal scenario, that the classical limit is indeed surpassed
by the EKF+LQR strategy despite the presence of rela-
tively weak collective decoherence. Moreover, as within
the classical strategy there is no mechanism to counter-
act the decoherence, its usage becomes pointless at longer

times ¢, at which the atoms reach a steady state that
ceases to be sensitive to any variations of the estimated
Larmor frequency w. We show this effect explicitly in
Appendix G by choosing either the collective or local
decoherence to be relatively strong, in order to stress that,
for the EKF+LQR strategy—because information about
the estimated w keeps growing over time as the ensem-
ble stabilizes in a metrologically useful state—the AMSE
keeps decreasing over long timescales, while the classical
strategy quickly becomes useless in a single-shot scenario.

B. Extending the results to high vV

As brute-force numerics become impossible, in order
to extend the simulations of dynamics (2) to high atomic
numbers, N, we postulate that the CoG model (4) can
be used not only within the EKF construction (13), but
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also to replace Eq. (2) when simulating the (conditional)
dynamics of the first and second moments of the angular-
momentum operators, while incorporating feedback. In
Appendix H, by direct comparison with the exact solu-
tion of SME (2), we show that, with an increase in N,
the CoG model predicts both increasingly better polar-
ization (J,) and variance V© of the atomic ensemble
that specify the spin-squeezing parameter (8), as long as
the LG regime [t < (M + 2k10c + Keot) '] is considered.
Moreover, if in particular the task of Larmor frequency
estimation for the EKF+LQR scheme is of interest, the
CoG model can be used for simulations far beyond the
coherence time [t 2 (M + 2k1oc + Keot) '] unless signif-
icant collective decoherence (k.o > 0) is present, which
makes the CoG model mildly but persistently inaccurate
(below 1% of relative error) despite the increasing N; see
Appendix H.

In Fig. 4, we present the so-extrapolated results for N =
10° (cf. Refs. [68,69]) to explicitly show that, for such
a sufficiently large atomic number, the EKF+LQR strat-
egy can be considered optimal within the LG regime, as
its corresponding AMSE (in red) attains the CS limit (10)
(in black) for both collective and local decoherence; see
Figs. 4(a) and 4(c), respectively. Furthermore, it provides
estimates of w that also improve with time for timescales
beyond the LG regime, t > (M + 2kioc + Keo1) ™', at which
the KF+LQR strategy would fail [see the gray line in
Fig. 4(a)], or would not even be applicable in Fig. 4(c).

Strikingly, in both Figs. 4(a) and 4(c), i.e., both for col-
lective and local decoherence, the average covariance of
the EKF (in blue), E[%,,], follows the true AMSE (in
red). This confirms that, despite the nonlinearity of the
CoG model (4), the (trajectory-dependent) error provided
by the EKF can be trusted. In particular, the covariance
provided by the EKF along any measurement trajectory
correctly predicts the AMSE in the LG regime. Moreover,
at longer timescales, it does not fluctuate significantly and
concentrates on the AMSE upon averaging over only a
small number of repetitions.

Not only is the CS limit (10) not guaranteed to be gen-
erally tight, but, for local decoherence, it also diminishes
as &« 1/N, making its attainability even less likely. Still, as
shown in Fig. 4(c), the AMSE of the EKF+LQR strategy
(in red), superimposed on the EKF covariance (in blue),
attains the CS limit (in black) for a short time window,
so that its optimality can then be guaranteed—answering
positively the open question posed in Ref. [44].

VII. CONDITIONAL VERSUS UNCONDITIONAL
SPIN SQUEEZING

When discussing spin-squeezing results, we can either
focus on the spin-squeezing parameter (8) evaluated along
a specific measurement trajectory (i.e., conditional), rel-
evant for real-time magnetometry, or examine the entire

feedback loop system as a mechanism for generat-
ing an entangled state independent of our observations
(i.e., unconditional). While the conditional state of the sys-
tem p () = p(t]y<,) is understood as that most closely
describing the state given a particular measurement record
V<1, an unconditional state p(f) describes the system when
we discard, or do not have access to, the measurement
outcomes, which formally corresponds to averaging the
conditional state over all the possible past measurement
trajectories, i.e., p(f) = E,y_y[po (D]

In the absence of feedback, the impact that continuously
measuring the system has on the unconditional dynamics
of p(#) is simply to introduce extra collective decoher-
ence—e.g., in the case of SME (2) with u(f) = 0 after tak-
ing £, (y_,[-] of both sides, the measurement induces only

the extra MD[J y]term. On the contrary, in the presence
of feedback, the effective master equation describing the
unconditional evolution cannot be easily deduced from the
conditional dynamics, e.g., from Eq. (2), unless restrictive
assumptions (e.g., Markovianity) are made [29], which are
not fulfilled for the LQR-based control strategy described
in Sec. V B. However, as such restrictive feedback scenar-
i0os are known to unconditionally drive the system into a
spin-squeezed state [74,75], we confirm that this is also
the case here.

In Figs. 4(b) and 4(d), we demonstrate that the
EKF+LQR strategy is not only capable of generating con-
ditional spin squeezing (blue lines), as already shown in
Fig. 3(b) for N = 200, but also yields significant uncon-
ditional spin squeezing (red circles) above the classical
limit (horizontal solid black line). Furthermore, as Fig. 4
presents extrapolated results using the CoG model (4) for
N = 10°, thanks to dealing with a large atomic ensem-
ble, the EKF very accurately estimates both the average
conditional spin-squeezing parameter (8) and the polar-
ization, i.e., in Figs. 4(b) and 4(d) the dashed black lines
coincide with the blue and green lines, respectively—in
contrast to the previously considered Fig. 3(b) and its
inset, with pink dashed lines largely overestimating both
the spin-squeezing parameter and the polarization. While
Fig. 4(b) highlights the advantages of using the EKF over
the KF (gray circles) for maintaining the multiparticle
entangled state beyond the LG regime—the unconditional
spin squeezing is lost at timescales about 10 times shorter
for the KF—the reliability of these conclusions is compro-
mised by the limitations of the CoG approximation at long
times; see Appendix H.

That is why we return in Fig. 5 to simulating the exact
SME (2) in the presence of only the collective decoher-
ence (N = 100, xcon = 0.005), where we study in detail
the phenomenon of conditional versus unconditional spin
squeezing by further comparing the EKF+LQR strategy
(left column) with the naive field compensation (right col-
umn). Similarly to Figs. 4(b) and 4(d), in Figs. 5(b) and
5(d) we compare the average conditional spin-squeezing
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parameter (blue) and the unconditional spin squeezing of
the average state (red), of which the latter also breaches the
classical value (solid black horizontal line) beyond the LG
regime for the EKF+LQR strategy employed in Fig. 5(b).
This is confirmed by the (spherical) Wigner distribution
plots (snapshots in time at t = 0.5, 3,30), which, for the
EKF+LQR strategy, are clearly steadily “squeezed” in the
y direction even at t = 30 > 1/(M + ko) =~ 10, in con-
trast to the field-compensation strategy, in which case the
Wigner distribution begins to lose its shape already atr = 3
within the LG regime.

As the w estimate of the EKF is initially set in Fig. 5
to @(0) > w, the control operation initially overcompen-
sates for the Larmor precession and rotates the spin in
the counterclockwise direction when viewed along z—this
is manifested by the spin components J y) = ]E[(j o]
acquiring negative values in both (a) and (c), as well as by
the corresponding Wigner function being shifted to the left,
e.g., at t = 0.5 for both control strategies. An analogous
behavior would occur when choosing @®(0) < w, in which
case the control operation would initially undercompensate
the Larmor precession, so that the spin rotates clockwise
around z (Wigner function shifts to the right), before either
the LQR control increases the counter-rotation and sta-
bilizes the spin along x (left column) or the stability is
lost when the naive field-compensation strategy is pursued
(right column).

VIII. CONCLUSIONS

The quantum dynamics of a (spin-1/2) atomic mag-
netometer is studied; first by exact numerical simulation,
and later by introducing and verifying a comoving Gaus-
sian approximation suitable for large atomic ensembles,
while incorporating a measurement-based feedback loop,
as well as local and collective decoherence in the form of
dephasing along the magnetic field direction.

Based on the effective Gaussian description, an efficient
estimation+control scheme is proposed that comprises an
EKF and an LQR. In parallel, ultimate limits on real-
time sensitivity are derived that apply to all schemes
involving measurement-based feedback and continuous
measurements, given the decoherence considered. By sat-
urating these, the EKF+LQR strategy is proven to be
optimal at short timescales of experimental relevance. This
is possible thanks to the enhancement of sensitivity by
the continuous measurement, which generates interatomic
entanglement (conditional spin squeezing) in real time.
The entanglement emerges even if an experimenter disre-
gards the recorded measurements—the atomic ensemble is
driven by the LQR control into a state that is also entangled
“on average.” Additionally, since, for large atomic num-
bers (N = 10°), the EKF correctly predicts from measure-
ments not only the magnetic field, but also the means and
variances of ensemble spin operators, its use is sufficient

for an experimenter to infer the conditional spin squeezing
and, hence, benefit fully from it in real time.

Our work demonstrates for the first time that practical
measurement-based feedback schemes can significantly
enhance the operation of atomic sensors by exploiting
quantum entanglement despite the noise. As a result, we
believe that it paves the way for such schemes to be
employed in state-of-the-art atomic magnetometers.
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APPENDIX A: WIGNER FUNCTION ON A
SPHERE

State representations on the Bloch sphere are useful to
visualize spin squeezing for an ensemble of (spin-1/2)
atoms, and to gain intuition about properties of the over-
all quantum state. For that reason, we choose to compute
the Wigner quasiprobability distribution and map it into the
Bloch sphere as described in Ref. [39], i.e.,

N 1 N k
WO.0) =\ =33 mli@.),  (AD)

k=0 g=—k

where the Y, (6, ¢) are complex spherical harmonics, for
which the coefficients pr, = 3, __; Pty are
determined by the part of the density matrix supported by
the fotally symmetric subspace, in particular its elements
Pmy,m, Written in the angular momentum basis for the max-
imal total spin J = N /2, with the Clebsch-Gordan coeffi-

cients being f" 1= (=1)/ ", mi;J, —mylk, q)
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[87,88]. Note that the exact density matrix is needed to
generate the Wigner quasiprobability distribution (Al);
therefore, only in the case where we can solve SME (2)
exactly (N < 300) can we compute (0, §).

Throughout the manuscript, we present Wigner func-
tions mapped onto Bloch spheres to illustrate the distri-
bution of coherent spin states (e.g., in Fig. 2), or to show
how the EKF+LQR (estimation+control) strategy uncon-
ditionally squeezes the atomic ensemble (in Fig. 5) despite
collective decoherence. Note that in the presence of local
decoherence the state is no longer supported only by the
totally symmetric subspace, so that W(6,¢) no longer
captures all its properties.

APPENDIX B: DERIVATION OF THE CoG
DYNAMICAL MODEL (4)

The set of stochastic differential equations (4) can be
derived by carefully applying the rules of It6 calculus, e.g.,
by noting that the differential of any two functions of time
and a stochastic process, f/ and g, reads d(fg) = fdg +

d(jx>(c) =—(w+ u(t))(jy>(c)dt - %(Kcoll + 2K10c + M) (j
diJy e = (@ 4+ u®) e dt — 3 (keon + 26106) (T hodt + 2/ nM VY dW,

diJ2 ) = —3M . Yodt + 2o/ 1M CE) dW,

gdf +dfdg. In our case, these functions are the means,
variances, and covariances of some quantum observable

O, whose dynamical evolution can then be computed by
substituting the conditional dynamics (2) of dp, into

d(0) = Tr{O dp }. In particular, considering J, V©, and

Cifé with o, 8 = x,y,z appearing in Egs. (4), which satisfy
dJa)o = Tridu dpe},

Ay = dJ e —d(Ja)d)

= d(J2 ) = 2 a)od(Jake) — AW o )odJ oo,
(B1b)

ol 8)o + 1diT g w)e — AT o )o o)
el g + 3diT gT )0 — T plodUa e
(Blc)

(Bla)

aciy = 1d
1d
— adod g)o — A a)eodtJ g

we derive, by working to the relevant order O(dr/?),

x)(c)d[ + 2\/ TIMC)(:y) dWa (Bza)
(B2b)
(B2c)

. N
AV = —2( + u(t) COdt + keon (VO + (J,)2) — VOVt + kioe (3 - 214:))& F MV — VO — 4nCO%d

A A A 1 A A A
+ 2ynM[icov (s, J 1)) + 750V Uy, J ) ]dw,

©

(B2d)

. N
AV = 2w + u(®) COdt + koot (V' + (T2 — V)t + kioe (3 - 2V;°)>dt — MV dr

+2¢/nM coviy (S, J,,J ) dW,

AV = MV + (J)2 — VO)dt + 23/ nM[icov (2, T2, J,) + Seovi (U, J., )] dw,

(©)

(B2e)
(B2f)

dCS) = (0 +u) (V) — V)t — ket 2CE + (Jdo Wy ko)t — 2k10:COdt — LMCE (1 + 8 V)t

+ 2\/ nM[%COV(c)(jx’jy:jy) + %COV(C)(JAyJAxJAy) + %COV(C)(JAyaJAy’JAx)]dWa

xy
(B2g)

dC;;) = (a) + u(t))C)(;)dt - %[Kcoll + 2Kloc + M(l + 877 V)(;C))]C;j;)dt

+ 2\/77M[‘]—‘c0v(c)(fz,jy,fy) + %cov(@(jyjzjy) + }Tcov(c)(jy,fy,jz)]dm

(B2h)

dCY) = — (o + u() CYdt — 3 (keo + K100 + 4M)CLdt — M (J. o) (J )yt — AnMC)CE)dit

+ 2\/ nM[%COV(c)(jijajy) + };COV(C)(jyajx:jz) + AITCOV(C) (jZanajy) + %COV(C)(jyajz:jx)]dWa

where, for any three operators /I, l§, and é', we define

A AA A A A

oV (A, B, C) := (ABC)y — (A)e(BC)ey — (B)e (AC) ey — (Chey (AB)e) + 2(A ) (B)ey (-

Xy —zy
(B2i)

(B3)
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In order to be able to construct an EKF from the
equations above, as well as to have a manageable sys-
tem of stochastic differential equations that approximately
describe our sensor, we drop the third-order moments from
Egs. (B2), i.e., we perform a cut-off approximation. Cru-
cially, third-order moments appear only in the stochastic
terms of the dynamical equations for the second-order
moments, reducing the impact of the approximation in the
accuracy of the CoG model.

Additionally, in the main text we also omit the dif-
ferential equations for (fz)(c), Cy), or CY), since these
quantities are consistently zero throughout the time evolu-
tion. This follows from their initial (CSS-state) conditions,
e, (J2(0)) = C&(0) = CY(0) = 0, and their exclusively
decaying evolution when the stochastic kicks due to the
third-order moments are disregarded.

APPENDIX C: DISCRETE-TIME PICTURE OF A
MEASUREMENT-BASED FEEDBACK SCHEME

Any conditional dynamics of a quantum system that
undergoes a continuous measurement and measurement-
based feedback, such as SME (2), corresponds to the
continuous-time limit (6¢ — 0) of a discretized evolu-
tion consisting of a sequence of completely positive and
trace-preserving (CPTP) maps, ®;; of duration §¢, that are
interspersed by weak sequential measurements [47].

In particular, the system state at time ¢t = k¢, i.e., after
k steps of the discretized sequence, generally reads

ch[Eyk T q)l [Ey1p0E;1] o E;k]
p(Yrlw)

plklyi] == ., (CD

where the map acting on the state in between measure-
ments for a time §¢,

Dy = W C2

k= st (a)a Yk), ( )

is determined by the system intermediate evolution, which

incorporates feedback and thus generally depends on the

whole past measurement record, y; = {y1,...,)x}, apart

from the estimated parameter w.
The denominator in Eq. (C1) is the likelihood, i.e., the

probability of observing the measurement trajectory yy
given a particular value of the estimated parameter w:

A

p(yrlw) = Te(@[Ey, - @1[Ey, poE 1 ET 7). (C3)
The measurement operators Eye in Egs. (C1) and (C3)
are determined by the continuous measurement being
performed and yield a positive operator-valued measure
(POVM), {E},E,,}y, with Y, E},E,, = 1. For simplicity,
we have set the measurements to be the same within a
sequence; however, such an assumption is unnecessary in

the derivation of the precision bounds that follows. In par-
ticular, our analysis also applies to schemes in which the
type of measurement is adaptively changed over the course
of a single measurement trajectory.

Let us also note that state p[k|yx] specified in Eq. (C1) is
actually the discretized version of the conditional density
matrix introduced in the main text above Eq. (2), o, (¢) =
p(tly<;), which is then formally defined in the continuous-
time limit as

t
p(tly<s) := lim {,o[k|yk] such that k = —}, (C4)
- 85t—0 St

now being conditioned on a continuous measurement
record, y<; := lims;— o{Yr=r/s:}-

1. Separability of feedback maps in a sequence

As the impact of decoherence and feedback is consid-
ered to be time invariant (Markovian) in between measure-
ments, the dynamical map (C2) forms a semigroup with
a fixed dynamical generator. The form of the generator,
however, may vary stochastically from one step to another,
as the feedback incorporated by the map is built on mea-
surement outcomes that fluctuate. Nevertheless, because
the increments of the measurement stochastic process are
independent and stationary, map (C2) generally takes the
form

@y = exp (S1LL) + AV LY}

det (CS)
with the dynamical generator being split into its deter-
ministic and stochastic parts and Y, denoting a general
(discrete) Lévy process [89].

Importantly, the finite increment of the Lévy process Y
can always be expressed using the Lévy-Itd decomposition
as [89]

AY; = ,uk(St—i—akAWk—i—f x N (8t,dx)

Jx]<1

+ / x N (8¢, dx), (C6)
[x]>1

which includes a deterministic drift, a Gaussian diffusion
with AW, ~ N (0, 8t), and two jump terms, respectively.
The last term in Eq. (C6) represents large jumps of
magnitude |x| > 1, and the first integral term is a com-
pensated Poisson process that accounts for small jumps
of magnitude |x| < 1. Here, x is the size of a jump, dx is
a small interval of jump sizes, and N (8¢, dx) is the num-
ber of jumps in the time interval 6z whose size falls in dx.
However, for small jumps, we actually integrate over the
compensated Poisson measure, N (8t,dx) := N (6t,dx) —
v(dx) 8¢, where v(dx) is the Lévy measure, telling us the
expected number of jumps of size dx per unit time [i.e.,
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E[N (8t,dx)] = v(dx)ét]. In the special case where this
Lévy measure is finite, i.e., f xv(dx) < oo, we can further
simplify the Lévy-Ité decomposition as

AY, = [L;(3[+ o AW, + f
[x|€R\{0}

xN@©t,dv), (C7)

where w) 1= py — flx\<1 x v(dx). Crucially, the variance of
the Poisson jumps is proportional to §¢, i.e.,

Var|: / xN (8, dx):| =5t / x*v(dx). (C8)
[x|eR\{0} |x|eR\{0}

Therefore, it is always valid to expand the dynamical map
(C5) to the lowest order in §¢ as

O =1+ 8LE + AVLY + LAY (LY + 0(6F7),
(€9)

because all higher-order terms—denoted schematically
as O(8/*)—even when containing stochastic increments
cannot contribute at the lowest §¢ order. By the same
arguments, we can rewrite Eq. (C9) as

Oy = [1 + 8L + OGA[L + AVLY
+ 2AYDALI)? + 066P)]
(C10)

= Edet o ‘S"Ya

which can be interpreted as the lowest order in the Suzuki-
Trotter expansion, consisting of deterministic and stochas-
tic components. Specifically, the deterministic part is given
by

Eaer := exp {81L30), (C11)
while the stochastic part is

Sy = exp {AVLY). (C12)

This treatment accounts for the Markovian feedback of
Wiseman [74], as well as any Bayesian feedback [90].
In particular, for Markovian feedback, by identifying the
stochastic term as AYkE(;‘)~ = —iAYk[I:", -], one recovers
the results of Ref. [74], as shown explicitly in Appendix
E 3. Considering instead a general Bayesian feedback that
may utilize the whole measurement record, we identify
the deterministic part of the generator in Eq. (C5) as
that encoding the parameter, i.e., (Stﬁgz = §tL,, and the
stochastic part as that depending on the measurement tra-

jectory y; via feedback, i.e., AY;{E(Y]‘) = §tLy,. Therefore,

we obtain

&y = [1 + 8tL,, + OGA][L + 8tLy, + O(5F7%)]
= B, 0§y, + 0, (C13)

where we now analogously define &, := exp{§tL,,} and
Sy, :=exp{étLy,} as the maps responsible for noisy
parameter encoding and the application of the feed-
back, respectively. The above analysis applies to any
measurement-based feedback, but we consistently recover
the feedback of our scheme in (2) for the special case of
StLy,- = —idtu(yy) [[:I ,-] and its continuous-time limit, as
shown explicitly below in Appendix E 2.

Having established in Eq. (C13) that any measurement-
based feedback and noisy parameter encoding can always
be separated in the 5 — 0 limit at the level of maps, we
may decompose the sequential structure of the conditional
state in Eq. (C1) further. In particular, for small enough &z,
we can always write

Ew[gyk[Eyk T Ew[&yl [Eyl /OOEIl]] o E;k]]

plklyr] = ’
P (Yklw)
(C14)
with the likelihood defined now as
P (Yilw)
= Tr{Eu[y, [y, - - BulSy,[Eyy poE] 1+ - ES T
(C15)

APPENDIX D: CLASSICAL SIMULATION BOUND
FOR ANY PROTOCOL WITH LOCAL AND
GLOBAL DECOHERENCE

Although the Larmor frequency w in E, may itself be
allowed to follow a stochastic process [50], here we focus
on estimating a constant value by employing a Bayesian
strategy. Within the Bayesian approach to estimation the-
ory, the AMSE can be lower bounded by different classes
of Bayesian bounds [71]. For our purposes, we choose
the (marginal unconditional) Bayesian Cramér-Rao bound
(BCRB) [71,91]:

E[A%@] = (Jp) (D1)
where Jp is the Bayesian information (BI) [58],
JB = Ep(w,ygt) [{aw lnp (a)s yfl)}z]' (Dz)

The BI can be split into two terms, Jz = Jp + Jy;. The
first term, Jp, represents the contribution of our prior
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knowledge about w,

Jp = Flp(@)] := Epo[{do Inp @), (D3)
corresponding to the Fisher information (FI) of the prior
distribution p (w) evaluated with respect to the estimated
parameter w. As in this work we assume that the a priori
knowledge about w is described by a Gaussian distribution

of mean p and variance o2,

1
o~ pw) =
V2mo?
its FI corresponds to just the inverse of the variance, i.e.,
1

Jp=—.
o2

e—(w—mzuaz,

(D4)

(D5)

The second term, namely, the contribution of the measure-
ment record, or Jy;, can be understood as averaging the FI
of the likelihood over the prior distribution, i.e.,

Ju = Ep(w,ygr)[{aw Inp (YEf|w)}2]

_ / do> p (@) Flp(yi|o)] (D6)

with

Flp <)) := By [{80 Inp(y<l@)}’] (D7)
being the FI of p (y</|w) with respect to w, i.e., the likeli-
hood of observing a measurement trajectory y, given that
the true value of the Larmor frequency is w.

Now, as Jyy, or, equivalently, F[p (y<|w)], depends on a
particular measurement strategy assumed, in what follows
we focus on establishing a universal upper bound on Jy,
that applies no matter the measurement sequence, includ-
ing measurement-based feedback, and which stems from
our previous work [43].

The proof that follows is fully based on the form of
map E, responsible for noisy w encoding. Moreover, in
Eq. (C13) we have shown that E, emerges from &y
by separating it—up to order 87/>—into two terms, one
including the @ encoding, i.e., E,, and the other one
including the feedback, §y, . Therefore, the bounds we now
derive apply to any form of measurement-based feedback,
but are specific to map E,,. In particular, let us further split
the internal dynamics given by map E,, into two additional
maps,

(1]

w=R0A,, (D8)
where 2 denotes the nonunitary evolution arising in
between measurements due to the collective decoher-
ence (of strength ko), and channel A, encompasses
both the unitary frequency-encoding and the nonunitary

local decoherence (of strength ko). Note that in SME
(2) both generators of the collective and local decoher-
ence commute with one another and the w encoding, and
so must their resulting CPTP maps upon integration, i.e.,
[2, A,] = 0. However, even if the two maps were not to
commute, map Z,, could still be split to order 57, using the
Trotter-Suzuki approximation. As a result, the conditional
state p,[k] = p[klyr] given by Eq. (C14), by substituting
Eq. (D8), can then be written as

plklyk]

_ QA By, - ANy By poE 1N - - £} 1]
p(vilw)

(D9)

Although the above decomposition is valid for any type
of measurement-based feedback in the §¢ < 1 limit, in the
case of the feedback considered in SME (2), it applies for
any 8t > 0, as the feedback in Eq. (2) effectively changes
the Larmor frequency and, hence, commutes with both the
w encoding and the decoherence.

Analogously, the denominator of Eq. (D9) is now the
special case of the general likelihood (C3), and reads

P (Yrlw)
= Tr{Q[A L[Sy, [Ey, - -~ QLALSy, [Ey, poE] M-+ EF 1M1
(D10)

1. Convex decomposition of the likelihood

Similarly to our previous work [43], which dealt only
with collective decoherence, our motivation is to find con-
vex decomposition of the effective noisy w-encoding map,
ie., Q[A,[-]] in Eq. (DY), so that the discretized likelihood
(D10) can be decomposed as

pilo) = [ PEg@ElopwiZo. O
where Z; = {¢1,¢2,...,¢x} is a sequence of sets, each
containing N auxiliary frequencylike random variables,
e.g.,ly = {g“e(l), Q(z), e, Q(N)} indicates that within the £th
step the first probe undergoes the Larmor precession for §¢
with frequency ¢V, the second probe with ¢?, etc.

While g(Z;|w) represents the mixing distribution that
crucially contains all the w dependence, p(y;|Z;) in
Eq. (D11) can be interpreted as a (fictitious) likelihood
of obtaining the measurement record {y; }j’.‘zl, while the
discretized measurements are interspersed by CPTP maps
within which each probe undergoes frequency encoding
with frequencies specified by sequence Z, i.e.,

Pyl Zk)
= Tr{ly, [Sy, [Ey - - Uy [8y, [Ey, poEf 11+ Ef 71

(D12)
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a. The map @ o A, as a convex mixture of unitaries

We express the overall map Q{A,[-]} as a mixture of
unitaries by decomposing separately the collective map
Q[-] that acts on all the probes, and A,[-] that exhibits a
tensor product structure with local maps acting indepen-
dently on each probe.

In the case of 2 representing the evolution of the atomic
state under collective decoherence (dephasing along the
magnetic field direction), we can simply use the results
presented by us in Ref. [43] and write

QL] = / dEpean (€)eEI0GEIH(D13)

with a Gaussian distribution peo (&) = N (0, Veon) of zero
mean and variance

Veoll := Kcoll/sl. (D14)

On the other hand, the overall map associated with the
local decoherence, i.e.,
A, = e~ (D15)

can be described as the formal solution of the master
equation

dp

.y
a = P

N
= —ilf,p(]+ Y DILp®)

i=1

= —iw[J., p(H] +

N
Kloc ~ (i)
> ;D[GZ 1p()

N N
= ( —i2 Y60, 1+ 52 Y D) >p<r>

i=1 i=1
N
- D)
i=1

where J. is the collective angular momentum in the z
direction, J, = %25\;1 69, with the subscript (i) denot-
ing the position of &, in the tensor-product structure, and
LY = —iw/2[67, -]+ Kioe/2D[6] -.

It then follows that the collective map A, can be written
as a tensor product of the individual CPTP maps for each
atom, A, Namely,

(D16)

N N
A= exp@l = Qe = @AY

i=1 i=1

(D17)

with the semigroup map A® =e’“” defined by the
Gorini—Kossakowski—Sudarshan—Lindblad generator £

representing the unconditional evolution of the ith atom,
ie.,

dpi(t) __

— io[8Y, pi(H)] + 2k DIEP10:(H),  (DIB)

where 3, = %82, and p; = Trvx(p) is the state after trac-

ing out all atoms except the ith one. Then, again using the
results introduced in Ref. [43], the unconditional equation
described above can be written as a convex combination of
unitary evolutions

AV = /dU(i)Ploc(v(i)Iw)Uumst[']’ (D19)

where v is just a dummy random variable that follows
VD ~ poc(V?w) = N (w, Viee), a Gaussian with mean w
and variance

Viee 1= 2Ki0c /1. (D20)

The unitary channel U, x4 [-] is also parametrized with
respect to the auxiliary variable v, i.e.,

OO ORY
uu(i)St['] —c sz 8t elU Sz Bt' (D21)

Hence, it follows that the overall map A,, in Eq. (D15) is
equivalent to a convex combination of tensor products of
unitary maps:
N N
Al = @AY = [ Dopwlo) @Uyos L]
i=1 i=1
(D22)
with v=w0, ..., 0D . v, Ploc (V| )

= [T%, Poc(w?|w), and Duv =[], dv®. Note that,
since exp (4) ® exp (B) = exp (4 @ B), then

N
Up[-1= Q) Uysil-]
i=1

N N
= exp = - iStZ v(i)fz(i)} - exp {i&z U(i)fz(i)},
i=1 i=1
(D23)

where

=1 - 91191 ---1, $0 =369
——— ———
i-1 N—i

Finally, combining maps (D13) and (D15), we get

QUALLT) = / dE peon(€) / Dugroc o[ ], (D24)
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where L[;,v[~1 = exp{—idt Z?’zl(é + v) O} exp
{ist N (¢ + v®) j}. Furthermore, for convenience, let
us redefine v@ as v = ¢® — £, so that the above decom-
position becomes

Q{AL[]}

- N
= / D¢ / d& peon(§) l_[ploc(g(i) - é|a))j|u{[]
1

i=

_ / D e, / dt e~ 5 /oo

N o7 g _ )2
-y i HU;[-]

X exp
2 V]OC

i=1

_ f Dresf ©g@ U . (D25)

where vector ¢ represents a collection of each aux-
iliary frequency acting on each particle, ie., ¢ =
@M, ...,cD .., ¢™). The unitary map parametrized
by the aforementioned auxiliary frequencies is denoted
Up[-]= exp{—ist SN | ¢ @O explist Y | ¢@ 7P}, while
we define the normalization constant ¢, = ¢
27 Veot Viee/ (NVeolt + Vioe) for convenience, being pro-
portional to ¢; 1= (27 Veon) ™2 (27 Vie) N/,

The final expression in Eq. (D25) is a consequence of
the equality

N i
/df 6—52/2!/0011 exp { _ Z @OEVM}
loc

i=1

= z—jf ©)gEw), (D26)

where ¢ is the average of the auxiliary fre%uencies experi-

enced by the N atoms, i.e., & := (1/N) > ;. ¢, whereas

1 ) _
1@ :=exp{—2,,1 (Z<;<'>>2—N§2)} (D27)

and

& -0y } (D28)

Clw) ==exp| —
g(¢|w) P: 27,
are Gaussian-like functions—the latter exhibiting a new
“effective” variance:

Vloc Keoll + 2K10c/N _ K_Q

Vo=V, =
Q eoll + N St St

(D29)

with kg 1= keoll + 2Ki10c/N. ‘
To prove Eq. (D26), we first define a new variable v =
¢® — @ and expand the exponent (V) — & — w)? = (£ —

VD)2 = g2 280D 4 (VD)2 If we now take the sum and
rearrange terms, we obtain

Z ¢ - V(i))z
i 2'I/lOC
_ 8 =260/N) v 4+ (1/N) 3,00
B 2Viee/N
_E-%VNE? N Y, v
B 2'I/IOC/]\[ 2'I/IOC/]\[
_E-v W=Dy /N, p(@ym
"~ 2Vie/N  2Viee/N 2Vioe/N '
(D30)
where ¥ := (1/N) Y, v and
V= ]% >+ % > T udym, (D31)

i=m i#m

Crucially, the last two terms in (D30) are independent of
the frequency w. This will matter later on, but, for now, let
us show how they depend only on ¢:

1 ‘
(N — Hv? — v > vOptm
i#m

o1 ;
= _v2+]v Ei (v®)?

=2 - 1 i i
=0 +Ro—o + §i (€)= 200" + 0]

1 R
ZNE (C('))2—§2~

Here we have used Eq. (D31) and the fact thatv = ¢ — w.
Hence,

(D32)

N P .

@ —f—w?| _ & — )
e | - > |=roen|- 5001,
(D33)

which, upon substituting into the left-hand side of
Eq. (D26), allows us to directly evaluate the Gaussian
integral over &, i.e.,

s / dE ¢ 512V oot = €97/ Qe /)

Vcoll Vloc

_ VeollVloc  —@-w)?/2(Veon+Vioc/N)
NVcoll + Vloc

=f©),|2n
(D34)
and arrive at the right-hand side of Eq. (D26).
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2. Upper bound on the Fisher information
Next, by substituting the convex combination of map
Q{A,[-]} in terms of unitaries, that is, Eq. (D25), into
Eq. (D10),

p(yrlw)
= Tr{QLAu[Fy, [Ey, - QAALTy, [Eyy oL 1+ Ef 111}

k
~ [p2([]ev €e@o)
J
x Telly [8y By - Uy, By, By poEf 1N -+ EF 71

K
= /DZk(chf(é'j)g({_jlw))l?()’k|zk), (D35)
J

where we have used Eq. (D12) in the last step. Note that,
by comparing Eq. (D35) with Eq. (D11), we can easily
identify the auxiliary conditional probability ¢(Z;|w) as
a product distribution

k k
9(Zilow) = [ [a@jl0) = [ [/ €)@, lw). (D36)

Jj=1 j=1

As discussed at length in Ref. [43], the expression for
q(Z|w) allows us to directly construct an upper bound
on the Fisher information evaluated with respect to the
likelihood, p (yx|w) as

Flp(ilw)] = FIS{g(Zilo)}] = Flg(Zilw)], (D37)

where S: g(Z|w) — p(yi|w) is a stochastic map S[-] =
[ dZ; p(y|Z0)[-], under which the Fisher information
can only decrease due to its contractivity.

We compute the Fisher information of ¢(Z;|w) with
respect to parameter w, i.e.,

32
Flg(Zilw)] = _Eq(zka))[ﬁ lnq(Zklw)]

a 2 _
= Z —Eyz,10) [@ Ing(z, Ia))i|, (D38)

j=1

where Eq. (D38) follows from the fact that, for each jth
time step, only the function g({;|w) depends on w. As a
result, after further substituting the Gaussian form (D28)

of g(g_'j |w), we obtain

k
1k kst
FlaZdw)] =) — =7 =—,
; Vo Vo ko

(D39)

after also substituting for V' according to Eq. (D29).

a. Evaluating the 6t — 0 limit

It is then straightforward to see that, when taking
the limit of 8z — 0, the Fisher information of ¢(Z,|w)
becomes F[q(Z;|w)] = t/kg, and, therefore,

Jp=Jp+Ju

1
=—+ /da)p(a))}—[p(ygﬂw)]
o

1
<+ [dop@ FlaEio)
(o2

1 t
= — 4+ —.

5 (D40)
o KQ

Hence, for a constant field, we obtain the following lower
bound on the estimation AMSE:

—1
E[A*@] = Up) ' =V, = (i + ! ) .
0_02 Kcoll/t + 2Kloc/l‘]v
(D41)

APPENDIX E: RETRIEVING THE SME FOR
HOMODYNE MEASUREMENT AND
FIELD-COMPENSATING FEEDBACK

Any conditional dynamics involving a continuous mea-
surement, such as SME (2), is generally derived as a
continuous-time limit (§¢ — 0) of a discretized evolution
consisting of a sequence of CPTP maps, &5, of duration
3t, that are interspersed by weak sequential measurements
[47]. In fact, the continuous measurement record y<; over
time ¢ = k4t corresponds to the limiting case of a sequence
of outcomes y; = {y1,...,yx} after letting £k — oo as
8t — 0.

Additionally, by focusing on a single 6z step in Eq. (C1),
we can show that consecutive conditional states are related
as

O4{Ey, plk — lyi—11E}}
Tr{dJk(Eyk,O[k — 1|yk—l]EJLk)}

plklyi] = (ED)

This iterative relationship can be further split to differ-
entiate between the state before and after performing the
measurement given by the POVM E, . In other words, we
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label, analogously to the discrete Kalman filter,

update : p[k — 1|y;] = state after measurement update k&
but before evolution k — 1 — k&
predict : p[k|yx] = state after measurement update &k

and after evolution k — 1 — &,

such that the state at time & is written as
O (plk — 1lyk])
plklyd] = ,
Tr{@x(p[k — 1]yiD}

where p[k — 1]yx] is the updated state after we have per-
formed the measurement but before evolving the system
under the internal map 4[], i.e.,

Eyplk = 1ye1E],
Tr{Ey, plk — 1yi-11E),}

Both definitions readily emerge from Eq. (E1) by divid-
ing both the nominator and denominator by Tr{E), o[k —

Hye-11E),)-
Let us now focus on deriving an expression for p[k —
1]y] and its unnormalized version

plk — 1\ye] == Ey plk — 1|ye—1]E] .

(E2)

plk —1lyi] = (E3)

(E4)

1. Substituting the form of the continuous
measurement

Within the continuous measurement framework [47],
the Kraus operators of the kth measurement in Eq. (E1),
{E)% }y,» are generally associated with an interaction of the
system with a bosonic mode, fi’k satisfying [Ek, BL] = s
that is subsequently measured, so that

Ey, = il U 10), (ES)

Usi(plk — 1]ys—1]1® [0)OD T,

where the bosonic mode is initialized in the vacuum state
|0) before being projected onto state |y;) associated with a
particular outcome y; of the quadrature operator

. 1y s
Ppo= E(BZ+Bk), (E6)

while the (weak) interaction is generated by the unitary
operation [47,90,92]:

Us = explv/M3t(L ® Bl —LT®@By)),  (E7)

with M parametrizing the strength of the continuous mea-
surement and L denoting any system operator that is
continuously probed.

Knowing that, we can expand the numerator of Eq. (E3)
as

ALk — 1lyx] = x| Usil0) plk — 11y4—11(01Usilyx)
= Trp{Usi(plk — 1]ys_1]
® [0)0D UL, (1 @ [y}, (E8)

where Trp denotes the partial trace over the probe sub-
space. Note that the probe is modeled as a series of
discretized uncorrelated modes interacting with the sys-
tem in a conveyor-belt fashion [90]. In other words, before
the system-probe interacting unitary is applied, the state
of each probe mode is assumed to be in the vacuum state.
Therefore, the joint state of the system and the probe before
the interaction occurs is, at each step, p[k|yx] ® |0)0]|. To
now derive a complete expression for the evolution of the
reduced state of the atoms under the action of the Kraus
operators, we have to first evolve the joint state under the
action of the interaction Hamiltonian. Namely,

= plk — 1ys—11® |0X0| + MLp[k — 1]y, 1L ® |1)X1] 8¢
+ (Lplk — 1ye1]1® [10] + p[k — 1y,—11LT® [0) 1))/ M8t

M A PN
+ ?(\/Esz[k — 1yx1]1® 12)0] = L*Lp[k — 1]ye-1]1 ® [0)0]

+ V2plk — 1y 1E? ® 10X2] — plk — 1yx 1 1ETL @ |0)(0)8t + O(8£7%), (E9)

where we have used the expansion of the unitary operator up to order §¢, i.e.,

Uy =101+ (L ®B—LT@B)vMst+ L[I* ® (B))? — ['L ® BB} —LLT®B]B,

+ (LY @ (B)*IM st + 087,

(E10)
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and the fact that By and ZAS'Z are discretized annihilation and creation operators obeying the standard rules. Next, we simply
project the state of the probe onto |y;)(yx| and trace out the bath (also referred to as the probe), yielding

ALk — 11yi] = el Usl0) plk — 11ye-11 (01 Usily)

= [(l0)? plk — 1]yx—11+ ((el1) (Oly) Lolk — yi—11+ l0) (1 i) plk — Uys—11LN) v/ Mt

M A PO
+ 7[«/E (612) (Olye) L2 plk — 1ye—1] = 1(el0) 1> LT Lolk — 1]yx-1]

+ V2 10) 2Uyi) plk — 1y 1 1ED? = 1210} plk — 1)y 1L L1681

+ M | D)1 Lolk — 1yx—11LT 81+ OS£7).

State p[k — 1|yx] represents the system’s state after inter-
acting with the probe for a time §¢. Therefore, the trace of
this unnormalized state gives the probability that the probe
measurement yields yi, after its state has interacted with
the system:

PsiWrlyr—1) = Tr{p[k — 1]yi]}

= Tr{(vx|Us,|0) plk — 1]ys—1] (0| Us,|yx)}.
(E12)

Here we have added a subindex to the probability function
to show that the interaction occurred during a time step 5.
Additionally, it is useful to also derive the probability of
the measurement of the probe yielding y; before the sys-
tem and probe interact, which should simply correspond to
| vk ]0) 2, since the probe is modeled as a conveyor belt of
modes, each initialized in the vacuum state and interacting
with the system sequentially [90]. Hence,

PoklYi-1)
= Tr{(»e| Usi=010) plk — 11yx-11(0Usizolyi)}
= Tr{(l (p[k — 1]ye-1] ® |0XO]) |ye)}
= Tr{p[k — 1|ye—11} (410) (Olys)

= [(Olyo)I?
1

= —=¢€

NG

=: po(Vi),

_ylg

(E13)
|

(E11)

(

where we have used the fact that the ground-state wave
function of the 1D harmonic oscillator—with its energy
eigenstates being the Fock states—in the position repre-
sentation is a Gaussian function.

With the definition of operator y; in mind, we can further
derive, for a bosonic mode,

Wil1) = B 10) = (il (BI+B1)10) = v/2 (i15410)

= V2 (l0) (E14)
as well as
V2 0l2) = @y — 1) (i10), (E15)
which can be derived from
i 0el0) = (l710)
Bi+B, B/ +B,
- <”‘ NG °>
=1 (lB)? + B,B0)
= J(V20ul2) + il0).  (E16)

Therefore, by recalling the expression for p[k|ys] in
Eq. (E13) and by substituting Egs. (E14) and (E15) into
Eq. (E11), we get

ﬁ%—1Wd=MMMW4%pM—lwhd+ndmk—qul+mk—ﬂm4ﬁU¢MHt

A Ay M -
+ 20 MLplk — Uye1LT80 + =120 = DILplk — 11yic]

+pm—lwhu@h%—wiiﬁﬂk—un4nmv+0®ﬁ%}

(E17)
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Furthermore, taking the trace of the above, we obtain

PstVrlyk—1) = Tr{p[k — 1|y;]}

= poWrlys—DI1 + yi(L + LT)V2Mst + 0(81)] (E18)

_ L oLt 2 + 0(81),

-
which thus constitutes a Gaussian distribution (up to the
leading dt order) with mean v/M3¢(L + L") /2 and variance
1/2. As a result, we may introduce a new stochastic incre-
ment §yy that represents the above Gaussian fluctuations of
the detected signal [up to order O(67)], i.e.,

Sy = N2t = M (L + LT\t + W, (E19)

where W ~ N (0, §¢) denotes the Wiener increment [49].
Physically, the derivative [(¢) := limg,—¢ 8y /5t of the

J

_ plk—11y]
plk —1lyi] = m

above corresponds to the stochastically fluctuating pho-
tocurrent being measured in real time in a homodyne
setup [92]. Now, by noting that y;+/28¢ = 8y and 228t =
8y? = 8t + O(8£7%), we can rewrite Eq. (E17) in terms of
the increment §y; as

plk — 1lyi]
= porlyk-D{plk — 1]yr—1]
+ MDI[L]p[k — 1]y-116¢
+ VM (Lplk = 1|ye—1]+ plk — 1|ye—11LN 8y
+ 0(8F%)). (E20)

This enables us to write the conditional state at time k after
measurement as

= [plk — 1lyi_1]1+ MD[L1plk — 1|ye—118t + VM Lplk — 1lyi1]+ plk — Uye11£5)8v4]
x (1 = VML + LTy, + M(L + L)281) + 0(577?)

= plk — 1lye_11+ MD[LIplk — 1yi118t + VM Lplk — 1ys—1]+ plk — Uys—11LHdwe
— VM(L + L) plk — 1)ys—118yx — M (Lplk — 1yi—11+ plk — Uyioi IL(EL + L) 8t
+ ML+ £2? p[k — 1|yr_118¢ + O(S77)

= plk — 1lyi_1] + MD[L]p[k — 1]ys_118¢ + VMH[L] p[k — 1|ys_118W + O£/,

(E21)

where the measurement-induced nonlinear superoperator is defined as H[/f] p = A o+ p/ﬁ - Tr{(/f + /ﬁ) p}p for any
operator 4 and state p, and we have employed the inverse of the normalization constant, i.e., of probability (E18), to the

leading order in dt:

1
PslYi-1)  PoOklys-1)

;[1 + VML +

— poklys-1)

— poklyr-1)

As a consequence, we may write Eq. (E2) as

o k—1 olk
olklyi] = k(o[ lve])  plklyi]

Tr{@x(plk — 1yiD) — Tr(plklysl}’

(E22)

[1+ v (L + LTYW2M8t + 060)] ™!

LHsye + 001!

[1— ML+ LYy + M(L + LTY?8t + 0(577%)].

(

where

plklys] = Pulplk — 1lye1] + MDIL]plk — 1]y—118¢

+ MHIL1plk — ye118W + O£/},
(E23)
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2. Recovering SME (2) with Bayesian feedback

As discussed in Appendix C 1, the internal map ®; can
be decomposed into deterministic and stochastic compo-
nents. One particular form of this decomposition arises
when the evolution between measurements is described by

ch = e‘c)’k&‘

(E24)
At first glance, this expression might appear purely deter-
ministic. However, while the map itself does not explicitly
include a stochastic increment (such as a Wiener process or
a jump term), it remains stochastic due to the dependence
of generator Ly, on the random measurement outcomes.
Specifically, the generator is given by

Ly, oo = —i(@ + u@®)[J2, po)

Kloc

N
+ 7 Z D[6zq)]p(0) + KCOIID[Jz]p(c)a (E25)

j=1

where the feedback term u(f) = u(y;) introduces the
stochasticity indirectly, as it varies with the random mea-
surement record. However, for small time steps, we can
still approximate Eq. (E24) as

Oi[] =[]+ Ly, [-16t + O2). (E26)

Consequently, the unnormalized conditional state of
Eq. (E23) becomes

plklyel = plk — 1lyk_1] + MDIL1p[k — 1]ye_118¢
+ VMHIL]plk — 1]ys_116W

+ Ly, plk — 1ye—115t + O£"*) = plklyil,
(E27)

which is simply the normalized conditional state since
its trace is one. Therefore, by identifying the increment

of the conditional density matrix as Sp[k|yir] = pl[kly:] —
plk — 1]yz—1] and taking the continuous limit of §¢ — 0,
we arrive at SME (2) central to our analysis in atomic
magnetometry:

dp(tly<) = Ly.,p(tly<)dt + MDIL]p(tly<)dt

+ VMH[L]p(tly<)dW, (E28)

where the Lindbladian Ly_, is
Lypo = —i@ +u®)z. o]

N

K ~ (i T

+ loc E D[O‘Z(/)]/O(c) + ke DI 10> (E29)
=1

2
J

~

and the probed system operator is L = J e

3. Markovian feedback of Wiseman [74]

Consider the following general internal evolution given
by a field Hamiltonian and a dissipator, plus a feedback
Hamiltonian term:

O[] = e—idyk[l:“,‘]—i[ﬁl,-](SH’D[?'] . 51[_] (E30)

with 8y, a stochastic increment. Then, as shown in
Eq. (C10), we can expand it to first order 8¢ as

O[] = (1 — i8w[F, -] —i[H, 16t + DIT] - 8¢
+ D[F]- 8t + O[]
_ e—i[I:I,~]8t+D[T_|-St[e—iayk[l:",-][.]]

= Eu{8,,[1) (E31)

Furthermore, if we now apply the map of Eq. (E31) to
Eq. (E23) then we can retrieve the Markovian feedback
SME equation of Ref. [74]. Namely,

pLklye] = plk — 1ys—1] — ilH, p[k — 1yx_11}8¢ + D[T1plk — 1yr—118¢ + MDI[L]p[k — 1]ys_118¢
+ VMHILIplk — 1yi—118W + DIF1plk — 1]ys_118¢ — iv/M{F, Lo[k — 1]ys-1]

+ plk — Uy 11582 — U, plk — 1|ys—1 18 + O(5£/%),

where we have used

(E32)

i{o + VMH[Lo 8W,F}sy; = ilo + MH[Llo W, FY(WM (L + L) 8t + W)
= i{lovM (L + LY 8t + VMH[L]o 8t + oW, F} = i[vM (Lo + o L")t + o s W, F

= —ivM[F,Lo + oL"15t — i[F, o] W.

(E33)
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Additionally, note that the trace of Eq. (E32) is one. Therefore,

plklyx] = plklyx], (E34)

which leads us to rearrange Eq. (E32) using the definition Sp[k|yi:] = p[k|yx] — o[k — 1|ys—1], and then take the limit of
8t — 0 in order to get

A . LY+ FL
do(tly<) = —i[H, p(tly<,)]df — iv M[T’ p(t|YSt):|dt
+ D[Tp(tly<)dt + DIVML — iFp(tly<)dt + H[VML — iF]p(tly<)dW, (E35)
where we have rearranged terms by noting that
TEE 4 EL e
—ivM — O + DI[VML — iFlo = —ivM[F,Lo +oL'"l+ MD[Llo + D[F]o (E36)
[
and APPENDIX F: EXTENDED KALMAN FILTER
HIVME —iF] = VMH[L]o —i[F,p],  (E37) CONSTRUCTION
R R . A crucial step in the construction of the EKF is to ana-
since H[A][-] is linear with respect to 4 and H[—iF']Jo =  lytically compute the Jacobian matrices (Jacobians) for the
—i[f",0]. Note that the feedback creates new effective = nonlinear model studied: model (4) here. As defined in
measurement and Hamiltonian operators: Sec. V A, there are always three Jacobians to be found: F,
NN for the deterministic part of the model; G, for the stochastic
ﬁeﬁ — b+ mL F+F L, (E38) part of the model; and H , for the measurement dynamics.
2 For model (4), we obtain the Jacobians
Loy = VML — iF. (E39)
F = Vil z.u0)
(ke + 2+ M2 —(@+w) 0 0 0 0 ~U)e
(@+u) — (Koot + 2610¢)/2 0 0 0 0 Vado
0 2cont ()0 —(icolt + 2K10c + M) Keoll M —2(+u) — 8nMCY —2CY)
= 2cont o 0 Kool ~Keall — 2ioe — SOMTE 0 20 +u) PTeCI
2M () 0 M 0 M 0 0
koot () ) —keoll e w+u —(@+u) —4nMCY 0 — (2ucon + 2610 + Y ) — MV VO — T
0 0 0 0 0 0 —x
(F1)
H = Vih = VxQuvV/M (J))o + /76)
2V/MCy = 20v/M(0, 1,0,0,0,0,0), (F3)
2/nMVyY
G=Vif|, =

of which F" and H act on the vector of dynamical parame-
ters X(t) = (<Jx>(c)7 (Jy >(c)a Vg(:)a V;;C)a V;C)a C)(C(;;)a a))Ta whereas

0
0
0
01 (F2)
0
0
1 G acts on the vector of stochastic increments & = (£,&,) .

SO OO o
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However, as we restrict to nonfluctuating fields in this
work (see also Ref. [50]), we set x, &, = 0 above.

APPENDIX G: BENCHMARKING AGAINST A
CLASSICAL STRATEGY WITH A STRONG
MEASUREMENT

As demonstrated already by the numerical considera-
tions in Sec. VI A, the optimal EKF+LQR strategy not
only attains the lowest AMSE in estimating the Larmor
frequency w, but also steers the ensemble into a (condition-
ally) spin squeezed and, hence, entangled state. However,
as the continuous probing also introduces extra decoher-
ence into the dynamics—note the term o« MD[J y] in
Eq. (2—one may question whether such an entanglement-
enhanced approach is actually beneficial. As an alternative,
we consider a classical strategy within which the atomic
ensemble evolves without being disturbed until a given
time ¢, at which point a strong (destructive) measure-
ment is performed that can in principle provide much
more information. As we now show, such an approach is
deemed useless, even when considering the most general
strong measurements, as it is crucial for the single-shot
(Bayesian) estimation scenario for the continuous mea-
surement to constantly gather more and more information
about w over time.

a. Quantum Bayesian Cramér-Rao bound

Considering such a classical strategy with atoms just
undergoing precession and local (ko) or collective (kcol1)
decoherence after being initialized in a CSS state, we can
lower bound the minimal AMSE—as defined in Eq. (5)
but with y, now representing the outcomes of a single
strong measurement performed at time #~—by resorting to
a straightforward generalization of BCRB (9), i.e., the
quantum Bayesian Cramér-Rao bound (QBCRB)

5~ 1
E[A“®] > =
Flp(@)] + FolpsJ:]

; (G1)

which now applies to any possible quantum measure-
ment performed at time ¢, with the Fisher information
Flp (y:|w)] appearing in Eq. (9) being replaced by the QFI
[93,94]

FolpnJ:1:= 2 Te(pl?} = £ Te(ilp. J-IL}  (G2)

that generally satisfies F[p (y/|w)] < FQ[p,,fZ] [85], but
here it is also w independent. The L operator in Eq. (G2) is
the solution to i[p,J.] = 1{p, L} [85].

— CS limit

KF + LQR error
—— EKF error —-— KF sol.
—QFI

— — - EKF cov.

E[A%G]

FIG. 6. Benchmarking against the classical strategy with weak
collective decoherence (kcon << M, kioc = 0). The evolution
of the AMSE in estimating w for various estimation+control
schemes is plotted against QBCRB (G1) applicable to classi-
cal strategies with a strong measurement (blue solid line). The
covariances provided by the estimators (EKF, red dashed line;
KF, green dash-dot line) correctly predict the true error only
within the LG regime [t < (M + ko) ™! & 3 s], while the CS
limit (10) (black solid line) is not attained. The inset depicts the
evolution of the spin-squeezing parameter (8) (black line) and
the ensemble polarization (red line) for the EKF+LQR scheme,
for which the atoms maintain spin squeezing. Parameters cho-
sen: N = 100, kcop = 0.0005, M = 0.3, o =1, and n = 1. The
data are averaged over v = 1000 trajectories and the EKF is
initialized as in Fig. 3.

b. Local decoherence
When only local decoherence (kjoc > 0, xconp = 0) is
present, since the initial CSS state is a product of N single-
spin states, i.e., |CSS,) = |+)®", we can write the state of
the atoms at time ¢ as

pr = AV (D] = 0P, (G3)

where 0; = Ajoc[|+)(+]] = (1, e7¥1c’; e 710!, 1). Now, as
QFI (G2) is additive on product states [93,94], we can
explicitly evaluate it for local decoherence as

FolpuJ:1=NFg|pr, 16.] = Nfte !, (G4)
Hence, assuming the prior distribution of w to be Gaussian
with p(w) = N (10, 00), from QBCRB (G1) we obtain
the following benchmark constraining the best classical
strategy in the presence of local decoherence:

1
E[A%’®] >

. G5
T 1/0¢ + Nite *ioct (G

c. Collective decoherence

In the case of collective decoherence, we resort to
computing QFI (G2) numerically, which we demon-
strate to be possible efficiently in the angular momentum
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— CS limit
—— EKF error
— — - EKF cov.
— QFI class.
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FIG. 7. Benchmarking against the classical strategy with

strong decoherence. The AMSE attained by the EKF+LQR
scheme (red line) is shown as a function of time against QBCRB
(G1) applicable to classical strategies with a strong measurement
(blue line) for (a) collective decoherence (keon =~ M, Ko = 0)
and (b) local decoherence (kjoc & M, keon = 0). Covariances of
the EKF are shown as red dashed lines along with the CS limit
(10) (black line). The insets depict the evolution of the spin-
squeezing parameter (8) (black line) and the ensemble polar-
ization (red line), but observing spin squeezing (E[Sy‘z] > 1)is
impossible for ke > M [43]. In (a) N = 100 and keop = M =
0.3, whereasin (b) N = 10and koo =M =0.5(w=1,p=11in
both). The AMSEs are averaged over v = 1000 trajectories and
the EKF is initialized as in Fig. 3.

basis. In particular, by rewriting the initial CSS state in
the {J2,J,} basis, i.e., |CSS,) = Zi=7j bym|J, m)y with

bjx = (1/2‘/)(121,()1/2 and J = N /2, we obtain the expres-
sion for the state of the atomic ensemble at time ¢ as

P = Acon[|CSS:)(CSS, ]
J 2
= Y by NPT ) (), (G6)

nm=—J

whose dimension scales linearly with N. Hence, we
can numerically perform its eigendecomposition, p;k) =
Ailk), for all N < 300 of relevance. As a result, we may

Py OF

System | | (‘/X>{c)’ (‘ly>(c)’ V}(vc)

SME or CG
u(?) ¥(@)
Controller Estimator
(1)
[0]63)
Record

FIG. 8. Information flow within the setup of Fig. 1. Basic
building blocks: system, estimator, and controller, all connected
in a closed feedback loop. The outputs of the system can either be
the conditional state p,(#) or the state vector x(#) containing first
and second moments (e.g., (J o (jy Yo)s V;” ), depending on how
we simulate the system, either with SME (2) or CoG (4), respec-
tively. From the system output we construct the photocurrent y (f)
according to Eq. (1), which is fed into a filter that produces real-
time estimates X (), which are then used by a controller to devise
a control signal u(7) to steer the state of the system. Assessing the
fidelity of the CoG approximation in replicating the evolution of
the system can be performed at two different stages: by analyzing
the system dynamics itself (output of the blue box) or focussing
only on the w-estimation task (output of the red box).

compute the QFI using the expression [93,94]

A — A2
( kk )] G7)

Flppd1 =20 ————|(klJ-ID]?
o A+ A

with every eigenvector |k) known in the angular momen-
tum basis |/, m), and J, = 37 __ m|J,m) (J,m|. Substi-
tuting QFI (G7) into QBCRB (G1), we obtain an expres-
sion similar to Eq. (G5), which we evaluate numerically
to obtain a universal lower bound on the AMSE for the
classical strategy with collective decoherence.

d. Benchmarking the estimation+control schemes

In Fig. 6, we consider weak collective decoherence
(K1oc = 0, kcon < M) and compare the AMSEs attained
by different schemes involving continuous probing against
QBCRB (G1) applicable for the classical strategy (blue
line). As expected, out of all the estimation+control
schemes the EKF+LQR strategy (red solid line) yields
the best results, and clearly surpasses the limit imposed
on classical strategies. However, this occurs as short
timescales within the LG regime, t < (M + keon) !, at
which the KF (pink line) could also be used, despite
quickly becoming unreliable at longer times. Moreover,
due to the low atomic number, N = 100, the covariance
0w Of the EKF (red dashed line) and KF (green dash-dot
line; derived by us in Ref. [43]), correctly predicts the true
errors only at very short times for which the CoG model (4)
can be trusted. Although QBCRB (G1) in Fig. 6 indicates
that at longer times the classical strategy involving a strong
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FIG. 9. Evolution of the relative error in estimating the Larmor

frequency when comparing the exact [SME (2)] and approxi-
mate [CoG (4)] models. Each graph shows the relative error in
percentages for three different noisy scenarios: with the deco-
herence induced solely by the continuous measurement; with
both measurement-induced and collective decoherence; with
all measurement-induced, collective, and local decoherence (in
order from top to bottom). In each plot, various system sizes are
considered: N = 50, 100, 150 (blue, red, and green, respectively)
for the first two cases and N = 10,20, 30 (also blue, red, and
green, respectively) also in the presence of local decoherence.
Each plot demonstrates that the CoG approximation can be used
to simulate the dynamics of the system and still get accurate esti-
mations of the Larmor frequency compared to using the exact
model (errors always below 1%). Additionally, all plots show
a decrease in the relative error when increasing the system size
within the LG regime (shaded pink area), and for the case of only
measurement decoherence and local decoherence, also outside of
it. All errors above are obtained upon averaging over v = 1000
measurement trajectories.

measurement may attain lower AMSEs, this is only a con-
sequence of choosing very weak decoherence and, hence, a
very long coherence time, K;)}l ~~ 10* s, beyond which the
strong measurement provides no information about w.

In order to emphasize this behavior and see the clear
benefits of using the EKF+LQR scheme, we significantly
increase the strength of decoherence, either collective or
local in Figs. 7(a) or 7(b), respectively, so that it is
comparable with the strength of the QND-measurement
used for continuous probing. From Fig. 7, it is clear that
in both cases, while the EKF+LQR schemes keeps the
atomic state polarized (see the red lines within the insets)
and, hence, the AMSE decreasing, the classical strategy
becomes useless beyond the coherence time (1/kcon Or
1/k10c) of the atomic ensemble.

APPENDIX H: VERIFICATION OF THE CoG
APPROXIMATION

Figure 8 presents the architecture of the feedback loop
exploited within our atomic magnetometry scheme. The
detection data y(#) in each round are generated by sim-
ulating the “system” either exactly—its full conditional
density matrix p, with the help of SME (2)—or approx-
imately—tracking only the dynamics of its relevant first
and second moments, (jx)@, J o> and V;”, assuming
them to be governed by the CoG model (4). The so-
simulated measurement record is interpreted by the “esti-
mator” (i.e., the EKF) providing in real time not only the
estimate of the Larmor frequency @(¢), but also dynami-
cal parameters X(¢) that are in turn used by the “controller”
(i.e., the LQR) to modify “on the fly” the system dynamics
being simulated by changing u(?).

To assess the accuracy of the CoG approximation (4) in
simulating the system dynamics—in contrast to the esti-
mator construction, in which case the EKF is always built
based on the CoG model—we benchmark it against the
exact SME (2) solution for a moderate atomic number, for
which the latter can still be efficiently performed. In what
follows, we perform the comparison at two levels. Firstly,
we focus only on the estimation task and, in particular,
compute the average discrepancy only when requiring the
scheme to accurately provide (on average) o (¢) in real time
(red box in Fig. 8). Secondly, we are more restrictive and
further require the relevant moments, (jx)@), (j ) and
V;C), to be accurately reproduced by comparing their aver-
age errors to their exact values, computed with the help of
O (blue box in Fig. 8)—so that they may be directly used,
e.g., to estimate the spin squeezing as in Fig. 4.

In Fig. 9, we present in percentages the average rela-
tive error (ARE) between the real-time estimate w(f) of
o obtained using the exact model (full SME solution)
and the approximate model (CoQG), i.e., E[63;] := 100%
x E[[(@sme — @coc)/@smel] = 100% X [ dwp () [ Dy<,
P Y<lo)|(@sme — ®coc)/@smel. Figure 9 showcases three
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FIG. 10. Comparative error analysis of moments (/) and ¥, between the exact and CoG models. Each plot presents the relative
error (in percentages) in simulating the first and second moments, x € {(J), V,,}, with the approximate CoG model (4) versus solving
the exact SME (2). The formula for the presented error, I£[8], can be found in the text below. The comparative analysis is done for three
different types of decoherence: induced by the continuous measurement (M = 0.05, kcon = kjoc = 0; top row), measurement-induced
and collective (M = 0.05, keon = 0.005, k1o = 0; middle row), measurement-induced and local (M = 0.05, keon = 0, ko = 0.05;
bottom row). In each graph we plot the error for systems of increasing size (either N = 50, 100, 150 or N = 10, 20, 30 for local noise)
to show how, for short times, we expect the CoG approximation to become more accurate as N increases. All errors above are obtained

upon averaging over v = 1000 measurement trajectories.

plots, each corresponding to a different noise scenario:
measurement decoherence, combined measurement and
collective decoherence, and combined measurement and
local decoherence, arranged from top to bottom. Each
plot shows the averaged relative error for increasing sys-
tem sizes—specifically, N = 50, 100, 150 for the first two

scenarios, and N = 10,20, 30 for the local case. The plots
demonstrate that, as the system size increases, the Larmor
frequency estimate derived using the CoG approxima-
tion either aligns more closely with the estimate given by
solving the SME exactly, or maintains an error margin
below 1%. This trend leads us to conclude that, for large
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ensembles with N ~ 10°-10'*, the CoG approximation
proves to be sufficiently accurate to generate the measure-
ment data needed to estimate the Larmor frequency.
However, to evaluate the reliability of the CoG approxi-
mation (4) itself, we verify its ability to reproduce the key
system dynamical properties, in particular, the moments
necessary to compute the spin-squeezing parameter (8),
(fx)(c) and V;”, as compared to their true values obtained
from p, provided by the exact solution of SME (2) (com-
pare the outputs of the blue box in Fig. 8). For a quantita-
tive assessment, as detailed in Fig. 10, we employ the error
metric E[8y] = 100 x E[|xsme — Xcoc|1/E[|xsme|], where
X in our case can be either (fx)(c) or V;C). In Fig. 10, each
subplot illustrates that, for short times, the simulation error
decreases as the system size increases. However, as time
progresses, this trend is halted, with the error in simu-
lating first and second moments escalating significantly.
Nonetheless, for times shorter than ¢ < 1/(M + keon +
2K10c), the CoG simulation error for these moments is kept
below about 10%. This finding supports the use of the CoG
approximation to accurately predict the squeezing param-
eter of large atomic ensembles, e.g., with N as large as
103104, at short times below ¢ < 1/(M + keon + 2K10c)-
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