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Fault-tolerant quantum computation traditionally incurs substantial resource overhead, with both qubit
and time overheads scaling polylogarithmically with the size of the computation. While prior work by
Gottesman has shown that constant qubit overhead is achievable under stochastic noise using quantum
low-density parity-check (QLDPC) codes, it has remained an open question whether similar guarantees
hold under more general, nonstochastic noise models. In this work, we address this question by consid-
ering a general circuit-level noise model defined via the diamond norm, which captures both stochastic
and nonstochastic noise, including coherent and amplitude damping noise. We prove that constant qubit
overhead fault-tolerant quantum computation is achievable in this general setting, using QLDPC codes
with constant rate and linear minimum distance. To establish our result, we develop a fault-tolerant error
correction scheme and a method for implementing logic gates under general circuit noise. These results
extend the theoretical foundations of fault-tolerant quantum computation and offer new directions for
fault-tolerant architectures under realistic noise models.
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I. INTRODUCTION

Fault tolerance is essential for large-scale quantum com-
putations due to the inherently noisy nature of quantum
systems [1,2]. A leading approach to fault-tolerant quan-
tum computation is based on active error correction, where
logical qubits encoded in the code space of an error-
correcting code are created using many noisy physical
qubits. Using fault-tolerant procedures, one can realize
logic gates in the code space of the error-correcting code.
The celebrated threshold theorem states that by doing
active error correction, it is possible to realize arbitrarily
long finite quantum computations with classical input and
output, given that the noise rate in the quantum circuit is
below a threshold value [3—5]. Fault tolerance, however,
comes at a price of increased qubit count compared to the
noiseless protocol. More precisely, to realize a quantum
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circuit, one replaces it with a fault-tolerant quantum cir-
cuit, which operates on a much larger number of qubits.
Therefore, it is of interest from a practical standpoint to
minimize the qubit overhead, i.e., the ratio of the numbers
of qubits in the fault-tolerant circuit and the original circuit.

Fault-tolerant quantum computing based on concate-
nated codes, which were the first error-correcting codes
used to prove the threshold theorem, has a polylogarith-
mic asymptotic qubit overhead [3—5], meaning that the
ratio of physical to logical qubits grows polylogarithmi-
cally with the size of the quantum computation. This
naturally raises the question whether fault-tolerant quan-
tum computation is possible with a qubit overhead that
remains constant with the problem size. For stochastic
noise, this question has been partially settled in Ref. [6],
where a construction of constant-overhead fault-tolerant
quantum computation has been provided using quantum
low-density parity-check (QLDPC) codes. The construc-
tion in Ref. [6] was based on the assumption that a family
of QLDPC codes with certain properties exists. More
precisely, it supposes that there exists a family of constant-
rate QLPDC codes that can suppress random errors with
noisy syndrome extraction and that furthermore have an
efficient classical decoding algorithm. It has then been
shown in Ref. [7] that quantum expander codes satisfy
all the requirements needed in Gottesman’s construction;
hence, establishing constant-overhead fault tolerance. It
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is important to note that Gottesman’s construction leads
to an increased overhead in depth due to a sequentializa-
tion step requiring that only a constant number of logic
gates are applied at each time step. In particular, the
overhead in depth is polynomial. In Ref. [8], a differ-
ent approach based on concatenated codes has been used
to show constant-overhead fault-tolerant quantum compu-
tation, where the time overhead is quasipolylogarithmic
[9]. These results [6—8] have generated significant interest
in constant-overhead quantum computation, particularly
those based on QLDPC codes. Subsequent works have
focused on optimizing these constant-overhead construc-
tions for practical implementation [10—14].

However, all the previous works on constant-overhead
fault-tolerant quantum computation [6—8,10—14] consider
stochastic circuit noise (e.g., Pauli and local stochastic
noise), leaving the question open whether it is possible
to achieve constant qubit overhead under more realistic
nonstochastic circuit noise (e.g., coherent and amplitude
damping noise). Moreover, since the threshold theorem
based on concatenated codes also applies to nonstochastic
circuit noise [3,5], it is natural to ask whether such gener-
alizations also hold for constant-overhead constructions.

In this work, we consider a general circuit noise, which
includes both coherent noise and stochastic noise, as spe-
cial cases. In particular, general noise with parameter §
replaces each gate g in the circuit by an arbitrary quan-
tum channel g, which is §-close to g in diamond norm, i.e.,
llg — glle <& [5]. We show that constant overhead can be
achieved for general circuit noise using QLDPC codes that
have constant rate and linear minimum distance. It is worth
noting that linear minimum distance is not a requirement
for stochastic circuit noise [6,7]. However, recent break-
throughs have demonstrated the existence of such QLDPC
codes [15,16]; therefore, our results do not rely on any
unproven assumptions.

To establish constant-overhead fault-tolerant quantum
computation for general circuit noise, we revisit the con-
struction from Refs. [6,7], and develop necessary tools
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FIG. 1. The future light cone of the highlighted CNOT gate, i.e.,

the set of qubits that are affected by the CNOT gate.

and generalizations to establish constant-overhead fault-
tolerant quantum computation for general circuit noise.
In particular, the following two points are necessary for
constructions in Refs. [6,7]:

(1) Fault-tolerant error correction for QLPDC codes can
be done by measuring stabilizer generators of the
code and performing error correction based on the
measurement outcomes (syndrome).

(2) The logic gates can be implemented using gate
teleportation, where the required ancilla state in
the code space can be prepared using concatenated
codes.

We generalize the above two points for general circuit
noise, considering QLDPC codes with constant overhead
and linear minimum distance.

For the first point, we consider parallel error correc-
tion of several code blocks of QLDPC codes and analyze
the syndrome extraction circuit for each code block under
general circuit noise.

We divide the syndrome extraction @y, circuit into
three parts: (1) initialization of ancilla qubits in a Pauli-X
or -Z basis state; (2) application of controlled-NOT (CNOT)
or controlled-Z (Cz) gates to entangle data qubits with
ancilla qubits; and (3) measurement of the ancilla qubits
in the Pauli-X or -Z basis (see also Fig. 5 below). We
show that the errors that happen during ®y, can be pushed
just before the last layer of the circuit, where measure-
ments are applied. Note that errors multiply as they are
pushed since they can propagate through two qubit gates.
However, error propagation is limited since @y, has con-
stant depth (with respect to the code length) for QLDPC
codes, implying that the future light cone of any gate only
contains a constant number of qubits (see Fig. 1 for an
illustration of the future light cone and, below, Lemma 2,
where a detailed analysis of @y, under general circuit
noise is given).

We then combine our analysis of the syndrome extrac-
tion circuit with the single-shot classical decoder intro-
duced in Ref. [17] to show that the parallel error correction
of several code blocks controls the errors in each code
block, so that the computation can be sustained for an arbi-
trarily long time (see Theorem 5 for more details). It is
worth emphasizing that parallel error correction is neces-
sary since in our construction logical qubits are encoded
in many smaller code blocks of QLDPC codes and not
just in one big code block, similarly to Refs. [6,7] (see
also Fig. 2). We note that, in this regard, our analysis
improves on previous works [6,7], where error correc-
tion of only one code block has been considered, thereby
ignoring correlations that arise between different blocks.

For the second point, we construct fault-tolerant logic
gates by combining a fault-tolerant state preparation
method for general circuit noise given in Ref. [18],
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FIG. 2. The realization of a logic gate in the fault-tolerant cir-
cuit ® corresponding to ®, according to Theorem 1. The blocks
corresponding to EC (error correction) and GT (gate teleporta-
tion) represent code blocks of the QLDPC codes in ®. The size
of each block is m = O(,/x), where x is the number of qubits in
®. The logic gate is realized in two steps, namely, ancilla prepa-
ration and gate teleportation steps. During the ancilla preparation,
a code state is prepared, using the state preparation method from
Theorem 2. Note that the decreasing size of the layers in the
ancilla preparation circuit reflects the fact that extra qubits are
needed during ancilla preparation. The qubit overhead in the
ancilla preparation circuit alone is in fact not constant (it is poly-
logarithmic). While the ancilla state is prepared, repeated rounds
of error correction are applied on the data code blocks. During
the gate teleportation, the prepared ancilla state is transferred to
the specified code block, and the logic gate is realized using gate
teleportation. On the remaining code blocks, error correction is
applied.

together with gate teleportation. By integrating our gener-
alizations of fault-tolerant error correction and logic gates
within the constructions of Refs. [6,7], we establish the
following theorem.

Theorem 1 (Informal, see Theorem 3 below for details).
Consider a quantum circuit @, with classical input and out-
put, working on x qubits, and of size (i.e., total number
of locations) poly(x). For any asymptotic overhead o > 1,
there exists a constant error rate §y, > 0, and a quantum
circuit ®, with the same input and output systems as ®,
and working on x’ = ax + o(x) qubits, such that any noisy
version [®]s, under general circuit noise with parameter
8 < 8w, simulates @ with a vanishing error probability as
x goes to infinity.

To construct the fault-tolerant circuit ® according to
Theorem 1, we consider Gottesman’s fault-tolerant scheme
with constant overhead [6,7]. Gottesman’s construction
involves two different types of codes:

(1) QLDPC codes, which store the logical qubits on
which quantum computation is performed.

(i) Concatenated codes, which are used only for prepar-
ing certain entangled ancillary states in the QLDPC
code space. These states are used for fault-tolerant
logic gate implementation on the QLDPC code via
gate teleportation.

We note that the overhead in ancillary state preparation
using concatenated codes is not constant, i.e., it grows with
code size. To make sure that the qubit overhead remains
constant with respect to x, i.e., the number of qubits in ©,
a sequentialization technique is used where x logical qubits
are encoded into multiple blocks of a QLDPC code and a
logical gate is applied on only one (or a small number) of
these blocks (see also Fig. 2).

In our generalization of Gottesman’s protocol for
general noise models, we assume the availability of a
single-shot error correction for the QLDPC code, with
constant-time complexity. However, single-shot error cor-
rection is not assumed for the concatenated codes. Fault-
tolerant preparation of ancillary states using concatenated
codes has been analyzed in Ref. [18]. The state prepara-
tion procedure is relatively slow, in the sense that its time
complexity grows with the size of the QLDPC code. Nev-
ertheless, this does not conflict with the use of single-shot
error correction on the QLDPC code. This is because while
the ancillary state is being prepared, repeated rounds of
error correction are applied on the QLDPC code (see also
Fig. 2). These repeated rounds of error correction ensure
that logical information remains protected in the QLDPC
code throughout the preparation process.

Below, we briefly describe the construction of the fault-
tolerant quantum circuit ® according to Theorem 1.

We divide x qubits of circuit ® into x/m blocks, each
containing m = O(+/x) qubits. We assume a sequential
realization of @, where at each layer (time step), only
one nontrivial gate is applied on a selected set of qubits,
and the idle gate is applied on the remaining qubits. To
construct ®, we consider a QLDPC code that encodes m
logical qubits in n physical qubits. We replace each block
of @, containing m qubits, by n qubits corresponding to the
QLDPC code. Then ® is obtained by replacing nontriv-
ial gates in the sequential circuit ® by the corresponding
logic gate based on gate teleportation. The idle gates are
replaced by multiple rounds of single-shot error correction,
taking into account the time complexity of ancillary state
preparation within gate teleportation. The realization of a
logic gate through gate teleportation is illustrated in Fig. 2.
Note that logic gates in ® need to be applied sequen-
tially due to the fact that the qubit overhead in ancilla
preparation is not constant but polylogarithmic (see also
Fig. 2). This means that for one nontrivial logic gate, we
need O( /x polylog (x/€)) ancilla qubits, where € is the
accuracy with which we wish to realize ®. The sequential
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implementation ensures that ancilla qubits can be reused or
reinitialized, hence keeping the total qubit overhead con-
stant. Applying parallel logic gates would mean preparing
ancilla states in parallel, hence blowing up the overhead
with respect to x.

The remaining sections are organized as follows. In
Sec. 11, we give basic definitions and review the state
preparation theorem from [18]. In Sec. III, we provide a
proof of Theorem 1, assuming a definition of fault-tolerant
error correction. Later in Sec. IV, we use the single-shot
decoding from Ref. [17] to show that the definition of
fault-tolerant error correction is satisfied for QLDPC codes
with constant rate and linear minimum distant, assuming
general circuit noise during syndrome extraction.

I1. PRELIMINARIES

In this section, we provide some basic definitions,
outline the circuit model of quantum computation, and
describe general circuit noise, used to derive the results
in this paper. Moreover, we review the state prepara-
tion theorem from Ref. [18], which will be used later
in the proof of constant overhead fault-tolerant quantum
computation.

Notation. We use symbols M, L, and N for finite dimen-
sional Hilbert spaces, and L(M,N) for linear operators
from M to N or simply L(M) for linear operators on M.
We use D(M) for quantum states on M. A qubit Hilbert
space is denoted by C?. Quantum channels are denoted
by the calligraphic letters 7, P, R, N, V, W, etc. The
identity operator is denoted by 1 and the identity quantum
channel by 7.

A. Basic definitions

Let [n] := {1, ...,n} be a set of labels for n qubits. For
any A C [n], we define the space of errors with support on
A as the space of linear operators acting only on qubits in
A ie.,

EA) = {(®icppuly) ® Eq : Eq € LM®HN} € L(M®").
(1)

Using &'(4), we define the space of operators with weight
z < n qubits as follows.

Definition 1 (Weight of an operator). The space of
operators with weight z < n is defined as

&(n,z) == span{E : E € &(A)
for some 4 C [n] s.t. |[4] < z}. 2)

Definition 2 (Weight of a superoperator). The space of
superoperators with weight z < n is defined as

(o("(n,z)(.)(o("(n,z)* = Span{El(‘)EZ :El S éo(nzz)a
E, e &m,2)*). 3)

We note that in Definition 2, the operators E; and E;
both have weight z but they may be supported on com-
pletely different subsets of the n qubits. We have adopted
this broader definition so as not to restrict error maps to
quantum channels, but rather consider them as general
superoperators. This broader definition simplifies the anal-
ysis of fault-tolerant error correction under general noise
models.

We will use the diamond norm as a measure of distance
between two superoperators [5,19,20].

Definition 3 (Diamond norm). For any superoperator
T : L(M) — L(N), the diamond norm ||T]|,, is defined as

17 == sup IZ¢ ® T |1, “4)

where G is a reference system and the 1-norm is given by

170 == sup I 7(p)l- )

lloll <1
peL(M)

B. Quantum circuits and noise model

We consider joint quantum computation on classical
and quantum bits. Any quantum computation is performed
using a quantum circuit, which is constructed from a gate
set acting on classical and quantum bits. We consider a gate
set A, containing a universal set of gates on classical bits,
and a set of quantum gates, including state preparation,
quantum measurement, a universal set of unitary gates, and
the corresponding classically controlled unitary gates.

As in Ref. [18, Sec. 2], we consider a hybrid model of
a quantum gate, acting on classical and quantum bits. We
divide classical bits as control bits and operational bits. Let
[ be the number of control bits and let 0 and o’ be the num-
ber of operational bits at the input and output, respectively.
Let ¢ and ¢’ be the number of qubits at the input and out-
put, respectively. For u € {0, 1}/, define a classical linear
map B* : B® — B® BY(.) := |u)(u|(-)|u)(ul. Then, the
gate g realizes the quantum channel

=Y B'&T" (©)

uef0,1}

where 7" is a quantum channel from B®° ® L((C?)®%)
to B®' ® L((C*)®7). Here, 7, signifies transformation
associated with the gate g.

We consider a definition of quantum circuit based on
layered implementation of gates, as given in Ref. [5] (see
also Ref. [18, Sec. 2]).

Definition 4 (Quantum circuit). A quantum circuit @ of
depth d is a collection of the following objects (see also
Fig. 3):
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(1) A sequence of finite sets Ao, ..., Ay, called layers.
The zeroth layer Ay is called the input of the cir-
cuit, and the final layer A, is the output. Each layer
Aj(fori=0,...,d)decomposes as A; = A{ U A?,
where A{ contains classical wires and A! con-
tains quantum wires. If the circuit has only classical
input, then A(q) = @; if the circuit has no input, then
Ao = 0.

(2) Partitions of each set A;_;,i=1,...,d into ordered
subsets (registers) A4;i,...,4;;, and a correspond-
ing partition of a superset A} D A; into registers
Ajy, ..., Aj,. Each register 4;,A}; contains /;; con-
trol bits, q,-j,q;j qubits, and 0,-]-,0;7 operational bits,
respectively.

(3) A collection of gates g;; drawn from the gate set A,
each realizing a quantum channel

T : ]B@l,‘j ® ]B®0ij ® L(((CZ)@!][/') N ]B@l,‘j ® B@O;j

8ij
® L((C»)®%),

The gate g;; or their numbers (7,j) are called the
locations of the quantum circuit. Note that for a
fixed 7,1 <i < d, the set of locations {g;; : 1 <;j
< s;} corresponds to the locations in a single layer
of the quantum circuit.

The size of @, denoted by |®|, is defined as the total
number of locations it contains.

A quantum circuit @ according to Definition 4 realizes
a quantum channel

T=Tjo- 0T, (7)

where 7; acts as follows on any p € L((C2®|AH l),

Tp) = Trapa, [ T i An1 @+ @ Ty 145 41| (0)
®)

where 7, [4};;4;] denotes the quantum channel 7,
applied to the register 4;;, the output of which is stored

in the register 4.

Remark 1. Note that in Definition 4, all the qubits in
Ai_1,i=1,...,d,are acted upon by a gate at the ith layer.
We suppose that the idle gate acts on each waiting qubit.
This is natural for capturing the effect of noise on the
waiting qubits (see Sec. I1C).

C. General circuit noise

Let § € [0,1] be an error rate. When general circuit
noise with an error rate § acts on a quantum circuit @, we
have that:

Li=1_ _i=2_ _i=3_ _i=d_
Hro 7 —H B H
: : ] : V| Tosa | | Toan |}
o ' i i : L L
: : I : : : ]
o [T ] T :
| L Tona |} O ] E
i R e B BRI
] 1 1 1 1 ) trace | 1
: : : : Tz | : !
s f—HT f—H o HTe

FIG. 3. An example of quantum circuit
Definition 4.

according to

(1) Purely classical elements of @, i.e., the gates with
only classical input-output, are implemented per-
fectly without any error.

(2) A gate g € A with the hybrid classical-quantum
input as in Eq. (6) is replaced by an arbitrary T such
that

T,= Y B'®T" ©9)

uef{0,1}/

where for all u € {0,1}, 7" is an arbitrary quan-
tum channel with the same input and output space
as 7" (in particular, classical registers remain clas-
sical), and ||f“ — T"||, < 4. Note that a noisy idle
gate realizes a channel 7;, such that ||’f'g — Tl <.

A quantum circuit ® with the noise rate § realizes a
quantum channel in the set,

Trans(®, §)
- {j:loo’f] :7~§=TYA;\A1-O
[j;i,l [4;4n] ® - ® Tgi,-w [A;Si;A”"]] ’

with 7, . being a §-noisy version of g,

as in Eq. (9).}. (10)

Here, “Trans” in Trans(®, §) stands for “Transformation.”
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D. Fault-tolerant state preparation

One of the ingredients for the proof of our main result in
Theorem 1 is a fault-tolerant state preparation method for
preparing code states of QLDPC codes. To do this, we use
a state preparation method given in Ref. [18], which can
prepare any n-qubit state up to an error of weight O(né),
under general circuit noise with error rate §.

Before stating the state preparation theorem, we first
recall the definition of an adversarial channel with noise
parameter § from Ref. [18]. We also present, for later ref-
erence, a result from Ref. [18, Theorem 67] that states
that any adversarial channel with parameter § can be
approximated by a superoperator of weight O(n4).

Definition 5 (Adversarial channels). A quantum chan-
nel V: L(M®") — L(M®") is said to be an adversarial
channel with parameter § if for any 7 > 0, there exists a
superoperator V, of weight ¢, i.e., V; € &, ()& (n, H)*
(see Def. 2), such that

nv—MMSchyﬁ (1)

Jj>t

Lemma 1. For any adversarial channel V : L(M®") —
L(M®") with parameter 8, there exists a superoperator )’
of weight 5nd, such that

8
V=Vl <exp (—%) (12)

Proof. From the definition of adversarial channel, there
exists a superoperator V, of weight ¢, such that

|W—Mks§jcyf (13)

j>t

n S J 1 n—j
=(1+5)"Z(7) (m) (ﬁ) . (14)

j>t

We now consider n independent and identically dis-
tributed (IID) random variables Xi, X5, ..., X,, such that
X; € {0,1},and Pr(X; = 1) = 6/(1 + 8), forall i € [n]. We
define X = ), X;; then

n S J 1 n—j
X ==Y C) <_> (_> . (s)
it 1446 146

Therefore, from Eqs. (16) and (15), and (1 + 8)" < €"°, we
obtain

IV = Vills < e”Pr(X > 0. (16)

Fora B8 > 0, we take t = (1 + B8)nd/(1 4+ §). Then, using
the multiplicative Chernoff bound, we obtain

Pr(X>t)<exp(— ’32 no ><exp(_ﬂ>
- 2+B1+68)~ 20+8)/)°

17)
By taking 8 = 4 (i.e., t < 5nd), from Egs. (16) and (17),
we have that Eq. (12) is satisfied for V' = V,. ]

Below, we present the state preparation theorem from
Ref. [18, Theorem 1].

Theorem 2 (State preparation). Consider a quantum cir-
cuit ® with classical input and n-qubit output. Let § be a
fixed noise rate, considering general circuit noise. Then,
for any positive integer k, there exists a quantum circuit
@, with the same input and output systems as ® and of
size |®| - poly(k), such that for any noisy version ’Z% €
Trans(®, 8),

175 — Wo @[, < O(®|V(cd)b), (18)

where W is an adversarial channel with parameter O(§),
and c is a universal constant.

Remark 2. The fault-tolerant circuit ® corresponding to
the state preparation circuit @ in Theorem 2 is constructed
using a fault-tolerant scheme [5,18], which consists of the
following three points:

(a) Quantum codes. A sequence of quantum codes
Dy, k=1,2,..., encoding one logical qubit in 7
physical qubits, with D being the trivial code, i.e.,
the corresponding n; = 1.

(b) Logic gate. For any gate g from a gate set, a
sequence of quantum circuits Wg;, k=1,2,...,
such that the corresponding noisy version, with
noise parameter § > 0, represents (simulates) the
gate g in codes Dy, with an accuracy (c8)*, for a
constant ¢ > 0.

(c) Interface. A sequence of circuits I'y 1, k, 1 = 1,2, ...,
such that the corresponding noisy version with noise
parameter §, represents the identity gate in codes Dy,
and Dy, with accuracy (c8)™in{&/,

Moreover, it is required that the size of the quantum cir-
cuits W, ; and I'y; scale polynomially, with respect to k&
and /. It has been shown that a fault-tolerant scheme can be
built using concatenated codes C,,» =0, 1,2, ..., where r
is the level of concatenation, which is related to the param-
eter k in point (a) of the fault-tolerant scheme as » ~ log k
[18]. For r = 0, C, is the trivial code and C; is the base
code for concatenation. It is required that C; has minimum
distance at least 5, i.e., it corrects at least two errors.
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The interface circuit 'y, corresponding to / = 1, plays
an important role in the construction of the fault-tolerant
circuit ® from Theorem 2. Note that I';; maps a logical
qubit encoded in n; physical qubits to a bare logical qubit,
while preserving the logical information with a reasonable
accuracy O(8). The fault-tolerant circuit ® corresponding
to ® and integer & in Theorem 2 can be taken as

D= Q" Thiody (19)

where @y, is obtained from & by replacing each gate g with
the corresponding fault-tolerant logic gate Wy ;. As both
W, and I'y; have size scaling polynomially in k& and /,
respectively, it follows that the size of ® is |®| - poly(k),
and its depth is d - poly(k), where d is the depth of .

III. CONSTANT-OVERHEAD FAULT-TOLERANT
QUANTUM COMPUTING FOR GENERAL
CIRCUIT NOISE

In this section, we prove our main result, stated in
Theorem 1. We will first formally state our constant-
overhead result in Theorem 3, and then provide a proof.

Theorem 3. Let @ be a quantum circuit, with classical
input and output, working on x qubits and |®| = poly(x).
For any € > 0, and asymptotic overhead o > 1, there
exists a constant error rate 8y, > 0, and a quantum circuit
d,, |P.| = poly(x), with the same input and output sys-
tems as ®, and working on x" = ax + o(x) qubits, such
that for any 7}6 € Trans(®P, §), § < b,

175, — Toll < e (20)

A. Proof of Theorem 3

We consider the fault-tolerant construction from Refs.
[6,7], which requires @ to be sequential in the following
sense: at any layer of the circuit @, only one nontrivial
gate is applied on a selected set of qubits, and the idle gate
is applied on the remaining qubits (see also Remark 1).
This means that we need to map @ to a sequential circuit
®geq. Any circuit @ can be mapped to a sequential circuit
®4q by incurring only a linear overhead in the size of the
circuit, |Pgeq| = O(x)|P|. Note that the linear overhead is
due to the additional idle gates, which are accounted for in
our circuit model. Therefore, without loss of generality, we
suppose @ to be a sequential circuit.

We consider a family of QLDPC codes with rate
R=2/(1+ «), where o > 1 is the desired asymptotic
overhead and take a code C of type (n,m) in this fam-
ily (note that asymptotically » = m/R). For this family
of QLDPC codes, we suppose fault-tolerant realizations
of error correction and logic gates, as described in the
following two paragraphs, respectively.

1. Fault-tolerant error correction

Consider 4 code blocks of the code C and a joint state
[vy) in the code space of these & blocks. Let V be an
error map on the state |y) (|, and suppose that it has sta-
bilizer reduced weight sn for a constant 0 < s < 1, with
respect to each code block (see Definitions 7-9 below for
definition of the stabilizer reduced weight). Then, when
the error correction circuit with general noise is applied
on every code block, it maps V(|y){(y]) to V' (|¥){¥])
with high accuracy, where the stabilizer reduced weight of
V' with respect to each code block is given by s'n, with
s' < s. More precisely, let ®. be the instance of the error
correction circuit applied on the block indexed i € [A],
and let ’ZN:I)E € Trans(deSC, 8),i € [h] be a noisy realization
under general circuit noise. Then, we have

| @ictnTar,) o VAW = V(¥ )W DIl
< O(hexp (—O(nd))). @1

We provide in Theorem 5 a fault-tolerant error correction
circuit Ogc, satisfying Eq. (21). To this end, we show that
the single-shot error correction for quantum Tanner codes
from Ref. [17] satisfies Eq. (21), while considering general
circuit noise for syndrome extraction. We note that single-
shot error correction requires only one round of noisy
syndrome measurement, which can be done by a circuit
of constant depth (independent of n) for QLDPC codes.
Moreover, the classical decoding algorithm, estimating the
error, is also of constant depth [17]. Thus, single-shot error
correction is executed in constant time.

2. Realization of logic gates

The logic gate corresponding to preparing the |0) state
is realized using our state preparation procedure given in
Theorem 2. For a logic unitary gate, we use gate telepor-
tation as in Refs. [6,7]. To realize the logical version of a
unitary gate U, between logical qubits in the same code
block, one needs to prepare as ancilla the entangled code
state

Vi) = Ve VIvy,). (22)

where V' is the encoding isometry corresponding to the
QLDPC code, and [{ry, ) is a 2m-qubit entangled state,

0) [0) + 1) 1)\ ®™
|>|)ﬁ|)|>> ’ 23)

with U, acting on a selected set of qubits in the second
group of m qubits and identity is applied everywhere else.
A similar state is needed when U, acts on qubits in dif-
ferent blocks. We use Theorem 2 to prepare the code state
|1/ffjg) fault tolerantly.

[Vy,) = (1 ® Uyp) (
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During the gate teleportation, one performs logical Bell
measurements between the code block, and the first code
block of the ancilla state. After the Bell measurement, the
state of the remaining ancilla block is given by Ulor Ug [Vr),
where |1/) is the logical state corresponding to the code
block prior to gate teleportation, Ug is the logical unitary
corresponding to U, and U, is a correction unitary. If U,
is in the Clifford group, then the correction is a Pauli gate
which is transversal [21, Ch. 6]. If U, is in the second level
of the Clifford hierarchy (e.g., Uy is the T gate), then the
correction is a Clifford gate that we can apply in a transver-
sal way using another state preparation for this correction
unitary.

We note that the logical Bell measurement can be per-
formed by applying a transversal CNOT gate between the
code blocks, then a transversal Hadamard gate on the first
block, and then a transversal single qubit Pauli measure-
ments on the two code blocks [21, Ch. 6]. For a detailed
discussion of the implementation of logic gates via ancil-
lary preparation and gate teleportation, we refer to Ref. [21,
Ch. 6].

3. Layout of the circuit ®,

The quantum circuit @, simulating & is constructed as
follows. We divide x qubits of @ into x/m blocks, each
containing m = O(4/x) qubits [22]. We replace each block
of m qubits by n qubits corresponding to a code block of
the QLDPC code C. The quantum circuit @ is obtained by
replacing each gate in the circuit ® by the corresponding
logic gate, which acts within one block or between a pair
of blocks, each containing # qubits.

As @ is a sequential circuit, a layer in ® realizes only
one nontrivial gate. In &, the logical version of a layer
in @ is realized in several layers at the physical level. The
depth of the logical layer is determined by the depth of
the nontrivial logic gate applied at that layer. While the
nontrivial logic gate is applied on the respective blocks in
®,, repeated error correction is applied on the remaining
blocks. We illustrate in Fig. 2 the implementation of a logic
unitary gate, using gate teleportation, when U, is applied
on a set of logical qubits within one code block.

The logic gate corresponding to a unitary Uy is realized
in the following two steps (see also Fig. 2):

(1) Ancilla preparation. During this step, the required
ancilla code state |1ﬂ£,g) from Eq. (22) is prepared.
While the ancilla state is prepared, one keeps apply-
ing error correction on the code blocks of the
QLDPC codes (see Fig. 2). We know that there
exists a circuit \I’bg, working on O(n) qubits, which
prepares |1/rfjg), with size |lllbg| = O(poly(n)) and
depth d' = O(poly(n)) [23, Ch. 4] [24]. To prepare
|1/f£,g), we consider the fault-tolerant circuit Fug
associated with \D{]g, according to Theorem 2. Let

p be the output of Vyg, with general circuit noise.
Then, from Eq. (18), we have

Lo = VU)W, Dl < 0%y, D)2, (24)

where V is a superoperator of weight O(nd) and £ is
the parameter from Theorem 2. Therefore, @Ug pre-
pares the code state |1ﬁ{]g) up to an error of weight
O(né), with very high accuracy given that £ is suffi-
ciently large. From Theorem 2 and Remark 2, note
that the size and the depth of @Ug are given by

Wy, | = Wy, Ipoly(k) = O(poly(n) poly(k))
(25)

d = d O(poly(k)) = O(poly(n) poly(k)) ~ (26)

(i) Gate teleportation. The prepared ancilla state is then
used to implement the logic gate on the selected
code block, using gate teleportation. On the remain-
ing blocks, error correction circuits are applied.

From Eq. (26), we note that the time complexity of the
ancillary state preparation increases with z, in contrast with
the single-shot error correction on the QLDPC code. This,
however, does not pose a problem since while the ancillary
state is being prepared, repeated rounds of error correction
are performed on the QLDPC code (see Fig. 2); thereby
logical information remains protected throughout the state
preparation.

4. Error bound on computation

Our state preparation procedure together with the
transversality of the gates used in gate teleportation, imply
that only an error of weight c,8n, for a constant ¢, > 0,
is introduced during the implementation of the logic gate.
By choosing the parameter § small enough so that s” + ¢,
< s, we can make sure that error can be suppressed in the
next round of error correction, as given in Eq. (21). There-
fore, after the rth logical layer of the quantum circuit ®.,
with general noise (supposing that the last layer is error
correction), we obtain a quantum state o,, which is close to
the desired code state |vy,) (| (i.e, the state at the tth step
of @, without noise) in the following sense:

loe = V(¥ (WDl < O (id /x exp (—~O(/x8)))
+ 0y, ) (e8), 27)

where V' is a superoperator of weight s'n, with respect to
each code block. The first error term on the right-hand side
of Eq. (27) is due to fault-tolerant error correction (see
Eq. (21)), and the second error term is due to the ancilla
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state preparation [see Eq. (24)]. For the second term, using
Wy, | = O(poly(n)) = O(poly(y/x)), and 7 = poly(x), it
suffices to choose k& = polylog(x/€) to make this term of
order €. Therefore, from Eqs. (25) and (26), the size and
depth of the state preparation circuit are given by

_ 1
W'y, | =0 (poly(x) polylog <;)> , (28)

d=0 (poly(x) polylog <é>> . (29)

Finally, since ¢ = poly(x), the first term approaches to zero
asx — oo.

5. Proof of constant qubit overhead

We now count the number of qubits in the quantum
circuit d.:

(i) Data qubits. The number of data qubits correspond-
ing to all the code blocks is given by x/R.

(i) Ancilla qubits for generator measurements. The
number of ancilla qubits used for error correction
in each block is n — m. Therefore, the total number
of ancilla qubits needed for error correction is given
by (n — m)x/m = x((1/R) — 1).

(i) Ancilla qubits for state preparation. As discussed
before, we can take k& = polylog(x/¢) to achieve an
error of order € in ancilla state preparation. Since the
qubit overhead of preparation according to Theorem
2 is poly(k), the number of qubits needed to prepare
the ancilla state is given by

o (n polylog (E)) =0 (ﬁ polylog (g)) .
(30)

Therefore, the total number of qubits is given by

X = 2x% —-x+0 (ﬁ polylog (E)) = ax + o(x).
(1)

IV. SINGLE-SHOT ERROR CORRECTION FOR
QLDPC CODES AGAINST GENERAL ERRORS

For fault-tolerant error correction, one needs to con-
sider the errors on both data qubits and syndrome bits as
errors also happen during the syndrome extraction proce-
dure. Usually, syndrome errors are dealt with by extracting
several rounds of syndromes [25,26]. Single-shot error
correction uses only a single round of noisy syndrome
extraction to perform error correction [27,28]. Recently,
it has been shown that the (asymptotically) good QLDPC
codes of Ref. [15], namely, quantum Tanner codes, support
a single-shot decoding [17], where Pauli errors are applied

on the data qubits, and bit-flip errors on the syndrome bits.
In this section, we generalize the single-shot error correc-
tion for general linear error operators on data qubits. This
generalization will be needed for the fault-tolerant error
correction under general circuit noise, given in Theorem 5
in the next section.

Below, we provide a definition of QLDPC codes.

Definition 6 ((r,s)-QLDPC codes [6]). A stabilizer
code is said to be an (7,s5)-QLDPC code if there exists a
choice of stabilizer generators {M, ..., M;} such that the
weight of M; is at most r, for all i € [[], and each qubit is
nontrivially involved in at most s generator measurements.

In what follows, we fix a Calderbank-Shor-Steane (CSS)
QLDPC code C of type (n,m), i.e., encoding m logical
qubits in n physical qubits, and with minimum distance
dmin. Moreover, we suppose that C admits a single-shot
decoding procedure. For example, one can choose a quan-
tum Tanner code from Ref. [15] and the decoder analysis
of Ref. [17]. We denote the generating set {M, ..., M},
| < n, as in Definition 6 (generally, / = n — m). The encod-
ing channel of C is given by V(-)V'T, where V' : (C*)®" —
(C*)®" is an isometry, and the code space L := Im(V) C
((C2)®n‘

The error correction map is given by a classical con-
trolled unitary

Use : B¥ @ L((CH®") — B¥ @ L((C2)®"),

where B®' refers to the syndrome bits, i.e., the outcome
of generator measurements {Mj, ..., M;}. For stabilizer
codes, U, is a controlled Pauli, where [ bits act as con-
trol and »n qubits as target. For simplicity of notation, we
define U, = Uec(-)UZc, where U, is a controlled Pauli,
with [ qubit control and n-qubit target.

In the following definition, we recall the stabilizer
reduced error weight.

Definition 7 (Stabilizer reduced error weight [17]).
Consider a CSS code of type (n,m), and let X% e, €
{0, 1}" be a Pauli-X error. Let |e,| denote the Hamming
weight of e,. The stabilizer reduced weight |e,|.q Of €, is
defined as

|€x|red := min{|e}| : X is equivalent to X *
up to stabilizer multiplication}.
Similarly, we can define the stabilizer reduced weight for

Pauli-Z errors. The stabilizer reduced weight of the total
error e = (e, e:) is defined as [e|req := max({|ex|red, [€:|rea}-

Definitions 8 and 9 extend the definition of the reduced
error weight to linear error operators and superoperators,
respectively. To this end, we consider error operators that
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act jointly on the n physical qubits of the code and on a
n-qubit auxiliary system. This is done keeping in mind that
we will consider error correction of multiple code blocks
in parallel; therefore, we would need a notion of reduced
error weight with respect to each code block.

Definition 8. Consider a CSS code of type (n,m). Let
E e L((C*»®" ® (C*)®") be an operator, jointly acting
on a code block containing »n physical qubits and on an
auxiliary system containing z qubits. We expand E as

E =

Z Eex,ez ® XexZez, (32)

ex,ez€{0,1}"

where Ee,e, == 1/2" Trj(E(1z ® ZX %)) € L((C?H®),
where Tr,) refers to tracing out the n qubits in the code

block. The reduced weight of £ with respect to the code
block is defined as

|E|red := max{|e|rq, e = (ey,e;) € {0, 1}2n : Eex,ez # 0}.

Definition 9. For a superoperator V : L(C»®" @
(C)®) - L(CH® @ (CH)®"), we say [Viea <t if
there exists a decomposition

V=> EQE (33)

such that maxi{lEilreds |El{|red} <t

A. Results for single-shot error correction
Let I, € L((C?)®") be the projector on the space cor-
responding to the syndrome o := (oy,...,07) € {0, 1},
ie.,
1
I, = -1 —1)%M;). 34
]"U[] S+ (=) M) (34)

Let 0. = (0¢,,0.,) be the syndrome corresponding to the
Pauli error given by e = (e, e;), i.e., o, = Hzey,0e, =

red| < SN + Rn

Hye,, where Hz, and Hy are Z- and X -type parity-check
matrices of the CSS code C, respectively. We have for any

ly) €L,

HGXEXZCZ |w> — aU,UeXexZez |W) , (35)
where o4, =1 if 0 = 0 and a5, = 0 if 0 7# 0. The

quantum channel corresponding to the (perfect) syndrome
measurement is given by

Mgn() =Y o) (o] ® T, ()T,

oef{0,1}

(36)

The following channel captures the effect of the syndrome
error e € {0, 1}, where the recorded syndrome is o, but
the realized projective measurement is 1, gesyn:

Mesyﬂ(') =

syn

> 10)(0] @ Mogesn (W Mogesn.  (37)
ael0,1)/

Below, we present the one shot-decoding theorem from
Ref. [17, Theorem 3.5], stated in a slightly different lan-
guage. We have taken constant @ = 0 in Ref. [17, Theorem
3.5]. Informally, the theorem states that if the data error and
the syndrome errors are bounded, then the error correction
procedure suppresses the input error, even though it may
not completely remove it (see Fig. 4).

Theorem 4 (Single-shot decoding [17]). There exist
constants R >0, §> 0, and 8 > 0 with 8Sn+ Rn <
dmin/2, such that the following holds.

Let |¢/) € L be a quantum state in the code space
of the QLDPC code C. Suppose that the data error is
e = (e,,e.) € {0, 1}*" with reduced weight |e|.q < BSn +
Rn and the syndrome error is e e {0, 1}/ with weight

__________ ¢Syll

|0>®l a == " == Dec

|eYn| < Sn

Corr _ L xel zel E
1

_________

trace

FIG. 4. The single-shot error correction procedure of Ref. [17]. The input is a code state of a QLDPC code, subjected to a Pauli error
X Z%. Then, the noiseless syndrome extraction circuit is applied, after which a bit-flip error e affects the syndrome bits. Following
classical decoding and error correction, the remaining error on the code state is X & Z¢. There exist constants R > 0, S > 0,and 8 > 0
with BSn + Rn < dnin/2, such that if the stabilizer reduced weight of the data error satisfies |e|..qg < SSn + Rn and the syndrome error
satisfies |e%Y"| < Sn, then the residual error satisfies |€/|eq < BSn. Thus, the logical error is effectively suppressed using single-shot
error correction.
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FIG. 5. The channel 74 realized by the syndrome extraction

circuit ®. In the first layer, i = 1, the ancilla qubits are initial-
ized and in the last layer, i = d, they are measured. In layers
i=2,...,d— 1, the data and ancilla qubits are entangled, using
two qubit gates.

|eY"| < Sn. Then,

Uee (10) ® (TygesnX Z% 1)) = g e g [0)
QXSZ% |y, (38)

where o € {0, 1}, the residual error (e}, e)) satisfies
|€'|red < BSh, and the factor ay1esvn 4, is defined as in Eq.
(35).

Note that Eq. (38) can be stated using the encoding
isometery V : (C*)®" — (C*)®";

Uec (|O> ® (HaeaesynXeXZez V)) = Qo tesYn g lo)
® (XSZ4V). (39)

In the following corollary, we show that Theorem 4 can
be generalized for arbitrary linear error operators.

Corollary 1 (Single-shot decoding for non-Pauli errors).
There exist constants R > 0, S > 0, and 8 > 0 with SSn +
Rn < dpin/2, such that the following holds:

Let |) € (C*)®" ® L be a quantum state on the joint
space of the code space L and a 7-qubit auxiliary system.
Suppose that the data error is £ € L((C?)®" ® (C?)®"),
with the reduced weight

min

|Elred < IBS”I +Rn < 5’

and the syndrome error is e € {0, 1}, |e®"| < Sn. Then,

(]lﬁ &® Uec)(|0> Q17 ® Haﬂ)esy“)E W’))
=0) ® (Ex @ X“Z%) |y), (40)

where o € {0,1}, E; € L((C*)®") and for € = (e, ¢)),
|e/|red = ﬂSI’l.

Proof. Using e = (e,,e,), we have
Az @ THE|Y) = Y (Ee ® o X Z%) [y)
(3

= Y E®MXSZH ). (@)

e:0e=0

where the first equality uses the expansion of E according
to Eq. (32), and the second equality uses Eq. (35). Note that
two errors with the same syndrome are separated by either
a stabilizer generator or a logical operator. The reduced
error weight of a logical operator is at least the minimum
distance dy;, of the code. Since |Elweq < dmin/2, all the
errors {e : o, = o} in Eq. (41) are stabilizer equivalent to
each other. Therefore, Eq. (41) reduces to

L @ MHE |Y) = (Brp ® o XZ%) |Y),  (42)

where e = (e,,€,), |€|reda < BSn + Rn is such that o, = o,
and Bz, =) E.. We now have

e:0e=0

(17 ® Uee)(|o) @ (17 @ Hogesn)E |Y))
= (]lﬁ & Uec)(|0> & (Eﬁ,aJresy“ & HoéBeSYHXeXZeZ) |W>)

=10) ® (Engyem ® XSZ%) [y)

where in the first equality, the syndrome of e = (e,,e;) is
oe = 0 @ ™" from Eq. (42) (note that U, acts on the syn-
drome state and the code block) and in the second equality,
|€'|red < BSn, using Theorem 4 [see also Eq. (38)]. |

B. Single-shot error correction against general circuit
noise

In this section, we consider the syndrome extraction cir-
cuit of a QLDPC code under general circuit noise with
parameter 5. We show that single-shot error correction, i.e.,
the error correction based on a single round of noisy syn-
drome, suppresses the input error on any code state, given
that § is sufficiently small (see Theorem 5 below).

We know that for QLDPC codes, there exists a syn-
drome extraction circuit of constant (i.e., independent of n)
depth [6]. Throughout this section, we denote by & the
syndrome extraction circuit. Let d = O(1) be the depth
of ®. The syndrome extraction circuit & contains the
following steps (see also Fig. 5):

1. Initialization. The input to the circuit ® corresponds
to the n data (physical) qubits of the QLDPC code.
In the first layer, i = 1, of the quantum circuit, we
initialize / ancilla qubits (one for each generator
measurement) in the |0) or |+) state.

2. Entanglement. In layersi = 2,...,d — 1, we entan-
gle the data qubits with ancilla qubits by applying
CNOT gates.
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3. Measurement. In the last layer, i = d, the ancilla
qubits are measured in the Pauli-Z or X basis.

Note that for a QLDPC code, with at least one X - and
Z-type generator of weight bigger than or equal to 2, it
holds that d > 4. We denote the set of data qubits by D,
and the set of ancilla qubits by A. The quantum channel
realized by the circuit ® is given by

To :=T40---0T 07, (43)

where the quantum channel realized by the i layer is given
by
T = ®Jt."=17?j, ield],

with 7; being the channel corresponding to the location
(i,j), and t; being the number of locations (including idle
gates) at the ith layer (see also Definition 4). Note that the
following holds:

n<t<2n Vield]. (44)
In Eq. (44), the upper bound follows using that the number
of locations at any layer cannot exceed n 4+ [ < 2n (recall
that / < » is the number of generator measurements). The
lower bound follows from the observation that the maxi-
mum number of two-qubit locations at any layer is /, since
each such location acts on a data and an ancilla qubit.
Applying general circuit noise with parameter § on &,
we obtain the set of quantum channels Trans(®, ) (see
also Sec. I1C). Any 'Z; € Trans(®, §) can be written as

To=Tio0--- 0T 0T, (45)

where

,-j; == ®jtl:]7l-j’

with 7; such that | 7; — Ty |lo < 6.

In the following, we will use the notation 7 :=
Tio---0T,07; and ']Nfi] :='Z~;o---o7~zo7~—, for 1 <i
<d-1.

In Theorem 5 below, we consider parallel error correc-
tion across multiple code blocks of the QLDPC code, as
needed in the proof of Theorem 3. We show that if the
reduced weight of the input error is bounded in each code
block, the single-shot error correction suppresses the input
error in each code block, even with general circuit noise
applied to the syndrome extraction circuit. Consequently,
errors can be suppressed in all the code blocks in parallel.
It is worth emphasizing that the input error can be cor-
related across different code blocks; the only requirement
of Theorem 5 is that its weight with respect to each code
block is bounded.

Theorem 5. There exist constants R, S, and 8 > 0, sat-
isfying BSn + Rn < dpin/2, such that the following holds.

Let § be the error rate, satisfying 582%+! < S, with d
being the depth of the syndrome extraction circuit ®. Let
Kk := ed with e := exp(1), and % be a positive integer, such
that ikeexp(—nd/3) < 1. Consider parallel error correc-
tion of the & code blocks of the QLDPC code C. For
the ith code block, let (D;, 4;) denote the data and ancilla
qubits, L' denote the code space and let ®' denote the syn-
drome extraction circuit. Let V be a superoperator with the
reduced weight |V|.q < BSn + Rn with respect to all the

code blocks i € [#], and let |¢) € QL' be any code state.
Then, for any 74 € Trans(®', 8), i € [h],

I (@setn(Teg 0 Ui 0 Ton)) V(W) (1)

b}
— VDI < hceexp (—%) . (46)

where U!_ corresponds to the error correction channel on
the ith block, Try, refers to tracing out ancilla qubits in
A;, and V' is a superoperator on i code blocks, satisfy-
ing |V'|red < BSn + 51829+, with respect to all the code
blocks i € [A].

Note that if § < R/(5 x 2%*1), then |V'|req < |Vlreq in
Theorem 5. Moreover, given that 4 = poly(n), the right-
hand side of Eq. (46) approaches zero as n goes to infinity.
Therefore, the error weight can be effectively suppressed
from BSn + Rn to BSn + 5n829+! by choosing sufficiently
large n.

Before proving Theorem 5, we provide Lemma 2,
which shows that for syndrome extraction circuit ®, any
To € Trans(®, ) can be approximated by a superopera-
tor 7o =Tp, 0N o To,,_,» where N is a superoperator
of weight O(né). Therefore, the errors that happen in the
circuit @ can be pushed just before the single-qubit mea-
surements are applied on the ancilla qubits. Intuitively, the
weight of N is O(n8) because the constant depth of the
circuit @ limits the propagation of errors.

Lemma 2. For any n such that exp(—né/3) < 1/k,k =
ed, and any Tg € Trans(®, §), there exists a superoperator
T & such that

170 = Tollo < k exp(—n3/3) (47)
and
To=Ti0N oTyuy, (48)
where N is a superoperator of weight 5n829+!,
Proof. We consider the first d — 1 layers of & (i.e.,

Ti—11 = Ta—10--- 07T, 07Ty) and the last layer (i.e., 7y),
separately (see also Fig. 5). We approximate any 7j;_;
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by a superoperator 7[0,_1] = Md_l] o Tjg—13, and ’j} by a
superoperator T 4= T; 0N, where the weights of J\/[d_l]
and N are given by / Snd (2‘1_Jrl —4), and 10n6, respec-
tively. We then take 7 ¢ := 7 4 0 7 [4—1}, Which satisfies
Egs. (47) and (48).

For each layer i of the circuit, we do the following
expansion:

T = ®_|(Ty + (T;

= Z (®jerinaTy) @ (@jeB(j;j

BC[1]

-Ty)
—Ty))

For s > 0, we define a superoperator 7 ; of weight s, as
follows:

T = Z ®j e Ty) ® (®es(Ty — T;))  (49)

BC[t;],1B|<s

Note that

17 - T||Q<Z(/> (50)

J>s

Then, by doing a similar calculation as in Lemma 1, we
have that for s = 5¢6 (using t; > n),

i0 )
17— Tillo < exp (—%) < exp <—%> . 6D

For ,Z_-[dfl] = 7(1,1 O---0 ?1, we have

||7~fd—1] — Tra-1lls
< ||'jfd—1] ~Tai0 'jfd—z]Ho + 1T g-1 0 jfd—z]
— Tra-llo
< Ta1 = Tarlel Taaillo + 1T amt o1 T2y

— T2l
né né ~
e (-7 +(1+exp -3 1 7ra—21
- ?[d—z]”o»

where the first inequality uses the triangle inequality,
the second inequality uses ||’T2 oTille < Il 71 l6, and

the last 1nequa11ty uses ||’]fd 2lle =1 and ||’Td e <
1T a1 — Tacillo + 1 Za-1llo < (exp (%) + 1). Applying

the above recursively, we obtain

17a=17 — T a=13llo

né
! n8\\* > né

<e(d—T1)exp (—713—5> , (52)

where in the second inequality, we have used exp(—né/3)
< 1/ed < 1/d, which implies In(1 + exp(—né/3)) < 1/d,
and in turn, (1 + exp(—n6/_3))d <e.

Note from Eq. (49) that 7 ; can be written as

T = Z (—1)IBI=IF] Z(@je[;i]\Fsz) ® (®jeF7~;j)-

BC[1;]|B|<s FcB

(33)

In other words, 7 ; can be written as a linear combination
of the superoperators

@jctineTy) ® @jerTy),  IFI <s=565.  (54)
Since 7j;, Vi € [d — 1] corresponds to either a unitary or
a state preparation (all the measurements are performed at
the last layer), we have that

Ty =Ny o T, (55)

=T; 0T,
if 7; is a unitary and N = 7~,'j o Tr if 7; is a state prepa-
ration channel, preparing a single-qubit state. Let F’ be
the set of qubits on which channels ®;cr7;; act. Note that
|F’| < 2|F| as ® contains only single- and two-qubit gates.
Let Nip = (®;ep\rLi) ® (®;erNjj), which has weight
|F'| <2|F| < 10t;6. We now have

where V; is a quantum channel. Note that \V;;

(®jerinrTy) @ (®jeF7~;j) = Nirr o (QjeiTy)  (56)
= Nip o T, (57)

Therefore, we have 7; = N; o 7;, where A; is a super-
operator of weight 104§ (as it is a linear combination of
channels N; ).

Consider the set of qubits F” at the layer i. For j > i,
let Shade(F”,j) be the set of qubits after the jth layer of
the quantum circuit ® that depend on the qubits in F’. In
other words, Shade(F",;) is the set of qubits in the future
light cone of the set F” after applying layers i+ 1,...,;/.
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As ® contains only single- and two-qubit gates, we have
Shade(F’,i + 1) < 2|F’|. Therefore,

|Shade(F",j)| < 2 ~'|F'| < 2 7 F|
< YTitlsys < 5p82 T2 (58)

where the second inequality uses |F’| < 2|F| and the last
inequality uses t; < n + [ < 2n.

Using the unitarity of 7;,i € [d — 1], we can push NV,
to the left as follows:

Ty1o--0TpoNypoT)o---0T
=Ta10-- ON/Shade(F'm)O'ZHOZO“-OTl
/
_NShade(F/d 1 © Tpa-, (59)

where in the first equality NV gge 1) = Ziv1 0 Nipr 0

TTI acts trivially except on Shade(F’,i + 1). Similarly,
in the second equality N/ i Shade(F" 41y 1S @ quantum chan-
nel that acts nontrivially only on Shade(F’,d — 1), where
|Shade(F’,d — 1)| < 2¢7*15x8 from Eq. (58). We now
apply Eq. (59) for each layeri =d — 1, ..., 1 in that order
and obtain

Tra—1y = Nu-11 0 Tja-1y» (60)

where Md—ll is a linear combination of quantum channels
that act nontrivially on at most 5n8 (22 + 23 4 ... +29) =
5n8(2%+1 — 4) qubits. Therefore, the weight of A is given
by 5n8(24F! — 4).

We now consider the dth layer of the circuit ®. We have
Ti = (®jepZ;) ® (®jcaM;), where M; corresponds to a
single qubit measurement in the Pauli-Z or -X basis (recall
that D is the set of data qubits with |D| = n and 4 is the set
of ancilla qubits with |4| = /). Now consider 7, and the
corresponding approximation 7 ; from Eq. (49), obtained
by usingt; =n+1,

Ti= Y

(®jen\8, L) ® (®jears,M,)

BICDBZCA
B} |+1B2 | <5(n+1)s
® (®jes, (L — L)) @ (®jes,(M; — M),
which satisfies
~ — nd
17 = Tallo < exp (—;). (61)

The superoperator 7 4 can be written as the linear com-
bination of the following channels for a subset of qubits

Fi CD,F, C A,suchthat |Fi| + |F2| < 5(m+ DS < 10n6:

(®jep\r, L) ® (@ eni,M) ® (®jer, L) ® (®jer,M,).

(62)
Consider single-qubit measurement M; : L(C?) — B in
the computational basis defined by M ()= Zae{o,l}

Tr(|a){a|-)|a){al. The noisy measurement ./\;l_,» : L(C?»
— B corresponds to a quantum channel
M;()= D Tr(P, la)al, (63)
ae{0,1}
where P, > 0, > P, = 1.1t can be seen that
M; = M; o N, (64)

where the channel V; is defined using qubit systems 4 and
A’ as below (see also Naimark’s theorem [29, Theorem
2.42))

N; = Try(Wyesqu () A_>AA/), Wassaw

=Y VP.®la)y (65)

ae{0,1}

Note that W, 44 is an isometry. In a similar way, for

Pauli-X basis measurement, we have M [ =M, o M for
a quantum channel ;. Therefore,

(®jeD\Flzj) ® (®jeA\F2Mj) 02 (®j€F1ij) ® (®JEF2Mj)
= (®jeDIi) ® (®j€AMi) ONd,Fl Ny
= ,2:1 o MZ,FI,FZ’ (66)

where Nd,Fl £ = ®jen\r L) ® (Qjenmly) ® (®16F1jf)
® (®;er,N;). Therefore, we have

Ta="Ts0Ny, (67)

where N is a superoperator of weight 10x8. Finally, from
Egs. (52) and (61), we obtain

17e — Tollo
< T allol Ziary = Tranillo + 1172 — T allo

= (1 + exp (—?)) e(d—1)
nd né
exp <—?> + exp <—?>

)
< ed exp (—%) , (68)

where the second line uses Egs. (52) and (61) and
17 4lle < (1 +exp(—nd/3)), and the third line uses
l+exp(—ns/3) <1+ 1/(ed) <1+ (1 —-1/e)/(d—1) =
(d—1/e)/(d — 1) (recall that d > 1).
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Therefore, 7o = Tyjo N o Tja_1), where N :=No
Nja—1j is a quantum channel of weight 5782¢*!. Hence,
Egs. (47) and (48) hold. |

We now prove Theorem 5.

1. Proof of Theorem 5
Similarly to Eq. (52), using the triangle inequality, and

the equality || 7] ® 711lo = | 711lo1I72]lo for superoperators
71,7, [5], we obtain from Eq. (47)
1(®ienTo) — (RiernT o) lo

né
< (1 + A —i-/cexp(—?)) + ...
né h—1 nd
+ —i—/cexp(—?)) Kexp(—?)
<h(l +« exp(—’;—s))h K exp(—r;—(s)
< hi exp(hx exp(—};—a)) exp(—nB—(S)

< h/ceexp(—%), (69)

where in the second to last inequality, we have used
(1 +x)" < ", and the last inequality uses the assumption
hic exp(—né/3) < 1/e < 1. From Eq. (69), we have

I (@ien(Trs, 0 Ul 0 To) ) V(W) (01D
— (et (Tra, Ul 0 To)) VAVIWD)

5
< hKeexp(—%). (70)

We now show that for any superoperator V), such that
[Vled < BSn + Rn with respect to all the code blocks i €
[#], we have

(@ictn (Try, 0 Uy 0 T ) VWD) = V() (WD,
(7)

where |V'|req < BSn + 518291 is satisfied for all the code
blocks i € [A]. Then, from Egs. (70) and (71), we obtain
Eq. (46).

First, note that the first 4 — 1 layers of the syndrome
extraction circuit @ realize an isometry on the data
qubits

Tla—() = Uy ® 10001*HU],_yp.  (72)
where Upy_1j is a unitary such that for any |¢) € (C*H®n,
we have

(1p ® (0]) Uu-11(1$) ® 10)7) = Mo ), (73)
where T1, € L((C?)®") is the projector on the space cor-
responding to the syndrome o € {0, 1}. The last layer of
® realizes single qubit Pauli-Z measurements on ancilla

qubits; therefore, the corresponding quantum channel is
given by

Ti=®jeZ)® Y lo)olO)lo)ol.

oe{0,1}

(74

We now focus on error correction for a fixed code block
j € [h]. Consider data qubits D; and the ancilla qubits 4;
corresponding to this block. Recall from Lemma 2 that

Ty = T oN o IZEJd—l]a (75)
where the superoperator N7 acts on the joint system D; U
A; and its weight is given by 51n82¢*!. Therefore, N7 can
be written as a linear combination of superoperators of
the form W(-)W', where W and W are operators acting
on the joint system D; U 4;, and their weight is 5n827*!
(see also Definition 2). Here, for simplicity, we replace N
by W(-)W'. Similarly, we replace V by E(-)E’, where E
and £’ are the operators that act on the joint code blocks
UiepnDi, satistying |E|red, |E |rea < BSn + Rn, for any code
block i € [A].

For an e, € {0,1}" indicating a Pauli-X error on the
data and ancilla qubits in the jth code block, we define
e := (elp;,els;), where eclp; €1{0,1}" indicates the X
error on the data qubits and e,| 4 € {0, 1}/ that on the
ancilla qubits. Similarly, we use e, := (e,] Dj,ez| Aj) for
Pauli-Z errors. For clarity, we use the following notation:

Vi) = (@i 10) ® Ulyyy) (E 1) @ 10)5),

(76)
where U’[dfl] is a copy of Uy—17in Egs. (72) and (73). Note
that the quantum state |U’[ 4—11EW) corresponds to the joint
data-ancilla state after the (d — 1)th layer of syndrome
extraction applied only to the j code block. For any
measurement outcome o € {0, 1}/ corresponding to ancilla
qubit measurements in the dth layer of the syndrome
extraction circuit, we have
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(®is15) & (Lo, @ (01, )W) Uy EW)

= Z We, . ((®i;£j 1p) ® ((]le ® (oly )Zerex» |(/itd—1]E‘//>

ex,eze{osl}’HJ

=Y Wewe. (@i10) ® Z2 X1 @ (01 21 X)) |U],yEy)

€y,€z

= YD W, (@i10) @ @XM @ (01 X)) U], EV)

€x,€z

ez‘Dj s€x

= Weolp, e (®z‘¢j]10,v)®XeX|D’ZeZ‘D’H(aeaexlAﬂ)EW)’

€z ‘D/- »€x

where in the first equality, we expand the operator W
in the Pauli basis, i.e., W= Zex eocioyitl Wepe. ZEX ™,
and in the fourth equality, we have used WeZID, o i=

el (=) W, ... In the last equality, we use Eq.
J
(73). As the weight of W is 51829F!, it follows that

J

=3 W <(®i#1a_) & (70 @ (o @ex|Aj|)> Uy EV)

(77)

(

the Hamming weights of ec[p,, €:|p;, €xl4;, €:]4, are upper
bounded by 57827+1.

Applying the error correction U, on the data qubits
corresponding to the jth code block, when the observed
syndrome is o € {0, 1}/, we obtain

(®iz1p) ® Uee(lp, ® |0){o|4) W) |Ujy_,EV)

== Z Wezlgj ,ex <(®i;éj]lD,«) &® Uec(l“}Aj & ZeZIDleX|Dj H(a@ex\Aj))> E W)

ez|Dj s€x

=Y W, <(®i;éj]lD,-) ® 20 X0 Uy ((0), ® n(g%mj)))E )

ez|Dj s€x

= |0)Aj ® Z

ez|Dj »€x

€x,€z ‘Dj

where the first equality uses Eq. (77), in the second equal-

ity, we use that U, is a controlled Pauli, and W, , =
vz ]

EWe, el D, In the last equality, from Corollary 1, E; =
1/2" Zaafa@exuj Trp, (E((Qi 1p,) ® Z%X*)), and for

e = (e,,e)) |€|req < BSn. Consider the total error operator
in Eq. (78),

T . x|D; 2|D;
Ei= ) Weey, (@nln) @x"02%%)

ex.ez|p;

(Esj @ X%Z%) (79)

(@n1p) ® 27X ) (Ey @ X529 1) |,

(78)

(

The stabilizer reduced weight of E with respect to the
Jjth code block is upper bounded by BSn + 5162¢+!. The
reduced weight of E for code blocks i # j remains upper
bounded by 8Sn + Rn. Similarly, after doing error correc-
tion with respect to all the code blocks, the residual error
operator E, satisfies |E|eq < BSn + 5n82¢%! with respect
to all the code blocks i € [#]. Similarly, Eq. (78) also holds
for the error operators W' and E’; therefore, it follows that

(®:(Try, UL, 0 T 4i)) o V(Y)W ]) = V(1Y) (¥])
=Y EW)YIE,

EE

(80)
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where |V'|req < BSn + 5n82¢%1, with respect to all the
code blocks. Finally, from Eq. (70) and (80), we obtain
Eq. (46).
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