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The Gottesman-Kitaev-Preskill (GKP) code is an exciting route to fault-tolerant quantum computing
since Gaussian resources and GKP Pauli-eigenstate preparation are sufficient to achieve universal
quantum computing. However, there is a disconnect between the noise model that GKP qubits are in
theory designed to correct—uniform random displacement errors—and the conditions that affect GKP
qubits in superconducting devices in practice: realistic noise channels, logical gates, and inefficient
measurements. In this work we bridge this gap in three ways. First, we approximate the effect loss and
dephasing on approximate GKP codestates using a random displacement channel, and show that this
approximation matches well with numerics. Second, we analyze the error-spreading properties of GKP
Clifford gates and describe how a modification in the decoder following the implementation of each gate
can reduce the gate infidelity by multiple orders of magnitude. Finally, we consider the effect of homodyne
measurement inefficiencies on logical state readout and analyze a scheme to improve the measurement
efficiency using the theory of quantum trajectories.
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I. INTRODUCTION

To construct a large-scale quantum computer, quantum
error correction (QEC) is required to achieve error rates low
enough to run useful algorithms. Bosonic QEC codes [1–4]
are a promising approach to QEC because they encode
logical information in the formally infinite-dimensional
Hilbert space of a quantum harmonic oscillator, allowing
for robust logical qubits to be constructed from a single
physical device. Moreover, bosonic codes can be concat-
enated with a traditional QEC code such as the surface code
[5–8] or quantumLDPCcodes [9], using the enhanced error
tolerance of the bosonic code to reduce the overhead
required to reach a given overall logical error rate.
Actively pursued examples of bosonic codes include the

cat code [2], binomial code [4], and Gottesman-Kitaev-
Preskill (GKP) code [3], with a recent GKP code experi-
ment surpassing the break-even point by more than a factor
of two [10]. GKP codes are also particularly promising

since universal quantum computation can be achieved using
only Gaussian resources combined with a supply of either
GKP Pauli-eigenstates [11] or GKP Hadamard-eigenstates
[12]. Such GKP Pauli-eigenstates have been produced in
both superconducting microwave cavities [10,13,14] and
the motional states of trapped ions [15,16], but currently
have error rates too high to surpass the threshold of the
GKP-surface code or toric code [5,7].
Although GKP codes have been modeled both on the

physical single-mode level and in larger multi-mode code
concatenations, these studies typically use incompatible
noise models, with multi-mode simulations using a
Gaussian random displacement channel that is theoreti-
cally useful but unrealistic, and single-mode studies using
more realistic noise models such as loss and dephasing that
are difficult to simulate exactly in multi-mode studies.
Moreover, realistic modeling of GKP qubits requires
the incorporation of logical operations such as gates
and measurements. Strikingly, due to the low energy of
microwave photons, homodyne detection in microwave
circuits is severely limited in practice, with state-of-the-art
experiments achieving efficiencies on the order of
60%–75% [17,18].
To address these gaps, we introduce new theoretical

techniques to analyze the effect of realistic noise channels,
GKP Clifford gates, and readout that is theoretically
convenient and a close approximation of the realistic noise
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channel. First, we analytically estimate the effect of loss
and dephasing on GKP codes by taking a lowest-order
approximation of the gate infidelity error using the GKP
stabilizer subsystem decomposition [19]. The expressions
we obtain coincide with those corresponding to a con-
tinuous-variable “twirling approximation” of the relevant
quantum channel. As such, the technique can also be
viewed as both a justification and a generalization of the
twirling approximation that has previously been limited
to analyzing approximate GKP codestates [20]. Second,
we introduce a general method to counteract the spread
of errors due to Clifford gates using a modified error
correction scheme after each gate. And finally, we analyze
the effect of low measurement efficiencies on logical state
readout, and we use the theory of quantum trajectories to
analyze a method that improves the effective measurement
efficiency of readout by coupling each high-Q GKP mode
to a low-Q readout ancilla.
We utilize two recently developed techniques to analyze

the performance of each scheme. We analyze physical
noise models and GKP Clifford gates using the stabilizer
subsystem decomposition [19]. In particular, the stabilizer
subsystem decomposition is designed such that the partial
trace over the stabilizer subsystem corresponds exactly to
an ideal decoding map, making it suitable to calculate gate
fidelities and other quantities of interest. We analyze our
measurement scheme using the methods of Ref. [21],
which allows one to solve for the quantum trajectory
evolution of a system with time-independent linear dynam-
ics and Gaussian measurement noise.
The remainder of this paper is organized as follows. In

Sec. II, we provide an overview of GKP codes and the
notation we will use throughout the manuscript. We begin
by considering the effects of GKP Clifford gates in
Sec. III, in which we establish the figure of merit we will
use to analyze noise in GKP codes and explain how to
minimize the spread of logical errors using a modified
decoding scheme. Then in Sec. IV we introduce our new
analytic approximation technique for loss and dephasing
acting on GKP codes. Finally, we analyze the effect of
measurement inefficiencies on logical state readout in
Sec. V and analyze a method that uses an additional
ancilla mode to perform homodyne detection with an
enhanced efficiency. We provide concluding remarks
in Sec. VI.

II. GKP CODES

We now present a brief overview of the properties of
GKP codes [3] and the notation that we will use in the
remainder of this manuscript. GKP codes are a class of
bosonic stabilizer codes in which the codespace is the
simultaneous þ1-eigenspace of operators acting on a
continuous variable (CV) Hilbert space. The CV system
can be described by ladder operators ½a; a†� ¼ 1 or quad-
rature operators ½q; p� ¼ i. We denote the number states as

jni, and position and momentum eigenstates as jxiq and
jyip, respectively. We also introduce the displacement
operator

TðvÞ ¼ Tðv1; v2Þ ¼ e−iv1pþiv2q (1)

for v ¼ ðv1; v2Þ∈R2, which obeys

TðvÞTðwÞ ¼ e−iðv1w2−v2w1Þ=2Tðv þ wÞ: (2)

This definition of the displacement operator also ensures
that Tðλ; 0Þjxiq ¼ jxþ λiq and Tð0; λÞjyip ¼ jyþ λip.
To define a (single-mode) GKP code, we begin with two

real vectors α ¼ ðα1; α2Þ and β ¼ ðβ1; β2Þ that satisfy
α1β2 − β1α2 ¼ π. The stabilizer generators are then given
by SX ¼ Tð2αÞ and SZ ¼ Tð2βÞ, which (together with
their inverses) generate the stabilizer group. The logical
Pauli operators are given by X̄ ¼ TðαÞ, Ȳ ¼ Tðαþ βÞ and
Z̄ ¼ TðβÞ, where we use bars to indicate logical operators
and states. We define the GKP logical lattice

L ¼ fmαþ nβjm; n∈Zg; (3)

and the corresponding Voronoi cell

VL ¼ fv∈R2jjvj < jv − lj ∀ l∈L;l ≠ 0g; (4)

which contains the set of points closer to the origin than
any other point in L.
The simplest example of a GKP code is the square GKP

code, given by αsq ¼ ð ffiffiffi
π

p
; 0Þ and βsq ¼ ð0; ffiffiffi

π
p Þ. In this

case, X̄sq ¼ e−i
ffiffi
π

p
p and Z̄sq ¼ ei

ffiffi
π

p
q. General GKP codes

can be conveniently described by introducing the canoni-
cally transformed logical quadrature operators

q̄ ¼ 1ffiffiffi
π

p ðβ2q − β1pÞ; p̄ ¼ 1ffiffiffi
π

p ðα1p − α2qÞ; (5)

such that X̄ ¼ e−i
ffiffi
π

p
p̄ and Z̄ ¼ ei

ffiffi
π

p
q̄. Of particular interest

is the hexagonal GKP code, given by

αhex¼
ffiffiffi
π

p � ffiffiffi
34

pffiffiffi
2

p ;− 1ffiffiffi
2

p ffiffiffi
34

p
�
; βhex ¼

ffiffiffi
π

p �
0;

ffiffiffi
2

pffiffiffi
34

p
�
; (6)

which has been shown to have the lowest logical error rate
out of all single-mode GKP geometries under a pure loss
noise model [22]. Note that we have chosen a rotated
definition of the hexagonal code, such that β1 ¼ 0 and
q̄ ∝ q, allowing a convenient representation of the GKP
codestates in the position basis.
To aid our discussion of logical Pauli operators in

Sec. III, we introduce the notation
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s1 ¼ −p̄; s2 ¼ q̄ − p̄; s3 ¼ q̄: (7)

Using this, we can write the logical Pauli operators as
σ̄i ¼ ei

ffiffi
π

p
si , where σ1;2;3 ¼ X; Y; Z respectively. Each

quadrature si can be written in polar coordinates given
by si ¼ riðq cos θi þ p sin θiÞ.
GKP Clifford operators, which map logical Pauli

operators to logical Pauli operators, are given by unitary
Gaussian operators Ā acting on the CV space. Concretely,
the GKP Clifford group is generated by the operators

H̄ ¼ eiπðq̄2þp̄2Þ=4; S̄ ¼ eiq̄
2=2; C̄Z ¼ eiq̄⊗q̄: (8)

In superconducting GKP qubits a convenient alternative
set of generators for the GKP Clifford group is given by the
generalized controlled gates. For Pauli matrices σi; σj
(i; j∈ f1; 2; 3g), we define the σi-controlled-σj gate as

Cσiσj ¼ I ⊗ I − 1

2
ðI − σiÞ ⊗ ðI − σjÞ: (9)

These gates can be interpreted as applying a σj gate to
the target (second) qubit if the control (first) qubit is a −1
eigenstate of σi, and doing nothing if it is a þ1 eigenstate.
For example the Z-controlled-Z gate is simply the con-
trolled-Z gate, and the Z-controlled-X gate is the con-
trolled-NOT gate. Any universal quantum computing
circuit comprising state preparation in the j0i or jTi ¼
ðj0i þ eiπ=4j1iÞ= ffiffiffi

2
p

states, Pauli Z-measurements, and
adaptive Hadamard, phase and controlled-Z gates can
be written as a circuit that instead consists of state
preparation in the j0i or jTi states, Pauli X, Y and
Z-measurements, and generalized controlled gates (which
must be performed adaptively). GKP generalized con-
trolled gates can be implemented by

C̄σiσj ¼ eis̄i⊗s̄j ; (10)

which is convenient because all of the generalized con-
trolled gates can be implemented using a single piece
of hardware in superconducting qubits, as we show in
Appendix A.
In Sec. III we will use an equivalent representation of

Gaussian operators as symplectic matrices. In particular,
one can describe an arbitrary n-mode Gaussian operator
U with a 2n × 2n real symplectic matrix SðUÞ∈ Spð2n;RÞ
acting on the vector of quadrature operators ξ¼
ðq1; � � � ;qn;p1; � � � ;pnÞ, such that UTðvÞU†¼TðSvÞ and
UξU† ¼ SðUÞ−1ξ (whereU andU† act component-wise on
ξ). For example, a single-mode rotation operator RðθÞ ¼
eiθa

†a can be described with the symplectic operator

SðRðθÞÞ ¼
�
cos θ − sin θ
sin θ cos θ

�
: (11)

In the square GKP code, we have

SðH̄sqÞ ¼
�
0 −1
1 0

�
; (12a)

SðS̄sqÞ ¼
�
1 0

1 1

�
; (12b)

SðC̄Z;sqÞ ¼

2
664
1 0 0 0

0 1 0 0

0 1 1 0

1 0 0 1

3
775: (12c)

To describe Clifford gates in general GKP codes, we
first define the change of basis matrix ML ¼ ½α; β�= ffiffiffi

π
p

that transforms vectors in the square GKP lattice to the
vectors in the lattice L, i.e. L ¼ MLLsq. Then, the
symplectic matrix corresponding to the Clifford gate Ā
is given by SðĀÞ ¼ M−1

L SðĀsqÞM−1
L .

The ideal codestates of a general GKP code are the
simultaneous þ1-eigenstates of the stabilizers SX and SZ.
However, these ideal codestates are non-normalizable and
hence cannot be realized in any physical system. To
construct normalizable codestates, we use the non-unitary
envelope operator e−Δ2a†a to define the approximate GKP
codestates jψ̄Δi ∝ e−Δ2a†ajψ̄i. This approximation, how-
ever, introduces errors as the approximate states are not
exact þ1 eigenstates of the stabilizers. The parameter Δ
characterizes the quality of the approximate GKP codes-
tates, where the limit Δ → 0 approaches the ideal codes-
tates. We will also commonly quote the average photon
number of the approximate GKP states [22]

n̄ ¼ 1

2
ðh0̄Δja†aj0̄Δi þ h1̄Δja†aj1̄ΔiÞ ≈

1

2Δ2
− 1

2
; (13)

which tends to infinity as Δ → 0. In general, the quality of
non-ideal codestates can be assessed by evaluating the
expectation value of the stabilizers and expressing it
as a squeezing parameter [23]. For the particular form
of the approximate codestates that we consider, this
evaluates to ΔdB ¼ −10log10ðΔ2Þ which also tends to
infinity as Δ → 0.
Approximate GKP codestates have been prepared

experimentally in superconducting resonators with an
experimentally determined squeezing of ΔdB ¼ 9.1 [14].
GKP-surface code and toric code studies [5–7] have shown
that the surface code threshold can be reached using
codestates with ΔdB ¼ 9.9 assuming that the dominant
source of noise is due solely to the approximate GKP
codestates. However, in the presence of circuit noise, a
larger squeezing is required to get under the surface code
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threshold. As such, we use ΔdB ¼ 12 as a rough target for
practical quantum computing with GKP codes.
Since the codestates jμ̄Δi are not orthogonal, we can use

the Löwdin orthonormalization procedure [24] to define
orthonormalized GKP codestates jμ̄Δ;oi, which form an
orthonormal basis of the subspace spanned by fjμ̄Δigμ¼0;1.
Note that the difference between jμ̄Δi and jμ̄Δ;oi is
negligible for values of Δ that are small enough to be
practical.
Next, we discuss error correcting the GKP code,

beginning with what we refer to as ideal error correction,
which consists of the following steps:
(1) First, we measure both stabilizers SX ¼

e−2iðα1p−α2qÞ and SZ ¼ e2iðβ2q−β1pÞ, with measure-
ment outcomes MX;MZ. In ideal error correction,
we assume MX and MZ can be obtained error-free.

(2) We assign each pair of measurement outcomes
a quasi-position and momentum ðkq; kpÞ such
that MX ¼ e−2iðα1kp−α2kqÞ and MZ ¼ e2iðβ2kq−β1kpÞ
respectively.

(3) Finally, a displacement Tð−kq;−kpÞ is applied that
returns the state to the ideal codespace of the code.

The periodicity of the complex exponential means that
the map ðMX;MZÞ ↦ ðkq; kpÞ∈R2 is not well-defined; in
particular, adding any integer multiple of α or β to the
vector ðkq; kpÞ results in the same pair of measurement
outcomes. As such, one must specify a primitive cell of the
logical lattice Llog to serve as the decoding patch P ⊂ R2.
Then, we can choose a unique vector k ¼ ðkq; kpÞ∈P for
any pair of measurement outcomes.
In general, the best choice of decoding patch depends on

the noise model being applied to the GKP code. If we
consider a noise model defined by a uniform mean-zero
Gaussian random walk of displacement errors, the optimal
patch to decode over is the Voronoi cell VL of the GKP
logical latticeL, see Eqs. (3) and (4) and Fig. 1. This choice
ensures that the displacement Tð−kq;−kpÞ is the shortest
displacement that returns the state to the codespace, thereby
minimizing the chance of a logical error. Note that through-
out this paper, by “optimal patch”weare really referring to a
patch corresponding to a minimum-weight decoder, and
further improvements could be made by considering a
maximum-likelihood decoder. The above description also
applies tomulti-modeGKP codes by increasing the number
of stabilizers and the dimension of k.
In Secs. III and IV we will consider different decoding

patches, and for this, we will make use of the following
definitions:

(i) The distance d of a patchP is twice the length of the
shortest vector on the boundary of the patch ∂P, and

(ii) The degeneracy a of P is half the number of vectors
with length d on ∂P.

The definition of d is chosen such that any error TðeÞ
with jej < d=2 is correctable. Moreover, the shortest
logical Pauli operator P̄ ¼ TðlÞ has jlj ¼ d, while a

corresponds to the number of different equal-length logical
Pauli operators.
One concrete way of performing such a QEC cycle is via

the teleportation-based circuit [25] shown in Fig. 2. The
circuit uses two ancillary modes initialized in the so-called
qunaught GKP state, which we define for a general GKP
lattice as the simultaneous þ1-eigenstate of the displace-
ment operators Tð ffiffiffi

2
p

αÞ and Tð ffiffiffi
2

p
βÞ. Note that the factor

of
ffiffiffi
2

p
in the displacements—instead of the factor of 2 in

the standard GKP stabilizer generators—ensures that their
simultaneous þ1-eigenspace is one-dimensional and
hence defines a unique state. When the input qunaught
states are ideal GKP codestates, the teleportation circuit
performs a measurement of the stabilizers as well as a
correction to the ideal GKP codespace, up to the appli-
cation of a logical Pauli operator that can be inferred by
decoding the measured syndrome. We discuss in Sec. III
how to model the effect of approximate qunaught states on
the QEC cycle, and in Sec. V we discuss how one can use

FIG. 1. The ideal error-correction procedure for the square
GKP code, performed over the Voronoi cell of the square GKP
lattice. In this case, the Voronoi cell is a square centered at the
origin with side length

ffiffiffi
π

p
. In green, a random walk of

displacement errors results in an overall displacement error
TðeÞ (up to a geometric phase) acting on the ideal codestate.
Since both the components of e are less than

ffiffiffi
π

p
=2, the shortest

displacement that returns the state to the codespace is
TðdÞ ¼ Tð−eÞ. In red, the displacement error Tðe0Þ has
e01 >

ffiffiffi
π

p
=2. This means that the smallest displacement that

returns the state to the codespace is Tðd0Þ, which has the net
result of applying a logical X̄ on the state.

FIG. 2. Quantum circuits for teleportation-based QEC. j̄0i
denotes a qunaught GKP codestate, defined as the unique
þ1-eigenstate of the displacements Tð ffiffiffi

2
p

αÞ and Tð ffiffiffi
2

p
βÞ. Each

two-mode gate is a 50–50 beamsplitter given by eiπðp1q2−q1p2Þ=4.
The homodyne measurements are of the logical quadratures
from Eq. (5).
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an additional physical mode to mitigate the effects of noisy
homodyne measurements.
Teleportation-based QEC is not the only error-

correction procedure used for GKP codes; indeed, in
superconducting systems and trapped ions the current
favored stabilization procedure makes use of an ancillary
two-level system instead [10,16,26]. However, a tele-
portation-based scheme can be used to perform error
correction after the GKP states have been prepared and
is particularly natural if GKP codes are concatenated with
qubit error-correcting codes through foliation methods
[27]. Moreover, teleportation-based QEC has the advan-
tage that a fresh GKP qubit is prepared in each QEC cycle,
and distortions to the envelope and/or GKP lattice are not
teleported onto the outgoing qubit. We also note that any
state-preparation method that can be used to prepare an
encoded j0̄Δi state (for example Refs. [28–31]) can be
modified to prepare an encoded qunaught state either by
modifying the parameters in the state-preparation method
or by squeezing the j0̄Δi state. We here focus on telepor-
tation-based QEC due to the simple model of approximate
error correction that it provides below.

III. ERROR-RESISTANT CLIFFORD GATES

We now move our attention to analyzing the effect
Clifford gates have on error correction. We begin with the
unrealistic case of ideal error correction following the gate,
where the only source of noise is from the approximate
GKP codewords. Even in this simple case, GKP Clifford
gates in general spread the errors and reduce the fidelity of
the overall operation. However, we present a modification
of the decoding patch that exactly counteracts the spread-
ing of errors due to the gate, thus reducing the average gate
infidelity by up to two orders of magnitude. Then, we
generalize our approach to consider noisy error correction
following the gate. Here, we find that our modification is
only able to partly counteract the spreading of errors, but
still provides a significant improvement compared to the
naïve decoding patch.
We will begin by defining the average gate fidelity we

will use to quantify the quality of logical gates. Then, we
explain how to find the modified decoding patch, which
corresponds to the Voronoi cell of a deformed lattice. Our
proposed modification is a generalization of the error-
protected two-qubit gates described in Ref. [7] to general
Clifford gates and GKP geometries. In the ideal error-
correction case, we provide both numerical and analytical
results for the quality of the logical gates. Then, we
describe how to (approximately) incorporate the effect
of non-ideal error correction in a teleportation-based QEC
circuit. These results complement recent work which
analyzed the performance of two-qubit gates when using
dissipative error correction [32].
Given an n-mode GKP logical gate Ū that implements

the n-qubit gate U, we define the logical channel EU;P;Δ as

an n-qubit-to-n-qubit channel consisting of the follow-
ing steps:
(1) First, we encode the n-qubits into orthogonalized

approximate GKP codestates using the encoding
operator RΔ ¼ ðj0̄Δ;oih0j þ j1̄Δ;oih1jÞ⊗n.

(2) Second, we apply the logical operator Ū to the state.
(3) Third, we perform a round of ideal error correction

(as described in Sec. II) over a patch P, which
returns the state to the ideal codespace, represented
by the map CP.

(4) Finally, the resulting ideal GKP codestate is
rewritten as an n-qubit state by the map R† ¼
ðj0ih0̄j þ j1ih1̄jÞ⊗n.

Mathematically, we write the logical channel as

EU;P;Δ ¼ J ½R†� ∘ CP ∘J ½ŪRΔ�; (14)

where J ½O�ρ ¼ OρO†. Note that our definition Eq. (14)
assumes ideal error correction; later in this section we will
modify this definition to account for the effects of non-
ideal error correction.
To quantify how well the map EU;P;Δ executes the gate

U, we use the average gate fidelity. The average gate
fidelity F̄ðE; UÞ of a quantum channel E with a unitaryU is
defined as [33]

F̄ðE; UÞ ¼
Z

dψhψ jU†Eðjψihψ jÞUjψi; (15)

where the integral is over the uniform (Haar) measure
dψ of state space. For notational convenience we write
F̄ðEU;P;Δ; UÞ ¼ F̄U;P;Δ. Specifically, we can calculate the
average gate fidelity F̄U;P;Δ of the logical gate U from the
entanglement fidelity of the mapJ ½U†� ∘ EU;P;Δ as detailed
in Ref. [34].
To compute EU;P;Δ we utilize the GKP stabilizer sub-

system decomposition (SSSD) that we have recently
developed [19] (see Appendix C 1 for a summary). The
GKP SSSD has the property that the ideal decoding map
J ½R†� ∘ CP is equivalent to taking the partial trace over the
“stabilizer subsystem,” which is a natural operation to
perform in this formalism. Using the SSSD for our analysis
has two key advantages. From an analytical perspective,
the SSSD naturally provides a first-order approximation to
the gate fidelity that is convenient to use and agrees well
with the numerical results (see Appendix C); while
numerically, calculating the gate fidelity with the SSSD
requires fewer computational resources with increasing
GKP codestate quality (Δ → 0). This last property con-
trasts with traditional Fock space simulations which
require higher truncation dimensions as Δ → 0 and thus
can only simulate GKP codewords with sufficiently low
average photon number.
Now we present our analytical results. In Appendix C

we estimate the average gate infidelity of the identity gate,
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1 − F̄I;P;Δ. Intuitively, this captures idling noise when the
only source of errors is due to the use of approximate GKP
codestates. The estimate is given by

1 − F̄I;P;Δ ≈
2na

2n þ 1
erfcðd=ð2ΔÞÞ; (16)

where erfcðxÞ is the complementary error function, and d
and a are the distance and degeneracy (respectively) of the
patch P as defined in Sec. II. Note also that for large x we
also have erfcðxÞ ≈ e−x2=ðx ffiffiffi

π
p Þ.

For a given GKP Clifford gate Ā, the average gate
infidelity will be larger than or equal to that of the identity
gate, depending on how Ā propagates displacement errors.
Conveniently, the average gate fidelity of a GKP Clifford
gate Ā can be expressed in the form of Eq. (16) by
inputting the distance and degeneracy of a modified patch
that accounts for this spreading of the errors. Specifically,
in Appendix B we show that

F̄A;P;Δ ¼ F̄I;SðĀÞ−1P;Δ (17)

for any GKP Clifford gate Ā represented by the symplectic
matrix SðĀÞ. One can then calculate the distance and
degeneracy of SðĀÞ−1P and substitute these into Eq. (16)
to estimate the average gate fidelity.
If error correction is performed over the Voronoi cell

P ¼ VL, then typically the modified patch SðĀÞ−1P has a
shorter distance than P and therefore a larger infidelity
than the identity gate. Note, however, that any gates
implemented by a rotation—notably the Hadamard gate
H̄sq ¼ ei

π
2a

†a in the square GKP code, and the permutation

gate H̄†
hexS̄

†
hex ¼ ei

π
3
a†a in the hexagonal GKP code—

achieve the same average gate fidelity as the identity gate
since they leave Voronoi cells invariant.
To counteract the effects of the spreading of errors, one

can instead use a modified decoding patch given by

SðĀÞVL ¼ fSðĀÞvjv∈VLg: (18)

In the case of ideal error correction, the modified
patch Eq. (18) exactly counteracts the spreading of errors
due to the Clifford gates, since Eq. (17) guarantees that
F̄A;SðĀÞVL;Δ ¼ F̄I;VL;Δ, see Fig. 3.
We quantify the effect of the modification in Eq. (18)

both analytically using Eqs. (16) and (17) and numerically
using the SSSD. In Table I, we present the distance d and
degeneracy a of the Voronoi cells of the square and
hexagonal GKP codes, as well as the deformed patches
SðĀÞ−1VL due to various single- and two-qubit Clifford
gates. The latter deformed patches represent the perfor-
mance of the gates if the modification in Eq. (18) is not
performed, while the Voronoi cells represent the perfor-
mance with the modification. In Fig. 4, we present the

corresponding average gate fidelities calculated numeri-
cally. We moreover show in Fig. 12 in Appendix C that the
theoretical estimates given by Eq. (16) and Table I are in
agreement with the numerical results from Fig. 4 for small
enough values of Δ.
Our results show that to achieve a 10−2 error rate in a

CZZ gate (even in the absence of gate noise), one would
need a squeezing of ΔdB ≈ 7.5 (for square GKP) with the
modification in Eq. (18), compared to a squeezing of
ΔdB ≈ 9.8 without it. Meanwhile, for fixed ΔdB ¼ 12, the
modification improves the average gate infidelity by
roughly two orders of magnitude for both the square
and hexagonal GKP codes.

FIG. 3. Diagram of the transformation of the square GKP
Voronoi cell Vsq ↦ SðS̄sqÞVsq under a logical phase gate S̄sq
represented by the symplectic matrix SðS̄sqÞ [Eqs. (12a)–(12c)].
If error correction is subsequently performed over Vsq, then pre-
gate displacement errors lying in the red-shaded regions are
mapped to logical errors by S̄. The shortest such displacement is
represented by the arrow. Alternatively, if error correction is
performed over the modified patch SðS̄sqÞVsq, the pre-image of
this patch is Vsq, maximizing the distance of the patch.

TABLE I. Ideal Clifford gate patches. Summary of the dis-
tances d and degeneracies a of the patches SðĀÞ−1VL corre-
sponding to the GKP Clifford gates Ā ¼ Ī; S̄; S̄2; Ī ⊗ Ī; C̄ZZ; C̄YY
for the square and hexagonal GKP codes decoded over their
Voronoi cells VL. The average gate fidelity of each gate is
estimated by Eq. (16), but can be improved to the average gate
fidelity of the identity gate by modifying the patch over which
error correction is performed to P ¼ SðĀÞVL. Note that using
elementary geometry we can obtain exact expressions for these
values, which are displayed in Table III.

Code Square Hexagonal

Gate a d=
ffiffiffi
π

p
a d=

ffiffiffi
π

p

Ī 2 1 3 1.075
S̄ 1 0.707 2 0.703
S̄2 1 0.447 1 0.427
Ī ⊗ Ī 4 1 6 1.075
C̄ZZ 2 0.707 2 0.703
C̄YY 4 0.577 2 0.703
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Moreover, we find that the hexagonal code outperforms
the square code for the identity gate, as expected from the
geometry of their respective logical lattices. However,
Clifford gates typically decrease the distance of the
hexagonal code patch more than for square code, making
the use of the modified patch Eq. (18) more important.
Since the modification in Eq. (18) eliminates the errors

caused by the spreading of errors by the gate, the new
leading source of error will now be from performing
approximate error correction. This is a significant consid-
eration because errors can now occur both before and after
the gate, causing some errors to be spread by the gate, and
others not. As a result, neither the original patch VL nor the
modified patch SðĀÞ−1VL optimally correct this noise,
reducing the performance of the gate.
To tackle this issue we define a third correction patch

that accounts for the partially spread distribution of errors.
We derive the required patch by using an analytical
approximate expression analogous to Eq. (16) that incor-
porates the use of approximate codestates in the QEC
cycle. We show that in general the spread of errors due to
the gate can only be partly corrected even when the
optimal patch is chosen. From this point on, we only
provide analytical formulas due to the good agreement
between numerical and analytic results in the ideal case, as
shown in Fig. 12.
In order to capture the effects of approximate quantum

error correction, we include an additional Gaussian ran-
dom displacement channel in our model. The new channel
arises from performing a teleportation-based QEC cycle
(Fig. 5) with approximate GKP codestates, as we show in
Appendix D.
Explicitly, instead of Eq. (14), we define the logical

channel as

EU;P;Δ ¼ J ½R†� ∘ CP ∘GðΣQECÞ ∘J ½ŪRΔ�; (19)

where GðΣQECÞ is a Gaussian random displacement (GRD)
channel

GðΣÞðρÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
detΣ

p
ZZ

d2v
ð2πÞn e

−vTΣ−1v=2 TðvÞρTðvÞ†; (20)

and the covariance matrix ΣQEC is given explicitly by

ΣQEC ¼ tanhðΔ2=2ÞMLP1M−1
L M−T

L P1MT
L (21)

withML ¼ ½α;β�= ffiffiffi
π

p
and P1 ¼ diagð−1; 1Þ. Equation (21)

arises from explicitly calculating the effect of approximate
codestates on the ancilla qubits as depicted in Fig. 5 (see
Appendix D for a full derivation). Note that for the square
GKP code, ΣQEC ¼ tanhðΔ2=2ÞI, but in general ΣQEC may
not be proportional to the identity matrix.
Note that we have assumed that the amount of noise

introduced by the approximate codestates on the data and
ancilla qubits is equal, but there are multiple reasons why
this may not be the case in practice. First, additional noise

(a) (b)

FIG. 4. Average gate infidelity 1 − F̄A;VL;Δ of (a) single-qubit and (b) two-qubit GKP Clifford gates A ¼ I; S; S2; CZ applied to the
square and hexagonal GKP codes, decoded over the Voronoi cell VL of their respective lattices. The average gate infidelity of the S; S2

and CZ gates can be reduced to be the same as that of the identity gate by instead performing ideal error correction over a modified
patch P ¼ SðĀÞVL immediately following the application of the gate, where SðĀÞ is a symplectic matrix with unitary representation
equal to Ā. The plots labeled opt represent the average gate fidelity of the identity gate F̄I;V;Δ and that of Clifford gates with a modified
decoding patch F̄Ā;SðĀÞV;Δ. Note that the square and hexagonalCZ gates have similar average gate infidelities and are overlapping in (b).

FIG. 5. Quantum circuits for teleportation-based QEC
using approximate GKP codewords. The left circuit is the
teleportation-based QEC circuit using approximate GKP qu-
naught states as in Fig. 2, while the right circuit consists of an
ideal QEC cycle preceded and followed by Gaussian random
displacement channels with Σ ¼ tanhðΔ2=2ÞI and ΣQEC given in
Eq. (21). We show in Appendix D that the left and right circuits
are approximately equal.
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could occur on the data qubit prior to error correction
due to loss and/or dephasing. And second, inefficiency in
the homodyne detection can also be modeled under the
twirling approximation as Gaussian random displacement
noise immediately preceding the measurement. Such addi-
tional noise could, in principle, be accounted for using the
same tools as below by modifying the covariance matrix
describing the noise. We also note that it is possible to
use the methods described later in Sec. V to reduce the
inefficiency of the homodyne measurements (at the cost of
using an additional physical mode).
With the definition of the logical channel in Eq. (19), we

can now calculate the average gate fidelity F̄U;P;Δ. In
Appendix D, we show that for a Clifford gate A, the
average gate infidelity is approximated by

1 − F̄A;P;Δ ≈
2naeff
2n þ 1

erfcðdeff=ð2
ffiffiffi
2

p
ΔÞÞ; (22)

where aeff and deff are the effective degeneracy and
distance of a modified patch P0 that optimally accounts
for the additional noise arising from ΣQEC.
It is important to note that there is an additional

ffiffiffi
2

p
factor in Eq. (22) compared to Eq. (16). This factor
arises from the approximate codestates used in the
error-correction circuit, and can greatly increase the error
rates even in the best-case scenario where the distance
remains unchanged, i.e. deff in Eq. (22) is equal to d in
Eq. (16). Indeed, multiplying Δ by a factor of

ffiffiffi
2

p
is

equivalent to subtracting 10log10ð2Þ ≈ 3 dB from the GKP
squeezing ΔdB—or, to be concrete, approximate error
correction on a 10 dB codestate performs roughly the
same as ideal error correction on a 7 dB codestate.
In addition to the unavoidable

ffiffiffi
2

p
factor introduced by

approximate codestates, the effective distance may
also alter the error rate, intuitively, one can understand
the origin of deff as follows (see Fig. 6). First, there is
some incoming noise from the approximate GKP codes-
tate, which we approximate as a GRD channel with a
covariance matrix Σ ¼ tanhðΔ2=2ÞI [Fig. 6(a)]. Then,
the Clifford gate Ā is applied, spreading the errors and
transforming the covariance matrix Σ ↦ SðĀÞΣSðĀÞT
[Fig. 6(b)]. Next, we apply the GRD channel GðΣQECÞ
that is associated with approximate error correction, so
that the overall noise is given by a GRD channel with
covariance matrix Σtot ¼ SðĀÞΣSðĀÞT þ ΣQEC that we
now must decode [Fig. 6(c)].
To understand how best to decode this noise, we define a

(non-symplectic) transformation of phase space that maps
Σtot to a matrix proportional to the identity [Fig. 6(d)].
Labeling the transformation matrix B−1, the optimal patch
to decode over is then the Voronoi cell VB−1L of the
transformed lattice B−1L, and the effective distance deff is
the shortest vector in this lattice. On the physical phase
space [Fig. 6(c)] the correction patch is then BVB−1L.

In Table II, we present the effective degeneracy and
distance corresponding to various Clifford gates for the
square and hexagonal codes, assuming that the modified
patch is optimal as described above. Importantly, note that
Table II displays the performance of the optimal patch
against Clifford gates with approximate error correction,
while Table I displays the performance of the naïve patch
in the ideal error-correction case. To make this point
explicit, consider the performance of the square GKP S̄
gate. In the case of ideal error correction, the effective
distance of the S̄ gate can be improved from 0.707

ffiffiffi
π

p
in

the naïve case to
ffiffiffi
π

p
using Eq. (18). In the approximate

QEC case, the largest possible effective distance is
0.894

ffiffiffi
π

p
even with an optimally chosen patch.

In general, Clifford gates introduce errors that can
only be partly compensated for when approximate QEC
is taken into account. Roughly speaking, the two-orders-
of-magnitude improvement observed in the ideal case
becomes halved to a one-order-of-magnitude improvement
in the approximate case. Concretely, to achieve a 10−2CZZ
average gate infidelity requires codestates with ΔdB ≈
11.0 dB of squeezing in the square GKP code. Note that

(a) (b)

(d) (c)

FIG. 6. Visual representation of the optimal patch and effective
distance of the S̄sq gate when approximate error correction is
considered. (a) An approximate GKP state, represented (using
the twirling approximation) as an ideal state that has incurred
Gaussian random displacement error with standard deviation
∼Δ=

ffiffiffi
2

p
. (b) The logical phase gate S̄sq is applied, deforming

the correction patch and the spread of the noise. (c) Finally, an
additional Gaussian random displacement channel GðΣQECÞ is
applied to incorporate the effects of approximate error correc-
tion. The optimal correction patch (dashed) can be found by
performing a (non-orthogonal) transformation B−1 that reshapes
the Gaussian noise to be symmetric with standard deviation ∼Δ.
(d) The optimal patch is the Voronoi cell of the transformed
lattice, VB−1L.
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this is roughly 3.5 dB more squeezing than is required
to achieve this infidelity with ideal QEC, indicating that
there are contributions both from the 3 dB introduced
intrinsically by the approximate codestates and from the
decreased effective distance of the correction patch.
With these general comments made, there are still two

interesting features of Table II that we point out now. First,
the hexagonal GKP code is outperformed by the square
GKP code for the identity gate. This is because just two
logical quadratures are measured in Fig. 5, causing an
asymmetry in the noise in ΣQEC and breaking the sixfold
rotational symmetry of the hexagonal code. Indeed, the
effective degeneracy for the identity gate is 2 for the
hexagonal code in Table II, compared to 3 in Table I.
However, the logical Hadamard gate spreads the noise in
such a way that the asymmetry in QEC is exactly counter-
acted, restoring the full effective distance and degeneracy
of the hexagonal code (see Appendix D). Therefore, the
hexagonal code only outperforms the square code if a
logical Hadamard gate is physically implemented before
each round of teleportation-based QEC. Note that the
hexagonal logical Hadamard gate H̄hex is not a rotation,
and single-mode squeezing is required to implement it.
Interestingly, the logical S̄†hex ¼ e−iq̄2=2 gate also has this
property—meaning that arbitrary single-qubit Clifford
gates can be performed while preserving the maximum
effective distance during each round of QEC.
Taking this into account, the hexagonal code also

outperforms the square code for the C̄ZZ gate.
Specifically, we compare the performance between the
hexagonal ðH̄ ⊗ H̄ÞC̄ZZ gate and the square C̄ZZ gate. To
achieve a target two-qubit gate infidelity of 10−2, the

square GKP code requires codestates with ΔdB ¼ 11.0
while the hexagonal code requires ΔdB ¼ 10.8. Put differ-
ently, codestates withΔdB ¼ 12 achieve a gate infidelity of
0.29% in the square code and 0.20% in the hexagonal
code. Note that to obtain these values we have used a
slightly more accurate formula than Eq. (22) that takes into
account the effects of all Voronoi-relevant vectors of the
patch P0—as we explain in Appendix D. To summarize,
the hexagonal code modestly outperforms the square code
at the cost of requiring single-mode squeezing during
every round of QEC.
Finally, remarkably, the effective distance of the square

C̄YY gate is exactly
ffiffiffi
π

p
—the same as that of the identity

gate. This is particularly surprising given that this is not
true for the C̄ZZ gate, nor for any two-qubit gate of the
hexagonal code. In Appendix D we show that the optimal
patch for the C̄YY gate is in fact related to the Voronoi cell
of the D4 lattice—the densest lattice packing in 4D—
giving rise to the very high effective degeneracy of the
patch. However, it is worth noting that ΔdB must be
reasonably large for the improved effective distance to
decrease the infidelity enough to make up for the increased
effective degeneracy aeff ¼ 12—indeed, the square C̄YY

gate only outperforms the C̄ZZ gate when ΔdB > 13.2. We
also briefly comment that the distance of the C̄ZZ gate can
be increased by applying single-qubit gates immediately
afterward—however the advantages of this are small and
only apply for ΔdB > 12.2 (see Appendix D for more
details). In contrast, each generalized controlled gate
performs identically in the hexagonal code due to the
sixfold rotational symmetry of the code. We leave further
investigations of the consequences of this to future work.

IV. ANALYTICAL ERROR ESTIMATES
FOR LOSS AND DEPHASING

In the previous section, we developed an analytical
formula Eq. (16) that estimates the average gate fidelity of
a Clifford gate acting on approximate GKP codestates. In
this section, we extend these methods to general noise
channels such as loss and dephasing. The result of this is
that we obtain a random displacement channel that
approximates the effects of loss and dephasing on approxi-
mate GKP codestates. The obtained channel has two key
advantages: first, random displacement channels are effi-
cient to simulate even for multi-mode systems, and second,
the resulting fidelity expressions agree quite well with the
exact expressions, with less than a 1% relative error for
loss and less than 20% for dephasing in the regime of
interest. In the case of loss, this vastly outperforms
previously used random displacement channel approxima-
tions as used, for example, in GKP-qubit code concatena-
tion studies such as Refs. [6,7], because it is able to capture
the joint effect of loss acting upon approximate GKP
codestates. Finally, we also extend our methods to

TABLE II. Clifford gate patches taking into account approxi-
mate error correction. Summary of the effective distances deff and
degeneracies aeff of the optimal patches PðĀÞ corresponding to
various Clifford gates followed by approximate error correction
for the square and hexagonalGKPcodes. The average gate fidelity
of each gate is estimated by Eq. (22). Note that these values can all
be evaluated analytically, as displayed in Table IV. Finally,
note that Hadamard gates do not affect the performance of the
square GKP code, so that the two-qubit gates ðH̄ ⊗ H̄ÞC̄ZZ and
ðH̄ ⊗ H̄ÞC̄YY perform identically to C̄ZZ and C̄YY respectively.

Code Square Hexagonal

Gate aeff deff=
ffiffiffi
π

p
aeff deff=

ffiffiffi
π

p

Ī 2 1 2 0.931
H̄ 2 1 3 1.075
S̄ 1 0.894 1 0.703
S̄† 1 0.894 3 1.075
Ī ⊗ Ī 4 1 4 0.931
H̄ ⊗ H̄ 4 1 6 1.075
ðH̄ ⊗ H̄ÞC̄ZZ 2 0.894 2 0.931
ðH̄ ⊗ H̄ÞC̄YY 12 1 2 0.931
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numerically analyze Kerr nonlinearities that can arise
from performing two-qubit gates in superconducting GKP
qubits, although the formula we develop is not as con-
venient to analyze theoretically.
To obtain our results we use the GKP SSSD to formally

write down the average gate fidelity of the logical channel
that represents the effect of the noise channel on the GKP
code (Sec. VII of Ref. [19]). Our resulting estimate is
essentially the first-order approximation of that formal
expression. Such an analytical error estimate offers both
theoretical and practical insights. Our analytical error
estimate is closely related to the twirling approximation
applied to the noise-plus-envelope channel [20], which has
been previously used to model the envelope operator in
simulations of GKP-qubit code concatenations [5–7]. As
such, our results both justify the twirling approximation
and generalize it to arbitrary noise channels. We can use
our estimates to, for example, derive the optimal ΔdB that
minimizes the error given some amount of loss and/or
dephasing. Importantly, our estimates are only valid when
loss and dephasing are applied to approximate GKP codes.
We begin once again by defining the metric we use to

quantify the error due to loss and dephasing. As in
Appendix A, we use the average gate fidelity Eq. (15)
to characterize the performance of the GKP code against
noise as follows. Given a CV noise channelN , we define a
logical noise channel

NL ¼ J ½R†� ∘ CP ∘N ∘J ½R�; (23)

where R ¼ ðj0̄ih0j þ j1̄ih1jÞ⊗n is the ideal encoding map,
and CP represents a round of ideal error correction over the
patch P. Comparing to the definition of the logical gate
channel EU;P;Δ in Eq. (14) there are two key differences:
the logical operator Ū in Eq. (14) is replaced with the noise
channel N in Eq. (23), and the states are initially encoded
in an ideal GKP codestate jψ̄i in Eq. (23) instead of an
approximate GKP codestate jψ̄Δ;oi in Eq. (14). However,
this is without loss of generality: to account for approxi-
mate codewords in Eq. (23), we simply include the
envelope operator e−Δ2a†a in N .
We aim to derive an approximate expression for the

average gate infidelity F̄ of the logical noise map NL. We
present the full derivation in Appendix C using the SSSD
[19], and focus on the main results here. All the expres-
sions below depend on the characteristic function cðu; vÞ
of the noise map N , which we define such that

N ðρÞ ¼
ZZ

d2u d2v cðu; vÞTðuÞρTðvÞ†: (24)

Explicitly, one can obtain the characteristic function c of
a general CV channel from the characteristic functions
ciðvÞ ¼ trðEiTðvÞ†Þ=ð2πÞ of any Kraus operator represen-
tation of N ðρÞ ¼ P

i EiρE
†
i through the equation

cðu; vÞ ¼ P
i ciðuÞciðvÞ�. For Gaussian channels, one

can also use the formulas presented in Appendix F of
Ref. [19], although note that due to a different definition of
the displacement operator the formulas differ in some
places by a factor of 2π. The characteristic function also
generalizes straightforwardly to multi-mode channels;
however, in this section we focus on the single-mode case.
We make two assumptions in our derivation, that
(1) the noise map N is approximately proportional to a

CPTP map, and
(2) the characteristic function c decays sufficiently

quickly as juj; jvj → ∞.
The first assumption would be redundant if N were

trace-preserving; however, since we incorporate the non-
unitary envelope operator into N , the assumption is valid
only when Δ is small. The second assumption (which we
discuss in more detail in Appendix C) essentially requires
that the noise channel can be written as a superposition of
sufficiently small displacement operators; or, more intui-
tively, that N is “close to the identity channel,” since
the characteristic function of the identity channel is
δ2ðuÞδ2ðvÞ. Importantly, for this assumption to be valid
for loss or dephasing, we must include the envelope
operator (or any other regularizing operator) before the
loss or dephasing channel.
Given the above assumptions, the average gate infidelity

of the logical noise map Eq. (23) is given by

1 − F̄ ≈
2

3

Z Z
R2nP

d2v cðv; vÞ
�ZZ

R2

d2v cðv; vÞ (25)

in the single-mode case. Note here that incorporating the
envelope operator (or any other regularizing operator) into
N is necessary since omitting the envelope operator would
make N trace-preserving and the denominator would
diverge.
Interestingly, since Eq. (25) only depends on the

diagonal, “stochastic” elements of the characteristic func-
tion cðv; vÞ, the result would be the same as if we had
applied the twirling approximation to the original noise
channel. In particular, since the right-hand side of Eq. (25)
depends only on the diagonal elements of c, and these
diagonal elements are real and non-negative, N could be
replaced by a random displacement channel Ep over the
probability distribution pðvÞ ∝ cðv; vÞ given by

EpðρÞ ¼
ZZ

d2vpðvÞTðvÞρTðvÞ†: (26)

Such a channel may be obtained from N by uniformly
twirling N over the group of displacement operators, i.e.

Ep ¼
ZZ

d2v
2π

J ½TðvÞ†� ∘N ∘J ½TðvÞ�; (27)
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which we refer to the twirling approximation of N . Note
that the twirling approximation is a less restrictive
approximation than the two assumptions we made in
arriving at Eq. (25); because, for example, in Eq. (25)
we have disregarded displacements that take you outside
the patch P but do not cause a logical error, such as those
corresponding to stabilizers.
The twirling approximation was first introduced in

Ref. [20] and is commonly used in studies on concat-
enated GKP-qubit codes [5–7,35,36] to approximate the
envelope operator e−Δ2a†a as a random Gaussian dis-
placement noise channel with variance σ2 ¼ Δ2=2. The
twirling approximation can also be viewed as a CV
generalization of the qubit Pauli twirling operation that
is used to approximate noise models in qubit QEC code
simulations and to prevent the build-up of coherent errors
in experiments [37]—although note that in the CV case
the operation written in Eq. (27) is unphysical as it
requires the application of arbitrarily large displacements.
The CV twirling approximation of the envelope operator
has been justified theoretically [6] and numerically [38].
Therefore, this work justifies the twirling approximation
using the SSSD and generalizes it to noise channels of
interest that have not been analyzed using the twirling
approximation before.
We can evaluate Eq. (25) in the case when the diagonal

elements of the characteristic function take the form

cðv; vÞ ∝ e−jvj2=2σ2 ; (28)

i.e. the twirled channel Ep is a Gaussian random
displacement channel with variance σ2. In this case,
the approximations we have made are valid if σ is much
smaller than the length of the shortest logical operator.
Then, we have

1 − F̄ ≈
2

3
a erfc

�
d

2
ffiffiffi
2

p
σ

�
; (29)

where d is the distance and a is the degeneracy of the
patch P, as described in Sec. II.
Equation (29) can be applied to several cases of interest.

First, we consider a noise map consisting solely of the
envelope operator itself, i.e. N ¼ J ½e−Δ2a†a�. The diago-
nal elements of the characteristic function of the envelope
operator take the form of Eq. (28) with variance

σ2 ¼ tanhðΔ2=2Þ ≈ Δ2=2: (30)

As a sanity check, substituting σ ¼ Δ=
ffiffiffi
2

p
into Eq. (29)

indeed gives Eq. (16) with n ¼ 1. In words, this means that
for sufficiently small values of Δ, the logical action of the
envelope operator on ideal codewords is approximately the
same as the logical action of a Gaussian random displace-
ment channel with variance σ2 ¼ Δ2=2, as has already

been utilized widely in GKP-qubit code concatenation
studies.
However, we can also apply our estimate to other maps

of interest. For example, consider the noise map given by
the composition of the envelope operator with a loss of γ.
We define loss as evolution under the master equation
ρ̇ ¼ κð½aρ; a†� þ ½a; ρa†�Þ=2 for some time t, where
γ ¼ 1 − e−κt. The characteristic function of N takes the
form of Eq. (28) with variance

σ2 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − γ

p
tanh

�
Δ2

2

�
þ γ

2
þ ð1 − ffiffiffiffiffiffiffiffiffiffiffi

1 − γ
p Þ2

2 tanhðΔ2Þ (31a)

≈
Δ2

2
þ γ

2
þ γ2

8Δ2
: (31b)

Note that Eq. (31a) is valid whenever σ is much smaller
than the length of the shortest logical operator (which is
roughly

ffiffiffi
π

p
for most cases of interest), while the lowest-

order approximation Eq. (31b) is only valid in the slightly
more specific regime where both γ and Δ are also small.
Indeed, the first of these approximations, σ ≪

ffiffiffi
π

p
, is valid

across a wide range of Δ and γ; for example, when
ΔdB ¼ 12, σ <

ffiffiffi
π

p
=4 whenever γ < 18%. Quantitatively,

we show in Fig. 13 that the estimate Eq. (31a) agrees well
with numerically obtained values, with less than 1%
relative error in the regime of interest 10 < ΔdB < 18
and γ < 10%.
Importantly, Eq. (31) takes into account the combined

effect of the envelope and loss operator acting together,
represented by the γ2=8Δ2 term which becomes larger as
Δ becomes small. This is because loss affects highly
squeezed (small Δ) GKP codestates more than less
squeezed GKP codestates due to the large average photon
number of highly squeezed GKP codestates. For fixed γ,
we can (approximately) find the optimal level of GKP
squeezing by minimizing Eq. (31), giving Δ2

opt ¼
− ln

ffiffiffiffiffiffiffiffiffiffiffi
1 − γ

p
≈ γ=2. Pleasingly, we can also write this in

terms of the average photon number of the codestate
n̄ ≈ 1=ð2Δ2Þ − 1=2, giving n̄opt ≈ 1=γ − 1=2. This tradeoff
has already been noted in Ref. [13]. In Appendix C, we
also present a more detailed analysis that also considers
other Gaussian noise channels such as gain and Gaussian
random displacements.
Equation (31) can also be used to incorporate the effects

of loss into studies of GKP-qubit code concatenations
without the use of any additional computational resources.
Explicitly, one can model the effect of loss on an
approximate GKP codestate as a Gaussian random dis-
placement channel with variance given by Eq. (31), which
is a minor tweak to previous studies that have used a
variance of Δ2=2.

MODELING LOGICAL GATES AND READOUT OF … PRX QUANTUM 7, 043020 (2026)

043020-11



Now we turn to analyzing dephasing noise, defined by

DσdðρÞ ¼
1ffiffiffiffiffiffiffiffiffiffi
2πσ2d

q Z
R
dϕ e−ϕ2=2σ2deiϕa

†aρe−iϕa†a: (32)

In particular, we wish to consider the noise map
N ¼ Dσd ∘J ½e−Δ2a†a�. Since dephasing is a non-
Gaussian channel, we cannot analyzeN using the variance
defined in Eq. (28), since the diagonal elements of the
characteristic function take the form

cðv; vÞ ¼ eΔ
2

2ð2πÞ5=2σd

Z
R
dϕ

e−ϕ2=2σ2d

coshðΔ2Þ − cosðϕÞ

× exp
�
− 1

2

sinhðΔ2Þ
coshðΔ2Þ − cosðϕÞ jvj

2

�
: (33)

For numerical simulations, it may be possible to sample
random displacements approximately from the probability
distribution defined by Eq. (33) (which we leave for future
research); however, for our analytic results we find it more
convenient to work directly from Eq. (32). This allows us
to consider unitary eiϕa

†a rotation errors first, which are
Gaussian, and then integrate the resulting average gate
fidelity expressions over ϕ. The details are shown in
Appendix C 6, and we summarize the key results here.
To understand our results, first consider the situation

where the envelope size Δ is fixed, and the amount of
dephasing σd is varied. Unlike loss, which has a linear
contribution to infidelity for arbitrarily small γ [as shown
in Eqs. (C38) and (31)], we find that dephasing does not
have a first-order contribution to the infidelity for small σd.
However, when σd exceeds a critical amount of dephasing

σ�d ¼
ffiffiffi
2

p
Δ3=d; (34)

we find that dephasing has an exponential impact on the
infidelity, comparable to the effect of loss. More precisely,
in the subcritical regime σd ≪ σ�d we have

1 − F̄ ≈
25=2aΔ4

3d2
ffiffiffi
π

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ�2d − σ2d

q exp
�
− d2

4Δ2

�
; (35a)

and in the supercritical regime σd ≫ σ�d we have

1 − F̄ ≈
27=4aσd

3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
πdΔðσd − σ�dÞ

p exp
�
− Δdffiffiffi

2
p

σd

�
1 − σ�d

2σd

��
:

(35b)

Importantly, in Eq. (35a), the only dependence of the
infidelity on σd is in the square root, while in Eq. (35b), σd
also appears in the exponent. In Appendix C 6 we general-
ize Eq. (35) to include simultaneous loss and dephasing,

and also derive an approximate expression for the infi-
delity in the critical case when σd ¼ σ�d. Our results agree
reasonably well with numerics considering the crude
nature of our approximations, with the relative error
between numerical and analytical results being less than
20% in most cases of interest, see Fig. 14.
Now, consider the slightly different situation where

σd is fixed and we wish to find the envelope size Δ
that minimizes the infidelity. This can be done approx-
imately by minimizing the exponent of Eq. (35b), giving
Δ ¼ ffiffiffiffiffiffiffiffi

dσd3
p

=
ffiffiffi
2

p
, which is equivalent to the condition

σd ¼ 2σ�d.
Therefore, to quickly assess the impact dephasing will

have on a given GKP codestate, the single most important
thing to consider is whether the dephasing is larger than or
less than the critical dephasing σ�d. We show in Appendix C
that the critical dephasing when considering simultaneous
loss and dephasing is given by

σ�d ¼
ffiffiffi
2

p
Δ3

d
þ

ffiffiffi
2

p
Δγ
d

þ γ2

2
ffiffiffi
2

p
dΔ

: (36)

Evaluating σ�d for γ ¼ 1%, which is on the order of loss
that is observed in current GKP experiments [10], and
ΔdB ¼ 10 and 12 (respectively) gives σ�2d ¼ 0.077% and
0.022%, which are an order of magnitude smaller than
the current amounts of dephasing observed in the same
experiment (σ2d ≈ 0.6%). On the other hand, it can be
shown numerically that given σ2d ¼ 0.6% and γ ¼ 1%, the
optimal envelope size is ΔdB ≈ 9.3, which is remarkably
close to the experimentally optimized envelope size
ΔdB ≈ 9.4 that was used in Ref. [10].
Our methods can also be extended to analyze the effects

of a (unitary) Kerr nonlinearity expðiθKða†aÞ2=2Þ. In
Appendix A we explain how to implement GKP
Clifford gates in superconducting circuits and why in
practice Kerr nonlinearities can occur when implementing
a gate, motivating our analysis which is presented in full in
Appendix C 7. Our result is simple to implement numeri-
cally but is not particularly theoretically insightful because
it involves a large summation, so here we simply sum-
marize our numerical results.
Similarly to loss and dephasing, higher quality codes-

tates are more highly affected by Kerr nonlinearity
than lower quality codestates due to their higher average
photon number, introducing a trade-off between the
increased noise from the envelope operator and the Kerr
nonlinearity. Qualitatively, when θK is small enough, the
average gate infidelity remains almost identical to the
Kerr-nonlinearity-free case, but when θK exceeds some
critical amount (which depends on Δ) the average gate
infidelity increases significantly. For example, a codestate
with ΔdB ¼ 10 is barely affected by Kerr nonlinearities
of θK ≤ π=4000, but when θK ¼ π=1000 the average
gate infidelity is more than 10 times higher than in the

SHAW, DOHERTY, and GRIMSMO PRX QUANTUM 7, 043020 (2026)

043020-12



Kerr-nonlinearity-free case. For a higher quality codestate
with ΔdB ¼ 12, the Kerr nonlinearity must be well below
θK ¼ π=4000 for the codestate to remain unaffected.
However, we note that such requirements on θK may be
too stringent: our analysis here compares the effect of Kerr
nonlinearities acting on GKP codestates in the absence of
loss and dephasing, which already can increase the average
gate infidelity by orders of magnitude. To have a better
idea of how much Kerr nonlinearity can be handled by a
given experimental setup these noise sources would there-
fore need to be considered together, which is in principle
possible using the methods presented here.

V. LOGICAL PAULI MEASUREMENTS

In order to implement Clifford circuits using only
generalized controlled gates, it is necessary to also perform
single-qubit logical measurements of all three Pauli
operators X; Y; Z. To perform such readout at the end of
a computation, the simplest proposal is to use homodyne
detection on the GKP mode. However, the efficiency of
homodyne detection in the microwave regime is low, with
state-of-the-art experiments achieving efficiencies on the
order of 60%–75% [17,18].
Here, we analyze the effect of such inefficient homo-

dyne detection on the logical readout failure rate of GKP
codes. Moreover, we propose two proof-of-principle
schemes that can improve the effective efficiency of
logical readout, one scheme based on single-mode squeez-
ing, and the second based on quadrature-quadrature
coupling to a separate readout mode (which can be
implemented with the circuits shown in Fig. 10). Both
of these schemes can be written as an effective homodyne
readout of the GKP mode with an effective efficiency ηeff
depending on the parameters used in the scheme. We show
how to derive ηeff in each of these schemes using the theory
of quantum trajectories, and propose experimental param-
eters that would allow a high-efficiency fast measurement
of the GKP mode.
Recall that we can write a logical Pauli operator as

σ̄i ¼ ei
ffiffi
π

p
si , where si ¼ −p̄; q̄ − p̄; q̄ for i ¼ 1; 2; 3

respectively [see Eq. (7)], and we can write si ¼
riðq cos θi þ p sin θiÞ in polar coordinates. To measure
σ̄i, we can measure the rotated quadrature q0 ¼ si=ri ¼
q cos θi þ p sin θi, round the result to the nearest multiple
of b ¼ ffiffiffi

π
p

=ri (which we call the bin size of the meas-
urement), and interpret the result as þ1 if it is an even
multiple of b and as −1 if it is an odd multiple.
As pointed out in Appendix B in Ref. [19], binned

measurement operators do not always ideally read out the
logical Pauli operators of the GKP code. In the square
GKP code, this occurs with the readout of logical
Ȳ ¼ Tð ffiffiffi

π
p

;
ffiffiffi
π

p Þ. To see this, note that a displacement
error of Tð ffiffiffi

π
p

=4;− ffiffiffi
π

p
=4Þ would flip the outcome of a

binned Ȳ measurement even though such an error is

correctable by a round of ideal error correction. To perform
an ideal Pauli Ȳ measurement, we would need to simulta-
neously measure one of the stabilizers alongside Ȳ, and use
minimum-weight decoding to infer the logical outcome.
However, implementing such a scheme in practice requires
the use of an additional GKP approximate codestate that
increases the error rate enough that the scheme has at least
as large an error rate as the binned measurement scheme
(see Appendix G).
In the remainder of this section, we will (without loss of

generality) only consider Z̄ measurements of general GKP
codes rotated such that β1 ¼ 0, as all other Pauli mea-
surements are equivalent up to a re-scaling of the bin size
and rotation of the measurement quadrature. This con-
vention sets the bin size b ¼ ffiffiffi

π
p

=r3 ¼ α1 and measure-
ment quadrature q0 ¼ q. Even though in this section we
will analyze homodyne measurements in the context of
end-of-the-line logical readout, the techniques used here
can also be readily applied to improve the efficiency of the
homodyne measurements used in the teleportation-based
error-correction circuit Fig. 2.
An interesting and subtle point is that applying the

above binned Z̄ measurement to approximate GKP code-
words jμ̄Δi is not equivalent to maximum likelihood
decoding of the measurement outcome, in which a meas-
urement outcome q ¼ x is interpreted as a logical þ1

outcome if and only if jqhxj0̄Δij2 > jqhxj1̄Δij2. Such a
maximum likelihood decoder cannot be exactly repre-
sented using a constant bin size as described above;
however, it is well approximated by setting the bin size
to b ¼ coshðΔ2Þα1, where the correction coshðΔ2Þ goes to
1 as Δ goes to 0. We note however that the differences
between using a bin size of b ¼ α1, b ¼ coshðΔ2Þα1, and
maximum likelihood decoding are negligible for any
values of Δ small enough to be useful in practice. We
will nevertheless use a constant bin size b ¼ coshðΔ2Þα1
in all subsequent results.
Now, we consider inefficient homodyne detection of the

position quadrature q, which can be described by the
POVM elements

WηðXÞ ¼ N
Z

dx jxiqhxj exp
�
− η

1 − η
ðx − XÞ2

�
; (37)

where X∈R is the recorded outcome of the measurement
and N is a normalization constant. This POVM already
accounts for the rescaling of the measurement outcome
due to loss occurring from the inefficient measurement.
We define the measurement error of the logical readout as
Merror ¼ ðPð1j0Þ þ Pð0j1ÞÞ=2, where Pð1j0Þ is the prob-
ability of recording a −1 measurement outcome given the
initial state was j0̄Δi. This can be calculated by evaluating
the integral
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Pð1j0Þ ¼
X
t∈Z

Z ð2tþ3
2Þb

ð2tþ1
2Þb

dX trðWηðXÞj0̄Δih0̄ΔjÞ: (38)

To evaluate the integral Eq. (38), we use the following
expression for j0̄Δi in the position basis:

qhxj0̄Δi ∝
X
s∈Z

e2is
2α1α2e−1

2ð2sα1Þ2 tanhðΔ2Þ

× e−1
2 cothðΔ2Þ½x−2sα1sechðΔ2Þ�2 : (39)

Equation (39) holds for general GKP codes, with the
only restriction that α; β are rotated such that β1 ¼ 0.
After substituting Eq. (39) into Eq. (38) and evaluating

the integrals over X and x, this gives an exact infinite
series for the error probability Pð1j0Þ, which can be
evaluated numerically by truncating the infinite series
(see Appendix F). The values obtained using this semi-
analytical method are indistinguishable from those
obtained using a direct Fock space simulation, but the
semi-analytic results can be used to probe smaller values of
Δ than would be possible due to the truncation dimension
of the numerical simulation. We plot the measurement
error Merror as a function of Δ and η for the square GKP
code in Fig. 7(a), and show the efficiency η required to
reach various target measurement error rates in Fig. 7(b).
Additionally, we derive in Appendix F the following

approximation to the measurement error

Merror ≈ erfc
�
1

2
α1

�
Δ2 þ 1 − η

η

�−1=2�
; (40)

which holds for small Δ. These results demonstrate that
Merror is highly sensitive to the measurement efficiency η:
even at η ¼ 0.7, which is close to the current state-of-the-
art, the minimum achievable measurement error rate in the
square GKP code is Merror ≈ 5.6% as ΔdB → ∞. This is
consistent with results obtained in Ref. [38] in their
analysis of teleportation error-correction schemes and

motivates the need to improve the effective efficiency of
homodyne detection for use in GKP codes. Concretely, one
needs a measurement efficiency of η ≈ 0.85 to reach a
measurement error of 1%, or η ≈ 0.92 for 0.1%, using a
square GKP code with ΔdB ≈ 12.
To achieve such efficiencies, we consider two alternative

schemes (illustrated in Fig. 8) for performing homodyne
detection to improve the effective efficiency of the meas-
urement. In the first scheme, we simply consider applying a
single-mode squeezing operator SðrÞ¼ expðrða†2−a2Þ=2Þ
(where r > 0 corresponds to squeezing the momentum
quadrature and r < 0 corresponds to squeezing the position
quadrature), before performing homodyne detection with
efficiency η. We quote the amount of squeezing in decibels
as SdB ¼ ð20 log10 eÞr. Intuitively, amplifying the position
quadrature should improve the effective efficiency of
the measurement by improving the separation between
different position eigenstates. We can write the effective
POVM elements of the squeezing/measurement sequence
as Vr;ηðX0Þ ¼ S†ðrÞWηðX0ÞSðrÞ, where X0 is the measure-
ment outcome of the inefficient homodyne measurement
Eq. (37). By defining X ¼ e−rX0, we obtain Vr;ηðXÞ ¼
Wηeff ðXÞ, where

ηeff ¼ ð1þ e−2rðη−1 − 1ÞÞ−1: (41)

Using this, we can calculate the amount of amplification
required to increase the effective efficiency of the meas-
urement; for example, if the physical efficiency is η ¼ 0.7,
we can achieve ηeff ¼ 0.85 (or a 1% measurement error for
ΔdB ¼ 12 dB) with a squeezing of SdB ≈ 4 dB, and ηeff ¼
0.92 (0.1% error) with SdB ≈ 7 dB.
Although such levels of amplification are achievable,

this scheme requires the GKP mode itself to be directly
released into the measurement sequence, which either
requires a change in the quality factor of the GKP mode
itself, or requires coupling to a second readout mode.
To combat this issue we consider a second scheme in

(a) (b)

FIG. 7. The effect of inefficient homodyne measurements on the readout errors of approximate square GKP codestates. (a) Logical Z
measurement error ðPð0j1Þ þ Pð1j0ÞÞ=2 of approximate GKP codestates (with average photon number n̄ and squeezingΔdB) measured
by a position measurement with efficiency η. For finite η, the limiting measurement error as the GKP codestate approaches the ideal
limit (n̄ → ∞) is plotted as a dashed line. (b) The efficiency required to reach a target logical Zmeasurement error rateM, as a function
of the GKP squeezing/photon number.
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Fig. 8(b). We consider a high-Q GKP mode with loss
rate γ coupled to a low Q readout mode via a
Hamiltonian H ¼ −gq1p2 (where 1 refers to the GKP
mode and 2 to the readout mode). Such a Hamiltonian
can be engineered using the same circuits that implement
generalized controlled gates as discussed in Appendix A
and is identical to the Hamiltonian for a controlled-NOT
between two square GKP qubits. Homodyne detection is
performed on the position quadrature of the readout
mode with efficiency η, which we consider to be
occurring at a rate κ simultaneously with the coupling.
To analyze this system we consider short timescales t ≪
1=γ and neglect the effect of loss occurring on the GKP
mode. In this regime, the quantity of interest is the time
required to perform the measurement to a desired
efficiency. Here, we use quantum trajectories to solve
exactly for the POVM of the system using the method of
Ref. [21]. We relegate the details of the derivation of the
POVM to Appendix H so that we can focus on the results
of our analysis here.
The experimentally observed measurement outcome is

given by the observed photocurrent IðtÞ of the detector
(see Appendix H for details). We find that the resulting
POVM depends not on the entire measurement record
from time 0 to t, but only on one integral of the observed
photocurrent

X ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ=ð8g2τ2ηÞ

q Z
t

0

dt0 ð1 − e−κt0=2ÞIðt0Þ; (42)

where τ ¼ t − ð1 − e−κt=2Þð3 − e−κt=2Þ=κ. Given the ini-
tial state of the ancilla mode ρb, we can write a single-
mode POVM element corresponding to a measurement
outcome X as

Tg;κ;η;tðXÞ ¼ N
Z

dx jxiq1hxj
Z

dx̃ q2
hx̃jρbjx̃iq2

× exp
�
− 1

C

�
X − x − 1

2gτ
ð1 − e−κt=2Þ2x̃

�
2
	
;

(43)

where N is a normalization constant, and

C ¼ κτ − ηð1 − e−κt=2Þ4
4g2τ2η

: (44)

We see now from Eq. (43) that X indeed represents the
estimate of the position of the state. Substituting ρb ¼
j0ih0j for the initial state of the ancilla results in a POVM
that corresponds to an inefficient homodyne measurement
[Eq. (37)] with effective efficiency

ηeff ¼
4g2τη

4g2τηþ κ
: (45)

We analyze Eq. (45) as follows. First, we optimize the
measurement rate κ to maximize the effective measure-
ment efficiency for fixed g; t; η, noting that τ depends on κ.
Interestingly, due to the QND nature of the measurement
and the lack of noise on the GKP code, we find that the
resulting κopt depends only on the measurement time t and
is given approximately by κopt=2π ≈ 3.79=t (see inset to
Fig. 9). The dependence of ηeff on κ is very weak near κopt,
so a fine-tuning of κ is not required to achieve competitive
effective efficiencies. Next, we fix the physical efficiency
of the measurement at η ¼ 0.75 and plot ηeff as a function
of t and g in Fig. 9. Figure 9 demonstrates that for a
coupling strength of g ¼ 10 × 2πMHz, one can achieve
ηeff ¼ 0.85 (1% readout error for ΔdB ¼ 12 dB) in a
measurement time t ≈ 0.45 μs, and ηeff ¼ 0.92 (0.1%
error) after t ≈ 0.63 μs.
We are interested in the required measurement time to

achieve a given effective efficiency (and hence logical
measurement error rate) for two reasons. First, if the
measurement time is too long, loss on the GKP mode will
become significant. Second, it is desirable for readout to be
conducted on a time scale comparable to that of other
superconducting architectures, such as those based on
transmon qubits. In transmon qubits, logical readout
typically takes on the order of hundreds of nanoseconds
[39], which is on the same order of magnitude as our
estimates for the time for our measurement scheme.
Stronger coupling strengths would help reduce the meas-
urement time required in our scheme.
Using Eqs. (43) and (45), one can determine the effect of

changing other parameters such as the physical efficiency
η and the initial state of the ancilla mode ρb on the effective
efficiency ηeff. The effective efficiency has only a weak
dependence on the physical efficiency; for example,

(a) (b)

FIG. 8. Two position measurement schemes to improve the
effective efficiency of the measurement. (a) The initial state is
subjected to phase-sensitive amplification, equivalent to an
application of the squeezing operator SðrÞ ¼ e

r
2
ða2−a†2Þ, followed

by a position measurement with efficiency η. (b) The initial state
(stored in cavity a) is coupled to a readout mode initialized in the
vacuum state (stored in cavity b) via the Hamiltonian
H=ℏ ¼ −gq1p2, which may be implemented using the circuit
QED designs presented in Appendix A. Simultaneously, the
readout mode’s position quadrature is measured at a rate κ via
homodyne detection with efficiency η. In both schemes, we show
that the whole scheme is equivalent to a single position
measurement with an effective efficiency ηeff, which can be
greater than the efficiency of the physical position measurement
η given the right parameters.
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increasing the physical efficiency of the measurement
from η ¼ 0.5 to η ¼ 1 only results in a roughly 30%
decrease in the required measurement time to reach a given
effective efficiency, independent of the choice of g or
target effective efficiency. For the ancilla initial state ρb,
one would expect that starting with a vacuum state
squeezed along the position quadrature would improve
the effective efficiency, as it reduces the additional noise
added to the signal from the position quadrature of the
GKPmode. In the infinite squeezing limit we substitute the
0-position eigenstate ρb ¼ j0iq2h0j into Eq. (43), giving an
effective efficiency ηeff ¼ 1=ðCþ 1Þ. However, this only
results in a decrease of no more than 20% in the required
measurement time to reach a given ηeff , for 0.5 < η < 0.75
and any choice of g and ηeff . As such, the coupling strength
g is the most important factor (along with the GKP mode
squeezing Δ) in reducing the logical measurement error in
GKP modes using this scheme.
As a final comment, we note that as t → ∞, the state of

the GKP mode is projected onto the X-position eigenstate,
as shown in Appendix H 4. It may then be easier to
generate a new GKP codestate from this position eigen-
state (or highly squeezed state in the finite t regime) than if
the final state of the oscillator was the vacuum state.

VI. DISCUSSION AND CONCLUSIONS

In this work, we have given concrete methods to model
realistic noise in superconducting GKP qubits, bridging
the gap between experiment and theory. We began in
Sec. III by presenting an average gate fidelity metric for
quantifying the quality of Clifford gates and analyzing the

performance of ideal logical gates when subjected to errors
due to approximate GKP codestates. In Sec. IV we
presented a general method to analytically approximate
the effect of loss and dephasing on GKP codes using the
stabilizer subsystem decomposition [19]. Finally in Sec. V,
we considered the effects of homodyne detection ineffi-
ciencies on the rate of logical measurement errors. We
analyzed a scheme that can achieve feasible error rates
even with a low measurement efficiency using quantum
trajectories [21].
While our analysis of the performance of GKP Clifford

gates and of Kerr nonlinearities gave significant insight
into how to mitigate the spreading of errors due to the
logical gates, this does not necessarily exactly correspond
to the noise that may occur due to non-ideal gate
execution. One could use the theoretical analysis con-
ducted in Ref. [40] to determine the leading sources of
error in the implementation of a given generalized con-
trolled gate. One could then model these effects using the
methods developed in Sec. IV to produce an estimate of the
average gate fidelity of each generalized controlled gate in
the presence of realistic noise sources. We leave such an
analysis to future work.
It also remains an open question whether the insights

gained from the modified decoding patches for GKP
Clifford gates can be carried over to schemes using
autonomous GKP error correction [16,26,32] instead of
teleportation-based error correction. For example, perhaps
our modified decoding patch could correspond to a
modified autonomous error-correction scheme immedi-
ately following the gate, although we leave investigating
such ideas to future work.
To perform logical readout of GKP codestates, we

analyzed a scheme utilizing quadrature-quadrature cou-
pling to an ancilla mode to implement high-efficiency
logical readout. However, this scheme requires the use of a
low-Q readout ancilla prepared in the vacuum state,
increasing the overhead required for computation with
GKP codes. We found that the performance of this scheme
is highly sensitive to the strength g of the quadrature-
quadrature coupling between the GKP and ancilla modes,
but the values of g that are feasible in GKP experiments
remain to be seen. Additionally, the high-Q GKPmode and
low-Q readout ancilla must be coupled with a device with a
large on-off ratio to prevent unwanted leakage from the
GKP mode to the ancilla. These factors must be considered
when assessing the viability of this scheme for specific
experimental platforms.
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APPENDIX A: PHASE-TRACKED
SINGLE-QUBIT CLIFFORD GATES

In this appendix, we outline how to perform arbitrary
Clifford circuits in GKP codes without physically imple-
menting any single-qubit Clifford gates, reducing the
spread of errors in the computation. In this scheme,
single-qubit Clifford gates are tracked in software and
absorbed into the two-qubit Clifford gates in the circuit.
Instead, a larger set of two-qubit gates must be performed.
We call these gates generalized controlled gates, and this
procedure is sometimes referred to as the “Clifford frame”
[41]. Conveniently, all the generalized controlled gates can
be implemented using a single piece of superconducting
hardware—either a transmon or a SNAIL—with each gate
differentiated by the phase of a local oscillator. This is
advantageous since it reduces the number of physical gates
that must be implemented, reducing the spread of errors in
the circuit (as discussed in Appendix C). These results
have already been presented in Ref. [42], however we
reiterate them here as they provide important context for
the main text.
We now step through precisely how the single-qubit

Clifford gates need to be tracked in order to implement a
general quantum computation. We start with a universal
quantum computing circuit comprising state preparation
in the j0i or jTi ¼ ðj0i þ eiπ=4j1iÞ= ffiffiffi

2
p

states, Pauli
Z-measurements, and adaptive Hadamard, phase and
controlled-Z gates. One can rewrite such a circuit instead
consisting of state preparation in the j0i or jTi states,
Pauli X, Y and Z-measurements, and generalized con-
trolled gates (which must be performed adaptively).
For Pauli matrices σi; σj (i; j∈ f1; 2; 3g), we define the
σi-controlled-σj gate as

Cσiσj ¼ I ⊗ I − 1

2
ðI − σiÞ ⊗ ðI − σjÞ: (9)

These gates can be interpreted as applying a σj gate to
the target (second) qubit if the control (first) qubit is a −1
eigenstate of σi, and doing nothing if it is a þ1 eigenstate.
For example the Z-controlled-Z gate is simply the
controlled-Z gate, and the Z-controlled-X gate is the
controlled-NOT gate.
To rewrite a Clifford circuit in terms of generalized

controlled gates, we use the following fact: given a
generalized controlled gate Cσiσj and a single-qubit
Clifford gate A, we have

CσiσjðA ⊗ IÞ ¼ ðA ⊗ BÞCσi0σj ; (A1)

where σi0 is given by calculating A†σiA ¼ �σi0 , and where
B ¼ I if the sign is þ and B ¼ σj if the sign is −.
Equation (A1) can be used to commute the Hadamard and
phase gates past the controlled-Z gates in the original
circuit. Subsequently, the remaining single-qubit Pauli and
Clifford gates can be commuted past the Z-measurements,
leaving X, Y and Z Pauli measurements (which are
discussed in Sec. V) and removing the single-qubit
Clifford gates entirely from the circuit.
To implement a generalized controlled gate Cσiσj

between two GKP modes a and b with a gate time T,
we must engineer the Hamiltonian

Hσiσj ¼ − 1

T
si ⊗ sj (A2a)

¼ − rirj
2T

ðe−iðθiþθjÞabþ e−iðθi−θjÞab† þ H:c:Þ;
(A2b)

where s1 ¼ −p̄; s2 ¼ q̄ − p̄; s3 ¼ q̄ are the logical quad-
rature operators introduced in Eq. (7) and ri; θi are the
polar coordinates si ¼ riðq cos θi þ p sin θiÞ. We can
interpret the Hamiltonian in Eq. (A2) as quadrature-
quadrature coupling; or, equivalently, as a phase-coherent
superposition of beamsplitter and two-mode squeezing
interactions. For the square GKP code, we have r2 ¼ffiffiffi
2

p
> r1 ¼ r3 ¼ 1, so either the Hamiltonian strength or

the gate time must be increased for generalized controlled
gates involving Y. Alternatively, in systems where such a
simultaneous interaction is not possible, the generalized
controlled gate can be decomposed into a product
of beamsplitter and single-mode squeezing interactions
using the Euler decomposition of the symplectic matrix
SðC̄σiσjÞ [43].
To implement the Hamiltonian in Eq. (A2) in super-

conducting circuits we can utilize either four-wave or
three-wave mixing between GKP modes, as depicted in
Fig. 10. Example elements that can be used to implement
four- and three-wave mixing include an ancilla transmon
or a SNAIL [44] (respectively). In both cases, the ancillary
element is capacitively coupled to each of the microwave
resonators housing the GKP modes. In both cases, two
drive tones with frequencies ðωa � ωbÞ=2 or ωa � ωb are
required (for four- and three-wave mixing respectively),
where ωa and ωb are the resonant frequencies of each
mode. Finally, to implement each generalized controlled
gate, one can simply change the relative phase between
these two tones. As a consequence, single-qubit Cliffords
can be implemented in software by tracking these relative
phases.
In the following paragraphs, we give an intuitive and

non-rigorous description of how to construct the
Hamiltonian that results from such a four- or three-wave
mixing circuit, and refer the reader to Ref. [40] for a more
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thorough derivation. We begin with a two-mode harmonic
oscillator with Hamiltonian H ¼ ωaa†aþ ωbb†b. Four-
wave mixing can be understood as adding to the system
Hamiltonian any non-rotating terms consisting of the
product of any four of the operators: a; a†; b; b† and drive
terms Vde�iðωdtþϕdÞ (where Vd, ωd and ϕd are the strength,
frequency, and phase of any of the microwave drive tones).
For example, we consider the term a to be rotating with
frequency −ωa since a ↦ ae−iωat in the rotating frame.
Using this heuristic, applying a drive with frequency

ω1 ¼ ðωa þ ωbÞ=2 ensures that the term V2
1e

2iðω1tþϕ1Þab
(and its Hermitian conjugate) are non-rotating, thus pro-
viding a two-mode squeezing interaction with phase 2ϕ1.
This term acts as V2

1e
2iϕ1abþ H:c: in the rotating frame,

giving half of the interaction required in Eq. (A2).
Following similar logic, one can see that the beamsplitter
terms in Eq. (A2) can be engineered with a second drive
with frequency ω2 ¼ ðωa − ωbÞ=2. The phase difference
between each of the applied microwave tones and the
oscillator determines the phase on the beamsplitter and
two-mode squeezing terms, thereby specifying which
generalized controlled gate is implemented.
However, four-wave mixing also introduces several

unwanted terms into the Hamiltonian that reduce the gate
fidelity. Kerr (a†2a2, b†2b2) and cross-Kerr (a†ab†b) terms
will be added to the Hamiltonian even in the absence of
microwave drives since these terms are always non-
rotating. Moreover, the presence of the two drives also
adds AC Stark shift terms such as V2

1a
†a, which alter the

resonant frequency of each cavity depending on the drive
strength.
To avoid these unwanted Kerr, cross-Kerr, and AC Stark

shift terms, one can instead use three-wave mixing, which
can be implemented in circuit QED by replacing the
transmon with a SNAIL [44]. Intuitively, three-wave
mixing differs from four-wave mixing by only allowing
the addition of non-rotating terms containing products of
three operators each. This avoids the introduction of Kerr,
cross-Kerr and AC Stark shift terms, while still allowing

simultaneous beamsplitter and two-mode squeezing
interactions when driven by tones with frequencies ω1 ¼
ωa þ ωb and ω2 ¼ ωa − ωb. In practice, it may be difficult
to completely eliminate Kerr and cross-Kerr terms, justify-
ing our analysis of Kerr nonlinearity in Sec. IV and
Appendix C 7.
In summary, we have removed the need to explicitly

perform single-qubit Clifford gates in superconducting
GKP circuits. Instead, the single-qubit Clifford gates are
tracked in software and implemented during two-qubit
gates by altering the relative phase between drives in a
three- or four-wave mixing circuit. Such a rewriting is
favorable because single-qubit Clifford gates in general
cause errors to spread during a circuit, as we explain in
the following section. It is worth noting, however, that
experimental implementations of such gates remain to be
seen and may face practical difficulties to reach large
coupling rates such as spurious nonlinearities or additional
dephasing.
Alongside the apparatus required to perform logical

GKP gates, one also needs to prepare the GKP state
[13,14,16,26,45,46], which typically requires coupling
to a qubit such as a transmon, and to implement non-
Clifford gates either directly [47–49] or via magic state
preparation [11].

APPENDIX B: RELATING THE FIDELITY
OF CLIFFORD GATES TO THAT

OF THE IDENTITY GATE

In this appendix, we derive the equation

F̄A;P;Δ ¼ F̄I;SðĀÞ−1P;Δ; (17)

which equates the average gate fidelity of a GKP Clifford
gate Ā decoded ideally over a patch P with the average
gate fidelity of the identity gate decoded ideally over the
modified patch SðĀÞ−1P.
To begin, recall the definition of the average gate fidelity

F̄ðE; UÞ ¼
Z

dψhψ jU†Eðjψihψ jÞUjψi; (15)

from which it can be trivially seen that
F̄ðE; UÞ ¼ F̄ðJ ½U†� ∘ E; IÞ. Recall also our definition of
the n-qubit to n-qubit channel

EU;P;Δ ¼ J ½R†� ∘ CP ∘J ½ŪRΔ�; (14)

where we defined F̄U;P;Δ ¼ F̄ðEU;P;Δ; UÞ for shorthand.
From Eq. (15) we can write this equivalently as
F̄ðJ ½U†� ∘ EU;P;Δ; IÞ.

(a) (b)

FIG. 10. Schematic diagrams of (a) four-wave mixing, and
(b) three-wave mixing between two GKP modes a and b with
resonant frequencies ωa and ωb. By phase coherently driving the
nonlinear coupling element with two microwave drives whose
frequencies are given in Eq. (A2), one can engineer the
Hamiltonian required to perform each generalized controlled
gate by altering the relative phase between the drives and the gate
time. Supplemented with state preparation in the j0i or jTi states
and measurement in any logical Pauli basis, this is sufficient to
achieve universal quantum computing.
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Next, for a GKP Clifford gate Ā, we claim that

J ½Ā†� ∘ CP ∘J ½Ā� ¼ CSðĀÞ−1P: (B1)

On an intuitive level we can understand this as follows.
From Appendix B, the decoder CP works by first meas-
uring the stabilizer generators. This projects the state
into a displaced ideal GKP codestate TðvÞjψ̄i, where v
is revealed up to addition by a logical lattice vector
mαþ nβ for some m; n∈Z. Then, we choose the unique
vector k that lies within the patch P and satisfies
k ¼ v þmαþ nβ. Finally, we return the state to the
codespace using TðkÞ†.
Now consider J ½Ā†� ∘ CP ∘J ½Ā� as a single decoding

step. Since the GKP Clifford gate Ā preserves the stabilizer
group the information that is revealed about the state is the
same, i.e. we obtain v up to a logical lattice vector.
However, the correction we apply is now Ā†TðkÞ†Ā ¼
TðSðĀÞ−1kÞ ¼ Tðk0Þ, where k0 is now the unique vector
that lies within the patch SðĀÞ−1P and satisfies k0 ¼
v þmαþ nβ (for m; n∈Z). This operation we identify as
simply being CSðĀÞ−1P , proving Eq. (B1). Note that
Eq. (B1) also follows from Eq. (77) of Ref. [19].
Finally, we have that

ĀR ¼ RA; (B2)

since Ā acts perfectly on the logical codespace. Putting this
all together, we can write

F̄A;P;Δ ¼ F̄ðJ ½A†� ∘ EA;P;Δ; IÞ (B3a)

¼ F̄ðJ ½A†R†� ∘ CP ∘J ½ĀRΔ�; IÞ (B3b)

¼ F̄ðJ ½R†Ā†� ∘ CP ∘J ½ĀRΔ�; IÞ (B3c)

¼ F̄ðJ ½R†� ∘ CSðĀÞ−1P ∘J ½RΔ�; IÞ (B3d)

¼ F̄I;SðĀÞ−1P;Δ; (B3e)

proving Eq. (17).

APPENDIX C: DERIVATION OF
AVERAGE GATE FIDELITY ESTIMATES

UNDER IDEAL DECODING

In this appendix, we present the derivation of the
average gate fidelity estimates we used in Sec. III for
GKP Clifford gates and in Sec. IV for general noise maps
under the assumption of ideal decoding. Our first task will
be to derive a general formula [Eq. (25)] for the average
gate infidelity of a CV noise map N using the stabilizer
subsystem decomposition [19], assuming that N has a
characteristic function that is sufficiently “close to the
identity” (as we will explain in more detail later). Then,

assuming that the noise map is Gaussian and symmetric in
phase space, we show that the average gate fidelity can be
expressed using just three variables: the degeneracy a and
distanced of the patchP, and thevariance σ2 of the diagonal
elements of the characteristic function of the noise map
[Eq. (29)]. We use this formula to analyze a wide range of
relevant noisemaps acting on approximateGKP codestates.
When the only noise comes from approximate GKP
codestates, we obtain Eq. (16), which was used in
Sec. III. However, we can also apply the formula to loss
[Eq. (31)], Gaussian random displacements, and gain.
Finally, we extend our results to dephasing, which is a
non-Gaussian channel, and derive the approximate expres-
sions for the average gate fidelity in Eq. (35).
Throughout this appendix, we will make frequent use of

the entanglement fidelity Fe of a (finite-dimensional)
channel E, defined as

Fe ¼ hMEjðI ⊗ EÞðjMEihMEjÞjMEi; (C1)

where jMEi is a maximally entangled state across two
copies of the finite-dimensional Hilbert space, and I is the
identity channel. Fe is related to the average gate fidelity
Eq. (15) by the relationship [34]

F̄ ¼ dFe þ 1

dþ 1
; (C2)

where d is the dimension of the Hilbert space. For clarity,
we will also define both the GKP stabilizer lattice

Lstab ¼ f2mαþ 2nβjm; n∈Zg; (C3)

and the GKP logical lattice

Llog ¼ fmαþ nβjm; n∈Zg; (3)

the latter of which coincides with the definition of L in
Appendix B. Note that Lstab ⊂ Llog, since we can think of
each stabilizer as implementing a logical identity gate.

1. Stabilizer subsystem decomposition

We begin by summarizing the properties of the GKP
stabilizer subsystem decomposition (SSSD) that we will
use in the rest of this appendix. We refer the reader to
Ref. [19], particularly Secs. II and VII, for a more thorough
introduction.
The SSSD decomposes the CV Hilbert space H into a

tensor product of two Hilbert spaces L (the logical
subsystem) and S (the stabilizer subsystem) as follows.
First, consider an ideal GKP codestate jψ̄i that has been
displaced by a vector v, and label it

jψ; vi ¼ TðvÞjψ̄i: (C4)

One can show that for any patch P that is a primitive cell
of the logical lattice Llog, the set
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fjμ; vijμ∈ f0; 1g; v∈Pg (C5)

forms a basis of H. Therefore, we can replace the comma
in Eq. (C4) with a tensor product, which defines the
decomposition

H ¼ L ⊗ S; jψ; vi ¼ jψi ⊗ jvi; (C6)

for v∈P.
The stabilizer subsystem S encodes the possible stabi-

lizer measurement outcomes of a state, and is isomorphic
to the full Hilbert space H, analogous to how if you split
the real number line in two, you are left with two real
number lines. S has a quasi-periodic structure, such that
when an ideal codestate is displaced across a boundary
of P, a logical Pauli operator is applied to the logical
subsystem. The logical subsystem L is isomorphic to C2

and represents the logical GKP information stored in the
CV state. In particular, the partial trace of a CV state over
the stabilizer subsystem S is equivalent to performing a
round of ideal decoding over the patch P and “forgetting”
the stabilizer measurement outcomes.
Recall that given a CV noise channel N , we define the

logical noise channel (which maps qubit density matrices
to qubit density matrices) as

N log ¼ J ½R†� ∘ CP ∘N ∘J ½R�; (23)

where R ¼ j0̄ih0j þ j1̄ih1j. The logical noise channel can
be written in terms of the SSSD as

N logðρÞ ¼ trSðN ðρ ⊗ j0ih0jÞÞ: (C7)

In Sec. VII A of Ref. [19] we show that, in the single-
mode case,

N logðρÞ ¼
X

m1;m2;n1;n2 ∈Z

ðim1m2Xm1Zm2Þρ ðin1n2Xn1Zn2Þ

×
�Z

P
d2v eiv

TΩð22ðm1−n1Þαþðm2−n2ÞβÞ=2

× cðv þm1αþm2β; v þ n1αþ n2βÞ
�
;

(C8)

where

Ω ¼
�

0 1

−1 0

�
(C9)

and cðu; vÞ is the characteristic function ofN as defined in
Eq. (24). Note that due to a different definition of the
displacement operator the formulas differ in some places
by a factor of 2π. Intuitively, one can obtain Eq. (C8)
from Eq. (C7) by first writing N ðρÞ in terms of displace-
ments applied to the ideal codestate, then applying the

quasi-periodic boundary conditions of the subsystem
decomposition, and then taking the partial trace over S.
The results obtained above generalize straightforwardly

to multi-mode GKP codes as we now show (for more
details about multi-mode GKP codes we refer the reader to
Refs. [3,48,50,51], and Secs. III and IVof Ref. [19] for the
multi-mode SSSD). In the present paper, the details of the
multi-mode construction are not important, and we simply
include the multi-mode case to demonstrate the generality
of our results. To set this up, we define n-mode displace-
ment operators by

TðvÞ ¼ ⨂
n

j¼1

Tðvj; vjþnÞ (C10)

for v∈R2n. As such, the characteristic function cðu; vÞ of
a CV noise channel N takes vectors with length 2n as
input. Then, suppose we have k qubits in our multi-
mode GKP code with logical lattice Llog. Let the gen-
erators of this lattice flig2ni¼1 be structured such that
Tðl1Þ; � � � ; TðlkÞ represent the k logical X operators
and Tðlnþ1Þ; � � � ; TðlnþkÞ represent the k logical Z
operators of the code. Then, we can write the logical
noise channel N log corresponding to a CV noise
channel N as

N logðρÞ¼
X

m;n∈Z2n

PðmÞρPðnÞ

×
�Z

P
d2nvcðvþlm;vþlnÞeivTΩðlm−lnÞ=2

�
;

(C11)

where we defined the k-qubit Pauli operators

PðmÞ ¼ ⨂
k

j¼1

imimiþnXmiZmiþn (C12)

and the matrix

Ω ¼
�

0n In−In 0n

�
(C13)

in block form. Equation (C11) is a straightforward gen-
eralization of Eq. (C8). Equation (C11) will be the starting
point of the rest of our derivations.

2. Approximating the entanglement infidelity

Now we are ready to derive Eq. (25). Given a (trace-
preserving) quantum channel E, we define the χ matrix
of E as

EðρÞ ¼
X
P;P0

χP;P0PρP0; (C14)
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where the sum is over all n-qubit Pauli operators. Then, the
entanglement fidelity of the channel is given by

Fe ¼ χI;I: (C15)

Now suppose that we only have access to a non-
normalized map Ẽ ¼ NE with χ matrix components
χ̃P;P0 , where N is some positive real constant and E is
trace-preserving. We can still obtain the entanglement
fidelity of E from χ̃ using the equation

Fe ¼ χ̃I;I

�X
P

χ̃P;P: (C16)

In the context of GKP codes, we are interested in finding
the entanglement fidelity (and, hence, the average gate
fidelity) of the logical noise channel associated with the
envelope operator e−Δ2a†a followed by a (trace-preserving)
error channel E. We call the composition of the two maps
the noise map N ðρÞ ¼ Eðe−Δ2a†aρe−Δ2a†aÞ, which is not
trace-preserving since the envelope operator is non-
unitary. Importantly, the entanglement fidelity is not
well defined for non-trace-preserving maps, so we
instead consider an “orthonormalized” channel N o, see
Appendix G of Ref. [19] for one way of defining N o from
N . Fortunately, for small Δ, the norm of the approximate
encoded state trðe−2Δ2a†aρ̄Þ is approximately independent
of the qubit state ρ. So, we approximate N to be propor-
tional to N o with constant of proportionality N. The
logical channel N log;o associated with N o via Eq. (C11)
is trace-preserving and has a well-defined entanglement
fidelity Fe. We can then approximately obtain Fe from the
non-trace-preserving logical map N log associated with N
using Eq. (C16).
Next, consider any non-normalized CV map N that is

“sufficiently close to the identity map.” We take this to
mean that the characteristic function cðu; vÞ decays
sufficiently quickly to 0 as juj and jvj increase; note
that the characteristic function of the identity map is
cðu; vÞ ¼ δ2nðuÞδ2nðvÞ. In particular, we will assume that
whenever there is an integral of cðu; vÞ, we can ignore any
terms where either u or v lie outside the Voronoi cell Vstab
of the stabilizer lattice Lstab.
From Eq. (C11), we can write the entanglement infi-

delity exactly as

1 − Fe ¼
X
P≠I

χ̃P;P

�X
P

χ̃P;P; (C17a)

χ̃P;P ¼
X

s;t∈Lstab

�Z
P
d2nv eiðvþlPÞTΩðs−tÞ

× cðv þ lP þ s; v þ lP þ tÞ
�
; (C17b)

where we denote lP as any representative of Llog such that
TðlPÞ applies a logical P to the GKP code; in the single-
mode case we simply have lP ¼ 0;α;αþ β; β respec-
tively for P ¼ I; X; Y; Z.
One could of course numerically evaluate 1 − Fe by

using the exact expression Eq. (C17) and truncating the
sums over s; t to some finite number; however here we
wish to arrive at a simpler, more intuitive expression for
the infidelity. To do this, note that cðv; v þ sÞ can be
ignored for any non-zero s since v and v þ s cannot be
both in the Voronoi cell Vstab of the stabilizer lattice Lstab.
So, we can approximate Eq. (C17b) as

χ̃P;P ≈
X

s∈Lstab

Z
P
d2nv cðv þ lP þ s; v þ lP þ sÞ; (C18)

and the denominator of Eq. (C17a) as

X
P

χ̃P;P ≈
Z
R2n

d2nv cðv; vÞ: (C19)

We can also use Eq. (C18) to write the numerator of
Eq. (C17a) as

X
P≠I

χ̃P;P ≈
X
P≠I

X
s∈Lstab

Z
P
d2nv cðv þ lP þ s; v þ lP þ sÞ;

(C20a)

≈
Z
R2nnP

d2nv cðv; vÞ; (C20b)

where to go from Eq. (C20a) to Eq. (C20b), we have added
the sum

X
s∈Lstab

s≠0

cðv þ s; v þ sÞ (C21)

which is small since v þ s lies outside Vstab for any v∈P.1

Therefore, to calculate the entanglement fidelity we now
simply need to determine the ratio

1 − Fe ≈
Z
R2nnP

d2nv cðv; vÞ
�Z

R2n
d2nv cðv; vÞ; (C22)

where n denotes the “set-minus” symbol. Alternatively, we
can trivially convert this to the average gate infidelity using
Eq. (C2), giving

1We note here that strictly speaking this statement relies on P
(which is an arbitrary primitive cell of Llog) being contained
entirely within Vstab (the Voronoi cell of Lstab), which is true for
most cases of interest.
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1 − F̄ ≈
2n

2n þ 1

Z
R2nnP

d2nv cðv; vÞ
�Z

R2n
d2nv cðv; vÞ;

(25′)

where the prefactor is 2=3 when n ¼ 1.

3. Gaussian characteristic functions

To continue our analysis, we assume that the diagonal
elements of the characteristic function take the form

cðv; vÞ ∝ e−jvj2=2σ2 ; (28)

where we call σ2 the “variance” of the noise map. Then, for
small σ, we can apply Eq. (C22) to obtain

1 − Fe ≈ σ−2n
Z
R2nnP

d2nv
ð2πÞn e

−jvj2=2σ2 : (C23)

To approximate the integral over R2nnP in Eq. (C23),
we must now consider the geometry of the patch P and its
boundary ∂P, as depicted in Fig. 11. Consider the length of
each vector v∈∂P as one travels around the boundary ∂P.
Label each local minimum in the length of v as di=2, and
the corresponding vector wi. We will call fdig the set of
local distances of the patch. Then, the integral Eq. (C23) is
upper bounded by

1

ð2πσ2Þn
Z
R2nnP

d2nv e−jvj2=2σ2

<
1

ð2πσ2Þn
X
i

Z
∞

di=2
dv1e−v

2
1
=2σ2

Z
R2n−1

d2n−1v e−jvj2=2σ2

(C24)

¼ 1

2

X
i

erfcðdi=ð2
ffiffiffi
2

p
σÞÞ; (C25)

where erfcðxÞ is the complementary error function.
One can understand Eq. (C24) as follows. The region of

integration R2nnP can be written as the union of regions
Ri ¼ fv∈R2n∣vTwi > ðdi=2Þ2g. Each integral in the
right-hand side of Eq. (C24) is simply an integral of
e−jvj2=2σ2 over the region Ri where we have performed an
orthogonal change of variables such that the component v1
points in the direction of wi. Therefore, the sum of the
integrals over each region Ri is greater than the integral
overR2nnP as it overcounts any region ofR2n that is in the
intersection of at least two regions Ri ∩ Rj (see Fig. 11).
However, the intersection of these regions is further away
from the origin than ∂P and their contribution to the
integral is exponentially suppressed. As such, the upper
bound in Eq. (C24) becomes approximately equal to the
desired integral as σ → 0.

As σ → 0 we can make additional approximations to the
sum in Eq. (C25). In particular, we can neglect all the
terms in the sum except for when di is minimal. We define
the distance of the patch

d ¼ min
i
ðdiÞ ¼ 2min

v∈∂P
jvj; (C26)

where the factor of 2 ensures that when P is the Voronoi
cell, the distance of the patch coincides with the length of
the shortest (non-zero) displacement in the logical Pauli
group. We define the degeneracy a of the patch as half the
number of vectors v∈∂P with length d. Assuming the
patch is centered at the origin, a is an integer. With these
definitions, we finally arrive at our entanglement infidelity
estimate

1 − Fe ≈ a erfcðd=ð2
ffiffiffi
2

p
σÞÞ; (C27)

or, equivalently,

1 − F̄ ≈
2na

2n þ 1
erfcðd=ð2

ffiffiffi
2

p
σÞÞ: (29′)

From Eq. (C27) we see that three terms contribute to the
infidelity of the logical noise map. First is the variance σ of
the noise map, which we calculate for various noise maps
of interest below. Since erfc is a monotonically decreasing
function, reducing σ always decreases the infidelity of the
noise map. The other two terms are the distance d and
degeneracy a of the patch P. The distance of the patch is
maximized (and hence the infidelity minimized) when P
is the Voronoi cell of the GKP lattice, in which case it is

FIG. 11. Diagram representing the regions of integration
in Eq. (C24). There are six local shortest vectors w1; � � � ;w6

on the boundary ∂P each of length d1=2;…; d6=2. Due to the
π-rotational symmetry of P, the vectors wi come in pairs of
vectors of equal length. The approximation of the integral over
R2nnP as a sum of integrals in Eq. (C24) overcounts the red-
shaded regions in the figure.
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equal to the length of the shortest non-trivial logical Pauli
operator of the code. Voronoi cells typically exhibit more
symmetry than arbitrary patches and consequently can
have degeneracies greater than 1.
Finally, a brief note of caution. In some cases, the

approximation of Eq. (C25) as Eq. (C27) is not very good
because the distance d is not much smaller than the next
smallest local distance di. While Eq. (C27) will still hold
asymptotically, it may only provide a good approximation
for very small σ. In these cases, it is best to simply use
Eq. (C25) to estimate the infidelity. Moreover, Eq. (C25)
has the advantage that it is always an upper bound on the
integral Eq. (C23). If the patch P is the Voronoi cell of
some lattice L, then finding the set of local distances fdig
amounts to finding the lengths of all the Voronoi-relevant
vectors of L, for instance using the algorithms presented
in Ref. [52].

4. Envelope operator

We spend the rest of this appendix using Eq. (C27) to
calculate the entanglement infidelities of various noise
maps of interest. To start, we consider the errors arising
only from the approximate codewords themselves; i.e. we
choose the noise map N ðρÞ ¼ e−Δ2a†aρe−Δ2a†a. The char-
acteristic function is given by

cðu; vÞ ∝ exp
�
− 1

4
cothðΔ2=2Þðjuj2 þ jvj2Þ

�
; (C28)

where the constant of proportionality is irrelevant since it
is canceled in the ratio Eq. (C22). The diagonal elements
cðv; vÞ therefore take the form of Eq. (28) with variance
σ2 ¼ tanhðΔ2=2Þ ≈ Δ2=2. As such we can immediately
apply this to Eq. (C27) to obtain the entanglement
infidelity of the trace-preserving logical map N log;o as

1 − Fe ≈ a erfcðd=2ΔÞ; (C29)

which directly gives Eq. (16).
Equation (C29) is a useful equation to test the validity

of our approximations over various patch geometries. In
Fig. 12 we compare the estimated average gate infidelities
from Eq. (C29) with the numerical average gate infidelities
as plotted in Fig. 4 for the envelope operator decoded over
a Clifford-gate-deformed patch P. The estimated values
are obtained by using the values for the distance and
degeneracy of each patch in Table I and substituting them
into Eq. (C29). The estimated values typically show good
agreement with the numerical values, with relative errors
below 1% in the parameter regime of interest. One
exception is that of the hexagonal S gate, which has a
larger relative error of between 10% and 25% in the regime
of interest, even though the error tends to 0 as ΔdB
increases. We attribute this increased error to the unusual
geometry of the deformed patch SðS̄hexÞ−1Vhex. The
degeneracy of the patch is 2, but the two sides of the
patch that contribute to the equal distance are nearly
parallel. This means that the approximation of the integral
Eq. (C24) is less accurate because it overcounts a region of
R2 that contains vectors with length only slightly larger
than d=2. Intuitively, one can imagine the red-shaded
regions in Fig. 11 if two adjacent sides of the hexagon
are nearly parallel. The red region would then contain
relatively short vectors that correspond to terms e−jvj2=ð2σ2Þ
in the integral. These e−jvj2=ð2σ2Þ terms are, in turn, only
significantly smaller than the leading order terms
e−ðd=2Þ2=ð2σ2Þ for very small σ. Nevertheless, our estimate
still provides the correct asymptotic scaling for the
infidelity, and the relative error is less than 25% in the
regime of interest.

(a) (b)

FIG. 12. Comparison between the theoretical estimated average gate fidelity from Eq. (16) and the numerically calculated average
gate fidelity from Fig. 4, under the assumption of ideal error correction. Estimated and numerical average gate infidelity 1 − F̄A;VL;Δ of
(a) single-qubit and (b) two-qubit Clifford gates A ¼ I; S; S2; CZ applied to the square and hexagonal GKP codes, decoded over the
Voronoi cell VL of their respective lattices. Note that for the hexagonal CZZ plots in (b), a limited number of data points are included
due to the time taken to run the simulations.
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5. Phase-covariant Gaussian channels

One advantage of our analysis is that we can also easily
apply Eq. (29) to more general noise maps. For example,
consider the noise map given by the composition

N ¼ Eτ;ν ∘J ½e−Δ2a†a�; (C30)

where Eτ;ν is a single-mode phase-covariant Gaussian
channel defined as follows. First, we write the expectation
values and covariance matrix of an arbitrary single-mode
density matrix as

μ¼
� hqi
hpi

�
; V¼

� hq2i 1
2
hqpþpqi

1
2
hqpþpqi hp2i

�
−μμT;

(C31)

as is standard in the study of Gaussian quantum states [53].
Then, Eτ;ν is the channel that transforms these matrices via

μ ↦ τμ; V ↦ τ2V þ ν; (C32)

where τ; ν are non-negative real numbers that satisfy ν ≥
jτ2 − 1j=2 to ensure Eτ;ν is completely positive. Roughly
speaking, τ represents howmuch phase-insensitive squeez-
ing (τ < 1) or amplification (τ > 1) is applied to the
quadratures, and ν represents how much Gaussian noise
is added to the quadratures. Three commonly studied
channels take this form:

(i) loss: τ ¼ ffiffiffiffiffiffiffiffiffiffiffi
1 − γ

p
, ν ¼ γ=2, γ∈ ½0; 1�;

(ii) GRD: τ ¼ 1, ν ¼ σ2G, σG ≥ 0; and
(iii) gain: τ ¼ ffiffiffi

g
p

, ν ¼ ðg − 1Þ=2, g ≥ 1.
Note that setting τ ¼ 1, ν ¼ 0 results in the identity

channel. These channels are called phase covariant since
they commute with the rotation operators eiθa

†a.
We have previously written down the characteristic

function of phase-covariant Gaussian channels in
Appendix F of Ref. [19], although again note some
differences in factors of 2π due to the different definitions
of displacement functions. To compose this with the
envelope operator, we use the composition formula for
characteristic functions

cðu; vÞ ¼
ZZ

d2nũd2nṽ c1ðu − ũ; v − ṽÞc2ðũ; ṽÞ

× e−iũTΩu=2eiṽ
TΩv=2; (C33)

where c is the characteristic function of the channel
N ¼ N 1 ∘N 2, and c1 and c2 are the characteristic
channels of N 1 and N 2, respectively. With this, we can
write the diagonal elements of the characteristic function
of N [Eq. (C30)] in the form of Eq. (28) with variance

σ2 ¼ τ tanhðΔ2=2Þ þ νþ ð1 − τÞ2
2

cothðΔ2Þ (C34a)

≈
Δ2

2
þ νþ ð1 − τÞ2

2Δ2
: (C34b)

We can interpret the variance as being the sum of three
terms: one directly from the envelope operator (Δ2=2), one
from the noise added by the channel (ν), and one final term
that has a quadratic dependence on the phase-insensitive
squeezing/amplification j1 − τj and an inverse dependence
onΔ2. Intuitively, this final term arises because amplifying
or squeezing phase space affects GKP codes more severely
the wider the GKP state is spread in phase space (i.e. for
small Δ).
We pause briefly here to precisely analyze the assump-

tions under which the infidelity estimate given by
Eqs. (C27) and (C34a) is valid. As stated previously in
Appendix C2, we require that the modulus of the charac-
teristic function jcðu; vÞj is negligibly small whenever
either u or v is longer than the length of the shortest logical
Pauli operator lmin (which is roughly

ffiffiffi
π

p
for most cases of

interest), since lmin is the shortest vector on the boundary
of Vstab. In particular, since N is a Gaussian channel, we
can always write

cðu; vÞ ∝ exp
�
− 1

2

h
uT; vT

i
M
�
u
v

��
; (C35)

whereM is a 4n × 4n complex matrix. Then, the condition
on c is satisfied if the smallest eigenvalue λmin of the real
part of M satisfies λmin ≫ jlminj−2. To see this, first note
that for jcðu; vÞj to be negligibly small, we need the real
part of ½uT; vT �M½uv� to be large. Then, we have

h
uT; vT

i
M
�
u
v

�
≥ λmin maxðjuj2; jvj2Þ ≫ 1; (C36)

whenever maxðjuj2; jvj2Þ ≥ jlminj2, from which the con-
dition follows. For the noise map given in Eq. (C30), the
smallest eigenvalue of M is 1=ð2σ2Þ, so our approxima-
tions are valid whenever σ is much smaller than
jlminj=

ffiffiffi
2

p
∼

ffiffiffiffiffiffiffiffi
π=2

p
. This is a fairly loose requirement

and, in practice, is valid for a wide range of parameters.
The further approximation Eq. (C34b) is only valid in the
slightly more specific regime where j1 − τj; ν;Δ are
each also small.
Assuming τ and ν are fixed, one can easily show that σ2

is minimized when Δ2 ¼ j ln τj ≈ j1 − τj, which represents
the optimal Δ that minimizes the infidelity of the noise
map. This optimal Δ depends only on the amount of
quadrature “squeezing” or “amplification” applied by the
Gaussian channel, and not on the additional noise ν added
by the channel.
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If we set Eτ;ν in Eq. (C30) to a GRD channel with
ν ¼ σ2G, we obtain σ2 ¼ σ2G þ tanhðΔ2=2Þ; in other words,
the variance from the Gaussian random displacements
adds linearly to the variance from the envelope map.
Moreover, since τ ¼ 1, the optimal envelope size is Δ ¼ 0,
i.e. an ideal GKP codeword.
In contrast, setting Eτ;ν to a loss channel gives

σ2 ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − γ

p
tanh

�
Δ2

2

�
þ γ

2
þ ð1 − ffiffiffiffiffiffiffiffiffiffiffi

1 − γ
p Þ2

2 tanhðΔ2Þ (31a)

≈
Δ2

2
þ γ

2
þ γ2

8Δ2
; (31b)

for small Δ; γ, as discussed in Appendix IV. The optimal
envelope size here is given by Δ2 ¼ − ln

ffiffiffiffiffiffiffiffiffiffiffi
1 − γ

p
≈ γ=2.

In Fig. 13, we assess the validity of the average gate
fidelity estimate from Eqs. (C27) and (31a) with the
numerically obtained fidelities in Fig. 5(a) of Ref. [19].
As in Fig. 12, we see that our estimates perform well,
with the relative error between the numerical and esti-
mated values being less than 1% within the region of
interest.
For comparison, note that the entanglement infidelity

of loss acting on the trivial bosonic encoding into the
Fock states j0i and j1i is 1−Fe¼1−ðð1þ ffiffiffiffiffiffiffiffiffiffi

1−γ
p Þ=2Þ2 ≈

γ=2. In contrast, approximate GKP codestates have
average entanglement fidelity given by Eqs. (C27)
and (31b), which can be expanded to first order in γ
to give

1 − Fe ≈ a erfcðd=ð2ΔÞÞ þ γ
ad

2
ffiffiffi
π

p
Δ3

e−d2=ð2ΔÞ2 ; (C38)

although note that for typical values of Δ, the approxi-
mation Eq. (C38) is an underestimate of the infidelity
and is valid only for even smaller values of γ than for
Eq. (31b). We can now see that the error-corrected
infidelity is greater than the trivial encoding infidelity
for very small γ where the constant term from Δ
dominates, but is less than the trivial encoding for slightly
larger γ due to the exponential-in-Δ suppression of the
linear term in γ. For much larger γ, the approximation
Eq. (C38) becomes invalid, eventually leading to a second
crossover where the error-corrected infidelity is larger
than the trivial infidelity.
It is straightforward to show that the composition of

two channels Eτ2;ν2 ∘ Eτ1;ν1 ¼ Eτ;ν is given by τ ¼ τ1τ2,
ν ¼ τ22ν1 þ ν2. For example, post-composing loss with a
gain channel with g ¼ 1=ð1 − γÞ results in a Gaussian
random displacement channel with ν ¼ σ2G ¼ γ=ð1 − γÞ
[54]. To first order in γ, we have ν ≈ γ and therefore
the noise associated with this channel is given by
σ2 ≈ Δ2=2þ γ. Comparing this to Eq. (31b), we see that
the linear contribution of γ to the variance is doubled,
but there is no longer an inverse dependence on Δ2.
Converting loss into a Gaussian random displacement
noise channel via this method is therefore advantageous
whenever Δ2 < γ=4 (approximately).
We can extend this analysis to find the optimal amount

of gain g given Δ; γ that minimizes the noise. The
composition of loss and gain has parameters τ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gð1 − γÞp

and ν ¼ ðγ þ ðg − 1Þðγ þ 1ÞÞ=2. In the low
noise regime where g − 1 and γ are small, we have

σ2 ≈
Δ2

2
þ g − 1

2
þ γ

2
þ ðg − 1 − γÞ2

8Δ2
: (C39)

We can find the optimal gain by minimizing σ2, which
leads exactly to

gopt ¼
1 − γ

ðeΔ2 − γe−Δ2Þ2 ≈ 1þ γ − 2Δ2: (C40)

As Δ → 0, we have gopt → 1=ð1 − γÞ, which is the
amount of gain required to recover the Gaussian ran-
dom-displacement channel. However, in the large Δ
regime, we are restricted by the fact that g must be greater
than or equal to 1. Therefore, Eq. (C40) is only valid when
gopt ≥ 1, or, equivalently, whenever Δ2 ≤ γ=2 (approxi-
mately). If Δ2 > γ=2, the optimal amount of gain to apply
after a loss channel is 0; in words, the reduction in error
rate obtained by (partially) canceling the phase-insensitive
squeezing from the loss is not enough to overcome the
extra noise from gain.

FIG. 13. Comparison between the theoretical estimated aver-
age gate fidelity from Eqs. (28) and (31a) and the numerically
calculated average gate fidelity from Fig. 5(a) of Ref. [19].
Estimated and numerical average gate infidelity 1 − F̄ of the
logical noise map corresponding to the envelope operator
followed by loss for the single-mode square GKP code.
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6. Dephasing

So far, we have only considered Gaussian noise models,
such as the envelope operator, loss, Gaussian random
displacements, and gain. However, we also wish to model
(single-mode) dephasing, which is a non-Gaussian noise
channel defined by

DσdðρÞ ¼
1ffiffiffiffiffiffiffiffiffiffi
2πσ2d

q Z
R
dϕ e−ϕ2=2σ2deiϕa

†aρe−iϕa†a: (32)

Since dephasing is non-Gaussian, we cannot apply
Eq. (C27) directly. However, unitary rotations eiϕa

†a are
Gaussian, so we will instead begin by analyzing the logical
performance of unitary rotations before discussing the
effects of dephasing.
For unitary rotations we consider the noise map

N ¼ Eτ;ν ∘J ½eiϕa†ae−Δ2a†a�, where we note that eiϕa
†a

commutes with Eτ;ν. Since the noise map is Gaussian,
the diagonal elements of the characteristic function of N
are again a mean-zero Gaussian function [Eq. (28)], with
variance given by

σ2 ¼ τ tanhðΔ2=2Þ þ νþ ð1 − τÞ2
2 tanhðΔ2Þ þ

2τ sin2ðϕ=2Þ
sinhðΔ2Þ

(C41a)

≈
Δ2

2
þ νþ ð1 − τÞ2 þ ϕ2

2Δ2
: (C41b)

Compared to Eq. (C34), there is only one new term,
which is inversely proportional to Δ2. Intuitively, this is
because rotations affect more highly-squeezed (lower Δ)
GKP codestates since the states are more widely-spread in
phase space, increasing the impact of rotations on the state.
If we substitute Eτ;ν for loss, we obtain

σ2 ≈
Δ2

2
þ γ

2
þ γ2

8Δ2
þ ϕ2

2Δ2
: (C42)

Note that, to the lowest order, there are no terms in
Eq. (C42) that are linear in ϕ.
Unfortunately, we cannot analyze dephasing errors

in terms of a single variance since the channel is
non-Gaussian and therefore the diagonal elements of
the characteristic function Eq. (33) are not Gaussian-
distributed. However, we can use Eq. (32) and the linearity
of Fe with respect to E to write the entanglement infidelity
of the dephasing map as an integral of the entanglement
infidelities of the rotation maps by an angle ϕ. More
precisely, we consider the noise map

N ¼ Eτ;ν ∘Dσd ∘J ½e−Δ2a†a� (C43a)

¼ 1ffiffiffiffiffiffiffiffiffiffi
2πσ2d

q Z
R
dϕe−ϕ2=2σ2dEτ;ν ∘J ½eiϕa†ae−Δ2a†a�;

(C43b)

where we note that Dσd commutes with Eτ;ν. To recover
the noise map discussed in the main text we simply set
τ ¼ 1; ν ¼ 0 such that Eτ;ν is the identity map. From
Eqs. (C27) and (C43b) we can write the entanglement
infidelity estimate as

1 − Fe ≈
affiffiffiffiffiffiffiffiffiffi
2πσ2d

q Z
R
dϕ e−ϕ2=2σ2d erfc

�
d

2
ffiffiffi
2

p
σðϕÞ

�
; (C44)

where we have written σðϕÞ in place of Eq. (C41a).
Such an expression is valid since the entanglement
fidelity Fe is linear in the quantum channel it takes
as input.
Next, we wish to obtain an approximate expression

for Eq. (C44) in the regime where both σd and σðϕÞ
are small. To do this, we use Laplace’s method, which
states that

Z
b

a
dx hðxÞeMgðxÞ ≈

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π

Mjg00ðx0Þj

s
hðx0ÞeMgðx0Þ (C45)

as M → ∞, where x0 ∈ ða; bÞ is the unique input that
maximizes gðxÞ over the interval ½a; b�. Intuitively,
Eq. (C45) comes from approximating hðxÞeMgðxÞ as a
Gaussian function hðx0ÞeMgðx0Þ−Mjg00ðx0Þjðx−x0Þ2=2 and inte-
grating this over R. To apply Laplace’s method to
Eq. (C44), we first perform an asymptotic expansion
of erfcðxÞ ≈ e−x2=ðx ffiffiffi

π
p Þ, giving

1 − Fe ≈
2a
πdσd

Z
R
dϕσðϕÞe−ϕ2=2σ2d−d2=8σðϕÞ2 : (C46)

To make contact with Eq. (C45), we write

gðϕÞ ¼ −ϕ2

2
− d2σ2d
8σðϕÞ2 ; hðϕÞ ¼ 2a

πdσd
σðϕÞ; (C47)

and M ¼ 1=σ2d. Next, to find the maximum of gðϕÞ we
use the approximate expression for σðϕÞ in Eq. (C41b).
For convenience, we work in the regime where the low
order expansion of σðϕÞ is valid, and introduce the
notation

σðϕÞ2 ¼ σ2g þ
ϕ2

2Δ2
; σ2g ¼

Δ2

2
þ νþ ð1 − τÞ2

2Δ2
;

(C48)
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where σ2g is (approximately) the variance of the noise

introduced by Eτ;ν ∘J ½e−Δ2a†a� as in Eq. (C34b). Note that
in the main text, we only consider the case where τ ¼ 1;
ν ¼ 0 (i.e. noise is only coming from the envelope operator
and dephasing), in which case we have σg ¼ Δ=

ffiffiffi
2

p
.

With this notation, the turning points of gðϕÞ occur at

ϕ¼0; ϕ¼�
ffiffiffiffiffiffiffi
dΔ

p ffiffiffi
24

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σd−σ�d

p
; σ�d¼

2
ffiffiffi
2

p
Δσ2g
d

; (C49)

where the latter two solutions in Eq. (C49) only appear
if the argument of the square root is positive, i.e. σd > σ�d.
We call σ�d the “critical” dephasing; when τ ¼ 1; ν ¼ 0,
we have σ�d ¼

ffiffiffi
2

p
Δ3=d, as discussed in the main text

in Eq. (34).
At this point it is important to separate our analysis into

three cases:
1. the “subcritical” case when σd < σ�d and gðϕÞ has a

single turning point ϕ ¼ 0,
2. the “supercritical” case when σd > σ�d and gðϕÞ has

three turning points, and
3. the “critical” case when σd ¼ σ�d and gðϕÞ has a

vanishing second derivative at ϕ ¼ 0.
From the second derivative of gðϕÞ it is easy to show

that in the subcritical case ϕ ¼ 0 is a global maximum, in
the supercritical case ϕ ¼ 0 is a local minimum and the
remaining two stationary points both achieve the global
maximum (since g is even), and in the critical case ϕ ¼ 0 is
a global maximum with g00ð0Þ ¼ 0.
We begin by applying Laplace’s method to the sub-

critical case. Here, the global maximum is ϕ0 ¼ 0, so we
can directly apply Eq. (C45) to obtain

1 − Fe ≈
8aσ3gΔ

d2
ffiffiffi
π

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ�2d − σ2d

q exp
�
− d2

8σ2g

�
: (C50)

Note that the denominator of Eq. (C50) diverges at
σd ¼ σ�d, so this approximation is only valid when σd is
sufficiently lower than σ�d.
In the supercritical case, since we do not have a unique

maximum of gðϕÞ over ϕ∈R, we first use the fact that g is
even to write

1 − Fe ≈ 2

Z
∞

0

dx hðxÞeMgðxÞ: (C51)

Now, gðϕÞ has a unique maximum in ½0;∞Þ, so we can
apply Laplace’s method, giving

1 − Fe ≈
23=4aσdffiffiffiffiffiffiffiffiffi

πdΔ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

σd − σ�d
p exp

�
− Δdffiffiffi

2
p

σd

�
1 − σ�d

2σd

��
:

(C52)

Again, note that the denominator diverges at σd ¼ σ�d, so
this approximation is valid only when σd is sufficiently
larger than σ�d.
In the critical case, we cannot apply Laplace’s method

since g00ð0Þ ¼ 0. Instead, we make a fourth-order approxi-
mation of gðϕÞ and evaluate the integral using

Z
R
dx e−ax4 ¼ 2Γð5=4Þffiffiffi

a4
p : (C53)

This gives an expression for the infidelity

1 − Fe ≈
27=4Γð5=4Þa ffiffiffiffiffi

σg
p

π
ffiffiffi
d

p exp
�
− d2

8σ2g

�
; (C54)

which has no dependence on σd since we have set it equal
to σ�d. We note that unlike the sub- and supercritical cases,
Eq. (C54) is an underestimate of the infidelity, which
arises from the fourth-order expansion of gðϕÞ. We have
already discussed the main qualitative features of
Eqs. (C50), (C52) and (C54) in the main text.
We compare the three approximate expressions in

Eqs. (C50), (C52) and (C54) to the numerically evaluated
dephasing error rates given in Fig. 6(a) of Ref. [19] in
Fig. 14, with σg set to Δ=

ffiffiffi
2

p
, i.e. the noise map consists

only of the envelope operator and dephasing. The biggest
difference in the performance of the dephasing noise
estimates compared to the Clifford gate and loss estimates
in Figs. 12 and 13 is from the asymptotic behavior of the
sub- and supercritical estimates. Indeed, the approximate
expressions are useless in a region around the critical
dephasing rate. This is not a serious issue since one could
in principle interpolate between the three estimates
Eqs. (C50), (C52) and (C54) in this region to avoid the
asymptote. Notwithstanding this issue, our estimates
perform reasonably well but notably worse than our other
estimates: in most regimes of interest the relative error is
below 25% compared with the numerical values.
Finally, we calculate the optimal Δ in the case where

σd ¼ Δ=
ffiffiffi
2

p
. We can see from Fig. 14(a) that the optimal

infidelity is achieved in the supercritical regime Eq. (C52).
We can approximately find the optimal Δ by minimizing
the exponent, which leads to Δopt ≈

ffiffiffiffiffiffiffiffi
dσd3

p
=

ffiffiffi
2

p
; or, equiv-

alently, σd ≈ 2σ�d. Calculating an analogous expression in
the presence of a phase-covariant Gaussian channel Eτ;ν is
less insightful since the minimum of the infidelity can
occur in either the sub- or supercritical regimes depending
on the values of τ and ν; therefore it is easier to simply use
a simple numerical optimization to find the minimum as
stated in the main text.
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7. Kerr nonlinearity

Finally, we consider Kerr nonlinearity, which is a source
of error in superconducting devices that may arise for
example from the coupling elements that we proposed
using in the two-qubit gates in Appendix A. We define a
Kerr nonlinearity as the unitary operator

eiθKða†aÞ2=2: (C55)

To analyze the effect of Kerr nonlinearity on approxi-
mate GKP codestates using the methods from this section,
we make use of the identity

eiπn
2=ð2MÞ ¼ eiπ=4ffiffiffiffiffiffiffi

2M
p

X2M−1

j¼0

e−iπj2=ð2MÞeiπnj=M; (C56)

which holds for any non-negative integers M and n. With
this, we can rewrite any Kerr nonlinearity with θK ¼ π=M
for some integerM as a coherent sum of rotation operators:

eiπða†aÞ2=ð2MÞ ¼
X∞
n¼0

eiπn
2=ð2MÞjnihnj (C57a)

¼ e
iπ
4ffiffiffiffiffiffiffi
2M

p
X2M−1

j¼0

e−iπj2=ð2MÞeiπnj=Mjnihnj

(C57b)

¼ e
iπ
4ffiffiffiffiffiffiffi
2M

p
X2M−1

j¼0

e−iπj2=ð2MÞeiπjða†aÞ=M: (C57c)

The sum Eq. (C57) is not particularly enlightening to
theoretically analyze in the low θK limit, because the
number of terms in the sum increases even though the
unitary operator approaches the identity. Therefore, we

briefly outline how one can use Eq. (C57) to numerically
estimate the effect of Kerr nonlinearity on GKP codestates
and present our results.
First, we write the characteristic function of the Kerr

nonlinearity and the envelope operator eiπða†aÞ2=ð2MÞ−Δ2a†a as

cðvÞ ¼ e
iπ
4

2π
ffiffiffiffiffiffiffi
2M

p
X2M−1

j¼0

fjðvÞ; (C58a)

fjðvÞ ¼
e−i π

2Mj
2

1 − eiπj=M−Δ2 e
1
4 cothðiπj2M−Δ2

2 Þjvj2 ; (C58b)

which comes from applying Eq. (C57) and using the
characteristic function of the envelope operator Eq. (C28)
extended to complex Δ. Then, to calculate the average gate
fidelity using Eq. (25), we need the diagonal elements of the
characteristic function of the channelJ ½eiπða†aÞ2=ð2MÞ−Δ2a†a�,
given by

(a) (b)

FIG. 14. Comparison between the theoretical estimated average gate fidelity from Eqs. (C50), (C52) and (C54) and the numerically
calculated average gate fidelity from Fig. 6(a) of Ref. [19]. (a) Estimated and numerical average gate infidelity 1 − F̄ of the logical
noise map corresponding to the envelope operator followed by dephasing for the single-mode square GKP code, with no additional
Gaussian noise (i.e. σg ¼ Δ=

ffiffiffi
2

p
). The critical infidelity estimates are plotted as black circles. (b) Relative error j1 − num=estj between

the estimated average gate infidelity (est) and the numerical average gate infidelity (num), for the same logical noise map. Values are
only plotted when the numerical average gate infidelity is above 10−7 to avoid effects due to numerical inaccuracy. The critical
infidelity estimates are plotted as independent data points.

FIG. 15. Estimated theoretical average gate infidelity 1 − F̄ of
the logical noise map corresponding to the envelope operator
followed by Kerr nonlinearity Eq. (C55) for the single-mode
square GKP code.

SHAW, DOHERTY, and GRIMSMO PRX QUANTUM 7, 043020 (2026)

043020-28



cðv; vÞ ¼ jcðvÞj2 ¼ 1

8π2M

X2M−1

j;k¼0

fjðvÞfkðvÞ�: (C59)

Now, each term fjðvÞfkðvÞ� is a Gaussian function of v,
which means that we can leverage the methods from
Appendix C3 to approximate the contribution to the
average gate fidelity from each term in the sum. This
directly leads to our results which are shown in Fig. 15 and
discussed in Sec. IV.

APPENDIX D: NON-IDEAL ERROR
CORRECTION AFTER CLIFFORD GATES

In this appendix, we extend the approximate analytical
Clifford gate fidelity Eq. (16) to incorporate the effects of
approximate codestates in the QEC circuit. More precisely,
in theΔ → 0 limit, we wish to derive the expression for the
average gate infidelity

1 − F̄A;P;Δ ≈
2naeff
2n þ 1

erfcðdeff=ð2
ffiffiffi
2

p
ΔÞÞ; (22)

where aeff and deff are the effective degeneracy and
distance of a modified patch P0. To do this, we will first
use the twirling approximation to derive our noise model
for quantum error correction with approximate codewords
Eq. (19). Then, we will derive Eq. (22), including a
description of how to obtain the effective distance and
degeneracy assuming the patch P0 is chosen to be optimal.
We conclude with a few interesting observations: first, to
explain why in the hexagonal code one should perform a H̄
gate before each round of QEC; second, a description of
how the square C̄YY gate is related to the D4 lattice; and
third, a brief commentary on how performing single-
qubit gates after a square C̄ZZ gate improves the effective
distance.
We begin by describing our model for QEC with

approximate codestates. We are motivated by the passive
teleportation QEC circuit [25], shown for the square
GKP code in Fig. 16. This circuit uses two ancillary
modes each of which is initialized in the GKP qunaught
state

j∅̄isq ∝
X
s∈Z

j
ffiffiffiffiffi
2π

p
siq: (D1)

Note that the qunaught state is the unique simultaneous
þ1-eigenstate of the operators Tð ffiffiffiffiffi

2π
p

; 0Þ and Tð0; ffiffiffiffiffi
2π

p Þ.
Then, two 50-50 beamsplitter gates are applied, which we
define as

Ubs¼ eiπðp1q2−q1p2Þ=4; Sbs ¼
1ffiffiffi
2

p

2
664
1 −1 0 0

1 1 0 0

0 0 1 −1
0 0 1 1

3
775:
(D2)

Finally, the first and second modes are readout using a
homodyne measurement of the first and second modes.
The overall effect of the circuit in Fig. 16 can be

described by the measurement operators

Mðqm; pmÞ ¼ ΠGKP;sqTð
ffiffiffi
2

p
qm;

ffiffiffi
2

p
pmÞ†; (D3)

where ΠGKP;sq is the projector onto the square GKP
codespace. Importantly,

ffiffiffi
2

p
qm (respectively,

ffiffiffi
2

p
pm)

reveals the position (momentum) eigenvalues of the input
state modulo

ffiffiffi
π

p
. Conveniently, the state is projected into

an ideal GKP codestate automatically, but a logical
operator may have been applied due to the displacement
operator. Therefore, the vector

ffiffiffi
2

p ½qm; pm�T must be
decoded using a patch P to determine the most likely
Pauli error that was applied. Subsequently, the logical
correction can either be applied physically or in software
by updating the Pauli frame of the state.
It is straightforward to generalize the square error

correction circuit to a general circuit by introducing the
Gaussian unitary operator UL, which transforms a square
GKP codestate into a general one with lattice L. In
particular, UL is the unitary operator corresponding to
the symplectic matrix ML ¼ ½α; β�= ffiffiffi

π
p

. A general GKP
code can then be decoded by first transforming it to a
square GKP code with U†

L, then performing the circuit in
Fig. 16, and then transforming back to the general GKP
code with UL.
In Fig. 17, we show how the general GKP error-

correction circuit can be rewritten solely in terms of
passive linear elements (i.e. beamsplitters and single-mode
rotations). In particular, we use the fact that for any
Gaussian unitary U, we have

ðU ⊗ UÞUbs ¼ UbsðU ⊗ UÞ; (D4)

FIG. 16. Square GKP passive teleportation error-correction
circuit. The GKP qunaught state and the 50-50 beamsplitter gates
used in the circuit are defined in Eqs. (D1) and (D2) respectively.
The arrows adjacent to the beamsplitter symbols are there simply
to indicate which of the modes picks up the minus sign
in Eq. (D2).
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which can be shown easily using the symplectic matrix Sbs
in Eq. (D2). The result is the circuit in Fig. 17(c), which
uses general GKP qunaught states, 50–50 beamsplitters,
and logical quadrature measurements. In particular, the
general GKP qunaught state is defined as j∅̄i ¼ ULj∅̄isq
and is the unique simultaneous þ1-eigenstate of the
operators Tð ffiffiffi

2
p

αÞ and Tð ffiffiffi
2

p
βÞ.

Now that we have an ideal circuit that describes the error
correction cycle in Fig. 17(c), we can derive the model of
approximate error correction Eq. (19) by replacing the
ideal qunaught states with approximate ones. In Fig. 18 we
show how this can be approximated as an ideal circuit
preceded and followed by a GRD channel, defined as

GðΣÞðρÞ ¼ 1ffiffiffiffiffiffiffiffiffiffi
detΣ

p
ZZ

d2v
ð2πÞn e

−vTΣ−1v=2 TðvÞρTðvÞ† (20)

for a covariance matrix Σ that we now derive.
We derive the following similar methods to Ref. [55].

First going from Fig. 18(a) to Fig. 18(b), we apply the
twirling approximation to the envelope operator e−Δ2a†a by
taking only the diagonal elements of its characteristic
function, as done in Appendix C4. More precisely, we
replace the envelope operator on each mode with the GRD
channel GðtanhðΔ2=2ÞIÞ. One particularly useful property
of Gaussian random displacement channels is that, for a
Gaussian unitary U with symplectic representation SðUÞ,
we have

J ½U� ∘GðΣÞ ∘J ½U†� ¼ GðSðUÞΣSðUÞTÞ: (D5)

We can use Eq. (D5) to proceed from Fig. 18(b) to 18(d),
first applying it to the beamsplitter Eq. (D2) and then to the
general GKP encoding Gaussian unitary UL. Note that in
Fig. 18 we have also rewritten the q and p measurements
as a displacement TðμÞ (that depends on the measurement
outcome) followed by a projection onto the 0-position and
momentum eigenstates. While such a rearrangement does
not make physical sense, mathematically it is convenient
since the resulting two-mode projection is a projection
onto the maximally entangled state

jMEi ¼
X
n∈Z

jnijni; (D6)

written in the Fock basis. This maximally entangled state
has the property that for any bosonic operator O,
O ⊗ IjMEi ¼ I ⊗ OT jMEi, where the transpose is with
respect to the Fock space representation ofO. In particular,
we have qT ¼ q, pT ¼ −p, and Tðv1; v2ÞT ¼ Tð−v1; v2Þ.
As such, it is straightforward to show from Eq. (20) that

ðI ⊗GðΣÞÞðjMEihMEjÞ ¼ ðGðP1ΣP1Þ⊗ IÞðjMEihMEjÞ;
(D7)

where P1 ¼ diagð−1; 1Þ is a reflection in the y-axis, and
I ¼ J ½I� is the identity superoperator. Applying Eq. (D7)
leads us to Fig. 18(e), from which panel (f) follows by
commuting the Gaussian random displacement channel
through the displacement and remaining Gaussian unitary
U†

L via Eq. (D5).
The result is that the approximate error-correction

circuit Fig. 18(a) can be written approximately as an ideal
error-correction circuit preceded by a Gaussian random
displacement channel with covariance matrix

ΣQEC ¼ tanhðΔ2=2ÞMLP1M−1
L M−T

L P1MT
L; (21)

and followed by a Gaussian random displacement channel
with covariance tanhðΔ2=2ÞI. Note that the form of ΣQEC is
specific to the teleportation-based model of QEC that
we consider, and would be different for Steane error-
correction circuits.
In rectangular GKP codes, ΣQEC ¼ tanhðΔ2=2ÞI since

the matrix ML is diagonal and commutes with P1.
However, in general these matrices do not commute,
leading to an asymmetric distribution of errors due to
error correction. This is a problem for the hexagonal GKP
code, which has three equal-length stabilizer generators,
only two of which are measured. As a result, ΣQEC is
asymmetric and therefore does not reflect the hexagonal
symmetry of the code. We will show how to solve this
problem using logical gates soon.
Since our model of approximate QEC is now an ideal

QEC round preceded and followed by a Gaussian random

(a) (b) (c)

FIG. 17. Teleportation QEC circuit for a general GKP code with logical latticeL. (a) A general GKP code can be decoded by unitarily
transforming to a square GKP code viaU†

L, then performing the square teleportation QEC circuit Fig. 16, and then transforming back to
the general code with UL. (b),(c), rearrangements of the circuit using the identities described in the main text.
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displacement channel, we can incorporate approximate
QEC into our existing logical channel definitions with the
addition of the channel GðΣQECÞ. In particular, we have

EU;P;Δ ¼ J ½R†� ∘ CP ∘GðΣQECÞ ∘J ½ŪRΔ�; (19)

as described in the main text. Note that since we are not
interested in the state of the system after the round of error
correction, we discard the second Gaussian random dis-
placement channel in Fig. 18(f).
Now, we wish to approximate the average gate fidelity

F̄A;P;Δ for a Clifford gate A. Ultimately, we wish to derive
Eq. (22), and explain how to obtain the effective deff . Our
strategy will be to rewrite this fidelity in the language of
Appendixes C and D by considering the average gate
fidelity F̄ðNL; IÞ of a logical noise channel

NL ¼ J ½R†� ∘ CP ∘N ∘J ½R�: (23)

To do this, first recall the definition of the average gate
fidelity

F̄ðE; UÞ ¼
Z

dψhψ jU†Eðjψihψ jÞUjψi: (15)

By performing a change of variables jϕi ¼ Ujψi we see
that F̄ðE; UÞ ¼ F̄ðE ∘J ½U†�; IÞ. Applying this to Eq. (19)
gives

F̄A;P;Δ ¼ F̄ðJ ½R†� ∘ CP ∘GðΣQECÞ ∘J ½ĀRΔA†�; IÞ (D8a)

∝ F̄ðJ ½R†� ∘ CP ∘GðΣQECÞ ∘J ½Āe−Δ2a†aĀ†R�; IÞ; (D8b)

where to go from Eq. (D8a) to Eq. (D8b) we have used
RΔ ∝ e−Δ2a†aR,2 along with Eq. (B2). Therefore, we have

F̄A;P;Δ ¼ F̄ðNL; IÞ (D9)

(a)

(c)

(e)

(b)

(d)

(f)

FIG. 18. Teleportation QEC circuit with approximate codewords. (a) The ideal teleportation QEC circuit Fig. 17(c) with the ideal
codestates replaced with approximate ones. As described in the main text, we can apply the twirling approximation and use circuit
identities to perform the rewrites shown in circuits (a)–(f). The end result is circuit (f), which consists of an ideal teleportation QEC
circuit preceded and followed by Gaussian random displacement channels.

2Here we briefly note that in the main text and for our
numerics, this equation is not strictly true. This is because we
orthogonalize the codestates after applying the envelope oper-
ator. However, in the context of approximate analytical formulas,
these issues are negligible since we are in the regime of small Δ.
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with the logical noise channel NL given by Eq. (23) and

N ¼ GðΣQECÞ ∘J ½Āe−Δ2a†aĀ†�: (D10)

Under the assumption that Δ is small, we can apply
the twirling approximation to the envelope operator in
Eq. (D10), allowing us to write N approximately as a
Gaussian random displacement channel:

N ¼ GðΣQECÞ ∘J ½Āe−Δ2a†aĀ†� (D11a)

≈ GðΣQECÞ ∘J ½Ā� ∘GðtanhðΔ2=2ÞÞ ∘J ½Ā†� (D11b)

¼ GðΣQECÞ ∘GðtanhðΔ2=2ÞSðĀÞSðĀÞ−1Þ (D11c)

¼ GðΣÞ; (D11d)

with

Σ¼ tanhðΔ2=2ÞðM−1
L P−1

1 M−1
L M−T

L P−1
1 MT

LþSðĀÞSðĀÞTÞ:
(D12)

Intuitively, Eq. (D12) contains contributions both from
errors that occur before the logical gate (second term), and
from errors that occur after the logical gate due to
approximate error correction (first term).
Now, we can apply the methods of Appendix C to

approximate the average gate fidelity F̄ðNL; IÞ.
Specifically, since N is a Gaussian random displacement
channel, its characteristic function is simply

cðu; vÞ ¼ e−vTΣ−1v=2

ð2πÞn ffiffiffiffiffiffiffiffiffiffi
detΣ

p δ2nðu − vÞ: (D13)

Therefore, applying Eq. (C22) gives the entanglement
infidelity as

1 − Fe ≈
1ffiffiffiffiffiffiffiffiffiffi
detΣ

p
Z
R2nnP

d2nv
ð2πÞn e

−vTΣ−1v=2: (D14)

At this point, we define Σ ¼ 2 tanhðΔ2=2ÞΣ0 and
σ2 ¼ 2 tanhðΔ2=2Þ ≈ Δ2. This definition is chosen such
that Σ0 ¼ I for the identity gate in the square GKP code.
Now, Σ0 is a positive definite matrix, so we can always
write Σ0 ¼ BBT for some matrix B. Performing the change
of variables v ↦ Bv gives

1 − Fe ≈ σ−2n
Z
R2nnB−1P

d2nv
ð2πÞn e

−jvj2=2σ2 (D15a)

<
1

2

X
i

erfcðdi=ð2
ffiffiffi
2

p
σÞÞ (D15b)

≈ aeff erfcðdeff=ð2
ffiffiffi
2

p
σÞÞ; (D15c)

where fdig is the set of local distances as described in
Appendix C3, while deff and aeff are the distance and
degeneracy of the deformed patch B−1P (respectively).
From now on we will refer to these as the “effective”
distance and degeneracy, which reflect how the distance
and degeneracy of the patch are altered due to approximate
error correction. Note that the deformed patch B−1P is a
primitive cell of the deformed lattice B−1L, which is
in general not equal to L. To write Eq. (D15c) in the
form of Eq. (22) we simply apply Eq. (C2) to write the
entanglement fidelity as an average gate fidelity, and
use σ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 tanhðΔ2=2Þ

p
≈ Δ.

In the case where P is optimally chosen, it is straight-
forward to calculate the effective distance. In particular,
the optimal choice of P is such that B−1P is the Voronoi
cell VB−1L of the deformed lattice B−1L. In this case, the
effective distance is simply the length of the shortest vector
in B−1L, while the effective degeneracy is half the number
of such shortest vectors in the lattice. This can also be done
by calculating the shortest vector in the original lattice L
under the metric B−TB−1 ¼ Σ−1

0 , which avoids needing to
explicitly calculate the matrix B.
We summarize the distance and degeneracies of various

patches in the ideal QEC case in Table III and in the
approximate QEC case in Table IV, which are more
detailed versions of Tables I and II given in the main
text. In particular, note that in Table III, the distances and
degeneracies represent the performance of the naïve patch,
and the distance and degeneracy can be improved to be

TABLE III. Extension of Table I: ideal Clifford gate patches
without taking into account the modification of the patch. With
such a modification the effective degeneracy and distances are all
equal to those of the identity gate.

Code Square Hexagonal

Gate a d=
ffiffiffi
π

p
a d=

ffiffiffi
π

p

Ī 2 1 3
ffiffiffiffiffiffiffiffiffiffiffiffi
2=

ffiffiffi
3

pq
≈ 1.075

H̄ 2 1 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
=7

q
≈ 0.703

S̄ 1 1=
ffiffiffi
2

p
≈ 0.707 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
=7

q
≈ 0.703

S̄2 1 1=
ffiffiffi
5

p
≈ 0.447 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
=19

q
≈ 0.427

S̄4 1 1=
ffiffiffiffiffi
17

p
≈ 0.243 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
=67

q
≈ 0.227

Ī ⊗ Ī 4 1 6
ffiffiffiffiffiffiffiffiffiffiffiffi
2=

ffiffiffi
3

pq
≈ 1.075

H̄ ⊗ H̄ 4 1 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
=7

q
≈ 0.703

C̄ZZ 2 1=
ffiffiffi
2

p
≈ 0.707 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
=7

q
≈ 0.703

C̄ZY 1 1=
ffiffiffi
3

p
≈ 0.577 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
=7

q
≈ 0.703

C̄YY 4 1=
ffiffiffi
3

p
≈ 0.577 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
=7

q
≈ 0.703
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those of the identity gate by modifying the patch according
to Eq. (18). In contrast, in Table IV, the patch has already
been modified and therefore the effective distances and
degeneracies represent the optimal performance of the
code against the gate. For more discussion, see the
main text.
It is worth briefly reiterating the discussion at the end of

Appendix C3, in particular, that sometimes Eq. (D15c) is
not a good approximation of Eq. (D15b) for too large σ.
This occurs when the distance deff is not much shorter than
the next shortest local distance in the set fdig. Therefore
when giving our rough estimates here and in the main text,
we use Eq. (D15c), where the set fdig can be found by
calculating the set of Voronoi-relevant vectors of the
lattice with the algorithms given in Ref. [52].
Next, we explain why performing a logical Hadamard

gate H̄ outperforms the identity gate Ī in the hexagonal
GKP code. Intuitively, this is because the asymmetric

spreading of the noise due to error correction in Eq. (21) is
canceled out by the action of H̄. In fact, this H̄ cancellation
occurs in any GKP code for which jαj ¼ jβj as we now
show. When Ā ¼ H̄, we have

Σ0 ¼ ðMLP1M−1
L M−T

L P1MT
L þ SðH̄ÞSðH̄ÞTÞ=2 (D16a)

¼ MLðP1M−1
L M−T

L P1

þ SðH̄sqÞM−1
L M−T

L SðH̄sqÞTÞMT
L=2 (D16b)

with SðH̄sqÞ given in Eq. (12a). UsingML ¼ ½α; β�= ffiffiffi
π

p
we

can directly calculate

P1M−1
L M−T

L P1 ¼
1

π

� jβj2 α · β
α · β jαj2

�
; (D17a)

SðH̄sqÞM−1
L M−T

L SðH̄sqÞT ¼ 1

π

� jαj2 α · β
α · β jβj2

�
; (D17b)

and therefore Eqs. (D17a) and (D17b) are equal if
jαj ¼ jβj. In this case, we therefore have

Σ0 ¼ SðH̄ÞSðH̄ÞT; B ¼ SðH̄Þ: (D18)

Importantly, the transformation matrix B corresponds to
an ideal Clifford gate SðH̄Þ, so the transformation leaves
the lattice invariant, B−1L ¼ L. After the transformation,
the noise is symmetrically distributed with variance
σ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 tanhðΔ2=2Þ

p
, and the effective distance deff and

degeneracy aeff are the same as those of the original lattice
L. In the hexagonal code the H̄ gate therefore achieves the
optimal performance, since the hexagonal lattice is the
densest sphere-packing in 2D (see Figs. 19 and 20).
Intriguingly, the rotational symmetry of the hexagonal

code means that the logical Hadamard H̄ gate is not the
only gate with ideal performance. To be precise, the
rotations H̄†

hexS̄
†
hex ¼ eiπa

†a=3 and S̄†hexH̄
†
hex ¼ e−iπa†a=3,

when acting on codestates with a symmetric noise dis-
tribution, cannot spread any errors. As such, the gates
H̄†

hexe
iπa†a=3 ¼ S̄†hex and H̄

†
hexe

−iπa†a=3 ¼ H̄†
hexS̄

†
hexH̄

†
hex also

achieve the optimal average gate fidelity, alongside the
logical H̄hex gate. This is not true for, for example, the S̄hex
gate, as shown in Table IV. Nevertheless, the gates S† and
H generate the single-qubit Clifford group, and it is
straightforward to show that any single-qubit Clifford gate
can be implemented up to Pauli gates in no more than two
rounds of QEC, without compromising the performance of
the hexagonal GKP code.
Next, we comment on the surprising observation that the

effective distance of the C̄YY gate is the same as that of the
identity gate Ī for the square GKP code. First, we calculate
the matrix Σ0, which in this case is simply

TABLE IV. Extension of Table II: Clifford gate patches taking
into account approximate error correction. For notational brevity,
we have written R ¼ SH.

Code Square Hexagonal

Gate aeff deff=
ffiffiffi
π

p
aeff deff=

ffiffiffi
π

p

Ī 2 1 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
=2

q
≈ 0.931

H̄ 2 1 3
ffiffiffiffiffiffiffiffiffiffiffiffi
2=

ffiffiffi
3

pq
≈ 1.075

S̄ 1 2=
ffiffiffi
5

p
≈ 0.894 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

p
=7

q
≈ 0.703

S̄2 1 1=
ffiffiffi
2

p
≈ 0.707 1 1=

ffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

pp
≈ 0.537

S̄4 1 1=
ffiffiffi
5

p
≈ 0.447 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
=14

q
≈ 0.352

S̄† 1 2=
ffiffiffi
5

p
≈ 0.894 3

ffiffiffiffiffiffiffiffiffiffiffiffi
2=

ffiffiffi
3

pq
≈ 1.075

S̄†2 1 1=
ffiffiffi
2

p
≈ 0.707 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
=2

q
≈ 0.931

S̄†4 1 1=
ffiffiffi
5

p
≈ 0.447 1 1=

ffiffiffiffiffiffiffiffiffi
2

ffiffiffi
3

pp
≈ 0.537

Ī ⊗ Ī 4 1 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
=2

q
≈ 0.931

H̄ ⊗ H̄ 4 1 6
ffiffiffiffiffiffiffiffiffiffiffiffi
2=

ffiffiffi
3

pq
≈ 1.075

C̄ZZ 2 2=
ffiffiffi
5

p
≈ 0.894 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10=ð7 ffiffiffi

3
p Þ

q
≈ 0.908

C̄ZY 1
ffiffiffiffiffiffiffiffi
2=3

p
≈ 0.816 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12

ffiffiffi
3

p
=31

q
≈ 0.819

C̄YY 12 1 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

ffiffiffi
3

p
=7

q
≈ 0.862

ðH̄ ⊗ H̄ÞC̄ZZ 2 2=
ffiffiffi
5

p
≈ 0.894 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
=2

q
≈ 0.931

ðH̄ ⊗ H̄ÞC̄ZY 1
ffiffiffiffiffiffiffiffi
2=3

p
≈ 0.816 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
=2

q
≈ 0.931

ðH̄ ⊗ H̄ÞC̄YY 12 1 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

p
=2

q
≈ 0.931

ðR̄ ⊗ R̄ÞC̄ZZ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
14=15

p
≈ 0.966 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3

ffiffiffi
3

p
=7

q
≈ 0.862

ðR̄ ⊗ R̄ÞC̄ZY 4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
14=15

p
≈ 0.966 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12

ffiffiffi
3

p
=31

q
≈ 0.819

ðR̄ ⊗ R̄ÞC̄YY 4
ffiffiffiffiffiffiffiffiffiffiffiffiffi
14=15

p
≈ 0.966 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10=ð7 ffiffiffi

3
p Þ

q
≈ 0.908
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Σ0 ¼ ðI þ SðC̄YYÞSðC̄YYÞTÞ=2 ¼

2
664
2 1 1 0

1 2 0 1

1 0 2 −1
0 1 −1 2

3
775:

(D19)

We are interested in the properties of the lattice
B−1Llog ¼

ffiffiffi
π

p
B−1Z4, where B−1 is any matrix that sat-

isfies BBT ¼ Σ0. One such matrix is given by

B ¼ 1ffiffiffi
2

p

2
664

1 −1 −1 −1
1 1 −1 −1
−1 −1 −1 −1
1 1 1 −1

3
775: (D20)

Now consider the D4 lattice, which is generated by the
vectors ð1; 1; 0; 0Þ; ð1;−1; 0; 0Þ; ð0; 1;−1; 0Þ; ð0; 0; 1;−1Þ.
Scaled in this standard way, the shortest vector in D4 has
length

ffiffiffi
2

p
, and there are 24 vectors in D4 with length

ffiffiffi
2

p
.

Rescaling by this
ffiffiffi
2

p
and performing a change of basis, we

can write the D4 lattice as

D4=
ffiffiffi
2

p
¼ B−1Z4; (D21)

where B is precisely the same matrix as in Eq. (D20).
Therefore we can conclude that B−1Llog is proportional to
the D4 lattice, which is known to be the densest lattice
packing in 4D.
Finally, we comment that in the square GKP code, the

effective distance of the C̄ZZ and C̄ZY gate can be improved
by applying a single-qubit gate S̄H̄ to each mode immedi-
ately following the generalized controlled gate. In both
cases, the effective distance of the combined gates is
0.966

ffiffiffi
π

p
, which is greater than the distances of 0.894

ffiffiffi
π

p
and 0.816

ffiffiffi
π

p
for the CZZ and CZY gates respectively.

However, the advantages are only felt for somewhat small
values of Δ because the increase in deff comes with an
increase in aeff . Indeed, the crossover point only occurs
at 12.2 dB for the CZZ gate and 9.77 dB for the CZY gate.
We leave the consequences of these observations to
future work.

APPENDIX E: CHARACTERISTIC FUNCTION
OF IDEAL PAULI OPERATORS

In this appendix, we derive the characteristic function of
the ideal logical Pauli operators of a single-mode GKP
qubit code. The resulting expression provides a useful way
of performing the SSSD partial trace in Fock basis
simulations that may be of independent interest.
First, recall that the displacement operators TðvÞ form

an orthogonal operator basis of H and therefore arbitrary
operators can be written

(a) (b)

(d) (c)

FIG. 19. Visual representation of the optimal patch and
effective distance of the Īhex gate when approximate error
correction is considered. (a) An approximate GKP state, repre-
sented (using the twirling approximation) as an ideal state that
has incurred Gaussian random displacement error with standard
deviation ∼Δ=

ffiffiffi
2

p
. (b) is the same as (a) since Īhex does nothing.

(c) GðΣQECÞ is applied to incorporate the effects of approximate
error correction. The optimal correction patch (dashed) can be
found by performing a (non-orthogonal) transformation B−1 that
reshapes the Gaussian noise to be symmetric with standard
deviation ∼Δ. (d) The optimal patch is the Voronoi cell of the
transformed lattice, VB−1L.

(a) (b)

(d) (c)

FIG. 20. Visual representation of the optimal patch and
effective distance of the H̄hex gate when approximate error
correction is considered. The panels (a)–(d) represent the same
information as in Figs. 6 and 19. In this case, the noise added by
GðΣQECÞ has the same shape as the noise after it is spread by
H̄hex, and that therefore, B can be chosen to be SðH̄hexÞ. As a
result the transformed lattice B−1L in (d) is equal to the original
hexagonal lattice L.
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O ¼
ZZ

dv1 dv2
2π

χOðv1; v2ÞTðv1; v2Þ†; (E1)

where χOðv1; v2Þ ¼ trðOTðv1; v2ÞÞ is the characteristic
function of the operator O. We define the stabilizer lattice
Lstab and the logical lattice Llog as

Lstab ¼ f2ðn1αþ n2βÞ∣n1; n2 ∈Zg; (E2a)

Llog ¼ fn1αþ n2β∣n1; n2 ∈Zg ¼ Lstab=2: (E2b)

These lattices are defined such that TðvÞ is a stabilizer
whenever v∈Lstab, and a (possibly trivial) logical Pauli
operator whenever v∈Llog. In the language of lattice
theory, the stabilizer lattice (divided by a factor of

ffiffiffiffiffi
2π

p
)

is a symplectically integral lattice, and the logical lattice
(divided by

ffiffiffiffiffi
2π

p
) is the symplectic dual of the stabilizer

lattice (divided by
ffiffiffiffiffi
2π

p
).

As discussed in Appendix C1, α; β and a decoding patch
P together uniquely specify a GKP SSSD of H ≅ L ⊗ S
into a logical (L) and stabilizer (S) subsystem, for more
details see Ref. [19]. One motivation for considering the
SSSD is because the partial trace over the stabilizer
subsystem trS is equivalent to performing a round of ideal
error correction and decoding over the patch P, and
“forgetting” the stabilizer measurement outcomes obtained
during the error correction.
It is worth noting that the logical Pauli operators X̄ ¼

TðαÞ; Ȳ ¼ Tðαþ βÞ; Z̄ ¼ TðβÞ are not Hermitian opera-
tors and therefore have complex eigenvalues. However,
when performing a logical Pauli measurement, the result
ought to be �1 in keeping with the eigenvalues of a qubit
Pauli operator. To resolve this discrepancy we introduce
the logical Pauli measurement operators, which we define
in terms of the subsystem decomposition as

Xm ¼X⊗ I; Ym ¼Y⊗ I; Zm ¼Z⊗ I: (E3)

These operators are both Hermitian and unitary; more-
over, they correspond to performing a round of ideal error
correction followed by a logical Pauli measurement using
X̄; Ȳ or Z̄ (which have eigenvalues �1 on the ideal GKP
codespace). One reason for studying these logical Pauli
measurement operators is that they can be used to obtain
the partial trace over the stabilizer subsystem via

trSðρÞ ¼
1

2
ðItrðρÞ þ XtrðρXmÞ þ YtrðρYmÞ þ ZtrðρZmÞÞ:

(E4)

An equivalent characterization of the logical Pauli
measurement operator Pm is by its action on displaced
ideal GKP codestates TðkÞj�̄Pi, where the qubit state
j�Pi is a �1 eigenvalue of the Pauli operator P. If k∈P,
then the logical state of TðkÞj�̄Pi in the subsystem

decomposition is j�Pi, and therefore we have
PmTðkÞj�̄Pi ¼ �TðkÞj�̄Pi ¼ TðkÞP̄j�̄Pi, where P̄ is a
logical Pauli operator (i.e. a displacement). Indeed, since
the states TðkÞj�̄Pi form an orthogonal basis for k∈P,
�∈ fþ;−g and fixed P, we can write

Pm ¼ N
X
�

Z
P
d2kTðkÞP̄j�̄Pih�̄PjTðkÞ†; (E5)

where the constant N is included to account for the fact
that the displaced codestates are not normalized.
Next, note that

P
� j�̄Pih�̄Pj is the projector onto the

ideal GKP codespace, ΠGKP, and can be written in terms of
displacement operators as

ΠGKP ¼
X

s∈Lstab

TðsÞ; (E6)

since every state in the codespace is a þ1 eigenstate of
every stabilizer. Substituting Eq. (E6) into Eq. (E5) gives

Pm ¼ N
X

s∈Lstab

�Z
P
d2k e−iωðk;sþlPÞ

�
TðlPÞTðsÞ; (E7)

where we have written lX;Y;Z ¼ α;αþ β; β, respectively.
We can evaluate the constant N using the unitarity of

Pm. Indeed from Eq. (E5) we have

PmP
†
m ¼ N2

X
s;s0 ∈Lstab

Tðs0Þ

×
Z Z

P
d2kd2k0 eiωðsþlP;k−k0Þeiωðs0;k0þlPÞ;

(E8)

where we have also used TðsÞTðs0Þ ¼ Tðsþ s0Þ for
s; s0 ∈Lstab. Next, we can evaluate the sum over s for
k;k0 ∈P using the Poisson summation formula:X
s∈Lstab

eiωðs;k−k0Þ

¼
X

n1;n2∈Z

e2iωðα;k−k0Þn1þ2iωðβ;k−k0Þn2 (E9a)

¼
X

m1;m2∈Z

δðωðα;k−k0Þ=πþm1Þδðωðβ;k−k0Þ=πþm2Þ

(E9b)

¼
X

m1;m2∈Z

δ2
�
1

π

�
αT

βT

��
0 1

−1 0

�
ðk−k0 þm1β−m2αÞ

�

(E9c)

¼ π
X

l∈Llog

δ2ðk − k0 þ lÞ (E9d)
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¼ πδ2ðk − k0Þ: (E9e)

From Eq. (E9a) to Eq. (E9b) we have used the Poisson
summation formula, and Eq. (E9c) is simply a rearrange-
ment of Eq. (E9b) using

ωðv;wÞ ¼ vT
�

0 1

−1 0

�
w; (E10)

and ωðα; βÞ ¼ π. To arrive at Eq. (E9d) we use the
property of Dirac delta functions that

δnðMvÞ ¼ 1

j detMj δ
nðvÞ: (E11)

In our case we have

detM ¼ det
�
1

π

�
αT

βT

��
0 1

−1 0

��
¼ 1

π
; (E12)

giving Eq. (E9d). Finally, Eq. (E9e) is obtained by using
the fact that k;k0 ∈P and P is a primitive cell of the
logical lattice Llog. Applying Eq. (E9) to Eq. (E8) gives

PmP
†
m ¼ πN2

X
s0 ∈Lstab

�Z
P
d2k eiωðs0;kÞ

�
eiωðs0;lPÞTðs0Þ:

(E13)

The integral over k∈P can be evaluated by first noting
that since ωðl; sÞ is a multiple of 2π for any vector
l∈Llog, adding a logical vector l to k does not change
the integrand. Using this logic, this means that the
integrand does not depend on the primitive cell P of
the lattice Llog that defines the region of integration3—and
we can choose P to be the most convenient for our present
calculation. Writing k ¼ kααþ kββ and s0 ¼ 2s0ααþ 2s0ββ
for s0α; s0β ∈Z, we therefore have

Z
P
d2keiωðs0;kÞ ¼ π

Z
1=2

−1=2
dkα

Z
1=2

−1=2
dkβ

× eiωð2s
0
ααþ2s0ββ;kααþkββÞ (E14a)

¼ π

Z
1=2

−1=2
dkα e

−2iπkαs0β
Z

1=2

−1=2
dkβ e2iπkβs

0
α

(E14b)

¼ πδs0α;0δs0β;0 ¼ πδs0;0: (E14c)

Substituting into Eq. (E13) finally gives

PmP
†
m ¼ π2N2Tð0Þ ¼ I ⇒ N ¼ 1=π: (E15)

We can finally write our result in full:

Pm ¼
X

s∈Lstab

�Z
P

d2k
π

e−iωðk;sþlPÞ
�
TðlPÞTðsÞ; (E16)

where lX;Y;Z ¼ α;αþ β; β respectively.
It can be shown directly that Pm ¼ P†

m and
Ym ¼ iXmZm, as initially desired. Note also that
Eq. (E16) takes the form of Eq. (E1) and therefore can
be used to find the characteristic function of Pm:

χPm
ðvÞ ¼ 2

X
s∈Lstab

�Z
P
d2k eiωðk;sþlPÞ

�

× eiωðlP;sÞ=2 δ2ðv − ðsþ lPÞÞ: (E17)

However, the main use of Eq. (E16) is to perform the
partial trace trS numerically. Indeed, from Eq. (E4), one
can calculate the partial trace of the state ρ simply from the
expectation values trðρPmÞ. If one is evaluating the partial
trace of an individual state ρ, then it is most convenient to
evaluate

trðρPmÞ ¼
X

s∈Lstab

�Z
P

d2k
π

e−iωðk;sþlPÞ
�

× e−iωðlP;sÞ=2χρðlP þ sÞ; (E18)

where χρðvÞ is the characteristic function of ρ.
Alternatively, if the calculations are being conducted on
multiple states, then it is more convenient to obtain the
operators Eq. (E16) themselves. For numerical Fock basis
simulations, this can be done by truncating the sum over
Lstab, using a Fock basis representation of the displacement
operators TðvÞ, and evaluating the integrals over P
numerically if necessary.
If the GKP code is rectangular, i.e. α ¼ ð ffiffiffi

π
p

a; 0Þ, β ¼
ð0; ffiffiffi

π
p

=aÞ and P ¼ ð− ffiffiffi
π

p
a=2;

ffiffiffi
π

p
a=2� × ð− ffiffiffi

π
p

=ð2aÞ;ffiffiffi
π

p
=ð2aÞ� for some a > 0, the integrals over P can be

evaluated analytically. In particular, we have

Z
π=2

−π=2
dxe−2ixn ¼ πδn;0;

Z
π=2

−π=2
dxe−ixð2nþ1Þ ¼ ð−1Þn

nþ1=2
;

(E19)

for n∈Z. Applying this to Eq. (E16) gives

Xm ¼ 1

π

X
n∈Z

ð−1Þn
nþ 1

2

Tðð2nþ 1ÞαÞ; (E20a)3One can also see this by considering the cell transformations
described in Sec. VA. of Ref. [19].
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Ym ¼ 1

π2
X

m;n∈Z

Tðð2mþ 1Þαþ ð2nþ 1ÞβÞ
ðmþ 1

2
Þðnþ 1

2
Þ ; (E20b)

Zm ¼ 1

π

X
n∈Z

ð−1Þn
nþ 1

2

Tðð2nþ 1ÞβÞ: (E20c)

Note that one could also use Ym ¼ iXmZm instead of
Eq. (E20b), although this is less numerically stable for
simulations with truncated Fock space dimension.
One can also evaluate the integrals analytically for the

hexagonal GKP code defined by

αhex ¼
ffiffiffi
π

p � ffiffiffi
34

pffiffiffi
2

p ;− 1ffiffiffi
2

p ffiffiffi
34

p
�
; βhex ¼

ffiffiffi
π

p �
0;

ffiffiffi
2

pffiffiffi
34

p
�
;

(6)

and with a hexagonal patch P given by the Voronoi cell of
the logical lattice. Using Mathematica to evaluate the
integrals we obtain

Xm ¼ 3

π2
X

m;n∈Z

fðm; nÞTðð2mþ 1Þαþ 2nβÞ; (E21a)

Ym ¼ 3

π2
X

m;n∈Z

fðn; n −mÞTðð2mþ 1Þαþ ð2nþ 1ÞβÞ;

(E21b)

Zm ¼ 3

π2
X

m;n∈Z

fðn;mÞTð2mαþ ð2nþ 1ÞβÞ; (E21c)

fðm; nÞ ¼ ð−1Þm cosðπ
3
ðmþ n − 1ÞÞ

ðmþ nþ 1
2
Þðm − 2nþ 1

2
Þ ; (E21d)

although in practice one only needs to calculate Xm using
this method since we have Ym ¼ eiπa

†a=3Xme−iπa
†a=3 and

Zm ¼ e−iπa†a=3Xmeiπa
†a=3 in the hexagonal code.

Both Eqs. (E20) and (E21) have recently been applied to
characterize GKP state preparation in experiment [56] and
a novel theoretical scheme [46], demonstrating that these
expressions are practical and convenient to implement.

APPENDIX F: DERIVATION OF
MEASUREMENT ERROR ESTIMATE

In this appendix, we derive the approximate expression
of the measurement error

Merror ≈ erfc
�
1

2
α1

�
Δ2 þ 1 − η

η

�−1=2�
(40)

of a GKP logical Pauli Z measurement using a binned
measurement with bin size b and homodyne measurement
efficiency η. We consider any GKP code that is defined by

the vectors α ¼ ½α1;α2�T and β ¼ ½0; π=α1�T , which is
rotated such that a logical measurement of Z̄ ¼ eiπq=α1
canbedonewitha binnedpositionmeasurementwithb ≈ α1.
To show Eq. (40), we make the approximation Pð0j1Þ ≈

Pð1j0Þ (which is valid in the Δ → 0 limit). As such, we
have Merror ≈ Pð1j0Þ, the probability of obtaining a −1
logical Z measurement outcome given an initial state j0̄Δi.
Now, the position wave function of the approximate
codestate j0̄Δi is given exactly by

qhxj0̄Δi ¼ N 0

X
s∈Z

e2is
2α1α2e−1

2ð2sα1Þ2 tanhðΔ2Þ

× e−1
2 cothðΔ2Þ½x−2sα1sechðΔ2Þ�2 : (39)

Recall that a position measurement with efficiency η is
described by the POVM elements

WηðXÞ ¼ N η

Z
dx jxiqhxj exp

�
− η

1 − η
ðx − XÞ2

�
;

(37)

where X∈R is the recorded outcome of the measurement
and N η ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η=ðπð1 − ηÞÞp

is a normalization constant
such that

R
dXWηðXÞ ¼ I. From Eqs. (37) and (39) we

can write down the probability of recording a −1 meas-
urement outcome given an initial state j0̄Δi as

Pð1j0Þ ¼
X
t∈Z

Z ð2tþ3
2
Þb

ð2tþ1
2Þb

dX trðWηðXÞj0̄Δih0̄ΔjÞ (38)

¼ N η

X
t∈Z

Z ð2tþ3
2Þb

ð2tþ1
2Þb

dX
Z
R
dx e−

η
1−ηðx−XÞ2 jqhxj0̄Δij2: (F1)

Next, we approximate the modulus squared of the wave
function Eq. (39) as

jqhxj0̄Δij2 ≈N 2
0

X
s∈Z

e−ð2sα1Þ2 tanhðΔ2Þ

× e− cothðΔ2Þ½x−2sα1sechðΔ2Þ�2 ; (F2)

which assumes the cross terms originating from squaring
the sum over s in Eq. (39) are negligible. We approximate
the normalization constant in Eq. (39), N 0, using

1 ¼
Z
R
dxjqhxj0̄Δij2

≈N 2
0

X
s∈Z

e−ð2sα1Þ2 tanhðΔ2Þðπ tanhðΔ2ÞÞ1=2 (F3)

⇒ N 2
0 ≈

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π tanhðΔ2Þ

q X
s∈Z

e−ð2sα1Þ2 tanhðΔ2Þ
�−1

: (F4)

MODELING LOGICAL GATES AND READOUT OF … PRX QUANTUM 7, 043020 (2026)

043020-37



One could approximate the sum in Eq. (F4) to directly
estimate N 0, but we will not need to do this for our
calculations.
Substituting Eq. (F2) into Eq. (F1) and integrating over

x gives

Pð1j0Þ ≈N 0
η;Δ

X
s∈Z

Ise−ð2sα1Þ
2 tanhðΔ2Þ; (F5)

where we have defined

Is ¼
X
t∈Z

Z ð2tþ3
2
Þb

ð2tþ1
2Þb

dX e−ðX−2sα1sechðΔ
2ÞÞ2=ð2σ2η;ΔÞ; (F6a)

N 0
η;Δ ¼ N 2

0

�
1þ 1 − η

η
cothðΔ2Þ

�−1=2
; (F6b)

ση;Δ ¼ 1ffiffiffi
2

p
�
tanhðΔ2Þ þ 1 − η

η

�
1=2

: (F6c)

Now, Is can be approximated by setting b ¼ α1 and
sechðΔ2Þ ≈ 1 (valid when Δ is small), giving

Is ≈
X
t∈Z

Z ð2tþ3
2Þα1

ð2tþ1
2Þα1

dX e−ðX−2sα1Þ
2=ð2σ2η;ΔÞ: (F7)

Substituting X0 ¼ X − 2sα1 and t0 ¼ t − s gives

Is ≈
X
t0 ∈Z

Z ð2t0þ3
2Þα1

ð2t0þ1
2
Þα1

dX0 e−X
02=ð2σ2η;ΔÞ; (F8)

which is independent of s. Finally, we simplify the domain
of integration, which is valid when Δ is small such that the
exponent is quickly decaying, as

Is ≈ 2

Z
∞

α1=2
dX0 e−X

02=ð2σ2η;ΔÞ (F9)

¼
ffiffiffiffiffi
2π

p
ση;Δ erfc

�
α1

2
ffiffiffi
2

p
ση;Δ

�
: (F10)

Substituting Eq. (F10) back into Eq. (F5) gives

Pð1j0Þ ≈
ffiffiffiffiffi
2π

p
N 0

η;Δσ
0
η;Δerfc

�
α1

2
ffiffiffi
2

p
ση;Δ

�

×
X
s∈Z

e−ð2sα1Þ2 tanhðΔ2Þ (F11)

¼ erfc
�

α1
2

ffiffiffi
2

p
ση;Δ

�
; (F12)

where we have used Eqs. (F6b) and (F4) to arrive at
Eq. (F12). Substituting Eq. (F6c) and expanding

tanhðΔ2Þ ≈ Δ2 to lowest order gives the desired
result, Eq. (40).

APPENDIX G: COMPARING LOGICAL
MEASUREMENT WITH AND WITHOUT

ERROR CORRECTION

As discussed in the main text, we have previously
pointed out in Appendix B in Ref. [19] that binned
measurement operators do not always ideally read out
the logical Pauli operators of the GKP code. Indeed,
binned measurement operators are not ideal for Ȳ readout
in the square GKP code, and for X̄, Ȳ and Z̄ readout in the
hexagonal code. In theory, one can perform these mea-
surements ideally by executing a round of ideal error
correction alongside the logical Pauli readout, and then use
a decoder to infer the most likely logical outcome.
However, this proposal neglects the effects of approximate
codestates in the round of error correction. This appendix
aims to show that such an error-corrected measurement
scheme does not improve the measurement error proba-
bility in the presence of approximate codestates.
We will begin by describing how to perform a round of

QEC alongside the logical readout, and how we model the
effect of approximate codestates. Then we will calculate
the measurement error Merror of this scheme, and compare
it to the equivalent expression for binned measurement
operators Eq. (40). Much of the mathematical framework
of these calculations has already been established in
previous appendixes, so we only provide a sketch of the
derivations here. Note also that for simplicity, we assume
ideal measurements (η ¼ 1)—although we expect that
incorporating measurement inefficiencies would not sig-
nificantly affect our results.
To measure the logical P̄ of the code in an error-

corrected way, we need to simultaneously measure P̄ and
one of the stabilizer generators S ≠ �P̄2. This is because
the measurement outcome of a second stabilizer generator
can always be inferred from the outcome of P̄2. Now,
label the measurement-basis quadratures q̃ and p̃ such that
P̄ ¼ ei

ffiffi
π

p
q̃ and S ¼ e−2i

ffiffi
π

p
p̃. This is defined such that for a

Z̄ measurement we have q̃ ¼ q̄ and p̃ ¼ p̄; while for X̄ we
have q̃ ¼ −p̄ and p̃ ¼ q̄, and for Ȳ we have q̃ ¼ q̄ − p̄
and p̃ ¼ p̄.
To perform such an error-corrected logical measurement

one can use the circuit given in Fig. 21(a), which uses a
single ancilla mode, a 50–50 beamsplitter, and homodyne
measurements in the q̃ and p̃ bases. The ancilla mode is
initialized in the (approximate) GKP codestate jþ̄P;Δi,
where jþPi represents the þ1-eigenstate of the Pauli
operator P. However, to allow for the most general
possible scheme, we allow for the approximate GKP
codestate to have a biased noise distribution. Such a noise
distribution could, in theory, be achieved by first preparing
a GKP codestate with a different geometry and a
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symmetric noise distribution, and then applying a
Gaussian unitary to prepare the desired state.
Now, to model the effect of the approximate codestate

on the measurement, we can follow the methods described
in Appendix D. In particular, we can approximate
Fig. 21(a) as Fig. 21(c), where G represents a GRD
channel [Eq. (20)]—the derivation of this follows almost
the same lines as in Fig. 18. The only difference is that we
allow the variance Σa of the GRD channel on the ancilla
mode to be non-symmetric, as discussed above. If the
ancilla state is simply an approximate GKP codestate
jþ̄P;Δi ¼ e−Δ2a†ajþ̄Pi, then Σa ¼ tanhðΔ2=2ÞI; but in
general, we allow Σa to be an arbitrary covariance matrix
satisfying detðΣaÞ ¼ tanh2ðΔ2=2Þ. Taking this into account
we end up with Fig. 21(c), which consists of an ideal QEC
and logical readout circuit preceded by a GRD channel
with variance

Σ̃ ¼ ML̃P1M−1
L̃
ΣaM−T

L̃
P1MT

L̃
; (G1)

where ML̃ is the matrix that transforms the quadrature
operators ðq; pÞ ↦ ðq̃; p̃Þ. Explicitly, we have

ML̃ ¼ ½−β;α�= ffiffiffi
π

p
; P ¼ X; (G2a)

ML̃ ¼ ½α;αþ β�= ffiffiffi
π

p
; P ¼ Y; (G2b)

ML̃ ¼ ½α; β�= ffiffiffi
π

p ¼ ML; P ¼ Z: (G2c)

One can recover Eq. (21) (in Appendix D) from Eq. (G1)
by substituting ML̃ ↦ ML and Σa ↦ tanhðΔ2=2ÞI.
Next, we wish to estimate the measurement error

Merror ¼ ðPð0j1Þ þ Pð1j0ÞÞ=2 associated with the circuit
in Fig. 21. We will make a simplifying assumption that the
input state on the data mode is simply an approximate GKP
codestate jψ̄Δi and can therefore be approximated by an
ideal GKP codestate jψ̄i followed by a GRD channel
GðtanhðΔ2=2ÞIÞ following the methods of Sec. IV. This is
not necessarily the case, particularly if a logical gate has
been applied immediately before the measurement, in
which case the GRD channel will not be symmetrically

distributed—although we expect our results not to be
significantly different in this case.
From Fig. 21(c), we can model the measurement

error scheme as preparing first an ideal GKP codestate,
then applying the noise channel N ¼ GðΣÞ with Σ ¼
tanhðΔ2=2ÞI þ Σ̃, performing a round of ideal QEC and
then finally an ideal measurement of P̄. As such we define
the logical noise channel

NL ¼ J ½R†� ∘ CP ∘N ∘J ½R�; (23)

the same as in Appendix D. Then, we can write the
measurement error as

Merror ≈
1

2
ðh−PjNLðjþPihþPjÞj−Pi

þ hþPjNLðj−Pih−PjÞjþPiÞ: (G3)

Writing the logical noise channel in terms of its χ-matrix
elements Eq. (C14), one can show that

Merror ¼
X
P0≠I;P

χP0;P0 ; (G4)

which is identical to Eq. (C15) except for the fact that sum
over Pauli operators excludes the Pauli operator P that is
being measured.
Because of this difference, we must revise a few

definitions. We define the measurement region R̃ as the
set of vectors v whose closest vector the logical lattice L is
logically equivalent either to the identity gate or to P̄.
Intuitively, if an error TðvÞwith v∈ R̃ is applied to an ideal
GKP codestate, upon decoding this error will not flip the
measurement outcome of P. Just as in Appendix D, we
define Σ ¼ 2 tanhðΔ2=2ÞΣ0. Then, recall from Appendix D
that the effective distance deff of the patch P is given by

deff ¼ 2min
v∈∂P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vTΣ−1

0 v
q

: (G5)

In words, deff is twice the length of the shortest vector
on the boundary of P, under the metric defined by the
inverse of the covariance matrix Σ0. Meanwhile, the

(a) (b) (c)

FIG. 21. Error-corrected logical readout with approximate codewords. (a) The ideal error-corrected logical readout with the ideal
codestates replaced with approximate ones. As described in the main text, we can apply methods similar to those in Fig. 18 to perform
the rewrites shown in circuits (a)–(c). The end result is circuit (c), which consists of an ideal error-corrected logical readout circuit
preceded by a Gaussian random displacement channel.

MODELING LOGICAL GATES AND READOUT OF … PRX QUANTUM 7, 043020 (2026)

043020-39



effective degeneracy aeff is half the number of vectors
v∈∂P with a length deff under the metric Σ0. We now
define the effective measurement distance d̃ and degen-
eracy ã, by adding to the definitions of deff and aeff the
requirement that the vectors v also lead to a logical error
that flips the measurement outcome; i.e. they do not lead to
a logical Ī or P̄ upon decoding.
With these definitions we can follow the derivations in

Appendixes C2 and D to show that

Merror ≈
1ffiffiffiffiffiffiffiffiffiffi
detΣ

p
Z
R2nR̃

d2v
2π

e−vTΣ−1v=2; (G6)

where the only difference with Eq. (D14) is that the
decoding patch P has been replaced by R̃. Finishing
the derivation gives

Merror ≈ ã erfcðd̃=ð2
ffiffiffi
2

p
ΔÞÞ; (G7)

which is the same as Eq. (D15c) except for the fact that the
effective distance deff and degeneracy aeff have been
replaced by the effective measurement distance d̃ and
degeneracy ã, respectively.
At this point it is useful to compare Eq. (G7) to the

equivalent expression for binned measurements (under the
assumption of η ¼ 1), given by

Merror ≈ erfcðb=ð2ΔÞÞ; (40′)

where b is the bin size of the measurement. The most
important difference between Eqs. (40′) and (G7) is the
additional

ffiffiffi
2

p
factor in Eq. (G7) which arises from the use

of approximate codestates in the error-correction pro-
cedure. To overcome this, the effective measurement
distance d̃ must be at least a factor of

ffiffiffi
2

p
larger than

the bin size b.
We compared values of d̃=b for all three measurement

bases in the square GKP and hexagonal GKP codes. In the
case where Σa ¼ tanhðΔ2=2ÞI, we found that in all cases
b ¼ d̃, and therefore the binned measurements have a
lower measurement error. For each of these measurements,
we can improve d̃ by using an ancilla with a highly
asymmetric noise distribution. In the most general case, we
allow Σa to be an arbitrary positive-definite symmetric
matrix with determinant tanh2ðΔ2=2Þ. Maximizing the
effective measurement distance d̃ using Mathematica
yields d̃ ¼ ffiffiffi

2
p

b in all cases, only breaking even with
the binned measurement scheme. The binned measure-
ment scheme is therefore preferable since it is significantly
simpler to implement experimentally.

APPENDIX H: DERIVATION OF POVM OF THE
CONTINUOUS MEASUREMENT SCHEME

In this appendix, we provide the details of the deriva-
tions of the POVM

Tg;κ;η;tðXÞ ¼ N
Z

dx jxiq1hxj
Z

dx̃ q2
hx̃jρbjx̃iq2

× exp
�
− 1

C

�
X − x − 1

2gτ
ð1 − e−κt=2Þ2x̃

�
2
	
;

(43)

where N is a normalization constant,

C ¼ κτ − ηð1 − e−κt=2Þ4
4g2τ2η

; (44)

X ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κ=ð8g2τ2ηÞ

q Z
t

0

dt0 ð1 − e−κt0=2ÞIðt0Þ; (42)

and τ ¼ t − ð1 − e−κt=2Þð3 − e−κt=2Þ=κ.
We consider a GKP mode (described by ladder oper-

ators a; a† and position/momentum q1; p1) coupled via a
Hamiltonian H ¼ −gq1p2 to an ancilla readout mode
(described by b; b†; q2; p2). The ancilla mode is initialized
in an arbitrary state ρb, which in the simplest case is the
vacuum state j0ih0j. The ancilla mode undergoes homo-
dyne detection at a rate κ and efficiency η, and data are
collected for a total measurement time T. We assume that
the GKP mode experiences loss at a rate γ ≪ 1=T which
we consider negligible for the following calculation. This
is justified by the fact that typical T1 times for microwave
resonators are two to three orders of magnitude larger than
measurement times that we are interested in—roughly
1 μs—to be comparable to measurement times currently
achieved in transmon devices.
The goal of this appendix is to derive the POVM of the

above measurement scheme in terms of the detected
photocurrent record Ið0; TÞ ¼ fIðtÞgt∈ ð0;TÞ from time 0
to time T. We follow the methods of Ref. [21], which
we summarize here before presenting the details of the
calculations.
We will begin by writing down the stochastic master

equation (SME) that governs the dynamics of the normal-
ized density matrix ρcðtÞ conditioned on the detected
photocurrent record Ið0; tÞ. Since the evolution of ρcðtÞ
depends on the measurement current, the SME will contain
terms that depend on the Wiener increment dWðtÞ ¼
IðtÞdt of the observed photocurrent. However, because
ρcðtÞ is normalized, the corresponding SME is necessarily
nonlinear. As such we instead consider a linearized SME
that describes the dynamics of an un-normalized density
matrix ρ̄cðtÞ ∝ ρcðtÞ. In this picture, the probability of
obtaining a given measurement outcome Ið0; TÞ is given
by Trðρ̄cðTÞÞpostðIð0; TÞÞ, where post is the chosen
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ostensible distribution of the observed photocurrent record
(see Ref. [57], Chapter 4 of Ref. [58], or Appendix A of
Ref. [21] for details). We can then solve the linearized
SME by vectorizing the density matrix ρ̄cðtÞ ↦ jρ̄cðtÞi
and using Lie algebraic techniques to simplify the resultant
expression.
We find that the state ρ̄cðtÞ does not depend on the entire

photocurrent record Ið0; tÞ, but only on two integrals of the
photocurrent labeled R and S. The probability of a given
measurement outcome R; S can then be determined from
the trace of ρ̄cðTÞ and the ostensible distribution of R and
S, which can in turn be used to construct the POVM
elements WR;S. Finally, we will convert this two-mode
POVM into a single-mode POVM by tracing out the
ancilla mode given its initial state ρb is known.

1. Linearizing the SME

We begin by writing down the stochastic master
equation (SME) of the system

dρcðtÞ ¼ −i½H; ρcðtÞ�dtþ κD½b�ρcðtÞdt
þ ffiffiffiffiffi

κη
p

H½b�ρcðtÞdWðtÞ; (H1)

where H ¼ −gq1p2 is the system Hamiltonian, D½b�ρ ¼
bρb† − 1

2
fb†b; ρg is the Lindblad dissipator, H½b�ρ ¼

bρþ ρb† − Trðbρþ ρb†Þ describes the homodyne detec-
tion, and dWðtÞ is the Wiener increment which is related
to the relevant observed photocurrent IðtÞ via dWðtÞ ¼
IðtÞdt. We use subscript c to emphasize that ρcðtÞ is the
density operator conditioned on the record of the observed
photocurrent Ið0; tÞ from time 0 to t.
Equation (H1) is defined such that TrðρcðtÞÞ ¼ 1 for all

t; however, this normalization comes at the cost of the
nonlinearity in H½b�. Furthermore, to calculate the meas-
urement statistics, one would need to sample from the
actual distribution of the photocurrent record in any
simulation of Eq. (H1). An alternative approach would
be to instead consider the master equation for ρ̃cðtÞ, which
we define as the non-normalized density operator with
norm Trðρ̃cðtÞÞ ¼ pðIð0; tÞjρð0ÞÞ. This way, calculating
measurement statistics simply involves calculating the
trace of the evolved density operator, with the measured
photocurrent Ið0; tÞ sampled uniformly. However, this has
two problems: first, the SME is still nonlinear; and second,
sampling from Ið0; tÞ uniformly results in the vast major-
ity of states having negligibly small norm.
The solution is to choose an ostensible distribution

for Ið0; tÞ that removes the nonlinearity in Eq. (H1)
while still resulting in states with a finite norm. In
this picture, we track the evolution of a non-normalized
density operator ρ̄cðtÞ, which is defined such that the
probability of obtaining a measurement record Ið0; tÞ is
pðIð0; tÞjρð0ÞÞ ¼ Trðρ̄cðtÞÞpostðIð0; tÞÞ, where we call
postðIð0; tÞÞ the ostensible distribution of Ið0; tÞ. If we

choose the ostensible distribution of the photocurrent
such that each dWðtÞ obeys an independent mean-zero
Gaussian distribution with variance dt, then the SME
becomes

dρ̄cðtÞ ¼ −i½−gq1p2; ρ̄cðtÞ�dtþD½ ffiffiffi
κ

p
b�ρ̄cðtÞdt

þ ffiffiffiffiffi
κη

p ðbρ̄cðtÞ þ ρ̄cðtÞb†ÞdWðtÞ; (H2)

which is now linear. Moreover, to reproduce the meas-
urement statistics of the system average we only need to
sample IðtÞ from the Gaussian ostensible distribution,
since the additional contribution from the state of the
system is taken into account by the norm of ρ̄cðtÞ.

2. Solving the linear SME

To solve the linear SME Eq. (H2), we vectorize the
density operator by “stacking” its rows. For an operator
ρ∈LðHÞ acting on a Hilbert space H (which in our case
contains two modes), we define the corresponding vec-
torized operator jρi∈H ⊗ H�, where the resultant vector
space now has two modes for each mode in H, called the
physical modes (with lowering operators a; b, etc.) and the
fictitious modes (ã; b̃; etc.).
For simplicity, we first consider H consisting of just a

single bosonic mode. In particular, for an operator ρ ¼P
m;n∈Z ρm;njmihnj∈LðHÞ, we define the corresponding

vectorized operator as jρi ¼ P
m;n∈Z ρm;njmijni in the

Fock basis. Alternatively, jρi ¼ ðρ ⊗ IÞj0iβ, where j0iβ ¼P
n∈Z jnijni ¼ ea

†ã† j0ij0i is the thermo-entangled
ground state between the two modes. Equivalently, j0iβ
is the simultaneous 0-eigenstate of β̂ ¼ a − ã† and
β̂† ¼ a† − ã. For an operator A ¼ P

n αna
n þ βna†n writ-

ten in terms of ladder operators, we define the correspond-
ing tilde’d operator as Ã ¼ P

n α
�
nãn þ β�nã†n. With

this definition, it can be shown that ðA ⊗ IÞj0iβ ¼
ðI ⊗ Ã†Þj0iβ. These properties generalize straightfor-
wardly to when H consists of two (or more) modes.
To vectorize the linear SME Eq. (H2) we must obtain a

stochastic differential equation in djρ̄cðtÞi ¼ ðdρ̄cðtÞ ⊗
IÞj0iβ. We can do this by replacing all the operators acting
on the right of ρ in Eq. (H2) with operators acting on the
fictitious modes, giving

djρ̄cðtÞi ¼ ð−iðH − H̃Þdtþ κD½b�dt
þ ffiffiffiffiffi

κη
p ðbþ b̃ÞdWðtÞÞjρ̄cðtÞi; (H3)

where D½b� ¼ bb̃ − 1
2
ðb†bþ b̃†b̃Þ. To first order in dt this

is equivalent to
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jρ̄cðtþ dtÞi ¼ expð ffiffiffiffiffi
κη

p ðbþ b̃ÞdWðtÞÞ
× expð−iðH − H̃Þdtþ κD½b�dt
− 1

2
κη ðbþ b̃Þ2 dtÞjρ̄cðtÞi; (H4)

where we note that one can recover Eq. (H3) from Eq. (H4)
by Taylor expanding each exponential to second order and
using dWðtÞ2 ¼ dt.
Equation (H4) demonstrates the advantage of writing

the SME in a vectorized form: now, the evolution operator
is an exponential that is at most quadratic in the raising and
lowering operators. In particular, the set of terms that are
constant, linear or quadratic in a; a†; ã; ã†; b; b†; b̃; b̃†

generates a closed Lie algebra l, allowing us to utilize
Lie algebraic techniques to rearrange the expression.
Writing the linear stochastic terms as dLðtÞ ¼ ffiffiffiffiffi

κη
p ðbþ

b̃ÞdWðtÞ and the quadratic terms as Q ¼ −iðH − H̃Þ þ
κD½b� − 1

2
κη ðbþ b̃Þ2 for simplicity, we can formally

write the solution to Eq. (H4) as

jρ̄cðtÞi ¼ lim
δt→0

YJ
j¼1

expðdLðjδtÞÞ expðQδtÞjρð0Þi; (H5)

where t ¼ Jδt. The first step to simplify this expression is
to commute each linear term dLðjδtÞ to the right of all
the quadratic terms Q, modifying the linear term in the
process. To commute the jth linear term past the j
quadratic terms to its right, we must calculate dL0ðtÞ such
that expðdLðjδtÞÞ expðQjδtÞ ¼ expðQjδtÞ expðdL0ðjδtÞÞ.
Using the commutation formula eABe−A ¼ P∞

n¼0
1
n! C

n
A½B�,

where C0A½B� ¼ B and CnA½B� ¼ ½A; Cn−1A ½B�� for n ≥ 1, we
find that

dL0ðjδtÞ ¼ e−QjδtdLðjδtÞeQjδt

¼
�
e−κjδt=2 ffiffiffiffiffi

κη
p ðbþ b̃Þ

− g

ffiffiffiffiffi
2η

κ

r
ð1 − e−κjδt=2Þðq1 þ q̃1Þ

�
dWðjδtÞ:

(H6)

Since ½dL0ðtÞ; dL0ðt0Þ� ¼ 0 for all t; t0, we can combine
all the linear terms into one exponential, which becomes an
integral in the δt → 0 limit, giving

jρ̄R;SðtÞi ¼ expðQtÞ expðLR;SðtÞÞjρð0Þi; (H7a)

LR;SðtÞ ¼
ffiffiffi
η

p
Rðbþ b̃Þ − g

ffiffiffiffiffi
2η

p
κ

Sðq1 þ q̃1Þ; (H7b)

R ¼ ffiffiffi
κ

p Z
t

0

dt0 e−κt0=2 Iðt0Þ; (H7c)

S ¼ ffiffiffi
κ

p Z
t

0

dt0 ð1 − e−κt0=2ÞIðt0Þ: (H7d)

Note that we now write subscripts R; S to indicate that
the state ρ̄R;S depends not on the entire measurement
record Ið0; tÞ, but only on the two relevant integrals of the
photocurrent R and S.

3. Obtaining the POVM

Now, we wish to find the POVM fWR;Sg such that
TrðWR;Sρðt ¼ 0ÞÞ is equal to the probability of obtaining
the measurement outcomes R and S given an initial state
ρð0Þ, i.e.

TrðWR;Sρð0ÞÞ ¼ pðR; Sjρð0ÞÞ (H8a)

¼ ðβh0jβh0jÞjρ̄R;SðtÞipostðR; SÞ: (H8b)

We will do this initially by instead evaluating
ΩR;Sðx; x0; βÞ ¼ qhxjchβjWR;Sjx0iqjβic=π, which can be
thought of as a mixed representation of WR;S in the
position basis of the GKP mode a and the Husimi
Q-function representation in the ancilla mode b. From
ΩR;S one can reconstruct WR;S via the equation

WR;S ¼
Z
R
dx

Z
R
dx0

Z
C
d2β ðΩR;Sðx; x0; βÞ

× jxiqqhx0j ⊗ D̃ðþ1ÞðβÞÞ: (H9)

Here,

D̃ðþ1ÞðβÞ ¼
Z
C

d2α
π

eαb
†
e−α�beβα�−β�α (H10)

is the Fourier transform of the normal-ordered displace-
ment operator, which reconstructs a given operator from its
Q-function representation.
To calculate ΩR;S we begin by evaluating the inner

product TrðWR;Sjxiqjβicqhx0jchβjÞ ¼ β
h0jβh0jeQteLR;SðtÞjxiq

jx0iqjβicjβ�ic, where we adopt the convention of writing

the two physical and fictitious modes in the order a; ã; b; b̃.
Noting that βh0j ¼ h0jh0jeaã, our strategy to evaluate this
inner product will be to partially normal-order the oper-
ators acting on the b and b̃ modes to remove all b†

operators to the left by annihilating them on the vacuum
state. The remaining exponents written in terms of
q1; q̃1; b; b̃ act trivially on the initial state jρð0Þi ¼
jxiqjx0iqjβicjβ�ic and thus the inner product can be
evaluated. To do this, we make use of a faithful 10-
dimensional matrix representation of the Lie algebra l
given in Table I of Ref. [21]. In particular, it can be shown
that
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eaãþbb̃eQt ¼ eaãec1ðb†bþb̃†b̃Þec2ðq1b†þq̃1b̃
†Þebb̃

× expðc3ðq1bþ q̃1b̃Þ þ c4ðq̃1bþ q1b̃Þ
þ c5ðq21 þ q̃21Þ þ c6q1q̃1 þ c7ðbþ b̃Þ2Þ;

(H11)

where

c1 ¼ −κt=2; (H12a)

c2 ¼ ð
ffiffiffi
2

p
g=κÞð1 − eκt=2Þ; (H12b)

c3 ¼ ð
ffiffiffi
2

p
g=κÞð1 − e−κt=2Þð1þ η − ηe−κt=2Þ; (H12c)

c4 ¼ ð
ffiffiffi
2

p
g=κÞð1 − e−κt=2Þðη − 1 − ηe−κt=2Þ; (H12d)

c5 ¼ ðg2=κ2Þð2ð1 − e−κt=2Þ − κt − ηκτÞ; (H12e)

c6 ¼ ð2g2=κ2Þð−2ð1 − e−κt=2Þ þ κt − ηκτÞ; (H12f)

c7 ¼ ðη=2Þðe−κt − 1Þ; (H12g)

τ ¼ t − ð1 − e−κt=2Þð3 − e−κt=2Þ=κ: (H12h)

Using the two equations

h0jh0jh0jh0jeaãec1ðb†bþb̃†b̃Þec2ðq1b†þq̃1b̃
†Þebb̃ ¼ βh0jβh0j;

(H13a)

βh0jβh0jjxiqjx0iqjβicjβ�ic ¼ δðx − x0Þ; (H13b)

we can now evaluate the inner product

β
h0jβh0jeQteLR;SðtÞjxiqjx0iqjβicjβ�ic ¼ δðx − x0Þefðx;x;β;β�Þ;

(H14)

where fðx; x; β; β�Þ represents the operator

fðq; q̃; b; b̃Þ ¼ LR;SðtÞ þ c3ðq1bþ q̃1b̃Þ þ c4ðq̃1bþ q1b̃Þ
þ c5ðq21 þ q̃21Þ þ c6q1q̃1 þ c7ðbþ b̃Þ2

(H15)

evaluated at q ¼ q̃ ¼ x, b ¼ β and b̃ ¼ β�. Substituting
these values gives

fðx; x; β; β�Þ ¼ − 4g2ητ
κ

x2

þ 4
ffiffiffi
2

p
gη

κ
ð1 − e−κt=2Þ2xReðβÞ

− 2ηð1 − e−κtÞReðβÞ2

þ 2
ffiffiffi
η

p
RReðβÞ − 2

ffiffiffi
2

p
g

ffiffiffi
η

p
κ

Sx: (H16)

Now that we have calculated the contribution to ΩR;S
from the norm of ρ̄R;SðtÞ, we must now determine the
ostensible distribution postðR; SÞ, given that each dWðtÞ is
a Wiener increment, i.e. an independent Gaussian random
variable with mean 0 and variance dt. Since this is a
Gaussian distribution (as R and S are integrals of Gaussian
distributed random variables), we only need to calculate
the mean and covariances to determine the distribution.
Using E½dWðtÞ� ¼ 0 it is straightforward to show
that E½R� ¼ E½S� ¼ 0, and from E½dWðtÞdWðt0Þ� ¼
δðt − t0Þdtdt0, we obtain

E½R2� ¼ κ

Z
t

0

Z
t

0

e−κðt0þt00Þ=2E½dWðt0ÞdWðt00Þ�

¼ κ

Z
t

0

dt0 e−κt0 ¼ 1 − e−κt: (H17)

Similarly,

E½S2� ¼ κ

Z
t

0

dt0 ð1 − e−κt0=2Þ2 ¼ κτ; (H18)

E½RS� ¼ κ

Z
t

0

dt0 ðe−κt0=2 − e−κt0 Þ ¼ ð1 − e−κt=2Þ2:
(H19)

Defining Σ ¼ ½E½R2�
E½RS�

E½RS�
E½S2� � as the covariance matrix of the

ostensible distribution, we thus obtain

postðR; SÞ ¼
1

2π
ffiffiffiffiffiffiffiffiffiffi
detΣ

p exp
�
− 1

2
ðR2Σ−1

11

þ 2RSΣ−1
12 þ S2Σ−1

22 Þ
�

(H20a)

¼ 1

2πσ
exp

�
− 1

2

�
κτR2

σ2
þ 2RS
4 − κt cothðκt=4Þ

þ S2

κt − 4 tanhðκt=4Þ
��

; (H20b)

where we define σ2 ¼ detΣ ¼ κtð1 − e−κtÞ − 4ð1 −
e−κt=2Þ2 for convenience.
Using Eqs. (H9), (H13), (H16) and (H20b), we can now

write the POVM elements as
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WR;S ¼ postðR; SÞ
Z
R
dx

Z
C

d2β
π

ðefðx;x;β;β�Þ

× jxiqqhxj ⊗ D̃ðþ1ÞðβÞÞ: (H21)

Next, we wish to turn this two-mode POVM into a
single-mode POVM fVR;S;ρbg by tracing out the ancilla
mode (initialized in the state ρb) via the equation
VR;S;ρb ¼ TrbðWR;SρbÞ. Given in the position representa-
tion ρbðy; y0Þ ¼ qhyjρbjy0iq, we can formally write

TrðD̃ðþ1ÞðβÞρbÞ ¼
Z
R
dx

Z
C

d2α
π

ðρbðx; x −
ffiffiffi
2

p
αRÞ

× ejαj2=2−iαRαIþβα�−αβ�þi
ffiffi
2

p
αIxÞ;

(H22)

where αR ¼ ReðαÞ and αI ¼ ImðαÞ. Note however that in
practice we cannot evaluate the integral Eq. (H22) on its
own due to the divergent ejαj2=2 term. However, substitut-
ing Eq. (H22) into Eq. (H21) and performing the resultant
integrals gives our desired result

VS;ρb ¼
Z
R
dRTrbðWR;SρbÞ

¼ N
Z

dx jxiq1hxj
Z

dx̃ q2
hx̃jρbjx̃iq2

× exp
�
− 1

C

�
X − x − 1

2gτ
ð1 − e−κt=2Þ2x̃

�
2
	
;

(43)

where

N ¼ ð2πðκτ − ηð1 − e−κt=2Þ4ÞÞ−1=2; (H23a)

X ¼ −S=
ffiffiffiffiffiffiffiffiffiffiffiffiffi
8g2τ2η

q
; (H23b)

C ¼ κτ − ηð1 − e−κt=2Þ4
4g2τ2η

: (44)

4. The conditional post-state

As a final exercise, we consider the situation where the
ancilla state has been set to the vacuum state as in the main
text, i.e. ρb ¼ j0ih0j. Here, we wish to find the state of the
first mode of the system conditioned on the measurement
outcome, i.e. trbðWR;S ρð0Þ ⊗ j0ih0jÞ. In vectorized form,
this is given by

β;bh0jeQteLR;SðtÞjρð0Þi ⊗ j0ij0i; (H24)

up to a normalization, where β;bh0j is the maximally

entangled state across the b and b̃ modes. Using

Eqs. (H7), (H11) and (H12) we can simplify this expres-
sion to

exp
�
− g2

κ
ðt − 2ð1 − e−κt=2Þ=κÞðq1 − q̃1Þ2

�

× exp
�
− g2ητ

κ
ðq1 þ q̃1 − 2XÞ2

�
jρð0Þi; (H25)

again up to a normalization factor. Intuitively, the first
exponent suppresses off-diagonal terms in the position
basis expansion of ρð0Þ, while the second exponent
suppresses terms whose position is far away from X. As
t becomes large, τ ≈ t − 3=κ, so the constant of decay in
the second exponent is smaller than that of the first
exponent by a factor of roughly η. Importantly, as
t → ∞, jρð0Þi is projected into a position eigenstate
jXiq qhXj, and for finite times, the state will consist of
some finite mixture of finitely squeezed states. It may be
easier to prepare a new GKP codestate for subsequent
computations from this final state than if the mode were
reset to the vacuum.
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S. Welte, J. Home, and F. Reiter, Two-qubit operations
for finite-energy Gottesman-Kitaev-Preskill encodings,
arXiv:2305.05262.

[33] M. A. Nielsen and I. Chuang, Quantum computation and
quantum information (2002).

[34] M. A. Nielsen, A simple formula for the average gate
fidelity of a quantum dynamical operation, Phys. Lett. A
303, 249 (2002).

[35] K. Fukui, A. Tomita, A. Okamoto, and K. Fujii, High-
threshold fault-tolerant quantum computation with analog
quantum error correction, Phys. Rev. X 8, 021054 (2018).

[36] K. Fukui, High-threshold fault-tolerant quantum compu-
tation with the Gottesman-Kitaev-Preskill qubit under noise
in an optical setup, Phys. Rev. A 107, 052414 (2023).

[37] Z. Cai and S. C. Benjamin, Constructing smaller Pauli
twirling sets for arbitrary error channels, Sci. Rep. 9,
11281 (2019).

[38] T. Hillmann, F. Quijandría, A. L. Grimsmo, and G. Ferrini,
Performance of teleportation-based error-correction cir-
cuits for bosonic codes with noisy measurements, PRX
Quantum 3, 020334 (2022).

[39] R. Acharya, I. Aleiner, R. Allen, T. I. Andersen, M.
Ansmann, F. Arute, K. Arya, A. Asfaw, J. Atalaya, R.
Babbush et al., Suppressing quantum errors by scaling a
surface code logical qubit, Nature (London) 614, 676
(2023).

[40] Y. Zhang, B. J. Lester, Y. Y. Gao, L. Jiang, R. J. Schoelkopf,
and S. M. Girvin, Engineering bilinear mode coupling in
circuit QED: Theory and experiment, Phys. Rev. A 99,
012314 (2019).

[41] C. Chamberland, P. Iyer, and D. Poulin, Fault-tolerant
quantum computing in the pauli or clifford frame with slow
error diagnostics, Quantum 2, 43 (2018).

[42] A. L. Grimsmo and S. Puri, Quantum error correction with
the Gottesman-Kitaev-Preskill code, PRX Quantum 2,
020101 (2021).

[43] Arvind, B. Dutta, N. Mukunda, and R. Simon, The real
symplectic groups in quantum mechanics and optics,,
Pramana 45, 471 (1995).

MODELING LOGICAL GATES AND READOUT OF … PRX QUANTUM 7, 043020 (2026)

043020-45

https://doi.org/10.1038/s41586-023-05782-6
https://doi.org/10.1103/PhysRevLett.123.200502
https://doi.org/10.1103/PhysRevResearch.2.023270
https://doi.org/10.1038/s41586-020-2603-3
https://doi.org/10.1038/s41586-020-2603-3
https://doi.org/10.1038/s41567-022-01776-9
https://doi.org/10.1038/s41567-022-01776-9
https://doi.org/10.1038/s41586-019-0960-6
https://doi.org/10.1038/s41586-019-0960-6
https://doi.org/10.1038/s41567-021-01487-7
https://doi.org/10.1126/science.aaa8525
https://doi.org/10.1103/PhysRevLett.122.080502
https://doi.org/10.1103/PRXQuantum.5.010331
https://doi.org/10.1103/PRXQuantum.5.010331
https://doi.org/10.1103/PhysRevLett.112.120504
https://doi.org/10.1103/PhysRevA.102.042210
https://doi.org/10.1103/PhysRevA.102.042210
https://doi.org/10.1103/PhysRevA.97.032346
https://doi.org/10.1103/PhysRevA.97.032346
https://doi.org/10.1063/1.1747632
https://doi.org/10.1103/PhysRevA.102.062411
https://doi.org/10.1103/PhysRevA.102.062411
https://doi.org/10.1103/PhysRevLett.125.260509
https://doi.org/10.1103/PhysRevLett.125.260509
https://doi.org/10.1103/PhysRevLett.117.070501
https://doi.org/10.1103/PhysRevLett.117.070501
https://doi.org/10.1038/s41534-020-00353-3
https://doi.org/10.1103/bywc-cx98
https://doi.org/10.1103/PhysRevA.93.012315
https://doi.org/10.1103/PhysRevA.93.012315
https://arXiv.org/abs/2305.05262
https://doi.org/10.1016/S0375-9601(02)01272-0
https://doi.org/10.1016/S0375-9601(02)01272-0
https://doi.org/10.1103/PhysRevX.8.021054
https://doi.org/10.1103/PhysRevA.107.052414
https://doi.org/10.1038/s41598-019-46722-7
https://doi.org/10.1038/s41598-019-46722-7
https://doi.org/10.1103/PRXQuantum.3.020334
https://doi.org/10.1103/PRXQuantum.3.020334
https://doi.org/10.1038/s41586-022-05434-1
https://doi.org/10.1038/s41586-022-05434-1
https://doi.org/10.1103/PhysRevA.99.012314
https://doi.org/10.1103/PhysRevA.99.012314
https://doi.org/10.22331/q-2018-01-04-43
https://doi.org/10.1103/PRXQuantum.2.020101
https://doi.org/10.1103/PRXQuantum.2.020101
https://doi.org/10.1007/BF02848172


[44] N. E. Frattini, U. Vool, S. Shankar, A. Narla, K. M. Sliwa,
and M. H. Devoret, 3-wave mixing Josephson dipole
element, Appl. Phys. Lett. 110, 222603 (2017).

[45] B. M. Terhal and D. Weigand, Encoding a qubit into a
cavity mode in circuit qed using phase estimation, Phys.
Rev. A 93, 012315 (2016).

[46] X. C. Kolesnikow, R.W. Bomantara, A. C. Doherty, and
A. L. Grimsmo, Gottesman-Kitaev-Preskill state prepara-
tion using periodic driving, arXiv:2303.03541.

[47] J. Hastrup, M. V. Larsen, J. S. Neergaard-Nielsen, N. C.
Menicucci, and U. L. Andersen, Unsuitability of cubic
phase gates for non-clifford operations on Gottesman-
Kitaev-Preskill states, Phys. Rev. A 103, 032409 (2021).

[48] B. Royer, S. Singh, and S. M. Girvin, Encoding qubits in
multimode grid states, PRX Quantum 3, 010335 (2022).

[49] M. T. Nguyen and M. H. Shaw, Fault-tolerant non-Clifford
Gottesman-Kitaev-Preskill gates using polynomial phase
gates and on-demand noise biasing, arXiv:2511.20355.

[50] J. W. Harrington, Analysis of quantum error-correcting
codes: Symplectic lattice codes and toric codes, Ph.D.
thesis, 2004.

[51] J. Conrad, J. Eisert, and F. Arzani, Gottesman-Kitaev-
Preskill codes: A lattice perspective, Quantum 6, 648 (2022).

[52] E. Agrell, T. Eriksson, A. Vardy, and K. Zeger, Closest
point search in lattices, IEEE Trans. Inf. Theory 48, 2201
(2002).

[53] J. Eisert and M.M. Wolf, Gaussian quantum channels,
arXiv:quant-ph/0505151.

[54] K. Noh, V. V. Albert, and L. Jiang, Quantum capacity
bounds of Gaussian thermal loss channels and achievable
rates with Gottesman-Kitaev-Preskill codes, IEEE Trans.
Inf. Theory 65, 2563 (2019).

[55] F. Rozpędek, K. P. Seshadreesan, P. Polakos, L. Jiang,
and S. Guha, All-photonic Gottesman-Kitaev-Preskill–
qubit repeater using analog-information-assisted multi-
plexed entanglement ranking, Phys. Rev. Res. 5, 043056
(2023).

[56] V. Matsos, C. Valahu, T. Navickas, A. Rao, M. Millican, M.
Biercuk, and T. Tan, Robust and deterministic preparation
of bosonic logical states in a trapped ion, arXiv:2310
.15546.

[57] H. M. Wiseman, Quantum trajectories and quantum meas-
urement theory, J. Eur. Opt. Soc., Part B 8, 205 (1996).

[58] H. M. Wiseman and G. J. Milburn, Quantum Measurement
and Control (Cambridge University Press, Cambridge,
England, 2009).

SHAW, DOHERTY, and GRIMSMO PRX QUANTUM 7, 043020 (2026)

043020-46

https://doi.org/10.1063/1.4984142
https://doi.org/10.1103/PhysRevA.93.012315
https://doi.org/10.1103/PhysRevA.93.012315
https://arXiv.org/abs/2303.03541
https://doi.org/10.1103/PhysRevA.103.032409
https://doi.org/10.1103/PRXQuantum.3.010335
https://arXiv.org/abs/2511.20355
https://doi.org/10.22331/q-2022-02-10-648
https://doi.org/10.1109/TIT.2002.800499
https://doi.org/10.1109/TIT.2002.800499
https://arXiv.org/abs/quant-ph/0505151
https://doi.org/10.1109/TIT.2018.2873764
https://doi.org/10.1109/TIT.2018.2873764
https://doi.org/10.1103/PhysRevResearch.5.043056
https://doi.org/10.1103/PhysRevResearch.5.043056
https://arXiv.org/abs/2310.15546
https://arXiv.org/abs/2310.15546
https://doi.org/10.1088/1355-5111/8/1/015

	Modeling Logical Gates and Readout of Superconducting Gottesman-Kitaev-Preskill Qubits
	I. INTRODUCTION
	II. GKP CODES
	III. ERROR-RESISTANT CLIFFORD GATES
	IV. ANALYTICAL ERROR ESTIMATES FOR LOSS AND DEPHASING
	V. LOGICAL PAULI MEASUREMENTS
	VI. DISCUSSION AND CONCLUSIONS
	ACKNOWLEDGMENTS
	APPENDIX A: PHASE-TRACKED SINGLE-QUBIT CLIFFORD GATES
	APPENDIX B: RELATING THE FIDELITY OF CLIFFORD GATES TO THAT OF THE IDENTITY GATE
	APPENDIX C: DERIVATION OF AVERAGE GATE FIDELITY ESTIMATES UNDER IDEAL DECODING
	1. Stabilizer subsystem decomposition
	2. Approximating the entanglement infidelity
	3. Gaussian characteristic functions
	4. Envelope operator
	5. Phase-covariant Gaussian channels
	6. Dephasing
	7. Kerr nonlinearity

	APPENDIX D: NON-IDEAL ERROR CORRECTION AFTER CLIFFORD GATES
	APPENDIX E: CHARACTERISTIC FUNCTION OF IDEAL PAULI OPERATORS
	APPENDIX F: DERIVATION OF MEASUREMENT ERROR ESTIMATE
	APPENDIX G: COMPARING LOGICAL MEASUREMENT WITH AND WITHOUT ERROR CORRECTION
	APPENDIX H: DERIVATION OF POVM OF THE CONTINUOUS MEASUREMENT SCHEME
	1. Linearizing the SME
	2. Solving the linear SME
	3. Obtaining the POVM
	4. The conditional post-state

	References


