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Coherent control of motional degrees of freedom of ultracold atoms in optical lattices offers a
promising route toward programmable quantum dynamics with massive particles. We propose and analyze
a scheme for implementing coherent rearrangement of ultracold atoms, corresponding to arbitrary unitary
transformations on single-particle motional states. Exploiting an analogy between dynamics in optical
superlattices and discrete linear optics, we employ the Clements scheme to systematically construct any
global N-dimensional single-particle unitary from tunneling and phase shifts in arrays of double wells.
Tunneling is controlled globally, while local operations are achieved through site-resolved potential shifts.
We numerically investigate the susceptibility of the scheme to intensity noise and addressing crosstalk.
We identify key subroutines enabled by this unitary construction, including the discrete Fourier transform
and the implementation of non-native Hamiltonians. Extending the scheme to two dimensions enables
all-to-all atomic rearrangement with a circuit depth that scales sublinearly with the atom number,
providing a high-density and highly scalable approach to atom rearrangement.
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I. INTRODUCTION

The circuit description of quantum dynamics is a central
pillar of quantum information science: Through a hier-
archy of compilation levels, elementary operations can be
combined into networks of gates that implement arbitrary
unitary transformations [1,2]. This abstraction separates
quantum algorithms from the underlying experimental
implementation and enables universal computation across
a wide range of physical platforms. It also provides a
systematic framework for decomposing complex dynam-
ics into the experimentally most favorable building blocks
on a given hardware architecture. For trapped ions and
superconducting qubits, these building blocks correspond
to finely tuned control pulses [3,4], while in quantum
optics they are realized by discrete physical optical
elements [5-7].

A major open challenge is to extend this compilation-
based approach to the dynamics of massive mobile
particles. For ultracold atomic gases trapped in optical
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lattices, coherent quantum motion is driven by tunneling
between neighboring sites. Together with collisional inter-
actions, such tunneling dynamics enable highly coherent
evolution of thousands of particles over hundreds of
tunneling times, giving rise to strongly entangled motional
states [8,9]. Despite this high degree of coherence, control
over cold-atom lattice dynamics is typically limited to
global operations, such as temporal modulation of lattice
depths or overall confining potentials, resulting in coarse-
grained control.

Bringing together the coherence of atomic motion in
optical lattices with the programmability of quantum
circuit models opens new perspectives for quantum sim-
ulation and computation with itinerant particles. Discrete
motional unitaries can be employed for state preparation
[10] and for the emulation of imaginary-time evolution
[11]. They further enable advanced measurement protocols
based on collective interference [12,13] or on the coherent
rotation of single- and two-particle correlations into the
measurement basis prior to site-resolved imaging [14-16].
Beyond quantum simulation, locally programmable
motional unitaries form a key ingredient of recently
proposed architectures for fermionic quantum computation
[17,18] and for error-correction schemes targeting
motional degrees of freedom [19,20].

In this article, we present a systematic framework
for compiling arbitrary N-dimensional single-particle

Published by the American Physical Society
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unitaries from sequences of experimentally realizable local
gates. This decomposition is universal. It derives from an
analogy between programmable multimode optical beam
splitters and dynamics in optical superlattices [14,21-23],
where tunneling and potential shifting operations can be
interpreted as beam splitter and phase-shift operations
[5,6]. Akin to the optical case, stroboscopic dynamics in
optical superlattices can thus be programmed to transform
single-particle quantum states spanning N input modes
into arbitrary N output modes. The operation acts on
single-particle motional modes in the motional ground
band only and is decoupled from the particles’ internal
degrees of freedom. It is thus applicable to bosons and
fermions in optical lattices. Experimentally, our scheme
requires only globally controlled tunneling in a super-
lattice and local phase-shifting operations [14].

We highlight two key anticipated applications of the
method. First, the scheme will enable the synthesis of
specific unitaries as subroutines of quantum simulation
approaches. We demonstrate how to engineer unitaries
generated by Hamiltonians with non-native terms, such as
long-range tunneling, and detail the realization of the
discrete Fourier transform (DFT) as a gate sequence in a
lattice. The DFT is a primitive for many quantum algo-
rithms and will find important applications as a coherent
mapping between position and momentum space, enabling
momentum space microscopy and many-body inter-
ference experiments [12,13,24]. Second, we show that
our approach can realize swap networks where all parti-
cles in a system perform permutations simultaneously.
Applying this approach to atom rearrangement in two-
dimensional N = L x L arrays, we demonstrate a scheme
by which atoms in O(N) modes can be rearranged with
all-to-all connectivity in an O(y/N) depth circuit. The
sublinear scaling of the depth of the circuit presents a
significant scaling advantage over serial, tweezer-based
sorting approaches [25].

II. SUPERLATTICE ARCHITECTURE AND
OPTICAL ANALOGY

A. Physical platform and motional gates

We seek to construct motional unitaries driven by
tunneling dynamics in optical superlattices. Such lattices
are formed by superimposing two lattices with different
periodicities with dynamical control over their depths and
relative spatial phases. This architecture realizes large-
scale arrays of double wells with finely tunable local
potential geometries [14,23,26]. The exquisite control over
dynamics within each local motif has led to powerful
applications, including the realization of higher-order
tunneling processes, collisional entangling gates, and local
state manipulation [14,21,22,27-30].

To establish a correspondence between optical
interferometers and atoms in optical superlattices, we
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FIG. 1. Parallels of quantum optics and optical lattices. (a) An
arbitrary global unitary Uop, is systematically constructed from
local two-mode unitary gates U}, - (b) An optical interferometer
constructed using the Clements scheme realizes arbitrary
N-mode transformations using brick-wall lattices of generalized
beam splitters. The inset shows a single two-mode operation
composed of two 50:50 beam splitters and phase shifters
applying phases y and 8. (c) Atomic dynamics between discrete
modes in optical superlattices can be constructed by analogy to
optical interferometers. An X rotation (beam splitter) is per-
formed by enabling tunneling, while a Z rotation (phase shifter)
is performed by applying a local energy offset A;. The brick-wall
structure is realized by alternating the superlattice dimerization
between dimer I and dimer II, which is achieved by adjusting the
superlattice phase. In each time step, a two-mode transformation
T(0;, ¢;) is implemented in parallel on all dimers of the current
dimerization through a sequence of native X and Z gates.

consider cold atoms trapped in the lowest band of a one-
dimensional optical superlattice with N modes as shown in
Fig. 1(c). We assume a spinless gas (with the extension
to several internal states being straightforward) and the
non-interacting limit. The superlattice creates an array of
double-well potentials with globally tunable geometry. In
particular, the dimerization of the superlattice can be
switched between odd and even by dynamically adjusting
the relative spatial phase between the short and the long
lattice [21]. Each double-well forms a natural two-level
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system, or motional qubit, where the atom’s position in
the left |[L) or right |R) well defines the computational
basis. Full motional qubit control is achieved via two
native operations: controlling the tunneling amplitude (7)
to perform X-rotations, and applying an energy offset A for
Z-rotations. Together, these form a universal set for any
local SU(2) operation on a single qubit [17,18]. Both gates
have already been demonstrated experimentally [14,24].
The native X(a) and Z(6) rotations are defined as

o= () Z0) 20 -

ey

B. Unitary decomposition via the Clements scheme

To construct an arbitrary single-particle N-dimensional
unitary transformation using only operations naturally
available in a superlattice architecture, namely local X
and Z operations, we leverage an analogy with linear
optics, specifically the decomposition scheme developed
by Clements et al. [6]. The Clements decomposition is
widely used in linear optics to implement programmable
multimode interferometers [31] that enable applications
ranging from photonic quantum computing [32] and
machine learning [33] to reconfigurable microwave pho-
tonics [34]. Its key advantages are that it uses the minimal
number of two-mode gates, N(N — 1)/2, and achieves the
minimal possible circuit depth of N.

Following the Clements scheme [6], the full unitary
U= N."¢;)(w;|, which maps an initial orthonormal
basis {|y;)} onto a desired output basis {|¢;)}, is con-
structed as a product of two-mode transformations, each
acting on a two-dimensional subspace spanned by sites n
and m

—sind
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and a diagonal phase matrix, D:
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S denotes the ordered set of adjacent two-mode trans-

formations. This procedure is closely analogous to a

QR decomposition in linear algebra, where successive

orthogonal (or unitary) transformations are applied to zero
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FIG. 2. Clements scheme. (a) A Givens rotation multiplied
from the right (left) mixes two columns (rows) to eliminate a
specific target element of an arbitrary unitary U. A multiplication
from the right (left) is colored in blue (red). (b) The Clements
scheme transforms a unitary into a diagonal matrix by elimi-
nating the sub-diagonal elements in a “snake-like” pattern,
alternating between left and right multiplied Givens rotations.
(c) The physical brick-wall circuit that implements the decom-
position. Each rectangular gate corresponds to a single Givens
rotation 7', ,,,(6, ¢) used to nullify one element in panel (b). The
different sections correspond to the sub-diagonals of U.

out sub-diagonal elements of a matrix. In the Clements
scheme, each two-mode operation 7,,, plays the role
of a localized Givens rotation that removes a specific off-
diagonal element of the evolving unitary, as illustrated in
Fig. 2. Starting from the bottom-left corner, the algorithm
sweeps through the sub-diagonals in a “snake-like” pat-
tern: moving upward along one sub-diagonal, then down-
ward along the next, nullifying one element at a time until
the matrix becomes upper-triangular. Because U is unitary,
the resulting upper-triangular matrix must be diagonal. A
full derivation is given in Clements et al [6].

In optical networks, T, ,, represents a generalized two-
mode beam splitter, which can physically be realized with
two balanced beam splitters and two local phase shifters.
To implement 7, , in a superlattice architecture, each
transformation is realized using a four-gate Z, X, sequence
(derived in Appendix A),

Tun0 )= 5(5) a0 ()
Z(z— ) (4)

The global phase accounts for the conversion from U(2) to
SU(2) and for the phase offset between symmetric and
asymmetric Z gates. The phase can, however, be absorbed
by the diagonal phase matrix D by finding new angles
{0, ¢’} (see Appendix B). We will omit the prime in the
following.
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(b) Givens Rotations’ Phase/Transmission for DFT

(c) Z Gate Angles for DFT (N = 30)

0 /2 ™ 37/2 o
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Decomposition details of a DFT. (a) A single particle, initially localized at a specific site (a position eigenstate), is coherently

transformed into a delocalized state with a periodic phase structure across the entire array (a momentum eigenstate). (b) The circuit
decomposition of the DFT unitary for N = 8 (left) and N = 13 (right) systems. Each colored rectangle represents a two-mode gate. The
upper rectangle indicates the gate’s phase ¢, while the lower rectangle represents its transmission probability, T = cos?(6). A
translational pattern emerges for odd N. (c) Histogram of the required Z gate rotation angles for an N = 30 DFT, showing that angles

are distributed across the full [0, 27] range.

As illustrated in Fig. 1(c), this sequence maps directly
onto timed control pulses. Crucially, all X-rotations in a
given layer require the same rotation angle of /2,
meaning that all tunnel pulses can be carried out in parallel
and via global control of the tunneling ¢ for a specific
duration. The global X pulses are temporally interleaved
with local addressing pulses applied in a deep optical
lattice, which realize local chemical potential offsets
and thus the local Z gates. Arbitrary local motional
unitaries thus require local control over on-site phase
shifts only. This architecture is inherently scalable and
significantly more robust than any scheme requiring direct
local control of the tunnel coupling . We note that related
control strategies have been proposed and demonstrated
for discrete time quantum walks in spin-dependent optical
lattices [35].

ITII. APPLICATIONS OF UNITARY CONTROL

Programmable motional unitaries of non-interacting
particles in optical lattices may serve as initialization or
readout tools and constitute important subroutines for
information processing with itinerant particles [17,18,20].
Of the many possible applications, we discuss two
specific instances in this section: the discrete Fourier
transform (DFT) and the implementation of non-native
Hamiltonians.

A. Discrete Fourier transformation

Accessing momentum-space observables is paramount
for characterizing a wide range of quantum many-body
phenomena, from probing band structure and spectral
functions to identifying quantum phase transitions and
pairing correlations [36-39].

The established procedure for probing optical lattice
systems in momentum space is time-of-flight imaging, for
which lattices are switched off suddenly and particles are

detected in free space or in a pinning lattice after ballistic
propagation, revealing momentum space densities and
correlations [38,39]. The time-of-flight operation itself
is incoherent, in the sense that performing the inverse
operation is impractical and particles are usually not in a
lowest-band lattice mode after expansion [38].

In contrast, we now consider the unitary discrete
Fourier transform in an optical lattice. The DFT acts only
within the lowest band of an optical lattice and preserves
coherences between motional states. Its important features
include: (1) Its fully coherent nature, allowing for coherent
evolution between position and momentum space and
vice-versa; (2) Its use as a subroutine for quantum algo-
rithms, for example collective measurements on multiple
system copies [12,13,24]; (3) The mapping of N discrete
lattice momentum modes to N spatial modes, enabling
single-shot readout of lattice momentum in quantum gas
microscopes. Approximate schemes for a lattice DFT have
been proposed [40], but we are not aware of other exact
lattice implementations.

The matrix elements of a DFT can be written in the
following way:

1 &
DFT = — ¥ k) (], Q)
\/Nj.kzo

where @ = ¢**/N is a primitive Nth root of unity [41]. In
all discussions and figures, this matrix is additionally
shifted, so that the zero-momentum component is cen-
tered, analogous to the fftshift, which moves the zero-
frequency component from the array edge to the center.

Figure 3(b) shows the phase and the transmission
probability (¢ and T = cos?(0)) for the T,,,(0,¢) of
the decomposed DFTs for two system sizes. A pattern
emerges for 7T resulting from the reflection at the bounda-
ries of the array.

043021-4



CONSTRUCTING ARBITRARY COHERENT REARRANGEMENTS... PRX QUANTUM 7, 043021 (2026)

4
@ A (b) L1 leeel | | (d) ~>— L
\VAVAVAVAVAVAVAVAV/ YAl d I
Honn = ,,,L,,,Z(elnaﬁh‘c.) Vv — W) d ><€k| - &
" AT _iHT — edge — me
e nA e - R
—_— — . T R TN FEN )
Ll eee 11 ~ cigenstate index
- V 10 == ()" envelope '
2 : "
b N sublattice A
. I 1 Tesel 1T 1 i | blattice B
—iHuynn7/h : ol sublattice g
@ < =
© R .
A A A~ A 2 =
T, g 02 N -
. Hnat comp Hna,t complcXyy s e
ITT e 1T > 02
H 2 4 6 8 10 12 14 16 18 20 10 —05 0.0 05 1.0
/AT times Poition  (ites) Re q(k)

FIG. 4. Simulating non-native Hamiltonians and preparing their eigenstates. (a) Direct synthesis of a non-native propagator,
illustrated for a Hamiltonian with next-nearest-neighbor (NNN) hopping, with ¢,,,/t,, = 2. The propagator up to any fixed evolution
time 7 (dashed box) is compiled into a single gate sequence et/ of depth N. (b) Propagation via the compiled eigenbasis. The
evolution time enters only through the phase layer, so propagation to arbitrary times has a fixed circuit depth. (c) Non-native terms
I:Icomp realized by the compiled circuits are interleaved with the native lattice evolution H,, in a Trotter sequence of 7/Az steps.
(d) Eigenstate preparation for the SSH model in the topological phase (¢; < t,). Applying the compiled eigenbasis rotation to a single
localized atom VSSH lex) = \y/edge) deterministically prepares the zero-energy edge mode. The prepared amplitudes y, are supported on
sublattice A (red) with vanishing weight on sublattice B and follow the expected (#,/1,)" envelope (dashed line). Insets: the measured
energy of the prepared state lies at zero, in the center of the single-particle gap, and the trajectory of ¢ (k) encircles the origin once,
corresponding to the bulk winding number w = 1 of the topological phase.

The discrete Fourier transform implemented coherently
in the lattice offers a plethora of new experimental
capabilities. Its unitary nature can, for example, be used for
the manipulation of specific momentum states by mapping
from position space to momentum space, performing a
local operation, and mapping back to position space. For
fermionic many-body systems, where entropy in thermal
states is concentrated in specific regions of the Brillouin
zone, a single application of the DFT also localizes entropy
spatially, which may enable novel cooling methods based
on removing the most entropic momentum states from a
system.

Beyond the standard DFT, the decomposition frame-
work can naturally be extended to implement the discrete
fractional Fourier transformation (FrFT), a unitary defi-
nition of which is provided in Ref. [42]. The FrFT
generalizes the Fourier transform as a rotation in phase
space that can prepare and measure states in a continuous
set of complementary bases interpolating between position
and momentum space.

The one-dimensional DFT can be straightforwardly
extended to two (or higher) dimensions by exploiting
its separability. In two dimensions, this allows one to
first apply a one-dimensional DFT simultaneously to all
columns, followed by a one-dimensional DFT applied
to all rows. Each of these one-dimensional DFTs has
depth O(L), resulting in a total circuit depth of O(v/N),
where we adopt the notation N = L x L with L denoting
the lattice size. We will retain this notation in the
two-dimensional analysis, using N to represent the total
number of modes.

B. Simulating non-native Hamiltonians and preparing
their eigenstates

Further applications of our decomposition framework
include the simulation of Hamiltonians with non-native
unitary dynamics (z) = exp (—iHz/h). Since the decom-
position compiles any N-dimensional single-particle uni-
tary, both the propagator I (7) itself and the eigenbasis
transformation of the target Hamiltonian are accessible as
gate sequences. This enables a broad range of operations,
of which we highlight four in Fig. 4.

1. Direct synthesis

The most immediate mode of operation is to compile the
full propagator Z;l(r) for a fixed evolution time 7 into a
single gate sequence of depth N. We consider a Hubbard
model beyond the tight-binding limit, incorporating next-
nearest-neighbor (NNN) hopping with ¢,,,/t,, = 2 [see
Fig. 4(a)]. NNN hopping is widely considered a necessary
ingredient for stabilizing d-wave superconductivity [43].

2. Propagation via the eigenbasis

Following a scheme demonstrated for photonic
simulators of quantum field dynamics [44], the time
evolution can be generated by a rotation into the eigen-
basis of the target Hamiltonian. For a single-particle
Hamiltonian written in terms of its eigenbasis transforma-
tion V, H = VAV" with A = diag(E,) the single-particle
eigenenergies, the time evolution allows an efficient
implementation,
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—zHr/h Ve—tAr/th (6)

As shown in Fig. 4(b), the propagator factorizes into three
layers: the compiled rotation V' into the eigenbasis, a dia-
gonal phase imprint e~A/h | realized as local Z(—Et/h)
gates; and the compiled rotation V back. The evolution time
7 enters only through the phase-imprint layer, so propaga-
tion to arbitrary times has a fixed circuit depth.

3. Interleaving with native evolution

To access Hamiltonians that combine non-native single-
particle terms with the system’s native processes, the
compiled gate sequences can be interleaved with the
native evolution of the lattice in a Trotter expansion, as
sketched in F1g 4(c). Sphttlng the target Hamiltonian as
H= Hnat + Hcomp, where Hnat is generated directly by the
hardware and Hcomp is the non-native part realized by our
scheme, the full evolution is approximated as

—ifz/h ~

e ( —lH"a[AT/h

iH eompAt/h )T/ Az (7)

4. Eigenstate preparation

The compiled eigenbasis rotation serves a second
purpose beyond dynamics. Applied to an atom localized
on a single site, V deterministically maps the posi-
tion eigenstate onto the kth eigenstate of the target
Hamiltonian, V|e,) = |y,). Any single-particle eigenstate
is thus prepared in a single circuit of depth N, without
adiabatic ramps and independent of the initial state’s
overlap with the target. As a paradigmatic example, we

consider the SSH model, Hggy = — >, 1,¢h¢ns1 + Hec.
with alternating hopping amplitudes ¢, € {#;,7,}. The
dimerized hopping pattern is native to the superlattice
architecture, and its topological edge states have been
prepared via adiabatic ramps and quench protocols [45].
Our scheme realizes these edge states at a fixed circuit
depth by compiling the SSH eigenbasis Vgy, and applying
it to a single localized atom, the zero-energy edge mode is
prepared exactly [Fig. 4(d)].

These examples are illustrative rather than exhaustive.
Any Hamiltonian whose single-particle sector is known is
accessible through either its propagator or its eigenbasis,
without hardware modifications. Combined with the inter-
actions native to the lattice, these operations broaden the
class of models accessible to hybrid and fully digital
quantum simulators.

IV. ATOM REARRANGEMENT

A key ingredient of the recent successes of quantum
information science with neutral atoms is the ability to
dynamically reconfigure atoms in optical trap arrays [25].
This capability enables the deterministic assembly of

atomic registers from stochastically loaded arrays as a
starting point for quantum many-body physics or quantum
computation [46—49]. In this context, a specific initial
configuration is converted into a target configuration,
although it is immaterial which atom is moved to a
specific target site, granting some freedom in the design
of the best routing path. A more challenging situation
arises for coherent mid-circuit rearrangement, as has been
used for logical gates in zoned computing architectures
[50]. Here, atoms have to be moved from specific initial to
specific target sites while maintaining possible entangle-
ment to static atoms in order to enable the desired
computational connectivity. In all cases, rearrangement
operations typically move individual or blocks of atoms
in mobile tweezers and are carried out serially [25].
Parallelized, constant-time protocols have recently been
demonstrated for short-range atom rearrangement [51].

The scheme we outline here can be used to perform
atom rearrangement using coherent ground band dynamics
in optical lattices instead. As we demonstrate below, this
gives rise to an appealing alternative paradigm for paral-
lelized two-dimensional atom reconfiguration, where the
total depth of the rearrangement circuit is sublinear in the
number of atoms to be transported.

The principal ingredient of the coherent rearrangement
method is shown in Fig. 5(a). For specific phase angles, the
beam splitter unitary from Eq. (4) realizes transport
primitives in each double-well—the identity I for {6, ¢} =
{0,0} and the SWAP for {6.¢} = {3 . x}. These circuits
can be combined to form SWAP networks to rearrange
atoms in one dimension, as is routinely done in quantum
computing architectures with local connectivity [52,53].

Owing to the parallel implementation of I and SWAP gates
in optical superlattices, a brick-wall circuit of depth N can
perform arbitrary, one-dimensional, parallel rearrange-
ment of atoms in N modes.

Extending the parallel lattice swap network to two
dimensions enables the implementation of arbitrary
permutation matrices on an L x L lattice. However,
avoiding configurations where two atoms simultaneously
occupy the same lattice site requires careful scheduling
of the individual moves. To this end, we introduce the
“Horizontal-Vertical-Horizontal” (HVH) scheme shown in
Fig. 5(b) which decomposes the 2D problem into three
sequential 1D permutations: a conflict-resolving horizon-
tal pass, a vertical sorting pass, and a final horizontal
placement. In the first horizontal permutation, atoms in
each row are moved from their starting positions (7, cg) to
intermediate positions (rg, c;) chosen such that the sub-
sequent vertical permutation is conflict-free, i.e., no two
atoms in the same column are routed to the same target
row. To achieve this, the available columns are extended
from the original L columns to L. = L + Ly In the
vertical permutation, all atoms are then shifted to their
respective target rows rp. Finally, during the second
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(a) 1D Permutation Network

FIG. 5.

(b) HVH Scheme on 2D Lattice

(c) Buffer Size for Different Lattice Sizes

Buffer Size Liufer

10 20 30 40
Lattice Size L

~—~r JH_J
L Lbuffer

Atom rearrangement in 1D and 2D. (a) A 1D permutation is decomposed into a network of two-site gates that either swap

modes (red) or apply the Identity (gray). A SWAP gate is realized by setting {6, ¢} = 3—2” , 7} while the identity I is realized through
{0, ¢} = {0,0} in Eq. (4). (b) The “Horizontal-Vertical-Horizontal” (HVH) scheme is used for conflict-free 2D atom rearrangement.
The three steps are: (1) a horizontal sort moves atoms into a temporary buffer region (orange); (2) a vertical sort places atoms in their
correct target rows; and (3) a final horizontal placement moves them into the desired target columns. (c) Distribution of the buffer size
Lyusier required for a conflict-free rearrangement of an L x L fully filled lattice, over 100,000 random targets. The color gives the
relative frequency of each outcome, normalized within each column. The worst case of L — 1 occurs for only a vanishing fraction of

configurations.

horizontal permutation, atoms are placed in their target
columns, reaching their final positions (rz, cr).

This approach guarantees conflict-free routing for arbi-
trary permutations in two dimensions, provided enough
buffer columns are available. The worst-case scenario
requires L — 1 buffer columns. This makes the total width
L. at worst 2L — 1. We explore the typical buffer size
required by simulating random all-to-all permutations on
an L x L array. Figure 5(c) shows how often each buffer
width is required for conflict-free rearrangement at differ-
ent lattice sizes L x L, demonstrating that typically
required buffer sizes are much smaller than the maximum
of L — 1 auxiliary columns. The latter is needed exponen-
tially rarely, even for a fully filled lattice. The plot was
generated by implementing a greedy algorithm for deter-
mining the movements of the atoms.

The HVH scheme thus decomposes the rearrangement
of L? modes into two sequential horizontal permutations of
depth O(2L) and a vertical permutation of depth O(L),
resulting in a total circuit depth of O(5L) for the two-
dimensional reconfiguration. This corresponds to a sub-
linear scaling in the total system size N = L?, namely

O(v/N). Compared to the serial rearrangement typically
employed in tweezer arrays, which takes at least O(N)
moves [50,54,55], the HVH approach is markedly more
efficient.

We note that for specific instances of the rearrangement
problem, more efficient circuits than the HVH scheme are

possible. In the most general case of N distinguishable
particles, N! rearrangements are possible. Therefore,
the number of gates required scales as O(log,(N!)) ~
O(Nlog,(N)) using Stirling’s approximation. The HVH
scheme, on the other hand, requires O(3N+/N) gates.

The coherent rearrangement scheme allows any atom to
be moved to any site on demand, enabling all-to-all connec-
tivity in optical lattice systems. Such dynamic reconfigur-
ability is essential for a wide range of advanced quantum
protocols, from implementing non-native couplings in quan-
tum annealing [56] to generating large-scale cluster states
for measurement-based quantum computing [57]. It also
represents a critical capability for fault-tolerant architec-
tures, where qubits must be dynamically rearranged for
logical gate operations and error correction [50].

Our approach differs from rearrangement by physical
transport in moving tweezers in its dominant error channel.
The latter places atoms at the correct target site with
high fidelity, but often introduces motional excitations to
higher bands, requiring additional cooling after transport
[25,47,48,50]. In contrast, the coherent rearrangement
protocol involves only lowest-band dynamics. Phase errors
may cause atoms to occupy incorrect sites (see next section
for a detailed error analysis), but they remain in the ground
band. This error channel can be advantageous for archi-
tectures relying on collisional interactions.

Compared to tweezer-based atomic rearrangement, for
which atom spacings are typically several pm [25,50],
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FIG. 6. Error analysis for DFT matrix. Performance under two primary noise channels: random multiplicative noise on local gate
angles and correlated crosstalk errors from addressing beams. The infidelity, defined as 1 — F where F = | (Wigeal[Wnoisy) | is the state
fidelity per mode, is used as the error metric. (a) Top: Intensity fluctuations in the addressing beams result in random multiplicative
phase noise on the local Z gates. Bottom: A crosstalk error occurs when an addressing beam on A affects the neighboring sites B which

results in a slight tilt of the neighboring double-well. This effectively introduces a Z(e6,) = diag(e’*’+, 1) gate on the neighboring sites
B where ¢ is the crosstalk strength. (b) Infidelity as a function of multiplicative noise strength ¢ for various system sizes N. Each point
is the average over 100 random input states and 100 noise instances. Dotted lines are guides for the eye connecting the data points.
(c) Infidelity versus system size N for a fixed noise strength of ¢ = 1073. The solid line represents a linear fit to the data, demonstrating
that the infidelity scales linearly with N. (d) Infidelity versus noise strength ¢ in the presence of crosstalk error ¢ (for N = 20). For large
crosstalk (¢ > 5 x 10™*), a fidelity floor appears, limiting performance regardless of the intrinsic noise ¢. Dotted lines are guides for the

eye. Error bars denote the standard deviation.

the coherent rearrangement in tunnel-coupled lattices
can support much higher densities of order one particle
per pm?. This provides interesting perspectives for neutral
atom quantum computing architectures, for which it is
desirable to place many atomic qubits in the field of
view of a high-NA objective [49]. High-density coherent
rearrangement can significantly enhance the number of
atoms that can be stored in a given register area. One can
also readily imagine hybrid tweezer-lattice architectures,
where mobile tweezers transport atoms over large dis-
tances between landing zones, around which atoms are
rearranged block-wise in high-density lattice arrays via the
coherent rearrangement presented here. Similar consider-
ations apply to the atom-by-atom assembly of Hubbard
systems in optical lattices, where one of the central
technical challenges is the placement of atoms in lattices
at sub-pm scales [47,48].

V. ERROR ANALYSIS

The realization of programmable global unitaries
depends on the precision of the global tunneling X and
local phase shift V4 gates. Below we numerically inves-
tigate the precision required on individual gates to realize
relevant applications.

The tunneling operations X can be realized by global
control of superlattice parameters, which can result in
very high stabilities and accuracies of the desired gates
[21,23,30]. The local phase shifting Z is much more
delicate, as it relies on high-resolution optics and precise
alignment between addressing beams and optical lattices.
Moreover, the dominant imperfection of the X pulse in
typical experiments is a residual detuning of the double

well rather than an error in the pulse area [30]. Such a
detuning is generated by the same operator > ; A;#i; as the
intentional Z gate, so to leading order it enters the circuit as
an additional phase error and is already captured by the Z
error model. We therefore assume the X gates to be error-
free and ascribe all imperfections to the phase angles
imprinted by the local 7 gates.

We investigate three primary error channels: random
multiplicative noise, correlated crosstalk affecting neigh-
boring modes, and residual interactions.

For benchmarking the algorithm’s robustness, the target
is to understand the noise levels permissible to achieve a
high fidelity. For concreteness, we target an infidelity
1—F <1073, where F = |[(WigealWnoisy)|* 18 the state
fidelity per mode.

A. Random noise

We first model imperfections in gate calibration as a
multiplicative error on the target rotation angle 6,. The
actually implemented angle 6 is given by

0 = 90(1 + 5),

where 0 is a random variable drawn from the Gaussian
distribution with standard deviation ¢ (6 € N'(0, 6%)) for
each application of the gate. This type of error corresponds
to pointing fluctuations between the optical lattice and
addressing optics or to power fluctuations in the address-
ing beams.

Figure 6(b) shows the infidelity for implementing a DFT
under this noise model. The infidelity has a power-law
behavior, as seen in Figs. 6(b)—6(d), and can be fitted using
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FIG. 7. Error analysis for atom rearrangement. (a) The fidelity
was averaged over 50 random permutation matrices, each tested
with 50 random initial states and 50 noise instances. (b) The
fidelity decreases linearly with system size. A linear fit was
applied.

1 — F = CN*e?. €))

From Fig. 6(c), a linear behavior with N can be
seen, therefore, k = 1. For the DFT, b was found to be
b =1.998 £0.010 and C =2.16 £ 0.15. This quadratic
dependence on ¢ arises because for an arbitrary angle 6,
the error term in the unitary exp(i6(1 + §)) is first-order in
6, which leads to a second-order contribution to the state
fidelity.

For atom rearrangement protocols we see the same quad-
ratic noise scaling of the infidelity (b = 1.996 £ 0.009) and
an error coefficient of C = 4.3 £+ 0.3 (see Fig. 7).

B. Correlated errors

A second major error source is optical crosstalk, where
addressing a target site unintentionally affects its neighbors.
Errors of this type occur if the intensity of the addressing
beam is not fully localized to a single lattice site.

We model this crosstalk by assuming that a Z(6,) gate,
intended for site A, simultaneously induces an unwanted
rotation Z(e6,) on each neighboring site B [Fig. 6(a)].
Here, ¢ is the dimensionless crosstalk strength. Conse-
quently, the total rotation experienced by site B is a

combination of its own noisy gate and the leakage from A.

To simulate this error, we introduce a new gate %(9) =
diag(e', 1). This gate only acts on the site B. The resulting
operation on site B is given by

Ztina (0p) = Z(SGAI +€0,,). )

where 6, , is the angle of the 7 gate on the two neigh-

boring sites A; and A,. The model retains only nearest-
neighbor crosstalk, as the addressing intensity at the
next-nearest site is much smaller than at the nearest one.

Figure 6(d) investigates the impact of this correlated
crosstalk error on the fidelity by implementing a DFT for a
system size of N = 20. From the diagram, it is clear that &
has to be smaller than 1 x 1073 to reach a fidelity of
1 — F < 1073, For larger system sizes, the crosstalk error
will have to decrease to even smaller values. Achieving
such low crosstalk is one of the major experimental
challenges of our scheme.

C. Residual interactions

The decomposition presented in this paper rests on the
correspondence between superlattice dynamics and linear
optics. Residual on-site interactions present during the gate
pulses perturb this picture. Residual interactions enter
through a single term of the Hubbard Hamiltonian,

Ui D = %SV | 71;(7; — 1) which is quartic in the mode
operators and thus breaks the linear-optics analogy. It
vanishes identically for a single particle and for spinless
fermions and contributes only when two or more atoms
transiently share a well.

We evaluate this channel exactly, by evolving the full
pulse sequence in the fixed-particle-number Fock space
with an interaction term U, D included during the X and Z
gates and comparing the output to the U, = 0 evolution of
the same circuit. Figure 8 shows the resulting infidelity for
a DFT with N = 10 and n = 10. A power-law fit 1 — F =
A(Ujp/1)? yields b = 1.992 +0.004 and A = 515 & 14.

The quadratic exponent has a simple origin. To leading
order in U;, the interacting evolution factorizes as
lyy) = Uy exp(—iUpm@) ), with U, the ideal propaga-
tor and

A 1 Tot _ & A
o= / Ul (@) DUy (') (10)
0

the interaction-picture doublon phase accumulated
along the ideal trajectory. A uniform phase is global and

leaves the fidelity unchanged, so the mean (®) cancels and

the dephasing is set by the variance of ® across the many-
body trajectory,
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FIG. 8. Error analysis for residual atom interaction. Infidelity
of a DFT as a function of the residual on-site interaction strength
U;,/t. The output state is obtained by exact evolution of the
full pulse sequence including interactions. The reference is the
Ui« = 0 evolution of the same circuit. Markers show the result
for an N = 10 site array with n = 10 bosons with error bars
marking the standard deviation. The dashed line is the first-order
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The variance estimate reproduces the exact points across
the plotted range (dashed line in Fig. 8). As ® is defined
through the ideal propagator U, it is evaluated for any
given problem instance directly from the non-interacting
dynamics. The residual-interaction error therefore always
scales as (Ujy,/t)* with only the prefactor depending on
the target unitary. This allows the error to be estimated in
regimes where exact evolution is numerically intractable.

Maintaining an infidelity 1 — F < 10~3 for a DFT on
N = 10 modes with n = 10 bosons therefore requires a
residual interaction Uy, /t < 1.36 x 1073, Such values are
within experimental reach by tuning the scattering length
toward a zero crossing via a Feshbach resonance, or by
working at reduced filling. We note that, in contrast to
higher-band heating in tweezer transport, this error chan-
nel preserves the lowest-band character of the dynamics:
interactions redistribute population among lattice sites but
do not couple to higher bands, so the failure mode is a
coherent misrouting rather than incoherent loss.

VI. EXPERIMENTAL IMPLEMENTATION

Implementing the scheme imposes two competing
requirements on the lattice. Tunneling must be fast enough
for a circuit of depth N to fit within the motional coherence
time, while the lattice spacing must be large enough to
allow site-resolved local Z gates. At fixed dimensionless
lattice depth V,/Eg, the tunneling amplitude is a fixed
fraction of the recoil energy Ex = h*/8ma’. The duration
of a global X(z/2) pulse therefore scales as

Ty = — X — x ma-, (12)

such that both a large atomic mass and a large lattice
spacing reduce the gate speed. Site-resolved addressing,
by contrast, favors a lattice spacing comparable to the
addressing wavelength A,44.. A light atomic species in a
wide-period lattice provides a natural compromise, which
can, for example, be realized using shallow-angle super-
lattices, whose period is set by the intersection angle of the
interfering beams rather than directly by the wavelength.
Such lattices can, for example, realize spacings of order
1 pm, which for °Li correspond to recoil energies of
several kilohertz [23].

Within such a lattice, the lattice depth serves as a
dynamical knob that spans three orders of magnitude in
tunneling, thereby providing a natural separation between
the two native operations. At V = 50 E the tunneling is
effectively frozen, t/h < 1 Hz, and the phase acquired
from residual tunneling during a phase pulse is of order
10~ rad. The local Z gates are applied in this regime,
where a potential shift can neither detune nor reshape
a tunneling pulse, allowing the two gate types to be
calibrated independently. Lowering the short lattice to a
few recoil energies sets the intra-dimer tunneling to a
typical value of several hundred Hz [23]. Importantly,
Eq. (12) does not impose a hard limit on the tunneling rate:
it applies to evolution confined to the lowest band, whereas
pulse shaping that permits transient occupation of higher
bands can realize the same transfer faster [5S8-60]. By
comparison, the phase layers are considerably faster.
With #; the phase imprinted on site i, their duration 7, =
hmax;|n;|/An. decreases with increasing available site
offset A, and large offsets are in principle accessible:
the relevant upper bound is set not by the available
addressing intensity, but by the band gap, of order 10 Ej
at Vy =50 Eg, beyond which the shifted site becomes
resonant with the first excited band of its neighbor.
Offsets an order of magnitude below this limit,
Aax/h ~ 10kHz, already give 7, = 50 ps < 7y, leaving
the overall sequence duration dominated by tunneling. A
circuit of depth N then takes N(2zy + 27,), about 6 ms for
the N = 10 Fourier transform analyzed above, compared
with demonstrated decoherence times of tens of milli-
seconds [23]. Reaching larger N therefore requires extend-
ing the motional coherence time rather than introducing
new capabilities.

The local Z gate must be both spatially selective and
phase accurate. Reaching 1 — F < 1072 requires a cross-
talk € < 1073 (Sec. V B). Evaluating the light shift on the
neighboring Wannier function for diffraction-limited
addressing beams, we find £ < 1073 for site separations
beyond 3 7y, With 7ajy = 0.61 A444/NA. This condition
can be met by judicious choice of optical system param-
eters, for instance with lithium atoms in a lattice with
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a =1 pm, an addressing wavelength 4,4, near the
28 — 3P transition of lithium at 323 nm, and a standard
NA = 0.6. The phases themselves must be accurate at the
1073 level identified in Sec. VA. Global phase errors
arising from fluctuations of the superlattice phase are
negligible for demonstrated instabilities at the level of a
few mrad [23]. Local phase errors are set by the intensity
and pointing stability of the addressing beam, which must
therefore be stabilized at the 1072 level.

Beyond gate speed and precision, the main limitation
to scaling is static rather than dynamic: lattice-beam
curvature causes the tunneling at the edge of a large array
to differ from that at its center, and the system sizes
considered here already require beam waists spanning
several hundred sites. Without scaling to such large lattice
beams, coherent and static inhomogeneities from the
lattice envelope can be compensated algorithmically: once
the tunneling amplitudes and site offsets are characterized,
pulse engineering and numerical optimal control can
compensate for the resulting amplitude and detuning errors
through calibrated control sequences [61,62].

VII. DISCUSSION

In this work, we present a framework for decomposing
arbitrary N-dimensional single-particle motional unitaries
into native local gates for quantum simulators based on
optical superlattices. By translating techniques from multi-
port interferometry, our method provides a practical and
efficient path to programming atomic dynamics in optical
lattices. We show that this framework can realize essential
1D primitives such as the discrete Fourier transform and
all-to-all atom rearrangement. Extending these ideas to
two-dimensional systems with auxiliary sites, we propose
a highly favorable rearrangement protocol with O(v/N)
circuit depth that quadratically outperforms naive serial
approaches. Our error analysis establishes practical per-
formance thresholds for experiments based on globally
controlled tunneling and locally controlled potential bias.

We emphasize that the scheme derives from linear
optics and applies to non-interacting particles, or to the
regime where residual interactions are weak enough to act
as a collisional phase error, which we bound in Sec. V C.
Stronger interactions break the analogy and require a full
many-body description.

Our approach describes the unitary transformation of a
set of single-particle modes that remain orthogonal
throughout their evolution [5,6]. These transformations
are independent of the nature of the particles occupying
the modes. In particular, the scheme is not affected by
Pauli blocking and applies to bosons and fermions. The
statistics of the underlying particles only play a role in the
number correlations observed at the output, in close
analogy to optical many-body interferometers and boson
sampling [63].

The correspondence between lattice dynamics and
interferometers may be further expanded upon by using
even more compact gate fabrics [64,65] or by decompos-
ing atomic dynamics into building blocks of larger size
[66,67]. Looking ahead, our framework opens the door for
the programmable many-body interference of bosonic and
fermionic ultracold atoms [47,68]. It further provides a
direct path toward momentum-space microscopy, where
unitary transformation between momentum and position
space enables the manipulation and readout of individual
momentum modes. The scheme also enables probes of
long-range coherence and pairing correlations [15,16], for
example in fermionic gases with momentum-space pairing
signatures [39]. Finally, the ability to implement tailored
unitary maps allows for the simulation of non-local
Hamiltonians and quantum walks on arbitrary graphs [69].
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APPENDIX A: DERIVATION OF THE
ZX7ZX ANGLES

We construct the two-mode transformation
—sin@
cos @

from two identical tunneling pulses and two local phase
gates. The native gates are the X-rotation and the local
phase gate

(AD)

e cos 6
Tum(0.4) = ( e'?sin @
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&« [ cosy —ising 5 (10
X(a) = (—isin% cos$ >’ Z(n) = <O e”’)'
(A2)

We seek the four-gate sequence X (%)Z (20X (%)Z (¢,
i.e. two equal 5 pulses interleaved with phase gates of angle
26 and ¢’ to be determined.

We first evaluate the inner three gates.

AT\ e (F\ _ . [ sind
(2) s (2) =i (0

The two equal pulses thus produce a real reflection (up
to the scalar —i '), not a rotation; the rotation character
of Eq. (Al) must therefore be supplied by the trailing
phase gate. Multiplying Eq. (A3) on the right by Z(¢'),

cosd
—sin@

). (A3)

N2 AWN (T A . o[ sin® e? cos®

X(Z)ZNX (= |Z(¢)) = —ie®? 7 )

<2> (29) <2> (¢) = —ie (cos&’ —el? sin9’>
(A4)

We now match Eq. (A4) to the target Eq. (A1). Matching
the (1, 1) entries gives

sin@ = cosd = ¢ :g—e. (AS)
Substituting 8" =5 — 6, Eq. (A4) becomes
. g [ cosO e sin @
Le ( sind —e? cos 9>' (A5)

For this to equal Eq. (A1), the ratio of corresponding
entries must be a single common phase. From the first
column this ratio is e’?/(—ie”"), while from the second
column it is —1/(—i e? e®"). Equating the two gives

) = 1 = ¢ =71 — ¢. (A7)

Collecting the results yields

Tym(0,0) = PO X (g) Z(z —20)X G) Z(zm — ).
(AB)

APPENDIX B: ABSORPTION OF PHASE
IN DIAGONAL MATRIX

The phase factors of the form e/(»*?) occurring in the
Z,X, decomposition can be moved through the gate
sequence by permutation and be absorbed in an overall
diagonal phase shift D. To see this, consider a unitary
matrix U decomposed into T, ,, building blocks, e.g. for
dim(U) = 4:

U=D -T\,T,3T)T12T>37T;. (B1)

Each of these T, ,, can be decomposed into T, ,, =
S % P where S € SU(2) and P = diag(e®, e'#). Therefore,
we have

U=D"(S1,P12)(523P23)(S01P0.1)(S12P12)

X (823P23)(S0.1Po.1)- (B2)

For each S, ,,P,,, we can find S}, and P, , such
that S, ,,Pnm = PpmShm- Therefore, we can rewrite
Eq. (B2) as

U=D-(S12P12)(523P23)(S0.1P0.1)(S12P12Pp 1)
X (823P23)(Sp 1) (B3)

since P{,, commutes with S, 3P, 3. We can now combine
PP into Py ,. Now we repeat this and find Pj, ,S ,
etc. until we end up at

U=D- P0.1,2,3S/1,2S/2,3 ) "56,1 =D Sll,zslzs ) "56,1-
(B4)

APPENDIX C: RESIDUAL INTERACTIONS

Throughout the sequence the atoms evolve under
H(z) = Hy(z) + UD, with H| the ideal generator of the
compiled circuit and D =137, 7;(7; — 1). H, alternates
between the local offsets ), A;71; of a phase-imprint stage
and the hopping term K , of a global X(z/2) pulse on
dimer parity p.

1. Exact evaluation

The target matrix is decomposed fully into the Z,X,
blocks of Eq. (4) and propagated layer by layer in the
particle-number-conserving Fock space of n bosons on N
sites. In a phase-imprint stage, site i is held at a local offset
A; and thereby acquires the phase n; = —A;7,/h. All sites
of a layer are addressed in parallel and therefore share a
single duration, which we fix by assigning the largest
required phase the maximum offset A, available to the
addressing beams |A;| = %' < Apax- Both 37, Aty and D
are diagonal in the occupation basis, so they commute and
the propagator is evaluated in closed form. In a tunneling
stage [K,.D] # 0, and exp[—i (K, + UD)tx] is applied
directly to the state vector without Trotter splitting,
using scipy.sparse.linalg.expm multiply.
The layer-by-layer propagation yields |y ).

2. Perturbative estimate
Writing |y(7)) = Uy(7)|w; (7)) with U, the ideal propa-
gator gives ihd.|y;) = UU,DUy|y,). The first Magnus
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term then yields

lyy) = uO(Ttot)eiiU&)|W0> + O(U?).

Since U, is common to both states it cancels from the

(CDH

overlap, leaving F = [(e7U®)[2 with () = (ol - [wo)-
Expanding, (e=V®) = (1-10%(®%)) —iU(®) + O(U?),
so that F = (1 —1U*(®%))? 4+ U*(®)? + O(U*) and

1 — F >~ U*Var(®). (C2)

The mean enters only through the imaginary part and
therefore only as a phase, which is the formal statement
that a uniform collisional phase is global and leaves the
fidelity unchanged; the error is set by the spread of ®
across the many-body trajectory.
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