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We present an end-to-end algorithmic pipeline where a noisy digital quantum computer is used to
approximate the value of the Jones polynomial at the fifth root of unity for any input link, i.e., a closed
braid. This problem is DQC1-complete for Markov-closed braids and BQP-complete for Plat-closed
braids, and we accommodate both versions of the problem. Even though it is widely believed that DQC1
is strictly contained in BQP, and so is “less quantum,” the resource requirements of classical algorithms
for the DQC1 version are at least as high as for the BQP version, and so we potentially gain “more advan-
tage” by focusing on Markov-closed braids in our exposition. We demonstrate our quantum algorithm on
Quantinuum’s H2-2 quantum computer and show the effect of problem-tailored error-mitigation tech-
niques. Further, leveraging that the Jones polynomial is a link invariant, we construct an efficiently
verifiable benchmark to characterize the effect of noise present in a given quantum processor. In parallel,
we develop and benchmark the state-of-the-art tensor-network-based classical algorithms for computing
the Jones polynomial. The reconfigurable tools provided in this work allow for precise resource esti-
mation to identify minimum link sizes for near-term quantum advantage in practice for a meaningful
quantum-native problem in knot theory, if a candidate set of links are provided.
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I. INTRODUCTION

Knot theory offers a wide range of computational prob-
lems that are notably difficult to solve. A paradigmatic
example is the evaluation of certain link invariants, quan-
tities that do not change for knots that are equivalent in the
topological sense. One such quantity is the Jones polyno-
mial, a Laurent polynomial with coefficients and powers
determined solely by the link topology. This means that if
two links have different Jones polynomials, then the links
are topologically inequivalent [1]. The exact evaluation of
the Jones polynomial is in general #P-hard [2], meaning
that both classical and quantum algorithms are believed to
be inefficient at this task.

We instead consider the problem of additively approxi-
mating the Jones polynomial, up to an exponentially large-
scale factor, at nonlattice roots of unity for a given link.
Specifically, the problem we study is defined in terms of
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braids, as any link can be formed by “closing” a braid.
Remarkably, braids have some unitary representations, and
there are two ways to close a braid. For the “Markov clo-
sure,” the problem reduces to estimating the weighted trace
of a unitary matrix, and is DQC1-complete [3]. For the
“Plat closure,” the problem reduces to estimating a quan-
tum amplitude, i.e., an element of a unitary matrix, and is
BQP-complete [4]. We illustrate these in the top and bot-
tom panels of Fig. 1(a). It is widely believed that problems
in these complexity classes cannot be efficiently solved by
a classical computer in the worst case. Thus, they are excel-
lent candidates for demonstrating a separation between
classical and quantum models of computation.

The DQC1-complete formulation of the problem can
be solved in the restricted model of quantum computation
called “one clean qubit.” There, a single qubit is initialized
in a pure state, while the remaining ones are in the maxi-
mally mixed state, and measurements are performed only
at the end of the computation [5]. In this work, we instead
use a universal gate-based digital quantum computer,
i.e., a BQP machine, and provide an end-to-end quantum
algorithm that can treat both DQC1 and BQP versions
of the problem. We choose the fifth root of unity as the
evaluation point of the Jones polynomial. This is a well-
studied case for which we can use the Fibonacci unitary
representation of braids [3,6]. Notably, it is approximately
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FIG. 1. (a) Markov closure M (B) and Plat closure P(B) of braid B, which we enclose in the blue box. Evaluating VM(B) to additive
error is DQC1-complete and evaluating VP(B) to additive error is BQP-complete. In general M (B) and P(B) are topologically inequiv-
alent. (b) Using slide moves, the Markov closure M (B) can be reduced to the Plat closure P(B′) of a braid B′ on twice the number of
strands and more crossings in general.

universal for quantum computation [7]. Given this unitary
representation of braids, we focus on estimating the desired
weighted trace or amplitude, employing the Hadamard
test as the key algorithmic primitive. Using its control-
free variant, and making use of echo verification [8] and
efficient compilation of braid unitaries, we minimize the
circuit depth and number of shots, and therefore, the time
to solution. We also employ methods for error detection
[9] and error mitigation [10] to increase the accuracy and
precision of the algorithm’s estimate at the cost of minimal
overhead in gates and shots.

Our highly optimized quantum algorithm can be used
to define a problem-tailored benchmark for noisy digital
quantum computers. The Jones polynomial, being a link
invariant, remains unchanged when the link changes in a
way that preserves its topology. Previous work leverages
this property to design benchmarks and to determine the
circuit sizes that a quantum processor can faithfully exe-
cute according to a given error budget and noise model.
Ref. [11] employs the BQP version of the problem and
chooses a lattice root of unity as the evaluation point for
which the problem is actually in P, witnessed by the result-
ing circuits being Clifford which are classically efficiently
simulable [12,13]. Ref. [14] uses the DQC1 version with
the fifth root of unity as the evaluation point, albeit with
a suboptimal compilation of the vanilla Hadamard test, to
define a benchmark that cannot be efficiently verified were
it to be scaled up. Our benchmark goes beyond previous
proposals as it works for both the DQC1 and BQP versions
and, importantly, is efficiently verifiable.

We begin by generating random braids whose Jones
polynomial upon closure can be evaluated classically
within a negligible amount of time. We then randomly

augment them to generate a set of topologically equiva-
lent links, each of which has the same Jones polynomial
as the original link. The corresponding circuits span vari-
ous widths and depths and are guaranteed to ideally return
the pre-computed answer up to efficient classical pre- and
postprocessing. The circuits can finally be executed on a
quantum computer of given specifications to characterize
the effect of noise and identify the largest instances within
our family of braids for which a desired accuracy can be
achieved.

Having established an efficiently verifiable benchmark,
we demonstrate how our pipeline can be used to estimate
resource requirements for quantum advantage, in terms
of time to solution and energy consumption. After fixing
the output precision and assuming a realistic noise model
for a near-term quantum computer of given specifications,
we identify braid sizes that can be successfully attacked
with our algorithm. We also quantify the classical compu-
tational resources necessary to compute the same quantity
within the same error. Our family of random braids might
neither be representative of the average case nor capture
the most difficult instances. Yet, if we assume that the
classically hard instances are at least as hard as our fam-
ily of braids, then the benchmark provides a conservative
estimate for where quantum advantage is possible.

Because the approximations of the Jones polynomial
we consider are complete for DQC1 and BQP, which are
classes widely believed to be classically hard, instances
likely exist which are classically hard to solve. The tools
provided in this work enable one to narrow down the focus
of the search for instances exhibiting a near-term quantum
computational advantage, specifically by lower bound-
ing their size. We envision that this practical approach
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inspires concrete quantification and identification of quan-
tum advantage for other quantum-native problems. We
hope our work stimulates new ideas toward quantum utility
in the field of computational topology.

II. EVALUATING THE JONES POLYNOMIAL ON
A NOISY DIGITAL QUANTUM COMPUTER

Any braid B can be composed from two generators, σ±1
i ,

shown in Fig. 2, by starting from the trivial braid on l
strands, which we denote as 1l. Any sequence of generators
is called a braid word. The Markov closure M (B) of a braid
B is obtained by connecting the endpoints on one side with
those on the other side and without adding any crossings.
The Plat closure P(B) is obtained by connecting neighbor-
ing pairs of strands with “cups and caps.” The two closures
are shown in Fig. 1(a). Note that any Markov-closed braid
can be deformed into a Plat-closed braid on twice the
strands, as shown in Fig. 1(b). In Fig. 3 we show some
examples of links represented as Markov-closed braids.

A. Problem definition

The DQC1-complete and BQP-complete problems of
approximating the Jones polynomials VM (B)(t) and VP(B)(t)
at t = ei(2π/5) of Markov-closed and Plat-closed braids B
respectively, are stated as:

Problem. APPROX-JONES-MARKOV: Given a braid
B on n − 1 strands and c = O(poly(n)) crossings, compute
R ∈ C such that |VM (B)(ei(2π/5))− R| ≤ εφn−2 with high
probability, where ε−1 = O(poly(n)).

Problem. APPROX-JONES-PLAT: Given a braid B on
n − 1 strands and c = O(poly(n)) crossings, compute R ∈
C such that |VP(B)(ei(2π/5))− R| ≤ εφ

(n/2)− 3
2 with high

probability, where ε−1 = O(poly(n)).

Here φ = 1+√
5

2 is the golden ratio. Note that the esti-
mates are given up to an additive error with an exponen-
tially large-scale factor of φO(n). This is factor is neces-
sary—in fact, [15, Theorem 1.2] shows that an additive
approximation without this scaling factor is #P-hard to
compute, and hence unlikely to be efficient for a quantum
computer. Such additive bounds with an exponential scale
factor are also common for similar quantum algorithms
for approximate counting [16, Definition 1]. However,
the completeness of these problems for DQC1 and BQP
respectively indicates that even this weak approximation

σi = σ−1
i =

i

i + 1

i

i + 1

FIG. 2. Braid generators σ±1
i , out of which any braid B is

composed.

B62 = (σ−1
1 )3σ2σ

−1
1 σ2

M(B01) = M(B31) =

M(B62) =

B31 = (σ1)3

B01 = 11

B63
2

= (σ1σ
−1
2 )3

M(B63
2
) =

FIG. 3. Examples of Markov-closed braids M (B) correspond-
ing to the unknot 01, the trefoil knot 31, the 63 knot, and the 63

2
link. Each example braid is enclosed in a blue box and we also
show its braid word.

of the Jones polynomial is likely to be hard for classical
computers.

For the chosen evaluation point, the Fibonacci unitary
representation of the braid generators, Uσi and U

σ−1
i

=
U†
σi = U∗

σi
, in the computational basis, is [6]:

〈101|Uσi |101〉 = φ−1ei 4π
5 〈111|Uσi |101〉 = φ− 1

2 ei 7π
5

〈101|Uσi |111〉 = φ− 1
2 ei 7π

5 〈111|Uσi |111〉 = −φ−1

〈110|Uσi |110〉 = ei 3π
5 〈011|Uσi |011〉 = ei 3π

5

〈010|Uσi |010〉 = e−i 4π
5

(1)

The submatrix defined by Eq. (1) is fully specified by uni-
tarity and acts on the subspace of 3-bit strings that do
not contain two consecutive zeros. Then, the braid-unitary
UB is obtained by composition of the 3-qubit gates U

σ±1
i

according to the braid word, such that a braid on (n − 1)
strands is represented as a quantum circuit on n qubits. As
shown by the examples in Fig. 4, strands lie in between
qubits such that Uσi acts on qubits i − 1, i, and i + 1.
Therefore, UB acts on a fn-dimensional subspace of the n-
qubit Hilbert space, where fn is the nth Fibonacci number
defined by the recurrence relation fn+2 = fn+1 + fn, f0 = 0,
f1 = 1, spanned by the Fibonacci basis states

Fn = {|s〉 = ⊗n−1
i=0 |si〉 | s0 = 0 ∧ si + si+1 > 0 ∀i}. (2)

In general, we call bit strings that contain no consecutive
zeros (of which Fn is a subset) Fibonacci strings.
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(a)

Uσ1 U†
σ1

Uσ2

UB = Uσ3

Uσ2

U†
σ1

(b)
RZ

RZ

Uσi
= U1q U1q U1q U1q RZ

θ1

θ0

θ2

α0, β0 α1, β1 α2, β2 α3, β3

χ2χ0

χ1

FIG. 4. Constructing quantum circuits for a braid using opti-
mized circuits for the braid generators. (a) Example of the 5-qubit
unitary for the 4-strand braid B = σ1σ2σ

−1
1 σ3σ2σ

−1
1 . The 3-qubit

gates Uσi , from which any such braid-unitary is composed, are
defined in Eq. (1). (b) Optimized circuit, composed of Z-phase
gates RZ(θ), native 1-qubit gates U1q(α,β) and native 2-qubit
(Ising) gates RZZ(χ) [17], implementing the 3-qubit gate Uk

σi
of

Eq. (1). See Appendix D 3 for the parameter values.

B. Quantum algorithms

Now we present the quantum algorithms that estimate
VM (B)(ei(2π/5)) and VP(B)(ei(2π/5)), respectively, for a given
braid B. It is possible to estimate VM (B)(ei(2π/5)) from the
weighted trace of UB as done by Shor and Jordan [3] in
the one clean qubit model. In our work, equipped with
a gate-based digital quantum computer, we simulate the
one clean qubit model using the Hadamard test, as sug-
gested by Aharonov, Jones, and Landau [4]. We express
the desired quantity as

VM (B)(ei 2π
5 ) = (−e−i 3π

5 )3wBφn−2
Es∼p(s)[〈s|UB|s〉], (3)

where wB =∑σ∈B sign(σ ) is the writhe of the braid
defined as the difference between positive and negative
crossings, and the basis states are sampled from the fol-
lowing probability distribution (see Appendix B):

p(s) =
{
φ

sn−1

φn−1 if |s〉 ∈ Fn

0 otherwise.
(4)

To estimate the quantity in Eq. (3), we adapt the control-
free echo-verification protocol cfev [8]. This protocol can
be understood as a control-free version of the Hadamard
test [18], which also combines elements of the SWAP test
[19,20] to reduce the variance of the vanilla Hadamard test

(a)

Vcat(s) V †
cat(s)

MZ

MZ

MZ

MZ

g

⊗|+〉
|0〉

|0〉
|0〉

(S†)b

UB
...

...

RZ(θB) H

g2

g1

z
r

(b)

...

Xs2

Xs3

Xsn−1

Vcat(s) =

FIG. 5. The control-free echo-verification Hadamard test. (a)
We employ cat states prepared by Vcat. We measure all qubits and
postprocess with a function g that returns two outputs g1 and g2.
Sampling this circuit multiple times allows us to estimate both
E[Re〈s|UB|s〉] for b = 0 and E[Im〈s|UB|s〉] for b = 1 using the
g1 output, up to additive error [see Fig. 4(a) for an example of
a braid-unitary UB]. The g2 output can be used to detect when
hardware errors have occurred. (b) Circuit preparing the n-qubit
cat state 1√

2
(|0〉⊗n + |s〉) = Vcat(s)(|+〉 ⊗ |0〉⊗n−1).

[4] (see Appendix A for further details). Given U, |ψ〉,
and an eigenstate |φ〉 of U, cfev allows one to estimate
〈ψ | U |ψ〉 by preparing the cat state |ψcat〉 = 1√

2
(|ψ〉 +

|φ〉). We adapt this to estimate Es∼p(s)[〈s| UB |s〉] by sam-
pling different |s〉 states for each measurement shot, rather
than keeping |s〉 fixed as in the original cfev protocol.

To determine an eigenstate of UB, since Shor and Jor-
dan’s method [3] does not prescribe the value of Uσi |x〉
for non-Fibonacci bitstrings x, we define that Uσi |000〉 =
eiα |000〉 for some angle α that will be fixed when com-
piling Uσi to a circuit. Therefore, we will have that
UB |0〉⊗n = eiθB |0〉⊗n with θB = wBα, and the cat state is
given by 1√

2
(|0〉⊗n + |s〉) = Vcat(s)(|+〉 ⊗ |0〉⊗n−1), where

Vcat(s) is the circuit illustrated in Fig. 5(b).
The full quantum algorithm runs as follows. First, we

sample a computational basis state |s〉 with probability p(s)
[Eq. (4)]. This can be done classically in linear time as
shown in Appendix B. Second, we execute the n-qubit cir-
cuit shown in Fig. 5(a). Third, we feed the measurement
outcome x1, x2, . . . , xn to a function g1 defined as: g1 = 1
if x2 = x3 = · · · = xn = 0, and g1 = 0 otherwise (function
g2 in Fig. 5(a) is discussed later). Finally, we compute
the random variable r = g1 · z ∈ {−1, 0, +1} where z =
(−1)x1 . As shown in Appendix A, r is a crude estima-
tor of the real or imaginary part of Es∼p(s)[〈s| UB |s〉]. By
repeating these steps N times and taking the average over
samples we obtain a Monte Carlo estimate of the desired

020355-4



END-TO-END QUANTUM ALGORITHMS. . . PRX QUANTUM 7, 020355 (2026)

quantity

VM (B)(ei 2π
5 ) = (−e−i 3π

5 )3wBφn−2 (R + ε) ,

where R = N−1
N∑

i=1

ri

and ε = εshot + εnoise.

(5)

The real and imaginary parts, Re(R) and Im(R), are
computed separately by running the above algorithm with-
out (b = 0) and with (b = 1) the phase gate S† in the circuit
of Fig. 5(a), respectively.

The above protocol can now be minimally tweaked
to compute VP(B)(ei(2π/5)). In this case, instead of sam-
pling s ∼ p(s), we always prepare the n-qubit state |s〉 =
|0101 · · · 10〉 and estimate (see Appendix E):

VP(B)(ei 2π
5 ) = (−e−i 3π

5 )3wBφ
n
2 − 3

2 〈s| UB |s〉
= (−e−i 3π

5 )3wBφ
n
2 − 3

2 (R + ε) . (6)

The approximation is characterized by two types of
errors: the Monte Carlo shot error εshot, which induces
variance due to a finite number of shots N , and the gate
noise error, εnoise, which induces a bias, which given
a quantum computer with certain specifications can be
determined.

To implement the circuit shown in Fig. 5 in practice,
we optimize the compilation of the 3-qubit matrix U

σ±1
i

of
Eq. (1) in terms of the native gate set of the underlying
hardware. We specifically aim to minimize the number of
2-qubit gates, as they incur the most errors in most quan-
tum processors. With Quantinuum systems in mind [17],
as they currently exhibit the highest fidelities, we choose
an ansatz composed of Z-phase gates RZ(θ), native 1-qubit
gates U1q(a, b) and entangling 2-qubit gates RZZ(χ) =
e−i(χ/2)Z⊗Z . We determined the parameters of the ansatz,
only requiring the desired action in the Fibonacci sub-
space, and that |000〉 is an eigenstate. The resulting circuit
is shown in Fig. 4(b), and contains only three 2-qubit
gates. We repeated this process for Uk

σi
with 2 ≤ k < 10,

and replace any consecutive runs of identical braid genera-
tors with these optimized circuits. Given another quantum
computing platform, this compilation is to be carried out
accordingly.

C. Error mitigation

To mitigate the impact of εnoise, we can exploit the fact
that UB only acts on a small fraction of the total Hilbert
space (that is, the Fibonacci subspace, and the state |0〉⊗n).
Recall that the algorithm consists of sampling a Fibonacci
string s = s1, s2, . . . , sn, running the circuit in Fig. 5(a), and
then measuring all the qubits to obtain x = x1, x2, . . . , xn.
We introduce a function g2 defined as: g2 = 1 if x2 = 0
and (xi ⊕ si)+ (xi+1 ⊕ si+1) > 0 for all i ≥ 3, and g2 =
0 otherwise. From the definition of Uσi , we have that

〈x| UB |y〉 = 0 whenever x ∈ Fn and y /∈ Fn or vice-versa.
Therefore, if g2 = 0, a hardware error must have occurred
and that sample can be discarded and not included in
the estimate R. This is similar to the method of “symme-
try constraint” error mitigation discussed in [10]. Under
reasonable noise assumptions our technique decreases the
bias and increases the variance (see Appendix C), poten-
tially reducing the overall error. We call this technique the
non-Fibonacci error detection.

Unfortunately, our algorithm is particularly sensitive to
coherent phase errors of the form e−iθZ/2 on the second
qubit of UB. This is because Uσ is diagonal in the first
qubit, and is also diagonal in its middle qubit if the first
qubit is in the |0〉 state. Since |ψcat〉 = 1√

2
(|s〉 + |0〉⊗n) and

s0 = 0, then |ψcat〉 has the first qubit always in the |0〉 state.
This implies that UB is always diagonal on the second
qubit, and hence any coherent phase errors on this qubit
will commute with UB and be combined into one large
phase error. Since this qubit acts as the control qubit of
the Hadamard test (via Vcat), a phase error of θ here cor-
responds to a rotation of the expectation value, so that we
estimate Reiθ ≈ Es[eiθ 〈s| UB |s〉] instead.

The relevant source of such errors on Quantinuum’s
trapped-ion platforms is memory errors, namely the cumu-
lative effect of errors that happen to qubits while idling.
To mitigate this, we can split the algorithm into two
phases—first, we estimate eiθR for braid B using cfev.
Then, we estimate eiθR∗ by running the algorithm for braid
B∗ by replacing each Uσ with Uσ−1 . From this, we can
calculate

R = ±|eiθR + eiθR∗|
2

± i
|eiθR − eiθR∗|

2
, (7)

to eliminate the phase error. We call this the conjugate
trick. Note that the variance of this estimate is half the
average variance of eiθR and eiθR∗, so no additional shots
are required. Here, R is determined only up to the sign
of each component, but this can be disambiguated under
the assumption that |θ | < π/2. See Appendix C for more
details. We have assumed that the coherent error eiθ is the
same in both cases—we believe this assumption is justi-
fied since the structure of the conjugate circuits is identical
except for the sign flip of the parameters of every gate. In
Appendix C, we discuss how the conjugate trick behaves
when this assumption is invalid, and we present a method
that can still mitigate the phase error under much weaker
assumptions about the form of the coherent errors, but can-
not determine the signs of the components and may be
biased. We call this the shot-level conjugate trick.

Finally, a comment regarding choice of protocol and
its efficient compilation is in order. The cfev proto-
col has two advantages over the vanilla Hadamard test
(see Appendix A for more details on the variants of
the Hadamard test). Firstly, by using echo verification,
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we have a smaller shot error εshot ∝ N− 1
2 , as compared

to the vanilla Hadamard test where the shot error is

εshot ∝ (2 − R2)
1
2 N− 1

2 . Secondly, the vanilla Hadamard
test requires implementing many controlled-U

σ±1
i

opera-
tions, and using a similar ansatz to Fig. 4(b) these require
eight 2-qubit gates each. By comparison, cfev uses only
Uσi operations, which require only three 2-qubit gates
each, thus reducing the impact of εnoise substantially. Over-
all, by switching to the cfev protocol and optimizing
the implementation of Uσi for trapped-ion hardware, we
reduce the number of 2-qubit gates required by ≈15× and
the number of shots required by ≈25% as compared to the
estimates in Ref. [14]. This, combined with the error mit-
igation method mentioned above, may allow much larger
instances of the problem to be run on Noisy Intermediate-
Scale Quantum (NISQ) hardware than was previously
anticipated.

Figure 6 shows an example of executing our algorithm
on Quantinuum’s H2-2 quantum computer for a braid with
15 strands and 104 crossings that was randomly generated
using the method in Sec. III. Applying both the conju-
gate trick and non-Fibonacci error detection, and sampling
4000 shots per circuit, we observe a relative error of 75%
(corresponding to εnoise = 0.62), with a relative standard
deviation of 9% (corresponding to εshot = 0.02). The shot-
level conjugate trick improves the relative error to 43%
(corresponding to εnoise = 0.36), but at the cost of increas-
ing the relative standard deviation to 14% (corresponding
to εshot = 0.06). In the next section, we will see how
this error scales using noisy simulations of a hypothetical
NISQ computer.

D. Less quantum, more advantage

It is believed that P ⊂ DQC1 ⊂ BQP, and so DQC1 is
“less quantum” than BQP, at least in the worst case. On
the other hand, for a given braid, classically estimating
the trace of the corresponding exponentially large matrix,
which solves the DQC1 version of the problem, is gener-
ally more challenging than estimating an amplitude of the
same matrix, which is required to solve the BQP version.
Thus, the experimental results in the next sections focus on
the DQC1 formulation of the problem, where our quantum
algorithm can achieve “more advantage,” even though our
pipeline allows one to search for quantum advantage in the
BQP version, as well.

Chen et al. [21] define the NISQ complexity class and
prove that BPPO ⊂ NISQO and NISQO ⊂ BQPO, relative
to error-free oracles O. Our hardware assumptions are
compatible with the NISQ complexity class, but our DQC1
problem does not rely on an error-free oracle. Further work
is needed to understand the relation between NISQ and
DQC1. A relevant result by Morimae et al. [22] is that the
one clean qubit model remains hard to simulate classically
for suitably small depolarizing noise applied to the clean
qubit.

III. EFFICIENTLY VERIFIABLE BENCHMARK
LEVERAGING TOPOLOGICAL INVARIANCE

Benchmarks measure the computing performance, such
as error-rate and time-to-solution scaling, on certain tasks.
An ideal quantum computing benchmark would be based
on a task that requires nontrivial quantum resources,

⊗3
⊗∼M(B)

=B

⊗
⊗7

FIG. 6. A demonstration of our algorithm using Quantinuum’s H2-2 quantum computer. We generated a braid B with 104 crossings
using the benchmarking procedure described in Sec. III whose Markov closure is topologically equivalent to the tensor product of one
left-handed trefoil knot and three right-handed trefoil knots. The resulting quantum circuits acted on 16 qubits with 340 2-qubit gates.
Each value was estimated with 4000 shots. Non-Fibonacci error detection improved the estimate by ∼25%. There is a substantial
phase difference between the unmitigated estimate and the ground truth due to coherent memory errors—this can be mitigated by
the conjugate trick, but the shot-level conjugate trick described in Appendix C performs better. Our error mitigation and detection
techniques are described in Sec. II C.
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resembles tasks of practical relevance, and can be effi-
ciently verified by a classical computer while not being
efficiently classically computable. An obvious example
would be factoring [23], where classical verification sim-
ply amounts to multiplying the factors. However, it is
difficult to implement such an ideal benchmark on near-
term hardware. Benchmarks that rely on random circuits
from a universal gate set, often do not resemble circuits
used in concrete computational problems. For example,
quantum volume [24] is not efficiently classically verifi-
able and a weakness of mirror benchmarking [25,26] is that
classical methods can “cheat” by claiming to have mea-
sured the initial state. Application-oriented benchmarks
[27,28] are appealing from the practitioner’s point of view,
but require the exponentially hard classical simulation of
circuits for verification. When the benchmark is efficiently
verifiable [29], it often relies on nonuniversal families of
quantum circuits, such as Clifford and matchgates, that
can be efficiently simulated classically [30–32]. Further-
more, the size of the task used in the benchmark should
be under fine control [33]. This is needed if we want to
study the scaling of performance as quantum circuit depth
and width are independently varied. Application-oriented
benchmarks based on variational algorithms [34–36] eas-
ily decouple circuit width and depth, but, in general, they
are affected by an intractable sampling overhead during
variational optimization.

Here, we introduce a benchmark based on APPROX-
JONES-MARKOV with the appealing feature that it uses
a universal gate set relevant to the knot theory problem
while being efficiently verifiable by classical means. We
aim at characterizing the effect of noise on the estimate of
VM (B)(ei(2π/5)), i.e., the scaling of the εnoise error with the
braid size. Our purpose is to identify the problem sizes that
can be solved to a given accuracy and with a given fidelity
specification. The links M (B) and M (B′) are topologically
equivalent iff their braid representatives B and B′ can be
rewritten into each other via a finite sequence of “Markov”
moves (see Appendix D 2, Fig. 14).

We start with a braid B constructed by tensoring
k 3-strand braids bi, so we can classically compute
VM (B)(ei(2π/5)) = φk−1∏k

i=1 VM (bi)(e
i(2π/5)) at negligible

cost. We then augment B by conjugating it with a random
braid A, making the braid effectively wider and deeper,
respectively, as shown in Fig. 7. This results in a braid B′ =
A−1BA that by definition shares the same Jones polynomial
upon closure, VM (B) = VM (B′). Therefore, by measuring
the value of VM (B′) using our quantum algorithm, and
comparing it to VM (B), which is computed efficiently clas-
sically, we can measure the error incurred by the quantum
computer under test.

If such a B′ is constructed naively, then this is
very similar to mirror benchmarking [37]. However, in
Appendix D 1, we detail a method which generates A and
A−1 that are inverses to each other, but do not have similar

↔B′ ... A−1 B
... A

...

b1

b2

bk

...

B
... =where ...

...

FIG. 7. Augmenting a 3k-strand braid B = ⊗k
i=1bi by conju-

gation with a random braid A, and obtaining braid B′. Braid B is
composed of random 3-strand braids b1, . . . , bk, so its Jones poly-
nomial can be evaluated classically exactly in negligible time as
VM(B)(ei(2π/5)) = φk−1∏k

i=1 VM(bi)(e
i(2π/5)). See Appendix D 1

for details. B is generated so that the magnitude of VM(B) is
approximately uniformly distributed. The random braid A and
its inverse A−1 are generated to be inverse to each other but not
mirror images.

structures. In particular, A is generated randomly and is
much longer than A−1. It appears close to a random braid in
structure, except that the signs of the crossings are picked
such that A−1 can be constructed with a shallow braid. This
results in overall braids B′ that appear similar to random
brick-wall braids.

Furthermore, since we wish to characterize εnoise rather
than εshot, which has a known distribution, we pick the
braids bi from a probability distribution that is set up so that
the distribution of |Es[〈s|UB|s〉]| is as uniform as possible
over the range [0, 1]. If the bi were picked uniformly ran-
domly, then the distribution of |Es[〈s|UB|s〉]| would con-
centrate exponentially around 0 as the number of strands
increases (since the average value of |Esi[〈si|Ubi |si〉]| is
less than one), which would require an exponentially
increasing number of shots to ensure that εshot is not the
dominant error.

Therefore, via augmentation, we can obtain bench-
marking sets of braids with varying numbers of strands,
crossings, and depths. To characterize the scaling of the
error with increasing number of crossings for potential
NISQ computers, we constructed a dataset of 24k braids
of between 10 and 15 strands and 50 to 600 crossings.
We classically simulated cfev with non-Fibonacci error
detection on these braids and calculated the relative error
in the output. We used a large number (10k) of shots per
braid, so that this error characterizes εnoise accurately.

The simulation modeled the native gate set used in the
ansatz in Fig. 4(b) with errors inserted as depolarizing
channels on 1- and 2-qubit gates with probabilities ε1q and
ε2q. We tested both ε2q = 5 × 10−4 and ε2q = 1 × 10−4 as
the dominant error, and set ε1q ≈ ε2q/10. SPAM bit-flip
errors were also included with εSPAM ≈ ε2q per qubit. We
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FIG. 8. For a benchmark set of 24k randomly generated
braids and two different rates of depolarizing 2-qubit errors, this
shows how the relative error |R − Es[〈s| UB |s〉]|/|Es[〈s| UB |s〉]|
between the estimated value (over 10k shots) and the exactly
known value depends on the number of crossings (and hence
2-qubit gates).

did not attempt to model coherent effects such as memory
errors since this varies widely by platform and technology.
See Appendix F for more details.

In Fig. 8, we show how the relative error for this bench-
mark set scaled with the number of crossings, along with
a power-law extrapolation to larger numbers of crossings.
We observed only weak scaling in terms of number of
strands and depth when fixing the number of crossings
(Fig. 15). This aligns with the expectation that errors from
a depolarizing noise model ought to depend mainly on
the number of gates. These results inform us about the
maximum crossing number, or equivalently gate count
(specifically 2-qubit gates since they are the dominant
noise factor [17]), we can reach while remaining within
a desired error budget.

These simulations should be broadly representative of
NISQ devices with similar error rates, at least to the extent
that the depolarizing channel is accurate, or to the extent
that the circuit structure sufficiently mixes any structure
in the actual error channel. This picture can be ensured
by employing randomized compiling techniques, and we
note that this should be approximately realized in our
experiments on random braids [38]. There is one notable
exception, which is coherent phase effects, for example,
due to memory errors (which are especially apparent on
quantum computers with a relatively slower gate speed,
such as trapped-ion devices) or cross-talk between qubits
(which are more common on superconducting devices).

For the results of these simulations to be applicable, we
assume that the coherent portion of this error is negligible,

either by applying the conjugate trick or by mitigating
it at a hardware level, and that any remaining coherent
errors can be incorporated into an effective 1- and 2-qubit
depolarizing error rates. For example, for trapped-ion tech-
nology, this can be achieved via dynamical decoupling
[39]. This is a reasonable assumption as we expect rates of
coherent errors to be improved at a hardware level before
the 2-qubit gate-error rates considered here are achieved.

Since these results are obtained via simulation, we must
extrapolate to larger sizes. If one uses an actual quan-
tum backend which is challenging to simulate classically,
one would perform an interpolation on similarly obtained
data. Further, note that this benchmark will take signifi-
cantly longer to run on an actual device as clock speeds
of quantum processors are orders of magnitude lower than
those of classical processors, but one may compensate with
fewer braids in the benchmark set or fewer shots, in which
case it may be beneficial to apply a technique such as
deconvolution [40] to separate the effects of εshot and εnoise.
While we have performed a relatively naive extrapolation
by gathering as much data as is feasible given the con-
straints of classical simulation, our benchmarking pipeline
can be used as is with other extrapolation methods, or alter-
native data (for instance, combining large-scale classical
simulation with a few data points from quantum hardware).

IV. RESOURCE ESTIMATES FOR NEAR-TERM
QUANTUM ADVANTAGE

We now demonstrate how one may use the algorithmic
tools introduced above to perform resource estimates for
APPROX-JONES-MARKOV, for our quantum algorithm
and for classical algorithms that either simulate a quantum
circuit or approach the problem in a nonquantum-related
way. Regarding our quantum algorithm, given a braid of
certain size, i.e., number of strands n − 1 and crossing
number c, with a required additive error ε, we can infer the
required number of shots N = ε−2

shot from εshot = ε − εnoise.
Then, N determines the time to solution of the quantum
algorithm (see Table I), noting that εnoise depends on the
braid size.

From this, we estimate the braid size for which we might
obtain quantum advantage, by analyzing the runtime of the
most competitive classical algorithm returning the solution
to the same error. We note that this method has limitations,
and we must make some assumptions—these are explained
in Sec. IV D. Only if these assumptions are satisfied can we
draw concrete conclusions about the existence of a quan-
tum advantage for generic braids. If this is not the case, we
can still use the method of Sec. III as a flexible benchmark
of noisy quantum hardware.

A. Classical simulations of the quantum algorithm

We can construct a tensor network to exactly eval-
uate VM (B)(ei(2π/5)) by representing the weighted trace
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TABLE I. Approximate scaling in runtime and space of the
algorithms we consider as a function of n qubits or equivalently
strands, c crossings, N shots, maximum bond dimension χ , and
ε2q 2-qubit gate error. The parameters α ≈ 1.04, β ≈ 1.05, γ ≈
1.01, and μ, ν ≈ 1.03 are representative numbers taken from the
extrapolations shown in Figs. 10(a) and 11(b). Note that since
c ∼ 103, the difference between γ c and βc is very large (e.g.,
1016).

Algorithm Space Time εshot 1 − εnoise

cfev n (c + n)N N−1/2 (1 − ε2q)
3c

tn-proj αc βc . . . . . .
mpo-proj nχ2 cnχ3 . . . nχ2γ−c

sv-shor φn cφnN N−1 . . .
bracket μc νc . . . . . .

of Ref. [3] as the usual trace tr(UB) and insert the
weights using 2-qubit projectors onto the Fibonacci
subspace, P∂0

F = |01〉 〈01|, PF = |01〉 〈01| + |10〉 〈10| +
|11〉 〈11|, P∂1

F = |10〉 〈10| + φ(|01〉 〈01| + |11〉 〈11|), as
shown in Fig. 9 for a five qubit example. From this, we
construct three classical algorithms. Firstly, the tensor net-
work can be contracted directly and exactly, we call this
method tn-proj. Since it cannot exploit the sparsity of
UB (which is only defined on a small subspace of the total
Hilbert space), but only its structure, we would expect this
to be very inefficient in general.

Alternatively, we consider the approximating tr(UBPF )
using the Hutch++ stochastic trace estimator [42], which
estimates such traces to relative error ε as a linear combina-
tion of O(ε−1) amplitudes 〈ψ | UBPF |ψ〉. Each amplitude
is computed using a statevector simulation, which can

M(B) =

�→ UB

P ∂0
F

PF

PF

P ∂1
F

FIG. 9. The Markov closure M (B) of a braid B, and the corre-
sponding tensor network tn-proj that computes the weighted
trace

∑
s p(s) 〈s| UB |s〉, with the 2-qubit projectors PF inserting

the appropriate weights.

effectively exploit the sparsity of UB by storing only the
coefficients corresponding to bitstrings in F , thus lowering
the complexity of computation from O(2n) to O(φn). This
is effectively a statevector simulation of Shor and Jordan’s
algorithm, so we call it sv-shor.

Finally, we consider approximating the contraction of
tn-proj by constructing a matrix product operator
(MPO) from UBPF , from which the trace can be computed
in polynomial time with respect to the bond dimension
χ of the MPO by exact contraction. We call this method
mpo-proj. By fixing a maximum bond dimension and
compressing bonds using the usual singular-value method,
we can control the approximation cost.

The scaling of the χ required to meet the desired
error budget can be characterized empirically using the
same benchmark method used to characterize the quantum
algorithm (Sec. III). As in sv-shor, this method can take
advantage of the sparsity of UB by discarding singular val-
ues which are exactly zero. In practice, we find that the
maximum bond dimensions are often Fibonacci numbers,
indicating that this is indeed occurring (see Fig. 19).

B. Classical algorithms for the Jones polynomial

Various classical methods to compute the Jones poly-
nomial have been proposed, however, there are compar-
atively few results on the complexity of these algorithms
at scale, either empirically or theoretically. As discussed
further in Appendix F 3, we believe the most competitive
method is due to Kauffman [1, p. 125] which computes the
Jones polynomial, via the bracket polynomial, by contract-
ing a tensor network defined over a polynomial ring (this
network is distinct from the one considered by tn-proj).
We call this method bracket.

C. Empirical characterization

To determine the exact scaling of tn-proj, sv-shor,
mpo-proj, and bracket, we benchmark them empir-
ically on a dataset of braids generated according to the
method in Sec. III. We aim to compare the time required
for each classical method to approximate VM (B)(ei(2π/5)) to
the same relative error as cfev.

We assume two different classical hardware targets: an
A100 80 GB GPU [45] to represent typical maximum
performance of a single compute node, and Frontier [46]
representing typical maximum performance available in
a large high-performance supercomputer. In both cases,
we assume perfect parallelism and utilization, and calcu-
late the time required as the number of 32-bit floating
point operations (FLOPS) divided by theoretical maxi-
mum FLOPS per second. For the quantum algorithms, we
assume the time to solution scales with the depth of the
quantum circuit as 30 ms per layer (this is similar to exist-
ing trapped-ion systems [47, Table I]), and that the relative
error scales as in Fig. 8.
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The dataset contained 10k braids of up to 600 cross-
ings and between 10 and 30 strands. When constructing
large instances, it is not sufficient to scale up the num-
ber of crossings or strands individually while keeping the
other fixed, since this will lead to braids that are too shal-
low or too deep. Therefore, in order to extrapolate to larger
sizes than we could benchmark in practice, we computed
the principal component analysis of the dataset in terms of
crossings, depth, and strands, and extrapolated along the
principal component, so that crossings and strands increase
together.

For tn-proj and bracket, we used Cotengra [48]
to calculate optimized contraction paths and estimate the
contraction cost. For sv-shor, we utilize the estimates
of distributed statevector computations from [49] to calcu-
late the cost per crossing. We use an optimistic QBF factor
of 0.25 (a parameter related to the FLOPS per statevector
entry per gate) so as to handicap cfev as much as possi-
ble. The number of amplitudes N to calculate was taken as
�4ε−1

noise� as in [42, Theorem 10].
Finally, for mpo-proj, we used Quimb [50] to imple-

ment MPO evolution. For each braid, we first ran the

algorithm without compressing any nonzero singular val-
ues, so that we could observe the runtime scaling for
an error-free computation. These results are shown in
Fig. 10(b). Then, we ran the same computation with the
bond dimension limited to χ ≤ 2k for k ∈ [3, 10], to esti-
mate the error resulting from a given level of compression.
In Fig. 10(a), using the known value of the Jones poly-
nomial for each braid, we computed the relative error as
it depends on the maximum available memory. Taking
the 97.5% lowest quantile of this relationship (that is, the
lower bound of a 95% confidence interval) to handicap
cfev as much as possible, we computed the maximum
value of χ needed to achieve the same relative error as
cfev, and using the theoretical FLOP counts of each oper-
ation [51, Table 3.13] we computed the time to solution
across the extrapolated dataset for both ε2q = 1 × 10−4

and ε2q = 5 × 10−4.
The results are shown in Fig. 11(a). We can see that

for c ≥ 1100, the relative error of the quantum computer
for ε2q = 5 × 10−4 is so high so that the bond dimen-
sion required to approximate it (according to Fig. 10)
drops to zero. This happens while the time to solution

(b)(a)

FIG. 10. Studying the error introduced by compression of the matrix product operator computation through limiting the bond dimen-
sion, as well as the scaling of runtime with number of crossings when the bond dimension is large enough that the computation is
error-free. The calculated values are from a dataset constructed using the benchmark method in Sec. III and comprising 10k braids of
up to 600 crossings and 30 strands. (a) A comparison of the relative error in VM(B)(ei(2π/5)) achieved by the mpo-proj algorithm as it
depends on the maximum required memory D, normalized to the case Dmax where χ is set very large (so that the relative error is zero).
We can see that as the available memory decreases, the relative error increases. Note that above a threshold of ∼80% relative error,
D = 0 is sufficient with at least 5% confidence, so we consider the cost of executing mpo-proj as effectively zero. The prediction
intervals and regression line were obtained via Nadaraya-Watson conditional kernel density estimation [41]. See Fig. 16 for how the
amount of computation required depends on the required memory and number of crossings. (b) The number of floating-point opera-
tions required to evaluate VM(B)(ei(2π/5)) using the mpo-proj method for the same benchmark set. The bond dimension χ = χmax
was allowed to grow as large as needed to avoid any lossy compression. The extrapolation is a multilinear fit of log10(FLOPS) against
the number of strands n − 1, crossings c, and depth of the braid for c ≥ 200. It is extrapolated along the principal component of the
dataset to represent possible performance for larger datasets generated in the same way. The lines labeled “Frontier” and “1x A100”
represent one month of computation on the respective hardware, for scale. See Fig. 18 for the equivalent plot in terms of memory
consumption.
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(a) (b)

FIG. 11. Time comparisons for calculating VM(B)(ei(2π/5)) on the same benchmark set as in Fig. 10, to the same relative error
achieved by cfev, as it depends on the number of crossings c and the 2-qubit error rate ε2q. The solid lines represent computation on
the Frontier cluster, while the dot-dashed lines represent the same computation on a single A100 GPU. The lines vertically downward
represent the points where the relative error of cfev exceeds the 80% threshold given by Fig. 10, whereas the lines vertically upward
represent the points where required memory exceeds the available memory of the classical hardware. (a) The time needed for the
mpo-proj method, as it depends on the number of crossings c and the 2-qubit error rate ε2q. We can see that for ε2q = 5 × 10−4, the
relative error of cfev grows large enough that mpo-proj is always faster than cfev. Conversely, for ε2q = 1 × 10−4, the memory
limit is reached before this point. Even if this were not the case, we would expect cfev to be faster than mpo-proj on Frontier
when c ≥ 2800. (b) A comparison of the time needed for each classical method when ε2q = 1 × 10−4, as it depends on the number of
crossings c. We can see that mpo-proj is the most competitive classical method, although the memory limit of Frontier is reached
before it becomes slower than cfev. See Figs. 17–21 for plots of the floating point operations, memory consumption, and time to
solution of each classical method individually.

for mpo-proj is still much smaller than that of cfev,
and hence it is likely not possible to achieve quantum
advantage with ε2q = 5 × 10−4.

In Fig. 11(b), we compare the time-to-solution scaling
for all methods when ε2q = 1 × 10−4. We observe that
mpo-proj is the most competitive classical method, but
that all methods hit the memory limits of the corresponding
hardware target before they become slower than the quan-
tum computer. Above these limits, the computation would
likely not be possible on that classical hardware. Even if
this were not the case, our results suggest that mpo-proj
executed on Frontier will likely be slower than cfevwhen
c ≥ 2800, at which point the relative error of cfev would
be ∼40%.

Furthermore, at large scales, cfev may be more energy
efficient. For example, [44] pessimistically estimates the
energy consumption of Quantinuum’s H2 quantum com-
puter at 75 kW. By comparison, the most efficient classical
computing cluster as of November 2024 is the JEDI system
at the Jülich Supercomputer Center [43], with an effi-
ciency of 2.6 × 1017 FLOPS/kWh. Assuming these values,
we expect that cfev becomes more energy-efficient than
mpo-proj around c ≥ 2400, as shown in Fig. 12.

D. Limitations

In the previous section, we determined the size of braid
for which the cfev method may be faster or more energy-
efficient than the competing classical methods, when eval-
uated on the set of benchmark braids. A priori, there is
no reason to conclude that the advantage extends to braids
outside of this set. Indeed, the benchmark braid instances
are not generic or typical, and they have a special structure
by virtue of their construction.

However, it is reasonable to assume that, for generic
classical algorithms, generic braids without the same spe-
cial structure will be at least as hard to evaluate. Under
this assumption, the results of the previous section would
provide a lower bound on the classical hardness of a
generic family of braids. In Appendix F 4, we show that
the mpo-proj method may be able to exploit some of the
structure of the benchmark braids. This is encouraging, as
it suggests that generic braids may be even harder to solve
with the classical methods tested here. In contrast, the run-
time of the cfev quantum algorithm does not depend on
the family of braids, but only on their size. Thus, given
the aforementioned lower bound on the classical hardness
of generic braids, the estimated crossover point where we
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FIG. 12. A comparison of the energy consumption between
the most competitive classical algorithm mpo-proj, assum-
ing it is running on Jülich’s JEDI supercomputer [43] (without
considering memory limitations) with an efficiency of 2.6 ×
1017 floating point operations/kWh, and our quantum algorithm
cfev, assuming the same estimated 75 kW power usage as
Quantinuum’s H2 quantum computer [44].

expect a quantum advantage for the benchmark braids is
an estimate of the upper bound for where we might see a
quantum advantage for generic braids.

It is also important to stress that our conclusions here
are based on extrapolations from necessarily limited data
(up to c = 600). The main obstacle to benchmarking the
classical methods (especially mpo-proj) on larger braids
was the amount of memory available on a single GPU
and the computation time required. This is promising, as it
indicates these problems are genuinely hard to solve clas-
sically, but conversely it means that if one wanted to be
certain that a particular instance of this problem is faster
on a quantum computer than the classical equivalent, then
more compute and larger-scale datasets would be needed.

On the one hand, generating random braids is reminis-
cent of generating random circuits to demonstrate quantum
computational supremacy. On the other hand, the prob-
lem of approximating the Jones polynomial is not only
a complete problem for quantum complexity classes but
also potentially interesting in knot theory, a rich field of
research in low-dimensional topology. See Appendix F
for further details on the estimates, extrapolation, and
benchmark results.

V. END-TO-END PIPELINE

We have introduced a comprehensive, configurable
pipeline enabling the identification of problem sizes
exhibiting quantum advantage, which serves as the main
contribution of this work, beyond the introduction of the

most competitive classical and quantum algorithms for
the Jones polynomial. Our benchmark can characterize
the error scaling for both a quantum algorithm running
on a noisy quantum computer and classical approximation
algorithms running on state-of-the-art classical hardware.

Code for the end-to-end implementation of our quantum
algorithm, the efficiently verifiable benchmark, as well as
the competitive classical algorithms, can be found in an
online repository [52]. Given an input braid or link, this
implementation can produce quantum circuits to be exe-
cuted and perform the necessary classical preprocessing
and postprocessing. Additional tools for braid simplifica-
tion and to perform the compilation of the braid generators
for new architectures are also included.

Given the most efficient quantum and classical algo-
rithms for solving a problem, the search for a problem
instance for which it is advantageous to use a quantum
processor over a classical computer is multidimensional.
These dimensions are the error on the estimated quan-
tity, the wall-clock time taken to carry out the computa-
tion, the specifications of the quantum computer (2-qubit
gate fidelity and depth-1 circuit time), and the analogous
specifications of the classical computer (FLOPS per sec-
ond). Note that achieving a quantum gate fidelity above
a certain value may require error detection, error miti-
gation, or even error correction, which can significantly
impact the clock speed of the quantum processor. The
specifications of the quantum computer may vary widely
over different platforms, but our approach is agnostic and
applicable to all. To detect quantum advantage, one then
fixes a desired error budget and searches for an instance
for which time to solution on a quantum computer with
given specifications is lower than on a state-of-the-art
classical computer. Alternatively, given an instance of
interest, one may search for the quantum system require-
ments for achieving a time-to-solution advantage. We have
also demonstrated how energy efficiency advantage can
be quantified and estimated. The reconfigurability of our
pipeline enables the exploration of this multidimensional
space. More generally, with our rigorously quantitative and
practical approach, we aim to shift the quantum advantage
discussion toward problem instances rather than problem
classes.

Since we have reduced the search for advantage
instances, given hardware specifications, to a complex
optimization problem, we envision that the search for such
quantum-easiest classically-hardest instances can readily
be approached with state-of-the-art AI methods for scien-
tific discovery [53,54], which we leave for future work.
For instance, given a particular braid, finding a smaller
but topologically equivalent braid that may be easier to
solve classically is a difficult task that has received some
attention [55], including by reinforcement learning [56].

Finally, we stress that even though we focused on
the APPROX-JONES-MARKOV for benchmarking and
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resource estimation, the problem APPROX-JONES-PLAT
can also be approached similarly. The benchmark set
of braids can be converted to Plat-closed braids [see
Fig. 1(b)], and by construction, their Jones polynomials are
invariant under this conversion. Similarly, mpo-proj can
be adapted to use matrix product states rather than MPOs,
and we would expect it to remain the most competitive
classical baseline.

VI. DISCUSSION

We have provided rigorous resource estimates for the
DQC1-complete problem of approximating the Jones poly-
nomial of a Markov-closed braid, up to an exponentially
large-scale factor, at the fifth root of unity when solved
on a noisy BQP machine, i.e., a digital quantum com-
puter. We optimally compiled the control-free version of
the Hadamard test to reduce the 2-qubit gate count, and
used echo verification to reduce the number of shots.
Our extrapolated results suggest that a quantum proces-
sor equipped with ≈100 qubits, ε2q ≤ 10−4, and depth-1
circuit-times on the order of tens of milliseconds is promis-
ing for demonstrating quantum advantage in terms of
time to solution. The classical algorithms used as base-
lines include classical simulations of the quantum cir-
cuits, which are in general more challenging than they are
for the BQP-complete formulation of the problem which
regards Plat-closed braids. Therefore, we have used a “less
quantum” problem to gain “more advantage.”

Our problem-specific efficiently verifiable benchmark
can be used to characterize the error scaling of a noisy digi-
tal quantum computer, as well as the heuristic performance
of approximate classical methods. Thus, we provide prac-
tical tools for locating the advantage boundary given the
current state-of-the-art classical methods. Once a quantum
computer with sufficient specifications is available, as the
one assumed in this work, a quantum advantage for this
problem may be identified.

We also showed that the BQP-complete version of
the problem, where the braid is instead Plat-closed, can
be solved using the same quantum protocol with a sim-
ple modification. Therefore, our end-to-end pipeline can
be used to identify the minimum requirements for quan-
tum advantage for evaluating the Jones polynomial for
Plat-closed braids as well.

Future work involves rigorous resource estimates in
the fault-tolerant regime, compiling the algorithm to the
appropriate gate set and assuming the relevant overheads
and realistic methods. This analysis will inevitably be
required for obtaining better precision, which depends on
the fidelity of the quantum protocol. The current belief is
that gate errors below 10−4 will require more error mitiga-
tion and perhaps error correction. In the near term, memory
errors may be addressed via decoherence-free subspace
codes, and given that our quantum algorithm operates only

in a small subspace of the full Hilbert space, it may be pos-
sible to exploit this to decrease the cost of error correction,
for example by allowing smaller code distances.

Our algorithm and resource estimation pipeline can also
be generalized to other nonlattice roots of unity ei2π/k, for
k ∈ N, where other unitary representations of the braid
group would need to be compiled (see Appendix G for
a brief sketch) [57]. With the ability to approximate the
value of the Jones polynomial at roots of unity, one
could distinguish knots and links with high probability, a
computational tool that practitioners in the field of knot
theory could utilize. Consequently, our algorithm could
be adapted to compute the colored Jones polynomial [1].
Our general approach for benchmarking and diagnosing
system requirements for quantum advantage in practice
also applies to other more powerful invariants such as the
Khovanov homology [58].
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APPENDIX A: THE CONTROL-FREE
HADAMARD TEST WITH ECHO VERIFICATION

In this work, we employ Hadamard tests as key algo-
rithmic primitives. Such protocols are designed to estimate
〈s| U |s〉 for a given unitary U and initial state |s〉. The exe-
cution of Hadamard test circuits on NISQ computers is
affected by two main sources of errors: shot noise εshot,
which contributes to the variance of any estimator, and
gate noise εnoise, which contributes to the bias of any esti-
mator. It is therefore important to optimize the estimator
and reduce the number of qubits and gates in the circuit.
We now briefly summarize ht, and its variant cfev that
forms the basis for our algorithm. The reader may refer to
Ref. [8] for a fully detailed exposition.
ht encodes the relevant information in the relative

phase between the |0〉 and |1〉 states of the ancilla qubit
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by means of the following circuit:

|s〉

|+〉 (S†)b

U

H MZ

The relevant information is then extracted by measuring
the ancilla and averaging the binary outcomes. By set-
ting b = 0 one can estimate Re(〈s| U |s〉), and setting b = 1
allows one to estimate Im(〈s| U |s〉).

Now, suppose that an eigenvalue/eigenstate pair U |λ〉 =
eiθ |λ〉 is known, and that the initial state is orthogonal to
the eigenstate, 〈s|λ〉 = 0. Then one can remove the ancilla
qubit in ht and encode the relevant information in the rel-
ative phase between |λ〉 and |s〉. This is achieved using
a cat-state preparation circuit, Vcat(s)(|+〉 ⊗ |0〉⊗n−1) =

1√
2
(|λ〉 + |s〉). A single qubit rotation gate RZ(θ) is used

to compensate the phase of the known eigenvalue. Impor-
tantly, the desired unitary, U, can be compiled using fewer
entangling gates than its controlled version, and so the
gate-error εnoise is smaller. Further, an error mitigation trick
called echo verification reduces the shot noise εshot. Since
the state preparation circuit for the initial state, Vcat(s),
is known, at the end of the circuit its inverse, V†

cat(s), is
applied. The measurement outcomes are postprocessed by

a Boolean function g which checks whether the initial state
is recovered or not. This information is then combined with
measurements on the ancilla to form an unbiased estima-
tor with reduced variance. This leads to the control-free
Hadamard test with echo-verification (cfev) protocol that
we use in this work.

Let us now specialize the discussion to our specific use
case. Recall that for the estimation of both Markov and
Plat closures of braid B, we have constructed a unitary UB
with known eigenvector |0〉⊗n and corresponding eigen-
value eiθB . Moreover, the initial state |s〉 always encodes a
bitstring s, so there exist an efficient circuit Vcat(s) for cat-
state preparation. This leads us to cfev circuit shown in
Fig. 5(a). As we show next, this protocol has better scaling
in both εshot and εnoise errors compared to ht. Moreover,
the final measurement reveals whether the main register
is in the Fibonacci subspace. This is used for our error
detection strategy explained in Appendix C.

For simplicity of notation we drop subscripts B and
cat and denote the initial state as |s〉 = |01s3s4..〉. With-
out loss of generality we assume that θB = 0, i.e., that
the known eigenvalue is 1. The action of the cat-state
preparation circuit V is such that V |0x2x3..〉 = |x20x3..〉 and
V |1x2x3..〉 = |x21(x3.. ⊕ s3..)〉. Note that V |0〉⊗n = |0〉⊗n

and V |10 · · ·〉 = |s〉. Therefore,

|ψ〉 = UV(H ⊗ I⊗n−1) |0〉⊗n = 1√
2

UV(|00 · · ·〉 + |10 · · ·〉) = 1√
2

U(|0〉⊗n + |s〉) = 1√
2
(|0〉⊗n + U |s〉).

At the end of the cfev circuit, the computational basis has the following amplitudes:

〈ψ | V†(H ⊗ I⊗n−1) |x1x2x3..〉 = 1√
2

〈ψ | V†(|0x2x3..〉 + (−1)x1 |1x2x3..〉)

= 1√
2

〈ψ | (|x20x3..〉 + (−1)x1 |x21(x3.. ⊕ s3..)〉)

= 1
2
(〈00 · · ·‖x20x3..〉 +

=0︷ ︸︸ ︷
(−1)x1〈00 · · ·|x21(x3.. ⊕ s3..)〉

+
=0︷ ︸︸ ︷

〈s| U† |x20x3..〉 +(−1)x1 〈s| U† |x21(x3.. ⊕ s3..)〉).

Note that U maps Fibonacci strings starting with 01 to Fibonacci strings starting with 01. Thus in the last step the third
term is zero because U |s〉 is a Fibonacci string starting with 01, while |x20x3...〉 is not. Using this property of U we can
also write

〈ψ | V†(H ⊗ I⊗n−1) |x1x2x3..〉 =

⎧⎪⎪⎨
⎪⎪⎩

1
2 (1 + (−1)x1 〈s| U† |s〉) if x2 = 0 and x3.. = 0 (1),
1
2 (−1)x1 〈s| U† |x21(x3.. ⊕ s3..)〉 if x2 = 0 and x3.. ⊕ s3.. is Fibonacci (2),

0 otherwise (3).

(A1)
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Let us now define two postprocessing functions g1 and g2 for the measurement outcomes. If the measurement detects
case (1), we set g1 = 1, g2 = 1. If the measurement detects case (2), we set g1 = 0, g2 = 1. Finally if the measure-
ment detects case (3), we set g1 = 0, g2 = 0. The amplitude of case (3) is zero, meaning that this event should never
happen (we will utilize this information for error mitigation in Appendix C). Let us define the ternary random variable
r = (−1)x1 · g1 ∈ {−1, 0, 1}. From the Born rule, the probabilities of the three outcomes are

P(r = +1) = P(x1 = 0, x2 = 0, x3.. = 0) = 1
4
|1 + 〈s| U† |s〉 |2 = 1

4
+ | 〈s| U |s〉 |2

4
+ Re(〈s| U |s〉)

2
,

P(r = −1) = P(x1 = 1, x2 = 0, x3.. = 0) = 1
4
|1 − 〈s| U† |s〉 |2 = 1

4
+ | 〈s| U |s〉 |2

4
− Re(〈s| U |s〉)

2
,

P(r = 0) = 1 − P(r = +1)− P(r = −1) = 1
2

− | 〈s| U |s〉 |2
2

.

The first two raw moments of r are

E[r] =
[

1
4

+ | 〈s| U |s〉 |2
4

+ Re(〈s| U |s〉)
2

]
−
[

1
4

+ | 〈s| U |s〉 |2
4

− Re(〈s| U |s〉)
2

]
= Re(〈s| U |s〉),

E[r2] =
[

1
4

+ | 〈s| U |s〉 |2
4

+ Re(〈s| U |s〉)
2

]
+
[

1
4

+ | 〈s| U |s〉 |2
4

− Re(〈s| U |s〉)
2

]
= 1

2
+ | 〈s| U |s〉 |2

2
.

Hence the variance is

Var(r) = 1
2

+ | 〈s| U |s〉 |2
2

− Re(〈s| U |s〉)2.

Let us compare to the variance of the ht protocol. Recall that the ht protocol uses a controlled-U operation denoted
CU such that CU |0〉 |ψ〉 = |0〉 |ψ〉 and CU |1〉 |ψ〉 = |1〉 U |ψ〉. The computational basis measurement for the ancilla has
probabilities,

P(x) = 〈+| 〈s| CU†(H ⊗ I⊗n)(|x〉〈x| ⊗ I⊗n)(H ⊗ I⊗n)CU |+〉 |s〉

= 1
2
(〈0| 〈s| + 〈1| 〈s| U†)(H ⊗ I⊗n)(|x〉〈x| ⊗ I⊗n)(H ⊗ I⊗n)(|0〉 |s〉 + |1〉 U |s〉)

= 1
4
(〈0| 〈s| + 〈1| 〈s| + 〈0| 〈s| U† − 〈1| 〈s| U†)(|x〉〈x| ⊗ I⊗n)(|0〉 |s〉 + |1〉 |s〉 + |0〉 U |s〉 − |1〉 U |s〉)

= 1
4
(|〈0|x〉|2(2 + 〈s| U† |s〉 + 〈s| U |s〉)+ |〈1|x〉|2(2 − 〈s| U† |s〉 − 〈s| U |s〉))

= 1
2
(1 + (−1)xRe(〈s| U |s〉)).

We now define the binary random variable r′ = (−1)x which is estimated by measuring the ancilla and discarding the
rest. We have that

E[r′] = Re(〈s| U |s〉) E[(r′)2] = 1 Var(r′) = 1 − Re(〈s| U |s〉)2.

Therefore,

Var(r) = Var(r′)− 1 − | 〈s| U |s〉 |2
2

≤ Var(r′),

with equality only when | 〈s| U |s〉 |2 = 1. An identical result is obtained when estimating the imaginary part (this
corresponds to inserting an extra S† gate into the circuit). So cfev is usually better than ht in terms of variance.

Let us now consider the case of estimating 〈s| U |s〉 by combining the estimator of the real part, r, with the one for the
imaginary part, rc. For cfev we have

E[r + irc] = 〈s| U |s〉
Var(r + irc) = Var(r)+ Var(rc) = 1 + | 〈s| U |s〉 |2 − Re(〈s| U |s〉)2 − Im(〈s| U |s〉)2 = 1.
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Remarkably the variance of cfev does not depend on the state |s〉. This is not the case for ht since

E[r′ + ir′
c] = 〈s| U |s〉

Var(r′ + ir′
c) = Var(r′)+ Var(r′

c) = 2 − Re(〈s| U |s〉)2 − Im(〈s| U |s〉)2 = 2 − | 〈s| U |s〉 |2,

so we have
Var(r + irc) = Var(r′ + ir′

c)− (1 − | 〈s| U |s〉 |2) ≤ Var(r′ + ir′
c),

with equality only when | 〈s| U |s〉 |2 = 1. cfev can have half the variance of ht when 〈s| U |s〉 = 0.
Finally, we comment on weighted trace estimation, which we use to estimate the Jones polynomial of Markov-closed

braids. In this case, the estimator comprises an additional average over different realizations of the initial state |s〉 each with
probability P(s). Let us denote the s-dependent random variables as rs + irc,s and r′

s + ir′
c,s for cfev and ht, respectively.

We have

E[rs + irc,s] = E[E[rs + irc,s|s]] = E[〈s| U |s〉] = tr

[∑
s

P(s) |s〉〈s| U

]
,

where we use the law of total expectation. This is the trace of U weighted by P(s). The result is identical for the ht
protocol, E[r′

s + ir′
c,s]. Instead, for the variance we have

Var(rs + irc,s) = E[Var(rs + irc,s|s)] + Var(E[rs + irc,s|s]) = 1 + E[| 〈s| U |s〉 |2] − |E[〈s| U |s〉]|2,

Var(r′
s + ir′

c,s) = E[Var(r′
s + ir′

c,s|s)] + Var(E[r′
s + ir′

c,s|s]) = 2 − |E[〈s| U |s〉]|2,

where we use the law of total variance. Once again we observe that the variance of cfev is upper bounded by that of ht.

APPENDIX B: WEIGHTED SAMPLING FROM F
Consider |s〉 ∈ Fn as defined in Eq. (2). Since s0 = 0,

we must have s1 = 1, and that s2s3 . . . sn−1 ∈ F ′
n−2, where

we define the set F ′
n of Fibonacci strings of length n as

F ′
n = {s ∈ B

n | si + si+1 > 0}

and indeed we have that {s2s3 . . . sn−1 | s ∈ F} = F ′
n−2.

Suppose we want to uniformly sample from F condi-
tioned on the fact that sn−1 = 0. Then we must have
sn−2 = 1, and the remaining substrings s2 . . . sn−3 satisfy
{s2s3 . . . sn−3 | |s〉 ∈ F , sn−1 = 0} = F ′

n−4. Likewise if we
condition on sn−1 = 1, then we have {s2s3 . . . sn−2 | |s〉 ∈
F , sn−1 = 1} = F ′

n−3. In either case, this is reduced to
sampling uniformly from F ′

m for some m. Zeckendorf’s
theorem states that there is a bijection between the inte-
gers 0 ≤ k < fn+2 and the elements of F ′

n, so |F ′
n| = fn+2.

The bijection can be computed in linear time. Define a
sequence ki with kn−1 = k, then

ki−1 =
{

ki if ki < fi+2

ki − fi+2 if ki ≥ fi+2
, si =

{
1 if ki < fi+2

0 if ki ≥ fi+2
.

Now consider sampling from F weighted by κ(s) = φsn−1 .
Since |F ′

n−3| = fn−1 and |F ′
n−4| = fn−2, the probability of

obtaining a given sn−1 should be

P(sn−1 = 1) = φfn−1

φfn−1 + fn−2
,

P(sn−1 = 0) = fn−2

φfn−1 + fn−2
.

Then given sn−1, the problem reduces to sampling uni-
formly from some F ′

m, which can be done by picking an
integer 0 ≤ k < fn+2 and computing si as described above.
The overall method (see Algorithm 1) is as follows:

(1) By definition s0 = 0 and s1 = 1. To obtain sn−1
sample according to P(sn−1).

(2) If sn−1 = 0 then sn−2 = 1 by definition. Pick 0 ≤
k < fn−2 uniformly and use the bijection to fill in
s2 . . . sn−3.

(3) If sn−1 = 1 then pick 0 ≤ k < fn−1 uniformly and
use the bijection to fill in s2 . . . sn−2.

We can see that sampling from F weighted by κ(s) is the
same as sampling from the distribution

P(s) =
⎧⎨
⎩

0 if |s〉 /∈ F
φsn−1

φn−1 otherwise
,

since the total weight of κ(s) over F is given by φfn−1 +
fn−2 = φn−1.
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ALGORITHM 1. A procedure based on Zeckendorf’s theorem
to efficiently classically sample a bit string |s〉 from Fn according
to distribution P(s).

1 s0 ← 0;
2 s1 ← 1;
3 r ← sample uniformly in [0, 1];
4 if r ≤ fn−1

φn−2 then
5 sn−1 ← 1;
6 j ← n − 2;
7 k ← sample random integer in [0, fn−1);
8 else
9 sn−1 ← 0;

10 sn−2 ← 1;
11 j ← n − 3;
12 k ← sample random integer in [0, fn−2);

13 while j ≥ 2 do
14 if k ≥ fj then
15 sj ← 0;
16 k ← k − fj ;
17 else
18 sj ← 1;

19 j ← j − 1;

20 return |s〉

APPENDIX C: NON-FIBONACCI ERROR
DETECTION AND THE CONJUGATE TRICK

Suppose that x1, . . . , xn is a sample from the circuit in
Fig. 5(a). Without loss of generality let us assume that
θB = 0 and b = 0. According to Eq. (A1) case (3) has zero
probability of occurring. That is, it should never be the
case that x1 �= 0 or (xi ⊕ si)+ (xi+1 ⊕ si+1) = 0 for some
i ≥ 3. However, due to gate noise in the NISQ computer,
we may actually observe case (3) implying that at least one
hardware error has occurred. In this case the postprocess-
ing function defined after Eq. (A1) will take value g2 = 0
on the erroneous samples. We now argue that under rea-
sonable noise assumptions these samples can be discarded
during the estimation of expectation values.

From the definitions of r, g1 and g2 it can be verified that

E[r] = E[E[r | g2]] = P(g2 = 1)E[r|g2 = 1]

Estimating r from the retained samples (g2 = 1) is then
equivalent to rescaling the original estimator by a factor
of 1/P(g2 = 1), without affecting the phase. Certain noise
models, such as the depolarizing noise, have the effect of
shrinking the magnitude of any expectation value toward
zero. Under these noise assumptions we can safely discard
any sample for which g2 = 0. This will reduce the bias at
the cost of an increase in variance. We expect the same to
be at least approximately true for any nonadversarial noise
model. This effect can be observed in our experiments by

comparing the green and orange markers in Fig. 6. We call
this technique the non-Fibonacci error detection.

Next we discuss the conjugate trick. Suppose we esti-
mated Es[eiθ 〈s| UB |s〉] for braid B from samples, obtain-
ing the value eiθR. For the conjugate braid B∗ we
have that UB∗ = U∗

B, since the braid generators satisfy
Uσ−1 = U†

σ = U∗
σ due to symmetry. Let us then esti-

mate Es[eiθ 〈s| UB∗ |s〉] = Es[eiθ 〈s| U∗
B |s〉] from samples

as well, obtaining eiθR∗. We can now recover the value of
R up to a choice of signs as

R1···4 = ±1
2

∣∣eiθR + eiθR∗∣∣± i
2

∣∣eiθR − eiθR∗∣∣ ,
where each Ri correspond to a different choice of signs.
To disambiguate, we proceed as follows. We can eliminate
two of the four options by additionally calculating

R′
1,2 = ±|eiθR|

√
eiθR
eiθR∗

and discarding the antipodal pair of R1···4 that is furthest
from R′

1,2. The reason for not using R′
1,2 initially is that it

is not obvious that the variance of R′
i is the same as for

Ri. The remaining values of Ri are positioned at antipodal
points. By selecting the value nearest to eiθR, we ensure
the signs are chosen correctly, provided that |θ | < π/2.

Applying the conjugate trick relies on the assumption
that the overall phase error eiθ is the same for every mea-
surement shot, for both B and B∗. This may not be the
case in practice—for example, if each gate accumulated
phase error at a fixed rate, then even slight changes to this
rate (for instance due to hardware calibration) could cause
large changes in the overall phase error θ . Suppose that
the phase error is consistent across shots, but for B∗ it is
instead given by eiθ ′

with θ ′ �= θ . Then we can see that the
value recovered by the conjugate trick is given by

R̃1···4 = ±1
2

∣∣∣eiθR + eiθ ′
R∗
∣∣∣± i

2

∣∣∣eiθR − eiθ ′
R∗
∣∣∣

= ±1
2

∣∣∣ei θ+θ ′2 ei θ−θ ′2 R + ei θ+θ ′2 e−i θ−θ ′2 R∗
∣∣∣

± i
2

∣∣∣ei θ+θ ′2 ei θ−θ ′2 R − ei θ+θ ′2 e−i θ−θ ′2 R∗
∣∣∣

= ±1
2

∣∣∣ei θ+θ ′2 (ei θ−θ ′2 R)+ ei θ+θ ′2 (ei θ−θ ′2 R)∗
∣∣∣

± i
2

∣∣∣ei θ+θ ′2 (ei θ−θ ′2 R)− ei θ+θ ′2 (ei θ−θ ′2 R)∗
∣∣∣ .

So we can see that this is the same as the case where θ =
θ ′, except with R → ei((θ−θ ′)/2)R and θ → (θ + θ ′)/2. This
will be disambiguated to R̃ = ei((θ−θ ′)/2)R if

∣∣(θ + θ ′)/2
∣∣ <

π/2 by the same argument as above. Then, in the absence
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of finite sampling noise, the relative errors of the estimates
with and without the conjugate trick are given by

εwith = |R − R̃|
|R| =

∣∣∣1 − ei θ−θ ′2

∣∣∣ = 2
∣∣∣∣sin

(
θ − θ ′

4

)∣∣∣∣ ,
εwithout = |R − eiθR|

|R| = ∣∣1 − eiθ
∣∣ = 2

∣∣∣∣sin
(
θ

2

)∣∣∣∣ .
So applying the conjugate trick will be beneficial com-
pared to the original estimate whenever |θ − θ ′| ≤ 2|θ |,
i.e., the relative error between θ and θ ′ must be at most
200%.

Conversely, in the worst case, suppose that the phase
error of each shot is uniformly random, then we have

E[r] = E[E[r | θ ]] = E[eiθ ]E[〈s| UB |s〉] = 0,

so the conjugate trick cannot recover any information.
Therefore, we will now consider the case where the change
in phase error is roughly zero within a single measurement
shot, but may be arbitrarily different between measurement
shots. We will assume that we are estimating the amplitude
of a single bitstring 〈s| UB |s〉, and extend this to the case of
trace estimation later. We call this the shot-level conjugate
trick. Consider batching together four different measure-
ments into a single circuit: the real and imaginary parts of
R, and the real and imaginary parts of R∗. We assume that
they all have the same phase error because they are within
the same circuit (which is not too large). For measurement
shot i, define the following random variables, correspond-
ing to the measurement outcomes of each of the four parts
respectively,

Xi ∼ EV(x, y, θi) Yi ∼ EV(−y, x, θi)

X ∗
i ∼ EV(x, −y, θi) Y∗

i ∼ EV(y, x, θi),

where x + iy = 〈s| UB |s〉 and θi is the phase error for this
measurement shot. EV(x, y, θ) is the distribution of mea-
surement outcomes given by cfev estimating a quantity
with real part x, imaginary part y, and phase error θ , so
that

P(Xi = 0) = 1 − x2 − y2

2
,

P(Xi = +1) = 1 + x2 + y2

4
+ x cos(θi)− y sin(θi)

2
,

P(Xi = −1) = 1 + x2 + y2

4
− x cos(θi)− y sin(θi)

2
,

as computed in Appendix A. Then a straightforward but
tedious calculation shows that

E[XiX ∗
i + YiY∗

i ] = x2 − y2

E

[
X 2

i + Y2
i + (X ∗

i )
2 + (Y∗

i )
2

2
− 1
]

= x2 + y2,

which is independent of θi, and hence we can recover x2

and y2 as

X EC
i = (Xi + X ∗

i )
2 + (Yi + Y∗

i )
2 − 2

4
E[X EC

i ] = x2,

YEC
i = (Xi − X ∗

i )
2 + (Yi − Y∗

i )
2 − 2

4
E[YEC

i ] = y2.

Then taking N shots, even if each θi is arbitrary, we have
that

±
√√√√E

[
1
N

N∑
i=1

X EC
i

]
= ±

√√√√ 1
N

N∑
i=1

E[X EC
i ]

= ±
√√√√ 1

N

N∑
i=1

x2 = ±x

and likewise for YEC
i . Let MN = 1/N

∑N
i=1 X EC

i , then
because − 1

2 ≤ X EC
i ≤ 3

2 we have

P(|MN − x2| ≥ t) ≤ 2e−N t2
2

from Hoeffding’s inequality, and thus,

P
(∣∣∣√MN − |x|

∣∣∣ ≥ t
)

= P
(
|MN − x2| ≥ t

∣∣∣√MN + |x|
∣∣∣)

≤ P
(|MN − x2| ≥ t|x|) ≤ 2e−N t2x2

2 .

Note that this inequality can be tightened further [59], but
this is enough to imply that the following is a consistent
estimator for x + iy up to the sign of its components

REC = ±
√√√√ 1

N

N∑
i=1

X EC
i ± i

√√√√ 1
N

N∑
i=1

YEC
i .

Since the square root function is not Lipschitz continu-
ous, the variance will depend inversely on the value of
|x + iy|, and in any case will be substantially larger than
the variance from the regular conjugate trick.

To adapt this to trace estimation, if we let x and y vary
with each shot such that E[x] = x′ and E[y] = y ′ then this
estimator will be biased, since E[x2] �= (x′)2 in general. If
the variance of x is small, this may be a reasonable estima-
tor, but to obtain a consistent estimator for the trace, one
can instead estimate REC for each bit string |s〉 individually
and combine these. However, it is important to note that
this can only be unbiased (up to a choice of signs) when the
signs of the components of each amplitude on the diagonal
are all positive or all negative, since the sign information
cannot be recovered from the shot-level trick.
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We will now prove that this works for estimating
the absolute value of the real part of the trace. The
imaginary part follows similarly. Let {sj } for 1 ≤ j ≤ m
and s be independent identically distributed Fibonacci
strings according to s ∼ p(s). Then we will estimate
q(sj ) = |Re(

〈
sj
∣∣UB

∣∣sj
〉
)| using the shot-level conjugate

trick with N shots, and average over these. Our estimator is
thus defined as Z = 1/m

∑m
i=j

√
MN (sj ) where MN (sj ) =

1/N
∑N

i=1 X EC
i (sj ) is defined above. Furthermore, we can

define B as follows, which is the expected bias due to the
sign information of each amplitude being unavailable,

B =
∣∣∣|Re(E[〈s| UB |s〉])| − E[q(s)]

∣∣∣.
Using the stronger concentration inequality of [59], we
bound the conditional probability

P
(∣∣∣√MN (sj )− q(sj )

∣∣∣ ≥ t
∣∣∣ sj

)
≤
{

2e− N
2 (q(sj )

2−(q(sj )−t)2)2 if t < q(sj )

2e− N
2 (q(sj )

2−(q(sj )+t)2)2 if t ≥ q(sj )
≤ 2e− N

2 t4 .

Applying the tail-sum formula for expected values, we find

E

[∣∣∣√MN (sj )− q(sj )

∣∣∣ ∣∣∣ sj

]
=
∫ ∞

0
P
(∣∣∣√MN (sj )− q(sj )

∣∣∣ ≥ t
∣∣∣ sj

)
dt ≤

∫ ∞

0
2e− N

2 t4 dt = 2
5
4�
( 5

4

)
N

1
4

≤ 3

N
1
4

.

First we will show that Z is a consistent estimator for E[q(s)],

|E[Z − E[q(s)]]| =
∣∣∣∣∣∣E
⎡
⎣ 1

m

m∑
j =1

(√
MN (sj )− E[q(s)]

)⎤⎦
∣∣∣∣∣∣

=
∣∣∣∣∣∣

1
m

m∑
j =1

E

[√
MN (s1)− E[q(s)]

]∣∣∣∣∣∣ =
∣∣∣E [√MN (s1)− E[q(s)]

]∣∣∣
=
∣∣∣E [√MN (s1)− q(s)

]∣∣∣ = ∣∣∣E [√MN (s1)− q(s1)
]∣∣∣ ≤ E

[∣∣∣√MN (s1)− q(s1)

∣∣∣]

= E

[
E

[∣∣∣√MN (s1)− q(s1)

∣∣∣ ∣∣∣ s1

]]
≤ E

[
3

N
1
4

]
= 3

N
1
4

.

And so from the triangle inequality, we get a bound on the
bias of Z as an estimator for |Re(E[〈s| UB |s〉])|,

|Bias| = |E[Z − |Re(E[〈s| UB |s〉])|]|

≤ |E[Z − E[q(s)]]| + B ≤ 3

N
1
4

+ B.

Thus, in the situation where B = 0, Z is a consistent esti-
mator, with bias that goes like O(N−1/4). On the other
hand, because each MN (sj ) is bounded, we would expect
that the standard deviation of Z is O(m−1/2) from Hoeffd-
ing’s inequality. This characterizes the bias-variance trade-
off. Now, imagine that we have B = 0 and a fixed budget
of k = Nm shots, then we can pick N = k2/3 and m =
k1/3 so that the bias and standard deviation both scale
as O(k−1/6). Note that this is much slower than standard
Monte Carlo convergence, but we would expect that it per-
forms much better than this in practice, since the bias of Z

will converge asymptotically faster than O(N−1/4) when-
ever Es[|Re(〈s| UB |s〉)|] is bounded away from zero by a
constant.

APPENDIX D: COMPILATION PIPELINE

1. Braid augmentation

To generate braids for which the value of the Jones
polynomial is known in advance, we take the following
approach. Let B = ⊗k

i=1bi with 3k strands be the ten-
sor product of 3-strand braids bi. The Jones polynomial
for each M (bi) can be calculated trivially, and the Jones
polynomial of M (B) is given as

VM (B)

(
ei 2π

5

)
= φk−1

k∏
i=1

VM (bi)

(
ei 2π

5

)
,
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so it can be computed efficiently classically. Then, we gen-
erate random braids A and A−1 such that AA−1 = I is the
identity braid on 3k strands. Let B′ = A−1BA, then since
the Markov closure of a braid is unchanged by conjugation,
we have VM (B′)(ei(2π/5)) = VM (B)(ei(2π/5)) so this can also
be computed efficiently. By varying the number of cross-
ings in A and the number of strands in B, the size of B′ can
be controlled.

First, we describe how to generate B. We want the dom-
inant error of cfev when applied to B′ to be εnoise (which
is what we wish to characterize) rather than εshot, so we
must ensure that the value of |Es[〈s| UB |s〉]| does not con-
centrate exponentially around zero. To this end, we first
enumerate all 3-strand braids bj up to a given number
of generators (we used four in practice), and calculated
Tj = log |Es[〈s| Ubj |s〉]| for each. Then, suppose that we
want to construct braid B on 3k strands. Each bi is sampled
independently and identically from this set {bj } such that

|Es[〈s| UB |s〉]| =
k∏

i=1

|Es[〈s| Ubi |s〉]| = exp

[
k∑

i=1

Ti

]

is approximately uniformly distributed in [0, 1]. Note that
it is not possible for this to be exactly uniformly dis-
tributed for any particular k because the set {Tj } is finite.
We construct Dk as

P(Dk = bi) = P(D′
k = Ti)

|{bj | Tj = Ti}| ,

where D′
k is a distribution over the set {Tj }. Clearly Ti ∼

D′
k, and bi is selected uniformly at random from all bj such

that Tj = Ti. Thus, the condition that |Es[〈s| UB |s〉]| be
uniformly distributed depends only on D′

k. Let t1, t2, . . . , tn
be the unique values of Tj , and define P(D′

k = tj ) = pj .
Next we use the idea of a moment generating function,

which for a random variable R is defined in terms of a free
variable x as E[exR]. It is defined this way because when
expressed as a formal power series in x, the coefficient of
xk is mk/k! where mk is the kth raw moment of R. Let Z =
log |Es[〈s| UB |s〉]| =∑k

i=1 Ti so that |Es[〈s| UB |s〉]| ∼ eZ .
The moment generating function of Z can be calculated as

E[exZ] = E[ex
∑k

i=1 Ti] =
k∏

i=1

E[exTi] =
⎛
⎝ n∑

j =1

pj extj

⎞
⎠

k

.

To enforce that |Es[〈s| UB |s〉]| ∼ eZ is approximately uni-
form, we can pick pj such that the moment generating
function of Z matches the desired distribution. In partic-
ular, let U ∼ U([0, 1]) then we want eZ to match U, and

hence Z to match log U. Since we have

E[ex log(U)] = E[Ux] =
∫ 1

0
ux du = 1

x + 1
,

then matching this for Z yields

E[exZ] =
⎛
⎝ n∑

j =1

pj extj

⎞
⎠

k

≈ 1
x + 1

=⇒
n∑

j =1

pj extj ≈ 1
k√x + 1

.

By picking a finite set of x values where we want this to
be satisfied (we used 100 equally spaced points in 0 ≤ x ≤
15
2 ), this is transformed into a regression problem subject

to the constraint that pj ≥ 0 and
∑

j pj = 1, which can be
solved by any standard constrained convex optimization
method.

In theory, any method of generating random braids could
be used to construct A, while A−1 is given by reversing the
order and sign of all the crossings in A. However, with this
method, A and A−1 will be structurally very similar, and the
overall circuit will be quite similar to mirror benchmarking
techniques. Therefore, to generate a greater variety of cir-
cuit structures, and thus a more comprehensive benchmark,
we use a method based on sorting networks.

First, we generate a random network A of crossings on
n strands, not yet committing to whether each crossing
is under or over. This is done in a brick-wall layout (see
Fig. 13) by picking randomly whether each “brick” is a
crossing or the identity. The number of layers in the brick-
wall can be varied to control the amount of crossings in
the final braid. Regardless of the sign of each crossing, this
induces the same permutation π on the strands themselves,
considering the group homomorphism f from the braid

...
. . . ...

FIG. 13. Random braid generated on a brick-wall pattern,
where “bricks” are chosen from the set {σ , σ−1, 12} contain-
ing the braid generators and the 2-strand identity according to
a strategy described in Appendix D 1.
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group Bn to the symmetric group Sn that maps crossings to
transpositions f : σ±1

i → (i i + 1). Now we can generate
a similar network A−1 which induces the permutation π−1

via any deterministic method of decomposing a permuta-
tion into transpositions of consecutive pairs, for instance a

sorting network. We used the odd-even sorting network to
produce a brick-wall style network with depth at most n.
For instance, see the following example with n = 5 where
A is generated using a 10-layer brick-wall,

A = A−1 =
1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

Here, the small numbers on each strand indicate the
induced permutation. Clearly, the concatenation of these
two would induce the identity permutation as desired.
Because of this structure, A−1 will in general be much
shallower than A if the number of layers in the brick-
wall is much larger than n. We need to pick a sign for
each crossing so that AA−1 is indeed the identity braid on
n strands. Note that not all sets of signs work, in gen-
eral we might end up with some braid from the pure
braid group Pn ∼= ker f (that is, braids whose induced

permutation is the identity). Thus, we use the following
simple method which guarantees success, but could per-
haps be improved in the future: we choose at random a
total ordering on the strands given by x ≺ y, and for every
crossing σ±1

i between strands i and i + 1 we pick σ+1
i if

π ′(i + 1) ≺ π ′(i) and σ−1
i if π ′(i) ≺ π ′(i + 1), where π ′

is the permutation induced by all the crossings up to this
point. Continuing the example above, using the ordering
4 ≺ 3 ≺ 5 ≺ 1 ≺ 2, we obtain

A = =A−1

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5 1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5 1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

1

2

3

4

5

where the numbers after each layer indicate the induced
permutation up to that point π ′. To see that this construc-
tion will always generate A and A−1 such that AA−1 is the
identity braid, we can use induction on the strands. Starting
from the top-most strand, since it lies either fully atop or
beneath every other strand, a series of “slide” and “poke”
moves (cf. Fig. 14) can reduce the braid so that no genera-
tors act on this strand. This can be repeated for all strands
in sequence until the identity is reached.

Lastly, we comment briefly on why this method was
chosen—we previously considered two options: either
constructing ABA−1 as above, but using a family of n-
strand braids with a known Jones polynomial, in particular
the torus knots, or taking a small braid for which the
Jones polynomial of the closure is known or can be com-
puted classically, and augmenting it with random Markov
moves to form a large braid. In both cases, the value of
the Jones polynomial does not scale exponentially with the

number of strands, and hence the expectation we would
need to measure in cfev would decrease as O(φ−n). Thus
εshot would quickly become the dominant error, which is
unhelpful for this benchmark as it is intended to measure
εnoise.

2. Braid simplification

Given a specific knot or link that you might wish to
evaluate with cfev it is useful to obtain a braid whose
closure is the given link, called a braid representative,
which minimizes the number of crossings so as to mini-
mize both the time required to run the algorithm and the
εnoise error incurred. A braid representative can be effi-
ciently obtained via Vogel’s algorithm [60], but this may
have many crossings. Note that identifying a small braid
representative is hard in general. For example minimiz-
ing the number of strands is hard [61], minimizing the
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↔B

↔

↔

B

↔A B
...

...

...
...

...
...

B A
...

...

FIG. 14. Braid rewrites that relate topologically equivalent
braids upon Markov closure. From top to bottom we have the
local moves: Reidemeister II or “poke” (σiσ

−1
i = 12), Reide-

meister III or “slide” (σiσi+1σi ↔ σi+1σiσi+1), “stabilization”
(B ↔ Bσn+1), and the global move “cycle” or “conjugation”
(AB ↔ BA), where A, B are arbitrary n-strand braids.

number of crossings is NP-hard [62], and when minimizing
both strands and crossings this is a complete knot invari-
ant and hence even harder [63]. Therefore, in our pipeline
[52] we include a heuristic solution to this problem based
on applying peephole optimization to a given braid. Using
Berger’s algorithm for minimizing 3-strand braids [64], we
rewrite each 3-strand sub-braid and apply random “slide”
and conjugation moves until no further improvement is
obtained. This is fast in practice but may lead to larger
numbers of crossings than other slower heuristic methods.
Anecdotally, we observed that our method is ∼20% worse
than the physics-based heuristic proposed in Ref. [55] for
uniformly random 10-strand braid words.

3. Braid generator circuits

For U1
σ , the parameters for the native 1- and 2-qubit

gates in Fig. 4(b) are as follows:

α0 = a1 β0 = 0 χ0 = −b1 θ0 = − π

10
,

α1 = −a1 β1 = −b1 χ1 = π

2
θ1 = 2b1 + 3π

10
,

α2 = −a1 β2 = −b1 − 3π
10

χ2 = −b1 θ2 = π

5
,

α3 = a1 β3 = −2b1 − 3π
10

,

where the angles a1 and b1 are defined by

a1 = sin−1

(√
4

3φ

)
− π b1 = sin−1

(
φ

√
3
8

)

and the eigenvalue corresponding to |000〉 is eiα = ei(2π/5).
Similarly for U2

σ we have

α0 = π − a2 β0 = 0 χ0 = −b2 θ0 = π

5
,

α1 = a2 β1 = −b2 χ1 = 3π
5

θ1 = 2b2 + 3π
5

,

α2 = −a2 β2 = 2π
5

− b2 χ2 = −b2 θ2 = −2π
5

,

α3 = π − a2 β3 = −2b2 − 3π
5

,

where the angles a2 and b2 are defined by

a2 = sin−1
(

2√
3 + 2φ

)
b2 = sin−1

(√
3φ − 1

2

)
− π

and the eigenvalue corresponding to |000〉 is eiα =
e−i(2π/5). The parameters for Uk

σ with k ≥ 3 have more
complicated closed forms, so we calculated them numer-
ically instead, and the values are listed in an online
repository along with the pipeline code [52]. Note that
these values are not the only possible expression of these
unitaries in the form given in Fig. 4(b).

APPENDIX E: EVALUATING THE JONES FOR
PLAT-CLOSED BRAIDS

Theorem E1. For any braid B with n − 1 strands, where
n − 1 is even,

VP(B)

(
ei 2π

5

)
=
(
−e−i 3π

5

)3wB
φ

n
2 − 3

2 〈α| UB |α〉 ,

where |α〉 = |01010 · · · 10〉, wB is the writhe of B, and
P(B) is the link corresponding to the Plat closure of B.

Proof. We adapt the proof of [4, Theorem 3.2] that uses
the path model representation of Bn to the Fibonacci string
representation of [6] which we use in Sec. II. For any braid
B, the following two link diagrams are ambient isotopic
and hence have the same Jones polynomial:

B
...

...

B
...

...

...
...

...

�

Note that the left diagram corresponds to the P(B) while
the right corresponds to M (B · E), where B · E is a tangle
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and E is an element of the Temperley-Lieb algebra,

...
...E = B · E = B

...
...

Therefore, we have that VP(B)(x) = VM (B·E)(x). In Sec. II
we give an expression for VM (B′)(ei(2π/5)) for any braid B′
in terms of a unitary representation UB′ , which was origi-
nally proven by Kauffman and Lomonaco [6, Theorem 2]
(this is equivalent to [4, Lemma 2.2] in the path model
representation). They show that this also holds when B′
is any tangle (i.e., it contains Temperley-Lieb generators),
although UB′ may be nonunitary, and give the representa-
tion in this case. Specifically, if B has n − 1 strands, we
have that

UB·E = UBUE UE =
n−1

2 −1∏
i=0

I2i ⊗ M ⊗ In−1−2(i+1)

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1

φ

0
1

a b
0

b 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where a = 1/φ, b =
√

1 − (1/φ2), and Ik is the identity
matrix of dimension 2k × 2k (note that M = ei(3π/5)Uσi +
ei(π/5)I3).

We will now show that UE |s〉 = 0 for all |s〉 ∈ F
except for |α〉. Suppose that UE |s〉 �= 0. Since the terms
I2i ⊗ M ⊗ In−1−2(i+1) and I2j ⊗ M ⊗ In−1−2(j +1) commute
for any i and j , we must have that (I2i ⊗ M ⊗
In−1−2(i+1)) |s〉 �= 0 for all 0 ≤ i < (n − 1)/2. If s2i = 0,
then s2i+1 = 1 by the definition of F . In order for (I2i ⊗
M ⊗ In−1−2(i+1)) |s〉 �= 0, we must have s2(i+1) = 0 since

(I2i ⊗ M ⊗ In−1−2(i+1)) |s〉
= |s0 · · · s2i−1〉 ⊗ M

∣∣s2is2i+1s2(i+1)
〉⊗ |s2i+3 · · · sn−2〉

= |s0 · · · s2i−1〉 ⊗ M
∣∣01s2(i+1)

〉⊗ |s2i+3 · · · sn−2〉 ,

but M |011〉 = 0 and M |010〉 = φ |010〉 �= 0. From the
definition of F , we have s0 = 0 and s1 = 1, so by induc-
tion we must have s2i = 0 and s2i+1 = 1 for all 0 ≤ i <
(n − 1)/2, and thus |s〉 = |α〉. In this case, (I2i ⊗ M ⊗
In−1−2(i+1)) |α〉 = φ |α〉, so UE |α〉 = φ(n−1)/2 |α〉. There-
fore, we have that

VP(B)

(
ei 2π

5

)
= VM (B·E)

(
ei 2π

5

)
=
(
−e−i 3π

5

)3wB
φn−2

Es[〈s| UB·E |s〉]

=
(
−e−i 3π

5

)3wB
φn−2

∑
s∈F

φsn−1

φn−1
〈s| UB·E |s〉

=
(
−e−i 3π

5

)3wB
φ−1

∑
s∈F

φsn−1 〈s| UBUE |s〉

=
(
−e−i 3π

5

)3wB
φ

n
2 − 3

2 〈α| UB |α〉 . �

The quantum protocol presented in Sec. II can be used
to solve the BQP-complete problem of additively approx-
imating the Jones polynomial of Plat-closed braids at the
fifth root of unity. For every circuit execution, we fix
|s〉 = |01010 · · · 10〉 and estimate the desired quantity as

VP(B)(ei(2π/5)) = (−e−i(3π/5))3wBφ
(n/2)− 3

2 〈α| UB |α〉.
We will briefly comment on why this definition appears

different to that in the Aharonov-Jones-Landau (AJL)
algorithm. In the AJL algorithm, their computation of the
Jones polynomial for the Plat closure has the following
form [4, Theorem 3.2] (where n in their notation is n − 1
in our notation, since we count qubits rather than strands),

VP(B)

(
ei 2π

k

)
= (−A)3wB

d
3
2 (n−1)−1 sin

(
π
k

)
N

〈α| UB |α〉 ,

where A is a phase depending on k and N is an exponen-
tially large factor defined by

N =
k−1∑
l=1

sin
(

lπ
k

)
dimHn−1,k,l

and dimHn−1,k,l is the number of walks of length n − 1 on
the path graph of k − 1 vertices that start on the left-most
vertex l = 1 and end on vertex l. Note that their definition
of |α〉 and UB are slightly different than ours, although it is
not important in this case. Substituting k = 5, we have

d = φ A = e−i 3π
5 dimHn−1,5,l =

⎧⎪⎨
⎪⎩

fn−2 if l = 1 and n is odd or l = 4 and n is even,
fn−1 if l = 2 and n is even or l = 3 and n is odd,
0 otherwise,
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so since sin(x) is symmetric around π/2 and n − 1 is either
even or odd we can compute N as

N
sin
(
π
5

) = fn−2 + sin
( 2π

5

)
sin
(
π
5

) fn−1 = fn−2 + φfn−1 = φn−1

and thus we get

VP(B)

(
ei 2π

5

)
= (−A)3wBφ

n
2 − 3

2 〈α| UB |α〉 ,

which matches the theorem above, excepting the differ-
ences in UB and |α〉.

APPENDIX F: NUMERICAL EXPERIMENT
DETAILS

1. Noisy circuit simulation

We simulated cfev as compiled to the native gate
set of Quantinuum’s H-series devices using a statevector
method. Random Pauli errors were inserted after every
U1q 1- and RZZ 2-qubit gate to create a depolarizing chan-
nel. No errors were inserted for RZ gates, since in practice
these are implemented entirely in software. Random bit-
flip initialization errors were applied on each qubit at the
beginning of each circuit, and asymmetric bit-flip errors
were applied to the measurement results. See the repos-
itory [52] for the exact error rates and parameters. Non-
Fibonacci error detection was applied to the output of these
simulations, but the conjugate trick was not used (since no
coherent errors were included, it is unnecessary).

The simulations were run with a custom statevector
simulator built using the Triton GPU programming envi-
ronment [65]. This was necessary to avoid the performance
penalty incurred in existing statevector simulators (for
example, we saw up to 50x slow down relative to Qiskit-
Aer [66] on the same hardware) when simulating circuits
which must vary between shots (this is due to the bit-
string |s〉 being randomly sampled, and hence Vcat must be
recompiled for each shot). A Qiskit-Aer-based simulation
is also included in the repository, which we cross-checked
against our custom implementation to ensure correctness.

The benchmark set was generated using the technique
from Sec. III, specifically according to the method in
Appendix D 1. The number of layers in the initial brick-
wall circuit was varied from 5 to 100 in steps of 5. The
number of strands varied from 10 to 15 with: 10k braids
on 10 strands, 5k each for 11 and 12 strands, 2.4k for 13
strands, 1.2k for 14 strands, and 640 braids on 15 strands.
This was done to ensure that the time spent on each number
of strands was roughly the same.

In Fig. 8 we see how the relative error depends on the
number of crossings. We use a power-law fit to extrapolate
because it provided a better fit than a linear or exponen-
tial (1 − αc) regression. Figure 15 shows that the relative

FIG. 15. The dependence of the relative error in Fig. 8 unex-
plained by the power-law fit for a set of 24k randomly generated
benchmark braids, when simulated with a depolarizing noise
model and ε2q = 1 × 10−4. While the unexplained relative error
can be relatively large (5%–10%), the median is low (<1%), and
it is not correlated with either the depth of the circuits or the num-
ber of strands in each braid. This suggests that the total relative
error of cfev depends mainly on the number of crossings.

error unexplained by the power-law fit does not depend
strongly on the depth of the braid or the number of strands.
Therefore, we did not believe it necessary to expand the
benchmark set to include braids with more strands (which
would have taken much more time to simulate).

2. Tensor-network methods

The benchmark set for tn-proj, mpo-proj, and
bracket was comprised of 10k braids, generated as in
Appendix D 1 with initial brick-wall depths between 5 and
50 in increments of 5 and between 10 and 30 strands. The
braids were evenly distributed across all of these statis-
tics. Since the time required to estimate the performance
of tn-proj, bracket, and mpo-proj does not have
a strong of a dependence on the number of strands (com-
pared to the noisy simulations in the previous section), we
elected to use a greater range of strands to have a more
comprehensive benchmark.

We study the performance of tn-proj and mpo-
proj by computing the weighted trace shown in Fig. 9.
The description of the tensor network, including both
the braid unitary and the projection matrices, is built up
iteratively. The iteration is over the sequence of braid gen-
erators Uσ+ and Uσ− , here we do not use the compiled
circuit representation of the braid generators, Fig. 4(b),
instead we use the exact 3-qubit matrix, Eq. (1), where
we set the action on the non-Fibonacci subspace to be a
zero matrix. Once the braid is complete we similarly iter-
ate over the projectors that apply the correct weightings in
the trace. The inclusion of the projectors and the choice
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FIG. 16. On the left: The floating-point operations required to evaluate mpo-proj relative to the total number of operations when
the bond dimension is maximum χ = χmax so that no truncation occurs, as it depends on the level of truncation. The level of truncation
is expressed as the amount of intermediate memory used relative to the χ = χmax case. It was determined for a set of 10k braids by
measuring the total floating point operations and intermediate memory usage for χ = 2k with k ∈ [3, 10]. On the right: the amount
of floating point operations needed for mpo-proj to achieve the same accuracy as cfev, as it depends on the number of crossings,
relative to the number of floating point operations required for the χ = χmax case. This is obtained by combining the left-hand plot
with Fig. 10(a).

of the action of the braid generators on the non-Fibonacci
subspace make the tensor-network nonunitary.

We can then evaluate this in two ways. For tn-proj,
we use Cotengra [48] to find good contraction paths. We
use the KaHyPar and random-greedy backends to Coten-
gra, configured to minimize total FLOPS. We used 128
hyper-optimization samples for each network. We also
tested 1024 hyper-optimization samples on a subset of net-
works but did not observe any substantial improvement.
We did not perform slicing of the network, but even if
memory limitations are ignored, Fig. 11 indicates that this
would not substantially change the boundaries for quan-
tum advantage. We did not perform the actual contractions,
but instead assumed that the calculated required FLOPS
could be perfectly parallelized over our hardware targets.
This is a conservative assumption that will bias the results
in favor of classical algorithms. The results are shown in
Fig. 20.

All MPO computations were carried out using the
Quimb library [50]. At each step of the tensor network con-
struction, we apply compression to reduce the maximum
bond dimension to a fixed value χ . Once the compressed
MPO is constructed in this way, we compute its trace and
multiply by the prefactors to complete the estimate of the
Jones polynomial for the Markov closure of the braid.
From this, we can calculate the relative error by compar-
ing against the known value of the Jones polynomial for
the benchmark braids. We performed this for each braid
for values of χ = 2k with k ∈ [3, 9]. For each braid and for
each k, we recorded the maximum intermediate size, and
used this information to generate Fig. 10(a).

We found that k = 13 was sufficiently large that no
compression needed to be applied for all braids in the
benchmark set. The resources required in this case are
given in Fig. 18. Thus for k = 13 for each braid, we
recorded the dimensions of each bond after the applica-
tion of each unitary to the MPO. The largest achieved bond
dimension defines χmax ≤ 213 for that braid, and the largest
total intermediate defines Dmax. Then using the theoretical
FLOP counts listed in [51], we could calculate the theoreti-
cal number of FLOPS needed to evaluate the MPO for any
intermediate χ value by replaying the sequence of opera-
tions performed by Quimb in the MPO computation, but
using truncated bond dimensions to calculate the FLOP
count for each operation. With this data, Figs. 8 and 10,
we constructed Fig. 16, from which the time to solution of
mpo-proj can be estimated. Again, we assumed that the
calculated required FLOPS could be perfectly parallelized.

For mpo-proj we use a multilinear fit in Fig. 18 to
extrapolate to larger numbers of crossings. Specifically,
we take into account the number of crossings, strands, and
depth of the braid. We fit to only the points with c ≥ 200
because before this point the trend has not yet appeared
to stabilize. We extrapolate along the principal axis of the
dataset in terms of crossings, strands, and depth since this
represents plausible larger instances generated in the same
way as the original dataset.

For tn-proj in Fig. 20 (and bracket discussed in
the next section), we use a multilinear fit that includes
crossings c, strands n − 1, depth d, and also the term
min(n, d). The reasoning behind this is that rectangular pla-
nar tensor networks can be contracted in time that scales
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FIG. 17. Predicted time needed to calculate VM(B)(ei(2π/5))

using the sv-shor method, on the same benchmark set as
in Fig. 10, to the same relative error achieved by cfev, as it
depends on the number of crossings c and the 2-qubit error rate
ε2q. The solid lines represent computation on the Frontier clus-
ter, while the dot-dashed lines represent the same computation
on a single A100 GPU. The lines vertically downward repre-
sent the points where the relative error of cfev exceeds the 80%
threshold given by Fig. 10, whereas the lines vertically upward
represent the points where required memory exceeds the avail-
able memory of the classical hardware. For ε2q = 5 × 10−4, the
relative error of cfev grows large enough that sv-shor is
always faster than cfev. For ε2q = 1 × 10−4 the memory limit
is reached before the point where cfev would become faster.

exponentially proportional to their shortest linear dimen-
sion (for instance, width or height). We would expect the
networks generated by brick-wall style links to be roughly
of this shape. More generally, planar tensor networks can
be contracted in time that scales exponentially in the square
root of the number of tensors [67]. This provides a more
conservative scaling estimate than a multilinear fit of only
c, n, d.

3. Classical knot-theoretic algorithms

There are various different classical algorithms for com-
puting the Jones polynomial, or evaluating it at a certain
point. Since doing this exactly is #P-hard [2], we would
expect these methods to scale exponentially. Indeed, they
can be divided broadly into two paradigms based on
whether this scaling is in terms of strands or crossings.

The first group of algorithms perform computations
with a 2n−1 dimensional vector (of Laurent polynomials
or complex numbers, depending on the method). These
can be derived for example through the connection to
Hecke algebras [68] or quantum groups [69], and has been

implemented in practice [70]. Such methods are essentially
identical to quantum algorithms for evaluating the Jones
polynomial, and in particular sv-shor, as it performs a
statevector simulation of each amplitude on the diagonal of
UB directly as a polynomial. Since they are not specialized
to the ei(2π/5) evaluation point their cost scales as O(2n) in
memory and O(c4n) in time.

The second group of algorithms expand the Jones poly-
nomial as an exponential sum of terms using a skein
relation (an equation that relates the original link to the
links obtained by resolving a single crossing). For exam-
ple, this includes direct expansion [71] (with complexity
O(2c)), methods based on “simple walks” [72,73], or the
connection to the Tutte polynomial of graphs [74]. These
computations can be optimized using dynamic program-
ming, in a similar way to finding a good contraction path
for a tensor network. Examples include [75] (with a stated
complexity of at most O(c217

√
c)), Bar-Natan’s algorithm

for the Khovanov homology [76], and an algorithm due to
Kauffman [1, p. 104-124] which we will call bracket.
These methods are all abstractly similar to tn-proj in
the same way that, taking another #P-hard problem as
an example, model counting relates to tensor contraction
[67]. Indeed, tn-proj scales exponentially in the width
parameters (such as cut-width and tree-width) of the planar
graph representing the quantum circuit [77], while [75,76]
and bracket all scale exponentially in the width param-
eters of the planar graph representing the link (where each
crossing is one vertex, and edges correspond to strands).
This cannot be worse than the O(2n) scaling of the strand-
based algorithms, so we choose to focus on these methods
exclusively.

It is not a coincidence that both groups resemble dif-
ferent methods of simulating the corresponding quantum
circuit; [15, Section 5.5] gives a heuristic argument that
this may be the optimal classical algorithm for large knots,
by showing that the Jones polynomial provides a general
model of planar quantum circuits—the exact evaluation of
the Jones polynomial corresponds to the exact simulation
of postselected quantum circuits, in the same way that the
APPROX-JONES-PLAT problem corresponds to the sim-
ulation of quantum circuits up to bounded error. Moreover,
[38] shows that for random braids, UB looks like a ran-
dom quantum circuit. The theoretical scaling predicted for
these algorithms is extremely poor, even making generous
assumptions about the constant factors involved (e.g., for
c = 2000 and n = 80, c217

√
c ≈ 10232, c4n ≈ 1051), so this

would not be a suitable point of comparison for cfev.
However, in the case of bracket, the method is given

exactly by the contraction of a (nonunitary) tensor net-
work over the ring of Laurent polynomials (that is, the
elements of the tensors are Laurent polynomials). Thus,
using Cotengra [48] to find good contraction paths for
this network, and making the conservative assumption that
each Laurent polynomial operation can be computed in
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FIG. 18. The resources required to evaluate VM(B)(ei(2π/5)) using the mpo-proj method for the benchmark set as in Fig. 10. The
bond dimension χ = χmax was allowed to grow as large as needed to avoid any lossy compression. The extrapolation is a multilinear
fit against the number of strands n − 1, crossings c, and depth of the braid for c ≥ 200. It is extrapolated along the principal component
of the dataset to represent possible performance for larger datasets generated in the same way. On the left: The number of floating
point operations required. The dashed lines labeled “Frontier” and “1x A100” represent one month of computation on the respective
hardware, for scale. On the right: The size of the largest intermediate tensor, in bytes. The dashed lines represent the memory limits of
the respective hardware.

FIG. 19. The maximum bond dimension χmax required to evaluate VM(B)(ei(2π/5)) without any compression using the mpo-proj
method for the benchmark set as in Fig. 10, as it depends on the number of qubits and the number of crossings. For almost all (96%)
of instances, χmax is equal to a Fibonacci number. This suggests that mpo-proj is successful at reducing the bond dimension by
exploiting that UB acts nontrivially only on Fibonacci strings. Furthermore, χmax is usually much lower than the theoretical upper
bound of fn for n qubits, indicating that the complexity of braids in the benchmark set is likely limited by the number of crossings
rather than the number of strands.

020355-27



TUOMAS LAAKKONEN et al. PRX QUANTUM 7, 020355 (2026)

FIG. 20. The resources required to evaluate VM(B)(ei(2π/5)) using the tn-proj method for the benchmark set as in Fig. 10. The
extrapolation is a multilinear fit against the number of strands n − 1, crossings c, depth of the braid d, and min(n, d) (see Appendix F 2
for more details). It is extrapolated along the principal component of the dataset to represent possible performance for larger datasets
generated in the same way. The abrupt change in slope around c ∼ 500 is due to the min(n, d) term and results in a more conservative
estimate. On the left: The number of floating point operations required. The dashed lines labeled “Frontier” and “1x A100” represent
one month of computation on the respective hardware, for scale. On the right: The size of the largest intermediate tensor, in bytes. The
dashed lines represent the memory limits of the respective hardware.

FIG. 21. The resources required to evaluate VM(B)(ei(2π/5)) using the bracket method for the benchmark set as in Fig. 10. This
results from the optimization of the tensor-network contraction path, making the conservative estimate that each tensor element takes
8 bytes of memory and each corresponding arithmetic operation costs only one floating-point operation, see Appendix F 3 for more
details. The extrapolation is a multilinear fit against the number of strands n − 1, crossings c, depth of the braid d, and min(n, d) (see
Appendix F 2 for more details). It is extrapolated along the principal component of the dataset to represent possible performance for
larger datasets generated in the same way. On the left: The number of floating point operations required. The dashed lines labeled
“Frontier” and “1x A100” represent one month of computation on the respective hardware, for scale. On the right: The size of the
largest intermediate tensor, in bytes. The dashed lines represent the memory limits of the respective hardware.
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FIG. 22. The memory usage required to evaluate VM(B)(ei(2π/5)) without any compression using the mpo-proj method for each
braid in the benchmark set (as in Fig. 10) as it evolves throughout the computation. We recorded the memory usage after each braid
generator is applied, and normalize it relative to the maximum memory usage. The relative position in the braid word is measured in
two different scales: −100% to 0% corresponds to all generators before the point D = Dmax of maximum memory usage, and 0% to
100% is the same for all generators after that point. Three typical trajectories are shown with dashed lines. The memory usage increases
roughly linearly (on a log-scale) up to the maximum before decreasing in the same way. This suggests that mpo-proj may be able
to “see” the conjugate ABA−1 structure of the braids in the benchmark set (see Appendix D 1 for details), and hence it may perform
differently for braids with a different structure.

only one floating-point operation, we can find a practi-
cal upper bound for the performance of bracket. We
used the same contraction finding hyper-parameters as
specified for tn-proj in the previous section. Since no
large-scale implementations of any of these algorithms are
available (e.g., [72] has c ≤ 12, [70] has n ≤ 13, [76] has
c ∼ 50), we will take this upper bound as representative of
the best possible performance for all classical algorithms.
Figure 21 shows the upper bound calculated in this way for
the benchmark braid set described in the previous section.

4. Limitations

There are several limitations of these numerical studies
which are worth mentioning. Most importantly, the results
in Figs. 21, 8, and especially Fig. 10 require significant
extrapolation outside the range of data we were able to
compute in order to estimate where advantage might occur.
In the absence of a strong mathematical reason why linear
and power-law fits ought to hold in general for these quan-
tities, we cannot say with certainty where the threshold for
time to solution or energy-efficiency advantage for cfev
over classical algorithms will occur, or even if it necessar-
ily must occur for the ε2q we are considering. The lack of
further data in the case of mpo-proj is partially due to
the fact that larger braids become difficult to benchmark
on a single GPU due to Video Random Access Memory

(VRAM) constraints. This is promising as it suggests that
this problem is indeed difficult to solve classically, but also
means we must be less certain about our conclusions. Sec-
ondly, in using benchmark braids constructed according to
the method in Appendix D 1, we cannot necessarily draw
strong conclusions about the behavior of braids that do not
conform to this format (see Fig. 22). In the future, when
a candidate braid for which advantage might be demon-
strated is identified, it may be necessary to perform the
same benchmarks with braids that more closely match this
candidate.

APPENDIX G: GENERALIZATION TO OTHER
ROOTS OF UNITY

Our compilation of Shor and Jordan’s quantum
algorithm [3] has the appealing property that the unitaries
corresponding to each crossing are local, acting on only
three qubits, and can thus be implemented in a hardware-
efficient manner. On the other hand, the Aharonov-Jones-
Landau (AJL) algorithm [4] can evaluate the Jones poly-
nomial at any root of unity ei(2π/k), but the unitary for
each crossing acts on all qubits (in the worst case), so it
is unlikely to be realizable on NISQ machines. Therefore,
it would be advantageous to generalize Shor and Jordan’s
method so that roots of unity other than the fifth can be
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evaluated while preserving locality of crossings. Here we
sketch such a generalization, with the understanding that
all the error mitigation, error detection, and compilation
tricks described in this paper can likely be generalized
to this case also. Our generalization is based on the con-
nection between the two algorithms for the k = 5 case
described in Appendix C of [3].

The AJL algorithm utilizes the path representation of
the Temperley-Lieb algebra. In this model, given a braid of
n strands evaluated at the ei(2π/k) root of unity with k ≥ 3,
the Hilbert space that is acted on by the crossings consists
of all walks of length n on the path graph of k − 1 vertices
that start at the left-most vertex. These paths are encoded
as a list of transitions ±1, where +1 represents a step to
the right, and −1 represents a step to the left. For example,
in the k = 5 case, all the paths are generated as trajectories
in the following finite state machine:

+1 +1 +1

−1 −1 −1

The inherent nonlocality in the AJL algorithm comes from
the fact that the action of each crossing depends on position
of the path at a given point, and determining this posi-
tion requires inspecting all transitions up to that point. To
obtain Shor and Jordan’s representation, first note that the
action of the crossings on each path (given by Equation 4
and Definition 2.5 in [4]) is symmetric about the center
of the graph; that is, paths that land on vertex i or ver-
tex k − i − 2 are treated exactly the same. Therefore, we
can incorporate this symmetry into the finite state machine
that generates these paths, by “folding” it over the line of
symmetry,

→

This can also be interpreted as “reflecting” the path over
the line of symmetry (cf. Appendix C of [3]),

→

Then Shor and Jordan’s representation is obtained by
instead recording the positions of the path at each step,
rather than the transitions between steps, and labeling each
vertex in the state machine rather than each edge. This
corresponds to the trajectories of the following finite state
machine, which clearly generates only Fibonacci strings:

0 1

In the example above, this maps the path {+1, +1, −1, +1,
+1} to {0, 1, 1, 1, 1, 0}. Recording the positions rather than
the transitions enables crossings to be implemented by
local gates, because the position at each step does not need
to be calculated from the previous steps in the path. There-
fore, to generalize this to k > 5, we can simply apply the
same “folding” procedure to the corresponding path graph,
and label each vertex. Note that for k > 5 the labels will
require more than one qubit, since there are more than two
vertices (a single qudit could also be used). For example
for k = 6, 7, 8,

→ 00 01 10

+1 +1 +1 +1

−1 −1 −1 −1

→ 00 01 10

+1 +1 +1 +1

−1 −1 −1 −1

11

+1

−1

+1

−1

→ 01 1000

+1 +1 +1 +1+1

−1 −1 −1 −1−1
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Then an n-strand braid will require (n + 1)�log2(�k/2�)� qubits to encode. Indeed this gives the n + 1 we see in Shor and
Jordan’s algorithm when k = 5, and also shows that k = 2, 3, 4 (but not k = 6) must be trivial to compute since the folded
state machines only admit a single trajectory. This is asymptotically more qubits than the n + O(log2(k)) used in the AJL
algorithm, but the savings due to the locality (in terms of gates) may be worth the trade-off.

Substituting these encodings into [4, Equation 4] then allows one to derive the equivalent of our Eq. (1) for k > 5.
Concretely, consider all positions on the left half of the original path graph (by symmetry, this is sufficient), and all com-
binations of the following two ±1 moves. This corresponds to a sequence of three positions in the reflected state machine,
and the action of the Temperley-Lieb generators on this bit string can be read off from [4, Equation 4]. Substituting this
into [4, Definition 2.5] then gives the action of a crossing on this bit string. For example for k = 5, we have

Positions

1 2

Moves {−1, −1} . . . . . .
{−1, +1} . . . Uσ |101〉 = φ−1ei 4π

5 |101〉 + φ− 1
2 e−i 3π

5 |111〉
{+1, −1} Uσ |010〉 = e−i 4π

5 |010〉 Uσ |111〉 = −φ−1 |111〉 + φ− 1
2 e−i 3π

5 |101〉
{+1, +1} Uσ |011〉 = ei 3π

5 |011〉 Uσ |110〉 = ei 3π
5 |110〉

Which recovers Eq. (1) exactly. We also include the case of k = 6,

Positions

1 2 3

Moves {−1, −1} . . . . . . Uσ |100 100〉 = ei 19π
12 |100 100〉

{−1, +1} . . .
Uσ |010 001〉 = ei π4√

3
|010 001〉

+
√

2
3

ei 5π
12 |011 001〉

Uσ |100 110〉 = ei π4 |100 110〉

{+1, −1} Uσ |000 100〉 = ei π4 |000 100〉
Uσ |011 001〉 = ei π12√

3
|011 001〉

+
√

2
3

ei 5π
12 |010 001〉

Uσ |100 110〉 = ei π4 |100 110〉

{+1, +1} Uσ |000 110〉 = ei 19π
12 |000 110〉 Uσ |011 001〉 = ei 19π

12 |011 001〉 Uσ |100 100〉 = ei 19π
12 |100 100〉

For higher k values, the corresponding matrix ele-
ments of the unitary representations can be derived
similarly.

Critically, whenever k ≥ 4, the string 00 . . . 0 is not a
valid trajectory of the state machine (in the same way that
it is not a Fibonacci basis state), so it is not constrained
by the above equations. Thus we can arrange for it to be
an eigenstate of the crossing unitary, allowing cfev to be
implemented essentially unchanged. Additionally, in the
same way that we can efficiently sample from Fn clas-
sically to generate |s〉 bitstrings for cfev, AJL provides
an algorithm [4, Claim 3.4] to sample paths uniformly
for k > 5, which can then be “reflected” as above to be
compatible with our representation.
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