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Fine-grained spectral properties of quantum Hamiltonians, including both eigenvalues and their mul-
tiplicities, provide useful information for characterizing many-body quantum systems as well as for
understanding phenomena such as topological order. Extracting such information with small additive error
is #BQP-complete in the worst case. In this work, we introduce QFAMES (quantum filtering and analysis
of multiplicities in eigenvalue spectra), a quantum algorithm that efficiently identifies clusters of closely
spaced dominant eigenvalues and determines their multiplicities under physically motivated assumptions,
which allows us to bypass worst-case complexity barriers. QFAMES also enables the estimation of observ-
able expectation values within targeted energy clusters, providing a powerful tool for studying quantum
phase transitions and other physical properties. We validate the effectiveness of QFAMES through numeri-
cal demonstrations, including its applications to characterizing quantum phases in the transverse-field Ising
model and estimating the ground-state degeneracy of a topologically ordered phase in the two-dimensional
toric code model. We also generalize QFAMES to the setting of mixed initial states. Our approach offers
rigorous theoretical guarantees and significant advantages over existing subspace-based quantum spectral
analysis methods, particularly in terms of the sample complexity and the ability to resolve degeneracies.
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I. INTRODUCTION

Understanding the energy spectrum of a Hamiltonian
is a central problem in quantum computing, quantum
complexity theory, quantum chemistry, and many-body
physics. While estimating the ground-state energy or a few
low-lying excitations is a common task, many physical
properties require more fine-grained spectral information.
For instance, the ground-state degeneracy (GSD) can indi-
cate the presence of topological order—a hallmark of
certain condensed matter phases [1] and a key feature
for topological quantum computation [2]. More gener-
ally, we are interested in estimating both locations and the
multiplicities of eigenvalues.

Despite their fundamental physical relevance, extracting
such spectral information is computationally challenging:
the Hilbert space dimension grows exponentially with
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system size, making exact diagonalization infeasible even
for modestly sized systems. Indeed, the GSD or eigen-
state degeneracy problem is shown to be in the worst case
#BQP-complete—the counting version of QMA [3,4]. As
a result, we can only hope to solve this problem by lever-
aging additional assumptions for physically motivated
Hamiltonians.

In this work, we tackle this problem by proposing a new
quantum algorithm, dubbed quantum filtering and analy-
sis of multiplicities in eigenvalue spectra (QFAMES). Our
approach prepares a collection of initial states and lever-
ages their correlated information to estimate the density of
dominant eigenstates (DODS) defined as

up(E) o< Y 8(E — ), (1)

i€D

where {A;}icp denotes the multiset of dominant energy
eigenvalues (counting multiplicity), whose correspond-
ing eigenvectors have sufficiently large overlaps with the
subspace spanned by the initial states.

To our knowledge, QFAMES is the first quantum
algorithm that can provably estimate the DODS with rigor-
ous theoretical guarantees. Specifically, QFAMES identi-
fies clusters of closely spaced dominant eigenvalues and
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determines exactly the number of (possibly degenerate)
eigenstates within each cluster with a proper choice of
initial states. The algorithm requires only a single-ancilla
qubit and employs short-depth circuits, which makes it
suitable for the early fault-tolerant regime (see Theorem 2).
Furthermore, recent advances [5-9] suggest that even this
single-ancilla qubit may be eliminated under additional
assumptions (see Sec. VI).

We then extend the algorithm to efficiently estimate
expectation values of observables for the dominant eigen-
states within a specified cluster. This task may be viewed
as a natural generalization of the eigenstate property esti-
mation problem [10—13] which focuses solely on a single,
isolated eigenstate. Our approach enables probing physi-
cal properties within targeted clusters, thereby providing a
useful tool for characterizing phenomena such as quantum
phase transitions. The proposed framework is applicable to
both pure and mixed initial states.

The effectiveness of QFAMES relies on the choice
of initial states. Specifically, we require that the over-
lap between the set of initial states and any normalized
vector in a dominant eigenspace be uniformly bounded
from below. This uniform overlap condition generalizes
the standard overlap assumption in quantum phase esti-
mation. Moreover, we show that an information-theoretic
barrier prevents degeneracy resolution when this condition
is not met (see Proposition C1).

That said, there may not be an operationally viable way
to directly check the uniform overlap condition in practice,
as it requires access to the target eigenspace. In practice,
users should choose from a set of physically motivated
initial states that are expected to have good coverage of
the target eigenspaces. The QFAMES algorithm does not
require the initial states to be linearly independent. This
allows users to choose a larger, potentially redundant set
of initial states (pure or mixed) to satisfy the uniform
overlap condition, while avoiding numerical instabilities
associated with near-linear dependence. We outline three
scenarios where such initial states may be prepared in
practice.

First, for molecular quantum chemistry problems, there
already exist various practical proposals that prepare low-
energy trial state sets, including sums of Slater deter-
minants [14—16], spin flip [17,18], coupled cluster [19,
20], and more general variational Ansitze [21—24]. These
protocols can be applied in conjunction with subspace-
based quantum eigenvalue estimation methods [23,25-31]
to determine ground- and excited-state energies. Starting
from these physically motivated initial states, QFAMES
(a) provides a theoretical foundation and necessary condi-
tions for subspace-based methods and (b) improves per-
formance compared to previous subspace diagonalization
approaches. In particular, it is not plagued by the problem
of inverting ill-conditioned overlap matrices. The anal-
ysis presented here also sheds light on the conditions

required for initial states in existing subspace diagonaliza-
tion methods.

Second, tensor network methods, such as matrix prod-
uct states (MPS) (or projected entangled-pair states in
two or higher spatial dimensions) with low bond dimen-
sions, can efficiently prepare initial states that are useful in
quantum chemistry and condensed matter systems [16,32—
40]. While the bond dimension required to represent the
exact ground state of a quantum system may be large,
QFAMES only requires that the set of initial states col-
lectively has non-negligible overlap with the ground-state
manifold. This relaxes the bond dimension requirements.
In this paper, we study the transverse-field Ising model
(TFIM), the toric code model, and the anisotropic Heisen-
berg (XXZ) model, which demonstrate the efficacy of
these matrix product initial states when combined with
QFAMES.

Third, generalizing QFAMES to mixed initial states
(discussed in Sec. VII) opens up new possibilities. For
instance, recently developed dissipative algorithms for
preparing low-temperature thermal or ground states [41—
55] typically yield mixed states, especially when the
ground-state manifold is degenerate. Also, the controlled
state-preparation oracle is inaccessible due to the irre-
versibility of the dissipative process. Our construction
addresses this by utilizing an additional system register,
thereby removing the need for controlled state-preparation
circuits. We demonstrate, via a proof-of-principle exam-
ple, that solving the generalized eigenvalue problem with
such mixed states extracts significantly more information
about observables within the ground-state manifold than
individual measurements alone.

The paper is structured as follows. In Sec. II, we review
the related works. In Sec. III, we introduce the problem
setup and summarize the main results. Section I'V presents
the QFAMES algorithm in detail, while Sec. V discusses
how to extend the method to extract information of phys-
ical observables. Section VI discusses how to implement
the QFAMES algorithm in a control-free, ancilla-free set-
ting. The extension of QFAMES to mixed-state case is
discussed in Sec. VII. In Sec. VIII, we present numer-
ical simulation results with an illustrative example, the
transverse-field Ising model, the toric code model, and the
XXZ model. Finally, Sec. IX concludes with a discussion
of possible future directions.

II. RELATED WORK

The estimation of Hamiltonian eigenvalues is a fun-
damental problem in the literature of quantum compu-
tation, which can be addressed by a variety of methods
collectively known as quantum phase estimation (QPE)
algorithms [56—70]. These methods primarily aim at deter-
mining the locations of eigenvalues but are inherently inca-
pable of identifying their multiplicities, as they typically
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assume access to only a single initial state. A more detailed
review of these algorithms is provided in Appendix B.

In the literature, several recent works [71,72] have also
explored problems related to estimating Eq. (1), albeit
under different oracle models and assumptions. Some
of these studies establish a connection between den-
sity of states (DOS) estimation and quantum topological
data analysis [73—75], where QPE can be employed to
sample energies and estimate degeneracies within small
energy intervals [71]. In contrast, Ref. [72] reformulates
the estimation of ground-state degeneracy as a ground-
state preparation task for a specially constructed auxiliary
Hamiltonian, which in turn requires efficient ground-state
preparation of the auxiliary Hamiltonian.

As will be shown later, our observable eigenstate prop-
erty estimation problem reduces to a generalized eigen-
value problem, which shares structural similarities with
subspace-based quantum eigenvalue estimation methods
[23,25-31,76,77]. These subspace methods can be gener-
alized to estimate eigenvalue multiplicities when multiple
initial states are used. QFAMES, however, distinguishes
itself with the following features:

(1) Heisenberg-limited scaling. Krylov subspace-based
methods often require uniform time sampling,
which prevents the attainment of Heisenberg-
limited scaling in energy estimation, as established
in Theorem 1.7 of Ref. [78]. QFAMES circumvents
this limitation by utilizing Gaussian sampling of the
evolution time.

(2) Separation of dominant eigenvalues. Subspace-
based methods usually require high-precision mea-
surements of data matrices due to coherence
between different dominant eigenvalues. Although
noise can be suppressed via singular value trunca-
tion [76,77] as in QFAMES, the resulting complex-
ity remains suboptimal according to state-of-the-art
analyses of subspace methods [23,29,30]. QFAMES
addresses this by applying a Gaussian energy fil-
ter to distinguish distinct dominant eigenvalues and
separate them into smaller, well-conditioned sin-
gular value decomposition (SVD) subproblems for
multiplicity determination.

(3) Small data matrix. The dimension of the data matrix
in subspace-based methods often scales with the
number of uniformly chosen time points, which is
usually proportional to the inverse target precision
in energy. In contrast, thanks to the filtering tech-
nique, the dimension of the QFAMES data matrix
is only determined by the number of initial states,
which is independent of the accuracy requirement.

These features allow us to derive stronger theoretical guar-
antees than those available for standard subspace-based
algorithms. To our knowledge, this is also the first work
capable of provably estimating eigenvalue multiplicities.

III. SETUP AND MAIN RESULTS

Let us first formally state the DODS estimation problem:

Problem 1 (Density of dominant eigenstates (DODS)
estimation). Let H be a Hamiltonian with eigen-
decomposition {(A;, |E;))}, where, after appropriate nor-
malization, the spectrum satisfies A; € [—m, 7] for all i.
Assume black-box access to controlled time evolution
e for any ¢ € IR, as well as two families of (controlled)
state-preparation unitaries {Uy }¢e[z) and {V,},¢[z) satisfying
Uel0) = |¢¢) and V;[0) = [,).

We define two overlap matrices ® € CH*M and ¥ e
CRXM,

cI)l,m = <¢I|Em>
\Ijr,m = <Wr|Em>

Vie[L],me [M],

()
Vre[R],me [M].
For each eigenstate |E,,), define its overlap with the initial
states as

Pm = ”q):,m”Z . ”\IJ:,m”Z- (3)

The multiset of dominant eigenvalues, indexed by D,
consists of those eigenvalues that satisfy the dominance
condition,

(pmin = mmelgpm> Z (ptail = me) (4)

m¢D

The distinct dominant eigenvalues are denoted by {A7}ic(),
each separated by at least A, with corresponding eigenvec-
tors indexed by D;. The degeneracies |D;| satisfy |D| =
et 1D

Goal: With high probability, for each i € [/], estimate
the dominant eigenvalue A} within e-accuracy and exactly
determine its dominant degeneracy m;. These outputs
together suffice to approximate the density of dominant
eigenstates (DODS) wp, as defined in Eq. (1).

The left and right initial states can be either the same
or different, depending on the problem setup. When they
are different, the left initial states can be viewed as bases
for projective measurements. In this work, to ensure that
our algorithm can theoretically solve the DODS estimation
problem efficiently, we require the dominant eigenvalues
to satisfy a sufficient dominance condition, namely, that
Pmin/Pril be greater than a constant determined by the
structure of @ and W. The precise condition, together with
a detailed discussion of the requirement on ppin/Puil, 18
deferred to Appendix D, Theorem D1, and Remark D1.

If A; is a nondegenerate dominant eigenvalue, and there
is only one pair of initial states |¢) and |¢), then both
[{P|En)| and |{¥|E,)| need to be large enough. Indeed,
when |@) = |¥), pn = [(@|E,)|* is simply the squared
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overlap between the initial state and the eigenstate, which
is the standard assumption in quantum phase estimation
and its variants (see Appendix B). More generally, if A; is
a nondegenerate dominant eigenvalue but there are mul-
tiple pairs of initial states, then both Zlg[L] |(¢1|Em)|2 =
19.0[13 and 3, gy | (Yol En) P = [1W..0 3 need to be suf-
ficiently large, which states that the eigenstate |E,,) has
nonvanishing overlap with at least one initial state in each
set. This can be concisely captured by the condition for p,,
in Egs. (3) and (4).

In order to compute the multiplicity of a degenerate
dominant eigenvalue A}, we need a stronger condition
to ensure that all normalized eigenvectors corresponding
to the degenerate eigenvalue A} in the eigenspace &; :=
span{|E,,)}mep; have nonvanishing overlap with the set
of initial states. In other words, both of the following
quantities:

min D l@B)P

Lie €[]

mm E)|
min Z[Rj]| v, |E)

®)

need to be sufficiently large. This will be formulated more
precisely as a uniform overlap condition in Assumption C1
of Appendix C. Indeed, if one of the quantities in Eq. (5)
vanishes, we prove that there is an information-theoretic
barrier for resolving the degeneracy (Proposition C1). As
a special case, this proves that existing quantum phase esti-
mation algorithms, which typically use only a single initial
state, cannot resolve eigenvalue degeneracies.

The uniform overlap condition states that the overlap
of all normalized vectors in the eigen-subspace with the
initial states should be uniformly bounded from below.
However, this does not require the initial states to be well-
conditioned. In fact, we do not even require the vectors
{lédn)} (or {|1,)}) to be linearly independent. This provides
significantly enhanced flexibility in choosing the initial
states compared to existing subspace methods, which typ-
ically require the initial states to be a well-conditioned set
of vectors. That said, the initial states should not be chosen
randomly. In practical calculations, the initial states should
be chosen carefully and in a physically motivated manner,
such as low-energy states prepared by variational quan-
tum algorithms [79-81], quantum imaginary-time evolu-
tion (QITE) [82—84], and the nonorthogonal Ansatz states
used in the nonorthogonal quantum eigensolver [23,26]
approach.

The main result of this paper is an efficient quan-
tum algorithm to solve the DODS estimation problem with
rigorous theoretical guarantees.

Theorem I (Main result, Informal version of Theorem 2).
There exists a quantum algorithm that repeatedly runs the

quantum circuit in Fig. 1 to collect data with Hamiltonian
evolution times #(, ...,y € R such that
(1) maximal evolution time: Tiax := max{|t,|} = O
(Prait€ ™" /Pmin);
. . N
(2) total evolution time: Tioal := 2 D onmt 2lefl] relR]
|tn| = O((ptailpmin)_le_l)~

By classically postprocessing the data, it guarantees that
for each distinct dominant eigenvalue,

(1) its location can be estimated to within € accuracy;
and
(2) its multiplicity can be determined exactly.

According to Eq. (4) and Theorem 1, we have
Prail/Pmin S 1, so it suffices to take T = (’)(1 /€). More-
over, the formal result in Theorem 2 allows greater flex-
ibility in the choice of T and Tiga than Theorem
1. In particular, it suffices to choose Tpax = 0(86*1)

and T = O((8p2,,) "¢ ") for any 8 > puii/Pmin. When
Prail < Pmin, the constant prefactor of 1/€ in Ty, can be
much smaller than 1, which corresponds to the short-depth
regime observed in the literature [62—64,68,70].

Note that our algorithm can also resolve dominant
eigenvalues that are approximately degenerate, i.c.,
when there is a cluster of dominant eigenvalues lying in
a narrow energy interval around A} with width 6 < A. See
more discussion in Sec. IV B.

As an extension of the algorithm, we also propose an
efficient method (Algorithm 2) for estimating degenerate
eigenstate properties in Sec. V. The problem is defined as
follows.

Problem 2 (Degenerate eigenstate property estimation,).
Let O be an observable. For each dominant eigenvalue A},
estimate the eigenvalues of the projected observable Op,
in the corresponding subspace,

Op, := ((Ex|O|Ep))ixen;, Di= {k eD: = )\,*} .
(6)

Let us denote the eigenvalues by A,?. We remark that
any value within the range [miny A,?,maxk Al?] can be
realized by some linear combination of the degenerate
eigenstates. It is thus less useful to estimate (E,,|O|E,,)
for each individual dominant eigenstate. For example, in
the ferromagnetic phase of a spin chain model, there can
be two degenerate ground states |Ey) = |11 --- 1) and
E1) = |1} -+ {). The measured ground states can be
however (|Eo) + |E1))/~/2 and (|[Eo) — |E1))/~/2, both of
which yield zero average magnetization.

For simplicity, we provide the resource estimation in
the case of no tail eigenvalues (i.e., ppi = 0) and pmin
being bounded below by a constant (i.e., pmin = 2(1)). To
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ustration of the quantum filtering and analysis of multiplicities in eigenvalue spectra algorithm. Given the Hamiltonian
and {V} ez

, we measure quantities of the form Z;,(¢,) = (0| UJr AN

using the generalized Hadamard test circuit. The collected quantum data are then processed classically to (1) estimate the locatlons of
energy eigenstate clusters through searching and blocking and (2) compute the multiplicities of the probed clusters.

achieve €p-accuracy in estimating each eigenvalue of Op,,
it suffices to choose

Toox = O(A™Y),  Tow =O0A ;). (7)

Here, for simplicity, we suppress the dependence on the
constant puin, Since pin = $2(1). The proposition showing
this result is Proposition 1 in Sec. V.

IV. QFAMES ALGORITHM AND COMPLEXITY
ANALYSIS

In this section, we describe the QFAMES algorithm in
Sec. IV A, present its pseudocode, and provide an illus-
trative example. A detailed complexity analysis follows in
Sec. IV B.

A. Algorithmic description

Our goal is to estimate the DODS, including the dominant
eigenvalues A} and corresponding multiplicities m;. If we
assume the eigenvalues are separated by at least A, then we
can define energy filters of the form exp [—(6 — H)?T?]
to filter out the energy eigenstates away from the desired
dominant eigenvalue, where the filter width is chosen to
be T2 1/A. The filter can be implemented with time
evolution operators through sampling from its Fourier
transform

e—(@—H)2T2

= / dOMig (nds, (8)

where

1 7

ar(t) = N exp ( 472) (€)]
is the probability density function (PDF) for evolution time
t [more rigorously, we will sample # from a truncated Gaus-
sian distribution as defined in Eq. (16) to avoid extremely
large #,].

For the given sets of left and right initial states |¢;) and
|¥,), we want to compute the matrix G(#) with matrix
elements

Gir(0) = (Prle O |y . (10)

At = A7, we have

GO\ = @ - diag <{e(’\?’\m)zT2} > St
me[M]
~®.p - (V) (11)

where the matrices ® and W are defined in Eq. (2), and
®. p, and V. p, are the corresponding submatrices that con-
tain the columns of dominant eigenstates with eigenvalue
A7. D; denotes the index set of these eigenvalues. Due to
the concentration of exp(—x>7?) around zero, this expres-
sion implies that only those eigenvalues that are close to
At contribute significantly to the matrix G(A}), and the
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remaining eigenvalues are filtered out. Under the uniform
overlap assumption (Assumption C1), we can show that
the rank of the matrix G(A}) equals the degeneracy of
dominant eigenstates at A;. This is the key insight that
enables QFAMES to solve the DODS estimation problem.
Specifically:

(1) Location estimation: We evaluate the Frobenius
norm of G(#) on a uniform grid of € [—m, 7], and
use a “searching and blocking” strategy to find the
peaks 6} of ||G(0)||r. Each peak corresponds to a
distinct dominant eigenvalue 1.

(2) Multiplicity estimation: For each candidate dom-
inant eigenvalue 6, we compute the numerical
rank of G(6;) (the number of singular values above
some threshold) as the estimated multiplicity.

The detailed description of the algorithm is as follows.
The first stage of the algorithm, consisting of Steps 1-3,
focuses on estimating the locations of the dominant eigen-
values. The second stage, Step 4, focuses on determining
the multiplicity of each dominant eigenvalue.

Step 1: Generate data. To obtain Eq. (10), we need to
measure quantities of the form

Z1,(ty) = (0| Ule "V, 10) = (il ™ |y).  (12)

Their real and imaginary parts can be obtained with the
generalized Hadamard test as drawn below:

0)

INIT,.,
0 o
— — o
INIT; _ '
— — (14)

where W is either the identity or the phase gate ST =
[(1) 91]. Given U, V,, and t,, the measurement outcomes
Z;,., of the circuit Eq. (13) provide an unbiased estimator
for E[Z;,,] = Z;,(t,). Using the generalized Hadamard
test, we can efficiently gather these measurement outcomes
for every pair of (U, V,) at the Hamiltonian evolution
times #,...,fy and formulate them into a third-order
tensor Z € CLXRXN

(15)

E[Zl,r,n] - Z q)l,m . eiikmln . (\pr,m)*a
me[M]

where @ and W are the overlap matrices defined in Eq. (2).
The times 74, . . ., ty are sampled independently from the
Gaussian probabilistic density function az(¢). In practice,

we may truncate the density function to ensure that the
maximal runtime is always bounded by o 7,

atTmnC )

ol 1 S2
- (1 - /_ar 277 P (‘ﬁ) ds) S0

2

1 /
T 1—0(7 1),
+2TﬁeXp< 4TQ> (~oTom(!)

where o is an adjustable parameter and §((¢) is the delta
function at point 0. Its Fourier transform approximates a
Gaussian function and is concentrated around zero.

Step 2: Compute the filtered matrix estimator. We can
now contract the time dimension of the data tensor with
the following complex exponential vector:

(16)

1 .. .
_ [eletl el@tz

v ei@l}\/] ,

(17)

for a location parameter 6 € R and chosen time samples
t,...,ty. This yields an L-by-R matrix G(0), where

N
1
G(e)z,r=ﬁ§ Zipe®, le[Llre[R]l.  (18)
n=1

Since #1,...,ty are sampled independently from the trun-
cated Gaussian probabilistic density function a'f™°(2), it
holds that

E[G@®)] = G(©)

= @ - diag { / e““m”at;“m(z)dt} -t
me[M]

~ @ - diag ({exp(—(9 - x,,,)ZTZ)}mE[M]) vt (19)

Thus, G(0) serves as an approximation of G(0).

In our algorithm, we assume the dominant eigenvalues
belong to [—m, ] for simplicity of presentation. It can
be achieved by rescaling and shifting the Hamiltonian.
We choose the grid points 6 uniformly from the interval
[—m, 7] (see Algorithm 1 lines 14 and 15).

Step 3: Search and block. After computing G(9),
the dominant eigenvalues are identified as the peaks of
IG(®)||r and can be located using the search-and-block
procedure proposed in Ref. [64]. This strategy consists of
two iterative components—the search step and the block
step—which are described as follows:

(1) Search: In the first step, we find the maximum point
07 of |G(0)|F, which approximates to one of the
dominant eigenvalues.
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ALGORITHM 1.

(2) Block: To approximate the next dominant eigen-
value and avoid repetition, we define a block
interval

Iy =107 —/T,07 +/T) (20)

Quantum filtering and analysis of multiplici-

ties in eigenvalue spectra

1:

9:

10:
11:
12:
13:

14:

15:

16:
GOl <

17:
18:
19:
20:
21:
22:

23:
24:
25:
26:

Preparation:
Number of data pairs: N;
Two initial state sets: {¢;}{=; and {¢;}1L ;
Filter parameter: T’
Truncation parameter in af""¢: o;

Number of dominant eigenvalues (guess): I ;

Singular value decomposition threshold: ;

Searching parameter: ¢ (we search with discrete

energy step q/T);

Block parameter: « (distinct dominant eigen-

values are at least separated by a/T);
Running:
Stage I: Estimate the location of dominant
eigenvalues

> Step 1: Generate data
Sample {¢,} i.i.d. from the truncated Gaussian dis-
tribution af""¢(¢) defined in Eq. (16)
for i=1to L do
for r=1to R do

for n=1to N do
Generate data Z; ,.,, € {£1+1i} using

the generalized Hadamard test with
(Ula V;“a tn)
end for
end for
end for
> Step 2: Compute the filtered density function
J LMJ
q .
Generate discrete candidates: 0; < —m + % for j =
0,1,...,J.
Calculate

LN
N Z Z. . nexp(if;ty,)

n=1

, 0<i <
F

> Step 3: Search-and-block
Block set: By + 0.
fori=1to I do

;= angig g, 1600,

Biy1 < B;U (67 — 2,607 + 2).> Block interval to
avoid finding the same peak
end for

Output: Distinct dominant eigenvalues: {0F f;l

Stage II: Estimate the multiplicity of each
dominant eigenvalue

ALGORITHM 1. (Continued.)

27: ~ > Step 4: Estimate multiplicity
28: for i =1to I do
29: Calculate SVD of the data matrix at each 6;:

n=1

N
1
UVl = SVD (ﬁ Z Zoon exp(iai*tn))

30: m; = #{j | (Ei)j,j > T}.
31: end for B
32: Output: Multiplicities: {m;}l_,.

for some given constant «. The conditions for « are
stated in Theorem 2. In the following steps, we will
not find any points from this interval.

Second iteration: In the second iteration, we
find the second-largest point 6 of [|G(0)| out-
side the block interval Zz = [0 — /T, 07 + o/ T]
around 67,

€)

0y = argmax ||G(9)||r.

C
QEIB,I

21

After obtaining 6, we enlarge the block interval
by setting Zg> = [0, — «/T,05 +a/T]ULp,, and
then identify the third maximum of ||G(6)||r outside
Zp,. This searching and updating process is itera-
tively repeated until a set of 7 “maximal” points is
discovered. Ultimately, we obtain an approximate

candidate set {9{‘ }le

dominant eigenvalues {1} } el

corresponding to the set of

Step 4: Estimate multiplicity. For each {6} };’;1, we perform
the singular value decomposition
GO = UV, (22)
and define
mi=#{j | (Z0);; > 1} (23)

for some given threshold t, which gives the multiplicity
associated with each candidate ;. If m; = 0, then 6} cor-
responds to a spurious dominant eigenvalue and should be
discarded.

Pseudocode. Figure 2 summarizes the QFAMES work-
flow as a tensor network. The left/right blocks U; and V,
prepare two families of initial states. Time evolution e~/
induces cross-correlations between these families, which
(via the generalized Hadamard test) yield the sampled sig-
nals Z;,(t,). A time-domain filter ar(f) and a discrete
Fourier transform produce frequency-domain matrices
G(0), which are then processed classically: a search-and-
blocking step estimates the distinct dominant eigenvalues
{A*}, and rank/conditioning tests on submatrices determine
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Data tensor

4

|

o~

Contraction

Q

|t

Multiplicity

r
Frobenius z
norm
V4
6eo0
G (@)l
{6/} Block &
search

Locations of eigenvalue
clusters

FIG. 2. Diagram of the quantum filtering and analysis of multiplicities in eigenvalue spectra algorithm for postprocessing the 3-
tensor generated from quantum data of the generalized Hadamard test circuit. Left/right tensors U; and V. prepare initial-state families;

the middle leg represents time evolution e~/

and data acquisition of cross-correlators Z;,.(¢,). A filter ar(¢) and discrete Fourier trans-

form yield G (), which is postprocessed by search-and-blocking to locate dominant eigenvalues {A}} and by rank tests to determine

multiplicities {m;}.

multiplicities {m;}. An optional branch forms projected
observable matrices and solves a generalized eigenvalue
problem to obtain the spectrum of Op, for each A7. The
detailed algorithm for eigenvalue and multiplicity estima-
tion is presented in Algorithm 1, while the observable
estimation will be discussed in detail in Sec. V.

In the above algorithm, o T denotes the maximal Hamil-
tonian simulation time used in the generalized Hadamard
test, and &V is the number of repetitions for each entry esti-
mation. Therefore, the total Hamiltonian simulation time is
upper bounded by LRo TN . The importance of off-diagonal
entries in the data tensor Z for resolving spectral mul-
tiplicities is demonstrated through a concrete illustrative
example in Sec. VIII A.

Besides Gaussian functions, one may also use the Kaiser
windows and the discrete prolate spheroidal sequence
(DPSS/Slepian) windows [85—87] to further suppress spec-
tral leakage and sharpen cluster localization. We leave a
detailed study of this to future work.

B. Complexity analysis

In this section, we analyze the theoretical complexity of
the QFAMES algorithm introduced in Sec. IV A. Recall
the overlaps of the dominant eigenvalues and tails defined

as Eq. (4),
- 2 £ 2
(Z |q)l,m| ) (Z i\pr,m| )a
N \/=1 r=1

in = min
min
p meD

(24)

Ptail = Z

m¢D \

The main theorem on the performance guarantees of the
QFAMES algorithm is stated as follows:

Theorem 2. Assume the uniform overlap condition
(Assumption C1) holds true, praii/pPmin is sufficiently small,
and the parameters in Algorithm 1 satisfy the following
conditions:

T=2Q1/A),
T = O Puil),

N = Q(LRp 2

tail />
o=Q1), T=>I,

Dhail

=0 ——m——,
1 ((1 +U)\/|D|LR>
a=Q <log <|D|LR)> , o=0O(AD.

DPrail
Given failure probability n € (0, 1), there exists a per-
mutation 7 : [/] — [/] such that, with probability at least
1 — 5, we have

(25)

Moo €07 —€.07 +€], YIi<i<I, (206
where the confidence interval length € is given by
e=0( ) @7
Pmin T
and
mi=|Dael, 1<i<I, m=0, I<i<I. (28)

We defer a more general and rigorous version of the
above theorem, along with its proof, to Appendix D. The
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above theorem shows that Algorithm 1 can accurately
estimate the locations of the dominant eigenvalues and
identify their multiplicities. Note that the conditions on
T,N,o0,q, and « are similar to those in Theorem 3.2 of
Ref. [64] (see the detailed discussion in Remark D1), and
the choice of t plays an important role in filtering out non-
dominant eigenvalues. In practice, exact values for py;,
and py,; are often unknown. The parameters 7, N, o, g, and
a are flexible, typically subject only to upper or lower
bounds, whereas selecting t requires care to avoid over-
estimating or underestimating multiplicity. When py,; is
unknown, two heuristic methods for selecting the SVD
threshold 7 are as follows: (1) Noise-based selection: set
T 2 /LR/N. Since each entry of G(0) is estimated from
N samples, the entry-wise statistical fluctuation is of order
N~12, 50 the Frobenius norm of the corresponding noise
matrix is of order \/LR/N; (2) Singular value drop: in
low-noise regimes, the effective rank deficiency of G(6)
typically yields a visible separation between the leading
singular values and the remainder; in this case, t can be
chosen within this gap.

It can be directly obtained from Theorem 2 that
the maximal evolution time Ty = o071 = O(ptailprgilne_l),
and the total evolution time Tip = O(NLRT pax) =
OL*R* (Paiipmin) '€ ™1). When py; is close to zero and
Pmin = (1), however, the maximal evolution ti~me will
instead reach the bound from below as Tmax = (AT,
where A is the spectral gap. In this case, we can use a

looser constant ¢ = @(A‘le) to replace pgy in the scal-
ings and the total evolution time will consequently scale as
Total = O(L*R? Ae~?). Note that we aim to resolve the gap
A between distinct dominant eigenvalues, which implicitly
indicates that A > €.

Furthermore, our algorithm also applies to the case of
approximately degenerate dominant eigenvalues, where a
cluster of such eigenvalues lies within a narrow interval of
width § < A around A}. In this setting, the algorithm can
efficiently identify the locations of the clusters and deter-
mine the exact number of dominant eigenvalues in each.
The corresponding assumptions and results are presented
in detail in Appendix D.

V. EXTENSION TO OBSERVABLE
MEASUREMENTS

Within each located dominant eigenvalues, other than
multiplicity, more meaningful information can be encoded
in expectation values of physical observables. In this
section, we will show that it can also be extractable under
the QFAMES framework.

The main idea is to slightly modify our circuit to include
the observables. Given an observable O, it can always be
rewritten as the weighted sum of unitary Hermitian oper-

ators such as Pauli matrices. We can thus assume O to
be unitary without loss of generality. The measurement

outcomes Z°.  of the modified circuit

Lr,n

provides an unbiased estimator of
EIZ0,) = Z{(tn, 1) = (gile"™0e ™ |yr). (30)

Analogous to the QFAMES algorithm, the next step is to
contract the time dimension of the 3-tensor Zlorn with the
complex exponential vector

1 i0(t—1)) i0(tr—1,)
— |:€ 17 e\i27h

iQ(Z‘th;V ] 31
N e ) €2))

where both {z,} and {t’n} are sampled independently

from the truncated Gaussian density distribution atT“/l%(t)

defined in Eq. (16). This results in an L-by-R matrix

N
1 .
GO, = D2, Vie[Ll.re[Rl, (32)

n=1

29

whose expectation values are

E[GO(0)1,] = E [ (gile0e =0y |

= (¢ [ OF [ =] |y,

~ <¢[|e—(G—H)ZTZ/ZOe—(o—H)sz/Z|wr>

= © - diag ({e(‘g’\k)sz/z} ) - Opy
ke[M]

diag ( fem M2 ol (33
1ag< e venn) (33)

where the matrix Oy := ((Ex|O|Ey)) i p e 18 Written in
the Hamiltonian eigenstate basis. In the second equality,
we use the fact that 7,,, #, are independent random variables.
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If we use the Gaussian density distribution without trunca-
tion, in Eq. (33) the approximately equal sign should be
instead an equal sign.

Let us focus on degenerate dominant eigenstates located
at 6; given by Algorithm 1 with multiplicity m;. Recall that
we have obtained the SVD G(6;) = U,»ZJ,»V;r and can thus
restrict the matrices G(6;) and G°(6,) to the large singular
value subspace with cutoff threshold t,

GO = ((UDopm)" - GO - ((V)opm)) = (S (34)

GO0 = ((Uopmy)" - GG - (Wopma)» (39

where (%;)ps;) is the diagonal matrix of m; singular val-
ues of G(6;) that are larger than the SVD threshold t, and
(Ui).pm;1 and (V7). m;) are the submatrices of U; and V; that
contain the corresponding columns. The rest is to solve the
generalized eigenvalue problem

GO ©)w = 20G(6:)w, (36)

with regard to a low dimension, full-rank matrix G(6;),
and the resulting eigenvalues A9, ..., Azi will be approx-
imately those of the matrix

Op, = (Et|OIEx ) jwep,» Di={keD:iely,

which is the projection of Oy onto the subspace spanned
by the dominant eigenstates indexed by D; with eigen-
value A;. We note that when the observable O and the
Hamiltonian do not commute, there is not a one-to-one
correspondence between the generalized eigenvalues 1{
and the Hamiltonian eigenstate expectations (Ei|O|E}).
Instead, it provides the possible range of expectation val-
ues of observable O within the corresponding dominant
eigenvector subspace &, which is [min; A, max; A{].

The correctness of this result can be justified as follows.
When T is large enough and the random noise is negligible,
we have

G(6) ~ @.p, - diag ({e‘@“WZ} ) (W)

(38)

kED,'

Thus, there must exist two invertible matrices Py €
Clmilximil and Py, € ClmilxImil guch that
®.p, = (U).mqPu, Y.p, = V). pm)Pr- (39

Plugging this into the formula of G°(6;) and G(6;), we
obtain

(37)
|
GO, = Py - diag ({e@*k)zﬂ/z} ) . Op, - diag ({e@*k’)zﬂ/z} > P (40)
keD; K eD;
and
G(©) = Py - diag ({e—@—kk)zﬂ/z} ) . diag ({e—“’i—*kﬂzﬂ/z} ) Pl (41)
kED[ k/ED[

full rank

Comparing the above two formulas, it is straightforward
to see that the generalized eigenvalue problem in Eq. (36)
will give eigenvalues of Op,.

Below, we will provide an informal resource analysis
for the observable estimation algorithm. For simplicity, we
focus on the second regime we discussed at the end of
Sec. IV B. The proofis given in Appendix E.

Proposition 1. In addition to the assumption in
Theorem 2, assume that |D;|,L,R = O(1), access to a
Pauli observable O, and

(1) pmin = (1), which is reflected by the SVD thresh-
old t in the algorithm;

full rank

(2) there are no tail eigenvalues, i.e., puii = 0.

To achieve €p-accuracy in estimating eigenvalues of Op,,
it suffices to choose

Toax = O(A7Y), N = Q(e5D), (42)
and the total evolution time
Tiotal = O(NLRT ) = O(A™'€?). (43)

We note that the constant in Proposition 1 depends
on polynomially on p;iln, as seen from the proof in
Appendix E. Here, we assume ppi, = €2(1) to avoid this
amplification factor and only focus on the scaling with
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ALGORITHM 2. Extracting observable expectation values
under the quantum filtering and analysis of multiplicities in
eigenvalue spectra framework

1: Preparation:
Number of data pairs: N;
Two initial state sets: {¢;}/=; and {¢;}1L;
Filter parameter: T
Truncation parameter in af"":
Unitary observable: O;

Output from Algorithm 1:

Location of degenerate dominant eigenvalue: 6;;
Degeneracy: m;;
SVD result of G(6;): G(6;) = U; S,V

2: Running:

3: > Step 1: Generate data

4: Sample {t,} and {¢],} i.i.d. from the truncated Gaus-

sian distribution a;f;‘i‘/%(t) defined as Eq. (16)

5. for [ =1 to L do
6: for r—1 to R do

0,

7 for n=1to N do
Generate Zl?r,n € {+1+i} using gen-
8: eralized Hadamard test in Eq. (29)
with (U, Vi, tp, tl,, O)
9: end for
10: end for
11: end for

12: > Step 2: Solve the generalized eigenvalue problem
13: Calculate

N
1
O(p. - o] . oy
GO(0;) N;Zwexp(lel(tn ).
14: Calculate matrices
~ T
GO(6:) = ((Ui).fma)" - G2(62) - (Vi) oma))
~ T
G(0:) = ((Ui)pma) - GO:) - (Vi)opmi)) = (Zi)pma -
15: Solve the generalized eigenvalue problem
GO (0;)w = \°G(0;)w.

16: Output: FEigenvalues: {A{}7", that provide esti-
mations of eigenvalues of Op,.

respect to €p and A. It is instructive to contrast the gen-
eralized eigenvalue problem in Eq. (36) with those arising
in quantum subspace methods for eigenvalue estimation
[23,25-31]. According to Theorem 2.7 of Ref. [29], if each
entry of the projected Hamiltonian and overlap matrices
is estimated using N, samples, then the statistical error
per entry scales as OW; %), The corresponding error
in the eigenvalue of interest scales as O (Ns_l/ (2(1+V))>,
where 0 < y < % arises from a weighted geometric mean

inequality for the projected matrices. Thus, the conver-
gence can be slower than the shot-noise-limited scaling

O(Ns_l/ 2) whenever y > 0. Moreover, the error bound
in Ref. [29] includes additional amplification factors that
depend polynomially on the subspace dimension D (the
dimension of the data matrix); in practice, D is therefore
typically kept small. In our setting, the generalized eigen-
value problem in Eq. (36) involves an L x R matrix, so
the relevant dimension is D = max(L, R). In the regime
of Proposition 1, L and R are constants, and improved
accuracy is obtained by increasing the maximal evolution
time T and the number of samples used to estimate
each matrix entry, rather than by enlarging the data matrix
dimension.

VI. ANCILLA-FREE ALTERNATIVE TO THE
GENERALIZED HADAMARD TEST

In the QFAMES algorithm, the generalized Hadamard
test circuits (13) and (29) are used to generate the quantum
data Z;,.,, and for observables, ZLOM, which requires con-
trolled Hamiltonian evolution and initial state-preparation
circuits. Such controlled operations can be challenging to
implement on near-term and even early fault-tolerant quan-
tum devices. To address this limitation, several alternatives
to the generalized Hadamard test have recently been pro-
posed that are either ancilla-free [5—7,9,88] or substantially
reduce the requirements of controlled operations [8]. The
method in Ref. [5] is particularly suitable for QFAMES,
as it

(1) exactly allows to measure Z;,.(£) = (¢;|e 1 |y,)
with different left and right initial states |¢;) and
[¥r)s

(2) can produce the data for ¢ in the time interval [0, o T
in a single execution of the algorithm;

(3) can be easily generalized to the cases involving
multiple time evolutions, thereby allowing access
to measuring ZLOr(t, ¢) in the observable version of
QFAMES.

Below we will briefly introduce this algorithm. A
key observation is that the main difficulty of measuring
Z1,(0) = r()e¥? lies in the phase ¢(f) rather than the
absolute value (), and these two quantities are related via
complex analysis. Notice that for a bounded Hamiltonian,
the analytic continuation Z;,(z) = (¢;|e "|4,) is a holo-
morphic function on the complex plane z = ¢ — i8, and so
isIn Z;,(z) = Inr(z) + ip(z) when 2Z;,(z) # 0. Therefore,
the Cauchy-Riemann equation connects the absolute value
and phase as

dp()  dlnr(z) N i o .
@ = op - oy [Inz(t —ih) — Inr(t +ih)].

The last step is the finite difference approximation and
h is a small constant. Assuming knowledge of ¢(0), one
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can obtain the phases ¢(f) for ¢ in the desired interval
by integrating Eq. (44). Thus it is only required to mea-
sure the quantities r(f) = |(¢1|e*iH’ |1ﬁ,)| and r(t £ ih) =
|(¢1|e_iH’eihH [v,) | The corresponding circuits are

0 V. —itH [ AL

0 THT T
0 ‘/r +hH —itH Tﬁ/ﬂk
0 SEHA e T g -

which provide unbiased estimations of #(¢)? and r(t & ih)?/
clzpr’ ., respectively. In addition to the necessary state prepa-
rations and real-time evolutions, these circuits require at
most a single short step of imaginary-time evolution to
one side of the initial states, and the last step is a projective
measurement onto computational basis state |0).

|0) o—itH ’_@_‘ it H F Uf MT(;?* |Zl?7>(t,t’)|2

Note that the imaginary-time evolution is nonunitary
and thus a precomputed normalization factor cy, .+ =

(¥|e2H |4,) is required in the quantum circuit. When
the initial state |1,) = V,.|0) has short correlation length
and the Hamiltonian H is local, the single step of
imaginary-time evolution can be approximated by local
unitary evolution operators times cy, +, as shown in the
QITE algorithm [82]. If it is not the case, there also exist
alternatives to QITE. For example, one can introduce a sin-
gle auxiliary qubit to implement the single-step imaginary-
time evolution via probabilistic imaginary-time evolution
algorithms [83,89], while still avoiding the requirement for
controlled long real-time evolutions.

To measure Zg(t, t'), we just need to view ¢ and ¢ as two
separate variables and perform the algorithm from both
sides. The modified circuits are as follows:

(46)
/74 O . N 2
L |20 (4 ikt ‘
|O> ‘ L,r ( 1 )| /Cw, = (47)
/74 10) 7 1N 2 /2
LS 120 (4 + iR
|0> | l,r( )‘ /csz,i (48)

VII. QFAMES WITH MIXED-STATE INPUTS

We have presented QFAMES assuming that the initial
states are pure states and we have access to the controlled
unitary operators that prepare these states. In this section,
we generalize the observable version to mixed states and
remove the requirement for controlled state-preparation
gates. Note that the multiplicity estimation version of
QFAMES can be naturally embedded in the observable
version of QFAMES. For simplicity, we only present the
observable version of QFAMES with mixed-state inputs
here.

We first introduce the algorithm. Assume that we have
access to a set of mixed states {o/};c[;) and {07 },ez)-

Step 1. Generate data. Analogous to the case of pure
initial states, we aim to measure quantities of the form

21,1 1= tr (pre M ae ),
(49)
. . . / 0 '’

Their unbiased estimates can be obtained through the
following circuits using a swap test:

mixed . .
Zl,r,n . Pl e_lf/ H

- A

‘n

[ —it, H |

(50)
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0) —{H
O,mixed | T
Zl rn Pl e ity H
Or _it;H

Both circuits only require the ability to prepare the
mixed states p; and o, and do not require controlled
state-preparation gates, which might be of independent
interest.

Step 2: Construct filtered data matrices. The second
step is to contract the time dimensions of the 3-tensors
Zped and Zf;j;”xed with element-wise products of complex
exponential vectors of the form e’

[eiét,,] ,

where the set {t,} are sampled independently from the trun-
cated Gaussian density distribution a7""°(¢). Similar to the
pure state case, we define

GRS UDIES (52)

N
Grd(o) = Z ZPxedf @, T, {6,100, T, {1, ),
Omlxed(e) ZZIOmlxed (jS’{zn})
r.n ﬁ

3 (9,%,{4})1‘;1(9%{4})-

(33)
When N is sufficiently large, we have

[ mlxed(e)] tr (0;(0,T)o0,(0,1)),

E[G"0)| =t (20, 1)00,0, ),
(54)

mlxed (9)

O,mixed ~
G,,r ©) ~

where p(0,T) := e~ @—H’T*/25e=O0—H’T*/2 denotes the
filtered density matrix of a given mixed state p. If we
vectorize the density matrices as p — |p)), we obtain

mlxed(e) ((pl(Q,T')ldr(e, T)>>

= Z(Pl)i,j (0,);.1€xp(—((0 — 1)) + (0 — A)HT?),
i

0 mixed (9)

(P8, DI L® O |06, D)) . (35)

Step 3: Estimate dominant eigenvalues and multiplic-
ities. According to Eq. (55), Gm”‘ed(G)H » beaks when
0 is close to the dominant eigenvalues of H. Similar to

—it, H

e n

0

C2))

(

the pure state case, in the third step, we find the domi-
nant eigenvalues {6/} by locating the peaks of the function
” GMixed () H over 6 following the same search and block
strategy (Sec IV A) as in the pure state case.

Step 4: Observable estimation. For each identified dom-
inant eigenvalue 67, we solve the following generalized
eigenvalue problem:

GO,mixed (Ql:)w — )LOGmixed (91:)W, (56)
to obtain estimates of the extremal eigenvalues (after tak-
ing the maximal/minimal generalized eigenvalues A“) of
the observable O within the (nearly) degenerate domi-
nant eigenspace of H. As in Sec. V, one may first restrict
G™xed(9r) and GO™*¢d(9F) to the large singular value sub-
space of G™**(¢) (using the cutoff threshold 7) to obtain
a low-dimensional, full-rank generalized eigenvalue prob-
lem. We note that, because 6] is close to the dominant
eigenvalue A} of H, the filtered density matrices p;(6;, T)
and o,(0;, T) are approximately supported on the subspace
spanned by the (nearly) degenerate dominant eigenvectors
of H. Let I1; denote the spectral projector onto the (nearly)
degenerate dominant subspace associated with the clus-
ter centered at 6. The physically meaningful range of the
expectation values of O within this manifold is

)\min(nkonk)a )\lnax(nkonk)~ (57)
Under the condition that the projection of G}?rixed (6;) onto
the degenerate eigenspace maintains sufficient rank [see
Eq. (63)], the generalized eigenvalue problem (56) yields
consistent estimates of these extremal eigenvalues, which
is the same as in the pure state case in Sec. V. For example,
in the case when L = R and p; = o for all /, and the vectors
{ | p1(0;, T))>} te[z] span the degenerate dominant eigenspace
in the vectorized representation, the maximal eigenvalue
problem Eq. (57) can be formulated as

Wiol) _ r(¥) (¥10)
(Yly) ly)eRan(M) (Y |yr)
_ Tr (|y) (¥ O1y) (¥ ])
= max
ly)eRany)  Tr (|) (¥ |¥) (¥ ])
Zj’kc;cktr(ijpk)
max
Silat=t ;g certr (o) x)

[¥)€Ran(Ix)

= = max A?, (58)
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where

GO,mixed(el:)w — )\.?Gmixed(@:)w. (59)

Analogous to the pure state case, the observable struc-
ture is better characterized by the pairing of mixed states
p1 and o,, which yields information inaccessible through
direct measurements of O on the individual states. Here,
we provide a simple toy example to illustrate this. Assume
that there is a twofold degenerate ground state {|0),|1)}.
In this ground-state subspace an observable Z has the
form Z =[} ° ]. Assume access to four density matri-
ces, which are after the filtering process projected onto the
ground-state subspace as

_fo6 0
PL=110 04|
_To4 o
PP=10 06|

1
p3=|+><+|=§[} }]

(60)

=) (k= ]
pr=H =5

Here |+) = 5 (10) + 1)) and |+1) = 55 (0) +1]1)).
Direct measurements of the observable Z with these four
density matrices yield

tr(pi12Z) = 0.2, tr(p34Z) =0, (61)
which cannot fully capture the “ferromagnetic” feature of
the ground-state manifold with regard to O = Z. However,
in the mixed-state version of the QFAMES algorithm, we
have

052 048 05 05

mixed 048 052 05 05
G =twlep) =195 o5 1 05/

05 05 05 1
0.2 0 0.1 0.1

O,mixed __ . 0 -02 -0.1 -0.1
G =wOP =101 o1 0 —05
0.1 —-0.1 0.5 0
(62)
Solve the generalized eigenvalue problem G,(,)r’mixed =
AOG*<dw, and we can correctly obtain min A% = —1 and

max A9 = 1.
The detailed algorithm is summarized in Algorithm 3.
As previously noted, the success of mixed-state
QFAMES requires that the initial mixed states have suf-
ficient overlap with the (nearly) degenerate dominant

eigenvectors of H. Under the assumption {p;} = {o,}, this
requirement is characterized by the following condition:

min max E i Pi =w(l). 63
HIy)y=2ly) pi=0 X <1/f - P l/j> 63)
iPi=

When the goal is to estimate the extremal eigenvalues of O
within the low-energy subspace of H, there is extensive
literature on preparing such mixed states using recently
developed dissipative algorithms for low-temperature ther-
mal state or ground-state preparation [41—44,46—48,50,
53,55,90-102]. For example, certain physically interest-
ing systems exhibit metastable states, often arising from

ALGORITHM 3. Extracting observable expectation values
under quantum filtering and analysis of multiplicities in eigen-
value spectra with mixed-state inputs.

1: Preparation:
Number of time samples: N;
Two sets of initial mixed states: {p;}~, and
{‘77"}5?:1;
Filter parameter: T
Truncation parameter in af*""¢: o;

Number of dominant eigenvalues (guess): I;
Singular value decomposition threshold: 7;
Searching parameter: ¢ (we search with discrete
energy step q/T);
Block parameter: « (distinct dominant eigen-
values are at least separated by «/T);
2: Running:
> Stage I: Estimate the location of dominant
eigenvalues
4: Sample {t,,t,} ii.d. from the truncated Gaussian
distribution a'f""°(¢) defined in Eq. (16).
for l=1to L do
for r=1to R do
for n=1to N do
Generate data ZM*ed using (50).
end for o
10: end for
11: end for
12: J + {M :

q

13: Generate discrete candidates: 0; < —7m + qu for j =
0,1,...,J.

14: Calculate (53) for 0 < j < J:

||Gmixed(0j)||F «

Lo

1 N

E Zmixedei()j tn eiejt;,
N :

n=1

F

15: Running the search-and-block procedure with «
in Algorithm 1 to estimate the dominant eigenval-
ues. N

16: Output: Distinct dominant eigenvalues: {0 }1_,.
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ALGORITHM 3. (Continued.)

17: > Stage II: Estimate observable expectation values

18: Sample {¢,,t),} i.i.d. from the truncated Gaussian
distribution atjfy\n/%(t) defined as Eq. (16) and {t}
iid. from af"nc(t).

19: for [ =1to L do

20: for =1 to R do

21: for n=1to N do

22: Generate Zl(? T’lexed using (51).
23: end for

24: end for

25: end for

26: Calculate

N
. 1 i
GO,mlxed(G;) %N E Zgzglxed exp(ie:tn)

n=1

exp(if;t)) exp(i07t)), 0<i<I.

N

27: Solve the generalized eigenvalue problem
GO,mixed(g*)w _ )\OGmixed(ga})w

K3 K3 *

28: Output: Eigenvalues: {A{}[", that provide esti-
mates of eigenvalues of Op,.

energy or entropy bottlenecks in the dissipative dynam-
ics [103—106]. Characterizing the physical observables of
these states is of significant interest in condensed mat-
ter physics and quantum materials science [107—112].
While reaching the true global thermal equilibrium in
such systems typically requires exponential time, relaxing
to a specific low-temperature metastable state is often a
polynomial-time process [113—118]. Consequently, start-
ing from a random initial state allows one to efficiently
populate the underlying metastable subspace, thereby mak-
ing the condition in Eq. (63) achievable.

VIII. NUMERICAL RESULTS

In this section, we numerically demonstrate the effi-
ciency of QFAMES by applying it to four models: (1) A
simple illustrative example in Sec. VIII A; (2) A TFIM in
Sec. VIIIB; (3) 2D toric code example in Sec. VIII C; (4)
XXZ model in Sec. VIIID. For simplicity, we set the left
and right initial states to be the same. In the first case, we
provide three simple initial states that are not orthogonal
to each other to estimate the multiplicity of the ground
states. For the TFIM, we take five low-energy matrix prod-
uct states with bond dimension 2 as the initial states. We
not only compute the ground-state degeneracies but also
probe ground-state properties of different quantum phases
by measuring observable expectation values. In the third
example, we employ an increasing number of random ini-
tial states to estimate the ground-state degeneracy of a

model with topological order, thereby demonstrating that
QFAMES is applicable in a broad range of settings. All
codes and data needed to produce the results in this section
are available online [119].

A. Illustrative example

To illustrate the effectiveness of QFAMES, we consider
a simple Hamiltonian with three eigenvalues: Ag = A =
0 and A, = 0.1. There are only two distinct eigenvalues:
Ay = 0 and A7 = 0.1. The Hamiltonian is given by

(64)

and we assume access to three initial states |¢g) , |¢1) , [¢2)
with overlap matrix

(65)

In this case, the tail overlap pri; = 0 and all eigenvalues
are dominant. A single initial-state approach would only
yield an estimate of the location of Aj and A} but fail to
resolve the degeneracy of Aj. Moreover, because the over-
laps with A, (A]) are not sufficiently dominant compared
to those with Ag, A1 (A7), single-state approaches might not
reliably estimate the location of A (A7).

To resolve the degeneracy at A}, it is essential to utilize
the off-diagonal entries of the data tensor, which encode
important information about the spectral structure. We can
check that the Z matrix has the form

T2+ o011 o011 2 _ il
Z(t) S e—iO.lr 2+ e—iO.lt _e—iO.lt . (66)
3lg o 0 5 40l

The off-diagonal entry Zo;(f) = te ™, for example,
reveals two key pieces of information:

(1) A2 = 0.1 must be one of the dominant eigenvalues,
as it is the only effective frequency present in the
signal;

(2) The degeneracy of dominant eigenvalue Aj must be
at least two, since the signal corresponding to the
frequency A ~ 0 vanishes in this off-diagonal entry.

The first point allows for a more accurate estimation of the
location of X,, while the second provides insight into the
multiplicity of Aj.

Now we perform numerical simulations to demonstrate
the main ideas of QFAMES. We independently sam-
ple {t,})_, with N =2000 from the truncated Gaussian
distribution a7""°(#) defined in Eq. (16) with truncation
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1 2 3 1 2 3

FIG. 3. [Illustration of the quantum filtering and analysis of
multiplicities in eigenvalue spectra algorithm on the illustrative
example. (a) The magnitude of G;;(6) = (1/N) Zivzl Zj €
for each 0 < i,j < 2. The x-axis stands for 6. The gray dashed
lines indicate the positions of the eigenvalues. (b) The Frobenius
norm ||G(0)||r, which clearly identifies the two distinct domi-
nant eigenvalues. (c¢) and (d) The singular values of G(0) at each
A}, correctly indicating the corresponding multiplicities when the
threshold 7 = 0.1+/LR = 0.3.

parameter o = 1, and generate each Z, using a single-shot
generalized Hadamard test. In Fig. 3(a), we plot the magni-
tude of each entry of G(0) for T'= 40. The diagonal entries
exhibit a prominent peak corresponding to Ay, while the
second peak near A, is not clearly identifiable. As a result,

the standard QPE-based approach described in Appendix B
cannot locate A, and fails to reveal the multiplicity of Aj.
Although the diagonal landscapes are the same in Fig. 3(a),
if we focus on the off-diagonal landscapes, it is evident
that there exists one dominant eigenvalue near 1, = 0.1.
This can be more systematically observed in the plot of
the Frobenius norm ||G(0)||r in Fig. 3(b), which clearly
reveals two distinct dominant eigenvalues, including an
“amplified” peak near Ao = A; = 0. Note that the artifi-
cial peaks in Figs. 3(a) and 3(b) are due to noises that can
be suppressed as we increase the number of samples N.
Figures 3(c) and 3(d) show the singular values of G(6)
at 6 = 0 and 6 = 0.1, respectively. They exactly recover
the multiplicities: two states associated with the dominant
eigenvalue near zero and one state associated with the
dominant eigenvalue near 0.1.

In Fig. 4, we show the accuracy of the QFAMES
algorithm in locating dominant eigenvalues as a func-
tion of Tiax, Tiotal- The parameters are chosen as
follows: SVD threshold t = 0.1@, block parameter
a =5, search parameter g = 0.005, and T takes val-
ues 40, 50, 60, 80, 100,200,400, and 800. The error is
defined as

Error = max |07 — A}|. (67)

In Fig. 4, we also include a comparison with the Quan-
tum Multiple Eigenvalue Gaussian filter Search (QMEGS)
algorithm [64], using the same parameters as QFAMES
except for N = 6000, which ensures the total number of
Hamiltonian simulations is the same. From the graph, we
observe that QFAMES achieves significantly lower error
than QMEGS when Ty,,x < 100, while the errors of both
methods become comparable for larger 7;,,x. This demon-
strates the advantage of QFAMES in identifying dominant
eigenvalues when Ty, is not sufficiently large, aided by
the use of off-diagonal entries in G(0). Furthermore, we
note that QMEGS cannot identify the multiplicity of Af,
as it relies solely on the diagonal entries of G(9), whereas
QFAMES accurately estimates the multiplicities of both
dominant eigenvalues.

B. Transverse-field Ising model (TFIM)
Here we consider the transverse-field Ising model on a
spin chain of length Nypip,

N, spin ™ N, spin

1
H=— ) ZZn-g) X, (68)
i=1 i=1

where Z; and X; are the Pauli operators acting on the ith
qubit and g is the coupling coefficient. The ground state
of the TFIM lies in the ferromagnetic phase for g < 1 and
undergoes a quantum phase transition at g = 1 to the para-
magnetic phase for g > 1. Note that in the thermodynamic
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FIG. 4. Quantum filtering and analysis of multiplicities in
eigenvalue spectra (Algorithm 1) vs QMEGS [64] in the illus-
trative example as a function of (upper): max evolution time
Tmax = o T, and (lower): total evolution time Ti,. The dashed
line stands for the fitted error proportional to 1/7, as predicted
by Eq. (27).

limit, the GSD is 2 in the ferromagnetic phase, 1 in the
paramagnetic phase, and the system is gapless at the phase
transition point.

In our test, we set system size Ny, =20 and g =
0.5,0.8,0.9,0.95,1,1.05,1.1,1.2,1.5. For each g, the set
of initial states is chosen to be five MPS of bond dimension
2 that are orthogonal to each other and have approximately
the lowest energies. We first run density matrix renormaliz-
ing group (DMRG) with bond dimension 2 to find the MPS
[0). The states |;) (i > 0) are then sequentially obtained
by running DMRG with the projected Hamiltonian

i—1 i—1
Hy= 1= "1y (Wl | H 1= 1)
j=0 Jj=0

We simulate the time evolutions with the time-evolving
block decimation algorithm [120] with maximum MPS
bond dimension y = 100. The Gaussian filter parameter
T/A/2 = 2.5. For simplicity, for the time parameters #,

149 ™\ — 16O
-= By =-20.40
- Ep = —20.40
- By = —19.37
X E;=-1937
-\ 5 =—19.30

1.04

0.8

0.6

0.4+

T T T T T
=205 =200 -195 —190 -185
4

g=1.00
14 r
1.2 N

1.01

— IGO)r
- F 5

N L= —25.11
o oy 5

0.6

—-255 —-25.0 —245 240 235
0

g =150

N

0.84
0.6

0.44

\

-335 =330 -325 320 315
4

0.2+

FIG. 5. Tllustration of the quantum filtering and analysis of
multiplicities in eigenvalue spectra algorithm on the transverse-
field Ising model. The left column shows the Frobenius norm of
G(0) around the ground state energy for g = 0.5, 1.0 and 1.5,
from up to down. The gray vertical dashed lines stand for the
five lowest-lying energy eigenvalues. The right column shows
the singular values of the G(}), where 6} is the leftmost peak
found in corresponding Frobenius norm (marked with red stars).
The SVD cutoff threshold is set to be 0.2.

and #, in Eq. (30), we choose (,,1,) € Zsample X Zsamples
where Zgmpie consist of N = 100 samples drawn from

Gaussian density distribution ar »a(0. This choice will

effectively generate N> = 10* samples to compress mea-
surement error. In Fig. 5 we demonstrate how QFAMES
can be applied to resolve the near-ground-state multiplic-
ity of TFIM. When g = 0.5, we can clearly see a near-
degenerate pair. When g = 1, we are in the gapless phase,
and more states around the ground state are detected with
a moderate choice of 7. While when g = 1.5, the ground
state is found to be unique.

We can further obtain the ground-state properties of
each phase by applying Algorithm 2. The observable we
choose is

Nspin

>z, (69)
i=1

1
2N, spin

§F =
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FIG. 6. Illustration of Algorithm 2 on the transverse-field Ising

model. The observable is S = (1/2Ngyin) Z?ﬁﬁm Z;. In the man-
ifold of near-ground-state cluster, the possible ranges of observ-
able expectation values are shown by the gray lines. A transition
from ferromagnetic to paramagnetic phase can be observed when
g increases from 0.5 to 1.5.

and the results are illustrated in Fig. 6. When g =
0.5, the solutions to the generalized eigenvalue prob-
lem, which serve as an estimation of eigenvalues of
((Ek|S*IEW )k em;)» are close to £0.5, showing the near-
ground-state cluster lies in the ferromagnetic phase. As g
increases, the possible range of expectation values of S% in
the near-ground-state cluster manifold reduces and finally
reaches 0 at g = 1.5, corresponding to the paramagnetic
phase. Note that the blue dots, which represent the eigen-
values of ((Ex|S*|Ew )i ¢ e[m;)» 40 not have to be symmetric
about 0 (for example at g = 0.9), since they are extracted
from the near-ground-state cluster identified at finite T
rather than from an exact symmetry-resolved eigenspace.

C. 2D toric code

In many-body systems, GSD is a hallmark of topologi-
cal order and depends only on the global topology of the
system. For stabilizer Hamiltonians, the GSD is exactly
2%, where k is the number of logical qubits encoded by
the code. In this section, we estimate the ground-state
degeneracy of the 2D toric code Hamiltonians [121] as an
example. The Toric code ground state is known to exhibit
Z,; topological order, which has been realized on a quan-
tum computer based on the prior knowledge of its explicit
form [122]. In contrast, our numerical experiment starts
with a collection of random initial states. Specifically, the
toric code Hamiltonian on a 2D lattice is given by

H=—ZAU—ZB,
v b4

where v denotes the vertices and p the plaquettes of the
lattice. Qubits live on the edges, with i € v labeling the

(70)

Cylinder boundary condition

FIG. 7. 2D toric codes on a 2-by-4 lattice with (a) torus and
(b) cylinder boundary conditions. Dashed lines stand for periodic
boundary conditions in the corresponding directions. The models
consist of 16 and 18 qubits, respectively, represented by the small
circles.

edges touching a vertex v, and i € p labeling the edges
surrounding a plaquette p. The corresponding stabilizer
operators are 4, = [[,., X; and B, = ]_[iep Z;. We study
the toric code model on a 2-by-4 lattice with torus and
cylinder boundary conditions, as demonstrated in Fig. 7.
Their GSDs are four and two, respectively. The numerical
experiment proceeds as follows:

(1) We randomly sample vectors from the Haar distribu-
tion and apply imaginary-time evolution exp(—fH)
to enhance their overlap with the ground-state sub-
space.

(2) We then apply QFAMES to these boosted vectors to
estimate the multiplicity of the cluster correspond-
ing to the smallest eigenvalue.

We find that in the first step of the algorithm, it is
necessary to generate a sufficient number of initial states
such that the ground-state subspace is contained within
their linear span. This condition is essential for cor-
rectly estimating the ground-state multiplicity. We also
remark that imaginary-time evolution is generally not effi-
cient for large-scale, general Hamiltonians on a quantum
computer, and is used here primarily for illustrative pur-
poses. In practical applications, one would need to employ
more quantum-friendly methods for generating random
low-energy states.

We use N = 300 samples, and set circuit depth parame-
ter T = 10, the Gaussian truncation parameter o = 1, and
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FIG. 8. [Illustration of ground-state degeneracy estimation for
2D toric code models with (left) torus and (right) cylinder bound-
ary conditions. The spectra are rescaled to [—1, 1] and we plot
the averaged singular values of G(—1). The orange lines are the
error bars representing the standard deviation over ten trials for
each parameter configuration. Four and two large singular val-
ues can be clearly identified, respectively. In the second row,
we increase the number of initial states L compared with the
first row. In the third row, we increase the imaginary evolu-
tion time S. (a) Torus boundary condition, 8 = 10,L = 15. (b)
cylinder boundary condition, 8 = 10, L = 15. (c) Torus bound-
ary condition, 8 = 10, L = 25. (d) Cylinder boundary condition,
B =10,L = 25. (e) Torus boundary condition, 8 = 15,L = 15.
(f) Cylinder boundary condition, 8 = 15,L = 15.

SVD threshold T = v/LR/15 = L/15. For inverse temper-
ature B and the number of states L, we consider different
configurations: (8 = 10,L = 15) and (8 = 10,L = 25),
and (B = 15,L = 15). Each setup is repeated ten times,
and the averaged singular values are output. Results are
shown in Fig. 8. Four and two large singular values can
respectively be identified for the two boundary condi-
tions. The performance of the algorithm is also shown
to be enhanced by (1) increasing the number of initial
states L (the second row in Fig. 8 compared with the first

one), which strengthens the uniform overlap condition, (2)
or increasing the imaginary evolution time 8 (the third
row compared with the first one), which reinforces the
sufficient dominance condition in Eq. (4).

D. XXZ model

We also consider the spin-1/2 XXZ chain in the pres-
ence of an external magnetic field, whose Hamiltonian is

Nspin_ 1 Nspin

H= ) XiXi+ VY +AZZ) +h) Z

i=1 i=1
(71)

The phase diagram of this model has been extensively
studied (see, for example, Refs. [123—125]). Its distinct
phases can be characterized by the correlation functions,
(Z;Z;,), evaluated at the center of the chain.

Similar to TFIM, we set the system size N, = 20
and choose five initial states to be orthogonal, low-energy
MPS with bond dimension D = 3, which is sufficient to
obtain large overlaps with the ground state and first several
excited states, and 7/+/2 = 5. The rest of the parame-
ters are the same as the TFIM experiment. We perform
QFAMES with the following sets of parameters (A, £):

(1) (A,h) = (—1,0) [Fig. 9(a)]. It is unitarily equiva-
lent to the isotropic ferromagnetic (FM) Heisenberg
model, which has Ny, + 1 degenerate ferromag-
netic ground states due to SU(2) symmetry. Five
of them are detected here, limited by the number
of initial states provided. The values of correla-
tors in z direction vary depending on the specific
ground-state orientation, whereas they all exhibit
ferromagnetic behaviors.

(2) (A,h) =(—1,1) [Fig. 9(b)]. The ground-state
degeneracy is lifted by the magnetic field, such that
the system has a unique ground state || --- |) and
(ZiZi1,) = 1 forall r.

(3) (A,h) =(0,0) [Fig. 9(c)] and (1,0) [Fig. 9(d)].
They correspond to the XY and Heisenberg mod-
els, respectively. Both of them are in a gapless,
antiferromagnetic (AFM) phase, where the corre-
lation functions are quasi-long range that decay
algebraically in 7. With our choice of 7, we detect
a couple of energy eigenstates around the first peak
of || G(9) ||, as expected for a gapless spectrum. Red
crosses indicate exact values for ground-state corre-
lation functions (Z;Z;,,) of both the XY model [126]
and isotropic Heisenberg model [127,128], which
lie within the ranges obtained with Algorithm 2
(solid gray lines).

(4) (A,h) =(2,0) [Fig. 9(e)]. The system is in an
AFM gapped phase. When the system size Ngpin is
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Illustration of the quantum filtering and analysis of multiplicities in eigenvalue spectra algorithm on the anisotropic Heisen-

berg model. The top row shows the Frobenius norm of G(6) around the ground-state energy for (A, k) = (—1,0),(—1, 1), (0,0), (1,0)
and (2, 0), from left to right. In the top row, the gray vertical dashed lines indicate the five lowest-lying energy eigenvalues. The middle
row shows the singular values of G(67), where 6 is the leftmost peak found in the corresponding Frobenius norm plot (marked with red
stars). The SVD cutoff threshold is set to be 0.2. The bottom row shows the estimated ranges of the correlation function (Z;Z;,) in the
center of the chain obtained with Algorithm 2, where 1 < r < 4. The red crosses in (c) and (d) represent exact values for ground-state
correlation functions, and the red dashed lines in (¢) indicate the asymptotic staggered correlation =+ lim,_, oo limy, ;00 [{ZiZi4/)]. (a)
Ferromagnetic, isotropic. (b) Ferromagnetic, polarized. (c) Gapless, XY. (d) Gapless, Heisenberg. (e) Antiferromagnetic.

even, the two lowest-energy states form a quasi-
degenerate pair [129], with a splitting that decreases
rapidly as Ny, increases. This quasi-degeneracy
can be observed with QFAMES. The ground states
exhibit long-range antiferromagnetic order [130],
and the corresponding asymptotic staggered correla-
tion =+ lim,_, o limNspm%w [{ZiZi+r)| 1s indicated by
red dashed lines.

IX. DISCUSSION

We presented QFAMES, a quantum spectral filtering
framework that estimates dominant eigenvalues and their
multiplicities by jointly processing cross-correlations from
multiple initial states. By exploiting off-diagonal infor-
mation through generalized Hadamard tests, QFAMES
recovers spectral structures that are inaccessible to phase
estimation from a single initial state and extends natu-
rally to observable estimation within identified clusters.
The algorithm admits rigorous efficiency guarantees.

The quantum data produced by QFAMES naturally form
an order-3 tensor. One could attempt to solve the DODS
problem using general tensor-decomposition techniques

[131-136] or approaches tailored to high-order time series
[137,138]. However, to the best of our knowledge, none
of these algorithms provide provable efficiency guarantees
in the high-noise or overcomplete regime, and it remains
unclear how to extend the existing theoretical results to
this setting. In contrast, our analysis gives a simple estima-
tor that is tailored to the QFAMES tensor structure, yields
provable efficiency and robustness to measurement noise,
and provides exact multiplicity recovery under the stated
assumptions. We expect these ideas to be useful beyond
the present setting.

The QFAMES algorithm has broad potential applica-
tions. For instance, it can be employed to probe the ground-
state manifolds of models with topological orders that are
difficult to analyze with classical algorithms, such as those
exhibiting the fractional quantum Hall effect [139,140].
In addition, although the DOS at finite temperatures typ-
ically scales exponentially with system size, QFAMES
remains of physical interest for specialized applications,
such as the study of quantum many-body scars [112,141,
142]. These scars represent a set of rare energy eigen-
states in nonintegrable systems that avoid thermaliza-
tion. Unlike typical eigenstates at finite energy densities,
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which exhibit volume-law entanglement, scar states usu-
ally possess sub-volume-law entanglement. Consequently,
they can be well captured by tractable Ansétze such as
the low-bond-dimension MPS demonstrated in this work.
This enables QFAMES to be applied to characterize their
properties.

A particularly promising direction, enabled by the
mixed-state extension in Sec. VII, is to interface QFAMES
with state-preparation procedures that are intrinsically dis-
sipative and therefore naturally output mixed states and/or
do not admit a controlled, reversible state-preparation ora-
cle. This setting arises in several recent proposals for
dissipative Gibbs-state and ground-state preparation. In
this regime, our method based on swap-test-based estima-
tors of mixed-state cross-correlators (and their observable-
decorated counterparts) provides a practical route to esti-
mating dominant eigenvalues and their multiplicities, as
well as extremal observable values within a (nearly) degen-
erate manifold. Importantly, pairing families of mixed
states through cross-correlations can reveal information
that is not accessible by measuring the observable on
each individual mixed state alone (cf. the toy example in
Sec. VII).

This perspective is especially relevant for metastabil-
ity in open-system dynamics. In many physically inter-
esting models, dissipative dynamics can exhibit long-
lived metastable manifolds induced by energetic or
entropic bottlenecks, with polynomial-time relaxation into
a metastable subspace but potentially exponentially slow
convergence to the true global equilibrium [103—112,116].
Mixed-state QFAMES offers a diagnostic tool in this
context: by filtering around a target low-energy cluster

and analyzing the resulting effective rank and generalized
eigenvalue extrema, one can characterize the dimension
of the metastable subspace and bound physically mean-
ingful observables within it, providing quantitative probes
of metastable phases and long-lived prethermal or glassy
regimes that are of broad interest in condensed matter
physics and quantum materials science [107—112].

These examples, together with the availability of
control-free, ancilla-free implementations (Sec. VI), high-
light the versatility of QFAMES as a general and efficient
tool for uncovering spectral properties across diverse quan-
tum systems, in particular on early fault-tolerant quantum
devices.
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APPENDIX A: COLLECTION OF NOTATION

[7] The index set {0, 1,...,n — 1}

Hamiltonian notations

H=73, cmtn Hamiltonian of interest and its spectral decomposition

|Em) (En]

D c [M] Index set of dominant eigenvalues

I eN, The number of distinct dominant eigenvalues

A} CcR The distinct dominant eigenvalues

D, cD The index set of dominant eigenvectors with eigenvalue A}

AeRy The minimum separation between distinct dominant eigenvalues
Initial-state notations

L,Re N, Number of initial states

{Ubierry, (Vidrerry

Initial-state preparation unitaries
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{1o0}iery, {1} rerry

Initial states prepared by U; and V,

® e CM Overlaps between {|¢;)} and {|E,,)}
v ¢ ChxM Overlaps between {|v/,)} and {|E,,)}
Pril € R Total overlaps with the nondominant eigenvectors
Pmin € R Minimum overlap with a dominant eigenvector
x € Ry Uniform overlap condition parameter
Hamiltonian evolution times notations
N e N, Number of evolution times
{tatnepyy C R Evolution time samples
a‘f™ (1) PDF of the truncated Gaussian distribution
F(x) Fourier transform of a(n); F(x) = [ e™a(f) dt
TeR Circuit depth parameter
celR Gaussian truncation parameter such that a(f) is supported over [—o T, o T
Tensor notations
7 € CLxRxN Data tensor collected from the measurement outcomes for DODS estimation
Z, € CLxR A slice of Z defined as Z. . ,
Z, () eC The expectation (¢;|le™ |,
G() e CL*k

ZO e (CLxRxN
GO(@) c (CLXR

The contraction of Z along the third coordinate with the vector (619’"),,6[]\/]
Data tensor collected from the measurement outcomes for observable estimation
The contraction of Z© along the third coordinate

Algorithm notations

geR The grid-search parameter such that the grid width is ¢/T
J e N4 The number of grid points

i} CR The grid points

W |G(9) || evaluated at each grid point

aeR Width of the block

{B;} Blocked grid points around each peak

n €1[0,1] The failure probability of the algorithm

TeN, Estimated number of distinct dominant eigenvalues

67}em C [-m.7]

teR
{m} C Ny

Estimated dominant eigenvalues
The threshold for the singular values
Estimated multiplicities

PRX QUANTUM 7, 020318 (2026)

APPENDIX B: QUANTUM PHASE ESTIMATION
AND LIMITATION

The standard quantum phase estimation (QPE) algorithm
estimates eigenvalues of a Hamiltonian H by applying
the quantum Fourier transform (QFT) to an initial
state. Recently, a class of “post-Kitaev” phase estima-
tion algorithms (see e.g., Refs. [60—64,66,67]) has been
proposed for early fault-tolerant quantum computers.
These algorithms build upon the original single-ancilla
Kitaev algorithm [57], which utilizes the output from the
Hadamard test circuit. However, they differ in their strate-
gies for selecting Hamiltonian simulation times and in their
use of advanced classical signal-processing techniques to
handle noisy quantum data.

Unlike QFT-based algorithms, post-Kitaev methods
require only a single-ancilla qubit while still achieving
Heisenberg-limited scaling. Moreover, they are capable
of simultaneously estimating multiple eigenvalues, mak-
ing them particularly advantageous for early fault-tolerant
quantum devices. We first briefly review the structure of
post-Kitaev phase estimation algorithms, which can be
organized within the following three-step framework:

(1) Generate a sequence of real numbers {#,},c[y] as the
Hamiltonian evolution times.

(2) Apply Hadamard test circuit (Fig. 10) to the initial
state |¢) for each time #,, and collect the mea-
surement outcomes to form a dataset {(#,, §,)}ne[nys
where &, € {£1 +1}.
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0) —{H] '
0)

FIG. 10. Hadamard test circuit. /¥ is either the identity or the
phase gate ST. Here INIT |0) = |¢).

(3) Perform classical postprocessing on the dataset
{(t4, 1) }nev to estimate the dominant eigenvalues

{)"m}meD-

For each n, the Hadamard test circuit guarantees that

> [@IEN

me[M] =pm

—1A m tn

E[£,] = (ple |¢) = (B1)

Thus, the dataset {(#,,&,)},en] corresponds to unbiased
noisy samples of the Fourier signal

X(H) =Y pmexp(—iknt).

me[M]

(B2)

Estimating the dominant eigenvalues {},,},,cp from these
samples is then equivalent to the classical spectral esti-
mation problem, which has been extensively studied in
signal processing. Different post-Kitaev phase estimation
algorithms primarily vary in the choice of #, in the first
step and the classical spectral estimation technique used in
the third step to extract the dominant eigenvalues {A,,}ep
from these samples. Examples include complex exponen-
tial least squares [62,63,65], robust phase estimation [68],
Gaussian filtering and searching [64,69], ESPRIT [70,78],
compressed sensing [66,67], to name a few.

Theoretical analyses have demonstrated that state-of-
the-art post-Kitaev algorithms can achieve Heisenberg-
limited scaling. Specifically, for a target precision e,
the total Hamiltonian evolution time required scales as
1/€, ensuring that the algorithm estimates each domi-
nant eigenvalue to within e-accuracy [63,64,70]. More-
over, these algorithms achieve “short” circuit depths: for
well-separated dominant eigenvalues, the maximal evolu-
tion time scales as py;/€. These properties, along with
other advantages (see Ref. [64]), make post-Kitaev meth-
ods particularly suitable for early fault-tolerant quantum
devices.

However, QPE and post-Kitaev phase estimation algo-
rithms encounter fundamental limitations when it comes
to resolving closely spaced eigenvalues or determining
the multiplicities of degenerate eigenvalues. In the nearly
degenerate case, although these algorithms guarantee that
the output is close to one of the dominant eigenvalues, they
cannot distinguish eigenvalues separated by extremely
small gaps. For instance, if a Hamiltonian has two dom-
inant eigenvalues with an arbitrarily small separation, the

algorithm may return a single estimate that is e-close to
both, without revealing their multiplicities. In the degener-
ate case, when access is restricted to a single initial state,
these algorithms are incapable of producing the correct
multiplicity. This limitation is formalized in Proposition
Cl.

APPENDIX C: UNIFORM OVERLAP CONDITION
FOR THE QFAMES ALGORITHM

For a matrix 4 € C"™*" with m > n, denote its singular
values as {s;}ie[,). Then we define spmin(4) = min; s; to be
the smallest singular value of 4. We also define

5 _ IMllr

n Jn
to be the average singular value of 4, where ||4]|F is the
Frobenius norm of 4.

In this Appendix, we formally present the uniform
overlap condition for the QFAMES algorithm.

Savg(A4) = (C1)

Assumption C1 (Uniform overlap condition). For each
i €[I],let D; :== {m € D|X,, = A}} denote the index set of
dominant eigenvectors with the same eigenvalue 1. We
assume there exists a constant y > 0 such that, for every
i € [1], the following inequalities hold:

Save (P,
14 x

g (V.2

1+ x
(€2)

Smin (q):,D,-) > > Smin (\IJ:,D,-) >

Recall from Eq. (5) that

mg}E IX[Lzl (I|E) > = |nﬁm ||CI> Dlu”

= Smin (qD:,Di)z . (C3)
Then the uniform overlap condition states that the small-
est singular value must be (1 + x)~' times larger than the
average singular value, for both ®. p, and V. p,.

The uniform overlap condition implies that ®.p, and
W. p, have full column rank. The latter is a necessary
condition for any algorithm in this access model to cor-
rectly estimate multiplicities. This is summarized in the
following proposition. As a corollary, when there is only
a single initial state, it is impossible to resolve eigen-
state degeneracy in the setting of Proposition C1, which
corresponds to the case of QPE and post-Kitaev phase
estimation algorithms.

Proposition C1 (Information-theoretic indistinguisha-
bility). Assume that we only have access to data produced
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by the Hadamard test with controlled Hamiltonian evolu-
tion exp(—iH¢) and left and right initial states with overlap
matrices ® and W as defined in Eq. (2). Let D; denote the
indices of a degenerate energy eigenvalue subspace. There
exists no classical signal-processing algorithm that can
reliably determine the multiplicity |D;|, if rank (CID;,Di) <
|D;| or rank (\IJ:,DI.) < |Dyl.

Proof. For simplicity, we assume A* is the only eigen-
value of H with degenerate eigenvectors indexed by D,
meaning H = A* ). |¢;) (¢il. According to the assump-
tions, when the noise is negligible, we have access to
quantities of the form

21,0 = (Gle g,) = Y @, 0,

meD

(C4)

The corresponding data matrix is ®W. If rank (®) =
k < |D], consider the singular value decomposition of
® = USV', where the singular values s; =;,; are sorted
in descending order. Therefore (®V).; = (US).; =0 for
any j > k (assume the column vectors are_indexed by
j €[ID1=1{0,1,...,|D| — 1}). Let us take ® e CL**+D

~

and W e CR**+D defined as

~

D, = (OV).,;, W, :=(¥P),, forj e[k
=0, U= [1- |\TJ,J > forre [R].
J€lk]

(C5)

o, U correspond to the overlap matrices generated by a
different Hamiltonian A that has only multiplicity & at
the dominant eigenvalue A*, and an additional eigenvector
|Ey) with a different eigenvalue. |E;) is defined to ensure
the normalization conditions for the overlap matrices:
|®s:| = | W] =1, forl e [L]and r € [R].
Since by construction

U = &, 1y, = ooV, = 0wl (Co)

we cannot distinguish the signals generated by H and H,

and hence cannot correctly resolve the multiplicity. The
case for rank (‘JJ;,D) < |D] is analogous. |

In our proof of the main theorem (Theorem D1), the
uniform overlap condition plays an important role in two
aspects:

(1) In eigenvalue estimation, the condition (C2) is
applied in Eq. (D25) to ensure that

2
and GO ~ 1%l

¥
H q):,Dﬂe (\D:,Dﬂg )

admit sufficiently large lower bounds. This guaran-
tees that the dominant eigenvalues can be detected
by identifying the peaks of |G(0)]|r.

(2) In multiplicity estimation, the condition ensures that
the overlap matrix

¥
q’:,’Dne (‘D:,Dﬂ(g)

has rank equal to the corresponding degeneracy.
This property is then quantitatively exploited in
Eq. (D50) to establish a lower bound on the singular
values of G(6 ~ 0r.)-

APPENDIX D: RIGOROUS VERSION OF
THEOREM 2 AND PROOF

In this Appendix, we introduce and prove a generalized
and rigorous version of Theorem 2. In the more general set-
ting, we consider the case where each dominant eigenvalue
is not exactly degenerate but instead lies within a small
interval of width § that is centered at A}. This motivates
the following definition:

Definition D1 (Dominant eigenvalue clusters). There
exist parameters A > § > 0 and / € N, such that:

(1) The dominant eigenvalues {),,},cp are covered by
I disjoint cluster intervals {Z;}/_, that are centered
at (A7),

(2) Each cluster interval has length at most 8.

(3) The cluster intervals are A-well-separated. That is,
foralli #j e [[], dis(Z;,Z;) > A.

Here, I is the number of dominant cluster intervals, § is the
maximum width of each interval, and A is the minimum
pairwise separation between intervals.

We note that Theorem 2 corresponds to the special case
8 = 0, where each cluster reduces to a single dominant
eigenvalue with exact degeneracy. In the more general set-
ting, a dominant eigenvalue cluster may be viewed as an
approximately degenerate eigenvalue, and our goal is to
estimate both the center of each cluster and the number of
dominant eigenvalues it contains. (We slightly abuse nota-
tion and use A} to denote the center of the ith cluster 7;.)
The QFAMES algorithm (Algorithm 1) applies directly to
this case.

We are now ready to state a generalized and rigorous
version of Theorem 2:

Theorem D1 (General version of Theorem 2). Suppose
Assumption C1 hold with x = O(1), and the dominant
eigenvalue cluster length parameter § is sufficiently small.
Given failure probability n € (0, 1), if the parameters sat-
isfy the following conditions: T>1,
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T=Q (llog <KLR>> , N=Q (% log ((J +K) §)> , 0= logl/2 LR R (D1)
A Prail y2il n Prail
Prail 1+2X>
=0 — ], =0 1 ) =0(A- ’ D2
q <(1+0) KLR) q ( og<1+x ) o (A-T) (D2)
and
T:(')(lmin{ Prail ,ptzaﬂ }) a=Q@6- 1), (D3)
5 (1 + 0)/KLR KLR

Pmin
> 6(1 +2x). (D4)

Phrail

Here K = |D|, and J = |27 T/q] is the number of can-
didate locations of cluster centers {#;} in the block and
searching algorithm.

Then, with probability at least 1 — », there exists a per-
mutation 7 : [[] — [/] such that the output of Algorithm 1
{(0_;, m;)}; <7 satisfies the following guarantees:

sup |6 — (D5)

1<j<I

ai 1
Mpl=0 <(1 + o) 2l ?> :

Pmin
Furthermore, if piaj1/pPmin, 8 are sufficiently small so that

1= O (U +0)pui/pmn +8- D7) _ < Pt )
1+ X)2 Pmin ’

(D6)

we can choose T = O (pyi1), and o = Q2 (1og(KLR/prair)) to
ensure that, with probability at least 1 — 1, we have
mj = |Drpl, 1<j <1, m=0, j>I (D7)
Remark DI. Here, we give some comments about the
conditions and assumptions in the above theorem:

(1) The conditions (D1) and (D2) are similar to those
in Theorem 3.2 of Ref. [64], which ensure the
algorithm can identify each cluster separately.

(2) In the above theorem, Eq. (D3) essentially requires
that § is sufficiently small so that all dominant
eigenvalues within a cluster can be approximated
by a single output. When 7'= ®(«/$), the analy-
sis becomes more involved, as a single cluster may
yield multiple outputs, making the second step of
the algorithm difficult to track.

(3) Equation (D4) can be referred to as the sufficient
domination condition, defined after Problem 1.

(4) Although the condition (D6) appears technical, it
essentially requires that x and py,; are small so
that the right-hand side is close to 1. This condition
ensures a separation between the singular values of
W;, which is necessary for accurately counting the
number of dominant eigenvalues in each cluster.

Remark D2. Together, the outputs of the location and
multiplicity estimation define an approximate density &
which approximates the true density wp up to a small error
in Wasserstein distance. Let 6 be the estimated center of
7;. Define

I

~ 1 .

H(E) := Dl E mi§(E — 6),
i=1

(D8)
1

E) = — 8E—)\.i.
p(E) |D|,-EZD( )

Let € :=sup,;; |6/ — A% ;)|. Consider a transport map
that transports each atom at A; in Z; to 6. The cost is

)
b =611 <1k = A+ A =6 <e 5. (DY)
Averaging over the |D| atoms gives that
- )
Wi(up, ) < € + =. (D10)

2
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Proof. The proof strategy of Theorem D1 is similar to the proof of Theorem 3.2 of Ref. [64]. We first show a rough
estimation for the location of the clusters and then refine it to get a more accurate estimation. First of all, let us define
the exact filter matrix F(6), the data matrix G(0) that approximates F(8), the error matrix £(#), and the computed filter
value function W(0),

F(6) := @ - diag ({exp(— (0 — 1) T*)}mepar)
. \IJT c CLXR’

N
1
GO) = ;Zn exp(ift,) € CH*R, (D11)

E@®) := GO) — F(0) € CL*R,
W) = 1GO)llF € R.

Step 0: We show that the computed filter value function WW(0) well approximates || F(0)||r.
Since o=Q (logl/2 (\/LR/ptai])) and N =Q LR/
ptzail) log ((J + K) (LR/n))), according to Lemma D1 with 8 = py,;/8, we have
Phail

sup [W@) — | F @) | < sup 1€ e < =, (D12)

with probability at least 1 — /2. For simplicity, we only consider the case when Eq. (D12) is satisfied, which is true with
probability at least 1 — /2.

Step 1: For each 07, let r; = arg min; {dist(@f, ) } We show

2(1+2X)>1
sup |07 — AL |< [log| ————= | = D13
15/21“ ﬂ’|_\/ g( l+x )T (85

when Eq. (D12) holds true. To achieve this, we need to prove lower and upper bounds for W(6):

(1) If0 € (Ui[Ar — q/2T, A7 + q/2T7) N {6; }}]:1, there exists 7rg (index of the cluster that  belongs to) such that
4
2T
min {10 — Ayl :m € D\ Dy, } >

max{|9—)»m|:meDﬂ9}§ +
" (D14)

A— - >A),

2T

where we use T > ¢/ A to ensure the second inequality holds. This implies that 6 lies within a single cluster and is
at least a distance of A /2 from any other cluster.

Using Eq. (D12) and the triangle inequality for the Frobenius norm, we observe that

e = HCD:’D”" - diag <{eXp(_(9 - )‘m)zT2)}meDng) . (‘Ij%Dng)T HF

a Z H(D:’Di - diag ({exp(—(@ o )\m)sz)}meDz) ’ (\IJ%DI')T”F
i#mg
[0 - diag (fexp(—@ — 2T}, ) - (W)~ 22

e (D15)
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For the second term, using the second inequality of Eq. (D14) and Lemma D2, Eq. (D64), we have

3 H ., - diag ({exp(—(e _ Am)sz)}mepi> (W.p,) H

i#my

L R
<exp(-ATP/4) ) Y (Z |<1>z,m|2) (Z |wr,m|2>
=1 r=1

i#mg meD;

F

L R
<exp(-A’TP/HVE =1 | Y Y <Z |q>1,m|2) (Zwr,mﬁ)
r=1

\ i#mg meD; \I=1

L
<exp(-AT/HVE =1 |33 @R
\ i#mg meD; [=1

< VKLRexp(—A272/4) < £ ;“, (D16)

where we use Holder’s inequality in the second inequality and 7= 2 ((1/A) log(KLR/pi1)) in the last inequality.
Similarly, for the third term, we have

| - ding (fexp(—@ ~ 20T, ) - ()]

L R
= Z <Z |(Dl,m|2) (Z |\pr,m|2> = PDtail- (Dl7)
=1 r=1

meD¢

Plugging these two inequalities into Eq. (D15), we have

5

— —Dhail- (DI18)

W) = HCD;,% - diag ({exp(—(e - Am)sz)}me%) : (\If:,vﬂe)T .3

For the first term, we notice that |Am — AL 9| <8 whenm € Dy,.
Combining this and Lemma D2, Eq. (D64) we have

.
H ®.p,, - diag ({exp(—(e — A2 T?) — exp(—(6 — ,\;g)zrz)}mw@) : (\p:,%) HF

L R
Phrail
<87 ) <Z|d>z,m|2) (;jwr,mv) <8 TVKLR < =, (D19)

me[Dry I=1

where we use § = O (pit/ (v KLRT)) in the last equality. This gives

H @, - diag ({exp(=0 =2}, ) - (Vi )T HF

: . f Prail
constant diagonal F
q\% 2 l Prail
> exp (— (—) T) HqD:,Dﬂ (‘P:,Dn ) -
2T 0 0 F 4
1 il -
S P (D20)
1 + 2X 0 0 r 4
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where we use the fact g = O (\/Iog ((M4+2x)/(1+ X))) in the last inequality.
Finally, plugging this into Eq. (D18), we obtain that

3
~ SPuil (D21)
F

14+ x i
WO = ”dx,png (v.o,,)

This gives a lower bound of W(0) if 0 € (U; [A} — q/2T, 1} + q/2T]) N {6; }jzl.

(2) Similar to the above calculation and using Eq. (D12), Eq. (D19), and Lemma D2, Eq. (D64) for the first term, we
have

W) <

P, - diag ({exp(—(ej* - Am)sz)}mEDﬂj> (v.o, )T

>

i;éﬂj

F

) (.0)

meD;

q):,D,' ' dlag ({CXP(—(G; - )\m)sz)}
F

<VKLR exp(—A2T2 /4) <2l

+ H@;,Dc - diag ({exp(—(@; — )»m)zT2)} ) ) (\I,:’DC)THF_’_ptail

meD¢ 8
=Ptail
3 * 272 T 5
=< q):,Dn/. : dlag {GXP(—(QJ' - )"m) T )} . <\IJ:,’D7,/.) + Zptail
E me’Dﬂj E r
* * 272 1 3
= oxp (=07 =2, | @ip, (Winy ) | + 5P (D22)
’ F

This gives an upper bound of W(67).

According to Egs. (D21) and (D22), when j = 1, because WW(6;) takes the maximal value, we have

3
— ZPan,  (D23)

3 R 1+ x t
+ Eptail > W(Gl) = HCD:,D,,1 (‘I":,’Dnl)
F

* * 22 f
exp <_(91 — xm) T) <I>;,z>,,1 (‘P:,Dnl) 142y

F

where the second inequality holds since there must exist some grid point 6, such that 6, € [A} — ziT,)\gl + %] and
W) = W(6) by definition. Thus,

. . 25D f 3 1+ t 3
exp (—(91 — %) T) . p,, (‘I/:,Dﬂl) i + SPuail Z 7 T 2x Q. p,, (‘P:,Dﬂl> L P
1 1 (D24)

— o <o (- )
ﬁ - 3ptail/||cD:,Dﬂl (‘P:,Dm) ||F
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We further note that

2

f f f
=Tr \Ij:,Dng (CD:,D,TQ) q):,Dﬂe <W:,Dﬂ9>
F
t i
= )"min (q):,D@) (D:,Dng Tr (W:,Dne) \IJ:,DJTQ

H q):,Dﬂe (W:,D@)

i€Dxy k=1
1 2 9 i u 2
(L) () o) (2 S
(1+x) | Dry | ( ’ ’ i;,;gz\f:21| |
1y 1 - 2
() (z S (5w
X 01\ jeDr, i€Dx, k=1
1y 1 - ¢
2 [ q)kl "Ijkl
<1+X) | Doy | ie;ng <;’ )(;‘ )
2
(Ve (D25)
- 1+ X min
The second inequality comes from Assumption C1. Plugging this bound into the above inequality, we have
1 1 2(1+2 1
107 — 25,1 < |log | 15 T f\/l"g( E: X)>_’ 20
31 — 3+ X)Ppuil/Pmin r I+x /T

where we use 3puil/Pmin < 1/2(1 + 2x) [Eq. (D4)] in the last step.
Furthermore, since dist(Z;,Z;) > A, T=Q((1 +a +¢q) /A) and § < A, we have

* a * a * q * q
= 07+ ?] N (Ui, [25 - Sk + 2T]) = 0. (D27)

This implies that the first block interval does not overlap with U, s, [)Q —q/2T,X +q/2T ] In addition, o =
Q (max {\/log QU +2x)/(1+ x)),6 - T}), we have m, # 71, meaning 65 is not close to )‘;n' More specifically, by

Eq. (D27), we can repeat the above argument for 6 and obtain

. 20+20\1 _ ,(a
103 — a2, | < \/log (ﬁ)? —0 (T) (D28)

If m, = w1, then by Eq. (D26) and triangle inequality, we have

* * * * * * o
163 — 071 <107 — A5 | +167 — 2%, | < 7 (D29)
which is impossible since the grid points that are o/ T-close to 8] have been blocked.
Repeating this argument for all 1 <j </, we can show
20+20)\1
0r —2x | < 1 — )= D30
0 ¢,|_\/og< ) (030)

foralll <j <.
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Step 2: Using the result obtained in Step 1, we can impose stronger bounds on YW (6) to refine the error estimation. We
will show

al
sup 167 — 23 | =0 ((1+o)ptal}) (D31)

1<j<I / Pmin
when Eq. (D12) holds true. -
Without loss of generality, we only consider j = 1. The other cases can be improved similarly. Let us pick 67 € [A; —

q/2T, A* +q/2T1N { }J which is the closest energy grid point to the desired cluster center A%, - It can vary from our

computed estimate 07 due to the errors arising from noise, contributions of nondominant elgenvectors and of dominant
eigenvectors in dlstant clusters, and it holds that WW(6}) > W(Q*) We will bound the distance between 6} and 91, and
thus between 6} and Az,

We first deﬁne

G@O) = CD:,Drrl ’ dlag ({exp(_(e - )"m)sz)}mepm) . (qJ:’D”l )Y
=A(0)
+ @, pe - diag ({exp(—(Q — )‘m)sz)}meDv) . (\IJ;,DC)T
:=B(0)

+ Z ®. p, - diag <{exp(—(6 — xm)sz)}meDi) : (\1::,17,,)T +£(0). (D32)
i#ﬂ]

:=C(0)

According to Egs. (D22), (D12), and (D16), we have

;
|46 < exp (—(9; — x;l)sz) HQ,% (qf;,p,,l)

1 5 i
+ ptall < Z CD:,Dnl (\I‘I:,'Dnl>

4 F
2 i 1 5 i (D33)
A * 2
||A ( )”F < exp <_ (91 - )LJTI) T ) HCD:,D]TI (W:,Dnl) B + Zptail < Z HCI):,D,,l <\D:,Dn1> ”F )
+
where we use puii < Pmin/(1 + x) < H <I>;,Dn1 (\If;,Dm) according to Eq. (D25) in the second inequalities, and
F
5 ai 5 ai
B@n +con +& @), < L2 [B@) + @)+ @), = L (034
Then, we get that
W2(6) = Tr(G (6)G(9))
= Tr(4"(0)4(9)) + 2Re (Tr(4' (0)(B(©®) + C(6) + £(9))))
+ Tr((BT(0) + C1(0) + E1(0))(B(O) + C©H) + £V))). (D35)
We first deal with the first term, the last term, and then the second term:
(1) For the first term, we have
s
A@O) = ®.p_ - di —(0 — A% )T (W
01= 0, -t Jor- 02 7m] ) ()
. 272 * 2 I
+ . - diag ({exp(—(e — M) T?) — exp(—(6 — A% )T )} ) - (w; - ) . (D36)
1 me’Dﬂ1 T
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Noticing |Am —Ax

< § whenm € D, , we have

.
H . p,, - diag ({exp(—(e — An)2T?) — exp(—(6 — A;1)2T2>}m%> (v, )

<~KLRS-T (D37)
F
according to Lemma D2 Eq. (D65). Thus, we obtain that

< VKLRS - T, (D38)

‘IIA(@)HF - H@z,pﬂl . diag ({exp(—(@ ys )2T2)}m€Dn ) : (w:,pﬂl )T

F

where weuse § - T < 1.
(2) For the last term, by Eq. (D34), we have

Trn* T rn* Trn* * * * 9 2
Tr((B"(07) + C'(07) + ETON)(BO]) + COF) + E07)))) < 7Pt
(D39)
~ ~ . o~ ~ ~ ~ 9
Tr((B"(0}) + C'(0}) + ET@))BO}) + CO}) + EH)) < Zptzai]'

(3) For the second term, we have

2Re (Tr(4" (01 BO]) + CO}) + E@))) — 2Re (Tr( A" @) (B@) + C@}) + E@)))))
<2406} —4@D |, | BEN + €O +EGN ]
+2[4@D|, [ BE) + C©OF) + E6}) — B@) + COH) + EG@D)| - - (D40)

Similar to the calculation in Eq. (D19), we obtain from Eq. (D38) that

|4@p) — 4@ |, < T |67 — 67|

.
.1, <\y:,%) H +2VKLRS - T
F

< T|o; &

f ail
@.n, (i, ) H § P, (D41
F

where we use 8 - T = O(puii/~/ KLR) in the last inequality. According to Lemma D2, Eq. (D65) and Lemma D1,
Eq. (D58), we have

[8©) = B©)|, <pwoTio —0'1/2, Pr[¥0 0 € ©: [£©) = E@), < puaoTI0 —0'1/2] = 1 - .
(D42)
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And we have
|cen —c@n |

< 3 [0 (exp(— 6] — 1) — exp(—@F — 17°T) W, |

i#?‘[] '
. . 270 * *\2 2 i
+ Z ®. p,diag ( {exp(—©6F — 1)’ T?) — exp(— (6] — A)’T )}me’Di V.p, F
i;éﬂ]
. B 272y (D% 322 i
+Z ®. p,diag {exp( 07 = Aw)"T7) — exp(— (0] — 1}) T)}meD; Y., F
i;éﬂ']
< Y | @.p, (exp(— (6 — AT — exp(— (0} — A1)’ T)) ‘IfffoF
i#m
+ 26 - TVKLR
2
. ~ . Prail
< D |exp(= (6] = A))°T?) — exp(= (0] — A))*T?) Hq% Vin |, +
;\ p(—(0) PL=t [ ®o¥en ], 4/KLR
Pail
<¢—|—0 aiTe—el P D43
< A+ opiTl0 — ') (B43)

where we use a similar calculation as Eq. (D19) and § - T = O(p2,/KLR) in the second step. And the third step
follows from

(exp(— (6] — AD)*T?) — exp(—(@F — 1)*T%)) < TI6; — 67| ( sup 2x exp(—xz))
x| =min{| (0] —A5)T1.|@F -2 T1)

_ (pta11T|9 | )
K||®.p, D lIF

where the last inequality comes from min{| (0} — A})7], |(§l* —ANT}=TA/4and T = Q ((1/A) log (KLR/pain))-
Plugging these three inequalities into the second term and using Eqs. (D33) and (D34), we have probability at
least 1 — n such that

2Re (Tr(AT O (BO]) + COF) + £(6})))) — 2Re (Tr(A"(07)(BE}) + C@;) + EEN))))

. _ 5 o pain) 3
Sz(ﬂel =01 | ®.pn (‘D:,Dnl> H + tzal ) © Pl

4
T3 H(D P <\Ij P ” <2pta110T’9* 6 | + ptall )
4 1 . N

~ 15
<(B+50) |P.p,, (lll Dry T 16} — 6| prait + ?ptzail
F

* * q 15 2
R T + 8) Puil + ?ptail

F

)
< (3 +50) .y, (‘IIDM)T T(
)

< (3+50) | .0, (qf o) | Tl6r - (D44)

23
8

F

where we use

i
., (‘1’;,73,,1> ‘ < +/KLR [according to similar calculation as Eq. (D16)] in the second
F

inequality and ¢ = O (pei/((1 + 0)+/KLR)) and § = O(peii/(T(1 + 0)+/KLR)) in the last inequality.
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Now, plugging 6 = 6; and 0 = 51* into YW?(#) and using Egs. (D25) and (D38), we have

0 < W26 — W (6})

2 - 2 t
< (exp (—2 (91* - )‘;1) T2> — exp <—2 (9{ - k:rl) T2)> HQ,DM (ID;,D,”)

2

F
<0 by the definition of J}
t * * 23 2 9 2
+6KLRS - T+(3 +50) | . p,, (w:,pm) T|6F = 1%, | uil + g P + 5P (D45)
<p2- F ————
—tail last term
where we use the condition that § - 7= O (ptzaﬂ /KLR). Because we have already shown |01 — A% | = O(1/T) (noticing
x = O(1)) in the first step, let §g = T |0; — A, |, the above inequality implies that
T 67 2
_C(Sg + <(3 + Sa)ptail/ 'CD;’D”] (\D:’Dﬂl) ) 80 + — ptall = > 0, (D46)
F 8 f
o0, (v.0,,)
F
where C is a uniform constant. Thus, we have that
i 1 il
o7 -2 =01 +0) Puail _|=0 ((1 + o) Pl —) , (D47)
Pmin T

T
‘ CD:,DHl <\Il:,1)71l ) ”
F

where we use Eq. (D25) and y = O(1) for the last equality. This concludes the first part of the proof.

Step 3: We show that m; = |Dy; | whenl <j < 1.

Without loss of generality, we only consider i = 1. The other cases can also be shown similarly. Define s; (4) as the kth
singular value of 4. Recall

GO}) = ®.p,, - diag ({exp(—(ef - xm)2T2)}m€Dm) : (\p:,% )T

=A})
+ @, pe - diag ({exp(=(6f — 1)’ T}, ) - (Vope)
:=B(6])
+3 " ®.p, - diag ({exp(—(e; - ,\m)ZTZ)}mepi) (w.p,) +E@7). (D43)
i#my
=C(6})
With probability at least 1 — 1, we have
|B@) +C@) +E6D|, < |BON +CON +EGD| - < 2. (D49)

020318-33



DING, LIN, YANG, and ZHANG PRX QUANTUM 7, 020318 (2026)

Furthermore, for 1 < k < Dy, |, Eq. (D5) implies that

12 172
> exp (=0 (1 + ) pait/pwin) + 8- D) (min (@], @0, ) ( (w oy (¥r,) ))
1/2 1/2
= CXp( O ((1 + 0)(ptall/pm1n) + J- T) ) ()"mm ((I) D”l ) Dn1>> ( min ( “Ij D”l))
UV [9un ], 9]
> ex O((l+o i +6 AF T 2
p ( (( ) (Prail / Prmin) 7) ) (1 n X) D]
O 1 2 \/ZmeDi HCD:,m”z\/ZmeDi ”lIJ:,m”2
= - 1 i min -
exp (—O (1 + 0) (Pait/Pmin) + T))<1+X) D)
1\ Y e 1P mll Wl
= €X _O 1+U i min +8 ! .
> exp (—O (( ) (Ptait/Prmin) D)(Hx) D,
| 2
= exp (_O ((1 + U)(ptail/pmin) +4- T)z) T = ] Pmin
1+ x
-0 1 + ai min) T 3 2
. (((1 4 o) Prait/Pmin) + 8 - T) )pmm’ (D50)
I+ )7
where we use § = O(1/T), Assumption C1, and the definition of pp;,.
Because
— O ((1 4 0) (Puait/pmin) + 8 - 1)) Puail
> =Q s (D51)
(I+x) Prmin
we have
inf s, (G(O7)) = inf 3 (4(6])) — 2pwit > T = 2pwit > sup sx (GO])). (D52)
1<k<|Dy| 1<k<|Dy| k>|D|
This guarantees that m; = | Dy, |.
Step 4: We show that m; = 0 when i > I.
For i > I, because of the block intervals from 1 < i < I, we first have
e o Pail |\ 1 o
1?fd1st(0i 1) > 7 O ((l +0) <pr:in> i") —-§8/2 > 7 (D53)

where we use o = Q(x? + (1 + 0)?(Pil/Pmin)?) and a = O(A - T) in the last inequality. Using Lemma D2, Eq. (D64),
we have

GO = @.p - diag ({exp(—© — 1)’ T}, ) - (V)
II-l2<v/KLR exp(—a?2 /4)
+ & - diag ({exp(— O] = 1)’ T)),, ) - (Vire) + EE)). (DS4)

lI-ll2 <prail

Because o = Q(log(KLR/pi1)), we have
|GON |, < 2pai < T (D55)

for i > . This implies that m; = 0 for i > [ and concludes the proof. |
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1. Useful lemmas

Lemma DI. Given > 0. Let {t,} be i.i.d. sampled from the truncated Gaussian ar(¢) defined as Eq. (16). Define

N
E©) := %Zz exp(10t,) — @ - diag ({exp(—(0 — 1) > T hmeprry) - T € CHR.

n=1
J
Let © := {Qj }j:1 U {)Lm}meD'

Ifo=Q (10g1/2 (\/ﬁ/ﬂ» asin Eq. (16) and N = Q ((LR/ﬂz) log ((J + |D)) (LR/n))), we have

Pr |:Igl€ag)< IE@IF < ,3] >1—n

and

ﬂ IE®) —E@)IF < poTIO —0'| | = 1 —n.

6,0'€®
Proof. Foreachl <i<Land1 <j <R, by Lemma D3 with B = B/~/LR and 7 = n/LR, we have

B n
Pr [gleagl&,,-(@)l < —} >1—-—

LR LR

and

, B /} n
P Eii@) —E&i0) < ——0T|6 —6 >1 - —.
r GQ®{| 10) =&, T | | R

By union bound, the first equation implies that

Pr rgleagIIS(G)IIF=r(51€%< /ZIgi,/(Q)|2§,B > Pr O{rgaXIcfld(@) 5%} >1-n.
ij L

And the second equation implies

Pr| () IE@) —E@)F = > 16,6) — & @) < poTlo — 6]

0,0'c® i

=Pr| ()1 ) |5,<,,-<0>—&J(0>|<—_0T|0 1 [=1-n
ij |(0,0°€0

This completes the proof of the lemma.
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Lemma D2. Given any matrix ® € CE*M_ W € CPM and {A,,}mepy)- Define

G(0) = @ - diag ({exp(—= (O — An)*T)}mepry) - ¥ (D63)
We have
R
IGO)IIr < (mngxexp (-6 - Am)ZTZ)) > (Z |d>zm|2) (Zwmv) (D64)
me[M] =1 r=1
and

1G©) — GO F <TI0 —0'1 > |@.m¥l, |,

me[M]

L R
< V2/eTlo —0'| Y <Z|c1>z,m|2) (ZWWP). (D65)
r=1

me[M] I=1

Proof. First, we note that
IGOIF < D [ @.mexp(=(O — 2> THEL, |,
me[M]

< (maxexp (—(Q—M)sz) Z ”CD ‘IJT HF
me[M]

R
= (maxexp (~(0 = ,°1)) 3 (besz) (mer,mv). (D66)
r=1

me[M] =1

This concludes the proof of Eq. (D64).
Second, we have

1G©O) = GO, < Y [ ®om (exp(—(6 — 1)’ T — exp(— (O — 1)’ T)) W1, | .

me[M]

< (max (exp(—(® = 4,7 — exp(—(©' — 2’ T)) 3 [ @01, ],

me[M]
<V2/eTo —0'| Y | @.m¥l, |,
me[M]
L R
=/2/eTlo —0'] ) (Z |<I>z,m|2> (Z |\vr,m|2), (D67)
me[M] =1 r=1
where the last step follows from the Lipschitzness of exp(—x?).
This concludes the proof of Eq. (D65). |

Lemma D3 (Lemma A.1 of Ref. [64]). Given E > 0,i€[L],j €[R]. Let {t,} to be i.i.d. sampled from the truncated
Gaussian a'f""(#) defined as Eq. (16). Define

1 N
£ (0) = D~ (Zu)iy exp(61,) — - diag ((exp(— (0 = 1) T) e - (W1, € C. (D68)
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Let © := {6 }'_, U Anlnep. If o = 9

(log"? (1/B)) and N =  ((1/8%) log ((J + D) (1/7))), we have

Pr [I;ﬁeaédgi,; @ > ,3] =,

(D69)
and Ref. [143],

Pri () 1€,00) - E;@) < BoTI0—0'| | =17 (D70)
0,0'e®

APPENDIX E: ANALYSIS OF THE OBSERVABLE ESTIMATION

we first have

In this Appendix, we give the proof of Proposition 1. In addition to the assumptions in Theorem D1, we assume § =
0, ptait = 0, pmin = (1), and K, L, R = O(1). Following the proof of Theorem D1, when T = QA H and N = Q(1),

sup |07 — A% < A/4
l<j<!

(E1)
This implies. 67 is at least A /2 away from )».;‘ when i # 7 (j).
Now, we improve the above bound and aim to show

1
sup |07 — Ayl =0 (- (exp(—A*T?/32) +N1/2)) . (E2)
1<j<r T
Without loss of generality, we consider j = 1. Because py,j; = 0, we have

G(0) = ®.p,, - diag ({exp(—(9 — )Lnl)sz)}meDm) . <‘IJ:,Dn1>'f'

=A(0)

+ @, pe - diag ({exp(—(0 — 4,)°T)} ) - (Wope)'

=0
+3 @, - diag ({exp(—(e - An,)sz)}m€Di> (w.0,) +E(0). (E3)
i;éﬂl

:=C(0)

Because K, L,R = O(1) and |0} — A;l > A/2forj # my, we first have |6] — A,,] > A /4 if the dominant index m ¢ Dy, .
This implies

ICO) 7 = O (exp (—A’T/16)) (E4)
and
IG©®) — A©0) — E@) I = O (exp (—A*T?/16)). (E5)
Using Lemma D3, with high probability, we also have
IE@)F = O (N72), [1E®) — E@)llF = O (oT16 — ' IN"'2). (E6)
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Let g?l* be the closest energy grid point to the desired cluster center A7 . Similar to Eq. (D44) in the second step of the
proof of Theorem D1, we have

2Re (Tr(AT(O)E®}))) — 2Re (Tr(4T (1) E@})))
= O(T|6f ~ B[N + o T|6f ~ T N7

—0 ((1 + o)T( + %) N‘l/z) . (E7)

or — 2%,

Choosing ¢ = O(N~1/2), similar to Eq. (D45), we have

<exp <—2 (o - x;l)z T2> — exp (—2 (o5 - x;l)z T2)>

<0
1
:(’)(T 0F — A%, N_I/Z+N—|—exp (—A2T2/16)). (E8)
Following a similar calculation as Eq. (D46), we have
* * 1 272
T|of =2, | =0 (ﬁ +exp (—A’T /32)) : (E9)

We conclude the proof of Eq. (E2).
Next, we consider the observation data matrix error. For a fixed i, we define the exact data matrix for the generalized

eigenvalue problem:
Gexact = cI):,IJ,-(\IJ:,ID,-)-,-a GO

exact

= q)Z,Di . OD,' : (lpI,Di)T) (EIO)

where Op, is defined in Eq. (37). According to Eq. (E2), Lemma D1, and following a similar calculation as Eq. (67), we
have

1
|667) = Gl = O + exp (-277/16)),
(E11)
1
1G°67) — Gouull, = © (||0|| <—N + exp (—A2T2/16)>) :

where G(6;") and GO(Q;) are defined in Eqgs. (18) and (32), respectively.

According to Assumption C1, Gexact has rank m; with smallest nonzero singular value lower bounded by ppin /(1 + x).
Combining this and Eq. (E11), |m;|th singular value of G(6}) can be lower bound by pmin/(2(1 + x)) when T = Q (A7
and N = Q(1). Furthermore, following the third step of the proof of Theorem D1, the (m; + 1)th singular value of G(6})
can be upper bound by pmin/(4(1 + x)) when T = Q(A~") and N = Q(1). Using singular value perturbation theory,
these imply that

~ ~ 1
1G©6) = Gexact|, = O (— + exp (—A2T2/32)> ,
l VN
(E12)
~ ~ 1
1G°©) = Gouull, = O (uon <—W + exp (—A2T2/32)>) :

where Eexact and Egm are defined using the same forms as Eq. (34). Here, both (N?(Qi* ) and (N?exact are full-rank matrices
with smallest singular value lower bounded by pmin/(2(1 4+ x)). According to generalized eigenvalue perturbation theory,
we finally have

1
A0 = Aexact| = O (uon <ﬁ + exp (—A2T2/32)>> : (E13)
0

where Ajexact 18 the kth generalized eigenvalue with respect to the matrix pencil (5exact, éexact). Therefore to achieve €p
precision in A?, it is required that N = Q(e,?) and T = O(A™"). This concludes the proof.
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