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We present the first examples of topological phases of matter with uniform power for measurement-
based quantum computation (MBQC). This is possible due to a new framework for analyzing the
computational properties of phases of matter that is more general than previous constructions, which
have been limited to short-range entangled phases in one dimension. We show that ground states of the
toric code in an anisotropic magnetic field yield a natural, albeit noncomputationally universal, applica-
tion of our framework. We then present a new model with topological order the ground states of which
are universal resources for MBQC. Both topological models are enriched by subsystem symmetries and
these symmetries protect their computational power. Our framework greatly expands the range of physical
models that can be analyzed from the computational perspective.
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I. INTRODUCTION

Measurement-based quantum computation (MBQC) is a
computational scheme that uses local measurements on an
entangled many-body quantum state to perform quantum
computations. In MBQC, the initial state determines the
computational power and is thus a computational resource.
It is known that computationally universal resource states,
such as cluster states [1,2], Affleck, Kennedy, Lieb, and
Tasaki (AKLT) states [3,4], and certain hypergraph states
[5-8], exist. On these states, any quantum circuit can be
efficiently simulated by local adaptive measurement. Yet,
to date, no complete classification of MBQC resource
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states exists and the precise nature of the computational
resource leveraged by MBQC remains unclear.

One potential route to understanding MBQC resource
states is by connecting them to “physical order,” by which
we mean the condensed-matter classification of many-
body quantum states. For gapped quantum phases, this
classification encompasses topologically ordered states
with long-range entanglement and topologically trivial
states with short-range entanglement [9]. It is further
refined by the addition of symmetries, which split the topo-
logically trivial states into symmetry-protected topological
(SPT) phases [10—13] and the topologically ordered states
into symmetry-enriched topological (SET) phases [14—18].
The symmetries that define SPT and SET phases can be
global, i.e., the action of the symmetry is the same at every
site, or subsystem symmetries that act by a tensor prod-
uct of local operators on a rigid subset of sites [19,20]. An
example of the latter would be a linelike symmetry that
acts on horizontal or vertical lines of sites.

When suitable symmetries are imposed, it has been
shown that there exist phases of matter with uniform com-
putational power for MBQC [21-30]. Specifically, the Lie
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group of logical gates that can be realized through MBQC
is the same for every state in the phase. Thus, we can speak
of “computational order” in addition to physical order,
and similarly of computational phases of matter [21-23].
The existence of such phases prompts us to ask: What is
the relationship between computational order and physical
order in many-body quantum states?

Until now, computational phases have only been iden-
tified in systems with SPT order [22-30]. One might
thus conjecture that computational order is simply SPT
order viewed through the lens of MBQC. However, as
we show in this paper, this is not the case. Specifically,
we develop a formalism based on nonlocal order param-
eters that characterizes computational power for a much
broader class of two-dimensional (2D) quantum states,
including states with symmetry-enriched topological order
(SET). This opens up the possibility of identifying compu-
tational phases in topologically ordered systems, which we
illustrate via two examples.

Our first example is the familiar toric code perturbed
by an anisotropic magnetic field. It is known that the
toric code state has limited but nontrivial computational
power in MBQC [31] and we show that this power
extends to a symmetry-enriched phase around it. This pro-
ceeds by establishing a duality between order parameters
that detect the computational phase and Fredenhagen-
Marcu-like string order parameters that detect the SET
phase.

Our second example yields a computationally universal
SET phase, demonstrating that computational universality
is compatible with SET order as well as SPT order. While
a complete picture of the relationship between computa-
tional order and physical order remains an open question,
here we show that the phenomenology of computational
phases is richer than previously known.

A. Overview of results

Our main result, Theorem 3, is a generalization of the
existing one-dimensional (1D) computational order for-
malism [25] to 2D and to states that may have topological
order. We apply this theorem to show that both the toric
code and our new stabilizer model exhibit nontrivial com-
putational order, in a manner that is inextricably related to
their unusual (symmetry-enriched) topological order. For
comparison, we first state a counterpart of Theorem 3 for
SPT order in 1D. It is the informal (as well as restricted and
partial) version of Ref. [25, Corollary 1]. The main idea
is that computational order is characterized by the same
string order parameters oy, that detect SPT order in 1D.

Theorem 1 (1D computational power, informal [25]).
Consider a short-range entangled state |®) of a spin-1/2
chain, symmetric under a group G = (Z;)™. Furthermore,
assume that the string order parameters o are nonzero
for all sites k. Then, the group of realizable gates is

X X X zZ X X
o—X—eo—Xe oO—e—1ee—XO—0
even
zZ X X Z zZz X Z
o—e— 00 o—OCO—~eo—e e
odd
FIG. 1. Symmetry action and order parameters in the Z, x Z,

cluster phase in one dimension (1D). (a) The action of the sym-
metry on the physical spins: top, a representation of the group
element (01) € Z, x Z,; bottom, a representation for the group
element (10). (b) The order parameters ending in even and odd
sites, respectively.

L = exp(—i.A), where A is the Lie algebra generated by
{T(gr)}, with T(G) a projective representation of the sym-
metry group G, and g; € G is a special group element
associated with the kth spin through the construction of the
order parameter oy.

For illustration, let us consider the example of the clus-
ter phase [25], with symmetry group G = Z, x Z;. The
symmetries and operators yielding the order parameters are
depicted in Fig. 1. In this case, the projective representation
T(G) is the maximally noncommutative one—T7'(00) = /,
T(01) =X, T(10) = Z, T(11) = Y. The special group ele-
ments associated with the individual sites are (01) for all
even and (10) for all odd sites. The Lie algebra A is
thus generated by the Pauli operators Z and X ; hence the
resulting Lie group of realizable circuits is £ = SU(2).

1. Main theorem

We extend Theorem 1 as follows.

Theorem 2 (2D computational power, informal). Con-
sider a state |®) of a 2D spin-1/2 system, such that:

(a) |®) is symmetric under a group G = ZJ'.

(b) |®) is related to a suitable stabilizer state by a local
finite-depth, symmetric unitary.

(c) The order parameters oy are nonzero for every site k.

Then, the Lie group of quantum gates realizable by MBQC
with |®) as a resource state is £ = exp{—i.A}, where A is
the Lie algebra generated by {7(gy)}, with T(G) being a
projective representation of G and g being a special group
element associated with site &k through the construction of
the order parameter oy.

We emphasize condition (b) of Theorem 2 because it
allows us to address certain phases of matter that do not
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contain product states, thereby unlocking the study of com-
putational phases of matter beyond invertible short-range
entangled phases. In particular, this includes phases of
matter with topological order.

Some comments on Theorem 2 are in order. First, the
presence of a symmetry group G means that when we want
to apply the Theorem to states with topological order, we
necessarily enter the realm of symmetry-enriched topolog-
ical (SET) phases of matter. Then, the theorem says that
certain SET phases of matter have uniform computational
power, akin to the previous results for SPT phases [23-25].

Second, as in the case of short-range entangled phases,
we find that the most interesting SET phases from the per-
spective of MBQC have subsystem symmetries [26—29],
which are symmetries that act on rigid lower-dimensional
submanifolds. For the examples that we consider, these
subsystem symmetries are linelike and the order parame-
ters oy appearing in Theorem 2 are string order parameters
that descend from the linelike symmetries. Topological
phases enriched by subsystem symmetries, dubbed sub-
system SET (SSET) phases, have recently been studied in
Refs. [17,18]. While these phases of matter may appear to
be relatively obscure, a simple realization of this physics
arises upon perturbing the toric code by a bond-anisotropic
magnetic field, as we now discuss.

2. First example: Toric code in an anisotropic field

As an illustrative example of a model that falls under the
assumptions of Theorem 2, we consider the toric code [33]

Hy=— Y Awp— Y, Buy (D

xy)eA (xp)EA

on a periodic square lattice A of L, by L, sites, where
(x,y) labels the Cartesian coordinates of each vertex with
x=12,...,Lyand y =1,2,...,L,, and 4, ) and By,
are the usual star and plaquette operators (see Fig. 2). We
perturb Hy by a bond-anisotropic magnetic field,

SH =—hy Y XGW+U-—hZ > Z(e}) )

(x,y)EA 2 (xy)eA

where we use half-integer coordinates to label edges and
hx, hz > 0. This yields the perturbed toric code Hamilto-
nian

H = Hy + 8H. 3)

The phase diagram of this model is shown in Fig. 2. In con-
trast to more standard magnetic field perturbations without
bond anisotropy [32], the anisotropic form of the per-
turbation given in Eq. (2) guarantees that the parity of
the number of anyons [excitations of A(;) or B,] is

conserved along every row (see Fig. 2). These conservation
laws can be expressed as subsystem symmetries,

Ly Ly
U@g) =[[4es. UEH=]]Bew. &
x=1 x=1

which are equal to products of X operators or products
of Z operators, respectively, along two parallel rows (see
Fig. 3). The phase diagram in Fig. 2 should be thought of as
a deformation of the toric code that preserves these subsys-
tem symmetries. In fact, we will find that the unperturbed
toric code state lies in a nontrivial SSET phase of matter
protected by these symmetries.

Using these symmetries, we can define string order
parameters,

b
Stab] (g;) = HA(x,y)

X=a

e ([ o) e

X=a

b
Stan@) = [ [ Bew)

X=a

b
= Z(a,y+%) <l_[ Z(x+é,y)z(x+é,y+l)) Z(b+1,y+%)’

X=a

as illustrated in Fig. 3. All ground states of Hj, have
perfect string order, (Si.s ye/ ™)) = 1. When we perturb
away from this point, the string order parameters are no
longer perfect but, crucially, their expectation values do
not decay with their length |a — b|. These string order
parameters (or rather their appropriate generalizations for
open boundary conditions) are precisely the computational
order parameters that appear in Theorem 2. By mapping
Eq. (3) to a stack of 1D transverse-field Ising models
(for related results, see, e.g., Refs. [34] and [35]), we
prove that these order parameters are nonzero everywhere
in the symmetry-enriched topological phase Ay, hy < 1,
so that every ground state in this phase is an MBQC
resource for the same family of computations described
by Theorem 2. This family of computations turns out to
be nonuniversal, since the Lie group of gates that can be
implemented in MBQC maps onto classically simulable
free-fermionic circuits. This shortcoming is remedied by
our second example.
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(a) (c)
X 4 hz A .
|
Z Z Higgs* | tr'iy‘i"al*
I
X Z : hz = hx
A(a:,y) B(.l‘,u) hZ =1 - —-Il— —————————
..”. L I
symmetry- )
X enriched , confined
4 topological!
|
- 1
. >
X x 1 Z o+ 1 '
(z,y+3) (z+3.y) hy = 1 hx
(b) Qe
Qnm
allowed: Q@1 @ Q=—=0Q forbidden:
m m e e Qn
Qe

FIG. 2.

(a) Our labeling conventions for the terms in the anisotropically perturbed toric code Hamiltonian given in Eq. (3). Orange

dots indicate the lattice point (x, y) and throughout this paper, red and blue lobes will correspond to X and Z Pauli operators, respec-

tively. (b) Unlike the usual magnetic field perturbation of the toric

code, the anisotropic magnetic field perturbation given in Eq. (2)

only creates perfectly horizontal pairs of electric or magnetic anyons. Thus only a subset of the usual pair-creation processes are
allowed. (c) The ground-state phase diagram of the resulting Hamiltonian. Asterisks indicate that charges are only confined in the ver-
tical direction or, equivalently, the presence of subsystem symmetry, as discussed in Sec. I1I B4. We follow the standard terminology
[32] borrowed from U(1) gauge theory, according to which the e-condensed phase 4, > 1 yields an m-confined or “Higgs” phase and

the m-condensed phase iy > 1 yields an e-confined or simply “con

3. Second example: A computationally universal
topological phase

We propose a new stabilizer model, the XZ-star model,
that yields universal resource states for MBQC:

fined” phase. The line 4, = hy is indicated in red.

where

Cx,y = Xx—l,yXx,yXx+l,yXx,y—lXx,y+l 5 (7)

Dyy = Zx—Lny,nyH,ny,y—IZx,y+1s

and (x, y) index the sites of a square 2D lattice. This model
again has topological order along with a set of subsys-

He=— Z Z Cry = Z Z Dyy, ©)  tem symmetries and corresponding order parameters that
X yeven * yodd satisfy the conditions of Theorem 2, and we find that the
(a) (b)
of x| x| x| x| x| x x| x| x
5% € X X e
o x| x| x| x| x| x }S(gy) x| x| x }S[a,b](gy)
z\|\z|z|z|2z |z z|z|z
m m
Yoty TR bt
z|\z|z|z|2z|z z|z|z

FIG. 3. (a) The subsystem symmetries of the toric code in an anisotropic magnetic field. (b) The corresponding string order
parameters. The highlighted region corresponds to the interval x € [a, b].
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corresponding Lie group of quantum gates in universal.
This model and its symmetries therefore define a com-
putationally universal SSET phase of matter. A computa-
tionally universal Z, string-net condensate has previously
been identified in Ref. [36]; however, to the best of our
knowledge, the XZ-star model is the first example where
computational universality is shown to extend to an entire
SSET phase.

Interestingly, we also show that this model has the same
topological order and symmetry fractionalization as a stack
of two toric codes, which do not enable universal MBQC.
This apparent tension is resolved by the fact that the two
models have differently structured subsystem symmetries,
highlighting the importance of the microscopic symmetry
representation for MBQC.

B. Structure of paper

The rest of the paper is structured as follows. In Sec. I,
we discuss our MBQC scheme for 2D systems of qubits
and formally state Theorem 2. Section IlI is devoted to the
toric code example. In Sec. III A, we apply Theorem 2 to
the toric code model with an anisotropic magnetic field and
demonstrate that this model has computational order. We
then discuss the topological characteristics and subsystem
symmetries of the model in Sec. III B. We conclude our
study of the toric code example by relating computational
order and topological (string) order in Sec. III C.

In Sec. IV, we introduce the XZ-star model, discuss its
properties from the perspective of topological order and
subsystem symmetries, and prove that its ground states are
computationally universal for MBQC. We conclude with a
general discussion of our results in Sec. VI.

II. COMPUTATIONAL ORDER

In this section, we characterize the computational power
of 2D systems of qubits with symmetries. Specifically,
we consider states that are symmetric under a group
G = Z&, which applies to local stabilizer states, includ-
ing over 2600 examples known as stabilizer projected
entangled-pair states (PEPS) [37]. It also applies to states
in the surrounding phases, among which are SPT and SET
phases.

The computational power of a state refers to the num-
ber of logical qubits available for computation and the Lie
group of logical gates that can be implemented via MBQC.
Here, we show that for symmetric quantum states, these
computational properties are characterized by a set of com-
putational order parameters (COPs). Our order parameters
and our MBQC scheme are a generalization of the scheme
defined in Ref. [25], which uses 1D string order parameters
and applies to short-range entangled states. The techni-
cal reason for requiring short-range entangled states is that
the proofs require expectation values of local observables

to decorrelate, (PQ) = (P){Q), when their supports are
separated by a finite distance.

In Lemma 1, we prove a less restrictive condition,
namely, that decorrelation also occurs if the state in ques-
tion is related to an appropriate stabilizer state by a local
finite-depth unitary circuit. Notably, the allowed stabilizer
states include states with topological order, such as our
toric code model. After the statement and proof of Lemma
1, we define the COPs and specify how they characterize
computational power for MBQC with Theorem 3.

A. Decorrelation

Consider a region 2 of a 2D lattice of qubits. We require
a way to expand 2 by a fixed amount, so we introduce the
k-neighborhood of €2, which is © plus a ribbon of width
k around its perimeter (Fig. 4). Formally, we say that the
k-neighborhood of 2 is the set of all points (x, y) such that
a sphere Sy (x, y) of radius k centered at (x,y) touches Q:

Ne(Q) = {(x,p) : Slx,y) N Q2 # ). (8)

For an operator P, we use the shorthand A\ (P) to denote
Ni(supp(P)).

Definition 1. Let W be a quantum circuit acting on a
2D lattice of spins and let 2 be a region of the lattice. The
spread A (W) is the smallest non-negative integer such that,
for any choice of 2 and any linear operator P, the support
of which is contained within €2,

supp(W'PW) C NA(R). ©)

In other words, if W has spread A, then supp(W'PW)
lies within supp(P) plus a ribbon of width A.

JENE

= ~~

™ Nk( )//

N
N T

FIG. 4. Expanding a region Q of the lattice by a ribbon of
width & to obtain the k-neighborhood N} (£2).

040314-5



PAUL HERRINGER et al.

PRX QUANTUM 6, 040314 (2025)

Let So, be the stabilizer group of |®y). Given a region
2, we can write a generating set for Sg,, as follows:

So, = (S(Q),8(8),95(Q)), (10)
where S§(2) is a set of generators supported within
Q,S(R), is a set of generators supported within the com-
plement of €2, and 9S(£2) is a set of generators that cross
the boundary of .

Lemma 1. Consider a state |®) created from a stabilizer
state |®() by a quantum circuit W with spread A. Let P and
0 be two linear operators and suppose that we can choose
9S(Na (P)) such that none of its elements overlap with the
A-neighborhood of Q: supp(s) NNx(Q) = @ for all s €
dS(NA(P)). Then,

(P[PO|D) = (D|P[D) (P Q]P). an

J

Proof. Letting TI[S] be the projectors onto a set of
stabilizer generators, we can write

| @) o TI[S(R), (), IS(2)] Do) . (12)

Now consider W'PW, which has _support contained in
N (P). We can pull a copy of TT[S(Na(P)] past WIPW
because their supports do not overlap:

(W PW)[So,]
= N[SWNaP)I(W AMTI[Sq, 1. (13)
With the assumption of the lemma, we also have
(WHOMT[Sy,]
= M[SWNa(P)), ISWNAP)H W' PINTT[Se,].  (14)

Combining the results of Egs. (13) and (14), we have

(15)

(®| PO | D) = (Dol TI[Se, | (W PW)(W QW) T1[Se,] | Do)
= (| I[
= (@ | T[S, J(W PW)1[Sa, J (W OW) T[S, ] | Do)
= (O TI[Se, 1 (W' PW)TI[Se,]1D0) (Dol TT[Sa, (W OW)1[Se,] Do)
= (®|P|D) (@ Q|D),
[
which completes the proof. |

As an example, let us apply Lemma 1 to the toric code
ground state on a lattice with smooth open boundaries. For
simplicity, let supp(P) and supp(Q) be rectangular regions
with either rough or smooth boundaries in the bulk. We
then have three cases, as follows:

(a) Both smooth boundaries. A rectangular region with
a smooth boundary is defined by the edges around its
perimeter. The toric code stabilizers that cross this
boundary are vertex operators (Fig. 5). If we have
a circuit W with spread A, then N (P) and NA(Q)
are rectangular regions with length and width both
increased by 2A. The set dS(NA(P)) consists of
vertex stabilizers that cross the boundary of N (P),
and for Lemma 1 to be satisfied, we require that
none of these overlap with AA(Q). This will be
the case if there is at least one plaquette separating
N, (P) from NA(Q) or, in other words, supp(P) is
separated from supp(Q) by at least 2A + 1 unit cells
(Fig. 5).

(b) Both rough boundaries. A rectangular region with a
rough boundary is defined by the plaquettes around
its perimeter. The toric code stabilizers that cross
this boundary are plaquette operators (Fig. 5). This
situation is analogous to case (i) with vertex and
plaquette operators swapped, so again we find that
Lemma 1 is satisfied if supp(P) is separated from
supp(Q) by at least 2A + 1 unit cells.

(c) One smooth and one rough boundary. When
supp(P) has a smooth boundary and supp(Q) has a
rough boundary, the stabilizers that cross the bound-
ary of N/, (P) are vertex operators and the stabilizers
that cross the boundary of NA(Q) are plaquette
operators. As shown in Fig. 5, Lemma 1 is satis-
fied if Mo (P) and N, (Q) are separated by at least
1.5 unit cells, which requires supp(P) and supp(Q)
to be separated by at least 2A + 1.5 unit cells.

B. Symmetry representations

Our setting for MBQC is a 2D lattice of qubits with open
boundaries. We define three subsets of the lattice: the left

040314-6
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(a) (b)

>
2A +1

FIG. 5.

>
2A+1

>
2A + 1.5

The separation between operators P and Q required to satisfy Lemma 1 in states related to the toric code state by a local

finite-depth unitary with spread A. The darker-green regions represent supports of P and Q, respectively, while the lighter-green
regions represent the neighborhoods Na (P) and Na (Q). (a) If the supports of P and Q have smooth boundaries, we require vertex
stabilizers that cross the boundary of A/, (P) not to cross the boundary of AV, (Q), so the separation must be 2A + 1. (b) The case in
which P and Q are supported on regions with rough boundaries. (c) The case in which supp(P) has a smooth boundary and supp(Q)

has a rough boundary.

boundary L, the bulk B, and the right boundary R. Let |®)
be a quantum state of the lattice that is symmetric under a
linear representation U(G) of a group G = Z5":

U(g) |®) = (—1)*® o) geq, (16)
where x(g) € {0,1}. We assume that U(G) is a tensor
product of single-qubit Pauli operators /, X, Y, or Z that
commute in the bulk but may anticommute at the bound-
aries. In other words, U(G) is a product of site-local
representations that are linear in the bulk and projective
at the boundaries. Specifically, we have:

(1) Linear representations in the bulk: i;(g) € {X;, Y3,
Zi,ll'},i € B.

(2) Projective representations on the left boundary:
04(9) € (X, Vi Zi Ii)si € L.

(3) Projective representations on the right boundary:
0R(g) € (X, Y, Z, 11}, i € R.

We will often refer to symmetry representations acting on
the entire left boundary, right boundary, or bulk, which we
denote by

V@) =) i (2),

iel
Vr(g) = ®ﬁf2(g), (17)
ieR
Us(2) = Q) iui(2).
ieB

With this notation, we can expand U(g) as

U(g) = Vi(g) ® Up(g) ® Vr(g). (13)

For U(g) to be linear, Eq. (18) requires the commutation
relations of V;(g) to match those of Vz(g). We formalize

this by defining a function x : G x G — Z, via

Vi@Vi(g) = (=D @@  (19)

and demand that V'z(g) satisfy the same equation, i.e.,

Ve@Vr(g) = (=D)C V(@) Vr(g).  (20)

C. Computational order parameters

Let & be a site in the bulk and denote by {> k} the set
of all sites for which the horizontal distance to the right
boundary is less than £. In other words, {> k} is the rectan-
gular region starting immediately to the right of site k£ and
running all the way up to and including the right bound-
ary. We denote the restriction of U(g) to {> k} by U-x(g).
This operator may fail to commute with U(G) because the
projective representation Vx(G) at the right boundary is
no longer counterbalanced by V;(g) at the left boundary.
However, we can search for an operator f(g) acting on
site & such that

Ri(g) := Pr(g) ® U-1(g) 1)

commutes with all U(G). When such an operator exists, we
say that U(g) is localizable to site £ and that ﬁk (g) localizes
U(g). The condition for U(g) to be localizable at site & is
that there exists ﬁk (g) such that

(g Br(g) = (=1 Bi(@)in(g") (22)

for all g’ € G. At each site, we denote by G C G the sub-
group of G for which there is a Bi(g) satisfying Eq. (22).
The set of all elements of g that can be localized to at least
one site is denoted G = | J; G.
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Lemma 2. If Eq. (22) has a solution for site £ and group
element g; € Gy, then without loss of generality, Bi(gx)
may be chosen to be a Pauli operator.

Proof. Without loss of generality, assume that i, (g) €
{Xk, I} for all g € G. Then, ,3k (gr) must anticommute with
Xi. The space of single-qubit operators that anticommute
with X is the complex vector space spanned by {Yk, Zr}, 8
we can make ﬁk(gk) a Pauli operator by choosing ,Bk(gk) to
be Y, or Z. [ |

The reason for demanding that Ry (g;) commutes with all
U(G) is to allow for nonzero expectation values o (g;) =
(Rr(gr))o on symmetric states |®). These expectation val-
ues will turn out to be COPs and we will show that
MBQC is possible whenever these order parameters are
nonzero. Note that oy (gx) only exists for g; € Gy i.e., only
localizable elements of G give rise to a COP.

D. Logical observables

To implement MBQC on symmetric states, we need
to specify how information will be encoded and recov-
ered from such states. To this end, we define the logical
observables

T(g) = Vi(g) ® Up(g) ® Vr(g), g€H, 23)
I ® Up(g) ® Vr(2), geG\H,
where I} = @), I; is the identity on the left boundary and

H is a maximal subgroup of G such that Vz(H) is Abelian.
Overall, T(G) forms a projective representation of G. How-
ever, because the T(H) commute, they can be measured
simultaneously and they will be the basis states for our
MBQC readout. They also define the initial state of the
logical system, as shown in the following lemma.

Lemma 3. For all states |®) satisfying Eq. (16),

(~D)*®, ged,

(T(@)eo = 0. g G\H.

(24)

Proof. For g € H, we have T(g) = U(g) and the result
follows from Eq. (16). By assumption, 7(H) is a maximal
Abelian subgroup of T(G); thus for every g € G \ H, there
exists 4 € H such that T(h) anticommutes with 7(g). Then,
(@] T(g) |) = (| T T()T(h) |®) = — (@] T(2) |P),
which implies (®| T(g) | D) = 0. |

E. Computational power

With Ry (gr), ox(gk), and T(G) defined, we can state the
following theorem regarding the computational power of
symmetric states.

Theorem 3 (Computational power). Consider a state
|®) of a 2D spin-1/2 system satisfying the following
conditions:

(a) |®) is related to a stabilizer state |®() by a local
finite-depth unitary that commutes with U(G) and
has finite spread A.

(b) There exists a finite d such that Lemma 1 holds for
any two regions of the lattice separated by at least
2A +d.

(c) |®) is symmetric under U(G) as defined in Eq. (16).

(d) The COPs oy(gy) are nonzero for all £.

Then, MBQC with |®) as a resource state can implement
the following:

(1) initialization and readout of rank(H) logical qubits,
where H is a maximal subgroup of G such that
Vr(H) is Abelian.

(ii) logical gates from the Lie group £ = exp(—iA),
where A is the Lie algebra generated by 7(G) under
i[-, -] and linear combinations

We prove Theorem 3 in Appendix A. The key takeaway
is that every symmetric state such that the order parameters
o (gr) are nonzero has equivalent computational power, in
the sense that they enable the same Lie group of logical
gates for MBQC. Conditions (a) and (b) above general-
ize the notion of a short-range entangled state to allow for
states with topological order and the quantity d depends on
the details of the stabilizer state |®y); e.g., the toric code
stabilizers as shown in Fig. 5.

As background to the theorem, we sketch the process of
MBQC on symmetric states below:

(a) Initialization. The initial state of the logical system
is an eigenstate of T(H) with eigenvalues given by
Lemma 3.

(b) Readout. After measuring all sites on the left bound-
ary and in the bulk, the measurement statistics for
T(g) can be reproduced by measuring Vz(g) on the
right boundary. Vg(H) can be inferred simultane-
ously from the single-qubit measurement outcomes
of 0X(H).

(c) Logical rotations. For every site k in the bulk,
there is a symmetry-respecting measurement basis,
namely, the eigenbasis of the nonidentity i (G).
Recall that the #,(G) are Paulis and commute, so
there must be a unique &; € {X;, Y;, Z;} the eigen-
basis of which is the symmetry-respecting basis. If
Br(gr), Ri(gr), and ox(ge) exist for some g; € G,
then measurement in the rotated eigenbasis of

Ok(gk; ek) =e l 2 ﬁk(gk)ake 2 ﬁk(gk) (25)
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implements the logical completely positive trace-

preserving (CPTP) map
1 6
M (gk, O) = ++(gk) |:6XP<—i5kT(gk)>}
1 — 6
o [exp (zf T(gk))] ,

(26)

where the square brackets denote superoperators.
This map acts on the logical observables, i.e., it
takes

T(g) — T'(g) = Mi(g 0)(T(2)) 27

for g € G and g € G. When oy(gi) = 1, M, sim-
plifies to a unitary rotation

0
Mog i (gk, Or) = exp <—i5k T(gk)> , (28)

and when 0 < o3(g;) < 1, we obtain a linear com-
bination OfMlog,k(gk, 6r) and Mlog,k(gk> —6;).

The full proof that measurement in the basis given in
Eq. (25) leads to the CPTP map Eq. (26) is long and tech-
nical and is given in Appendix A. Below, we sketch part of
the proof to provide some intuition for how MBQC works
in our formalism. The computational output of MBQC
consists of the expectation values of logical observables
(@] T(g) |®), which can be determined by repeated rounds

J

of measuring the bulk in the symmetry-respecting basis
and the boundary in the eigenbasis of the projective rep-
resentation of 7(g). Now, consider the expectation value

(@l e o), 9

where Li(gr) = T(gr)Ri(gr). Li looks like T(gy) to the
left of site k, has Bk at site k, and is the identity to
the right of site k. In other words, L; is a product
of symmetry-respecting single-qubit operators, except at
site k. Thus, when measuring in the symmetry-respecting
basis, we can replace all operators but B; with eigenval-
ues, Li(gr) — (]_[Kk(—l)sf) Br where s; € {0,1}. Apply-
ing this to Eq. (29), we obtain

O A 0 A
(@] e 2P T(g)e 2 Pr | D) (30)

where 64 = ([],;(— 1)) 6. This expectation value—and
therefore also Eq. (29)—can be sampled by measuring all
sites except k in the symmetry-respecting basis and site
k in the eigenbasis of Ok(gk,ék). The dependence of the
rotation angle §; on previous measurement outcomes is a
critical part of MBQC:; it allows us to construct a determin-
istic computation from the inherently probabilistic process
of quantum measurement.

Having established that we can recover Eq. (29) from
local measurements, let us now show that it amounts to a
logical rotation in the case in which |®) is the reference
stabilizer state |®¢) and Li(gz) anticommutes with 7(g).
We have

(@y] & F 1D T(g)e F 1) |g) = cos(6y) (Dol T(g) | Do) — isin(6r) (ol T(g)Le(gs) | Do)
= cos(By) (Dol T(g) |Po) — isin(By) (Dol T() T(gr)Ri(gx) | Do)
= cos(6x) (Dol T(g) |Po) — isin(bx) (Dol T(g)T(gr) |Po)

23

0
= (Dy| €2 T(gk)T(g)e*le(gk) | Do)

= (ol M, (€ 0 T(&)Miog (k. 64) | Do) , (31)

where from the second to the third line we use that R is a
stabilizer of | D).

When |®) # |dy), we show in Appendix A that
(@] T(2) T(g)Ri(ge) D) = or(gy) (DI T(2)T(gy) |®). Tn
combination with the case in which L;(g;) and 7(g) com-
mute, this leads to the evolution of the logical observ-
ables being described by the logical CPTP map given in
Eq. (26) instead of a logical unitary. We also show that

any number of logical CPTP maps can be performed in
sequence, as long as the sites being measured away from
the symmetry-respecting basis are separated by a large
enough distance.

To approximately recover a unitary gate, we can split
up the desired rotation by 6; into N consecutive rotations
by 6;/N. This approximates Mg (gk, 0x) up to an error
€ under the diamond norm with the properties stated in
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Lemma 12 of Ref. [38]. The error is given by

07 1 — oy (gp)?

N ox(gr)? (2
Thus, while every state with nonzero order parameters
has equivalent computational power, they vary in terms
of computational efficiency. The most efficient states for
computation are those for which all the order parameters
are equal to one.
Finally, given the ability to implement the logical rota-
tions Miog 1 (gk, Or) for all g, € Gy, we can also implement
rotations about their commutators via

do do
exp (_ZTT(gk)) exp (_ZTT(gk/)>

d9)?
~ exp (—( ) mgk),T(gk/ﬂ). (33)

This gives us access to all the unitaries in £ = exp(—i.A),
where A is the Lie algebra generated by T(G).

III. COMPUTATIONAL VERSUS PHYSICAL
ORDER IN THE TORIC CODE

A. Computational order
1. Boundary conditions for MBQC

The MBQC scheme described in Sec. II requires a lat-
tice with open boundary conditions, so we modify the toric
code Hamiltonian given in Eq. (3) to have smooth bound-
aries [39] on all sides. The plaquette stabilizers B, are
unchanged but we modify the vertex stabilizers 4.,y by
cutting off any tensor factors that fall outside the lattice
(Fig. 6). We set the magnetic field strengths iy = hy; = o

and we also remove the X(nyr 1 terms at the left and right
Y2
boundaries so that the system is invariant under a global

X
x| 5 ¥
X X X
X . X X
A Ay A1) Z

linear representation U(G) with projective representations
at the boundaries, as required by Theorem 3.

Putting all these changes together yields the Hamilto-
nian

Ly L, L}’_ILX71
Hvpoc = — ZZA(x,y) - Z Z By
y=1 x=1 y=1 x=1
Ly—11,—1 Ly L,—1
— Z ZX(x’y+%> —o Z Z Z(x+%’y).
y=1 x=2 y=1 x=1

(34)

Note that Hypgc has a unique ground state |y, ) for all
finite values of «. These ground states will be our resource
states for MBQC.

2. Symmetries and order parameters

a. Symmetries. Hypqc and its ground states |y,) are
invariant under the same subsystem symmetries defined
in Eq. (4), with modifications near the smooth boundary
to ensure that they commute with the boundary terms.
Specifically, we have

Ly Ly—1
U@g) =[[4ey. UEH=]]Ban (35
x=1 x=1

The smooth boundary conditions create one more row of

vertices than plaquettes, yielding the symmetry group G =
e ,m\ ~ 2Ly—1
(g8 ) =Ly .
At the right boundary, we can find the projective repre-
sentations by looking at how U(gy) and U(gy') terminate

x| x| x| x| x| x| x| x
Ulgy)
x| x| x| x| x| x| x| x
zlzlz|lz|z|2z|2z| 2z
Z ¢ U(gy")

FIG. 6. The toric code with smooth open boundary conditions. (a) We modify the vertex stabilizers by cutting them off at the edges.

(b) The action of the subsystem symmetries U(G).
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(Fig. 6). This yields

Mty r=1
D =) o oy
(Lely—3) y
Velel) = Z(; 1

We can see that this is indeed a projective representation
because VR(gye) anticommutes with VR(g;") and VR(g;”_l),
Le., k(gy,g)") = k(gy,g," ) = 1. The projective represen-
tations on the left boundary are the same.

b. Computational order parameters. Now let us localize
one of the linear representations U(gy) to create a COP.

First, we restrict U(gye) to the region right of site (k + %, )
with 1 < k < L,, yielding

Ly
U>k+%(g;) :X(k+%,y) 1_[ Aey)- (37)
x=k+1

¥

to the projective representations at the right boundary,

but Eq. (22) says that we may be able to “fix up” this

anticommutation by adding an operator ﬁk+ 1 y(gj) at site
27

(k+ %,y). On this site, U(g;") and U(g;" ) act by Z, so we
X Then, the product

U 1(g)) anticommutes with U(g?) and U(g)" ;) due
>k+§ Y y

can choose ,ék+ 1 y(gf) = Xk+
2 P

N | —

Ly
Rk+%(gye) :X(k+%,y) ® U>k+%@;) = l;[ Ay (38)
x=k+1

Rk+% (‘]Z)

Z Z 0 Ri(gy')

commutes with all U(G). This gives us an “electric” COP

Ot % (gye) = (Rk+ % (g;)). Note that there are no other U(g)
. . l . _ e

that can be localized at site (k + 3, y); thus Qk+ % , = {g}

Similarly, we can localize U(g;") to any site
(k,y + %),2 < k < L, — 1 and obtain

Ly—1

Rk(g;n) = l_[ B(x,y)a

x=k

(39)

from which we obtain a “magnetic” computational
order parameter ak(g;") = (Rk(g;”)). Once again, U(g;”)
is the only symmetry that can be localized to site
(k,y + %), so we have gkw% = {g;”}. Taking the union

Ux,y Gy, wehave G = lgy.g) :y=1....L} The oper-
ators Rk+ 1(gy) and Ri(g;") are shown in Fig. 7.
2

c¢. Logical observables. Recall that we have one more
row of vertices than we do of plaquettes; therefore, a max-
imal subgroup H C G such that Vx(H) is Abelian is given
byH = (gy:i=1,...,m+ 1). Withrespect to /, we can
define the logical observables

Ly
T(gf) = Ug)) = [ [Ac
= (40)

Ly—1

T(g;”) = Z(l,y+%) 1_[ Biyy.
x=1

The observables T (gye) all commute, so we use them as L,
logical qubits for initialization and readout.

(b)

T(gy,)

Z »T(g,")

FIG. 7. (a) The operators Rk+ 1(gy) and Ri(gy") that give rise to computational order parameters (COPs) in the toric code. (b) The
)

logical observables 7'(gy) and 7(g)").
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d. Logical gates. The logical rotation associated with the
electric COPs is exp(i(@/Z)T (gye)> and the logical rota-

tion for the magnetic COPs is exp(i(9 /2)T (gf’)) These

are all the logical rotations that exist, because we have
established that G = {gy,g;" :y = 1,...,L,}. The anti-
commutation relations of T (gy) and T (g)') are completely
determined by the projective representations Vg(gy) and
Vr(gy') at the right boundary, so that the Lie algebra A
generated by T(G) is isomorphic to the Lie algebra gener-
ated by Vz(G). If we think of the right boundary as a 1D
system of L, — 1 qubits, then Eq. (36) tells us that Vz(G)
acts as

X1, X1 X, .. X, 2 XD, 1, X0, -1,

Zy,.o s Ziy} (41)
These operators can be mapped via a Jordan-Wigner
transformation to the creation operators for a system of
L, free Majorana fermions, which generate the special
orthogonal Lie algebra so(2L,). Therefore, we have A =
so(2L,) and the Lie group of gates available for MBQC is
L =S0(2L,).

e. Computational power. Having derived the global sym-
metries and COPs, we can check that the conditions of
Theorem 3 are satisfied for the ground states |[,):

(a) The |v,) are gapped ground states of the Hamilto-
nian given in Eq. (34). In the thermodynamic limit,
any given |1,,) is in the same phase as the toric code
state |r¢) or a product state, both of which are sta-
bilizer states. It is known that two states are in the
same topological phase if and only if they are related
by a local finite-depth unitary [40]; thus, for any «,
there exists a local finite-depth unitary connecting it
to a stabilizer state. Such a unitary necessarily has
finite spread.

(b) Asdiscussed in Sec. II A, we have d = 1.5 such that
regions with any combination of rough or smooth
boundaries will satisfy Lemma 1 if they are sepa-
rated by at least 2A + d.

(c) |¥y) are symmetric under the linear representation
U(G) as defined in Eq. (35).

With conditions (a)—(c) fulfilled, Theorem 3 tells us that
any |v,) such that the computational order parameters
are nonzero can be used as a resource state for MBQC,
with L, logical qubits and gates drawn from SO(2L,). In
the next section, we show that every COP is dual to a
string order parameter as defined in Eq. (48) and therefore
that the ground-state topological phase of Hypqc includ-
ing the toric code corresponds to a computational phase of
matter [26].

B. Topological order
1. Derivation of the phase diagram

Having understood the ground-state computational
power of the Hamiltonian given in Eq. (3), we now inves-
tigate its ground-state topological order with a view to
showing how these two properties are related. To under-
stand the ground-state physics of the Hamiltonian given
in Eq. (3), it is simplest to borrow the language of lat-
tice gauge theory [33,41] and split H into “electric” and
“magnetic” contributions,

H — He _|_Hm,
He:— A(”V)—hz VA 1 5

(x,y%A v (x,y%A (r+40) (42)
Hm — Z B(x,y) — hX Z X(x,y-i—%)'

(xy)en (xy)eA

A distinctive feature of our anisotropic perturbing mag-
netic field in Eq. (2) compared to the standard [32]
isotropic perturbing magnetic field of the toric code is that
the electric and magnetic terms in Eq. (42) commute with
one another, [H¢, H™] = 0. In fact, these Hamiltonians are
completely decoupled from one another. This is intuitively
clear in the language of anyonic excitations of Hy [33,42],
according to which the operators A,) (B(,)) count the
number of electric charges (magnetic vortices) at their cen-

ters, while the operators Z X create perfectl
W P o Keprd) P Y

horizontal pairs of electric charges (magnetic vortices) on
either side of the bonds on which they act. Thus, unlike
the standard perturbed toric code, our Hamiltonian H is
equivalent to L, mutually decoupled pairs of Ising models
acting on electric and magnetic anyons, respectively [see
Fig. 2(b)]. Let us now make this statement mathematically
precise.

We can formalize the qualitative mapping described
above by taking L, — oo and mapping electric or mag-
netic anyons to Ising domain walls defined in terms of new
Pauli spin variables o (on horizontal bonds of A) and 7 (on
sites of A), respectively, as

A(x,y) [d szf%,y)g(x+l,y)’

(43)
Z 1 > Gx 1
(x+3) (++3)
in the electric sector and
B(x,y) = t(zx,y)T(szrl,y)’
(44)

X(x,y—!—%) = Té‘,y)
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in the magnetic sector [43]. In terms of these effective spin
variables, we find that

Ly Ly
O SR S N
y=I y=I

where [H¢,H¢) = [Hf, HY] = [H,H"] =0 for all y,
y' =1,2,...,L, with

H=-)" Tto) Tlerae) ~ > o) 4O

xXeZ X€Z

and

H'=— Z Ty Tty — x Z Ty (47)

XEZ X€EZ

We have thus mapped the Hamiltonian H to a stack of
decoupled transverse-field Ising chains. Similar Hamilto-
nians and mapping to decoupled Ising chains have pre-
viously been obtained for the Wen plaquette model [34]
and for the bond-anisotropic Kitaev model [35]. It fol-
lows that the confinement transitions out of the topological
ground-state phase of H as hy and &y are increased from
zero are equivalent to the ferromagnetic-to-paramagnetic
ground-state phase transition of the exactly solvable [44]
1D transverse-field Ising model. We deduce that for all
values of L, electric charges condense (and magnetic vor-
tices are confined) when 4z > 1 and magnetic vortices
condense (and electric charges are confined) when Ay > 1,
leading to the simple phase diagram shown in Fig. 2(c)
as L, — oo. Note that in our discussion of measurement-
based quantum computing above, we have set hy = hz =
« so that the confinement transition out of the topological
phase occurs at the (trivially) bicritical point &« = 1 (see
Fig. 2).

2. Topological order parameters

We have shown that the Hamiltonian H exhibits a topo-
logical ground-state phase in the thermodynamic limit for
|hx|, |hz] < 1. Let us now briefly recall how topological
phases are diagnosed in practice, e.g., for the usual mag-
netic field perturbation of the toric code [32,45]. The key
idea is “string order” [46—49] that motivates the construc-
tion of Fredenhagen-Marcu order parameters [47—49] in
lattice gauge theory. Such order parameters have proved
theoretically [50,51], experimentally [52], and numeri-
cally [45] valuable for diagnosing topological order in
condensed-matter systems.

For concreteness, let L, = L, = L and let |{/rc) denote
the ground state of the unperturbed toric code Hamiltonian
Hy. For any (closed or open) string I'* on the bonds of the

direct lattice or I’ on the bonds of the dual lattice, define
string operators or Wilson lines

mra=[12. mrr=]]%

bele ber'm

(43)

When the strings in question are open, the correspond-
ing string operators act on |yrc) to create pairs of
anyons at their end points, so that the resulting state
is in a different Z,-charge sector from the ground state
and (Yrc|W[T¢/™]|¥rrc) = 0. For open strings with length
Q(L), one might similarly expect that (v |W[T¢/™]|y) —
0 in the thermodynamic limit whenever the relevant
anyons are deconfined, i.e., |) is in a “topological” phase,
while (Y |W[T'¥™]|¢) > 0 in the thermodynamic limit
whenever the relevant anyons are confined, i.e., [) is in
a “trivial” phase. This motivates the following definition.
Let TY/™ be open strings of length €2(L). We then define
“string order parameters”

oIy = Jim | WS ). (49)

However, for the usual magnetic field perturbation of the
toric code, the string order parameter has the fatal flaw
that it is susceptible to “perimeter-law” scaling at generic
points of the phase diagram and therefore decays too fast
to be distinguishable from zero in practice, even in the triv-
ial phase. This is usually remedied by the prescription due
to Fredenhagen and Marcu [47—49], according to which
additional closed loops Y™ with length o™ — 2ire/™
are introduced, yielding the definition

| TS ™ 19)| .

O[r*™ = lim
™))

o
L—oo

(50)

This rescaling of the string order parameter cancels out
the decay due to the perimeter law, yielding a practically
useful tool for diagnosing topological order [45,51,52].

Note that the phase diagram in Fig. 2 differs from this
conventional understanding in the important respect that
its perimeter-law scaling is highly anistropic: only verti-
cal bonds of the direct lattice contribute to perimeter-law
scaling of O(I"¢), while only vertical bonds of the dual lat-
tice contribute to perimeter-law scaling of O(I')"). What
this means in practice is that the string order parame-
ters O(I'Y’™) suffice to diagnose the various ground-state
phases of H without Fredenhagen-Marcu-type rescaling,
provided that the long open strings T'Y™ are taken to be
perfectly horizontal. In the remainder of this paper, “string
operators” and “string order parameters” will always refer
to this special case of perfectly horizontal strings.
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3. Kramers-Wannier duality

We have shown above that the Hamiltonian H could be
solved exactly by mapping the bare toric code operators to
new Pauli operators o and 7 via the map

(51

M(Bxy) = Tiey) Tt 199>

4 (Kr) =

However, the image of this map famously exhibits
Kramers-Wannier duality [53], implying two distinct ways
of mapping to Pauli operators for each row of A and
for each sector (electric or magnetic) within a given row,
yielding 2?5 distinct ways of mapping H to a stack of
transverse-field Ising models. If we demand that the same
choice is made in every row and between electric and mag-
netic sectors, this vast freedom reduces to two possible
choices, namely, the mapping Eq. (51) and its Kramers-
Wannier dual map M, involving Pauli spin variables & (on
sites of A) and T (on horizontal bonds of A) such that

M (Ay) = 6y

M( ( ) = 5(zx,y)5(zx+l,y)’
. (52)
M(B(Xy)) (x+ )’

()Tt

Under this dual map, we find that the decomposition into a
stack of independent transverse-field Ising models given in
Eq. (45) continues to hold up to an exchange of coupling
constants, i.e.,

= —hz Y i ity — D Oy (53)
XEZL X€EZ
and
H'=—hy Y & | & =) & . (54
P )Tt T Ty Y

Comparison with Egs. (46) and (47) reveals that if there is
a unique phase transition along the “self-dual line” h; =
hy =« > 0 in Fig. 2, it must occur at « = 1, which pro-
vides a nonperturbative way of understanding the location
of this phase transition.

In terms of the Kramers-Wannier duality mapping D,
which can be defined explicitly as

D (GZx—é y)azx+§ y)) L

~Z ~Z
D( (v+1) > = Gty

(55)
D(T ) 1)) = XH% 5)
D(T(”) Zx 3 v) %Ex+ y)
we have
M =DoM. (56)

4. Subsystem symmetry and SSET order

As discussed in Sec. I, the Hamiltonian A can also be
understood as a model with subsystem symmetry. Namely,
because of the anisotropy of the magnetic field, H com-
mutes with all Wilson loops I'Y (I'”"), where c is a perfectly
horizontal closed loop on the direct (dual) lattice. There are
two such operators for eachrow y = 1,2,...,L,. Thus the
Hamiltonian H enjoys a much higher degree of symmetry
than more generic [32] magnetic field perturbations of the
toric code.

However, we do not consider all of these Wilson loops to
be symmetries. This is because a single Wilson loop, when
truncated, creates anyons at its end points. These anyons
cannot be removed by acting only near the end points of
the Wilson loop. Therefore, a single Wilson loop cannot
be “localized” or used to define a string order param-
eter. This is due to the fact that the 1-form symmetry
generated by the Wilson loops is spontaneously broken.
A pair of adjacent Wilson loops, however, is preserved
since it creates a pair of anyons at its end points, and
this pair can be annihilated by acting with a local opera-
tor. Therefore, we define the subsystem symmetries of H
to be generated by all pairs of adjacent horizontal Wil-
son loops. This matches the structure of the symmetries
derived in Sec. IIT A. Furthermore, under the duality map-
ping in Eq. (52), such symmetries correspond to the Z,
symmetries of the individual Ising chains, which provides
a second intuitive picture of the origin of the subsystem
symmetries (alongside the conservation law along rows
discussed in Sec. [ A).

We now demonstrate that the toric code belongs to a
nontrivial SSET phase protected by these symmetries. For
now, we return to the thermodynamic limit and define the
symmetries more precisely as

S(g;) = l_[A(x,y)a S(g;n) = HB(x,y): (57)

X€Z X€EZ
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which are equal to products of X and Z, respectively, on
neighboring rows, as in Fig. 3. These symmetries gener-
ate an infinite group. However, the symmetries are not all
independent, as they satisfy a pair of global relations

[[s@ =[] 4en =1,

YEL XYELXL

[[s@H= [] Buw=1

YEL X,y ELXL

(58)

According to the procedure described in Ref. [17], identi-
fying global relations between symmetry generators is the
first step in determining to which SSET phase a model
belongs. The next step is to truncate these global rela-
tions to finite regions. We first define the truncation of the
symmetry generators to finite intervals Z,,

Sn.@) = [ [ 4em

xeZy

Sz.(gy) = 1_[ By

x€Zlx

(59)

These truncations are defined such that they act in the same
way as the untruncated generators inside the region Z,
while still commuting with the Hamiltonian. They are in
fact identical to the string order parameters illustrated in
Fig. 3. Now, we truncate the global relation by restricting
the product in Eq. (58) to a finite interval Z,,,

[[8z@) =[] 4wn=mrizl,
VELy x,y€Ly XTIy
(60)
l_[ Sz.(g)) = l_[ By = Wiz,
VELy X,y €Iy XTIy

where R =1, x I, is a finite rectangular patch on the lat-
tice and dR is its boundary. We see that restricting the
global relation to a finite patch R is equivalent to the action
of a Wilson loop around the boundary of R, as in Fig. 8.
More specifically, we have the following correspondence:

¢|[1se) | =m
yeEZ
(61)
¢([]seh ] =e
VEL

where the function ¢ takes in a global relation and returns
the label of the superselection sector (i.e., anyon type) cor-
responding to the Wilson loop that appears at the boundary
of the truncated relation. It is shown in Ref. [17] that the
function ¢ is invariant under symmetry-preserving pertur-
bations and that it completely characterizes the pattern of

XXXX X

X X

X X
X| X| X

FIG. 8. Truncating the global relation in the e-sector to a finite
region R (shaded region) is equal to a Wilson loop around
the boundary of that region. The truncation for the m-sector is
similar.

subsystem symmetry fractionalization, and therefore the
SSET phase of the model. The fact that ¢ is a nontrivial
map shows that the subsystem symmetries have a nontriv-
ial interplay with the anyons. In the present model, this
is not so surprising since the symmetries themselves are
products of Wilson loops. In more general cases, this inter-
play is not obvious but can nonetheless be revealed by the
above truncation procedure [17].

The nontrivial subsystem-symmetry fractionalization in
this model is related to the restricted mobility of its anyons.
As we have seen in Fig. 2, the symmetry restrictions
only allow anyons to be created in pairs belonging to
the same row. Equivalently, symmetry-preserving opera-
tions can only move a single anyon horizontally. This is,
in fact, a necessary consequence of subsystem-symmetry
fractionalization, as shown in Ref. [17].

Finally, we observe that the above calculations have
been performed entirely in a finite region of the bulk of
the lattice. Therefore, even if we consider a finite lattice
with arbitrary boundary conditions, the above procedure
can still be performed in the bulk to recover the invari-
ants in Eq. (61). This is even true in the case in which the
global relations are violated near the boundary of the lat-
tice. This is akin to the observation that conventional SPT
phases are still well defined even when the bulk symmetry
needs to be modified near the boundary to commute with
the Hamiltonian.

C. Duality between string and computational order

We would now like to relate the notion of computational
order, as discussed above, to ground-state topological order
of the Hamiltonian Hvpgc. This immediately leads us to
the following tension: MBQC pertains to finite systems
by construction, while phases of matter are only sharply
defined in the thermodynamic limit.

In order to make a meaningful comparison between
the two concepts, we must therefore take a suitable limit
of MBQC. The simplest procedure is to return to the
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thermodynamic limit of the toric code Hamiltonian H
in Eq. (3) and consider the analog of the “loop opera-
tors” given in Egs. (38) and (39), which, in this setting,
correspond to horizontal contractible Wilson loops,

4 -1
R =[]4ww. R =]]B0.y. (62)
x=0 x=0

We would like to compare these objects to purely horizon-
tal string operators

-1
WIr,] = 1_[ Z(x+%,y)’
=0 (63)

4
VV[F:,"] = l_[X<x,y+%)'
x=0

Under the mapping M, we find that the loop operators
detect ferromagnetic correlations in the Ising model,
M(R®) = o7 o’ ,
g (_%’y) (H%’y) (64)
MR)) = T(o,) Tty

while the string operators that diagnose the topological
order map to Ising string operators of length order ¢,

Z (65)
monryD =,
x'=0

This might naively suggest that the computational and
topological order parameters are probing distinct kinds
of order in this model. However, under Kramers-Wannier
duality these two kinds of order are interchanged. Specif-
ically, under the mapping M, we find that loop operators
now map to [sing-string-type operators,

L
M®) = []6%,
=0 (66)

-1
MRm — ~X ,
®) gf(xf+;,y)

while string operators now detect ferromagnetic correla-
tions,

M) = 30379 (>

M(W[FZI]) - f(—ly)fzﬂ+%,y).

2>

(67)

Let us now take stock of what we have shown. Taking
¢ — oo, Eq. (67) implies that ground-state topological

order of H, as detected by string order, is equiva-
lent to paramagnetic order in the Kramers-Wannier dual
Ising models given in Egs. (53) and (54), the effective
transverse-field strengths of which are h Yy = h)}l and izz =
h;', respectively. Meanwhile, Eq. (64) implies that the
ground-state computational order of H, as detected by
“loop order,” is equivalent to the ferromagnetic order in
the Ising models given in Egs. (46) and (47), with effective
transverse-field strengths iy and Az, respectively. It fol-
lows that in the thermodynamic limit, the computational
and topological phases of H are identical and arise for
lhx|, |hz| < 1, as depicted in Fig. 2.

More abstractly, this discussion reveals that for the
anisotropic toric code Hamiltonian H, computational and
topological order are “two sides of the same coin”: their
respective loop and string order parameters both probe
ferromagnetic order but for small perturbations |Ay],
|hx| < 1, this ferromagnetic order (or lack thereof) arises
in very different models, weakly and strongly coupled
Ising chains, respectively, which have qualitatively distinct
physics but are nevertheless related by a Kramers-Wannier
duality.

It is instructive to check numerically that our conclu-
sions about the computational ground-state phase of H,
which have been based on reasoning in the thermodynamic
limit, are borne out in finite systems, which are required for
MBQC. To this end, we simulate the true finite-size MBQC
Hamiltonian given in Eq. (34) and its associated loop oper-
ators Egs. (38) and (39). We compare the behavior of these
operators to the finite-system string operators

L (68)
e = 1 Xy

— =X
X=3

By the above discussion, we expect finite-size loop and
string operators to probe the same phase transition at iy =
hz = a =1 and to have nonzero ground-state expectation
values on opposite sides of this transition. These expec-
tations are confirmed by a density matrix renormalization
group (DMRG) simulation of the ground state of Hypqc,
as shown in Fig. 9 (for technical details, see Appendix B).

IV. A UNIVERSAL MBQC RESOURCE STATE
WITH SET ORDER

The toric code model described above is well under-
stood from the perspective of topological order and
condensed-matter physics, but from the perspective of
MBQC it has only limited computational power. As dis-
cussed in Sec. III A1, the Lie group of gates available
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A density matrix renormalization group (DMRG) simulation of (a) electric and (b) magnetic order parameters in the ground

state of Hyigqc, with Ly = 7, L, = 3. We observe that the COPs o} and string order parameters W[F,‘;/ "] are nonzero on opposite sides
of the expected phase transition at « = 1. For details of the simulation techniques, see Appendix B.

for MBQC with the toric code ground state is SO(2L,),
which is not a universal group of gates—in fact, quantum
computation restricted to operations from SO(2L,) is effi-
ciently classically simulable [54,55]. In other words, while
the computational power of the toric code is nontrivial,
it is far from optimal. Given this, one might ask whether
topologically ordered states limit the computational power
available for MBQC.

We answer this question in the negative by presenting a
state that is computationally universal for MBQC and also
topologically ordered. Our example is the ground state of
a stabilizer Hamiltonian on a square 2D lattice with qubits
on the vertices and dimensions L, x L,. We call this model
the XZ-star model, because the Hamiltonian is a sum of
star-shaped operators

RS DD LTI 55 ST

X yeven X yodd

where

Cx,y = Xx— 1 ,yXx,yXx+ 1 ,yXx,y— lXx,y—H )

(70)
Dx,y = fo 1 ,ny,ny+ 1 ,ny,yf 1 Zx,y+l .

A. Topological order

The elementary excitations of H, come in pairs and
are created by string operators W[I'¢] and W[I'°] acting
along strings I'® (I"?) that start and end on sites with even
(odd) y coordinate. Given a string I'¢ starting at site (x, ),
WII'“] acts in a three-periodic pattern Z,,Zy 1 /12, ...
when moving horizontally and on every second site, i.e.,
Zyyliyt1 ... when moving vertically. W[I'°] acts in the
same pattern but with X instead of Z. Thus the excitations

can only move by hopping three sites horizontally or two
sites vertically.

There are four independent types of excitations in the
model: e (e) created in pairs by W[I'¢] starting at x = 0
(x = 1) mod 3, respectively, and m (m) created in pairs by
W|I'?] starting atx = 1 (x = 0) mod 3. The strings starting
at x = 2 mod 3 create the composite particles e x e and
m x m. From the commutation relations of the string oper-
ators, we can deduce that {e, e, m, m} reproduce the anyon
theory of two copies of the toric code, implying that there
is a local finite-depth quantum circuit that maps the XZ-star
model onto two copies of the toric code [56]. An example
of such a circuit is given in Fig. 10. Therein, every third
column of XZ-star stabilizer generators Cy, and Dy, for
k = 2mod 3 are mapped to single X or Z operators, respec-
tively. Thus, every third column becomes a column of
ancilla qubits in a product state. The products of Cy , Ciy1,,
and Dy, Dyy1, for k = 1,2 mod 3 are mapped to the vertex
and plaquette stabilizers of two copies of the toric code.
Together, these terms generate the stabilizer group of the
XZ-star model, which completes the mapping.

O Ceo—QOQ—oO Co—0O—oO 1%
yodd < D-—eée—-o D'—eée—oo O
yeven [ oo—Q—o oe—O—oO <o
<o D-—@ééb—-o D-—eée—-o O

FIG. 10.

A quantum circuit that maps the XZ-star model to two

independent copies of the toric code (one on the green squares
and the other on the purple diamonds) plus ancillas in a product
state (white circles).
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B. Subsystem symmetries and SSET order

The XZ-star model admits a set of subsystem symme-
tries that are similar to those in our toric code model:

Uugho = [] Cun
x=0,1,mod 3
U(gﬁn) = l_[ Cry»
x=1,2,mod 3
U(g{m) = l_[ Crys
x=0,2, mod 3
(71)
U@lvw) = l_[ Dy,
x=0,1,mod 3
U(‘%n) = l_[ Dy,
x=1,2,mod 3
U@{m) = l_[ Dy,
x=0,2, mod 3

These are parallel lines of X' or Z in a three-periodic pat-
tern. U(g) acts on odd rows and U(g) acts on even rows.
Since we have yet to perturb the model, H, actually has
a much larger set of symmetries. Here, we have chosen
a minimal set of symmetries that are needed to protect
the universal computational power of the model, as we
demonstrate shortly.

These symmetries admit a set of global relations,
namely,

l_[ U(g{l()) =1,

y even

l_[ U(g{lo) =1,

y odd

l_[ Ulgon) = 1,

y even

]_[ U@, = 1.

y odd

(72)

As for the toric code, we determine the SSET phase
to which H, belongs by calculating the function ¢ that
identifies the anyon type of the boundary Wilson loop
that arises upon restricting these relations to rectangular

Vi(gl1o) = Xoy—1Xop+1,
Vi(@)10) = Zoy—1Zoy+1s
Vi(go1) = Xoy,

VL%ll) = 2oy,

Vi (glym) = Xoy—1XoyXoy+1,
Vi@l = Zoy-1Z0yZoy+1,

regions. Skipping the details, we find that

¢ H U(gly10)> =m, ¢ (H U(ggll)> =m,

even even

¢ HU@10) =e,

y odd

o| [T v
y odd
(73)

This is the same fractionalization pattern as two decou-
pled toric codes, with each individual toric code equipped
with the subsystem symmetry described in Sec. IITA 1.
Such a decoupled stack of toric codes is not universal for
MBQC, since we have shown that a single toric code is not
universal and that single-site measurements cannot cou-
ple the two states. Thus, even though H, and two toric
codes share the same topological order and the same kind
of SSET order, they do not have the same computational
power. This matches similar observations that have been
made for SPT phases [27]. The explanation lies in the sym-
metry representation, which differs between H, and two
decoupled toric codes. In the context of MBQC, the micro-
scopic representation of the symmetry of the lattice is an
important ingredient due to the restriction to single-site
measurements. In the context of phases of matter, the rep-
resentation often plays a secondary role since it can change
under real-space renormalization or local quantum circuits.
We conclude that computational universality of the ground
states of H, lies not in their topological or SSET order but,
rather, in the particular way in which the two constituent
toric codes have been intertwined.

C. Computational order

For MBQC, we will consider open boundary conditions,
withx =0,1,...,L,,y =1,2,...,L,, and L, divisible by
3. As in the toric code example, we modify the stabilizers
at the boundary by cutting them off. This causes the sub-
system symmetries to act projectively at the boundaries.
Specifically, we have the projective representations

VR(g10) = Xioy—1 XLy XLy yt1s
VR@110) = Ziey—1Z1, 9 2L yt15
VRQ?(?M = XLy

VR(@o11) = Z1,y»

Ve(glo1) = Xiwy—1 XL p415
VR(&01) = Ziyy—1Z1,p+1-

(74)

040314-18



MBQC IN SET PHASES

PRX QUANTUM 6, 040314 (2025)

A maximal Abelian subgroup of Vz(G) is generated by {I/R(ggl Dy =12,...,L,}. Therefore, we define H =
(fg(ym :y=1,2,...,L,) and choose the logical observables T(G) according to Eq. (23). The rank of H is L,; therefore,

we have L, logical qubits.

To determine the Lie group of gates for MBQC, we need to construct the operators R;(g). As in the toric code example,
we do this by solving Eq. (22) for every site (k, y) in the bulk. This yields

k=0mod3: Regy)= [] Crtryr Re@yD)= T[] Disxys
x=1,2, mod 3 x=1,2,mod 3
k=1mod3: Ri(glo) =[] Crrrsr Re@o)= [] Ditxss (75)
x=1,2,mod 3 x=1,2,mod 3
k=2mod3: Rig )= [] Cernpr R@ )= T[] Drsro-
x=1,2,mod 3 x=1,2,mod 3
[
as shown in Fig. 11. Therefore, we have shown in Ref. [57, Theorem IV.1] to be
sulh, L, odd,
g= {gjflo,g)flo,gﬁ“,gﬁ“,g{m,g{m}, (76) su(Qly—2)®4 L, even. "

wherey =1,...,L,.

The Lie algebra of MBQC gates is generated by the pro-
jective representations Vz(g),g € G, which are precisely
the representations given in Eq. (74). To determine which
Lie algebra is generated, we note that any two sets of
n-qubit Pauli operators with the same commutation rela-
tions generate the same Lie algebra. Thus we need only
find a set of Paulis with the same commutation relations
as in Eq. (74) and such that the Lie algebra that they
generate is known. One set satisfying these conditions
is the set of terms from the Heisenberg-chain Hamilto-
nian: {(X;X;1, Y;Yiy1,ZiZiy :i=1,...,L, — 1}. The alge-
bra generated by this set—and therefore by Vz(G)—is

(a) (b)

Thus the Lie group £ of MBQC gates is SU(2% ™) for L,
odd and SUQY~2) for L, even, which are universal gate
sets for L, — 1 and L, — 2 qubits, respectively.

V. EFFECTS OF TOPOLOGICAL ORDER ON
MBQC

A. Topological obstruction to symmetry localization

Symmetry localization is the process that takes symme-
try elements to COPs and thus to MBQC executable gates.
Not every symmetry can be localized to form an order
parameter, which is why the gate set for MBQC may be
smaller than the set of symmetries. In the case of the toric

k=0 mod 3 k=1 mod 3 k=2mod 3

X X

X | XX X1 X XX | X X XXX
X X

XX X1 X XX X X | X
X
Z Z

Z Z A Z
Z Z
Z Z
FIG. 11. The operators R;(g) that yield COPs in the XZ-star model. The operators in (a) correspond to m and e anyons, those in (b)

to m and e, and those in (c) to m x m and e x e, as discussed in Sec. V B. (a) Top row, Rk(gg“); bottom row, Rk(gg“). (b) Top row,
Ry (gy)); bottom row, Ri(gyy,)- (¢) Top row, Ri(gy,,); bottom row, Re(g,)-
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code, this failure to localize can be explained by a topolog-
ical obstruction to localization, indicating that topological
properties have a direct effect on MBQC.

For example, consider the restriction of an electric sym-
metry U(gy) to the region right of site (k + %, »), which
consists of two strings of X' operators on neighboring rows
of vertical edges. Applying this restricted symmetry opera-
tor to the toric code ground state creates a pair of magnetic
charges at (k + %, y+£ %), which can be “cleaned up” by
the local operator Xk+ % ) to give the localized symmetry

Rk+ % (gy) and the corresponding COP o, % (gy)- In con-

trast, consider a single horizontal string of X operators,
which is also a symmetry of the Hamiltonian Eq. (34).
Truncating this single string to the right of site (k,y + %)
gives a string operator as in Eq. (68) and creates a single
magnetic charge at (k + %, y+ %). Due to the topological
nature of the charges in the toric code, a single charge can-
not be annihilated by any local operator, preventing the
localization of a single string operator.

B. Relationship between anyons and logical rotations

As described above, the construction of computational
order parameters by symmetry truncation associates each
order parameter with a particular type of anyon, and can be
thought of as an operator that moves a pair of anyons into
the bulk from the right boundary and then annihilates them.
For two different order parameters, the braiding relation of
the corresponding anyons determines the anticommutation
of'their projective representations at the right boundary and
thus whether the MBQC gates associated with those order
parameters commute or anticommute. For example, in the
toric code, the X -type COPs are associated with m parti-
cles and the Z-type COPs are associated with e particles.
The corresponding X;X;; and Z; rotations anticommute
and this anticommutation can be traced back to the non-
trivial braiding of the e and m particles in the toric code.
Any set of Pauli rotations with the same anticommutation
relations generates the same Lie group; thus the braiding of
anyons also determines the Lie group of gates for MBQC.

This relationship between anyons and MBQC gates
offers some insight into why the XZ-star model is com-
putationally universal even though it is equivalent to two
copies of the toric code. The COPs R (g) in this model can
be associated with anyons depending on the column £ in
which the tip is located, modulo 3 (see Fig. 11). If £ =0
mod 3, then R;(g) (¥ even) corresponds to an 7 anyon,
while R;(g) (v odd) corresponds to an e anyon. For £ = 1
mod 3, the order parameters correspond to m and e anyons,
respectively, and for £ = 2 mod 3, they correspond to the
composite anyons m X m and e x e. This last column is
the key to unlocking computational universality, because
the anyons m x m and e x e braid nontrivially with anyons
from both copies of the toric code present in the XZ-star

model. Thus, the corresponding MBQC gates anticommute
with gates from both toric codes, allowing the Lie group to
be larger than it would be for two decoupled toric codes.

C. Constants of motion

Another mechanism by which topological order appears
to affect MBQC 1is “constants of motion.” Specifically, in
both the toric code and the XZ-star model, we observe that
there exist operators on the right boundary that commute
with all MBQC gates (excluding those at the corners).
Such operators must be conserved by any MBQC cir-
cuit—hence the name. In the toric code, there is one

constant of motion, ]_[y ZL bk In the XZ-star model, there
VT2

are two: ]—_[y even XLy and Hy odd ZLey - )
We conjecture that constants of motion are a generic fea-

ture of MBQC in topologically ordered systems for the
following reason. In 2D, topologically ordered systems
have anyons created by string operators that commute with
every stabilizer generator (i.e., every term in the Hamilto-
nian) except at their end points. A string operator spanning
the entire right boundary must therefore commute with the
projective representation Vz(G) that generates the MBQC
gates (with the possible exception of those at the corners of
a system with open boundaries). For a cylindrical system,
a string operator spanning the right boundary commutes
with all of Vz(G) and is therefore a constant of motion.

VI. DISCUSSION AND CONCLUSIONS

We have presented a formalism based on nonlocal
order parameters that characterizes MBQC in 2D systems,
including for the first time systems with topological order.
Our formalism allows us to describe the first examples of
computational phases of matter with topological order: the
toric code in an anisotropic field and the computationally
universal XZ-star model. These examples take computa-
tional phases beyond SPT ordered systems, which have
previously been the only systems known to host such
phases. They also illustrate that computational order fails
to correspond neatly to SET order or SSET order, in the
sense that the topological data and symmetry fractionaliza-
tion pattern of a given phase are not sufficient to determine
its computational power. Instead, there appears to be a
more complicated interplay between computational power
and the symmetries that protect it. It seems to us that under-
standing the precise nature of this relationship between
symmetry, computational order, and physical order is an
important direction for future work.

A. Subsystem symmetry and entanglement

Subsystem symmetry is particularly significant from this
perspective because it appears in nearly all known exam-
ples of nontrivial computational order, including those
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presented here. Now that we can characterize the computa-
tional power of long-range entangled systems, it would be
interesting to study the models described in Ref. [16,17]
from the perspective of MBQC. For example, for the
models described in Ref. [17], there are simple external
fields that drive the model to a trivial SSET phase without
destroying the topological order. By studying this transi-
tion, can we distinguish the roles of topological order and
subsystem-symmetry enrichment in MBQC more clearly?

In addition to subsystem symmetry, entanglement plays
an important role in MBQC. In particular, MBQC is effi-
ciently classically simulable on states where the Schmidt-
rank width grows at most logarithmically with the system
size [58], implying that there is a minimum amount of
entanglement required for universal MBQC. Yet one can
also have too much entanglement; in fact, the majority
of states in the Hilbert space of a many-qubit system are
too entangled to be useful resource states [59]. From this
perspective, one might expect long-range entanglement to
be detrimental for MBQC, but our XZ-star model shows
that long-range entanglement and computational universal-
ity can coexist. Can understanding the connection between
MBQC and physical order help to clarify the role of
entanglement in MBQC?

B. Practical considerations

All states in the phases that we study here have equiv-
alent power for MBQC, which promises a larger set of
target states to aim for when preparing resource states in
the laboratory. This affords some robustness but does not
make our MBQC scheme fault tolerant against arbitrary
environmental noise, because we require the subsystem
symmetries to remain unbroken.

However, in three or higher dimensions, the story may
be different. It is already known that MBQC with the
three-dimensional (3D) cluster state is both computation-
ally universal and fault tolerant [60]. This fault tolerance
can be understood via foliation, a duality between MBQC
with the 3D cluster state and repeated rounds of quantum
error correction on the 2D surface code. In fact, it is pos-
sible to embed any 2D stabilizer code into a 3D resource
state via foliation [61—63], and there are even fault-tolerant
MBQC schemes that go beyond foliation [64].

We expect a version of Theorem 3 to hold in three and
higher dimensions, so there may exist computationally uni-
versal and fault-tolerant SSET phases in 3D. It would be
interesting to find examples of such phases and to under-
stand whether the combination of symmetry, topological
excitations, and MBQC offers any advantages for fault-
tolerant quantum computation. Furthermore, it has been
shown that 3D SPT phases can be used as self-correcting
quantum memories [65], which suggests that symmetry
protection and active quantum error correction can be uni-
fied in 3D models. We expect that MBQC with 3D SSET

states will be a useful setting in which this unification can
be further explored.

Returning to 2D, our results have implications for the
efficiency of MBQC with different algorithms. For any
computationally ordered state characterized by Theorem 3,
there is an elementary gate set, namely, rotations about the
Pauli axes given by the projective symmetry representa-
tions on the boundary of the system. Even if this gate set is
universal, there may be significant differences in the num-
ber of measurements and qubits required to implement an
arbitrary gate, because arbitrary gates must be composed
as sequences of commutators of the elementary gates.
Thus, depending which gates appear most frequently in the
desired quantum algorithm, one resource state may have
a practical advantage over another. Showing that MBQC
can be universal in SSET ordered states allows us to have
a larger pool of elementary gate sets to draw from and
may enable better tailoring of resource states to quantum
algorithms.

C. Nonlocal games

The generalization of utility for MBQC from SPT
phases to topological phases mirrors a similar general-
ization that has been obtained recently in the setting of
quantum nonlocal games [66]. The first works on play-
ing nonlocal games with ground states of local Hamil-
tonians found that a robust quantum advantage for such
games could be obtained in SPT [67,68] and conventional
symmetry-breaking [68] phases of matter, but an apparent
lack of robustness in topological phases, e.g., for nonlo-
cal games played in the topological phase of the toric code
perturbed by bond-isotropic magnetic fields [68,69]. This
lack of robustness has been remedied by a game that can be
played with local [70], rather than nonlocal [69], stabilizers
of the toric code. Thus, quantum advantage for nonlocal
games appears to be less demanding than fully fledged
MBQC (no subsystem symmetry is required). What prop-
erties must a quantum phase of matter possess in order to
yield a robust quantum advantage for nonlocal games (in
the sense of, e.g., Ref. [71])?

D. Conclusions

In summary, our results highlight the significant overlap
between objects of interest for MBQC—such as sym-
metries, order parameters, and logical observables—and
objects of interest to condensed-matter physics. For the
examples studied in this paper, especially the anisotropic
toric code, we have been able to make these connections
quantitatively precise, but there appears to be plenty of
scope for developing broader and more systematic con-
nections between computational power for MBQC and the
kinds of quantum states that arise naturally in condensed-
matter physics.
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APPENDIX A: PROOF OF THEOREM 3

Theorem 3 (Computational power). Consider a state |®) of a 2D spin-1/2 system satisfying the following conditions:
(a) |®) is related to a stabilizer state |®y) by a local finite-depth unitary that commutes with U(G) and has finite
spread A.
(b) There exists a finite d such that Lemma 1 holds for any two regions of the lattice separated by at least 2A + d.

(c) |®) is symmetric under U(G) as defined in Eq. (16).
(d) The COPs oy(gy) are nonzero for all £.

Then, MBQC with |®) as a resource state can implement the following:

(1) Initialization and readout of rank(H) logical qubits, where H is a maximal subgroup of G such that Vz(H) is
Abelian.

(ii) Logical gates from the Lie group £ = exp(—i.A), where A is the Lie algebra generated by 7(G) under i[-,-] and
linear combinations.

This proof is a generalization of the proof given in Ref. [25] to 2D systems. We will make use of the operators

Li(g) = T(g)R(2), (A1)

which act nontrivially on the region to the left of site k. Before we continue, it will be useful to establish some
commutation relations between the various operators defined so far.

Lemma Al. The symmetry representations U(G), T(G), Ry (Gy), and L, (Gy) have the following commutation relations:

[U@)1Ri(gr) =0, g€G, g€y, keB, (A2)
[T(e)1Ri(g) =0, g€G, g e, keB, (A3)
Tig)T(Q) = (—1)*® T Ti(g), g.g €G, (A4)
Li(g)T(g) = (—1)*®T(g) Li(gi),

ge€G,g.€G, keB. (A5)

Proof. The operators R;(g) are already constructed such that Eq. (A2) holds. The T(g) differ from the U(g) only on
the left boundary, so Eq. (A3) follows from Eq. (A2). To prove Eq. (A4), recall that the 7(g) are constructed such that
they all commute on the left boundary, so they inherit their commutation relations from the right boundary, which are
precisely the relations encoded by « (g, g’). Finally, for Eq. (A5), we can apply the definition Egs. (A1) and (A3) to show
that

Li(g0)T(2) = T(g)Re(g0) T(2) = (= 1) T(2) T(g) Re ()
= (=1 T(g) Li(gy). (A6)
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The rotation operators obtained by exponentiating L;(g;) are

)
Mi(gr, 0) = exp (—iEkLk(gk)) o € Gr. (A7)

For each rotation, there is a corresponding logical rotation

6
Mog,k(gka Or) = eXp (_lEkT(gk)> (A8)
and a logical CPTP map
14 ox(gr) 1 —ow(gw)
Mg, 00) = ——22 [Moga 0] + ——2 [l 600 | (A9)

In the following lemma, we will show that conjugation by M, is equivalent to the logical CPTP map My, in the sense that
it reproduces the same measurement statistics for all logical observables.

Lemma A2. Consider a state |®) satisfying conditions (a)~(c) of Theorem 3 and a sequence of sites {k,, ..., ks } such
that the horizontal distance between site k; and k;_; is at least 2A + d for all i. Then, the following equation holds:

(@M, ... M} T(@My, ... My, |®) =Tr [T(g)./\/lkf ...Mk1(|d>)(cl>|)]. (A10)

Proof. We will prove a single step of the evolution and the rest follows by induction. Let [®(k;)) = My, ... My, |P)
and consider the expectation value

(@ (k)| M T(@)My, | @ (Ki1)) . (A1)
If T(gx;) commutes with T(g), then, by Lemma A1, so does L;(gy,) and we have
(cD(ki71)|M/jiT(g)Mk,~ | (ki—1)) = (P (ki) T() | P (ki-1)) - (A12)

If T(gy;) does not commute with 7(g), then it must anticommute, in which case

(P (ki-1) MgT(g)Mk,- D (ki-1)) = c08(6);) (P (ki-1)| T() | P (ki-1)) — i sin () (D (ki1)| T(Q) Ly (gx) 1P (ki-1)) -

(A13)
For the second term, we have
(@ (ki) T(@) Lk, (gr) 1P (kim1)) = (P (ki—1)| T(@) T(gk,) R (8k;) 1P (ki-1))
= (@M ..M T(T(g)Mi_, ... My Ri,(g) D)
= (| U'(ggi)M] ... M, T(T(g)Mi,_, ... MRy, (g) | D)
= (0| Ul (gge)M] ... M} T@)T(gi)My_, ... My, |®) (| Ry, (g1,) |P)
= 01, (8k) (P hi- DI T(@) T(gr) | P (ki-1)) . (Al4)
In the first line, we have used Eq. (A1) and in the second line, we have moved Ry, past My, , ... M, because they have
disjoint support. In the third line, we pull out a global symmetry U(ggy,) and we note that
supp(U' (ggi) M} ... M T(@)T(gi)My_, ... My) S {<hii}, (A15)

while supp(Ry, (gr,)) € {> k;}, which allows us to apply Lemma 1 in the fourth line.
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Combining Eqs. (A12){A14), we have

1 + o3,(gk)
(@ (kim1) | M| T(@)M;, | @ (kin1)) = Tk(g" (@ (kim1)| M}y, T(©)Miog s, 19 (ki)
l—o i i)
+ T"(g" (@ (kim1)| Miogs T@) My, 19 (ki)
= (@ (ki) | M (T(2)) | (ki-1))
= Tr[T(g) My, (1D (ki-1)) (@ (ki-1) D] (Al6)
|
Lemma A3. Consider a state |®) and sequence of sites {ki,...,ks} as in Lemma A2. The expectation value
(@M, .. M TIMy, .. M |®), heH (A17)

can be reproduced by adaptive single-qubit measurements on |®) for any subgroup H C G such that Vx(H) is Abelian.

Proof. Denote

UL(g) — VL(g)a 8 € Ha (AIS)
IL’ gEG\H,

and let U2, (g) be the restriction of Ug(g) to {< k}. Note that this is different than U_4(g) = V;(g) ® U, (g).
Let M, = M, . .. My, and define the intermediate logical observables

To(g) = Ur(g),

; . (A19)
Tty (@) = ML, Un(g) ® U2, (9)My,.

Also, let Ufj & Q) = Qe {<k 1\ <ki) i1, (g) be the restriction of Up(g) to sites the horizontal position of which is between k;
and k; and let d{< k} be the set of sites on the boundary of {< k}. The intermediate observables satisfy a recursion relation

T
Tatyr (@ = ML, (U@ ® U2y, @) Meyy,

=ML | U@eli@el,, @ @ @ ||Ma,

Jed{<kiy1}

M;k,-(UL(g) ® Uzkf (g))MSki ® U/Z'tkm @ ® ® '}J' @) (M;ikprli\lki-%—l (g)MSki+1)

J € <kip1\kit1
= Tfki (g) ® Ufi:kH,] (g) ® ® i\t] (g) (M;kiM/jH,] Mfki i\lkH»l (g)M;kl‘MkH»l Mfki) (A20)
J€o{<kit1N\kit1

where in the third and fourth lines we use that Ly, (g,)—and therefore M;—commutes with i; (g) forall j # k;and g € G.
The product of rotations in the last line simplifies to

O,
M;kiM]jHleki = M;ki CXp <_l 2+1 L, (gki+1)) My,

.th+1 i
=exp| —! 2 My Ly 8k )M <k

O .
= exp <_IT+1T<k,~ (1) B Briy ki )) (A21)
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We use this to define the observables
.Ok,‘ A A .9](,' A
Ofki(gﬁ 8ki» le.) = &Xp lTTEkiq (gk,-) ® ,Bk,' (gk,') U, (g) eXp _ZTTEk,-,l (gk,-) ® ﬂki (gk,-) . (A22)

Then, the recursion relation in Eq. (A20) becomes

T (@) = | Te(@) ® Upy,, (@ ® QR 4@ || O=k(g g bk)- (A23)
J€0{<kit1N\kit1

We now show by induction that the measurement outcome Ay, (g) of T (g) can be inferred from single-qubit mea-
surements. For the first step, To(g) = Ur(g), we have that A¢(g) can be simultaneously measured for all g € G because
U (G) are products of commuting single-qubit observables. Then, we can replace Tj(g) by A¢(g) in Egs. (A22) and (A23),
yielding

Te @ = @U@0 | Q) i@ | ® Ok (g g4, 6k), (A24)
J€d{<ki\ky
where
o020k, A . A0(2)6s, ~
Ok, (9. 84, 6k, = exp (z °(g2 “ B (gkl)) fig, (2) exp (—z%ﬂkl (g;q)). (A25)

The observables Uikl (@) ® <®jea{<kl}\kl i (g)) are a product of commuting single-qubit observables, so they can be

measured simultaneously for all g € G. Then, note that the outcome of Oy, (g, gx,,0%,) for all g € G can be inferred by
measuring the qubit at site k| in a rotated basis

A O, ~ A Or ~
exp (i%ﬂ,ﬂ (g,q)) s, exp (—i LN (gkl>), (A26)

where @, € {Xk,, Yi,, Zk, } is the Pauli operator at site k; that commutes with iix, (G). Therefore, we can infer A, (g) for
all g € G from single-qubit measurements. Similarly, we can infer A, , (g) from A~ (g).
The induction continues until we reach Afkf. (g). To obtain the measurement outcome of

M M T@My, . My, = Ty (9) ® UP, (2) ® Va(g). (A27)

we need to measure Ui ky (g) and Vr(g). Uf kg (g) is a linear representation, so it can be simultaneously measured for all
g € G, but Vx(g) is a projective representation; thus we can only simultaneously measure a subgroup H C G such that
Vr(H) is Abelian. ]

Lemma A4. Given a state |®) satisfying conditions (a)—(c) of Theorem 3, MBQC can implement the logical unitaries
Mg i (g, Or) With error € under the diamond norm with the properties stated in Ref. [38, Lemma 12], given by

_ % 1 — or(gp)?

TN ouen? (29

Proof. We refer to Ref. [25, Appendix B], where it is proven that a sequence of N logical CPTP maps M (gx, 6x/N)
approximate the unitary Mg (g, 6x) to error €. [ |
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Proof of Theorem 3. With Lemma A2, we have shown that the expectation values of the logical observables 7'(g) after
conjugation by My, ... M, are equal to their expectation values after applying the logical CPTP maps ./\/lkf c My,
With Lemma A3, we have shown that these expectation values can be inferred by local measurements. With Lemma A4,
we have established that a sequence of N logical CPTP maps with rotation angle 6 /N can approximate a logical unitary
Mgk (g, Or) to arbitrary precision as long as the corresponding order parameter o;(gy) is nonzero.

The logical unitaries that are available for MBQC are rotations about axes defined by the logical observables 7(G).
These logical observables derive their commutation relations from Vz(G); thus the Lie algebra that they generate under
commutators and linear combinations is isomorphic to the Lie algebra generated by Vz(G). The same statement holds at
the level of Lie groups after applying the exponential map. This establishes item (ii) of Theorem 3. To establish item (i),
we note that the initial state of the logical observables is given by Lemma 3, and Lemma A3 tells us that we can read out
T(H) by local measurement. |

APPENDIX B: DETAILS OF NUMERICAL SIMULATIONS

In this appendix, we summarize the numerical method used to generate Fig. 9. We use White’s density matrix renor-
malization group (DMRG) [73,74], a classical numerical technique that provides a variational representation of a ground
state |). This ground state is expressed as a matrix product state (MPS), which is structured as follows [75,76]:

= D Tha o To e Tob Ly o1 on), (B1)
01...0N
Ao 0N -]

where each 77 |, is a rank-3 tensor. The indices ;—; and «; span the bond dimension ; at site i, with the maximum
bond dlmensmn which controls the accuracy of the MPS, denoted xmax. Open boundary conditions are imposed by setting
Xo=xn =1

DMRG is a powerful algorithm that optimizes the variational parameters of the MPS, specifically the rank-3 tensors
T3l | - The algorithm proceeds through a process of sequential quadratic variational optimizations:

Eg = min (Y|H|y), (B2)

Gj—1.9

where the optimization is carried out for each site i in the system and continues until convergence.
In our simulations, we begin by expressing the Hamiltonian Hygqc as a matrix product operator

I:IMBQC = Z MUIU{ s 'Mg’ﬂi/ . "MUNUI/V |O'1 .o .O'N> (O’l/ . O'I/Vi , (B3)
01...0N
010

where each tensor M is a D x D matrix, with D representing the bond dimension between sites i and i + 1. The states
|o;) and |crlf ) refer to the local basis states at site i. To extend the MPS algorithms to two dimensions, one can label the
sites of the lattice in a snakelike pattern that spans all the sites vertically or horizontally. In this work, we use the pattern
depicted in Fig. 12, in which the direction of the arrow shows the labeling order. By using this convention, one can write
the matrix-product-operator (MPO) representation of the Hamiltonian or any other observable.

To find the MPO representation of the Hamiltonian in the form given in Eq. (34), we use a matrix product diagram
based on a finite state machine [77,78]. Depending on the structure of the Hamiltonian, different approaches are required
to determine the MPO representation. When the Hamiltonian follows a regular structure, such as nearest-neighbor inter-
actions, the MPO typically shows uniformity throughout the system. However, for Hamiltonians with arbitrary structures,
a matrix product diagram-based representation is necessary [77—80].

The parameters of our DMRG simulation are as follows: maximum bond dimension 200, energy convergence thresh-
old 1073, negligible singular-value cutoff 10732, and a maximum of 20 sweeps. As o becomes much larger than one,
the ground state becomes exponentially close to degeneracy because of the lack of magnetic fields at the left and right
boundaries. Therefore, instead of setting these fields to zero, we set them to 1073, which is always at least an order of
magnitude smaller than any other term in the Hamiltonian. The raw data for Fig. 9 and code to reproduce our results are
available from the authors upon reasonable request.

040314-26



MBQC IN SET PHASES

PRX QUANTUM 6, 040314 (2025)

—_— —_— —_—

FIG. 12. Mapping a two-dimensional (2D) lattice to a matrix
product state form by labeling each site in a snakelike path
through the lattice and representing each site with its correspond-
ing rank-3 tensor.
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