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We construct a family of infinitely many candidate non-Abelian self-correcting topological quantum
memories in D > 54 1 spacetime dimensions without particle excitations using local commuting non-
Pauli stabilizer lattice models and field theories of Z3 higher-form gauge fields with nontrivial topological
action. We call such non-Pauli stabilizer models magic stabilizer codes. The family of topological orders
have Abelian electric excitations and non-Abelian magnetic excitations that obey Ising-like fusion rules
and non-Abelian braiding, including Borromean ring type braiding which is a signature of non-Abelian
topological order, generalizing the dihedral group Dg gauge theory in (2 4+ 1)D. The simplest example
includes a non-Abelian self-correcting memory in (54 1)D with Abelian loop excitations and non-
Abelian membrane excitations. We prove the self-correction property and the thermal stability and devise
a probabilistic local cellular-automaton decoder. We also construct fault-tolerant non-Clifford CCZ log-
ical gate using constant-depth circuits from higher-cup products in the 5D non-Abelian code. The use
of higher-cup products and non-Pauli stabilizers allows us to get an O(n*/%) distance overcoming the
O(n'/3) distance barrier in conventional topological stabilizer codes, including the 3D color code and the

6D self-correcting color code.

DOI: 10.1103/hkgn-hhqgx

I. INTRODUCTION

Self-correcting quantum memories are highly desirable
for fault-tolerant quantum computing due to their pas-
sive protection at the hardware level and the connection
to a local cellular-automaton decoder [1,2] as well as
single-shot error correction [3]. All previous known exam-
ples of self-correction are essentially toric codes in four
spatial dimensions or higher [1,4,5], which are Abelian
topological order and belong to the class of Pauli stabi-
lizer models. Recently, such 4D self-correcting model has
also been realized experimentally on the ion-trap platform
and shows the single-shot decoding advantage over 2D
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surface codes [6,7]. However, these self-correcting mod-
els are quite limited in terms of the computation power.
For example, 4D loop toric code can only realize logi-
cal Clifford gates, which hence cannot be universal. In
order to get non-Clifford gates, one has to use 6D toric
codes or color codes proposed by Bombin ef al. [5], which
requires a space overhead n = O(d>), where n represents
the number of physical qubits while d is the code dis-
tance. On the other hand, since 2D non-Abelian topolog-
ical code such as Fibonacci string-net model has exhibited
a universal logical gate set [8—12], a natural question is
whether there exists a non-Abelian self-correcting mem-
ory at lower dimension which can potentially have higher
computational power.

From the perspective of quantum phases of matter, a
fundamental question is that whether topological orders
can exist at finite temperature. It is known that 2D toric
code is unstable at finite temperature [2,13—16] while the
4D loop toric code is stable [1,4,5]. However, no exam-
ples beyond Abelian topological order or stabilizer models
were known before this paper. This is because to find such
non-Abelian self-correcting memory, one needs to have
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a topological order without particle excitations, which is
quite challenging in the case of non-Abelian models. In
fact, a no-go theorem was shown for non-Abelian topolog-
ical order without particle excitations in (4 + 1)D (space-
time dimension) [17—19]. Moreover, the usual (1-form)
non-Abelian discrete gauge theory (i.e., quantum double
models) [20] will necessarily have particle-like excitations.

Our present work solves this issue by turning to the
higher-form gauge theory and in five or higher spatial
dimensions [21]. In particular, we have developed a new
type of topological quantum field theory (TQFT) based
on a twisted version of Z3 higher-form gauge theory.
We further constructed the corresponding lattice mod-
els with non-Pauli (Clifford) stabilizers. We dub such a
model a magic stabilizer code since it goes beyond the
Pauli stabilizer formalism. We then prove that such non-
Abelian models are indeed self-correcting, i.e., with an
exponentially long memory time as system size grows, and
hence is also thermally stable at finite temperature. We
have also developed a local cellular-automaton decoder
for such models. In particular, the simplest non-Abelian
self-correcting quantum memories we discover in five spa-
tial dimensions admit a single-shot non-Clifford logical
CCZ gate via a constant-depth circuit with lower spacetime
overhead than the 3D color or surface codes [22—24] or the
6D self-correcting color code scheme [5]. In particular, the
5D non-Abelian code has distance d = O(n?*/®), which is
beyond the O(n'/3) distance barrier in conventional topo-
logical stabilizer code as implied by the Bravyi-Konig
bound [25], including the case of the 3D or 6D color or
surface codes. Although another recent scheme in Ref. [26]
achieves the O(n'/?) distance by using the expansion prop-
erties of quantum LDPC codes, the present work considers
a purely topological setting which can be realized with a
small set of qubits (likely O(100)). The distance enhance-
ment in this case is mainly due to the use of higher-cup
products in the logical gate construction and the fact that
we utilize non-Pauli (Clifford) stabilizer models beyond
the Pauli stabilizer codes.

Interestingly, we also find that our 5D non-Abelian
self-correcting memory can also be obtained from a
twisted compatification of the 6D self-correcting color
code in Ref. [5] down to five spatial dimensions. The
self-correcting quantum memories we discover have sim-
ilar properties as the non-Abelian Dg topological order
observed in another experiment by Quantinuum [27]. Thus
it is highly plausible that the new quantum memories can
be realized by similar experiment setups on ion-trap plat-
form using the long-range connection via movable ion
qubits as in the recent experiment of 4D loop toric code [6].
This twisted compatification perspective can also explain
the recent discovery that the just-in-time (JIT) decoding
scheme which simulates the transversal CCZ or T gates
in 3D color or surface code with a (2 4+ 1)D spacetime
using a 2D setup [28,29] is in fact equivalent to the 2D

non-Abelian Dg topological order [30]. However, in the
JIT scheme [28,29] and equivalently the 2D non-Abelian
code scheme [30], one only trades space for time with-
out any reduction on the O(d®) spacetime overhead, while
our scheme of performing logical CCZ with the 5D self-
correcting memory reduces the spacetime overhead to
o(d*?).

In future works, our current non-Clifford gate scheme
can potentially be further extended to a scheme for a
universal logical gate set on self-correcting quantum mem-
ories. One can use 4D self-correcting toric codes to
implement all the logical Clifford gates and then poten-
tially perform a single-shot code switching to the 5D
non-Abelian codes to perform logical CCZ gates, where
the single-shotness is possible due to the self-correcting
properties in both types of codes. We note that such
a scheme could outperform the constant-time universal
logical gate scheme by Bombin either using the code
switching between 3D and 2D color codes [22] or the self-
correcting scheme using the 6D color code [5], where the
space-overhead would be improved from O(d*) to O(d*/?).

From another perspective of fault-tolerant quantum
computation, a fundamental question is about the space-
time overhead for the computation, including the overhead
for both the quantum and classical operations in the com-
puting process. In a typical case of an actively corrected
quantum memory, one measures the error syndrome and
then sends the syndrome information to the classical com-
puter to decode it. The classical decoder then decides a
recovery operation to correct the errors. These processes
need nonlocal classical communications and the classical
decoder requires computation time scaled with the sys-
tem size. Since classical communication and gates are
not infinitely faster than the quantum gates, such classi-
cal time overhead will make it impossible for the classical
decoder to keep up with the advancement of quantum oper-
ations and to correct the errors timely when the system
is large enough [2,31]. Self-correcting memory is hence
more desirable since it gets rid of the classical software and
the associated time overhead and instead passively protects
the quantum hardware from the errors. While such a pas-
sive protection might be challenging at the current stage
from the engineering perspective, self-correcting memory
is also useful even in the context of active error correc-
tion since it is always closely associated with an underlying
local cellular-automaton decoder [1,2]. Such a decoder is
composed of local update rules at each time step and does
not require nonlocal classical communication. It also does
not have a decoding time overhead during the computation
process except the final readout stage when the classical
decoder no longer needs to catch up with the quantum
operations. Although existing single-shot error correction
schemes permit constant quantum time overhead [3], only
self-correcting quantum memory can potentially achieve
both constant quantum and classical time overhead. In fact,
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there exists a scheme for implementing universal logical
gate set with constant-depth geometrically nonlocal cir-
cuits acting on a non-Abelian topological code [32—34]
where the time overhead is expected to be O(d/ logd) (d
is the code distance) due to the stretching of the support
of error clusters by a constant factor. If such a scheme
can be adapted to a non-Abelian self-correcting memory
where the stretched error can be shrunk back in constant
time, constant time overhead will be achieved for both the
quantum and classical operations during the computation
stage.

Non-Abelian self-correcting quantum memories corre-
spond to novel non-Abelian topological orders without
particles. Nevertheless, non-Abelian topological orders
above D =4 spacetime dimension are less understood
except for topological orders with particles (see e.g.,
Ref. [35]), where the particles arise from the electric
charges due to gauging an ordinary symmetry. On the
other hand, topological orders without particles are highly
constrained: the lowest-dimensional excitations must obey
Abelian fusion rule (see e.g., Refs. [17—19]). For instance,
if the lowest-dimensional nontrivial excitation is a mem-
brane, then it must obey Abelian fusion rule. On the other
hand, when there exist nontrivial loop excitations, the
membrane excitations do not need to obey Abelian fusion,
and they can be non-Abelian. We will show the following
statement regarding TQFTs without particles:

(a) TQFTs without particles can only exist in spacetime
dimension D > 5.

(b) Non-Abelian TQFTs without particles can only exist
in spacetime dimension D > 6.

We will derive the statements using two properties: remote
detectability of TQFTs [17,36] and consistency of fusion
rule under shrinking the extended excitations [17—19,36].

A. The model: Non-Abelian Cubic theory

In this work we will construct a family of non-
Abelian self-correcting quantum memories. This is done
by gauging the global symmetry of certain class of
symmetry-protected topological (SPT) phases with higher-
form symmetries in D > 5 4 1 spacetime dimensions. This
construction is regarded as a generalization of (2 + 1)D
non-Abelian [Dg gauge theory, which is obtained by gaug-
ing the SPT phase with Z3 symmetry.

We start with the SPT phase protected by Z, (I —
1)-form symmetry, (m — 1)-form symmetry, and (n — 1)-
form symmetry in D spacetime dimensions, with / 4 m +
n = D. The response action for the SPT phase is given by

ﬂ/A[UBn,UCn, (1)

where A;,B,,, C, are the background gauge fields. In
Appendix A we review the definition of cup product U.

After gauging the Z3 symmetry of the above SPT phase,
we obtain certain class of non-Abelian topological order.
We will call them generalized Dg theories or the cubic the-
ories [37]. They are described by Z, [-form, m-form, and
n-form gauge theories in D spacetime dimensions, with the
topological action

b4 / a;Jb, Uc,, 2)

where a;, b,,, ¢, are the respective dynamical gauge fields.
The theory describes non-Abelian topological order: the
fusion rules of the magnetic operators that create magnetic
flux for ay, b, ¢, are noninvertible. For instance, fusing the
(D — I — 1)-dimensional magnetic membrane operator for
the gauge field q; gives

MO Mp_y1) x MO Mp_y1) = Y WP (W (y,),
Ym>Yn

3)

where W® = (=1)/tn and W® = (—1)/ are Wil-
son surface operators, and the sum 1is over vy, €
Hy,(Mp_i_1),v, € H,(Mp_;_1). The right-hand side is a
sum of simple objects, and thus the fusion is non-Abelian.
When [ = m =n = 1,D = 3, the above topological order
gives a (24 1)D Dg gauge theory [27,38] with non-
Abelian fusion rule of anyons [Eq. (3)]. In addition, we
also show that the magnetic excitations obey non-Abelian
braiding, including Borromean ring type braiding of three
different magnetic excitations given by a sign—which is a
signature of non-Abelian topological order.

For each member in the family, we construct commuting
non-Pauli stabilizer lattice models on any triangulated spa-
tial lattice and in particular on hypercubic lattice. We call
such non-Pauli stabilizer models magic stabilizer codes.

We will show that when [, m, n obey 2 < I, m, n, the the-
ory does not have particle excitations. Thus the models
provide a family of infinitely many non-Abelian topo-
logical order without particles in D > 6, such as D =6
and / = m = n = 2, where the theory describes Abelian
loop excitations and non-Abelian membrane excitations.
We will argue that the theories provide thermally stable
quantum memory.

B. Review of quantum memory at finite temperature
for loop toric code

Let us review the basic property of self-correcting quan-
tum memory discussed in Ref. [1] for the example of
loop-only Z, toric code in (4 + 1)D following a Peierls
argument. The Hilbert space has physical qubit on each
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face of the 4D cubic lattice, and the stabilizer Hamiltonian
is

H = Hgauss + Hrux = _Z HA? —Z l_[Zf. (4)

e e€df ¢ fedc

The basic excitations are loop excitations created by mem-
brane operators [[X; and [[Z;. Take the error given by
electric loop excitation of length ¢ measured in the lat-
tice spacing, which violates £ of the Gauss law terms in
the Hamiltonian and have energy cost £(£) = 2f¢; where
€o is the energy unit of the Hamiltonian. There are n({)
such configuration of length £, and they are suppressed
by the Boltzmann factor e (). Whether large errors are
suppressed at low temperature depends on the competition
of the entropy effect and the Boltzmann suppression. The
large loop excitation errors are suppressed when

e PEOR) « 1, Q)

where B = 1/(kgT) for temperature 7' and Boltzmann
constant kz. The multiplicity of loops of length £ is

n(t) ~ Polynomial(ﬁ),u[, (6)

where p ~ 6.77 is the connectivity on 4D hypercubic lat-
tice [39], and only self-avoiding loops are counted by
resolving the intersection points without loss of generality.
At low temperature, the large loops are exponentially sup-
pressed. The critical temperature below which the errors
are suppressed is

T. ~ (2/log m)eo/kp. (7

A more rigorous argument for the self-correcting prop-
erty using the Lindbladian evolution under Pauli noise
model is discussed in e.g., Ref. [40], and we will use the
method there to prove the self-correcting property of our
non-Abelian quantum memory.

The work is organized as follows. In Sec. Il we describe
an obstruction to non-Abelian extended excitations in
TQFTs. In Sec. IIT A we discuss a family of non-Pauli sta-
bilizer codes with only loops and non-Abelian membrane
excitations. In Sec. III B we discuss a family of infinitely
many non-Abelian TQFTs in any dimension dubbed a
Cubic theory, which effectively describes our lattice model.
In Sec. IIIC we see that the Cubic theory is obtained
from the compactification of the toric code in one higher
dimension. In Sec. IV we describe the fusion rules of the
excitations in the (5 4+ 1)D lattice model and describe the
braiding involving non-Abelian excitations. In Sec. V we
construct the fault-tolerant logical CCZ gate of the Cubic
theory in (5 4+ 1)D. In Sec. VI we argue that our model
provides the self-correcting quantum memory at finite tem-
perature. In Appendix A we summarize some properties

of cup product on triangulated or hypercubic lattices. In
Appendix B we discuss the logical CZ, S, and H gates in
4D loop toric code. In Appendix C we describe logical CZ,
S gates in 5D Cubic theory.

I1. UNIVERSAL BOUNDS ON SPACETIME
DIMENSION FOR TQFTs WITHOUT PARTICLES

Self-correcting quantum memories that are fully topo-
logical correspond to TQFTs without particle excitations.
Thus we will begin with general discussion of such TQFTs.
In this section we will show the following two state-
ments:

(a) If the TQFTs only have extended excitations, the
spacetime dimension has to be at least 5, D > 5.

(b) If furthermore, some of the extended excitations
obey non-Abelian fusion, then the spacetime dimen-
sion has to be at least 6, D > 6.

In the second statement, we consider excitations that are
not condensation descendants [41]. This excludes excita-
tions such as e-condensed excitation in 4D loop toric code
similar to Cheshire string.

The argument uses the following two properties of
TQFTs:

(a) Remote detectability [17,36]: an excitation must
braid with another excitation.

(b) Consistency of fusion under shrinking the excitation
on circle [17-19,36]. We will elaborate more about
this in Sec. 11 B.

A. Dimension lower bound for particle-free TQFTs

For relativistic TQFTs, an excitation of dimension &
in D spacetime dimension can braid with another excita-
tion of dimension ¥ =D —1—k—2=D —k —3. The
total dimensions for these two excitations together with the
radial direction and orbital direction add up to the spatial
dimension (D — 1), see Fig. 1. Thus if the TQFT only has
extended excitation,

k>1,k=D—-k—-3>1=D—-4>k>1=D>5.
8

In other words, the spacetime dimension D has to be at
least 5. An example is the 4D loop toric code.

B. Dimension lower bound for particle-free
non-Abelian TQFTs

Let us generalize the argument in [17—19] that rule out
TQFTs with non-Abelian loop excitations in the absence of
particles. We will use the shrinking method that has been
used extensively in the studies of TQFTs above two spatial
dimensions, see e.g., Refs. [17—19,36].
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Higher Dimensional Hopf Link

k-dir 1()1'1 ital

k’-dim excitation 2

FIG. 1. Braiding between k-dimensional and %’-dimensional
excitations in D spacetime dimension requires k+ k' +2 =
D — 1, where there are two dimensions from the radial and
orbital directions. The two excitations are extended in extra
orthogonal &, k" directions not shown in the figure, respectively,
so the two excitations appear as two points that braid with each
other on the 2D plane. The blue excitation moves around the red
one and braids with each other.

1. Consistency of fusion under shrinking

Consider TQFTs without (n — 1)-dimensional exci-
tations, where we take »n > 2. Suppose there are n-
dimensional simple excitations p; with non-Abelian fusion
rules on S' x §"~ !

P Xp= Y pi ©)

i=34,...

where p; can be the same when the multiplicity is greater
than one.

We can shrink the S' to a point, then the n-dimensional
excitations become (n — 1)-dimensional excitations on
S"~1. For simple n-dimensional excitations, the reduction
on a circle gives an excitation that contains at most one
copy of identity. Since there are no nontrivial (n — 1)-
dimensional excitations, this gives only the identity. The
fusion rule Eq. (9) becomes

Ix1= Z 1.

i=3.4,...

(10)

Thus we have a contradiction unless there is only one term
on the right-hand side. In other words, the fusion of the
n-dimensional excitations is Abelian.

The only exception for the argument is when n = 1,
i.e., the excitations are particles, which cannot be shrunk
further. Indeed, there are TQFTs with only non-Abelian
particles.

2. Lower bound on spacetime dimension

Suppose the TQFT has extended non-Abelian exci-
tation of dimension k. From the consistency of fusion
under shrinking, there must also be Abelian excitation of
dimension ¢ = (k — 1). For the TQFT to satisfy remote
detectability, there must also be excitations of dimension

Kk=D—k—-3, £/ =D—4{—3=D—k—2. Demand-
ing the excitations are extended gives

k>1, L=k—1>1,
K=D—-—k-3>1, ¢/=D—-k—-2>1

=k>2,D—4>k = D>6. (11)
In other words, the spacetime dimension has to be at
least 6.

I11. CUBIC THEORY IN GENERAL SPACETIME
DIMENSIONS

A. Non-Pauli stabilizer Hamiltonian

Let us construct a local commuting non-Pauli stabilizer
Hamiltonian for the Cubic theory in D = d + 1 spacetime
dimensions. We can begin by constructing a Hamiltonian
model for the SPT phase with Z, (I — 1)-form symme-
try, (m — 1)-form symmetry, and (n — 1)-form symmetry
with /4+m+n =D and then gauge these symmetries
minimally.

1. Hamiltonian for SPT phase

We consider a hypercubic lattice in d-dimensional
Euclidean space. We introduce a qubit on each (/ — 1)-
dimensional hypercube, (m — 1)-dimensional hypercube,
and (n — 1)-dimensional hypercube, acted by Pauli opera-
tors {X', ¥/, Z'} with 1 < i < 3 respectively. We use a tilde
on the Pauli operators to distinguish them from the Pauli
operators in the gauged model we will present later. Denote
the Z, variables

A=1-22, (12)
which will be later regarded as the Z, valued “matter”
fields transformed under Z, global symmetries. In the
basis of Pauli Z operators, A’ is naturally regarded as Z,
p-cochains (p=/—1,m—1,n—1) fori=1,2,3, namely
a function from the p-dimensional hypercubes to the Z,
values {0, 1}.

Let us now describe the Hamiltonian for the SPT phase
with the topological response action given by

7 /A, UB, UG, (13)

with 4y, B, C, being the background gauge fields. This
is a higher-form generalization of the group cohomology
SPT phases discussed in [42], corresponding to the higher-
form analog of “type III cocycle” SPT phase [43,44]. We
will follow similar method in [42] to construct the Hamil-
tonian. Other examples of lattice models for higher-form
SPT phases constructed in this way are discussed in e.g.,
Ref. [45,46].
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The SPT Hamiltonian is most simply expressed
by utilizing the operation of cochains called cup
product, denoted by U. For more details, see e.g.,
Refs. [35,45,47-49].

On hypercubic lattice, the cup product o; U g; of Z, i-
cochain «; and j-cochain f; produces a (i + j)-cochain,
and its value on (i +j)-dimensional hypercube s;;; that
span the coordinates (x',x?,...x"*) € [0, 1]# is given by

a; U B;i(siy) =

3 e ([0,17) 8 ((x’ — 1,5/ =0)+][0, 1]7), (14)
1

where the summation is over the different sets / of i coor-
dinates out of the (i 4 /) coordinates x!, .. .x™*/ I denotes
the remaining j coordinates. In each term in the sum,
a;, B; are evaluated on an i-dimensional hypercube and a
j -dimensional hypercube, where the two hypercubes share
a single vertex (x! = 1,x/ = 0):

(a) [0, 1] is the i-dimensional unit hypercube starting
from (x/ = 0,x/ =0) and ending at (x' = 1,x/ =
0), ie, [0,1 ={0<xt<1,x"=0:pelve
I}.

() ! =1,x =0)+[0,1] is the [-dimensional
hypercube in the [ directions starting from
(! =1,x' =0) and ending at (x/ = 1,x/ = 1),
ie, ' =1Lxl =0)+[0,1] = {x* = 1,0 <x” <
l:nel,vell.

For instance, the sum in the cup product Eq. (14) for
i=1,j =2 is described in Fig. 2. It sums over the pos-
sible sequence of two hypercubes sharing a single vertex,
starting at (0,0, ...0) and ending at (1,1,...1).

Now we are ready to describe the SPT Hamiltonian. It
is obtained by conjugating the trivial SPT Hamiltonian by

(a) (1,1,1)

B
«
(o3
(0,0,0) «
(b)
(0%
doa — + a + + a
«
FIG. 2. (a) The cup product o; U B, evaluated on a 3D cube.

It sums over the possible sequence of a 1D edge and a 2D square
sharing a single vertex, starting at (0, 0, 0) and ending at (1, 1, 1).
(b) Coboundary do of a Z, 1-cochain « on a 2D square is given
by summing over « on edges bounding a square.

an entangler. The trivial Hamiltonian is given by

H = - Z&Ll - Z)zsiz—l - Z)N(Sifl’ (15)

Si—1 Sm—1 Sn—1

where s; are k-dimensional hypercubes. We then consider
the entangler

U= (_l)f)\[l_lud)\gn_lud)\i_l’ (16)

where d is the coboundary of Z, cochains; for a given Z, k-
cochain «, do is a Z, (k + 1)-cochain defined as

do(sir) = ) alsp). (17)

SEEDS41

See Fig. 2(b) for an illustration with £ = 1. Recall that
A is regarded as an operator-valued Z, cochains in the
basis of Pauli Z operators, and then the cochain A}_l U
d\2_,Ud)3 | is a d-cochain. The integral in Eq. (16)
is over d-chains in the whole space. One can re-express
the operator-valued cochain as A} = 3. N5, in Eq. (16),
where N = (1 — Z%)/2 is the quantum operator and the
classical variable 5 is a k-cochain that takes value 1 on a
single hypercube s; and zero otherwise. The above entan-
gler in Eq. (16) can hence be rewritten in terms of quantum
gates as

U= (_ l)fNIEI_lUdeim_luN3d§,,_1

- 11

S1—15m—1-5n—1

ff[,] Udsy,—1Udsy—
CCZy ;5 ,

where we have used the gate identity (—1)’(/ WA
CCZ, 3 since CCZ;53|N', N2, N3) = (— )V V*M|NT N2,
N3) (N' € {0, 1} is the eigenvalue of N7). Note the expo-
nent f§1_1 Uds,—1 Uds,_; € {0,1} is a classical Z, vari-
able which determines whether the CCZ gate on qubits
supported on hypercubes 5,1, 5,—1 and §,_; is applied
(value 1) or not (value 0).

The SPT Hamiltonian is given by Hspr obtained by
Hspr = UH'U',

HSPT - _ ZAX/I (_l)fg‘],lUd)»ﬁ?_lUd)»i_l

SI-1
S1-1

&2 dnl U, uda3
= DK D

Sm—1

_ 2&3 (_1)fdk}7ludkr2nilu§n_1
n—1

Sn—1
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H° Hspr
CZaz
N CZay3
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U , ,
= Zyl 75
M CZas o\
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X! X! \/Clas
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U ," (17:1.:$‘\ (12‘1 3
= — e TS BT
X? X% A
(‘Zm\\ Gl
CZi2
v 3 | CZ - v 3
X i \/,_»1;2k X
U h !
—> CZi| HOVAR
A CZio
Pl X
\'CZ

FIG. 3. The SPT Hamiltonian is obtained by conjugating the
trivial SPT Hamiltonian H® by the SPT entangler U. The figure
shows the Z3 SPT phase in (2 + 1)D, with / =m =n = 1. The
local Hamiltonian term involves the six CZ gates support at a
pair of sites at the boundaries of a green dashed curve. The
arrow in the dashed curve for CZ; ; specifies that the outgoing
site has the qubit Z/ and the ingoing one has the qubit Z¥. This
SPT Hamiltonian corresponds to the expression in Eq. (18) with
I =m = n = 11in terms of cup product.

< 2 3
_ v 1 fslfluﬁm—lUdgn—l
-2 %, I cz;

Si-1 Sm—1,5n—1
~ ds!  Us,,_Uds>
_ ZXsiH 1—[ CZ{J 11 S Uds,
Sm—1 S|—1:Sn—1
_ Z)ZS 1_[ CZfdgll—IUdgfn—lug"*l (18)
Sp—1 1,2 >
Sp—1 S1-1Sm—1

where we have derived the second equality by rewriting the
operator-valued cochain as A} = ng N'5; as before and

used the identity (—1)""" = CZ;;. The exponent again
determines the support of the CZ gates. See Fig. 3 for the
illustration of the SPT Hamiltonian with/ = m =n = 1.
This Hamiltonian Hspr describes a nontrivial SPT
phase with Z{ ™" x Z{"™V x 73" symmetry, where ZY
denotes Z, p-form symmetry. Each symmetry is generated

by a unitary operator

(=1 . v
zy Ve I X
S1-1C¥D-1
(m—-1) v
ZENEN || R ot (19)
Sm—1CYD—m
_1 =
2 I
Sn—1CYD—n

where each p-form symmetry operator (p =1—1,m —
1,n — 1) is supported at a closed (D —p — 1) subman-
ifold yp_,—1 on a dual lattice of the hypercubic lattice.
The product is over the hypercubes 5, that intersects with

YD—p—1-

2. Cubic theory Hamiltonian from gauging

We now describe how to gauge the global Z,
symmetries of our SPT Hamiltonian Hspy. This proce-
dure promotes the global symmetry Eq. (19) to a local
one, by introducing new degrees of freedom—7, gauge
fields—and modifying the Hamiltonian by imposing the
Gauss law. Our approach follows standard methods devel-
oped in Refs. [38,50-52].

To begin, we introduce qubits representing Z, gauge
fields. These are placed on the /-, m-, and n-dimensional
hypercubes. We denote the Pauli operators acting on these
gauge qubits by X", Y", Z" with i = 1,2, 3 corresponding
to the three types of gauge fields we introduce. The Z,
gauge fields correspond to the Pauli Z’ eigenvalues of the
above qubits,

as) =1 -2)/2,
b, (sm) = (1= Z2)/2, (20)
o) = (1=22)/2,

which define Z, (p 4+ 1)-cochains (p =1—1,m—1,
n — 1) on a hypercubic lattice. See Fig. 4(a) for the case
l=m=n=1.

The idea of gauging is that the matter fields A; in Eq. (12)
[transformed under the Z, global symmetry Eq. (19)
before gauging] get transformed under local Z, gauge
transformations. The Z, gauge transformations are spec-
ified by generic Z, cochains o;_1, Bu_1, Vn—1; under the
gauge transformation, the matter fields are transformed by

)“11—1 - )“11—1 — -1,
A2 = A2 = Buets 1)

3 3
)“n—l - )“n—l = Vn—1»
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(a) (c) Gauge invariant Pauli operators
X B X'
® ) ® =
’ ’ zZ  _Z 7 7
® ) ® .
® 5 a:=(1-2)/2=d\+d
" 7 Add gauge fields Izt
{X7Z} e {X7Z} (d)
7, symmetry: H X Z, symmetric Pauli operators
2 : v
Gauge field: Gaugi
= auging
Charged matter: =(1-Z ,)/ 2 X —
A=(1-2)/2
(b) . .
Z Z Z
Gauss law: X/ o °
G _ X/ X X/ - 1 Z
X/ :> Z
Z
d\ — a

FIG. 4. The process of gauging Z, 0-form symmetry in (2 + 1)D (i.e., / = m = n = 1). (a) We initially have a model with Z, 0-
form symmetry with charged matter fields A = (1 — 7) /2 on each (I — 1)-hypercube, which are vertices when / = 1. The first step is
to add the Z, gauge fields (blue qubits {X’, Z’}) on /-hypercubes s;, which are edges when / = 1. The Z, gauge field is expressed as
a' = (1 —Z')/2. (b) The next step is to impose the Gauss law to define the gauge transformation, and the physical Hilbert space Hphys
is characterized by the gauge invariant states with G = 1. (c) The gauge invariant operators are the ones commuting with the Gauss
law. We define the gauge invariant Pauli operators {X,Z}, and new Z, gauge field a = (1 — Z)/2, which is related to ¢’ by a gauge
transformation. (d) After minimally coupling the original Z, symmetric Pauli Hamiltonian to gauge fields in a gauge invariant manner,
the Hamiltonian is expressed in terms of these gauge invariant Pauli operators {X', Z}. This gauged Hamiltonian can be obtained by the
map shown in the figure; a single Pauli X is mapped to a product of X due to the Gauss law, and the symmetric product of Z (which is
associated with d}) is mapped to a single Z (which is associated with the gauge field @), due to minimal gauge invariant coupling.

and the gauge fields are transformed by

d;y— ay+do_,
b, — b, + dBu_1, (22)
ey = ¢+ dyn-i,

where the definition of the coboundary d is given in
Eq. (17). See Fig. 2(b) for an illustration.

The above gauge transformations (21) and (22) are gen-
erated by the ones with o;—; = 511, Bu—1 = Sm—1, V-1 =
Sn_1, 1.e., the gauge transformation that acts on a sin-
gle matter field A! at the hypercube s,_;. These gauge
transformations are generated by the following Gauss law

operators:

G'en=x_ ] .

§]—1COsy
2
GCenn =X, [ x (23)
S—1C08Sm
3 3
G =% [T X
Sp—1Cosy

For instance, one can see that G'(s,_;) acts by transform-
ingA] | —> A}, — 511, a) — a;+d5;_1.

The gauging is performed by imposing the Gauss
law constraint G' =1,G> =1,G*> =1 for each hyper-
cube §;_1,8,—1,8,—1. See Fig. 4(b) for illustrations with
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I =m =n = 1. These Gauss law constraints characterize
the gauge invariant “physical” Hilbert space Hphys spanned
by the gauge invariant states ¢ |phys) = |phys).

We then minimally couple the Hamiltonian Hspr with
the Z, gauge fields so that it commutes with the Gauss
law operators and acts within the physical Hilbert space
Hopnys- This is done by replacing dA; | in Eq. (18) by
dA)_, +da),d\2 _ byd\2 | +b,,and d)}_ by d)} | +
c,,. This defines a gauged Hamiltonian inV01V1ng the qubits
X/i,Z/i,Xzi’Zi'

Let us now define the new Pauli operators on each
hypercube sy, s,,, s, which commute with the Gauss law
operators:

X! [s:1] = X! [s/],
Z'[s)] = (—=1)@h-1taplsil,
[Sm] = X/2 [Sm]
24
[Sm] = ( 1)(d)Lm 1+bm)[5m] ( )
[s”] = X/3 [$n],
Z[s5] = (—1) @i+l

See Fig. 4(c) for illustrations of gauge invariant Pauli
operators with/ =m =n=1.

Let us consider the flat Z, gauge fields da; = 0, db), =
0, dc), = 0. The gauged Hamiltonian for Hgpr is then given
in terms of X', Z' by

HCubic = HGauss + HFluXa

HGauss = — Z 1_[

Si-1 \81-1Cds;

-2 1T x

5—1Us), Us!
rlczf U5
2,3

;
‘SM’SVI

S35 1U5,
2 T1czi;

Sm—1 \Sm—1C0sm 5[ Sh
$Us! US, 1
_Z l—[ HCZI’ nSiel (95
Sp—1 \Sp—1C0sn

Sl S

where we rewrite X term in Hgpr into a product of X using
the Gauss law constraints. This corresponds to the gauged
Hamiltonian for Hspr within the Gauss law constraints
G' = 1. Then

Huw == | I1 2] -2

Sip1 \S1COsi41 Sm+1

(= 2

Spl \SnCOsp41

[T 7,

SmCOSm41

energetically enforces the flat Z, gauge fields sat-
isfying da; = 0,db,, = 0,dc,, =0 on each hypercube
SI4+15Sm+15Sn+1-

As we introduced a new set of gauge invariant Pauli
operators in Eq. (24), let us redefine new Z, gauge fields
as

alsi] = (1 = Z3)/2 = (dh1 + a)[si],

bulsm] = (1 = Z; )/2 = (dhm-1 + b)) [sm],
calsa] = (1= Z3)/2 = (dhn_1 + ¢))[sal,

@7

where a;, by, ¢, are related to a, b),, ¢, by the gauge trans-
formations with oy_1 = Aj_1, Bu—1 = A1, V1 = Au—1
in Eq. (22) that eliminates the matter fields. Using these
new Z, gauge fields, the gauged Hamiltonian is expressed
as

HCubic = HGauss + HFlux:

Hgauss = — Z 1_[ X‘}

S—1 \8/—1C0s;

_Z 1_[ )(siz (_1)faIU5m71Ucn

Sm—1 \Sm—1C0Sm

_Z l_[ Xs?, (_l)fazmeU%—l’

Sn—1 Sp—1CAsn

(_ 1)f§1,1meUcn

(28)

and Hpy in Eq. (26) enforces the flatness da; =0,
db, = 0,dc, = 0.

In summary, the gauging is regarded as the mapping
between Pauli operators formed by (X,Z} and {X,Z} as
shown in Table I. The mapping of Pauli X operators
follows from the Gauss law constraints G' = 1, and the
mapping of Pauli Z operators follows from gauge invariant
coupling of operators so that it commutes with the Gauss
law. See Fig. 4(d) for illustrations of mapping of Pauli
operators under gauging in the case of / = m = n = 1. See
also Fig. 5 for the case with / = 2 in 3D cubic lattice.

TABLEIL The Z3 gauging induces the above mapping between
the Pauli operators and cochains. Similar relations also hold for
{X?2,7%),{X3,2Z%). See Fig. 5 for an illustration for / = 2 on 3D
cubic lattice.

Gauge Z% .

SPT > Cubic theory

1 1
Xs1 1 < nsl*l Casy X;‘[

71 1

l_[s1,] Cas; Zs, 1 <~ ZSI

1 3
dAl_l,d 1AM < as, by, c,
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3. Commuting non-Pauli stabilizer lattice model

We note that the Gauss law terms Hg,yss only com-
mute among themselves on the zero flux sector. To make
them exactly commute with each other, we can modify

Héiauss = Z ( 1_[ ‘Xs} (_1)f§171meUcn

S]_1COsy

the Gauss law term by multiplying them with projectors
to zero fluxes. We note that the flux projectors commute
with each term in Hgayss, and thus the ordering of the pro-
jectors does not matter. This gives commuting Gauss law
Hamiltonian:

(_ 1)fa[U§‘m_1Ucn

2

’
m—1 “n—1

1+ (_1)f§[_]U§;'1*1UdC” 1+ (_1)f§1_1Udme§;l/71
Il J () -2

[T %2

Sm—1 \Sm—1C08sm

1 —1 f§},1U5m—1 Udcy 1 | [ dajUsy,— US;ILI i
« l_[ ( + (D - l_[ + (D 5 _ l—[ Xsi (_l)falubmuS,,_l
S;71 SZ,] Sp—1 Sp—1C0oSp
1+ (— l)fELIUdbmugnfl 1+ (— l)fdaIU§;71U5n71
<1 > I] 5 . (29)

Si-1 m—1

Here we list several important properties of the Cubic
theory Hamiltonian:

a. Locality of Hamiltonian. Each term in the Hamil-
tonian Eq. (29) is local. This is because on hypercu-
bic lattice, for a given simplex s; and integers k&,
5 USp #0,5¢ US; # 0 for finite number of simplices
Sk, S independent of the system size. More explicitly,

o X!
X Gauging s
S1 = i Xl
X
- X!
A
Zl
A S9 Zl —
52

Zl

FIG. 5. Mapping of operators under the gauging operation in
Table I for / = 2 on 3D cubic lattice. Here s and s, represent the
one- and two-dimensional hypercubes, i.e., an edge and a face
respectively.

(

the number of s; is given by choosing & positive spa-
tial directions in the complementary (D —j — 1) spatial

directions, which is (D A

1). Similarly, the number

of sp is (D _Ii’ - 1). For example, if k=D —j — 1 or

k' = D —j — 1, there is a unique choice of s; or sy.

b. Local commuting non-Pauli stabilizer Hamiltonian.
The modified Hamiltonian

Héubic = Héauss + HFlux (30)

is a sum of local commuting terms and has the same ground
states as the Hamiltonian Hcypie. We remark that the cup
product expression allows us to define the model on any
lattice that admits a triangulation. For example, when D =
3,/ =m = n =1, the model is illustrated in Fig. 6. The
lattice model defines a non-Pauli stabilizer code describing
non-Abelian topological orders, and we will call it magic
stabilizer code.

c¢. Excitations.  Since the Hamiltonian is a sum of local
commuting terms, we can analyze the errors for each
term independently, just as in the Calderbank-Shor-Steane
(CSS) codes.

Since the Hamiltonian terms commute with each other,
the excited states are eigenstates of the Hamiltonian terms.
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1 B
4
RE 7
P 17P1P,| 2
,/
Xl XZ ! X3
A 72 73

FIG. 6. Non-Pauli stabilizer model for D =3,/=m=n=1
Cubic theory, which is equivalent to ordinary Dy gauge theory
in (2+ 1)D. Here P;(f') = (1 + Hee‘df Zé)/Z) is the projector
to zero flux on face /. The dashed line with endpoints i,; is the
operator CZ;; on the qubits i,;j on the edges connected by the
line. The upper figures can multiply with addition flux projectors
and still maintain the commuting property.

The Gauss law terms can have eigenvalues in {—1,0, 1},
while the flux terms can have eigenvalues in {—1,1}.
There are electric and magnetic excitations, labeled by the
eigenvalues of the Hamiltonian terms. The basic electric
excitations are given by violations of the Gauss law term
by 1 — (—1) =2 but not the flux term. The basic mag-
netic excitations are given by violations of the flux terms
by 1 — (—1) = 2 and violation of the Gauss law terms by
0—(-DH=1.

B. Cubic theory in general dimension as non-Abelian
TQFT

1. Field theory

Here we describe the gauge theory for the Cubic theory
in D spacetime dimensions. Consider Z, [-form, m-form,
and n-form gauge fields a;, b, ¢, satisfying [+ m +n =
D, with the action

n/alumec,,. (31)

We can write the theory by embedding the gauge fields into
U(1) gauge fields:

1
F / albmcn

2 - ~ "
+ T /(aldaD—l—l + budbp_m—1 + cpdcp_n—1).
(32)

Examples of the theory are discussed in various litera-
ture:

(a) When /=1,m =1, the gauge fields (a;,b;,¢;)
describe the gauge field of Dy one-form gauge
theory: the equation of motion for cp_, sets

dcy = (1/m)a; by, which described the extension of
Zy x 7 by Z, with the 2-cocycle given by a;b;.
When D = 3, the equivalence with the Dg gauge
theory is discussed in e.g., Refs. [53—-55].

(b) When / =2,m =2, and D = 5, this is gauging the
Z, O-form symmetry of the (4 + 1)D 2-form Z3
gauge theory

2 -
2 f (ardiis + brdb) (33)
27

generated by the toric code Walker Wang domain
wall with the generator given by exp((i/7) [ a2b>).

2. Hilbert space of TOFT

The equations of motion are [here we normalize the
gauge fields to have holonomy 0, 7 as in Eq. (32)]

daj=0, db, =0, dc,=0,

dap_j—1 + bycy/m =0,

dl~7D_m_1 + ajc,/m =0,

dcp_n_1+ aib, /7t = 0. (34)

Thus the Hilbert space of the TQFT on a spatial mani-
fold can be described by holonomies of al, b,,, ¢, subject
to the constraints (below we use the normalization that the
holonomies are 0, 1 mod 2)

aJb,=0, aVUc,=0, b,Uc,=0. (35)

We note that the constraints on the Z, gauge fields
described above reproduce those on the ground state of the
Cubic theory Hamiltonian derived in Sec. IV B.

3. Operators

The theory has the following topological operators:
[here we normalize the gauge fields to have holonomy 0,
as in Eq. (32)]

(a) The theory has invertible operators generated by the
electric Wilson operators

W(l) — eifLI]’ W(Z) — eifbm, W(3) — eian. (36)

The electric Wilson operators obey Z3 fusion rule.
(b) The magnetic operators are

el fED—l—] ap_j_1+i fVD—I bmcn/n’

eleD—m—l D—m 1—HfVD—m alc"/ﬂ’

eifEDfnfl CD7n71+iva_n albm/n" (37)

where X; = V4. Since in the Hilbert space a; U
by, =0, aiUc, =0, b, Uc, =0, these operators
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do not depend on the choice of V; bounded by
Yy fori=D —1,D —m,D — n, respectively [56].
To obtain magnetic operators without Vi, we
can choose a local polarization [57—60], i.e., con-
sider Vy,1 with two boundaries, one with magnetic
operators and the other is a topological boundary
condition. The topological boundary condition can
be described by a normal subgroup H of the bulk
gauge group such that the topological action on V.
becomes trivial, i.e., well-defined boundary without
gauge anomalies, and a topological action on the
boundary for the H subgroup.

For instance, we can obtain a magnetic operator
for a; on Xp_;_; by choosing the other topolog-
ical boundary to be b,| = ¢,| = 0, which gives a
magnetic operator decorated with the condensation
of the Wilson operators W®, W® on ¥p_;_; that
imposes the projection to b,,| = 0,¢,| = 0 [61]. We
will call such magnetic operator M) and simi-
larly define M@, M® using the Dirichlet boundary
conditions of (ay, ¢,), (a;, b,y), respectively.

From the condensate of Wilson operators, one can
derive the non-Abelian fusion rules (see also [56])

MDD x W) =pmD 1 £,
MD x M = Z WO, (38)

for distinct /,J,K. In particular, the fusion rule
in the second equation corresponds to that of the
magnetic operators in the lattice model Eq. (51).

(c) Gauged symmetry-protected topological (SPT)
operators [38,56,62—64] H*(B'Zy x B"Z, x B"Z,,
U(1)). The closed gauged SPT operators f aib,,,
[ aicu, [ bucy are trivial. There are following non-
trivial gauged SPT operators:

P12 i adbn/ Q)
V23 — eifbmdc,,/(2n)’ (39)
V13 — eifaldc,,/(er)'

(d) “Mixed” operators that involve the electric and the
magnetic operators:

i b i 2 2
e faMD_,n+, ajbp—m—1/m+i fMD—m-H alcn/m ’

: bmdn_1_ : b2 2
elfaMD—l+m map—| l/ﬂ+lfMD—m+l mcn/ﬂ ,

, . . 2 2
el faMDfner bmCp—n—1/7+i fMDfner bineur/m s

S b 1+ 2 2
el‘jaMDfern €nbD—m—1/ +lfMDfm+n cnat/T s

; 3 ; 27 2
e Jortp_ gy n@D—1=1/ T+ vy, b7 ,

] c i 2 2
& oMp_ g WD T @/ (40)

As in the magnetic operators, these operators do
not depend on the bulk. To define operators without
using the bulk, we can choose a local polarization
by putting the operator on one boundary and a topo-
logical boundary condition on the other boundary.
For instance, in the first operator we can impose the
Dirichlet boundary conditions for a;, ¢, and similar
for the other operators. Let us call the resulting oper-
ators on the boundary D2, D?!, D23 D32 D31 D3,
Due to the condensate from the topological bound-
ary conditions, the operators D are noninvertible.

The operators act on the Wilson and magnetic
operators. For instance, when the Wilson operator
W® intersects D'2, it creates holonomy for bp_p_1,
and results in additional Wilson operator W, On
the other hand, when the magnetic operator MV
intersects D'2, the projectors for W annihilate the
magnetic operator and similarly for M. In other
words, the magnetic operators MV M cannot
intersect with or terminate at D'2:

D2 wh - w5 O,
MY 50, MO 0. 41)

4. Cubic theories without particles

Let us consider the class of cubic theories that do not
have particles. In other words, all gauge fields a, b, ¢, a, b, ¢
have degree greater or equal 2. This requires

[>2, m>2, n=>2,
D-1-1>2, D-m—-1>2, D—n—1>2.
(42)

These conditions simplify to
I>2, m>2, n>2. (43)

This inequality gives / 4+ m +n =D > 6. The condition
on spacetime dimension D is consistent with the no-go
theorem for non-Abelian TQFTs without particles. The
inequality is saturated with D =6,/ =m =n = 2. For
every spacetime dimension > 6, there is a non-Abelian
TQFT without particles given by the Cubic theory.

As a consistency check, we note that in theories without
particles, since the electric excitations obey Abelian fusion
rule and magnetic excitations obey non-Abelian fusion
rules, the dimensions of the magnetic excitations must be
strictly greater than the minimal dimension of the electric
excitations due to the constraint discussed in Sec. II (see
also [18,19]):

D —1—1 > min(/,m,n),

D —m—1>min(l,m,n),

D —n—1>min(/, m,n). (44)
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In such case, we can use electric excitations to form con-
densate whose dimension is one less than that of the
magnetic excitations. Since there are condensates of all
dimensions down to the dimension of the electric excita-
tion itself which obeys Abelian fusion rules, the condition
in Sec. II follows from Eq. (44). On the other hand, we
can reproduce the conditions Eq. (44) from the inequal-
ities in Eq. (43) for the cubic theories without particles.
The inequalities of Eq. (44) are related by permutation of
I,m,n, so without loss of generality we can consider the
first one of them; suppose the minimum on the right-hand
side is / (including the case when the minimum is degen-
erate), then (D — [ — 1) > [ follows fromm > nandn > 2
in Eq. (43).

Thus the theories without particles have the proper-
ties that the lowest-dimensional excitations obey Abelian
fusion rule, in agreement with constraint on excitations
with non-Abelian fusion rules (see e.g., Sec. II).

C. Cubic theory from compactifying the generalized
color code

The Cubic theory in D spacetime dimensions can be
obtained from twisted compactification of a generalized
color code theory in (D + 1) spacetime dimensions [5,65],
where the generalized color code theory is equivalent
to decoupled Z, I-form gauge theory, Z, m-form gauge
theory and Z, n-form gauge theory.

The (D + 1)-dimensional theory can be described by
three copies of Z, toric code with qubits on spatial
I-hypercubes, m-hypercubes, and n-hypercubes, respec-
tively. It is equivalent to a single copy of generalized color
code up to a constant-depth local quantum circuit (see e.g.,
Refs. [5,65,66]). For example, the D =6,/ =m=n=2
case corresponds to the color code in 6D space, which
is a self-correcting memory described in Ref. [5]. This
gives rise to our non-Abelian self-correcting memory in
five spatial dimensions after the twisted compactification
process.

The (D + 1)-dimensional theory has a Z, 0-form sym-
metry generated by gauged SPT defect (denoted by s)
[38,56,62—64] given by domain wall decorated with the
topological action Eq. (31). If the space is S x §” x S",
the Z, 0-form symmetry acts as a constant-depth circuit
composed of the product of CCZ gates on the triplet of
qubits in three copies of toric codes respectively, which is
dual to the transversal T gate in the generalized color code
[65]. The corresponding symmetry operator in the TQFT
can be expressed as

D, (Mp) = exp (m’f aUb, U c,,) , (45)
Mp

where for the D =3,/ =m =n =1 case the correspon-
dence to the CCZ gates in three copies of 3D toric codes

has been discussed in Ref. [38,64] and the correspondence
to the transversal 7T gates in the 3D color code can be found
in Ref. [67].

We note that when a magnetic defect of one gauge field
pierces the domain wall s, it forms a junction with the
domain wall that has the non-Abelian magnetic defect in
the Cubic theory, whose fusion produces the Wilson oper-
ators for the other two Z, gauge fields. This gives an
operator-value associator similar to the junction discussed
in Sec. 2.3 of [68].

The twisted compactification of the (D + 1)-dimensional
theory to D spacetime dimensions is given by turning on
holonomy of this Z, 0-form symmetry along the internal
circle direction, i.e., placing the domain wall at a point on
the circle, and we keep only the zero modes of the gauge
fields a;, b,,, ¢, that do not wind around the circle [69]. The
holonomy introduces the action

b4 / a;Ub, Uc,U(db)2m), (46)
where 6 ~ 0 + 2 is the coordinate of the circle, and this
corresponds to the background gauge field d6/2x for the
Z, 0-form symmetry. Integrating over the circle direction
gives the topological action Eq. (31). Alternatively, we

5D non-Abelian

5D gauge rect 53
(a) 5D ganged SPT defect s self-correcting memory

Circle S*

Identify (23 gauge theory)

5D non-Abelian
self-correcting memory

Compactify

—_—

\
smooth boundary
(m1, ma, m3)

. |
e N
(m1,ma, ms) --
"
\
\

6D color code
(73 gauge theory)

FIG. 7. Non-Abelian self-correcting memory from (a) com-
pactification of color code on a circle with gauged SPT defect
inserted and (b) reduction on an interval with m-condensed
boundaries (i.e., Neumann boundary conditions for the higher-
form Z, gauge fields) on two ends and the gauged SPT defect
inserted in the middle.
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can reduce the (D + 1)-dimensional theory on an inter-
val with Neumann boundary condition for the gauge fields
and the Z, domain wall in the middle. The Neumann
boundary conditions for the gauge fields correspond to
the m-condensed or smooth boundaries. See Fig. 7 for an
illustration.

We remark that similar twisted dimensional reduction
for twisted gauge theory in D = 3 is discussed in Ref. [55].

IV. CUBIC THEORY IN (5 + 1)D: LOOPS AND
MEMBRANES

In the following, we will focus on the Cubic theory with
I=m=n=2,D = 6. This is a non-Abelian topological

H(/Jubic =~ Z (1_[
e af De

J

)(fl (_l)f?,’szUcZ

1+ (_1)féUdb2Ué’

2

1+ (— 1)ereUdcz)1_[(

1+ (_1)fda2uaue?”

)

2

1+ (— 1)ereUdc2)1_[(

1+ (_1)fda2Ué”Ué

order in (5 + 1)D with string and membrane excitations.
The strings obey Abelian fusion rule [18,19], while the
membranes are non-Abelian.

A. Commuting non-Pauli stabilizer lattice
Hamiltonian model

Let us recall the commuting non-Pauli stabilizer model
for the Cubic theory in (5 + 1)D. On each face we intro-
duce three types of qubits for ay, by, c;, acted by Pauli
operators X', Y, Z'. Denote the Z, gauge fields a; = (1 —
ZN)2,by = (1 — Z%)/2,¢c3 = (1 — Z%)/2. The commuting
Hamiltonian H(, ;. is given by

2

Il
I
1_[(1+( 1)erdb2Ue)1;[(

where e, f, ¢ denote edges, faces, and cubes. For instance,
on the 5D space with coordinate (x,y,z,u,v), the first
term without the projector on the edge (x,y,z,u,v) =
(0,0,0,0,0) to (1,0,0,0,0) in the x direction is given by
product of Xf1 on the 16 faces that span respectively the x x
(£9),X x (£2),x x (£i1),Xx x (£0) directions, where x
denotes the unit vector in the x direction. The (— 1)/ @b2Ye2
is given by CZ;, of the physical qubits that are acted
by the Pauli operators Xf X on the following pair of
faces:

(@) f = (x = 1,Square,_g,_g,u = v = 0) and
f'=&=1,y=1,z=1,Square,_g,_¢), where
Square, _._, 1s the unit area square on the y,z-
plane with four vertices (y,z) = (0,0), (0, 1), (1,0),

(1,1). We note that the face f meet the edge (0 <

x<lL,y=z=u=v=0) at a single point (x =

l,y =z=u=v =0), the face /* does not meet

this edge, and the faces f,f” meet at a single point

x=ly=1lz=lLu=v=0).

— Z 1_[ ){}2 (_l)fazLJEUcz
e \oe
) _ Z l_[ ‘Xf3 (_1)fazub2ué
e af De
)-x(n4)-x(nz)-x(nz)
c f Coc c f Cac c f Coc

(47)

(b) The other pairs are permutations of y,z,u, v, with

) = 6 pairs of (f, /) in total.

total 4
otal | ,

The projectors are product of the zero flux projectors (1 +
| J P Z?,,)/2, I+ [preae ;,,,)/2 over the neighboring
cubes ¢, .

B. Ground states

Let us describe the ground state Hilbert space of the
Cubic theory Hamiltonian Eq. (47). Due to the terms in
Hry, the Z, gauge fields are flat within the ground state,

day = 0,db, = 0,dc, = 0. (48)

In addition, by multiplying the terms of Hg,yss OVer the
edges crossing a closed 4D membrane in the dual lattice,
we get another constraint on the Z, gauge fields within the
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ground state,

/a2Ub2=O,/ a2U02=0,/ szC2=0, (49)
X4 2y Xy

on any closed 4D membrane ¥, embedded in the space.
Each ground state is labeled by the configuration of the
7, gauge field satisfying the above two constraints, up to
gauge equivalence.

C. Extended operators on the lattice
1. Wilson surface operators

On the lattice, there are Wilson membrane operators
given by product [ | Z} over each small face on the closed
2D surface embedded in the space. On noncontractible
2-cycles they give rise to nontrivial logical operators.

2. Magnetic volume operators

There are also magnetic volume operators described by
product of X' together with projectors for each i. The
projector is product (14 Z)(1 + Z¥) on noncontractible
2-cycles in the volume for distinct j, k # i to preserve the
condition Eq. (49), i.e., project out the states that will
violate the condition after applying X'. For instance, the
magnetic operators for the gauge field ¢, on 3-cycle Mj
are

MOWs) =P | X305 ] (1+Z}) (1+Z;,) P
747 ‘
(50)

for distinct j, k # i, where M, is the 3-cycle on the dual
lattice obtained by half-translating the original 3-cycle M;
by a vector (1/2,...,1/2), and X3(M3V) is the product of
X3 over faces of the original lattice crossing M,’. The term

(1 —I—Zfl) (1 —l—ZZ.,) are projectors for Z', Z% support at

Ms;. The other magnetic operators M D, M@ are expressed
in a similar manner up to slight microscopic modification
about the position of the projectors.

The projectors enforce the condition (49) evaluated
on M3 x M,,My x M} when the holonomy of the ith
gauge field is changed on M;" (i = a,b,c). The operator
P denotes the projector onto the ground state subspace,
i.e., the product of projectors for all local stabilizers along
M;. The magnetic operators commute with the Hamilto-
nian due to the projector, and they act on the ground states
by changing the eigenvalues of large Wilson operators.

As a consequence of the projector, the magnetic opera-
tors are noninvertible, but obey the fusion rule

> W)W M),

My My eHy(M3)

M (Mz) x M (M3) =

(51

for distinct j, k # i. Thus the magnetic volume operators
describe non-Abelian membrane excitations.

We remark that another way to see the non-Abelian
magnetic operator is constructing the non-Abelian Cubic
theory from Z;z) X Z;Z) 2-form gauge theory of a, by, i.e.,
two copies of two-form toric code in (5 + 1)D, by gaug-
ing the Z, SPT one-form symmetry [56,68] generated by
(—1)/ @292 with two-form Z, gauge field ¢,. Such gaug-
ing operation couples the a, b, theories. The twist defect,
i.e., the magnetic defect of the gauge field c;, lives on the
boundary of such SPT and thus carries projective represen-
tation [70—72], which implies the non-Abelian fusion rule

Eq. (51).

D. Code distance

We remark that on a hypercubic lattice with linear size
L in each direction, the minimal logical operator is given
by Wilson membrane operators of size L>. The errors cre-
ated by smaller size operators correspond to excited states.

2
Thus the code distance is d = O(L*) = O(N5), where
N = O(L’) represents the total number of qubits.

E. Cubic theory in (5 + 1)D as non-Abelian TQFT

Here we present the TQFT descriptions of the Cubic
theory and its extended operators in (5 + 1)D.

1. TOFT Hilbert space

The equation of motion implies

aUb, =0, ayUcy =0, byUcy=0. (52)
The Hilbert space is described by different holonomies of
the two-form Z, gauge fields a,, b,, ¢, subject to the above
constraint.

For instance, suppose the space is S x S? x S!. Denote
the holonomies on the two S?s by the three-component
vectors 7; = (n%,n?, n¢) with n% = 0,1 mod 2 is the holon-
omy of a; on the ith S2, the constraint is

1 X ny = 0mod 2. (53)
There are 22 solutions, thus the Hilbert space of the TQFT
on §? x §? x S' has dimension 22.

2. Operators

There are Wilson surface operators

WO — el @ — gl Zdle (s4)
The integral is over the support of the Wilson surface,
given by 2-cycles M,. The Wilson surface operators obey
Z3 fusion rule. Under union of surfaces, the Wilson opera-
tors satisfy W@ (M,) x W (M;) = WO (M, + M;) for any
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two 2-cycles M,,M;. On the lattice, they are described
by product of Z' for each i. The Wilson surface operators
correspond to string excitations, and they obey Z3 fusion
rules.

There are magnetic volume operators

MO = i fasti[ber/n
MO = eif53+ifﬂ202/ﬂ, (55)
M(3) — eifé3+ifa2b2/ﬂ .

The integral is over the support of the volume operators,
given by 3-cycles Mj.

3. Non-Abelian braiding of magnetic operators

a. Two-membrane braiding gives (0. The magnetic oper-
ators obey non-Abelian braiding following the method of
[56]. The braiding can be derived from the commuta-
tor of the noninvertible operators Eq. (50). Consider the
correlation function of two different magnetic operators
(MO VMP (V). (56)
The equation of motion for as, b3 sets da, = —n8(V3)L,
db, = —mS(Vg)L, where 8 (73)" is a delta function 3-form

that restricts integrals to V3. For V3 = dVy, V = 9V this
reduces to ay = —w8(Va)t, by = —nS(V;)L. We are left
with

RGN (57)

The equation of motion for ¢, sets dc; = w8 (Va) -8 (V)" .
For nonexact 8(V4)l8(VZ‘)J— the equation does not have a
solution, and thus the correlation function is zero. Another
way to see the correlation function is zero is by perform-
ing path integral over Z, gauge field c¢,, whose possible
holonomy is 0,7 mod 2m: for the configuration where
f 025(1/4)J‘8(V2l)L = 0, 7, the correlation function is
4" =0. (58)
Such vanishing correlation function indicates that the mag-
netic operators are non-Abelian. This generalizes the van-
ishing Hopf braiding of two non-Abelian particles in (2 +
1)D Dy gauge theory (see e.g., Ref. [54]). This is simi-
lar to the braiding of non-Abelian Ising anyon. The above
computation indicates that there are two braiding channels.
In the lattice model on periodic space of T° topol-
ogy, consider the commutator of the magnetic operators
MD(TS 4 5), MP (T3, 5) supported on two 3-tori with sub-
scripts labeling the coordinates, where

MO, =P |x'@s [ (1+22) (1+2) | P,

.f':f/CTizﬁ

1+ Z%(1%,)
—px' 15y ] <1+Z})(1+Z_3¢>,<f2’3 P,

Ity

M(z)(Ti4,5)=P XI(T?,\A/LS) l—[ <1+Z/‘2)<1+Zf3> P,

1 /CT?A,S

where Z2(T: 5’3) is the product of Zf2 over the 2-torus T~ 5’3.
From the above expressions we find

MO(T , )M(TS 4 5)
1 —Z%(T35)

2 (60)

=M D(T], )M D (T 5)

(59)

due to the anti-commutation relation between Z% (T % ;) and

X (17} 5). Meanwhile we have

MO(T) )M P(Ti y 5)

1+ ZA(T55)

. (61)

MO(T )M P (T y 5).
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(a) (b) mo

€A

()

ma
mpg > ma

FIG. 8.

Illustration of the braiding process in (2 + 1)D spacetime. (a) Mutual braiding phase (¢™ = —1) of the e4 and m, particles

in the copy 4 of the (2 4+ 1)D IDg topological order. (b) The Borromean ring braiding phase of the m,, mp, and m¢ particles in the
(2 4+ 1)D Dy topological order. This braiding process can also be generalized to the (5 + 1)D where the m-excitation becomes 2D
membrane. (¢) In the absence of the worldline of m, there is no linking between the wordlines of m, and mp which leads to a trivial

phase between them.

The braiding can then be obtained as
MO (T3, )M P (T 4 )MV (T}, )M P (T4 5) = 0, (62)

which follows from (1 —Z*(T33)) (1 +Z*(T33)) =0,
e, MO(T}, )M (T3 ,5) and MP (T}, HM (T}, 5)
have orthogonal projectors.

b. “Borromean rings” braiding of membranes. If we
include additional magnetic operator M (V}), i.e., cor-
relation function of M (V3), M@ (V}), M® (V}), the new
magnetic operator sources the holonomy of ¢; = —m§(V})
with 9V, = V7, thus the three magnetic operators have the
correlation function

(—1) D0 st (63)

The correlation gives (—1) for the three volume operators
arranged in analog of Borromean rings. The discussion is
similar to the D =3,m =n =1 case in [73]. See Fig. 8
for illustrations in the (2 4+ 1)D model. Therefore the non-
Abelian membrane excitations, just like the non-Abelian
excitations in the Dg topological orders, enjoy nontrivial
Borromean ring type braiding given by a sign, which does
not have any pairwise braiding of the membrane excita-
tions—this implies that the process cannot be realized in
Abelian topological orders.

V. NON-CLIFFORD LOGICAL CCZ GATE FROM
HIGHER-CUP PRODUCT

In this section we will construct fault-tolerant non-
Clifford CCZ logical gate for the Cubic theory using
constant-depth circuits.

A. Logical CCZ gate

Let us again focus on the spacetime dimensions D = 6
with/ = m = n = 2, 1i.e., a 5D non-Abelian self-correcting
code. We will see that the Cubic theory in this setup has a
non-Clifford logical gate generated by a local finite depth
circuit. While we described the Cubic theory Hamiltonian

on a hypercubic lattice, here we consider the Hamiltonian
based on a generic triangulation (equipped with a branch-
ing structure). The qubits X, Z' with i = 1,2, 3 are located
on each 2-simplex of the triangulation. The Cubic theory
Hamiltonian can be defined in the completely same manner
as the hypercubic lattice,

HCubic = HGauss + HFluxa

Heauss = — Z

1_[ Xl (_1)]51,1UbUC
sy

SI—1 \8/—1C0s;

. 2 _ 13/ aUsy—1Ue
> IT xi)ev
Sm—1 \Sm—1C0sm

_ Z 1_[ le (— 1)f aUbUs,_1 , (64)
Sp—1 \Sp—1C0sn
Hex = — Z 1_[ Zsll - Z 1_[ ZS2m
Si+1 \81CO8141 Sm41 \SmCSp41

Sn+1 SnCOSp+1

where the operations U, d follow the standard definition
on a triangulation. For instance, each term of Hgauss 1S
expressed as a product of X and CZ operators on generic
triangulated manifolds as

_Z HXsll (_l)fvlubUc

S1 51C0s7

== | [T X,

S1 51 Casy

23
1_[ CZ<123)<345>, (66)

As5={012345)
s1=(01)
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_ Z l_[ )(811 (_1)faU§1Uc

S 51Casy

=-2 | [T X,

S1 51 Casy

13
1_[ CZ<012)(345>’ (67)

As5=(012345)
51=(23)

_ Z 1_[ Xgll (_1)fanU§1

S1 s1Casy

=-2 | Il %

N 51C0sp

1,2
l_[ CZ§12) 234> (68)

As5={012345)
51=(45)

where the product is over 5-simplices As = (012345) that
contain s; with a desired label of simplices s; = (jk).

Then, the logical gate of the Cubic theory is generated
by a unitary

U= [ QSWAP);? | x (—1)/@idle - (69)
s

where a U; b is higher-cup product defined as
(a Uy b)(0123) = a(013)h(123) + a(023)b(012), (70)

on each 3-simplex (0123). See also Appendix A1 for its
definition.

The operator (—1)/@1D)Ue is the product of CCZ gates,
evaluating the cup product (a U; b) U ¢ on each 5-simplex
in the space

(_1)f(aU1b)UC

- Tl

As5=(012345)

1,23 12,3
CCZ<013><123><345>CCZ<023>(012)(345)- (71)

This unitary is followed by the transversal SWAP gate
swapping the qubits as X' < X2, Z! < Z2.

This operator U becomes an emergent symmetry of the
Hamiltonian Hcypie Within the zero flux sector da = db =
dc = 0. Once we write down the non-Pauli commuting sta-
bilizer Hamiltonian A/, ;. by projecting onto the zero flux
sector as we done in Eq. (30), then U becomes an exact
symmetry of H ...

To see how U becomes the logical gate, let us conjugate
the Cubic theory Hamiltonian by U. Hgpx obviously com-
mutes with U, so let us focus on the Hamiltonian Hgayss.
By using the properties of cup product, within the zero flux

sector da = db = dc = 0 we have

(_l)f(aUlb)UC l_[ Xg} (_l)f(aUlb)UC

S7—1Casy

1_[ Xy; (_ 1)f 51— 1UbUc+bUs; UC, (72)

S]—1COs]

where we used the Pauli X term shifts the gauge field by
a — a + ds;_; and that

d5 Uy b=dE Uy b) +5Ub+bUS. (73)

Based on a similar logic, we have

(_l)f(aUlb)Uc 1_[ X2 (_l)f(aulb)Uc

Sm—1C08m

= [T x.

Sm—1C0sm

(_ l)f aUE,,,_lUC-i-S'm_anUC’ (74)

b b
(_1)f(aU1 )Uc 1_[ X;i (_l)f(aul YUc

Sp—1COSp

— 1—[ Xg:i (_ l)f aUbUs,,_14+bUals, 1 ) (75)

Sp—1C Sy
By using the above commutation relations, we get

(_ l)f(aUlb)UCHGauss(_ 1)(f(aU1b)Uc

= — Z 1_[ )(s} (_1)]1)U§1,1Uc

Si—1 \81-1C0s;

_ Z l_[ )(s%n (_1)f§m,1UaUc

Sm—1 \Sm—1COSm

-2 T x| en/resa e

Sp—1 Sp—1CIsn

Then, this conjugated Hamiltonian is related to the original
one Hgauss by exchanging the operators as X' <> X2, a <>
b on each 2-simplex. This is realized by the transversal
SWAP gate. This shows that UHcypicU' = Hewpie Within
zero flux sector, showing that this generates the logical gate
of the Cubic theory.

The unitary U generates a non-Clifford logical gate with
a specific choice of 5D spatial manifold. For example, take
the space to be the Wu 5-manifold Wu = SU(3)/SO(3).
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The manifold does not have a spin structure or spin® struc-
ture, thus the Stiefel-Whitney classes w,, w; are nontrivial.
It is also known that w, U wj is nontrivial in Z, cohomol-
ogy. Moreover, H*(Wu,Z,) = 1 and thus w3 is trivial in
Z, cohomology.

Thus the code space is equivalent to three logical qubits,
which corresponds to the configurations of gauge fields

a=nwy, b=nmwy, c=nw, (77)

where n,,np,n. = 0,1 label the logical qubits and a U
b,bU c,a U c are trivial.

Then, the operator (—1)/@I1)Y eyaluates as a logical
CCZ gate

(_1)f(aulb)Uc — (_l)nanbnc /)W3UW2

= (=D = CCZ 3, (78)

where we used w, Uy wy = Sqlwz = wjs on closed oriented
manifolds, with Sq! the Steenrod operation. The transver-
sal SWAP gate acts by swapping the first two logical
qubits; therefore, the logical action of U becomes a logical
non-Clifford gate

U = SWAP,,CCZ 1. (79)

The fact that the SWAP symmetry is decorated with the
CCZ gate originates from the topological action 7 [ a U
b U c. In the absence of the topological action, the auto-
morphism of the gauge group that exchanges a, b is simply
given by the SWAP gate. However, the topological action
is not exactly invariant under the automorphism,

bUaUc=aUbUcH+d({(aU; b)Uc). (80)

See Appendix A1 for the definition of U; product and
also Appendix A of [48] for more properties. Thus the
automorphism is not simply the SWAP gate, but SWAP
gate decorated with (—1)/ @19V which gives the logical
CCZ gate in the symmetry operator Eq. (79). In a compan-
ion papers [74,75] we will systematically generalize such
construction to non-Clifford gates in other quantum codes.

B. Distance scaling beyond n'/? distance barrier

In this section, we construct a family of non-Abelian
self-correcting memory based on the Wu 5-manifold M>.

Since the Wu manifold is a smooth manifold, it admits
a triangulation according to Whitehead and Cairns. We
start with a minimum triangulation A of the Wu manifold
containing a finite number (/) of 5-simplices (or more gen-
erally any triangulation with finite number of 5-simplices).
We then fine-grain the coarse triangulation A to a fine tri-
angulation A by subdividing each coarse 5-simplex Aj in
A uniformly into many fine 5-simplices in the following

way: we randomly insert # € N new vertices in each coarse
S-simplex A; such that the density of these n vertices is
the same anywhere in A;. We then build a Delaunay tri-
angulation using these n vertices and the original vertices
of the coarse 5-simplex A;. It is known that for the given
set of vertices there is only a unique Delaunay triangula-
tion. Also, the Delaunay triangulation guarantees that the
degree of the vertices is bounded so that each g-simplex is
only connected to a bounded number of (¢ £ 1)-simplex,
and one hence ends up with a quantum LDPC code. Since
the vertices have bounded degree, we end up with O(n) g-
simplices (0 < g <5) in each coarse simplex A;. The
qubits in this code are placed on the 2-simplex, and we
hence have in total /- O(n) qubits in the corresponding
quantum code. Note that when increasing n, we obtain a
family of codes with O(n) qubits (since / is a constant).

The two types of logical operators (Wilson surface and
magnetic volume operators) are supported on nontrivial
2-cycles ay € Hy(M?;Z,) and 3-cycles az € Hy(M?;Z,)
respectively. We define the combinatorial Z,-i-systole as
the size of the i-cycles with minimum support, i.e.,

sysi(M?; Zp) = {min(lay) - o; € Hi(M?; Z)},  (81)

where |o;| counts the number of i-simplices in the i-cycle
«;. The distance of the code is hence

d = min(sysy(M; Zs), sys3(M>; Z5)). (82)

Since the new vertices in each coarse 5-simplex A; are
uniformly distributed and the degrees are bounded, the
fine triangulation A is locally Euclidean-like, i.e., with
effectively near-zero curvature in the bulk of the coarse
5-simplex A;. Now for a given n, the 2-cycle with mini-
mum support @, intersects with each coarse 5-simplex A;
in w; fine 2-simplices, where 0 < w; < n controls the rel-
ative size among different A;. Then the size of the 2-cycle
ay 1s |ap| = Zj w;. Now we further fine-grain each coarse
simplex by increasing the number of vertices in it by a fac-
tor of B, i.e., there are Bn new vertices in each A;. Due
to the locally Euclidean feature, the fine graining leads
to O(B*°w;) 2-simplices being intersected by &, in each
Aj, and hence we get the size of the minimum 2-cycle as
|G2| = O(B*?) 3_; w;. We hence know that when increas-
ing m, the 2-systole scales as sys,(M>; Z,) = O(n*>). We
can also get sys3(M>; Z,) = O(n’/%) in a similar manner.
We hence get the code distance as

d = 0n*"). (83)

This family of 5D non-Abelian codes hence have the code
parameters [[O(n), 3, O(n*/)]].

Notably, this O(#*) distance scaling surpasses the
O(n'/3) distance barrier of transversal non-Clifford gate in
conventional topological stabilizer code as implied by the
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Bravyi-Ko6nig bound [25], including the 3D color or sur-
face codes [22—24] and the 6D self-correcting color code
[5] with transversal CCZ or T gates.

We also note that based on the transversal non-Clifford
gates in the 3D color or surface code, a just-in-time decod-
ing (JIT) scheme was proposed to simulate the 3D code
with a (2 + 1)D spacetime, which requires only a 2D setup
for the hardware [28,29]. However, this scheme is only
trading time for space since the single-shot non-Clifford
gate in the 3D code has to be implemented now for O(d)
time. There is hence no reduction in the O(d®) spacetime
overhead. In fact, a recent paper [30] has shown the equiv-
alence for such a JIT decoding scheme to a non-Abelian
Dg quantum double model. One way to understand this
is to use the twisted compatification scheme in Sec. II1 C
and Fig. 7 for the specific case of D = 2. On the other
hand, although our 5D non-Abelian self-correcting code
can be obtained from the twisted compactification of the
6D self-correcting color code, we directly find a single-
shot non-Clifford logical gate acting on the compactified
5D code without the need of an O(d) time overhead. There-
fore, the total spacetime overhead of our scheme is only
O(d’?) instead of O(d’) in all the previous cases for
topological codes. This saving is mainly due to the use
of higher-cup product which allows a cohomology oper-
ation of three 2-cocycles in five spatial dimension, which
is impossible for a standard triple cup product [26,67,76].

C. Universal logical gate set for the self-correcting
quantum computer

Although our present paper focuses on the logical non-
Clifford gate scheme, here we also envision how it could
be extended to a scheme for achieving a universal gate
set. Due to the Eastin-Knill no-go theorem [77], we do not
expect that the 5D non-Abelian self-correcting code can
achieve a universal gate set with transversal-like gates. On
the other hand, a 5D self-correcting Abelian loop (2-form)
toric code can potentially achieve all the logical Clif-
ford gates through generalized version of lattice surgery
[78,79].

Therefore, one can perform a code switching from the
5D Abelian 2-form toric code to the 5D non-Abelian
self-correcting code to perform the additional logical non-
Clifford to achieve universality. Such a fault-tolerant code
switching via gauging and anyon condensation has been
realized in Ref. [30] in the 2D case, between twisted and
untwisted quantum double. Now due to the self-correcting
properties of 5D codes, we expect that such a code switch-
ing can also be done in a single shot. Therefore, one
can potentially achieve a single-shot universal gate set
with only O(d°/?) space overhead, which could outper-
form either the scheme switching between 2D and 3D color
codes [22] or the 6D self-correcting color code scheme [5]
with O(d?) space overhead.

We also leave the discussion of the logical Clifford
gates in the 5D non-Abelian self-correcting memory to
Appendix C.

VI. SELF-CORRECTING QUANTUM MEMORY

A. Interaction between system and environment

To describe the self-correcting quantum memory, we
will model the interaction between the system and environ-
ment using Lindbladian evolution following e.g., Ref. [40].
We will assume the total Hilbert space factorizes into
the tensor product of the system Hilbert space and the
environment Hilbert space. The total system including the
environment (“the bath”) has the Hamiltonian

H= Hsys + Heny + Hine, (84)

where Hgy, Heny, Hine are the Hamiltonians for the sys-
tem, the environment, and interaction, respectively. The
interaction Hamiltonian takes the form

Hiy =) Sa ® far (85)

where S, f, act on the system Hilbert space and environ-
ment Hilbert space, respectively. We can evolve a general
operator using the total Hamiltonian and then trace out the
environment Hilbert space. This results in effective Lind-
bladian evolution for an operator O in Heisenberg picture
[40],

do
7 L[0o],

1
L = i[Hys, O]+ 5 Z ij (ha(@) (SH(@)[O, S (@)]

+[ST (@), 018 (@))) , (86)

where S,(w) is the Fourier transform of S,(f) :=
eflsysS e~ Msys and hy(w) is the Fourier transform of
the autocorrelator of f,. We will assume /Ay, =
Sup,, ,,>0ha (@) is finite [40].

From [40], the decay rate of a logical operator O
in the Heisenberg picture under the system Hamiltonian
dressed by the error-correcting map onto the ground state
is defined as

—(0,L(0))p := —Tr (ps0'L(0)), (87)

where pg is the thermal equilibrium density matrix at
temperature 1/(Bkg). Provided that —(O, L(0))p < €, the
decay of the operator is upper bounded as

(0,0(0)p = e (88)

As shown in [40], for finite sy,¢ the upper bound of the
decay rate € can be given by the Boltzmann probability
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of the error syndrome, i.e., excitation pattern, that is crit-
ical for the logical operator O, i.e., single-qubit error that
changes the value of O [see discussions around Eq. (101)
for details]

Zcritical e_ﬁE
E : e—BE (error) : (89)
all error

For a given temperature, if the above Boltzmann prob-
ability is exponentially small on the size of the system,
we say that the logical operator is stable. The discussion
can be separated into two steps: [40] (1) show that with
high probability only configurations for small excitations
appear in the Gibbs state. This is determined by the compe-
tition between the Boltzmann weight and the entropy effect
that counts the number of excitation patterns with the same
energy. (2) Show that the configurations with only small
(contractible) excitations are not critical, i.e., a single spin
flip will not change the value of dressed observable. The
second step essentially means that small excitations whose
size is less than the code distance can be corrected, while
the first step is more nontrivial and it gives the critical tem-
perature for the quantum memory. We will investigate it in
more detail in Sec. VIB.

P critg =

1. Pauli noise model

Let us first illustrate the above formalism using concrete
Pauli noise model, following [40]. The Pauli noise model
is widely used and can describe practical noises in quantum
computers [80]. Consider the Cubic theory Hamiltonian
coupled to the environment,

H= Hsys + Heny + Higg, (90)
where
HSYS = H(/Jubic' (91)
We consider the coupling to the environment in the form of
Hine = ZX,i ®fik+ Z ¥, ®gix+ ZZQ ® hj i,
ok Jik J ok
92)

where the sum over j runs j = 1,2,3 and & runs over all
sites. For simplicity, it is written as

Hu=Y 0@/, (93)

where the sum over ¢ runs over all Pauli X/, ¥ ,Z
matrices on a single site.

The Cubic theory Hamiltonian with the above coupling
is subject to Pauli errors. The X -error leads to the error

syndrome of Hpy,x, characterized by £1 eigenvalues of the
terms of Hppx. These eigenvalues are represented by the
vector b¥ € 73,

The Z-error causes the syndrome of H(,, .. Due to the
presence of the projector onto the zero flux sector, the
eigenvalues of the terms in H(,, . become either 1, 0, or
—1. In order to express the error syndrome in terms of
the Z, vector as in the case of the Z-error, one first needs
to correct the X -errors by acting suitable Pauli X opera-
tors. After the correction we have b* = (. The Z-error is
then characterized by the vector b? € Zg‘el, which is the
+1 eigenvalues of the terms of H(,, .

Once the above sequential procedure of error correction
is understood, the error syndrome of this model can be
expressed by a pair of vectors

b = {b*,b?}, (%94)

where b¥ € 7!,

For a given stabilizer state in the presence of the errors
b, we define a recovery map that corrects the error, which
is in the form of

corr(b) = CorrGauss(bZ)corrFlux(bX) i (95)

This map corrects the X -error first and then Z-error next.
Concretely,

cortpyy : Z3 — Py, (96)

where corrpy (bY) is a product of X !, X2, X3 that recovers
the syndrome of the Hjx. Also

COITGayss © Z;‘el — Pz, 7

where corrgauss (b?) is a product of Z!, Z2, Z* that recovers
the syndrome of the Hgayss.

In the presence of the error, we consider the dressed
logical operators

Og = Y _ corr(b)Ocorr(b) Py, (98)
b

where O is the logical operator of the stabilizer state with-
out errors. Py is the projection onto the stabilizer state
in the presence of the error b. The thermal stability of
the quantum memory is verified by checking if the decay
rate of the dressed logical operators Og4, becomes exponen-
tially small with respect to the system size, at nonzero low
temperature.

For any Pauli operator £ € P and an error syndrome b,
the commutation relation between Og4 and E becomes a

040360-21



HSIN, KOBAYASHI, and ZHU

PRX QUANTUM 6, 040360 (2025)

number

O4EPy = S(O, E,b)EO4. Py, (99)
where S(O, E,b) = £1. If there exists a single Pauli error
o satisfying S(O,E,b) = 1, the error b is said to be O-
critical. That is, the logical operator Oy, in the presence
of the O-critical error changes its value by an additional
single-qubit error.

Let us then obtain the upper bound on the decay rate.
We use the inequality

—(4, LA))p = 2hmax Y ([0, 4], [0, A])p.

o

(100)

Using Egs. (99) and (100), one can derive the upper bound
of the decay rate as

Yo € PP(1—5(0,0,b))
>ope i

_<Odra E(Odr»ﬁ = 4ilmax

< 8/maxPerity - (101)
Here, Pgi,, is the probability of finding the O-critical
errors, i.e., the errors b where one can find a single qubit
error o such that S(O,o0,b) = —1. n is the number of
physical qubits.

2. Stability against small excitations

As mentioned in Sec. VI A, to achieve thermal stability
of the quantum memory it is required that the small excita-
tions are not critical for any logical operators. This can be
satisfied by making an appropriate choice of the correction
maps corr(b) so that the small syndromes (say within the
region R of the size £L for the system size L and a constant
&) disconnected from other syndromes is corrected by the
Pauli operators within the region R.

B. Self-correcting quantum memory with loops and
membranes

Let us analyze the self-correcting property for the model
on five-dimensional hypercubic spatial lattice. The Hamil-
tonian model in Sec. IV with [ =m =n=2,D = 6 has
Gauss law term for each edge and flux term for each cube,
and each face has three types of qubits for a, b, c.

Since we have a commuting (non-Pauli) stabilizer model
in Eq. (30), the errors inducing the loop and membrane
excitations can be decoupled and corrected independently,
similar to the 4D self-correcting toric-code case where
the e-excitations induced by the Z-type errors and m-
excitations induced by the X -type errors can be corrected
independently. Thus, we will apply a similar analysis using
a Peierls argument as in Ref. [1] for the 4D toric code.

We consider the quantum memory being coupled to a
thermal bath with temperature T and focus on the ther-
mal noise since it is not correctable for usual topological
memories without self-correction capability.

a. Errors inducing loop excitations. We first discuss cor-
rection of the errors inducing loop excitations. The unit-
time probability for creation or survival of a small loop
excitation on a plaquette, i.e., violating the Gauss term on
the four boundary edges, is given by the Boltzmann ratio,

PO—4) P44

-8 i
PO—0) PA—0 °© B=1/T), (102)

where the energy cost along each edge is taken to be 2
(flipping —1 to 41 in the Gauss law term) and P(i — j)
stands for the unit-time transition probability (rate) from i
violated edges to j violated edges. Note that both transition
processes 0 — 4 and 4 — 0 can be induced by a “plaque-
tte flipping” corresponding to a Pauli-Z operator Zr acted
on the qubit associated with the plaquette /. Similarly, the
transition process between the configurations with one vio-
lated edge and three violated edges is also induced by
a plaquette flipping, with the transition probability ratio
given by

P(1—>3) PG3—>3)
Pl—>1 P3—>1)

e P, (103)

Finally, for all the configurations with two violated edges
which have the same energy, one can set the plaquette flip-
ping probability at unit time to be 1/2 which connects
different configurations and ensures ergodicity (any ini-
tial configuration has a non-zero probability to reach any
final configuration). As one can see, when the tempera-
ture 7 (and the thermal noise) is low enough, such local
system-bath interaction will gradually shrink the perimeter
of the loop excitations and suppress the error proliferation
autonomously. This prevents a homologically nontrivial
worldsheet of loop excitations being created which induces
a logical error.

The critical temperature below which the loop excita-
tion error is self-correcting is determined by the balance
between the Boltzmann suppression e 2#¢ for loop of
length £ and the loop entropy. The latter can be estimated
from the self-avoiding random walk abundance n(€) ~
P(£)t, where P(£) is a polynomial and p is the connec-
tive constant on hypercubic lattice which is u ~ 8.84 for
five-dimensional hypercubic lattice [39]. Thus the critical
temperature below which the loop error is self-correcting
is given by

eFpu>1=1.>
log pukg

~0.92/ks, (104
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where 8. = 1/T,, kg is the Boltzmann constant, and the
energy is measured in the unit such that the smallest loop
of four lattice edges has energy 2 x 4 = 8. The above anal-
ysis is for one type of loop excitation, but it applies to
three types of loop excitations, where the probability com-
bining the Boltzmann factor and the entropy is raised to
the third power. More precisely, this means that below the
critical temperature, there exists L' > &L such that the crit-
ical probability for the logical membrane operator for loop
excitations satisfy

Pit < Y n(€)e "

=L
< Y e CFTlemlpoly(£) < Poly(L) Y em*FTormt
=L =L

1

—(@2p—log)§L
< Poly(L)e Py

(105)

is exponentially small in the system size, where we use
Poly(¢) < Poly(L).

We note that the above analysis also equivalently estab-
lishes a probabilistic local cellular-automaton decoder
for the loop excitation errors in the context of active
error correction, where the local decoder simulates the
local system-bath interaction. In particular, Eqgs. (102)
and (103), along with the 1/2-probability plaquette flip-
ping for the configurations with two violated edges, define
a local update rule for the cellular-automaton decoder at
each syndrome measurement cycle. Note that either the
measurement or the recovery operation has certain error
probability. An error threshold for this decoder can be
obtained via the effective critical temperature: p. ~ e8¢
[1]. Due to the local nature of the decoder, there is no
nonlocal classical communication required in the decoding
process, which hence does not lead to a classical com-
munication/computation overhead as the system scales, in
contrast to the case of the usual nonlocal decoders.

b. Errors inducing membrane excitations. Now let us
analyze the membrane excitation error in a similar manner.
The smallest membrane excitation corresponds to violating
the flux term on a cube s3, which is a 5 — 3 = 2 dimen-
sional membrane on the dual lattice. Let us consider the
flux for a. Then the Gauss law term for b,c will have
energy cost 1 for the edge s1,s] such that [§3 U5 US| =
1. The cube s3 corresponds to one surface s, such that
J53U5, =1 on five-dimensional hypercubic lattice, and
the edges s1,s| can be two-ordered consecutive edges on
the boundary of the surface s,. Thus there are four Gauss
law terms contribute to energy cost 1 x 4 =4, with a
total energy of 4 x 1 +2 x 1 = 6, where the second term
is from the flux term on the cube. The smallest mem-
brane excitation created by a single Pauli Xf’ ,say i =1,

consists of six cubes from the 2 x (5 — 2) = 6 directions
perpendicular to the face f in both positive and nega-
tive directions. Let us consider the following transition
probabilities:

(a) Creation or survival of a small membrane excitation,
1.e., fluxes on six cubes:

PO—6) P6—6
PO>0) P60 ¢

(106)

(b) Deforming the membrane excitation with fluxes on
1 — 5 cubes or 5 — 1 cubes:
P(l1—5 PG5—)53) Y
= =e P,
Pl—>1) PB-—-1

(107)

(c) Deforming the membrane excitation with fluxes on
2 — 4 cubes or 4 — 2 cubes:

PQ—4) PA4—4)

_ _ 128
P2—-2) PA4-—2) '

(108)

(d) Deforming the membrane excitation with fluxes on
3 — 3 cubes: one can set the cube flipping proba-
bility at unit time to be 1/2 which connects different
configurations and ensures ergodicity.

To estimate the critical temperature, we will need to
balance the Boltzmann suppression e~ for membrane
excitations of area 4 and the entropy of the membrane.
The latter can be estimated from self-avoiding random sur-
faces on five-dimensional hypercubic dual lattice, which is
discussed in e.g., Ref. [81]. The abundance again grows
as /™ for some constant 7y, thus the critical temperature
is T, > 679/kp. A probabilistic cellular-automaton decoder
is also present for the membrane excitation errors, similar
to the one discussed above for the loop excitation errors.
Below the critical temperature, there exists A4’ > (£L)?
such that the critical probability for the logical volume
operator for membrane excitations satisfy

Pcrit < Z n(A)e_éﬂA

A>A'
< Z e~ ©F=1/7)4poly(4) < Poly(L) Z e~ (0F=1/m)t
A>A A>A

1

—(68—1/70)(EL)?
< Poly(L)e [ o1/

(109)

is exponentially small in the system size, where we use
Poly(4) < Poly(L).

Combining the results from the loop and membrane
excitations, for temperature below min(7,,7.), using
Egs. (101), (105), and (109) we complete the proof that
the quantum memory is self-correcting.
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Note that the above transition probabilities
[Egs. (106)<108) and the additional 1/2-probability tran-
sition rule] also equivalently establish a probabilistic local
cellular-automaton decoder for the membrane excitation
errors.

C. Readout of the memory and decoding the logical
information

We have analyzed the error suppression during the pro-
cess of the quantum computation, while there always exist
residual errors that are never completely corrected. In the
end of the quantum computation, we need to measure the
encoded logical qubits in a certain logical basis. This can
be done by performing a readout of all the qubits in a
certain basis and then measure the corresponding logical
operators. A convenient choice for this code is to measure
all the qubits in the Z basis, which enables the mea-
surement of electric Wilson membrane operators which
have a product form ]_[ij Now in order to extract the
encoded logical information, we assume that a reliable
classical computer can help with decoding the measured
classical data. Note that the measured data will contain
errors originating from e.g., the thermal and readout noise.
The errors in the Pauli-Z measurement can be detected
via the error syndromes corresponding to the Gauss term,
i.e., loop excitations. We then apply the probabilistic local
cellular-automaton decoder (for the loop excitation errors)
presented above to clean up the loop excitations. Since the
classical computer is reliable, this recovery process can be
executed perfectly. One can then perform a readout on the
Wilson membrane operators | | Z} . Note that a logical error
can occur if the above recovery process creates a homolog-
ically nontrivial worldsheet of the loop excitations. Such a
logical error can be exponentially suppressed with the sys-
tem size L when the bath temperature is below the critical
temperature min(7,, 7,) and the readout error is below the
error threshold of this decoder p. ~ =8¢,

D. Generalization: General Cubic theory without
particles

Let us generalize the argument to general Cubic the-
ory without particles, with m,n, D satisfying Eq. (43).
The theory consists of electric excitations of (m —
),(n—1),(D—m—n—1) > 1 dimensions and mag-
netic excitations of (D —m —2),(D—n—2),(m+n—
2) > 1 dimensions. The thermal stability depends on
the balance between the Boltzmann suppression and the
entropy.

(a) The energy cost for the k-dimensional electric
excitations 18 2¢gV; where the Hamiltonian has
coefficient ¢, and V is the volume of the excita-
tions in terms of the lattice spacing. The energy
cost for the &’-dimensional magnetic excitations is

(€0 + 2€9) Vi = 3€oVy. The energy gap is thus
bounded below by 2¢pV; for k-dimensional
excitation.

(b) The multiplicity of k-dimensional excitation of
volume V; for k> 1 can be estimated as fol-
lows, following [1]. The first step of the random
“submanifold-walk” on hypercubic lattice chooses
k distinct directions out of 2D directions (includ-
ing the orientation), and the next step chooses a
boundary of this k-simplex to attach with another
k-simplex, thus one first makes a choice out of 2k
(including the orientation), and then one attaches
to the original k-simplex with a new one by com-
bining the boundary with one orthogonal direction
not overlap with the original k-simplex, which is a
choice of 2D — k. Thus the multiplicity of V} steps
is bounded above by

n(Vy) < 2DQ2k(2D — k))"*. (110)

To suppress large excitations, it is sufficient to require
the temperature to be lower than 1/(8kg) where
e P2V 2Dk(2D — k))'* ~ 1. (111)

In other words, this gives an estimation of the critical tem-

perature below which there are no large k-dimensional

excitations

260
To(k) ~ . 112
® log(2k(2D — k))kp (112)
The critical temperature for all excitations is then
Tc ~ minkeSm,n Tc (k):
Sma :={U—=1),(m —1),(n = 1),
D-1-2),(D—m—-2),(D—n—-2)}. (113)

We remark that if £ — 0, i.e., particle excitations, the
estimation gives 7.(k) — 0 and 7. — 0, which is con-
sistent with thermal instability for topological orders with
particles.

VII. DISCUSSION AND OUTLOOK

In this work we have constructed a family of infi-
nite many candidate non-Abelian self-correcting quantum
memories in spacetime dimension D > 5 + 1, which is the
dimension that the non-Abelian self-correcting memories
can occur. These models also give rise to the first set of
non-Abelian topological orders which are stable at finite
temperature. The models can be described by three Z,
higher-form gauge fields with cubic topological interac-
tion among them. In these models, the electric excitations
obey Abelian fusion rules, while the magnetic excitations
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obey non-Abelian fusion rules. We discuss the properties
of the models using field theory and non-Pauli stabilizer
lattice Hamiltonian models. We show that the non-Abelian
self-correcting memory in 5D has a nearly transversal non-
Clifford CCZ gate with the distance scaling d = O(n*/°)
that overcomes the n!/3 distance barrier in the color codes.
We rigorously prove the self-correcting properties with a
lower bound of the memory time and the thermal stability
and devise a probabilistic local cellular-automaton decoder
for these codes.

There are several future directions. One can develop a
deterministic cellular-automaton decoder using nonequi-
librium dynamics in analogy to Toom’s rule or sweep
decoder [82], which is more efficient in cleaning up the
errors than the current probabilistic decoder.

One can further extend the current non-Clifford gate
scheme in the 5D non-Abelian self-correcting code to a
constant-time full universal gate set through single-shot
code switching between the 4D loop toric codes which can
admit a full Clifford group and the 5D non-Abelian code
which admits the non-Clifford logical CCZ gate.

The logical gates in our models can also be constructed
using the gauging and anyon condensation methods in
[30,83]. We will present the constructions in future work.

Finally, in our discussion we have focused on topo-
logical orders with fully mobile excitations. It would be
interesting to explore more general fractonic non-Abelian
quantum memories in even lower spatial dimensions,
where the code space can have exponentially many logical
qubits in the system size.
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APPENDIX A: REVIEW OF CUP PRODUCT ON
TRIANGULATED AND HYPERCUBIC LATTICES

Let us review cup product for Z, valued cochains on tri-
angulated lattice and hypercubic lattice. For more details,
see e.g., Refs. [35,45,47-49].

A Z,-valued m-cochain «,, is a map from m-simplices
on the lattice to 0,1 mod 2. The cup product of
m-cochain «,, and n-cochain 8, is an (m + n)-cochain
o, U B, defined as follows:

(a) For triangulated lattice, denote k-simplices by
the vertices s, = (0, 1,2,3,...,k), the cup product
takes the following value on (m + n)-simplices:

U U B0, 1,2, ..., m + n)

=a,~0,1,... m)B,(mm+1,...,m+n).
(AT)

We note that there is a common vertex m.

(b) For hypercubic lattice, the cup product «,,, U 8, on
(m + n)-dimensional hypercube s,,, that spans the
coordinates (x',x%,...x"™*") e [0, 1]"*" is given by

& Y Bu(Smtn)
=Y an ((0.17) B, (& = 1.6 =0 +10,17),
] (A2)

where the summation is over the different sets 7
of m coordinates out of the (m + n) coordinates
x',...x™t" T denotes the remaining n coordinates.
In each term in the sum, «,, B8, are evaluated on
a m-dimensional hypercube and an n-dimensional
hypercube, where the two hypercubes intersect at a

point (x = 1,x/ = 0):

(i) [0,1] is the m-dimensional unit hypercube
starting  from (x' =0,x’ =0) and ending
at (X' =1,x' =0), ie., [0,1 ={0<x'<
LY =0:iel,jel).

(i) ' =1,x"=0)+]0, 17 is the n-dimensional
hypercube in the [/ directions starting from
(' = 1,x' = 0) and ending at (x' = 1,x = 1),
ie, (' =1L,x' =0)+[0,1 ={x'=1,0 <¥
<l:iel,jel}.

1. Higher-cup product

There are generalizations of cup product called U; prod-
uct due to Steenrod [84], with Uy = U being the ordinary
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Cube L

FIG. 9. Faces of a cube are labeled by L,R, B, F, U, D.

cup product. In our discussion we only use o U; 8 for
2-cochains «, 8. This is a 2 +2 — 1 = 3 cochain, whose
value on 3-cell is as follows:

(a) For triangulated lattice, denote the 3-simplex by its
vertices (0123), the value of @ U; B is

a Uy B(0123) = «(023)B(012) + (013) 8 (123).
(A3)

(b) For hypercubic lattice, the value of « U; 8 on a
three-dimensional cube shown in Fig. 9 is

a U B(cube) = a(L)B(B) + a(L)B(D)
+ a(B)B(D) + a(U)B(F)
+a(U)BR) + a(F)B(R),

where L, R are the left- and right-side faces of the
cube, B, F are the back and front faces of the cube,
and U, D are the up and down faces of the cube.

(A4)

Note that the expression of the higher-cup product U,
involves 2-cells that overlap along 1-cell.

APPENDIX B: LOGICAL CZ, S, HADAMARD
GATES IN 4D LOOP TORIC CODE

We will discuss the logical gates in the loop toric code
model in (4 + 1)D, which is an example of self-correcting
quantum memory at finite temperature (e.g., Ref. [1,2]).
The Hamiltonian is a stabilizer model:

H = Heuss + Hoe == Y_ [ [ X% =D [ %-

e ecdf ¢ fedc
(B1)

where the Z, 2-form gauge field is ar = (1 — Z;)/2. The
ground states on M, 4-manifold are given by ¢ qubits with
H*(My, 7)) = 7.3.

The loop toric code has loop excitations labeled by the
electric and magnetic charges (¢e, ) With ¢.,q,» = 0,1,
i.e., pure electric loop (1, 0), pure magnetic loop (0, 1), and
dyon loop (1, 1), corresponding to violation of the Gauss
law terms along the loop, flux terms along the loop, and
both types of Hamiltonian terms along the loop.

1. Hadamard gate

The model on hypercubic lattice has electromagnetic
duality spin rotation symmetry that exchanges X <> Z and
swaps the lattice with the dual lattice. To see this, we note
that the Gauss law term on edge in the x direction has prod-
uct over Xy spanning x direction and one of the remaining
4 — 1 = 3 directions and taking into account the orienta-
tion the product is over 3 x 2 = 6 Xr. Similarly, each cube
¢ spanning x,y,z directions has faces in xy,yz,zx direc-
tions, with orientations there are in total 3 x 2 =6 Z in
the product of each flux term.

On the loop excitations the symmetry acts as S:
(ge> qm) < (gm,q.), where we note —g,, = ¢q,, mod 2, as
well as T : (Ge, qm) = (Ge + Gm»> gm) [35,85]. The S sym-
metry acts as Hadamard gate.

2. CZ and S gates

The T: (ge,qm) = (ge + gm.qm) symmetry is gen-
erated by the gauged SPT defect decorated with
H*(B*Z,, U(1)) = Zy4: [35]

UM,) = il P@. (B2)
The gauged SPT phase on the domain wall is the semion
Walker Wang model. The operator acting the ground

states labeled by holonomy {n; = 0,1} fori=1,2,...,q
according to the intersection form M;; on H 2(My):

UM |{ni}) = i M7 (= 1) Mim |}y, (B3)

Consider the following cases:

(a) My = T

XV ,Z,W?

logical gate

with ¢ = 6. The operator realizes the

U(T4) = szy,szsz,waZyz,xwa (B4)
where xy is the 2-cycle spanning x, y directions, and
similarly for zw, xz, yw, yz, xw.

In particular, this implies that U(T*) X, U(T*) ! =
X Zow, Where X, Z are the logical gates. Thus the
symmetry permutes the magnetic loop excitation to
the dyon loop excitation. This is the case considered
in [35].

(b) My = CP?, with ¢ = 1. The operator realizes the
logical gate

Uurh =S. (B5)

In other words, if the state has trivial holonomy on

the 2-cycle, the operator acts trivially; if the state

has nontrivial holonomy on the 2-cycle, the operator

acts as i.
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APPENDIX C: LOGICAL CLIFFORD GATES IN
THE 5D NON-ABELIAN SELF-CORRECTING
CODE

In addition to the non-Clifford CCZ logical gate, we can
also do some of logical Clifford gates using constant-depth
circuits following [86] on space of other topologies.

For example, take the space to have topology CP* x S!
and focus on the logical qubit a = nw, for w, of CP?. The
1-form symmetry operator i/ 7@ gives addressable logical
S gate:

e P@ — il = 5, (C1)
where P (b) is the Pontryagin square,
PB)=bUb—bU;db, (C2)
which defines a Z, valued 4-cocycle. [r] denotes the mod
2 restriction of nto 0, 1.
Similarly, take the space to have topology S? x §? x S!,
and the logical qubit a = n k| + nak; for k1, k; the Kéhler

forms of the two S2s. The 1-form symmetry operator i/ 7@
gives addressable logical CZ gate:

ifszxsz P@ = (=D"" = ﬁm,nz' (C3)
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