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Mixed-state phases of matter under local decoherence have recently garnered significant attention due
to the ubiquitous presence of noise in current quantum processors. One of the key issues is understand-
ing how topological quantum memory is affected by realistic coherent noise, such as random rotation
noise and amplitude-damping noise. In this work, we investigate the intrinsic error threshold of the two-
dimensional toric code (TC), a paradigmatic topological quantum memory, under these types of coherent
noise by employing both analytical and numerical methods based on the doubled-Hilbert-space formalism.
A connection between the mixed-state phase of the decohered TC and a non-Hermitian Ashkin-Teller-type
statistical-mechanics model is established, and the mixed-state phase diagrams under the coherent noise
are obtained. We find remarkable stability of mixed-state topological order under random rotation noise
with axes near the Y axis of qubits. We also identify intriguing extended critical regions at the phase
boundaries, highlighting a connection with non-Hermitian physics. We argue that these phase boundaries
provide upper bounds for the intrinsic error threshold, beyond which quantum error correction becomes
impossible. We complement these findings by estimating the error thresholds for random rotation noise
under standard quantum error correction, thereby providing lower bounds on the intrinsic error threshold.

DOI: 10.1103/hchr-rqq9

I. INTRODUCTION

Topologically ordered phases of matter, which go
beyond the conventional Landau paradigm, have been
extensively investigated in the context of pure states [1,2].
These quantum many-body states exhibit exotic prop-
erties such as long-range entanglement, robust ground-
state degeneracy, and localized excitations with nontrivial
exchange statistics. These features are resilient against
local perturbations, making topological phases a promising
platform for quantum error correction (QEC) and fault-
tolerant quantum computing [3,4]. The toric code (TC),
epitomizing Z2 topological order, serves as a prime exam-
ple of a topological QEC code that can encode two logical
qubits within its ground-state subspace [3].

Recently, significant progress has been made in realiz-
ing topologically ordered states on programmable quantum
simulators [5–11]. However, the inevitable presence of
noise in current noisy intermediate-scale quantum (NISQ)
devices [12] renders the prepared quantum states as mixed
states. Consequently, the mixed-state phase of matter has
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attracted considerable attention as a topic of both fun-
damental interest and practical importance [13–59]. In
particular, examining the mixed-state topological order can
offer valuable insights into the intrinsic QEC properties
of quantum memories under decoherence. For example,
studies have shown that the TC subject to incoherent bit-
flip or phase-flip errors undergoes a mixed-state phase
transition at a critical noise strength [14–16], which coin-
cides with the error threshold of the TC with the optimal
decoder [4].

Previous studies on mixed-state topological order have
mostly focused on incoherent local noise, where Pauli
errors stochastically affect qubits. However, realistic quan-
tum processors encounter coherent errors, which create a
coherent superposition of different error states and give
nonunique syndromes. Typical coherent errors include sys-
tematic unitary rotations caused by imperfect gate oper-
ations [60–68] and amplitude damping due to sponta-
neous emission [69–71]. Therefore, it is crucial to study
mixed-state topological order under coherent noise and
understand its impact on quantum memories.

In this work, we address these questions by studying
the two-dimensional (2D) TC under two types of local
coherent noise: (i) random rotation noise, where each
qubit experiences unitary rotation around the �n axis by
an angle ϕe according to some angle distribution g(ϕe),
and (ii) amplitude-damping noise with damping parame-
ter γ [see Fig. 1(a)]. We investigate the mixed-state phases
of the decohered TC under these noise models based on
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the doubled-Hilbert-space formalism [13–15]. We do so
by mapping the Rényi-2 versions of information-theoretic
quantities, such as anyon-condensation or -confinement
parameters [14,72,73] and coherent information [74,75], to
observables in effective statistical-mechanics (stat-mech)
models. We show that these stat-mech models are the
Ashkin-Teller-type models (with possibly anisotropic and
imaginary coupling constants) for the considered coherent
noise.

Specifically, we prove that the mixed-state phase of the
decohered TC under random rotation noise depends on the
angle distribution g(ϕe) solely through a single parame-
ter R [defined in Eq. (12)]. With this simplification, we
map the mixed-state phase diagram under random rota-
tion noise for any rotation axis �n and arbitrary distribution
g(ϕe), using a combination of analytical results and tensor-
network simulations. Notably, we find that mixed-state
topological order is highly resilient against random rota-
tions with �n near the Y axis, where the phase boundary
forms an extended critical region characterized by a central
charge c = 1. Additionally, we identify an intriguing 2D
phase boundary with Ising criticality, extended by the non-
Hermitian nature of the effective stat-mech model. We also
complement the limitation of the doubled-Hilbert-space
formalism by numerically estimating the error thresholds
in standard QEC, which provide lower bounds for the
mixed-state phase boundary in the replica limit.

For amplitude-damping noise, we discover two succes-
sive phase transitions as the damping rate γ increases,
first degrading the quantum memory to classical mem-
ory and then to no memory. Under physically reasonable
assumptions, we argue that the mixed-state phase bound-
aries identified here establish upper bounds on the error
threshold for coherent noise, within which QEC is feasible

and beyond which QEC fails. The setup and the main
results of this paper are illustrated in Fig. 1.

The rest of the paper is structured as follows. In Sec. II,
we briefly review the 2D TC, the doubled Hilbert state
formalism, and the considered information-theoretic diag-
nostics. In Sec. III, we introduce random rotation noise
and develop mapping to the stat-mech model. We dis-
cuss the general phase diagram and delineate the analyt-
ically tractable cases and the identified critical regions. In
Sec. IV, we present the mixed-state phase diagram under
the amplitude-damping noise. Finally, we summarize our
results and discuss open questions in Sec. V.

II. BACKGROUND

In this section, we provide a brief review of the 2D TC
and the doubled-Hilbert-space formalism. We then intro-
duce two diagnostics used in subsequent sections to ana-
lyze mixed-state topological order under coherent noise:
the anyon-condensation or -confinement parameters and
the coherent information.

A. 2D toric code

Consider an L× L square lattice with N = 2L2 qubits
on its edges. The Hamiltonian of the 2D TC defined on
this lattice is given by [3]

H = −
∑

v

Av −
∑

p

Bp , (1)

where Av =
∏

e∈∂v Xe and Bp =
∏

e∈∂p Ze are the star and
plaquette operators, respectively [see Fig. 1(a)]. The ver-
tices and edges of the lattice are denoted by v and e,
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FIG. 1. (a) A schematic of the coherent-noise models under consideration. The two-dimensional (2D) toric code (TC) [see Eq. (1)] is
subject to two types of coherent noise relevant to current noisy intermediate-scale quantum (NISQ) devices: (i) random rotation noise,
where each qubit is rotated around the �n axis by an angle ϕe according to distribution g(ϕe) (see Sec. III), and (ii) amplitude-damping
noise, where each qubit decays to the ground state via spontaneous emission with probability γ (see Sec. IV). (b) The phase diagram
of the decohered TC under random rotation noise. The radial direction and distance represent the rotation axis �n and a parameter
R ∈ [0, 1] that encodes information about the angle distribution g(ϕe) [see Eq. (12)], respectively. The system possesses quantum
(classical) memory within (outside) the region enclosed by the yellow and green phase boundaries. Two yellow boundaries belong to
2D Ising universality (c = 1/2) and the green boundary with R = 1 forms an extended critical region with c = 1. A pure TC is marked
by the blue point located at the origin. (c) The phase diagram of the decohered TC under amplitude-damping noise. All phase diagrams
illustrated here are based on the doubled-Hilbert-space formalism.
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respectively, and X , Y, and Z are the usual Pauli opera-
tors. Since Av and Bp mutually commute, the ground states
|�0〉 satisfy Av|�0〉 = Bp |�0〉 = |�0〉 for all v and p . On
a torus, the ground-state subspace is fourfold degenerate,
which can be utilized as a code space encoding two logical
qubits.

We introduce an expression for TC ground states, which
has been useful in studying TC under decoherence [30,31].
Suppose that qubits are also placed on the vertices of the
square lattice. The cluster state defined on this lattice is
given by [76]

|�c〉 ∝
∏

e

(I + ZeXvXv′)|zv = 1, xe = 1〉, (2)

where v and v′ are vertices connected by edge e = (v, v′),
|zv = 1〉 is a tensor product of the eigenstates of Zv oper-
ators with eigenvalue 1, and similarly for |xe = 1〉. (The
boldface indicates collective notation.) The TC ground
state |�0〉 can be obtained from |�c〉 by performing forced
measurements on vertex qubits [77]:

|�0〉 ∝ 〈zv = 1|�c〉 ∝
∑

ze,xv

∏

e

(1+ zexvxv′)|ze〉. (3)

B. Doubled-Hilbert-space formalism

Here, we review the doubled-Hilbert-space formalism
[13–15], which views mixed states through the lens of pure
states. For a density matrix ρ defined on the Hilbert space
H, the Choi-Jamiołkowski (CJ) isomorphism maps ρ to its
Choi state |ρ〉〉, which is a pure state on the doubled Hilbert
space H⊗ H̄, where H̄ is a copy of H [78,79]. More pre-
cisely, the (unnormalized) Choi state of ρ =∑i,j ρi,j |i〉〈j |
is given by |ρ〉〉 =∑i,j ρi,j |i, j̄ 〉〉, where |i, j̄ 〉〉 ≡ |i〉|j̄ 〉 and
{|i〉} is an orthonormal basis of H. (The bar notation is
for the copied Hilbert space.) A quantum channel E[ρ] =∑

a KaρK†
a with Kraus operators {Ka} also maps under the

CJ isomorphism into an operator E =∑a Ka ⊗ K̄∗a acting
on H⊗ H̄.

For a pure TC state ρ0 = |�0〉〈�0|, its Choi state is
given by [see Eq. (3)]

|ρ0〉〉 ∝
∑

ze,z̄e,
xv ,x̄v

∏

e

(1+ zexvxv′)(1+ z̄ex̄v x̄v′)|ze, z̄e〉〉, (4)

which possesses double topological order, i.e., its topolog-
ical quantum field theory is the product of two Z2 TC
theories. Under local decoherence described by a chan-
nel E =∏e Ee, the density state becomes ρD = E[ρ0] and
its Choi state |ρD〉〉 = E|ρ0〉〉 may lose the double topo-
logical order depending on the decoherence strength [14].
From Tr[ρ2

D] = 〈〈ρD|ρD〉〉 = 〈〈ρ0|E†
E|ρ0〉〉, the purity of

the decohered TC can be written as [31]

Tr[ρ2
D] ∝

∑

xv ,x̄v ,tv ,t̄v

∏

e

ωe, (5)

where

ωe ≡
∑

ze,z̄e,z′e,z̄′e=±1

〈〈z′e, z̄′e|E†
eEe|ze, z̄e〉〉

× (1+ zexvxv′)(1+ z̄ex̄v x̄v′)(1+ z′etvtv′)(1+ z̄′et̄v t̄v′).
(6)

The purity given in Eq. (5) can be interpreted as a parti-
tion function of a stat-mech model of Ising spins (xv , x̄v ,
tv , t̄v) on the vertices of the square lattice, with Eq. (6)
being the local Boltzmann weight on edge e. Therefore, we
can examine the change in double topological order under
decoherence by studying the effective stat-mech model
given in Eq. (5). In Secs. III and IV, we compute ωe
for coherent noise and determine the mixed-state phase
diagram by examining the corresponding stat-mech model.

C. Mixed-state phases

Here, we review the concept of mixed-state phases of
matter. For pure states, phase equivalence is defined as a
two-way connection via a finite-depth local unitary circuit
(allowing for the addition or removal of ancillary degrees
of freedom in the form of product states) [80–82]. Here,
“finite-depth” means at most polylog(L) depth for a sys-
tem of linear size L. A recent extension of this framework
to mixed states proposes that two mixed states, ρ1 and ρ2,
are in the same phase if they can be connected by a pair
of finite-depth local quantum channels [20–23], i.e., there
exist finite-depth quantum channels C1 and C2 such that
C1[ρ1] = ρ2 and C2[ρ2] = ρ1 (again, “finite-depth” indi-
cates polylogarithmic depth). This definition naturally gen-
eralizes the phase equivalence of pure states and closely
mirrors the original definition of Ref. [21], which used
local Lindbladian evolution for at most polylogarithmic
time.

A key distinction for mixed states is that, unlike unitary
circuits for pure states, quantum channels are generally
not invertible, necessitating explicit construction of both
C1 and C2. In the case of local decoherence, one direction
is naturally provided by the decoherence channel, whereas
the reverse direction can be interpreted as a decoder for
quantum memories.

For pure states, the correlation length (or energy gap)
remains finite within a given phase of matter. Interestingly,
a mixed-state analog of correlation length, known as the
Markov length, has recently been introduced [23]. The
Markov length scale diverges at mixed-state phase tran-
sitions and its finiteness throughout a local Lindbladian
evolution ensures the existence of a corresponding local
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inverse Lindbladian evolution, thereby serving the same
role as the correlation length in pure states.

D. Diagnostics

Local quantum channels can always be purified to a
finite-depth unitary circuit on an enlarged Hilbert space
with ancillary qubits, so that functions linear in density
matrix (e.g., Tr[ρDO] for some observables O) are smooth
in the tuning parameters of the local channel [13,15,16].
Consequently, detecting phase transitions in mixed states
decohered under local quantum channels requires consid-
ering functions that are nonlinear in density matrices, such
as information-theoretic quantities. This section introduces
two information-theoretic diagnostics that will be used
throughout the paper.

1. Anyon-condensation and -confinement parameters

Consider a density matrix ραβ̄0 ≡ wα(l)ρ0w†
β(l), where

wα(l) (wβ(l)) is a string operator creating a pair of α
(β) anyons at the end points i and j of an open string
l. Letting ραβ̄D ≡ E[ραβ̄0 ], the αβ̄ anyon-condensation and
-confinement parameters are defined as follows [14,72,73]:

〈〈I Ī |αβ̄〉〉 ≡ lim
|i−j |→∞

〈〈ρD|ραβ̄D 〉〉
〈〈ρD|ρD〉〉 ,

〈〈αβ̄|αβ̄〉〉 ≡ lim
|i−j |→∞

〈〈ραβ̄D |ραβ̄D 〉〉
〈〈ρD|ρD〉〉 .

(7)

The condensation parameter 〈〈I Ī |αβ̄〉〉 takes a nonzero
finite constant value when αβ̄ anyons are condensed, sug-
gesting that ραβ̄0 is indistinguishable from the ground state
ρ0 under decoherence. It vanishes when αβ̄ anyons are
not condensed. Meanwhile, the confinement parameter
〈〈αβ̄|αβ̄〉〉 vanishes when αβ̄ anyons are confined, indi-
cating that |ραβ̄D 〉〉 is not a physically normalizable state.
It attains a nonzero finite value when αβ̄ anyons are
deconfined. Note that condensing one anyon confines all
other anyons with nontrivial mutual statistics, following
the standard anyon-condensation rule [83,84].

On a related note, the distinguishability between density
matrices ρ and σ can be measured by the quantum rela-
tive entropy D(ρ‖σ) ≡ Tr[ρ(log ρ − log σ)] [85], which
diverges when ρ and σ are orthogonal and takes a finite
value otherwise. A useful related quantity is the Rényi
relative entropy [86],

D(n)(ρ‖σ) ≡ 1
1− n

log
(

Tr[ρσ n−1]
Tr[ρn]

)
, (8)

which recovers D(ρ‖σ) as n→ 1. The anyon-
condensation parameters are related to the Rényi-2 relative
entropy as D(2)(ρD‖ραβ̄D ) = − log〈〈I Ī |αβ̄〉〉. Thus, when

αβ̄ anyons are condensed (not condensed), D(2)(ρD‖ρα,β̄
D )

becomes finite (infinite), indicating that ρD and ρα,β̄
D are

indistinguishable (orthogonal).
One can alternatively define anyon parameters by

reversing the order of operations [14]: first applying the
noise channel, then the string operators, and finally taking
the overlap. For example, the anyon-condensation parame-
ter can be defined as 〈〈ρD|(ωα(l)⊗ ω̄∗β(l))|ρD〉〉. We expect
this parameter to behave similarly to the one given in
Eq. (7). This expectation is based on a field-theoretical
picture of decohered TC, where a decohering channel is
represented as a temporal defect near the imaginary-time
slice τ = 0 [14,87]. Since both the string operator ωα(l)⊗
ω̄∗β(l) and the proliferated anyons due to the defect reside
on the same temporal slice, the order in which the string
operator and the noise channel are applied is not expected
to alter the essential physics of anyon condensation.

The anyon parameters in Eq. (7) for the decohered TC
can be represented as observables in the stat-mech model
Eq. (5) as follows [31]:

〈〈I Ī |eē〉〉 = lim
|i−j |→∞

〈xix̄ixj x̄j 〉,

〈〈eĪ |eĪ〉〉 = lim
|i−j |→∞

〈xitixj tj 〉,

〈〈I Ī |mm̄〉〉 = lim
|ĩ−j̃ |→∞

〈μx
ĩμ

x̄
ĩμ

x
j̃μ

x̄
j̃ 〉,

〈〈mĪ |mĪ〉〉 = lim
|ĩ−j̃ |→∞

〈μx
ĩμ

t
ĩμ

x
j̃μ

t
j̃ 〉,

(9)

where i and j (ĩ and j̃ ) are the end points of the string
defined on the original (dual) lattice. Here, μy (with
y = x, x̄, t, t̄) is the disorder parameter of y spins [88].
We review the derivation of the correspondence given in
Eq. (9) in Appendix A 1.

2. Coherent information

Let Q represent the TC and let R be the two-
qubit reference system that is maximally entangled with
two logical qubits of the TC. To diagnose the amount
of retrievable quantum information encoded in the TC
after channel E , one can consider the coherent infor-
mation Ic(R〉Q) ≡ S(E[ρQ])− S(E[ρRQ]) [74,75], where
S(ρ) = −Tr[ρ log ρ] is the von Neumann entropy. With-
out decoherence (i.e., E = I ), the TC achieves Ic = 2 log 2,
a condition necessary and sufficient for the existence of
an exact QEC protocol. Since Ic monotonically decreases
under channel E , the noise strength at which Ic drops from
2 log 2 provides an upper bound for the error threshold of
any QEC scheme. Thus, investigating Ic can reveal the
extent to which encoded quantum information can persist
under noise.
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In practice, we consider the Rényi coherent information
[16]:

I (n)c (R〉Q) ≡ S(n)(E[ρQ])− S(n)(E[ρRQ])

= 1
n− 1

log
(

Tr[E[ρRQ]n]
Tr[E[ρQ]n]

)
, (10)

where S(n)(ρ) = (1− n)−1 log Tr[ρn] is the nth Rényi
entropy. As n→ 1, I (n)c recovers Ic. In Appendix A 2, we
derive the expression for I (2)c in terms of the stat-mech
model [see Eqs. (A11) and (A13)]. Although I (2)c does
not give a rigorous error threshold of the code, it is rel-
atively easy to compute and in many cases it tracks the
tendency of Ic. We argue in Appendix D that, under certain
physical assumptions, the error threshold obtained from
I (2)c provides an upper bound for the true error threshold
corresponding to Ic, at which the decodability transition
occurs.

III. RANDOM ROTATION NOISE

In this section, we study the decohered TC under ran-
dom rotation noise. First, before introducing the model, let
us clarify the terminology . We refer to noise where an
operator O is applied with probability p , such as the bit-flip
error ρ �→ (1− p)ρ + pX ρX , as “stochastic O noise.” By
coherent noise, we mean noise that can produce a coherent
superposition of different error states (with respect to usual
syndrome measurements). Thus, stochastic noise is gen-
erally coherent, except for stochastic X , Y, and Z noise,
which is incoherent.

A random rotation noise is represented by a quantum
channel Erot =

∏
e Ee, with

Ee[ρ] ≡
∫

ϕe

g(ϕe)Ue(ϕe)ρU†
e(ϕe), (11)

where Ue(ϕe) = e−iϕe(�n·�σ)e and
∫
ϕe
≡ ∫ π−π dϕe. Here, each

qubit is independently rotated around the axis �n =
(nx, ny , nz) by an angle ϕe drawn from the probability dis-
tribution g(ϕe) defined on [−π ,π) [see Fig. 1(a)]. Such
noise often arises in current quantum processors due to
imperfect gate operations [60–68]. The case with �n = ẑ
and an even distribution g(ϕe) has been studied in Ref. [66]
under the name “quasistatic phase damping noise.” In this
work, we are interested in ρD = Erot[ρ0] and we impose no
constraints on the rotation axis �n or the distribution g(ϕe).

In general, the random rotation noise in Eq. (11)
is coherent and not stochastic. However, when the
distribution is even [i.e., g(ϕe) = g(−ϕe)], Eq. (11)
reduces to stochastic �n · �σ noise with an error rate p =∫
ϕe

g(ϕe) sin2 ϕe (for a proof, see Appendix B 1). Thus,
Eq. (11) encompasses previously studied incoherent Pauli
noise, such as bit-flip and phase-flip noise. For a summary

(a)

Incoherent 
stochastic

noises

Coherent 
stochastic

noises

Coherent
nonstochastic

noises 

Stochastic Coherent

Pauli

Sec. IIIA

(b)

App. B2

Stochastic       noise

FIG. 2. (a) A summary of the properties of the random rota-
tion noise given in Eq. (11), based on its angle distribution g(ϕe)

and rotation axis �n. In Sec. III A, we show that it is sufficient to
study stochastic �n · �σ noise to map out mixed-state phase dia-
gram for any distribution g(ϕe). (b) Random rotation noise with
any distribution can be transformed into stochastic �n · �σ noise via
a depth-1 unitary Ue(ϕ), with ϕ0 given in Eq. (B10) (for details,
see Appendix B 2). Consequently, both distributions yield the
same mixed-state phase.

of the properties of random rotation noise according to its
angle distribution g(ϕe) and rotation axis �n, see Fig. 2(a).

A global uniform rotation of qubits by an angle ε cor-
responds to a Dirac delta distribution g(ϕe) = δ(ϕe − ε).
However, given the ability to learn a priori the angle
distribution during qubit calibration, this error can be cor-
rected by rotating back each qubit by −ε. In practice,
however, g(ϕe) may be dispersed, making simple counter-
rotations ineffective. In this sense, random rotation noise
is a practically motivated noise model and understanding
error thresholds for such noise with general distributions
is crucial—especially when counteracting unitaries can be
applied to the decohered state before syndrome measure-
ments. This possibility is naturally incorporated in the
notion of the mixed-state phase, which remains invariant
under a finite-depth local channel (see Sec. II C).

A. Mapping to stat-mech model

One may wonder how to analyze the wide variety of
angle distributions. We find that a remarkable simplifi-
cation arises by allowing the application of single-qubit
unitaries. More precisely, we show in Appendix B 2 that
random rotation noise with rotation axis �n and an arbitrary
distribution g(ϕe) can be always transformed via single-
qubit unitary rotations into stochastic �n · �σ noise, which
may be of independent interest in QEC applications. The
error rate of the resulting stochastic �n · �σ noise is given by
p = (1−√1− R)/2, with

R ≡ 1−
∣∣∣∣
∫

ϕe

g(ϕe)e2iϕe

∣∣∣∣
2

. (12)

The parameter R quantifies the degree of decoherence
induced by the distribution. For example, we have R = 0
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for any global trivial rotation with g(ϕe) = δ(ϕe − ε) and
R = 1 for maximally random noise with g(ϕe) = (2π)−1.

Since the mixed-state phase does not change under such
a local unitary, we can study the mixed-state phase of the
decohered TC under a general angle distribution g(ϕe) by
focusing solely on the stochastic �n · �σ noise (which corre-
sponds to even distributions). Namely, all the information
about g(ϕe) is encoded in the single parameter R; dis-
tributions with the same value of R belong to the same
mixed-state phase. The phase diagram obtained from this
noise can be directly translated for general distributions
by expressing R in terms of parameters characterizing the
distribution (see Sec. III C).

As discussed in Sec. II B, the mixed-state topolog-
ical order within the doubled-Hilbert-space formalism
can be investigated by expressing the purity Tr[ρ2

D] =
〈〈ρ0|E†

rotErot|ρ0〉〉—which also depends on the distribution
g(ϕe) solely through R—as a partition function of an
effective stat-mech model. (This strategy applies to all
nth moments of the density matrix, Tr[ρn

D], including the
replica-limit case n = 1.) Under the CJ isomorphism, the
channel given in Eq. (11) is mapped to Erot =

∏
e Ee,

where

Ee =
∫

ϕe

g(ϕe)e−iϕe(�n·�σ)e ⊗ eiϕe(�n′·�σ)e (13)

and �n′ = (nx,−ny , nz) is introduced for the copied Hilbert
space. Without loss of generality, we assume an even
distribution g(ϕe). We show in Appendix B 3 that the
purity Tr[ρ2

D] in the thermodynamic limit (L→∞) is
proportional to the partition function

∑
sv ,τv

∏
e ωe with

ωe ∝ 1+ J1svsv′ + J2τvτv′ + Ksvsv′τvτv′ , (14)

where sv ≡ xv x̄v and τv ≡ x̄vtv are the Ising spins residing
on vertices of a square lattice, and

J1 = R(sin2 θ cos2 φ + cos2 θ)

2− R+ R sin2 θ sin2 φ
,

J2 = R(sin2 θ cos2 φ − cos2 θ)

2− R+ R sin2 θ sin2 φ
,

K = 2− R− R sin2 θ sin2 φ

2− R+ R sin2 θ sin2 φ
.

(15)

Here, we parametrize the rotation axis as �n = (sin θ sinφ,
cos θ , sin θ cosφ), which consists of the spherical coordi-
nates with the Y axis as the polar axis [see Fig. 1(b)].
We can rewrite Eq. (14) as a local Boltzmann weight
ωe ∝ eJ1svsv′+J2τvτv′+Ksvsv′ τvτv′ . The three coupling con-
stants J1, J2, and K are determined by J1, J2, and K
and can generally be anisotropic and complex (for details,
see Appendix B 3). In particular, the model gains its

non-Hermiticity as the y component of �n increases. Con-
sequently, Tr[ρ2

D] is mapped to the partition function of
the non-Hermitian anisotropic Ashkin-Teller (AT) model.
This is one of our main results and we emphasize that
this mapping can be leveraged to investigate decohered TC
under random rotation noise with any rotation axis �n and
arbitrary angle distribution g(ϕe).

From Eq. (9), the anyon parameters can be read as

〈〈I Ī |eē〉〉 = lim
|i−j |→∞

〈sisj 〉,

〈〈eĪ |eĪ〉〉 = lim
|i−j |→∞

〈siτisj τj 〉,

〈〈I Ī |mm̄〉〉 = lim
|ĩ−j̃ |→∞

〈μτĩ μτj̃ 〉,

〈〈mĪ |mĪ〉〉 = lim
|ĩ−j̃ |→∞

〈μs
ĩμ

τ

ĩ μ
s
j̃μ

τ

j̃ 〉,

(16)

which are the correlation functions in the model given
in Eq. (14). The stat-mech expression for the Rényi-2
coherent information is given by

I (2)c (R〉Q) = log

⎛

⎝
∑

a,b=0,1 e−�F(a,b)
s,τ

∑
a,b=0,1 e−�F(a,b)

τ ,sτ

⎞

⎠ , (17)

where �F (a,b)
s,τ is a free-energy cost of forming defects in

the interactions svsv′ and τvτv′ along the noncontractible
loop pattern (a, b), and similarly for �F (a,b)

τ ,sτ (for details,
see Appendix A 2). Using these two diagnostics, we can
determine the phase of the model given in Eq. (14) (and
hence that of ρD) and determine the fate of the quantum
memory under random rotation noise.

B. General phase diagram

In the following, we numerically map out the gen-
eral phase diagram of the stat-mech model given in
Eq. (14) with respect to (R,φ, θ). From the symmetry
of Eq. (15), it suffices to study the parameter regimes
0 ≤ R ≤ 1 and 0 ≤ φ, θ ≤ π/2. We represent the partition
function of the stat-mech model in a tensor network and
employ the corner transfer-matrix renormalization group
(CTMRG) algorithm [89–91] to approximately contract
the tensor network. The phase boundaries are determined
by pinpointing the parameters where the correlation length
diverges and the order parameters change (see Fig. 3). The
result is summarized in Fig. 1(b), where the phase bound-
aries are marked by yellow and green surfaces. We have
confirmed that the correlation length ξD increases as we
increase the bond dimension D of the corner tensors (not
shown). The model has the following three phases:

(1) Partially ordered (PO) phase = quantum mem-
ory. In this case, 〈svτv〉 �= 0 and 〈sv〉 = 〈τv〉 = 0,
so that 〈〈I Ī |eē〉〉 = 〈〈I Ī |mm̄〉〉 = 0 and 〈〈eĪ |eĪ〉〉,
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POPM

FM
(a) (b)

FIG. 3. The CTMRG results for the statistical mechanics (stat-
mech) model given in Eq. (14). (a) 〈svτv〉 + (〈sv〉 + 〈τv〉)/2,
which takes values close to 0, 1, and 2 for the paramagnetic (PM),
partially ordered (PO), and ferromagnetic (FM) phases, respec-
tively. (b) The points at which the correlation length achieves the
maximum value for each ray (gray lines). The bond dimension
used is D = 40. Here, the radial distance represents the parameter
R, ranging from 0 (at the origin) to 1.

〈〈mĪ |mĪ〉〉 �= 0. Thus, the PO phase corresponds to
double Z2 topological order and ρD hosts quantum
memory. Indeed, the pure TC with R = 0 yields
J1 = J2 = 0 and K = ∞, which belongs to the PO
phase.

(2) Ferromagnetic (FM) phase = classical memory. In
this case, 〈svτv〉, 〈sv〉, 〈τv〉 �= 0, so that 〈〈I Ī |mm̄〉〉 =
〈〈mĪ |mĪ〉〉 = 0 and 〈〈I Ī |eē〉〉, 〈〈eĪ |eĪ〉〉 �= 0, indicating
that eē anyons are condensed and m anyons are con-
fined. Thus, the FM phase corresponds to a single
Z2 topological order with the eē anyon condensed,
leaving classical memory in ρD.

(3) Paramagnetic (PM) phase = classical memory.
In this case, 〈svτv〉 = 〈sv〉 = 〈τv〉 = 0, so that
〈〈I Ī |eē〉〉 = 〈〈eĪ |eĪ〉〉 = 0 and 〈〈I Ī |mm̄〉〉, 〈〈mĪ |mĪ〉〉
�= 0. This indicates that mm̄ anyons are condensed
and e anyons are confined. Thus, the PM phase
corresponds to a single Z2 topological order with
the mm̄ anyon condensed, leaving classical memory
in ρD.

One can readily check that the behavior of I (2)c in
Eq. (17) is consistent with the above analysis based on
the anyon parameters. For example, consider the PO phase
where s and τ spins are disordered so that �F (a,b)

s,τ = 0.
Also, since 〈svτv〉 �= 0, �F (a,b)

τ ,sτ = O(L) unless a = b = 0,
in which case �F (0,0)

τ ,sτ = 0. Therefore, I (2)c = 2 log 2 and
hence QEC is possible in the PO phase, in agreement with
the presence of quantum memory. Similarly, one can see
that I (2)c = 0 in both the FM and PM phases, signifying a
loss of quantum memory.

The region of double Z2 topological order is a bulk
enclosed by the yellow and green surfaces in Fig. 1(b),
which corresponds to the PO phase and contains the pure
TC at the origin (blue dot). The two disjoint regions
beyond the yellow phase boundaries correspond to single

(a) (d)

(b)

(c)

(e)
(f)

(h) (i)

(g)

(a)
(b)

(d)
(c)

(e)

(f)

(h)
(g)

(i)

1.0

1.0

FIG. 4. The finite-entanglement scaling S ∼ (c/6) log ξD for
the model given in Eq. (14). Here, ξD is a correlation length
computed via CTMRG with bond dimension 10 ≤ D ≤ 80. The
plotted critical points correspond to the rotation axes �n with
(a) φ = π/4, θ = π/2, (b) φ = θ = π/4, (c) φ = π/4, θ = π/8,
(d) φ = 5π/16, θ = 3π/16, (e) φ = π/2, θ = π/8, (f) φ = θ =
π/2, (g) φ = 5π/16, θ = 3π/8, (h) φ = 3π/8, θ = 5π/16, and
(i) φ = π/2, θ = π/4.

Z2 topological order with eē and mm̄ anyons condensed,
respectively. These phases correspond to the FM and the
PM phases.

To determine the universality of the phase boundaries,
we compute the half-space entanglement entropy S of
the ground state the Hamiltonian of which is determined
by the transfer matrix of the model given in Eq. (14).
At the critical point, the tensor network with finite bond
dimension D cannot represent the diverging entanglement.
However, finite D leads to a systematic error in the cap-
tured entanglement so that S ∼ (c/6) log ξD holds, where
c is a central charge of the underlying conformal field the-
ory [92]. Using this finite-entanglement scaling, we extract
the central charges c at the phase boundaries as shown in
Fig. 4. The whole of the yellow boundary belongs to the 2D
Ising criticality with c = 1/2. On the other hand, the green
boundary at R = 1 surrounding the φ = π/4 curve (except
for the black dot representing n̂ = ŷ) is critical, with the
extracted central charge close to c = 1.

Below, we give several remarks regarding the cases in
which Eq. (14) is analytically treatable, connections to pre-
vious studies, the critical regions with c = 1/2 and c = 1,
and the phase diagram in the replica limit.

1. Random rotation noise within the X -Z plane

When �n = (sinφ, 0, cosφ) lies in the X -Z plane, the
model given in Eq. (14) reduces to ωe ∝ 1+ J (svsv′ +
τvτv′)+ Ksvsv′τvτv′ , with

J = R cos2 φ

2− R cos2 φ
, K = 2− R− R sin2 φ

2− R cos2 φ
, (18)

which can be written as the Boltzmann weight ωe ∝
eJ (svsv′+τvτv′ )+Ksvsv′ τvτv′ of the isotropic AT model with
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coupling constants J ,K ≥ 0. It is known that this model
has three distinct phases (PO, FM, and PM) [93], which is
in accord with the X -Z plane of Figs. 1(b) and 3. For the
pure X and Z rotations, the model simplifies further to a
2D Ising model on a square lattice, with a phase transition
at Jc = 1

2 ln(1+√2) [94,95]. Thus, the phase boundary
for the X and Z rotations is Rc = 2−√2 � 0.586, which
belongs to 2D Ising universality and extends into two Ising
critical lines for φ �= π/4 [93].

The special cases with (φ, θ) = (π/4,π/2) satisfy the
self-duality condition e−2K = sinh(2J ) [93]. In this sce-
nario, the model remains in the PO phase for R < 1 and
reaches the Berezinskii-Kosterlitz-Thouless (BKT) transi-
tion point at R = 1 [green dot in Fig. 1(b)]. This BKT
transition was first discussed in Ref. [31] for the stochastic
channel Ee[ρ] = (1− p)ρ + p(�n · �σ)eρ(�n · �σ)e (for which
R = 1 corresponds to p = 1/2) and our result greatly
extends such a transition for general distributions g(ϕe).
It is shown in Ref. [31] that any transition in |ρD〉〉 is
beyond the conventional anyon-condensation scheme if
E satisfies: (i) electromagnetic duality (EMD) symme-
try, UDEU

†
D = E for UD =

∏
e

1
2 (Xe + Ze)(X̄ e + Z̄e); and

(ii) partial transpose symmetry, (E†
E)TH = (E†

E)T̄H̄ =
E

†
E. One can easily check that Erot [see Eq. (13)] with

(φ, θ) = (π/4,π/2) satisfies both the EMD and partial
transpose symmetries. Therefore, this BKT transition is
an unconventional topological phase transition for any
g(ϕe) achieving R = 1. Such a case involves a nonstochas-
tic noise Erot with respect to asymmetric distributions
with vanishing second Fourier coefficient, e.g., g(ϕe) =
(2π)−1(1+ sinϕe cos 2ϕe).

2. Random Y-rotation noise

The green phase boundaries with R = 1 in Fig. 1(b)
demonstrate that the mixed-state topological order is
remarkably stable against random rotation noise with �n
near the Y axis (θ = φ = 0), suggesting that the QEC is
possible in principle for the TC under such noise. This
stability can be understood analytically for the pure Y
rotation, for which the model Eqs. (14) becomes

ωe ∝ 1+ R
2− R

(svsv′ − τvτv′)+ svsv′τvτv′ . (19)

In Appendix B 4, we map Eq. (19) to a certain vertex model
called the “staggered-vertex” model. We analytically com-
pute the transfer matrix and examine the correlation length,
order parameter, and anyon parameters (for details, see
Appendix B 4). We find that the model has no phase tran-
sition for R < 1 and undergoes spontaneous symmetry
breaking at R = 1. This suggests that double Z2 topolog-
ical order persists for R < 1, which is consistent with our
numerically obtained phase diagram [see Figs. 1(b) and 3].

For coherent information, we numerically compute I (2)c
from Eq. (17) for finite-sized systems. In Fig. 5, we show

FIG. 5. The Rényi-2 coherent information I (2)c of the deco-
hered TC under random Y-rotation noise on various Lx × Ly torus
geometries.

the result for various Lx × Ly torus geometries. Even in
small systems, I (2)c converges quite well to 2 log 2 for
R < 1. At R = 1, we have I (2)c = 0 and the quantum mem-
ory is lost. An intriguing point to note is that I (2)c goes to
1 rapidly for geometries with gcd(Lx, Ly) = 1. This aligns
with the fact that the TC with coprime geometry has an
advantage in correcting stochastic Pauli-Y noise [96].

Although I (2)c does not rigorously guarantee the exis-
tence of the QEC protocol, we expect the same behavior
to persist in the replica limit n→ 1. This anticipation is
consistent with previous studies that have demonstrated the
error threshold of the TC against stochastic Y noise to be
pc = 0.5 [96–98]. Additionally, the decohered TC under
the maximal stochastic Y noise has a diverging Markov
length [42], which has been proposed to play a role sim-
ilar to the correlation length in pure states [23]. This fact
suggests that there should be a mixed-state phase transition
at Rc = 1.

We also note similar robustness of the TC under the
only-Y measurement setup, where each qubit is measured
in the Y basis with probability py . It is known that the
probability of corrupting the encoded quantum memory
vanishes exponentially with system size unless every phys-
ical qubit is measured (i.e., py = 1) [99,100], in agreement
with the mixed-state phase transition of the TC under
random Y-rotation noise at Rc = 1.

3. Critical region with c = 1/2

The Ising critical lines identified within the X -Z plane
in Sec. III B 1 are part of the yellow phase boundaries in
Fig. 1(b), which separate regions of double and single Z2
topological orders. Notably, these entire 2D phase bound-
aries exhibit Ising criticality (c = 1/2). We believe that
this arises from the non-Hermiticity of the effective stat-
mech model in Eq. (14), which at the field-theory level may
introduce an imaginary mass term that is reported to extend
the Ising criticality [101]. This instance illustrates the
importance of studying non-Hermitian stat-mech models
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to understand quantum many-body states under decoher-
ence, a direction that deserves further investigation.

4. Critical region with c = 1

Spreading out from the BKT transition point at �nBKT =
(1/
√

2, 0, 1/
√

2) [green dot in Fig. 1(b)], the green phase
boundaries with R = 1 form an extended critical region
with a central charge c = 1, except for the pure Y-rotation
case �nY = (0, 1, 0). We expect that this extended critical
region may be described by a nonunitary conformal field
theory with an effective central charge c∗ = 1. It will be
interesting to further investigate the precise nature of this
critical region for future work.

We expect that the mixed-state transitions at the green
phase boundary cannot be described by the standard
anyon-condensation scheme, as in the BKT transition point
�nBKT. A notable point is that Eq. (13) with a general rota-
tion axis �n pointing within the green critical region does not
satisfy the EMD and/or partial-transpose symmetries dis-
cussed in Sec. III B 1. This suggests that this critical region
may provide an example of an unconventional mixed-state
phase transition beyond the sufficient conditions for such
a transition derived in Ref. [31], which deserves future
investigation.

We comment on a similar observation in the Hamil-
tonian setting, where the fixed-point TC Hamiltonian
[Eq. (1)] is perturbed by the term −∑e(

�h · �σ)e, with
�h = (hx, hy , hz) representing a uniform magnetic field. In
this model, a critical line with continuously varying crit-
ical exponents is found along the line hx = hz as hy
changes [102], which suggests a connection to an underly-
ing Ashkin-Teller-type model. Such critical line is notably
analogous to the φ = π/4 curve in our random rotation
noise model [see Fig. 1(b)].

5. Phase diagram in the replica limit

Finally, we discuss the potential structure of the phase
diagram of ρD in the replica limit n→ 1. While the
doubled-Hilbert-space formalism offers insights into phase
structures, the actual phase boundaries and universality
for n = 1 may differ. For example, the TC under incoher-
ent X /Z noise follows the 2D random-bond Ising model
(RBIM) universality [4,16–18] rather than the 2D Ising
universality obtained from the doubled-Hilbert-space for-
malism. Based on this, we conjecture that the yellow phase
boundaries fall within the 2D RBIM universality class for
n = 1. Another interesting question is whether the green
phase boundary remains critical at n = 1 and how its
shape changes. Since the phase boundary for pure Y rota-
tion appears to stay at Rc = 1 in the replica limit (see
Sec. III B 2), one might consider three potential scenarios:
(i) two isolated points at �nBKT and �nY with R = 1, (ii) a crit-
ical curve φ = π/4 connecting these two points, and (iii) a

critical region with these points as its vertices. In each case,
we believe that the pure Y-rotation point �nY is not critical.

C. Example: Double von Mises distribution

In this section, we provide an exemplary mixed-state
phase diagram for parameters characterizing a certain
angle distribution. A von Mises (vM) distribution is
defined as

hκ ,ϕ(ϕe) = eκ cos(ϕe−ϕ)

2π I0(κ)
, (20)

where Iα(κ) is the modified Bessel function of the first
kind of order α. The distribution in Eq. (20) has a mean ϕ
and a variance 1− I1(κ)/I0(κ). Since 1− I1(κ)/I0(κ)→
(2κ)−1 as κ →∞, we can interpret κ−1 as a measure of
concentration. As κ → 0 (∞), Eq. (20) approaches the
uniform (Dirac delta) distribution on [−π ,π). We consider
a double vM distribution g(ϕe), a convex combination of
two vM distributions, as a concrete example of an angle
distribution:

gκ ,�ϕ(ϕe) = qhκ ,0(ϕe)+ (1− q)hκ ,�ϕ(ϕe), (21)

where q ∈ [0, 1] controls the mixedness between the two
vM distributions, κ controls the width of each peak, and
�ϕ is the distance between the two peaks. For q = 1/2, we
have R = [I2(κ)/I0(κ)]2 cos2(�ϕ). Solving R = Rc, with
Rc being a critical point lying at the intersection of �n and
the phase boundaries in Fig. 1(b), one can obtain a phase
diagram with respect to κ and �ϕ. In Fig. 6, we show the
resulting phase diagram for the distribution Eq. (21) with
q = 1/2. In Fig. 6, we illustrate that clear distinguishability
between the two peaks (maximal at �ϕ = ±π/2) tends to
degrade the quantum memory. It also breaks down for flat

(d)

(b)

(c)

(a)
(a)

(c) (d)

(b)

FIG. 6. The phase diagram of the TC under random rotation
noise with respect to the double von Mises distribution gκ ,�ϕ(ϕe)

[see Eq. (21)]. The yellow, orange, and purple curves correspond
to phase boundaries for �n = (1, 0, 0), �n = (1/√2, 1/

√
2, 0), and

�n = (0, 1, 0), respectively. The double (single) Z2 topological
order is within the region (not) surrounded by the shade for each
�n. The distribution profiles on the right show gκ ,�ϕ(ϕe) with (a)
κ = 15,�ϕ = 0, (b) κ = 15,�ϕ = π/2, (c) κ = 3,�φ = 0, and
(d) κ = 3,�ϕ = π/2.
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peaks (more precisely, κ < 5.015). The nontrivial point is
that when �n has sufficiently large ny so that it points within
the green phase boundary, the quantum memory is robust
regardless of the distinguishability between peaks and their
width.

D. Error thresholds and phase boundary in the replica
limit

In the following, we discuss the practical error thresh-
olds and mixed-state phase boundary in the replica limit
under random rotation noise.

In Appendix D, we argue that the Rényi-2 mixed-state
phase boundary R(2)c gives an upper bound on the actual
phase boundary R(1)c assuming a physically reasonable flat-
tening of the density matrix spectrum under decoherence.
To assess how informative R(2)c , derived from the doubled-
Hilbert-space formalism, is for practical QEC, we need
to compare it with the actual phase boundary R(1)c in the
replica limit. For analytically tractable rotation axes, this
comparison can be made directly: for �n = �x, �z, we have
R(2)c � 0.586 and R(1)c � 0.388 [4], which are quite dif-
ferent. In contrast, for �n = ŷ, the two phase boundaries
match perfectly at R(2)c = R(1)c = 1 [96]. Beyond these spe-
cial cases, however, evaluating their closeness solely from
the study based on the doubled-Hilbert-space formalism is
challenging.

To bridge this gap, we numerically estimate the error
threshold Rth of the rotated surface code under stochastic
�n · �σ noise (E�n,p [ρ] = (1− p)ρ + p(�n · �σ)ρ(�n · �σ), with
p = (1−√1− R)/2). This is done using tensor-network
simulations [103], which implement the optimal decoder
for standard QEC scheme based on syndrome measure-
ments. Note that the decohered surface code exhibits the
same mixed-state transition point as the decohered TC,
as their corresponding stat-mech models differ only at the
boundary, which does not affect bulk critical physics in the
thermodynamic limit [18]. We have also chosen the rotated
surface code, the layout of which achieves the optimal
encoding ratio [104].

For each rotation axis �n = (sin θ sinφ, cos θ , sin θ cosφ)
within an octant of the unit sphere, the estimated error
thresholds Rth are listed in Table I. (Thresholds for rotation
axes in the other octants can be deduced by symmetry.) In

Fig. 7, we provide a three-dimensional illustration of Rth
alongside the threshold behavior of the logical error rates
pL as a function of the physical error rate p . (The logical
error rate pL is defined as the diamond distance between the
logical channel induced by QEC and the identity channel.)
Although our numerical estimates are subject to finite-size
effects, we expect these results to provide reasonably quan-
titative error thresholds under random rotation noise in the
standard QEC scheme.

The estimated error thresholds for the x̂ and ẑ axes
are reasonably close to the known value Rth � 0.388 [4]
[see Fig. 7(a)]. Furthermore, we observe a trend where
Rth increases as the rotation axis �n approaches the ŷ axis,
reaching the maximal value Rth = 1 for �n = ŷ, consis-
tent with Ref. [96] [see Fig. 7(m)]. Notably, these error
thresholds can be achieved for arbitrary angle distribu-
tions by applying adequate single-qubit unitary rotations
with a rotation angle given in Eq. (B10) before syn-
drome measurements, which effectively reduces the noise
to stochastic �n · �σ noise.

These error thresholds not only serve as practical bench-
marks for the standard QEC scheme (with unitary pre-
rotations before syndrome measurements allowed) but also
provide a lower bound for the mixed-state phase bound-
ary in the replica limit. This is because we cannot rule
out the possibility that QEC protocols beyond the standard
one might achieve a threshold higher than the obtained
Rth. Therefore, the actual mixed-state phase boundary in
the replica limit lies somewhere between the estimated
thresholds and the phase boundary obtained from the
doubled-Hilbert-space formalism.

An intriguing point is that our phase diagram from the
doubled-Hilbert-space formalism (and that in Ref. [31])
suggests that quantum memory persists under random rota-
tion noise up to maximal decoherence Rc = 1 for rotation
axes �n with φ = π/4, whereas our numerical simulations
of the standard QEC protocol do not seem to achieve such a
high threshold [see Figs. 7(i)–7(l)]. This discrepancy could
be due to finite-size effects in our numerics or may indi-
cate the existence of a nonstandard QEC scheme capable
of curing quantum memory up to Rc = 1. A precise deter-
mination of the mixed-state phase boundary in the replica
limit and the construction of an explicit finite-depth local
channel that attains it remain important open questions.

TABLE I. The numerically estimated error thresholds Rth of the rotated surface code under random rotation noise for various rotation
axes �n. The conventional QEC scheme based on syndrome measurement is simulated to compute Rth.

�n(φ, θ) Rth �n(φ, θ) Rth �n(φ, θ) Rth

φ = π/2, θ = π/2 �0.38 φ = 3π/8, θ = π/2 �0.43 φ = π/4, θ = π/2 �0.68
φ = π/2, θ = 3π/8 �0.43 φ = 3π/8, θ = 3π/8 �0.47 φ = π/4, θ = 3π/8 �0.61
φ = π/2, θ = π/4 �0.67 φ = 3π/8, θ = π/4 �0.63 φ = π/4, θ = π/4 �0.60
φ = π/2, θ = π/8 �0.78 φ = 3π/8, θ = π/8 �0.74 φ = π/4, θ = π/8 �0.74

θ = 0 1
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(g)
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FIG. 7. A three-dimensional illustration of the numerically estimated error thresholds Rth for the rotated surface code under random
rotation noise. The thresholds above the φ = π/4 plane (red) are obtained by reflecting the lower part. The threshold behavior used to
extract Rth for each �n is shown in (a)–(m) for code distances d = 3, 5, 7, 9: (a) φ = π/2, θ = π/2; (b) φ = π/2, θ = 3π/8; (c) φ = π/2,
θ = π/4; (d) φ = π/2, θ = π/8; (e) φ = 3π/8, θ = π/2; (f) φ = 3π/8, θ = 3π/8; (g) φ = 3π/8, θ = π/4; (h) φ = 3π/8, θ = π/8;
(i) φ = π/4, θ = π/2; (j) φ = π/4, θ = 3π/8; (k) φ = π/4, θ = π/4; (l) φ = π/4, θ = π/8; (m) θ = 0. Each data point is obtained
from 104 to 4× 104 samples.

IV. AMPLITUDE-DAMPING NOISE

In this section, we study decohered TC under amplitude-
damping noise. The amplitude-damping channel models
the decay process of an excited state of a qubit via the
spontaneous emission of a photon. Specifically, the chan-
nel is defined as Eamp ≡

∏
e Ee, where Ee[ρ] ≡ K0,eρK†

0,e +
K1,eρK†

1,e and the Kraus operators are given by

K0,e =
(

1 0
0
√

1− γ
)

, K1,e =
(

0
√
γ

0 0

)
. (22)

The damping parameter γ ∈ [0, 1] depends on the rate
of spontaneous emission [see Fig. 1(a)]. The amplitude-
damping channel is a typical type of coherent noise in
NISQ devices [69–71] and cannot be expressed as a
stochastic Pauli channel. This channel is particularly rel-
evant for quantum platforms consisting of lossy bosonic
modes when the first two Fock states of a bosonic mode
are used as a qubit and it has been a noise model of great
interest in the QEC literature [105–110]. In what follows,
we are interested in the decohered state ρD = Eamp[ρ0].

As in Sec. III A, we can compute the purity Tr[ρ2
D] =

〈〈ρ0|E†
ampEamp|ρ0〉〉, where Eamp =

∏
e Ee is given by Ee =

K0,e ⊗ K̄0,e + K1,e ⊗ K̄1,e. In Appendix C, we show that the
purity can be written as Tr[ρD] ∝∑sv ,τv

∏
e ωe, where sv

and τv are Ising spins on the vertices and the local weight
is given by ωe ∝ 1+ J+svsv′ − J−τvτv′ + Ksvsv′τvτv′ with

J±= γ (1± γ )
γ 2 − γ + 2

, K = γ 2 − 3γ + 2
γ 2 − γ + 2

. (23)

For γ ∈ [0, 1], ωe with Eq. (23) corresponds to the local
Boltzmann weight of the anisotropic AT model (for details,
see Appendix C). The phase diagram must be symmet-
ric about γ = 1/2, since the stat-mech model is sym-
metric with respect to γ ↔ 1− γ . (This transformation
exchanges J+ and K , which does not affect the parti-
tion function

∑
sv ,τv

∏
e ωe due to its invariance under the

permutation of s and sτ spins.)
In the absence of decoherence (γ = 0), the weight

reduces to ωe ∝ 1+ svsv′τvτv′ , indicating that the model is
in the PO phase with 〈svτv〉 = 1 and 〈sv〉 = 〈τv〉 = 0. On
the other hand, when all spins are polarized to the ground
state (γ = 1), the weight reduces to ωe ∝ 1+ svsv′ and
hence the model has 〈sv〉 = 1 and 〈τv〉 = 〈svτv〉 = 0. Thus,
one might expect only two phases: the PO phase at small
γ and the phase with ordered s spins at large γ . In addition
to these two phases, we find from the CTMRG simulation
an intermediate PM phase with 〈τv〉 = 〈sv〉 = 〈svτv〉 = 0
in a narrow parameter regime 0.487 < γ < 0.513 (see
Fig. 8). Therefore, the amplitude-damping channel makes
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FIG. 8. The order parameters 〈sv〉, 〈τv〉, and 〈svτv〉 of the stat-
mech model given in Eq. (23), associated with the decohered
TC under amplitude-damping noise. The model undergoes two
phase transitions at γc,1 � 0.487 and γc,2 � 0.513, beyond each
of which the quantum memory degrades to classical memory and
no memory properties remain. The inset (log-log scale) shows
the scaling of 〈sv〉 above γc,2 with the Ising critical exponent
β = 1/8.

the decohered TC undergo two successive topological
phase transitions, even though it has only one tuning
parameter γ . This phenomenon has also been observed
numerically in Ref. [38] using different schemes, and our
work provides a solid stat-mech model underlying it.

The anyon parameters are identical to Eqs. (16), from
which we can learn which anyons condense. The first
phase transition at γc,1 � 0.487 condenses mm̄ anyons and
degrades the quantum memory to classical memory. Sub-
sequently, the second phase transition at γc,2 � 0.513 con-
denses eē anyons, trivializing the classical memory. This
coincides with almost all spins polarizing to the ground
state for large γ . The overall phase diagram is shown
in Fig. 1(c). The numerics show that the two transitions
belong to the 2D Ising universality with critical exponent
β = 1/8 (see inset of Fig. 8). The Rényi-2 coherent infor-
mation is also given by Eq. (17) and an argument similar
to the one in Sec. III B can be used to show that I (2)c in the
thermodynamic limit is equal to 2 log 2, 0, and−2 log 2 for
the PO, PM, and the s-ordered phases, respectively. This is
consistent with the analysis from the anyon parameters.

It is informative to compare our mixed-state phase
boundary for amplitude-damping noise with the error
thresholds from Ref. [103]. There, the error threshold for
amplitude damping noise in the standard QEC scheme
is numerically estimated as γc � 0.39, which is lower
than γc,1 � 0.487 obtained from the doubled-Hilbert-space
formalism. This highlights the limitations of the formal-
ism in pinpointing precise error thresholds. However,
the doubled-Hilbert-space formalism provides additional
physical insights into the mixed state that cannot be
deduced from the numerical threshold estimate alone; it
reveals a two-stage degradation of quantum memory—first
to classical memory and then to a no-memory state—as
γ increases, while also identifying the physical mecha-
nism behind each transition. Thus, complementing error

threshold estimation with the Rényi-2 phase study offers
a more comprehensive understanding of quantum memory
under decoherence.

V. CONCLUSIONS AND DISCUSSION

In this work, we explore the mixed-state phase of the
decohered TC under two representative types of coher-
ent noise using the doubled-Hilbert-space formalism. For
random rotation noise, we determine the phase diagram
for any rotation axis and arbitrary angle distribution, sig-
nificantly generalizing the previously studied incoherent-
noise models. In addition to the robust quantum mem-
ory observed under random rotations about axes near the
Y axis, we identify phase boundaries featuring several
interesting properties, such as Ising critical surfaces and
unconventional mixed-state phase transitions, which merit
further investigation. We argue that under certain physi-
cal assumptions, the phase boundaries obtained from the
doubled-Hilbert-space formalism provide an upper bound
of the phase boundary in the replica limit. Additionally,
we narrow down the location of the phase boundary in
the replica limit by providing a numerical lower bound,
which may be of practical interest. For the amplitude-
damping noise, we uncover two mixed-state topological
phase transitions governed by a single parameter γ .

We remark that the phase boundaries for the random
rotation error identified here differ from the error thresh-
old under global unitary rotation obtained in Ref. [63],
where the decoding problem maps to a Majorana network.
This difference stems from practical constraints in standard
QEC schemes, where syndromes are obtained by measur-
ing check operators (e.g., Av and Bp ) and Pauli recovery
operations are applied. In contrast, our mixed-state setup
addresses the intrinsic error threshold of the decohered
TC, within which QEC is possible in principle, though
the corresponding QEC protocol may require experimen-
tally challenging operations. It would be interesting to
analytically understand the “practical” error threshold for
coherent noise, such as amplitude-damping noise, as done
for global rotation error [63]. Our finite-size numerics
on random rotation noise hints at the approximate loca-
tions of such practical thresholds. The stat-mech mapping
technique and tensor-network method employed in this
work would be straightforwardly applicable to yield more
precise results in the thermodynamic limit.

As mentioned in Sec. III B 4, it will be worthwhile to
understand the precise conditions for an unconventional
mixed-state phase transition. Moreover, an important open
question is whether the structure of our mixed-state phase
diagrams under coherent noise persists in the replica limit
n→ 1. For coherent noise, exact diagonalization of the
decohered density matrix, as done for incoherent noise
[17,18], is challenging. Developing new analytical and
numerical frameworks to access the replica limit directly
would be valuable for further study.
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Lastly, extending the mixed-state framework to other
realistic QEC scenarios would be valuable. For example,
realistic noise may introduce fluctuations in the rotation
axis �n. Such fluctuations can be addressed similarly to our
treatment of random rotation noise by incorporating a dis-
tribution over �n. It would be interesting to explore how
these axis fluctuations influence the mixed-state phase dia-
gram of our work. Furthermore, accounting for readout
errors is crucial in practical QEC. In multicycle error detec-
tion setups, readout errors introduce an additional temporal
error pattern [4]. Recently, this scenario has been examined
in Ref. [59] using a mixed-state perspective. Extending
this approach to coherent noise would be an intriguing
direction for future research.

Note added. We recently became aware of related inde-
pendent work that studies the error threshold of the sur-
face code under generic unitary rotation errors using the
mapping to a disordered non-Hermitian AT model [111].
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APPENDIX A: GENERAL MAPPING FOR ANYON
PARAMETERS AND COHERENT INFORMATION

In this appendix, we review the mapping of anyon-
condensation and -confinement parameters to an observ-
able in the stat-mech model [Eqs. (9)], which was intro-
duced in Ref. [31], for the sake of self-containedness.
We then derive the stat-mech expression for the Rényi-2
coherent information [Eqs. (A11) and (A13)].

1. Anyon-condensation and -confinement parameters

Consider a state ρeē
0 = we(l)ρ0w†

e(l), where we(l) =∏
e∈l Ze is a string operator creating a pair of e anyons

at the end points i and j of an open string l on the origi-
nal lattice. From Eq. (4), the associated Choi state |ρeē

0 〉〉 =

we(l)w̄e(l)|ρ0〉〉 is given by

|ρeē
0 〉〉
∝
∑

ze,z̄e,
xv ,x̄v

∏

e∈l

zez̄e

∏

e

(1+ zexvxv′)(1+ z̄ex̄v x̄v′)|ze, z̄e〉〉

=
∑

ze,z̄e,
xv ,x̄v

xix̄ixj x̄j

∏

e

(1+ zexvxv′)(1+ z̄ex̄v x̄v′)|ze, z̄e〉〉,

(A1)

where we have used zez̄e(1+ zexvxv′)(1+ z̄ex̄v x̄v′) =
xvxv′ x̄v x̄v′(1+ zexvxv′)(1+ z̄ex̄v x̄v′) in the second line.
Since the action of E does not affect the additional xix̄ixj x̄j
factor, we obtain

〈〈I Ī |eē〉〉 = lim
|i−j |→∞

∑
xv ,x̄v ,tv ,t̄v xix̄ixj x̄j

∏
e ωe∑

xv ,x̄v ,tv ,t̄v

∏
e ωe

= lim
|i−j |→∞

〈xix̄ixj x̄j 〉, (A2)

where ωe is given by Eq. (6). Note that the effect of
applying we(l) (w̄e(l)) on |ρ0〉〉 is to add a factor xixj
(x̄ix̄j ). Using this, one can similarly show 〈〈eĪ |eĪ〉〉 =
lim|i−j |→∞〈xitixj tj 〉.

Next, consider ρmm̄
0 = wm(l̃)ρ0w†

m(l̃), where wm(l̃) =∏
m∈l̃ Xe is a string operator creating a pair of m anyons

at the end points ĩ and j̃ of an open string l̃ on the dual
lattice. Since the Xe operator flips ze to −ze in Eq. (4) (and
similarly for X̄ e), the Choi state |ρmm̄

0 〉〉 = wm(l)w̄m(l)|ρ0〉〉
is given by

|ρmm̄
0 〉〉 ∝

∑

ze,z̄e,
xv ,x̄v

∏

e

(1+ ηezexvxv′)(1+ ηez̄ex̄v x̄v′)|ze, z̄e〉〉,

(A3)

where ηe = −1 if e ∈ l̃, and 1 otherwise. It follows that

〈〈I Ī |mm̄〉〉 = lim
|ĩ−j̃ |→∞

∑
xv ,x̄v ,tv ,t̄v

∏
e ω

η
e∑

xv ,x̄v ,tv ,t̄v

∏
e ωe

, (A4)

where

ωηe ≡
∑

ze,z̄e,z′e,z̄′e=±1

〈〈z′e, z̄′e|E†
eEe|ηeze, ηez̄e〉〉

× (1+ zexvxv′)(1+ z̄ex̄v x̄v′)(1+ z′etvtv′)(1+ z̄′et̄v t̄v′).
(A5)

Note that the signs of interactions xvxv′ and x̄v x̄v′ are
flipped along l̃ in Eq. (A5) compared to Eq. (6). Therefore,
we obtain 〈〈I Ī |mm̄〉〉 = lim|ĩ−j̃ |→∞〈μx

ĩ
μx̄

ĩ
μx

j̃
μx̄

j̃
〉, where μx

and μx̄ are the disorder parameters of the x and x̄
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spins, respectively [88]. Observing that the effect of wm(l̃)
(w̄m(l̃)) on |ρ0〉〉 is to flip the sign of interactions xvxv′
(x̄v x̄v′) along l̃, one can similarly derive 〈〈mĪ |mĪ〉〉 =
lim|ĩ−j̃ |→∞〈μx

ĩ
μt

ĩ
μx

j̃
μt

j̃
〉. This completes the proof of the

correspondence with Eq. (9).

2. Coherent information

The logical operators of the TC are given by Z1,2 ≡∏
e∈l1,2

Ze and X1,2 ≡
∏

e∈l̃1,2
Xe, where l1,2 (l̃1,2) are two

noncontractible loops on the original (dual) lattice. Let
|�0〉 be the ground state satisfying Z1,2|�0〉 = |�0〉. Then,
the four ground states can be written as |�a,b

0 〉 ≡ Xa
1Xb

2|�0〉
with a, b ∈ {0, 1}. These ground states can be obtained
from Eq. (3) by applying X1,2 properly, which flips ze to
−ze for e ∈ l̃1,2 in Eq. (3).

Now, we express the Rényi-2 coherent information I (2)c
in terms of the stat-mech model given in Eq. (5). Let Q
be the TC system and R be the two-qubit reference sys-
tem, forming two Bell pairs with two logical qubits of Q.
The density matrices for RQ and Q before channel E are
given by

ρ0,RQ = 1
4

∑

a,b=0,1
a′,b′=0,1

|a, b〉〈a′, b′|R ⊗ |�a,b
0 〉〈�a′,b′

0 |Q,

ρ0,Q = 1
4

∑

a,b=0,1

|�a,b
0 〉〈�a,b

0 |Q,

(A6)

where |a, b〉R are orthonormal states in R. Let ηe =
−1 (ζe = −1) if e ∈ l1 (e ∈ l2), and 1 otherwise. Using
Tr[ρ2] = 〈〈ρ|ρ〉〉 and Eq. (4), one can obtain

Tr[E[ρ0,RQ]2] ∝
∑

a,b=0,1
a′,b′=0,1

∑

xv ,x̄v ,tv ,t̄v

∏

e

ωaba′b′
e

︸ ︷︷ ︸
≡Zaba′b′

, (A7)

Tr[E[ρ0,Q]2] ∝
∑

a,b=0,1
a′,b′=0,1

∑

xv ,x̄v ,tv ,t̄v

∏

e

ω̃aba′b′
e

︸ ︷︷ ︸
≡ Z̃aba′b′

, (A8)

where

ωaba′b′
e ≡

∑

ze,z̄e,
z′e,z̄′e=±1

〈〈ηa
eζ

b
e z′e, ηa′

e ζ
b′
e z̄′e|E†

eEe|ηa
eζ

b
e ze, ηa′

e ζ
b′
e z̄e〉〉

× (1+ zexvxv′)(1+ z̄ex̄v x̄v′)(1+ z′etvtv′)(1+ z̄′et̄v t̄v′),
(A9)

ω̃aba′b′
e ≡

∑

ze,z̄e,
z′e,z̄′e=±1

〈〈ηa
eζ

b
e z′e, ηa

eζ
b
e z̄′e|E†

eEe|ηa′
e ζ

b′
e ze, ηa′

e ζ
b′
e z̄e〉〉

× (1+ zexvxv′)(1+ z̄ex̄v x̄v′)(1+ z′etvtv′)(1+ z̄′et̄v t̄v′).
(A10)

The weights given in Eqs. (A9) and (A10) are simply the
original weight in Eq. (6) with the signs of the interac-
tions flipped along noncontractible loops according to the
labels (a, b, a′, b′). Note that ω0000

e = ω̃0000
e = ωe. Finally,

the Rényi-2 coherent information becomes [see Eq. (10)]

I (2)c (R〉Q) = log

⎛

⎝
∑

a,b,a′,b′=0,1 e−�Faba′b′

∑
a,b,a′,b′=0,1 e−�F̃aba′b′

⎞

⎠ , (A11)

where �Faba′b′ ≡ − log(Zaba′b′/Z0000) is the free-energy
cost of forming defects along the noncontractible loops
corresponding to ωaba′b′

e (and similarly for �F̃aba′b′).
This expression for I (2)c can be simplified further for

the coherent noise considered in this paper, where the
weight ωe is of the Ashkin-Teller type: ωe ∝ 1+ J1svsv′ +
J2τvτv′ + Ksvsv′τvτv′ , with sv = xv x̄v and τv = x̄vtv [see
Eqs. (14), (15), and (23)]. In such cases, Eqs. (A9)
and (A10) reduce to

ωab
e ∝ 1+ ηa

eζ
b
e (J1svsv′ + J2τvτv′)+ Ksvsv′τvτv′ ,

ω̃ab
e ∝ 1+ J1svsv′ + ηa

eζ
b
e (J2τvτv′ + Ksvsv′τvτv′),

(A12)

where we have redefined labels as a+ a′ → a and b+
b′ → b. Accordingly, Eq. (A11) simplifies to Eq. (17):

I (2)c (R〉Q) = log

( ∑
a,b=0,1 e−�Fab

s,τ

∑
a,b=0,1 e−�Fab

τ ,sτ

)
, (A13)

where �Fab
s,τ is the free-energy cost of forming defects in

the interactions svsv′ and τvτv′ along the noncontractible
loop pattern (a, b) (and similarly for �Fab

s,sτ ).

APPENDIX B: DETAILS ON RANDOM ROTATION
NOISE

In this appendix, we elaborate on the random rotation
noise discussed in Sec. III. We prove the transformation
of Eq. (11) into stochastic �n · �σ noise and the R depen-
dence of the effective stat-mech model. We also detail the
mapping to the stat-mech model Eq. (14) and solve the
staggered-vertex model for the Y-rotation noise discussed
in Sec. III B 2.

1. Cases with even angle distribution

Here, we show that random rotation channel Eq. (11)
reduces to a stochastic �n · �σ noise when the distribution
g(ϕe) is even. We expand the global unitary rotation as

∏

e

Ue(ϕe) =
∑

C
A−(C,ϕϕϕ)O(�n)

C , (B1)
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where C runs over all subsets, O(�n)
C ≡

∏
e∈C(�n · �σ)e, and

A±(C,ϕϕϕ) ≡
∏

e �∈C
cosϕe

∏

e∈C
(±i sinϕe). (B2)

The decohered state ρD = E[ρ0] can then be writ-
ten as ρD =

∑
C,C̄ A(C, C̄)O(�n)

C ρ0O(�n)
C̄ with A(C, C̄) ≡∫ ∏

e dϕeg(ϕe)A−(C,ϕϕϕ)A+(C,ϕϕϕ). When g(ϕe) is even, the
coefficient A(C, C̄) simplifies as follows:

A(C, C̄) =
∫ ∏

e

dϕeg(ϕe)
∏

e �∈C,C̄
cos2 ϕe

∏

e∈C,C̄
sin2 ϕe

×
∏

e∈C,e �∈C̄
(−i cosϕe sinϕe)

∏

e �∈C,e∈C̄
(i cosϕe sinϕe)

= δC,C̄ · (1− p)N−|C|p |C|, (B3)

where we have defined p ≡ ∫
ϕe

g(ϕe) sin2 ϕe and uti-
lized

∫
ϕe

g(ϕe) sinϕe cosϕe = 0 in the second line. Thus,

we have ρD =
∑

C(1− p)N−|C|p |C|O(�n)
C ρ0O(�n)

C , which is
simply ρ0 under the stochastic �n · �σ channel with
probability p .

2. R dependence of mixed-state phase

We first prove that general random rotation noise can
always be transformed into stochastic �n · �σ noise and then
discuss its consequence on the mixed-state phase under
random rotation noise. Under the CJ isomorphism, the ran-
dom rotation noise given in Eq. (11) with respect to the
distribution g(ϕe) is mapped to Erot,g =

∏
e Eg,e, with

Eg,e =
∫

ϕe

g(ϕe)e−iϕe(�n·�σ)e ⊗ eiϕe(�n′·�σ)e , (B4)

where �n′ = (nx,−ny , nz) and the subscript g emphasizes
that the noise is with respect to g(ϕe). Using the identity
e±iϕe(�n·�σ)e = cosϕeIe ± i sinϕe(�n · �σ)e, we obtain

Eg,e = 1
2

[
I ⊗ Ī + (�n · �σ)⊗ (�n′ · �σ)

]

e

+ rc(g)
2

[
I ⊗ Ī − (�n · �σ)⊗ (�n′ · �σ)

]

e

+ irs(g)
2

[
I ⊗ (�n′ · �σ)− (�n · �σ)⊗ Ī

]

e
, (B5)

where the parameters

rc(g) ≡
∫

ϕe

g(ϕe) cos 2ϕe, (B6)

rs(g) ≡
∫

ϕe

g(ϕe) sin 2ϕe (B7)

satisfy the relation r2
c(g)+ r2

s (g) = 1− R, with

R ≡ 1−
∣∣∣∣
∫

ϕe

g(ϕe)e2iϕe

∣∣∣∣
2

. (B8)

This shows that the random rotation channel depends on
the distribution g(ϕ) only through rc(g) and rs(g), which
lie on a circle of radius

√
1− R. Now, note that applying

a rotation e−iϕ0(�n·�σ) rotates the point (rc(g), rs(g)) on this
circle counterclockwise by an angle 2ϕ0, i.e.,

(
rc(g̃)
rs(g̃)

)
=
(

cos 2ϕ0 − sin 2ϕ0
sin 2ϕ0 cos 2ϕ0

)(
rc(g)
rs(g)

)
, (B9)

where g̃(ϕ) ≡ g(ϕ − ϕ0) is the original distribution shifted
by ϕ0. From this observation, we can always set rs(g̃) = 0
by choosing an angle ϕ0 given by

ϕ0 ≡ −1
2

tan−1
(

rs(g)
rc(g)

)
, (B10)

in which case the remaining parameter rc(g̃) becomes√
1− R and the channel simplifies to the stochastic �n · �σ

channel

Eg̃,e = (1− p)Ie ⊗ Īe + p(�n · �σ)e ⊗ (�n′ · �σ)e (B11)

with an error rate p ≡ (1− rc(g̃))/2 = (1−
√

1− R)/2.
In other words, regardless of the distribution g(ϕ), we can
always transform random rotation noise with rotation axis
�n into stochastic �n · �σ noise by applying a depth-1 unitary
rotation deterministically. Extending to the tensor product
of Eg,e is straightforward. The cases with an even distribu-
tion discussed in Appendix B 1 correspond to the special
case in which rs(g) = 0 and thus ϕ0 = 0, which does not
require any unitary rotation.

The above transformation implies that states decohered
under random rotation noise with different distributions
belong to the same mixed-state phase as long as they share
the same rotation axis �n and the same R value. This follows
from the fact that the mixed-state phase remains unchanged
under a finite-depth local channel. Furthermore, it directly
follows that all nth moments of the decohered density
matrix, Tr[ρn

D], depend on the distribution g(ϕe) solely
through a single parameter R.

3. Details on mapping to stat-mech model

Here, we fill in the details of the mapping to the
stat-mech model of Eq. (14) discussed in Sec. III A by
assuming even distribution g(ϕe). We start by noting that
Eg1,eEg2,e = Eg1∗g2,e, where Eg1,2,e is given in Eq. (B4)
and (g1 ∗ g2)(ϕe) ≡

∫
ϕ′e g1(ϕ

′
e)g2(ϕe − ϕ′e) is a convolution
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between the two distributions g1 and g2. Since E
†
g,e = Eg−,e

with g−(ϕe) ≡ g(−ϕe), the purity of ρD can be written as

Tr[ρ2
D] = 〈〈ρ0|E†

rot,gErot,g|ρ0〉〉 = 〈〈ρ0|Erot,g|ρ0〉〉, (B12)

where g ≡ g− ∗ g. Note that g = g− ∗ g is even when g is
even. Let 〈·〉g denote the average with respect to g. Using
〈sinϕ cosϕ〉g = 0, we can expand Erot,g as follows:

Erot,g ∝
∏

e

[
1+ λ(n2

xXeX̄ e − n2
yYeȲe + n2

z ZeZ̄e)

+λnxny(YeX̄ e − XeȲe)+ λnynz(YeZ̄e − ZeȲe)

+ λnznx(ZeX̄ e + XeZ̄e)
]

, (B13)

where λ ≡ 〈sin2 ϕ〉g/〈cos2 ϕ〉g. Let us first analyze the
range of λ. We have λ = (1− 2πa2)/(1+ 2πa2) with
a2 ≡ (2π)−1

∫
ϕe

g(ϕe)e2iϕe being the second Fourier coeffi-
cient of g, which must be non-negative by the convolution
theorem. Combining this with |a2| ≤ (2π)−1, we obtain
λ ∈ [0, 1].

Now, we argue that the six cross terms in Eq. (B13) (e.g.,
YeX̄ e, ZeX̄ e, . . . ) can be neglected in the thermodynamic
limit. Consider sandwiching Erot,g with 〈〈ρ0| and |ρ0〉〉.
Note that 〈〈ρ0|

∏
e∈l ZeZ̄e|ρ0〉〉 = 1 (〈〈ρ0|

∏
e∈l̃ XeX̄ e|ρ0〉〉

= 1) only when l (l̃) forms closed loops in the origi-
nal lattice L (dual lattice D). Meanwhile, for YeȲe and
the six cross terms in Eq. (B13) (denoting these opera-
tors by AeB̄e), we have 〈〈ρ0|

∏
e∈l AeB̄e|ρ0〉〉 = 1 only if l

forms closed loops along diagonals of the lattice. All the
other terms appearing in the expansion of the product in
Eq. (B13) vanish. From these properties of the TC, the
purity Tr[ρ2

D] = 〈〈ρ0|Erot,g|ρ0〉〉 can be written as

Tr[ρ2
D] = 〈cos2 ϕ〉Ng ·

(
Z (L)

1 +Z (L)
2

)
, (B14)

where the Z (L)
1 is the sum of all nonvanishing terms con-

sisting of noncross terms (1, XeX̄ e, YeȲe, and ZeZ̄e), and
Z (L)

2 is the sum of all other nonvanishing terms containing
at least one cross term. The superscript (L) indicates that
the terms are with respect to the lattice L. Now, observe
that

∣∣∣∣∣
Z (L)

2

Z (L)
1

∣∣∣∣∣ ≤
Nd∑

l=1

6l
∑

S∈Sl

�|S| ·
∣∣∣∣∣
Z (L\S)

1

Z (L)
1

∣∣∣∣∣ , (B15)

where� ≡ λ ·max{nxny , nynz, nznx}. Here, Nd is the num-
ber of diagonal loops on L, Sl is the set of subsets of
qubits on L that are unions of l diagonal loops (with qubits
appearing even times excluded), and L \ S is the lattice
obtained from L by removing qubits in S ∈ Sl. Note that
|S| ∼ Ldl for S ∈ Sl, where Ld is the length of the short-
est diagonal loop. Since all terms in Z (L\S)

1 are included
in Z (L)

1 , we can write Z (L)
1 = Z (L\S)

1 +Zrem for some
remainder Zrem. Note that all nonvanishing terms in Z (L)

1
are non-negative since the lengths of the diagonal loops are
even. Then, we have

∣∣∣∣∣
Z (L\S)

1

Z (L)
1

∣∣∣∣∣ =
∣∣∣∣∣

1

1+Zrem/Z (L\S)
1

∣∣∣∣∣ ≤ 1 (B16)

and, consequently,

∣∣∣∣∣
Z (L)

2

Z (L)
1

∣∣∣∣∣ �
Nd∑

l=1

(
Nd

l

)
(6�−Ld)l = (1+ 6�−Ld)Nd − 1

= O(poly(L)e−L), (B17)

since Ld = O(L) in general and max{nxny , nynz, nznx} ≤
1/2 under the constraint |�n| = 1 so that � ≤ 1/2. [When
the size of L is Lx × Ly with gcd(Lx, Ly) = 1, one obtains
Ld = L2, which greatly enhances the suppression.] There-
fore, Tr[ρ2

D] ∝ Z (L)
1 as L→∞, justifying that the six

cross terms in Eq. (B13) can be safely neglected when
discussing the phase of the model.

Now that Tr[ρ2
D] ∝ 〈〈ρ0|

∏
e

[
1+ λ(n2

xXeX̄ e − n2
yYeȲe +

n2
z ZeZ̄e)

]|ρ0〉〉, we can use the identities Xe|ze〉 = |−ze〉,
Ye|ze〉 = ize |−ze〉 and Ze|ze〉 = ze|ze〉 to yield

Tr[ρ2
D] ∝

∑

ze,z̄e

∑

xv ,x̄v

∑

tv ,t̄v

∏

e

(1+ zetvtv′)(1+ z̄et̄v t̄v′)

×
[
(1+ λn2

z zez̄e)(1+ zexvxv′)(1+ z̄ex̄v x̄v′)

+ λ(n2
x − i−ze−z̄en2

y)(1− zexvxv′)(1− z̄ex̄v x̄v′)
]

∝
∑

xv ,x̄v ,tv ,t̄v

∏

e

ωe, (B18)

with

ωe ∝ 1+ xvxv′ x̄v x̄v′ tvtv′ t̄v t̄v′ + λn2
z

1+ λn2
x
(xvxv′ t̄v t̄v′ + tvtv′ t̄v t̄v′ + x̄v x̄v′ tvtv′ + xvxv′ x̄v x̄v′)

+ 1− λn2
x

1+ λn2
x
(xvxv′ tvtv′ + x̄v x̄v′ t̄v t̄v′)+

λn2
y

1+ λn2
x
(xvxv′ x̄v x̄v′ + tvtv′ t̄v t̄v′ − xvxv′ t̄v t̄v′ − x̄v x̄v′ tvtv′). (B19)
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Since Eq. (B19) obeys ωe(xvxv′ x̄v x̄v′ tvtv′ t̄v t̄v′) = ωe, we
can let t̄v t̄v′ = xvxv′ x̄v x̄v′ tvtv′ . Introducing new Ising vari-
ables sv = xv x̄v and τv = x̄vtv and substituting λ = R/
(2− R) (which can be derived from R = 2〈sin2 ϕ〉g), we
finally obtain Eqs. (14) and (15):

ωe ∝ 1+ R(n2
z + n2

y)

2− R+ Rn2
x

svsv′ +
R(n2

z − n2
y)

2− R+ Rn2
x
τvτv′

+ 2− R− Rn2
x

2− R+ Rn2
x

svsv′τvτv′ . (B20)

Writing Eq. (B20) as a local Boltzmann weight ωe ∝
eJ1svsv′+J2τvτv′+Ksvsv′ τvτv′ , it must be

tanh(J1)+ tanh(J2) tanh(K)
1+ tanh(J1) tanh(J2) tanh(K) =

R(n2
z + n2

y)

2− R+ Rn2
x

,

tanh(J2)+ tanh(J1) tanh(K)
1+ tanh(J1) tanh(J2) tanh(K) =

R(n2
z − n2

y)

2− R+ Rn2
x

,

tanh(K)+ tanh(J1) tanh(J2)

1+ tanh(J1) tanh(J2) tanh(K) =
2− R− Rn2

x

2− R+ Rn2
x

,

(B21)

the solution to which is imaginary in general. Therefore,
the purity of the TC under random rotation noise is pro-
portional to the partition function of the non-Hermitian
anisotropic AT model.

4. Staggered-vertex model

Here, we derive and solve the staggered-vertex model
(defined below) for the random Y-rotation noise discussed
in Sec. III B 2. Let us start from Eq. (19). We find it con-
venient to exchange s spins and sτ spins and then flip the
τ spins located at one sublattice (say, τ(i,j ) with i+ j odd),
so that

ωe ∝ 1+ R
2− R

svsv′(1+ τvτv′)− τvτv′ . (B22)

(The partition function is invariant under such transforma-
tions.) Following an approach akin to Refs. [112,113], we
map the non-Hermitian AT model Eq. (B22) to a certain
vertex model as follows. Note that ωe = [2R/(2− R)]svsv′
if τvτv′ = 1, and 2 otherwise. Let L and D denote the
original and dual lattices, respectively. Then, the partition
function Z =∑sv ,τv

∏
e ωe can be expanded as

Z ∝
∑

d⊂D

(
R

2− R

)N−|d|∑

sv

∏

e∈Ld

svsv′

∝
′∑

d⊂D

(
R

2− R

)N−|d|
, (B23)

where d runs over all closed-loop configurations on the
dual lattice D (which represent edges with τvτv′ = −1),

(a)
Vertex configurations

(b)

FIG. 9. (a) An example of loop configuration d (thick blue
lines) on the dual lattice D such that Ld (thick red lines) is also
a loop configuration. The black lines represent the original lat-
tice L. The black dots represent the sites at which s and τ spins
live. The green lines represent the tilted lattice T . The green
arrows show one of the associated vertex configurations. (b) Each
line-segment diagonal in T (purple segments in the bottom line,
which can be segments of either d or Ld) maps to the vertex
configurations in the middle line with the corresponding weights
Wi (1 ≤ i ≤ 4). Once a possible vertex is selected in one ver-
tex, the other vertices are uniquely determined according to this
assignment.

|d| is the total length of the loop configuration d, and Ld
is a lattice obtained from L by removing edges intersect-
ing with d. In the second line, we have used the fact that∑

sv

∏
e∈Ld

svsv′ = 2N/2 only when all vertices of Ld have
even number of edges (i.e., Ld is itself a loop configura-
tion) and vanishes otherwise. Here, ′ indicates that the sum
is over all loop configurations d ⊂ D such that Ld is also a
loop configuration. An example of such a configuration d
is shown in Fig. 9(a).

Let T be a 45◦-tilted square lattice the vertices of which
pass across all the edges of L. Let A (B) be the sublattice
of T that horizontal edges of L (D) pass through. Now, Z
can be mapped to a certain vertex model via the following
weight assignment:

WA
1 = WA

2 = WB
3 = WB

4 = 1,

WA
3 = WA

4 = WB
1 = WB

2 =
R

2− R
,

(B24)

where the superscripts denote the sublattices in T and
the weights Wi (1 ≤ i ≤ 4) are assigned to the local ver-
tices as shown in Fig. 9(b). (This mapping is one-to-two:
two vertex configurations with opposite arrows map to the
same d.) The weights given in Eq. (B24) vary depend-
ing on the sublattice and hence define a “staggered-vertex”
model. When R = 1, the staggeredness disappears, reduc-
ing the model to the “right-angle water” ice model [114].
[For a finite torus geometry, some loop configuration can
lead to antiperiodic boundary conditions along the noncon-
tractible loops of the torus, i.e., the arrows change their
directions across these loops [113]. Since we are interested
in the thermodynamic limit, we consider an infinite-plane
geometry and neglect such an issue below.]
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FIG. 10. The transfer-matrix element T(σ ) of the staggered-
vertex model. The gray arrows at the top show the fidu-
cial antiferromagnetic arrow pattern, based on which variables
σ = (σi)

2lx
i=1 are defined. Each T(σ ) is a sum of the four terms

corresponding to the four-row patterns ←→, →←, →→, and ←←.

The model given in Eq. (B24) can easily be solved
due to the nonreversing arrows along each line of T [see
Fig. 9(a)]. Let us first compute the transfer matrix of the
model given in Eq. (B24) in the diagonal direction of the
original lattice L, i.e., along the direction of the tilted lat-
tice T . Let us suppose that T has a size 2lx × 2ly for a
while and then take a limit lx,y →∞ to compute physical
quantities in an infinite-plane geometry. Define variables
σ = (σi)

2lx
i=1 along the lx direction as follows (see Fig. 10).

Consider a fiducial antiferromagnetic arrow pattern ↑↓↑↓
· · · , which starts from a site in the A sublattice. Define σi =
1 (−1) if the vertical arrow of the ith site matches (mis-
matches) that of the fiducial pattern. Let us also consider
a small alternating electric field along the fiducial pattern,
i.e., upward for the odd lines and downward for the even
lines, so that the vertices with vertical arrows aligning with
(against) the electric field gain an additional ε (ε−1) factor
for some ε > 1. We consider this electric field to examine
a spontaneous symmetry breaking, choosing one of the two
vertical arrow patterns satisfying O(σ ) ≡∑2lx

i=1 σi = ±2lx.
Let r = R/(2− R) and let T be a transfer matrix corre-

sponding to two rows, which involve four cases for their
arrow directions: ←→, →←, →→, and ←← (see Fig. 10). Due to the
nonreversing arrows, we can write T =∑σ T(σ )|σ 〉〈σ |
with T(σ ) =∏2lx

i=1 t(σi), where t(σi) is a local weight for
the ith column. One can compute t(σi) for the four cases as
follows:

(1) Case ←→: t(σi) = ε2σi r1−σi

(a) When σi = 1 for odd i, t(σi) = WA
1 WB

4 = ε2.
(b) When σi = 1 for even i, t(σi) = WB

3 WA
2 = ε2.

(c) When σi = −1 for odd i, t(σi) = WA
3 WB

2 =
ε−2r2.

(d) When σi = −1 for even i, t(σi) = WB
1 WA

4 =
ε−2r2.

(2) Case →←: t(σi) = ε2σi r1+σi

(a) When σi = 1 for odd i, t(σi) = WA
4 WB

1 = ε2r2.
(b) When σi = 1 for even i, t(σi) = WB

2 WA
3 = ε2r2.

(c) When σi = −1 for odd i, t(σi) = WA
2 WB

3 = ε−2.
(d) When σi = −1 for even i, t(σi) = WB

4 WA
1 =

ε−2.

(3) Case →→: t(σi) = ε2σi r

(a) When σi = 1 for odd i, t(σi) = WA
1 WB

1 = ε2r.
(b) When σi = 1 for even i, t(σi) = WB

3 WA
3 = ε2r.

(c) When σi = −1 for odd i, t(σi) = WA
3 WB

3 =
ε−2r.

(d) When σi = −1 for even i, t(σi) = WB
1 WA

1 =
ε−2r.

(4) Case ←←: t(σi) = ε2σi r

(a) When σi = 1 for odd i, t(σi) = WA
4 WB

4 = ε2r.
(b) When σi = 1 for even i, t(σi) = WB

2 WA
2 = ε2r.

(c) When σi = −1 for odd i, t(σi) = WA
2 WB

2 =
ε−2r.

(d) When σi = −1 for even i, t(σi) = WB
4 WA

4 =
ε−2r.

Combining all, we obtain

T(σ ) = 2εO(σ )r2lx [1+ cosh (O(σ ) log r)] . (B25)

Note that T only depends on O(σ ), the value of which takes
even integers from−2lx to 2lx. Since T(σ ) is monotonic in
|O(σ )| when ε = 1, the correlation length is given by

ξ = − 1

log
(

1+cosh[2(lx−1) log r]
1+cosh[2lx log r]

) −→
lx→∞

− 1
2 log r

, (B26)

which diverges as [4(1− R)]−1 as R→ 1.
The order parameter O = 〈O(σ )〉/(2lx) can be directly

computed from Eq. (B25). Consider first a case with 0 ≤
R < 1. It is straightforward to show that

O =
∑

σ
1

2lx
O(σ )T(σ )ly

∑
σ T(σ )ly

=
1
lx

∑lx
p=−lx p

( 2lx
lx+p

)
ε2ly p [1+ cosh (2p log r)]ly

∑lx
p=−lx

( 2lx
lx+p

)
ε2ly p [1+ cosh (2p log r)]ly

,

(B27)

where we have let 2p = O(σ ). Since ε > 1, the expres-
sion ε2ly p [1+ cosh (2p log r)]ly dominates at p = lx as
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ly →∞. Therefore, we have

O −→
ly→∞

1
lx
· lx · ε2lx ly [1+ cosh (2lx log r)]ly

ε2lx ly [1+ cosh (2lx log r)]ly
= 1. (B28)

For the case of R = 1, T(σ ) = 4εO(σ ) and hence

O =
1
lx

∑lx
p=−lx p

( 2lx
l1+p

)
ε2ly p

∑lx
p=−lx

( 2lx
lx+p

)
ε2ly p

= ε2ly − 1
ε2ly + 1

. (B29)

One can observe that limε→1+ limlx,y→∞O = 1, while
limlx,y→∞ limε→1+ O = 0. This is the spontaneous break-
ing of the symmetry that reverses the arrow directions. This
behavior of the order parameter O and the diverging cor-
relation length at R = 1 indicates that the model Eq. (B24)
does not undergo phase transition for R < 1.

Now, we compute the anyon parameters for R < 1, the
stat-mech expressions for which follow from Eq. (9):

〈〈I Ī |eē〉〉 = lim
|i−j |→∞

〈sisj 〉,

〈〈eĪ |eĪ〉〉 = lim
i2+j 2→∞

(−1)i+j 〈τ(0,0)τ(i,j )〉,

〈〈I Ī |mm̄〉〉 = lim
ĩ2+j̃ 2→∞

(−1)ĩ+j̃ 〈μτ
(0̃,0̃)

μτ
(ĩ,j̃ )〉,

〈〈mĪ |mĪ〉〉 = lim
|ĩ−j̃ |→∞

〈μs
ĩμ

s
j̃ 〉.

(B30)

[This differs from Eq. (16) since we have exchanged s
and sτ spins and then flipped the τ spins placed at site
(i, j ) with i+ j odd.] Let us first compute 〈τ(0,0)τ(i,j )〉 =
〈∏e∈l τvτv′ 〉, where l is any string on the original lattice L
connecting sites (0, 0) and (i, j ). From Eq. (B22), we have
weτiτj = [2R/(2− R)]svsv′ if τvτv′ = −1, and −2 other-
wise. This corresponds to flipping 1 to −1 in Eq. (B24)
for the vertices passing through edges e ∈ l. Suppose that
l is contained in 2q rows of T (see Fig. 11 for q = 2).
Then, since |σ 0〉 with σ 0 = (σi = 1)2lx

i=1 is a eigenvector of
T with a dominant eigenvalue, we can write 〈τ(0,0)τ(i,j )〉 =
〈σ 0|(Tq)l|σ 0〉/〈σ 0|Tq|σ 0〉 as ly →∞, where (Tq)l is the
same as Tq except for flipping 1 to −1 in Eq. (B24) for the
vertices passing through the intersections between l and
loops d on dual lattice D. Now, as lx →∞, one can eas-
ily see that only the loop pattern full of d (see Fig. 11)
survives (other patterns give powers of x2lx , which vanish
as lx →∞). Since l intersects with this loop pattern i+ j
times, one obtains 〈σ 0|(Tq)l|σ 0〉 = (−1)i+j 〈σ 0|Tq|σ 0〉 and
therefore

〈〈eĪ |eĪ〉〉 = lim
i2+j 2→∞

(−1)i+j 〈τ(0,0)τ(i,j )〉 = 1. (B31)

Following a similar argument, one can see that 〈μs
ĩ
μs

j̃
〉 =

〈σ 0|(Tq)l̃|σ 0〉/〈σ 0|Tq|σ 0〉 as ly →∞, where l̃ is a string

FIG. 11. The modified transfer-matrix element 〈σ 0|(Tq)l|σ 0〉
with q = 2 appearing in the computation of 〈τ(0,0)τ(i,j )〉 in the
staggered-vertex model given in Eq. (B24). The dominant loop
configuration that survives under the limit lx →∞ (blue loops)
and the corresponding arrow pattern are displayed. Vertices
through which the yellow string passes have flipped vertex
weight when it intersects with d, yielding a (−1)i+j factor.

on the dual lattice D connecting sites ĩ and j̃ , and (Tq)l̃ is
the same as Tq except for flipping r to −r in Eq. (B24) for
the vertices passing through edges e ∈ l̃. Again, the loop
pattern shown in Fig. 11 survives under the limit lx →∞,
yielding 〈σ 0|(Tq)l̃|σ 0〉 = 〈σ 0|Tq|σ 0〉 and hence

〈〈mĪ |mĪ〉〉 = lim
|i−j |→∞

〈μs
ĩμ

s
j̃ 〉 = 1. (B32)

One can also show that the fermion-condensation parame-
ter 〈〈f Ī |f Ī〉〉 = (−1)i+j 〈τ(0,0)μ

s
(0̃,0̃)

τ(i,j )μ
s
(ĩ,j̃ )
〉 converges to

one in the same manner.
For the anyon-condensation parameters, one can borrow

the theorem in Ref. [115] stating that order and disorder
parameters of Ising symmetric system with finite correla-
tion length cannot be nonzero simultaneously. Since the
correlation length given in Eq. (B26) is finite for R < 1
and the disorder parameters given in Eqs. (B31) and (B32)
are finite, we can conclude that the corresponding order
parameters must vanish, i.e., 〈〈I Ī |eē〉〉 = 〈〈mĪ |mĪ〉〉 = 0.

To sum up, we have shown that e and m anyons are
deconfined and that eē and mm̄ anyons are not condensed
for all R < 1. Along with the analysis of correlation length
and order parameter O, it follows that the staggered-vertex
model does not undergo phase transition for R < 1.

APPENDIX C: DETAILS ON
AMPLITUDE-DAMPING NOISE

In this appendix, we elaborate on the details of the map-
ping to the stat-mech model discussed in Sec. IV. We start
by computing E

†
ampEamp for the amplitude-damping chan-

nel. From Ee = K0,e ⊗ K̄0,e + K1,e ⊗ K̄1,e, one can easily
show that
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E
†
ampEamp ∝

∏

e

[
1+ γ (1− γ )

γ 2 − 2γ + 2
(Ze + Z̄e)+ 1

γ 2 − 2γ + 2
(
γ 2ZeZ̄e + γXeX̄ e − γYeȲe

)]
. (C1)

From Eq. (4) and the identities Xe|ze〉 = |−ze〉, Ye|ze〉 = ize |−ze〉, and Ze|ze〉 = ze|ze〉, it follows that Tr[ρ2
D] =

〈〈ρ0|E†
ampEamp|ρ0〉〉 ∝

∑
xv ,x̄v ,tv ,t̄v

∏
e ωe, where

ωe =
∑

ze,z̄e=±1

(1+ zetvtv′)(1+ z̄et̄v t̄v′)

×
[(

1+ γ
2zez̄e + γ (1− γ )(ze + z̄e)

γ 2 − 2γ + 2

)
(1+ zexvxv′)(1+ z̄ex̄v x̄v′)+ γ (1− i−ze−z̄e)

γ 2 − 2γ + 2
(1− zexvxv′)(1− z̄ex̄v x̄v′)

]

∝ 1+ xvxv′ x̄v x̄v′ tvtv′ t̄v t̄v′ + γ
2 − 3γ + 2
γ 2 − γ + 2

(xvxv′ tvtv′ + x̄v x̄v′ t̄v t̄v′)+ γ (1+ γ )
γ 2 − γ + 2

(xvxv′ x̄v x̄v′ + tvtv′ t̄v t̄v′)

+ γ (1− γ )
γ 2 − γ + 2

(xvxv′ + x̄v x̄v′ + tvtv′ + t̄v t̄v′ − xvxv′ t̄v t̄v′ − x̄v x̄v′ tvtv′

+ xvxv′ x̄v x̄v′ tvtv′ + xvxv′ tvtv′ t̄v t̄v′ + xvxv′ x̄v x̄v′ t̄v t̄v′ + x̄v x̄v′ tvtv′ t̄v t̄v′). (C2)

Since Eq. (C2) obeys ωe(xvxv′ x̄v x̄v′ tvtv′ t̄v t̄v′) = ωe, we can let t̄v t̄v′ = xvxv′ x̄v x̄v′ tvtv′ and obtain

ωe ∝ 1+ γ (1+ γ )
γ 2 − γ + 2

CA− γ (1− γ )
γ 2 − γ + 2

BC+ γ
2 − 3γ + 2
γ 2 − γ + 2

AB+ γ (1− γ )
γ 2 − γ + 2

(A+ B+ C+ ABC), (C3)

where we have simplified the notation as A ≡ xvxv′ , B = tvtv′ , and C ≡ x̄v x̄v′ .
We argue that we can neglect the last term in Eq. (C3) proportional to A+ B+ C+ ABC. When γ = 0 or 1, the last

term of Eq. (C3) vanishes trivially. Now, consider the case 0 < γ < 1. Let us first represent Eq. (C3) as a local Boltzmann
weight. To this end, it is convenient to consider the cases with B = ±C separately:

(1) When B = C, Eq. (C3) reduces to

ωe ∝ 2(γ 2 − γ + 1)
γ 2 − γ + 2

[
1+ AB+ γ (1− γ )

γ 2 − γ + 1
(A+ B)

]
= 2(γ 2 − γ + 1)

γ 2 − γ + 2
sech2(c1)sech(c2)

1+ tanh2(c1) tanh(c2)
ec1(A+B)+c2AB,

(C4)

where c1 = tanh−1
[
(γ 2 − γ + 1−

√
2γ 2 − 2γ + 1)/γ (1− γ )

]
<∞ and c2 = ∞. For a while, we formally

regard c2 as a large number.
(2) When B = −C, Eq. (C3) reduces to

ωe ∝ 2
γ 2 − γ + 2

[1− (1− 2γ )AB] = 4
√
γ (1− γ )

γ 2 − γ + 2
e−c3AB, (C5)

where c3 = tanh−1(1− 2γ ) <∞.

Define

c4 = log

(
γ 2 − γ + 1
2
√
γ (1− γ )

sech2c1 sechc2

1+ tanh2 c1 tanh c2

)
. (C6)

Since e
c4
2 BC becomes the prefactors of Eqs. (C4) and (C5) (up to some common prefactor) for B = ±C, respectively, we

can combine these two cases using projectors (1± BC)/2 as

ωe ∝ e
c4
2 BCe

1+BC
2 [c1(A+B)+c2AB]e−

1−BC
2 c3AB = exp [�0(A+ B+ C+ ABC)+�ABAB+�BCBC+�CACA] , (C7)
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where �0 = c1/2, �AB = (c2 − c3)/2, �BC = c4/2, and
�CA = (c2 + c3)/2. Note that �0 is always finite, while
�AB,�CA ∼ c2/2 and �BC ∼ −c2/2 as we take c2 →∞.
Therefore, for all 0 < γ < 1, the phase of the model is
determined by the competition between the diverging cou-
pling constants �AB, �BC, and �CA and the effect of �0 is
negligible. (The diverging coupling constants cannot can-
cel off each other.) Thus, neglecting �0 in Eq. (C7) should
not affect the phase of the model. Since the last term in
Eq. (C3) cannot appear when there is no �0(A+ B+ C+
ABC) term in Eq. (C7), we can conclude that we can safely
drop the last term in Eq. (C3) without altering the phase of
the model. It then follows that

ωe ∝ 1+ γ (1+ γ )
γ 2 − γ + 2

CA− γ (1− γ )
γ 2 − γ + 2

BC

+ γ
2 − 3γ + 2
γ 2 − γ + 2

AB, (C8)

which is the weight ωe ∝ 1+ J+svsv′ − J−τvτv′ + Ksvsv′
τvτv′ , with J± and K given by Eq. (23) upon defining new
Ising variables sv = xv x̄v and τv = x̄vtv . Expressing this in
the form of ωe ∝ eJ1svsv′+J2τvτv′+Ksvsv′ τvτv′ , it must be

tanh(J1)+ tanh(J2) tanh(K)
1+ tanh(J1) tanh(J2) tanh(K) = J+,

tanh(J2)+ tanh(J1) tanh(K)
1+ tanh(J1) tanh(J2) tanh(K) = J−,

tanh(K)+ tanh(J1) tanh(J2)

1+ tanh(J1) tanh(J2) tanh(K) = K .

(C9)

We have numerically checked that for γ ∈ (0, 1), the solu-
tions of Eq. (C9) are all finite reals. For γ = 0 (1), one
obtains J1 = J2 = 0 and K = ∞ (J1 = ∞ and J2 =
K = 0). Therefore, the mixed-state phase of the TC under
amplitude-damping noise is associated with the anisotropic
AT model (with J2 ≤ 0).

APPENDIX D: MONOTONICITY OF RÉNYI
PHASE BOUNDARIES

Strictly speaking, no theorem with full generality relates
the Rényi entropic quantities to the replica-limit counter-
part (n = 1). Nevertheless, we explain here why the Rényi-
2 phase boundary p (2)c should upper bound the intrinsic
threshold pc (i.e., pc ≤ p (2)c ) under reasonable physical
assumptions on the spectrum of the decohered density
matrix.

Let ρD(p) be a decohered density matrix at noise
strength p and let λj (p) be its j th largest eigenvalue. Fol-
lowing a large-deviation principle, a spectrum of ρD in the
thermodynamic limit (N →∞) can be described by a vari-
able ε ≥ 0 and a rate function s(ε, p), such that the number
of eigenvalues λj (p) in the window [e−Nε, e−N (ε+dε)] is

FIG. 12. The Rényi-2 entropy density s(2) ≡ limN→∞ S(2)/N
and its second derivative ∂2

Rs(2) for the TC under random rota-
tion noise with φ = θ = π/2 (blue) and φ = θ = 3π/8 (orange).
Divergences in ∂2

Rs(2) at Rc � 0.59 and 0.73 mark the transition
points. The data were obtained via the CTMRG algorithm with
bond dimension D = 50.

eNs(ε,p)dε. In other words, s(ε, p) plays the role of a “micro-
canonical entropy density” for eigenvalues at “energy” ε.
In the large-N limit, the Rényi-n entropy density, defined
as s(n)(p) ≡ S(n)(p)/N , can be written as

s(n)(p) � 1
1− n

1
N

log
[∫ ∞

0
dε eN�n(ε,p)

]
, (D1)

where

�n(ε, p) ≡ s(ε, p)− nε. (D2)

Applying the saddle-point approximation, we obtain

s(n)(p) �
N→∞

1
1− n

max
ε≥0

�n(ε, p) (D3)

for all n ∈ (0, 1) ∪ (1,∞). In the limit n→ 1, the Rényi
entropy reduces to the von Neumann entropy and one
finds s(1)(p) = −∂n�n(ε, p)|n=1. Therefore, s(n)(p) devel-
ops a nonanalyticity at a critical point p = p (n)c where
maxε≥0�n(ε, p) becomes nonanalytic. Below, we focus
on the second-order transition in s(n)(p), which is typi-
cal in decohered quantum memories (see, e.g., Fig. 12 for
diverging ∂2

Rs(n) under our random rotation noise).
Based on physical intuition, we assume that the rate

function s(ε, p) for the eigenvalues of ρD is of class C1

and has the schematic shape shown in Fig. 13(b). For any
fixed p , s(ε, p) is concave in ε because it is the Legendre-
Fenchel transform of log Tr[ρn

D(p)], which is convex in ε.
Moreover, since decoherence tends to flatten the spectrum
of the density matrix, the interval ε ∈ [εmin(p), εmax(p)]
on which s(ε, p) ≥ 0 shrinks as p increases; along these
boundaries, we have s(εmin/max(p), p) = 0, while s(ε, p) =
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(a)

(b) (c)

0.0
0.0

0.0 3.0

FIG. 13. (a) The estimated rate functions s(ε, p) for the eigen-
values of decohered TCs on a 3× 2 square lattice (N = 12
qubits) under random rotation noise with (left) φ = θ = π/2 and
(right) φ = θ = 3π/8. The colors indicate the noise strengths p
(blue for small p , red for large p; six bins were used per estima-
tion). (b) A schematic of s(ε, p) for the decohered TCs: s(ε, p)
becomes sharper and narrower as p increases. (c) The general
structure of s(ε, p) in the ε-p plane. The blue-shaded region cor-
responds to s(ε, p) = −∞ and the blue curves indicate interior
saddle points for various n. The orange box depicts s(ε, p) along
the horizontal orange slice at fixed p .

−∞ outside the interval, indicating that no eigenvalues
occur there. Note also that the ε slope of s(ε, p) at εmin(p)
becomes steeper as p increases, i.e., ∂p∂εs(εmin(p), p) > 0.
To readily understand the assumption, imagine a density
matrix subject to depolarizing noise: the noise depletes
eigenvalues that are too large or too small and ultimately
the state becomes the completely mixed state 2−N I , the
spectrum of which is perfectly flat. We have numerically
estimated s(ε, p) using noisy finite-size TCs and confirmed
that these assumptions hold well [see Fig. 13(a)]. [Due
to the limited system size, we have reduced the number
of bins to more accurately capture the overall shape of
s(ε, p).]

In Eq. (D3), �n(ε, p) can be maximized by two types
of ε:

(1) Interior saddle point ε∗n(p) ∈ (εmin(p), εmax(p)) sat-
isfying

∂εs(ε∗n(p), p) = n. (D4)

Since s(ε, p) is concave in ε, such an interior solu-
tion can appear when the slope at the left boundary
εmin(p) exceeds n, i.e., ∂εs(εmin(p), p) > n. Defin-
ing nc(p) ≡ ∂εs(εmin(p), p) (which is positive for
p > 0) gives the critical n value above which an
interior saddle point can appear.

(2) Otherwise (i.e., n > nc(p)), the boundary point
εmin(p) achieves the maximum of �n(ε, p).

Equivalently, for each fixed n, we define the Rényi-n
critical error rate p (n)c by the relation

n = nc(p (n)c ) = ∂εs(εmin(p (n)c ), p (n)c ) (D5)

see Fig. 13(c)]: the interior saddle curves ε∗n(p) (blue
curves) meet the left boundary εmin(p) at p = p (n)c . Since
s(εmin(p), p) is C1, its first derivatives are continuous.
However, since two different branches, εmin(p) and ε∗n(p),
meet at p = p (n)c , the second derivative ∂2

ps(n)(p) can
be discontinuous, producing a second-order transition in
s(n)(p). If the left boundary becomes vertical for high p ,
then no finite n admits an interior saddle point. In this case,
a possible second-order transition may arise from discon-
tinuous second derivatives at the point p = p (∞)c where the
left boundary becomes vertical.

Now, we discuss the monotonicity of the transition
points p (n)c with respect to n. It is already clearly shown
in Fig. 13(c) that p (n)c increases with n but here we provide
a formal proof. Differentiating Eq. (D5) with respect to n
gives

1 = ∂p∂εs(εmin(p), p)
dp (n)

dn
+ ∂2

ε s(εmin(p), p)
dεmin(p)

dn

=
[
∂p∂εs(εmin(p), p)+ ∂2

ε s(εmin(p), p)
dεmin(p)

dp

]
dp (n)

dn
,

(D6)

where all instances of p are evaluated at p = p (n)c . By
concavity in ε, we have ∂2

ε s(εmin(p (n)c ), p (n)c ) > 0. Also,
differentiating s(εmin(p), p) = 0 with respect to p yields

∂εs(εmin(p), p) · dεmin(p)
dp

+ ∂ps(εmin, p) = 0, (D7)

so at p = p (n)c , we obtain

dεmin(p (n)c )

dp
= −∂ps(εmin(p (n)c ), p (n)c )

nc(p)
, (D8)

which is positive since ∂ps(εmin(p (n)c ), p (n)c ) < 0 [which is
clear from the assumed form of s(ε, p) in Fig. 13(b)]
and nc(p) > 0. Combining with ∂p∂εs(εmin(p (n)c ),
p (n)c ) > 0, we conclude that dp (n)c /dn > 0, i.e., p (n)c is an
increasing function of n. Therefore,

p (n1)
c ≤ p (n2)

c for n1 < n2, (D9)

given our physical spectral assumptions on ρD. This
argument holds for all n ∈ (0, 1) ∪ (1,∞), so we expect
Eq. (D9) to extend to the n = 1 case; in particular, p (1)c ≤
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p (2)c . To our knowledge, all previously studied mixed-state
quantum many-body systems obey this monotonicity in
the Rényi index n. We expect other Rényi-n information-
theoretic quantities of ρD to undergo a transition at the
same error rate p = p (n)c , since they too can be expressed in
terms of s(ε, p) and n, or viewed as observables in the same
stat-mech model that governs the nth moment Tr[ρn

D].
For cases with special spectral symmetries in noise

parameters, the above argument requires only a minor
adjustment. For instance, the TC ground state |�0〉 (with
Z1,2|ψ0〉 = |�0〉) under amplitude-damping noise with
strength γ has the same spectrum as for damping strength
1− γ . This spectral symmetry implies that the rate func-
tion s(ε, γ ) is symmetric about γ = 1/2. Consequently, the
first mixed-state transition point γ (n)c,1 (from the quantum-
memory phase to the classical-memory phase) increases
with the Rényi index n, while the second transition point
γ
(n)
c,2 = 1− γ (n)c,1 decreases with n, preserving reflection

symmetry about γ = 1/2. (Imagine reflecting Fig. 13
vertically about γ = 1/2.)
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