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Topological data analysis (TDA) aims to extract noise-robust features from a dataset by examining the
number and persistence of holes in its topology. We provide an efficient quantum algorithm for a compu-
tational problem closely related to a core task in TDA—determining whether a given hole persists across
different length scales. Further, we prove the problem itself is BQP;-hard, implying that a classical solu-
tion is extremely unlikely; this stands in contrast to all previous quantum approaches to TDA, where the
problems were also intractable for quantum computers, or where a rigorous proof of classical hardness
still remains open. This result implies an exponential quantum speedup for this problem under standard
complexity-theoretic assumptions. Our approach relies on encoding the persistence of a hole in a vari-
ant of the guided sparse Hamiltonian problem, where the guiding state is constructed from a harmonic

representative of the hole.
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I. INTRODUCTION

A significant challenge in quantum computing is to
find practical applications where we have strong evidence
for exponential speedup over classical computing. There
are only a few such promising applications of quantum
computing, such as the factoring [1], quantum simula-
tion [2], and a variant of sparse-access matrix inversion
[3]. Showing evidence for advantage can be particularly
challenging. Intuitive approaches where we exhibit a quan-
tum algorithm with an exponentially faster run time than
best-known classical algorithms can be risky, as classi-
cal algorithms can often be improved, sometimes directly
inspired by the quantum algorithm. These are so-called
dequantized algorithms, which have turned many conjec-
tured exponential speedups into polynomial speedups [4,5]
The more robust way is to show that the problem solved
itself is truly hard for classical computers in the worst-case
scenario by connecting it to a more tested plausible com-
plexity theoretic conjecture; however, this approach is also
much more challenging.
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Recently, topological data analysis (TDA) has emerged
as an application of quantum computing with a potential
quantum advantage. Topological data analysis [6,7] has
gained attention as a powerful method for addressing this
challenge by utilizing tools from algebraic topology. TDA
is of great interest in data science, as the method is robust
to noise in the data, and due to its ability to capture global,
higher-dimensional topological features, which traditional
geometric and graph-based methods often miss [8].

In topological data analysis, a set of data points is
first transformed into a series of combinatorial structures
called a filtration of simplicial complexes. A simplicial
complex consists of simplices (i.e., points, lines, triangles,
tetrahedra, and their higher-dimensional analogs) that are
connected or “glued” together. A filtration is a sequence
of simplicial complexes, K, ...,K,, where each K;| is
formed by adding simplices to the previous complex K.
Robust information about the data is then extracted by ana-
lyzing how multidimensional topological features evolve
throughout the filtration, which is at the heart of modern
TDA. This is done using persistent homology, a math-
ematical framework that tracks the emergence and dis-
appearance of “k-dimensional holes” along the filtration.
For example, connected components correspond to zero-
dimensional holes, loops correspond to one-dimensional
holes, and voids correspond to two-dimensional holes.
The number of such holes (and the change thereof) is
captured by persistent Betti numbers. Specifically, the
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kth (i,j)-persistent Betti number counts the number of
k-dimensional holes that are present in the ith simplicial
complex and persist until the j th (which are typically sum-
marized visually in a so-called barcode [9]). It is important
to note that the more salient information is encoded in per-
sistent holes, i.e., those that appear in several simplicial
complexes along the filtration, as they are less likely to
be spurious artifacts. As a result, calculating the persis-
tence of a hole—i.e., for how many steps in the filtration it
remains present—plays a crucial role in TDA.

Classical algorithms for topological data analysis face a
major challenge: computing topological features typically
requires exponential time in the desired dimension. Specif-
ically, most computational problems related to calculating
k-dimensional features in topological data analysis have
a best-known classical runtime that scales exponentially
with &k [7,10]. These higher-dimensional features often
capture essential higher-order interactions in data, which,
as mentioned earlier, are difficult for classical algorithms
to compute efficiently. Simultaneously, a significant chal-
lenge in quantum computing is finding practical prob-
lems where quantum algorithms can provide a provable
exponential speedup. The milestone result by Lloyd, Gar-
nerone, and Zanardi (LGZ) [11], which aimed to estimate
normalized Betti numbers (i.e., the number of holes in a
given simplicial complex divided by its size) exponen-
tially faster than conventional classical algorithms, was
the first result to suggest that quantum methods for topo-
logical data analysis applications could be an answer for
both challenges. Motivated by this, there has been grow-
ing interest in topological data analysis as a promising field
where quantum computers could efficiently solve practi-
cal computational problems, ideally achieving exponential
speedups over classical methods. Since the LGZ proposal,
several advances have been made in quantum algorithms
for the specific task of normalized Betti number estimation
[12—15], along with extensions to persistent Betti num-
bers [16,17] and other related problems [18—20]. However,
it remains unclear whether normalized (persistent) Betti
number estimation will be the problem where quantum
computers will have the desired useful advantages due to
two key limitations:

(1) The practical utility of normalized Betti num-
bers is unclear, especially since they tend to be
exponentially small [12,13,21,22]. Moreover, while
non-normalized persistent Betti numbers are more
practically relevant, their computation is beyond the
reach of quantum computers in general, as they are
QMA | -hard [23,24] to approximate within a mul-
tiplicative error and #P-hard to compute exactly
[22].

(2) Even in the instances where quantum computers
can efficiently estimate normalized (persistent) Betti
numbers, there is no complexity-theoretic proof of

exponential quantum advantage. The closest known
result is the DQC;-hardness for general simpli-
cial complexes (i.e., not naturally those arising in
topological data analysis) [25,26], and it is unclear
whether this extends to simplicial complexes aris-
ing in topological data analysis. Moreover, recent
classical algorithms for normalized Betti number
estimation suggest that the regime where quantum
algorithms offer an exponential speedup is even
narrower than previously believed (assuming they
exist at all) [12,27]. We note, however, that poly-
nomial speedups remain possible for Betti number
estimation (i.e., unnormalized) [13].

A. Contributions

In this work, we explore a problem in topological data
analysis that does not suffer from the two limitations iden-
tified above. We define and study a problem we call Har-
monic Persistence, which is closely related to deciding
whether a particular k-dimensional hole present in an ini-
tial simplicial complex K persists in a larger complex K,
(both given as clique complexes). Specifically, the prob-
lem takes as input a so-called harmonic representation of a
hole in K; and determines whether there are holes in K,
with significantly overlapping harmonic representatives.
Our main technical result shows that for weighted simpli-
cial complexes, the problem of Harmonic Persistence is
BQP;-hard [28] and contained in BQP. Those results, by
assuming a standard conjecture that BPP # BQP,, imply
exponential quantum advantage in TDA. In Table I, we
give a summary of previous applications of quantum TDA
and evidence for speedups. Our results can be seen as a
first identification of a TDA problem where exponential
quantum advantage in the worst-case is guaranteed with a
plausible complexity theoretic conjecture.

Our results significantly advance our understanding of
problems in topological data analysis where quantum com-
puters can deliver practical exponential speedups, paving
the way for genuinely useful applications of future quan-
tum computers. Our proofs moreover extend the technical
machinery established in Ref. [24], furthering our under-
standing of how to encode quantum computations in (per-
sistent) homology. Finally, in our proofs we additionally
define a variant of the guided sparse Hamiltonian problem
[29] that could be of independent interest (see Sec. [V).

B. Organization

In Sec. II, we briefly review the framework of persis-
tent homology and introduce the technical gadgets that
form the foundation of our proof techniques. Afterward,
in Sec. I, we formally define and discuss the prob-
lem of Harmonic Persistence, and we prove our main
complexity-theoretic result. Finally, in Sec. IV, we gen-
eralize the problems introduced in Sec. III to define the
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TABLE I. Applications of quantum TDA, types of quantum speedup, and evidence for the speedup.
Task Proposed speedup Evidence Reference
Normalized Betti number: 8,/|K,| Exponential Comparison with best classical algorithm [11]
Normalized persistent Betti number: g, / |KI§| Exponential DQC,-hardness of generalized problem [25] [13,16]
Persistent Betti number: ,3;;’ Quintic Comparison with best classical algorithm [13]
Harmonic persistence Exponential Widely held belief that BQP, ¢ BPP This work

underlying quantum primitives Kernel Overlap and Low-
Energy Overlap, and provide their complexity-theoretic
characterization. In Secs. V and VI, we give discussions
and a conclusion.

II. PRELIMINARIES

In this section, we outline the necessary preliminar-
ies. In Secs. IIA and IIB, we briefly introduce the
key definitions from topological data analysis, particu-
larly focusing on concepts related to homology. Next, in
Sec. [IC 1, we cover an important gadget from Ref. [24]
that plays a crucial role in our hardness proofs. Finally,
in Sec. I D, we present a method for succinctly encoding
(high-dimensional) subsets of simplicial complexes, which
we will use to specify the inputs for the computational
problems in Sec. IIT A.

A. Definitions of subspaces

An abstract simplicial complex is a family of sets of
vertices that is closed under taking subsets. In our work,
we focus on so-called cliqgue complexes cl(G) associated
to (weighted) graphs G, which are simplicial complexes
whose k-simplices correspond to the (k + 1)-cliques of G.
Let K be a simplicial complex over n-vertices. A simplex
o is called p-dimensional if it is composed of p + 1-
vertices, i.€., 0 = [vo,v1,...,V,]. Let K, € K be the set
of p-dimensional simplices in K. The p-dimensional chain
space C, is defined as the vector space spanned by the
simplices in K,,. In this paper, we always consider vector
spaces with coefficients C. We identify simplices with the
same vertices as being equal if their ordering of vertices is
related by an even permutation and assign a negative sign
if they are related by an odd permutation, i.e.,

[[Vz0)> Vz(1)s -+ - » Urr(p)])

if () is an even permutation,

|[U07U1:" '51)]7]) =

— [V=0)> Vr(1ys - - - » Vr(p) ])
if () is an odd permutation.

We suppose that the vertices of each simplex o € K have
some arbitrary fixed ordering, since the specifics of this
ordering do not affect the topological invariants we study.
The whole chain space C(K) associated with the sim-
plicial complex K is defined as the direct sum C(K) =
@;;1 C,(K) [30]. Our proof techniques necessitate the

introduction of an inner product on C(K), defined for any
0,7 € Kby

(tlo) = {(()W(a))z

where w(o') > 0is a weight assigned for o € K. Following
Ref. [24], we use the weight function defined through the
product of weight of the vertices

ifo =1,
otherwise,

w(o) = l_[ w(v).

veo

With this inner product, the orthonormal basis for C, (K)
is given by {|o’) :=1/w(0)|o) : 0 € K,}. The corre-
sponding (weighted) p-dimensional boundary operator 9, :
C,(K) — C,_1(K) is given by

p
9 lo’) =Y (=Dw() (@ \{vi}))

i=0

for simplices o = [vg, v1,...,v,] € K),.

The action of the boundary operator defines several
important subspaces within the p-dimensional chain space
C, (K). First, the space of p-dimensional cycles Z,(K) is
defined as the kernel of the boundary operator:

Z,(K) = ker(3)).

Second, the p-dimensional boundaries B, (K) are given by
the image of the (p + 1)-dimensional boundary operator:

B,(K) =Im(35, ).

With these definitions in place, the p-dimensional homol-
ogy H,(K) is then defined as the quotient space [31]:

H,(K) = Z,(K)/B,(K).

The elements of H, (K) are equivalence classes of cycles,
where two cycles are considered equivalent if they differ
by a boundary. In other words, the p-dimensional homol-
ogy captures cycles that enclose a “hole,” “void” or its
p-dimensional counterpart. Therefore, the dimension of
the pth homology group, known as the p-dimensional Betti

number and denoted as B, corresponds to the number of
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p-dimensional holes in the simplicial complex. Moreover,
the equivalence classes that span this space are repre-
sented by the cycles that enclose these holes, providing a
representation of the holes within the complex.

Finally, as we will demonstrate in the next section, p-
dimensional holes in a simplicial complex can also be
described through the p-dimensional harmonic homology
subspace, defined as

H,(K) = Z,(K) N B,(K)*.

The relationship between the pth homology group and
the p-dimensional harmonic homology subspace will be
clarified in Lemma 3. To facilitate the spectral analysis
of the harmonic homology subspace, we introduce the
p-dimensional combinatorial Laplacian A, : C,(K) —
C, (K), defined by

;
Ap = 0pi18, ., + 9]0,

This operator is closely related to the p-dimensional har-
monic homology subspace, as shown in Lemma 1.

B. Maps between subspaces

In this section, we summarize standard results about
maps between the subspaces introduced in the previous
section. In the following, K, K;, and K, are simplicial
complexes such that K; € K,. First, we prove a standard
lemma that relates the harmonic subspace to the kernel of
the combinatorial Laplacian.

Lemma 1. We have the following equality of subspaces:
H,(K) = ker(AK).

Proof. Because Allf is a sum of positive-semidefinite
Hamiltonians Ag’T = 8p+18; and Af’i = 8; 0p, We

know that A |o) = 0 implies

+1

K _ K.l —
Ap l[oy =0 and Ap o) = 0.
K.l . .
Moreover, A, |o) = 0 implies that
185 10} 17 = (o] AKX o) = 0
& . .
and A,"' |o) = 0 implies that

1@ D o) I = (o AT o) = 0.

Since B, (K)* = ker ((alﬁl)*), we thus find that |0} €

H,(K) if AX|o) =0. On the other hand, it clearly fol-
lows from the definition that |o) € H,(K) implies that
AK o) = 0. ]

Next, we define a map between the homology groups of
two simplicial complexes, K; € K. This map is a corner-
stone in the theory of persistent homology, as it tracks how
topological features evolve from one simplicial complex to
another in a filtration.

Lemma 2. Theinclusioni, : C,(K;) — C,(K) induces
a well-defined map on homology

i; 1 H,(Ky) — H,(K>)

given by
z —I—BP(K]) =z +Bp(K2)

Proof. Letz + B,(K,) € H,(K;) for z € Z,(K;). Then,
i; (z+B,(K1)) =z+ B,(K;) € Hy(K;) because z € Z,
(K3). This makes the map well-defined as claimed. |

Using the map defined in Lemma 2, we can now for-
mally define what it means for a hole to “persist.”

Definition 1. An element of homology (or “hole” for
short) ¢ € H,(K,) is said to persist to the larger simplicial
complex K if i,(¢) # 0 (i.e., its image under the inclusion
map is nonzero).

As our primary analysis of the holes in the simplicial
complexes will focus on the harmonic homology space,
it is crucial to establish a connection between this space
and the standard homology. This link is established in the
following lemma from Ref. [32].

Lemma 3 ([32]). The map f§5 :H,(K)— H,(K)
defined by

is an isomorphism.

Finally, to investigate the persistence of holes through
the harmonic homology subspace, we observe that the
inclusion discussed in Lemma 2 can be suitably extended
to the harmonic subspace. This extension is exhibited in
the following lemma from Ref. [32].

Lemma 4 ([32]). The restriction of projg g, to
H, (K) gives a linear map

iy = Projg, k) 1, &) Hp (K1) = Hy (K2)

that makes the following diagram commute

K1) —— Hy(K>)

Hy(
fr II: f,’f?I:
Hp (K1) —"— Hy(Ko)
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Importantly, Lemma 3 offers a method to represent
holes as elements within the harmonic homology subspace.
We will refer to these elements, which correspond to the
equivalence classes spanning the homology space, as the
harmonic representative of a hole.

Definition 2 (Harmonic representative of a hole). For
¢ € H,(K), we refer to f;f (¢) as its harmonic representa-
tion.

Furthermore, Lemma 4 provides a framework for track-
ing the persistence of holes by examining how the har-
monic representation of a hole in K; is mapped onto the
harmonic homology subspace of K.

Definition 3 ({32]). A harmonic representative |o) €
H, (K1) is said to persist to the larger simplicial complex
K, ifi,(lo)) # 0.

C. QMA -hardness of homology

In this section, we review some key aspects of the
construction in Ref. [24], which establishes the QMA-
hardness of determining whether the homology of a sim-
plicial complex is trivial (i.e., equal to 0) or not.

The QMA | -hardness result is achieved via a reduction
to the quantum satisfiability problem, where the objec-
tive is to determine whether a set of rank-1 projectors
{I#:) (¢:1}/_, has a nontrivial common element in their ker-
nels. To facilitate this reduction, the authors of Ref. [24]
first construct a simplicial complex whose homology cor-
responds to the Hilbert space of an n-qubit system, C2".
Afterward, the reduction introduces simplices as gadgets,
where each gadget aims to “remove” the states |¢;) from
the homology. These gadgets effectively ensure that the
remaining homology captures the solution to the original
quantum satisfiability instance. The construction of this
simplicial complex and its associated gadgets is outlined
in Sec. [IC 1.

1. Qubit and projector gadgets construction

In this section, we introduce the construction of the
clique complexes of Ref. [24] that can be used to encode
instances of the quantum satisfiability problems com-
posed of rank-1 projectors on n-qubits [33]. For the gad-
get constructions that have been discussed extensively in
Refs. [23,24], we aim to keep the technical description
brief and concise in order to allow the reader to gain a clear
overview of the techniques.

Let {|¢;) (¢:l}'_, be a set of rank-1 projectors, where
each |¢;) is a so-called integer state. Here, integer states

are normalized states that can be written as

> aclx)

xe{0,1}7"

_1
|¢)—Z

for some normalization coefficient Z € R and a, € Z for
all x € {0, 1}".

a. Qubit graph. We first introduce the weighted clique
complex K; = cl(G,) whose (2n — 1)th homology group
H,,_1(K;) is isomorphic to C2". That is, we can use the
(2n — 1)th homology of K to encode the space onto which
an instance of the quantum satisfiability problem acts.
Specifically, G, is a 7n-vertex graph which is constructed
by the graph join [34] of n graphs:

6, =< XX,

where we define the elementary graphs as

g <> o

The Kunneth formula tells us that H,_;(K;) = C%", see
Ref. [24]. The weights of all the vertices of G, are 1.

There is a map s: C*" — H,,_;, where C*" is the
Hilbert space of n-qubit system. Any computational basis
state |x) where x = x1x; - - - x,, € {0, 1}" is mapped to

loy) == |0x1> ® - |oy,)

by s, where each of the |oy,) is a one-dimensional cycle
in the ith copy of G (i.e., the left cycle with four edges
if x; = 0 and right cycle if x; = 1). Also, note that |oy) is
(2n — 1)-dimensional (i.e., superposition of simplices with
2n-vertices) because it is an n-fold tensor product of states
in the one-dimensional chain space.

b. Gadgets for projectors. Since we want to construct
clique complexes that encode instances of the quantum
satisfiability problem, we need a way to encode projec-
tors onto the homology of the qubit graphs. To do so,
we introduce the construction of a weighted clique com-
plex with the input {|¢;) (¢;|}/_, and a weight-parameter A.
The simplicial complex K, that we introduce is a clique
complex for a graph Qn such that G, C Qn and K; C K.
Here g,, is constructed such that the chain space can be
decomposed as

G (K2) = C(K) @ Cp(T) @ -+ & Cp(T0),
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where each 7; is a set of simplices that is introduced
depending on the projector |¢;) (¢;|. Each of the gad-
get simplices 7; is added so that there will be a 2n-
dimensional state in C,(K>) whose boundary is precisely
s(|¢;)). In other words, each gadget 7; “fills” the 2n — 1)-
dimensional hole corresponding to [¢;). While the vertices
of G, have weight 1, the weight of the vertices in G,\G,, is
set to be A « 1, such that most of the weight remains on
the qubit graph. For more details on the precise weighting,
we refer to Ref. [24].

D. Subset states for clique complexes

Chains corresponding to high-dimensional holes reside
in vector spaces whose dimensions grow exponentially
with the number of vertices in the simplicial complex.
As a result, they generally require an exponentially large
description. In this section, we define a class of high-
dimensional chains that admit a succinct representation
(i.e., a polynomially sized description in the number of
vertices in the simplicial complex), which we refer to as
subset states. These subset states will serve as input to the
computational problems in Sec. IIT A.

Let K be a simplicial complex, and let S € K;,_| be a
subset. We define the subset state of S as follows:

VoD
oeS

Next, consider a simplicial complex K = cl(G) that admits
a decomposition G = G| * G * - - - * G,. We will show
that, in some cases, even when the cardinality of S is expo-
nential, it is still possible to provide a succinct description
of the corresponding subset state. To construct the succinct
description of the subset state of S, consider sets of edges
EW E®  EP where each E® is a set of edges from
G;. The Cartesian product S = EV x ... x E®) forms a
subset of (2p — 1)-simplices in K, _;. The subset state of
this Cartesian product S C K5, is then given by

1
«/_? Z lo),
| | oeS
which represents a state in Cp,_1(K). Equivalently, this
state can be written in product form as

P

IS) = le)
® /|E(z e§>

Although the cardinality of S can be exponential in the
number of vertices, specifying the edges {E®} in the
decomposition of S provides a succinct description of S.
By describing S in terms of its edge sets {£”}, we obtain
a representation that is polynomial in size, even though S
itself may be exponentially large.

Finally, this construction can be generalized to m sub-

sets S1,55,...,5, C sz_l, where each S; can be decom-
posed as §; = E(D - X El(p ). For simplicity, suppose
that |S| = |Si| = |S2] = -+ = |S,|, then we define the

subset state of S = | I, S; as

m

Us)- - g LT

i=1 i €S,

This state is called the subset state of S = J;-, S;. It can

be described using a total of m x p sets of edges {Ei(] N,
which provides a succinct (polynomial-sized) description
of § in terms of the number of vertices. In the following
section, we will show that the problem of deciding whether
harmonics that can be represented as subset states persist
or not is BQP;-hard and contained in BQP.

While finding a harmonic hole is known to be QMA,-
hard in general [23,24] and thus not efficiently feasible
on a quantum computer, we highlight that in our for-
mulation of §-Harmonic Persistence, the initial hole
o € ker Af‘ can, in fact, be efficiently prepared using
classical or quantum methods. In particular, the initial
simplicial complex K; constructed in our BQP-hardness
proof (Proposition 1) has a combinatorial Laplacian with
a tensor product structure, enabling efficient preparation
of the corresponding initial harmonic hole. Alternatively,
this can be understood as the combinatorial Laplacian of
K having a sufficiently small bond dimension, allowing
for efficient state preparation. Finding other methods and
families of initial simplicial complexes that permit efficient
hole preparation remains an interesting avenue for future
research.

III. QUANTUM COMPLEXITY OF PERSISTENT
HARMONICS

In this section, we present our main result. First, in
Sec. III A we provide the formal definitions of the com-
putational problem we study and state our main result
Theorem 1, which we then prove in Sec. I11 B.

A. Problem definitions

Consider simplicial complexes K; € K;. We study the
following problem: “given a succinct classical descrip-
tion of a harmonic |o) € H,(Ky) (i.e., a representative
of a hole), decide whether ||pr0ij(K2)(|0))|| is (a) large
(i.e., Q(1/poly(n)), or (b) small (i.e., O(1/exp(n))).” We
formally define this problem as follows:
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d-Harmonic Persistence

Input:

1) Simplicial complexes K; C K, where K; = cl(G;) and
V(G| =nfori=1,2.

2) Aninteger 0 < p < n.

3) A poly(n)-size description of S C K| ,. Here, K|, is a set of
p-simplices in K.

Promises:

1) Spectral gap

y(A{,{z) =min{|A| | A € Spec(Afz), A > 0} > 1/poly(n).
2) For |o) := 1/J/IST}_,.cs o) either

[1Projz, ey (1o )1] = 8, 0F [[projy k) (o)1 < 1/exp(n).
Output:

Lif ||projyy, (k) (lo )| = 8, or

0 if [ |projyy, (k) (lo )l < 1/exp(n).

Remark. proj, denotes the orthogonal
onto V.

projection

For harmonic representatives of holes |0) € H,(K/),
assessing whether ||proij &y o) is large provides
insight into whether a hole persists in K,. Nonetheless,
there are contrived cases where a harmonic hole |o) €
H, (K1) continues to K5 in a canonical sense but only with
an exponentially small overlap with H,(K>) (i.e., it gets
exponentially deformed in the process). However, such
holes are arguably not the meaningful topological features
in the data that TDA aims to extract. Additionally, it is pos-
sible that a hole |o) € H,, (K1) does not persist in the strict
sense as in Definition 3 but instead only has support on
the eigenspaces of A;,(z associated with exponentially small
eigenvalues. In these situations, the quantum algorithm
cannot reliably distinguish these small eigenvalues from
zero, a common limitation in quantum algorithms for linear
algebraic tasks. As a result, the algorithm may fail to detect
the hole’s nonpersistence. In short, our Harmonic Persis-
tence problem may yield both false positives and false
negatives compared to the canonical problem of deciding
a persistence of a hole as in Definition 3. Although spe-
cific contrived examples can demonstrate these cases, we
conjecture that these limitations will not typically occur
in typical instances, such as random Vietoris-Rips com-
plexes. In summary, the Harmonic Persistence problem
provides a means to determine whether a hole meaning-
fully persists, specifically by determining whether there are
harmonics in K, with significant overlap. More discussion
on the definition of the problem is given in Sec. V.

Our main result is stated in Theorem 1. The proof of
Theorem 1 is provided in Sec. III B. The proof consists of
two parts: first, we show the problem is BQP-hard for §
as large as 1 — (1/poly(n)). Next, we show that the prob-
lem is contained in BQP for § as small as 1/poly(n). Our
proof utilizes and extends the framework of Ref. [24] to

encode quantum computation into the persistent homology
of clique complexes.

Theorem 1. For all § € [1/poly(n),1 — (1/poly(n))],
the problem é&-Harmonic Persistence is BQP;-hard.
Moreover, for all § € [1/poly(n),1] the problem
8-Harmonic Persistence is contained in BQP.

As a corollary, we also obtain a complexity-theoretic
characterization of deciding whether a chain has a large
overlap with the harmonic homology space or not. Intu-
itively, this corresponds with checking whether a chain has
a large overlap with one or multiple holes. We define this
computational problem as follows.

d-Harmonics
Input:
1) Simplicial complex K such that K = cl(G) and |V(G)| = n.
2) Aninteger 0 < p < n.
3) A poly(n)-size description of S C K,,. Here, K, is a set of
p-simplices in K.
Promises:
1) Spectral gap
y(A;f) =min{|A| | A € Spec(A[’f), A > 0} > 1/poly(n).
2)Foro :=1//15] ZaieS |o;), either of the following holds:
(@) 11Projsq, 0 (@)1] = 8. 01 (B) [[projaq, ey (@)1] < 1/exp(n).
Output:
Lif |[projyy, e (@)1 = 8, or 0'if [Iprojsq, ¢ (0)1] < 1/exp(n).

As a corollary of Theorem 1, we can show the following
result.

Corollary 1. For all § € [1/poly(n), 1 — (1/poly(n))],
the problem 3-Harmonics is BQP;-hard. Moreover, for
all § € [1/poly(n), 1] the problem §-Harmonics is con-
tained in BQP.

Proof. Harmonics can be used to solve instances
of Harmonic Persistence by simply setting K = K,
and using the same |o). Analogously, the quantum
algorithm for Harmonic Persistence can be used to solve
Harmonics. |

B. Proof of Theorem 1

Proposition 1. §-Harmonic Persistence is BQP;-hard
for § =1 — 1/poly(n).

Proof. Let L = (Lyes,Lno) be a promise problem in
BQP;, let x € Lyes U Ly, with |x| = n, and let U, = Uy -
-+« - Uy be a quantum circuit on m = poly(n) qubits of size
T = poly(n) that decides x. Specifically, we have:

(@) If x € Lyes, then Tr[(Ux 107) (07 Ui) 1) <1|1]
=1,
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(b) If x € Ly, then Tr [(U 10™) (0] Ui) . 10) <0|1] >
1 — 1/poly(n).

For reasons that will become clear in the proof of Lemma
8, we will pre-idle U, by adding L = O (poly(n)) iden-
tity gates. That is, without loss of generality, we consider
circuits of the form U, = Ur--- U, - I-. [ |

Next, we are going to utilize the construction of King
and Kohler [24]. In particular, we first use the construction
of Ref. [33] to construct a four-local Hamiltonian on ) =

(C2)®m ® (C2)®2(T+L) of the form

comp clock
H, =H;, + Hprop + Heock + Hous. (3)

We defer the full formal details on the construction of the
Hamiltonian H, from Ref. [33] to Appendix A. Impor-
tantly, H, can be written in the following form:

4
He =" |¢y) (¢l )
i=1

where £ = O(poly(n)) and every |¢;) is a so-called “inte-
ger state” (see Sec. IIC 1 and Ref. [24, Definition 8.1]).
Note that because we use the idling construction, our gate
set is composed of {CNOT, Upym,/}, where Upyy is the
“Pythagorean gate” [23]

13 4
=5 (3 3): 5)

In the construction of the Hamiltonian of Ref. [33] (see
Appendix A), the term that is dependent on the quantum
circuit is

T -1
L /
HPYOP T z :HPTOPJ + § :Hprop,t’
t=1 =1

where

1
2
—|a2) {al|, ® U; — |al) (a2], ® UZ] .

Hprop,t = [(|al> <a1| + |612) (a2|)t & ]comp

The second term H,,, , is not dependent on the quantum
circuit. Suppose that rth gate U, is /. Then,

1
Hprop,t = 5[(|Cl1> (al| + |a2) {(a2]), ®Icomp

— la2) {al|, ® leomp — lal) (a2], ® Icomp],

1 1
= <ﬁ(|a1> - |612>)> (ﬁ((all - <a2|)) ® Leomps
1 1
={—=(|01) — |10 —((01] — (10 Leomp-
<ﬁ(| ) =1 >))<ﬁ(< | =< |)>® p

It is clear that the construction of Ref. [24] can be used for
this projector.
Let us define

T+L

D (I @ Y1) +1C) @ [¥))
t=1
(6)

[ Vhist) = W

where |C;) and |C}) are 2(T + L)-qubit computational basis
states defined as

|C) =111,...,11,01,00,...,00),

-1 T+L—t
|IC)) =|11,...,11,10,00,...,00),
-1 THL—t

and |Y;) = U;U,—1 -+ - Uy [Yho) with [hg) :=[0™). It is
known [33] that [ympi) Spans the one-dimensional kernel
[35] of

Hyise = Hin + Hprop + Helock-

Ifx € Lyes, [Ymist) is not penalized by H, at all. Therefore,
we have [Ynis) € ker H, if x € Lyes. On the other hand, if
X € Lo, |¥nist) gets energy from a positive semidefinite
term H,y:, which means that there is no frustration-free
ground state of H, and therefore dimker H, = 0 ifx € Ly,.

We can show the following lemma regarding the mini-
mum nonzero eigenvalue of H,.

Lemma 5. For the above H,, we have g = y(H,) >
1/poly(n) for both x € Lyes and x € Lp,.

Proof. If x € Ly, it holds that y (H,) > 1/poly(n) as
shown in Ref. [33]. Then, let us consider the case x €
Lyes. First, Hyise = Hiy + Hprop+Heiock 1S @ Hamiltonian
such that dimker(Hp) = 1 as previously mentioned.
Moreover, g’ = y (Hyist) > 1/poly(n), see Lemma Al in
Appendix A. The full Hamiltonian is H, = Hpis + Hout,
where H,y 1s also a projector. Let |y;s) be the ground
state of Hps; as defined in Eq. (6). For x € Ly, we know
that dimker(H,) = 1 and |y,;s) € ker(H,). Therefore, for
any normalized state |¢) in (ker H,), it holds that

(pl Hy lp) = (@l Hisc l9) > &',

which concludes the proof of the lemma. |

Let N =m+2(T+ L) be the total number of qubits.
Using the notation on p. 9 of Ref. [24], we construct two
simplicial complexes K; = cl(Gy) and K> = cl(Gy) on
poly(n) vertices by using vertex weight A = c£~'g, where

020361-8



PROVABLE QUANTUM SPEEDUPS...

PRX QUANTUM 7, 020361 (2026)

using * to denote the graph join we have

gN:O<>‘1*"'*<><>N 7

and Gy is obtained through adding the gadgets to Gy for
every term |¢;) (¢;| in H, (see Ref. [24, Section 10] for
more details). Specifically, for these simplicial complexes
it holds that K; C K; and that there is an isomorphism
of Hilbert spaces s: ) — Cyy_1(K;) whose image we
denote s($) = Hsim and which we refer to as the “simu-
lated qubit space.”

Lemma 6. Consider

1 L
hﬁprehist) = E (Z |Ct) & |0m> + |C;) ® |0m>) .

=1

Then, |oprenist) 1S a subset state with an efficient description.
Moreover, |Oprenist) € Han—1(K1).

Proof. Any computational basis state |x) € §) where
x =x1x1---xy € {0, 1}V is mapped by s to

5(1x)) = lox) i=[ox) & - ® [owy)

where |oy,) represents a one-dimensional cycle corre-
sponding to the qubit gadget graph, i.e., a left cycle for |0)
and a right cycle for |1) in the ith copy of the base graph

<>

Because oy, is a uniform superposition of 4-number of 1-
simplices, |o,) is a uniform superposition of 4" -number of
(2N — 1)-simplices. Using the notation in Sec. [ D, s(|x))
is a subset state for the subset
g 2 N
Se:=E xED x - x EX),
where Eﬁ? are sets of four edges corresponding to the
cycles. Then,

t=1

L
|Oprenist) = 1/v/2L (Zsuct, 0")) +s(IC,, om>>)

is a uniform superposition of 2L - 4V -number of 2N — 1)-
dimensional simplices in K. |Oprenist) can be efficiently
described by

SC1 ,0m SC/] My e ey SCL’Om, Sci’om .

The proof of [oprenist) € Han—1(K7) is straightforward
because 85\1,_1 |Oprenist) = 0 holds by construction and

(85]\',)T |Oprehist) = 0 also holds because there are no 2N-
dimensional simplices in K. |

Lemma 7. y(AY;_) = 2 (A'%¢""g) = 1/poly(n).

Proof. The case dim H,y_1(K;) = 0 follows from the
promise gap established in Ref. [24, Theorem 10.7]. Next,
let us consider the case dimHoy_1(K3) > 1. Suppose
|o) is a state orthogonal to Hoy_1(K>) yet with energy
(0|AS2 |lo) < y(A52 ). From Lemma Bl it follows
that |o') has at least 0.99 overlap with s(ker H,). Next, we
note that s(ker H,) is a O(g)-perturbation of Hoy_1(K3)
(see Ref. [24, Definition 7.15]). Finally, using Part 1 of
Ref. [24, Lemma 7.18], we find that the projector onto
s(ker Hy) is within O(g) of the projector onto Hoy_1(K>)
in operator norm. Thus, |o) also overlaps with Hoy_1(K3),
leading to a contradiction. ]

Lemma 8. If x € Ly, then there exists sufficiently
large Le p01}’(l’l) such that ||pr0jHK2 (|Gprehist>)||2 = I -
2n—1

(1/poly(n)).

Proof. Since x € Ly, we know [yr,;sr) in Eq. (6) is in
ker H,. Following the arguments of Ref. [29], we note that

T

L
L+T L+T

| (V/prehist | whist) |2

which for sufficiently large L = O(poly(n)) can be made

toscale as 1 — (1/r(n)), for any choice of polynomial (n).

Let |onist) = s(|¥nist)) and |Uprehist> = S('Wprehist))- Since

s 1s an isomorphism of Hilbert spaces, we get from Eq. (8)
that

1
" poly(n)’

©

2
| (Uprehist [ohise) |~ > 1

To finish, we note that since s(kerH,) is an O(g)-
perturbation of H,,_1(K>) (see Lemma B1) we know that
we can decompose

(10)

for some |Oham) € H2n—1(K2) and || [opest) || = O(g)
Using the above decomposition, we find that

|Ohist) = |Oharm) =+ |Orest) »

[1proj, 2 (prenis)) |1 (11)
> |(Oprehist|Oharm) |5 (12)

= |(Oprehist| (|Oharm) + Orest) — [owest)) %, (13)

= [{Oprehist|Onist) — (Oprehist|Trest) | (14)

> | {Oprehist|Ohist)| — [{Oprehist|Trese) 1% (15)

1

2l (16)

[ |
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Lemma 9. If x € Ly,, then ||pr0j%1<2 (leNll = 0.
2n—1

Proof of Lemma 9.. If x € Ly,, then dimker H, = 0 and
by Theorem 1.3 of Ref. [24] we have HA2 | = {0}. This
implies that projHK2 (.) is the map that maps everything

2n—1

to zero and thus thant_| |pr0jHK2 (leNll = 0. |
2n—1

In conclusion, by combining all of the above Lemmas
we find that the instance of Harmonic Persistence with
input (Ky,K>), 2n— 1 and |openist) allows us to decide
whether x € Lyes or x € Ly,.

Proposition 2. For all § € [1/poly(n), 1], the problem
§-Harmonic Persistence is in BQP.

Proof- We apply quantum phase estimation on U =

Ak . . .
e/®r” with |o) prepared in the eigenvector register, and we
measure the eigenvalue register up to precision %y(Afz),

where y(Agz) is defined in the promise statement of
Harmonic Persistence (for more details on the imple-
mentation see Ref. [24, Thm 11.2]). We repeat this a
total of O (poly(n)) many times, and we output 1 if we
encounter a zero eigenvalue at any point, and otherwise
we output 0 if we encounter no zero eigenvalues at all.
Since y(Afz) > 1/poly(n), and § > 1/poly(n), this quan-
tum algorithm correctly distinguishes ||pr0ij @ oDl =
8 from ||proij & ({o)Il < 1/exp(n) using a quantum cir-
cuit of depth O(poly(n)). [ |

IV. UNDERLYING QUANTUM PRIMITIVES

In this section, we generalize the problem introduced in
Sec. III by removing the restriction of the input to be only
combinatorial Laplacians. In Sec. IV A, we formally define
the computational problems arising from this generaliza-
tion and present our results. The proofs of these results are
given in Secs. IVB and IV C.

A. Problem definitions

The primary approach of this paper is to conceptual-
ize the problem of Harmonic Persistence as an instance
of the guided sparse Hamiltonian problem, wherein the
Hamiltonian is represented by the combinatorial Lapla-
cian, and the guiding state is the harmonic hole whose
persistence we seek to analyze. However, this analysis
is not entirely straightforward as the underlying quantum
primitive is different from the traditional local Hamilto-
nian problem upon which the guided sparse Hamiltonian
problem relies. Instead, the underlying primitives of Har-
monic Persistence are what we call Kernel overlap or
Low-energy overlap outlined below.

Kernel overlap

Input:

1) An n-qubit log-local [36] Hamiltonian H = .- | H;, with
m = O(poly(n)).

2) A succint description of a quantum state |¢) (e.g., a
“subspace state”).

Promises:
1) Spectral gap
y(H) = min{|A| | > € Spec(H), A > 0} > 1/poly(n).
2) Either of the following holds:
(@) 1 Projicrce (VDI] = oy or
(®) 1Iprojerr (Y DII < 1/exp(n).
Output:
Vi | [projier (VDI = oy OF
0 if [|projyercry (1Y DI < 1/exp(n).

Low-energy overlap

Input:

1) An n-qubit log-local [36] Hamiltonian H = ) " | H;, with
m = O(poly(n)).

2) A threshold n € Q(1/poly(n)).

3) A succinct description of a quantum state |v/).

Promise:

Either of the following holds:

(@) proje, ¢ (WD)I] 2 i or
(®) 1lproje_, iy (1Y DI < 1/exp(n).
Output:

1 %f||pr0_l:55ﬂ(1-1)(|1/f>)|| > m, or
0if [Iproj_, iy (1Y DI < 1/exp(n).

Remark. Here we define E<,(H) = spang {|¥) | [)
eigenvector with eigenvalue < n}.

As previously noted, these generalized versions of the
Harmonic Persistence problem differ from the guided
sparse Hamiltonian problem examined in studies such as
Ref. [29]. In the guided sparse Hamiltonian problem, a
guiding state is provided that is guaranteed to have a sig-
nificant overlap with the ground state in both YES and
NO instances. In contrast, the Kernel Overlap and Low-
energy Overlap problems involve a succinct description
of a quantum state, and the task is to determine whether
this state has overlap with the zero- or low-energy sub-
space. This fundamental distinction separates the Kernel
Overlap and Low-energy Overlap problems from the
guided sparse Hamiltonian problem. Interestingly, one way
to relate the original guided sparse Hamiltonian problem
to Low-energy Overlap is through the application of a
quantum singular value transform [37] to the input Hamil-
tonian // to turn it into the projector onto the £, (H).

The overlap problem is particularly noteworthy because,
unlike the guided sparse Hamiltonian problem, it remains
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hard even when both the state [¢) and the Hamiltonian
H are sparse. Specifically, while sparsity enables efficient
classical evaluation of (Y| H |y), it does not necessar-
ily facilitate the estimation of the overlap of |y) with
the low-energy subspace. Finally, we establish the com-
plexity characterizations for the Kernel Overlap and
Low-energy Overlap problems, the proofs of which are
provided in Secs. [VB and IV C.

Theorem 2. Kernel overlap is BQP;-hard and con-
tained in BQP.

Theorem 3. Low-energy overlap is BQP-complete.

B. Proof of Theorem 2
Proposition 3. Kernel Overlap is BQP;-hard.

Proof. Let L = (LyeS,Lno) be a promise problem in
BQP;, let x € Lyes U Ly, with |x| = n, and let U, = Ur -
-+-+- U] be a quantum circuit on m = poly(n) qubits of
depth T = poly(n) that decides x. Specifically, we have:

(a) Ifx € Lyes, then
Te[(U: 10" (0" U]) - 1) (1] = 1,
(b) Ifx € Ly, then
Tr [(Ux 10™) (0" 1) - 10) (01, ] = 2/3.

We pre-idle U, by adding L = O (poly(n)) identity gates.
That is, without loss of generality we consider circuits of
the form U, = Ur- - - U; - I*. Next, we consider a Hamil-
tonian on $ = C?" @ CT*~ defined as

H, = I'[in + Hout + Hprop, (17)
where
Hyy = (Zm,»m,) ®10) (0], (18)
i=1
How = [0) (01 ® T+ L) (T + L], (19)
T+L
Hyop =Y 1@ t— 1) {t=1|+1®10) {1 (20)

=1

—URIN(t—1-Ut—1){. (21

Note that H, in this section is different from that in Sec. III.
We assume that the clock is represented by binary strings
with O(log(T + L)) qubits. Finally, we define the “history

state” given by

T+L

1
> U U1 |0") ® 1)
VT+L+1"=

and note that y (H,) = min{|A| | A € Spec(H), A > 0} >
1/poly(n), and that the following properties hold:

|¥nist) = (22)

(a) |Whist) € ker[_[x ifx € LyeSa
(b) kerH, = {0} ifx € Ly,.

The fact that ker H, = {0} ifx € Ly, implies that there is no
state that have overlap with ker H, in this case. To finalize
the proof, we use the arguments of Ref. [29] and note that
for

L
1
lY) = 10") ® ), (23)
«/L+1t§0:
it holds that

L+1 T
W= =l ———— (24
Y [ Yrhise) | 1711 I1T+1 (24)

which for sufficiently large L = O(poly(n)) can be made
toscale as 1 — (1/r(n)), for any choice of polynomial r(n).
In conclusion, the instance of Kernel corresponding to H,
and |) allows us to decide x € Lyes or x € L. ]

Proposition 4. Kernel Overlap is in BQP.

Proof. Analogous to Proposition 2, we apply QPE on
U = ¢! with |y) prepared in the eigenvector register, and
we measure the eigenvalue register up to precision y (H).
We repeat this O (poly(n)) many times, and we output 1
if we encounter a zero eigenvalue, and we output 0 if we
have not encountered a zero eigenvalue. |

C. Proof of Theorem 3
Proposition 5. Low-energy overlap is BQP-hard.

Proof. Let L = (LyeS,Lno) be a promise problem in
BQP, let x € Lyes ULy, with |x| =n, and let U, =
Ur----- U, be a quantum circuit on m = poly(n) qubits
of depth T'= poly(n) that decides x after a standard error
reduction for BQP by parallel repetition. Specifically, we
have:

(a) Ifx € Ly, then
Tr[ (U, 10™) (0™ UL) - 1) (1],] > 1 — O@2™),
(b) Ifx € Ly, then

Tr[(Us 107) (0" UY) - 10) (O] = 1 — O@ ™).
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We pre-idle U, by adding L = O (poly(n)) identity gates.
That is, without loss of generality we consider circuits of
the form U, = Uy - - - U, - I*. Next, consider the Hamilto-
nian on ) = C?" ® C™* from Eq. (17).

Finally, we again consider Hy = Hiy + Hout + Hprop aS
in Eq. (17) and the “history state” |yns) from Eq. (22) and
[vr) from Eq. (23) and note that they satisfy Eq. (24). We
note that

Tr[Hout | 1/fhist> ( vfhist | ]

Te[(Us 10™) (0™ UT) - 10) (01 ]

TTHL+1
< 717 0Q™ ifx € Lyes,
> . (1-0@™) ifx € L.

Therefore, we can choose #n =min{l/2(T+ L+ 1),
¥ (Huist)} = 1/poly(n) where y (Hypig) is the minimun
nonzero eigenvalue of Hy;s, which is known to be larger
than 1/poly(n) [38], so that

(@) [VYmist) € E<y(Hy) ifx e Lyes,
(b) E<,(H,) = {0} ifx € Lp,.

In conclusion, Low-energy overlap with input (H,,n,
|¥)) allows us to decide whether x € Lyes orx € Ly,,. W

Proposition 6. Low-energy overlap is in BQP.

Proof. Analogous to Proposition 2, we apply quantum
phase estimation on U = ¢! with |y) prepared in the
eigenvector register, and we measure the eigenvalue reg-
ister up to precision 7. We repeat this O (poly(n)) many
times, and we output 1 if we encounter a zero eigen-
value, and we output 0 if we have not encountered a zero
eigenvalue. [ ]

V. DISCUSSION

In this section, we give several discussions and open
questions.

A. On the definition of the harmonic persistence
problem

Our problem of Harmonic Persistence naturally char-
acterize the problem of deciding the persistence of a hole
given as a harmonic representative. However, as it is char-
acterized as overlap estimation problems of an input vector
across subspaces of interest, Harmonic Persistence dif-
fers from the traditional problem of determining the persis-
tence of a hole in several subtle ways. First, if a harmonic
hole in K persists to K, but gets exponentially deformed
in the process, the original harmonic in K| might have an
exponentially small overlap with the harmonic represen-
tative of K,. However, such holes are arguably not the

meaningful topological features in the data that TDA aims
to extract. Second, it may happen that holes do not fully
persist but instead move slightly out of the harmonic space
of K, acquiring an exponentially small eigenvalue rather
than zero. In these cases, the quantum algorithm may not
distinguish this small eigenvalue from zero (a limitation
present in many quantum algorithms for linear algebraic
problems), meaning it mistakenly thinks the hole persists.

In short, the Harmonic Persistence problem we study
may produce both false positives and false negatives
in contrived cases relative to the canonical problem.
Although contrived examples can demonstrate such cases,
we conjecture that these issues will not arise in typical
instances (such as random Vietoris-Rips complexes).

Finally, while we conjecture that a similar result
could hold for unweighted simplicial complexes, our cur-
rent proof techniques rely on weighting. Nevertheless,
weighted simplicial complexes have recently garnered
significant attention in topological data analysis applica-
tions [39—42], suggesting that the weighted variant is also
valuable in practice.

B. Path to practical quantum advantage in TDA

While our result establishes an exponential quantum
speedup in TDA based on a plausible complexity theoretic
conjecture in the worst-case setting, the next important step
is to strengthen this situation to a more practical setting for
data that appear in real-world applications. In this section,
we discuss steps toward more practical quantum advantage
in TDA.

1. Computing the topological summary

In many pipelines in TDA, persistent Betti numbers
are computed for the construction of topological repre-
sentation or summary of the data called barcode, persis-
tence diagrams, persistence landscapes, or Betti curves.
One interesting application of the Harmonic Persistence
problem is the computation of such topological summaries
because Harmonic Persistence can be used to estimate
when a specific bar ends. Harmonic Persistence can be
efficiently applied for the computation of topological sum-
mary when the number of initial holes is polynomially
bounded, and we can somehow specify all the initial holes.

However, there is a dichotomy between quantum advan-
tage and initial hole identification for this application. For
example, in the early stage of the filtration, the underly-
ing graph of the Vietoris-Rips complex is supposed to be
sparse, and therefore holes are easier to find. It is cer-
tainly possible to apply our quantum algorithm to such
sparse complexes. However, our results do not imply clas-
sical hardness for clique complexes for such sparse graphs.
There is even a possibility that there is an efficient classical
algorithm to check the persistence in the filtration for such
sparse input. Our work raises the important question of if
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it is possible to show quantum advantage for the compu-
tation of topological summary or exclude the possibility
of quantum advantage by showing an efficient classical
algorithm.

2. Tracking a deformation of a hole across a filtration

Additionally, it is also important to find direct appli-
cations of Harmonic Persistence itself. A potential
approach in this direction is to extract information about
the shape evolution or deformation of a specific hole in
the filtration. It would be interesting to extract informa-
tion about the deformation of the hole in terms of essential
contents [32] and the spatial location of the hole [43].

3. Identification of initial holes

In this paper, we have shown that the Harmonic Persis-
tence problem is BQP;-hard when we are given a succinct
description of the harmonic representative of an initial
hole. However, it is unclear whether we have access to the
description of the hole to check the persistence in practi-
cal situations. We illustrate two open directions about the
identification of initial holes.

One direction is to consider instances where it is indeed
easy to find an initial hole from just the description of
the given simplicial complex. An example of such an
instance would be a clique complex of a sparse graph. It
should be easy to find holes when the number of simplices
is small. However, our hardness reduction fails for such
sparse instances. At the same time, we do not know an
efficient classical algorithm for such instances as well. It
is an open question whether one can show quantum advan-
tage for the Harmonic Persistence problem starting from
sparse simplicial complexes.

The second approach would be to consider random
instances for clique complexes with (exponentially) many
known high-dimensional holes. For example, one can
imagine simplicial complexes introduced in Ref. [12]
using complete graphs or gadget clique complexes in
Refs. [23,24,44]. Then, there is a way of picking a random
initial hole from the known holes according to certain dis-
tributions. Now, we can argue the persistence of the picked
hole after randomly adding simplices according to certain
distributions. This approach is complementary to the previ-
ous approach because now we are not trying to find initial
holes, but trying to randomly choose one hole from the
many known holes.

C. Related works

While our problems and results share some similari-
ties with the guided Hamiltonian problem [29], they are
fundamentally different. Although our problem includes a
succinct description of a quantum state as part of the input,
this should not be mistaken for a guiding state in the local
Hamiltonian problem. Specifically, the state we provide

is not an initial guess for the ground state of a Hamilto-
nian but rather the state corresponding to a hole whose
persistence we seek to evaluate. Our problem involves esti-
mating the ground state overlap of this state with respect
to a different Hamiltonian, rather than using it to determine
whether that Hamiltonian has a small ground state energy.

D. Future work

Our work opens several interesting directions for future
work. First, an obvious direction is to establish BQP;-
hardness and containment in BQP for the Harmonic
Persistence problem in the context of unweighted clique
complexes. While the construction in Ref. [23] utilizes
unweighted simplicial complexes, it is unclear how this
approach could yield unweighted complexes with a suf-
ficiently large spectral gap of the combinatorial Lapla-
cian—an essential property for containment in BQP. Sec-
ond, in Theorem 3, we establish the BQP-completeness
of the Low-Energy Overlap problem. This problem gen-
eralizes Harmonic Persistence, in part by lifting the
restriction that the input must be a combinatorial Lapla-
cian. However, it remains an open question whether BQP-
completeness can be proved for the Low-Energy Over-
lap problem when restricted specifically to combinatorial
Laplacians of clique complexes. Finally, recent develop-
ments in persistent homology have introduced the concept
of the persistent Laplacian [45,46]. The dimension of the
kernels of these persistent Laplacians is known to cor-
respond to the persistent Betti numbers. This connection
raises the following natural question: can we define a prob-
lem related to the persistent Laplacian that is BQP;-hard
and contained in BQP, akin to the Harmonic Persistence
problem?

Beyond these complexity-theoretic directions, an impor-
tant avenue for future work is to develop concrete appli-
cations of Harmonic Persistence to real-world TDA
pipelines. Key challenges include identifying practically
relevant families of simplicial complexes where initial
holes can be efficiently specified, and demonstrating a
quantum speedup for the computation of topological sum-
maries such as barcodes and persistence diagrams beyond
the worst-case setting established in this work.

VI. CONCLUSION

In this paper, we explored the computational complex-
ity of a computational problem closely related to the core
task in TDA of determining whether a given hole persists
across different length scales. We defined our compu-
tational problem as determining whether the projection
of a harmonic representative of a hole from one sim-
plicial complex K; to a larger simplicial complex K, is
large or small. Our main result establishes that the for-
malized version of this problem, which we refer to as
§-Harmonic Persistence, is BQP;-hard and contained in
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BQP. Additionally, we introduced a related computational
problem, §-Harmonics, which assesses whether a chain
has significant overlap with the harmonic homology space,
and showed that this problem is also BQP,-hard and con-
tained in BQP. Finally, we generalized our approach by
introducing Kernel overlap and Low-energy overlap as
underlying quantum primitives, which differ subtly from
the guided sparse Hamiltonian problem while maintaining
a similar computational complexity. Our findings highlight
the connections between TDA and quantum computing,
providing a foundation for further research in this area.
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APPENDIX A: TECHNICAL DETAILS ON
CONSTRUCTION OF HAMILTONIAN FROM
Ref. [33]

Consider a quantum circuit of the form U = Uy - -- Uj.
We summarize a construction of projectors on four-local

Hamiltonian on §) = (C2)§:np ® (C4)§0T6k = Heomp ®

Helock that appears with the construction of Ref. [33]. Each
of the four-dimensional clock qudit is spanned by

lal), la2),|d) , |u),

where these labels represent active phase 1, active
phase 2, dead, unborn. Define a “legal clock states” for

t=1,2,...,Tas
|Cy) =1d,...,d,al,u,...,u),
—— N —
t—1 T—t
IC) == |d,...,d,a2,u,...,u).
—— — —
t—1 T—t

We also introduce the history state as
[Ynist (W)

1 T
= — IC) @ |1 (w)) + |C)) ® Wz(W)>) ,

where [Y¥o(w)) := |w) ® |0---0) for a witness |w).
The Hamiltonian constructed in Ref. [33] is in the form
of

H =H;, + Hprop + Helock + Hout.

Each of the terms are defined as follows: first,

Hiy = lal){all; @ [ D D1, |,

beR;,

where Rj, represents the qubits in the computation register
other than the witness register. Next,

T -1
. !
HPYOP T ZHPTOPJ + ZHprop,t’
=1 t=1
where

1
Hprop,t = 5 [(lal) (al| + la2) (a2]); ® Icomp

—la2) (al|, @ U; — |al) (a2, ® Uj]

and

, 1

prop,t — E(laz’u> <Cl2,ll| + |d’a1> (d’a”

—|d,al) (a2,u| — |a2,u) (d, a1|)t,t+l ® ]comp~
Third,
6 .
Hejok = ZHC({())C](,
j=1

where
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HY = ) uly,
= |d) (d|r,

1<i<k<T

1<i<k<T

1<i<k<T

> (lal)(al] +a2) {a2]); ® (lal) (al] + |a2) (a2,
> (lal)(al] +la2) {a2| + |u) ul); ® |d) (],

D lu) (ul; ® (lal) (al] + |a2) (a2| + |d) (dl)s,

Hw = > 1d) () ® ) {uliy -

1<i<T-1

Finally,
Hoy = 1a2) (a2]7 @ |1) (1 gy -

Then, the following results are shown in Ref. [33].
[¥hist) 1s in the kernel of H(U) = Hin + Hprop + Helock for
any witness state. Moreover, if U accepts a witness with
probability 1, ker H is nonempty (for YES instances).
If U accepts any witness at most with probability € =
1/poly(n), the ground state energy is larger than 1/poly(n)
(for NO instances).

Note that we can represent these states using two qubits
instead of the four-dimensional qudit. We assign |00) to
lu), |01) to |al), |11) to |d). In this clock qubit representa-
tion, proper clock states can be represented as

IC)) :=|11,...,11,01,00,...,00),
t—1 T—t
ICl)y == |11,...,11,10,00,...,00).

t—1 T—t

Finally, we prove the following lemma.

Lemma Al. Let Hyisy = Hin + Hprop + Helock. Then, it
holds that

v (Hhist) = 1/poly(n),

where y (Hyist) 1 the minimum nonzero eigenvalue of Hyg.

Proof. We can only consider legal clock space because
y (Hpist) keeps legal/illegal clock space invariant and ille-
gal clock space is penalized with a constant energy by
H_jock- Let T be a projector onto legal clock space tensored
with $comp. We will consider the spectrum of ITH;,IT +
I Hyprop  IT + HH]; IT restricted to the legal clock space.

rop,!

(

Then,

1 /
1_I]_]prop,tl—I = 5 [(|Ct> (Gl + |Ct> (C;D ® [comp

—ICHGle U - IC) (e U],

/ 1 / 4
M Hprop, 1T = S (1C G+ 1C) (G

- |Ct> (C;I - |C;> (CT|) ®Icompa

and

MHRIT = [C) (G @ | Y 1) (1],
beR;y

Now, consider a modification of quantum circuit as
U=Ur-1---1-U,-1-Uy,

which can be obtained by inserting “idling” gates between
every gates in the original circuit. Then, it can be seen that

T
> (MHiprop, M1 + TH, ) T

=1

forms a standard propagation term as appeared in Eq. (17)
applied for a modified circuit U'. (ITHpyop, I can be seen as
the propagation term for the original gates and I'IH];mp,tH
can be seen as the propagation term for the inserted idling
gates.) Therefore, we can apply the same argument with

Lemma 23 in Ref. [38] to conclude the lemma. |

APPENDIX B: OVERLAP LEMMA

Lemma BI. Let H be an m-local Hamiltonian on »n
qubits of the form

t
H = Z bi,
i—1
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where each term ¢; is a rank-1 projector onto an integer
state |¢;). Also, suppose that H has a nonempty kernel,
and let g denote the spectral gap of H. Next, let G, denote
the weighted graph described in Ref. [24, Section 10.3]
obtained by adding the gadgets for every term ¢; to
the base graph G, from Eq. (7) using vertex-weighting
parameter

A= cflg

for some sufficiently small constant ¢ > 0 Finally, let K =
cl(G,) and E = cA* 211 g,

Then, the following holds: for any |o) = s(|¢)) € $Hsim
such that (o | Afn_ \ lo) < E we have that |) has overlap
at least 0.99 with ker H.

Proof. We import the notation described in Ref. [24,
Definition 10.8]. Using this notation, we recall that

Using the above equations, we derive the following equalities:

1 ={olo),

t
= (0| (né'” + Zn?’”) ),

i=1

= (ol (" + 1" ") o) — (¢ = D{o|Tg" o),

i=1

i=1

i=1

Examining the first term in the above equation, we notice that

i=1

i=1

i=1

n§+in{f = id, (B1)
i+ + é: ot =n' 4l (B2)
|
(B3)
(B4)
(BS)
- i(ol (éf + &+ Y nﬁ’”) o) — (t = (o2 o), (B6)
= <<o| iéﬂcﬂ — (- 1)<o|Hé"“|o>) + (o] iéim + (o] inl‘*‘)m + (o] inﬁ“’)w). (BY)
s i1 i1
(o] i&#m — (t= (o115 o) (B8)
= (o] Z (@ +OW) lo) — (¢ = D{o|TT" o), (B9)
= (o] Xt:oplﬂa) — (t— D(o|T1" o) + O, (B10)
= (o] Xt: (M — @) |o) — ¢ — D{o |y o) + O(p), (B11)
p
= (o|lTM|o) — (o] Xt: ®;lo) — (t — Do | (""" = TIT?V) o) + O (), (B12)

i=1

where we used that 1 = & + O(1), which follows from Ref. [24, Lemma 50] and Ref. [24, Lemma 33, Part 1].
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Next, we note that Z§=1 ®; is precisely the implementation of the Hamiltonian A on the simulated n-qubit subspace

‘H,,, so the term (| Zle ®;|p) is equal to

t
(0> ®ilo) = (plH|p).
i=1

Putting this all together, we have

1= (o|Io) — (plH|p) — (t — D{o| ("' = 1) o) + O(rr)

t t t
+(o| Y dilo) + (o] Y Vo) + (o] Y P |o).
i=1 i=1 i=1

(B13)

(B14)

(B15)

Finally, we use [24, Lemmas 10.9, 10.10, 10.11] to bound the final three terms. Doing so, we get

1 = (| o) — (p|Hlp) — (t — D(o| (TIF"" — 1) |o) + g/100,
= (0| (1 - TI7Y) |o) + (p|H|p) < g/100,

= (o] (1 — 1) o) < g/100,
(p|H|p) < g/100,

for sufficiently small constant ¢ > 0. However, the Hamil-
tonian H has a spectral gap g by assumption, which shows
that |¢) has overlap at least 0.99 with ker H. |
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